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The Best-Worst Method (BWM) is a Multi-Criteria Decision Making (MCDM) method that has
recently been introduced. The original BWM assumes that decision-makers are always certain

about their judgments even if, in reality, decision-makers often express uncertain preferences. To

deal with uncertainty, we introduce a belief structure in the BWM, a concept involving the

preference degree adopted via Dempster-Shafer theory. A new approach is proposed to allow
BWMto cope with this kind of information, where the level of belief in preferences being expressed

is taken into account. In addition, an inconsistency measurement and an uncertainty measure-

ment are proposed for the belief-based BWM, providing the foundation for a reliability degree of
the decision-makers, after which the belief-based BWM is extended to include a group of decision-

makers. Based on their reliability degrees and the weights of the criteria obtained from the various

individuals, the overall criteria weights can be aggregated accordingly. Finally, a case study on the

assessment of the infrastructure project criteria system in Indonesia is provided to demonstrate
the applicability and feasibility of the proposed method.

Keywords: Best worst method; belief structure; inconsistency measurement; group decision-making.

1. Introduction

Multi-Criteria Decision-Making (MCDM) is an important area of operations

research. It refers to ¯nding an optimal result or ranking from a ¯nite number of

alternatives that are characterized in terms of multiple, usually con°icting, criteria.1

There is a large and growing body of literature that has so far investigated MCDM

methods.2 One of the latest MCDM methods is the Best-Worst Method (BWM),

proposed by Rezaei,3 which uses pairwise comparisons to determine the weights of

§Corresponding author.

International Journal of Information Technology & Decision Making

Vol. 20, No. 1 (2021) 287–320
°c World Scienti¯c Publishing Company
DOI: 10.1142/S0219622020500480

287

https://dx.doi.org/10.1142/S0219622020500480


criteria. Thanks to its simplicity, °exibility and general applicability, since its incep-

tion, the BWM has been applied in a number of areas, including quality assessment,4

supply chain management,5,6 energy,7 technology selection,8 cloud service selection,9

web service selection,10 and hybrid vehicle engine selection.11 In addition to its prac-

tical applications, many researchers have extended the BWM from a theoretical

perspective as well. For example, since the original BWM can in some cases result in

multi-optimality, Rezaei12 proposed an interval weight analysis to deal with incon-

sistent comparisons with more than three criteria, as well as providing a linear BWM

to generate a unique solution. Some researchers tried to combine subjective weights

and objective weights together on the basis of BWM.8,13 For a more exhaustive review,

see the review study by Mi et al.,14 and the bibliographical report.a

One of the critical issues in the BWM is the way it deals with uncertainty.

Typically, there are three types of uncertainties, according to the summary by Klir

and Wierman15: fuzziness (or vagueness), which results from the imprecise bound-

aries of fuzzy sets; discord (or strife), which expresses con°icts among the various sets

of alternatives; and nonspeci¯city (or imprecision), which is connected to sizes

(cardinalities) of relevant sets of alternatives. For example, a fuzzy set represents

fuzziness, while a probability distribution represents only discord, and a classical set

simply represents nonspeci¯city.16 Although researchers have extended BWM to deal

with uncertainty, most of them can only handle fuzziness.11,13,17–20 A decision-maker

(DM) who wants to provide his preferences with discord and nonspeci¯city cannot be

handled properly in BWM. However, a belief structure de¯ned in the Dempster–Shafer
theory (D–S theory) framework21 can handle both discord and nonspeci¯city.16

Therefore, incorporating the belief system into the BWM will complement existing

literature and make it possible to include these two types of uncertainty.

In D–S theory, subjective probabilities are replaced by \degrees of belief" within a

belief structure, which can be used to express the extent to which a DM believes a

speci¯c proposition to be true.22 Consider, for example, the comparison of the criteria

price and quality in a sample involving cars, where a customer may state that he is

50% sure that the price is slightly more important than quality, 20% sure that the

price is far more important than quality, and 30% sure that the price is extremely

more important than quality. These \belief degrees" can be assigned to any subsets,

making it possible to handle uncertainty and ignorance in a belief matrix. Such

uncertainty and ignorance could be caused by imprecision in assessment, unfamil-

iarity with the problem at hand, a lack of data or the absence of certain stakeholders

in a group decision.23 Moreover, by using distribution assessment, the belief structure

in question can capture precise data and as well as di®erent types of uncertainties,

such as probabilities and ambiguity in subjective judgments. As such, when modeling

uncertainty by belief structure, D–S theory is more °exible and versatile than the

traditional Bayes theory, where probabilities can only be assigned to individual

hypotheses, instead of providing an explicit mechanism for dealing with ignorance.24

aFrom https://bestworstmethod.com/papers-and-slides/.
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Belief structure was introduced to MCDM by Yang and Singh25 in an Evidential

Reasoning approach, since then, there have been a plethora of studies into the belief

structure24,26–29 and its extensions.30,31 A recent study has tried to extend BWM to

the belief structure,32 however, since it uses pignistic probability function and

weighted sum method to obtain an intermediate value, which is then used as input of

the BWM, essentially speaking, it makes no change to the original BWM.

Next to uncertainty, complexity is another important issue that is considered in

MCDM (including the BWM). In real-world decisions, it is di±cult for a single DM

to take all the relevant aspects of a decision-making problem into account. As a

result, a group of DMs from di®erent areas provides the advantages of synergy and

information-sharing compared to the decisions that are made by a single individual.

Thus, many of the decision-making processes that occur in the real world involve

group settings designed to make the decision-making process more comprehensive

and rational. Multi-Criteria Group Decision-Making (MCGDM), in which multiple

DMs provide their evaluations regarding all the criteria of a decision-making prob-

lem, has been one of the most important and promising parts of modern decision-

making theory.33,34

To date, several extensions of the BWM to group decision-making have been

proposed.11,17,35–41 However, in the existing group BWM approaches, the impact of

the reliability of DMs is underestimated and rarely considered. The reliability of DMs

in group BWM can be de¯ned as their ability to provide a certain and consistent

evaluation using pairwise comparisons. In the existing MCGDM research, the

experts or DMs are usually assumed to be both rational and reliable. However,

according to Simon,42,43 our rationality is bounded due to our limited computational

ability, selective memory and perception. As such, the judgements expressed by DMs

in the BWM may be inconsistent and include some degree of uncertainty and im-

precision.37 Also, because the DMs reliability has a signi¯cant impact on the ratio-

nality and validity of the results,44 neglecting it could lead to system accidents.45 In

other words, being able to measure that reliability e®ectively and apply it within the

group aggregation process is signi¯cantly important to the group BWM.

