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PREFACE 

In summer 1985 a course on radio positioning at sea was held at the 

faculty of geodesy of the Delft University of Technology. 

The course took one week and i ts main purpose was to provide the 

part icipants with a synopsis of the more theoretical aspects of the 

subject. Af ter the course i t soon appeared that there was a fair 

demand for the lecture notes . This encouraged the authors to improve 

their contributions. what resulted in this book. 

In chapter 1 the systems of radio posi t ioning are introduced and 

classified on the basis of wave length and propagation properties and 

their effect on accuracy. range and applicability. 

Chapter 2 deals wi th the geometrical aspects. More specifically the 

geodetic computations on the ellipsoid and the conformal map 

projections are explained. 

Chapter 3 deals with the least squares adjustment of the observations 

and testing methods to find gross-errors. The formulas for the 

precision and reliability of the parameters are derived. These methods 

are applied to the radio positioning systems . 

Finally attention is given to the Kalman filtering method . 

The last two chapters have a more general scope and their use is not 

restricted to radio positioning only . 

The authors are very grateful to Mrs . W. Coops who was the key-figure 

in both the organization of the course and the edition of this book. 

C. Bakker 

J. C. de Munck 

C.L. St rang van Hees 





1. RADIOPOSITIONING SIGNALS AND SYSTEMS 
J.e. de Munck 

Contents. 

1. 

Systems for radiopositioning wiJl be classified on the basis of 

wavelength, discussing the propagation properties and their consequences for 

accuracy, range and application. 

The different methods wiJl also be arranged based on geometry and on the used 

signais. 

A number of examples wiJl be discussed. In addition, the set-up, the possibilities 

for checks and the calibration wiJl be reviewed. 

1 .1 Effects of the wave propagation. 

Radiowaves are travelling electromagnetic waves: a distortion of the 

electric and magnetic field strength, being at any fi xed point some function of 

time, is travelling with a velocity of about 300,000 km/s through the space. It is 

often useful to consider sine waves of the form: 

U(t,x) "Uo sin {2 11 (f - f + (j) )} 

where V 0 (amplitude), T (period), À (wavelength) and (j) (phase) are considered 

as constants. 

~I 

Figure 1. 

time t 

somewhat later : 
time t+LH 

If one follows some characteristic point of the wave, for instance P, the argu­

ment 211 (1; _ ~ + (j) )will not change in time; see figure 1. In the short time 
T À 



2. 

micro-

waves 

interval I'!. t point P, and in fact the whole wave, has travelled over a distance 

I'!.x so that 

or 

2 rr(1. _ L + lp ) 
T À 

À 

T 

2rr( t+l'!.t_x+l'!.x 
T - À- + lp ) 

Consequently, the propagation velocity v of the wave is given by: 

v = f. À 

1 
where f = T is the frequency. 

(1) 

The properties of electromagnetic waves depend largelyon their wavelength. In 

table 1 a common classification of radiowaves is presented. For camparison, 

also same other electromagnetic waves are mentloned. The free space wave-

leng th Ào used in the table is defined by 0,0 

where c is the free space light velocity, a constant of nature (c = 299,793,458 

mis by definition). 

Radiowav.es Radarband. 

N::lIllr.S 1. ~ f'\larnc5 l rcf) tJl'!f lf :y vm vr. lr:nql.!.!. 

V.L.F. very low frequenc y < 3U k Hz > 10 km P-band U.23-1 G I-I z 13U-3U cm 

L.F. low 30-300 k Hz 10-1 km L-band 1-2 30-15 cm 

M.F. medium 300-3000 k Hz 1000-100 m S-band 2-4 15-7,5 cm 

H.F. high 3 M Hz-30 "1 Hz 100-10 m C-band 4-0 7,5-3,75 cm 

V.H.F. Yer)· high 30 M Hz-300 M Hz 10-1 m X-band 0-12, 5 3,75-2,4 cm 

U.H.F. ultra high 300-3000 M Hz 100-10 cm Ku-band 12.5-18 2,4 -1,67 cm 

S.H.F. supe r high 3 G Hz-30 G Hz 10-1 cm K-band 10-26,5 1,67-1,13 cm 

E.H.F. extremely hi gh 30-300 G Hz 10-1 mm Ka-band 20, 5-40 1,13-0,75 cm 

Table 1: Classes of radiowaves. 

Depending on the classes of radiowaves (tabie 1) different descriptions of the 

propagation are useful and other aspects are relevant. In figure 2 the different 

types of propagation through 0 the atmosphere are shown. Indicated are the 
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earth's surface Cincluding the sea surface), the ionosphere and the troposphere, 

all described in the sections 1.1.1.1.-1.1.1.3. The properties of the different 

classes of waves and the corresponding systems are discussed in section 1.1.2. 

Figure 2. 

The different media. 

1.1.1.1. The troposphere. 

The troposphere is the part of the atmosphere where free electrons (see 

1.1.3) hardly exist. In the troposphere the propagation velocity depends slightly 

on temperature T, pressure Pand humidity e, the partial pressure of the water 

vapour, according to the formula 

N = ( n_1 ) .10 6 = 77 . 62 -TP - 12.92 ~ + 37.19 . 10 4 . L (2) 
T T2 

where 

n = c/v = the refraction inde x 

c = the propagation velocity in free space 

v = the propagation velocity in the air 

P = the total air pressure in Pascal (l Pascal = 1 Newton/m2 = 
= 10-5 bar = 0.01 mbar RlD.DD75 Torr (mm mercuri)) 

T = 273 + the temperature in degrees centigrade Rl temperature 

in Ke l v in. 

e = the partial pressure of the water vapour in Pascal 

and N is called the refractivity. 



4. 

From (1) it follows th at, under normal circumstances (P"" 1000 mbar, T = 288 K 

("" 15 °C), e "" 10 mbar) an increase of 10-5 in n can be caused by an increase 

in P of 37 mbar, by a decrease in T of 10.6 °c, or by an increase in e of 

2.3 mbar. 

It follows also from (1) that for sea level conditions the refraction index of the 

air changes between 1.00023 and 1.00054, with 1.0003 as an average value. 

Because distances or distance diiferences derived from measurements are 

proportional to the adopted refractionindex, registration of temperature, pres­

sure and humidity is required for measurement with very high proportional 

precision (some 1/104 or better). 

The refraction index of the air varies with space and time. These varia­

tions in space cause a curvature of the radiopaths, the so-called refraction. 

This curvature makes a ray, going from two points A to B, follow the quickest 

route. In figure 3 the radiowaves prefer therefore the upper path with the 

lower refraction index (higher velocity) rather than for instance the straight 

line which would give a longer travelling time because of the lower velocity. 

This idea of the quickest path is called the principle of Fermat. 

n low 

n high 
Figure 3. 

Above the earth, and particularly above the sea, the refraction index 

often decreases 50 sharply with the height that radiopaths are more curved than 

the earth, so that nearly horizontal rays are "trapped" bet ween the surface and 

a layer in the air. This is called a duct; see figure 4a. Another form of duct is 

the case of figure 4b. 

height 

-n 

Figure 4a. Figure 4h. 



A neeessary eondition for radiowaves to be "trapped" in a duet is that 

the wavelength is mueh shorter than the thiekness of the duet. In praetiee, 

duets are therefore important for short waves ( À < 1 meter). Propagation over 

long distanees is then possible with low losses of signal strength. 

Another important property of the troposphere is the extinetion of elee­

tromagnetie waves. As everyone knows, this extinetion is very troublesome for 

visible light. Eventually it is one of the main advantages of radiowaves that 

they pass quite weil through haze, fogg and clouds. Only the very short wave­

lengths whieh are eomparable with the diameter of waterdropplets are eonsi­

derably attenuated. 

1.1.1.2. The earth surfaee. 

The earth and the sea have eleetrieal properties whieh are quite diffe­

rent fr om the tropospherie air. The relevant properties are the (relative) 

permittivity Er and the eonduetibility cr . See table 2 for some examples. 

LF, MF, HF VHF and higher 

terrain E (J Er (J r 
siemensjm siemensjm 

dry sand; urban and 0.0001 
indlistrial regio 2-5 _. 2 0.03 

0.001 
-

dry, sandy grounds 5-10 0.002 - -

humid bottom (meadows, 0.002 
wood s, cl ay) . 10-15 - - -

0.01 

wet bottom ' (heavy clay, 15-20 0.01 
certain meadows, moor) - 24 0.6 

0.02 

0.001 
fresh -water 80 - 80 2 

0.002 

sal t water 81 4.6 80 6 

" 
Tabel 2. 

5. 



6. 

Radio,!,aves in the air are more or less reflected on the surf ace depending on 

these quantities Er and a. The not reflected part of the rower is rror8C]ating 

into the ground, where it will be absorbed. 

However, at distances within about one wavelength from the surface the 

apparent properties of radiowaves in the air depend on the properties of the soil 

material in a complicated way: the apparent velocity and the attenuation of 

these surface waves depend on the Er and the a of the soi! between transmitter 

and receiver, and on the refraction index of the air. This last influence is 

however of less importance because of the large differences and uncertainty of 

the properties of the soi!. 

1.1.1.3. The ionosphere. 

In the high layers of the atmosphere a significant number of molecules in 

the air are ionized by radiation from the sun, in particular X-rays and ultra 

violet. Below heights of 100 to 50 km the radiation is so much attenuated by 

these processes that ionization hardly occurs. 

Radiowaves in these ionized layers, in the ionosphere, are influenced in a 

very complicated way by the free electrons, the earth magnetic field and the 

collisions of the eJectrons with other partic1es. 

The ionosphere is a quite variabIe medium and the number of free elec­

trons depends on time (the day, season, soJar activity) and place. In the lower 

layers, below some 120 km, the ionospheric characteristics are directly related 

to the intensity of radiation (solar elevation and solar intensit y). The higher 

layers react in a more complicated way and with delays of many hours. 

Of prime irnportance for wave propagation is the refraction inde x, being 

a measure for the velocity (n = c/v). lf the frequency of the waves is not too 

Jow, the refraction inde x may be written as 

(3 ) 

where fp is the so-called plasma frequency. This is the resonance frequency of 

the local free electrons depending only on the (tree) electron density N: 

f2 = 80.5 N 
P 

i f N is tile nUlTlber of free electrons r cr fll3 

and f p is the plasma frequency in Hertz. 

(4 ) 



1.1.2. 

7. 

From (3) one can infer that: 

1. The refraction inde x in the ionosphere is normally smaller than unity, 

i.e. the (so-called phase-) velocity is greater than .in the non-ionized 

atmosphere. Sa the radiowaves will tend to refract downwards (see 

figure 1, the skywave). 

2. If the frequency of the waves becomes much higher than the plasma 

frequenc y, the influence of the ionosphere tends to disappear. (Visible 

light is not influenced by the ionosphere, microwaves hardly are). 

3. Radiowaves can only pass through the ionosphere if their frequency is 

higher than the highest plasma frequency or criticaI frequency f c. 

In the lower layers of the ionosphere, below same 100 km, where the density of 

the particles is relatively high and where collisions occur frequently, the radio­

waves are highly absorbed, particularly if the ionization degree is high (i.e. if N 

is large, which occurs when the sun is weil above the horizon. 

Positioning systems in view of wave propagation. 

In this section same typical examples of radiopositioning systems will be 

discussed, arranged according to the wavelength and their related propagation 

characteristics . 

1.1.2.1. The Omega system, covering the whole earth with eight transmitters on fre­

quencies near la kHz N LF). At the unknown point (ship, aeroplane) signals are 

recei ved from at least three of the eight transmitters. Because all transmitters 

are synchronized with each other, it is possible to find the position of the ship 

from the measured time inter vals. 

The wavelength of 30 km is comparable to the height of the lower boun­

dary of the ionosphere. Sa ray tracing is not very realistic and the waves are 

considered as wavepatterns (modes) travelling horizontally in the area between 

the ionosphere and the earth (or sea) surface. The propagation is quite variabIe, 

particularly because of variations of the ionosphere. 50 the predictions of signal 

strength and time of arrival are not very precise. The Omega system is world­

wide usabie, but its accuracy is limited (standard deviation: a few kilometres). 

1.1.2.2. L.F. waves are influenced by the conductivity of the earth (sea) surface, sa that 

the surface waves reach far beyond the horizon, particularly over sea (high 

conductivity). However, at low elevation angles, i.e. over long distances, these 
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waves are effectively refracted by the ionosphere. lf such skywaves interfere 

with the surface waves the required phase measurements becomc severely 

deteriorated. Only if the lowest layer of the ionosphere is highly ionized - at 

(suITImer) days - the skywave is absorbed and cannot disturb the measurements. 

Another difficulty with these waves is the influence of the ground on the 

time of arrival and on the signal strength. Particularly poor conducting land 

(dry sand) yields a considerable reduction of signal strength and a change in 

traveliing time. 

Important deviations of the expected behaviour of these long radiowaves 

occur near (i.e. within a few wavelengths of) discontinuities like great iron 

constructions, coast lines, etc. 

lnteresting but quite troublesome is the phase jump of waves crossing a 

coast line. See figure 5. At considerable heights (several wavelengths above the 

ground) the wave fronts will be undisturbed equidistant flat vert ical surfaces. 

Near a bad conducting surface (land surface) the waves tend to enter into the 

ground. 50 the wavefront will be inclined towards the earth. Above "well­

conducting" seawater the wave fronts are nearly vertical. 50 a jump must exist 

near the coast line. See figure 5. Indeed such effects are found up to severoal 

wavelengths from the coast. This makes the calibration of long wave systems 

quite difficult. 

movement wavefronts -

land sea --------phase 

Figure 5. 
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Examples of systems on these wavelengths are: Loran C and Decca 

Navigator. With such systems a precision of some tens of metres can be 

obtained over distances of several hundreds of kilometres if there is no skywave 

or if the skywave effect is eliminated Iike for Loran C. Systematic errors may 

be much larger. 

1.1.2.3. Systems on M.F. Iike Argo and Hyperfix. These waves have about the same 

propagation characteristics as the LF waves: a surf ace wave up to far beyond 

the horizon, influence of the underground, skywave. The difference is that the 

waves are not only affected by the conductivity but also by the permittivity of 

the soi!. 

Corresponding to the wavelength all lineair measures are smaller than 

for LF: the antennae, the standard deviation, the range. The accuracy is nor­

mally between 10 mand 20 m standard deviation under good conditions. 

1.1. 2.4. Short waves i.e. waves shorter than about one metre HF and V HF (wavelengths 

between 100 mand 1 mare hardly used for positioning because of the strong 

ionospheric influence and because of need of these frequencies for communi­

cation purposes). 

For these short waves the surface wave-bending along the earth surface 

is insignificant because a great part of the radiopath is many wavelengths away 

from the earth. Just Iike a light-beam, the radiopath is about a straight line, 

but it is influenced by refraction, reflection and scattering. So, in general these 

waves may be used up to the radio horizon which is somewhat further away 

than the optical horizon owing to refraction by humidity gradients. In case of 

duet, the range can be significantly larger. 

Reflection on the surface can be quite troublesome if the phase diffe­

rence between the direct signal and reflected signal is about half a wavelength 

or any other odd number of half wavelengths, for in that case the signals 

extinct each ot her. So if the radiopath is over water (good reflection) one often 

finds zones of no signal (de ad zones) for specific distances and heiepts of the 

antennae. 
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1.2 Geometry and signais. 

1.2.1. 

1.2.1.1. 

The consequences of different geometries and of different farms of the signals on 

radiopositioning will be dealt with. 

The geometry. 

In general position fixing on the surface (in two-dimensions) can be decomposed in 

the determination of two or more lines of position (L.O.P.'s). A L.O.P. is the line on 

which the unknown point (e.g. the ship) can lay, given a certain measurement. 

Although a LOP is a curved line it may locally be approximated by a straight line. 

The most important radio measurements are: 

a. A distance measurement to a known point (circular LOP). 

b. The difference of the distances to two known points (sa called hyperbolic LOP). 

c. The azimuth to the unknown point from a fixed station (LOP approximately a 

straight line or a great circle). 

d. Other measurements like resection (with radiodirectioning) are less important 

for accurate radioposi tioning. 

Although any combination of these measurements is possible most methads may be 

reduced to: 

A. A combination of two or more distance measurements, the circular methad, also 

called "range-range methad". 

B. A combination of two or more distance differences, the hyperbolic methad. 

C. A combination of distance and azimuth (b. and c.), the polar methad. 

D. A mixture of A and B is the measurement of "pseudo ranges". Here distances are 

measured with a range bias which is supposed to be constant, at least over a 

short time. A precise clock on board is needed to maintain th is bias over same 

time. This methad is called the "rho-rho-method" or method with independent 

clocks. 

The circular system. 

An "interrogator" (a transmitter-receiver) is placed on the unknown point P (the 

ship). On at least two known fixed points Ti a "transponder" (also a transmitter­

receiver) is placed (figure 6). 



Figure 6. A circular chain. 

The interrogator transmits a signal that is' received by one of the transponders which 

transmits an answer backwards. At the interrogator the tra velling time is measured 

and with some known propagation veloeity (ab out 3 • 108 mis) the distance is 

calculated. This is do ne for each of the transponders, simultaneously or in time­

sharing. The intersection of at least two L.O.P.'s gives the position of P. 

If two or more ships are to be fixed, time-sharing between that different users is 

necessary because the transmitting moments of the transponders are necessarily 

controlled by the unknown point(s). 

1.2.1.2. The hyperbolic system. 

A transmitter is placed at a number of fixed positions, Zi. Each Zi transmits a 

radiosignal and these signals are synchronized, i.e. they have known time intervals or 

phase intervals. The signals are received at the unknown point P (the ship), where the 

time (or ph ase) intervals of the received signals are measured, giving the range 

differences from P to Zi. The LOP for the two transmitters (say Zo and ZI) is, at 

least, in a flat plane, a hyperbola with Zo and ZI as foei. (On the spherical (or 

ellipsoidaJ) earth the LOP's cannot be hyperbolae). With three or more transmitters a 

position fix of P is possible. In figure 7 a pattern of two transmitters is sketched. 

11. 
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P, 

Figure 7. A hyperbolic pattern. 

The synchronization of the transmitters is mostly done by receiving the signalof one 

transmitter, Zo (sometimes, but not always, named "master"), at the other 

transmitter(s), here ZI (slave). With same known delay Tl this slave transmits its own 

signal. Sa the measured time interval at P, T~O' can be expressed as: 

if aal is the propagation time from Zo to ZI' 

a lP is the propagation time from ZI to Pand 

a oP is the propagation time from Zo to P. 

(5) 

Out of (5) the difference in travelling time from the transmitters Zi to the unknown 
I 

point P can be solved: 

Assuming a constant propagation velocity v one finds for the difference of the 

distances: 

(6) 

The adjusted delay Tl and the length of the base ZOZI may assumed to be constant, 

besides same noise. T~ o iS the measured quantity. 



In prae ti ce the transmitted signals do not consist of one single pulse, but rather of a 

periodical repetition of- puls es, or even of a continuous wave. Instead of time 

intervals T , phase differences T /T = f • T are often introduced in the calculations. T 

is the repetition interval of the pulses or the period of the continuous waves, and f = 
I/T the frequency, see figure 8. 

I : '----../ 

/- ./-
t T 

f=1/T 

T 
phase difference ~ = - = fT 

T 
in periods 

or 

or 

211 .!. = 211fT in radians 
T 

360 .!. = 360 fT in degrees 
T 

Figure 8. Phase measurements. 

50, however, an ambiguity of an integer number of periods N is introduced. In terms 

of phase differences ~ our equation may than be written as: 

- - p v --
Z P - Z P = (~ - ~ + N )-f - Z Z 

1 0 10 1 10 0 1 
(7) 

This formula may be used to calculate the position, or more correctly the LOP, from 

the measured phase difference ~~O ' F ormula (7) mayalso be used to find the influence 

of deviations (errors) in the measurement and in the parameters ~ , v, f and ZOZI' 

NOTE Many hydrographers have the rather confusing practice to 

adjust the ph ase shift ~1 in the sI ave and to choose NlO so that the reading 

(~1 0 + NlO) becomes zero if P is situated in one line with the base ZI Zo at the 

si de of the master (P ... PI in figure 7). With this adjustment (7) becomes for 

PI: 

TI - TI 
1 1 0 1 

or, because ZIP
I 

- ZOP I = ZOZI (see figure 7 ): 

f --
~1 = V . 2ZOZ1 

13. 



14. 

Substitution in (3) gives for this adjustment for any point P: 

- -- -- p V--
Z P - Z P = (lp + N )T + Z Z 

1 0 10 10 0 1 
(7a) 

Although th is formula is adequate to calculate the position in a pattern with 

th is adjustment, the form is not 50 useful to find disturbing influences, 

because here ZOZl does not only contain the time delay over the base but also 

the phase adjustment of Z l' 

To fix a position with a hyperbolic system, at least two patterns are needed. See 

figure 9. The accuracy of a fix in such a system depends on the propagation of the 

radiowaves, on the geometry, and in a less extent, on the electronics and on the 

accuracy of the transmitter coordinates. The geometrical accuracy in a point P 

depends on the intersection angle of two hyperbola and on the lane width, which is 

the di stance (e.g.) in meters between two LOP's (hyperbolae) with a 

Figure 9. A hyperbolic chain. 
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phase difference of one period (often called a lane). The lane width is minima! 

on a base (a halve wavelength). 5ee figure 2.4, where zones of 20 lanes are 

shaded. 

It is also possible to measure in the pattern Z 1 Z 2' which has not been drawn in 

figure 9. Besides possible receiver noise this measurement will however give in 

combination with for instance ZOZ1 exactly the same position as the pair 

ZOZ1' ZOZZ· 
It is also possible to measure in two patterns with no common transmitter, even 

if they belong to different chains (i.e. if the pairs are not synchronized to each 

other). 

1. Z. 1.3. The independent clocks. 

If one has a clock on board which keeps the time accurate enough during a 

certain time, it is possible to find distances by reading on this clock the times 

of arrival of signals transmitted from known stations at known epochs. Because 

the clocks of the transmitters and the ship born clock are not synchronized they 

will after some time deviate too much from each other. 50 more or less 

frequent updates are necessary, for instance by position fixing with (doppler-) 

satellites or by working from time to time in hyperbolic mode. 50 continuous 

reception of only two stations can suffice. 

1. 2 . 1.4. The pol ar method. 

It is possible to combine distance measurements (circular method) with radio 

angle measurements by using very short radiowaves (À Rl 3 cm) and broad 

antennas which direct themselves mutually. If one antenna is placed on a ship 

and the other one on a fixed platform, the direction of the last one determines, 

together with the travelJing time of the radiowaves, the position of the ship. 

See figure 10. 

shipborn 
:' antenna 

~
\f!'" ,~ 

" -'rif - .... __ 
-~-

fixed point 
j antenna 

Figure 10. Polar system. 

1.2. L 5. A comparison bet ween the different methods. 

The hyperbolic method and the method with independent clocks have the advan­

tage that an unlimited number of ships can fix their position simultaneously 

(multi-use system). 
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Distance measurements (circular method or independent cIocks) have the 

advantage that the lane width is a half wavelength anywhere in the pattern. It 

is also an advantage that the propagation effects are easier to understand for 

distance measurements than for hyperbolic or angle observations. 

The polar system has the advantage that one fixed station suffices for a com­

plete, though not redundant, fix. 

1.2.2. Signais. 

For position fixing one can use light, radiowaves (both electro-magnetic waves) 

or acoustic waves. Radiowaves propagate quite weIl through the atmosphere 

(nearly straight path, constant velocity, few absorption). So does light, if cIouds 

'or fog do not obstruct the path. Under water however electro-magnetic waves 

are hardly practicabie because of high absorptionj here one uses acoustic waves 

with fair propagation characteristics. 

Radiowaves may be longer or shorter. They may be unmodulated sine waves or 

they may exist of sine modulated waves: continuous waves, see figure 11. 

continuous waves 

sine 
wave 

sine 
modulated 

Figure 11. Signal forms. 

pseudo stochastic signal 

Another simple sort of signal is the short puls. A more complicated signal, but 

increasingly more in use, is the pseudo random code. Table 3 gives a survey of 

the different signals for different carriers, with a number of applications and 

the relevant characteristics. 

1.2.2.1. The continuo us wave (c.w.). 

The c.w., and more particularly the sine wave, has the advantage of a very nar­

row bandwidth, so that the interference of the transmitters to other people is 

quite limited (at least in the frequency domain) and so that in the own receivers 

noise and interference can easily be filtered out. A disadvantage is the ambi-



Signal 

Pul s 

PS:rand.eode 

Cont.wave 

Direetivity 

through fog 

veloeity 
dependent on 

power 
radiowaves 

light (or Lr.) aeoustie max. band-
short long mean width 

Laser dist. Radar Loran C Eeho sounding high large 
meter Aeoust. 

position. 

x Syledis x x low large 

G.P.S. 

El.optie dist- .NNSS sa te 1 . Deeea Navig. Doopler sonar low small 
anee meter for Hyperfix 

surv. 

very good bad---fair no direeti- depending on Legenda 
vity wavelength + good 

- bad 

- + ++ x x not applieable 
P pressure 
T temperature 

P,T P,T,H20 vapour ground P,T ,salinity 

Table 3. Carrierwaves and signals, examples and eharaeteristies. 
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guity of an integer number of periods. This ambiguity may be improved by using 

two or more frequencies. Then the period of ambiguity is the smallest period 

divisible or nearly divisible byeach of the used periods. See figure 12. 

The use of more frequencies reduces however the advantage of narrow band­

width. 

ambiguity period = 11 x per.l = 10 x per. 2 

Figure 12. 11 periods "2" = 10 periods "1". 

1. 2.2.2. The short pulse. 

F or a high resolution, i.e. for a precise measurement one needs sharp pulses. 

But a pulse is physically and mathematically a composition of sines of different 

frequencies (and phases) within a certain frequency band (the spectre), and the 

sharper the pulse the broader this band. For more mathematical treatment see 

textbooks about Fourier transforms. Figure 13 gives an illustration. 
I broad band I 
I I 

sharp ~ 
I I 

smooth ~ =>-- _______ n_a~rr~b~a_n_d ______ _ 

)0 )0 

pulse time o frequency 

spectre 
Figure 13. Bandwidth versus pulsewidth. 

The ambiguity can become irrelevant if the repetition period of the pulses is 

long enough. Another advantage of the short pulse is that in case of reflections 

one can of ten choose the correct one of all the received pulses e.g. the first 

arriving one. 

The most important disadvantage of the pulse is its high maximum power. To 

recognize and to use the signal, the total energy over the measuring time is of 

importance. Consequently some minimum average power is needed at the 

reception, and a narrow pulse must be very high (high maximum power) to give 

sufficient mean power. 



l. 2.2.3. The pseudo random code. 

The pseudo random code or maximal-length sequence is a sequency of binary 

numbers which has a structure similar to a random sequence, but which is 

periodical. 

A pseudo random code can simply be made with a shift register and a modul 0 2 

arithmic. See figure 14. 

out out 

~ / modulo 2 
/ arithmic 

' 2 
I . 

i I~ ~ : ---+--++-+-++++ ++++-+-++--+---
I out 
, + + -

1period N=2n-1=15 1 period N=2 n-1=15 

(6 
I 
i out 

Figure 14. An example of a pseudo random code. 

With one shift register one can make a number of codes, increasing sharply with 

the number N of elements of the register. The autocorrelation function consists 

of a sharp pulse with arepetition period of N times the duration of one 

element. Sa by correlation techniques the pseudo random signals can be 

transformed into short pulses with a long repetition periad. See figure 15. 

The code is of ten used sa that only the ph ase of the carrier wave is shifted by 

e.g. 1200 or 1800 for a "_,, with respect to a "+". See figure 16. 

Such a signal has a broad bandwidth, but a low maximum power, a long am bi­

guity periad, and reflections may be filtered out as with short pulses. Another 

advantage is that different codes can be used to discriminate between different 

transmitters (ta use the wanted one) and between users (ta oblige them to pay 

or to provide unauthorized use). 

Figure 15. 

Autocorrelation function of pseudo 

random code with N = 15. 

AAA AM A 
VVW\JW 

Figure 16. 

Binary phase-coded 

signa!. 
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1.3 Systems for radiopositioning. 

In this chapter a survey will be given of most of the existing systems. Further a 

number of typical systems will be treated in some more details. 

Description and feature s of systems can be found in Iiterature and in infor­

mation from manufacturers. Some critical attention is however justified 

because not only manufacturers may tend to be optimistic, but also the users 

may be inclined to accentuate the more positive features. 

1.3. 1. A survey of systems. 

More detailed information may be found in: 

R.C. Munson, "Positioning systems", Proc. Féd. Int. Géom. (FIG) Commission 4, 

Stockholm 1977. 

Féd. Int. Géom (FIG), "Hydrographic survey equipment", catalogue and 

supplement, Hydrogr. Soc. Spec. Publ. 11. 

1. 3 .1.1. A survey of satellite systems. 

Dnly two systems are more or less available · for precise navigation: 

N.N.S.S. (Navi Navigation Satellite System) doppier satellites. 

The satellites and their tracking are controlled by the U.S. government. Recei­

vers are available from many manufacturers. The system works world wide. 

Navigation and (also precise) relative positioning is possible without the use of 

restricted data or codes. The accuracy for moving ships is a few hundred 

meters. By integration with ot her systerns an (absolute) accuracy of sorne 

30 meters is possible (standard deviation). A frequency of 400 MHz and an addi­

tional frequency of 150 MHz for accuracies better than a few hundred meters, 

are used. 

G.P.S. (Global Positioning System) = Navstar. 

The satellites and their tracking are controlled by the US governme nt. Recei­

vers are made by different companies. For using the system in normal modes 

("Precise" or "Coarse Acquisition") special codes are required the use of which 

will probably be quite restrieted. Certain alternative modes without such 

restrictions may be used for fixed stations and for moving ships. When in full 

operation (early 90's) continuous positioning of ships will be possible with 

accuracies of a few meters or even better; for fixed points probably 

subcentimeter accuracies may become possible, also without the knowledye of 

the codes. 



1.3.1.2. A survey of terrestrial systems on short waves. 

These systems are in use for precision navigation. The ranges of most of these 

systems are up to somewhat beyond the (radio) horizon, say twenty or thirty 

kilometers. At favourable conditions some of the systems reach up to hundreds 

of kilometers (Maxiran, Syledis). Most systems work in range-range mode, some 

(also) in hyperbolic mode; with two of the systems bearings can be measured. 

Sourees of errors: reflections, and beyond the horizon also variations in the 

tu rb uien ce of the higher atmosphere. No land-sea effects (except for 

reflections), no sky wave. A typical accuracy is a few meters. For a survey see 

table 4. 

1.3. 1.3. A survey of terrestrial systems on MF (Medium Freguency). 

Most of these systems work on frequencies near 2 MHz. The maximum ranges 

are a few hundreds of kilometers at daytime. In the night the effective ranges 

may be much shorter. The maximum effective range is highly dependent on 

over-land paths, on ionospheric reflections and on the possibility of filtering 

(depending on the movements of the ship). 

The accuracy is quite varia bie and often not very weIl defined. Dften the 

systems are used in hyperbolic mode for an unlimited number of users. Some­

times the rho-rho mode is used, also for an unlimited number of users, or the 

range-range mode (active mode) for a smal! number of users in time sharing. 

The most important sourees of errors are the propagation characteristics over 

land, land-sea crossings, and the sky waves. Large errors may occur within a 

few wavelengths from constructions and from the coast. The systems are used 

for hydrographic work. A survey is given in table 5. 

1.3.1.4. A survey of systems on LF and on VLF (Low Freguency, Very Low Freguency). 

These systems are in the first place used for general navigation; the LF­

systems are also used for ocean-wide hydrographic work. These long wave 

systems are al most exclusively used in passive modes (hyperbolic or sometimes 

rho-rho). 

The accuracy of the LF -systems may be a few tens of meters under good condi­

tions and with careful use. 

The main sourees of error are: propagation over land and ice, and particularly 

for unmodulated systems: sky waves. Dne mayalso find large errors within a 

wave leng th from constructions and from coasts. 

21. 
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---_._- --- ---

Name of the Manufacturer Mode(s) Number Frequency 
system Address of users of users (roughly) 

Artemis Christiaan Huygens Lab. range and 1 9 GHz 
Noordwijk, bearing 
The Netherlands 

Audister S.P.C. Electronic Co. ranges 1 3 GHz 
Tokyo, Japan 

Autotape Cubic Western Data ranges 1 3 GHz 
San Diego, California 

Aztrac Odom Offshore Surveys Inc. bearing 1 10,4 GHz 
Baton Route, Louisiana 

Hydroflex Tellurometer ranges 6 3 GHz 
Chessington, U.K. 

Maxiran Navigation Management Inc. ranges 6 0,45 GHz 
Ocala, Florida 

Microfix Racal Positioning System ranges ? 5 GHz 
Leatherhead, U.K. 

Miniranger Motorola Inc. ranges > la 5,5 GHz 
Tempie, Arizona 

Syledis Sercel hyperbolic 00 

Carquefou, France ranges 4 0,45 GHz 

h"rident Thomson C.S.F. ranges :s 50 0,5 GHz or 
Malakoff, France 1,2 GHz 

risponder Del Norte Technology Inc. ranges 8 9 GHz or 
Euless, Texas 0,4 GHz 

Table 4. A survey of terrestrial positioning systems on short waves. 
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·Name Manufacturer Mode(s) 

Argo Cubic Western Data range-range 

San Diego, California (option) hyperbolic 

Geoloc Sercel hyperbolic 

Carquefou, France ranges 

(integr. w. Syledis and GPS) 

Hifix Racal Survey Ltd. hyperbolic 

Leatherhead, U.K. ranges 

Hydrotac Odom Offshore Surveys Inc. hyperbolic 

Baton Rouge, Louisana ranges 

Hytrac Gardline Surveys hyperbolic 

Grest Yarmouth, U.K. ranges 

-- --

Lorac Lorac Service Co. hyperbolic 

Houston, T exas rho-rho 

integr. w. satellites 

Microphase Offshore Navigation rho-rho 

Harahan, Louisiana 

Omi Ocean Measurements Inc. ranges 

W. Palmbeach, Florida rho-rho 

Raydist T eledyne Hastings-Raydist hyperbolic 

Hampton, Virginia ranges 

Toran Sercel hyperbolic 

Carquefou, France 

Table 5. A survey of positioning systems on M.F. 
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On V LF only one system is of importance: 

Omega. 

This system works with unmodulated wave trains on frequencies near 10 kHz. It 

has a world wide coverage with 8 transmitters in hyperbolic mode. The accu­

racy is a few kilometers. 

Sourees of error: the variations of the ionosphere. The transmitters are con­

trolled by the U.S. government. Receivers obtainable from different manufac­

turers. 

On LF three systems will be mentioned: 

Loran C. 

The frequency is exactly 100 kHz, transmitted in pulses. These pulses are used 

for lane identi fication and for elimination of the sky wave. r'l.anges up to 100U 

or 2000 km day and night. Accuracy under good conditions some 30 m standard 

deviation. Mostly used in hyperbolic mode. Also the rho-rho mode is often used. 

Range-range mode is possible. 

Many transmitters are controlled by the U.S. government, other ones by local 

authorities. User apparature available from different manufacturers. 

Pulse 8. 

Almost identical with Loran C, but with less power, 50 that the ranges are 

shorter. Transmitters and receivers manufactured by Racal Survey. 

Decca Navigator. 

Frequencies between 7U kHz and 13U kHz, unmodulated. Ranges up to 5UO km 

at day and 100 km at night and at twilight. Mostly used in hyperbolic mode. 

1. 3.2. Satelli te systems. 

Only one or two satellite navigation systems are at the moment (1908) opera­

tional for general use. Some other systems are operational for restricted use or 

are in study. We mention the Argos system for meteorological and oceano­

graphic bouys and ships (see D.E. Wells, Hydr. J., no. 18, Aug. 1980, p.49), 

Glonass of the USSR, and Geostar with geostationary satellites. See Proc. 

Global Civil Satellite Navigation Systems, London, May 1984. 

1. 3.2.1. N.N.S.S. 

This Navy Navigation Satellite System, often mentioned as "Doppier satellites", 

also called "Transit", the only system fully operational for general use, works 
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with a number (4 to 6) satellites in pol ar orbits on a height of 1100 km. The 

period of orbit is about 100 minutes. For any point on earth a satellite is 20 

minutes or less above the horizon. 

The satellites transmit modulated radiowaves on 400 MHz and on 150 MHz. The 

modulation contains information about orbit, time and position (ephemeris). 

Special receivers are used to receive and to pro ce ss the signais, and often to 

compute their position. 

Essentially the number of periods of the carrier wave(s) are counted in intervals 

of about 4,6 sec., 30 sec. or 2 min ut es. These counts are measures for range 

differences from the receiver to two satellite positions. Out of the counts of a 

reasonable passage (maximum elevation between say 300 and 700
) a position fix 

is possible. The accuracy is some 40 m for a fixed platform. For a moving ship 

the accuracy degrades by an order of magnitude. If the movements of the ship 

are measured with an other system an accuracy of 50 m or better is possible. 

If some 20 passages are used on stationary points, an accuracy bet ter than a 

meter is possible in relative accuracy. In this case "translocation" may be used, 

i.e. from 2 or more terrestrial points simultaneous measurements are executed, 

so that the errors in the ephemeris and also the atmospheric errors are more or 

less eliminated. Also on a moving vessel translocation can be useful if the 

satellite receiver works integrated with an other system. 

The system is world wide, but it is an disadvantage that only 10 to 20 passages 

a day are available. 

Note: the NNSS system can be considered as an hyperbolic system (range 

differences) where the transmitter (one satellite on different epoques) is syn­

chronized by the satellite bom oscillator which works as a phase memory. Table 

6 gives a summary of obtainable accuracies. 

Fixed station One passage 30 m 

· A few days ( > 20 passages) 1 m 

Moving ship Unknown velocity: a few hundreds of meters 

· Velocity vector measured: 50 m 

· Velocity vector measured + } better than 50 m 

translocation 

Table 6. Typical accuracies (standard deviation) with NNSS doppier satellites. 
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1.3.2.2. G.P.S. 

1. 3.3. 

The Global Positioning Systern, also called Navstar, works with a minimum 

number of 10 satellites arranged in 6 orbits on about 2U.UDU krn height. The 

orbital period of each satellite is 12 hours relative to the earth. This configu­

ration is sa designed that always at least 4 satellites will be sufficiently high 

above the horizon in any place on earth. The satellites transmit signals in 

pseudo random code with long repetition periods, sa that ambiguities are not 

annoying. The transmitted sigals are synchronized, i.e. they have known rela­

tions in time. In the most direct mode differences of the time of arrival are 

measured for at least 4 satellites (quasi) simuItaneously. Sa this may be consi­

dered as an hyperbolic systern with 4 synchronized transmitters. This nurnber of 

4 is the minimum nurnber to fix a point in the three-dimellsiollal space 

(camp are the plane, where three transmitters are needed). 

Tbc IIiCUSUrelTlCIIls IllUy ulsu bc dUlie in dupplcr 111Udc, where !;e'llll!lIlilll tilile 

(= range) intervals are measured from one satellite, as with the NNSS satellites. 

Another mode is the correlation mode or interferometer rnade. Here the know­

Jedge of the codes is not strictly needed. SignaJs are compared in time by 

correJation. 

These two aJternative modes mayalso become adequate for navigation, but in 

this case same communication with the share is required for on-line processing. 

TerrestriaJ systems on short waves. 

1.3.3.1. Artemis. 

With this systelll bearing and range is measured between two poillt s , of which 

usually one is fixed. 50 with this system it is possibJe la pusi liun a vessel 

(without redundancy) if onJy one fixed point is available. 

The antennae of both stations are automatically pointed townrrJ s cach otber 

(see figure 17). At the fixed station the bearing of the antenne is sensed and 

transmitted to the mobile. The distance is measured by transmitting signals 

from the rnobile to the fixed station and back from the fi xed station to the 

mobile. All these signals are modulated on the carrier waves of aboul ') Hz. 

Because the system works with pointing narrow bearn [JlIlelllll~n the radio 

connection is very efficient in signal to noise ratio. 



Reference 
direct ion 

Figure 17. Artemis. 
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At the beginning of an operation and in case the connection is lost, a search 

program is executed. When the connection has been found the se rvo mechanics 

take care of the preservation. 

The angle measurement. 

The most particular parts of the Artemis are the antennea: so-cal!ed slotted 

waveguide radiators. An antenna exists of an horizontal tube of more than one 

meter with a pattern of slots. The antenna has very smal! sides lobes and it 

comes up to high requirements for ph ase symmetry. 

