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PREFACE

In summer 1985 a course on radic positioning at sea was held at the
faculty of geodesy of the Delft University of Technology.

The course took one week and its main purpose was to provide the
participants with a synopsis of the more theoretical aspects of the
subject. After the course it soon appeared that there was a fair
demand for the lecture notes. This encouraged the authors to improve
their contributions, what resulted in this book.

In chapter 1 the systems of radio positioning are introduced and
classified on the basis of wave length and propagation properties and
their effect on accuracy, range and applicability.

Chapter 2 deals with the geometrical aspects. More specifically the
geodetic computations on the ellipseid and the conformal map
projections are explained.

Chapter 3 deals with the least squares adjustment of the observations
and testing methods to find gross-errors. The formulas for the
precision and reliability of the parameters are derived. These methods
are applied to the radio positioning systems.

Finally attention is given to the Kalman filtering method.

The last two chapters have a more general scope and their use is not
restricted to radio positioning only.

The authors are very grateful to Mrs. W. Coops who was the key-figure
in both the organization of the course and the edition of this book.

G. Bakker
J.C. de Munck

G.L. Strang van Hees
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RADIOPOSITIONING SIGNALS AND SYSTEMS
J.C. de Munck

Contents.

Systems for radiopositioning will be classified on the basis of
wavelength, discussing the propagation properties and their consequences for
accuracy, range and application.

The different methods will also be arranged based on geometry and on the used
signals.
A number of examples will be discussed. In addition, the set-up, the possibilities

for checks and the calibration will be reviewed.

Effects of the wave propagation.

Radiowaves are travelling electromagnetic waves: a distortion of the
electric and magnetic field strength, being at any fixed point some function of
time, is travelling with a velocity of about 300,000 km/s through the space. It is

often useful to consider sine waves of the form:

u(e,x) = Up sin {?.n(-tf - % + @)}

where V  (amplitude), T (period), A (wavelength) and ¢ (phase) are considered

as constants.

ult)
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fUlt+a)  piiar) —=%
/NN N\
N
VA VAR VA
pe—""

Figure 1.

If one follows some characteristic point of the wave, for instance P, the arqu-

ment 2w (% - Ai + @ )will not change in time; see figure 1. In the short time



interval At point P, and in fact the whole wave, has travelled over a distance

A% so that
t X b+ A _ x+bx
ZH(T'—T'F(D):z'”(_T ot )
Mo
o WTT

Consequently, the propagation velocity v of the wave is given by:
v="F.2A (1)

where f = -%.—- is the frequency.

The properties of electromagnetic waves depend largely on their wavelength. In
table 1 a common classification of radiowaves is presented. For comparison,
also some other electromagnetic waves are mentioned. The free space wave-
length 3 used in the table is defined by

ll:l =c/f

where c is the free space light velocity, a constant of nature (c = 299,793,458
m/s by definition).

Radiowaves Radarbands
Naines L Ao Mames  frequency wavelength
V.L.F. very low frequency <30k Hz > 10 km P-band  (L23-1 G Hz 130-30 em
L.F. low B 30-300 k Hz 10-1 km L-band 1-2 " 30-15cm
M.F. medium " 300-3000 k Hz 1000-100 m 5-band 2-4 i 15-7,5em
H.F. high " 3 M Hz-30 M Hz 100-10 m C-band  4-8 " 7,5-3,75em
V.H.F. very high " 30 M Hz-300 M Hz 10-1 m X-band 8-12,5 " 3,715-2,4 em
micro- U.H.F. ultra high " 300-3000 M Hz 100-10 em K, -band 12.5-18 " 2,4-1,67 cm
waves S.H.F.  super high " 3G Hz-30G Hz 10-1 em K-band  18-26,5 " 1,67-1,13 cm
E.H.F. extremely high = 30-300 G Hz 10-1 mm Kg-band  28,5-40 " 1,13-0,75 cm

Table 1: Classes of radiowaves.

Depending on the classes of radiowaves (table 1) different descriptions of the
propagation are useful and other aspects are relevant. In figure 2 the different

types of propagation through the atmosphere are shown. Indicated are the




earth's surface (including the sea surface), the ionosphere and the troposphere,
all described in the sections 1.1.1.1.-1.1.1.3. The properties of the different

classes of waves and the corresponding systems are discussed in section 1.1.2.

Shor
groundwave t waves

scattering

el R ER T
o s,
LroP? earth- "7
reflection ey
mn P

Figure 2.

1.1.1. The different media.

1.1.1.1. The troposphere.
The troposphere is the part of the atmosphere where free electrons (see

1.1.3) hardly exist. In the troposphere the propagation velocity depends slightly
on temperature T, pressure P and humidity e, the partial pressure of the water

vapour, according to the formula

N = (n-1).10% = 77.62 B - 12.92 8 + 37.19 . 10* . & (@
T T 72

where

n = ¢/v = the refraction index

¢ = the propagation velocity in free space
v = the propagatfcn velocity in the air
P = the total air pressure in Pascal (1 Pascal = 1 Newton/m?Z =
= 1077 bar = 0.01 mbar ~0.0075 Torr (mm mercuri))
T =273 + the temperature in degrees centigrade = temperature
in Kelvin.
e = the partial pressure of the water vapour in Pascal

and N is called the refractivity.



From (1) it follows that, under normal circumstances (P ~ 1000 mbar, T = 288 K
(= 15 °C), e ~ 10 mbar) an increase of 10 in n can be caused by an increase
in P of 37 mbar, by a decrease in T of 10.6 °C, or by an increase in e of
2.3 mbar.

It follows also from (1) that for sea level conditions the refraction index of the
air changes between 1.00023 and 1.00054, with 1.0003 as an average value.
Because distances or distance differences derived from measurements are
proportional to the adopted refractionindex, registration of temperature, pres-
sure and humidity is required for measurement with very high proportional
precision (some l,l"lllel or better).

The refraction index of the air varies with space and time. These varia-
tions in space cause a curvature of the radiopaths, the so-called refraction.
This curvature makes a ray,going from two points A to B,follow the quickest
route. In figure 3 the radiowaves prefer therefore the upper path with the
lower refraction index (higher velocity) rather than for instance the straight
line which would give a longer travelling time because of the lower velocity.
This idea of the quickest path is called the principle of Fermat.

n low

m
—— i — — — —

n high
Figure 3.

Above the earth, and particularly above the sea, the refraction index
often decreases so sharply with the height that radiopaths are more curved than
the earth, so that nearly horizontal rays are "trapped" between the surface and

a layer in the air. This is called a duct; see figure 4a. Another form of duct is
the case of figure 4b.

height

Figure 4a.

Figure 4h,




1.1.1.2.

A necessary condition for radiowaves to be "trapped" in a duct is that
the wavelength is much shorter than the thickness of the duct. In practice,
ducts are therefore important for short waves ( A < 1 meter). Propagation over

long distances is then possible with low losses of signal strength.

Another important property of the troposphere is the extinction of elec-
tromagnetic waves. As everyone knows, this extinction is very troublesome for
visible light. Eventually it is one of the main advantages of radiowaves that
they pass quite well through haze, fogg and clouds. Only the very short wave-
lengths which are comparable with the diameter of waterdropplets are consi-
derably attenuated.

The earth surface.

The earth and the sea have electrical properties which are quite diffe-
rent from the tropospheric air. The relevant properties are the (relative)
permittivity ¢, and the conductibility 0. See table 2 for some examples.

LF, MF, HF VHF and higher
terrain r
r g Er o
siemens/m siemens/m
dry sand; urban and 0.0001
industrial regio 25 0 601 2 0.03
dry, sandy grounds 5-10 0.002 - -
humid bottom (meadows, 0.002
woods, clay). 10-15 0.01 " -
wet bottom (heavy clay, 15-20 0.01
; - 24 0.6
certain meadows, moor) 0.02
0.001
fresh water 80 - 80 2
0.002
salt water 81 4.6 80 6

Tabel 2.



Radiowaves in the air are more or less reflected on the surface depending on
these guantities €. and 9, The not reflected part of the power is propagating
into the ground, where it will be absorbed.

However, at distances within about one wavelength from the surface the
apparent properties of radiowaves in the air depend on the properties of the soil
material in a complicated way: the apparent velocity and the attenuation of
these surface waves depend on the €. and the o of the soil between transmitter
and receiver, and on the refraction index of the air. This last influence is
however of less importance because of the large differences and uncertainty of
the properties of the soil.

1.1.1.3. The ionosphere.
In the high layers of the atmosphere a significant number of molecules in

the air are ionized by radiation from the sun, in particular X-rays and ultra
violet. Below heights of 100 to 50 km the radiation is so much attenuated by
these processes that ionization hardly occurs.

Radiowaves in these ionized layers, in the ionosphere, are influenced in a
very complicated way by the free electrons, the earth magnetic field and the
collisions of the electrons with other particles.

The ionosphere is a quite variable medium and the number of free elec-
trons depends on time (the day, season, solar activity) and place. In the lower
layers, below some 120 km, the ionaspheric characteristics are directly related
to the intensity of radiation (solar elevation and solar intensity). The higher
layers react in a more complicated way and with delays of many hours.

Of prime importance for wave propagation is the refraction index, being
a measure for the velocity (n = ¢/v). If the frequency of the waves is not too
low, the refraction index may be written as

n2sl- (fpmz (3)

where fp is the so-called plasma frequency. This is the resonance frequency of

the local free electrons depending only on the (free) electron density N:

2 = 80.5 N (4)
p
if N is the number of free electrons per m>

and fp is the plasma frequency in Hertz.




1.1.2.

1.1.2.1.

1.1.2.2.

From (3) one can infer that:

1. The refraction index in the ionosphere is normally smaller than unity,
i.e. the (so-called phase-) velocity is greater than in the non-ionized
atmosphere. So the radiowaves will tend to refract downwards (see
figure 1, the skywave).

2. If the frequency of the waves becomes much higher than the plasma
frequency, the influence of the ionosphere tends to disappear. (Visible
light is not influenced by the ionosphere, microwaves hardly are).

3. Radiowaves can only pass through the ionosphere if their frequency is
higher than the highest plasma frequency or critical frequency f..

In the lower layers of the ionosphere, below some 100 km, where the density of

the particles is relatively high and where collisions occur frequently, the radio-

waves are highly absorbed, particularly if the ionization degree is high (i.e. if N

is large, which occurs when the sun is well above the horizon.

Positioning systems in view of wave propagation.

In this section some typical examples of radiopositioning systems will be
discussed, arranged according to the wavelength and their related propagation

characteristics.

The Omega system, covering the whole earth with eight transmitters on fre-

quencies near 10 kHz (VLF). At the unknown paint (ship, aeroplane) signals are
received from at least three of the eight transmitters. Because all transmitters
are synchronized with each other, it is possible to find the position of the ship
from the measured time intervals.

The wavelength of 30 km is comparable to the height of the lower boun-
dary of the ionosphere. So ray tracing is not very realistic and the waves are
considered as wavepatterns (modes) travelling horizontally in the area between
the ionosphere and the earth (or sea) surface. The propagation is quite variable,
particularly because of variations of the ionosphere. So the predictions of signal
strength and time of arrival are not very precise. The Omega system is world-

wide usable, but its accuracy is limited (standard deviation: a few kilometres).

L.F. waves are influenced by the conductivity of the earth (sea) surface, so that

the surface waves reach far beyond the horizon, particularly over sea (high

conductivity). However, at low elevation angles, i.e. over long distances, these



waves are effectively refracted by the ionosphere. If such skywaves interfere
with the surface waves the required phase measurements becoime severely
deteriorated. Only if the lowest layer of the ionosphere is highly ionized - at

(summer) days - the skywave is absorbed and cannot disturb the measurements.

Another difficulty with these waves is the influence of the ground on the
time of arrival and on the signal strength. Particularly poor conducting land
(dry sand) yields a considerable reduction of signal strength and a change in
travelling time.

Important deviations of the expected behaviour of these long radiowaves
occur near (i.e. within a few wavelengths of) discontinuities like great iron
constructions, coast lines, etc.

Interesting but quite troublesome is the phase jump of waves crossing a
coast line. See figure 5. At considerable heights (several wavelengths above the
ground) the wave fronts will be undisturbed equidistant flat vertical surfaces.
Near a bad conducting surface (land surface) the waves tend to enter into the
ground. So the wavefront will be inclined towards the earth. Above "well-
conducting" seawater the wave fronts are nearly vertical. So a jump must exist
near the coast line. See figure 5. Indeed such effects are found up to several
wavelengths from the coast. This makes the calibration of long wave systems
quite difficult.

movement wavefronts
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Figure 5.




Examples of systems on these wavelengths are: Loran C and Decca
Navigator. With such systems a precision of some tens of metres can be
obtained over distances of several hundreds of kilometres if there is no skywave
or if the skywave effect is eliminated like for Loran C. Systematic errors may
be much larger.

1.1.2.3. Systems on M.F. like Argo and Hyperfix. These waves have about the same

1.1.2.4,

propagation characteristics as the LF waves: a surface wave up to far beyond
the horizon, influence of the underground, skywave. The difference is that the

waves are not only affected by the conductivity but also by the permittivity of

the soil.

Corresponding to the wavelength all lineair measures are smaller than
for LF: the antennae, the standard deviation, the range. The accuracy is nor-
mally between 10 m and 20 m standard deviation under good conditions.

Short waves i.e. waves shorter than about one metre HF and VHF (wavelengths

between 100 m and 1 m are hardly used for positioning because of the strong
ionospheric influence and because of need of these frequencies for communi-
cation purposes).

For these short waves the surface wave-bending along the earth surface
is insignificant because a great part of the radiopath is many wavelengths away
from the earth. Just like a light-beam, the radiopath is about a straight line,
but it is influenced by refraction, reflection and scattering. So, in general these
waves may be used up to the radio horizon which is somewhat further away
than the optical horizon owing to refraction by humidity gradients. In case of
duct, the range can be significantly larger.

Reflection on the surface can be quite troublesome if the phase diffe-
rence between the direct signal and reflected signal is about half a wavelength
or any other odd number of half wavelengths, for in that case the signals
extinct each other. So if the radiopath is over water (good reflection) one often
finds zones of no signal (dead zones) for specific distances and heights of the

antennae.



1.2 Geometry and signals.

1.2.1.

L2 L.

The consequences of different geometries and of different forms of the signals on

radiopositioning will be dealt with.

The geometry.
In general position fixing on the surface (in two-dimensions) can be decomposed in

the determination of two or more lines of position (L.O.P.'s). A L.O.P. is the line on

which the unknown point (e.g. the ship) can lay, given a certain measurement.

Although a LOP is a curved line it may locally be approximated by a straight line.

The most important radio measurements are:

a. A distance measurement to a known point (circular LOP).

b. The difference of the distances to two known points (so called hyperbolic LOP).

c. The azimuth to the unknown point from a fixed station (LOP approximately a
straight line or a great circle).

d. Other measurements like resection (with radiodirectioning) are less important
for accurate radiopositioning.

Although any combination of these measurements is possible most methods may be

reduced to:

A. A combination of two or more distance measurements, the circular method, also
called "range-range method".

B. A combination of two or more distance differences, the hyperbolic method.

C. A combination of distance and azimuth (b. and c.), the polar method.

D. A mixture of A and B is the measurement of "pseudo ranges". Here distances are
measured with a range bias which is supposed to be constant, at least over a
short time. A precise clock on board is needed to maintain this bias over some
time. This method is called the "rho-rho-method" or method with independent
clocks.

The circular system.

An "interrogator" (a transmitter-receiver) is placed on the unknown point P (the
ship). On at least two known fixed points T; a "transponder" (also a transmitter-
receiver) is placed (figure 6).




12,12,

Figure 6. A circular chain.

The interrogator transmits a signal that is received by one of the transponders which
transmits an answer backwards. At the interrogator the travelling time is measured
and with some known propagation velocity (about 3 . 108 m/s) the distance is
calculated. This is done for each of the transponders, simultaneously or in time-
sharing. The intersection of at least two L.O.P.'s gives the position of P.

If two or more ships are to be fixed, time-sharing between that different users is
necessary because the transmitting moments of the transponders are necessarily

controlled by the unknown point(s).

The hyperbolic system.

A transmitter is placed at a number of fixed positions, Z;. Each Zi transmits a
radiosignal and these signals are synchronized, i.e. they have known time intervals or
phase intervals. The signals are received at the unknown point P (the ship), where the
time (or phase) intervals of the received signals are measured, giving the range
differences from P to Z;. The LOP for the two transmitters (say Zg and Z,) is, at
least, in a flat plane, a hyperbola with ZD and Z, as foci. (On the spherical (or
ellipsoidal) earth the LOP's cannot be hyperbolae). With three or more transmitters a

position fix of P is possible. In figure 7 a pattern of two transmitters is sketched.

11.



Figure 7. A hyperbolic pattern.

The synchronization of the transmitters is mostly done by receiving the signal of one
transmitter, Z; (sometimes, but not always, named "master"), at the other

transmitter(s), here Z, (slave). With some known delay 1 _ this slave transmits its own

1
signal. So the measured time interval at P, rqﬂ, can be expressed as:

T =8 L 2 5

10 01 1V 8p - B (5)

if 85, is the propagation time from Zyto Zy,
8.p is the propagation time from Z, to P and
8op is the propagation time from ZgtoP.

Out of (5) the difference in travelling time from the transmitters Z; to the unknown
point P can be solved:

.
91P'80P'T -8 -

Assuming a constant propagation velocity v one finds for the difference of the
distances:
jF-

HTerTin P e
of = (tyo = TV - 22, (6)

I~

The adjusted delay 7, and the length of the base 2021 may assumed to be constant,
besides some noise. t mis the measured quantity.




In practice the transmitted signals do not consist of one single pulse, but rather of a
periodical repetition of pulses, or even of a continuous wave. Instead of time
intervals t, phase differences © /T = f . T are often introduced in the calculations. T
is the repetition interval of the pulses or the period of the continuous waves, and f =

1/T the frequency, see figure B.

NN N
A

/\

=

f=1/T

T T /

phase difference ¢ = % = f1 in periods
or 2n % = 2nfr in radians
or 360 % = 360 fr in degrees

Figure 8. Phase measurements.

So, however, an ambiguity of an integer number of periods N is introduced. In terms
of phase differences ¢ our equation may than be written as:

— == _ p } v _ 55 7
ZP -TF = (0 - +N - 77 (7)

This formula may be used to calculate the position, or more correctly the LOP, from
the measured phase difference tpqu.Formulﬂ (7) may also be used to find the influence

of deviations (errors) in the measurement and in the parameters ¢ , v, f and ZpZ;.

NOTE Many hydrographers have the rather confusing practice to
adjust the phase shift ®, in the slave and to choose Nyj so that the reading
(@ + Nm} becomes zero if P is situated in one line with the base Z,Z, at the
side of the master (P + P; in figure 7). With this adjustment (7) becomes for

or, because Z,P; - ZyP, = ZgZ) (see figure 7 ):

_f
@ =y 2Lyl

13.



Substitution in (3) gives for this adjustment for any paint P:

N PR

le ZDP o {mw o+ Nlo)? + Zozl (7a)
Although this formula is adequate to calculate the position in a pattern with
this adjustment, the form is not so useful to find disturbing influences,
because here ZyZ, does not only contain the time delay over the base but also

the phase adjustment of Z;.

To fix a position with a hyperbolic system, at least two patterns are needed. See
figure 9. The accuracy of a fix in such a system depends on the propagation of the
radiowaves, on the geometry, and in a less extent, on the electronics and on the
accuracy of the transmitter coordinates. The geometrical accuracy in a point P
depends on the intersection angle of two hyperbola and on the lane width, which is

the distance (e.g.) in meters between two LOP's (hyperbolae) with a
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Figure 9. A hyperbolic chain.
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phase difference of one period (often called a lane). The lane width is minimal
on a base (a halve wavelength). See figure 2.4, where zones of 20 lanes are
shaded.

It is also possible to measure in the pattern ZZ,, which has not been drawn in
figure 9. Besides possible receiver noise this measurement will however give in
combination with for instance 2021 exactly the same position as the pair
ZO 2y, 2yZy-

It is also possible to measure in two patterns with no commeon transmitter, even
if they belong to different chains (i.e. if the pairs are not synchronized to each
other).

The independent clocks.

If one has a clock on board which keeps the time accurate enough during a
certain time, it is possible to find distances by reading on this clock the times
of arrival of signals transmitted from known stations at known epochs. Because
the clocks of the transmitters and the ship born clock are not synchronized they
will after some time deviate too much from each other. So more or less
frequent updates are necessary, for instance by position fixing with (doppler-)
satellites or by working from time to time in hyperbolic mode. So continuous
reception of only two stations can suffice.

1.2.1.4. The polar method.

Ti214b

It is possible to combine distance measurements (circular methad) with radio
angle measurements by using very short radiowaves (A =~ 3 cm) and broad
antennas which direct themselves mutually. If one antenna is placed on a ship
and the other one on a fixed platform, the direction of the last one determines,
together with the travelling time of the radiowaves, the position of the ship.

See figure 10.

_shipborn
¢ antenna
Y
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Figure 10. Polar system.

A comparison between the different methods.

The hyperbalic method and the method with independent clocks have the advan-
tage that an unlimited number of ships can fix their position simultaneously

(multi-use system).



Distance measurements (circular method or independent clocks) have the
advantage that the lane width is a half wavelength anywhere in the pattern. It
is also an advantage that the propagation effects are easier to understand for
distance measurements than for hyperbolic or angle observations.

The polar system has the advantage that one fixed station suffices for a com-
plete, though not redundant, fix.

1.2.2. Signals.

For position fixing one can use light, radiowaves (both electro-magnetic waves)
or acoustic waves. Radiowaves propagate quite well through the atmosphere
(nearly straight path, constant velocity, few absorption). So does light, if clouds
or fog do not obstruct the path. Under water however electro-magnetic waves
are hardly practicable because of high absorption; here one uses acoustic waves
with fair propagation characteristics.

Radiowaves may be longer or shorter. They may be unmodulated sine waves or

they may exist of sine modulated waves: continuous waves, see figure 11.
sine
FAYATE M- 4 Wi
sine [<— one period —>
UWWWW modulated  JFEEFFEREEREREEEEEERE

continuous waves Ppseudo stochastic signal

Figure 11. Signal forms.

Another simple sort of signal is the short puls. A more complicated signal, but
increasingly more in use, is the pseudo random code. Table 3 gives a survey of

the different signals for different carriers, with a number of applications and
the relevant characteristics.

1.2.2.1. The continuous wave (c.w.).

The c.w., and more particularly the sine wave, has the advantage of a very nar-
row bandwidth, so that the interference of the transmitters to other people is
quite limited (at least in the frequency domain) and so that in the own receivers

noise and interference can easily be filtered out. A disadvantage is the ambi-
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Table 3. Carrierwaves and signals, examples and characteristics.
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guity of an integer number of periods. This ambiguity may be improved by using
two or more frequencies. Then the period of ambiguity is the smallest period
divisible or nearly divisible by each of the used periods. See figure 12.

The use of more frequencies reduces however the advantage of narrow band-
width.

ambiguity period=11x per.1=10 x per.2

Figure 12. 11 periods "2" = 10 periods "1".

1.2.2.2. The short pulse.
For a high resolution, i.e. for a precise measurement one needs sharp pulses.
But a pulse is physically and mathematically a composition of sines of different
frequencies (and phases) within a certain frequency band (the spectre), and the
sharper the pulse the broader this band. For more mathematical treatment see

textbooks about Fourier transforms. Figure 13 gives an illustration.
| broad band )

sharp J\ﬂf‘ — R T

|
smooth —/V\fumnfmm\ﬂf\nr— =%

narrow band
» L

pulse time 0 frequency

spectre
Figure 13. Bandwidth versus pulsewidth.

The ambiguity can become irrelevant if the repetition period of the pulses is
long enough. Another advantage of the short pulse is that in case of reflections
one can often choose the correct one of all the received pulses e.g. the first
arriving one.

The most important disadvantage of the pulse is its high maximum power. To
recognize and to use the signal, the total energy over the measuring time is of
importance. Consequently some minimum average power is needed at the
reception, and a narrow pulse must be very high (high maximum power) to give
sufficient mean power. '
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1.2.2.3. The pseudo random code.
The pseudo random code or maximal-length sequence is a sequency of binary

numbers which has a structure similar to a random sequence, but which is
periodical.
A pseudo random code can simply be made with a shift register and a modulo 2

arithmic. See figure 14.
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Figure 14. An example of a pseudo random code.

With one shift register one can make a number of codes, increasing sharply with
the number N of elements of the register. The autocorrelation function consists
of a sharp pulse with a repetition period of N times the duration of one
element. So by correlation techniques the pseudo random signals can be
transformed into short pulses with a long repetition period. See figure 15.

The code is often used so that only the phase of the carrier wave is shifted by
€.g. 120° or 180° for a "-" with respect to a "+". See figure 16.

Such a signal has a broad bandwidth, but a low maximum power, a long ambi-
guity period, and reflections may be filtered out as with short pulses. Another
advantage is that different codes can be used to discriminate between different
transmitters (to use the wanted one) and between users (to oblige them to pay

or to provide unauthorized use).
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Figure 15. Figure 16.
Autocorrelation function of pseudo Binary phase-coded

random code with N = 15. signal.
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1.3

1.3.1.

1:3.1.1.

Systems for radiopositioning.

In this chapter a survey will be given of most of the existing systems. Further a
number of typical systems will be treated in some more details.

Description and features of systems can be found in literature and in infor-
mation from manufacturers. Some critical attention is however justified
because not only manufacturers may tend to be optimistic, but also the users

may be inclined to accentuate the more positive features.

A survey of systems.

More detailed information may be found in:

R.C. Munson, "Positioning systems", Proc. Féd. Int. Géom. (FIG) Commission &4
Stockholm 1977.

Féd. Int. Géom (FIG), "Hydrographic survey equipment", catalogue and
supplement, Hydrogr. Soc. Spec. Publ. 11.

A survey of satellite systems.

Only two systems are more or less available for precise navigation:
MN.N.S.S. (Navi Navigation Satellite Systemn) doppler satellites.
The satellites and their tracking are controlled by the U.S. government. Recei-

vers are available from many manufacturers. The system works world wide.
Navigation and (also precise) relative positioning is possible without the use of
restricted data or codes. The accuracy for moving ships is a few hundred
meters. By integration with other systems an (absolute) accuracy of somne
30 meters is possible (standard deviation). A frequency of 400 MHz and an addi-

tional frequency of 150 MHz for accuracies better than a few hundred meters,
are used.

G.P.S. (Global Positioning System) = Navstar.

The satellites and their tracking are controlled by the US government. Recei-
vers are made by different companies. For using the system in normal modes
("Precise" or "Coarse Acquisition") special codes are required the use of which
will probably be quite restricted. Certain alternative modes without such
restrictions may be used for fixed stations and for moving ships. When in full
operation (early 90's) continuous positioning of ships will be possible with
accuracies of a few meters or even better; for fixed points probably

subcentimeter accuracies may become possible, also without the knowledge of
the codes.



1.3.1.2.

1.3.1.3,

1.3.1.4.

A survey of terrestrial systems on short waves,

These systems are in use for precision navigation. The ranges of most of these
systems are up to somewhat beyond the (radio) horizon, say twenty or thirty
kilometers. At favourable conditions some of the systems reach up to hundreds
of kilometers (Maxiran, Syledis). Most systems work in range-range mode, some
(also) in hyperbolic mode; with two of the systems bearings can be measured.
Sources of errors: reflections, and beyond the horizon also variations in the
turbulence of the higher atmosphere. No land-sea effects (except for
reflections), no sky wave. A typical accuracy is a few meters. For a survey see
table 4.

A survey of terrestrial systems on MF (Medium Frequency).

Most of these systems work on frequencies near 2 MHz. The maximum ranges
are a few hundreds of kilometers at daytime. In the night the effective ranges
may be much shorter. The maximum effective range is highly dependent on
over-land paths, on ionospheric reflections and on the possibility of filtering
(depending on the movements of the ship).

The accuracy is quite variable and often not very well defined. Often the
systems are used in hyperbolic mode for an unlimited number of users. Some-
times the rho-rho mode is used, also for an unlimited number of users, or the
range-range mode (active mode) for a small number of users in time sharing.
The most important sources of errors are the propagation characteristics over
land, land-sea crossings, and the sky waves. Large errors may occur within a
few wavelengths from constructions and from the coast. The systems are used
for hydrographic work. A survey is given in table 5.

A survey of systems on LF and on VLF (Low Frequency, Very Low Frequency).

These systems are in the first place used for general navigation; the LF-
systems are also used for ocean-wide hydrographic work. These long wave
systems are almost exclusively used in passive modes (hyperbolic or sometimes
rho-rho).

The accuracy of the LF-systems may be a few tens of meters under good condi-
tions and with careful use.

The main sources of error are: propagation over land and ice, and particularly
for unmodulated systems: sky waves. One may also find large errors within a
wavelength from constructions and from coasts.

21.




22.