The objective of this study is to incorporate information regarding the belief

structure into BWM and enable the method to handle the opinions of a group of

experts. Speci¯cally, the belief structure preference is applied to pairwise compar-

isons and the original BWM is extended to handle that type of information. In order

to solve the multiple optimal solutions problem of the nonlinear model, two models

are used to obtain the boundary of the weights. Moreover, in order to check the

reliability of DMs when they apply belief structure during the elicitation process, a

reliability degree is de¯ned based on the inconsistency and uncertainty levels of the

DMs in question, and a group belief BWM framework is proposed. With the reli-

ability degrees of DMs, the ¯nal weights of criteria can be determined by integrating

the criteria and the weights obtained from each individual.

The remainder of this study is organized as follows. In Sec. 2, the original BWM

is reviewed and the concept of belief structure is introduced. In Sec. 3, new BWM
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models are proposed to deal with belief structure preferences. In Sec. 4, a reliability

measurement is proposed based on the inconsistency measurement (or consistency

measurement) and the uncertainty measurement (or certainty measurement). The

proposed method is then extended to include group decision-making problems, in

Sec. 5. In Sec. 6, an application to the evaluation of the infrastructure project criteria

system in Indonesia is provided to demonstrate the applicability and feasibility of the

proposed method. Finally, some concluding remarks are presented in Sec. 7.

2. Preliminaries

In this section, we review the original BWM and discuss the basic terminology and

de¯nitions of the belief structure in D-S theory. The overall uncertainty measure-

ment of belief structure, designed to measure random and nonspeci¯c uncertainty, is

also introduced.

2.1. The original BWM

As a weighting method based on pairwise comparisons, the BWM uses ratios of the

relative importance of criteria in pairs, as estimated by a DM, from two evaluation

vectors, the best criterion in relation to the other criteria, and the other criteria in

relation to the worst criterion, whereby the weights of the criteria can be obtained

by solving an optimization problem.3 The basic steps of the original BWM can be

summarized as follows:

Step 1. Determine the set of evaluation criteria fC1;C2; . . . ;Cng.
Step 2. Determine the best (e.g. the most in°uential or the most important) and

the worst (e.g. the least in°uential or the least important) criteria.

Step 3. Determine the preferences of the best criterion over all the other criteria,

using a number between 1 to 9. The obtained Best-to-Others (BO) vector is:

ABO ¼ ðaB1; aB2; . . . ; aBnÞ, where aBj represents the preference of the best criterion

CB over other criterion Cj , j ¼ 1; 2; . . . ;n.

Step 4. Determine the preferences of all the criteria over the worst criterion. The

obtained Others-to-Worst (OW) vector is: AOW ¼ ða1W ; a2W ; . . . ; anW Þ, where ajW
represents the preference of other criterion Cj over the worst criterion CW ,

j ¼ 1; 2; . . . ; n.

Step 5. Determine the weights ðw �
1 ;w

�
2 ; . . . ;w

�
nÞ by solving the following model:

min maxj

wB

wj

� aBj

����
����; wj

wW

� ajW

����
����

� �

s:t: ð1Þ
Xn
j¼1

wj ¼ 1;

wj � 0; for all j:
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Model (1) can be transferred into the following model:

min �

s:t:

wB

wj

� aBj

����
���� � �; for all j;

wj

wW

� ajW

����
���� � �; for all j; ð2Þ

Xn
j¼1

wj ¼ 1

wj � 0; for all j:

When the preferences are not fully consistent, the nonlinear model (2) usually

generates multiple optimal solutions. Rezaei12 proposed two models to derive in-

terval weights, which include all the possible solutions, as well as a linear alternative

designed to obtain a unique solution.

2.2. Belief structure

The basic concepts of belief structure are introduced in this part. The pignistic

probability function and uncertainty measurement for belief structure are also

discussed here, to be used at a later point.

2.2.1. Basic terminology

Suppose the DM is using a ¯nite set of assessment grades �ij ¼ fh1; h2; . . . ; hkg to

express his preferences, which is commonly called the frame of discernment in the D–
S theory. These grades are mutually exclusive and collectively exhaustive for all of

the evaluations. The power set of �, which is the set of all the subsets of �, can be

presented as

2� ¼ fHlg ¼ fH1;H2; . . . ;H2K g ¼ f;; fh1g; . . . ; fhKg; fh1; h2g; . . . ;
fh1; hKg; . . . ; fh1; . . . ; hK�1g;�g; l ¼ 1; . . . ; 2K

De¯nition 1 (Ref. 21). A basic probability assignment to all subsets Hl of 2
� is a

function m : 2� ! ½0; 1�, which satis¯es mð;Þ ¼ 0 and
P

Hl22�
mðHlÞ ¼ 1.

The value mðHlÞ is assigned only to the set Hl and notto a smaller subset. Any

subset Hl with mðHlÞ > 0 is called a focal element. The set of all the focal elements is

denoted with F . The pair hF ;mi is called the body of evidence.

Based on the degree of belief, some other measures of con¯dence can be de¯ned.

A belief measure is a function Bel : 2� ! ½0; 1�, which represents our con¯dence

that the concerned element belongs to H or any of its subsets B and is de¯ned by

BelðHlÞ ¼
X
B�Hl

mðBÞ: ð3Þ
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A plausibility measure is a function Pls : 2� ! ½0; 1�, de¯ned by

PlsðHlÞ ¼
X

B\Hl 6¼;
mðBÞ; ð4Þ

PlsðHlÞ represents the extent to which we fail to disbelieve Hl . Thus, BelðHlÞ and

PlsðHlÞ can be interpreted as the lower and upper bound of probability to which Hl is

supported.46

De¯nition 2 (Ref. 47). For an mðHlÞ on 2�, its associated pignistic probability

function �m : � ! ½0; 1� is de¯ned as

�m ¼
X

Hl :hk2Hl

mðHlÞ
jHl j

; ð5Þ

where jHl j is the cardinality of Hl .

The principle underlying the pignistic probability function is called the general-

ized insu±cient reason principle, because the insu±cient reason principle is used at

the level of each focal element of the belief function. This pignistic probability can be

interpreted as the degree of belief in each element of the frame of discernment �.