The phase difference is measured in the carrier wave received in the left and 

the right half of the antenna. The error signal for the servo mechanisme is 

obtained from this phase difference to correct the bearing of the antenna. In 

order to find a reference for the bearing at the fixed station at least once the 

antenna has to be pointed to some fixed direction (for instance to the sun) with 

the help of an optical telescope. 

1.3.3 . 2 . Syledis. 

This system, working on a wavelength of about 70 cm is a range-range system 

with the possibility to work also in the hyperbolic mode. The precision within 

line of sight (LOS) is given by a standard deviation of 0.5 m to a few meters. 

Beyond the hprizon up to about 1.5 x LOS th is precision may grow to 5 to 10 

meters. By the use of directional antennae and high power (if permitted) ranges 

of much more than 100 km may be possible, but the errors may increase to tens 

of meters. 
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The working principle of Syledis. 

The signals have a repeating frequency of at least 10 Hz. Such a maximum 

period of 100 milliseconds contains 30 time slots. See figure 18. 

period of 30 time slots, 0,1 sec. 
---~ , 

: ~ynchron i zat i Of) • 1< time slot 3333 ps .1 

1 

----~ 
I 

si lent 40 codes 
I , 

'667' of 66.7 ps 
ps 2667 ps 

~'?f!.S~'?J!.s~:~~~~tJ.s--+- _ 
I + I - I + , + , 

Vv .. 0fvv .. r0\Jv··nJJv··rv'W 
: : I ! , , 

-->I---*-

*"'2.3 ns 
I 

Figure 18. The Syledis signais. 

A time slot of 3.33 millisec. starts with a silent period of 667 ).1S, followed by 

an active period of 2.667 ms. The first slot of each period pro vides the 

synchronization for the choice of the right time slot in each of the 

participating instruments. This synchronization slot exists of an unmodulated 

signalof frequency F2 differing by 5 kHz, 10 kHz or 20 kHz from the carrier 

wave Fl in the other time slots. That signal is transmitted by one of the 

stations and received by all other stations. During the active time of each of 

the following slots a code signalof 66.67 ).1S is repeated 40 times. ~ 

Such a code signal is a pseudo random signalof 27 - 1 = 127 elements (+ or -) 

each of about 0.5 ).1S. The + and - signals differ in phase by 1800
• Because with 

the 127 elements a number (128) of codes may be constructed, different trans­

mitter to receiver connections can be recognized. 50 each of the fixed and 

mobile stations has a number of code gener'3tors (normally 4). 



A distance measurement is schematically indicated in figure 19. During the 

first time slot of a period all programs of time slots are synchronized by the 

frequency F2 from one of the stations. In the next slot a mobile station (inter­

rogator) transmits a certain pseudo random code on frequency Fl. This code is 

made by a code generator of the interrogator. During the same slot an identical 

code is generated in the wanted fixed responder. In the correlator the 

crosscorrelation is measured between the signal from the interrogator and the 

delayed signalof the responde r i tse 1 f. 

interrogator 
(mobile) 

responder 
(fixed) 

transm. 

Figure 19. Diagram of distance measurement with Syledis. 

The delay is increased in small steps until the correlation is high, i.e. until both 

signals are almost identical. This process lasts about one or two minutes at the 

start of a measurement, but when locked the process goes on very fast. In the 

interrogator the delay for maximum cross correlation is measured and so the 

travelling time and consequently the range can be found. 

29. 



30. 

The other time slots can be used for other ranges and one of the slots may be 

used tor the hyperbolic mode. A fter a whole period (maximum 100 rns) all the 

measutements are repeated. 

The ambiguity has here a period of 66.7 IJS corresponding with a distance of 

! c • 66.7 • 10-6 = 10 km which is quite acceptable. 

The resolution is prescribed by the length of one element. This time interval of 

0,5 IJS corresponds to ! . c • 0.5 • 10-6 = 75 m distance. Dwing to an integration 

over at least 10 groups of 40 elements the resolution may be less than a meter. 

In this integration the velocity of the vessel is included. Changes in the rnagni­

tude and in the direction of the velocity and also velocities higher than 100 

knot may cause errors. 

Remark: A compromi~lias been made in the Syledis between the ambiguity 

period and the integration time. Doubling the arnbiguity period 

would result in doubling the integration time for the same nurnber of 

time slots, i.e. for the same resolution. In that case also the search 

time when sailing into the radio pattern will be doubled. 

During this initial search all possible delays with steps of 0,5 IJS have 

to be tried. That are 127 steps per time slot. For each of these 127 

steps the integration time Ti is needed. Dn an average half of th is 

time will do for a search, which will than last! .127 . Ti which is 

about one minute. 

Some possibilities of Syledis. 

With the standard equipment, where each station contains 4 cude generators, at 

most 4 mobiles can measure distances to 3 fixed stations quasi sirnultaneously. 

With the sarne equiplllent it is also possible to forrn two hyperbolic paLLers wiLh 

3 fixed stations, but then only 3 mobiles can each measure 3 distances to the 3 

fixed stations. 

For these modes not all 30 time slots are needed so that the period can becorne 

short er than 100 ITIsec. It is however also possible to use some of the tirne slots 

tor the possibility to switch frorn one fixed station to another one; fur instance 

if it gives a better reception. 
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1.3.4. Terrestrial systems on langer waves. 

Two typical examples wil! be treated: Loran C and Argo. 

1. 3.4.1. Loran C. 

This general navigation system works on a carrier wave of exactly 100 kHz 

(wavelength about 3 km). Most frequently it is used in the hyperbolic mode. The 

master transmits periodically a group of 9 pulses. See figure 20. 

Loran -C chain group repetition interval (G RI) 

Master 
pulses 
~ 

Cycle zero 
crossing 10 be 
identif ied and 
trac ked 

/ 

I 
I 

Slave X Slave Y 

~~ 

-+lf.-
1000 )Jsec 

Pulse envelope s liap~ 
........ . 

..... . .. .. . . 

Slave Z 
pulses 
~ 

> •• • • ... ... 

Figure 20. The format of Loran C. 

Master 
pulses 
~ 

The period (GRI, group repetition interval) can have different durations 

between 5 and 10 msec. for different chains in order to make discrimination 

between different chains possible. The GRI is sa long that within the maximum 

range of the transmitters the signals of the aid period do not interfere in the 

new periad: 5 msec correspond to a distance of 0.005 c = 1500 km. 

The slaves X, Y and Z transmit groups of 8 puls es somewhat later within the 

GRI. The pulses differ by 1800 in phase according to a certain key. See figure 

20 where the spikes are up or down. These phase differences are introduced to 

recognize the different transmitters and to eliminate heavy delayed sky waves. 

In the receiver phase differences of the carrier waves are measured. For the 

lane identification (the integral number of carrier wave periods) the enveloping 

curve of the pulse is used to select the beginning of the third sine of the pulse. 

Note: Nowadays one aften prefers the point 25 )Jsec from the start instead of 

30 )Jsec: 
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The advantage of this pulsed system is that the sky wave can be eliminated 

because this wave arrives at least more than 30 IJS (= 3 periodes) later than the 

ground wave. A disadvantage is the broader bandwidth and tlle higher peak 

power compared with an unmodulated signal. 

The Loran C signals are also suitable for time transmission owing to its discrete 

time signais. 50 it is important that Loran C transmissions are controlled by 

good atom clocks and kept by international time services. 

1.3.4.2. The Argo system. 

This system, working on Medium Frequency, is intended for hydrography and for 

other precision navigational work. The mark DM54 will be tre<;lted here. 

The Argo system is in the first place a range-range system but it can also be 

used in the hyperbolic mode. Argo works on one pair of frequencies of which 

one frequency is only used for lane identification. E:loth frequencies can be 

chosen by the user bet ween 1.6 and 2.2 MHz. 50 the lane width is about 85 m (in 

the hyperbolic mode on the base). Dependent on the number of users and the 

number of required ranges and/or range differences a certain timing program 

can be entered for the fixed and mobile stations. Figure 21 gives an example of 

such a timing program for 6 mobiles each measuring 4 ranges plus a hyperbolic 

mode for an unlimited number of users. 

Fix 1 
(MH) 

Fix 2 

Fix 3 
(Master) 

Fix 4 

Mobile 1 

Mobile 2 14--+I----lIm'Ii-\i--I<+---+----l-----I---H-H'-*lI------" 

Mobile 6 

Timing Time 
Pulse Slot 

1 2 3 4 5 6 7 8 
1·Frame (2000 ms) 

o Receiving t Transmitting 

Figure 21. Example of an Argo timing program (trom Cubic Western Data). 



If wanted it is also possibie to make a timing program for 9 mobiles measuring 

3 ranges each, or other timing programs. 

The outlined program has a fixed period of 2 seconds. The first interval of 

144 msec (timing pulse) is used to synchronize the program for all mobile and 

fixed stations. The timing pulse is transmitted by one of the fi xed or mobile 

stations (here fix 3) and received by all other stations. In the Argo system this 

transmitter is called the "master". If the distances are unfavourable it is also 

possibie to use one of the stations as a "relay". In this case the master and the 

relay transmit alternately a timing pulse so that the relay is synchronized by 

the received master signal. 

After the timing pulse there are a number of time slots (here 8 ones). Within 

each of the time slots 1-6 one of the mobiles is serviced. Time slot 7 is used 

here for the hyperbolic mode; time slot 8 can be used by any of the interro­

gators for lane identification. 

Time slot 1 starts with a 56 msec period for the transmission of an unmodulated 

signal from mobile 1 which is received by the 4 fixed stations. In the next four 

intervals of 44 msec the fixed stations respond by transmitting one by one the 

carrier wave synchronized by the just received signais. As a result in time slot 

1 mobile 1 has measured the ranges to the 4 fixed stations. 50 the times s lots 

2-6 are used for the other mobiles. In time slot 7 the fi xed station 1 works as 

phase sync;hronizer for the other fixed stations (station 1 could be called hyper­

bolie phase master). In this time slot no mobile is transmitting and an unlimited 

number of mobiles may use the hyperbolic mode with their receivers. 

In the last time slot a carrier frequency of about 10% above the normal 

frequency is used for lane identification. 

Checking and smoothing. 

As a first check for a valuable received signal, the signal strength is detected. 

Further the measured ranges are continuously compared with predictions from 

the last few measurements. If the difference is too large a warning is given. If 

the difference is acceptable the new measurement is used together with 

preceding ones to find a more or less smoothed value. The amount of smooting 

is in table 7 indicated by an instrument code and by the "time constant". This 

time constant is the number of seconds over which the measurements are 

included in the smoothing with a weight of more than about l/e = 0,37. A strong 

smoothing gives less influence of noise, interference and small skywaves, but 

the results can not follow quick changes in course and velocity. 

33. 
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SMOOTHING 
CODE 

0 
1 
2 
3 
4 

5 
6 
7 
8 

9 

TIME I 
CONSTANT APPUCATION 

N/A 
2.8 
3.0 
3.9 
5.6 
9.0 
13 

Raw data compuler processing 
High speed - survey (launch) 
High speed - survey 
Moderate speed - survey 

I Moderate speed - selsmlC 
I Lew dynamics - seismic 
I Very low dynamics - seismic 
I Large ship - no maneuvers 

I Very large ship ­
no maneuvers 
Pipe lay barge 
-atanchor 

Table 5. Data smoothing for Argo (from Cubic Western Data). 
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- Marine Geodesy (6-monthly), Crane Russah, New Vork. 

- IEEE: the series: Transactions on antennae and propagation. 

Transactions on geoscience electronics. 

Transactions on aerospace and electron ic systems. 
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1.5 Exercises. 

1. Dead zone. 

A transmitter T, with as antenna a vertical dipole at a height hptransmits a 

carrier wave of frequency f. 

The rece iving antenna R (also a vertical dipole) is placed at a height hR on 

some mobile. 

What is the longest distance S, for a dead zone will to occur if the phase 

changes by 1800 at the reflection point? 

f 400 11Hz 

h 30 m 
T 

h R = 10 m " ::.: ,,' ~ " ',;.:\".::", .. .::-::::.: ... :.:: .... :. :" .. ,:.:::;,::. ;'::-:;::::.: . -: ;:::. f;- ~ ....... ~.~.~ " 1· ,', .... : .. ,', 
I phase shift "-Jmirrored 
: 180· : R 
I I 
I I 
I 5 I 

r--------------------------------~ 
Solution 

The first minimum will occur when the difference between the reflecting path 

Rl + R2 and the direct path 0, Rl + R2 - D,equals the wavelength À = elf. 

3.108/4.108 = 0.75 m. 

VS 2 
2' h h 2 

Rl · + R2 = + (h T + h R) " S{ 1 + ~(T\R)} 
S 

(hT _ h R)2 
ys2 + (I1 T - h )2~ S ( 1 + D ~ } R S2 

2S S 

For the above numbers: S 2·30·10 
0.75 800 m. 

(h + h « S) 
T R 



. Exercises signals and systems. 

2. The influence of meteorological assumptions. 

Find with formula (2) the influence of an error of liP = 10 mbar in the assumed 

air pressure on a measured distance. 

[A distance S is calculated from the measured travelling time t with S = V.t = 
(c/n)t where V = the propagation velocity, n the refraction index and c : 3.108 

mis the free space propagation velocity.) 

Do the same for an error in temperature I\.T of 100 C and for an error lIe of 10 

mbar in the pressure of the water vapour. 

Solution 

S = ct/n 

liS = ~~ liP + ~~ lIT + ~! lIe 

dS an I\. p + ~ ~ I\.T + ~ ~ 11 e 
= drï äP dn aT dn ae 

ct e 4 1 - 6 
(- 12.92 ~ - 37.19,]0 2:) ne} 10 

I\.S 
S 

~ T T 

10~ 6 l_77;/2 liP + (- 77.62 P
2 

+ 

T 

1 4 1 
+ (- 12.92 T + 37.19 ~ 10 %) I\. e } 

T 

12.79 e 2 - 37.19.10
4 2~) I\.T + 

T T 

For T = 300 K, P = 1000 mbar, e = 10 mbar , n 1. 

10
6 

I\.S = 77.62 liP + (77.62 ~ - 12.92 ~2 + 37. 19'104~3 lIT 
-S- 300 300 2 300 300 

+ (12.92 3~0 - ~~~p . 10
4

) I\. e 
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Now substitute LIP = 10 mbar, I\.T = 0 and L!.e = 0 to find the influence of lIP = 
10 mbar: lEiS :: 2.6.10-6• 

In the same manner one finds the influence of temperature: 

I\.T = 100 e + I\.S/S :: 12.10- 6 , and for humidity I\.e = 10 mbar 

- 6 
I\.S/S ::. 40.10 



38. 

,Exercises signals and systems. 

3. Independent docks. 

For distance measurement one uses on board a good quartz dock which differs 

in frequency not more than 1:1010 from the transmitter dock, i.e.1 f receiver 

-f transmitte~ I / f transmitter = I M I /f li 10- 10 . 

During which time interval one can maintain an accuracy of 30 m? 

Sol ut ion. 

After 1 sec. sailing one looses not more than 10-10 sec, which corresponds 

with 1O-10/c = 0.03 m. 

50 30 m will be lost after not less than 30/0.03 = 1000 sec. 

,Exercises signals and systems. 

4. Radiopositioning in different situations. 

Which sort of methods would you choose in the following situation? (which 

wavelength, geometry, terrestrial, satellites, etc.), Motivate your choice. 

a. 

b. 

A position fix at some 10 km from the coast. Required accuracy 5 m. 

- Navigation of many ships at some 100 km from the coast. Required 

accuracy 100 m. 

c. - Positioning at the ocean, say 20UO km from any coast. 

Required accuracy 2 km. 

d. - Measurement of the position of a fixed rigg at 200 km from any coast. 

Accuracy one m or a few m. 

Solution. 

a. Short waves (À < 1 m). For one position fix the circular method is often 

the most useful. Good accuracy. Weil within the maximum range. 

b. In this case a multi-use system is necessary, so a hyperbolic system is a 

good solution. 

The NNSS doppier system is not sufficiently accurate. GPS is possible, but 

expensive and monopolistic. A frequency of some 2 MHz is reasonable. 

/ ,-
I 
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c. Terrestrial systems on wavelengths of at least 3 km. These systems are 

hardly used as circular systems. Hence "hyperbolic" or "rh a-rh 0". NNSS 

and eps also very useful. 

d. Only satellite methads will satisfy the required accuracy. A measuring 

time of several hours is allowed. 

Exercises signals and systems. 

5. Lane slips. 

A hyperbolic system works on a continuous wave with a frequency f1 = 2 MHz. 

Ta find the integer lane number one uses a second the frequency f2• Which would 

be a useful frequency for f2: 

3 MHz, 2.2 MHz, 2.02 MHz or 2.002 MHz? Why? Depending on what? 

Solution. 

2.2 MHz is quite reasonabie because the accuracy of the phase measurement is 

normally much better than 10% (0.1 lane). 

2.02 MHz would be reasonabie if the ph ase measurement is a lot better than 0.01 

lane. 
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2. SURVEY COMPUTATIONS. 
G. Bakker 

2.0 Introduction. 

One of the main purposes of surveying is the determination of the relative position of 

points on the earth surface. That purpose is attained once the coordinates of these points 

are known in a three-dimensional (3d.) coordinatesystem that is firmly anchored to the 

earth. Such a coordinatesystem is often denoted by the word datum. 

In our 3d. so-called Euclidean space E3 it is possible to introduce the most simple 

coordinatesystem, the rectiJinear cartesian coordinates {x,y,z}, but curviJinear 

coordinatesystems, for instance the geodetic coordinates {cp, À ,hl , are also feasible. 

To find the coordinates of a point set {P,Q, ••• }, one has to formulate the relations 

between these coordinates {xi li 1,2,3} and the geodetic observables li, 

{Ii li = l, ... ,n} symbolicaJly denoted by li = fi{(xi)p,Q, ••• )} • 

These relations are obtained with the tools of a branch of mathematics, called analytical 

geometry. 

Gradually, 3d. computations have come more and more into use, especially for large 

networks and when large computers are avaiJable. At the same time this latter constraint 

cJearly indicates the main drawback of 3d. methods: although the mathematics is rather 

simpie, the number of relations is such that only large computers can handle these 

methods. Happily however most surveying work is of Iimited extent and occurs at or near 

the earth surface that may be conceived as predominantly two-dimensional. 

Three-dimensional methods may therefore safely be replaced by computation on a curved 

surface, viz. a sphere or an ellipsoid. Such a surface is mathematically called a Riemann 

space and indicated by R2. The computations in such a space are more difficult than in 

an E3 since it is impossible to use cartesian coordinates. 

Choosing the ellipsoid as computational surface, this surface is supposed to fit as close as 

possible the equipotential surface of the earth gravity field that coincides with mean 

sealevel. 

Although in hydrographical survey, where the third coordinate, the height h, plays hardly 

any role and therefore 2d. methods are explicitly in use, this chapter dealing with survey 

computations starts with a section on coordinatesystems in 3d. space. 
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This has two reasons, 

first because ellipsoidal computations are better understood if the coordinates {CP, À} 

on the ellipsoid are looked upon as a subset of the 3d. geodetic coordinates {CP, À ,h} 

and 

second because the important datumtransformations can only be explained in the 3d. 

context. 

Section 1 ends with the reductions that should be applied to the actual observations in 

order to fit them into the el!ipsoidal model. The reduction formulas are given without 

any derivation. They may serve only as an easy reference. For most hydrographic work 

they wil! rarely be applied. 

Wh en planar coordinates in a given map projection are the ultimate purpose, one can 

on ce again proceed in two ways: 

either the ellipsoidal observations are transferred to ellipsoidal coordinates {cp, À} by 

means of el!ipsoidal computations, where af ter the mapping formulas are applied to 

obtain the gridcoordinates {Y ,X} , 

or the el!ipsoidal observations are provided with reductions induced by the map 

projection in question, where after the computation of the {Y,X} is carried out with 

the simple formulas of the plane. 

For networks of limited extent, the lat ter strategy is often pursued. 

In section 2 the conformal map projections are briefly outlined with emphasis upon the 

conform al projections of the ellipsoid onto the sphere. The reductions to the 

observations, induced by this projection can be neglected for nearly all practical 

problems to the effect that difficult computations on the ellipsoid may be replaced by 

computations on the conformal sphere using the simple rules of spherical trigonometry. 

As an example both Bowrings method for the geodesie on the ellipsoid and Ballarins 

famous method for the computation of a hyperbolic pattem are dealt with, using 

spherical trigonometry. 

In section 3 finally, the computations on the ellipsoid are dealt with. Basic to these 

computations are the so-called direct and inverse problem for the geodesie. Algorithms 

are given for small and large scale computers. In combination with the linearized 

equations for the observables, derived in section 2, any geometrie problem on the 

ellipsoid can be tackled. In the diagram on the next page it has finally been tried to 

indicate the frame in which this chapter has been set. 



observables 
in space 

planar 
observables 

computation 
in 
E3 

{x,y,z} 
{<!>,.A.hl 

datum- {x,y,z} 
{<!>,À,hl 

(indatumn) 

ellipsoidal 
(<!>.À) 

..,. 
w 
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2.1 G.eodetic coordinates and reductions. 

2. 1 . 1 Int rodu c t i on . 

To locate points in 3-dimensional space, the most obvious way to do so is to 

introduce a rectangular (orthogonaJ) cartesian coordinate system (c.s.) {x,y,z J. 

In the origin 0 of this c.s. three unit vectors along the coordinate-lines constitute 

its base. The coordinates (c.n.) themselves should be considered as numbers, 

quantities without dimension. 

Coordinate-surfaces are defined as surf aces on which one of the coordinates 

assumes a constant value, whereas the remaining ones are varying. A surf ace 

parallel to the plane Oyz is indicated by {x = constant J, a.s.o. 

In consequence there are three different families of parallel coordinate-surfaces 

in 3d. geometrical space. 

Two surfaces of different families interseet in a straight line on which the 

remaining coordinate varies. These lines are generally called coordinate-lines and 

inaicated by {x = variabIe } ,a.s.o. 

Starting from the cartesian coordinates { x,y,z} ,other c.s. can be derived at will 

by applying a so-called coordinate transformation. These transformations can be 

of linear or non-linear type, resulting in rectilinear or curvilinear c.s. 

respecti vel y. 

In this chapter attention is focussed on the special group of geodetic coordinates. 

In figure 1 it is shown th at a point is also 

determined if its distance r to the origin 

o is given together with the angles 

subtended in 0 by the coordinate 

surfaces { z = O} and {y = 0 J. These 

angles are denoted by <p and À. 

Closely related to the set {q, ,À ,r} is the 

set {q"À ,h}. The variabie polar radius is 

split up in a constant part of length a, 

the radius of a sp here, and a variabie 

part of length h, the height above the 

sphere. 
FiCJure 1 



The transformation formulas from the set { ~ , À,h} to the set {x,y,z} are: 

x = (a + h) cos <1> cos À 

Y = (a + h) cos <1> sin À 

z = (a + h) sin <1> 

The inverse formulas are: 

<1> = arccos(x2 + y2) t /(x2 + y2 + z2) t 
À = arctan y/x 

h =(x2 + y2 + z2) t - a 

(2) 
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The coordinate-surfaces {h = constant } are concentric spheres. The coordinate­

surf ace {h = O} is the sphere with radius a, that serves as reference surface for 

the height coordinate h. This latter surface intersects: 

on the one hand: the plane coordinate-surfaces {À = constant} in the 

coordinate-curves {<1> = variabie }. These curves are called the meridians; 

- on the other hand: the coordinate-surfaces {<1> = constant } in the coordinate­

curves {>- = variabie }. These curves are called the parallels or latitude-circles. 

Figure 2. 
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The set { cj> , À,h} is part of a much larger group, the so-called geode tic 

coordinates. In this group the surface {h = constant} is na langer a sphere but in 

general an ellipsaid of rotation, generated by an ellipse rotating around its minor 

axis. 

Prior to the derivation of the transformation formuias from {cj> ,À ,h } to {x,y,z} 

and vice versa, somê important properties of the ellipse will be derived in the 

following section. The formuias of this section are also applied in section 2.3, 

dealing with ellipsoidal computatioris. 

2.1.2. The geometry of an ellipse. 

The equation of a circle in implicit farm is: 

circle: 

The equation in the so-called parameter farm is (see fig. 3): 

{

X = a cos a 
circle: y = a sin a 

The parameter is (3 with 0 :: (3 ~ 1T 

An ellipse can be conceived to be generated from a circle by reducing the 

y-coordinate with a factor b/a, thus: 

ellipse: {X = a cos "Bl 
y = b sin . ~ 

(3) 

The implicit equation is found by eliminating a: 

(4) 

The parameters a and brespresent half the length of the major and minor axis of 

the ellipse. There are many parameters to characterize the flattening of an 

ellipse: 

e2 = (a2 _ b2)/a2 

e,2 = (a2 _ b2)/b2 

f =(a-b)/a 

(e is called the first eccentrici ty) 

(e' is called the second eccentricity) 

(f is called the flattening). 



For other parameters and their relations see table 1 on page 51 

The parameter 13 is called the reduced latitude. Another parameter which is 

sometimes used for the parametrization of an ellipse is the geocentric latitude Ijl . 

In most cases however the parameter q, is employed for its parametrization. This 

parameter can be represented geometrically by the angle between the 

perpendicular to the ellipse and the x-axis, and is generally called the geographic 

latitude. The parameter equations of the ellipse in th is parameter will now be 

derived. 

F or an ellipse the following properties hold: 

- the tangents UV and QV intersect in a point of its major axis; 

- UR: QR = a : b. 

OB=b 

OA=a 

QT=N 

y 

u 

Figure 3. 

With the aid of figure 3 the following formulas can be derived: 

cotg ( .. /2 - (3 ) = tan 13 = VR/UR 

cotg ( .. /2 - <j» = tan <j> = VR/QR 

and th us: I tan 13 = ~ tan ~ 
and also I tan 1jJ = ~ tan i3 ] 

(5) 

47. 



48. 

After defining two auxiliary latitude functions 

W = (1 - e2 sin2 <p )! 

V = (1 + e,2 cos2 <p )! , 

it follows from (5): 

sin S =V-1 

cos S=w-1 

o b W-1 0 

Sin <P = a Sin <P 

a V-I '" cos <P = Ob cos 'f' 

(6) 

(7) 

After denoting the distance QT by N the following formulas can be derived: 

QT = a COS f3 / cos <p = a W-1 =' N 

OR = a cos f3 = Ncos <p 

QR= b sin f3 

QS = b sin S/sin <p = (1 - e2)N 

QR= N(1-e2)sin <p 

Thus for point Q the following coordinates are found: 

x = Ncos <p 

Y = N(1 - e 2) sin <p 

(8) 

(9) 

These formulas are the parameter-equations of the ellipse in the parameter <P , 

with 0 :;; <P :;; 11, and N is a function of <p . 

The meridian arc length. 

To end this section an expression will be derived for the length s along the ellipse 

bet ween two points with parameter value <p = 0 and <p = <p . (This length is 

equivalent with the meridian arc length between these points). 

To th at purpose it is necessary to know the radius of curvature at an arbitrary 

point of the ellipse. This radius is usually denoted by Mand may be conceived as 

the radius of the circle th at is osculating the ellipse (a three-point contact). From 

differential calculus the following general formula is known. 

Let x = x(t), y = y(t) be the parameter equations of a plane curve, then the radius 

of curvature is 

r 
(x2 + ~/)3/2 

~y - 5'x 



~-------------_ .. 

The dots mean one- or twofold differentiation with respect to t. 

Applying this formula to (9) one finds 

M = a(l - e 2)W-3 

N = aW- l 
(IDa) 

(lOb) 
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In the geometry of an ellipsoid, Mand N is the standard nota ti on for the so-called 

first and second principal radius of curvature, being defined as the radii of the 

oscillating circle of the normal section respectively in the direction of and 

perpendicular to the meridional plane. 

F or the meridian arc leng th s one gets: 

~ ~ 
s = f M d ~ = a(l - e2) f W-3 d ~ (U) 

o 0 

The integral is of the elliptic type, which can not be solved analytically. Therefore 

the integrand is developed in a Taylor series. 

As W- 3 = (1 - e 2 sin2 ~ r 3/ 2 is of the binomial type, reference is made to the 

following general expressions: 

(1 ± x) -n __ 1 +- nx n(n+l) 2 - n(n+l)(n+2) 3 
+ --2-'- x + ·3' x + ••• 

The first expansion can be written as L (! l)n(~)xn (k = 0,1, ••• ). 

So one finds 

W-3 1 3 2 . 2 3.5 4 . 4 3.5.7 6 . 6 = + 2- e sin ~ + 2.4 e sin ~ + -- e sin ~ + •••• 2.4.6 

By introducing the following notation for the so-called Wallis integrals (attent ion: 

both the Wallis integral and the latitude function are denoted by W!): 

<p 
W2p = f sin 2p <p d <p (p = 0,1,2, ••• ) 

o 
(12) 

one gets 
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There are two main methads to arrive at a numerical value for this integral. 

1. The nth powers of the sinus function of the angle are replaced by equivalent 

cosinus functions of the multiple angle which can be easily integrated. 

2. By applying the method of partial integration the following recurrent relation 

for the Wallis integrals is obtained: 

I W - 2p-1 W 
2p ---zp- 2p-2 

1 . 2p-1 1 1P Sln ~ cos ~ 

Proof of (14) : By partial integration one finds: 

(14) 

~inn~ d~ = - sinn-1~ cos ~ + (n-1) ~cos2~ sinn-2~ d ~ = 

- sinn-1~ cos ~ - (n-1) ~sinn~ d~ + (n-1) ~sinn-2~ d~ 

Ia
~ . n.,.l 1 ~ 2 

Hence: sinn~ d~ = -Sln ~ cos ~ + ~ j' sinn- ~ d~ 
o n n Jo 

By substituting n = 2p one finds (14) 
By repeated appli~ation one arrives at 
for n = even : JCsino~ d~ = ~ 

o~ 
for n = odd : ~sin1 ~ d~ = 1 - cos ~. 

The recurrent relation (14) enables the developement of a consize 
computerprogram for the evaluation of (11) (see also page 114) 

The inverse problem, being the computation of ~ when the meridian 
arc length s is given, can be solved by an iterative process. 
Eqs. (11) and (13) are written as follows: 

s/(a(l-e2)) Wo + u and thus: 

~ = s/(a(l-e2)) - u with Wo = ~ and 

u « Wo 

U = 3 e2W + 3.5 e4W + 3.5.7 e6W + . ... 
'2" 2 z.zr 4 T.4.O 6 

Using as first approximation u(l) = 0 we find ~(1). 
This value ~(1) is used to evaluate u(2) and then a second, 

more close approximation ~(2) is found a.s.o .. 

Many different parameters and latitude functions, most of them of equal bene fit, 

are being employed for the description of the geometry of the ellipse and the 

ellipsoid. For easy reference they are summarized in the tables 1 and 2 on the 

next page. In the pages to follow, these tables are frequently referred to. 
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b 2 e,2 f a and e e 

b a2 2 1 2 _1 
a(l-f) b = e a(l-e )2 a(l+e' ) 2 

a2 2 _1 a(1+e,2)~ a e = 0 e a(l-e ) 2 1T 

2 i-bZ eZ_aZ 
e2 e'Z 

f(2-f) e = 
~ 7 ~ 

e,2 = 
a2_b Z eZ_aZ eZ 

e,2 f(2-f) 
b2 ~ -::-z (1-f7 l-e 

f a-:.t? e-a l-(1-eZ)~ 1- (l+e' Zf~ f = a e 

Table 1 DIMENSION PARAMETERS 

I I w I V w v 

W = 2 2 1 ~ V b -1 -1 (l-e sin q, )2 -w v a a 

V = a W (l+e,2eos2q,) ~ -1 a -1 
0 w o v 

b -1 V-I l-e2eos2 8 ) ~ b w = a: W - v a 

W- 1 a -1 a w 2 2 1 
V = D V 0 l+e ' sin 8)2 

~= a W2 ~ V2 b -2 a -2 
0 a a: w o v 

M = 
b~ -3 -3 3 bZ 3 a: W e V e w a: v 

N = 
-1 -1 a W e V c w a v 

Table 2 LATITUDE FUNCTIONS 
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2.l.3 Coordinatetransformation. 

Using (9) one can easily find the rel at ion between cartesian c.n. { x,y,z } and 
geodetic c.n. { ~ , À ,h }. Let in (9) y be replaced by zand N by (N+h) and let the 
angle of rotation around the z-axis be denoted by À, then one finds successively 
(see figure 4): 

For point Q: x OR cos À = N cos ~ cos À 

y ORsin À = N cos ~ sin À 

z QS sin ~ = N(1-e2)sin ~ 

For point P: x (N+h) cos ~ cos À (15a) 
y (N+h) cos ~ sin À (15b) 

I_~ _:, .. (~~_-::~=2 .:r. ~l. ._ s~n_j . . _ . . _.J (15c) 

F or N see table 2 on page 51 
By substituting e2 = 0, it can easily be demonstrated that the formulas (1) are a 
special case of (15). 

z 

+--I---t-- Y 

x 

Figure 4. 



Although they are by far not as simple as the cartesian c.n., the geodetic c.n. 

{ ~ , À,h } are almost exclusively used in geodesy. This stems from the fact that 

geode tic c.n. better meet the distinction people are used tiJ make between 

'situation' and 'height or 'horizontal'and 'vertical'. For the geodes ist this means 

that geodetic c.n. better all ow for a splitting up of 3-dimensional geodetic 

problems, at or near the earth's surface, into a 2-dimensional problem on a slightly 

curved ellipsoidal surface and a separate 1-dimensional height problem, 

The parameters of the ellipsoid are chosen in such a way that the ellipsoid is a 

good fit to the local, regional or global geoid, the equipotential-surface of the 

earth's gravity field that coincides with mean sea level. 

In table 3 the dimensions of some, relatively well-known ellipsoids are given. 

Ellipsoid Semi-Major Inverse Flattening 

Name (Year computed) Axis (a) (m) l/f 

Airy (1830) 6378563.396 299.324964 

Besse l (1841) 6377397.155 299.152813 

Clarke 1866 6378206.4 294.978698 

Clarke 1880 (modified) 6378249.145 293.4663 

Clarke 1880 6378249.145 293.465 

Everest (1830) 6377276.345 300.8017 

International (1909) 6378388 297.00 

Hayford 6378388 297.00 

Krassovski (1940) 6378378 297.00 

Geodetic Reference_ 6378160 298.2471674273 

System 1967 

lAG (1975) 6378140 298.257222101 

Geodetic Reference _ 

System 1980 6378137 298.257222 

Table 3. Ellipsoid parameters. 

2.1.3 . 1. The inverse relations. 

The equations (15) are of the non-Iinear type and direct inverse formulas for the 

computation of {~ , À ,h } from {x,y,z } can only be obtained for the spherical case 

cf. (2). Although there are general algorithms for the solution of n non-Iinear 

equations in n unknowns, we shall give an algorithm that is specially taylored for 

the equations (15). 
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The coordinate À can be found in a direct way by dividing (15a) and (15b): 

À = atan(y/x) 

For the coordinate <P a non-linear equation can be formulated. 

From (15a) and (15b): 

r = (N + h)cos <p 

with 

From (15c): 

z + Ne2 sin <p = (N + h)sin <P 

Eliminating h from (17a) and (17b) gives: 

'" t (z Ne
2

s in <P ) ", =aan-+ 
r r 

(16) 

(17a) 

(17b) 

(18) 

As the second term on the right hand side is much smaller than the first one, the 

following iterative solution for <P is possible. 

As a first approximation take for instance <p (1) = O. From the general iterative 

procedure 

p (k) ) 

the second approximation 4> (2) can be found and so on. The iteration is terminated 

when the absolute value of the difference between two consequtive 

approximations is less than a prescribed tolerance E 

Customary values for E are: 

on sea E = 10-7 rad (corresponding with 60 cm in position) 

on land E = 10-9 rad (corresponding with 6 mm in position). 

Usually 3 or 4 iterations are sufficient. 

After <p is found, the height h can be obtained with (17a) or (17b) : 



2.1.4 Datum transformation. 

h r _ N 
= cos ~ 

h = _._z __ N(l- e2) 
sin ~ 
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(19) 

In the preceding sections geode tic c.n. have been introduced in a forma! 

mathematical way, without paying any attention to its application in surveying 

and navigational problems. Which problems can arise in daily practice? First, the 

hydrographic survey or is confronted with geodetic c.n., based on different 

ellipsoidal parameters. As a matter of fact these differences cause only minor 

inconveniences that can easily be overcome. Second, what is worse and less easy 

to evaluate, is that various sets of geodetic c.n. also differ with respect to the 

location and scale of the bases of the corresponding cartesian C.n. 

The determination of such a base with re gard to fundamental earth's points and 

directions (and their underly ing observations) is called the determination of the 

datum. In surveying practice the reIative position of the various datums is of 

utmost importance. National and international scientific geodetic institutes, 

concerned with the connections of datums, regularly publish new updatings based 

on recent additional observations and adjustments. 

Although the determination of the datum transformation parameters is not his 

immediate concern, it seems worthwhile that a hydrographic surveyor has some 

knowledge of how these parameters are obtained. 

How to obtain the transformation parameters. 

Let for both datums the two sets of cartesian c.n. be denoted by xI and xlI' with 

X = {x,y,z}. Let the c.n. of a common point k be denoted by x (k = l, .. ,n) and 

the centre of mass (c) of the point set by x • (k) 

F or vectors letters in bold face type are us(EfJ. 

The relation between both c.n. sets is given by a 3d. similarity transformation 

With t is translation vector 

A is rotation matrix 

À is sc ale factor 

(3 parameters) 

(3 parameters) 

(1 parameter) 
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The estimation of the unknown 7 parameters narrows down to an adjustment 

problem with non-linear equations. There are a number of methods of solutions. The 

following one lends itself best to a geometrie interpretation. 

The set of n points is considered as a distribution of mass points with unit mass. In 

the theory of the dynamics of rigid bodies, moving under the influence of central 

and non-central forces, the following characteristic quantities of the body are 

introduced: 

- the centre of mass; 

- the set of body-axes, three mutual orthogonal unit vectors in the centre of mass 

in the direction of the axes of main inertia; 

- the radius of gyration, the root mean square distance from the points of the body 

to its centre of mass. 

Figure 5. 

• 

• ; "% • 
. : èl2 

The underlined quantities are of ten calle~ intrinsic~ since they belong to the object 

. itself and bear no relation to whatever c.s; 

If we can now dispose of two sets of c.n. for the point set, two estimations of the 

above quantities can be evaluated. 

A comparison between both sets of estimations gives the relation bet ween the 

bases of the two c.s. 



The eomputation proeeeds along the following steps. 

1. The eentre of mass is eomputed by 

n n 
x 

(e) 
E x 

n k=l (k) 
y 

(e) 

1 E Y 
n k=l (k) 

In short hand vector notation: 

x 
(e) 

{ x , 
(e) 

y, z}. 
(e) (e) 

These e.n. are subtraeted from the original e.n. 

Without ehanging the notation: x x . --+ x 
(k) (e) (k) 

z 
(e) 

n 
1 E z 
n k=l (k) 
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2. The symmetrie inertia tensor ean be formed by eomputing the sum of 

produets and cross produets of the e.n. of the po i nts : 

1= ( ~~: 
Ezx 

EXy 

Eyy 

Ezy 

EXZ) 
Eyz 

Ezz 

The normalized eigenvectors of 1 represent the body-axes al' ~ and a3' They 

ean be found by applying any simple eigenvalue routine. 

In short hand matrix notation: 

remark : In the 2-dimensional case is, if a is the angle of al with 

the x-axis : 
tan 2ei 2 Exy 

LXX - LYY 

3. The radius of gyration is obtained by 

s 1 
n 

(i+ 
(k) 

l+ 
(k) 

and al orthogonal to a2 

The summations in the above formuias are from k = 1 until n. 

The above eomputations ean be made for bath c.s. xI and xII and the relation 

between bath c.s. is determined by 

t x 
(c) II 

ÀAx 
(c) I 
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In most cases only the translational vector t assumes a significant value, wh ere as 

scale and orientation differences are usually small and may safely be neglected. 

Hence only step 1 has to be carried out. 

Exa iTlp le . 