Name of the Manufacturer Mode(s) Number Frequency

system Address of users of users (roughly)

Artemis Christiaan Huygens Lab. range and 1 ) GHz
Noordwijk, bearing
The Netherlands

Audister S.P.C. Electronic Co. ranges 1 3 GHz
Tokyo, Japan

Autotape Cubic Western Data ranges 1 3 GHz
San Diego, California

Aztrac Odom Offshare Surveys Inc. bearing 1 10,4 GHz
Baton Route, Louisiana

Hydroflex Tellurometer ranges 6 3 GHz
Chessington, U.K.

Maxiran Navigation Management Inc. ranges 6 0,45 GHz
Ocala, Florida

Microfix Racal Positioning System ranges ? 5 GHz
Leatherhead, UK.

Miniranger Motorola Inc. ranges > 10 5,5 GHz
Temple, Arizona

Syledis Sercel hyperbolic @
Carquefou, France ranges 4 0,45 GHz

Trident Thomson C.S.F. ranges < 50 0,5 GHz or
Malakoff, France 1,2 GHz

Trisponder Del Norte Technology Inc. ranges 8 GHz or
Euless, Texas 0,4 GHz

Table 4. A survey of terrestrial positioning systems on short waves.




Name Manufacturer Mode(s)
Argo Cubic Western Data range-range
San Diego, California (option) hyperbolic
Geoloc Sercel hyperbolic
Carquefou, France ranges
(integr. w. Syledis and GPS)
Hifix Racal Survey Ltd. hyperbolic
Leatherhead, U.K. ranges
Hydrotac Odom Offshore Surveys Inc. hyperbolic
Baton Rouge, Louisana ranges
Hytrac Gardline Surveys hyperbolic
Grest Yarmouth, U.K. ranges
Lorac Lorac Service Co. hyperbolic
Houston, Texas rho-rho
integr. w. satellites
Microphase Offshore Navigation rho-rho
Harahan, Louisiana
Omi Ocean Measurements Inc. ranges
W. Palmbeach, Florida rho-rho
Raydist Teledyne Hastings-Raydist hyperbolic
Hampton, Virginia ranges
Toran Sercel hyperbolic

Carquefou, France

Table 5, A survey of positioning systems on M.F.

23.
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1.3.2.

1.3.2.1,

On VLF only one system is of importance:

Omega.

This system works with unmodulated wave trains on frequencies near 10 kHz. It
has a world wide coverage with B transmitters in hyperbolic mode. The accu-
racy is a few kilometers.

Sources of error: the variations of the ionosphere. The transmitters are con-
tralled by the U.S. government. Receivers obtainable from different manufac-

turers.

On LF three systems will be mentioned:

Loran C.

The frequency is exactly 100 kHz, transmitted in pulses. These pulses are used
for lane identification and for elimination of the sky wave. Ranges up to 1000
or 2000 km day and night. Accuracy under good conditions some 30 m standard
deviation. Mostly used in hyperbolic mode. Also the rho-rho mode is often used.
Range-range mode is possible.

Many transmitters are controlled by the U.S. government, other ones by local
authorities. User apparature available from different manufacturers.

Pulse 8.

Almost identical with Loran C, but with less power, so that the ranges are
shorter. Transmitters and receivers manufactured by Racal Survey.

Decca Navigator.

Frequencies between 70 kHz and 130 kHz, unmodulated. Ranges up to 500 km
at day and 100 km at night and at twilight. Mostly used in hyperbolic mode.

Satellite systems.
Only one or two satellite navigation systems are at the moment (1988) opera-

tional for general use. Some other systems are operational for restricted use or
are in study. We mention the Argos system for meteorological and oceano-
graphic bouys and ships (see D.E. Wells, Hydr. J., no. 18, Aug. 1980, p. 49),
Glonass of the USSR, and Geostar with geostationary satellites. See Proc.
Global Civil Satellite Navigation Systems, London, May 1984,

N.N.S.S.
This Navy Navigation Satellite System, often mentioned as "Doppler satellites",

also called "Transit", the only system fully operational for general use, works
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with a number (4 to 6) satellites in polar orbits on a height of 1100 km. The
period of orbit is about 100 minutes. For any point on earth a satellite is 20
minutes or less above the horizon.

The satellites transmit modulated radiowaves on 400 MHz and on 150 MHz. The
modulation contains information about orbit, time and position (ephemeris).
Special receivers are used to receive and to process the signals, and often to
compute their position.

Essentially the number of periods of the carrier wave(s) are counted in intervals
of about 4,6 sec., 30 sec. or Z minutes. These counts are measures for range
differences from the receiver to two satellite positions. Out of the counts of a
reasonable passage (maximum elevation between say 302 and 70°) a position fix
is possible. The accuracy is some 40 m for a fixed platform. For a moving ship
the accuracy degrades by an order of magnitude. If the movements of the ship
are measured with an other system an accuracy of 50 m or better is possible.

If some 20 passages are used on stationary points, an accuracy better than a
meter is possible in relative accuracy. In this case "translocation" may be used,
i.e. from 2 or more terrestrial points simultaneous measurements are executed,
so that the errors in the ephemeris and also the atmospheric errors are more or
less eliminated. Also on a moving vessel translocation can be useful if the
satellite receiver works integrated with an other system.

The system is world wide, but it is an disadvantage that only 10 to 20 passages
a day are available.

Note: the NNSS system can be considered as an hyperbolic system (range
differences) where the transmitter (one satellite on different epoques) is syn-
chronized by the satellite born oscillator which works as a phase memory. Table

6 gives a summary of obtainable accuracies.

Fixed station . One passage 30 m

. A few days (> 20 passages) 1 m

Maving ship . Unknown velocity: a few hundreds of meters
. Velocity vector measured: 50 m
Velocity vector measured + } better than 50 m

translocation

Table 6. Typical accuracies (standard deviation) with NNSS doppler satellites.
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1.3.2.2,

1.3.3¢

1.3.3.1.

G.P.S.

The Global Positioning Systern, also called Navstar, works with a minimum
numbe.r of 18 satellites arranged in 6 orbits on about 20.000 ki height. The
orbital period of each satellite is 12 hours relative to the earth. This configu-
ration is so designed that always at least 4 satellites will be sufficiently high
above the horizon in any place on earth. The satellites transmit signals in
pseudo random code with long repetition periods, so that ambiguities are not
annoying. The transmitted sigals are synchronized, i.e. they have known rela-
tions in time. In the most direct mode differences of the time of arrival are
measured for at least 4 satellites (quasi) simultaneously. So this rmay be consi-
dered as an hyperbolic system with 4 synchronized transmitters. This nuimber of
4 is the minimum number to fix a point in the three-dimensional space
(compare the plane, where three transmitters are needed).

The meosurements may also be done in doppler mode, where sequential Lime
(= range) intervals are measured from one satellite, as with the NINSS satellites.
Another mode is the correlation mode or interferometer node. Here the know-
ledge of the cades is not strictly needed. Signals are compared in time by
correlation.

These two alternative modes may also become adequate for navigalion, but in

this case some communication with the shore is required for on-line processing.

Terrestrial systems on short waves.

Artemis.

With this system bearing and range is measured between two points, of which
usually one is fixed. So with this system it is possible Lo posilion a vessel
(without redundancy) if only one fixed point is available.

The antennoe of both stations are autornatically pointed towards cach other
(see figure 17). At the fixed station the bearing of the anlenne is sensed and
transmitted to the mobile. The distance is measured by transmitting signals
from the rnaobile to the fixed station and back from the fixed station to the
mobile. All these signals are modulated on the carrier waves of aboul 9 Hz.
Because the system works with pointing narrow beamn antennea the radio

connection is very efficient in signal to noise ratio.
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Figure 17. Artemis.
At the beginning of an operation and in case the connection is lost, a search
program is executed. When the connection has been found the servo mechanics

take care of the preservation.

The angle measurement.

The most particular parts of the Artemis are the antennea: so-called slotted
waveguide radiators. An antenna exists of an horizontal tube of more than one
meter with a pattern of slots. The antenna has very small sides lobes and it
comes up to high requirements for phase symmetry.

The phase difference is measured in the carrier wave received in the left and
the right half of the antenna. The error signal for the servo mechanisme is
obtained from this phase difference to correct the bearing of the antenna. In
order to find a reference for the bearing at the fixed station at least once the
antenna has to be pointed to some fixed direction (for instance to the sun) with

the help of an optical telescope.

1.3.3.2. Syledis.

This system, working on a wavelength of about 70 em is a range-range system
with the possibility to work also in the hyperbolic mode. The precision within
line of sight (LOS) is given by a standard deviation of 0.5 m to a few meters.
Beyond the horizon up to about 1.5 x LOS this precision may grow to 5 to 10
meters. By the use of directional antennae and high power (if permitted) ranges
of much more than 100 km may be possible, but the errors may increase to tens
of meters.
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The working principle of Syledis.

The signals have a repeating frequency of at least 10 Hz. Such a maximum
period of 100 milliseconds contains 30 time slots. See figure 18.

- period of 30 time slots, 0,1 sec.

L |
I 1
1 I
isynchronization timeslot 3333 ps !
|+ r -
1 |

ISIFenE 40 codes ;
1667' of 66,7 ps '
Hs 2667 ps

0.5 us 0.5J-IS ’

+

Figure 18. The Syledis signals.

|
A time slot of 3.33 millisec. starts with a silent period of 667 ys, followed by
an active period of 2.667 ms. The first slot of each period provides the
synchronization for the choice of the right time slot in each of the
participating instruments. This synchronization slot exists of an unmodulated
signal of frequency F2 differing by 5 kHz, 10 kHz or 20 kHz from the carrier
wave F1 in the other time slots. That signal is transmitted by one of the
stations and received by all other stations. During the active time of each of
the following slots a code signal of 66.67 us is repeated 40 times.
Such a code signal is a pseudo random signal of 2! - 1= 127 elements (+ or -)
each of about 0.5 us. The + and - signals differ in phase by 180°. Because with
the 127 elements a number (128) of codes may be constructed, different trans-
mitter to receiver connections can be recognized. So each of the fixed and
mobile stations has a number of code generators (normally 4).
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A distance measurement is schematically indicated in figure 19. During the
first time slot of a period all programs of time slots are synchronized by the
frequency F2 from one of the stations. In the next slot a mobile station (inter-
rogator) transmits a certain pseudo random code on frequency F1l. This code is
made by a code generator of the interrogator. During the same slot an identical
code is generated in the wanted fixed responder. In the correlator the
crosscorrelation is measured between the signal from the interrogator and the

delayed signal of the responder itself.

interrogator responder
(mobile) (fixed)

[ clock }—>—{codeg. |
'
i
irl'uTeerval I:I:EID [ clock |->—{ codeg. |
[clock }+—{codeg. |

L

Figure 19. Diagram of distance measurement with Syledis.

The delay is increased in small steps until the correlation is high, i.e. until both
signals are almost identical. This process lasts about one or two minutes at the
start of a measurement, but when locked the process goes on very fast. In the
interrogator the delay for maximum cross correlation is measured and so the

travelling time and consequently the range can be found.
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The other time slots can be used for other ranges and one of the slots may be

used for the hyperbolic mode. After a whole period (maximum 100 ms) all the
measurements are repeated.

The ambiquity has here a period of 66.7 ps corresponding with a distance of

tc.66.7. 1076 = 10 km which is quite acceptable.

The resolution is prescribed by the length of one element. This time interval of

0,5 us corresponds to 4 .c.0.5. 1076 = 75 m distance. Owing to an integration

over at least 10 groups of 40 elements the resolution may be less than a meter.

In this integration the velocity of the vessel is included. Changes in the rmagni-

tude and in the direction of the velocity and also velocities higher than 100

knot may cause errors.

Remark: A compromis has been made in the Syledis between the ambiguity

period and the integration time. Doubling the ambiguity period
would result in doubling the integration time for the same number of
time slots, i.e. for the same resolution. In that case also the search
time when sailing into the radio pattern will be doubled.
During this initial search all possible delays with steps of 0,5 us have
to be tried. That are 127 steps per time slot. For each of these 127
steps the integration time T; is needed. On an average half of this
time will do for a search, which will than last } . 127 . T; which is
about one minute.

Some possibilities of Syledis.

With the standard equipment, where each station contains 4 code generators, at
most 4 mobiles can measure distances to 3 fixed stations quasi sirnultaneously.
With the sane equipment it is also possible to forin two hyperbolic palters with
3 fixed stations, but then only 3 mobiles can each measure 3 distances to the 3
fixed stations.

For these modes not all 30 time slots are needed so that the period can become
shorter than 100 msec. It is however also possible to use some of the Lime slots

for the possibility to switch from one fixed station to another one; for instance
if it gives a better reception.
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Terrestrial systems on longer waves.

Two typical examples will be treated: Loran C and Argo.

Loran C.

This general navigation system works on a carrier wave of exactly 100 kHz
(wavelength about 3 km). Most frequently it is used in the hyperbolic mode. The
master transmits periodically a group of 9 pulses. See figure 20.

| Loran-C chain group repetition interval (GRI) N

Master Slave X  SlaveY Slave 2 Master
pulses pulses pulses pulses pulses
—_—— ———— —— —_—— ——l
ISIIIII}' ll“ i ] L 4K . Ll |- .
T = TT T TI1T 1T T TT LI TT | e
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1000 psec

: Pulse envelope :h'am:_
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erossing 1o he
identified and
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Figure 20. The format of Loran C.

The period (GRI, group repetition interval) can have different durations
between 5 and 10 msec. for different chains in order to make discrimination
between different chains possible. The GRI is so long that within the maximum
range of the transmitters the signals of the old period do not interfere in the
new period: 5 msec correspond to a distance of 0.005 ¢ = 1500 km.

The slaves X, Y and Z transmit groups of 8 pulses somewhat later within the
GRI. The pulses differ by 180° in phase according to a certain key. See figure
20 where the spikes are up or down. These phase differences are introduced to
recognize the different transmitters and to eliminate heavy delayed sky waves.
In the receiver phase differences of the carrier waves are measured. For the
lane identification (the integral number of carrier wave periods) the enveloping
curve of the pulse is used to select the beginning of the third sine of the pulse.

Note: Nowadays one often prefers the point 25 usec from the start instead of

30 usec.
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The advantage of this pulsed system is that the sky wave can be eliminated
because this wave arrives at least more than 30 us (= 3 periodes) later than the
ground wave. A disadvantage is the broader bandwidth and the higher peak
power compared with an unmodulated signal.

The Loran C signals are also suitable for time transmission owing to its discrete
time signals. So it is important that Loran C transmissions are cantrolled by
good atom clocks and kept by international time services.

1.3.4.2. The Argo system.
This system, working on Medium Frequency, is intended for hydrography and for
other precision navigational work. The mark DM54 will be treated here.
The Argo system is in the first place a range-range system but it can also be
used in the hyperbolic mode. Argo works on one pair of frequencies of which
one frequency is only used for lane identification. Both frequencies can be
chosen by the user between 1.6 and 2.2 MHz. So the lane width is about 85 m (in
the hyperbolic mode on the base). Dependent on the number of users and the
number of required ranges and/or range differences a certain timing program
can be entered for the fixed and mobile stations. Figure 21 gives an example of
such a timing program for 6 mobiles each measuring 4 ranges plus a hyperbolic
mode for an unlimited number of users.
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1-Frame (2000 ms)

{} Receiving e Transmitting

Figure 21. Example of an Argo timing program (from Cubic Western Data).



If wanted it is also possible to make a timing program for 9 mobiles measuring
3 ranges each, or other timing programs.

The outlined program has a fixed period of 2 seconds. The first interval of
144 msec (timing pulse) is used to synchronize the program for all mobile and
fixed stations. The timing pulse is transmitted by one of the fixed or mobile
stations (here fix 3) and received by all other stations. In the Argo system this
transmitter is called the "master". If the distances are unfavourable it is also
possible to use one of the stations as a "relay". In this case the master and the
relay transmit alternately a timing pulse so that the relay is synchronized by
the received master signal.

After the timing pulse there are a number of time slots (here 8 ones). Within
each of the time slots 1-6 one of the mobiles is serviced. Time slot 7 is used
here for the hyperbolic mode; time slot 8 can be used by any of the interro-
gators for lane identification.

Time slot 1 starts with a 56 msec period for the transmission of an unmodulated
signal from mobile 1 which is received by the 4 fixed stations. In the next four
intervals of 44 msec the fixed stations respond by transmitting one by one the
carrier wave synchronized by the just received signals. As a result in time slot
1 mobile 1 has measured the ranges to the 4 fixed stations. So the times slots
2-6 are used for the other mobiles. In time slot 7 the fixed station 1 works as
phase synchronizer for the other fixed stations (station 1 could be called hyper-
bolic phase master). In this time slot no mabile is transmitting and an unlimited
number of mobiles may use the hyperbolic mode with their receivers.

In the last time slot a carrier frequency of about 10% above the normal
frequency is used for lane identification.

Checking and smoothing.

As a first check for a valuable received signal, the signal strength is detected.
Further the measured ranges are continuously compared with predictions from
the last few measurements. If the difference is too large a warning is given. If
the difference is acceptable the new measurement is used together with
preceding ones to find a more or less smoothed value. The amount of smooting
is in table 7 indicated by an instrument code and by the "time constant'. This
time constant is the number of seconds over which the measurements are
included in the smoothing with a weight of more than about 1/e = 0,37. A strong
smoothing gives less influence of noise, interference and small skywaves, but

the results can not follow quick changes in course and velocity.

33.
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SMOCTHING TIME
CODE CONSTANT APPLICATION
0 N/A Raw data computer processing
1 2.8 High speed — survey (launch)
2 3.0 High speed — survey
3 3.8 Moderate speec — survey
4 5.6 Moderate speed — seismic
5 c.0 Low dynamics — seismic
6 13 Very low dynamics — seismic
7 19 Large ship — no maneuvers
8 26 Very large ship—
no maneuvers
9 29 Pipe lay barge
— atanchor

Table 5. Data smoothing for Argo (from Cubic Western Data).
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Navigation (3 monthly) Journal of the Institute of Navigation, Washington.

The Hydrographic Journal (Quarterly), Hydrographic Society, London.

The International Hydrographic Review (6-monthly), IHB, Monaco.
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Exercises.

Dead zone.

A transmitter T, with as antenna a vertical dipole at a height hpstransmits a
carrier wave of frequency f.

The receiving antenna R (also a vertical dipole) is placed at a height hg on
some mobile.

What is the longest distance S, for a dead zone will to ocecur if the phase
changes by 180° at the reflection point?

T

|
i
f = 400 MHz  hq|
h = 30m !
T |
hg= 10m 1
| phase shift ~~g ..
: 180" =m|rrored
1 I
| 1
S o
Solution

The first minimum will occur when the difference between the reflecting path

R) + R, and the direct path D, Ry + R, - D,equals the wavelength A = c/f,

3.108/4.108 = 0.75 m.

h h .2
2 ("T+ 'R
R1+R3—V52+(hT+hR)~ S{ 1+ D } {hT+hR<<S)

S
h h_,2
_\[e - h)2% (T- R - S
D = \Ys* + (hp=hp)2=s {1 +} = } (hT hg << )
Lh 2h
Ri+R,=1D :__111_R=__ﬁ.ﬁ=;\
25 S
For the above numbers: = 2:30-10 = B00 m.
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Exercises signals and systems.

Zs The influence of meteorological assumptions.

Find with formula (2) the influence of an error of AP = 10 mbar in the assumed
air pressure on a measured distance.

[A distance S is calculated from the measured travelling time t with S = V.t =
(c/mt where V = the propagation velocity, n the refraction index and c = 3.108
m/s the free space propagation velocity.]

Do the same for an error in temperature AT of 10° C and for an error fe of 10

mbar in the pressure of the water vapour.

Solution
S =ct/n
3s 35S 35
ﬂS=-é—P—ﬁP+-§-fﬂT+§-e—ﬂe
dS 3n dS an dS 9n
=55 AP + .dnﬁATwﬁa—e;ne
ct i P
- - 77.62 4p -f.; (- 77.62 = + 12.92 2 37.19.10" L
n T n T2 T T3

ct e 4 -6
- = (= 12,92 5 - 37.19:10 7‘) pe} 10
n2 T T

10-°  77.62
T

45 AP + (- 77.62 oy 1299 & 37.19-10" E) AT +
S 2 TZ T3

T

- 1 - ‘+ 1
+ (- 12,925+ 37.19°10_7) se)

For T = 300 K, P = 1000 mbar, e = 10 mbar, n = 1.

]
100 A8 _ 7162 4o o (77,62 1090 | 45 g5 10 L 39 19.10%
S 300 300° 300°

20
. AT
300°

1 37.19 4
12.92 cmne = .

Now substitute AP = 10 mbar, 4T = 0 and 2e =0 to find the influence of AP =
10 mbar: £5/S = 2.6.10°6,
In the same manner one finds the influence of temperature:

AT = 10°C » AS/S = 12.10°°, and for humidity fe = 10 mbar

-6
AS/S = Lo.10
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Exercises signals and systems.

3. Independent clocks.

For distance measurement one uses on board a good quartz clock which differs

in frequency not more than 1:1010 from the transmitter clock, i.e.| f receiver
~f transmitter |/ f transmitter = |Af|/f < 10710,

During which time interval one can maintain an accuracy of 30 m?

Solution,

After 1 sec. sailing one looses not more than 1

g-10 sec, which corresponds

with 10710/c = 0,03 m.
So 30 m will be lost after not less than 30/0.03 = 1000 sec.

Exercises signals and systems.

4. Radiopositioning in different situations.

Which sort of methods would you choose in the following situation? (which

wavelength, geometry, terrestrial, satellites, etc.). Motivate your choice.

a. - A position fix at same 10 km from the coast. Required accuracy 5 m.

b. - Navigation of many ships at some 100 km from the coast. Required
accuracy 100 m.

c. - Positioning at the ocean, say 2000 km from any coast.
Required accuracy 2 km.

d. - Measurement of the position of a fixed rigg at 200 km from any coast.
Accuracy one m or a few m.

Solution.

a. Short waves (*< 1 m). For one position fix the circular method is often

the most useful. Good accuracy. Well within the maximum range.
b. In this case a multi-use system is necessary, so a hyperbolic system is a

good solution.
The NNSS doppler system is not sufficiently accurate. GPS is possible, but

expensive and monopolistic. A frequency of some 2 MHz is reasonable.
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c. Terrestrial systems on wavelengths of at least 3 km. These systems are
hardly used as circular systems. Hence "hyperbolic" or "rho-rho". NNSS
and GPS also very useful.

d. Only satellite methods will satisfy the required accuracy. A measuring

time of several hours is allowed.

Exercises signals and systems.

Lane slips.
A hyperbolic system works on a continuous wave with a frequency f1 = 2 MHz.

To find the integer lane number one uses a second the frequency f,. Which would
be a useful frequency for fo:
3 MHz, 2.2 MHz, 2.02 MHz or 2.002 MHz? Why? Depending on what?

Solution.

2.2 MHz is quite reasonable because the accuracy of the phase measurement is
normally much better than 10% (0.1 lane).

2.02 MHz would be reasonable if the phase measurement is a lot better than 0.01

lane.






41.

SURVEY COMPUTATIONS.
G. Bakker

Introduction.

One of the main purposes of surveying is the determination of the relative position of
points on the earth surface. That purpose is attained once the coordinates of these points
are known in a three-dimensional (3d.) coordinatesystem that is firmly anchored to the
earth. Such a coordinatesystem is often denoted by the word datum.

In our 3d. so-called Euclidean space E2 it is possible to introduce the most simple
coordinatesystem, the rectilinear cartesian coordinates {x,y,z} , but curvilinear
coordinatesystems, for instance the geodetic coordinates {¢, A ,h} , are also feasible.
To find the coordinates of a point set {P,Q,...} , one has to formulate the relations
between these coordinates {xJ i = 1,2,3} and the geodetic observables l],
{11 ]i = 1,..,n} symbolically denoted by 1 = fi{(x})P,@,...)} .

These relations are obtained with the tools of a branch of mathematics, called analytical

geometry.

Gradually, 3d. computations have come more and more into use, especially for large
networks and when large computers are available. At the same time this latter constraint
clearly indicates the main drawback of 3d. methods: although the mathematics is rather
simple, the number of relations is such that only large computers can handle these
methods. Happily however most surveying work is of limited extent and occurs at or near
the earth surface that may be conceived as predominantly two-dimensional.
Three-dimensional methods may therefore safely be replaced by computation on a curved
surface, viz. a sphere or an ellipsoid. Such a surface is mathematically called a Riemann
space and indicated by RZ. The computations in such a space are more difficult than in
an E3 since it is impossible to use cartesian coordinates.

Choosing the ellipsoid as computational surface, this surface is supposed to fit as close as
possible the equipotential surface of the earth gravity field that coincides with mean
sealevel.

Although in hydrographical survey, where the third coordinate, the height h, plays hardly
any role and therefore Zd. methods are explicitly in use, this chapter dealing with survey
computations starts with a section on coordinatesystems in 3d. space.
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This has two reasons,

first because ellipsoidal computations are better understood if the coordinates {¢, A}

on the ellipsoid are looked upon as a subset of the 3d. geodetic coordinates {¢, A,h}

and

second because the important datumtransformations can only be explained in the 3d.
context.

Section 1 ends with the reductions that should be applied to the actual observations in
order to fit them into the ellipsoidal model. The reduction formulas are given without
any derivation. They may serve only as an easy reference. For most hydrographic work

they will rarely be applied.

When planar coordinates in a given map projection are the ultimate purpose, one can
once again proceed in two ways:

either the ellipsoidal observations are transferred to ellipsoidal coordinates {¢, A} by
means of ellipsoidal computations, where after the mapping formulas are applied to
obtain the gridcoordinates {Y,X} ,

or the ellipsoidal observations are provided with reductions induced by the map
projection in question, where after the computation of the {Y,X} is carried out with
the simple formulas of the plane.

For networks of limited extent, the latter strategy is often pursued.

In section 2 the conformal map projections are briefly outlined with emphasis upon the
conformal projections of the ellipsoid onto the sphere. The reductions to the
observations, induced by this projection can be neglected for nearly all practical
problems to the effect that difficult computations on the ellipsoid may be replaced by
computations on the conformal sphere using the simple rules of spherical trigonometry.
As an example both Bowrings method for the geodesic on the ellipsoid and Ballarins
famous method for the computation of a hyperbolic pattern are dealt with, using
spherical trigonometry.

In section 3 finally, the computations on the ellipsoid are dealt with. Basic to these
computations are the so-called direct and inverse problem for the geodesic. Algorithms
are given for small and large scale computers. In combination with the linearized
equations for the observables, derived in section 2, any geometric problem on the
ellipsoid can be tackled. In the diagram on the next page it has finally been tried to
indicate the frame in which this chapter has been set.




computation {x,y.z} datum- {x,y.2}
ob.servables in {®,A.h} transformation {®,A,h}
in space E3 (indatumII)
A A
\
reduction to
ellipsoid
Y Y \

; 2 .
ellipsoidal :ﬁ?;zzit:tmnR ellipsoidal ellipsoidal
observables sphere {0.1} (@.1)

Y
reduction to conformal conformal
mapping plane mapping mapping
\
IEhaF datum planar
obz:::'r\::lr)les computation E2 F{'ya':(} transformation y.X
: (indatum II)
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2.1

2.

1

Geodetic coordinates and reductions.

Introduction.

To locate paints in 3-dimensional space, the most abvious way to do so is to
introduce a rectangular (orthogonal) cartesian coordinate system (c.s.) {x,y,z1.

In the origin O of this c.s. three unit vectors along the coordinate-lines constitute
its base. The coordinates (c.n.) themselves should be considered as numbers,
quantities without dimension.

Coordinate-surfaces are defined as surfaces on which one of the coordinates

assumes a constant value, whereas the remaining ones are varying. A surface
parallel to the plane Oyz is indicated by {x = constant}, a.s.o.

In consequence there are three different families of parallel coordinate-surfaces
in 3d. geometrical space.

Two surfaces of different families intersect in a straight line on which the
remaining coordinate varies. These lines are generally called coordinate-lines and
indicated by {x = variable},a.s.o0.

Starting from the cartesian coordinates { x,y,z}, other c.s. can be derived at will

by applying a so-called coordinate transformation. These transformations can be

of linear or non-linear type, resulting in rectilinear or curvilinear c.s.
respectively.

In this chapter attention is focussed an the special group of geodetic coordinates.

In figure 1 it is shown that a point is also
determined if its distance r to the origin
O is given together with the angles
subtended in O by the coordinate
surfaces { z = 0} and {y=0}. These
angles are denoted by ¢ and A.