2.2.2. Uncertainty measurement for belief structure

A noteworthy uncertainty measure called the Aggregated Uncertainty (AU) mea-

sure,which was proposed by Harmanec and Klir48 to quantify the total uncertainty

of a belief function, is adopted in this paper to measure the uncertainty of the given

preferences, because it can measure both discord and nonspeci¯city, and it satis¯es

all the basic requirements for a meaningful measure of aggregate uncertainty in

evidence theory.

De¯nition 3 (Ref. 48). Let � be a ¯nite frame of discernment, and Bel be a belief

measure on �. The Aggregated Uncertainty AU associated with Bel is measured by

AUðBelÞ ¼ max
pxconsistent with Bel

�
X
x2�

px log2px

" #
; ð6Þ

where the maximum is taken over all distributions fpxgx2� that are consistent with

Bel, and fpxgx2� should satisfy the following constraints:

s:t:

px 2 ½0; 1�; 8x 2 �P
x2�

px ¼ 1

BelðAÞ � P
x2A

px � PlsðAÞ; 8A � �

8>><
>>:

As can be seen from the de¯nition, AU is the maximum (upper) Shannon entropy of

all probability distributions under the constraints according to the given basic belief

assignments. This measure can capture both nonspeci¯city and discord, and it is a
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well-justi¯ed method to measure uncertainty within the D�S theory. It has been

proven that AU satis¯es a number of reasonable properties for uncertainty measures

in evidential theory.49

3. The BWM with Belief Structure

In this section, a belief-based BWM is proposed to deal with uncertain information

by using belief structures. Because the proposed method may generate multiple

optimal solutions, we introduce a method to obtain the interval weights that can

comprise all the possible solutions.

3.1. Belief structure for pairwise comparison

Suppose a ¯nite set of assessments � ¼ fh1; h2; . . . ; hKg is used by a DM to provide

his pairwise comparison preferences, these assessments are assumed to be mutually

exclusive.

In BWM, a set of 1–9 grades is usually de¯ned to determine the preference of one

criterion over another, to show their relative importance, serving as the frame of

discernment

�IMPORTANCE ¼ fh1; h2; h3; h4; h5; h6; h7; h8; h9g:
Each element in this frame of discernment refers to a verbal judgment and a scale, as

shown in Table 1.

After determining the frame of discernment, the DM can compare criteria Ci to Cj

with subset Hlðl ¼ 1; . . . ; 2K Þ from 2� to evaluate his preference and assign ml;ij

(instead of calling this the basic probability assignment, we call it the basic belief

assignment in BWM) to express his basic belief degree with regard to Hl � �.

By using the pignistic probability function in De¯nition 2, the belief degree �k;ij

(pignistic probability) associated with each grade hk;ij when comparing criteria Ci to

Cj under the frame of discernment � can be obtained as follows:

�k;ij ¼
X

Hl :hk;ij2Hl

mðHlÞ
jHl j

: ð7Þ

Table 1. The linguistic terms and scales for the importance of pairwise comparisons.

Grades Verbal description Numerical values

h1 Equally important 1

h2 Equally to slightly more important 2

h3 Slightly more important 3
h4 Slightly to strongly more important 4

h5 Strongly more important 5

h6 Strongly to very strongly more important 6

h7 Very strongly more important 7
h8 Very strongly to extremely more important 8

h9 Extremely more important 9
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Then the pair of assessment of each grade hk;ij (hk;ij 2 Hl) and the belief degree �k;ij

(hhk;ij ; �k;iji) form the body of assessment (similar to the body of evidence in D–S
theory), which can be pro¯led by a belief structure (denoted as SijÞ):

Sij ¼ fðhk;ij ; �k;ijÞ; k ¼ 1; . . . ;Kg: ð8Þ

Example 1. When a DM wants to buy a car and compares the relative importance

of the criterion price over criterion style, suppose he decides to take

� ¼ fh1; h2; h3g ¼ fEqually important ðh1Þ, equally to slightly more important

(h2), slightly more important (h3Þg as the frame of discernment, then he constructs

his belief evaluations as

m : mf;g ¼ 0; mfh1g ¼ 0; mfh2g ¼ 0; mfh3g ¼ 0:6; mfh1; h2g ¼ 0;

mfh1; h3g ¼ 0; mfh2; h3g ¼ 0:1; mfh1; h2; h3g ¼ 0:3;

which means he is 60% sure that the price is slightly more important than style (grade

h3Þ, 10% sure on grades h2 and h3, which leaves 30% belief for the remaining set,

which represents his degree of ignorance.

According to Eq. (7), the belief degree (�kÞ to each grade hk can be computed as

�1 ¼ mfh1g þ
mfh1; h2g

2
þ mfh1; h3g

2
þ mfh1; h2; h3g

3
¼ 0þ 0þ 0þ 0:1 ¼ 0:1;

�2 ¼ mfh2g þ
mfh1; h2g

2
þ mfh2; h3g

2
þ mfh1; h2; h3g

3
¼ 0þ 0þ 0:05þ 0:1 ¼ 0:15;

�3 ¼ mfh3g þ
mfh1; h3g

2
þ mfh2; h3g

2
þ mfh1; h2; h3g

3
¼ 0:6þ 0þ 0:05þ 0:1 ¼ 0:75

Then the belief structure of comparing criterion price over criterion style can be

constructed as

Sprice;style ¼ fðh1; �1Þ; ðh2; �2Þ; ðh3; �3Þg ¼ fðh1; 0:1Þ; ðh2; 0:15Þ; ðh3; 0:75Þg:

3.2. The procedure of BWM with belief structure

To incorporate the belief structure into the BWM, the model's procedure can be

provided as follows:

Step 1. DM determines the set of evaluation criteria and the frame of

discernment.

To evaluate an MCDM problem, the DM should identify the corresponding set of

criteria to evaluate the performance of the alternatives involved. Here, we suppose

there are n criteria C ¼ fC1;C2; . . . ;Cng. A set of grades is identi¯ed by DMs to

evaluate the pairwise comparisons, assuming that the frame of discernment consists

of K grades: � ¼ fh1; h2; . . . ; hKg.
Step 2. DM selects the best (e.g. the most in°uential or the most impor-

tant) and the worst (e.g. the least in°uential or the least important) criteria.

In this step, the DM is asked to identify the best and worst criteria, based on the

criteria set. The best criterion is represented as CB , the worst criterion as CW .
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Step 3. DM assigns the preference of the best criterion over all the other

criteria, with basic belief assignments.