We ll ke te compute the transformatio n parameters be t~een two different coordi nate systems : 
xa an d xb . The co ordin~ t ~s of fo ur p~ints dre given in ba t h syst em~: 

number o~ points 4 

c oorélnat~s in the t~o sys t ems 

)(CI Y· 

585. 43 5 755. 475 
553. 17 5 988. 105 
424 . 045 785 . 635 
394 . 950 1061. 700 

102. '520 
104. 190 
106. 125 
106.070 

,b 

929. 5';30 
575 . 3 6 (0 
8 12. 3ïû 
396. 280 

yb 

422 . 800 
480. 900 
200 . 820 
283 . 240 

zb 

-0. 210 
2 . 370 

-0.240 
0.410 

In h Qth system: we compute successive l y the COQrdin~ t.es of the center of mass. the relati ve 
coordjnates o f the four points with r espect te the cente r of mass . the radius of gy r ation. 
t he i ne rtia ten s or. the matrix of eigenvectors and the eigenvalue s : 

coordina tes of the center of mass 

a - susi;i?m 
b-sys l; em 

489. 'iOl 
678. 398 

897.729 
346. 940 

coordinates relative to center or mas~ 

ya 

9ó . 0 34 -142. 2 54 - 2. 206 
63.774 90. 376 -0. 536 

- 65 . 356 - 11 2 . 09 4 I . 399 
- 9 4 . 451 163. 97 1 I. 344 

eiements of ' the i n ertia tensor 

a -sys te m 
O. 678óE+05 o. 1606E+05 
O. 1606E+05 O.2649E+05 
Q. 4644E+03 - . 3289E+03 

matrix of eigen vee tors 

a-s ys tem 
- . 170 4E-Ol O. 9 459E+OO 
O. 8138E- 03 O.3242E+OO 
- . 999'iE+OO - . 158óE-01 

eig~nvaltJes 

O. 4644E+03 
- . 3289E+03 
O. 9434E+05 

O. 324 1E+OQ 
- . 9460E+OO 
- . 6293E- 02 

104 . 
O. 

726 
583 

xb yb 

251 . I S :;: 75 . 860 
- 103 . 0:38 133. 960 

133. 97;' -1 46. 120 
-282. 118 -63. 700 

o - ~y ... tem 
0 . 491 1E+0 5 -.3647E+04 
- .3647E+04 0 . 1713E+06 
0.4448E +03 - . 3105E+03 

b-system 
0 . 2736E- 0 2 - . 2979E- 01 
- . 6526E- 02 O. 9995E+OO 
O. 1000E+Ol O. 6597E-02 

a-s yst em : 0. 9435E+05 O. 7336E+05 O.2099E+05 
b- sys tem :0. 2204E+06 O. 1714E+06 û. 4900E+05 

Now we a re able to compute the transformation paraméters 

s cale rac to r O. 1 5282338772767E+Ol 

elements rotation matrix 

0 .29584933298135E+00 
O. 95497048760243E+00 
0.2245638170024 7E- Ol 

tra n slation vector : 

. 17681365144645E+04 

- . 95522964261692E+OO 
0 . 29584 193204196E+00 
O. 3730941 0489324E-02 

- . 76956755502304E+03 

- . 30819423370025E- 02 
- . 22S60923510770E- Ol 
O. 99974082562774E+00 

- . 181 3364 159 1091E+03 

z b 

- 0. 
1. 

- 0. 
-0. 

O. 4448E+OJ 
- . 3105E+03 
O. 2204E+06 

0 . 9996E+00 
0 . 2981E- Ol 
- . 2543E-02 

793 
788 
823 
173 



After world war II it was decided, especially as a result of bad military 

experiences, to come to an integration of the various national c.s. A combined 

readjustment of several networks in Europe led to European Datum 1950, briefly 

E050, and nowadays E080 is on its way. 

Other continental datums are the North American Datum (NAO '27), the South 

American, the Asian and the African Datum. 

In the Netherlands only two datums are involved in coordinate computation: the 

national datum, to which the R.O. coordinates refer and EO '50 on which U.T.M. 

coordinates are based. 

Geodesists have always strived after the ideal of one common datum 

for the whole earth. Such a world datum became reality when satellite-methods 

entered the domain of geodesy. 

A well-known datum is WGS'72 (World Geodetic System 1972). Almost every year 

new world datums are published, based on the ever-increasing stream of new data. 

Recent updatings, ho wever, change the coordinates hardly anymore. 

A characteristic feature of a world datum is that its origin is supposed to be 

located in the centre of mass of the earth, where as its z-axis is supposed to 

coincide with the earth's rotational axis. In table 4 some datums are compared with 

EO'50. 
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DATUM e2.109 ED50 - D a 
IJ.e2.109 IJ. x IJ.y IJ.z M 

HOLLAND 6377397.155 6674372 ft676.52 +121.57 +595 .27 +990.845 48298 Bessel 

"BELGIUM 6378388 6722670 +165 215 +246 0 0 
Hayford 

ENG LAND 6377563.396 6670540 +452 -17 +552 +824.604 52130 
OSGB 

WGS '72 6378135 6694318 +84 +103 +127 +253 ft2 8352 

NWGL 10 6378135 6694318 +83 +110 +118 +253 +28352 

ED50 6378388 6722670 0 0 0 
i 

0 0 
Ha.yford 

Table 4 SHIFTPARAMETERS 

This table should be handled wi th great care since updating is continuously 
taking place. It is advised to contact the national institutes concerned 
with these updatings. 

For the trans format ion from ED '50 to WGS '84 see Appendi x 4 on page 133. 

In table 4 the translation from a specific datum D to ED'50 is specified by the 

set of translation (or shift) parameters: t " t. x = {t. x,t.y, t.x}. 

These parameters may be considered as the coordinates of the origin of datum D in 

the c.s. ED'50: xED = xD + t. x. 

z · 

y 
(ED50) 

.1x 

.1y 

x 

Figure 6. 



How to perform a datum tran~fórmation. 
1. The transformation of geodetic c.n. {~,).,h} from datum I to datum II can be 

represented by the following scheme: 

2. As a matter of fact the differences between both sets are sm all and therefore 

the transformation can also be carried out by the linearized equations, obtained 

af ter differentiation of the above chain of relations: 

~ ''" ' A; ) Ci"; '~' , -si n <p sin ). ": ;'f!:) <p.tl)' = -Sln ). cos ). + 

tlh . cos <p cos À cos <p sin À Sln <p z 

( ,"io ~ ''" <p a sin <p 

'" ,)(",) + 0 

~ e2sin2 <p - 1 ~ a S 1 n <p tle 

Remark: 

Some institutes issue additional small-scale contciurmáps representing M - and /',À­

isocorrectioncurves. When they are available and when the utmost accuracy is 

required, these maps can be u'sed to assess the final additional corrections to the 

coordinates. 
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2.1.5. Reduction of observations onto the ellipsoid. 

Horizontal directions and angles. 

Assume that directions have been observed on the surface of the earth with a theodolite. 

In order to use these directions in computations on the ellipsoid they have to be reduced 

first. Since the vertical axis of the theodolite is aligned with the direct ion of the plumb 

line at the station the directions are measured in the local horizon, i.e. the plane ortho­

gonal to the plumb line. The first correction, therefore, has to be such that the corrected 

values are those which would have been obtained if the vertical axis had been aligned 

with the ellipsoidal surface normal. 

Assume th at you are given a set of deflections of the vertical {t; ,n} which refer to 

the ellipsoid to which you should reduce the observations. Let A be the astronomical 

azimut of the target point, referred to C.I.D. (Conventional International Drigin), a the 

corresponding azimuth of the ellipsoidal normal section, then a = A + <5 1 with 

° 1 = - n tan <P - ( E; sin a - nCOS a)cot z 

where z is the zenith distance of the observed direct ion. 

The correction term n tan <P is common to all directions of the same station whereas 

the other correction term is a funct ion of the azimuth. In fact, for the reduction of 

angles the second correction term will be the only term necessary to be considered since 

angles are the difference of directions and the n tan <P -term thus cancels. 

There are two reductions left: the reduction 02 taking into account the projection of the 

target point onto the ellipsoid, and the reduction 03' representing the transfer from 

norm al section to geodesie on the ellipsoid 

Summarizing: 

02 = 0."108 cos2 <P I sin 2 al • hkm 

5 2 

03 = -0."028 cos2 <PI sin 2 a l 1~ 

a geodesie = Aobserved + 0l + 02 + 03 
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Distances. 

Most of the modern geodetic measurement techniques primarily measure the spatial 

distance between points. Figure 7 shows the plane containing the stations PI and P2, 

and the geocenter O. 

fi gure 7 

The ellipsoidal arc is approximated by a circle whose radius R is equal to the radius of 

curvature of the ellipsoid at the midpoint and in the direction of pointing. The law of 

cosines applied to the triangle OPI P2 gives 

Since 

cos 1jJ = 1 - 2 sin 
2 ~ 

th is expression becomes: 

With the chord length 

"5 = 2R sin :t 
2 
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and the ellipsoidal height difference 

we obtain 

and 

The ellipsoidal distance is 

5 = R ljJ = 2 R a rcs i n ~ 

A more accurate expression for the 5 - 5 correction is 

1 2 2 S2 1 2 53 1 54 
5 = S[ 1 - 24 (1 + 2 n 1 cos a I) ~ + "8 tI n 1 cos a 1 Ni + 1920 Nt 1 

The above correction formulae are accurate enough to be useful in ordinary 

triangulation/trilateration network computations. 
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2.2 Conformal mapping and spherical computations. 

2.2.1. Introduction. 

Map projections may be looked upon either from a cartographic or a geodetic 

point of view. 

In cartoqraphy a small scale map is, in most cases, the ultimate output. 

As a consequence the required accuracy of the mapping formulae is low and a 

sphere may safely be introduced as the surface to be mapped. 

In qeodesy a map projection is conceived as a mathematical device that transfers 

the set of geographical c.n. {~, À} into a set of cartesian planar coordinates 

{x,y} without loss of information. 

That latter requirement implies that an ellipsoid should be introduced as the sur­

face to be mapped and that the set of geographical c.n. should refer to this 

surf ace. 

With respect to the inevitable distortion of the geometrie elements, distanee and 

angle, map projections are usually subdivided into conform al, equivalent (or equal 

area) and conventional projections. 

Conformal projections preserve the angle of intersection of any two curves. In 

fact it means that a conform al projection may be considered as a similarity 

mapping in an infinitesimal small region. It differs from a similarity mapping in 

the plane in that its scale is not constant but varying over the mapping area. 

It is because of this property that only conformal projections are employed for 

geodetic purposes. 

The family of conformal projections has an infinite number of members, however, 

only four of them, are explicitely in use: the mercator, the transverse mercator, 

the lambert conical projection and the stereographic projection. 

Although in geodesy a map projection is merely looked upon as a numerical trans­

formation of c.n., it is sometimes useful to have in mind the geometrie concept of 

'projection'. 

With re gard to this aspect, projections are divided into cylindrical, conical and 

azimutal projections, depending on whether the 'plane of projection' is a cylinder, 

cone or aplane. After the projection the cylinder and the cone can be spread out 

in aplane. 

Loosely speaking, the mercator projection can geometrically be looked upon as a 

projection onto a cylinder tangent to the equator. 

The Lambert conformal conical p. may be considered as a p. onto a conic tangent 

to one standard parallel or secant to two standard paralleis. 
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In the same way the stereographie projection can be se en as a projection on a 

plane tangent to the pole. 

Speaking from a geometric standpoint, any projection can be applied in the so­

called ~, obligue and transverse position of the cylinder, co ne or plane. 

In the normal case, the axis of the cylinder and the co ne or the normal to the 

plane, usually called the axis of projection, coincides with the minor axis of the 

ellipsoid. 

In th at case the mapping formulae {x,y} -:. {<p, À} are very simpie, since the set 

{<p , À} also refers to this minor axis. 

In the oblique and transverse case however the minor axis and the axis of 

projection have different position and the transformation formulae become rather 

complicated. In the Netherlands for instance, the centre of the oblique 

stereographic projection is the O.L.V. church in Amersfoort. 

In order to obtain the transformation formulae from ellipsaid to plane for the non­

normal cases, a sphere is introduced as a intermediate surface. 

The computational program is then divided into three modules: 

1. the ellipsoid is conformally mapped upon this sphere, th us: {<p À}:;: {4>,A} 

2. the 'polar' geographical c.n. are transformed to 'loca!' geographical c.n., with 

the centre of projection as local pole, thus {4>.j.} -:'{;,A}. This 

transformation boils down to the solution of the 'inverse geodetic problem' for 

the sp here, cf. section 2.3 and 2.2.5.3; 

3. finally the simple mapping formulae from sphere onto plane for the normal 

case are applied, thus {~,7i} t {x,y} 

It is now obvious that the conform al projection of the ellipsaid on to the sphere, 

named af ter Gauss, plays an important role in the theory of map projections. The 

combination of the Gauss projection and the subsequent projection from sphere 

onto plane is called 'double projection'. 

A not less important property of this projection is th at the so-called 'conform al 

sphere' may beneficially serve as a substitute surface for computations on the 

ellipsoid. The induced distortion of geometrie elements (Iengths and angles) by the 

projection is sm all to such an extent th at in many problems it may be neglected. 

That is why in many cases difficult elaboration of differential equations and 

elliptie integrals on the ellipsoid can be replaced by simple spherical 

computations. Bowring's method for the direct and inverse problem on the ellip­

said and Ballarin's methad for the computation of ellipsoidal hyperbolie patterns 

are well-known examples. 



All these things considered, this chapter is framed into the following sections. 

In 2.2.2 the preliminary mathematics of conform al mapping is given. 

In 2.2.3 the Gauss conformal p. from ellipsoid onto sphere is treated. 
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In 2.2.4 those computations on the conform al sphere that are relevant in surveying 

are dealt with. They are divided into direct algorithms (Bowring, Ballarin) using 

closed trigonometrical formulaes, and indirect algorithms using the linearized 

trigonometrical formulas. 

In 2.2.5 the essential formulae for the 4 main conformal projections are summa­

rized, without derivation. They only may serve as an easy reference to the sur­

veyor. 

In 2.2.6 the problem of transformation of map coordinates in between 

neighbouring countries is briefly discussed. 

2.2.2 Preliminary mathematics. 

In 2.1 the geographic, geocentric and the reduced latitude have been introduced as 

coordinates along the meridian. Now a fourth latitude will be defined: the 

isometric latitude, denoted by w for the sphere and by q for the ellipsoid. 

Let us start with the sphere with radius R. Let Pand Q be two infinitesimal close 

points with c.n. {<I> , II} and {<I> + d<l> , 11 + dil}. 

The distance ds bet ween both points is expressed by the so-called formula of the 

line element: 

( 20) 

For equal increments d <l> and d il , the corresponding increments in length, Rd <l> 

and R cos <I> d il, are not equal: the c.n. {<I>, II} are not isometric, in contrast to 

the cartesian planar c.n. { x,y } • 

The isometry can be restored by introducing the 'isometric latitude' w • This is 

do ne by the following expedient. In the following the squares of the differentials 

are written without ( ). 

Let dw d<l> 
cos <I> 

p""'--____ ..J...-

{ <I> ,II} R cos <I> dil 

figure 8. 
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By integration we find: 

I w = In tan (i + ~) = atan h ( s in 4» I 
which shows the relation bet ween both latitudes. 

We can now write: 

with e = R cos 4> 

or ds2 = d-2 {d w 2 + d A 2 } with d = R-1 cos-1 4> 

As the factor e before the brackets still 

depends on 4>, the spacing of the coordinate 

curves (meridians and paralleis) is varying over 

the surface. It can be said that a set of 

isometric c.n. on a surf ace covers th is s.urface 

·with a grid of infinitesimal small squares with 

varying mesh size. 

e is called the (equal) unit of measure along the 

coordinate curves and d is called the density of 

the coordinate system: the larger d, the larger 

the number of squares per surface-unit. 

(2 1) 

figure 9. 

Warning: Do not mix up the unit of measure, the first eccentricity and the base of 

the natural logarithms which are all denoted bye. 

For the cartesian c.n. {x,y } in the plane:d = 1. For the c.n. {w , A} on the 

sphere: d = (R cos 4> r 1• 

For the ellipsoid an analogous reasoning can be pursued. 

The formula of the line element is 

2 
ds2 = N2 cos2 cp (2 M 2 dcp 

2 
+ dÀ 

2 
) 

N cos cp 

Let M 1 - e2 

dq = N cos cp dcp = .(1 _ e2 sin2 cp )cos cp dcp 

In partial fractions: 

( cf. tab 1 el) 

_ dcp 
dq - cos cp 

_ e(e cos pl e(e cos cp ) 
2{1 + e sin cp ) dcp - 2{1 - e Sln cp ) dcp 
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Integration gives 

1T ~ 
q = ln tan (~+ I) - ~ e ln(l + e sin ~ ) + ~ e ln(l - e sin~) (22) 

or q = atanh(sin cp ) - e.atanh(e.sin cp ) 

The set {q, À} eonstitutes a set of isometrie e.n. on the ellipsoid with density 

d = (N eos ~ rl. 
The use of isometrie eoordinates is fundamental for the design and the numerieal 

elaboration of a eonformal mapping. That is why the transfer from geographie to 

isometrie latitude and viee versa is an essential subroutine in any software paeket 

dealing with eonformal mapping. Loeally, in the sm all, both {w , A} and 

{ q, À} may be eoneeived as eartesian eoordinates on the sphere resp. on the 

ellipsoid. 

Let the general mapping formulas from the ellipsoid onto the plane be written as 

funetions between isometrie eoordinates: 

y = y(q, À) 

x = x(q, À ) 
(23) 

The question now arises how one should specify these funetions in order to get the 

eategory of eonformal mappings. 

By differentiating one finds loeally the general rel at ion 

( dY) =' ( ~~ ~r ) ( dq
) 

dx ax ax dÀ 
aq a5: 

( 24) 

From planar geometry we know th at in eartesian e.n. a similarity mapping from 

plane onto plane ean be written (omitting the irrelevant shift parameters): 

cos w 
(25) 

sin w 

y 
y 

x x 

x Fi gu"e 10. 
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with P = scale factor 

w = angle of rotation. 

By comparing (24) and (25), it can be seen that, since {q, Ü may be c0l"/stdered 

as 'loeal eartesian' e.n., (24) represents loeaJly a similarity transformation if 

~=~ 
aq aÀ 

(26) 

ax _ ~ 
äëï = al. 

Since 'Ioeally similar' is synonymous with 'conformal', (23) and (24) represent a 

conform al projection if the conditions (26) are satisfied. 

The equations (26) are ealled the Cauehy Riemann equations. They eonstitute a set 

of differential equations and its general solution ean be given in the form: 

I y + i x = f(q + i À) 02 = -1) I ( 27) 

The rigorous proof of it is omitted, however the eorreetness of the reverse 

statement will be illustrated by an example. 

Take w = z2 and verify that (26) is satisfied. 

Proof: y + ix = (q + i À i 
y = q2 _ À2 

x = 2q À 

.'èJ1 = ~ = 2q 
aq aÀ 
~ = _ ay = -2À 
aq aÀ . 

+ Cauehy Riemann is satisfied 

The results, as derived above, will now be generaJised for a eonformal mapping 

between any two arbitrary surfaces E and Ë. 

Let the isometrie eoordinates and their unit of measure on both surfaces be 

denoted by {u, v, e } and W, V, ë} respeetively, then any funetion ij + iv = f(u + iv) 

represents a eonformal mapping from E onto i with (in analogy with (6»: 

the (point) seale factor 

the (point) meridian eonvergenee av av ( aü aü) y = arctan (--/--) = arctan - --/--au av av au 

(28) 



The scale factor is defined by the ratio of two corresponding line elements: 

m = ~ the meridian convergence by the angle bet ween the y-axis in the plane 

and the representation of the meridian in the plane (see fig. 11). 

q 

2 

2 

À x ellipsaid figure 11 . 

1) the general formulae for the reduction of distances and directions, induced by 

the mapping, 

2) the administrative conventions for the numbering of c.n. 

ad 1. Reduction formulas - The reduction of a distance consists of two parts: 

1. Let s and s be the distances along corresponding curves then 

s -s J m ds 
o 

In most cases it suffices to compute I1s = S - s by applying Simpson's 

rule for the approximation of an integral: 

I1s = (29) 

where the lower indices refer to the begin-, mid- and endpoint of the 

curve. 

2. The reduction from arc to chord I1 s = d - sis nearly always negligible. 

The reduction of an angle consists of two reductions of directions viz. from 

arc to chord. This reduction is usually called the T - t reduction: 

T - t = )J = ! ~~ (.i)S + ... (30) 

71. 
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ad 2. 

where ~~ (ol) stands for the rate of change of the scale factor in the 

direction perpendicular to the direction of the curve. The derivative should 

be taken at a distance 1/3 s of the point 

In same countries (e.g. Germany) Ly the notation of the c.s. is ~ 

In same others (e.g. The Netherlands) L the notation of the c.s. is ----+ x 
In order to avoid any ambiguity, one L E aften prefers the names Northing and ~ 

Easting for the c.n. 

The origin of the planar {y,x} corresponds with the central point of 

projection and the y-axis with the central meridian. The point sc ale factor 

in the origin is fixed at unity and increases with growing distance from the 

origin. In most countries a point scale factor less than 1 is taken for the 

origin, in order to obtain a mean scale factor equal to 1 over the whole 

area. This latter sc ale factor ma acts as a multiplicative parameter. Above 

th at two additive parameters, called false Northing (fN) and false Easting 

(fE), are introduced to achieve positive c.n. over the whole region. This 

leads to the following formulae 

N = moY + fN 

E = mox + fE 
(31 ) 

2.2. 3. Gauss conformal pro jection from ellipsaid to sphere. 

On bath surfaces isometric c.n. are introduced for which the following notation is 

used: 

ellipsoid {q, À} 

sphere { w,A} 

geographic latitude: ~ 

principal radii of curvature: M, N 

geographic latitude: <I> (the capitalletter for Ijl) 

radius: R 

Beaware of the minor differences in the notation 1> and ~ for bath geographic 

latitudes. 

It should be noted that {À,IJ refer to the meridian of Greenwich. 



Gauss designed a conformal projection of the linear type: 

in complex notation: w " n z + a 
or w + ; A " (nI + in2)(q + jf. ) + (al + iaZ) ( 32 ) 

w" nlq-nZ À +al 

A " nl À + nzq + aZ 

To fix the 5 parameters R, nl' nZ' al' aZ' the following conditions are imposed: 

condition 1: 

The meridians and paraBels on both surfaces are mapped onto each other: 

w " f(q), 

The mapping formulae th us become: 

w "nI q + al 

A "nI À + aZ 

Condition Z: 

and th us I nZ " 0 I 

The reference meridians have equal values Ào " Aa and thus from ( 34) 

la2 = Aa - n1 ÀoI 

If the reference meridans have zero value then I aZ " 0.1 

(33 ) 

(34 ) 

(35) 

73. 

In order to formulate the remaining 3 conditions, the point scale factor is consi­

dered. Using formulae (28) one ge ts 

n1 R cos <I> 

m = . N cos ct> 

Thus m is a function of latitude only. 

(36 ) 

The remaining · conditions are such that we should have in the central point of 

projection (ct> o. Àol: 

Condition 3: m" 1 

Condition 4: dm - 0 M-

Condition 5: dZm 
0 

d7 
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These constraints mean th at the overall variation of the point seale factor m is as 

small as possible over the whole area. 

Condition 4 beeomes: dm _ am + am d<l> 
~ - ai ~~ 

with 

Substituting (21), (22), (36) one gets 

sin <1>0 - n1 sin <1> 0 

~o cos <1>0 
= 0 

or I n1 sin <1> 0 = sin <1> 0 I 
Differentiating en) again and using (34) one gets for condition 5: 

nl cos <l>o=COS<l>oN~/M~ 

By squaring (38) and (39) one finds: 

From condition 3 and using ( 36) and (40): 

Finally from ( 34) one finds: 

( 37) 

(38) 

(39) 

(40) 

(41) 

(42) 

The sequence of the eomputation is the following: first n1 is computed with (40), 

then using (J8), <1> 0 ean be found. The quantities Wo and qo are then obtained with 

(21) and (22) and finally al and a2 are found with (42) and (35). 



The Gauss conformal projection is much used as the induced distortion of the 

geometric elements is very smalI. The length differences bet ween corresponding 

geodesics on both surfaces are tabulated bel ow 

arcs in kilometres absolute error in metres relative error 
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50 0.000014 1 : 3700000000 

100 0.000220 1 : 460000000 

200 0.003500 1 : 57000000 

500 0.140000 1 : 3700000 

800 0.900000 1 : 890000 

1000 2.200000 1 : 460000 

1500 11.000000 1 : 140000 

2000 35.000000 1 : 57000 

2500 85.000000 1 : 29000 

3000 177.000000 1 : 17000 

For nearly all practical surveying problems · these reductions may safely by 

neglected, which means th at most geometric problems may equally weil be com­

puted on the conformal sphere, as far as the geometric elements are concerned. 

Be cautious however th at in the end the coordinates should be transferred from 

sphere to ellipsoid by applying the inverse mapping! 

2 . 2.4. 0 . Computations on the conformal sphere. 

The computations on the sphere can be divided in so-called direct and indirect 

computations, with the distinction that the former can be performed without 

linearisation 

2.2.4. 1. Direct computations. 

Formulae from spherical trigonometry are applied to solve problems that are 

actually defined on an ellipsoid. Prior to the spherical computations and 

succeeding them, the transfer of the geographic c.n. in bet ween both surfaces 

should be carried out. As these computations are the same for all surveying 

problems, they are outlined only in the first example. First of all one has to 

choose the central point of projection. Once its latitude is known, the 5 
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parameters of the Gauss mapping can be computed and the transfer of the 

coordinates can be performed. 

One may choose either a fixed central point (e.g. for the whole working area of 

the radiopositioning system), or a variabIe central point (e.g.for each separate 

geodesie). 

Example 1: 

Bowring's solution for the direct and inverse problem on the ellipsoid (cf 2.3). 

Bowring takes the centre of projection in one of the known endpoints of the geo­

desie, although the centre might also be chosen in between both endpoints. 

IDirect probleid 

Given CPI' ÀI' CL I , S 

Find CP2' À2' CL2 
Solution: With the aid of the mapping formulae 

{cp l' À 1 } are transferred to {4> l' Al} • The 

geometrie elements al and s remain unchanged. 

In radians: cr = siR. 

The direct problem is now solved on the sphere. 

By applying in succession the cosinus- and sinusrule we obtain 

<I> 2' A 2 (= Al + M ) and "2' 

Finally {<I>2' A 2} are transferred to {cp 2' À 2} by applying the inverse map ping 

formulas. 

IIndirect problem I 
Given 

Find s, CL
I

, and CL
2 

Solution: an analoguous procedure is pursued. 

Example 2: 

Ballarin's method for the computation of hyperbolic patterns on the ellipsoid. 

The elaboration of the spherical part leads to a trigonometrie equation that can be 

solved in a direct way. 

Let M be the master, R the red slave, LR and AR the observed red lane number 

and wavelength, G the green slave, LG and AG the observed green lane number 

and wavelength and P the observational point. 



Referring to figure lZ it can be seen that the arc-length differences al (= sI - s) 

and aZ (= Sz - s) can be computed from the observations by 

al = LR AR - bI 

aZ = LG AG - bZ 

The arc-lengths of the baselines bI and bZ and their intersecting angle e are com­

puted by applying the algorithm for the direct and inverse problem on the sphere 

(see under example 1). 

Introducing the bisector of e as a reference for the directions, the problem is 

solved on ce the azimut ct and arc-length s of the great circle from M to Pare 

known. 
o 

R 

G 

Figure 12 . 
o 

If the positive direction of the reference is denoted by MD, then: 

In the spherical triangle (M,R,P) we have 

cos sI = cos s cos bI + sin s sin bI cos fl1 

as weil as: 

cos sI = cos s cos al - sin s sin al (:: cos (s + al). 

Equating the right-hand members yields, af ter division by sin s: 

cat s 
sin al + sin bI cos 81 

cos al - cos bI 

s i n al cos al - cos bI 
or: cat s (-- + cos fl

1
)/( 

sin bI 
) 

sin bI 

77. 
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Elaborating the denominator: 

cos al - cos bI 2(sin2!bl - sin2!al ) 

sin bI 2 sin !bl cos !b1 

then 
r
l cot s = 

In like manner in spherical triangle (M,G,P): 

From figure 12 it follows 

131 = 2rr - (a /2 + Cl) .. cos 13 1 cos(~ + Cl) 

cos(~ - Cl) 

(43) 

(44) 

(45) 

After equating the right-hand members of (43)' and (44) and taking into account 

(45), one gets a trigonometrie equation in Cl : 

with 

sin Cl = n - m cos Cl 

m= 
(kl - k2 )cos a/2 

(kl + k2 )sin a/2 

The solution of (46) can be found in a direct way: 

cos Cl = m n :t(l + m2 _ n2)! 
1 + m2 

(46) 

(47) 

The - sign of the square root should be used if the observational point is situated 

in the 'outer' reg ion of the chain. 

R G G R 

figure 13. 



Once a is known, s kan be computed with (43.) or (44). With s and a the c.n. 

{4>,A} of the observational point are computed by means of the algorithm for 

the direct problem on the sphere. 

2.2.4.2. Indirect computations on the sphere. 

79. 

As a rule geometric constructions on a sphere can not be solved in a direct way, since 

- many survey constructions on the sphere (e.g. point resection) lead to trigono­

metric equations (being non-linear by nature) that can only be solved by a 

process of linearisation. 

- most navigational systems provide an almost continuous stream of information, 

which necessitates a real-time elaboration and/or on-line plotting. It is then 

advantageous to linearise the conditions, taking the foregoing observational 

point as Taylor-point. The inevitable accumulation of discretisation errors is 

duly covered by regular updating. 

- wh en redundant observations have been carried out, it is necessary to linearise 

the conditions in order to obtain the parameter equations of the adjustment. 

Remark. When the ellipsoid is used as a computing surf ace, indirect 

computations are a sheer necessity. 

The basic geode tic observables are: 

1. distance, 

2. distance-difference, 

3. (backward)azimut, 

4. (backward)azimut difference - angle, 

5. (forward) azimut. 

These observables are now related to geographical coordinates on the unit sphere 

by means of formulae of spherical trigonometry. 

By the process of differentiation of these formulae one finds the corresponding 

linearised relations. 

The cosine rule of spherical trigonometry gives: (see Appendix 1) 

cos b = cos a cos c + sin a sin c cos B 
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Differentiating yields: 

-sin b db = (-sin a cos e + cos a sin e cos B)da + 

(-sin e cos a + cos e sin a cos B)de + 

-sin a sin e sin B dB 

Substituting the 5-element rule gives: 

-sin b db = -cos e sin b da - cos A sin b de - sin a sin e sin B' dB 

or 

db = cos e da + cos A de + sin A sin e dB 

Using the sine-rule gives the equivalent formuIa: 

db = cos e da + cos A de + sin e sin a dB 

The eotangent rule gives: 

cat e sin a - cat e sin B = cos a cos B 

b 

figure 14. 

Differentiating yields: 

-sin-2e sin a de + (cat e cos a + sin a cos B)da + sin-2e sin B de + 

+(eos a sin B - cat e cos B)dB = 0 

Multiplying by sin e sin e: 

(4 8) 

-sin-Ic sin e sin a de + (cos a cos e sin e + sin a sin e sin e cos B)da + 

+sin-Ie sin B sin e de + (cos a sin e sin B sin e - sin e cos e cos B)dB = 0 

Using the sine-rule and cos i ne- ru 1 e: 

sin b de = + sin A de - sin e cos b da - cos A sin e dB (49) 
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These general formulae (48) and (49.) are transferred to the polar triangle by 

mak ing the following substitutions 

B ... A. - A. dB ... dA. - dA. 
J 1 J 1 

C ... ~"II - <l> j dc ... -d <l> . 
J ~ "II-

A ... 2"11 - aji dA + -da .. 
Jl 

b ... (J ij db + d(J ij 

C + ai j dC + da . . 
lJ 

a ... ~"II - <I> i da ... -d <l> i 
figure 15. 

After replacing the notation d for the differential by the notation b, for the 

difference (48) and (49) become: 

/::'0 . • = -lJ cos aji M . - cos a .. 
lJ 

M . - sin ajicos q,. 
J 1 

- sin a i/os q, i Mi 

sin o .. /::,a ij = s in a . . M . + sin a i j cos °ij Mi + lJ Jl J 
-cos ajicos q, . M . + cos a .. cos q,. M. 

J J Jl J 1 

The sequence ij means: from point i to point j. 

Now we intro duce the following substitutions and approximations. 

For a sphere with radius R we may substitute 

J 
M . + J 

For distances less than 100 km we may substitute cos (Jij = 1, sin (J ij = (J ij' 

Further we may replace, where necessary, 

<I> i = <l> j = <l>k 

(50) 

(51 ) 
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Let point i be the point to be determined and point j and k known points, thus 

M j = M k 
obtained. 

M j = nA k = 0, then the following difference-equations are 

ad 1) Distance Sij 

ad 2) Distance-difference Sij - sik 

ll (S,' J' - s,' k) = (cos ct ' k-COS ct .. ) R M , + (sinct'k-sin ct .. ) Rcos <l> , llA, 
I IJ L----...!. I IJ , I I, 

- cos !(ct 'k + ct .. ) R cos <!l ,M, } 
I IJ , I I, 

Remark: The relation between lanenumber and distance-difference is, with 

i = obs. point, j = slave and k = master: 

ad 3) Backward azimut ctij 

ad 4) Angle Ajik (= ct ik - ct ij) 

ad 5) Forward azimut ct ji 

with A is notation for wavelength. (Be 

careful as the notation for the 

spherical longitude is the same). 
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The equations ad 1) are applied in range-range-systems like Syledis, ad 1) and ad 5) 

in Artemis, ad 2) in hyperbolic systems like Decca, Hifix, Loran, ad 4) in circular 

systems like the sextant. For the so-called pseudo range-range system, ad 1) can 

be applied, provided that for each chain a time delay parameter I'I t is introduced 

on the right-hand side of the equation. 

The 1'1 -quantities on the left-hand si de are equivalent with: 'computed' minus 

'observed'. The computed values are obtained by using approximate values for the 

c.n. { <I> i' /\ i} • 

It should be noted th at the coefficients of the increments R I'I1Pj and R cos <Pi I'IÀ i 
~, 1 

need only to be evaluated in few significant digits. 

Therefore the above difference equations might also be applied for ellipsoidal 

computation. However, be aware that in that case the 'computed' values on the 

Ie ft-hand side should be computed with the ellipsoidal algorithms for the direct 

and inverse problems. 

The exact difference equations for the ellipsoid can be found by substituting in the 

relations 1) to 5): R M> + M M and R cos <I> 1'1/\ + N cos <I> 1'1/\ and for the 

plane:,R 1'1<1>, + l'Iy and ,R cos <I> 1'111 ,+ I'I x. 

2 .2.5. Conform al mapping from ellipsoid onto plane. 

In all mapping the longitude À is referred to the central meridian of the area to 

be mapped and not to the Greenwich meridian. For the map projections of the 

'North Sea countries" see appendix 2. 

2.2.5.1 Mercator project ion. 

The mapping formula is, in complex form: 

splitting up in components: 

point sc ale factor : m = alN cos cp 

meridian convergence : À = 0 

where a is equatorial radius. 

Characteristics: 

y + ix = a(q + i À ) 

Iy = a ql 
x = a À 

1. The p. takes its name from the latin surname of Gerhard Kremer, the inventor. 

Kremer was born in Flanders in 1512 and first used the p. for a map of the 

world in 1569. Gradually the mercator p. took over the role of the traditional, 

ol de st, map projection, the equal-spaced 'plate carree': I y = a CP I 

x = aÀ 
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2. The coordinate curves are mapped upon each other, 

th us meridians 

and parallels 

À = conto x = c 

q = conto y = c 

3. Distances along the equator are preserved in length, thus: 

m = 1 for q = <p = o. 
4. The p. is the only projection on which the rhumbline is represented by a 

straight line. The rhumbline is defined on a surf ace of revolution as the curve 

having in each of its points the same angle with the local meridian. 

Proof: The solution of the s.d.e. for a rhumbline on an ellipsoid, having con­

stant angle CL , gives (cf. 2.3.2): 

The application of the mapping formulae leads to: 

which is the equation of a straight line. 

5. The p. is much applied for navigational charts, but less used for geodetic pur­

poses. Switzerland, Malaya and Serawak apply the mercator p in the oblique 

position of the cylinder, corresponding with the second step of a double-projec­

tion • 

. 2. 2. 5. 2 . lambert conformal conical projection. 

The p. is applied in two variants, namely with one or two standard paralleIs. 

Mapping formulae, in complex notation: 

y + ix = -k e-I(q + iÀ ) + n (k,l,n are real parameters) 

with eiÀ = cos À + i sin À 

or y = _ke-Iq cos lÀ + n with m = k 1 -lq 
Ncos <p • e 

x = ke-Iq sin I À y -l À 



The parameters assume the following values. 

For one standard parallel ~ 0 

No cos ~o 
k = _Iq 

Ie 0 

= sin ~o 

F or two standard parallels ~ I and ~ 2: 

NI cos ~l 
k = I - q 

Ie I 

N2 cos ~2 

-Iq 
Ie 2 

In(NI cos ~ I) - In(Nz cos ~ 2) 

q2 - ql 

For both variants: n = ke-
Iqr

, where the sub index r stands for 'reference point', and 

qr is the isometrie latitude, corresponding to ~ r for that point. The parameter n 

acts as an additive constant. 

There are a number of different conventions for the selection of ~ r' 

F or the one-standard parallel variant one aften chooses <P r = ~ 0 but also ~ r = O. 

For the two-standard parallel variant one aften chooses ~ r = ~ l' For the unified 

world aeronautical charts, where a division in zones with 40 width has been 

applied (cf. UTM), the reference latitude is taken 30' below the lower boundary of 

each zone. 

Sometimes n is included in the false Northing. 

Reduction formulae. 

Reduction for lengths: 

with R = mean radius of curvature. 

Reduction for directions: 

T-t 11 
(2Y2 + YI)(x2 - Xl) 

(R,2 
, 11 in radians. 

85. 
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Characteristics: 

1. Johann Heinrich Lambert was a famous mathematician and astronomer, born in 

Alsace-Lorraine in 1728. The p. was first published in 1772. 

2. The p. is very weil suited to map areas, having their largest extension in east­

west direct ion. As the main aeronautical and nautical routes have that di rec­

tion, many navigational charts are made in this p. 

3. The p. for 2 standard-parallels is tabulated for zones with zone-width of 40
, 

from 00 to 800 latitude, on behalf of the world Aeronautical charts. 

4. The p. is much used for geodetic purposes. The national coordinate systems in 

Belgium, France and Danmark are based on the p. 

5. The polar stereographic p. and the mercator p. may be considered as special 

cases of the p. GeometricallY the standard parallel is thaught to be maved ta 

the pole and equator respectively, transferring the cane into a plane and cylin­

der. 

Numerically the characteristic parameters k and I are found by substituting 

<1>0 = 11 /2 and <1>0 = 0 respectively. For the polar stereographic projection we 

find: 

1=1 

For a sphere: I = 0 and k = 2a. 

2.2.5.3. The stereographic projection. 

This p. can be seen as a special case of the Lambert conformal conical p., see 

2.2.5.2 point 5. The p. is first used by Hipparchus, 160-126 B.C. and nowadays it is 

mainly applied for nautical and bathymetrical charts of polar regions and stellar 

charts. 

For geodetic purposes it has especially been introduced in countries of circular 

shape. The national coordinate systems of Poland, Hungary and Holland are based 

on this p. To that end the projection is applied in the oblique position as second 

step of a double projection. That is why the spherical formulae of the p. are 

almost exclusively used, also for geode tic purposes. 

The p. is the only conformal p. from sphere to plane for which the map ping for­

mulas can be derived in a pure geometrie way. The origin of the p. is the point on 

the sphere, opposite to the centre of projection, and the plane of projection 

coincides with the plane tangent to the sphere in the centre of projection. 



The double projection actually consists of three modules, namely the two 

mappings and the coordinate transformation on the sp here in between them. 

Module 1. 

Conform al p. from ellipsoid to sphere, af ter Gauss (cf. 2.2.3) thus 

Module 2. 

Transformation from geographic to local geographic c.n., thus: 

{q, . J\J :t {~)i} 

The formulae are given bel ow. The geographic longitude A is referred to the cen­

tral meridian and the colatitude 1jJ = 71 /2 - q, is introduced. The centre of projec­

tion (Amersfoort) is taken as local pole and denoted by NP {1jJ 0,0 }. An arbitrary 

point is denoted by P {1jJ, A} • The cosine- and sine-rule of spherical trigonometry 

gives: 

cos W = cos 1jJ o cos W + sin Wo sin W cos A 

sin A = sin 1jJ sin A /sin ij; 

NP 

figure 16 . 
Module 3. 