Closely related to the set {¢,),r} is the
set {¢,2,h L. The variable polar radius is
split up in a constant part of length s,

the radius of a sphere, and a variable
part of length h, the height above the

Figure 1

sphere.
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The transformation formulas from the set {¢,),h} to the set {x,y,z} are:

x=(a+h)cos dcos X
y =(a+h) cos ¢sin A

z =(a + h) sin [

The inverse formulas are:

$ = arccos(x? + YZ)QI(XZ £ y2 + 2235
) = arctan y/x
h =(x2 + y2 = 22)& -a

1)

(2)

The coordinate-surfaces {h = constant} are concentric spheres. The coordinate-

surface {h = 0} is the sphere with radius a, that serves as reference surface for

the height coordinate h. This latter surface intersects:
- on the one hand: the plane coordinate-surfaces

constant} in the

coordinate-curves [ ¢= variable}. These curves are called the meridians;

- on the other hand: the coordinate-surfaces {¢ = constant} in the coordinate-

curves {) = variable}. These curves are called the parallels or latitude-circles.

Figure 2.
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2.1.2,

The set {¢,\;h} is part of a much larger group, the so-called geodetic

coordinates. In this group the surface {h = constant} is no longer a sphere but in

general an ellipsoid of rotation, generated by an ellipse rotating around its minor
axis.

Prior to the derivation of the transformation formulas from {9,2,h} to {x,y,z}
and vice versa, some important properties of the ellipse will be derived in the
following section. The formulas of this section are also applied in section 2.3,

dealing with ellipsoidal computations.

The geometry of an ellipse.

The equation of a circle in implicit form is:

circle: xz + y2 -a2=0 .

The equation in the so-called parameter form is (see fig. 3):

X =acos g
circle: {y:

asin g

The parameter is g with 0 < 8 < 7

An ellipse can be conceived to be generated from a circle by reducing the
y-coordinate with a factor b/a, thus:

ellipse: {x =acos B

y=bsin B ©)
The implicit equation is found by eliminating 8:
ellipse:  x%/a? + yzlbz -1=0. (4)

The parameters a and b respresent half the length of the major and minor axis of

the ellipse. There are many parameters to characterize the flattening of an

ellipse:
e? = (a2 - bz),ha2 (e is called the first eccentricity)
e =(a?- bz},i'b2 (e' is called the second eccentricity)

f =(a-b)la (f is called the flattening).



For other parameters and their relations see table 1 on page 51

The parameter B is called the reduced latitude. Another parameter which is

sometimes used for the parametrization of an ellipse is the geocentric latitude .

In most cases however the parameter ¢ is employed for its parametrization. This
parameter can be represented geometrically by the angle between the
perpendicular to the ellipse and the x-axis, and is generally called the geographic
latitude. The parameter equations of the ellipse in this parameter will now be
derived.

For an ellipse the following properties hold:

- the tangents UV and QV intersect in a point of its major axis;
-UR:QR=a:b.

Y
U
B Q
Yo,
0 S/ R A VAN
OB =
b N
OA=a
QT =N
T
Figure 3.

With the aid of figure 3 the following formulas can be derived:

cotg (/2 - B) = tan & = VR/UR
cotg (/2 - ¢) = tan ¢ = VR/GR

and thus: |tan B = g tan ¢ (5)

and also [tany = % tan 8 J

47.



After defining two auxiliary latitude functions

W=(1-e2 sin2¢)}
V=01+ e'? cos? ¢)é,

it follows from (5):

sing =vV-! sin ¢ = g wlsin ¢ (6)

cos g=W1 cos o = .g vlcos ¢ (7

After denoting the distance QT by N the following formulas can be derived:

QT =acos 8/cos ¢ =aW™L = N

OR= acos g=N cos ¢ ®)
QR= bsin B

@S = b sin B/sin ¢ = (1 - e2)N

@R= N(1-esin ¢

Thus for point Q the following coordinates are found:

x:Ncosd; C)]
y=N(1 - e“) sin ¢

These formulas are the parameter-equations of the ellipse in the parameter 9,
with0 < ¢ < w, and N is a function of ¢.

The meridian arc length,

To end this section an expression will be derived for the length s along the ellipse
between two points with parameter value ¢ = 0 and ¢ = ¢. (This length is
equivalent with the meridian arc length between these points).

To that purpose it is necessary to know the radius of curvature at an arbitrary
point of the ellipse. This radius is usually denoted by M and may be conceived as
the radius of the circle that is osculating the ellipse (a three-point contact). From
differential calculus the following general formula is known.

Let x = x(t), y = y(t) be the parameter equations of a plane curve, then the radius
of curvature is

_ ey

]3;‘2
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The dots mean one- or twofold differentiation with respect to t.

Applying this formula to (2) one finds

M= a(l - eD)w™> (10a)
N = aw! (10b)

In the geometry of an ellipsoid, M and N is the standard notation for the so-called

first and second principal radius of curvature, being defined as the radii of the

oscillating circle of the normal section respectively in the direction of and
perpendicular to the meridional plane.

For the meridian arc length s one gets:

2t 3
Mdé =a(l -e“) [ W~ dé (11)
0

8=

Ot a

The integral is of the elliptic type, which can not be solved analytically. Therefore
the integrand is developed in a Taylor series.

As W3 = (1 - 2 sin? 4)3/2 is of the binomial type, reference is made to the
following general expressions:

n(;-!-l} Lo n(n-1)(n-2) x3

(lix)n—_-l-c_-nx-a- 5

+ ane

" n(n;}) xz = n(n+%?(n+2) .

(1 +x)"=1%n

The first expansion can be written as I (+ l)n(r!:)xn (k = 0,1,...).
So one finds
3. 4 4 3.5.7 _6 6

W"3=l+gezsin2¢+—-ae sin ¢ + €0 8in” ¢ + eaus

wn

[

By introducing the following notation for the so-called Wallis integrals (attention:
both the Wallis integral and the latitude function are denoted by W!):

® i 2
Wop = [sin“Pg d¢ (p=0,1,2,u.) (12)
0
one gets
A 3 2 3.5 4 3.5.7 6
J'Wd¢=WO+Ee W, + g e Wy + 575z e We v .o (13)

o]




There are two main methods to arrive at a numerical value for this integral.
1. The nth powers of the sinus function of the angle are replaced by equivalent
cosinus functions of the multiple angle which can be easily integrated.

2. By applying the method of partial integration the following recurrent relation
for the Wallis integrals is obtained:

W, = 2p-1

1 . 2p-1
2p = 25 Mop-2 T 7z Sin

¢ cos ¢ (14)

Proof of (14) : By partial integration one finds:
ﬁinnq; dp = - sinn'1¢ cos ¢ + (n-1) /c052¢ sin"'2¢ do =
- sinn-1¢ cos ¢ - (n-l)/sin% do + (n-l)/sin"'zq: d¢

¢ ainll - B oo
Hence %sinnq; d¢ = ﬂ—n"cﬂ + ﬂﬁlﬂsinn 2¢ d¢

By substituting n = 2p one finds (14)

By repeated appligation one arrives at :
_ . . 0 _

for n = even ./Osmq;dq; ¢

¢
for n = odd :/Usin]¢d¢=1-cos $.

The recurrent relation (14) enables the developement of a consize
computerprogram for the evaluation of (11) (see also page 114)

The inverse problem, being the computation of ¢ when the meridian
arc length ¢ is given, can be solved by an iterative process.
Eqs. (11) and (13) are written as follows:
s/(a(1-€%)) = Wy + u and thus:
b= s/(a(l-ez)) U with W, =¢ and

W
U<<0

u = %ezl.\r2 +-g:—g e‘l'.-.'4 +g—§—é e6H6 g SRS
Using as first approximation u(l) =0 we find ¢(1).
This value ¢ 1 is used to evaluate u(z} and then a second,
more close approximation ¢{2) is found a.s.o..

Many different parameters and latitude functions, most of them of equal benefit,
are being employed for the description of the geometry of the ellipse and the

ellipsoid. For easy reference they are summarized in the tables 1 and Z on the
next page. In the pages to follow, these tables are frequently referred to.



a and b o e2 e'2 f
K 2,3 %4
b: b - a(1-e%) a(l+e'") a(1-f)
a’ 2.3 2.3 a
g o= T c a(l-e%) a(l+e'”) I
2.2 2 2
2 a“-b c-a 2 e'
g = e g f(2-f)
32 c2 1+e'
2.2 2 .2 2
12 a~-b c-a e {2 f(2-f
e't = e J—%
b2 2 1-e (1-f)
f = a_’lz c-a 1_(1_e2)£ 1'(1"‘8'2)-% f
a c
Table 1 DIMENSION PARAMETERS
W | v W \J
W= (l—ezsin2¢)% % v b1 V‘l
a
V= % W (1+e'2c052¢)% wl ,g_ vl
- b 1 -1 D7 b
W = = W v 1-e“cos™B) =V
v = Wl % vl % W 1+e'251n28)%
do _ a8 b2 b -2 a -2
_d% N p Y 3V W 5Y
2 Z
o b3 -3 3 b 3
M= 3 W cV cCwW =V
N = a ! c vl cw av

Table 2 LATITUDE FUNCTIONS

51.
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2.1.3 Coordinatetransformation.

Using (9) one can easily find the relation between cartesian c.n. { x,y,z} and
geodetic c.n. {¢,3,h 1. Let in (9) y be replaced by z and N by (N+h) and let the
angle of rotation around the z-axis be denoted by X, then one finds successively
(see figure 4):

For point Q: X ORcos 1 =N cos ¢ cos A

n

= ORsin 3 =Ncos ¢ sin 2
QS sin ¢ = N(1-e2)sin ¢

4 =
For point P: X = (N+h) cos ¢ cos A (15a)
y = (N+h) cos ¢ sin » (15b)
Lz = NQ-e®)eh) sing | (15c)

For N see table 2 on page 51

2

By substituting e~ = 0, it can easily be demonstrated that the formulas (1) are a

special case of (15).

z
P
<
L
o] P y
.fLSE‘J
-

Figure 4,




Although they are by far not as simple as the cartesian c.n., the geodetic c.n.
{¢,A,h } are almost exclusively used in geodesy. This stems from the fact that
geodetic c.n. better meet the distinction people are used to make between
'situation’ and 'height or 'horizontal'and 'vertical'. For the geodesist this means
that geodetic c.n. better allow for a splitting up of 3-dimensional geodetic
problems, at or near the earth's surface, into a 2-dimensional problem on a slightly
curved ellipsoidal surface and a separate 1-dimensional height problem.

The parameters of the ellipsoid are chosen in such a way that the ellipsoid is a
good fit to the local, regional or global geoid, the equipotential-surface of the

earth's gravity field that coincides with mean sea level.

In table 3 the dimensions of some, relatively well-known ellipsoids are given.

Ellipsoid Semi-Major Inverse Flattening
Name (Year computed) Axis (a) (m) 1/f

Airy (1830) 6378563.396 299.324964
Bessel (1841) 6377397.155 299.152813
Clarke 1866 6378206.4 294.,978698
Clarke 1880 (modified) 6378249.145 293.4663
Clarke 1880 6378249.145 293.465
Everest (1830) 6377276.345 300.8017
International (1909) 6378388 297.00

Hayford 6378388 297.00
Krassovski (1940) 6378378 297.00
Geodetic Reference 6378160 298.2471674273
System 1967

IAG (1975) 6378140 298.257222101
Geodetic Reference _

System 1980 6378137 298.257222

Table 3. Ellipsoid parameters.

2.1.3.1. The inverse relations.

The equations (15) are of the non-linear type and direct inverse formulas for the
computation of {4,x,h} from {x,y,z} can only be obtained for the spherical case
cf. (2). Although there are general algorithms for the solution of n non-linear
equations in n unknowns, we shall give an algorithm that is specially taylored for
the equations (15).

53.
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The coordinate A can be found in a direct way by dividing (15a) and (15b):
A = atan(y/x) (16)

For the coordinate ¢ a non-linear equation can be formulated.
From (15a) and (15b):

r=(N+h)cos ¢ (17a)

with

R

From (15c):
z+NeZsin ¢ =(N+h)sin ¢ . (17b)

Eliminating h from (17a) and (17b) gives:

NeZsin ¢ )

. - (18)

¢ = atan( s
r
As the second term on the right hand side is much smaller than the first one, the
following iterative solution for ¢ is possible.
As a first approximation take for instance ¢1(1) = 0. From the general iterative

procedure

o+1) _ aean( :_f 5 w )
the second approximation Q(ZJ can be found and so on. The iteration is terminated
when the absolute value of the difference between two consequtive
approximations is less than a prescribed tolerance e
Customary values for e are:

onsea ¢ =107 rad (corresponding with 60 cm in position)

onlande = 1077

rad (corresponding with 6 mm in position).
Usually 3 or 4 iterations are sufficient.

After ¢ is found, the height h can be obtained with (17a) or (17b) :
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i <450 . PHENNRE B
if ¢ <45%: h= cos ¢ N
(19)
f 0. e Z el
if ¢ 245%: hrsinft N1 -e%) .

2.1.4 Datum transformation.

In the preceding sections geodetic c.n. have been introduced in a formal
mathematical way, without paying any attention to its application in surveying
and navigational problems. Which problems can arise in daily practice? First, the
hydrographic surveyor is confronted with geodetic c.n., based on different
ellipsoidal parameters. As a matter of fact these differences cause only minor
inconveniences that can easily be overcome. Second, what is worse and less easy
to evaluate, is that various sets of geodetic c.n. also differ with respect to the
location and scale of the bases of the corresponding cartesian c.n.

The determination of such a base with regard to fundamental earth's points and
directions (and their underlying observations) is called the determination of the
datum. In surveying practice the relative position of the various datums is of
utmost importance. National and international scientific geodetic institutes,
concerned with the connections of datums, regularly publish new updatings based
on recent additional observations and adjustments.

Although the determination of the datum transformation parameters is not his
immediate concern, it seems worthwhile that a hydrographic surveyor has some

knowledge of how these parameters are obtained.

How to obtain the transformation parameters.

Let for both datums the two sets of cartesian c.n. be denoted by xj and xjj, with
x = {X,y,z}. Let the c.n. of a common point k be denoted by  x (k = 1,.,n) and
the centre of mass (c) of the point set by x . L

For vectors letters in bold face type are us(é: B

The relation between both c.n. sets is given by a 3d. similarity transformation

xH = mxl + t
With t is translation vector (3 parameters)
A is rotation matrix (3 parameters)

A is scale factor (1 parameter)




56.

The estimation of the unknown 7 parameters narrows down to an adjustment
problem with non-linear equations. There are a number of methods of solutions. The

following one lends itself best to a geometric interpretation.

The set of n points is considered as a distribution of mass points with unit mass. In

the theory of the dynamics of rigid bodies, moving under the influence of central

and non-central forces, the following characteristic quantities of the body are

introduced:

- the centre of mass;

- the set of body-axes, three mutual orthogonal unit vectors in the centre of mass
in the direction of the axes of main inertia;

- the radius of gyration, the root mean square distance from the points of the body
to its centre of mass.

t

Figure 5,

The underlined quantities are often called intrinsic, since they belong to the object
itself and bear no relation to whatever c.s.

If we can now dispose of two sets of c.n. for the point set, two estimations of the
above quantities can be evaluated.

A comparison between both sets of estimations gives the relation between the
bases of the two c.s.



57.

The computation proceeds along the following steps.
1. The centre of mass is computed by

1 n n n
X = y E X N y = —1-. I y ’ zZ = l I z
(c) k=1 (k) (c) N k=1 (k) (c) n k=1 (k)

In shorthand vector notation:

X {x, v, z}l
(c) (e) (c) (e)
These c.n. are subtracted from the original c.n.
Without changing the notation: x - X —+X
(k) (e) (k)
2. The symmetric inertia tensor 1 can be formed by computing the sum of
products and cross products of the c.n. of the points:

IXX IXy EIxz
I= Iyx Lyy LIyz
Lzx Lzy ILzz

The normalized eigenvectors of I represent the body-axes a;, 8, and a5. They

can be found by applying any simple eigenvalue routine.

In short hand matrix notation: R = {a),8,83}.
remark : In the 2-dimensional case is, if o is the angle of a, with
the x-axis :

tan 2a = x>2< EXZyy and a, orthogonal to a, -

3. The radius of gyration is obtained by

n
s = 1 r ( xz + yz + zz)
k=1 (k) (k) (k)

The summations in the above formulas are from k = 1 until n.

The above computations can be made for both c.s. x; and x;; and the relation
between both c.s. is determined by

A= sp/sps
) -1
A=Rpp - Ry

X - Mx
(c)il ()1
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In most cases only the translational vector t assumes a significant value, whereas
scale and orientation differences are usually small and may safely be neglected.
Hence only step 1 has to be carried out.

Ezample

We like ko compute the transformation parameters between two different coordinate systems
r@ and xb. The coordinates of four points are given in both systems:

number of points ; 4

coordinates in the twa szystems

ra ya ia b yb 4]
585, 433 755.475 102. 520 925, 520 422, 800 =0. 210
553175 FBB. 105 104, 150 S575. 340 480, 00 2. 370
424. 045 785. 835 106, 125 B12. 370 200. 920 =0. 240
394, 950 10&1. 700 104, 070 3%6. 230 283. 240 C. 410

in beth systems: we compute successively the coordinates of the center of mass. the relative
coordinates of the four points with respect to the center of mass. the radius of gyration,
the inertia tensor, the matris of eigenvectors and the eigenvalues
coordinates of the center of mass

a-syustem 48%. 401 897.729 104, 726
b-system &78. 398 3456, 740 0. 583

coordinstes relative to center of mass

ra ya za b yb b
Fa. 034 =142, 254 =-2. 208 251, 182 75. B&O =0. 793
63,774 90. 376 -0. 3346 =103, 038 133. 960 1.788

—£5. 354 -112,. 074 1,399 133. 972 =146, 120 -0. B23
=%4. 451 163. 971 1.334 -282. 118 =43, 700 -0.173

elements of the inertia tensor

a=syskem o=system
0. 6785E+05 0. 1606E+05 0. 4644E+03 0. 491 LE+05 - J&47E+04 0. 4448E+03
0. 1604E+05 0. 264FE+05 - 32B9E+03 = 3&647E+04 0. 1713E+04 -~ 3105SE+03
0. 4543E+03 - 328%E+03 0. F434E+03 0. 4448E+03 - 3105E+02 0. 22034E+0&

matriz of eigen vectors

a-system b-system
= 1704E-01 0. 9459E+00 ©O. 3241E+00 0. 373&6E-02 =, 2979E-01 0. 99946E+00
0. B13BE-03 0. 3242E+00 -, 94460E+00 = 6526E-02 0. 9995E+00 0.2981E-01
—-. I9PFE+00 - 15B4E-01 -, 4293E-02 0. 1000£+01 0. &597E-02 -, 2543E-02

eigenvalues

a=system : 0. 9435E+05 0. 7336E+05 0. 2097E+05
b=system :C. 2204E+04 0. 1714E+06 0. 4500E+05

Mow we are able to compute the transformation parameters

scale factor : 0. 15292338772747E+01

elements rotation matriz
0. 295849332981 35E+00 -, 95522546426 1692E+00 =. 30819423370025E-02
0. 95497048760243E+00 0. R9584153204198E+00 - 22560923510770E-01
0. 224556381700247E-01 0. 37309410489324E-02 Q. 999740325427 74E+00

translation vector:

- 1768136514464 5E+04 =. 7&956755502304E+03 —. 18133441591091E+03



After world war II it was decided, especially as a result of bad military
experiences, to come to an integration of the various national c.s. A combined
readjustment of several networks in Europe led to European Datum 1950, briefly
ED50, and nowadays ED80 is on its way.

Other continental datums are the North American Datum (NAD '27), the South
American, the Asian and the African Datum.

In the Netherlands only two datums are involved in coordinate computation: the
national datum, to which the R.D. coordinates refer and ED '50 on which U.T.M.
coordinates are based.

Geodesists have always strived after the ideal of one common datum
for the whole earth. Such a world datum became reality when satellite-methods
entered the domain of geodesy.

A well-known datum is WGS'72 (World Geodetic System 1972). Almost every year
new world datums are published, based on the ever-increasing stream of new data.
Recent updatings, however, change the coordinates hardly anymore.

A characteristic feature of a world datum is that its origin is supposed to be
located in the centre of mass of the earth, where as its z-axis is supposed to
coincide with the earth's rotational axis. In table 4 some datums are compared with
ED's0.

59.
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DATUM a e2.107 EDSO - D ——g
AX Ay Az Aa Ae”.10
_EEEE§§D 6377397.155 | 6674372 |+676.52 |+121.57 |+595.27 |+990.845 h4g29g
BELGIUM | 6378388 6722670 |+165  [215  |+246 0 0
Hayford
ENGLAND | 6377563.396 | 6670540 |+452  |-17 1552 1824604 [+52130
0S6B
Wes '72 | 6378135 6694318 |+84 4103 |+127 1253 128352
MHGL 10 | 6378135 6694318 |+83 1110 |+118 4253 128352
ED50 6378388 6722670 | 0 0 0 0 0
Hayford

Table 4 SHIFTPARAMETERS

This table should be handled with great care since updating is continuously
taking place. It is advised to contact the national institutes concerned
with these updatings.

For the transformation from ED '50 to WGS 'S4 see Appendix 4 on page 133.

In table 4 the translation from a specific datum D to ED'SO is specified by the
set of translation (or shift) parameters: t = Ax= {4 X, MYy A% }.

These parameters may be considered as the coordinates of the origin of datum D in
the c.s. ED'S0: XED = Xp + A%

\
zZ.
A
(D)
/dz
Y
ED50 "
} Ax
/ Ay

Figure 6.
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How to perform a datum transformation.

1. The transformation of geodetic c.n. {¢,A,h} from datum I to datum I can be
represented by the following scheme:

{6.2,h}; T,{x,y,z}I {x,y,2}q 1 {62050}y

Ifor‘mulas (15) shift formulas (17)

2. As a matter of fact the differences between both sets are small and therefore
the transformation can also be carried out by the linearized equations, obtained
after differentiation of the above chain of relations:

a.h —sin ¢ cos A ~sin ¢ sin A cos ¢\ /Bx
a cos ¢.hA | = -sin A cos A 0 Ay +
Ah cos ¢ €os A cos ¢ sin A sin ¢ z
ezsin ¢ cos ¢ a sin ¢ cos ¢\ fha
+ 0 0
Qezsinzcb -1 la sinzd‘a aez

Remark:
Some institutes issue additional small-scale contourmaps representing A¢ = and AA-
isocorrectioncurves. When they are available and when the utmost accuracy is

required, these maps can be used to assess the final additional corrections to the
coordinates.
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2.1.5. Reduction of observations onto the ellipsoid.

Horizontal directions and angles.

Assume that directions have been observed on the surface of the earth with a theodolite.
In order to use these directions in computations on the ellipsoid they have to be reduced
first. Since the vertical axis of the theodolite is aligned with the direction of the plumb
line at the station the directions are measured in the local horizon, i.e. the plane ortho-
gonal to the plumb line. The first correction, therefore, has to be such that the corrected
values are those which would have been obtained if the vertical axis had been aligned
with the ellipsoidal surface normal.

Assume that you are given a set of deflections of the vertical {€ , n} which refer to
the ellipsoid to which you should reduce the observations, Let A be the astronomical
azimut of the target point, referred to C.1.O. (Conventional International Origin), o the
corresponding azimuth of the ellipsoidal normal section, then o= A + 8§ with

§1=-ntan ¢ -(£ sin a-n cos a)eot z

where z is the zenith distance of the observed direction.

The correction term n tan ¢ is common to all directions of the same station whereas
the other correction term is a function of the azimuth. In fact, for the reduction of
angles the second correction term will be the only term necessary to be considered since

angles are the difference of directions and the n tan ¢ -term thus cancels.
There are two reductions left: the reduction 8, taking into account the projection of the
target point onto the ellipsoid, and the reduction o3, representing the transfer from

normal section to geodesic on the ellipsoid

8 = 0."108 cos? ¢; sin 2 ay .y,

S2
85 =-0."028 cos? ¢y sin 2 oy %S
Summarizing:
*geodesic = Aobserved * %1+ &+
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Distances.
Most of the modern geodetic measurement technigques primarily measure the spatial
distance between points. Figure 7 shows the plane containing the stations P, and P,

and the geocenter 0.

0

fiqure 7

The ellipsoidal arc is approximated by a circle whose radius R is equal to the radius of
curvature of the ellipsoid at the midpoint and in the direction of pointing. The law of
cosines applied to the triangle OP,P, gives

12 = (R + h))? + (R + hp)? - 2R + hy IR + hy)cos y

Since

2

cos |y =1-2sin ¥
2
this expression becomes:
h h
2_p o ga? 2 1 2v.2 9
12 = (hy - h))® + 4R"(1 +}.€_)(1 +R-)sm 5

With the chord length

S=2Rsin ¥
2
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and the ellipsoidal height difference

Ah = h2 - hl
we obtain
h h
2= an+ (e s
i
2 2
and § = 1" - 4h
n Mg
1+ R—)[l + g
The ellipsoidal distance is
S=Ry=2R arcsini
2R

A more accurate expression for the S - S correction is

2

S 4
2 2 S 1 2 3 I .5
1+2n7 cos al)l\§+ BtlnlmsulN}"_HZGN;]

5 =51 - 1

1
24 (
The above correction formulae are accurate enough to be useful in ordinary

triangulation/trilateration network computations.
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Conformal mapping and spherical computations.

Introduction.

Map projections may be looked upon either from a cartographic or a geodetic
point of view.

In cartography a small scale map is, in most cases, the ultimate output.

As a consequence the required accuracy of the mapping formulae is low and a
sphere may safely be introduced as the surface to be mapped.

In geodesy a map projection is conceived as a mathematical device that transfers
the set of geographical c.n. {¢, A} into a set of cartesian planar coordinates
{ x,¥} without loss of information.

That latter requirement implies that an ellipsoid should be introduced as the sur-
face to be mapped and that the set of geographical c.n. should refer to this
surface.

With respect to the inevitable distortion of the geometric elements, distance and

angle, map projections are usually subdivided into conformal, equivalent (or equal

area) and conventional projections.

Conformal projections preserve the angle of intersection of any two curves. In
fact it means that a conformal projection may be considered as a similarity
mapping in an infinitesimal small region. It differs from a similarity mapping in
the plane in that its scale is not constant but varying over the mapping area.

It is because of this property that only conformal projections are employed for
geodetic purposes.

The family of conformal projections has an infinite number of members, however,
only four of them, are explicitely in use: the mercator, the transverse mercator,

the lambert conical projection and the stereographic projection.

Although in geodesy a map projection is merely looked upon as a numerical trans-
formation of c.n., it is sometimes useful to have in mind the geometric concept of
'projection'.

With regard to this aspect, projections are divided into eylindrical, conical and
azimutal projections, depending on whether the 'plane of projection' is a cylinder,
cone or a plane. After the projection the cylinder and the cone can be spread out
in a plane.

Loosely speaking, the mercator projection can geometrically be looked upon as a
projection onto a cylinder tangent to the equator.

The Lambert conformal conical p. may be considered as a p. onto a conic tangent

to one standard parallel or secant to two standard parallels.
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In the same way the stereographic projection can be seen as a projection on a
plane tangent to the pole.

Speaking from a geometric standpoint, any projection can be applied in the so-
called normal, obligue and transverse position of the cylinder, cone or plane.

In the normal case, the axis of the cylinder and the cone or the normal to the
plane, usually called the axis of projection, coincides with the minor axis of the
ellipsoid.

In that case the mapping formulae { x,y}7 {¢,A} are very simple, since the set
{¢ , A} also refers to this minor axis.

In the oblique and transverse case however the minor axis and the axis of
projection have different position and the transformation formulae become rather
complicated. In the Netherlands for instance, the centre of the oblique
stereographic projection is the O.L.V. church in Amersfoort.

In order to obtain the transformation formulae from ellipsoid to plane for the non-

normal cases, a sphere is introduced as a intermediate surface.

The computational program is then divided into three modules:

1. the ellipsoid is conformally mapped upon this sphere, thus: {$ A} § {8,A}

2. the 'polar' geographical c.n. are transformed to 'local' geographical c.n., with
the centre of projection as local pole, thus {& A} ¥ {;,:ﬁ-} . This
transformation boils down to the salution of the 'inverse geodetic problem' for
the sphere, cf. section 2.3 and 2.2.5.3;

3. finally the simple mapping formulae from sphere onto plane for the normal
case are applied, thus {%,A} < {x,y}

It is now obvious that the conformal projection of the ellipsoid onto the sphere,
named after Gauss, plays an important role in the theory of map projections. The
combination of the Gauss projection and the subsequent projection from sphere
onto plane is called 'double projection'.

A not less important property of this projection is that the so-called 'conformal
sphere' may beneficially serve as a substitute surface for computations on the
ellipsoid. The induced distortion of geometric elements (lengths and angles) by the
projection is small to such an extent that in many problems it may be neglected.
That is why in many cases difficult elaboration of differential equations and
elliptic integrals on the ellipsoid can be replaced by simple spherical
computations. Bowring's method for the direct and inverse problem on the ellip-
soid and Ballarin's method for the computation of ellipsoidal hyperbolic patterns
are well-known examples.
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All these things considered, this chapter is framed into the following sections.

In 2.2.2 the preliminary mathematics of conformal mapping is given.

In 2.2.3 the Gauss conformal p. from ellipsoid onto sphere is treated.