The DM needs to provide his preferences in comparing the best criterion CB to the

other criteria Cj under the set of identi¯ed assessment grade �. The entire subset Hl

of 2� will be complemented with the basic belief assignment ml;Bj 2 ½0; 1�. The

subsets with ml;Bj > 0 make up the body of assessment.

Step 4. DM assigns the preference of all the other criteria over the worst

criterion, with basic belief assignments.

The DMs assigns basic belief scores (ml;jW Þ to the entire subset Hl of 2
� when

comparing the other criteria Cj to the worst criterion CW . The body of assessment is

made up by the subsets with ml;jW > 0.

Step 5. Construct belief structures according to the pignistic proba-

bility function.

Determine the belief degree �k;Bj to each grade hk;Bj by using the pignistic

probability function Eq. (7), after which the belief structure involved in comparing

the best criterion to the others can be constructed as

SBj ¼ fðhk;Bj ; �k;BjÞ; k ¼ 1; . . . ;Kg:
The resulting Best-to-Others (BO) vector is: SB ¼ ðSB1; SB2; . . . ; SBnÞ, where SBj

represents the preference of the best criterion CB over the other criterion

Cj ; j ¼ 1; 2; . . . ; n.

Similarly, the belief structure of comparing the others to the worst criterion can be

constructed as

SjW ¼ fðhk;jW ; �k;jW Þ; k ¼ 1; . . . ;Kg:
The resulting Others-to-Worst (OW) vector is: SW ¼ ðS1W ; S2W ; . . . ; SnW Þ, where
SjW represents the preference of other criterion Cj over the worst criterion CW ,

j ¼ 1; 2; . . . ; n.

Step 6. Determine the weightsðw �
1 ;w

�
2 ; . . . ;w

�
nÞ.

To determine the optimal weights with respect to a belief structure, we need to

make each pair of wB=wj and wj=wW as close as possible to the grade h �
k;Bj (h

�
k;jW )

with the maximum belief degree � �
k;Bj (�

�
k;jW Þ in the corresponding belief structure

SBj (SjW Þ. The underlying idea is that the grade with the higher belief score should be

valued more, and the grade with the lower belief score should be valued less. To

operate this idea for all j, the maximum di®erence between wB

wj
and h �

k;Bj (
wj

wW
and

h �
k;jW Þ for all j should be minimized, which means that the constrained optimization

problem to determine the optimal weights is constructed as follows:

minmax j wB

wj

� hk;Bj j�k;Bj ; j
wj

wW

� hk;jW j�k;jW

� �
s:t:Xn
j¼1

wj ¼ 1

wj � 0; for all j

ð9Þ
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Model (9) can be transferred into the following model:

min �

s:t:

wB

wj

� hk;Bj

����
�����k;Bj � �; for all j and k

wj

wW

� hk;jW

����
�����k;jW � �; for all j and k

Xn
j¼1

wj ¼ 1

wj � 0; for all j

ð10Þ

By solving problem (10), the optimal weights ðw �
1 ;w

�
2 ; . . . ;w

�
nÞ are obtained. The

optimal value �� obtained from this program indicates that the closer it is to 0, the

more consistent the DM is.

Example 2. We use the same case that was studied by Rezaei12 and suppose that

the frame of discernment is � ¼ fh1; h2; h3; h4; h5; h6; h7; h8g (Step 1). The second

criterion, Price (C2Þ, is identi¯ed as the best criterion, and the ¯fth criterion Style

(C5Þ is identi¯ed as the worst criterion (Step 2). Next, the DM provides his basic

belief assignments (only values for focal elements are listed) with regard to the best

criterion compared to the others, and the other criteria compared to the worst, as

seen in Tables 2 and 3 (Steps 3 and 4):

After applying the pignistic probability function (7), the basic belief assignments

can be transformed into belief structures (Step 5):

S21 ¼ fðh2; 0:5Þ; ðh3; 0:5Þg;
S22 ¼ fðh1; 1Þg;
S23 ¼ fðh1; 0:0125Þ; ðh2; 0:0458Þ; ðh3; 0:1058Þ; ðh4; 0:2725Þ;

ðh5; 0:2392Þ; ðh6; 0:2392Þ; ðh7; 0:0725Þ; ðh8; 0:0125Þg;
S24 ¼ fðh2; 0:8Þ; ðh3; 0:2Þg;
S25 ¼ fðh6; 0:0667Þ; ðh7; 0:0667Þ; ðh8; 0:8667Þg;
S15 ¼ fðh4; 1Þg;
S25 ¼ fðh1; 0:025Þ; ðh2; 0:025Þ; ðh3; 0:025Þ; ðh4; 0:025Þ; ðh5; 0:025Þ;

ðh6; 0:025Þ; ðh7; 0:325Þ; ðh8; 0:525Þg;
S35 ¼ fðh2; 0:2333Þ; ðh3; 0:5333Þ; ðh4; 0:2333Þg;
S45 ¼ fðh3; 0:0667Þ; ðh4; 0:8667Þ; ðh5; 0:0667Þg;
S55 ¼ fðh1; 1Þg:

Figure 1 visualizes the distribution of the belief degrees involving each individual

grade. For example, the belief structure s21 has 0.5 belief degree on grade 2 and

grade 3, respectively.
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By solving the optimization problem, we can obtain one set of the optimal weights

and �� as follows (Step 6):

w �
1¼0:1961; w �

2¼0:4528; w �
3¼0:1128; w �

4¼0:1847; w �
5¼0:0535; and

��¼0:4753:

The multiple optimal solutions issue is addressed in Sec. 3.3.

From the results, we can give another interpretation to the belief-based BWM. For

instance, in the assessment C2 over C1, m21fh2; h3g ¼ 1, S21 ¼ f ðh2; 0:5Þ; ðh3; 0:5Þg,

Table 2. Assessments of the Best criterion to the others.

Best to others Best criterion: C2

Quality (C1Þ m21fh2; h3g ¼ 1
Price (C2Þ m22fh1g ¼ 1

Comfort (C3Þ m23fh3; h4; h5; h6; h7g ¼ 0:3;m23fh4; h5; h6g ¼ 0:5, m23fh2; h3; h4g ¼ 0:1;m23f�g ¼ 0:1

Safety (C4Þ m24fh2g ¼ 0:6;m24fh2; h3g ¼ 0:4

Style (C5Þ m25fh8g ¼ 0:8;m25fh6; h7; h8g ¼ 0:2

Table 3. Assessments of the other criteria to the Worst.