The mapping formulae are, with 

r = 2R tan ! ijj = 2R ta n ( 71 /4 - ! i' ) 

y = 2R tan( 71/4 - H )cos A 
! 

x = 2R ta n( 71 /4 - ! i )sin ïl I 

87. 
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The map projection of the Netherlands. 

By concatenating the above modules we get the following formulae: 

x = 190066.91 " - 11831 .00 ~" - 114.20 ~ 2" - 32.39 ,,3 - 2.33 ~3" + 

- 0.61 ~À3 

y = 309020.34 ~ + 3638.36 ,, 2 + 72.92 ~ 2 - 157.97 ~À 2 + 59.77 ~3 + 

+0.09 ,,4 _ 6.45 ~2À2 + 0.07 ~ 4 

The reverse mapping formulae are: 

~ 3236.033 y - 32.592 x2 - 0.247 y2 - 0.850 x2y - 0.065 y3 + 

4 2 2 
+0 . 005 x - 0.017 x y 

À = 5261.305 x + 105.979 xy + 2 . 458 xy2 - 0.819 x3 + 0.056 xy3 + 

-0.056 x3y 

The dimension of (x,y) is meter, the dimension of (<j>,À) is 10 4" 

(seconds of arc). In both sets of formulae (~, À ) are the di fferen­

ces wi th respect to Amersfoort: ~ = 520 09 '22"178, À = 50 23'15"500. 

Recently the following false Easting and Northing have been intro­

duced: fE = 155000 m. , fN = 463000 m. 

Reductions. As a point scale factor mo = 0.9999079 has been intro­

duced for the central point of project ion Amersfoort, the length­

reduction in mmo per 100 m. , with (x,y) in km., arnounts to: 

2 2 
- -9 2 x + y lls - . + 1629 

For the reduction of a direction between points A and B we have: 

YAxB - xAYB 
IJ = 256 ' with (x,y) in km. and 

IJ in 0.0001 gon 



2 .2.5.4. The transverse mercator projection. 

In the mercator projection the equator is mapped up on the x-axis in such a 'way 

that distances along the equator preserve their length. 

In the transverse mercator projection the central meridian is mapped up on the y­

axis in such a way that di stances along the central meridian preserve their length. 

This constraint alone defines the mapping formulae. 

The mapping formulae are far more complicated for the transverse case than for 

the norm al case, since the central meridian, in contrast to the equator, is an 

ellipse instead of a circle. 

89 . 

The mapping formulae can not be expressed in closed form. They are given in a 

Taylor series and have the following form (), i s di fference in 1 ongi tude from 

central meridian in radians. 

The first parameter ao is the meridian arc length of the point to be mapped. 

F or its computation see 2.1.2. 

( Mand Nare main radius of curvature) 

For the remaining coefficients one finds 

al = N cos cp 

aZ= ~ Ncos2cp .t(-l) 

a3 = iN cos3cp (-1 + t 2 - 1')Z) 

1 4 ( Z 2 4) a4=ZlI'Ncos cp .t5-t +91') +41') 

a5 = 1 N cosScp (5 _ 18t2 + t4 + 14 1') 2 - 58t2 1')2) 
1'ZO 

a6 = 1 N coé<p • t(-61 + 58tZ - t 4 - Z70 1') Z + 330tZ 1')Z) no 
a7 = 1 Ncos 7 <p (-61 + 479tZ - 179t4 + t 6) 

5U40 
t = tan cp , 1') = e' cos <p • 
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F or the reverse mapping one finds 

The first parameter bo is equal to the isometrie latitude qf of the footpoint QF 

(see figure 17). 

The geographic latitude <P f is obtained by applying the process of the so-called 

'inversion of series' for the meridional arc length (cf. 2.1.2). 

The remaining coefficients are 

bI = (N cos <j> r l 

b2 = !{N2 cos <j> rIt 

b3 = i (N3 cos ~ r 1(1 + 2t2 + I) 2) 

1 ( 4 -1 2 2 4) b4 = 2"21" Ncos <j» t(S + 6t + I) - 4 I) 

bS = riJNs cos <j> r 1(s + 28t2 + 24t4 + 6 I) 2 + 8t2 
I) 2) 

b6 = JJN6 cos <j> r 1t(6I + I80t2 + 120t4 + 46 I) 2 + 48t2 1)2) 

b7 '50{0(N7 cos <j> r 1(61 + 662t2 
+ 1320t4 + 720t6) 

These parameters are computed with <j> = <j>f' 

Point scale factor: 

.~ 

s.. 
Q) 

E 

'" s.. 
+-' 
s:: 
Q) 
u 

or expressed in y and x: 

p 

ellipsoid 

equator 

figure 17. 

y 

l1f P------=o<> 
11 

plane 

--4--------------x 



Meridian convergence (in radians) : 

3 
y = À sin cjJ + + sin cjJ cos 2 cjJ (1 + 3 n2 ) + ••• 

or y = t tancjJ (1 + i("N}(1 - 2t
2 + 5n

2
) " .. ) 

Reductions. 

Reduction of length: 

For the UTM projection a scalefactor ma = 0.9996 is introduced thus: 

one takes: R = 6378 km. 

Reduction of direction: 

)l 

(2x2 + x1)(Y2 - Y1) 

fR2 

Characteristics. 

In the German-speaking countries the t.m. project ion is called after Gauss (1820) 

who designed the projection and Krüger (1912) who first published the theory in 

extension. In the English speaking countries one speaks of the transverse 

mercator- projection. 

It is customary to di vide the area to be mapped, into zones bounded by two 

meridians. In many countries the projection is basic to their coordinate systems. In 

Germany the Gauss-Krüger projection is applied for a division into 3 zones, each 

of 30 width. In Great Britain, as weil as in its farmer dominions, and in the USSR, 

the t.m. is also used for the national c.s. In Australia, Canada and New Zealand 

one uses a zone width of 50
, BO and 40 width respectively. 

In USSR different zone divisions are in use: for the country as a whoIe: 60 zones, 

for the separate republics: 30 zones and for the larger townships: < 30 zones. 

The p. gat its fame when the UTM projection was introduced af ter world war II. 

Nowadays most countries dispose of two databases of coordinates, one refering to 

their traditional national map projection and based on a national datum, the other 

based on a more recent continental datum in combination with the U.T.M. The 

U.T.M. differs from t.m. only by a set of prescribed conventions of administrative 

nature. 

91. 
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Universal Transverse Mercator Prolection (UTM) 

Characteristics : 

Transverse Mercator Project ion 

Zone width: 6°, Cent ral meridian: ,3°, 9°, 15°, .. . 

Latitude of origin: equator 

False Easting: 500 000 . 00 m central meridian 

False Northing: 0 . 00 = equator 

Scale factor k 0.9996 scale on central meridian 

Easting k.x, Northing = k.y, point scale k.m 

Latitude limits : 80° South to 80° North 

Zone numbering : Starting with 1 for zone 180° W to 174° W 

and increasing eastward to 60 for zone 1740 E to 1800E 

Zone 0° to 60E (Northsea) has number 31. 

Ell ipsoid: 

International, Hayford ellipsoid. 

a 6378388.00 m 

b 6356911.95 m 

f 1 : 297,00 0,00336700 

e 2 0.00672267 



2.2.6. Transformation between overlapping planar coordinatesystems. 

The problem of coordinate-transformation arises when 

1. two datasets, based on nationa1 datums, have to be trans­
ferred into each other in the boundary region of two 
neighbouring countries, 

2. a dataset, based on a national datum, has to be trans­
ferred into a continenta1 datum that covers it, or into 
a world-datum (and vice versa). 

The transformation may be looked upon as a datumtransforma­
tion (see 2.1), be it on a lower level, viz. the national 
2d. olanar (grid)coordinates. 
The underlying principle is that a conformal re1ation may 
be assumed between both coordinate-sets, since either of 
them is based on a conformal mapping from el1ipsoid onto the 
plane. 
This conformal re1ation is represented by the fo110wing 

.po1ynomial series: 

with w = V + iX 
z = y + ix 

Cl k=ak+ib k 
{V,X } and {y,x} are the cartesian coordinates of both 
coordinatesystems and i 2 = -1. 

For n = 1 , the conformal transformation narrows down to a 

similarity-transformation, for n > 1 to a transformation 
that is 'loca1ly simi1ar' . 
When the degree of the polynom equals n then (n+1) common 
points are needed to compute the unknown parameters {ak,bk}. 

93. 



94. 

For .the transformation in Holland from the national (RD) 
dataset to the UTM dataset (ED50), about 70 common stations 

were available of which 5 have been chosen for the evaluation 
of the parameters of the 4th degree polynomial. 
The differences in the remaining common stations were used 
to prepare two maps, representing isocorrection-curves for 
both ~x and ~y. These maps can be used to evaluate the final 
small additional increments. 
In order to computerize this last step, the interpolation 
can also be carried out by applying asocalled prediction­
interpolation method,basedon .. a prescribed variance-covariance 
matri x Qik for the increments {~x,~y}. (see Chapter 3). 
The principle of this method is th at the effect of an arbitrary 

known {~x'~Y}i' i=l, ... n, on an unknown {öx ,öy}p' p=l, ... m, is 

supposed to depend on the di stance sip between point i and p. 

This effect is represented by Qip' the larger sip' the smaller 
Qip and the lesser the effect. 
Various assumptions, based upon experiences, have been made for 
Qik' A reasonable choice would be: 

Qik 1/(1 + (sik/so)2) 

or also 

with So being a parameter to be selected. 
e is the base of the natural system of logarithms (=2 .71828 . . ) 

and exp(p) = eP. 

Both relations can be represented by the following graphs: 

~+-------\. 

figure 18. 



The interpolated values (6X)p' as well as (6Y)p' in point p, 
are now obtained by: 

-1 
(6X)p = Gpi Gik (6X )k 

with summation over equal indices. 

Substituting: ci 

The vector ci assumes a constant value for the whole region. 

In matrix structure: 1 n n 1 

10 =r=-ll"D~" 

In many cases there are only a few common points and sometimes 
there are no common points at all. In the case of regions of 
moderate extension it seems appropiate to take n < 3, even if 
the number of common points permits a higher degree of transfor­
mation. If no common points are available it is advised to create 
them by doing additional observations. 
A few months ago (summer 1984), the embargo on the transformation­
formul as in between RD and um has been ra i sed i n Holland. 
The data and the isocorrection maps are given in an appendix 3. 
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2.3 Ellipsoidal computations. 

2 . 3 .1. Introduction. 

The curve that is almost exclusively used on the ellipsoid is the geodesie, the 

shortest possible path between two points on the surface. 

Any geometrie network, having the geodesie as its struetural element, ean easily 

be transformed into a set of point eoordinates onee an algorithm has been 

developed for the direct and inverse problem, traditionally ealled 'the principal 

geode tic problem'. 

The direct problem ean be posed as follows: given the position in latitude and 

longitude, of a point on the ellipsoid, the 'standpoint', as weil as the forward 

azimut and the leng th of the geodesie, find the position of the terminal point, the 

'forepoint' and its back azimut. 

The inverse problem is the converse of the direct problem: given the eoordinates 

of both endpoints, find the length of the geodesie joining them as weil as its 

forward and baekward azimut at these endpoints. 

These problems are thus eomparable with the conversion from reetangular to polar 

eoordinates in the plane. 

Summarizing: 

the direct problem 

the inverse problem 

: given 

: given 

<1» , ") , a ) , S 

<1» , ") , <1>2 ' "2 

f\P 

Figure 19 . 

find <1>2 ' "2 ' a 2 
find a ) , a 2, S 

The preoeeupation of geodesists with th is problem has a long and distinguished 

history. Gauss, Bessel, Helmert and Levallois are all prominent names associated 

with its solution. More reeently Vineenty, Bowring, Sodano, Rainsford, 

Sehödlbauer and many others gave solutions. A recent stoektaking eomes t o about 

70 algorithms that have been developed up till now. 



97. 

Happily however all these aJgorithms are based upon only three main methods of 

solution. 

The basic principles of two of these methods are given in this chapter in order to 

enable the survey or to criticize recent publications in which often only the 

straight-forward formulas are given without any reference to the basic principles. 

It appears that a!gorithms, based on the same method, show only minor 

differences caused by constraints such as the required accuracy and the computing 

hardware that is availab!e. 

The first group comprises the aJgorithms that are based on the evaluation of 

simultaneous differential equations. These equations are derived in section 2.3.2 

and a numerical evaluation is given for smal! and large scale computers in section 

2.3.3. 

The second group is based on the elaboration of elliptic integrals that also govern 

the behaviour of the geodesic. The method dates back to Bessel and many 

geodesists have contributed to its numerical solution. This method, leading to fast 

and accurate algorithms, is dealt with in section 2.3.4. 

In contrast to the above methods, that are ellipsoidal in the proper sense of the 

word, the third group is based on computations on a sphere that serves as a 

substitute for the ellipsoid. Although simple and attractive , the computations are 

no longer exact. F or small regions however the approximation is good enough for 

most purposes. For this group the reader is referred to 2.2.4 in which also the 

linearized equations bet ween the various observables in hydrographic surveying on 

the one hand and the station's position on the ot her hand, are derived. Together 

with the algorithms for the direct and inverse problem, these equations enable the 

surveyor to compute al! kind of geometric configurations on the el!ipsoid. 

Anticipating on further explanation it seems useful to give already the main 

conclusions: 

for a genera! fast program, suitab!e for any length and demands of accuracy, 

Bessel's method is recommended; 

for a program, suitable for smal!-scale computers and limited accuracy and 

lengths, Bowring's method (belonging to the 3rd group) or Schödlbauer's method 

(belonging to the lst group) seem most appropriate. 
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2 .3 . 2. Differential eguations of the geodesie. 

Geographic coordinates {cp , À} are, Iike all coordinates, numbers, associated 

with points on coordinate curves. Along these curves the rel at ion between 

coordinate-differences and distances is obtained in the following way. 

The simplest of both coordinate curves is the parallel. The parallel { CP = cp} is a 

circle with constant radius (of curvature): 

r = N cos cp 

and th us 

ds = N cos cp dÀ 

or 

d À 1 
ds N cos cp 

This is the differential equation defin ing t he parallel. 

Figure 20. 

The second coordinate curve is the meridian. The meridian {>, 

with a varying radius of curvature: M = a(l - e2)W-3 (see 2.1.2) 

and thus ds = M d cp 

or &.P 
ds 

1 
M 

This is a differential equation defining the meridian. 

À} is an ellipse 



99. 

Now it is obvious that for any curve belonging to the family of curves that makes 

an angle Cl with the meridian, at least the following two differenti al equations 

hold: 

cos Cl 

tv1 

sin Cl 

Ncos q, 

-l---------:*{ ep + dep I 
À+dÀ 

Mdep 

{ep,À } NcosepdÀ 

Fi gure 21. 

(52) 

(53) 

The members of the famil y are distinguished from each other by specification of 

the variation of the azimut Cl with increasing s. 

The most simple curve is the rhumbline, a curve on a surf ace of revolution that 

makes equal angles with the local meridian in all points of the curve. 

Thus d Cl _ 0 
ds - (54) 

The formulas (52), (53) and (54) completely define the rhumbline. The y form a set 

of simultaneous differential equations (s.d.e.) of the following general form: 

~ 
dt 

with i = 1, 2, ... ,n (55) 
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In our case n = 3 and yi = {~ , À , cd . The rhumbline plays (or rat her played) a 

prominent part in marine navigat ion as it is the curve with constant steering 

angle. 

For a geodesie the third d.e. is more complicated. 

A kind of explanation can be given by considering the geodesie as "the most 

str aight curve" on the surf ace. 

In mathematical terminology: for any point holds th at the projection of the 

geodesie, perpendicular to the tangent plane in th at point has zero curvature: i.e. 

the tangents in two infinitesimal close points are coincident. 

R 

tangent plane in P 

Figure 22 . 

From the above figure 2 2 it appears that the infinitesimal small angles da and 

dÀ are subtended by the same arc and since PS/PR = sin ~ we have 

or 

d a = sin ~ d À 

da 
ds s in ~ (56) 

Equation (56) is called Bessel's d.e. for a geodesie. With (53) it gives the following 
(third) d.e. 

[ da tan ~ . [ d'S = -N-- sin a ( 57 ) 

The d.e. (52), (53) and (57) farm a complete set of s.d.e. for the geodesie. For its 

solution see next section. 
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Finally the following important property for a geodesie is derived. From (52) and 

(53) follows 

Ncos q, dl. 
- M sin ct 

dq, 
0 cos ct 

ds ds 
(58) 

Substituting (56) in ( 58 ) giv es 

dct - M sin q, sin ct Q1 0 Ncos q, cos ct ds ds 
(59) 

deN cos cp ) 
Integrating (59) and using dq, = - M sin q, (whieh ean easily be verified), 

one gets: 

deN cos p sin ct ) 
ds = 0 

or Ncos q, sin ct = e (constant) I 

or r sin ct = e (60) 

This is Claireaut's equation for the geodesie. It says that the product of the sine of 

the azimut of a geodesie and the appertaining radius of the parallel is a constant 

for all points of the geodesie. 

lt should be noted that both Bessel's and Claireaut's equation are valid on any 

surface of revolution. 
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2 . 3 . 3. The numerical solution of the s.d.e. 

2.3 . 3 .0. Introduction. 

The s.d.e. for the geodesic are such that they can only be solved by methods of 

numerical analysis. 

For an arbitrary point on a distance s from the starting point (1), the latitude, 

longitude and azimut can be expressed in a Taylor series: 

ep epI + L 1., dnep sn 
n. dsn 

À À1 + l: 1. dnÀ n 
n=l ,2 .... (61) -- s n! dsn 

Ct Ct1 + l: 1. 
nJ 

dn n ~s 
ds n 

where al! derivatives should be taken in the starting point. Expressions for the 

higher order derivatives can analytically be derived by successive differentiation 

of the first order derivatives. The larger the geodesic the higher the order of the 

derivatives that should be evaluated. 

The basic principles of this approach are outlined in 2.3.3.2. 

Unfortunately however, the Taylor series converge rather slowly and therefore a 

large number of terms should be taken into account, even for relatively short 

distances and low accuracy demands. 

For the development of a general computing program that can handle geodesics of 

different lengths and demands of accuracy, one can best use one of the many 

general methods in numerical analysis that solve s.d.e. by introducing steps of 

varying si ze depending on the length of the geodesic. Such a general program, 

especially useful for large scale computers, will be dealt with in 2.3.3.l. 

For smal! scale computers that are of ten applied in combination with a 

navigational survey system such as Loran, an algorithm will be given in 2.3.3.2 

that is taylored for such a hardware configuration. 



2.3.3.1 . A general program for large scale computers. 

The solution is given for the direct and inverse pro bi em. 

Direct problem: the total length s of the geodesie is split up into a number (n) of 

equal steps with length 6s = sin. 

For these steps it is assumed that the first order derivatives may be considered 

constant (and th us the higher order derivatives zero). One computes successively 

n+1=end 
ep ; ep;-l + dep /::'s 

ds 

À; À;_l + dÀ /::, OsS (62) 

a; a ;_l + da /::' s 
Os 

where the derivatives should be taken in point (i-I). 

In order to check whether the steplength has been smal! enough, the computation 

is repeated with half the steplength. After p repetitions when 

(63) 

the computation is ended. The toleranee E reflects the accuracy th at is required. 

A fair starting value for n is su eh that sin ~ 100 km. The above mentioned methad 

is cal!ed after Euler. It is the most simple one of the many methads th at have 

been developed in numerical mathematics. 

The most efficient one is probably Runga Kutta's methad, that is based on the 

evaluation of first order derivatives in different points within each step. In any 

textbook on numerical analysis and in most software libraries Runga Kutta's 

methad can be found. 

Inverse problem: As a matter of fact, the ab ave direct problem narrows down to 

the general problem of finding a particular solution for a set of s.d.e. th at 

satisfies certain conditions given in the beginpoint. This problem is easier to solve 

than the inverse problem where the particular solution should satisfy conditions 

that are formulated in bath begin- and endpoint. 
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104. 

In th at latter case starting values for {~, *, ~~-} 
missing since ('( (and s) are unknown. 

in the Taylor series are 

To meet th is difficulty, the following iterative method, called 'turn in line method' 

or 'Einschwenkungsverfahren' has been developed. For the initial computation, 

approximate values ('« 1) and s(l) are computed on a sphere with a radius equal to 

the mean radius of curvature of the ellipsoid in the working area. The value of R 

is not cri tic al and any rough estimate e.g. R = 6370 km will do as weil. 

With these approximate values, the algorithm of the direct problem is applied. In 

general the coordinates {q, (1) , À (I)} thus obtained, do not match with the 

gi ven coordinates { q" À} of the endpoint. 

From the differences t.<P (1 )(= q, - q, (1) and 6À (1) (= À - À G\ the increments 

{6('( (1), 6 s(1) } can be computed. Refering to Chapter 3 _ 4 _ 2, onefi nds: 

differential 

figure 

turn in lin e 
~-

, 
\ 

Fi gure 23 . 

Now improved approximations are found with 

('( (2) = ('« 1) + 6('« 1) 

s(2) = s(l) + M (l) 

/ 
/ 

/ 

/ 
/ 

/ 
/ 

and the computational process is repeated until the required accuracy is finally 

achieved. 
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2.3.3.2. Approximate solution for small scale computers. 

The traditional solution of the s.d.e. is based on the evaluation of analytical 

expressions for the higher order derivatives 

n = 2,3, .. 

The names of Legendre (direct problem) and Gauss (inverse problem) are 

associated with this approach. 

The main characteristics will now briefly be outlined. 

By differentiating the s.d.e. (1), (2) and (6) one finds the second order derivatives 

(65) 

with n2 = e,2 cos2 <p ; t = tan <p • 

This process, although tedious and time consuming, can be continued for third and 

higher order derivatives. 

In the Taylor series (61) the derivatives are now replaced by their corresponding 

expressions (65) and the series are then rearranged with respect to increasing 

powers of the terms (s cos a ) and (s sin a ). 

Let u = s cos a 

v = s sin a 

with the azimut a taken in point (1) thus a = al' 

then one gets: 
i k 

CP 2 - CP 1 M Hiku v 

"2 - " 1 /:,,, i k 
l:9iku v (66) 

/:'a i k 
a 2 - a l l: hiku v 
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The series (66) are called Legendre's series and they give a solution for the direct 

problem. The coefficients fik' gik' hik are functions of the latitude and their 

values should be taken in the beginpoint, thus for ~ = ~ 1. The series expansion 

for /::'0. need not to be carried out, since o.z can be computed with Claireaut's 

rule (60), once ~Z is known. 

By applying a mathematical process called 'inversion of series', Legendre's series 

(66) can be inverted. In addition to th is, Gauss introduced the mid-Iatitude point to 

overcome the slow convergence of the inverted series and used th is point as 

Taylor-point in the series expansion. Eventually he got his famous mid-Iatitude 

formulas for the solution of the inverse problem. 

i k 
s cos((al + a 2)/2) = u l:aik(M) (óÀ) 

s sin((al + a 2)/2) = V l: bik(M)i(ÓÀ )k (67) 

i k 
a2 - al =/::'a l:Cik( M ) (óÀ ) 

and thus: s = (u2 + v2)!, al + o.z = 2 arc tan v/u. 

The series (67) are called Gauss series. The coefficients aik' bik' cik are functions 

of the latitude and their values should be taken in the mid-Iatitude point 

The azimut 0. in u = s cos 0. and v = s sin 0. is taken equal to 0. = (0. 1 + 0.2 )/2. 

The coefficients aik' bik' cik' fik' gik' hik can be found in any handbook on 

mathematical geodesy. 

In two recent articles Schödlbauer published a fast elaboration of the above 

formulas. The main characteristic of his method is the splitting up of the 

coefficients aik until hik into a dominating spherical part and a much smaller 

ellipsoidal part, only consisting of those terms, that contain powers of the 

eccentricity, notably nZ = e'Z cosZ ~ . In agreement with th is division the series 

(66) and (67) are separated into Z parts. 

The contribution of the spherical part can now also be taken into account by 

applying the simple formulas of spherical trigonometry, which means a 

considerable reduction of computational effort. 

This elegant proceeding will now be worked out for both problems. 
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IThe direct problemJ 

The spherical part of the series (66) is obtained by computing the direct problem 

on a sphere, using the given data. The radius of the sp here should be taken equal 

to the mean radius of eurvature R, with R = (MN) l = cN2, taken in point (1). 
s • 

Applying the cosine- and sine-rule in the triangle (NP, 1, 2) we get, with S = "R" • 

eosine rule sin ~ 2 = sin ~1 cos s + cos ~1 sin s cos ~ 1 

sine rule sin ó À sin s sin a l/cos ~ 2 

The ellipsoidal part of fik and gik appears to be (with the same notation as (66 )): 

2 4 2 4 
flO = 4n - n 

901 
4n - 3n 

8R 8Rcos <p 

2 2 4 
f - -3n t 911 

-( n - n }t 
20 - 2R2 R2cos <p 

2 2lt2) n2t 2 
f 12 = n (-1 + 

1 903 2R\os <p 
(68) 

l2R-

f03 
n2(-1 + t 2) 

921 
-n2(1 + 9t2) 

2R3 6R\OS <p 

2t3 
f _-n 

04 - 2R4 

f 22 = !]2(17t + l5t3) 

l2R4 

R = (MN) } = cN2, taken in starting point (1). This point (1) serves as Taylorpoint in 

the series expansion, th us all coefficients should be computed for ~ = ~ 1. 

By applying (66) and (68 ) one finds the ellipsoidal contribution to M and óÀ • 
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IThe inverse probleml 

The inverse problem is first worked out on a sphere using the given data. It ean be 

done by applying the simple eosine- and sine-rule: By reasons of numerieal 

stability it seems better to use Napier's and Oelambre's formulas for the half­

angles. The radius of the sphere is equal to N taken in the mid-latitude point. 

With P (À 2 - À1)/2 zl= cos P cos q 

q (<1>2 - <1>1 )/2 z2= -cos p sin q 

r = (<1>2 + <1>1)/2 n1= -sin p sin r 

n2= sin p cos r 

(" , ')1 s = 2N arctan ~ 
n2 

We get: 2 
zl + n1 

z2 zl 
al arctan - - arctan n n2 1 

z2 zl 
0.2 arctan - + arctan - - 1T n2 n1 (69) 

al + 0.2 a = 2 

/';0. = 0.2 - a l 

U S cos a V s sin a 

The ellipsoidal part of aik' bik and eik appears to be (with the same notation as 

(~7)): 
2 4 

alO = -N(n - n ) 
-N cos <I> 

b21 = 24 

-N 2 2 2 cos <I> t 2 
a30 = -g(-n + n t ) c21 n (70) 

12 

N cos2<1> n2t 2 cos3<1> t 2 
a12 8 c03 12 n 

These values should be taken in the mid-latitude point thus for <I> = (<1> 1 + <1>2 )/2. 
By applying (67) and (70) one finds the ellipsoidal part in u, v and /::'a.. 
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SPHERICAL PART 2 ;: e,2 cos 2
(j) ; t = tan ij) 11 

<P 2 
55°0'0" À2 10°0' 0" c 6398786.85 e,2 0.006719219 

<P I 45°0'0" À1 0°0'0" l 50°0'0" 2 0.002776219 11 

t,cp 10°0'0" I1À 10°0'0" t 2 1.42027663 N 6389923.08 
- _ 1---_ 

zl= cos ~I1À cos ~l1<P 0.992403877 z2= -cos ~I1À sin ~l1<P -0.086824089 

n1= -sin ll1À sin <P -0.066765172 n2= sin ~I1À cos <P 0.056022632 

z zl , 
a1= arctan ..1 - arctan - 28°9830025 a '" Ha , + (

2
) 32°8318465 n2 n1 

z2 zl 
36°6806888 U = s cos a 1111582.57 

a2= arctan - + arctan - - 1T n2 n1 

('" 'jl V = 5 sin a 717240 .82 

s = 2N arctan ~ n~ 1322894.63 l1a =. a2 - a l 7°6976863 
zl + n1 

ELLIPSOIDAL PART 

a lO -1 7690 . 576 m/rad a 101lcj> - 3087 . 59 m 

931. 954 m/rad 3 4. 95 m a30 - a 301lcj> -
1301. 270 m/rad 

2 
a 12 a 12MlIÀ 6 . 92 m _. 

lIu - 3085 .62 m u=u +lIu 11 08496 . 95 m 

b21 - 6548 . 37 1 m/rad 
2 b21M lIÀ - 34 . 81 m 

lIv - 34 . 81 m v = v + lIv 71 7206. 01 m 
- 2 2 0°.0000538 c21 0. 00017723 rad c21M l\À 
- 2 3 0°. 0000223 c 03 0.00007323 r ad c0311À 

- ---

Ma. 0°. 0000761 1Ia. = 1Ia. + Ma. 7°6977624 

EXACT : s = 1320284. 31 m 
s = (u 2 + v2 ) ~ 1320284.04 m 

29°03 '1 5"459 v 32°9031762 a.1 = a. = a rctan -u 
a.2 = 36°45 ' 07 "400 1Ia. = 7°6977624 

a.1 = a. - ~1Ia. 29°0542951 
29° 03 '1 5"462 

a.2 = a. + ~1Ia. 36°7520574 
36°45 ' 07 "406 

li U""'" 111 .1. 
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SPHERICAL PART t = tan ~ , Tl = e ' • cos (f, ;p =«h + <P2)/2 

~ 2 À2 c e,2 

~1 À1 ~ 
2 

n 

M /ü t 2 N 

zl= cos ~6À cos ~6~ z2= -cos ~6À sin ~M 

n1= -sin ~6À sin <jl n2= sin ~6À cos <jl 

z2 zl 
H a , + ( 2) a1= arctan - - arctan - a = n2 n1 

z2 zl U = s cos a a2= arctan - + arctan - - 11 n2 n1 

C' + 'j! V = s sin a 

S = 2N arctan ~ n~ 6a = a2 - al 
zl + n1 

ELLIPSOIDAL PART 

alO I aloM 
3 a30 a30M 

2 a 12 a 12MlIÀ 

! lIu u = u + lIu 

b21 
2 b

21
M /}.À 

/}.v v = v + /}.V 

2 
c 21 

c
21

/}.<P /}.À 
3 c03 c03 /}.À 

-
Ma /}.a=/}.a + Ma 

s = {u2 + v2 l ~ 

a = v 
arctan -u 

/}.a = 
. , , 

a l = a - ~lIa 

-
a

2 
= a + ~/}.a 



2.3.4. Integral equations for the geodesie; Bessel '5 method. 

A seeond fundamental algorithm dates back to the famo~s German 

geometer Bessel. 
The eharaeteristie feature of Bessel '5 method is the mapping of 
the geodesie from the ellipsoid onto a great eirele on a sphere, 
in sueh a way that eorresponding points have egual redueed latitu­
des on both surfaces. 
In this method the radius of the sphere is immaterial and that is 

why unit radius is used. 

For the ellipsoid holds: tan S = ~ tan . (cf. Ch. 1.2) (71) 
For the sphere the redueed and geographie latitude are identieal 

sinee a = b . 
An implieit property of the mapping af ter Bessel is the equality 
of eorresponding azimuts. 
Proof: Let P be an arbitrary point of a geodesie, Po the point 

111. 

of intersection with the equator and Pm the point with highest 
latitude, then Claireaut's formula for the geodesie yields ,see fig. 25: 
on the ellipsoid : a cos S sin a = a cos Sm (sinee sin am= 1) 

on the unit sphere: cos S sin A = cos Sm 

hence: A = a 

Sinee eorresponding points have equal {a,S} , it is not neeessary 

to introduce a different notation for these quantities, as it is 

needed for the arelength and the longitude. (see fig. 24). 
Let {l, À} be the longitudes on the ellipsoid and sphere resp., to 

be reekoned from the meridian through Po and 
{S, a } the arelengths to be reekoned from Po as well. 

Bessel attaeked the problem by eonsidering the differential rela­

tion between arelengths and longitudes in eorresponding points 

on both surfaces. 
For sueh points hold, (Consult table 2): 
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on the ellipsoid ds cos ct aV-1dS 

on the unit sphere do cos ct dS 

thus I ds -1 aV do 

on the ell ipsoid ds sin ct a cos S dl 
on the unit sphere do sin ct cos S dl. 

thus I dl V-1dÀ I 
(see fig. 24) 

W W 

ellipsoid sphere 
Figure 24. 

How to solve these differential equations? 

In order to be able to perform the integration of both 
d.e. with respect to the same independent variable 0 , 

2essel expressed V as a function of the constant Sm and 

the variable 0, and d" as a function of Sm' o and do. 

(72) 

(73) 



Figure 25. 

Applying the formulae of the general spherieal triangle (see 

Appendi x 1) to the reetangular spherieal triangle NP- Pm- P, 

we get for any point P: 

sin S = sin Smsin 0 

cos S = m tan À eot 0 

cos o = cos À cos S 

cos Sm= cos S sin ct 

Differentiation of (75) gives: 

eos-2À dÀ = cos Smeos-20 do 

and in combination with (76) we get: 

d -2 À ~ cos Smeos S do 

Using appropiate expressions for V, a and e2 from table 
1 and 2, and introdueing the auxiliary quantities 

(74) 

(75) 

(76 ) 

(77) 

(78) 

k = e's i n Sm (79) 

e = sin Sm and thus kie = e' (80) 

one finds for (72) and (73) in integral form: 

113. 
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(1' 

s = b 1(1 + kZsinZa ) ~ da 
-6 \ (]' Z Z 

1 b !(l+ksin cr ) ~ d 
= a cos Sm.)-'- 2 . 2 cr 

o 1 - c Sln cr 

Both integrals are of the elliptic type and they can 
only be solved by expanding the integrands in a Taylor­
series. 
To that purpose the following socalled Wallis integrals 

are introduced. see Z.l: 
q-

Wz = ~in2Pcr da 
p 0 a-

(p = 0,1, ..... ) 

(p = O,l, .... . ) I _jsinZPa da 
2p - 1 2 . 2 - c Sln cr o 

For p = 0 one gets : 

Proof: 

Wo = cr 

10 = À/cos Sm 

1 
2 . 2 da = 

c Sln cr 

which can be checked by differentiating the result. 
1 

With c = sin Sm one gets 10 = cos Sm atan(cos Smtan cr 

and using(75) one gets (86). 

Applying the binomial expansion for the inteorands of 

(81) 

(82) 

(83) 

(84) 

(85) 

(86) 

(81) and (82) and using the notation of (83) and (84) one gets: 

for the arelength: s = b l:(~) kZPW zp (p=O,l, ... ) (B7) 

for the longitude: = ~ cos Sm l:(~) k2P I2P (p=O,l, ... ) (88) 

with e.g.: ( ~3) = ~ ( ~-1)( ~ -2) 
. 2 .1 

By partial integration one can find recurrent relations for 

Wzp and 12p (see 2.1). 



~
------

W - 2p - 1 W 
2p -~ _ _ 2p-2 

1 . 2p-l - LP Sln cr cos cr 

I _ 12p - W2p 
2p+2 - c2 

and by successive substitution 

W2p 
·'·2 

c 

It was Levallois, 1952, who first introduced the above 
recurrent relations in Bessel's method. 

(S9) 

(90) 

Substituting (90) , for p=O,l, .... , into (SS) and collecting 
one gets: 

1 k4 
(~) 4' + 

C 

1 k4 
(2) 4' + 

c 
4 

+ (~) ;- + 
c 

From table I in section I it can be proved that 

(91) 

% = (1 + e,2) ~ = 1 + (1)e,2 + (~)e,4 + (~)e,6 + - (92) 

By substituting (90), (S6) and (92) into (91), we get: 

1 = À + cos Sm(BoWo + B2W2 + B4W4 + ... ) 

b with Bo = {a - I} 

B2 = {~(l + (f)e,2)- 1}c2 

B4 = {~(l + (I)e,2 + (~)e,4)_ 1}c4 

B6 = {~(l + (f)e ,2 + (~)e,4 + (~)e,6)_ 1}c6 

BS = •.••.•.•....•. 

115 . 
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Hence the integration of (72) and (73) has finally led to 

5 b (cr + A2W2 + A4W4 + A6W6 + ...... . 

À + cos Sm{BOWO + B2W2 + B4W4 + ... . ) 
'----

(93) 

and tr;he r~~r:r:~!!:L!:.~] ati ons: 

A = 3/2 - P k2A 
2p P 2p-2 (p=1.2.3 •... (94) 

with Ao = 1 

IB2P = C
2B2p _2 + ~ A2p 

with B = ~ - 1 o a 

Bessel '5 method has two main advantages. 
First. the series (93) that give the solution. converge 
very rapidly. and second. the factors An' Bn and Wn in the 
separate terms of both series can be expressed in a recurrent 
form. That is why a versatile and efficient computerprogram 
can be developed. suitable for any length of the geodesie 
and any demand of accuracy. The running of the program is 

ruled by a toleranee factor ~ that reflects the accuracy that 
is desired. 

In geodesy and hydrography there are many variants based on 
Bessel '5 method. They are known by the names of Rainsford. 
Vincenty. Helmert. Jordan. Sodano a.o .. 

(95) 

They make no use of recurrent relations and are distinguished 

by different prescribed accuracylevels and prevailing lengths 
of the geodesics. 
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THE IMPLEMENTATION OF BESSEL'S METHOD FOR THE DIRECT AND 
INVERSE PROBLEM 

Characteristic for both problems is the computation of the boun­
dary values al and O2 in the evaluation of the Wallis-integrals. 
The key formulas (93) are written in the following form: 

0=% - u with · u = EA2pW2p , P = 1,2,.. (96) 

Ài = 1 - v with v = cos Sm LBZpWZp ,p = 0,1 .. (97) 

u and vare small in comparison to the first terms on the 
right hand side 

Let l(G), À(G) be the geographic longitude on the ellipsoid and 
sphere with respect to Greenwich meridian, th en 'we have the following 
two cases: 

THE DIRECT PROBLEM given ~1' ll(G), al' ~s = s2 - SI 

find ~2' l2(G), a2 

Apply the following formulas of spherical trigonometry, taking P = PI: 
b - compute a.n with successively tan BI = ä tan ~ (71) 

cos a.n = cos BI sin al (77) 

- compute al with sin 0l = sin BI/sin Bm (74) 

- compute SI with (93) and s2 with s2 = SI + ~s 

Now 02 is computed from s2 by applying an iteration process on (96), 

according to the following scheme: 

02(0) = s/b 
k = 1 

u(O) = 0 

loop 02(k) = 02(k-1) - u(k-1) 
u(k) = EA 2pW2p (with argument 02(k)) 

if lu(k) - u(k-1) I < E , then goto end 
k = k+1 

go to loop 
ènd 02 = 02(k) 



118. 

- compute B2' CP2 and a
2 

using (74), (71) en (77): 

sin B2 
sin Bm sin O

2 

tan CP2 
a tan B2 b 

sin a 2 
cos Bm / cos 132 

- compute ,for i=I,2, using OS) or (76) , À. : 
I 

tan À. cos Bm tan o. 
I I 

cos À. cos o. / cos Bi I I 

- compute ,for i=I,2, using (93), li. 

- comoute 1
2

(G) = 11 (G) + (1
2 

- 11) 

THE INVERSE PROBLEM: given cp 1 ' <P 2 
and 61 (=1

2 11) 

find al' a
2 and 65 (=5 -

2 sI) 

- i ni t i a 1 i ze C 10- 8 
; k = 0 ; 6v(k} = 0 

- loop : 

finish 

6À (k) 61 - 6v(k) 

evaluate on unit sphere, starting from kno~m f',1' 

B2' 6À(k), and using appropiate formulae of the sphe-

r i ca 1 tri ang Ie 

and O
2 

(= al i 60). 

k = k + 

evaluate with series (97) and using arguments al 

and O
2 

: 6v(k} (= v
2 

- vI)· 

if Iv(k} - v(k-l)1 < C goto finish, else goto loop. 

evaluate ~lith series (96), and using argumcnls 01 and 

O
2

: 5
2 

and 51 and from them 65. 

print al' a 2 and 65 
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2 .5 Appendices. 

AP PEN DIX 1 SOME FORMU LAE FOR THE SPHERI CA L TRIANG LE. 

Law of si nes 

sin a 
s in a 

Law of cos ines 

cos a 

cos b 

cos c 

Law of cosi nes 

cos a 

cos 8 

cos Y 

sin b si n c STrïï3 ; sin Y' 

fo r s ides 

cos b cos c + s in a sin b cos a 

cos c cos a + sin c sin a cos 8 

cos a cos b + s in a s i n b cos Y 

fo r ang les 

- cos 8 cos Y + s i n 8 s i n Y cos a 

- cos Y cos a + si n Y s in a cos b 

- cos a cos 8 + si n a s in 8 cos c 

a 

c 

For sma II va lues of a , b,c or a , 8, y both laws of cos i nes become 
i nacc urate . They ca n th en bette r be rep laced by the fo ll ow i ng 
f ormulae . 