In 2.2.4 those computations on the conformal sphere that are relevant in surveying
are dealt with. They are divided into direct algorithms (Bowring, Ballarin) using
closed trigonometrical formulaes, and indirect algorithms using the linearized

trigonometrical formulas.

In 2.2.5 the essential formulae for the 4 main conformal projections are summa-
rized, without derivation. They only may serve as an easy reference to the sur-
veyor.

In 2.2.6 the problem of transformation of map coordinates in between

neighbouring countries is briefly discussed.

Preliminary mathematics.

In 2.1 the geographic, geocentric and the reduced latitude have been introduced as
coordinates along the meridian. Now a fourth latitude will be defined: the

isometric latitude, denoted by w for the sphere and by q for the ellipsoid.

Let us start with the sphere with radius R. Let P and @ be two infinitesimal close
points with c.n. {2, A} and {& + do&, A + dA}.

The distance ds between both points is expressed by the so-called formula of the
line element:

(ds)? = R%(d ¢ )2 + R? cos? & (dA )2 (20)

For equal increments d¢ and dA , the corresponding increments in length, Rd¢

and R cos ¢ dA, are not equal: the c.n. {®,A} are not isometric, in contrast to
the cartesian planar c.n. { x,y }.

The isometry can be restored by introducing the 'isometric latitude' w . This is
done by the following expedient. In the following the squares of the differentials
are written without ( ).

ds? = RZ d e + Rz cosz ] dnz Q
{¢ + MJ]

2 o d A+ AA

de? = R2 cos? o (—98° 4+ r?) b s
cos” @
de P

Let dw = ———
ife cos ¢ {¢,A} R cos & da

figure 8.
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By integration we find:

w = In tan (§+%)= atanh {(sin ¢) (21)

which shows the relation between both latitudes.
We can now write:

ds? = eZ {dw?+dn?) withe =R cos ¢
or ds? = g2 {dm2+dn2} with d = R™ cos™! o

As the factor e before the brackets still
depends on ¢, the spacing of the coordinate
curves (meridians and parallels) is varying over
the surface. It can be said that a set of
isometric c.n. on a surface covers this surface
with a grid of infinitesimal small squares with

varying mesh size.

e is called the (equal) unit of measure along the
coordinate curves and d is called the density of
the coordinate system: the larger d, the larger

figure 9,

the number of squares per surface-unit.
Warning: Do not mix up the unit of measure, the first eccentricity and the base of
the natural logarithms which are all denoted by e.

For the cartesian c.n. { x,y} in the plane :d=1. For the c.n. {uw ,A} on the
sphere: d = (R cos ¢)'1.

For the ellipsoid an analogous reasoning can be pursued.

The formula of the line element is

ds?=M2d¢2+ N2 cos? ¢ dA2 (see 2.4.2)

2
SR, [, M 2 2
ds“ = N“ cos® & {—-—2—d¢ + dr7)
N2 cos” ¢
2
Let dq = N c'c.:s 3 de = 5 1-¢ d¢ (cf. table 1)
{

1-e sin2 $)cos ¢

In partial fractions:

e do _ _e(e cos ¢) e(e cos ¢)

T cos ¢ 2(1+es1’n¢)d¢"2(1-es1n¢}

d¢
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Integration gives

g = In tan {-E +-¢é} - 3e In(l + e sin o) + 3e In(l - e sin ¢) (22)

or q = atanh(sin ¢) - e.atanh(e.sin¢)

The set {g,A} constitutes a set of isometric c.n. on the ellipsoid with density
d=(Ncos ¢) L

The use of isometric coordinates is fundamental for the design and the numerical
elaboration of a conformal mapping. That is why the transfer from geographic to
isometric latitude and vice versa is an essential subroutine in any software packet
dealing with conformal mapping. Locally, in the small, both {w, A} and
{ g, *} may be conceived as cartesian coordinates on the sphere resp. on the
ellipsoid.

Let the general mapping formulas from the ellipsoid onto the plane be written as

functions between isometric coordinates:

= y(g,2)
y = y\q, (23)
x = x(gy2)
The question now arises how one should specify these functions in order to get the
category of conformal mappings.
By differentiating one finds locally the general relation

d o d
Y = Bq aA q (24)
dx 9% ax dx
3g 3

From planar geometry we know that in cartesian c.n. a similarity mapping from
plane onto plane can be written (emitting the irrelevant shift parameters):
Y a -b y pcosw -psinuw\fy

= = (25)
X b a X psinw pcos wf\x

Figure 10.
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with P =scale factor

w = angle of rotation.

By comparing (24) and (25), it can be seen that, since {q,A} may be considered
as 'local cartesian' c.n., (24) represents locally a similarity transformation if

ay _
aq 9A
(26)
-2 O
aq ax

Since 'locally similar' is synonymous with 'eonformal', (23) and (24) represent a
conformal projection if the conditions (26) are satisfied.

The equations (26) are called the Cauchy Riemann equations. They constitute a set
of differential equations and its general solution can be given in the form:

y+ix=flq+ir) (@(2=-1) (27)

The rigorous proof of it is omitted, however the correctness of the reverse
statement will be illustrated by an example.

Take w = 22 and verify that (26) is satisfied.

Proof: y+ix =(q+ir)?
y = q2 - 32
o= 2q A
Y -
aq aA =8 . -
X _ _ 3 _ _p + Cauchy Riemann is satisfied
3q R

The results, as derived above, will now be generalised for a conformal mapping
between any two arbitrary surfaces I and I.

Let the isometric coordinates and their unit of measure on both surfaces be
denoted by {u, v, e } and {{, v, &} respectively, then any function G + iV = f(u + iv)

represents a conformal mapping from £ onto I with (in analogy with (6)):

the (point) scale factor =~E~ ( ) (av 2y E (-——) ( ) }

av/av) = arctan(- 2U/24)

the (point) meridian convergence y = arctan ( T

(28)
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The scale factor is defined by the ratio of two corresponding line elements:
m= -d-—- the meridian convergence by the angle between the y-axis in the plane

and the representation of the meridian in the plane (see fig. 11).

X 1

figure 11. ellipsoid

This section ends by giving
1) the general formulae for the reduction of distances and directions, induced by

the mappinag,
2) the administrative conventions for the numbering of c.n.

ad 1. Reduction formulas - The reduction of a distance consists of two parts:

1. Let § and s be the distances along corresponding curves then

In most cases it suffices to compute As = § - s by applying Simpson's

rule for the approximation of an integral:
bs = {l( +4my +my)-11 (29)
= {g{mg+4m, P-1lts

where the lower indices refer to the begin-, mid- and endpoint of the

curve.

2. The reduction from arc to chord 4s = d - §is nearly always negligible.

The reduction of an angle consists of two reductions of directions viz. from

arc to chord. This reduction is usually called the T - t reduction:

Tubajaddl (8¢ we (30)
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ad 2.

where -g—rsﬂ(J.) stands for the rate of change of the scale factor in the
direction perpendicular to the direction of the curve. The derivative should
be taken at a distance 1/3 s of the point

In some countries (e.g. Germany) %
the notation of the c.s. is — l_ y
In some others (e.g. The Netherlands) Yy
the notation of the c.s. is —_— l_ X
In order to avoid any ambiguity, one N

often prefers the names Northing and —— E
Easting for the c.n.

The origin of the planar {y,x} corresponds with the central point of
projection and the y-axis with the central meridian. The point scale factor
in the origin is fixed at unity and increases with growing distance from the
origin. In most countries a point scale factor less than 1 is taken for the
origin, in order to obtain a mean scale factor equal to 1 over the whole
area. This latter scale factor m acts as a multiplicative parameter. Above
that two additive parameters, called false Northing (fN) and false Easting
(fE), are introduced to achieve positive c.n. over the whole region. This
leads to the following formulae

N=m,y + fN
(31)

E=m0x+ fE

2.2.3. Gauss conformal projection from ellipsoid to sphere.

On both surfaces isometric c.n. are introduced for which the following notation is

used:

ellipsoid : {qg, A} ; geographic latitude: ¢

sphere

principal radii of curvature: M, N
: {w,A} ; geographic latitude: ¢ (the capital letter for )
radius: R

Be aware of the minor differences in the notation ¢ and ¢ for both geographic

latitudes.

It should be noted that {), A} refer to the meridian of Greenwich.



Gauss designed a conformal projection of the linear type:

in complex notation: w=nz+a
or w + 1‘)\:(n1+in2)(q+ii)+(a1+ia2) (32)
nlq - n2A + ﬂl

w

J'x:nl,\ +Npq + a9

To fix the 5 parameters R, ny, ny, a3, 8y, the following conditions are imposed:
condition 1:
The meridians and parallels on both surfaces are mapped onto each other:

w="Fg), A=g(r) and thus (33)

The mapping formulae thus become:

w=ﬂ1q+al (34)

A :T‘Ill-l'az

Condition 2:
The reference meridians have equal values 1\0 = ho and thus from (34)

a2 = AO - I"Il)\o (35)

If the reference meridans have zero value then

73.

In order to formulate the remaining 3 conditions, the point scale factor is consi-

dered. Using formulae (28) one gets

n1 R cos ¢

m= N cos ¢ (38)

Thus m is a function of latitude only.

The remaining -conditions are such that we should have in the central point of

prajection (¢ .2 o) :

Condition 3: m=1
Condition 4: o
S e A L HE

v 2
Condition 5: dm _ 0
Loondition , -
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These constraints mean that the overall variation of the point scale factor m is as

small as possible over the whole area.

0 ., dm _ 3m _ 3m d¢
Condition 4 becomes: ® "% + % &
(37)
; d¢ _ do dq dw
th =
v 46 = dq du e
Substituting (21), (22), (36) one gets
sin b~ M sin ¢ B
N_cos ¢ =0
0 o
or ny sin ¢, =sin ¢ (38)
Differentiating (37) again and using (34) one gets for condition 5:
ny cos ¢, =cos ¢ oNé /M% (39)
By squaring (38) and (39) one finds:
n1=v‘(l+e'2 cos 4 ‘Po)% (40)
From condition 3 and using (36) and (40):
R = (M, No)é (41)
Finally from (34) one finds:
al= f.\.ID - rll qD (42)

The sequence of the computation is the following: first n; is computed with (40),
then using (38), ¢, can be found. The quantities w_ and q, are then obtained with

(21) and (22) and finally a; and a, are found with (42) and (35).




2.2.4.0.

2.2.4.1.
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The Gauss conformal projection is much used as the induced distortion of the
geometric elements is very small. The length differences between corresponding
geodesics on both surfaces are tabulated below
arcs in kilometres absolute error in metres relative error
50 0.000 014 1z 370 0000 000
100 0.000 220 1: 46 0000 000
200 0.003 500 13 5 7000 000
500 0.140 000 1:z 3700 000
800 0.900 000 1: 890 000
1000 2.200 00O 1: 460 000
1500 11.000 00O 1: 140 000
2000 35.000 000 l: 57 000
2500 85.000 000 55 29 000
3000 177.000 DOO 1: 17 000

For nearly all practical surveying problems these reductions may safely by
neglected, which means that most geometric problems may equally well be com-
puted on the conformal sphere, as far as the geometric elements are concerned.
Be cautious however that in the end the coordinates should be transferred from
sphere to ellipsoid by applying the inverse mapping!

Computations on the conformal sphere.

The computations on the sphere can be divided in so-called direct and indirect

computations, with the distinction that the former can be performed without

linearisation

Direct computations.

Formulae from spherical trigonometry are applied to solve problems that are
actually defined on an ellipsoid. Prior to the spherical computations and
succeeding them, the transfer of the geographic c.n. in between both surfaces
should be carried out. As these computations are the same for all surveying
problems, they are outlined only in the first example. First of all one has to
choose the central point of projection. Once its latitude is known, the 5
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parameters of the Gauss mapping can be computed and the transfer of the

coordinates can be performed.

One may choose either a fixed central point (e.g. for the whole working area of

the radiopositioning system), or a variable central point (e.g. for each separate

geodesic).

Example 1:

Bowring's solution for the direct and inverse problem on the ellipsoid (ef 2.3).

Bowring takes the centre of projection in one of the known endpoints of the geo-

desic, although the centre might also be chosen in between both endpoints.

Given $15 Ays @5 S
Find ¢2, ?‘2' oy
Solution: With the aid of the mapping formulae
{415 Ay }are transferred to {27,407} . The
geometric elements a; and s remain unchanged.
In radians: o= s/R.
The direct problem is now solved on the sphere.
By applying in succession the cosinus- and sinusrule we
%9y Ay (= Ay +8A )and oy,

obtain

Finally {¢2,1\2} are transferred to {¢2, Az} by applying the inverse mapping

formulas.

Indirect problem

Given ¢1, 11, ¢2, :\2
Find Sy aps and oy

Solution: an analoguous procedure is pursued.

Example 2:

Ballarin's method for the computation of hyperbolic patterns on the ellipsoid.

The elaboration of the spherical part leads to a trigonometric equation that can be

solved in a direct way.

Let M be the master, R the red slave, Lr and AR the observed red lane number

and wavelength, G the green slave, Lg and Ag the observed green lane number

and wavelength and P the observational point.



Referring to figure 12 it can be seen that the arc-length differences a; (=s) - )

and a, (=sp - s) can be computed from the observations by

81 =LgAg -by
82=LGAG-b2 .

The arc-lengths of the baselines by and b, and their intersecting angle © are com-
puted by applying the algorithm for the direct and inverse problem on the sphere
(see under example 1).

Introducing the bisector of 6 as a reference for the directions, the problem is
solved once the azimut o and arc-length s of the great circle from M to P are

known.

Figure 12,
If the positive direction of the reference is denoted by ITAE, then:
o (MO) = « (MG + 36) with 6 = MG - MR
In the spherical triangle (M,R,P) we have
cos 1 = COS § COS by +sins sinby cos By
as well as:
cos §1 = COS S COs @ - sin s sin 8 (=cos (s + a;).

Equating the right-hand members yields, after division by sin s:

sin a; + sin bl cos 51

ek pes cos a; - cos b
1 1
sin a cos a; - cos bl
or: cot s = (sin—bi + 08 Bl):"( sTn b

77
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Elaborating the denominator:

cos a, - cos b Z(Sinzéb - sinzia ) sin a
1 1 = 1 1 = tan %b - ——= tan éﬂ
sin by 2 sin ﬁl cos $b; 1" sin by 1
sin a
Let ' = 5Tr . @nd k) =tan 3b) -r; tan $a;
ry +cos B
then cot s = 1T—~l (43)

1
In like manner in spherical triangle (M,G,P):

I‘z + COos 82

BEEE 8B (44)
ky

From figure 12 it follows

n

B1= 2n-(6/2+ a)= cos ) = cos(3 + a)

(45)

By = 8/2-a = COS By cos(g - a)

After equating the right-hand members of (43)and (44) and taking into account
(45), one gets a trigonometric equation in o :

sin @ =n-mcos a (46)

(kl - kz)cns o/2 r'lk2 - rzkl

(kl + kz)sin a2 B m= (kl + kz)sin 8/2

with m =

The solution of (46) can be found in a direct way:

_mn ta +m2-n23*

1l +m

cos o

(47)

The - sign of the square root should be used if the observational paint is situated
in the 'outer' region of the chain.

figure 13.
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Once o is known, s kan be computed with (43) or (44). With s and « the c.n.
{®,A} of the observational point are computed by means of the algorithm for

the direct problem on the sphere.

Indirect computations on the sphere.

As a rule geometric constructions on a sphere can not be solved in a direct way, since

- many survey constructions on the sphere (e.g. point resection) lead to trigono-
metric equations (being non-linear by nature) that can only be solved by a
process of linearisation.

- most navigational systems provide an almost continuous stream of information,
which necessitates a real-time elaboration and/or on-line plotting. It is then
advantageous to linearise the conditions, taking the foregoing observational
point as Taylor-point. The inevitable accumulation of discretisation errors is
duly covered by regular updating.

- when redundant observations have been carried out, it is necessary to linearise
the conditions in order to obtain the parameter equations of the adjustment.
Remark. When the ellipsoid is used as a computing surface, indirect
computations are a sheer necessity.

The basic geodetic observables are:

1. distance,

2. distance-difference,

3. (backward)azimut,

4. (backward)azimut difference = angle,
5. (forward) azimut.

These observables are now related to geographical coordinates on the unit sphere
by means of formulae of spherical trigonometry.

By the process of differentiation of these formulae one finds the corresponding
linearised relations.

The cosine rule of spherical trigonometry gives: (see Appendix 1)

cosb =cos acosc+sinasinccosB



Differentiating yields:

-sinbdb = (-sin a cos ¢ + cos a sin c cos B)da +
(-sin c cos a + cos c sin a cos B)dc +
-sin a sin c sin B dB

Substituting the 5-element rule gives:

-sin b db = -cos C sin b da - cos A sin b de - sin a sin c sin B dB

or

Ldb = cos C da + cos A dc + sin A sinc dB J (48)

Using the sine-rule gives the equivalent formula:

db = cos C da + cos A dc + sin C sin a dB

The cotangent rule gives:

cotcsina-cotCsinB =cosacosB

figure 14.

Differentiating yields:

_sin"2csinade + (cot c cos a + sin a cos B)da + sin"2C sin B dC +

4(cos asinB - cot C cos B)dB = 0
Multiplying by sin ¢ sin C:

-sin"le sin C sin a dc + (cos a cos ¢ sin C + sin a sin ¢ sin C cos B)da +
+sin“1C sin B sin c dC + (cos asin c sin B sin C - sin c cos C cos B)dB = 0

Using the sine-rule and cosine-rule:

sin b dC = + sin A dc - sin C cos b da - cos A sin ¢ dB (49)
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These general formulae (48) and (49) are transferred to the polar triangle by

making the following substitutions

B+Aj—n,i dB—»df\j-dﬁi
c > in - ﬁlJ— dc +-d¢j
A~ 2n - o5 dA - -duj.i
b—r-cs_ij db—»do.ij
C—ra_ij dC+dc¢1.j
a‘*iﬂ'@i da+-d¢i

figure 1s.

After replacing the notation d for the differential by the notation a for the
difference (48) and 49) become:

Mij = - COS ”’ji Moj - COos aij Mli - 8in ajicos ‘I’j MLJ. + (50)
- sin aijcos ¢1. Mi
sin Gij Mij = sin aji MJ. + s1in aijcos c'ij Mi + _—
-cos o..cos ¢. AN, + cos o..cos ©. .
i e B Ggycos 95 Ky

The sequence ij means: from point i to point j.

Now we introduce the following substitutions and approximations.

For a sphere with radius R we may substitute

For distances less than 100 km we may substitute cos Uij =1,sin ¢ ij =0 ij*

Further we may replace, where necessary,

u‘ji=ﬂ+uij Pl ¢|.= ¢j: ¢k
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Let point i be the point to be determined and point j and k known points, thus

Ad;

] |

8y = Mj = AAy = 0, then the fallowing difference-equations are

obtained.

ad 1)

ad 2)

Distance Sij

i\si}-=—cos & R Ms-! - sin @ jj R cos ®j ALj

Distance-difference sij - Sjj

’ﬂ(sij = $4)) =(cos ay -cos aj;) w*‘ Gin ay -sina ij) M
= <2 gin i(“ik'“ij){sm Hajg +a ij) Raey

- cos %{aik + “ij) R cos oM, }

ad 3)

ad 4)

ad 5)

Remark: The relation between lanenumber and distance-difference is, with
i = obs. point, j = slave and k = master:

L= (sjk + Sij - Sik),fﬁ
with A AL = & (sij - Sik)’ with A is notation for wavelength. (Be
careful as the notation for the

spherical longitude is the same).

Backward azimut ajj

dejj = (in aji/ey) R 404 - (cos ay/s;) R cos o Aty

Angle Ajik (= a k- ® ij.)
""‘Ajik = (sina it/ iy - sin aij;'sij) LR 8% - (cosay /s -

-cos “ij”sij) R cos ¢; Ahje

Forward azimut aji

ﬁaji=-{sil"l ujifsji) R ﬂ¢1i + (cos ujijsji} R cos ¢i AN i




83.

The equations ad 1) are applied in range-range-systems like Syledis, ad 1) and ad 5)
in Artemis, ad 2) in hyperbolic systems like Decca, Hifix, Loran, ad 4) in circular
systems like the sextant. For the so-called pseudo range-range system, ad 1) can
be applied, provided that for each chain a time delay parameter At is introduced
on the right-hand side of the equation.

The A -quantities on the left-hand side are equivalent with: 'computed' minus
‘observed'. The computed values are obtained by using approximate values for the
cn.  {&g Ayl .

It should be noted that the coefficients of the increments .R by and IR cos O, 84,

']

need only to be evaluated in few significant digits.

Therefore the above difference equations might also be applied for ellipsoidal
computation. However, be aware that in that case the 'computed' values on the
left-hand side should be computed with the ellipsoidal algorithms for the direct
and inverse problems.

The exact difference equations for the ellipsoid can be found by substituting in the
relations 1) to 5): R 4% - M A? and R cos ¢ AA + Ncos® AL and for the

plane: R 4% + Ay and |Rcos ¢ AA,+ Ax.

2.2.5. Conformal mapping from ellipsoid onto plane.

In all mapping the longitude A is referred to the central meridian of the area to
be mapped and not to the Greenwich meridian. For the map projections of the

'North Sea countries" see appendix 2.

2.2.5.1 Mercator projection.

The mapping formula is, in complex form: y+ix=alq+ir)
splitting up in components: y=ag

X=aa
point scale factor :m=a/Ncos ¢

meridian convergence : A=0

where a is equatorial radius.

Characteristics:
1. The p. takes its name from the latin surname of Gerhard Kremer, the inventor.
Kremer was born in Flanders in 1512 and first used the p. for a map of the

world in 1569. Gradually the mercator p. took over the role of the traditional,
oldest, map projection, the equal-spaced 'plate carree': [y = a¢
X = ax| .
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2.2:5.24

2.

3.

5.

The coordinate curves are mapped upon each other,
thus meridians : A=c onto x=c
and parallels : g=c onto y=c¢
Distances along the equator are preserved in length, thus:

m=1 for g= ¢ =0.
The p. is the only projection on which the rhumbline is represented by a
straight line. The rhumbline is defined on a surface of revolution as the curve
having in each of its points the same angle with the local meridian.
Proof: The solution of the s.d.e. for a rhumbline on an ellipsoid, having con-
stant angle o, gives (cf. 2.3.2):

gp-qp=(Xp- A;)cotga
The application of the mapping formulae leads to:
Yo =¥y =(xg - xl) cotg o

which is the equation of a straight line.

The p. is much applied for navigational charts, but less used for geodetic pur-
poses. Switzerland, Malaya and Serawak apply the mercator p in the oblique
position of the cylinder, corresponding with the second step of a double-projec-
tion.

Lambert conformal conical projection.

The p. is applied in two variants, namely with one or two standard parallels.

Mapping formulae, in complex notation:

y +ix = =k el@+in), (k,l,n are real parameters)

iA

with e'" =cos A+isin A

or

y=‘ke-quOSI;\ +N with m= N%H k.1 e-]q

x = ke sin 12 y = =1A

]




The parameters assume the following values.
For one standard parallel ¢

Nu cos ¢D

k =
-lqo

le

1 =sin ¢4

For two standard parallels ¢ 4 and ¢t

_Nl cos ¢l _NZ cos ¢2

k = =
-lqg -1g
le L le 2

lr'n(Nl cos ¢1) - ln(N2 cos ¢2)
92 -9

1 =

-1
For both variants: n = ke qr’ where the subindex r stands for 'reference point', and
qr is the isometric latitude, corresponding to ¢ . for that point. The parameter n
acts as an additive constant.

There are a number of different conventions for the selection of ¢ .

For the one-standard parallel variant one often chooses ¢ = ¢, but also ¢ = 0.
For the two-standard parallel variant one often chooses ¢ = ¢;. For the unified
world aeronautical charts, where a division in zones with 4° width has been
applied (cf. UTM), the reference latitude is taken 30' below the lower boundary of
each zone.

Sometimes n is included in the false Northing.

Reduction formulae.

Reduction for lengths:
- S 2 2
As = (mo -1)s + QQZ (yl + yl)'z + Yz)
with R = mean radius of curvature.
Reduction for directions:

(2y, + y)(x, - x;)
2 i 5 : 1 s ¥ in radians.

T-t = u =
R

85,
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Characteristics:

1. Johann Heinrich Lambert was a famous mathematician and astronomer, born in
Alsace-Lorraine in 1728, The p. was first published in 1772.

2. The p. is very well suited to map areas, having their largest extension in east-
west direction. As the main aeronautical and nautical routes have that direc-
tion, many navigational charts are made in this p.

3. The p. for 2 standard-parallels is tabulated for zones with zone-width of 49,
from 0° to 80° latitude, on behalf of the world Aeronautical charts.

4. The p. is much used for geodetic purposes. The national coordinate systems in
Belgium, France and Danmark are based on the p.

5. The polar stereographic p. and the mercator p. may be considered as special
cases of the p. Geometrically the standard parallel is thought to be moved to
the pole and equator respectively, transferring the cone into a plane and cylin-
der.

Numerically the characteristic parameters k and | are found by substituting
bg=T /2 and ¢ = 0 respectively. For the polar stereographic projection we
find:

k = 2a(l -e)%(e s 1](1 4 e)-%(e +1)
1=1

For a sphere: 1=0and k = 2a.

2.2.5.3. The stereographic projection.

This p. can be seen as a special case of the Lambert conformal conical p., see
2.2.5.2 point 5. The p. is first used by Hipparchus, 160-126 B.C. and nowadays it is
mainly applied for nautical and bathymetrical charts of palar regions and stellar

charts.

For geodetic purposes it has especially been introduced in countries of circular
shape. The national coordinate systems of Poland, Hungary and Holland are based
on this p. To that end the projection is applied in the oblique pasition as second
step of a double projection. That is why the spherical formulae of the p. are

almost exclusively used, also for geodetic purposes.

The p. is the only conformal p. from sphere to plane for which the mapping for-
mulas can be derived in a pure geometric way. The origin of the p. is the point on
the sphere, opposite to the centre of projection, and the plane of projection
coincides with the plane tangent to the sphere in the centre of projection.
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The double projection actually consists of three modules, namely the two

mappings and the coordinate transformation on the sphere in between them.

Module 1.
Conformal p. from ellipsoid to sphere, after Gauss (cf. 2.2.3) thus

{5,A} > {o,A}

Module 2.
Transformation from geographic to local geographic c.n., thus:

{o,A} $ (3,1}
The formulae are given below. The geographic longitude A is referred to the cen-
tral meridian and the colatitude y = ¢ /2 - gis introduced. The centre of projec-
tion (Amersfoort) is taken as local pole and denoted by NP v 5,0 }. An arbitrary
point is dencted by P {y, A} . The cosine- and sine-rule of spherical trigonometry

gives:
COS 1) = COS g COSyy +8IN y, SIN y COS

sin =sin  sin A /sin §

NP i
7 N

figure 16.
Madule 3.

The mapping formulae are, with

r=2Rtan 4] =2Rtan(;/6- 47)

2R tan( /4 - 33 Jcos I

-
n

2Rtan( 7/4- %% J)sin J

»
]
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The map projection of the Netherlands.

By concatenating the above modules we get the following formulae:

x = 190066.91 A - 11831.00 X - 114.20 622 - 32.39 A3 - 2.33 31 +
- 0.61 62>

y = 309020.34 ¢ + 3638.36 A% + 72.92 % - 157.97 622 + 59.77 43 +
+0.09 A" - 6.45 6222 + 0.07 &"

The reverse mapping formulae are:

¢ = 3236.033 y - 32.592 x> - 0.247 y2 - 0.850 x%y - 0.065 y3 +
+0.005 x* - 0.017 x%y2
A = 5261.305 x + 105.979 xy + 2.458 xy2 - 0.819 x> + 0.056 xy> +

-0.056 x3y

The dimension of (x,y) is meter, the dimension of (4,2) is IU“”
(seconds of arc). In both sets of formulae (¢,%) are the differen-
ces with respect to Amersfoort: ¢ = 52009'22”178, A= 5023'15“500.
Recently the following false Easting and Northing have been intro-
duced: fE = 155000 m. , fN = 463000 m.

Reductions. As a point scale factor m, = 0.9999079 has been intro-

duced for the central point of projection Amersfoort, the length-
reduction in mm. per 100 m. , with (x,y) in km., amounts to:
2 2

As = -9.2 + inggi_

For the reduction of a direction between points A and B we have:

YaXg = XY
u o= ‘E_Efgg_ﬂ_E , with (x,y) in km. and
u in 0.0001 gon
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2.2.5.4. The transverse mercator projection.

In the mercator projection the equator is mapped upon the x-axis in such a way

that distances along the equator preserve their length.

In the transverse mercator projection the central meridian is mapped upon the y-

axis in such a way that distances along the central meridian preserve their length,
This constraint alone defines the mapping formulae.

The mapping formulae are far more complicated for the transverse case than for
the normal case, since the central meridian, in contrast to the equator, is an
ellipse instead of a circle.