Others to worst Worst criterion: C5

Quality (C1Þ m15fh4g ¼ 1
Price (C2Þ m25fh7; h8g ¼ 0:6;m25fh8g ¼ 0:2;m25f�g ¼ 0:2

Comfort (C3Þ m35fh2; h3; h4g ¼ 0:7;m35fh3g ¼ 0:3

Safety (C4Þ m45fh4g ¼ 0:8;m45fh3; h4; h5g ¼ 0:2

Style (C5Þ m55fh1g ¼ 1

Fig. 1. The distribution of belief degrees in Example 2.

Belief-Based Best Worst Method 297



the DM hesitates between h2 and h3, and the result a �
21 ¼ w �

2

w �
1
¼ 2:5 can capture this

hesitation, since it lies in the middle. Also, for assessment C4 over C5, the basic belief

assignment is m45fh4g ¼ 0:8, m45fh3; h4; h5g ¼ 0:2, so we expect the result can focus

more on h4 because the DM has expressed greater belief and certainty, instead of h3

and h5. The result of C4 over C5 is a
�
45 ¼ w �

4

w �
5
¼ 4, which shows that it weighs more the

strongest belief h4.

The algorithm and analysis present the features of the belief-based BWM. The

method not only allows a DM to provide his basic belief assignments in a more

°exible way, it also balances the hesitation of the DM, taking all the preferences and

beliefs into account and trying to come closer to the preferences with stronger beliefs

and move further away from preferences associated with weaker beliefs.

If each belief structure provided by a DM is 100% sure on one single grade, that

would mean the DM has no uncertainty at all, and this belief structure-based BWM

in essence becomes the original BWM.

3.3. Models to derive interval weights

The nonlinear BWM can have multiple optimal solutions when the pairwise com-

parisons are not fully consistent. In order to handle that problem, we propose a

method to obtain the minimum and maximum weights of each criterion. Two models

are proposed to calculate the lower and upper bounds of the weights of criterion Cj

based on the ��, that is the optimal solution of models (9) and (10).

min wj

s:t:

wB

wj

� hk;Bj

����
�����k;Bj � ��; for all j and k

wj

wW

� hk;jW

����
�����k;jW � ��; for all j and k

Xn
j¼1

wj ¼ 1

wj � 0; for all j

ð11Þ

max wj

s:t:

wB

wj

� hk;Bj

����
�����k;Bj � ��; for all j and k

wj

wW

� hk;jW

����
�����k;jW � ��; for all j and k

Xn
j¼1

wj ¼ 1

wj � 0; for all j

ð12Þ

298 F. Liang et al.



After solving these two models for all criteria, the optimal value of the objective

function of (9) is taken as the minimum w ��
j and, similarly, the optimal value of (10)

is the maximum w �þ
j . Together, they identify intervals ½w ��

j ;w �þ
j �. For the opera-

tions of interval weights and the method of ranking the criteria, the reader might

refer to Ref. 12.

Example 3. From Example 2, we obtain �� ¼ 0:4753, which indicates that the

system of pairwise comparisons is not fully consistent, and the nonlinear belief-based

BWM model can generate multiple optimal solutions. To solve that problem, we use

the interval weights to contain all the possible solutions. The optimal interval

weights of belief-based BWM obtained, thanks to the optimization problems (11)

and (12), are as follows:

w �
1 ¼ ½0:1784; 0:2156�; w �

2 ¼ ½0:4179; 0:4563�; w �
3 ¼ ½0:1041; 0:1137�;

w �
4 ¼ ½0:1802; 0:2315�; w �

5 ¼ ½0:0494; 0:0539�:
The mean of all the optimal intervals can be used to indicate the middle position of

these interval weights, the result being: w �
1ðmeanÞ ¼ 0:1947, w �

2ðmeanÞ ¼ 0:4394,

w �
3ðmeanÞ ¼ 0:1095, w �

4ðmeanÞ ¼ 0:2044, w �
5ðmeanÞ ¼ 0:0519. The interval weights

and their means are shown in Fig. 2.

4. The Reliability Measurement

After determining the weights, it is very important to check the reliability of the

results. It has been a long debate on the measurement of the reliability or expertise of

an expert/DM, especially when there is no external standard to verify.50 Tradi-

tionally, the reliability of an expert is measured by the consensus with the other

experts.44,51 However, according to psychological investigations and empirical

studies,50,52 the agreement with other experts is neither necessary nor su±cient for

expertise, rather, intra-individual consistency is a necessity.

Fig. 2. The interval weights of belief BWM.
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Besides, the uncertainty degree of an expert is also highly related to his/her

reliability. For example, if an expert provides a preference pro¯le like f(1,0.5),
(9,0.5)g, or like the highly nonspeci¯c belief distributions f(f1,2,3,4,5g,0.5),
(f5,6,7,8,9g,0.5)g, the expert faces randomness and the nonspeci¯city problems.15,53

Both cases could yield unreliable results, because the expert essentially has not

provided su±cient information for a decision.

Therefore, in this section, we discuss a method designed to measure the reliability

degree of an expert's judgments stemming from his inconsistency and uncertainty

levels. To that end, an inconsistency measurement and an uncertainty measurement

are proposed based on belief structure-based BWM.

4.1. The inconsistency measurement for belief BWM

The original BWM uses pairwise comparisons of criteria based on DMs' evaluations

of the relative priorities of decision-making elements. As such, the pairwise com-

parisons are said to be perfectly (cardinal-) consistent if they satisfy the transitivity

condition aBj � ajW ¼ aBW ; otherwise, the DM is not fully consistent, which may

imply some irrationality in the relative weight estimates.54

In belief-based BWM, to handle the information of belief structures, the utility-

based approach55 can be adopted to compute the value of belief structures. The

expected utility of a belief structure Sij is noted as uij , and can be computed as

follows:

uij ¼
XK
k¼1

uðhkÞ�k;ij ; ð13Þ

where uðhkÞ ¼ k. Then the value of aij in the original BWM can be replaced by the

expected utility uij , thus the transitivity condition is transformed into

uBj � ujW ¼ uBW : ð14Þ

According to the de¯nition of belief structure, suppose the DM identi¯es a set of

evaluation grades � ¼ fh1; h2; . . . ; hKg which is applied to pairwise comparisons,

then SBW ¼ ðhK ; 1Þ is the maximum belief structure that can generate the highest

possible value to uBW . If uBj � ujW 6¼ uBW , the inconsistency will occur, whether

uBj � ujW is higher or lower than uBW . When uBj and ujW have the highest value,

which is equal to uBW , that will result in the largest inequality. According to

ðwB=wjÞ � ðwj=wW Þ ¼ wB=wW , the following equation can be obtained:

ðuBj � �Þ � ðujW � �Þ ¼ uBW þ �: ð15Þ

For the maximum inconsistency of belief structure, uBj ¼ ujW ¼ uBW , Eq. (16) can

be written as

ðuBW � �Þ � ðuBW � �Þ ¼ uBW þ �; ð16Þ
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and formulated as

�2 � ð1þ 2uBW Þ� þ ðu 2
BW � uBW Þ ¼ 0: ð17Þ

Because uBW ¼ uðKÞ ¼ K , K 2 f1; 2; 3; . . .g, Eq. (17) becomes

�2 � ð1þ 2KÞ� þ ðK2 �KÞ ¼ 0: ð18Þ
After solving Eq. (18) for di®erent K , the maximum possible � can be obtained and

used as the inconsistency index for belief-based BWM. The result of the inconsis-

tency index is shown in Table 4. The inconsistency index obtained for belief-based

BWM is the same as the original BWM, because the uBW in the belief BWM is the

same as aBW in the original BWM.

We can now use the �� obtained from the belief-based BWM models (10) to

calculate the following Inconsistency Ratio (IR)b:

IR ¼ ��

Inconsistency Index
; ð19Þ

IR 2 ½0; 1�, and the closer IR is to 0, the more consistent the judgments are. When

IR ¼ 0, the judgments of a DM are said to be fully consistent.

4.2. The uncertainty measurement for belief BWM

We stated earlier that the advantage of the belief-based BWM is the way it deals with

uncertain preferences. However, it is important to quantify this very same uncertainty

as it can be related to the reliability and the stability of the ¯nal results. The ¯nal goal

of such an analysis would be to identify excessively uncertain preferences.

The measure of uncertainty for the belief-based BWM can be formulated as

AUðBelÞ ¼ max
pk;ijconsistent with Bel

�
X
k2�

pk;ij log2pk;ij

" #
;

s:t:

pk;ij 2 ½0; 1�; 8k 2 �P
k2�

pk;ij ¼ 1

BelðHlÞ �
P
k2Hl

pk;ij � PlsðHlÞ; 8Hl � �

8>>>><
>>>>:

ð20Þ

4.2.1. The uncertainty measure algorithm for belief-based BWM

To compute the AU function, an algorithm was proposed by Harmanec et al.,56

which, in spite of being proved to be correct by Klir andWierman,15 is too complex in

Table 4. Inconsistency index table.

K 1 2 3 4 5 6 7 8 9

Inconsistency index 0 0.44 1 1.63 2.30 3 3.73 4.47 5.23

bIn the case K ¼ 1, the preferences are always fully consistent, hence the IR is zero.
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some cases, and it is why Liu et al.57 proposed using another algorithm to reduce the

computational complexity, which, unfortunately, was °awed, and it was subse-

quently corrected by Huynh and Nakamori58 with an improved algorithm. This

uncertainty measure for belief structure-based BWM uses Huynh and Nakamori's

algorithm,58 which is presented in its adapted form in Table 5.

4.2.2. Global uncertainty

The AU measure is used to quantify the total uncertainty of a given belief structure.

To measure the global uncertainty of a DM, we need to take all the basic belief

assignments into consideration. The DM's global uncertainty can be calculated as

the average uncertainty of the given preferences

AU ¼ 1

2n � 3
max

pk;Bjconsistent with Bel
�
X
k2�

pk;Bj log2pk;Bj

" # 

þ max
pk;jW consistent with Bel

�
X
k2�

pk;jW log2pk;jW

" #!
: ð21Þ

To compare the uncertainty degrees of di®erent frames of discernment with di®erent

grades, we need to normalize the uncertainty degrees in the interval [0,1]. As the

maximum value of AU is log2K , where K is the cardinality of discernment frame, the

normalization of AU can be formulated as follows:

~AU ¼ AU

log2K
: ð22Þ

Table 5. The algorithm of uncertainty measurement.

Input: The set of focal elements F of belief function Bel and their corresponding basic belief

assignments.

Output: AUðBelÞ, fpkgk2� such that AUðBelÞ ¼ �Pk2�pk;Bj log2pk;Bj and
AUðBelÞ ¼ �Pk2�pk;jW log2pk;jW .

(1) Initialize AUðBelÞ ¼ 0.

(2) Compute the belief measures for all elements of UðFÞ, which is the union of the focal elements
from F .

(3) Find a set Hl 2 UðFÞ, (l ¼ 1; . . . ; 2K Þ such that BelðHlÞ=jHl j is maximal. If there is more than one

such set Hl , the one with the largest cardinality should be selected.

(4) For k 2 Hl , put pk;Bj ¼ BelðHlÞ=jHl j and pk;jW ¼ BelðHlÞ=jHl j; calculate AUðBelÞ :¼ AUðBelÞ �
BelðHlÞ � log2pk;Bj and AUðBelÞ :¼ AUðBelÞ � BelðHlÞ � log2pk;jW .

(5) Set F 0 ¼ fHf nHl jHf 2 Fgnf;g.
(1) If F 0 ¼ ;, stop.
(2) Otherwise, for each S 2 F 0, put

mðSÞ ¼PHf 2F ;Hf nHl¼SmðHÞ and set F ¼ F 0.
(6) If jF j > 1, return to step 2.

(7) If jF j ¼ 1 and F ¼ fSg, put pk;Bj ¼ mðSÞ=jS j (or pk;jW ¼ mðSÞ=jS jÞ and AUðBelÞ :¼ AUðBelÞ �
mðSÞ � log2pk;Bj and AUðBelÞ :¼ AUðBelÞ �mðSÞ � log2pk;jW .
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The range of ~AU is ½0; 1�, the closer ~AU is to 0, the more certain the judgments are.

When ~AU ¼ 0, the judgments of a DM are said to be fully certain.