. 2 , s in za s i n2t(b c) + s in b s i n c s in2ta 

s in2t b si n2t<c a) + sin c s i n a si n2t8 

si n2tc s in2t (a b) + s i n a s in b . 2 , s in zy 

s in 2ta cos2t(8 + y) + s in 8 si n y s in 2ta 

s in2t8 cos2t(y + a) + sin y si n a si n2tb 

s in2h co/t(a + 8) + si n a s i n 8 si n2 te 
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The Five-Argument Fonnulde 

sin a c:o:s S cos b sin c - sin b cos c cos a. 
sin b cos y cos c sin a - sin c cos a cos S 

sin c cos a. cos a sin b - sin a cos b cos y 

sit, a cos y cos c sin b sin c cos b cos a. 
sin b cos a. cos a sin c - sin a cos c cos S 
sin c cos S '" cos b sin a - sin b cos a cas y 

sin a. cos b cos S sin y + sin S cos y cos a 
sin S cos c "" cos y sin a. + sin y cos a. cos b 

sin y cos a cos a. sin S + sin a. cos S cos c 

sin a. cos c cos y sin 8 + sin y cos S cos a 
sin S cos a cos a. sin y + sin a. cos y cos b 

sin y cos b '" cos S sin a. + sin S cos a. cos c 

The. Four-Argument Formulae. 

sin a. ctg B ctg b sin c cos c cos a. 
sin a. ctg y ctg c sin b - cos b cos a. 
sin S ctg y ctg c sin a cos a cos S 
sin S ctg a. ctg a sin c cos c cos S 
sin y ctg a. ctg a sin b cos b cos y 
sin y ctg B ctg b sin a cos a cos y 
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Delambre's Formulae 

sin f sin a+b sin c a -S 
2"" 2" cos 

~ 

sin ~ cos a+b cos c 0.+8 
2"" '" "2 cos - 2-

~ sin a-b sin c sin a.-a eos 
~ 2" """"2 

cos f cos a-b cos c sin a+a 
2"- = 2" ~ 

sin a. sin b+c sin a ~ 2" 2"" 2" cos 
2 

sin a b+c a 
~ 2" cos 2"- cos 2" cos 

a sin b-c sin a sin ~ cos 2" 2"" 2' 
a coS b-c a sin 9 cos "2 2"" = cos "2 

sin ~ sin c+a 
sin b 

~ 2"" = 2' cos 

sin a cos c+a b y+o. 
2" 2"" cos 2' cos 

2 

cos 8 sin c-a sin b sin 1..::.3:. 2" ~'" "2 2 

cos a cos c-a b sin y+o. 
2" 2"" cos 2" 2 



Napier's Analogies 

a-8 cos ~ 
a+b t c a+a tg ~ ~ g 2 cos ~ 

a-b _ 
tg ~ -

a-a sin ~ c 
tg 2 a+a 

sin ~ 

cos 9 a 
tg ~ = tg 2 eos ~ 

sin 9 b-c a ~ t~ ~ = tg 2 sin ~ 

y;a 
b cos ~ 

tg ~ = tg 2 cos Y2a 

~ sin 2 b 
tg ~ ~ sin c-a = tg ~ Y2a 

a-b cos -r a 
y a+b ~ = ctg 2 tg ~ cos ~ 

a-b sin ~ 
a-a - ctg ~ a+b tg ~ - sin ~ 

b-c cos ~ a ~ = ctg 2 b+c tg -z- cos ~ 

.ê..:..Y. tg-z-

b-c sin ~ 
ctg ~ b+c 

sin ~ 

C-3. a cos ~ 
tg ~ = ctg 2 cos ~ 

c-a sin ~ 8 _ 
v-a ct~ ~ c+a tg ~ 2 - ~ sin ~ 

123. 
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APPENDIX ·Z MAP PROJECTIONS OF THE 'NORTH SEA COUNTRIES~ 

From : Rapport général no. 2, La neuvième assemblée générale de 

L'Union Geodésique et Geophysique Internationale, 

Bruxelles, 1951. 

~: Norvay 

lI!!!!.! 2t. proJcctlons Transverse Mercator 

~; Geodotlc anà Cartographlc 

Exolanat1on: Thls projection 1s used for computatlon of rectangular coordlnates of all .tr1a.ncu­
Iat10n ln Norway a1so ror · the Dodern topographical maps. The country 1s d.1T1ded 1n~o 
8 strips, each or ."h1ch 1s referred to 1 ts central merld!an, along ,.,hich the scah ia 
true. 

~ eguatlons: 

Spoeroid: Hod1fied llesse1 

lIliere L 1s 
10ng1tude trom 
central merld lan 

For meanlne of coefflclents soe: Jordan: 
"Handbuch der VermessungslruDde" Band III p 499. 1923 Edit10n 

1 
a = 6377492 .018 m. · f = 299.1528 

.lln.ll .21:~: Ueter 

Constants (includlng scale reduction and orlgin): The axes correspond to the follow1.ng 
8 centra! mer1d1ans: 

4° 40' W Oslo J 
2° 20' " " Orig1n at 580 l atitude 
0° 00' ti " 2° 30' E " 64° 
6° 10' " " 66° 

10° 10' " 68° 
140 10' ." " " 68° 
18° 20' 11 68° 

OSlo 10° 43' 22~5 E. Gree",,1ch 

.I.IP.! .2!:. ~ (lncludlng accuracy and interval): Thora are WO sets of tables, one g1v1ng 
r ec tangular coord1na tes for 1ntervals 10' la ti tud es end 10 I long 1 tude referred to 
Oslo, the other ono 3'1v1ng rectane;Ular coord1..rw.tes for lntervals 2' lat1tude a.m. 
)1long1tude referred to Greenv1ch. 

The.accuracy of the former 1s 0.01 m and of the latter 0.1 m. 

Geo"raphical ~ .su: ~: 
Latitude 58°_64° I' 640_680 Ra~e o~ lone1 ~ude fr~ ax~s ~:6~ I 

48°_71° 2°20 ' 

Not avallable 



~I Graat Brlta1n 

~ ~ prolect1onl Transverse Harcator 

l/[!!.I G<3odetie and Cartographic 

EXPlanatio~1 Used for all trlangulAtion and mapping vork in Great Britain. The ba.ic triangula_ 
ion is adJusted on the projection, &1ving plane rectangular coordinato. direct. 

Mapplne 8guatlonss None used. All map! are . gr1d sMets. 

Spheroidl A.iry ~ .2!:.l!!.!l&Sl!1 International metre 

Constants (lncluding s cala reduct10n and or1g1n), 

cen~al Meridian 

Em:~~8~~tro~es of oriein 

2° west of Gre enw1eh 
~ nor th 
1/2~ a.:~;~~~ aast, 100,000 metres south 

~ 2!. ta~lr (ineludine accuracy and interval) I 
nerval 1 1 of arc. 

(Fo = 0.9996012717. loglO = ï.99982680) 

Tablas deslgned for machine computa tions. 

Comoutatlon 

Rectangular co-ords from ge ographicals 
Geographicals from rectangular co-ords 
Convergence from roctangulars 
Convergenc e from geographicals 
taea1 scala factor trom geographicals 
Local scale factor from rectangulars 
t - T (Projectional) correction 

Ta bula ted to I 

0.001 ma tres 
0.0001 
0.001 
0.001 
0.0000001 
0.0000001 
0.001 

Geor;raphical extent of tablas I 
Cen'trä!""""Rei'Id~ 

From 49° to 61°. north and approximatelY 350 km E. and V of 

Tables ava11able B22!l reque s t .!1:.2!!!: 

Hls IlaJesty's Stationery Office, Loooon 

lC.2tl: 
1. Cons tants, Formulee and Hethods used) 

in Transverse J.!ercator ) Price 1/-
Projeetion ) 

ProJect1on tnbli .. for tl\e . Transvers.) 
J.!ercator Projection or ) Price 4/-

Great Britain ) 

125. 
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Couhtry: Gormany (Oout.cho Dunde.ropubl1k) 

1!!l!!!! .2f. IIrolootion, GIlu •• -Krügor 

!!U: Gooc1à.iG Wld Kartographio 

Rxplnnatloh: Dlose Projolttlon dicnt dûr Darstollunr, dos d6utsctlOn Holch::ldrolecY..snotzos 
(vorlA.u!'lg wld endgü1t1t;) und dOl' nnr.o:Jclüos~onou IAndernotz&. 

KArtocraphlsch ",lrd slo lil: GrWldlago CUl' dia doutscho GrUJKlkarto ll~,OOO bonutzt, 
und %.T. rür 1125,000. 

!!äI!J!!M "Qua ':ion .. 81eh. die eln.clll.äcicon VorOfrontl1chungon 

~, Do.sol 

Constants I (lncludlng senle l'oductlon o.nd orlcln) 

Horidlanstro1fon Ilr. 2 4 

IU ttolmorldlan 6" 9° 12° C).V. 

Xo 0° ')0 0° 

y 
0 

2 500 000 3 500 000 4 500 000 

Ho.sshbsroduktion 0 0 0 

~ ~ 1ä!!ill (lncluding accurac)' and interval). 

1) G. Thllo: Anwoisullf,on Wld Tafoln zur Borochrrung 
GauSs-Krl1g_r.cher Koordinaton. Berl1n 1921 • • 

Gr. 

2)~. Formoln wld Tafeln zur liorechnullg dor elllpso!dlschon, 
der-konformen Wld der goo~raph1schtm Kaord1naten und d€:r 
Rechen"",.chinen. Stuttgart 193<. 

. . 
3) ~ K ... .Ilrlst"". Oio G<lus.-Krür.cr"chon Koordinaten auf de", 

. taffp.äId:-r:Oipzig-Dorl1n 1943. Gonau1cl:01t: 1 cc, :~ur 
Umforll!Wl8 Wld rur die boidon cooc1~ tischo., liauptaufeaboJl. 

4) Dlo.ttl3neckouwerto dor all\tllchen doutschan K.:l!'touwo:rko. 

010 TafelI1 .iod vorCl'iffon. 

COWltryl GorUiany (Deut.oho DWldesropublik) 

~ .2f. proloction. Preu.s1'che POlyedor"Projekt1on 

Us o. Kar tocraphio 

Explonntion. Dioso Projoktion diont nls Grwld1ago f!lr die Kartolll .. orlte 1.25,000, 1: 50,000; 
1'100,000 und toU.:o1 •• 1:300,000. 

~ eguations: "llatürl1che" Abblldung 

Bessel .!l!!.ll .Q[ l AIl,th: Iloter 



Ç.ountr:l:: ' The lIotherlands 

~ .2!: nroloctlonl Storeoerllphic 

.Q!!I Goodetlc and Cartographic 

W
1ana tl°~ppi~S a~~~~~~;l~~ ~~e U~:~h~~la~~~~l ~~~l~~~:~y c~~i~~~~~r~~s Is a:dj~!~e~S o~y t~l Ressel 

spheroid. Tho eeographic pos1 t i on.s of· the prlmary trlangula tion points <lre firs t projected 
conforma~ly on 'a sphere, wlth a radius equal.to the mean radius of curvature v'1frT of the 
spherold at the central point. The geographic pos ltlons on the sphera ara transformed to 
plane coordlnatos by stereograph1c projectlon. 

~ eguntlons: 

Spherold: 

I.>.t1tude ) 
Longitude) on the spheroid 

.r ~~~~~~el on the sphere 

Index 0 refol's to tho central point 

1-1..· (Á-)..).,r'J (À->.J 
'f- r. • (~-'fl.) .. [zJ (~-t/J,) ''['](4)-~.)I+[ .. J(4>- 4>.)J 

[ ] ", .. t 
Jr., • Cf .si" t(Y'''V/o) 'osf(lJr-~.) 

• S,,, iCl" .. J tg ~ ( .l-.l.) 
eui, (>/1-'/',' • 

.2./I-,tgfpco.' iJ> 
Ir [I/]tg te "'-.,.) 4- X tg fp 

Bessel loC a =' 6.80>,6434636" 
log b = 6.8031892838,8 

Unit of leneth: . US"ing the international r.leter 
as unit of l cncth a correction must 
~ 1~~P~~~6~7th. lenc ths of 

Constants (includ1n:: scale reduction and orlc~n): qentral point 1s Amors foort 

1. = ,0 23' 1,'),00 1!. = ,2° 9' 22'a78 
\\ = ,2° 7' 1,.9,0 .1.. = idem 

loe r = 8.80,0006.61 (r = radius of sphere) 

log L1J = 6.667 -10 
log C2J = 7.10111n-1O 
10e C31 = 2.373 -10 
log C4) = 6 .275n -20 
log {91 = 6.8049607 
log (llJ = 7.1059907 

Beale reduetion at central point. 107 log lIlo = - 400.0 
Scale reduçtion at an arbitrary point -10 

loe ml = log mo + 266.,6xlO (X/<Y/) 

Tables avnl1able .!:!I!.Q!3 roquest fr om: Tablos are not aval1nble 

Llterature: "De storeografische kaartprojectie 1n hare toe pass ing bij de Rljksdrlehoeksmetlng." 
Aval1able upon roques t frolD: RIJkscor.w1ss1e voor Geodesie, De Irt, Holland. 

127. 
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~I a.leil .. 

~ lL( ~~!<.U.2!I' Lo,,"ort 

ll:.:.2.& GelJÛotlc and Catr tocraphlc 

EInlAootlool lJsed for 1.1c.1.pplng the sheots of the ne" IMp on $c.lle, 1/;~51000, 1/50,000, and 
1/100,000. Tho 11nlls of tho ~hoet, :lTB ho/ever UV! StiJilU:.1:# n OUT aId nc..P. for 
whlch thl oquivalont projccU,m of Uonna was used. The bll~1e trl.1nr~ ul.ltlon 1s 
&dJustod on t'\O 'sphcrold and .::<? .. lr.raphic: posltloru t.ransrorr.od to plane c:oordlnates. 

ll!!..I!I!.1!I& !S!IillQ!l11 

x c 15°,000 + , sin e 
Y c 5,ltoo,ooo - 'p co. e With p c C(te ~ )n e c nA 

Z ( .. i!)(l+e!Jlna)~ tg '2 c tt 1; - 2 1 _ e .in 

Il , .>.; 13t1tude aln 1oö.~ltude (eccentrlcl t)·)2 c 

n snd C llr. tvo c:on:s tant, COllj)\lted by tho formulas I 

_ 108 cos III - 108 cos "2 - 10~ AJ + log 1.2 

D - ----Hi~~ -;;r loC tg ~ c c 
a cos ,,} 0. cos '2 

A2n (tl ~ )n 

'111 ~2 c 1.1 tit\,'de of the two fWldal:1cntal por.Uel • 

. 11.2l1ll5!!.4' International 

!O.!mlU-lll Oneludlng .ea t. redue tlon and orlgln), 

111 = 49° ~, 

162 z 51° 10' 

n = 0.771 6"2 1928 

Log C = 7.06) 180 0267 

, I:L!!.!. 2!. ".able (lncludl~ accuro.cy nnd 1ntorval): T.lble livinel 

~: fr •• 

1) p a. fWletion of 16. Interval l' , for "9° 23' < ,,< 51° "0' 

2) S1n e aoJ 2 sln2 ; a. f".neLlon of Á. Interval 10" for 0"<..1.", 2° 10' 

{
A •• A Il_ +ellA 

j) V3luc:;; of thtl coeftlclents A.,~.C.D 1n tho folr r:IlIl:t. :l Ay. C 4_ .DAA 

4) scal~~r.~~~~ ~o~~~('~~~~~5ary~\ )l:~e~~c~~o~o~i!u~e a~~\eÀo7v~~~:~~~ls~ 1 ~~or k ond 
t-T, 1" tor 6. h) as t\Ulction of x .:lnd 'I: int~rva1!1 10,000 m. H1th tI'.8 
valu~:J ("IC rllCferf.lnc85 

49° :-J' < lIJ < 5to "0' 
- 2° 10' < ). < 2° 10' 

T'le rn~rl (I1Qn of rc:rcr~!H:c I!: thnt of Prlls!:ol:::. ,,,h' .'f.IJ lOfl(.ltude 
• :' 1,0 22' ()I1~71 B.:.I!. t of Creon\llch 

rlonsleur Ie ()jrf'lcteur CênJra.l de 1'1n!l':.ltut 
GOoJ:ra")h.1quo I"':llltalre 
2 A11óe du C!nttre 
Uruxellcs 



Country! France 

~ .2!: pro'ection: Projoctlons coniques conformes de Lambert (I;II;iII;IV) 

~: . Géodésique et cartographique 

~ eguations: 

- (.( - Lo) sin Lo 
R = Ro e 

Ó = sin 'Lo x 4 Jo! , 

X - 600.000 + R 'sin Ó 
Y 200.000 + (Ro"-R cosó ) 

.t latitude isometrique, /. (d 
Ro 8 0 No cotg Lo 

Spherold: Clarl<e 1880 

a 
b 

'" 

Unit .Qf lenrrth: metre 

Constants (including scale rre~d~u~c~ti~o~n~a~n~d~or~i~g~i~n~)~:_"~ ______________________________________ -, 

1'10 
Parallèle Central Lo 

sin Lo 
!lo 

Réduction dl échelle 80 

Lambert I 
Zone llord 
oG Pari. 

51' 
0.76040.59656 
51;51.616.680 
0.99987.73411 

Lambert II 
Zone Centra 
OG Paris 

52G 

0.72896.86274 
5999.695.770 
0.99987.74203 

~ .2.!: ~ (includine ~ccuracy and intervul) I 

Lambert III 
Zono Sud 
OG Paris 

49G 

0.69591. 27966 
6591.905.080 
0.99987.74993 

Lambert IV 
Corse 
OG Pari. 
46G 85 
0.67126.79323 
7053.300.180 
0.99994.47095 
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l-Transforrnatlons en coordOIUl~es g~ograph1ques (et vice versa) par les formules de base 
L (R2) à 0"0001 

2R (L) au m/m152G50 [OIQu 57G70 I 50Gaç [o ,qu 51;G 501 47GoO [0,01l 5lGOO I 4~BO [O,OJ) 47
G

90 
2-E (R )-E (L). t'lbles de 1 'echelle locale a 8 decimales , 
3-Tables peur la reduction a~gulalro à la projectlo:l, entree par L ou R2 

~~~d:~tt~Gl~ ~bî:~itude : 
tables c. lcul~es Ide 52G50 à 5~70 I de 50Goo à' 51;G50 I de 47Goo .;. 51GOO I de 4f80 à 4~90 
Cette extension en La ti tude es t teiie que chacun des ensembles géodéslques cçlnstl tuant I 

la Géodesle Prlrnordlale Francalse (en ce qul concerne la ;er ordre cocplI"e) puisse etre calcule 
d'un seul tenant dans un système \UÛque. Pour l'exploitation en 20 ordre et Géodés le Coruplre, 
lIextension officlellc des zones est défln1e par Ie tableau dtassemblage joint.II y a un 
recouvrecent d 'une feuille au 50 .oooe. c= 20 KB) entre zones adjacentes. La table IV concerns 
excluslvement la Cerse. . 

I 
, Tables de PaS!ja e entre zones ad acentos. Pour Ie passa~e entre les coordoMees de 

systemes adjacen~~ dans une zone e recouvrement de 180 Km de ~uteur-Formules de traru.formatlon 
~~~~~eI~e~~€~;t ~trf.· r1~~:~taff~d~~~~;~:IIf~rre 20 Km. Precision: Oc,OI; 4 Tablas 

Ta~;~~e:'1~~~~~;l tes: POllven t ~tre obtenues en tlraee photocop1~. AdrB sser les df.}mandcs au Bureau 
Technlque de la 2e D1rect!.on de l'Inst1tut céocrap:l1que Nat1oml, 114, Av. Klebcr, PARIS 

, 'ij" ~ 
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Appendix 3. 

Transforma tlon from x, Y (RDl to Eastlng, Northlng (UTMl for zone 31. 

E = 663395 .607 + (X-155000) + àX 

N = 5781194 .380 + (V - 463000) + àV 

àX = A .P - B.Q + C.R - D .S + E.T - F.U + G.V - H.W 
àV = B.P + A .Q + D.R + C .S + F.T + E.U + H.V + G.W 

x = (X - 1550001.10-5 

P = x 
R=P.x-Q.y 
T = R.x - S.y 
V = T.x - U.y 

A = -51.681 

C = +20 .172 

E = + 2.075 
G=+0.075 

y = (V - 4630001 .10-5 

Q=y 
S=P.y+Q .x 
U = R.y + S.X 

W = T.y + U.X 

B = + 3290 .525 

D = + 1.133 
F = + 0 .251 
H = - 0 . 012 

Transformation from Eastlng, Northlng (UTMl to X, Y (RDl for zone 31. 

x = E - 663395 .607 + 155000 - àX 
V = N - 5781194 .380 + 463000 - àV 

àX = A.P - B.Q + C.R - D.S + E.T - F.U + G.V - H.W 
àV = B.P + A .Q + O.R + C .S + F.T + E.U + H.V + G.W 

x = (E - 663395.6071.10-5 

P = x 
R = P.X - Q.y 
T = R.x - S .y 
V = T.x - U.y 

A = + 56 .619 
C=+20 .184 
E = + 2 .082 
G = + 0.070 

y = (N - 5781194 .3801.10- 5 

Q = y 
S = P.y + Q.x 
U = R.y + S.x 

W = T.y + U.x 

B = + 3290 .362 
0= - 0 .861 
F = - 0 .023 
H = - 0 .025 



U.T.M.- CORRECTIETABEL VOOR AN (cm) 

N-N'+4N 

... 
o 

N is exacte U.T. M.- northing 

N' is U.T.M.- northing volgens 
4e graads transformatieformule 

. 
o N 

o 

uo+-4-4-4-~~~~~~~-+-+-+-+-+~~~~~~~r-~ 
I I 

-r I 
.oo ~l---1- .~--;....--+-

+ I 

).-
~_. ___ ~_-+_-+_~~/~;~-4L-~= 

/ ' 

( I 
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._-'--....,.0 ---l,+->.-~\-..l.' -----,l<--"""---;,I--'-+~+-~_~ _ _ ~.?-..,...."F---4.0 

] 
-; 440 __ -+-~,...+.._....L+--I.\~....:).,_~_ .+--.."L-4-+--,+ 

420 . 

-i-

x(km) 

... 
o 
o 

440 
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UT.M.- CORRECTIETABEL VOOR 4E (cm) 

E'E'+6E 
E is exacte U.T.M.-easting 

E' is U.T.M.- easting volgens 
4e graads transformatieformule 



APPENDIX 4 TRANSFORMATION EQUATIONS FROM ED '50 TO WGS '84. 

In order to obtain a better oyeral I fit for Western Europe, 

regression equations are deriyed instead of a mean datum shift 

for the whole continent. When GPS becomes fully operational, 

WGS '84 will be its reference frame. 

2 ó~ = -2.65468 + 2.05138 u + 0.42259 y + 0.48984 u2 - 0 . 73355 y + 

133. 

+0.90920 u3+ 2.53147 U2y - 0.72020 Uy2 + 3.86471 Uy3 - 0.59211 u5 + 

-4 . 04947 U4y - 3.38467 Uy5 + 4.77265 u4y3 + 0.54156 y8 - 7.56917 u6y9 

óÀ -4.45500 - 1.61659 u + 1. 95078 y - 1.81975 u2 + 0. 53202 Uy + 

3 2 422 4 -0.65346 u - 3.67576 Uy + 2.10356 u - 2.43915 u y + 1.38903 y + 

+1.14509 U4y + 11 .89961 Uy4 8 . 48517 Uy6 - 0.51702 y8 + 

-3.31646 U9y4 + 6.46701 u9y9 

óh = +36 . 052 - 28.813 u - 18.352 y + 13.678 u2 + 3. 769 Uy + 3.316 y3 + 

+33.994 U7y + 5.416 y8 - 129.330 U6y4 + 147.344 u6v8 

M en óÀ in seconds of arc (") , h in meter (m) . 

~ = Geodet i c latitude in degrees and decimal part of degree, 

positiye North. 

À Geodetic longitude in degrees and decimal part of degree , 

pos i ti ye eas t from 00 to 1800 and negatiye west from 00 to 1800 . 

h = Geodetic height. 

~(WGS '84) .jJ (EO '50) +M 

À(WGS '84} À(EO '50} + óÀ 

h(WGS '84} h(EO '50} + t;h 

u=k(~ -52}, y = k(À - 10), k = 0.0523599. 

Testcase : cjl 

!lcjl - 3" 115 , C>À = - 3"717 !lh 41.16m. 

The eli ipsoid is the Geodetic Reference System model of 1980 (see tabel 3) 

A 2nd printing of this OMA Technical Report (30-9-87) gave slightly 
different results. 
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2.6 Exercises. 

Exercise 1. 

Given The geodetic coordinates of station P in the national datum of 
the Netherlands. 

~ = 51 059'13"310 = 510987031 

À = 4023'15"765 = 40387713 

h = 30.10 m 

Find The geodetic coordinates of P in the European datum E. 0. '50. 

Solution: There are two methods based on 
1) the scheme on page 

and the example on page 

2) the linearized equations on page 

page 
This last method is worked out below. 

and table on 

(

-0 . 78556 
-0.07651 
0.61403 

-0.06027 
0.99707 
0.04711 

0.6
0
1584 ) ( 676.52) 

121. 57 

0.78787 595.27 

( 

3.23838.10-3 

+ 0 

-0.99793 

3094~.102 ) 

19794.102 

( -172.18 ) (152.66)_ 
\ 69.46 + 0 -
\ 890.13 -893.19 

E.D. '50: 

(

990.85 ) 

48298 . 10-9 . 

(

-19.52 ) 
69.46 

- 3.06 

/:,~ = -3.0617 10-6 rad. = -0"631 
/:,1. = 1.7685 10-5 rad. = +3"646 
/:, h = -3.06 m 

~ = 51 0 59'12"679 
À = 40 23'19"411 

h = 27.04 m 
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Exereise 2. 

Given Points 1 and 2 on Bessel 's ellipsoid. 
1: tp = 45°0'0", À 0°0'0" 

2: tp = 55°0'0", À = 10°0'0" 

Find The length of the geodesie, joining both points and the azimuths 
in both endpoints, aeeording to Bowring's method. 

The solution aeeording to Sehödlbauer is given on page 

Solution: 1) Find the parameters of the Gauss eonformal projeetion, using 
tp = 

0 
50°0'0", À = 

0 
5°0'0" as a eentre of projeetion 

2) Transform the ellipsoidal {tp,À} of both points into the 
spherieal {~ , A} , using the isometrie latitudes q and w as 

intermediate quantities 
3) Use the spherieal formulas (represented in the upper part 

of the form for the eomputation af ter Sehödlbauer). 

Exereise 3. 

Find For the above points the length and the azimuth of the rhumbline 
joining both points. 

Solution: The differential equations for the rhumbline are the formulae 

(51), (52) and (53) on page 

With d M d 
q Ncos tp tp 

( ) dq _ cos a 
one finds for 51 : as - Ncos tp 

(52) d" sin a 
as = Ncos tp 

From (51) and (52) follows .gr = eot a , 

with a = constant. 

Integration gives 
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Eq. (1) can be written as M d~ = cos ~ ds. 

~2 
Integration gives f M d~ = cos ~ f ds 

~1 

or s = _1_ f M d~ - f M d~ { ~2 ~1 } 
cos ~ 0 0 

(see formulae on page 

Exerci ~e 4. 

Given The above points as well as the distances 513 = 1500 km and 
523 = 800 km to a third point (both measured along the geodesie). 

Find The geographic coordinates {~3, À 3 } with 0"001 accuracy. 
Solution: Step 1: Find approximate coordinates {~~1), À ~I)} by spherical 

computation, on a sphere with R ~ 6380 km. 

~: Find, for the approximate coordinates, the distances 
s~~) and si~) by applying the exact algorithm af ter Bessel 
(2.3.4, page 

Step 3: Formulate two linearized distance equations (according 
to 
{ll~( 1), lil, (I) }. 

Step 4: Return to step 2, until I ll~1 IllÀI is less than 0"001. 

3 



3. ADJUSTMENT, TESTING AND FILTERING. 
G.L. Strang van Hees 

3.1 Matrices and least squares adjustment. 

3. 1.1. Matrices and determinants. 

A matrix is an array of numbers with n rows and m columns, e.g. 

+-m_ 

~ (~:~~) 
! 2 4 8 1 

n", 3, m '" 4 

An element of matrix A is aij 

i", row number, j '" column number. (~i a . . ... ) 
~ lJ 

j 

A sguare matrix is a matrix with n '" m. 

137. 

A symmetrie matrix is a square matrix which is symmetrie with respect to the dia­

gonal. 

A diagonal matri x is a matrix with zero elements outside the diagonal. 

The transpose of a matrix A is obtained by interchanging the rows and columns. It is 

denoted by A* or AT. 

4 

A* 
7 

A matrix with one column is caUed a vector and with one row a transposed vector, 

e.g. x * '" (2 5 3 7). 

Multiplication of matrices: 

m 
L a .. b' k '" C' k j",l 1 J J 1 

(Row Ai).(column Bk) '" eik 

m 1 

"8 m[J 
Ai 1 > 
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The same rule holds for vectors, e.g.: 

x* • x 

Determinants. 

The determinant of a square matrix is a number computed from the elements in the 

following way: 

2 x 2 matrix A: Det. A = I~ ~ I ad - bc 

3 x 3 matrix A: 

Det. A = I ~ b 
e 
h 

Cfi I = aei + bfg + cdh - ceg - bdi - afh 

di'agonal '(0 right I ~iagonaï to lef~ 

To compute the determinant of larger matrices we introduce subdeterminants or 

minors. 

Each e lement aij is associated with a number Aij' called its minor, which is the 

determinant of the matrix that is obtained after row i and column i have been 

from A. 

E.g. in the 3 x 3 matrix above the minor of dis: 

minor d = Det. I ~ ~ I = bi - ch • 

The determinant of a n x n matrix A is the sum over one row or column of + A 
- aij ij' 

+ if (j + j) = even, - if (j + j) is odd. 

n 
(_1)(i+j) Det. A = l: a .. A .. 

or j=l IJ IJ 
(1) 

n 
(_l)(i+k) Further l: ai/ik 0 if j " k 

i=l 
(2) 
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Properties of determinants. 

1. If two rows or columns are interchanged the value of the determinant is multi­

plied by -1 (change sign). 

2. If two rows or columns are equal, the determinant is zero. 

3. If a row or column is a lineair function of the other rows or columns, the deter­

minant is zero. 

4. If the elements of a row or column are muItiplied by a constant, the 

determinant is also multiplied by this constant. 

5. If the elements of a row or column are added to an ot her row or column, the 

determinant is not changed. 

6. Det.(AB) = Det.(A). Det(B). 

Square matrices. 

The dimension of a square matrix is its number of rows or columns. 

A reqular matrix is a matrix with determinant not equal zero (Det. Ic 0). 

A sinqular matrix is a matrix with determinant equal zero (Det. = 0). 

The rank of a matrix is the size of the largest minor with Det. Ic 0, or for a regular 

matrix the dimension of the matrix itself. 

The trace of a matrix is the sum of the diagonal elements. 

The unit matrix I is a diagonal matrix with all elements equal one on the diagonal. 

Property: I A = A and A I = A. 

Inverse. 

The inverse of a square regular matrix A, denoted by A-I, is the matrix that 

satisfies the equations: 

and (3) 

A regular matrix has only one unigue inverse. 

Computation of the inverse: 

Rule of Cramer: 

Suppose A-I = B* , then 

b .. = (_I)(i+j) DeAiiA 
1 J t. 

(4) 

Aij is the minor of aij 

A-I is the transpose (1) of B (don't forget this). 
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This rule is practical for small matrices. For larger matrices fast computer­

programs are available. 

An orthogonal matrix is a square matrix for which 

A . A * = diagonal matrix. 

An orthonormal matrix is a square matrix for which 

A . A * = lor: A* = A-I 

The determinant of an orthonormal matrix is one (Det. A = 1). 

Properties of matrices. 

AB t 
(AB)C 

(A+B)C 

C(A+B) 

(AB)* 

(ABrI 

(A -1) * 

(ABC)* 

k(A) 

ABA* 

BA (unequal!) 

A(BC) = ABC 

AC+BC 

CA+CB 

B* A* 

B-1A-1 

(A* r 1 

C* B* A* 

(change sequence) 

(change sequence) 

(kA), each element multiplied by a constant 

C, C is symmetrie if B is symmetrie, Band C are square. 

Special case if B = I: 

AA * C C is symmetrie and square, A need not to be square. C is 

positive definite. 

A symmetrie matrix C is called positive definite if x * Cx > 0 for each arbitrary 

vector x. 

Example: x = (;), C = (~ ~ ) then: x*Cx = ax2 + 2bxy + cl. 

The diagonal elements of a positive definite matrix are all positive (aii > 0) and for 

h · d " 2 eac 1 an J IS a ii a ii > a i i . 
C is positive definite if: a > 0, C > 0 and ac > b2• 



3.1.2. Linear eguations. 

Three linear equations with three unknowns x, y, z can be written as: 

u = ax + by + cz 

v = dx + ey + fz 

W = gx + hy + iz 

or: u = Ax 

or: 

We can distinguish three cases: 

1. Suppose A is a regular matrix. Solution: 

x = ku + Iv + mw 

y = nu + ov + pw 

z = qu + rv + sw 

or: x = Bu 

or: 

substitution of (5) in (6) gives: 

x = BAx or BA = I 

so B = A -1 (inverse) 

(5) 

(6) 
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2. As second case we suppose th at there are more unknowns than eguations. Thus A 

is a (n x m) matrix wi th n < m. If there is a solution, th is solution is not unique but 

one element of a set of solutions. The general sol ut ion is again: 

x = Bu 

but B satisfies the condition: 

ABA = A (8) 

Proof: u = Ax = ABu = ABAx. 

B is called the general inverse of A and is a set of solutions. If A is a n x m ma­

trix, n < m, and rank n, then: 
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m 

B = PA * (APA* r 1 with n~ (9) 

where P is an arbitrary regular m x m matrix. Check that (9) satisfies (8). (APA* 

is a regular n x n matri x and can be inverted. Each P gives an element of the set of 

solutions B. 

3. The third case is that there are more eguations than unknowns. Thus A is a n x m 

matrix with n > m. There is in general no solution that satisfies all equations. 

However, one can try to find a solution that fits as good as possible, that means it 

minimizes the sum of the squares of the deviations. It is called the least squares 

method (see adjustment). 

A is a (n x m) matrix with n > m and rank m. The general inverse of A satisfies 

again (8), and can be computed with m 

{J (10) 

P is called the weight matrix th at belongs to the vector u. u is often the result of 

a measurement. B satisfies again (8). (A * PA) is a regul ar m x m matrix. The solu­

tion (6), x = Bu,does not satisfy (5) completely but gives a vector of deviation d. 

u + d = Ax with x = Bu (H) 

This solution minimizes the deviations d in the following way: 

d* Pd = minimum. (12) 

If P is the unit matrix I, (12) re duces to 

1: i minimum • 
. 1 
1 

3.1. 3. Stochastic guantities. 

In mathematics numbers are always exact, e.g. 5 means 5.000000 •••• However, the 

result of a measurement is never exact, it always is an estimation with a certain 

degree of uncertainty. This uncertainty can be described by a probability distribution. 

Usually the normal distribution or Gauss curve is assumed: 



a 

m x 

m = mean value. 

o = standard deviation. 

f(x) a . 
2 

(xv--mm\ -
exp(- ~) 

20 2 

The results of a measurement should always be given as: 

- estimation of the mean valuej 

- standard deviation. 
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When the standard deviation is not given, the results can hardly be interpreted, 

since we do not know i ts worth. 

The square of 0 is called the variance 

var(x) 

Correlation. 

2 o 
X 

Two different stochastic quantities can correlate, th at means that a deviation in one 

quantity tends to change the deviation in the other quantity. The deviations are 

correlated. It is expressed mathematically by the covariance bet ween two quantities 

x and y. 

cov(x,y) = 0xy = E{( x-x)(y-y) } 

E stands for the Mathematical Expectation, that is the theoretical mean value over 

an infinite number of values x and y. x, y are the mean values of x and y. 

The correlation coefficient p is defined as: 

= °xy p 

Always is: -1 ::: p ::: +1. 

cr xy ~ 0 means no correlation. 

In matrix notation the variances are also expressed as the product of two vectors. 

var(x) = Q(x,x* ). 0 2 

cos(x,y) = Q(x,y* ). cr 2 

If x is a scalar, var(x) is a single number, 

but if x is a vector, var(x) is a matrix. 

, 'i" 
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50 the diffence between cov(x,y) and Q(x,y*) is only the proportional constant a2• 

Usually a2 is chosen such that the elements of Q become numbers around 1. 

Q(x,y* ) is called the matrix of weight coefficients, a2 is a proportional constant, 

called the variance factor. 

Q(x,y * ) can be written as a symbolic product of vector x times transposed vector y. 

3. 1. 4. Law of varianee and eovarianee propagation. 

A funetion of stoehastie quantities is again a sta eh ast ie quantity. The varianee of this 

funetion ean be expressed in the varianees of the primary quantities. 

The law of error propagation, or better covarianee propagation consist of two steps: 

1. Differentiation. 

2. Multiplication. 

Symbolie multiplieation of two differentials gives the covarianee: dx.dy =: Q(x,y). 

The best way to explain the eovarianee propagation is to demonstrate it by a 

number of examples. 

a. z = ax + by, x,y,z stoehastic; a,b constants, x,y,z are scalars 

b. 

differentiate: dz = adx + bdy. 

multiplieate: Q(z,z) = a2Q(x,x) + 2ab Q(x,y) + b2 Q(y,y). 

z = x sin y x,y,z stochastie 

differentiate: dz = dx.sin y + x cos Y dy. 

multiplicate : 

Q(z,z) = sin2y Q(x,x) + 2x sin y cos y Q(x,y) + x2cos2y Q(y,y) 

c. u = x sin y x,y,u,v stochastic scalars 

v = x cos y 

. differentiate: du = sin y dx + x cos Y dy 

dv = cos Y dx - x sin y dy 

multiplicate: 

Q(u,v) = sin y cos y Q(x,x) + x (cos2y-sin2y) Q (x,y) -

- x2sin y cos y Q(y,y) 
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d. Matrix equations. 

e. 

The law of covariance propagation with matrices prescribes the multiplication 

of the differential equation with its transposed differential equation. 

We have to realize th at in matrix multiplications the sequence of the matrices 

may not be changed, AB " BA, and (AB)* = B* A* • The dimensions of the matri­

ces and vectors must of course satisfy the multiplication rule. 

y = Ax, x, y column vectors (stochastic), A matrix non stochastic 

differentiate: dy = A dx 

multiplicate with transpose: dy * = dx* A * 

Q(y,y*) = A. Q(x,x* )A* 

u = Ax + By 

v = ex + Dy 
x, y, u, vare stochastic vectors, A,B,e,D matrices 

differentiate: du = A dx + B dy 

du* = dx* A* + dy* B* 

dv = e dx + D dy 

dv* = dx* e* + dy* D* 

multiplicate with transpose: 

Q(u,u*) = AQ(x,x*)A* + AQ(x,y* )B* + BQ(y,x *)A * + BQ(y,y*)B * 

Q(u,v*) = AQ(x,x*)c* + BQ(y,x*)e* + AQ(x,y*)D* + BQ(y,y*)D* 

f. Example of a non Iinear matrix equation: 

z = x* y x and y vectors, z a scalar 

differentiate: dz = x* .dy + dx* .y 

As dx * .y is a 1 x 1 matrix it is equal to its transpose, sa 
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dz = x* .dy + y * .dx 

dz* = dy* .x + dx* .y 

multiplicate: 

Q(z,z* ) = x* Q(y,y* )x + x* Q(y,x* )y + y* Q(x,y* )x + y* Q(x,x* )y. 

3.1.5. Adjustment. 

A surveyor does his measurements on land or at sea in usually difficult 

circumstances with many possibilities to make errors or less accurate 

measurements. 

Therefore it is necessary to do more measurements to check the results. 

It is usually impossible to go back later on and do some additional measurements, so 

it is very important to take enough redundant observations to check the system. 