The mapping formulae can not be expressed in closed form. They are given in a
Taylor series and have the following form (X is difference in longitude from

central meridian in radians.
Y=g - 2% + a0t - g€ 4

x:all = Q3A3 + Hsls - ﬂTX“, + e

The first parameter ag is the meridian arc length of the point to be mapped.
For its computation see 2.1.2.

L]
a, = /M dd ( M and N are main radius of curvature)
0

For the remaining coefficients one finds

8= N cos ¢
ag = ;Ncoszq:.t(—l)
as = %N 0053¢ (-1+t2- nz)
a, =2%N cosll¢ . t(5 - t2 +9 nZ +4 r;a)
®= 1N cos”y (5-18t% + t4 + 14 2 - 58t2 )
3 =?% N cosby . t(-61 + 58t% - t* - 270 24 33062 ) 2)
a;= 1N cos’p (-61 + 479t2 - 179t4 4 t6)
5040

t=tang¢, n=e'cos ¢ .
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For the reverse mapping one finds

q=b, - b2x2 + bﬁxa - b6x6 + eee

AX :blx - b3x3 o+ b5x5 - b6x7 + uee

The first parameter b, is equal to the isometric latitude q¢ of the footpoint G}F

(see figure 17).

The geographic latitude ¢ ; is obtained by applying the process of the so-called
'inversion of series' for the meridional arc length (ef. 2.1.2).

The remaining coefficients are

by =(Ncos¢ 1

by = 3(N? cos ¢ )1t

by = 3 (N’ cos 9720 + 2% 4 n)

by = 2%' (N* cos ¢)1t5 + 662+ n2-4 R

by & 1%1)(’\'5 cos ¢ X5 + 282 + 264t% + 612 + 82 n2)

bg = 75N® cos ¢)7t(61 + 180t2 + 120t% + 46 2 + 482 12)

_ 14,7 -1 2 4 6
by .50-4.0(N cos ¢ ) (61 + 662t° + 1320t" + 720t°)

These parameters are computed with ¢ = e

parallel

ellipsoid plane

central meridian

equator

Point scale factor: figure 17.

m=1+ §c052¢(1+ nz) ﬂ12+%cus“¢(5-at2+1a rfz-ZBtznz) mA
q

orexpressed in y and x:

m=1--1 @1+ nz)x2+—l—a(l+6nz)xa+...

2\12 24N



Meridian convergence (in radians) :

3
Y= Asin ¢ + -3 sin ¢ cos? (1 +3n%) + ...
or ¥ s ﬁ’tamb (1+ 'é("ﬁ}z(l -2t 5712) “ee)

Reductions.
Reduction of length:

As (x% + X Xy + x%)

-
e
For the UTM projection a scalefactor m = 0.9996 is introduced thus:
_ s 2 2
As = -0,0004 s + =2 (x] + X%, + X5)

one takes: R = 6378 km.

Reduction of direction:

- (2%, + xl)(y2 = yl)
6R2

Characteristics.

In the German-speaking countries the t.m. projection is called after Gauss (1820)
who designed the projection and Kriiger (1912) who first published the theory in
extension. In the English speaking countries one speaks of the transverse
mercator- projection.

It is customary to divide the area to be mapped, into zones bounded by two
meridians. In many countries the projection is basic to their coordinate systems. In
Germany the Gauss-Kriiger projection is applied for a division into 3 zones, each
of 3° width. In Great Britain, as well as in its former dominions, and in the USSR,
the t.m. is also used for the national c.s. In Australia, Canada and New Zealand
one uses a zone width of 5°, 8% and 4° width respectively.

In USSR different zone divisions are in use: for the country as a whole: 6° zones,
for the separate republics: 3% zones and for the larger townships: < 39 zones.
The p. got its fame when the UTM projection was introduced after world war IL
Nowadays most countries dispose of two databases of coordinates, one refering to
their traditional national map projection and based on a national datum, the other
based on a more recent continental datum in combination with the U.T.M. The
U.T.M. differs from t.m. only by a set of prescribed conventions of administrative

nature.

91.
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Universal Transverse Mercator Projection (UTM)

Characteristics:

Transverse Mercator Projection

Zone width: 8°, Central meridian: 3°, 9° 15°,
Latitude of origin: equator

False Easting: 500 000.00 m = central meridian

False Northing: 0.00 = equator

Scale factor k = 0.9996 = scale on central meridian

Easting = k.x, Northing = k.y, point scale
Latitude limits: 80° South to 80° North
Zone numbering: Starting with 1 for zone 180° W to
and increasing eastward to 60 for zone 174°E
Zone 0° to 8%E (Northsea) has number 31.

Ellipsoid:
International, Hayford ellipsoid.

a = B378388.00 m
6356911.95 m
1 : 297,00 = 0,00336700
0,00672267

2

b
f
e

= k.m

174° w
to 180°E




2.2.6. Transformation between overlapping planar coordinatesystems.

The problem of coordinate-transformation arises when

1. two datasets, based on national datums, have to be trans-
ferred into each other in the boundary region of two
neighbouring countries,

2. a dataset, based on a national datum, has to be trans-
ferred into a continental datum that covers it, or into
a world-datum (and vice versa).

The transformation may be looked upon as a datumtransforma-
tion (see 2.1), be it on a lower level, viz. the national
2d. planar (grid)coordinates.

The underlying principle is that a conformal relation may
be assumed between both coordinate-sets, since either of
them is based on a conformal mapping from ellipsoid onto the
plane.

This conformal relation is represented by the following
polynomial series:

2
W= zakzk (=0 + gz +apz + eor.) (k=1,2..n)
with w=Y+iX
z=y+ ix
@ =at ib,

{Y,X} and {y,x} are the cartesian coordinates of both
coordinatesystems and 12 = -1.

For n = 1 , the conformal transformation narrows down to a
similarity-transformation, for n > 1 to a transformation
that is 'locally similar'.

When the degree of the polynom equals n then (n+l) common
points are needed to compute the unknown parameters {ak,bk}.

93.
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For the transformation in Holland from the national (RD)
dataset to the UTM dataset (ED50), about 70 common stations
were available of which 5 have been chosen for the evaluation
of the parameters of the 4th degree polynomial.

The differences in the remaining common stations were used

to prepare two maps, representing isocorrection-curves for

both Ax and Ay. These maps can be used to evaluate the final
small additional increments.

In order to computerize this last step, the interpolation

can also be carried out by applying a socalled prediction-
interpolation method,based on a prescribed variance-covariance
matrix Qik for the increments {Ax,Ay}. (see Chapter 3).

The principle of this method is that the effect of an arbitrary
known {ﬁx,ﬁy}i, i=1,...n, on an unknown {ﬂx,ﬁy}p, p=1,...m, is
supposed to depend on the distance sip between point i and p.
This effect is represented by Qip’ the Tlarger Sip’ the smaller
Qip and the Tesser the effect.

Various assumptions, based upon experiences, have been made for
Q;y+ A reasonable choice would be:

n

Qi = (1 + (s,/5,)%)

or also Qik exp(-i(sik/so)z)

with So being a parameter to be selected.
e is the base of the natural system of logarithms (=2.71828..)
and exp(p) = eP.

Both relations can be reoresented by the following graphs:

14Qik Qik

g e

figure 18.
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The interpolated values (ﬂx)p, as well as {ﬂy)p, in point p,
are now obtained by:
-1
(8x) = Q307 (%),
with summation over equal indices.

. . =1
Substituting: c¢; = Qik(ax)k , we get

{ﬂx)p = Qpici

The vector C; assumes a constant value for the whole region.

In matrix structure: 1 n n 1

8 i [ e |

n n

In many cases there are only a few common points and sometimes
there are no common points at all. In the case of regions of
moderate extension it seems appropiate to take n < 3, even if

the number of common points permits a higher degree of transfor-
mation. If no common points are available it is advised to create
them by doing additional observations.

A few months ago (summer 1984), the embargo on the transformation-
formulas in between RD and UTM has been raised in Holland.

The data and the isocorrection maps are given in .an appendix 3,



2.3 Ellipsoidal computations.

2.3.1. Introduction.
The curve that is almost exclusively used on the ellipsoid is the geodesic, the
shortest possible path between two points on the surface.
Any geometric network, having the geodesic as its structural element, can easily
be transformed into a set of point coordinates once an algorithm has been

developed for the direct and inverse problem, traditionally called 'the principal
geodetic problem'.

The direct problem can be posed as follows: given the position in latitude and

longitude, of a point on the ellipsoid, the 'standpoint', as well as the forward
azimut and the length of the geodesic, find the position of the terminal point, the
'forepoint' and its back azimut.

The inverse problem is the converse of the direct problem: given the coordinates

of both endpoints, find the length of the geodesic joining them as well as its
forward and backward azimut at these endpoints.

These problems are thus comparable with the conversion from rectangular to polar
coordinates in the plane.

Summarizing:

the direct problem : given ¢1 s .\l » @5 S find 9,5 Ays @
the inverse problem : given Ors Ays 00, find Ops Opy S

2

Figure 19.

The preoccupation of geodesists with this problem has a long and distinguished
history. Gauss, Bessel, Helmert and Levallois are all prominent names associated
with its solution. More recently Vincenty, Bowring, Sodano, Rainsford,
Schidlbauer and many others gave solutions. A recent stocktaking comes to about

70 algorithms that have been developed up till now.
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Happily however all these algorithms are based upon only three main methods of

solution.

The basic principles of two of these methods are given in this chapter in order to
enable the surveyor to criticize recent publications in which often only the
straight-forward formulas are given without any reference to the basic principles.
It appears that algorithms, based on the same method, show only minor
dif ferences caused by constraints such as the required accuracy and the computing
hardware that is available.

The first group comprises the algorithms that are based on the evaluation of
simultaneous differential equations. These equations are derived in section 2.3.2
and a numerical evaluation is given for small and large scale computers in section
2.3.3.

The second group is based on the elaboration of elliptic integrals that also govern
the behaviour of the geodesic. The method dates back to Bessel and many
geodesists have contributed to its numerical solution. This method, leading to fast
and accurate algorithms, is dealt with in section 2.3.4.

In contrast to the above methods, that are ellipsoidal in the proper sense of the
word, the third group is based on computations on a sphere that serves as a
substitute for the ellipsoid. Although simple and attractive , the computations are
no longer exact. For small regions however the approximation is good enough for
most purposes. For this group the reader is referred to 2.2.4 in which also the
linearized equations between the various observables in hydrographic surveying on
the one hand and the station's position on the other hand, are derived. Together
with the algorithms for the direct and inverse problem, these equations enable the
surveyor to compute all kind of geometric configurations on the ellipsoid.
Anticipating on further explanation it seems useful to give already the main
conclusions:
- for a general fast program, suitable for any length and demands of accuracy,
Bessel's method is recommended;
- for a program, suitable for small-scale computers and limited accuracy and
lengths, Bowring's method (belonging to the 3rd group) or Schodlbauer's method

(belonging to the lst group) seem most appropriate.
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2.3.2. Differential equations of the geodesic.

Geographic coordinates {¢ , A} are, like all coordinates, numbers, associated
with points on coordinate curves. Along these curves the relation between
coordinate-differences and distances is obtained in the following way.

The simplest of both coordinate curves is the parallel. The parallel {¢ = ¢} is a

circle with constant radius (of curvature):

r=Ncos ¢

and thus

ds=Ncos ¢ dx

or
ax oo 3
s ~ Necos ¢

This is the differential equation defining the parallel.

ds

) %
ds

Figure 20.

The second coordinate curve is the meridian. The meridian {X = A} is an ellipse
with a varying radius of curvature: M = a(l - e2)W™> (see 2.1.2)

and thus ds=M d¢
d¢ _ 1
BE ds = M

This is a differential équation defining the meridian.
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Now it is obvious that for any curve belonging to the family of curves that makes
an angle o with the meridian, at least the following two differential equations

hold:

%‘E = %E, (52)

5

dh _  sina

ds - Ncos ¢ (>3}
[¢+dw
A+dA

Mdo Z
@
{p.A] Ncos@dA

Figure 21.

The members of the family are distinguished from each other by specification of
the variation of the azimut « with increasing s.

The most simple curve is the rhumbline, a curve on a surface of revolution that
makes equal angles with the local meridian in all points of the curve.

da _
Thus o = 0 (54)

The formulas (52), (53) and (54) completely define the rhumbline. They form a set

of simultaneous differential equations (s.d.e.) of the following general form:

i )
%{— = flyh) With i = 1, 2yee,n (55)
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In our case n = 3 and yi = {¢yAsa}. The thumbline plays (or rather played) a
prominent part in marine navigation as it is the curve with constant steering

angle.

For a geodesic the third d.e. is more complicated.

A kind of explanation can be given by considering the geodesic as "the most
straight curve" on the surface.

In mathematical terminology: for any point holds that the projection of the
geodesic, perpendicular to the tangent plane in that point has zero curvature: i.e.

the tangents in two infinitesimal close points are coincident.

R
R a+da
dA Q
sl (o}
dA /P |
s tangent planein P

Figure 22.

From the above figure 2 2 it appears that the infinitesimal small angles do and
d\ are subtended by the same arc and since PS/PR = sin ¢ we have

da =sin¢ dx

da _ g a
or Te T sin ¢ o (56)

Equation (56) is called Bessel's d.e. for a geodesic. With (53) it gives the following
(third) d.e.

tan ¢ =
= N sina (57)

The d.e. (52), (53) and (57) form a complete set of s.d.e. for the geodesic. For its
solution see next section.
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Finally the following important property for a geodesic is derived. From (52) and
(53) follows

D yaing &

Ncos ¢ cos a 5= -Msina 3o = 0 (58)
Substituting (56) in (58) gives

Nt:custp\':t:asntE -Msinrﬁsinagg=0 (59)

ds ds

Integrating (59) and using diNcos ¢) __ M sin ¢ (which can easily be verified),

de¢
one gets:
d(N cos ¢ sina ) _ o
ds B
or Ncos ¢ sin « = ¢ (constant)
or rsine =c (60)

This is Claireaut's equation for the geodesic. It says that the product of the sine of

the azimut of a geodesic and the appertaining radius of the parallel is a constant

for all points of the geodesic.

It should be noted that both Bessel's and Claireaut's equation are valid on any

surface of revolution.
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2.

3.3

The numerical solution of the s.d.e.

2.3.3.0. Introduction.

The s.d.e. for the geodesic are such that they can only be solved by methods of
numerical analysis.
For an arbitrary point on a distance s from the starting point (1), the latitude,

longitude and azimut can be expressed in a Taylor series:

1 d"% .n
b =¢; +I = s
1 nl dsh
n
A= ez RN n=1,2.... (61)
© ds
n
a=a1+2%|£—%sn
‘ ds

where all derivatives should be taken in the starting point. Expressions for the
higher order derivatives can analytically be derived by successive differentiation
of the first order derivatives. The larger the geodesic the higher the order of the
derivatives that should be evaluated.

The basic principles of this approach are outlined in 2.3.3.2.

Unfortunately however, the Taylor series converge rather slowly and therefore a
large number of terms should be taken into account, even for relatively short
distances and low accuracy demands.

For the development of a general computing program that can handle geodesics of
different lengths and demands of accuracy, one can best use one of the many
general methods in numerical analysis that solve s.d.e. by introducing steps of
varying size depending on the length of the geodesic. Such a general program,
especially useful for large scale computers, will be dealt with in 2.3.3.1.

For small scale computers that are often applied in combination with a
navigational survey system such as Loran, an algorithm will be given in 2.3.3.2
that is taylored for such a hardware configuration.
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2.3.3.1.A general program for large scale computers.

The solution is given for the direct and inverse problem.

Direct problem: the total length s of the geodesic is split up into a number (n) of
equal steps with length A4s = s/n.

For these steps it is assumed that the first order derivatives may be considered
constant (and thus the higher order derivatives zero). One computes successively

do n+1=end
a; As

dx
MErat g hs (62)

do

=
-
|
s
—li
I
—
+

where the derivatives should be taken in point (i-1).
In order to check whether the steplength has been small enough, the computation
is repeated with half the steplength. After p repetitions when

ME(!p)- ¢£P'1)| = |1ép} - kgp—l}[ < e (63)

the computation is ended. The tolerance e reflects the accuracy that is required.
A fair starting value for n is such that s/n 2 100 km. The above mentioned method
is called after Euler. It is the most simple one of the many methods that have
been developed in numerical mathematics.

The most efficient one is probably Runga Kutta's method, that is based on the
evaluation of first order derivatives in different points within each step. In any
textbook on numerical analysis and in most software libraries Runga Kutta's

method can be found.

Inverse problem: As a matter of fact, the above direct problem narrows down to
the general problem of finding a particular solution for a set of s.d.e. that
satisfies certain conditions given in the beginpoint. This problem is easier to solve
than the inverse problem where the particular solution should satisfy conditions

that are formulated in both begin- and endpoint.
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In that latter case starting values for {g%, g%, %:} in the Taylor series are

missing since « (and s) are unknown.
To meet this difficulty, the following iterative method, called 'turn in line method'
or 'Einschwenkungsverfahren' has been developed. For the initial computation,

Q) (1)

the mean radius of curvature of the ellipsoid in the working area. The value of R

approximate values o'’ and s*"/ are computed on a sphere with a radius equal to

is not critical and any rough estimate e.g. R = 6370 km will do as well.

With these approximate values, the algorithm of the direct problem is applied. In

general the coordinates {¢{1),J\(1)] thus obtained, do not match with the

given coordinates {¢,x} of the endpoint.

From the differences A¢ (1)(= ¢ - ¢(1)) and A Q) (=X - F\(D), the increments
{Aa {l), as(l)} can be computed. Refering to Chapter 3.4.2, one finds:

s .&a(l) - sin aél} cos o M mp(l)

As(l} cos aél) sin ugl) Ncos ¢ M(l)

differential
figure

turn in line
i

Figure 23.

Now improved approximations are found with

D2, W
3{2)= s as(l)

and the computational process is repeated until the required accuracy is finally
achieved.
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2.3.3.2. Approximate solution for small scale computers.

The traditional solution of the s.d.e. is based on the evaluation of analytical

expressions for the higher order derivatives

The names of Legendre (direct problem) and Gauss (inverse problem) are
associated with this approach.

The main characteristics will now briefly be outlined.

By differentiating the s.d.e. (1), (2) and (6) one finds the second order derivatives

= - sin‘a - cos o
PR ¢t
2 2
d=x 2V°t :
= 5——cos a sina {63)
E;E c“cos ¢
2 2
9_% = !? (1 + 218 & 2n2)cns a sina
ds [
2 12 2

with n“=e'"“cos” ¢;t=tan ¢.

This process, although tedious and time consuming, can be continued for third and
higher order derivatives.

In the Taylor series (61) the derivatives are now replaced by their corresponding
expressions (65) and the series are then rearranged with respect to increasing

powers of the terms (s cos o) and (s sin o ).

Let u=scos o
v=ssin o
with the azimut o taken in point (1) thus & = o,

then one gets: -
i
Efik” v

¢2"¢1=A¢
Egik”1 i (66)
k

Ay = Ay = AX

n

a, -0y = Ao = Zh,iku1v
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The series (66) are called Legendre's series and they give a solution for the direct
problem. The coefficients fikr G Dy are functions of the latitude and their
values should be taken in the beginpoint, thus for ¢ = 91+ The series expansion
for Ao need not to be carried out, since ap can be computed with Claireaut's

rule (60), once ¢ is known.

By applying a mathematical process called 'inversion of series', Legendre's series
(66) can be inverted. In addition to this, Gauss introduced the mid-latitude point to
overcome the slow convergence of the inverted series and used this point as
Taylor-point in the series expansion. Eventually he got his famous mid-latitude

formulas for the solution of the inverse problem.

= 7y, (06) " (80

s cos((aq + uz);’z) =u=
s sin((a; + ay)/2) = v = by, (49) (A1)* 67
ay - oy =ha = Zcik(ﬁ‘ﬂi(m\)k

and thus: s = (u2 + \.rz)it » 01+ ap =2 arc tan v/u.
The series (57) are called Gauss series. The coefficients ajje bik' Cyjc are functions
of the latitude and their values should be taken in the mid-latitude point

¢ = (69 +9,)/2

The azimut @ inu=scos « and v=ssin « is takenequal to « = (ul + a2]/2.
The coefficients 8j10 Djpr Cjpes fik’ i Dy can be found in any handbook on
mathematical geodesy.

In two recent articles Schidlbauer published a fast elaboration of the above
formulas. The main characteristic of his method is the splitting up of the
coefficients a;, until hy, into a dominating spherical part and a much smaller
ellipsoidal part, only consisting of those terms, that contain powers of the

2. e'z 0052

eccentricity, notably n ¢ . In agreement with this division the series
(66) and (67) are separated into 2 parts.

The contribution of the spherical part can now also be taken into account by
applying the simple formulas of spherical trigonometry, which means a
considerable reduction of computational effort.

This elegant proceeding will now be worked out for both prablems.
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IThe direct problem]

The spherical part of the series (66) is obtained by computing the direct problem
on a sphere, using the given data. The radius of the sphere should be taken equal
to the mean radius of curvature R, with R = (MN}Q = ch, taken in point (1).

Applying the cosine- and sine-rule in the triangle (NP, 1, 2) we get, with S = % .
cosine rule H sin ¢ 9= sin 4’1 COS S + COS ¢7 sin s cos ¢1
sine rule ' sin AA = sin s sin ulfcos ¢

The ellipsoidal part of f;, and g, appears to be (with the same notation as (66)):

2 4 2 4

§. = 4 -n ey & 4n- - 3n
10 BR 01 8Rcos ¢

. . o3n’t o, = oinl - n)t
20 2R 1 R cos ¢
N G Rty o D .
12 12R” 03 2R"cos ¢

e . ni1+th) - -nzgl + 9t%)
03 2R 21 6R"cos ¢
R

04 ZRH
o . onfarts 15t%)

22~

12R

R = {]\‘IN]é = ¢/VZ, taken in starting point (1). This point (1) serves as Taylorpoint in
the series expansion, thus all coefficients should be computed for ¢ = ¢ 1.
By applying (66) and (68) one finds the ellipsoidal contribution to 4¢ and AX
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|The inverse problem]|

The inverse problem is first worked out on a sphere using the given data. It can be
done by applying the simple cosine- and sine-rule. By reasons of numerical
stability it seems better to use Napier's and Delambre's formulas for the half-
angles. The radius of the sphere is equal to N taken in the mid-latitude point.

With p= (12 - Al)/Z 2= COS p COs g
q = (¢p - $1)/2 z,= =C0s p sin g
r= (¢, + ¢1)/2 ny= -sin p sinr
ny= sin p cos r
z + n2
We get: s = 2N arctan
+ n
1
Z, Zq
o, = arctan — - arctan —
1 n2 ny
&
o, = arctan — + ar-ctan — -
2 n, nl
(69)
o -
o= ——
Aoy = Gy = 04

U=scosa; V=55sina

The ellipsoidal part of ay» by and c; appears to be (with the same notation as

(87)):
-N cos 2 s
alo = —N(n2 - r]qj b21 = (n +9nt ]
=N, 2 2.2 _cospt 2
asq = —g(-n" + n"t%) Co1 = T n (70)
N cos’ 2,2 _cospt 2
a, = —gtn’t €3 "1z "

These values should be taken in the mid-latitude point thus for ¢ = {¢1 + ¢2)/2.
By applying (67) and (70) one finds the ellipsoidal part in u, v and Aa.
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SPHERICAL PART n2ze?cos? s t=tan?d
¢2 5500'0“ }‘2 1000'0" C 6398786.85 e'2 0.006719219
¢l 45%'0" J\l 000'0" ) 50%0'0" n2 0.002776219
Ad 10%:0" | ax 1000’0" tz 1.42027663 N 6389923.08
zy= cos 1Ax cosiae | 0.992403877 zZ,= -cos 1ax sin 3a¢ | -0.086824089
n1= -sin 3AXx sin ¢ -0.066765172 n,= sin 34X cos ¢ 0.056022632
2o g 0 0
g = arctan — - arctan — 2879830025 a = 3o, + a,)| 3278318465
n n 1 2 <
v z i
a,= arctan n—z + arctan ﬁl - | 36°6806888 u=scosa [1111582.57
1
2 2\3 v =5s5ina 717240.82
z; + N, 5
s = 2N arctan 1322894.63 Ao = ap = oy 76976863
?_‘l * nl
A By
ELLIPSOIDAL PART
a, -17690.576 m/rad am&rb -3087.59 m
ay |- 931.954 m/rad a30!_\.¢3 4.95 m
a, 1301.270 m/rad 312ﬁ¢f5)\2 6.92 m
M -3085.62 m u=u+ A 1108496.95 m
by, |- 6548.371 m/rad b21a¢2z_\)\ - 34.81 m
Av - 34.81 m v=v+Ahv 717206.01 m
ey, |0-00017723 Fad 2 c21a¢2M 0°.0000538
ey 0-00007323 A c03M3 0°.0000223
Aho 0°. 0000761 be = Ao + Ada 7°6977624
siiaT: 8 = 1320284.31 @ 8 = (u2 + vzll’ 1320284.04 m
@ = 29°03'15"459 o = arctan % 329031762
@, = 36°45107"400 A = s
a, = o - b 2920542951
2903115462
a, = o + 4Aa 35:?520574
36°45'07"406
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SCHODLBAUER'S METHOD FOR THE INVERSE GEODETIC PROBLEM

SPHERICAL PART ~ t=tand ., n=e'.cos §, § =(¢; + 4,)/2
2
95 Ao i e2
¢1 Al ¢ n
Ad AX t2 N
Zy= COs 3AX cos3ap Zy= -C0S 3a% sin 3a¢
ny= -sin 1ax sin ¢ ny= sin 3a)x cos ¢
%2 %
@)= arctan ﬁ; - arctan ﬁI a = 1‘(ot1 + “2}
z z -
ay= arctan 2, arctan -t - m v eEes o
n ny
z% " ng 3 Vv =5 s5in a
s = 2N arctan S ba = a, - oy
Z, +n
1 1
ELLIPSOIDAL PART
210 21089
a a ﬂ¢3
30 30 5
aj, alzﬂsqﬁA?\
Au u=u+ Mu
2
by b, A A
Av v =v + Av
2
S5y czl.-ﬁd: AX
03 Cp3h
Ao Ao = Ao + Ado

8 = (u2 +v2)x1
v

@ = arctan —
u

Ao =

o, =0 - kAo

G, =0 + Y\
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2.3.4. Inteqral equations for the ageodesic; Bessel's method.
A second fundamental algorithm dates back to the famous German
geometer Bessel.
The characteristic feature of Bessel's method is the mapping of
the geodesic from the ellipsoid onto a great circle on a sphere,
in such a way that corresponding points have equal reduced latitu-

des on both surfaces.
In this method the radius of the sphere is immaterial and that is

why unit radius is used.

For the ellipsoid holds: tan g = g tan ¢ (cf. Ch. 1.2) (71)
For the sphere the reduced and geographic latitude are identical
since a = b .

An implicit property of the mapping after Bessel is the equality
of corresponding azimuts.

Proof: Let P be an arbitrary point of a geodesic, P0 the point
of intersection with the equator and PrrI the point with highest

latitude, then Claireaut's formula for the geodesic yields ,see fiqg. 25:
on the ellipsoid : a cos g sin a = a cos g (since sin o™ 1)

on the unit sphere: cos g sin A = cos B
hence: A =a

Since corresponding points have equal {a,8} , it is not necessary
to introduce a different notation for these quantities, as it is
needed for the arclength and the Tongitude. (see fig. 24).
Let {1,A} be the Tongitudes on the ellipsoid and sphere resp., to
be reckoned from the meridian through P0 and
{s,o} the arclengths to be reckoned from Po as well.

Bessel attacked the problem by considering the differential rela-
tion between arclengths and longitudes in corresponding points

on both surfaces.

For such points hold, {Consult table 2):
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on the ellipsoid : ds cos o = avldg

on the unit sphere : do cos a = dg
ths

on the ellipsoid : ds sin « = a cos g dl

on the unit sphere : do sin a = cos g da
thus : 41 = vl

(see fig. 24)

NP N
dl dl
ds do
e eq
ellipsoid sphere
Figure 24,

How to solve these differential equations?

In order to be able to perform the integration of both
d.e. with respect to the same independent variable ¢ ,
Bessel expressed V as a function of the constant Bm and
the variable o, and dA as a function of By o and do.

(72)

(73)



Figure 25.

Applying the formulae of the general spherical triangle (see
Appendix 1) to the rectangular spherical triangle NP-Pm-P,

we get for any point P:

sin g = sin smsin o

cos Bm: tan A cot o

COS ¢ = COS A COS B

cos g = cos 8 sin o
Differentiation of (75) gives:
cos ™4\ d = cos amcos-zo do

and in combination with (76) we get:

2

dx = cos smcos' R do

Using appropiate expressions for V, a and e2 from table
1 and 2, and introducing the auxiliary quantities

k = e'sin B
c = sin B and thus k/c = e'
one finds for (72) and (73) in integral form:

(74)
(75)
(76)
(77)

(78)

(79)
(80)

113.
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a’
ok 9{(?1 + K2sins )} do (81)
a
5. i3
1= 2 cos sm‘/zil-i-Ezilﬂzﬂ-l- do (82)
© 1 -csin"g

Both integrals are of the elliptic type and they can
only be solved by expanding the integrands in a Taylor-
series.