4.3. The reliability degree

The original BWM considers the reliability of a DM's assessments only through his

inconsistency level, regardless of whether they use certain numbers or uncertain

terms. However, highly uncertain judgments are unstable and lead to unreliable

results. Therefore, in addition to looking at the inconsistency level, the uncertainty

level also has to be taken into account to determine the reliability of a DM's judg-

ments. In light of these considerations, we de¯ne the following reliability index.

De¯nition 4. The pairwise comparisons of a DM are said to be fully reliable if they

are fully consistent and completely certain. The Reliability Degree (RDÞ of a DM's

judgments can be formulated as

RD ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðIRÞ2 þ ð ~AU Þ2

q
ffiffiffi
2

p : ð23Þ

The RD ranges from 0 to 1, and when it is closer to 1, we say that the pairwise

comparisons provided by this DM are more reliable because they are more consistent

and more certain, as illustrated in Fig. 3. When RD ¼ 1, the DM is considered to be

fully reliable.

Unlike other formulations, e.g. ðIRþ ~AUÞ=2, our proposed formula for RD has

a clear geometric interpretation: it is the distance from the point (IR, ~AUÞ to (1, 1).

Fig. 3. The illustration of reliability.
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In case of considering the expertise of DM as part of the reliability degree, we can use

a generalized form: Generalized reliability degree ¼ �RDþ ð1� �Þexpertise degree,

where expertise degree and � 2 ½0; 1�.

5. Group BWM with Belief Structure

Due to the complexity of MCDM problems, it is common for several experts from

di®erent ¯elds to form a group to assess the problems together. In addition, if the

problems involve more than one stakeholder or multiple decision-makers, a group

decision-making method is needed to aggregate individual preferences.

The existing aggregation methods for group-based BWM rarely take the reliability

level of the DMs' judgments into account. As discussed in Sec. 4, we assume that the

inconsistency level and uncertainty level contribute equally to a DM's reliability level.

We propose an aggregation method for the group-and belief structure-based BWM,

which uses the reliability degrees to determine suitable weights for the DMs.

We can extend the belief-based BWM proposed in Sec. 3 to multi-criteria group

decision-making problems. We assume that the DMs express their preferences hon-

estly, which means that the preferences re°ect their inconsistency and uncertainty

levels. The procedure is illustrated below and the °owchart of the steps involved is

shown in Fig. 4.

Step 1. The group of DMs D ¼ fD1;D2; . . . ;DGg negotiate and determine the set

of evaluation criteria fC1;C2; . . . ;Cng and the frame of discernment, which contains

K grades: � ¼ fh1; h2; . . . ; hKg.

Fig. 4. The procedure of group BWM with belief structure.
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Step 2. Each DM Dg determines his best and worst criteria (C g
B and C g

W ,

respectively).

Step 3. Each DM Dg assesses the best criterion over all the other criteria with

basic belief assignments.

Step 4. Each DM Dg assesses all the other criteria over the worst criterion with

basic belief assignments.

Step 5. Construct belief structures according to the pignistic probability function

in Eq. (7).

Step 6. The nonlinear belief-based program (10) and the two decomposed models

(11) and (12) in Sec. 3 are used to ¯nd the optimal criteria weights wg
j ¼

fwg
1 ;w

g
2 ; . . . ;w

g
ng for each DM Dg.

Step 7. From the preferences that have been provided, each DM Dg can obtain his

IRg and uncertainty degree ~AU
g
by using the consistency measurement and uncer-

tainty measurement discussed in Sec. 4.

Step 8. The weight of each DM is assumed to be a function of his reliability degree

(s) RDg obtained by Eq. (23). Under this assumption, we suggest deriving the weight

of each DM Dg (�
gÞ by means of

�g ¼ RDgPG
g¼1 RDg

: ð24Þ

Step 9. Aggregate all the criteria weights from each DM Dg into an overall weight ~wj ,

which can be calculated by

~w j ¼
XG
g¼1

�gw g
j : ð25Þ

6. Case Study: Application of the Proposed Method for Evaluating

Infrastructure Project Criteria System in Indonesia

As one of the new emerging markets, Indonesia is striving to boost its economic

development by making e®orts to accelerate strategic projects which can be realized

within a short period of time. Each of these projects and programs has its own

objectives and responsibility, but due to the lack of coordination between various

stakeholders in government and private sectors, there is potential to cause delay to

the implementation.c Therefore, to deal with this problem, the Committee for Ac-

celeration of Priority Infrastructure Delivery (KPPIP, shortly in Indonesian) was

established. The mission of KPPIP is to screen and select the National Strategic

Projects, and carry out monitoring activities for National Strategic Projects, as well

as to conduct high-level debottlenecking strategies for Priority Projects.59

Before providing coordination in debottlenecking e®orts for the 247 National

Strategic Projects and programs, due to limited resources, KPPIP should shortlist 37

cThe basic information of this case study is from KPPIP's website: https://kppip.go.id/en/.
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projects as priority projects in line with the criteria established by KPPIP (Fig. 5).

KPPIP will then monitor the shortlisted projects and ensure that they comply with

quality standards and regulations. This case study will focus only on determining the

importance level of the established criteria, not considering the monitoring and

implementation part.

To support the decision-making process, KPPIP is equipped with a Project

Management O±ce (PMO), which comprises of professional experts in their re-

spective ¯elds. These experts are responsible for providing recommendations to the

implementation team in selecting priority projects. To evaluate various infrastruc-

ture projects, four sectors are formed in KPPIP, i.e. Energy and Electricity sector

(EE), Road and Bridge sector (RB), Transportation sector (TT), Water and Sani-

tation sector (WS). The organizational structure of KPPIP can be seen in Fig. 6.

The National Strategic Projects are complex to evaluate. After discussion with

the experts, 20 criteria were identi¯ed by KPPIP and classi¯ed into four categories as

shown in Table 6. Almost all of these criteria were assigned equal weights initially

(Executive Direction 0.08, Issuance of project permits and Number of authorities

involved are 0.12, the others are all 0.04), which is unreasonable according to an

interview we conducted with the leader of KPPIP. In addition to the arbitrariness,

the assignment of weights to the criteria did not consider the variety of the four

di®erent sectors and the reliability degree of the experts in these sectors. Therefore,

the weights of the criteria were suggested to be reevaluated by KPPIP with a more

structured/analytic methodology.

In this study, we invited four experts from the four sectors (one from each sector -

EE, RB, TT, WS) in KPPIP to reevaluate the importance of the given criteria by

using the proposed method. They are asked to follow Steps 1 to 4 of the belief-based

BWM in Sec. 5 and provided their assessments. Table 7 presents the pairwise

comparison assessment for the main categories from the four sectors in KPPIP.