The redundant observations give the possibility to adjust the measurements with 

the following advantages: 

1. To increase the precision of the computed unknowns. 

2. To estimate the standard deviation of the observations and the unknowns. 

3. To test the mathematical and stochast ic model. 

4. To find gross errors in the observations. 

5. To compute the reliability of the system. 

With the nowadays high precision instruments the increase of precision is often not 

the most important reason for carrying out redundant observations. The most 

important purpose is to detect gross-errors. In practice it turned out that gross­

errors are not always found and these errors intro duce large errors in the computed 

positions. 

With statistical tests the gross-errors can be detected with a certain probability. 

On the other hand one can compute the effect of non detected errors on the 

resulting coordinates. This is called the reliability of the system. It expresses the 

internal check of the system. 

Weights. 

In the adjustment weights can be given to the observations, according to the 

precision of the measurements. Also correlation can be taken into account. The 

weight matrix P is the inverse of the variance matrix Q of the observations. 
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The use of a relatistic weight matrix is sometimes neglected, because the effect on 

the computed coordinates is rather smal!. However the effect on the computed preci­

sion of the coordinates is very important. A wrong weight matrix gives wrong stan­

dard deviations and the real precision may be much worse than the computed one. 

Also for testing on gross-errors it is important to use the correct weights. Especially 

it is dangerous to neglect correlation bet ween the observations. 

Types of adjustment. 

It is possible to express the adjustment of the system in different ways. There are two 

main farms of adjustment, called: 

1. adjustment with conditions; 

2. adjustment with parameters. 

Further all kinds of mixed farms are possible which can be reduced to the two main 

farms. 

The adjustment with conditions is based on the conditions between the observations, 

e.g. if three angles of a triangle are observed, the condition is CL + 13 + y = 1800
• 

However for a complex system of observations it is aften difficult to find all the con­

di ti ons. 

The adjustment with parameters is based on the introduction of unknown parameters, 

e.g. the coordinates of points. All the observations are expressed as functions of the 

parameters. 

For example, the three angles of a triangle. Introduce parameters x and y. The obser­

vations can be expressed in x and y as: 

CL = x, B = y, y = 180 - x - y 

in matrix notation: 

This example shows th at if we have 3 observations CL , 13 , y and one condition, we need 

3 - 1 = 2 parameters x, y. In general we have n observations and m parameters. The 

number of conditions is than (n - m). This is equal to the number of redundant obser­

vations, r = n - m. 
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In the adjustment with conditions we have to invert a matrix of size (r x r), and in the 

adjustment with parameters a matrix of size (m x m). 

As inversion is usually the most difficult part in the computation it is advantageous to 

use the conditions if r < mand to use the parameters if r > m. 

Notation. 

Vectors are indicated by an undercast letter and matrices by an uppercast letter. 

The observations are indicated by vector b ("Beobachtung") and the corrections to the 

observations by .vector e. 

The corrected observations af ter the adjustment are (b + e). 

The unknown parameters are x. 

The weight coefficient matrix of b is Q(b,b * ) = Q. 

The weight matrix is Q-1 = P. 

The variance factor is 0
2

: CDV (b, b*) = Q • 0
2 . 

In the following treatment of the adjustment it is assumed that the relations between 

the observations (conditions) and the expression of the parameters as function of the 

observations are linear eguations. In this case the equations can be written as matrix 

equations. If the relations are non linear, they can be linearized, which will be 

explained later in th is paper. 

3.1.6. Adjustment with conditions. 

The conditions between the observations b can be written in matrix form: 

U(b + e) = u (13) 

The corrections e are the unknowns which should be solved. U is a (r x n) matrix, 

with r conditions between n observations. (13) can also be written as: 

Ue = u - Ub = t (14) 

There are infinite solutions e that satisfy the equations (14). The least squares 

solution is the solution that minimizes the sum of the weighted squares of e. The 

weight matrix is P, so in matrix notation: 
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e* P e = minimum (15) 

This condition for e is sufficient to give an unique solution. Without derivation we 

give the result: 

e = Q U* (U Q U * r 1 t, (t follows from (14)) (16) 

(U Q U* ) is a regular (r x r) matrix, that has to be inverted. Check that (16) fulfils 

equation (14). lf we define: 

( 17) 

then: Ie = Q U* N-1 
t I (18) 

The minimum condition (15) can be written in a different farm. lnsert (18) in (15): 

* . (Note: Q = Q and PQ = J) 

or: (19) 

This is a good computational check. 

Another check that should be carried out, is to insert the corrected observations 

(b + e) into the original conditions (13). 

Covariances. 

The covariances can be obtained by multiplying the weight coefficient matrices by 

the variance factor ()'2, e.g.: 

cov(b,b*)= ()' 2. Q(b,b*) 

()' 2 was adopted befare the adjustment, ho wever an estimation of ()' 2, called s2, can 

be computed from the adjustment by: 

• liwaw .. "' ii" I i i 
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r is the number of redundant observations, s2 can be compared with cr 2 to test if 

errors has been made (see testing procedure, chapter 3.2.3) 

The weight coefficient matrices of t, e and (b + e) can be obtained by applying the 

law of error propagation: 

Q(b, b* ) = Q (20) 

As u in (14) is non-stochastic, the covariance of t is equal to the covariance of (- Ub), 

or: 

Q(t, t * ) = U Q U * = N (21 ) 

and: Q(b, t * ) = -Q U * 

With (6): 

Q(e, e* ) = Q U* N-1 Q(t, t* )N-1 U Q 

or: I Q(e, e* ) = Q U* N-1 U Q I (22) 

Q(b, e* ) = Q(b, t * )N-1 U Q = -Q U * N-1 U Q 

50: Q(b, e* ) = -Q(e, e * ) (22a) 

And: Q(b + e, b* + e *) = Q(b, b* ) + Q(b, e * ) + Q(e, b* ) + Q(e, e * ) 

or: I Q(b + e, b* + e* ) = Q(b, b* ) - Q(e, e* ) I (23) 

This is a remarkable and important relation. 

Insert (.22) and we get the variance matrix of the corrected observations: 

Q(b + e, b * + e*) = Q - Q U* N-1 U Q (24) 

The second term is the improvement of the variance matrix due to the adjustment. 



15l. 

3.1.7. Adjustment with parameters. 

The observational model is in the linear case: 

b+e=Ax+a (25) 

or 

e = A x - (b - a) (26 ) 

A is a (n x m) matrix and is called the design matrix, a is a non-stochastic vector. 

The corrections e as weil as the parameters x have to be determined. This is an 

underdetermined problem, with an in fini te number of solutions. An unique solution 

is obtained if we introduce the following constraint, basic to the least squares 

method: 

e* P e = minimum (27) 

The solution is in that case: 

x = (A* PArI A * PCb - a) (28) 

let I A * P A = G I 

then / x = G-1 A* PCb - a)./ (29) 

Once the parameters x have been solved, the corrections e can be determined with 

(26). 

A computational check is obtained by 

A* P e = 0 (30) 

which can be verified by substituting (26) and (29) for e. 

The minimum condition (27) can also be written in another form: 

I e * P e = (b - a)* PCb - a) - x * G x I (31) 

This is also a good computational check. 



152. 

The variance factor can be estimated from the adjustment by: 

wh ere r = n - m, the number of redundant observations. 

The adjustment with parameters can also be illustrated geometrically. The 

observation vector b is a vector with n elements and can be indicated as a vector in a 

n -dimensional space. The design matrix A is a (n x m) matrix. Each column is a 

vector with n elements in the n-dimensional space. The m column vectors span up a 

m-dimensional subspace. Each linear function Ax, with x an arbitrary vector, is a 

vector within this subspace. The corrected observation vector (b + e) is a vector in 

this subspace because 

b + e = Ax (the constant vector a is included in b). 

Let us assume th at the variance matrix of b, Q, and the weight matrix P are unit 

matrices. The geometrical concept is illustrated in the figure bel ow. 

b is a 3-element vector and A a (3 x 2) matrix, n = 3, m = 2, the two column vectors 

of A are al and a2. al and a2 span up a plane (2-dimensional subspace). b is a vector 

outside this plane, but (b + e) is a vector inside this plane. The correction vector e is 

the vector that connects band (b + el. The least squares method solves the vector 

(b + e) such th at the leng th of the vector e is minimum (condition (27).Geometrically 

th is solution can be illustrated as the perpendicular projection of b onto the plane Ax. 
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The vector e is perpendicular to the plane and therefore the internal (scalar) product 

of e with al and a2 is zero, or 

The corrections are: e = Ax - b. 

50: A * A x = A * b. 

(A* A) is a regular (m x m) matrix and can be inverted. The solution of x is: 

This is the least squares solution of x. This equation is the same as equation (29) in 

case of P = I. This example shows how (29) can be derived. The corrected observations 

are 

b + e = Ax = A(A* ArlA* b 

Example: 

Let: 

and 

As the third component of the A column vectors is zero, the plane spanned up by 

the column vectors of A is the x,y-plane. 

The projection of b onto the x,y-plane is in this special case: 

b •• ~ (:) (,imply m,k. th. , oomponoot of b ,",0). 

We will show that the least squares formulae give the same result: 

A· A (: 5 :) G D (::, ) 

"Wiiihiiiitiiliifii 
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(A*Af1=~ (
29 
-7 ;') 

x = ~ (29 
-7 

-7 ) (1 1 0) ( :) = 1 (42) 
2 2 5 0 6 9_3 

:)(::) .(:) 

, • (b +0 ) - b • (D -(D . (D 
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Covariances. 

The weight coefficient matrices of x, e and (b + e) can be obtained by the rules of 

variance propagation. From (29) follows: 

Q(x, x*) = G-1 A * P Q(b,b* )P A G-1 

= G-1 A* P Q P A G-1 = G-1 

50: ! Q(x, x * ) = G-1 ! with G = A*PA. (32) 

From (25) follows: 

Q(b+e,b*+e*)=AQ(x,x* )A*= AG-1A* (33) 

Equation (23), derived for adjustment with conditions, is in general valid because the 

two types of adjustment are equivalent. 

50: Q(e, e * ) = Q(b, b * ) - Q(b + e, b * + e * ) 

or: Q(e, e* ) = Q - A G-1 A* I (34) 

The correlation bet ween band x follows from (29) 

Q(x, b * ) = G-1 A * P Q(b, b * ) = C I A * (35) 

and the correlation between x and e with (29) 

Q(x, e* ) = G-1 A* P Q(b, e* ) 

with (22a): 

Q(b, e *) = -Q(e, e * ) 

and with (34) 
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Q(x, e* ) = G-1 A* P(A G-1 A * - Q) 

=G-1A* _G-1A* =0 

50: Q(x, e* ) = 0 • (36) 

The corrections e are not correlated with the parameters x! 

A review of the adjustment is given on the next page. 

3.1. 8. Standard ellipse. 

The parameters in the adjustment are aften coordinates. In the plane usually 

rectangular coordinates (x,y) or easting änd northing are used. From the adjustment 

the covariance matrix of the parameters is obtained: 

cov(x, x * ) = 0
2 • Q(x, x* ). 

0
2 is the variance factor. 

For each point P(x,y) the covariance matrix can be written as a submatrix of 

cov(x, x *): 

(
2 ) °x °xy 

cov(xP,yp)= 0 02 
xy y 

o~, 0 ~ are the squares of the standard deviation. 

The standard ellipse is an ellipse around point P that indicates the precision of the 

point. It can be computed as follows: 

Ho~ + o~) + 

b2 = ~( 02 + 02) _ ~ x y 
(37) 

tan 2a 
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Summary of all formulas. 

ADJUSTMENT 

Conditions 

b: observations 
e: correcti ons 
P: weightmatrix = Q-1, Q = Q(b,b) 

:= means: equal by definition 
U(b+e) : = u 
N 

M 

t 

k 

R 

e 

e 

e 

b+e 
Ue 
E 
s2 

F 

RPR 
PRP 

covari ances 

* := UQU 
:==N- 1 

: = u-Ub 
:= Mt 

* := QU MUQ 
* * = QU k = QU Mt 
* = QU M(u-Ub) 

= -RPb+v (v=QU*Mu) 
= (I-RP)b+v 
= t 

* * * * = e· Pe=t k=k t=t Mt 
= E/(n-m) 
= S2 /02 

= R 
= U*MU 

Q(b,b*) = Q 
Q(t, t*) = N 

Q(k,k*) = M 
Q((b+e),t*) = Q((b+e),k*) = 0 

Q( (b+e) ,e*) = 0 

Q(b,e*) = -Q(e,e*) 
Q(e,e*) = R 
Q((b+e),(b+e)*)= Q(b,b* )-Q(e,e*)= 
Q(b, t*) = -QU* ~Q-R 
Q(b,k*) = -QU*M 
Q(e, t*) = +QU* 
Q(e,k*) = +QU*M 

Parameters 

b : observations, number; n 
x : unknown parameters, number: m 

2 Q 2 . 0b= '0 = vanance 

b+e := Ax+a 
G * := A PA 
H := G -1 

d * . := A P(b-a) 
* x = Hd = HA P(b-a) 

R * := Q-AHA 
ê = Ax-(b-a) 

* e = (AHA P-I)(b-a) 
e = -RP(b-a) 

* b+e = AHA P(b-a)+a 
A*Pe = 0 
E * * * = e Pe=(b-a) P(b-a)-d x 
s2 = E/(n-m) 
F = S2/02 
RPR = R 

covari ances 

Q(b,b*) = Q 
Q(d,d*) = G 

Q(x,x*) = H 
Q(e,d*) = Q(e,x*) = 0 

Q((b+e),e*) = 0 

Q(b,e*) = -Q(e,e*) 
Q(e,e*) = R 
Q( (b+e), (b+e t) = Q(b ,b*)-Q( e ,e* )=Q-R= 
Q(b,d*) = A =AHA* 
Q(b,x*) = AH 
Q((b+e),d*) = A 
Q( (b+e) ,x*) = AH 
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a and bare the major and minor axis 

of the ellipse. ct is the angle bet ween 

the ellipse-axis and the x-axis. 

If cr x > cr y' the major axis is close to 

the x-axis 

y 

x 

3.1 .9. Linearisation. 

In the previous paragraph it 'is assumed th at the conditions and the relations between 

the parameters and observations are Iinear. In practice th is is often not the case. We 

have to make them Iinear, th is process is called Iinearisation. 

Adjustment with conditions. 

In the Iinear case the conditions were (14): 

U(b + e) = U or Ue = u - Ub = t (14) 

In the nonlinear case the conditions are: 

feb + e) = u • f indicates one or more nonlinear functions. 

If the corrections are small this equation can be differentiated and written as: 

af 
feb) + ao . e = u, ~ is a matrix with elements of each 

function f differentiated to each observation b. 

or 
af ao . e = u - feb) = t (38) 

This equation is Iinear in e and of the same form as (14) I 50: 

u = ~ and t = u - feb) • 

Adjustment with parameters. 

The observation equation was in the Iinear case: 

b + e = Ax + a or e = Ax - (b - a) (26) 
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In the non-linear case each observation b can be expressed as a function of the para­

meters: 

b + e = f(x) 

To linearize this function, approximate estimations Xo of x should be inserted: 

x = Xo + /::, x • 

f(x) can be linearized: 

or 

This equation is of the same farm as (26), so: 

A = ( af) axo and 

The differences /::, x are the new parameters. 

Example: 

I is a measured distance between two points A and B. 

Insert approximate coordinates: xA ' Y A ,xB ' YB 
o 0 0 0 

lo='/(XB -xAi+(YB -yAi=f(Xo ) 
Voo 0 0 

The approximate azimuth from A to B is ex : 

sin ex 

X
Bo 

- X
Ao 

cos ex 

Differentiation of (40 ) gives: 

(39) 

(40) 
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50: A=(- sin a ,+sin a,-cos Cl,+COS a) 

x* = ( f1XA' f1xB, f1YA' f1 YB) 

b - a = 1-10 

If there are more distances observed, A becomes a full matrix. 

With these matrices the adjustment can be carried out in the same way as in the 

linear case. 

3 . 1 . 10. Testing observational errors. 

Errors in the observations can easily occur in large datasets. The cause of the errors 

can be: 

- physical system errors, like instrument al errors, 

- observational errors, 

- processing errors, like writing or typing errors. 

It is very important to have a computational test that automatically checks the 

observations. Therefore it is neccessaryto do enough redundant observations, with 

the effect th at each observation is checked by the other observations. If the system 

is weil internally checked it has a high reliability, however, if the check is bad the 

reliability is low, even if the precision of the measurements is very good. Precision 

and reliability can both be expressed by a number. 

Precision refers to the standard deviation of an observation and reliability to the 

magnitude of the possible error th at can be found with a probability of 80%. 

The precision of the observations is usually known before the observations are done. 

From previous similar observations and experiments the expected variance factor is 

adopted. 

On the other hand, an estimation of the variance factor can be obtained after the 

observations have been carried out and the adjustment has been finished. 

This estimation s2 can be computed with the following formula: 

s2 e* P e 
r 

r is the number of redundant observations or the number of con di ti ons. s2 indicates 

the estimate of the variance factor aft er the adjustment (a posteriori) in contrary to 

the a priori adopted variance factor: (J 2. 

The quotient s2/ (J2 has a Fisher (F) distribution. Statistically, one can test, 

whether this quotient can be explained by the normal random noise in the 



161. 

observations. Dne has to adopt a level of uncertainty, a, usually a = 5% or 1%. 

From a and the redundancy r the critical value Fr, a can be found in a table of the 

F -distribution. 

Critical value Fr,a for a = 5% and a = 1%. 

r 1 2 3 4 5 6 7 8 9 10 

5% 3.84 3.00 2.60 2.37 2.21 2.09 2.00 1.94 1.88 1.83 

1% 6.64 4.60 3.78 3.32 3.02 2.80 2.64 2.51 2.41 2.32 

r 12 15 20 30 40 50 75 100 200 500 

5% 1.75 1.66 1.57 1.46 1.40 1.35 1.28 1.24 1.17 1.11 

1% 2.18 2.03 1.87 1.69 1.59 1.52 1.41 1.36 1.25 1.15 

If: 
s2 
"2 > F o r, a 

there is a chance of (l - a ) that some error in the observations has been made, or 

that the adopted 0
2 is not correct. However, one doesn't know which observation is 

not correct. 

If r is small it is hard to find where the error has been made. Therefore it is advi­

sable to take enough redundant observations, to check each observation sufficiently. 

A simple method to find the error is to look at the corrections. The observation with 

the largest correction might be wrong. However, th is method is not correct if the 

observations are correlated, if the redundancy r is small or if the adjustment system 

is complex. In th at case one should use a systematic data-snooping procedure that 

tests each observation in the optimal way. This method is developped by 

Prof.Dr. W. Baarda and is described by Baarda in : A testing procedure for use in 

geodetic networks, Neth. Geod. Comm. Vol. 2, Nr. 5, 1968. A de scription that uses 

matrix notation is given by G. Strang van Hees in chapter 3.2. 
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3.1 .11. Sequential adjustment. 

In the adjustment with parameters, the observations bare expressed as functions of 

the unknown parameters x. The parameters are solved by the least squares method. 

In surveying the parameters are of ten the coordinates of the points. Let us suppose 

that, af ter the adjustment has been finished some new observations are done. 

Strictly speaking the whole adjustment has to be do ne again. 

However, we will show that there is an ot her method which gives the same results. 

This method computes the improvement of the coordinates (parameters) due to the 

new observations. 

The re su lts of the first adjustment can be considered as estimates of the parameters 

and therefore be introduced as observations in the second adjustment, together with 

the new observations. 

Suppose the parameters found in the first adjustment are indicated by ~ and the 

varianee matrix Qx'x" The new observations are b, with varianee Qbb and the para­

meters af ter the second adjustment are..:. with varianee Qxx' 

The observation equations are, after eventually linearisation: 

b +e=A x 

x' + c = x 

e = correction of b, c = correct ion of x' 

or 

e,) + (~) = (~).x 

Least squares adjustment gives the solution: (compare (29) and (32)). 

with 

or 

x = Q • (A* 
xx (~b 0 ) -1 b) 

I). 0 Q • (x' 
X iX' 

x * -1 -1 = Qxx A ~b b + Qxx Qx'x' x' 

* -1 -1 )-1 
Qxx = (A ~b A + Qx 'x' 

(4 1) 

(42) 

(43) 
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These formulas can be transformed by some manipulations: 

from (43): Q-1 Q-1 ~ A* R-
b
1 A 

xx - X ' x ' - 0 

or: I _ Q Q-1 
xx x'x' 

* -1 ~ Qxx A ~b A ~ KA (44) 

from (43) and (44) follo ws : 

K ~ Q A* R~l ~ (A* R- 1 A + Q-1 )-lA* R- 1 
xx Db Db x'x' Db 

(45) 

This can be transformed with the remarkable relation: 

* -1 -1 )-1 * -1 * ( * 1 
K ~ (A ~b A + Qx ' X ' A ~b ~ Qx' x' A ~b + A Qx 'x' A ) -

(46) 

This formula can be checked by multiplying both si des, before and behind, with the 
* -1 -1 * matrices respectively: (A ~b A + Qx' x') and (~b + A Qx' x' A ) . 

Insert (46) in (45) and (44) and (45) in (42) gives: 

x ~ x' + K • (b - A x') (47) 

with 

(48) 

K is called the gain matrix and gives the improvement of x' by the new observations 

b. 

The variance matrix Qxx expressed by (43) can also be written in an ot her form. 

Multiply (44) with Qx'x' : 

( * -1 ) Q ~ 1 - Q A Rb A Q , , 
xx xx 0 x x 

from (45), (46) and (48) follows 

-1 
Qxx A ~b ~ K. (49) 

so I Qxx = (J - K A) • Qx'x' I (50) 

The corrections e are: 

I e ~ Ax - b = (J-AK)(Ax'-b) I (51) 
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The improvement of the variance matrix is: 

(52) 

Formulas (47), (48), (50), (52) form the computational framework of the sequential 

adjustment and as we wil! see also the base for the Kalman filter. 

3.1.12. Kalman filter. 

The Kalman filter is an application of sequential adjustment in case of a dynamic 

system or a time series. The second characteristic of Kalman filter is that it is a 

real time filter, that means it gives the adjusted results immediately after the new 

measurement and between the measurements. For example, a steaming ship is a 

dynamic system that moves, the position changes in time. After each position fix 

(observation) an adjustment is started that updates the coordinates. 

The position, velocity, acceleration and possibly other properties of the dynamic 

system are described by the state vector, which is time dependent. 

( 

position (t) ) 

velocity (t) 

acceleration (t) 

State vector x(t) = 

The state vector is the vector with unknown parameters in our adjustment. 

From the state vector on a previous time the state vector in the next time can be 

predicted. For example, if the position, velocity and acceleration of a ship are 

known on (t) the position and velocity and acceleration on t+ lIt can be predicted by 

s(t+lIt) 

v(t+lI t) 

a(t+lI t) 

set) + lIt vet) + ! lIt2 a(t) 

vet) + 1I t aCt) 

a(t) 

We cal! this prediction of the state vector from a previous time the transition of the 

state vector. It is mathematical described by a matrix, the transition matrix T. 

x'(t+lIt) = T . x(t) (53) 

x'(t) is the predicted state vector. 
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The variance matrix of x' : Qx'x' can be computed by the law of error propagation. 

However, an extra component must be added due to the uncertainty of the 

transition matrix. This is the variance of the transit ion Qtrans(t-l, t). 50 we get: 

(54) 

Next on time t new observations b are made (update) which are related to the state 

vector by the observation equation 

b + e = Ax (e = correction) 

The predicted state vector x'(t) can be considered as an observation of x(t). 

x' + c = x (c = correction) 

These observation equations have the same form as the observation equations in the 

sequential adjustment. (41). 

Therefore the resulting formulas (47), (48), (50) and (52) are also valid for the 

Kalman filter, with the reminder that x' is the predicted state vector which follows 

from (53) and Qx'x' is computed with (54). 

The problem of the Kalman filter is the computation of the matrices Tand Qtrans' 

It is difficult to make a correct estimation. 

The transition matrix T can also be computed from the differential equation of the 

system. This d.e. can be written as: 

dx 
dI Fx, 

. . .. d
2

x 
DIfferentlatIOn glves: --2 

dt 

F 

dx 
FdI 

is called the dynamic matrix. 

F • Fx. 

A Taylor expansion of x'(t+ llt) gives 

2 
x'(t+llt) = x(t) + ~Xt llt + ! a x llt 2 + ••• 

o ;-;z 
or x'(t+llt) = (I + Fllt + !F.Fllt 2 + ... )x(t). 

Comparison with (53) shows 

IT=I+F ll t+! F.Fllt
2

+ .... (55) 
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state 
x(t) 

Sometimes it is easier to compute F than T, but then T can be computed with (55). 

The variance matrix Qtrans should also be estimated. It is dependent on the time 

interval 6 t (see example). 

An additional advantage of the Kalman filter is that the new observations b can be 

tested against the predicted state vector. This is important on sea where the 

position is updated with radiopositioning systems. A ser ious problem is to find lane­

slips. The lanes can be controled by observing more than two lanes, but this check is 

not very reliable. An extra test of the position against the predicted position is very 

useful. This test can be incorporated in the computerprogram for Kalman filtering. 

Kalman filter 

continuous 
infonnation ) 

observation variance 

~ 
b Qbb 

prediction state 
~ 

Ttransition 
\ state X '(t+6t)~ I update \ X(t+6t) - adjustment ) A, K 

Qtrans iti on variance - \ / variance variance 
Qxx(t) 

Qx ' x ,(t+6t) Qxx(t+t;t) 

fast feed back 

Time (t-l) Time (t) 

T = transition matrix of state vector. 

Qtrans = transition matrix of variance matrix. 

bet) = observation, update. 

Qbb = variance of observation, (noise). 

x(t) = state vector. 

x'(t+6t) = predicted state vector from "dead reckoning" (transition). 

Qxx = variance matrix. 

.. 
.... -



Summary of the formulas for the Kalman filter 

Transition 

with 

Correction model: 

x'(t+M) " Tx(t) 

x(t+lIt)" x'(t+lIt) + K • (b(t+lIt) - A x'(t+lIt~ 

K "Q , ,A* (A Q , ,A* + Qbb)-l (gain-matrix) xx xx 

b + eb = A x 

x' + ex'" x 

adjustment model. 

e " correction. 

Testing with a Kalman filter. 
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An important advantage of the Kalman filter procedure is that one has the 

possibility to test the observations better than without the predicted parameters. 

The prediction x' gives a check on the observations b. 

The corrections e can be computed with 

e " Ax - b " computed - observed. 

In case of a positioning system on sea is: 

x the coordicates, computed from the adjustment, 

Ax the computed lane number, 

b the observed lane number. 

The weight coefficient matrix of e is (34): 

(49) : 

50 

and 
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According to the testing theory (chapter 3.2~ f is defined as: 

* -1 f = -c Qbb e 

where c is an unit vector: c* = (0,0, ••• ,0,1,0, ••• ), with 1 on the place of the 

observation to be tested. The weight coefficient matrix of fis: 

or -1 
Qff = c* Qbb Cl - A K)c 

The test-quantity is: 

w - f - aVO;; 
which has a normal distribution with standard deviation one, N(O,I). 

a is the standard deviation of the unit weight, or 0
2 the variance factor. 

The test is: 

with ex = 5%, if: 

with ex = 1%, if: 

w > 1.96; probably an error 

w > 2.58; probably an error. 

In practice it is aften assumed that the observations are free of correlation 

and have equal weights, Qbb is diagonal. Then the formuia for w simplifies to: 

Wi = - ei ' Witht-ei = b-Ax = (I-AK)(b-Ax ' )1 
aV1 - (A K) . .'~bb l _ 

11 •. 
11 

i is the number of the observation to be tested. 

(A K)jj means the ith diagonal element of matrix (A K). 

Example of a Kalman filter. 

The position of a ship is determined with time intervals ,lIt. From the previous 

positions, the next position can be predicted by dead reckoning. If we assume 

that the ship has approximate constant speed, the acceleration is zero, then 

the covered distance sis: 

s'et) = s(t-l) + v(t-l)lI t. 



The predicted speed vet) is equal to vet-I). The state vector x = (~). 

( s' (t+ c,t») _ (1 llt) (s(t») or x' (h c,t) = T x(t) 
v' (t+ C, t) - 0 1 . v ( t) 

The variance matrix Q (t) = (:ss :sv) • 
xx sv vv 

The mean acceleration is zero, however its variance Qaa is not zero! 

The transition variance matrix Qtrans is then: 

Q _! llt Q ! ( 2) ( trans - llt aa 

50 
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Q,.,. (,. ;t) .(: ~')( ~:~ ~:) (:, ~) • Q,.(\ '::' I :::) 

or 

Qx'x' (t+ &) 
(

Q + 2 l>t Q + c,t~ +! llt4Q 
ss sv vv aa 

= Q + llt Q + i l>t3Q 
sv vv aa 

We can write th is in short: 

Q,.,. " (~:::: ~::::) 

Q 
sv 

Next the predicted state vector x'(t) is updated by an observation bet) of the 

position of the ship. 

b + e = (1 0) (~) 

e = correction. 50 matrix A = (1 0). 

The gain matrix Kis: 

Insert A and Qx'x': 
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and 1 (Qs,s,) K=Q Q 
s ' s' + Gbb s ' v'. 

The updated state vector is 

or 

x = x' + K • (b - Ax') 

s 
Qs's' 

s' + (b - s') 
Qs' s' + Gbb 

v = v' + Q + Q 
s's' Db 

(b - s') 

The variance matrix 'of the updated state is: 

Qxx = (I - KA) Qx'x' 

Insert I, K, A and Qx'x' : 

Gbb (Qs' s' j 
= Q , , + Gbb Q : Q 

s s s'v' : v'v' + 

Qs'v' ) 
Q Q _ Q2 
s's' v'v' s'v' _ 

Gbb 

This updated state vector and variance matrix can be used for the next 

prediction. 

T est on big errors: 

I _ AK _ ~b 
- ~b + Qs's' 

e = b - s = (I-AK}(b-s' ) 

insert in the formula for w, the test quantity: 

w = (b-s) V~b + Qs's" 
cr ~b 



or expressed in s' instead of s: 

(b-s') 1 
w = -cr - V-;;;::n=b======-' 

IJ + Qs's' 

If w is bigger than 2.0 or 2.6, dependending on the chosen CL = 0.05 or 0.01, 

the observation is probably bad. 

We have considered an one-dimensional example. In practice the position and 

speed of a ship are two dimensional: northing and easting and the velocities in 

the two directions. However, if we assume that the observations of the posi­

tion are not correlated in both directions, the northing and easting can be 

computed independently with the formulas given above. 

In general there will exist a correlation and we have to solve for a state 

vector containing both northing and easting. 

The transit ion is in that case: 

N'(t+lIt) 1 0 fit 0 N(t) 

E'(t+ fit) 0 1 0 E(t) 

VN(t+ lI t) 0 0 1 0 VN(t) 

VE(t+ lIt ) 0 0 0 1 VE(t) 

The computation us es the same formulas as the example above. 

171. 
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3.1.13 . Literature. 

A nice and very instructive book on matrices, determinants and linear equations 

is: 

Strang, Gilbert: Linear algebra and its applications, Academic Pre ss, 1980. 

On adjustment theory a very complete and readable book is: 

Mikhail, Edward M.: Observatorions and least squares, Harper and Row, 1976. 

A good overview of matrices and least squares adjustment is given in the 

appendices of: 

Bomford, G.: Geodesy, Clarendon Press, Oxford, 1980. 

The basic theory of testing geodetic networks is given in: 

Baarda, W.: A testing procedure for use In geode tic networks, Neth. Geodetic 

Commission, Vol. 2, Nr. 5, 1968. 

and also in: 

Forty years of thoughts, festive book on the occasion of the 65 anniversary of 

Prof. W. Baarda, Geodetic Institute, Delft, 1982. 

A nice book on surveying and adjustment theory with many examples worked out 

is: 

Richardus, P.: Project surveying, second ed., A.A. Balkema, Rotterdam, 1984. 
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3.2 Testing geodetic networks. 
G.L. Strang van Hees 

3.2.1. Introduction. 
Prof. W. Baarda developed a theory to test geodetic networks and to compute 
an objective measure to express the reliability of the network. 

The general ideas can be formulated as follows: 
A geodetic network is observed with more observations than the minimum 
necessary. The redundant observations give the possibility to adjust the 
network with the following advantages: 
1. To increase the precision of the computed unknowns. 
2. To estimate the standard-deviation of the observations and the unknowns. 
3. To test the mathematical and stochastic model. 
4. To find gross-errors in the observations. 
5. To compute the reliability of the network. 

With the nowadays high precision instruments the increase of precision is 
no longer the most important reason for measuring redundant observations. 
The most important purpose is to detect gross-errors. In practice it turned 
out that gross-errors are not always found and these errors deform the 
network considerably. 
With statistical tests the gross-errors can be detected with a certain 
probability dependent on the probability parameter a (figure 1). 
The marginal detectable gross-error in each observation can be expressed 
as a function of parameter ~. 

The effect of non-detected gross-errors on the unknown parameters is cal led 
the rel i abil ity. 

In this paper the basic ideas of Baarda's theory are presented in matrix­
notation. 
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Figure 1. 

Figure 1 gives the normal distribution of a stochastical quantity. 

o = standard deviation. 

AB critical value, dependent on a. 
o 

AC = marginal detectable error, dependent on a and ~. 

Usually a = 0.05, 0.01 or 0.001 and 8 = 0.80. 
The chance to find a gross-error of size AC is ~ . 

Notation. 

The following notation is adopted. 

A column vector is iJ"Iundercast letter (a,b,c, •.. ). 
* * * A row vector is a transpose of a column vector, indicated by (a ,b ,c , ... ). 

A matrix is anuppercast letter (A,B,C, •.. ). 
* * * A transpose matrix (A ,B ,C , ... ). 

A scalar is also indicated by anundercast letter (a,b,c, ... ). 
An "element of a vector or matrix is indicated by an index 

The variance-covariance matrix of stochastic vectors a and b is indicated as: 

2 ( *) 2 0a = Q a, a .0 and 

Q(a, a*) is the weight coefficient matrix. It indicates a symbolic vector 
product: 
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((

all ) (Q(al'b
Il 

Q(al'b
2
) ... ) 

Q(a, b*) = Q ~ ~ , (bI b2 bn) = Q(a~,bIl Q(a~,b 2 ) .. . 

an Q(an,b l ) Q(an,b2)··· 

0
2 is cal led the variance-factor and is a scale factor. 

The law of error propagation can be expressed as a matrix multiplication. 
If the stochastic vector c is a linear function of the stochastic vectors 
a and b we get: 

c = Aa + Bb , c* = a*A* + b*B* 

Q(c,c*) = Q«(Aa + Bb), (a*A* + b*B*)) 

Q(c,c*) = AQ(a,a*)A*+AQ(a,b*)B* + BQ(b,a*)A* + BQ(b,B*)B* 

or equi va 1 ent: 

or: 

c = (A B)(~) 

Q(c,c*) (A B) (Q(a,a*)Q(a,b*))(A*) 
Q(b,a*)Q(b,b*) B* 
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3.2.2. Least squares adjustment. 

We distinguish two types of adjustment: (see chapter 3.1.5)' 
1. With condition equations 
2. With unknown parameters. 

The formulas are collected in (3.1.8). 

The following notation is used : 
b vector of observations, n elements . 

e vector of corrections, n elements. (not the error) 
x vector of estimates of the unknown parameters, m elements. 
U design matrix of conditions, u = constant term. 
A design matrix of parameter equations, a = constant term. 

-1 
P = weight matrix of b = Q . 
Q variance matrix of b. 

Q = p- 1 = Q(b,b*) 

n = number of observations. 
m = number of parameters. 
(n-m) = number of redundant observations. 

= means: by definition. 

= means: can be computed. 

The corresponding equations of the condition and parameter adjustment 
are written on the same line,so a comparision between the two types is 

possible. 

In the formulas is assumed that the linearization of the equations has 
been done already beforehand. 

So we start with linearized condition and correction equations. 
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3.2.3. Testinq a network. 

An intuitive way to test on gross-errors is to look at the corrections e. 
A faulty observation will probably get a big correction ei. As test­
quantity one can use ei/oe. which has a normal distribution with standard 
deviation = 1. N(O.I). Howéver. this method is best only for uncorrelated 
observations. 

In case of correlated observations Baarda derived that it is best to test 
~. instead of e. the corrections multiplied with the weight matrix P. 
The vector (P.e) is most sensitive to an error in one of the observations 
(proof in Appendix 1). 

Every observation must be tested separately. Baarda introduced the vector 

c. which is a unit vector with 1 on the place corresponding to the obser-
* vation to be tested. c := (0.0 •... 0.1.0 ... 0). ci = 1 if observation bi 

is to be tested. It is also possible to test a combination of observations 
if one expects that the source of the gross-error effects more than one 
observation. In th at case more elements of care 1. e.g. 
* c = (0 •... 0.1.1.1.0 ... 0). The choice of c determines the test-quantity. 

or with ot her words. c determines the alternative hypothesis th at is to 

be tested. 

* If we define: f := -c Pe then the testquantity is 

w has a normal distribution with standard deviation = 1. N(O.I). The 
variance of f can be computed with the law of error propagation: 

Q(f.f*) = c*PQ(e.e*)pc = c*PRPc 

with 0
2 variance factor 

So: 
* -c Pe w = _===== 

o\!7PRP? 
(56 ) 
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In case of adjustment with conditions we have: 

and 

thus 

* * Pe = U k = U Mt 

PRP = U*MU 

* * w = -c Uk 
crVc *rJ*MUc' 

This means that in case of adjustment with conditions the whole adjustment 

and testing can be carried out without computing matrix P. This is an 
advantage because usually matrix Q is given and the computation of P needs 

the inversion of Q which is a time consuming operation. 

If c is successively the unit vector belonging to each observation, we 

get a w corresponding to that observation. 
This process is cal led datasnooping. 
w is tested for the normal distribution. The critical value Wo is dependent 
on the choice of a: 

a : 5% 1% 0.1% 

Wo 1. 96 2.58 3.29 

w > Wo means that there is a probability of (I-a) that the corresponding 
observation is wrong. As we don't want to reject to many observations, 

a = 1% turned out to be a good practical choice: 

Test: if w > Wo then: rejection. 

F-test. 

A second way to test the network is to test the estimation of the variance 

factor against the adopted variance factor. 

* S2 = _e_P_e = _E_ 
n-m n-m 

(n-m) is the number of redundant observations. 
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S 2 
F ="2' test : if F > Fa then : rejection. 

o 

F may be tested against a critical value Fa dependent on the choice of 
aF and on (n-m). 0

2 is supposed to be errorless 

Fa can be found in tables of the Fisher distribution. 

In the next chapter is described that Baarda advocates to compute aF in 
such a way that the chance to find an observation error is equal in the 
w-test as in the F-test. 

As the F-test involves all the observations it is less sensitive to find 

one observation error. Therefore aF becomes rather high under Baarda's 
assumption, if there are many redundant observations . 
On the other hand it is possible to fix aF independent of the w-test, to 
e.g. 5%. Then the F- test can be used to test on systematic errors, model 
errors and to test the adopted variance factor. 

3.2.4. Reliabil Vty . 

The influ\ nce of non-detected gross-errors on the result of the adjustment 
is cal led the reliability. The computed parameters (coordinates) may be 
wrong by a manyfold of the standard deviation if a gross error is not found. 

The better the observations are controlled the lesser the chance that a 

qross-error will slip through. 

First we will consider the effect of an error ~ in one of the observations 

on the results of the adjustment . 
If error 6 is made in observation bi the change of observation vector bis: 

(6 is a scalar, 6b a vector) 

* c is defined as in the previous section: c (0,0, . . . 0,1,0, ... 0) with 

ci = 1 if 6 corresponds to bi' 
The change of the other quantities can easily be determined by the formulas 
of the adjustment . 
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* 11X = HA P C. 11 

} 
11e = -RP C. 11 

* (57) 
11 f = c PRP c 11 

11w = v'c*PRP c· ~ 
cr 

11 x is only valid fo r the adjustment with parameters. The other formulas 
are valid for both adjustment with parameters and with conditions. 
However, R is computed in a different way in both cases: 

* conditions: R = QU MUQ 

* parameters: R = Q - AHA 

and 

The resulting R is the same i n both cases. 

PRP = U*MU 

Note that the changes 11X, 11C, 11 f , 11W are non-stochastic, as they only 
depend on the initial change 11 , and not on the stochastic observations 
themse 1 yes . 
In contrast 11 E and 11 F depend on the corrections e and are thus stochastic . 

* * 11E = (e+11e) P(e+11e) - e Pe = 

However, the expectation of e (mean value) is zero, therefore the second 
term becomes zero if we consider the expectation of 11 E: 6r. 