To that purpose the following socalled Wallis integrals
are introduced, see 2,1:

Uy, = -/giHZPc do (b =0,1,.....) (83)
a
. 2p
12p=f;‘ig_-‘?—°2 (P = 0ls..nn) (84)
g 1-csin%e
For p = 0 one gets: Wy =0 (85)
I, = A/cos g (86)
Proof: A 1 1 7.4
1 =/_'_2_E_ do = B atan((1-c™)®tan o)
ool-csinc (1 -c)
which can be checked by differentiating the result.
’ L _ 1
With ¢ = sin By ©One gets I = EEE_E;_ atan(cos Bytan o )

and using (75) one gets (86).

Applying the binomial expansion for the integrands of
(81) and (82) and using the notation of (83) and (84) one gets:

1]

for the arclength:|s = b z(%) k2Pu (p=0,1,...)  (87)
p 2p

-
|

for the longitude:|1 = b cos B s(é} kZPIZD (p=0,1,...) (88)

a
-2

with e.g.: (3) = 23
By partial integration one can find recurrent relations for

wzp and I2p' (see 2.1).




_2p-1 o1 _.o2p-1
w2p N NZp-Z 75 SIn" "o cos g (89)
I - I2p B w2p
2p+2 c?
and by successive substitution :
. i I, i NO i Wy ) w4 i Hgg (90)
2p+2 — Zp¥2 2z 2 2Pz T

It was Levallois, 1952, who first introduced the above
recurrent relations in Bessel's method.
Substituting (90) , for p=0,1,...., into (88) and collecting

terms with IO, No, NZ’ .... One gets:
1= 2 cos (I (1 + {§)§+ (%)§+ () fz.»f )
A+ () §§+ (3) §+ 4 ic‘;»f ) i
-cBi( + (3) %1* d) %f;*r )
-chy ( B E%J §+ i)
From table I in section I it can be proved that
fraredare et Gete Bete.. 02

By substituting (30), (86) and (92) into (91), we get:
1= )+ cos sm{Bowo + Byl + By + ..l )
b

with B = {2 - 1)
B, = (1 + (he')- 1c?
By = (1 + (De'? + Be?)- 13
B¢ = {g(l + {%]e'2 + (%)9'4 + (%)e's)- 13c8
I S
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Hence the integration of (72) and (73) has finally led to

s=b (o+AM, + Aghy + AW + oo )

1

A + cos Bm(BONO + Bzw2 + B4H4 ¢ S (93)

; = (3 2
with Azp = {p) k

and the recurrent relations:

_32-p 2 1
Azp o Ty k Azp_z (p=1,2,3,... ) (94)
with Ao =3
2 b
[sz = By 5+ 2 Ay (95)
) b
with BO = E -1

Bessel's method has two main advantages.
First, the series (93) that give the solution, converge
very rapidly, and second, the factors An, Bn and Hn in the
separate terms of both series can be expressed in a recurrent
form. That is why a versatile and efficient computerprogram
can be developed, suitable for any length of the geodesic
and any demand of accuracy. The running of the program is
ruled by a tolerance factor e that reflects the accuracy that
is desired.

In geodesy and hydrography there are many variants based on
Bessel's method. They are known by the names of Rainsford,
Vincenty, Helmert, Jordan, Sodano a.o..

They make no use of recurrent relations and are distinguished
by different prescribed accuracylevels and prevailing lengths
of the geodesics.
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THE IMPLEMENTATION OF BESSEL'S METHOD FOR THE DIRECT AND
INVERSE PROBLEM

Characteristic for both problems is the computation of the boun-
dary values 0y and 9 in the evaluation of the Wallis-integrals.

The key formulas (93) are written in the following form:
s .

== th = s Pe 1250 96

o=f-u with u EAZPN p=1,2 (96)

b

2p

1-v with v = cos B, Zszwzp , p=0,1.. (97)

u and v are small in comparison to the first terms on the
right hand side

Let 1(G), A(G) be the geographic longitude on the ellipsoid and
sphere with respect to Greenwich meridian, then 'we have the following
two cases:

THE DIRECT PROBLEM : given b1 11(6), ags BS = 5, = 5y
find  ¢,, IZ(G), o,
Apply the following formulas of spherical trigonometry, taking P = PI:

b tan ¢ (71)
cos By sin o (77)

- compute B with successively tan B,

cos Bm

- compute o with sin 9

n

sin By/sin B (74)
- compute s, with (93) and Sy with $p = S +4s

Now gy is computed from S, by applying an iteration process on (96),
according to the following scheme:

02(0) = ssz
k=1
u(@) =0

Toop : g,(k) = g(k-1) - u(k-1)
u(k) = xAEp"Zp (with argument o,(k))
if |u(k) - u(k-1)| < € , then goto end
k = k+l

. go to loop
end ! o, = oz{k}




- compute B,, ¢, and a, using (74), (71) en (77):

n

sin Bz sin Bm sin O

2
a
tan ¢2 5 tan 82

sin a, = cos B/ cos Bz

- compute ,for i=1,2, using (75) or (76), Ai:

g: = 5 tan 5
tan ll co Bm o,

cos li = cos °i / cos Bi

- compute ,for i=1,2, using (93), Ii'
- compute 1,(6) = 1,(G) + (1, = 1,)

THE INVERSE PROBLEM: given ¢1» ¢, and Al {=|2 -1.)
find o, a, and &s (=s2 -s.)

-8

- initialize € 10

; k=10 ; Avik) =0

- loop : BA(k) = 81 - Av(k)

evaluate on wunit sphere, starting from known B],

Bys &A(k), and using appropiate formulae of the sphe-

rical triangle : &g, (= o, - UI), Ay Uy, B O
and o, (= I Ao).
k =k + 1

evaluate with series (97) and using arguments 9,

and o, Av(k) (= vy < vl}.

if |v(k) - v(k-1)| < € goto finish, else goto loop.

finish : evaluate with series (96), and using arguments 9 and

02 : s2 and sl and from them As.

print Wy Uy and As
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2.5 Appendices.

APPENDIX 1  SOME FORMULAE FOR THE SPHERICAL TRIANGLE.

b a
Law of sines
sina _ sinb _ sinc
sina  sin B sin y c

Law of cosines for sides
cos a = cos b cos c + sinasinb cos a
cos b = cos ¢ cos a + sin ¢ sin a cos B

COS ¢ = cos acos b + sin a sinb cos y

Law of cosines for angles
COS & = = cos B cos y + sin B sin y cos a
Cos B = =cos Yycosa +sinysinacoshb

COS Yy = = c05 o ¢cOo5 B + sin a sin B cos ¢

For small values of a,b,c or «,8,y both laws of cosines become
inaccurate. They can then better be replaced by the following

formulae.
sTnZ%a = sinzé(b - c) +sinbsinc sihzéu
sinzib B sinzﬁ(c - a) + sinc sina sinzés

sinzic = sInzita - b) + sin asinb sinzéy
2,

sinzéa = coszétﬁ + y) + sin B sin y sin“ia

slnziﬁ = coszé(v +a) + siny sina sinzéb

sinziy = coszé(a + B) + sin a sin B sinzéc



The Five-Argument Formulae

sin a cos B
sin b cos vy
sin ¢ cos a

sin
sin
sin

sin
sin
sin

sin

sin B

sin

The Four-Argument Formulae

sin
sin
sin
sin
sin
sin

Y

a

a
B
B
Y
Y

coSs
cos
cos

cos

@™ R

cos ¢

cos

cos ¢

cos a

cos

ctg
ctg
ctg
ctg
etg
ctg

b

B
G §
Y
a
o3
B

cos ¢ sin b sin

¢os a sin ¢ 5in a
cos b sin a sin b
cos B sin vy sin B
cos Y sin a + sin vy
cos a sin B sin a
cos y sin sin

¢os a sin vy sin a
cos sin a + sin

ctg b sin ¢ cos ¢
ctg ¢ sin b cos b
ctz ¢ sin a cos a
¢tg a sin ¢ cos ¢
ctg a sin b cos b
ctg b sin a cos a

cos b sin ¢ - sin b cos ¢ cos a
cos ¢ sln a - sin ¢ cos a cos 8
¢osS a sin b - sin a cos b cos vy

cos b cos a
cos cos B
cosS a ¢cns Y
COS y cOS a
cos a cos b
cos B cos ¢
cos cos a
cos cos b
Cos @ cos
COS5S @

cos a

cos B

cos B

cos y

cos vy
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Delambre's Formulae

sin % sin
sin % cos

cos % sin

cos 5‘ cos

sin

]
-
e

§

sin

o
(=]
(/1]

.

coSs

0
fes
b=}

§

cos

0
Q
“

e e e e

sin % sin
sin g cos
sin

cos

cos

Q
o
w

o oo

Y
+
o

.

f
+
o

.

i

;1

o Jo o
i o+
Q 0Q [¢]

o'
]
[#]

(] 0
+ n1+
pm

i

o
i
o

‘

o
1
b

sin

cos

sin

cos

cos

sin

cos

sin

cos

sin

cos

nlo o

o

nlo

R e R o

o oo ol vjo

cos E%E
cos E%i
sin E%E
sin E%ﬁ
Ccos gé'l
B8+
cos —gl
sin E§1
sin E%i
cos 122
cos IEE
sin I%E
sin m
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Napier's Analogies

a-8
a+b ¢ ©OS Tz
te Sz~ =tg 3 =5
cos ==

a-8
a-b g Sin ==

Las skl £ a+p
sin =z

-

ik cos
tg —EE = tg % 5T

b-o a Sin E%i

2
-a
cos
te c+a g ]
E cos +
-q
ba c-a _ 3 b sin ig—
&2 sin LS
a-b
cos ==~
ve 2 = cve ) 2+b
cos T
a-b
sin ==
te 5t - et % a+b
sin =
b-c
cos
+ §
te g = jekB % b+c
cos =
b-c
in
B-y _ a S ]
te “El = ctg x 1 Bre
c-3
cos
Y+ 3 2
tg = ctg ) E;;—EI;
-a 8 sin E%i
Vg Sp=ietg 3 Ty




APPENDIX 2 MAP PROJECTIONS OF THE 'NORTH SEA COUNTRIES!

From : Rapport général no. 2, La neuviéme assemblée générale de
L*Union Geodésique et Geophysique Internationale,
Bruxelles, 1951.

Country: Norway
lame of Projection: Transverse Mercator
Yse: Geodotic and Cartographic

m:.gnm% This projection is used for computation of rectangular coordinates of all triangu-
tion in Norway, also for-the modern topographical maps., The country is divided into
8 strips, each of which is referred to 1ts ceatral meridian, along which the scals is

true.

Happing equations:
x=xo+aL2+AhLl'+16L6+... Where L 1s
2 3 5 longitude from
X = Bll. + ‘331. + _351. AR central meridian

For meaning of coefficients see: Jordan:
"Handbuch der Vermessungskunde" Band III p 499, 1923 Editien

Spheroid: Modified fessel Unit of lepeth: !Meter

1
a = 637792.018 m, [ = 299.1528

Constants (including seale reduction amd origin): The axes correspond to the following
central meridians:

o Lot y Oslo}
" "

2: 20! :' : Origin at 58° latitude
1
gn Qg: E n " " glgn n
o "o "o o "
lg° 131 "oon L L n
14 1ot w w " n 8o "
18° 20'n w non gae n

Oslo 10° 43' 2295 E, Greenwich

Ivpe of table (including accuracy and interval): Thefe are two sets of tables, cne giving
rectangular coordinates for intervals 10' latitudes and 10' longitude referred to
Oslo, the other one giving rectangular coordinates for intervals 2' latitude and
ongitude referred to Greemwich.

The.accuracy of the former is 0,01 m and of the latter 0,1 m,
Geographical extent of table:
Latitude 58°-64°  Range of longitude from axis 1°30¢
" 6”1-"-68" " " " " " 2oen1
" ﬁso_?lo " " " (] LU 13- Ts 1
Iables available upon reguest from: Not available



Countrys Great Britain

Name of projectiont
Use: Geodetic and Cartographic

Transverse Mercator

EM; Used for all triangulation and mapping work in Great Eritain.

on is adjusted on the projection, giving plane rectangular cocrdinates diract,
Mapping_equations: Nonme used, All maps are. grid sheets,

Sphereid: Airy
Gonstants (including scale reduction and origin):

Gen&ral Meridian
o

alse cogrdinates of origin
cale reguc%%n E

Type of table:(including accuracy and interval):
% nterval 1! of are.

Computation

Rectangular co-ords from geographicals
Geographicals from rectangular co-ords
Convergence from rectangulars
Convergence from geographicals

Local scale factor from geographicals
Local scale factor from rectangulars
t - T (Projectional) correction

Geopraphica ine r! :a n& n‘%idmn;;-es H

Tables available upon recuest from:

Unit of length: International metre

2° wast of Greenwich

Lge
hgc Bgatmetres east, 100,000 metres south
172500

&pprox.
(Fo = 0,9996012717. logyg = 1.99982680)
Tables designed for machine computations,

Tabulated to:
D.DOllme trea

From 49° to 61° north and approximately 350 lm E, and W of

His Majesty's Stationery Office, London

Gost:

1. Constants, Formuilae and Mothods used)

in Transverse Mercator

Frojection

2. Projection tables

Hercator Projection of

; Price /-

for the. Transverse)
Price 4/=

Great Britain

The basic triangula-
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Country: Germany (Deutsche Bundearepublik)
Hame of projectiom Gauss-Krdger
Usg: Geoddsie und Kartographie

Eleunnt;g?: Diese Projektion diont der Darstolluny dos doutschon Helchsdrolecksnotzos
vorlaufig und endgiltip) und der angoschlossenon landernotze,

Kartographisch wird sio als

Grundlago fur die deutsche Grundkarte 115,000 bonutzt,

und z,T. fur 1125,000,
Happing equations: Sishe die einschligigen Vordffentlichungen
Bpherocid: BDossol Qudt of lengtht  Meter
Constants: (including scale reduction and origin)
Moridianstreifen Hr, 2 3 L]
Mittolmeridian 6v 9° 12°® @.v, Gr.
-]
Xo Qe g 0
Y, 2 500 000 3 500 000 % 500 000
Massstabsreduktion ] ] *]

Types of Tables (ineluding accuracy and intervel):

1) G. Thilo: Anwelsungen und
Gauss-Krilgerscher Koordina

2) L
X

3 {psold,

Umformung wnd fir die Loidon

Formeln wid Tafeln
konformen und der goeogpraphischen Koordinaten und der
Rechenmaschinen,

H‘ Khurjs'tm:' Dio Gauss-Kri

Tafoln zur Beroclraing
ten, Berlin 192k,

zur Lorechmuing der ellipsofdischen,
Stuttgart 1932,
sﬁgachnn Koordinaten auf dem

CGonawdpkait: 1 co, Zur
gooditisclien liauptaufgabon,

leipzig-Borlin 1

4) Blatteneckemwerto dor antlichen doutschen Karteiwsrko,

Die Tafeln sind vergriffen.

Country: Germany (Deutsche Bundesropublik)
Name of projectiont Preuasische Polyeder-Projektion
Use:r Kartographioe

Explanntion: Diuso Projektien diont als Grundla
1100,000 und toilweise 1: 300,000

Mapping equations: "Natdrliche" Abbildung
Spheroid; Bessal

go flr die Kartonworke 1125,0004 1: 50,000

nit o

length: Moter



country: The Netherlands
Hame of projection: Storecgraphic
gses Goodetic and Cartographic
tion: This projection is used for local horizontal control surveys, as well as by all
mapping agencies in the Netherlands. The primary triangulation 15 adjusted on the Bessel
spheroid. Tho geographic positions of- the primary triangulation points are first projected
conformally on'a sphere, with a radius equal.toc the mean radius of curvature VAT of the

spherold at the central point. The geographic positions on the spheras are transformed to
plane coordinates by sterecgraphic projection.

Mapping equations:

m;‘éﬂ;«;; on the spheroid

¥ latitude )
A Lonzitude)

Index O refers to tho central point
£-Lo = (A-A)+ [T (A-2d)
Y=Y« (@-0,)+[2] (6-0s) « [3](#-4.) +[s1 (- 4)°

on the sphere

x =l9) e
Sin $(W+¥) cost(W-¥a)
S i%i“ ¥ G
tgip = St to-) tgi(£-L.)
X = 2p,tgipcostip
Y s[dtgi(v-w)+Xtgip
Spheroid: Bessel log a = 6.86:6&3&636,3 Unit of length: Using the international neter
log b = 6,8031892838, as unit of length a correction must
be applied to_the lengths of
+ log 4,2x10°7
Constants (ineluding scale reduction and orici:n): Central point is Amersfoort

= 520 g1 221178 Ao = 50 231 151500
*\"& oA T fem? Bins

log r = B,B050006,61 (r = radius of sphere)

log [1] = 6,667 -10
log [2] = 7.10111p-10
log £3] = 2.373 -10
log [L] =

] G.275%5n =20
158 1 Gk

Scale reduction at central point: 107 log my = = L400,0
Scale reduction at an arbitrary point 10
log m1 = log m, *+ 266,56x107 (x;247,?)

Tables available upon request from: Tables are not available

Literature: "De stereografische kaartprojectie in hare tospassing bij de Rijksdriehoeksmeting,"
Avallable upon request from: Rijkscommissie voor Geodesie, Delft, Holland,
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Gountry: Belglum

Kame of projections Lamhert

Uzor Geuwdotic and Cartographic

: i Used for mapping the sheots of the nev map on scales 1/25,000, 1/50,000, and
1/100,000, The 1inits of the shioets are houvever the sume as ’In obr old rap, for

uh.l.ch the equi\mlont projection of Nonne was used. The basie trianvulation 13
adjusted on t'w spheroid and jeographic positions transforred to plane coordinates,

Lnpoine aquationg:
= 150,000 4+ P sin @ p-cm;%)" 8 = nd
y'S.kﬁo,ooo -pcos @ Hith i (r_i"”1ve=1n )5
e d = e (T-x)(32ng
2
#,A= latitude and loAzltude o2 = (eccentricity)? = i;ﬁ-‘iz

n and C are two constants computed by the formulasg

i log cos P1 = log cos P = log Ay + log An - a cos @) _ o cos @2
= s - = =
log tg 3 - log tg =2 apn (tg =H"  Axn (g 25

51 “2 = latitude of the two fundanental parallels

aplieroid:  International Unit of length: Mater
Congtaits (including scale reductlon and origin)i

8y = h9e 500

g, = 51° 10

n = 0,771 642 1928
Log C = 7,063 180 0267
Ixne of rable (including accuracy and interval): Table giving:
1) p &3 function of @, Iaterval 1' , for 49° 23! ¢ F<51° Lot

2) 5in @ and 2 sin? g as function of A . Interval 10" for 0%A < 2° 10
Y aA
3) Values of the coefficienis A,B,C,D in tho formulas {2;:2:::%,“3

4) Scale factor k and necessary elements to coupute the ronverpgence, 8 ond
the "t-T correctlion" A) as function of @ and ] 1n|‘.erv.|is 1' for k and
t-T, 1" for 6. b) as function of x and y: intervals 10,000 m, with tre
values of differences

deosrashlzal extent of tablor
L9e #30 € g < 51° Lo
=-2° 10" € A < 2° 10!
The m"rizuun of reference is that of I'russels, whoese longltude
= L 220 OhU71 Fast of Greenuich
Tarles awallstle upon rewest Croms

Honsieur le Diraectour Géniral de 1'Ins:itut
Goograahiquo ¥illtalre

2 Allde du Cloftre

Uruxelles

Coig: Free



Country: France

Wame of projection: Projections econiques conformes de Lambert (I;II;III;IV)
Use: ' Geoddsique et cartographique

Mapoing equations:

(£ - Lo) sin Ly
R,e

R
F=sinl, x4M4

X £ 600,000 + R sin Bl
¥ = 200.000 + (R -R coso’ )

£ = latitude isometrique £ (L)

Rg = 85 N, cotg Lo

Spheroid: Clarke 1880 Unit of lensth: métre
= 6.378.249"
6..'.‘56.:715,:{2
o = 1/293.466

Constants (including scale reduction and origin):’

Lambert I Lambert II Lambert III Lambert IV
Zone Hord Zone Centre Zona Sud Corse
Mo o% paris o% Paris oY paris 0G Paris
Paralldle Central Lo 5 520 LG 146G 85
sin Lg 0,76040,59656 0.72896, 86274 0.69591,27966 0.6:3'126.72%3
Ra 4 680 5999.695.770 7655300,

. ; 616, 6591.205.080
Réduction d'échelle e, | 0.99987.73411  0.99987.74203 0,99987.74993 0.99994.47095
Type of table (including pecuracy and interval):

1l-Transformations en caordomées géogrnphiques (et vice versa) par les formules de base
L (R2) a o"o0O1

129.

B (1) au n/m|52050 [0,01] 57670] 50000 fo,01) shlsof 17%0 [0,01] 51%0 | us%80 [o,00 47%%0

)

2-8 (R%)-E (L). tables do 1lldcnelle locale & 8 ddeimales , 5
j-Tables pour la reduction angulaire & la projection, entree par L ou R

Geographical extent of table:
xEension des tables en latitude:

tables calculees|de 52050 a 57970 | de 50%0 & 4950 | de u7%0 & 51500 | de 45%0 i 47%0

., Cette extension en Latitude est telle que chacun des ensembles gécdesiques cgnstituant ,
la Géodesie Primordiale Francaise (en ee qul concerne le Ier ordre compll®)pulsse etre calcule
d'un seul tenant dans un systéme unique., Pour 1l'exploitation en 2a ordre ot Geoddsie ComplFe,

1'extension officielle des zones est definle par le tableau d'assemblage joint.Il y a un
recouvrement d'une feuille au 50,000¢, [S20 KnJentre zones adjacentes, La table IV concerns
exclusivement la Corse.

. Tables de Passage cntre zones adjacentes, Pour le passage entre les coordonnées de
systemes adjacents dans une zone de recouvrement de B0 Km de hauteur-Formules de transformation

conforme_de degre "dewx. Intervalle de table: carre 20 Km. Precision: 0m,01; Y% Tables
Lambert Isr Lambert II; Lambert IIS= Lambert III.

Tables availabla:

Tables manuscrites: Pouvent @tre obtenues en tirage photccopin'. Adresser les demandes au Bureau

Technique de 2e Direction de 1l'Institut Géographique National, 11k, Av. I(J.gber, PARIS
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Appendix 3.
Transformation from X, Y (RD) to Easting, Northing (UTM) for zone 31.

E = 663395.607 + (X-155000) + AX
N = 5781194.380 + (Y- 463000) + AY

AX=AP-B.Q+CR-DS+ET-FU+GV-HW
AY =BP+AQ+DR+C.S+FT+EU=+HYV+GW

= (X - 155000).10~5 = (Y - 463000).10°5

x Y

P=x Q=y

R=P.x - Qy S=P.y+ Q.x
T=R.x - Sy U=R.y + S.x
V=Tx - Uy W=Ty + Ux
A = -51.681 B =+3290.525
C = +20.172 D=+ 1,133
E=+2.075 F=+0.251
G=+0.075 =-0.012

Transformation from Easting, Northing (UTM) to X, Y (RD) for zone 31.

X =E - 663395.607 + 155000 - AX

Y = N - 5781194.380 + 463000 - AY
AX=AP-BQ+CR-DS+ET-FU#+GV-HW
AY =BP+AQ+DR+C.S+FT+EU+HV+GW
x = (E-663395.607).105 y =(N-5781194.380).10"5
P=x Q=y

R=P.x - Qy S=Py+Q.x
T=Rx - Sy U=Ry+ S.x
V=Tx - Uy W=Ty + U.x
A =+56.619 B = +3290.362
C=+20.184 D= - 0.861
E=+ 2.082 F=- 0.023
G=+ 0.070 H=- 0.025
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APPENDIX 4  TRANSFORMATION EQUATIONS FROM ED '50 TO WGS 'Bh4.

In order to obtain a better overall fit for Western Europe,
regression equations are derived instead of a mean datum shift
for the whole continent. When GPS becomes fully operational,

WGS '84 will be its reference frame.

A = -2.65468 + 2.05138 u + 0.42259 v + 0.48984 u® - 0.73355 v2 +
3

4

+0.90920 W3+ 2.53147 uBv - 0.72020 w? + 3.86471 uwv> - 0.59211 o’ +

404947 u'v - 3.38467 uv® + 4.77265 u'v3 + 0.54156 V& - 7.56917 W&W2
A = -b.45500 - 1.61659 u + 1.95078 v - 1.81975 u® + 0.53202 uv +

-0.653L6 w - 3.67576 uv2 + 2.10356 ull - 2.43915 uzv2 + 1.38903 vh +

+1.14509 uhv + 11.89961 uvh - 8.48517 uv6 - 0.51702 vB +

-3.31646 v + 6.46701 IO

Ah = +36.052 - 28.813 u - 18.352 v + 13.678 u® + 3.769 uv + 3.316 v3 +

7 6 U 6 8

+33.99% ulv + 5.416 vB = 129.330 ub! + 147.344 By

Ad en AX in seconds of arc ("), h in meter (m).

¢ = Geodetic latitude in degrees and decimal part of degree,
positive North.
A = Geodetic longitude in degrees and decimal part of degree,
positive east from 0° to 180° and negative west from 0° to 180°.
h = Geodetic height.
¢ (WGS '8L4) = $(ED '50) + Ad
A(WGS '84) = A(ED '50) + Ax
h(WGS '84) = h(ED '50) + ah

u=k(¢-52), wv=k(-10), k=0.0523599.

b6°41142"893, A = 13°54'541098 |
Ad == 3115 , AX == 3"717 , Ah = 41,16 m.

Testcase: ¢

The ellipsoid is the Geodetic Reference System model of 1980 (see tabel 3)

A 2nd printing of this DMA Technical Report (30-9-87) gave slightly
different results.
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2.6 Exercises.

Exercise 1.

Given : The geodetic coordinates of station P in the national datum of
the Netherlands.

o = 51959'13"310 = 519987031
= 4%23'15765 = 4°387713
h=30.10m
Find : The geodetic coordinates of P in the European datum E.D.'50.

Solution: There are two methods based on
1) the scheme on page
and the example on page
2) the linearized equations on page and table on
page
This last method is worked out below.

a 1o -0.78556  -0.06027 0.61584 676.52
acosoa) = [ -0.07651 0.99707 0 121.57
sh 0.61403  0.04711 0.78787 595.27
3.23838-107°  30943.102 990.85
+ 0 0
-0.99793 19794.102 48298.10"°
(-172.18 152.66 -19.52
= | 69.46 ) + 0 = | 69.26
\ 890.13 -893.19 - 3.06
E.D.'50:
o = -3.0617 107° rad. = -0"631 © = 51°59'12"679
M = 1.7685 1072 rad. = +3"646 A = 4°23'19"411
ah = -3.06 m h=27.08m




Exercise 2.

Given

Find

Solution:

: Points 1 and 2 on Bessel's ellipsoid.

1: ¢ = 45%'0", » = 0%"*0"
2: ¢ = 55%0'0", A = 10°0'0"

: The length of the geodesic, joining both points and the azimuths

in both endpoints, according to Bowring's method.
The solution according to Schidlbauer is given on page

1) Find the parameters of the Gauss conformal projection, using
®, = 50%'0", Ao = 5%'0" as a centre of projection

2) Transform the ellipsoidal {w,x} of both points into the
spherical {¢,A}, using the isometric Tatitudes q and w as
intermediate quantities

3) Use the spherical formulas (represented in the upper part

of the form for the computation after Schddlbauer).

Exercise 3.

Find

Solution:

. For the above points the length and the azimuth of the rhumbline

joining both points.

The differential equations for the rhumbline are the formulae
(51), (52) and (53) on page

M

dep

one finds for (51): %% - ﬁE%%E%E

d» _ sina
(52) ds  Ncos o

From (51) and (52) follows %%—: cot a,
with o = constant.

9% - 9%

Integration gives a = arccot gy
2" M
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Eq. (1) can be written as M do = cos « ds.
02
Integration gives [ M dy = cos o [ ds
1)
1

" o

(see formulae on page

Exercise 4,

Given : The above points as well as the distances S13 = 1500 km and
Sp3 = 800 km to a third point (both measured along the geodesic),

Find : The geographic coordinates {tp3 ,J\3} with 0"001 accuracy.

Solution: Step 1: Find approximate coordinates {t.oél), Agl)} by spherical
computation, on a sphere with R ~ 6380 km.

Ste§ 2: Find, for the approximate coordinates, the distances
$53 and s{‘%) by applying the exact algorithm after Bessel
(2.3.4, page

Step 3: Formulate two linearized distance equations (according
to
{mp{l), M{”}.

Step 4: Return to step 2, until |ag| = [ax]| is less than 0"001.

3

295

13
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3. ADJUSTMENT, TESTING AND FILTERING.