Table 8–11 show the assessment for all the criteria in each category from the four

Fig. 5. List of 37 KPPIP priority projects.59
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KPPIP sectors. In this case, the experts were suggested to evaluate the criteria by

assigning each of the basic belief assignments to only one grade (for the sake of

simplicity), and the unassigned degree represents ignorance. For example, the as-

sessment f(2; 0,3), (3; 0,7)g and f(5; 0,5), (�; 0,5)g in the bottom right in Table 7,

can be interpreted as: the Water and Sanitation sector compared the best category,

which is Project Preparation (PP), to Policy (PÞ with 30% con¯dence that Project

Preparation is equally to slightly more important (grade h2Þ than Policy, and 70%

con¯dence that Project Preparation is slightly more important (grade h3Þ than

Policy; This sector compared Policy to the worst category, which is Coordination

(C), with 50% con¯dence thatPolicy is strongly more important (grade h5Þ than

Coordination, and the remaining 50% allocated to ignorance.

The nonlinear belief-based BWM is used in this case to determine the weights of

the main categories for each sector, the interval weights for the main categories

obtained from model (11) and (12) are shown in Table 12 (Steps 5 and 6). In this

table, the IRs and uncertainty degrees of each sector are obtained following the

Fig. 6. The organizational structure of KPPIP.59
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procedure described in Sec. 4 (Step 7), and the respective reliability degrees (weights)

are derived via Eq. (24) (Step 8). The last row of Table 12 contains the aggregated

weights for each main category (Step 9).

Although the IRs and uncertainty degrees are relatively high, we did not ask the

experts to revise their preferences in this study, because without a threshold for the

belief-based BWM (which could be developed in the future), there is no way to

determine whether or not the experts are su±ciently consistent and certain. As such,

we accept all the experts' judgment, but with di®erent weights for the experts based

on their reliability degrees.

The IRs and AUs in Table 12 are pictured in Fig. 7, which shows how far the

experts in the four sectors are from the perfect reliability status: the closer the

coordinate is to the origin, the greater the reliability. As we can see, EE is the most

reliable, so that his assessments carry a higher weight (0.3189) than the others.

Similarly, we can calculate the local weights for each criterion from Table 8–11 for
each sector. By combining the aggregated weights of the main categories with the

local weights of the criteria (see Ref. 12 for the interval operations), we can obtain

the global weights for each criterion for each sector. Then, we follow Steps 5 to 9

again to obtain the overall weight for each criterion. The results can be seen in

Table 13 and Fig. 8.

From the results we can see that the overall weights are rather di®erent from the

original weights used by KPPIP. Determination of funding scheme (F2) is considered

to be one of the most important criteria with a maximum weight of 0.139. The

importance of the criteria in the Coordination category is relatively low.

Fig. 7. Reliability of the four sectors.
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We also checked the weights obtained by the proposed belief-based BWM with

the leader of KPPIP, and he con¯rmed that our ¯ndings are much more reasonable

than the original ones used by KPPIP.

7. Conclusions

The aim of this study was to develop an extended BWM model to deal with belief

structure-related information. Compared to the original BWM, the superiority of the

proposed belief-based BWM method has to do with the fact that it can capture

di®erent types of uncertainties, including probabilities and vagueness in subjective

judgments, and, as discussed in the introduction, that it is more °exible than the

fuzzy BWM.

In the belief-based BWM, we ¯rst ask the DM to indicate his preferences in

pairwise comparisons, with basic belief assignments, which are then transformed into

the belief degrees (pignistic probabilities) associated with each grade. These degrees

are then used to construct an optimization problem, to obtain the weights of the

criteria. Since the nonlinear belief-based BWM was able to generate multiple solu-

tions in cases where DMs are inconsistent, two models are developed to derive the

interval weights of criteria.

In real-world contexts, it is likely that a group-based decision-making process is

preferred over individual decisions, because of the complexity of the problems. The

decision-making processes that take place in group settings tend to make the deci-

sions more comprehensive and reasonable. However, the uncertainty contained in the

estimations provided by the di®erent DMs in such a group, and the inconsistency

involved in the pairwise comparisons, can produce unreliable and unstable results,

making it necessary to measure the uncertainty and inconsistency degree of the

preferences being expressed, since these two degrees can re°ect the reliability of a

DM. To date, few studies have including the reliability of the judgments made by a

Fig. 8. The overall weights of the KPPIP criteria.
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DM. To remedy that state of a®airs, this study proposes a method to measure the

reliability degree of a DM, based on his inconsistency and uncertainty levels. Based

on the degree of inconsistency and uncertainty obtained from the preferences of the

DMs, we can measure the relative reliability of DMs, which can then be used to

assign weights to di®erent DMs, based on which we can aggregate the weights of

criteria from the belief BWM, and obtain the ¯nal weights of the criteria involved.

It is worth noting that instead of weighing the preferences of the DMs according

to how much mutually supportive they are, we propose an approach to weighing the

experts based on the quality of their preferences at an individual level. Although

there is not a \gold standard" to aggregate preferences, our approach is supported by

some empirical and psychological studies, e.g. see Ref. 50, 52, 60, which consider a

number of factors contributing to the expertise of a DM. Among these factors, there

are the experience, which is re°ected in the precision of the judgments, and their

internal coherence, i.e. the consistency. In our proposal, both these factors are taken

into account.

The ideas underlying the belief-based BWM have been illustrated by numerical

examples after each proposed model, and a real-world case study of infrastructure

project criteria system assessment in Indonesia is demonstrating the applicability

and feasibility of the models.

One of the aims of future research will be to increase our understanding of the

inconsistency and uncertainty measures, so that we can determine the thresholds for

acceptable levels uncertainty and inconsistency. In addition, it is important to take a

closer look at the links between inconsistency and uncertainty, and to examine how

they a®ect one another. In that regard, it might be also interesting to check the

relation between the concentration of the weights provided by the nonlinear BWM61

and their inconsistency and uncertainty. Furthermore, it is also possible to extend

the belief-based BWM to linear model, but because it does not ¯t the framework of

the group decision-making we leave it to another separate study. And ¯nally, com-

bining other MCDM methods (e.g. TOPSIS, VIKOR, ELECTRE) with belief-based

BWM may provide another possible direction of further research.
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