(58) 

Up to now 11 was an arbitrary change in one observation. Now we will con­
sider a special value of 11 , cal led v (nabla). 
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v is chosen such that this change can be found in the w-test with a proba­
bility of e. Usually e is chosen to 80%. 
The change in w th at can be found with probabi1ity e is called Vw( a ,e) 
(nab1a w). In figure 1: AB depends on a and 0 , BC on e and 0. If 0 = 1 
and e 80% then BC = 0.84. 

a = 5 %, AB 1.96, BC = 0.84, AC 2.80 = Vw 
a = %, 

a = 0.1 %, 
AB 2.58, 

AB 3.29, 

BC = 0.84, 

BC = 0.84, 

AC 
AC 

3.44 = vw 
4.13 vw 

Next we compute backwards which changes in the other quantities corresponds 
to vw , by changing ó into v in formu1as (57) : 

vb 

VX 

__ 1_ Vw.o 
Vc*PRPc 

cv 

* HA Pc v 

ve = -RPc v 

vf = c*PRPc v = Vc*PRPc vW. o 

2 
vF = 'iY!.­n-m 

(59) 

Note that vF is independent of c, so for each alternative hypothesis we 
get the same vF. 

On the other hand vx is a vector for each choice ci an other one. 

We combine these vectors x to a matrix with e1ements vXki ' corresponding 

to observab1es bi (i = 1 . .. n) and parameter xk (k = 1 ... m). 

The margina1 error vXk in parameter xk is the maximum va1ue of vXki for 

a 11 va 1 ues i = 1 ... n. 
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The marginal detectable error in observation bi is vbi corresponding 
with ci . 

The formulas for Vbi and vXk can be written as follows (see (59)): 

vb. VW.a , 
V (PRP)ii 

V\i = (HA*P\i Vb. (59b) , 
vXk = max(vxki ) over i = 1 n 

IlXk is also called the rel i abil itl: of xk· 

Remark: If the re are uncontrolled quantities introduced as observations, 

such like base points or scale parameters, vbi and vXk become infinitive. 
These parameters should be removed in the computation of xk. 
Baarda derived an other expression that gives an upperlimit of the 
re 1 i ab i 1 ity: 

VXk· V vX,. GVx,. --' ~ ---'-----'-
cr x cr 

k 

for each observation bi 

Here is VX. the vector corresDonding to b. or c . . The derivation of this , . " 
formula is given in appendi x 2. The right hand side is independent of k 
and can be evaluated as follows. 
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* * 2 c PAHA Pc 'J = 

* 2 c P(Q-R)Pc 'J = 

* * 2 (c PC-C PRPc) 'J 

and 2 1 2 2 
'J = -*-- 'Jw .cr 

c PRPc 

* * So: 'JX G 'JX = (~ _ 1) 'Jw2 
cr

2 
c*PRPc 

Define (60) 

Then I 'JX k < rx· crx kl (61) 

!x is sometimes called the reliability of x and is dependent on the 
choice of c. 
It is also possible to define rx for a part of vector 'J X. 'JX' is a subvector 
of 'Jx 'Jx 'c 'Jx . 

Now r' : = .!. V'Jx'*G' \Ix ' 
X cr 

and 

This is important if we have different types of parameters, e.g. coordi­
nates and orientation unknowns. 

In a similar way one may define the reliability of the observations: 

(62) 
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Another quantity that expresses the rel i abil ity of the observati ons is 
·defined as: 

p = c*PRPc 
c*Pc 

or, if we consider the reliability of observation bi: 

(PRP)ii 
Pi = P

ii 
(63) 

Index ii means the ie diagonal element of the matrix. It can be proved 
that: 

o ~ Pi ~ 

For an observation that is wel ,l checked by the other observations, p 
comes close to 1. If the check is bad, p becomes small, and if an obser­
vation is not checked at all, p = 0: 

good: p > 0,7, bad: p < 0,4, no check: p = o. 

Proof: 

Variance of observation before adjustment: 
Variance of observation af ter adjustment 
Variance of corrections 

0bb = 0 . 

0b+e,b+e = AHA 
o = R • e,e 

o - R = AHA (see section adjustment theory). 

If the observation is well checked, 0b+e,b+e « O. 
SO R approaches O. 
As PO = I (the identity matrix), PR becomes close to I or 
(PRP) . . 

P .. " close to 1. 

" If the observation is hardly checked, 0b+e,b+e ~o, thus R approaches zero, 

and 
(PRP)ii 
-",--- comes close to zero. Pii 



185. 

Meaning of the reliability rx and p. 

To each observation belongs a quantity rx and p. The magnitude of rx and p 
is related to the capability of the whole network to check the corre­
sponding observation on gross-errors. 
If an observation is not checked, rx will become infinitive and p zero. 
The relation between rx and pis, according to (60). 

rx =~ . I/W (64) 

On the other hand, the ability of a network to check an observation is 
also connected to the increase in precision of the adjusted observation. 
The variance of an obser,vation before the adjustment is the diagonal 

element of matrix Q, Qii . 
The variance of the corrected observation af ter adjustment is 

Q(b+e,b+e) = Qii - Rii · 

The improvement is: 

Qii-Rii 
Qii 

(65) 

The relation between the reliability pand the improvement q is in general 
complicated, however for uncorrelated observations, with different 
weights, it is simple. 

If Pand Q are diagonal 

(PRP)ii 
Pii 

So: 

matrices, P .. = ~ , and: 
11 "i i 

P .. R .. P.. R .. 
11 11 11 11 

p.. = "Q;"; = qi 
11 11 

For correlated observations p F q, but in practice it turns out that the 

difference is small, so, the reliability p is aböut the Same as 
the improvement of the observations. A positive correlation between the 
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observations can be interpretated as a stochastic relation between the 
observations which give an extra check on gross-errors. Therefore a 

positive correlation will increase the reliability and a negative corre­
lation will decrease the reliability. 

The relation between pand rx is for a 1%, thus vw 3.44, according 
to (64): 

p 0 0.1 0.2 0.3 0.4 0.5 

rx oe 10.3 6.9 5.3 4.2 3.4 

Next we consider vF. 

The marginal change of F due to v is: 
2 

vF = ~ n-m 

0.6 0.7 0.8 0.9 1.0 

2.8 2.2 1.7 1.1 0 

(n-m) is the number of redundant observations. Note that vF is independent 
of c~ 

In the F-test a value of aF was chosen. From vF and aF the value of SF' 
corresponding to the shifted F-distribution can be computed. 

(rF) 

1 Fa F 
+---=----. 

'VF 

With other words, vF, aF and SF are connected 50 th at two of them determine 
the third. As vF is determined by the choice of vw, one choice is left, aF 

or SF' 
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Baarda advocates to fix SF = 80% and to applythe F-test with aF which follows 

from this choice . This is cal led the B-method of testing. The disadvantage 
of this method is,that,if (n-m) becomes large, the F-distribu'tion becomes 
narrower approximative proportional to l/.rn=m ,and vF decreases proportional 
to l/(n-m). 
If SF is fi xed, then aF increases if (n-m) increases. The consequence may 

be that aF becomes so large that the test has no meaning anymore. 

The second possibility is to fix aF to e.g. 5%. Then SF becomes smaller 
then 80%. This means that the F-test is less capable to detect observa­
tional errors than the w-test. This can also be understood intuitively. 
An observation error can best be tested by the w-test because this test 
is specifically designed for this kind of errors. The F-test is an overall 

test, which is less sensitive to an error in one observation, than to 
systematic errors or model errors, which disturb the whole network. 

3.2.5 . Literature: 

Baarda , W.: A testing procedure for use in Geodetic networks, Neth. Geod. 

Comm., Vol. 2, No. 5, 1968. 

Forty years of thoughts, festive book on the occasion of the 65 anniver­
sary of Prof. W. Baarda, Geodetic Institute, Delft, 1982. 

Mikhatl, E,H .: O~ervations and least squares. Harper and Row, 1976. 
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3.2.6. Testing a network. 

Summary : c* := (0,0, .. . 0,1,0, . .. 0) 

= Q(e,e*) = Q-AHA* R 

* f- .- -c Pe (test quantity) 

* Q(f,f*)= c PRPc 

* 
w f -c Pe 

af aVc*PRPc' 

Test : W > ? < . wo( a) = critical val ue. 
A change fi in one observation gives changes in the other quantities: 

fi b = C. fi 

* fiX = HA PC. ó 

óe = -RPc. ó 

* M = c PRPc. ó 

fiW = ~R~. ~ 
a 

* * fiE = fie Pfie + 2fie Pe 

ór = c*PRpc. ó2 = ów2 .a2 

hl = liË ów
2 

a2 (n-m) = 1n-m) 

Marginal detectable errors : choose Vw( a ,S) = Wo + 0.84,if ,S = 80% 

vb = c Vw. a , 
I/c*PRPc 

* vx = HA P. vb 

~ V-
* 1 * c Pc rx:= - vx Gvx = -.---- - 1 vw 

a C PRPc 

- 2 vF = vw fIn-mI = f( aF' SF) choose aF or SF' then follows the 
other. 

2 

Test: F = ~ ~ ? ~ (aF)' 
a 
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3.2 .7. Appendix 1. 

Proof of maximum sensitivity of w-test. 

correction : e. covariance: Q(e.e*) R 

observation: b. covariance : Q(b.b*) Q p- 1 

defi ne f = -Pe . covari ance : Q(f.f*) PRP S 

de f i ne 9 = -P'e. covariance : Q(g.g*) P'RP' T 

covariance: Q(g.f*) P'RP = U 

P' is an arbitrary positive definite va r iance matrix. fi' gi' Tij' Uij •·· • 
are elements of f. g. T. U •••• 

Define: 
gi 

v =­
a 

gi 

f i and w = -
af . 

1 

v = w for P' = P. 

Now we have to prove that ~w ~ ~ v due to a change ~. 

A change 
Sa: 

Further: 

As : 

gi * v=-= cg -c*P'e 

agi a~Q(g.g)c 
~ gives (57): ~e -RPc~ . 

* c P'RPc 
vC*p'RP'è 

~w = Vc*PRPc . 1:. = vs. . 1:. (follows from (57)). 
a 11 cr 

U .. 
~ ~ VS .. we conclude: 

i i 11 

An error ~ in an observation causes a maximal change in ~w. Sa: 
w is the best test guantity (most sensitive). 

.iI U:_iiiWiliii"",,""fl 
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Appendi x 2. 

Proof of formula : ~xk ~ rox 
k 

We have to prove : 

2 
* ( ~xk) 

~x G ~x ~ ---.-
Q( xk ,<) 

~xk is an element of the vect or ~x . If we introduce a unitvector 

(66) 

* * -1 ek(O,O, ... ,1,0, . . . 0): then is: ~xk = ek~x and Q( xk, xk) = ekG ek. So (66) 
becomes: 

* * -1 * 2 * 2 ( ~x G~x)(e G e) ~ (e ~x ) = ( ~x e) 

This is true if we prove the more general theorem : 

(67) 

whe re: a and bare arbitrary vectors. G is an arbitrary positive definite 
matrix. 

Proof: Develop G in the matri x of eigenvectors U and eigenvalues A. 

* G = U AU -1 * - 1 
G = U A U. 

* U is an orthogonal matri x so: U U = E (unit). 

A is a diagonal matri x with only positive elements À; on the 

diagonal, because G i s positive definite. 

Insert in (67): 

* * * * -1 * * 2 (a U AUa)(b U A Ub) ~ (a U Ub) 

As a, band U are arbitrary vectors and matrices, also Ua and Ub are 

arbitrary vector s. 

Call ä = Ua and 6 = Ub. So we have to prove: 



-* - -* -1- -*- 2 (a J\a)(b A b) :: (a b) 

(_* _) 2 a Aa = l: a.,, · , 
i 1 1 

The lefthand side of (68) becomes: 

The righthand side of (68) becomes: 

(68) 

1 

Ik 

(69) 

(70) 

Insert (69) and (70) in (68). The first term is left and right the same. 

Bring the second term from right to left: 

n n 
2 2 "i 2 2 "k 

l: l: (aib k Ik - 2a i bi a kbk + akb i ~) 2: 0 
i=1 k=i+1 

or n 
n ( ~ w.)2 l: l: a b -- akb i ~i 2: 0 (71) 

i=1 k=i+1 . i k "k 
As a square is a lways positive, equation (71) is true, and therefore 

equation (67) too. So we proved (67). 

Note: From (71) we see that " i and " k must be positive, so G positive 

definite. 

191. 
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Geometrical proof of \lx k S ra . xk . 

The equation of the n-dimensional error-ellipsoid is: 

* x Gx 2 a 

VX, 

- - cTxz 

In the figure is drawn the projection of the error-ellipsoid on the 

xl ,x2 -pl ane . 
. The projection of the ellipsoid on the x.-axis is a • 

, xi 

The vector \IX represents a point in this space. ·\lx i is the projection 

of \IX on the xi-axis. The vector \IX intersects the error-ellips in xp. 
Suppose ~x = p, a constant. 

p * 2 
As xp lays on the ellipsoid: xpGxp = a . 

So: * \IX G\lX = p2a2 (72) 

Further: X S a 
Pi xi 

thus \IX i ~ pax. , (73) 

Combine (72) and (73): 

\IX . v;;:;;;. _, 5. \IX G\IX 
ax . a , 
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Appendi x 3. 

Correspondence between Baarda's notation and notation in this paper. 

Baarda This paper 
i b x 
i e E 

g ij Q 

g .. 
Jl 

P 
P , 

ui ,uj U 

i j 
aa,aS 

A 

ya,yS X 

Ya 'YS d 

yP,y' -t 

yp'y, -k 

gaS G 

gaS H 

gP' N 

gilT M 

cr s 

Gij Q-R = AHA * 
'\, i 

\lpX \lb 

* T;f Np c PRPc = 

ho,h \lW 

1/7.. rx 

IFI_ I ~ a, , Wo 

F I-a ,b,c.-> Fa 

b n-m 

i 
cp c 

'\, a 
\lp,oY \IX 
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3.3 Adjustment of hyperbolic patterns. 
G.L. Strang van Hees 

3.3.1 Introduction. 

To determine the position of a ship with hyperbolic position systems the minimum 

requirement is two position lines. However, because of the frequent occurence of 

lane slips it is necessary to observe at least three patterns to be able to check the 

observations. This redundant observation gives the possibility to compute an 

estimation of the standard deviation (the standard error-ellipse)of the position. 

The best estimation of the position is obtained by an adjustment. In this 

adjustment one should introduce the effect of the correlation between the 

patterns. The adjustment, testing and computation of the precision of the position 

is described. Same interesting geometrical features of the error figure of the 

observed lines of position (LOP) are derived. 

For a hyperbolic positioning system at least three transmitters are necessary 

which give two position lines (LOP's). The third combination, slave-slave, gives a 

positioning-line going almost through the same point, because the third line is 

dependent on the other two. In a system of 4 transmitters usually three master­

slave combinations are observed and the adjustment is executed with the 

assumption of correlation-free observations. However, as the master occurs in all 

the observed lane numbers there exists a correlation which may not be neglected. 

If we assume that the received signals of all the stations have the same standard 

deviation the correlation coefficient will be 0.5. This can be explained as follows: 

Lane number 1 = range difference (Master - Slave 1) (U = M - 51) 

Lane number 2 = range difference (Master - 5lave 2) (L2 = M - 52) 

Lane number 3 = range difference (Master - Slave 3) (L3 = M - 53) 

The variances are obtained by the law of error propogation (see part 1-4): 

5uppose the slave signals have the same variance 

and the crosscorrelation between the signals is zero: O'M ,S = O'SI,S2 

we get: 

2 
L1 

2 
L2 

2 
L3 

2 2 
M + S 

o 
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° ° 2 
The correlation coefficient is _ L1 , l2 _ _".-o_M----,,-

p -----z-- 2 2 
ol oM + Os 

2 2 
Tf oM = Os then p = 0.5 . 

However, as the slave signal is triggered by the Master signal the path through the 

atmosphere before a slave signal is received on the ship, goes from Master to 

Slave and Slave to ship. This is a longer path then the direct way Master-Ship and 

is therefore more disturbed by noise than the Master signal. Besides, the Slave 

signal is triggered by the Master signal, so the Slave signal contains more receiver 

noise than the Master signal. 

50 O~ < O~ and 0 < p < 0.5. In practice a good estimate of p is: 

0.3 < p < 0.4. 

In this paper the effect of the correlation on the adjustment and on the te sting of 

the observations is derived. 

Further some peculiar geometrical relations of the errorfigure, that is the figure 

formed by the lanes, are derived. 

3.3.2 The error figure of 4 transmitters. 

Suppose we have 4 transmitters called 1, 2, 3 and 4. If we compute the position 

from the th ree transmitters 1, 2, 3 we get three lanes (1-2), (1-3), (2-3) which go 

through one point. As this position is computed without using transmitter 4 we wil! 

caU this position "not 4": 4. In the same way we can compute the positions 1, 2 and 

3. 50 we get a quadrangle ï, 2,3,4. (figure 1) 

figure 1. 
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The line bet ween points Tand"2 is lane (3-4) because transmitters 1 and 2 are not 

used for points ï and 2. 

The error triangle which we get if we use transmitter 1 as a master consists of the 

LOP's 1-2, 1-3, 1-4 and is therefore triangle 2, 3, 4 thus not using 1. If we adopt 

transmitter 2 as the master the error triangle will be 1,'3,4, a.s.o. 

The form of figure 1 can be computed if we know approximate coordinates, thus 

without observations. If we observe 3 LOP's this means that the position (2 

parameters) and the scale (1 parameter) of the figure are determined. 

Now we will state two peculiar properties of the quadrangle (Ï,Z,3,4): 

1. The four points T, 2, 3,4" are situated on a circle. 

2. The lane widths are inversely proporsional to the opposite side length. 

The pro of is given in the appendix. 

This means that if the form of the quadrangle is given the lane widths are also 

fixed and therefore the position of the adjusted point. 

The adjustment is usually done for one triangle, combining the master with the 

th ree slaves. If we adjust without correlation between the lanes the position is 

always inside the triangle. We get a different position if we choose other master­

slave and slave-slave combinations. 

However, if we adjust with the proper correlation coefficient p the adjusted 

position is independent of the observed combinations of master-slave or slave­

slave combinations. That means th at the adjusted position corresponds to the 

position obtained from the best LOP combinations. 

In the fiçjures 2, 3, 4 examples are computed for different situations. It c1early 

shows that the position with correlation 0.5 fits better with the form of the 

quadrangIe, than the positions computed without correlation. 

At sea, on board of a pitching and rolling ship, one usually has no time for 

theoretical considerations. Therefore a simple and general rule should be followed. 

This is: 

Use always Master-Slave combinations and compute the position with a fixed 

correlation p. In the next section the adjustment formulas are der iv ed. 



Adjustment of radiolocation systems 

o without correlation 

~ with correlation 0.5 

Li 
Figure 2 

Figure 3 

Senders: I, 2 , 3, 4. 

ï is position from the 

LOP's 2- 3, 2-4 , 3-4 thus 

~ using 1. The same 

for 2, 3, 4. 

197. 
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Figure 4 T 

é) Position from one triangle computed without correlation 

between the lanes • 

remark: 

Side ï 5 is small. 

This means that the 

opposite side, LOP 
1-5 has a large lane­

expansion. 

. ~ The same, but with correlation coefficient 0.5 (independent 

of the chosen triangle). 

~ Computed from the lanes 3-4, 4-5 and 1-3 (Van Gein) 

With correlation coefficient 0 < p < 0.5 the position will 

move from ~ to ~ approximately linear with p. 
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3.3.3 Adjustment. 

For adjustment computation on board the ship it is necessary to have a fast 

computer program for real time data processing. R. Nicolai developed a program 

which made use of optimal data processing for a small on board computer (Nicolai, 

1982). Also A. Houtenbos developed a method of real time data processing which 

makes use of Kalman filtering. The new position measurements are combined with 

the previous measurements to determine the best estimate of the position 

(Houtenbos, 1982). The inversion of the correlation matrix takes much time and it 

is therefore better to invert the matrix analytically. 

We call the lane observations minus the lane numbers computed from the 

approximate position: vector b* = (bI' b2, b3) 

b * = transpose vector of b. 

The model is 

b + E: = Ax 

E: is the correction to the LOP numbers. 
x is the difference vector between the approximate position and the adjusted position, 

Xl = east, x2 = north. 

A is the matrix of coefficients: 

A = (:11 :12) 
21 22 

a a 
31 32 

wi th a 
i 1 

= azimuth of the LOP ~rom the north 

Iw = lane width 

cos ct 
i 

Iw 
a 

i2 

-sinct 
i 

1 w 

lf we observe only master-slave combinations, the covariance matrix of the observed 

lanes is: 

Q (: : ;) 

Least squares adjustment gives (see part 1-5): 

We may simplify the computation if we compute a matrix R such that 

Q-l = cRR 

c is a constant which allows for a convenient scale of R. 

-
Suppose RA = A 

Rb = b 

• dUih.U 1 ••• _ .. _u.--..uWiWiin .......... duu ,u .. dil 
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then 

This is the same formula as for correlation-free adjustment. 

R can be computed analytically. 

lf we define r so thet: 

R = [I:~ 
-r 

end sol ve r end c we get: and 

p 0 O. I 0.2 0.3 0.4 0.5 
r 0 0.04 0.08 O. II 0.14 0.17 

c 1.0 lol 1.2 1.4 1.7 2.0 

thus b Rb b -r·[tl· (b +b +b ) 
123 

{: 
a +a +a 

A RA=A - r{g ~) 
II 12 

wi th a +a +a 
21 22 

c I 
r:p 

13 

23 

The modification of the computer programs is now rather simpie. We have to 

subtract from each element of the observation vector band the matrix A, r times 

the sum of the column vector. The further adjustment is the same as for 

correlation free observations. 

P Should be introduced in the program as a parameter that can be changed by 

hand. So we are able to compute the best position in each case by chosing p . 

If we have observed n patterns of master-si ave combinations instead of 3, the 

values of rand c become: 

r ~ . ( 1- ~) 
I+(n-I)P 

and c 
1 

I-p 
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The adjustment program mayalso be used for con trol on lane-slips. The 

correction e: can be computed by 

e:=Ax-b or Re:=Ë=Ax-b 

The estimation of the standard derivation of the observations is 

or 
~*~ -1 RR 

(1-p)(n-2) because Q = 1-p 

n is the number of lanes observed. 

For the test on lane-slips we have to adopt a norm for the standard deviation (cl). 

The quotient (s2/ ,/) has a F -distribution with (n-2) degrees of freedom. 

2 

If 
s 2: ~ F(n-2, DO, 99'10) 
cr 

we may conclude to a lane-slip with a probability of 95%. On the other hand, if s2 

is small, this will not be a guarantee that everything is allright. 

Another test on lane slips is obtained by Kalman filtering (see part I-1Z and N -2). 

For n = 3 is F(n-Z,DO ,95%) = 3.84. 

50 we may conclude to a lane-slip if: 

s>1.96 cr '" Zcr 

The standard ellipse of the adjusted point may be computed by: 

2 * -1 -1 2 -*- -1 
cr (A Q A) cr (1- p) (A A) 

This leads to a standard ellipse with axis: 

2 2 2 /< 2 2 Z' 
a = H cr + cr ) +! (cr ' - cr ) + 4cr 

x y x y xy 
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b
2 

= Hi + 0
2

) x Y 

tan 26 
20XY 

2 
- ° Y 

8 is the angle of the ellipse axis with the x-axis. 

If 0x >oy,then the major axis a is close to the x-axis. 

3.3.4 Error figure for 5 transmitters. 

If we have 5 transmitters we get: 

5 5! 
(2) = "2!.3! = 10 position lines (LOP's) 

(5) 5! 
3 = 3! .2! 10 points where 3 LOP's cross. 

(5) 5! 
4 =4! ;1! 5 circles with 4 points on each. 

There are always 3 points on each LOP. 50 it is complicated to construct a figure 

which satisfies all these conditions. Figure 5 is an example. 

There are only 5 degrees of freedom in the figure, 4 angles and 1 distance-ratio. 

e.g. (13-12):(12-23). 

A remarkable condition is that all the circles go through one point. This can be 

proved by expressing the angles from this point to the other cross points as a 

function of the 4 independent angles. 

The other cross points of the circles are just the 10 points of LOP crossings. 

3.3.5 Conclusion 

To adjust the position of a hyperbolic positioning system it is important to 

introduce correlation between the observed lane numbers. The effect of the 

correlation can easily be introduced in the computer program. A correlation 

between 0.3 and 0.4 for Master-Slave combinations seems to be best suited. 



Error fiqure for 5 transmitters. 
2-4 Lane of Position (LOP) 
24 Point from transmitter combination (1,3,5) 

(not using 2 and 4). 
Note: All circles go through one 

point. 
Only 4 independent 
angles~ 

figure 5. 

25 

'" o 
w 
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3.3.7 . Appendix. 

Proof of the geometrical properties of the error figure 

to transmitter 3 

/LOP 23 

to transmitter 2 

LOP 13 
Posi tion 4 c;..=---

----- LOP 12 

to transmitter 1 

Figure 6 

1 "d h wavelength À 
ane Wl t = 2 . Sln l (angle between the directlans te the transmltters) 

50: lw(12) = 1./2 sin a 

lw(23) = 1./2 sin (3 

lw(13) = 1./2 sin y 

The LOP's are the bissectrices between the directions to the transmitters. From 

the geometry of fig. 6 follows that the angles between the LOP's are half of the 

angles between the transmitters. 

From figure 6 we see: 

2 a+ 2 (3 =2 y 

or a + (3 y 
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The angles bet ween the LOP's are: 

angle (12-23) = a + a = y so 

angle (12-13) = y - a= a so 

angle (13-23) = y - a= a so 

Iw(13) ':' À/2 sin(12-23) 

Iw(23) = À /2 sin(12-13) 

·lw(12) = À/2 sin(13-23) 

If we consider the quadrangle i, 2, 3, 4, (figure 7) the lane width of e.g. (1-2) is 

inversely proportional to sin angle (i, 3, 2) and, for the same reason, also to sin 

angle (i, 4, 2). 

figur e 7. 

Thus angle (I, 3, 2) = angle <i, 4, 2) 

This means that point ti lays on the circle through I, 2, 3. 

However if the points I, 2, 3, 4 are on a circle the sides are proportional to the sin of 

the opposite angles e.g. side (i 2) = 2Rsin(Ï 3" 2). 

Thus, the lane widths are inversely proportional to the opposite sidelengths. 

Thus lane width (12) • side (Ï 2) = lane width (13) • side(i 3) = 

lane width (14) • side (i 4) = lane width (23) • side (2~) = 
lane width (24) • side (24) = lane width (34) • side (34) 

50 if e.g. side (r 2) is large the lane width of LOP (12) is smaU. 



3.4 Precision of radiopositioning systems. 

G.L. Strang van Hees 

3.4.1. Introduction. 

Some concise formulas for the point precision of radiopositioning 
systems are derived. 

The varianee ( a~ + a~) of the point precision is expressed in nice 
symmetrie formulas in three cases: 

- range-range mode: formula (9); 
- hyperbolic mode with 3 transmitters : formula (15); 

- hyperbolic mode with 4 transmitters: formula (25). 

The variables in these formulas are the angles between the trans­
mitters, seen from the receiver (ship). 

Two types of radiopositioning systems are distinguised: 
a. range systems; 
b. hyperbolic systems. 
The observation equations in matrix notation are: 

b + e = AX (1 ) 

b is the vector with observations . In range-mode: bare the distances 
to the transmitter. In hyperbolic mode : bare the distance differences 

between master and slaves or two slave stations . 
e is the vector with corrections. 
A is the design matrix. 

X is the vector with the coordinates of the receiver station. 
In range mode : 

-cos 
A -cos 

-cos 

(2) 

207. 
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In hyperbolic mode : 

(

sin Cl
1 

- s i n Clm 
A = s~n Cl 2 - sin Clm 

Sln Cln - sin Clm 

cos 
cos 

cos 

Cl
1 

- cos 
Cl -2 cos 

Cl -n cos 

"m) Clm (3) 

Clm 

Cl 1 ••• Cln are the azimuths from the receiver (ship) to the transmitters. 
Clm is the azimuth to the Master station. For this purpose it is suffi ­
cient to compute the azimuths on the sphere with the following formula 

sin( Àt -Àr.) tan Cl = tan ~t cos ~r - Sln ~r COS( Àt-Àr ) (4) 

Cl = azimuth from receiver (r) to transmitter (t) . (~t, À t), (~r, À r) are 
latitude and longi t ude of transmitter and receiver . 
Q is the varianee matrix between the observations. 

In the range-mode Q can be taken equal to the unit matr ix. In 
the hyperbolic mode a correlation between the observations should be 
taken into account, because the master-station is involved in all the 
range differences . 

As derived in 3. 3.3 the Q matri x is, i n case of Master-Slave combi na­
t i ons: 

where 

Q (: 
p p 

1 p 

p 1 

2 

°Maste r 

... ") 
p = 2 2 

°Master + °Slave 

(5) 

In case of Slave-Slave-combinati ons Q can also be expressed in p. This 
expression can be found by using the law of covariance propagation. 
However, the final precision of the point is independent of the com­
binations used, if the correct correlations are taken into account . 
The standard ellipse of the point precision can be computed from the 
adjustmerit: 



o is the standard deviation of the observation . In range mode: 0 is 
the standard deviation of the measured ranges in meter. In hyperbolie 
mode: cr is the standard deviation of the ranges differenees between 
master and slave, this is the wavelength À times the precision of the 
observed lane number, e.g .: 0 = 0.01 À, if the precision is 0.01 lane. 

209. 

An indieation of the point precision is the traee of the varianee 
matrix . This traee is equal to a2+b2 with a and b the axis of the standard 

ell ipse . 
2 2 2 2 * -1 -1 Op = 0x + 0y = ° . traee(A Q A) (6) 

The objeetive . of this paper is to derive an expression of op' for range 
and for hyperbolie mode. 

3.4.2. Range mode. 

In the range mode is Q the unit matrix. A is defined by (2) 

A*A = 1 

(

L Sin2 Ct. 

L sin Ct i cos Ct; 

L sin Ct i cos 
2 

L cos Ct i 
Detenninant is: 

o = 
n . 2 
L sln 

i=l 
Ct . . 

1 i=l 

n 
L eos 2 Ct· -

1 

n 2 
( L sin Ct i · cos Cti) 
i=l 

Af ter some manipulations with trigonometrie funetions this expression 
ean be transformed to: 

n n 
Sin2 (Cti -Ct j ) 0 L E 

i =1 j=i+1 

The inverse of (A*A) is 

C 
eos2 Ct. 

(A*Af1 1 1 

11 
sin Ct. 

1 
cos Ct i 

• 2 
L Sln 

(7) 
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The trace is : 

1 ( n 
Trace = - E 

o \ i=1 

Insert (7) and (8) in 

2 cos 

(6) : 

n 
a. + E 

1 i =1 

2 
n . ° 

n -1 n 2 

2 
sin 

E E sin (a. -a .) 
i=1 j=i+1 1 J 

ai) = 5 

This rather ~imple final formula gives the point precision in a 
range-mode system . 

(8) 

(9) 

It is dependent on the angles (ai-aj) between the transmitters as seen 
from the receiver station P (the ships position) . for a three 
range system is: 

3.4.3. Hyperbolic mode. 
The precision of a computed position in a hyperbolic system 

2 2 depends on the varianees of the master and slave signals, oM and 0S, 
This is expressed by the parameter (3.3.1) 

2 
OM 

p = 2 2 

OM + °s 
In general is o~ > o~ and so: 0 < p < 0.5 . For the calculation of the 
coordinates it is important to choose p as good as possible. 
However, one gets a good impression of the precision if one assumes 
a~ = o~ or p = 0.5. This assumption means that the Master and 
Slave stations may be interchanged and therefore nice symmetrie 
formulas are obtained. 

3.4.3.1. Hyperbolic system with 3 transmitters. 
The design matri x is given by (3). For one Master and two Slaves 

A becomes a 2 x 2 matrix which can be written in short: 



A • (: :) 
The inverse of Q (5), is: 

Q-l =_, ç 
1 _ p2 _p -:) 

A" Q-' A • ~' 
1 - p b :)C 

(

2 2 
1 a + c -2pac 

= ~ ab + cd - p(ad+bc) 

-J (: :) 
ab + cd - p(ad+bC)) 

b2 + d2 - 2pbd 

(10) 

(11) 

This matrix should be inverted according to (5). The determinant of 
(A* Q-l A) is obtained as the product of the determinants of the com­
ponents: 

Det(A* Q-l A) 

So the inverse is: 

The trace is 

1 
(1_ p2 )2 

2 
(ad-bc) 
1 _ p2 

det(A) . det(Q-l) . det(A) 

2pbd 

t a2 + b2 + c2 + d2 - 2p(at+bd) 
race = 2 

(ad-bc) 
(12) 

We now insert (3) into (12) and choose p = 0.5. Af ter some manipula­
tions with trigonometric functions we obtain: 

ac + bd 

2 - 2 cos (a
3 
-al ) 

2 - 2 cos(a2-a) 

21l. 
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or 
2 2 2 2 

a + b + c + d -2p(ac+bd) = 

(13) 

(14) 

Note the cycle in the indices! 
Inserting (12), (13), (14) into (6) gives finally: 

2 
a (3~cos( a l-a2 ) - cos( a2-a

3
) - cos(a3-a1 )) 

(sin(a
1
-a

2
) + sin(a

2
-a

3
) + sin(a

3
-a

1
)) 2 

(15) 

This symmetric formula expresses the point prec i sion as 
a function of the angles between the transmitters as seen from the 
receiver (the ship). Expressed in t he angles Cl , S, y (see figure) it 

becomes: SI 
M 

a 2 = a2 (3 - cos a - cos s - cos y ) 
P (sin a + sin S + sin y) 2 

(16) 

Note that the direction of counting a , S, y is important, because 
sin a = -sin(-a ) a. s .o. 
a is the precision of the observed lane number, multiplied by the 
wavelength À : 

a = alane . À 

Example 1: alane = 0.01 

lïO ap = 0.01 À • V;r = 0.018 À 



Example 2: On a baseline is: 

crv!3 - cos CL + cos CL + 1 
Sln CL + sin CL + 0 

cr 
= sin CL 

3.4.3.2. Hyoerbolic system with 4 transmitters. 

The varianee matri x of the coordinates is in case of one Master 
and 3 Slaves (3.3.3) : 

with Ä RA. Again we choose: p ~ . This ~ives: 

R ~ i(: -1 -1) 
5 -1 

-1 -1 5 

CO' - sin CL ... '0' ", - '0' ",) 
A Sln CL

2 
- sin CL ... cos CL 2 - cos CL ... 

sin CL
3 

- sin CL ... cos CL
3 

- cos CL ... 

CL i = azimuth from receiver to the transmitter 
notation: 

The determinant becomes af ter some manipulations: 

( 17) 

(18) 

(19) 

1, 2, 3, 4. In short 

(20) 

213. 

M 
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Det = (ad-bc)2 + (af-be) 2 + (cf-de)2 

According to (17) is: 

cr 2 + cr 2 
1 cr2 . trace(Ä*Ä)-1 

X y 2 

. 2 + b2 2 d2 . . 2 f2 trace(Ä*Ä)-1 = a + c + + e + 
(ad-bc) 2 + (af-be)2 + (cf-de) 2 

(21) 

(22) 

(23) 

The a, b, c, d, e, f are now replaced by the expressions that follow 
from (18) and (19). 

This gives a rather complicated expression, but af ter a lot of 

trigonometrie reductions this expression can be simplified. 
The following notation is used: 

Note th at Sik = -Ski and Cik = Cki 

therefore the sequence of the indices is important for Sik! 
The resulting final formula for the point precision is 

2 (6 - C12 - C13 - C14 - C23 - C24 - C34 ) 
cr 

(24) 

(25) 

with cr = À • cr (lane numberh À = wavelength of the transmitted signal. 
Again this is a symmetrie expression in I, 2, 3 and 4, as it should beo 
If the positions of the transmitters and receiver (ship) are given, it 
is possible to calculate the azimuths with (4) and from this the point 
precision with (25). 



3.4.4. 

Exeercise Least squares adjustment. 

Exeereise ,. 

Suppose we have 4 transmitters A, B, C, and O. From a ship in point P the 

distanees to the 4 transmitters are measured (range-range method). The distanees 

are redueed to the plane of the map projeetion. The eoordinates of the trans­

mitters are given in this map projeetion. Henee, the eomputation and adjustment 

een be earried out in the x,y-plane. P' is the approximate position of the ship. 

y 

B 

x 

Given eoordinates: Latitude Longitude 
A: 52.00 4.00 

B: 52.50 2.00 

C: 52.80 3.80 

0: 55.00 4.00 

215. 

P~ 53.00 3.00 -' . . approximate 
coordinates 

Measured distanees: PA: 

PB: 

130165 m 

87305 m 
PC: 58085 m 

PO: 231770 m 

The measured distanees are assumed to be tree of eorrelation end with the same 

preeision. 
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Compute the least squares estimate of the coordinates of Pand the corrections to 

the distances. 

Compute the estimated precision of the distances and the standard ellipse of 

point P. 

Excercise 2. 

Suppose A is the master transmitter and B, C and D are slaves. 

Now the distance differences are measured instead of the distances itself. 

PA - PB = +42860 m 

PA - PC = +72080 m 

PA - PD =-101605 m 

In practice this is the case wit a hyperbolic positioning system. Compute again 

the position and the standard deviations by least squares adjustment. 

As the distance PA is involved in all three distance differences, these observations 

are correlated. Usually this correlation is neglected. You can carry out the 

adjustment with and without the correlation and see the differences. Especially if 

the intersection of th'e lanes is bad, it is important to take the correlation into 

account. 

With a correlation coefficient p = 0.5 the solution is independent of what trans­

mitter is chosen as a Master station. 



EXERCISE LEAST SQUARES ADJUSTMENT 
********************************* 

PROGRAM DESIGN: IR.G.L. STRANG VAN HEES 

APPROXIMATE COORD. LAT 53.00000 LON 3.00000 

TRANSMITTER LAT 52.00000 LON 4.00000 
MEASURED DI STANCE 130165.00 METER 

DI STANCE FROM APPR.POINT 130175.37 AZlMUTH FROM APPR.POINT 148.2709 

TRANSMITTER LAT 52.50000 LON 2.00000 
MEASURED DI STANCE 87305.00 METER 

DI STANCE FROM APPR.POINT 87297.62 AZlMUTH FROM APPR.POINT =-129.1594 

TRANSMITTER LAT 52 . 80000 LON 3.80000 
MEASURED DI STANCE 58085.00 METER 

DISTANCE FROM APPR.POINT 58084 . 47 AZlMUTH FROM APPR.POINT 112.1922 

TRANSMITTER LAT 55.00000 LON 4.00000 
MEASURED DISTANCE 231770.00 METER 

DI STANCE FROM APPR.POINT 231788.79 AZlMUTH FROM APPR.POINT 15.9743 

ADJUSTMENT RANGE-RANGE MODE 
** * ***.* * ****************** 

4 OBSERVATIONS, 2 UNKNOWNS. 

ST.DEV.=10.00 ALPHA=0 . 050 CRITICAL VALUE= 2.00 

OBSERVATIONS 

-10.365 7.384 0.530 -18.786 

WEIGHT-COEFFICIENTS: Q(I,J), (AS VECTOR) 

0.100E+01 O.OOOE+OO 0.100E+01 O.OOOE+OO O.OOOE+OO 0.100E+01 O.OOOE+OO 0 

DESIGN MATRIX A(I,J) 

1 -0.526 
0.851 

0.775 
0.631 

-0.926 
0.378 

-0.275 
-0.961 
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NR. OBSERV. ST.DV. CORREC. OBS+CO. ST.DV. W-TEST CODE MA 

1 -10.365 11. 842 11. 308 0.942 8.151 1.316 0 4 
2 7.384 11. 842 3.706 11. 090 8.580 0.454 0 4 
3 0.530 11. 842 -6.282 -5.752 8.632 -0.775 0 4 
4 -18.786 11. 842 9.970 -8.816 8.118 1.156 0 4 

MARGINAL ERROR = ERROR IN OBSERVATION WHICH CAN BE FOUND WITH 80% PROBABILIT 

REL.= RELIABILITY = MARGINAL ERROR DIVIDED BY THE STANDARD DEVIATION, FOR OB 

R = VARIANCE OF THE CORRECTIONS 

RIO = IMPROVEMENT, (0 .LE. RIO .LE. 1), IF (RIO .GT. 0.7) THEN GOOD. 