G.L. Strang van Hees

Matrices and least squares adjustment.

. Matrices and determinants.

A matrix is an array of numbers with n rows and m columns, e.g.

« M—

T 2 4 3 2 n= 3, m=4

n 1 56 3

l 2 4 81

s i
An element of matrix A is a;; Hie g
ALl ij _ U

i = row number, j = column number. J

A square matrix is a matrix with n = m.

A symmetric matrix is a square matrix which is symmetric with respect to the dia-
gonal.

A diagonal matrix is a matrix with zero elements outside the diagonal.

The transpose of a matrix A is obtained by interchanging the rows and columns. It is
denoted by A* or AT.

2 4 6 2 1

1 7 3 6 3

A matrix with one column is called a vector and with one row a transposed vector,
e.g.x* =(2 53 7.
Multiplication of matrices:

m 1 1
A B _.=C
nm * “ml nl n A B . B c
m
m
';1 ;5 bik = Cik
1= A;
(Row A;).(column B,) = c; i B
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The same rule holds for vectors, e.g.:

Determinants.
The determinant of a square matrix is a number computed from the elements in the
following way:

a

bl:ad-bc

2 x 2 matrix A: Det. A = d

3 x 3 matrix A:

a b c
Det. A=|d e f = aei + bfg + cdh - ceg - bdi - afh
g ki diagonal‘fn right diago?aﬁ to left

To compute the determinant of larger matrices we introduce subdeterminants or

minors.

Each element ajj is associated with a number Aij’ called its minor, which is the

determinant of the matrix that is obtained after row i and column j have been

from A.

E.g. in the 3 x 3 matrix above the minor of d is:

b c
h i

minor d = Det. =bi-ch.

The determinant of a n x n matrix A is the sum over one row or column of + ai'Aij'
J

+ if(i+j)=even, - if (i +j)is odd.
4 (i+j)
Det. A= g3 (-1)'14) a; A (1)
i or j=1 o

ij ik

: (i+k)
Further r (-1) a. A, =0 ifjfk (2)
i=1
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Properties of determinants.

1. If two rows or columns are interchanged the value of the determinant is multi-
plied by -1 (change sign).

2. If two rows or columns are equal, the determinant is zero.

3. If a row or column is a lineair function of the other rows or columns, the deter-
minant is zero.

4. If the elements of a row or column are multiplied by a constant, the
determinant is also multiplied by this constant.

5. If the elements of a row or column are added to an other row or column, the
determinant is not changed.

6. Det.(AB) = Det.(A) . Det(B).

Square matrices.
The dimension of a square matrix is its number of rows or columns.

A reqular matrix is a matrix with determinant not equal zero (Det. # 0).

A sinqular matrix is a matrix with determinant equal zero (Det. = 0).

The rank of a matrix is the size of the largest minor with Det. #0, or for a regular
matrix the dimension of the matrix itself.

The trace of a matrix is the sum of the diagonal elements.

The unit matrix I is a diagonal matrix with all elements equal one on the diagonal.
Property: 1A=A and Al=A.

Inverse.
The inverse of a square regular matrix A, denoted by A'l, is the matrix that
satisfies the equations:

aAlo1r and Ala=l 3)

A regular matrix has only one unigue inverse.

Computation of the inverse:
Rule of Cramer:

Suppose A'l-g* , then

b, = (-1)¢it) _Pyg ()
ij ~ " Det. A

Aij is the minor of ajj-

AL is the transpose (1) of B (don't forget this).
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This rule is practical for small matrices. For larger matrices fast computer-
programs are available.

An orthogonal matrix is a square matrix for which
A . A* = diagonal matrix.

An orthonormal matrix is a square matrix for which

A_A* =1 or: A* =A"l
The determinant of an orthonormal matrix is one (Det. A = 1).

Properties of matrices.

AB £ BA (unequal!)

(AB)C = A(BC)=ABC

(A+B)C = AC+BC

C(A+B) = CA+CB

(AB)* = pB* A* (change sequence)

(ARt - gla’l (change sequence)

ah* - @ary!

(ABCY* = C*B*A*

k(A) = (kA), each element multiplied by a constant

ABA* = (, C is symmetric if B is symmetric, B and C are square.

Special case if B =1I:
AA* s B C is symmetric and square, A need not to be square. C is
positive definite.

A symmetric matrix C is called positive definite if x* Cx > 0 for each arbitrary
vector X.

Example: X = (;) ; o= (g E)then: WCx = ax? + 2bxy + cyZ.

The diagonal elements of a positive definite matrix are all positive (a; > 0) and for

g o 2
each i andjis aj;8j; > aij .

C is positive definite if: a> 0, ¢ >0 and ac > b2,
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3.1.2. Linear equations.
Three linear equations with three unknowns x, y, z can be written as:

u=ax + by +cz u a b e X
v=dx +ey + fz or: v |I=l d e f y
w=gx +hy+iz w g h i z
or: u = Ax (5)
We can distinguish three cases:
1. Suppose A is a regular matrix. Solution:

x = ku + v+ mw X k1lm u

¥ = NU + OV + pW or: y |=l nop v

Z =Qqu+ TV +5W z grs w

or: x = Bu (6)

substitution of (5) in (6) gives:

x=BAx or BA=I
S0 B= a1 (inverse) (7

2. As second case we suppose that there are more unknowns than equations. Thus A

is a(n x m)matrix with n < m. If there is a solution, this solution is not unique but

one element of a set of solutions. The general solution is again:
x = Bu
but B satisfies the condition:
ABA = A (8)
Proof: u= Ax = ABu = ABAx.

B is called the general inverse of A and is a set of solutions. If A is a n x m ma-
trix, n <m, and rank n, then:
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3.

n
B=PA*(APA* 1 ith ©)

where P is an arbitrary regular m x m matrix. Check that (9) satisfies (8). (APA* )

is a regular n x n matrix and can be inverted. Each P gives an element of the set of
solutions B.

The third case is that there are more equations than unknowns. Thus Aisan x m
matrix with n > m. There is in general no solution that satisfies all equations.

However, one can try to find a solution that fits as good as possible, that means it
minimizes the sum of the squares of the deviations. It is called the least squares
method (see adjustment).

A is a(n x m)matrix with n > m and rank m. The general inverse of A satisfies
again (8), and can be computed with m

n| A
B=(A*pA)yla*p 10)

P is called the weight matrix that belongs to the vector u. u is often the result of
a measurement. B satisfies again (8). (A* PA) is a reqular m x m matrix. The solu-
tion (6), x = Bu,does not satisfy (5) completely but gives a vector of deviation d.
u+d=Ax with x=Bu (11)
This solution minimizes the deviations d in the following way:
d* Pd = minimum. (12)
If P is the unit matrix I, (12) reduces to

2 i
b di = minimum.
.i

3.1.3. Stochastic guantities.

In mathematics numbers are always exact, e.g. 5 means 5.000000.... However, the
result of a measurement is never exact, it always is an estimation with a certain
degree of uncertainty. This uncertainty can be described by a probability distribution.
Usually the normal distribution or Gauss curve is assumed:
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o f(x) =a . exp(-

m= mean value.

o = standard deviation.

The results of a measurement should always be given as:

- estimation of the mean value;

- standard deviation.

When the standard deviation is not given, the results can hardly be interpreted,
since we do not know its worth.

The square of o is called the variance

var(x) = cri
Correlation.
Two different stochastic quantities can correlate, that means that a deviation in one
quantity tends to change the deviation in the other quantity. The deviations are
correlated. It is expressed mathematically by the covariance between two quantities
x and y.

covlxyy) = oy = E{(x-x)(y-y))

E stands for the Mathematical Expectation, that is the theoretical mean value over

an infinite number of values x and y. X, y are the mean values of x and y.

The correlation coefficient p is defined as:

ny
a.a

Xy

o=

Alwaysis: -1 = p 2 +L
ny = 0 means no correlation.
In matrix notation the variances are also expressed as the product of two vectors.

* 2
var(x) = Qx™ ). o If x is a scalar, var(x) is a single number,
but if x is a vector, var(x) is a8 matrix.

cos(x,y) = Qlx,y* ). o 4
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So the diffence between cov(x,y) and Q(x,y*) is only the proportional constant o2,
Usually o2 is chosen such that the elements of @ become numbers around 1.

Q(x,y* ) is called the matrix of weight coefficients, olisa proportional constant,
called the variance factor.

Q(x,y* ) can be written as a symbolic product of vector x times transposed vector y.
o (Xl) e )} . (Q(xl,yl} G!(xl,yz))
r ? =
Xz 1242 Q(Xzsyl} Q(xzﬁ)’z)

Law of variance and covariance propagation.
A function of stochastic quantities is again a stochastic quantity. The variance of this

function can be expressed in the variances of the primary quantities.
The law of error propagation, or better covariance propagation consist of two steps:

1. Differentiation.
2. Multiplication.

Symbolic multiplication of two differentials gives the covariance: dx.dy = Q(x,y).
The best way to explain the covariance propagation is to demonstrate it by a
number of examples.
a. z = ax + by, x,y,z stochastic; a,b constants, x,y,z are scalars
differentiate: dz = adx + bdy.
multiplicate : Q(z,z) = aza(x,x} + 2ab Q(x,y) + b2 Qly,y)

b. z=xsiny x,y,z stochastic
differentiate: dz = dx.siny + x cos y dy.

multiplicate :

Q(z,2) = siﬂzy Q(x,X) + 2x sin y cos y Qx,y) + x2cos?y Qly,y)

(055 u=xsiny X,y,u,v stochastic scalars
vV =XCcosy
“differentiate: du =siny dx + x cos y dy

dv = cos y dx - X sin y dy
multiplicate:
Q(u,v) = sin y cos y Q(x,x) + x (coszy-sinzy) Q (x,y) -

- x2sin y cos y Qly,y)
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Matrix equations.
The law of covariance propagation with matrices prescribes the multiplication
of the differential equation with its transposed differential equation.
We have to realize that in matrix multiplications the sequence of the matrices
may not be changed, AB # BA, and (AB)* = B* A* . The dimensions of the matri-
ces and vectors must of course satisfy the multiplication rule.

y = Ax, X,y column vectors (stochastic), A matrix non stochastic
differentiate: dy = A dx
multiplicate with transpose: dy* = dx* A*

Qly,y* ) = A . Qx,x* )A*

u=Ax +B ; "
i 4 X, ¥, Uy v are stochastic vectors, A,B,C,D matrices

v = Cx + Dy
differentiates du = A dx+Bdy
du* =dx* A* + dy* B*
dv =Cdx+Ddy
dv* = dx* C* + dy* D*
multiplicate with transpose:
Qlu,u™®) = AQ(x,X*)A* + AQ(x,y*)B* + BQ(y,x*)A* + BQly,y* )B*
Qlu,v®) = AQ(x,x*)C* + BQly,x*)C* + AQ(x,y*)D* + BQ(y,y*)D*
Example of a non linear matrix equation:
z = x* y x and y vectors, z a scalar
or Z = X]Y] + Xg¥Yg + eees + X¥p

differentiate: dz = x* .dy + dx* .y

As dx*.y is a 1 x 1 matrix it is equal to its transpose, so
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dz =x* .dy + y* .dx
dz* = dy* .x+ dx*.y

multiplicate:
Qlz,z* ) = x* Qly,y* Ix + x* Qly,x* Jy + y* Qlx,y* X + y* Qlx,x* )y.

3.1.5. Adjustment.
A surveyor does his measurements on land or at sea in usually difficult
circumstances with many possibilities to make errors or less accurate
measurements.
Therefore it is necessary to do more measurements to check the results.
It is usually impossible to go back later on and do some additional measurements, so
it is very important to take enough redundant observations to check the system.
The redundant observations give the possibility to adjust the measurements with
the following advantages:
1. To increase the precision of the computed unknowns.
2. To estimate the standard deviation of the observations and the unknowns.
3. To test the mathematical and stochastic model.
4. To find gross errors in the observations.

5. To compute the reliability of the system.

With the nowadays high precision instruments the increase of precision is often not
the most important reason for carrying out redundant observations. The most
important purpose is to detect gross-errors. In practice it turned out that gross-
errors are not always found and these errors introduce large errors in the computed
positions.

With statistical tests the gross-errors can be detected with a certain probability.
On the other hand one can compute the effect of non detected errors on the
resulting coordinates. This is called the reliability of the system. It expresses the
internal check of the system.

Weights.
In the adjustment weights can be given to the observations, according to the

precision of the measurements. Also correlation can be taken into account. The
weight matrix P is the inverse of the variance matrix Q of the observations.
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The use of a relatistic weight matrix is sometimes neglected, because the effect on
the computed coordinates is rather small. However the effect on the computed preci-
sion of the coordinates is very important. A wrong weight matrix gives wrong stan-
dard deviations and the real precision may be much worse than the computed one.
Also for testing on gross-errors it is important to use the correct weights. Especially
it is dangerous to neglect correlation between the observations.

Types of adjustment.

It is possible to express the adjustment of the system in different ways. There are two
main forms of adjustment, called:
1. adjustment with conditions;

2. adjustment with parameters.

Further all kinds of mixed forms are possible which can be reduced to the two main

forms.

The adjustment with conditions is based on the conditions between the observations,
e.g. if three angles of a triangle are observed, the condition is «+ B+ y = 180°.
However for a complex system of observations it is often difficult to find all the con-
ditions.

The adjustment with parameters is based on the introduction of unknown parameters,
e.qg. the coordinates of points. All the observations are expressed as functions of the
parameters.

For example, the three angles of a triangle. Introduce parameters x and y. The obser-
vations can be expressed in x and y as:

@ =X, B=y, y =180-x-y

in matrix notation: o 1 0 % 0
= 1 + 0
B 0 y
Y -1 -1 180

This example shows that if we have 3 observations «, £, vy and one condition, we need
3 -1 = 2 parameters X, y. In general we have n observations and m parameters. The
number of conditions is than (n - m). This is equal to the number of redundant obser-

vations, r=n-m.
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3.1.6.

In the adjustment with conditions we have to invert a matrix of size (r x r), and in the
adjustment with parameters a matrix of size (m x m).
As inversion is usually the most difficult part in the computation it is advantageous to

use the conditions if r < m and to use the parameters if r > m.

Notation.

Vectors are indicated by an undercast letter and matrices by an uppercast letter.

The observations are indicated by vector b ("Beobachtung") and the corrections to the
observations by vector e.

The corrected observations after the adjustment are (b + e).

The unknown parameters are x.

The weight coefficient matrix of bis Q(b,b *) = Q.

The weight matrix is al=p,

The variance factor is o2: cov(b,b*) = Q . c:z >

In the following treatment of the adjustment it is assumed that the relations between
the observations (conditions) and the expression of the parameters as function of the
observations are linear equations. In this case the equations can be written as matrix
equations. If the relations are non linear, they can be linearized, which will be

explained later in this paper.

Adjustment with conditions.

The conditions between the observations b can be written in matrix form:
Ub +e)=u (13)

The corrections e are the unknowns which should be solved. U is a (r x n) matrix,
with r conditions between n observations. (13) can also be written as:

Ue=u-Ub=t (14)
There are infinite solutions e that satisfy the equations (14). The least squares

solution is the solution that minimizes the sum of the weighted squares of e. The
weight matrix is P, so in matrix notation:
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e* P e = minimum (15)

This condition for e is sufficient to give an unique solution. Without derivation we

give the result:
e=QU* UQU*)Lt,(t follows from (14)) (16)

uau*)isa reqular (r x r) matrix, that has to be inverted. Check that (16) fulfils

equation (14). If we define:

an

Ly (18)

then: e=QU* N

The minimum condition (15) can be written in a different form. Insert (18) in (15):

e*pPe=t* NluarPau* N1t (Note:@*=QandP@=1)

or: e*pPe=t* N1t (19)

This is a good computational check.

Another check that should be carried out, is to insert the corrected observations

(b + e) into the original conditions (13).

Covariances.

The covariances can be obtained by multiplying the weight coefficient matrices by

the variance factor 02, e.q.

covib, b*) = o2 . @b, b*)

2

uz was adopted before the adjustment, however an estimation of ¢°, called sz, can

be computed from the adjustment by:
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r is the number of redundant observations, s2 can be compared with o2 to test if
errors has been made (see testing procedure, chapter 3.2. 3)

The weight coefficient matrices of t, e and (b + e) can be obtained by applying the

law of error propagation:
Qlb,b* )=@ (20)

As u in (14) is non-stochastic, the covariance of t is equal to the covariance of (- Up),

or:
Qlt, t*)=UQU* =N (21)
and: Qb, t*)=-qU*
With (6):
Qle,e*)=aU* Nlagt* Nnlua
or: Qle,e*)=QU* Nlua (22)
Qb, e* )=ab, t*Nlua=-au* Nlua
So: Qb, e* ) = -Qle, e *) (22a)
And: Qb +e,b* +e*)=Q(b, b* )+ Qlb, e* ) + Qle, b* ) + Qle, e* )
or: Qb + e, b* + e* )= Qb, b* ) - Qle, * ) (23)

This is a remarkable and important relation.

Insert (22) and we get the variance matrix of the corrected observations:
QAb+e,b*+e*) = @ - QU*NTUQ (24)

The second term is the improvement of the variance matrix due to the adjustment.
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Adjustment with parameters.

The observational maodel is in the linear case:

b+e=Ax+a (25)
or

e=Ax-(b-a) (26)

A is a (n x m) matrix and is called the design matrix, a is a non-stochastic vector.
The corrections e as well as the parameters x have to be determined. This is an
underdetermined problem, with an infinite number of solutions. An unique solution
is obtained if we introduce the following constraint, basic to the least squares
method:

e* P e = minimum (27)

The solution is in that case:

x=(A* PAYL A*P®D - a) (28)
then X = gl ax P(b - a). (29)

Once the parameters x have been solved, the corrections e can be determined with
(26).

A computational check is obtained by

A*Pe=0 (30)

which can be verified by substituting (26) and (29) for e.

The minimum condition (27) can also be written in another forms:

e*Pe=(b-a)*Pb-a)-x*Cx (31)

This is also a good computational check.




152.

The variance factor can be estimated from the adjustment by:

where r = n - m, the number of redundant observations.

The adjustment with parameters can also be illustrated geometrically. The
observation vector b is a vector with n elements and can be indicated as a vector in a
n -dimensional space. The design matrix A is a (h x m) matrix. Each column is a
vector with n elements in the n-dimensional space. The m column vectors span up a
m-dimensional subspace. Each linear function Ax, with x an arbitrary vector, is a
vector within this subspace. The corrected observation vector (b + e) is a vector in
this subspace because

b +e=Ax (the constant vector a is included in b).

Let us assume that the variance matrix of b, Q, and the weight matrix P are unit
matrices. The geometrical concept is illustrated in the figure below.

plane Ax

b is a 3-element vector and A a (3 x 2) matrix, n = 3, m = 2, the two column vectors
of A are a) and ay. a; and a, span up a plane (2-dimensional subspace). b is a vector
outside this plane, but (b + ) is a vector inside this plane. The correction vector e is
the vector that connects b and (b + e). The least squares method solves the vector
(b + e) such that the length of the vector e is minimum (condition (27) .Geometrically

this solution can be illustrated as the perpendicular projection of b onto the plane Ax.
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The vector e is perpendicular to the plane and therefore the internal (scalar) product

of e with a) and ap is zero, or
A*e=0,

The corrections are: e = Ax - b,

So: A* Ax = A* b.

(A* A) is a regular (m x m) matrix and can be inverted. The solution of x is:
x = (A% AY1A* b

This is the least squares solution of x. This equation is the same as equation (29) in

case of P = L. This example shows how (29) can be derived. The corrected observations

are

b+e=Ax=AA* AVIA* b
Example:
Let: 4 1l 2

As the third component of the A column vectors is zero, the plane spanned up by
the column vectors of A is the x,y-plane.
The projection of b onto the x,y-plane is in this special case:

4
b+e= 3 |, (simply make the z component of b zero).
0

We will show that the least squares formulae give the same result:

2 7
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Covariances.
The weight coefficient matrices of x, e and (b + e) can be obtained by the rules of
variance propagation. From (29) follows:

alx, x*) =G1Aa*papp* pacl

-glA*parAact=cgl

So: Qx, x*)=G"1 with G = A*PA. 5

From (25) follows:
Qb +e,b*+e*)=AQx x*)A = AGLA* (33

Equation (23), derived for adjustment with conditions, is in general valid because the

two types of adjustment are equivalent.

So: Qle,e*)=0Q(b, b*)-QAb +e,b*+e*)

or: Qle, e* )=Q-AGL A* (34)

The correlation between b and x follows from (29)

Qlx, b*)=GLA*Pab,b*)=c1 A* (35)
and the correlation between x and e with (29)

Qlx, e* )= GL A* P @b, e*)
with (22a):

Q(b, e® = -Qle, e *)

and with (34)
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QAlx,e*) =cla*piacla*-q)
=gla*pacla* -gla*pPa
=gla* -gla* =0
So: Qlx, e*)=0. (36)
The corrections e are not correlated with the parameters x!

A review of the adjustment is given on the next page.

3.1.8. Standard ellipse.

The parameters in the adjustment are often coordinates. In the plane usually
rectangular coordinates (x,y) or easting and northing are used. From the adjustment
the covariance matrix of the parameters is obtained:

cov(x, x*) = ol Qlx, x* )
o 2 is the variance factor.
For each point P(x,y) the covariance matrix can be written as a submatrix of

cov(x, x*):

2
o, ©
=[x Xy
COV(XP:YP)— . 02
Xy 'y

Oxs Oy are the squares of the standard deviation.

The standard ellipse is an ellipse around point P that indicates the precision of the

point. It can be computed as follows:

2 _,, 2. 2 2 = 2

a- = é(cx + oy) + 3 l/(ax—oy} + 4 ny

2 _ ., 2. 2 2 2.2 2!

b~ = }(Gx + Uy) -1 V(ﬂx-uy) + 4 cxy (37)
20

tan2u=—2—&y—2~
Gx‘Uy
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Conditions

Parameters

b: observations

b : observations, number: n

e: corrections X ¢ unknown parameters, number: m
P: weightmatrix = Q-l, Q = Q(b,b) u% = Q—02 = variance
:= means: equal by definition
U(b+e) := u bte := Ax+a
N = ugu* G = A"PA
M s==N"! H =gt
t = u-Ub d = A'P(b-a)
k = Mt X = Hd = HA'P(b-a)
R = qu*mug R = Q-AHA
e = Qu'k = QUME e = Ax-(b-a)
s = QU"M(u-Ub) e = (AHATP-1)(b-2)
e = -RPb+v (v=QU*Mu) e = -RP(b-a)
bte = (I-RP)bsv bte = AHA P(b-a)+a
Ue =t A*Pe =10
E = e'Pe=t k=k"t=t Mt E = ¢*Pe=(b-a)"P(b-2)-d"x
52 = E/(n-m) Sz = E/(n-m)
F = 52!52 F = 52;02
RPR =R RPR =R
PRP = U*MU
covariances covariances
Q(bsb*) =Q Q{bsb*) =Q
Q(t,t*) =N Q(d,d*) =G
Q(k,k*) =M Q(x,x*) =H
Q((b+e),t*) = Q((b+e),k*) =0 | Q(e,d*) = Q(e,x*) =0
Q((b+e),e*) =10 Q((b+e),e*) =0
Q(b,e*) = -Q(e,e¥) Q(b,e*) = -Q(e,e")
Q(e,e*) =R Q(e,e*) =R
Q((b+e), (b+e)¥)= Q(b,b* )-Q(e,e®)= | Q((b+e),(b+e]*)= Q(b,b*)-Q(e,e*)=0-R=
G(b,t*) - Ut N\SR | q(b,d*) = A =AHA*
Q(b,k*) = -qu*M Q(b,x*) = M
Q(e,t*) = +QU Q((b+e),d*) = A
Q(e,k*) = +QUM Q((b+e).x*) = AH
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3.1.9.

a and b are the major and minor axis
of the ellipse. o is the angle between b a
the ellipse-axis and the x-axis. o

If o> Gy the major axis is close to X
the x-axis

Linearisation.

In the previous paragraph it is assumed that the conditions and the relations between
the parameters and observations are linear. In practice this is often not the case. We

have to make them linear, this process is called linearisation.

Adjustment with conditions.

In the linear case the conditions were (14):

Ub+e)=U or Ue=u-Ub=t (14)

In the nonlinear case the conditions are:

flb+e)=u. f indicates one or more nonlinear functions.

If the corrections are small this equation can be differentiated and written as:

af

f(b) + -g-.g «B=U, o is a matrix with elements of each
function f differentiated to each observation b.
af
or 35 -e=u-fb)=t (38)

This equation is linear in e and of the same form as (14), so:

U= %E and t=u-f(b).

Adjustment with parameters.

The observation equation was in the linear case:

b+e=Ax+a or e=Ax-(b-a) (26)
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In the non-linear case each observation b can be expressed as a function of the para-

meters:
b+e= f(x)
To linearize this function, approximate estimations x, of x should be inserted:

X=XD+ AX .

f(x) can be linearized:

. af
b+e_f(xo)+ (ﬁ}o . AX

af

or e=(3x) + Mx-(b-1flxy) (39)

This equation is of the same form as (26), so:

) and  a = f(x.)

A=(§o 0

The differences Ax are the new parameters.

Example:
1 is a measured distance between two points A and B.

l+e= \/(;B-XA}Zd-(yB-yA]Z = f(x) (40)

Insert approximate coordinates: xp » Yp » Xg » ¥Yg
o o o 0

2 2
1, = B - 5
o \/(XBD xp )"+ g - YA )" = F(x,)
The approximate azimuth from A toBis a:
B, ~ *A B " YA

, 0 0
sine=s—2_ 9 osa=—2 0

Differentiation of (40) gives:

l+e=1 -sina. Axp +sina. Axg-cos a. Ayp +cOs a. Lyg
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3.1.10.

So: A=(-sin o, +sin o, -cos @, +cos a)

x* = ( axp, Axgy Ayps Byg)

b-a=1]- 10
If there are more distances observed, A becomes a full matrix.
With these matrices the adjustment can be carried out in the same way as in the

linear case.

Testing observational errors.

Errors in the observations can easily occur in large datasets. The cause of the errors
can be:

- physical system errors, like instrumental errors,

- observational errors,

- processing errors, like writing or typing errors.

It is very important to have a computational test that automatically checks the
observations. Therefore it is neccessary to do enough redundant observations, with
the effect that each observation is checked by the other observations. If the system
is well internally checked it has a high reliability, however, if the check is bad the
reliability is low, even if the precision of the measurements is very good. Precision
and reliability can both be expressed by a number.

Precision refers to the standard deviation of an observation and reliability to the
magnitude of the possible error that can be found with a probability of 80%.

The precision of the observations is usually known before the observations are done.
From previous similar observations and experiments the expected variance factor is
adopted.

On the other hand, an estimation of the variance factor can be obtained after the

observations have been carried out and the adjustment has been finished.

This estimation sZ can be computed with the following formula:

Z indicates

r is the number of redundant observations or the number of conditions. s
the estimate of the variance factor after the adjustment (a posteriori) in contrary to

the a priori adopted variance factor: 02.

The quotient s2/ o* has a Fisher (F) distribution. Statistically, one can test,

whether this quotient can be explained by the normal random noise in the
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observations. One has to adopt a level of uncertainty, o, usually ¢ = 5% or 1%.

From o and the redundancy r the critical value Fp. o can be found in a table of the
?

F-distribution.

Critical value Fr,u for a= 5% and o= 1%.

5% | 3.84 | 3.00| 2.60 | 2.37 | 2.21 | 2.09 | 2.00( 1.94 | 1.88 | 1.83
1% | 6.64 | 4.60| 3.78 | 3.32 | 3.02 | 2.80 | 2.64 | 2.51 | 2.41 | 2.32

r 12 15 20 30 40 50 75 100 | 200 500

5% | 1.75 | 166 | 1.57 | 1.46 | 1.40 | 1.35 | 1.28 | 1.24 | 1.17 | 1.11
1% | 2,18 | 2.03 | 1.87 | 1.69 | 1.59 | 1.52 | 1.41 | 1.36 | 1.25 | 1.15

there is a chance of (1 - o) that some error in the observations has been made, or
that the adopted cr2
not correct.

is not correct. However, one doesn't know which observation is

If r is small it is hard to find where the error has been made. Therefore it is advi-
sable to take enough redundant observations, to check each observation sufficiently.
A simple method to find the error is to look at the corrections. The observation with
the largest correction might be wrong. However, this method is not correct if the
observations are correlated, if the redundancy r is small or if the adjustment system
is complex. In that case one should use a systematic data-snooping procedure that
tests each observation in the optimal way. This method is developped by
Prof.Dr. W. Baarda and is described by Baarda in : A testing procedure for use in
geodetic networks, Neth. Geod. Comm. Vol. 2, Nr. 5, 1968. A description that uses

matrix notation is given by G. Strang van Hees in chapter 3.2,



162.