PRP/P=RELIABILITY, (0 .LE.PRP/P.LE. 1), IF (PRP/P.GT. 0.7) THEN GOOD. 

ESTlMATION STANDARD DEVIATION WEIGHT-UNIT: 1l.842 

APRIORI STANDARD DEVIATION WEIGHT-UNIT: 10.000 

ESTlMATION VARIANCE FACTOR: 140.233098 

APRIORI VARIANCE FACTOR: 100.000000 

F-TEST: 1. 402 CRITICAL VALUE: 

SOLUTION: 

NR. X(I) STAND.DEV. MARG.ERR. 

1 8.913 8.802 24.929 

2 6.619 8.006 20.434 

VARIANCE MATRIX OF UNKNOWNS, Q(X,X). 

0.552 0.011 0.457 

ADJUSTED COORDINATES RANGE-RANGE METHOD. 

LON P 3.000133 SDX 7.43 M COV(X,Y) 1.08 

LAT P 53.000060 SDY 6.76 M COV(X,Y) 1.08 

A = 7.44 M B 6.75 M ANGLE WITH X-AXIS = 6.38 



ADJUSTMENT HYPERBOLIC MODE, CORRELATION 0.0 
******************************************* 

ST.DEV.=15.00 ALPHA=0.050 CRITICAL VALUE= 2.00 

OBSERVATIONS 

17.749 10.895 -8.421 

WEIGHT-COEFFICIENTS: O(I,J), (AS VECTOR) 

1.000 0.000 1.000 0.000 0.000 

DESIGN MATRIX A(I,J) 

1 1. 301 -0.400 0.251 
2 -0.219 -0.473 -1. 812 

NR. OBSERV. ST.DV. CORREC. OBS+CO. ST.DV. 

1 17.749 15.000 -5.957 11.792 14.157 
2 10.895 15.000 - 16.26 8 -5.373 6.455 
3 -8.421 15.000 4.965 -3.456 14.419 

1. 000 

W-TEST CODE MA 

-1.201 0 12 
-1.201 0 4 
1. 201 0 15 

MARGINAL ERROR ERROR IN OBSERVATION WHICH CAN BE FOUND WITH 80% PROBABILIT 
REL.= RELIABILITY = MARGINAL ERROR DIVIDED BY THE STANDARD DEVIATION, FOR OB 
R = VARIANCE OF THE CORRECTIONS 
RIO = IMPROVEMENT, (0 .LE. RIO .LE. 1), IF (R IO .GT. 0.7) ~HEN GOOD. 
PRP/P=RELIABILITY, (0 .LE .PRP/ P.LE. 1), IF (PRP/P.GT. 0.7) THEN GOOD. 

ESTIMATION STANDARD DEVIATION WEIGHT-UNIT: 18.022 

APRIORI STANDARD DEVIATION WEIGHT-UNIT: 15.000 

ESTIMATION VARIANCE FACTOR: 324.790110 

APRIORI VARIANCE FACTOR: 225.000000 

F-TEST: 1. 444 VALUE: 

SOLUTION: 

NR. XII) STAND.DEV. MARG.ERR. 

1 9 . 607 11. 085 89.199 
2 3.236 8.139 79.202 

VARIANCE MATRIX OF UNKNOWNS, O(X,X). 

0.546 0.085 0.294 

LON P 3.000144 SDX 11.09 M COV(X,Y) 19.02 
LAT P 53.000029 SDY 8.14 M COV(X,Y) 19.02 

A = 11. 34 M B 7.77 M ANGLE WITH X-AXIS = 16.94 
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ADJUSTMENT HYPERBOLIC MODE, CORRELATION 0.5 
****** •• ******* •••• ************************ 

ST.DEV.=15.00 ALPHA=0.050 CRITICAL VALUE= 2.00 

OBSERVATIONS 

17.749 10.895 -8.421 

WEIGHT-COEFFICIENTS: O(I,J), (AS VECTOR) 

1.000 0.500 1. 000 

DESIGN MATRIX A(I,J) 

1 
2 

NR. 

1 
2 
3 

1. 301 
-0.219 

OBSERV. 

17.749 
10.895 
-8.421 

-0.400 
-0.473 

0.251 
-1.812 

ST. DV . CORREC. 

15.000 -12.110 
15.000 -17.488 
15.000 -6.413 

0.500 

OBS+CO. 

5.640 
-6.593 

-14.834 

0.500 

ST.DV. 

11.297 
4.681 

14.060 

1.000 

W-TEST CODE 

-1.227 0 
-1.227 0 
1. 227 0 

MA 

12 
4 

15 

MARGINAL ERROR ERROR IN OBSERVATION WHICH CAN BE FOUND WITH 80% PROBABILIT 
REL.= RELIABILITY = MARGINAL ERROR DIVIDED BY THE STANDARD DEVIATION, FOR OB 
R = VARIANCE OF THE CORRECTIONS 
RIO = IMPROVEMENT, (0 .LE. R/O -.LE. 1), IF (RIO .GT. 0.7) THEN GOOD. 
PRP/P=RELIABILITY, (0 .LE.PRP/P.LE. 1), IF (PRP/P.GT. 0.7) THEN GOOD. 

ESTIMATION STANDARD DEVIATION WEIGHT-UNIT: -18.407 

APRIORI STANDARD DEVIATION WEIGHT-UNIT: 15.000 

ESTIMATION VARIANCE FACTOR: 338.814558 

APRIORI VARIANCE FACTOR: 225.000000 

F-TEST: 

SOLUTION: 

NR. 

1 
2 

XII) 

5.848 
8.996 

1. 506 

STAND.DEV. MARG.ERR. 

8.466 89.199 
7.559 90.875 

VARIANCE MATRIX OF UNKNOWNS, O(X,X). 

0.319 -0.027 0.254 

LON P 3.000087 SDX 8.47 M COV(X,Y) 
LAT P 53.000081 SDY 7.56 M COV(X,Y) 

A = 8.60 M B 7.41 M ANGLE WITH X-AXIS = 

-6.16 
-6.16 

-20.16 

VALUE: 
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3.5 Kalman filtering. 
J.C. de Munck 

3.5. 1 . lntroduction. 

The accuracy of the estimate of an unknown quantity can of ten be 

improved by repeating measurements many times and averaging the results. If, 

however, the unknown quantities and the measuring quantities are part of a time 

dependent process this procedure is not feasible in its simple form. Nevertheless, 

for such a process, like position fixing with a moving vehicle, measurements at 

successive moments may be combined to obtain better knowledge of positions. 

A Kalman filter is a procedure to find an "optimai" estimate for some 

unknowns at any moment based on all measurements up to that moment and on 

some a priori knowledge at the start of the process. For the Kalman procedure the 

process has to be known to some extent. For a moving ship this process may 

therefore consist of the dynamic eguations of the mot ion based on the known 

forces on the ship from the screw, the rudder, the currents and the wind. The 

steering of the ship mayalso be incorporated in this model. Also some stochast ic 

terms are needed because of lack of complete knowledge of the forces. 

In an ot her set of equations, the observation model. the relation between the 

measurements and the unknowns are expressed, also with some noise terms 

because of the uncertainties in the measurements. 

3.5.2. The modeis. 

The dynamic model can be constructed in different ways. It will of ten 

contain some differential equations based on the theory of mechanics, on 

emperical rules or on intuition. Of all possible ·differential equations only the 

linear ones can be solved more or less straightforwardly. 50 one will nearly always 

try to define the dynamical model in the form of such equations if not in a still 

more elementary form. 

Now each set of simultaneous differential equations with one independent 

variabie (most of ten the time t) can be written in the form: 

~(t) = F(t)~(t) + G(t)y(t), (1) 

where ~(t), the so-called state vector, is a column vector of time dependent 

unknowns, such as components of position and velocity, course, etc.; 

y(t) is a column vector of time dependent steering and noise variables; 

F(t) is a square matrix expressing the Clinear) relations between the 

unknowns and their time derivates in absence of steering and noise 

variables; 
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and the dot above the X vector indicates the time derivative: 

For the purpose of the Kalman filter the last term is often split up: 

G(ttrJt) = B(t)~(t) + C(t)W(t) , (2) 

where ~(t) includes the steering components (fora ship for instance rudder angle 

and screw power); 

Wet) the noise of the dynamic model, representing the lack of knowledge of 

the system; 

and B(t) and C(t) matrices of time dependent coefficients. 

In order to keep the problem relatively simple we wil! suppose the steering to be 

neglig; bIe. Then we can eliminate G(t),2::.(t), B(t) and :{(t) and we can write: 

~(t) = F(t)~(t) + C(t)W(t) (3) 

This equation could be solved straightforwardly if the matrices F(t) and C(t) we re at 

least local!y independent of time and if the noise vector W should be known. 

Although W is essential!y not ful!y known, the differential equation may be solved. 

With sufficient knowledge of the initial conditions an estimate of the state values ~ 

can be found as function of the time t. 

If the matrices F and C are independent of time equation (3) can be written as: 

~(t) = F~(t) + CW(t) (4) 

Example 1. 

A ship sails approximately a straight line with constant velocity in a smal! region 

(flat earth). The movement is disturbed by smal! random forces, giving random 

variations in the two components of the accelaration. We can write: 

E(t) = O.E(t) + E(t) + O.N(t) + O.N(t) 

Ë(t) = O.E(t) + O.r(t) + O.N(t) + O.N(t) + wét) 

N(t) = O.E(t) + o.E(t) + O.N(t) + N(t) 

N(t) = O.E(t) + o.È(t) + O.N(t) + o.N(t) + wN(t) 

(5) 
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where E(t) is easting, N(t) northing and wEet) and wN(t) are stochastic accelerations 

in East and in North direction and where the state vector has the farm: 

~(t) = {E(t) È(t) N(t) N(t) } T. 

Equation (5) has exactly the farm of (4) if: 

F=[OIOO 
o 0 0 0 

000 1 

000 0 

C= o 0 

1 0 

o 0 

o 1 

and Wet) = . 

If we know the state vector at a certain time to' the solution of (5) is very simple if 

the noise acceleration W can be assumed to be constant during a time interval 

(to,t): 

. 2 
E(t) = E(to) + (t-to)E(to) + t (Ho) wE 

E(t) = E(to) + (t-to)WE 
~(t) = t-:J(to) + (t-to)N(to) + ! (t-toiwN 
N(t) = N(to) + (t-to)wN 

(6) 

which can easily be checked by substitution of E(t), E(t), N(t) and N(t) into (5). (6) 

can also be written as 

~(t) = 1 t-to 0 0 ~(to) + ! (t_to)2 0 W 

0 1 0 0 t-to 0 

0 0 1 t-to ° ! (t_to)2 (7) 

0 0 0 1 0 t-to 

Sa for this system the position and the velocity at any moment t can be computed 

from the position and velocity at the moment to if the disturbances are known. 

The coefficient matrix of ~(to) is called the (state) transition matrix <P (t,to). 

IiI 

For the more generallinear system (3) the solution may be written as: 

t 
~(t) = <p (t,to)~(to) + f <p (t,T)C(T)W(-r)dT 

to 
(8) 
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where 4> (t,to) is the transit ion matrix which is the coefficient matri x to find the 

state at the time t from the state at t ime to if no disturbances ~ or W) we re present. 

This solution can be checked by substitution of (8) into (3), using the properties of the 

transit ion matrix given in table 1. 

50 if the transition matrix 4> (t,to) is known the state vector at any moment t can be 

found from the state vector at the moment to as long as (3) holds and if the distur­

bances Wet) are known for any moment from to to t. 

The transit ion matrix for a linear first order system like (3) obeys some interesting 

properties, shown in table 1. 

*t& lP · .(t,to) 
ax ; (t) 

4> (t,t o) = a- t = 
axj(tol 1,J 

1 
- 0 ; .e . : 

lIX;(t) 
lP; ,j(t,to) ~ lIX

j
(t

o
) 

2 
-1 

4> (t,to) ex; sts 

3 4> (t
2
,t

1
) = 4>- 1(t

1
,t

2
) 

4 4> (t
3
,t

1
) = 4> (t

3
,t

2
) 4> (t

2
,t1) 

5 4> (t,to) ~ 
d4> (t , t o) 

= F(t) 4> (t,t o) at 

Properties of the state transition matr ix 4> of the homogeneous linear first order I 
I matrix differential equation: 

J i(t) = F(t) ~(t) 

Table 1. 

If the matrix F is independent of the time t, the transition matrix 4> (t,to) may be 

written as: 
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(9) 

where for any square matrix A the exponential form is defined as 

eA ~ I + A + AA + AAA + ••• (10) 

if I is the unit matrix of the same dimension as A. 

Therefore <I>(t,to) may be approximated by a Iimited number of terms from: 

(11) 

Example 2. 

Substituting the matrix F of example 1 into (11) and substituting the resulting 4> and 

the matrix C of the same example into (8) one finds indeed equation (7). 

IiI 

Af ter a certain time the dynamics wil! no longer be known with sufficient accuracy: 

the noise terms wil! become too large, or even the model wil! not hold wel! enough. 

The state can then be updated by measurements which can be made continuously, 

but wil! of ten be made at discrete moments t k• 

These measurements have to provide at least some information about the state 

vector. 50 relations have to exist between the measurements and state components. 

If these relations are Iinear the observational model can be expresses as: 

where Zk ~ ~(tk) is the column vector of measurements, 
- t:, 4 =~(tk) 

(12) 

Hk is the matrix of the coefficients expressing the linear relations between the 

state components and the measurements 

Yi< ~ y(tk) is the vector of measurement errors. 

Example 3. 

If, with the same dynamic model of example 1, where ~ = (E È N r\J)T, one measures 

the easting and the northing, (respectively ZE and ZN) one has a very simple though 

not quite realist ic case. The measurement model may then be written as: 
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IiI 

Example 4. 

Often non linear relations exist between the state and the measurements. This is for 

instance the case if the distances are measured to two transmitters T' and T" of 

which T' is drawn in figure 1. 

The measurements can then be written as: 
I i ,TI 

-------~----------------------
NI i , 

and 

, 
I , , 
I , , 
I 
I 

IE' 

E 
if Ek and Nk are the coordinates of the ship and E', 

N', E" and N" the coordinates of both transmitters; 

vk and vk are the measuring errors. 

Figure 1: Linearization of a 
measurement model. 

In vector form: 

~ " \ ~) "( V::: ::.::, ': ~_~.:;) ~). (:j) (13) 

To find a linear form a point E~, ~ in the neighbourhood of the ship is taken, and 

one will try to make the calculations with the small difference values ek' nk, zk and 

zk defined by (see also figure 1): 

/::, ° /::, _ y (E~_E, -)2 + 
. 

ek = Ek-Ek z' !::. Z'-Zo, Z' (~-tt)2 + v' k - k k k k 

nk ~~-~ z' 
k 

t:; Z"_Zo" 
- k k ~ ZIt -

k 
Y(E~_E,,)2 + (~-~N~') + v" k 
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5ubstitution in (13) and development in a Taylor series with omission of all terms of 

second and higher order in ek and nk yields: 

Z "" -k EO_E" "P-N" 
zo" k . K 

k + -- ek + -- nk Zo" Zo" 

or by introducin~ t(hee:e:~~n~kak_ a~: a:o~e:kf)igure 1): 

~k - + ~k 
ek sin ak - nk cos ak 

If the point E~, ~ ,or better EO(t), N°(t) is considered as a moving point the 

wholestate vector can be taken as differences: ~ = (ek ék nk I\)T. In this case one 

finds: 

N.B. 1. 

N.B.2. 

(sin ak 0 -cos a ' :) k 
~k + Yk 

(14) z = -k " sin ak 0 -cos a
k 

~ = Hk~ + Y!< (15) 

If the movement of the point E~, r{ is known a priori (the planned 

track), all the matrices Hk may be calculated beforehand. 

The measurements I are expressed in me tres or another measure of length 

and not in lanes. 

IiI 

3.5.3. The Kalman filter. 

Now we come to the Kalman filter, an algorithm to find some optimal 

estimation 2k of the state at the time tk and of i ts covariance matrix Pk, from the 

values Xk_1 and Pk-1 at the preceeding time tk-l and from the last measurements 

~. 
50 if the algorithm can be started somehow at to the state may be calculated 

at each new moment tk(k > 0) without retaining all measurements. 

For optimal estimation in the least squares sense it is possible to rove the 

undermentioned formulae for appropriate processes. 
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Let us assume the simple linear process with constant coefficients: 

2s.(t) = F 2S.(t) + C Wet) (4) 

As one can learn from the theory of stochastic processes it is quite reasonabIe to 

work with the - physically not very realistic - assumption, that the disturbances Wet) 

are constant during the t ime interval bet ween the measurements 

tk_1 < t < t k• In this case for the process (4) the salut ion (8) for th is interval 

may written as: 

2S.(t) = <I> (t, tk_1) 2S.(tk_1) + f (t,tk_1) ~-1 (16) 

6 t 
r (t,tk_1) = I '" (tk, T)Ck_1 dT 

t
k
_
1 

with ( 17) 

50 f(t,tk_1) is a coefficient matrix giving the influences of the disturbances ~-1 in 

the interval tk-1 < t < t k, on the state 2S.(tk). 

If the mathematical expectation of the disturbances Wet) is zero, i.e. if E {W(t)} = 0, 

one finds for the estimate 4,k-1 just befare the measurements at t k: 

- -
4,k-1 = "'k-14-1 (18) 

wh ere 4-1 is the "best" estimate of the state at the moment tk_1' including the 

measurements at t k_1 
and "'k-1 @ ", (tk, t k_1) is the transition matrix. 

If na correlation exists between disturbances at different moments, i.e. if 

E {~ .YJ} = 0 for k I- I, (so- called whi te noise) the covariance matrix Pk of t he 

state & can be estimated from the covariance matrix Pk-1 of the preceding state 

~-1' One finds for the process (16): 

(19) 

where Qk-1 is the covariance matrix of the disturbances in the interval 

t k- 1 < t < t k: 

and 
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ExampJe 5. 
Let in exampJe 1 the East- and the North disturbing acceJerations be inde­

pendent, with standard deviation cr a (for exampJe in m s-2). r :hen 

As aJready found in exampJe 2 the transition matrix may be written as 

~(t.T)= / 1 (t- T) 0 

<t-:,) ) 

for t k_1 S T S t s t k 

U 
1 0 

0 1 
0 0 

Substi tution of ~ (tk• T) and the C of exampJe 1 into (17) yieJds: 

The covariance matrix Pk,k-1 of Kk,k-1 is found by substituting 

~ k-1 = ~ (tk,tk_1)' r k_1 and Qk-1 = Q into (19): 

In literature one sometimes finds instead of !T4 in the last matri x jT4 

The difference is caused by a slightly different assumption about the 
stochastics of the noise W. 
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Let the noise of the initial state vector ~ be given by: 

p = 

( "~ 0 

0 0 o 2 0 Os 
2 o 0 op 

0 0 0 

then substitution 

j) 
into the 

, where o~ is the variance of the components 

of the position, 

and o~ is the varianee of the components of 

the velocity. 

last equation gives: 

'1,0· ('" 
P12 0 

':2 ) 

with Pll 
2 + 2T2 + 1 2T4 

°13 Os ïT °a 

P12 P22 0 2T + 1 2T3 
0 0 Pll 

P12 0S 20a 
2 2T2 

0 0 P12 P22 P22 °s + °a 

Some quantitative estimates: 

lst Doppier satellite fixes each 5000s (= T). 

A low estimate for the effective disturbing acceleration over such an interval: 

0a = 0,01 ms-2 (0,001 x gravity). 

Square roots of the contributions to the diagonal elements of Pk k-l: 

! ° a T2 = 12,5 • 104 m = 125 km in position; , 

° a T = 50 m s-l = 100 knot in velocity. 

So c1early for this case our model is not adequate. Dne can hope for a better 

result if the dynamic model is aided by course and velocity information. 

2nd Let the time interval T be IS, and let the standard deviation 0a be 1 m s-2 (= 

10% of gravity). 

Here ! ° a T2 = 0,5 mand ° a T = 1 m s -1 = 2 knot. 

3rd For an interval, T = lOOS ° a will be much smaller than for the shorter interval 

because of the averaging effect. Say 0a = 0,1 m s- 2. If th is is real one finds 

! ° a T2 = 500 mand ° a T = la m s-l = 20 knot. A very weak dynamic model. 

IiI 

At the moments t k new measurements Zk are performed for which (12) holds: 

(12) 

The disturbances .Yk are now supposed to form a zero mean, white sequence with a 

covariance matrix Rk, i.e. a sequence with mathematical expectation zero and with­

out correlation between different moments: 



E{.Y.k } =0 

{

CO) for I t k 

Rk for I = k 

23l. 

(20) 

With these assumptions, using the theory of least square adjustment, one ean find for 

our proeess the relations to ealeulate the "optimai" estimate 2:S.: of the state just 

after the last measurements ~ and their eovarianee matrix Pk: 

The derivation is given in Part 1-11,12 • 

.& =.& k-l + K~ - Hk.& k-l) , , (21) 

where Kk is the so-ealled gain matrix: 

(23) 

and 1 = unit matrix of the same dimensions as Pk• 

r------------ - --------
I ASSUMED MODEL OF REALITY r---'--

------~ 

I 
I 
I 
I 
I 
I 

: rk -1 

I 
I 
I 
I 
J 
I 
J 
I 
J 

I 

I 
I 
I 
I 
J 
I 
I 
J 
I L _______________________________________________ _ 

---I 

r----i-------------------------------------------------i 
- I 

" ~k 

predicted 

I 
I" 
I ~k 
I 
I 
I 
J 
I 
I 
I 
I 

L ALGORJTHM TO FJND THE PRESENT STATE OUT OF THE MEASUREMENTS : ___________________________________________________________ J 

Fig. 2. The assumed model of reality (ship) and the Kalman filter as bloek-diagrams. 
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The matrix ~ - Hk & k-1) in (21) can be se en as the difference between the obser-, -
vations à and the predicted values of this observations, Hk ~,k-1. This difference 

can be used to check the appropriateness of the filter. 

In figure 2 the ideas about the Kalman filter are presented in the form of a block 

diagram. The upper part reflects the assumed models of reality. The dynamics of the 

process are in the transitionmatrix <l> , and in the added noise W transformed by 

into fluctuations of the state. The observations 1:. are assumed to be derived by 

transformation of the state by the H matrix with added noise Y.... 

The lower part is a diagram of the Kalman filter algorithm. The new state ~,k-1 is 

predicted from the best estimation of the earlier state ~-1. From this predicted 

state an observation vector is calculated and compared with the real observations 

~. The best estimate & of the new state is found as the sum of the predicted st ate 

and the by K "weighted" difference between real and predicted observations. 

Table 2 presents a recapitulation of the Kalman filter equations and figure 3 gives a 

simplified flow diagram of the calculations. 

in 

in : Po 

'---_1-----__ C 

out out 

Fig. 3. Information flow diagram for Kalman filter. 

(Note that no information flows from the state to the 
covariance calculations, i.e. if Q, R, Hand rand <l> 

or F and Care known a priori, all matrices P can also 
be computed a priori). 



Dynami c model 

Transition matri x 

Measurement model 

Dynamic noise and measurement noise independent, zero mean, white 
with covariance matrices Q and R 

Initial conditions (k-l = 0) 

State Zo covariance matri x Po 

Extrapolation 

(4) 

(9) 

(12) 

state estimate ~k,k-l = <l> k-l ~k-l (18) 

covariances T T 
Pk,k-l = <l> k-lPk-l <1> k-l + fk-1Qk-lfk-l (19) 

t k 
f k- l = f <I> (tk,t)C d'!: (17) 

t k- l 

with 

Fi ]ter gai n T t-l 
Kk = Pk,k-lHk{HkPk,k-lHk + Rk } (23) 

state estimate (21) 

covariances (22) 

Table 2. Recapitulation of Kalman filter equations. 

233. 
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Example 6. 

Now, assume in the process of example 5 the measurements of example 3 to be do ne 

as independent ones with standard deviations om' Then one finds from example 1: 

~= 

( 

::k~ F = 0 1 0 Ol Ek 0 0 0 0 

~k 0 0 0 1 
Nk 0 0 0 0 

~= 

for T = tk - t k_1, and from example 3: 

from example 5: 

Po = ( O~ ~ 0 0) 
o as 0 0 

2 o 0 Op 0 
2 o 0 0 a s 

and from equation (20): 

and Q = 

c = 0 0 

1 0 

o 0 

o 1 

Let the initial state at the moment to be estimated as: 

i.e. we have chosen the origin in the estimated 

initial point and the estimate of the initial 

velocity in North-East direct ion. 



Now with table Z we can obtain the covariances at the moment tI. 

With formula (19) we have found already in example (5): 

P1,o = (PH PIZ 0 0) 
Pl2 PZ2 0 0 

o 0 PH PIZ 

o 0 P12 P22 

with 

Using (Z3) the gain matrix is then derived as: 

(
10) f(l 0 0 0) P1,0 (1 0) +O~(l o)-l'l= 
00 0010 00 Ol J 
o 1 1 0 1 
o 0 0 0 

(24) 

With formula (2Z) one can now find the covariances of the new state: 

with 

Although this formula for PI looks quite complicated, it can easily illustrate some 

characteristics of our filter: 

1. If the measurements are assumed to be very inaccurate, i.e. if om is very large, 

PI tends to become idential to its estimate without new measurements: 

PI + P1,o· 

235. 
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2. If the dynamics are assumed to be very weak, i.e. if a a is very large, the vari­

ance of the new position becomes a~ (= the variance of the measurement) and 
2 2 2 - 2 

the variance of the new velocity components becomes as + 4( ap + am}T • 

3. If the measurements are very good, i.e. if am tends to zero, the variance of the 

new position components becomes a ~. 
Note that for these calculations na measurement results have been used. In th is 

case, where the ' matrices $, H, Q, Rand r are independent of the observations, the 

covariance matrices P can be calculated beforehand. 

The new state vector can be estimated with equation (18): 

- -
~l,O = <!> O~ 

By introducing the observations, the state vector can be updated with equation (21): 

~l = ~l,O + 
1 

:) PI (~ 0 0 ~) ~l,O} 2 (Pll Pll + am 
0 1 

P12 
0 Pll 
0 P12 

Pll û 2 

~l 2 ~l + 
m 

2 SoT 
Pll + am Pll + a m 

P12T ~l 
2 

P12T Pll + a m -

2 T + 2 50 
Pll + a m Pll + am 

Note that the components of th is estimated state vector consist of a weighted 

mean of the directly or indrectly observed value and the extrapolated value. 

It might be interesting for the reader to look for the consequences of the magnitudes 

of the different variances on the updated state vector like it has been done for the 

updated covariance matrix Pl· 



Example 7 . 

Here we consider a process analogue to example 6, but in one 

dimension: 

~k [::] 
F 

=[: :] 

c 
= [:] 

t - t k- 1= T 40 s k 

t 0 
0 

Hk (wE)k <I>(t , .) <I>(t-.) [: t~.] 

z = 
k (ZEk) H = (1 0) 

X 

~o] = [: ,5 J -0 

Q 
2 (0,01)2 m2/ s 2 (T 
a 

The var i ances (T2, (T2, (T2 
P s a 

extrapolation of 10 s their 

magnitude . 

Yu = (V
Ek

) 

p 2 m 
0 

[:: :,] = la' 
(0,2)2 0.,/",] 

R= 2 (T = 

and (T2 
m 

s 

52 

are 

2 
200 m or 

chosen so 

influences are of the 

2 m 

that for 

same order 

an 

of 

Now we shall calculate the state vector X(t) and its covariance 

matrix Ptt) not only around the moments t k (= k·T), but also at 

intermediate moments, say t = 10 s, 20 s , 30 s, 50 s, .. . 

Before the first measurement (at t
1 

= 40 s) we find with the epolation 

formula: 

R(t) <I>(t-t )X t o < t < t 
0-0 0 1 

Ê(t) Ê + t É 

} 
0 0 

(1) 

Ê(t) Ê 
0 

and 

Ptt) <I>(t-t )P <l>T(t-t ) 
o 0 0 

+ r<tJ.QrT(t) 

237. 
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with 

t 
rtt) f ~(t-.)C d. 

t o 

50 that: 

Ptt) 

Ptt) 

[ 

2 t2 2 0- + 0-
P s 

t0-2 
s 

Analogue to example 6 we find for t 

+ 0-2 r: K 1 2 0-2T2 1 0-2T4 0- + + -
P s 4 a m 

and for the covarianee immediately 

M 
P 1 1 2 + 0-~2 1 0-~4 2 0- + - + 0-

P s 4 a m 

with 

t 
1 

+ 0-2T2 
s 

T: 

4 a + ! 0-2r
4

] 

0-2T + ! 0-2T3 

s 2 a 

aft er the first 

for t < t 
1 

[>1] = 
1,2 

measurement: 

(3) 

(2) 



M 
1 

or 

[:1, 11 
1,12 

P 
1 [:1, 11 

1,12 

+ ! 0-20-2T4 

4 m a 

0-20-2T 3 

m a 

0-20-2T + ! 0-20-2T 3 
m slm a 

0-
2

0-
2 + 0-

2
0-

2 + 0-20-2T 2 + 0-20-2T 2 + ! 
s m spa' map 4 

For the estimation of the state vector just aft er the first measure­

ment we find: 

x X + K {z - (1 O)X } 
-1 -1,0 1 1 ',0 

with 

X 
',0 

so that 

- Ê -
° (4) 

Between the first and the second measurement we find (tl < t < t
2

) : 

R(t) 

239. 
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A 

liCt) 

RCt) 
= [Ê T~ + t~ 1 1 1 1 

É 
1 

(5) 

So again in this interval the position changes linearly with time and 

the velocity is constant in the interval Cas to be expected with our 

model). For the covariances we Ïind in this interval Ct 1< t < t 2): 

PCt) 

with ret) 

ret) [~Ct-T)2] t-T 

So that in this interval the extrapolation gives: 

PCt) 

[1 t-T] [m m] [1 0] 1,11 1,12 

Olm m t-T 1 1,121,22 

!ct-T)3]<T
2 

2 a 

Ct-T)2 

[

m + 2m Ct-Tl + m Ct-T)2 1,11 1,12 1,22 

m + m Ct-Tl 
1,12 1,22 

m 1,12 

1 

+ m Ct-Tl] x 1,22 

m 1,22 



x 1 + [!(t_T)4 
2 + 2T2 1 2T4 2 4 

0- 0- + -0- + 0-

P s 4 a m ~(t-T)3 

[

p + 2p (t-T) + P (t~Tl2 
1,11 1,12 1,22 

P + p (t-T) 
1,12 1,22 

+ p (t-Tl] + 1,22 

Pl.22 

(Sb) 

In the figure and in the table a numeri cal example is given. 

t distance in m 

300~----~----~ 

velocity 

t velocity 

1----1 3 m S-1 

+velOCit Y 
with 2.T 

200+-----1 I'------+----j 2 tPlace 
with 2.T 

o observation 

100+--------;,1J 

KALMAN FILTER 

o 0 40 80 _time 

241. 



242. 

2 = 25 
2 2 = 0,04 

2 -2 2 = 0,0001 
2 -4 2 = 200 

2 
0- m 0- m s 0- m s 0- m 

p s a m 

~ 

Ê = 0 Ë 2 , 5 
-1 = ms 

0 0 

Z = 80 m Z 220 
-1 = ms 

1 2 

2 2 -4 2 -2 -1 -1 
S m m m s m s ms m ms 

~ 

t 
P11 

vp--'=o-
P12 11 P 

P 22 
vp--'=o-' 

22 E Ê Ë 

0 25 5 0 0 0 0 2 

10 29 5,4 0,45 0,05 0,22 25 2,5 

20 45 6,7 1,2 0,08 0,28 50 2,5 

30 81 9,0 2,6 0,13 0,36 75 2,5 

-
40 153 12,4 4,8 0,20 0,45 100 2,5 

40+ 87 9,3 2,7 0,13 0,37 91 , 3 2,23 

50 154 12,4 4,1 0,14 0,37 113,6 2 , 23 

60 251 15.8 5,7 0,17 0,41 135 , 9 2,23 

70 386 19,6 9,8 0,22 0,47 158,2 2,23 

-
80 575 24,0 11,1 0 , 29 0,54 180,5 2,23 

80+ 148 12,2 2,9 0 , 13 0,36 209,8 2,79 

-
120 652 25,5 11,3 0,29 0,54 321,6 2,79 
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3.5.4. Literature. 
Recommended for further study for Kalman filtering. 

(1) C. de Witt: "Sea Navigation and Stochastics", Manual for lecture course T.H. 

Delft, Dept. Mathematics and Informatics, 1982. 

(2) A. Gelb: "Applied Optimal Estimation", M.I.T. press 1974, (Kalman filtering, 

smoothing and predicting with applications and with many ex am pies). 

(3) A.H. Jazwinsky: "Stochastic Processing and Filtering Theory", Acad. Press 1970, 

(with thorough mathematical background). 

(4) A. Papoulis: "probability, Random Variables and Stochastic Processes", 

McGraw-Hill, 1965, (gives very clear the difficult mathematical background of 

the stochastical processes). 

(5) A.P.E.M. Houtenbos: "Prediction filtering and smoothing of offshore naviga­

tion", Hydrogr. J. no. 25 (July 1982), p. 5-16, Errate: Hydr. J. 28 (april 1983, p. 

33) (gives a simple Kalman filter described in geodetic terms). 
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3.5.5. Exercises Kalman. 

1. Transition matri x. 

Show"using the properties of table 1 that 

satisfies the homogeneous linear differential equation 

Sol ut ion. 

Substitute (a) in ' {b) : 

X(t) = $(t,t ) X(t ) + ~ (t,t ) X(t ) - 0-0 0-0 

= ~ (t,t ) X{t Y [property 5 of tab1e 1] 
0-0 

F{t} ~{t} q.e .d. 

2. Exponential s01ution . 

(a ) 

(b) 

independent Of] 

dX(t ) 
- 0 

-d-t- = O. 

Show that fo r the F and the C of example 1, equation (11) gives indeed 

the s01ution (7) , given the genera1 solution (8). 

~ is independent of t 

between to and t. 

~{t} = cp {t,t ) X{t ) +jr t cp {t, T ) ' C{ T ) ~(T) dT 
o - 0 t o 

,'. 

( 8) 



2 

X(t ) + (Ht-t ) - 0 0 

t-t 
o 

o 
o 

~(t) = (~ t-to ~ ~ ) 

o 0 t-t 
o 

o 0 0 1 

Solution 
2 

F - (; 

1 0 

:J (; 
1 0 

~) = (; 

0 0 

~) o 0 0 0 o 0 

0 0 0 0 0 0 

o 0 o 0 o 0 

Substituting into (11) : 

'(t,tol -(' , , 'rt.toT 1 0 

J(j o 1 0 0 . 0 o 0 

o 0 1 0 0 0 1 

o 0 0 1 0 o 0 

Subst i tut i ng i nto (8): 

f(T-t )dT 
o 

fdT 

o 
o 

(the 1 imits of the integrals are to and t) 

or 

~(t) 

= ( j 
t-t 00) X(t ) 

fto 
~(t-t ) 2 

0 - 0 0 

0 t;to t-t 
0 

0 0 

0 0 0 

or 
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3 2 
F = FF (0) 

F" = FF
3 

(0) 

etc. 

t-t 

0 

0 

o 
o 

fdT 

o 

0 

0 

t-t 

0 
0 

0 00) 0 t;to 1 

0 

')(,T Ht~to) 2 ~ ~ 
t-t 0 1 

0 

~ (t) 

= (j t-t 00) ~(to) Tt.ti ;(t~toI1 
W q.e.d. 

0 

0 t;to t-t 
0 

0 0 

0 0 0 t-t 
0 
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3. Good d . bad 
~ ynamlcs, gööd measurements . 

Show, or make at least plausible, that for bad dynamics and good 

measurements indeed ~k + Kk~k and 

for good dynamics and bad measurements ~k + X 
-k, k-l . 

Sol ut ion. 

a. For good measurements the elements of Rare small. 

So (23) becomes: 

Substitution into (21) gives: 

~k q.e.d. 

b. For bad measurements the elements of R are large. 

Thenthe elements of the fi ltergain K are smal I (see equation 23). 

Then from equation (21) follows: 

~k ~ ~k,k-l q.e.d. 

4. Kalman filter with measurement of one position line at a time. 

A Kalman filter can be used even if no complete fix is carried out 

at any moment. In such a case the dynamics are essential to find a 

solution. Also the assumption of an initial state vector with its 

precision Po is essential for the Kalman procedure. 

Show this for a process with the same 8
0

, Po' F, C, ~k' Q, ~ k-l 

as in the examples 5 and 6, with a constant time-interval 

t k - t k- 1 = T, but with ~1 = Ze,~ 2 = Zn' YI = VI and Y2 = V2, and 



2 
with variances 0 2 = E {V2 } = E {V2}' Find expressions for the update m 1 

of the state vector af ter the second measurement, 82 , and its 

covariance matrix P2 ' and discuss the results. 

Solution. 

For this process: 

Rl = R2 = 0 2 
m (one 

For Pl,o the same 

Pl, O =(P ll P1 2 

I P12 P22 

\~ 0 

0 

o 
0 2 

S 

o 
o 

Hl = (1 

element) 

form is 

0 0 0) 

rl = r 2 

found as in 

0 q wi th Pll 

0 
P12 Pll 

P12 P22 P22 

wi th equation 23 one finds: 

~ k-l 

H2 = (0 0 0) 

2 

tI) r 
I i ke in 

example 5 : 

0 2 + 02T + ~02 T4 
P s a 

02T + '02 T3 
s "2 a 

0 2 + 02 T2 
s a 

example 5 
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Kl = 

p" "wr 
0 0 0) 

p'," (irl (the form between {1 
is a one-element-matrix 

or just a number). 

or 

( pn) Kl P I 2 
Pll + 0 2 

0 m 

0 
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With equation (22) the updated covariance matrix is found: 

or 

o 0 

o 

o o 
o 0 0 

wi th: 

'11 1 

( 

Pll 

P12 

o 
o 

P1 2 0 

P22 0 

o Pll 

o P1 2 

and é!22 

a 
12 

a 
22 
o 
o 

o 
o 
Pll 

o u 
If one of the standard deviations cr ,cr or cr is infinite, at least 

p s a 
one of the diagonal elements of PI will become infinite as weil, 

preventing the estimation of the whole state vector ~1. 

The extrapolated P2 1 can now be found with equation (19) : 

wi th: 

b22 

, 

2 3 
a1 2 + a2 2T + !craT 

o 
o 

Pll 

o 



The new gain is found with equation (23): 

With equation (22): 

or 

P2 bll b12 
b 12 b 22 

0 0 

0 0 

1 ; : ~) 
b33 cr 2 

m 

b33+cr 2 
m 

b34cr 2 
m 

b33+cr 2 
m 

b33+cr 2 
m 

b 33 b 4 4-b ~ 4+cr2 b 44 m 

(0 0 

The precision of 82 is determined by the diagonal el ements of P2 . lt 

appears that for very badly known dynamics (cr + or for a very 
a 

weak estimation of the initial velocity (cr + ) at least one of the 
5 

diagonal elements of P2 becomes infinite, 50 that the state vector 

cannot be found in this cases. 

Although the question is now answered, we will als devellop a form 

for the state vector estimate 82 . 

249. 

0) 

The extrapolation 81, 0 of the state vector is found with equation (18): 

~1, 2 
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First update: 

C) 
81 = &1,0 + P11+0~ {z - (1 0 0 0) 81, a} P1 2 e 

0 

0 

or: 

0 2 Pll 
m SoT+ --- Z 

P11 +02 P11 +0 2 e 

m m 

P11 +02 _P12 T P1 2T Z 
m 

Sa 
e +---

Pll +0 2 P11 +0 2 T 
m m 

SOT 

Second extrapolation : 

. (~ r 
1l+202_P12 T P11+P1 2T \ 

~2, 1 <I> X T 0 m 
SoT + z 

-1 
Pll+02 2 e 

0 m P11 +Om 

0 
P11+02 P1 2 T P1 2T Z 

e 
0 0 m- Sa + 

P 11 +0 2 
P l 1 +O~ T 

m 

25 0T 

\ Sa 



Second update: 

(I - K2H2)g2 ,1~2 

wi th 
!Pll +O~- !P12 T 

P1l +Ok P12 T 

Pll +O~ 
2 

Om 

b33+0~ 

b 33 +ofu-2b34 T 

b 3 3 +a~ 

50 these estimated states appear to be weighted means of estimates from 

the initial states and estimates from the observations. 

If the measurements are estimated to be very bad (large om) the first 

terms appear to be accounted for to 100% (a +1). 

251. 
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