3.1.11. Sequential adjustment.

In the adjustment with parameters, the observations b are expressed as functions of
the unknown parameters x. The parameters are solved by the least squares method.
In surveying the parameters are often the coordinates of the points. Let us suppose
that, after the adjustment has been finished some new observations are done.
Strictly speaking the whole adjustment has to be done again.

However, we will show that there is an other method which gives the same results.
This method computes the improvement of the coordinates (parameters) due to the
new observations.

The results of the first adjustment can be considered as estimates of the parameters
and therefore be introduced as observations in the second adjustment, together with
the new observations.

Suppose the parameters found in the first adjustment are indicated by x' and the

variance matrix Q... The new observations are b, with variance Q and the para-

meters after the second adjustment are x with variance Q, .

The observation equations are, after eventually linearisation:

b +e=Ax

X'+e= x
e = correction of b, c = correction of x'

(5) ¥ (E) = G\)-" (41)

Least squares adjustment gives the solution: (compare (29) and (32)).

or

Glb 0 -1
b b
=Q__.(A% I). . b
x=Q,.(A" DY o Q1 (x)
with
-1
q, 0 \-1
b A
Q_=[.*1n )
XX 0 Qx'x' (I )
_ * -1 -1 '
or X = QXX A th b+ GXX GX'X' X (42)
* -1 -1 -1
xx (A be A+ Qx'x') (43)
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These formulas can be transformed by some manipulations:

. -1 -1 k-1
from (43): Gxx - Qx'x‘ = A be A
or 1-q ol o A qgta-Kka (44)
2 xx x'x! XX be

from (43) and (44) follows:
_ * =1 _ o =1 -1 -1l.% -1
K= Qxx A an = (A G‘Jb £k Qx'x') a Qob @2
This can be transformed with the remarkable relation:

-1 ) 1 -1 -1

_ * =1 =1.% _ * *
K= (A QDbA+Gx'x' A Gr::b—Gx'x'A (be+AGx'x'A )
(48)
This formula can be checked by multiplying both sides, before and behind, with the
. i . * =1 -1 *
matrices respectively: (A p A+ Gx'x‘) and (an + A Gx'x' A¥ ).

Insert (46) in (45) and (44) and (45) in (42) gives:

x=x'+K.(b-Ax" (47)
with

K = Qi A% (Qup + A Gy A -1 (48)

K is called the gain matrix and gives the improvement of x' by the new observations
b.
The variance matrix Q. expressed by (43) can also be written in an other farm.
Multiply (44) with Q0
— . * -l
Gxx = (1 C‘}xxA Glob A)Gx'x'

from (45), (46) and (48) follows

3
Gxx A {%b =K. (49)

s0  |Quy = (I-KA). Qg (50)

The corrections e are:

|?= Ax - b = (I-AK)(Ax'-b) (51)
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The improvement of the variance matrix is:
Qyiyr = Oy = K A Quag (52)

Formulas (47), (48), (50), (52) form the computational framework of the sequential
adjustment and as we will see also the base for the Kalman filter.

3.1.12, Kalman filter.

The Kalman filter is an application of sequential adjustment in case of a dynamic
system or a time series. The second characteristic of Kalman filter is that it is a
real time filter, that means it gives the adjusted results immediately after the new
measurement and between the measurements. For example, a steaming ship is a
dynamic system that maoves, the position changes in time. After each position fix
(observation) an adjustment is started that updates the coordinates.

The position, velocity, acceleration and possibly other properties of the dynamic
system are described by the state vector, which is time dependent.
position (t)
State vector x(t) = velocity (t)
acceleration (t)
The state vector is the vector with unknown parameters in our adjustment.

From the state vector on a previous time the state vector in the next time can be
predicted. For example, if the position, velocity and acceleration of a ship are
known on (t) the position and velocity and acceleration on t+At can be predicted by

s(t+at) = s(t) + At vit) + & at? a(t)
vit+at) = wv(t) + At alt)
a(t+At) = a(t)

We call this prediction of the state vector from a previous time the transition of the
state vector. It is mathematical described by a matrix, the transition matrix T.

x(t+at) = T+ x(t) (53)

x'(t) is the predicted state vector,
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The variance matrix_of x' : Q. can be computed by the law of error propagation.
However, an extra component must be added due to the uncertainty of the
transition matrix. This is the variance of the transition Q. (t-1, t). So we get:

Quut+8t) = T Qu (T + Qpran (at) (54)

Next on time t new observations b are made (update) which are related to the state

vector by the observation equation
b+e=Ax (e = correction)

The predicted state vector x'(t) can be considered as an observation of x(t).
X'+c=x (c = correction)

These observation equations have the same form as the observation equations in the

sequential adjustment. (41).

Therefore the resulting formulas (47), (48), (50) and (52) are also valid for the

Kalman filter, with the reminder that x'is the predicted state vector which follows
from (53) and Q. is computed with (54).

The problem of the Kalman filter is the computation of the matrices T and Qg g1

It is difficult to make a correct estimation.
The transition matrix T can also be computed from the differential equation of the
system. This d.e. can be written as:

%% = Fx, F is called the dynamic matrix.
dzx d
Differentiation gives: —5 = F X = F . Fx.
dt2 dt

A Taylor expansion of x'(t+At) gives

2

W(teat) = x(t) + 22 at + 3 2% at? 4+ ...
at 2
at
or x'(t+At) = (I + FAL + QF-FMZ + wax(t)

Comparison with (53) shows

T=1+FaAt+ 4 FFAS s e (55)
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Sometimes it is easier to compute F than T, but then T can be computed with (55).

The variance matrix Qipans should also be estimated. It is dependent on the time
interval At (see example).

An additional advantage of the Kalman filter is that the new observations b can be

tested against the predicted state vector. This is important on sea where the
position is updated with radiopositioning systems. A serious problem is to find lane-
slips. The lanes can be controled by observing more than two lanes, but this check is
not very reliable. An extra test of the position against the predicted position is very

useful. This test can be incorporated in the computerprogram for Kalman filtering.

continuous
information '
observation variance
b Y be
Stite Y M prediction state
X\t ]
(t) - T i state x'(t+at) /[ update
transition adjustment
in U ransition | == Ay R
Q. (t) A y variance variance
XX < Qu 1y (tHaL) Qyy (t4at)
fast feed back
Time (t-1 Time (t)
T = transition matrix of state vector.
Qtrans = transition matrix of variance matrix.
b(t) = observation, update.
Qpp = variance of observation, (noise).
x(t) = state vector.
x'(t+At) = predicted state vector from "dead reckoning" (transition).

Qyx = variance matrix.
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Summary of the formulas for the Kalman filter

Transition 3 xt+at) = Tx(t)
Qryt+at) =T @xx(t)T* + Qyrans
Update : x(t+at) = x'(t+at) + K . (b(t+ At) - A x'(tmt)

Qy,(E+a t)=(1-KA). Qx|x.(t+at)

with K = Qs A* (A Gy A* + Q)™ (gain-matrix)
Correction model: b +e,=Ax adjustment model.
X'+en= x e = correction,

Testing with a Kalman filter.

An important advantage of the Kalman filter procedure is that one has the
possibility to test the observations better than without the predicted parameters.
The prediction x' gives a check on the observations b.

The corrections e can be computed with

e = Ax - b = computed - observed.
In case of a positioning system on sea is:
X the coordicates, computed from the adjustment,
Ax  the computed lane number,
b the observed lane number.
The weight coefficient matrix of e is (34):

" *

Qge = Gpp - A Qyy A

@9): Quy A* Gy =K

* _
So AQ,, AY = AK Qpy

and QEE = (1 - A K)be .
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According to the testing theory (chapter 3.2)f is defined as:

* -1
=-c bee

where ¢ is an unit vector: ¢* = (0,0,...,0,1,0,...), with 1 on the place of the

observation to be tested. The weight coefficient matrix of f is:

| 4
Q¢p =" Qpp Qge Gpp ©

or Qs = c* G,;é (I1-AK)e

The test-quantity is:

f

oV Qs

which has a normal distribution with standard deviation one, N(0,1).

W =

o is the standard deviation of the unit weight, or o2 the variance factor.
The test is:

with o = 5%, if: w > 1.96; probably an error
with a = 1%, if: w > 2.58; probably an error.

In practice it is often assumed that the observations are free of correlation
and have equal weights, Qyp, is diagonal. Then the formula for w simplifies to:

-8

Wy = " with[-e. = b-Ax = (I-AK)(b-Ax')
1 )
V1 - (A K5 Vg, :
11

i is the number of the observation to be tested.

(A K)ii means the ith diagonal element of matrix (A K).

Example of a Kalman filter.

The position of a ship is determined with time intervals at. From the previous
positions, the next position can be predicted by dead reckoning. If we assume
that the ship has approximate constant speed, the acceleration is zero, then
the covered distance s is:

s'(t) = s(t-1) + v(t-1)At.
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The predicted speed v(t) is equal to v(t-1). The state vector x = (3) 5

s'(t+ M)) =[é A;).(s(t)) or x'(t+ At) = T x(t)

v'(t+ At) v(t)
2 : _ SS sV
The variance matrix Qxx(t) = Q Q %
sV vV

The mean acceleration is zero, however its variance Q_, is not zero!

The transition variance matrix Gtrans is then:

*
Q _ (3 atz Q 4 atz -Q P at“ 3 m:3
trans ~ aa T Taa 3 2
At At 3 at At
So
1 At Gss st 1 0 % at? 1 ntj
Q (t+ at) = +Q
x'x' 0 1 st G!W At 1 aa 3 ﬁt3 M:z
or
. 3
. . Q  +20Q + atzaw +;; at‘{‘eaa : Q, + At GW;- 3 At Q)
w!x! = =
st + At QW' + 3 At Gaa . G\W + At Gaa

We can write this in short:

Gs‘s' Gs‘v'
Gs'v' Gv‘v

Q, .=

%' X .

Next the predicted state vector x'(t) is updated by an observation b(t) of the

position of the ship.
b+e=(1 0) (:]
e = correction. So matrix A = (1 0).
The gain matrix K is:
K=Bug A (AQua A + Q!

Insert A and Qx'x"
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A GX'X' A+ be = Gslsl + Ghb

Q
1 glgh
and K seeoo o —
Gs's' +0bb Qs'v'
The updated state vector is
x=x'+K.(b-Ax")
Qg
s's
or s=8" + =————— (b - s")
Gs's' i* be

v-V'+—_—E‘L!'—(b-9')
Cgrgr + be
The variance matrix of the updated state is:

Qxx = (I - KA) @x|x|

Insert I, K, A and Qi
% stsl E GSI\I"
B . _ a2
Gxx = Gs|s| P be G . E G s . QS'B'Q\FI\'" GS'VI
s'vl I “v'ly th

This updated state vector and variance matrix can be used for the next
prediction.

Test on big errors:

Gy

o AK:be +Qs's‘

e=b-s=(-AK)(b-s')

insert in the formula for w, the test quantity:

T (b-s) V gb B Qs‘s'

o G
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or expressed in s' instead of s:

N (b-s') 1
‘ Q
be * gt

If w is bigger than 2.0 or 2.6, dependending on the chosen o = 0.05 or 0.01,

the observation is probably bad.

We have considered an one-dimensional example. In practice the position and
speed of a ship are two dimensional: northing and easting and the velocities in
the two directions. However, if we assume that the observations of the posi-
tion are not correlated in both directions, the northing and easting can be
computed independently with the formulas given above.

In general there will exist a correlation and we have to solve for a state
vector containing both northing and easting.

The transition is in that case:

N'(t+At) 1 0 a6 0O N(t)
E'(t+ At) 01 0 t E(t)
Vp(t+2t) 00 0 : VN
Ve (t+ at) 00 0 1 Vi)

The computation uses the same formulas as the example above.
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3.1.13. Literature.
A nice and very instructive book on matrices, determinants and linear equations
is:

Strang, Gilbert: Linear algebra and its applications, Academic Press, 1980.

On adjustment theory a very complete and readable book is:

Mikhail, Edward M.: Observatorions and least squares, Harper and Row, 1976.

A good overview of matrices and least squares adjustment is given in the
appendices of:
Bomford, G.: Geodesy, Clarendon Press, Oxford, 1980.

The basic theory of testing geodetic networks is given in:
Baarda, W.: A testing procedure for use in geodetic networks, Neth. Geodetic
Commission, Vol. 2, Nr. 5, 1968.

and also in:
Forty years of thoughts, festive book on the occasion of the 65 anniversary of
Prof. W. Baarda, Geodetic Institute, Delft, 1982,

A nice book on surveying and adjustment theory with many examples worked out
is:

Richardus, P.: Project surveying, second ed., A.A. Balkema, Rotterdam, 1984.
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Testing geodetic networks.
G.L. Strang van Hees

Introduction.

Prof. W. Baarda developed a theory to test geodetic networks and to compute
an objective measure to express the reliability of the network.

The general ideas can be formulated as follows:

A geodetic network is observed with more observations than the minimum
necessary. The redundant observations give the possibility to adjust the
network with the following advantages:

1. To increase the precision of the computed unknowns.

2. To estimate the standard-deviation of the observations and the unknowns.
3. To test the mathematical and stochastic model.

4. To find gross-errors in the observations.

5. To compute the reliability of the network.

With the nowadays high precision instruments the increase of precision is
no longer the most important reason for measuring redundant observations.
The most important purpose is to detect gross-errors. In practice it turned

out that gross-errors are not always found and these errors deform the
network considerably.

With statistical tests the gross-errors can be detected with a certain
probability dependent on the probability parameter o (figure 1).

The marginal detectable gross-error in each observation can be expressed

as a function of parameter g.
The effect of non-detected gross-errors on the unknown parameters is called

the reliability.

In this paper the basic ideas of Baarda's theory are presented in matrix-
notation.
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Figure 1.

Figure 1 gives the normal distribution of a stochastical quantity.
o = standard deviation.

%g = critical value, dependent on a.

AC = marginal detectable error, dependent on « and B.

Usually o = 0.05, 0.01 or 0.001 and 8 = 0.80.
The chance to find a gross-error of size AC is 3.

Notation.
The following notation is adopted.

A column vector is anundercast letter (a,b,c,...).

A row vector is a transpose of a column vector, indicated by (a*,b*,c*,...].
A matrix is anuppercast letter (A,B,C,...).

A transpose matrix (A*,B*,C*,...).

A scalar is also indicated by anundercast letter (a,b,c,...).

An element of a vector or matrix is indicated by an index

*

a = {al,az,as,...,ai,...)
Ay Ay e

A = A,y Azz v

The variance-covariance matrix of stochastic vectors a and b is indicated as:
2 _ * 2 - * 2
o, = Q(a, a*).o and 9ab Q(a, b*).c

Q(a, a*) is the weight coefficient matrix. It indicates a symbolic vector
product:
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a, Q(a;sb;) Q(a;,b;) ...
Q(a, b*) = Q|| ay| +(by by ... b )| = | Qlazsby) Qazsby) ...
a Q(a»b,) Qaysb,) ...

0% is called the variance-factor and is a scale factor.

The law of error propagation can be expressed as a matrix multiplication.

If the stochastic vector c is a linear function of the stochastic vectors
a and b we get:

c=Aa+Bb , c* = a*A* + b*B*

Q(c,c*) =0f(Aa + Bb), (a*A* + b*a*))

Q(c,c*) = AQ(a,a*)A*+AQ(a,b*)B* + BQ(b,a*)A* + BQ(b,B*)B*

or equivalent:

¢ = (AB)(p)

atesc®) = (a 80 ((3)a* 0% )(5¢)
or:

- (N
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3.2.2. Least squares adjustment.

We distinguish two types of adjustment:(see chapter 3.1.5)
1. With condition equations
2. With unknown parameters.

n-=

m

formulas are collected in (3.1.8).

following notation is used:

vector of observations, n elements.

vector of corrections, n elements. (not the error)

vector of estimates of the unknown parameters, m elements.
design matrix of conditions, u = constant term.

design matrix of parameter equations, a = constant term.
weight matrix of b = Q ",

variance matrix of b.

Q=P"'=0(b,b%

number of observations.
number of parameters.

(n-m) = number of redundant observations.

The
are

means : by definition.
means: can be computed.

corresponding equations of the condition and parameter adjustment
written on the same line,so a comparision between the two types is

possible.

In the formulas is assumed that the linearization of the equations has

been done already beforehand.
So we start with linearized condition and correction equations.
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3.2.3. Testina a network.
An intuitive way to test on gross-errors is to look at the corrections e.

A faulty observation will probably get a big correction e;. As test-
quantity one can use ei/°e- which has a normal distribution with standard
deviation = 1, N(0,1). Howéver, this method is best only for uncorrelated
observations.

In case of correlated observations Baarda derived that it is best to test
(P.e), instead of e, the corrections multiplied with the weight matrix P.
The vector (P.e) is most sensitive to an error in one of the observations
(proof in Appendix 1).

Every observation must be tested separately. Baarda introduced the vector
¢, which is a unit vector with 1 on the place corresponding to the obser-
vation to be tested. c* t= (0405045:0451:0,..0), ¢y = 1 if observation b.i

is to be tested. It is also possible to test a combination of observations
if one expects that the source of the gross-error effects more than one
observation. In that case more elements of c are 1, e.q.

c* = (0,...0,1,1,1,0...0). The choice of c determines the test-quantity,
or with other words, c determines the alternative hypothesis that is to

be tested.

*
If we define: f := -c Pe then the testquantity is

£

W.—U

-+

w has a normal distribution with standard deviation = 1, N(0,1). The
variance of f can be computed with the law of error propagation:

Q(f,f*) = c*PQ(e,e*)Pc = c*PRPc
op = oVC PRPC

with o®> = variance factor

*p
So: W = A

= (56)
ovgibRPc
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In case of adjustment with conditions we have:

Pe = Uk = UMt
and
*
PRP = UMU

thus

* %
-c Uk
oVe ™ Muc

This means that in case of adjustment with conditions the whole adjustment

W=

and testing can be carried out without computing matrix P. This is an
advantage because usually matrix Q is given and the computation of P needs
the inversion of Q which is a time consuming operation.

If ¢ is successively the unit vector belonging to each observation, we

get a w corresponding to that observation.

This process is called datasnooping.

w is tested for the normal distribution. The critical value Wy is dependent
on the choice of a:

o 5% 1% 0.1%

1.96 2,58 3.29

W > W, means that there is a probability of (1-«) that the corresponding
observation is wrong. As we don't want to reject to many observations,
a = 1% turned out to be a good practical choice:

Test: if w > w_ then: rejection.

0

F-test.

A second way to test the network is to test the estimation of the variance
factor against the adopted variance factor.

2 _e Pe E

s = = —

n-m n-m

(n-m) is the number of redundant observations.
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2
F= 55 , test: if F >F, then: rejection.
a

F may be tested against a critical value F; dependent on the choice of
op and on (n-m). o is supposed to be errorless

Fg = FO(aF,(n—m) yea)

Fu can be found in tables of the Fisher distribution.

In the next chapter is described that Baarda advocates to compute ap in
such a way that the chance to find an observation error is equal in the
w-test as in the F-test.

As the F-test involves all the observations it is less sensitive to find
one observation error. Therefore ap becomes rather high under Baarda's
assumption, if there are many redundant observations.

On the other hand it is possible to fix op independent of the w-test, to
e.g. 5%. Then the F-test can be used to test on systematic errors, model
errors and to test the adopted variance factor.

Reliability.

The influence of non-detected gross-errors on the result of the adjustment
is called the reliability. The computed parameters (coordinates) may be
wrong by a manyfold of the standard deviation if a gross error is not found.
The better the observations are controlled the lesser the chance that a

gross-error will slip through.

First we will consider the effect of an error A in one of the observations
on the results of the adjustment.
If error o is made in observation bi the change of observation vector b is:

Ab = c.A (a is a scalar, ab a vector)

¢ is defined as in the previous section: c* = (0,0,...0,1,0,...0) with

¢ = 1 if a corresponds to bi'

The change of the other quantities can easily be determined by the formulas
of the adjustment.
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*
AX = HA P c.a

Ae = =RP c.a

* 57
Af = ¢ PRP c A (57)
M = Vo PRP ¢ %

Ax is only valid for the adjustment with parameters. The other formulas
are valid for both adjustment with parameters and with conditions.
However, R is computed in a different way in both cases:

Qu'MUQ  and  PRP = U*MU
Q - AHA

conditions: R

parameters: R

The resulting R is the same in both cases.

Note that the changes ax, Ac, Af, Aw are non-stochastic, as they only
depend on the initial change A, and not on the stochastic observations
themselves.

In contrast AE and AF depend on the corrections e and are thus stochastic.

hE (e+ae)*P(e+ae) - e'pe =

* * *
ne P pe + pe Pe + e Pae =

* *
sre P oae + 2pe Pe

However, the expectation of e (mean value) is zero, therefore the second
term becomes zero if we consider the expectation of AE: AE.

T = 2e’P e = ¢ PRPRPc a2 =
= ¢"PRP c.42 = awlo?
aE aw?
T&-F=—=ﬁ (58}
o?(n-m)

Up to now & was an arbitrary change in one observation. Now we will con-
sider a special value of A, called v (nabla).




181.

v is chosen such that this change can be found in the w-test with a proba-
bility of 8. Usuallygis chosen to 80%.

The change in w that can be found with probability g is called w(o,B)
(nabla w). In figure 1: AB depends on o« and o, BC on 8 and g. Ifo=1

and g = 80% then BC = 0.84.

«=5 %, AB-=1,9, BC=0.84, AC=2.80="w
«=1 %, AB=2.58 BC=0.84, AC=3.44=7w
=0.1%, AB=3.29, BC=0.84, AC=24.13=7"w

Next we compute backwards which changes in the other quantities corresponds
to vw, by changing a into v in formulas (57):

1 \
= ——— WW.0

Vc*PRPc
vb = cv
X = HA*Pc v

) (59)
ve = =RPc ¥
vf = c*PRPc v = VC*PRPC WW.o
2

JF = WM
vF = e

Note that VF is independent of c, so for each alternative hypothesis we
get the same VF.

On the other hand vx is a vector for each choice c; an other one.

We combine these vectors x to a matrix with elements VX0 corresponding
to observables b, (i =1 ... n) and parameter x, (k = 1: s W)

The marginal error Vx, in parameter X is the maximum value of VX4 for
all values i =1 ... n.
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The marginal detectable error in observation b, is vbi corresponding
with Cse
The formulas for vbi and VX, can be written as follows (see (59)):

vb. = W.o \

\f(PRP]ii
VX = (HA*P)ki b, > (59b)
VX, = max(vxki} over 1i=1,..n ‘

ka is also called the reliability of Xy

Remark: If there are uncontrolled quantities introduced as observations,
such Tike base points or scale parameters, Vbi and VX, become infinitive.
These parameters should be removed in the computation of X s

Baarda derived an other expression that gives an uoperlimit of the
reliability:

ki < V invai

ka g
Here is vxi the vector corresponding to bi or c.. The derivation of this
formula is given in appendix 2. The right hand side is independent of k
and can be evaluated as follows.

VX

for each observation bi
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* * 2
VxG¥x = ¢ PAHGHA Pc v° =
= c*PAHA*Pc v =
= ¢'P(Q-R)Pc v° =
= (¢ PC-c PRPC)v?
2 1 3. 3
and V= ——— W .o
c PRPc
: *p
So: L 2vx = g € - 1)w?
o ¢ PRPc
c*Pc
Define P, ‘t= 5 -1 . (60)
¢ PRPc
Then VX S rx'oxk (61)

r. is sometimes called the reliability of x and is dependent on the
choice of c.
It is also possible to define P for a part of vector wx.vx'is a subvector

of vx : wx'cvx.

1
Now r! 1= = VOx*G'vx' g r! sr
X g X X
] 1
and VX S Ty cx|I<

This is important if we have different types of parameters, e.g. coordi-
nates and orientation unknowns.
In a similar way one may define the reljability of the observations:

_Vvb _ b
i EE ~ ovclc (62)
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Another quantitythat expresses the reliability of the observations is
defined as:

c*PRP
sl
c*Pc

or, if we consider the reliability of observation b,:

(PRP) ;

P; = T (63)

Index ii means the i® diagonal element of the matrix. It can be proved
that:

For an observation that is well checked by the other observations, p
comes close to 1. If the check is bad, p becomes small, and if an obser-
vation is not checked at all, p = 0:

good: p > 0,7 , bad: p < 0,4 , no check: p =0.

Proof:

Variance of observation before adjustment: be =Q .

Variance of observation after adjustment : AHA .

Qb+e,b+e =

Variance of corrections $ Qe g = R .
L]

Q- R=AHA (see section adjustment theory).

If the observation is well checked, Qb+e,b+e << Q.
So R approaches Q.
As PQ = I (the identity matrix), PR becomes close to I or

(PRP)ii
close to 1.
ii
If the observation is hardly checked, Qb+e AL 0, thus R approaches zero,
(PRP)ii
and "p;;‘“ comes close to zero.
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Meaning of the reliability Ty and p.

To each observation belongs a quantity Ty and p. The magnitude of i and p
is related to the capability of the whole network to check the corre-
sponding observation on gross-errors.

If an observation is not checked, ry will become infinitive and p zero.
The relation between P and p is, according to (€0).

roo= -1 .9 . (64)

1
X p
On the other hand, the ability of a network to check an observation is
also connected to the increase in precision of the adjusted observation.
The variance of an observation before the adjustment is the diagonal
element of matrix Q, Qii‘
The variance of the corrected observation after adjustment is
Q(b+e,b+e) = Q.. - R:

ii T
o2(bre) _ YiRii _ ;R
2(b) Q35 L
The improvement is:
Ri
4 =g, (0<a;<1) (65)

i

The relation between the reliability p and the improvement q is in general
complicated, however for uncorrelated observations, with djfferent
weights, it is simple.

; ; — :
If P and Q are diagonal matrices, Pii = U;; , and:
(PRP)5  PiiRyiPys _

R
P. LA q. .
i P Pii 0y i

So: P; =95 -

For correlated observations p # g, but in practice it turns out that the
difference is small, so, the reliability p is about the same as
the improvement of the observations. A positive correlation between the
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observations can be interpretated as a stochastic relation between the
observations which give an extra check on gross-errors. Therefore a
positive correlation will increase the reliability and a negative corre-
lation will decrease the reliability.

The relation between p and ry is for o = 1%, thus vw = 3.44, according
to (64):

r = |10.3 ]| 6.9 | 5.3 | 4.2 ] 3.4 2.8| 2.2 | 1.7 | 1.1 0

Next we consider vF.

The marginal change of F due to v is:

w?

<

|

EMF-ﬂ

=
=

(n-m) is the number of redundant observations. Note that VF is independent

of c!
In the F-test a value of ap was chosen. From VF and o the value of Bes
corresponding to the shifted F-distribution can be computed.

f(F)

With other words, EF, o and BF are connected so that two of them determine
the third. As VF is determined by the choice of ww, one choice is left, e

or BF.
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Baarda advocates to fix Bf = 80% and to apply the F-test with o which follows
from this choice. This is called the B-method of testing. The disadvantage

of this method is,that,if (n-m) becomes large, the F-distribution becomes
narrower approximative proportional to 1//n-m and VF decreases proportional
to 1/(n-m).

If Bp is fixed, then e increases if (n-m) increases. The consequence may

be that aF becomes so large that the test has no meaning anymore.

The second possibility is to fix ap to e.g. b%. Then Be becomes smaller
then 80%. This means that the F-test is less capable to detect observa-
tional errors than the w-test. This can also be understood intuitively.
An observation error can best be tested by the w-test because this test
is specifically designed for this kind of errors. The F-test is an overall
test, which is less sensitive to an error in one observation, than to
systematic errors or model errors, which disturb the whole network.

Literature:

Baarda, W.: A testing procedure for use in Geodetic networks, Neth. Geod.
Comm., Vol. 2, No. 5, 1968.

Forty years of thoughts, festive book on the occasion of the 65 anniver-
sary of Prof. W. Baarda, Geodetic Institute, Delft, 1982.
Mikhail, E,H,: Observations and least squares. Harper and Row, 1976.
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3.2.6. Testing a network.

Summary: c* := (0,0,...0,1,0,...0)
R = Q(e,e*) = Q-AHA*
3 i= -c*Pe (test quantity)

Q(f,*)= ¢ PRPC

*
W il
°f  oVc*PRPC
Test: Wz ? wgla) = critical value.

A change A in one observation gives changes in the other quantities:

Ab = c.a

*
Ax = HA Pc.a
Ae = -RPc.a

*
Af = ¢ PRPc.a
aw = Ve PRE. A

a

* *
AE = ne Pae + 2ne Pe

*
7E = ¢ PRPc.A? = aw?.o?

F = AE = ﬁ'h'z

az(n-m) - (n=m)

Marginal detectable errors: choose ww(w,B) = w, + 0.84,if g = 80%

vb
C

vb = VW.o, r, =

\C¥PRPC b~ o
VX = HA*P.vb

1% ([P
rei= = |vx Gox = Al A

¢ PRPc

VX S Tye0 for all elements Xy
5 Xg

VF = vwz/(n—m) = f(apsBp) choose ap or 8p, then follows the
other.

2
s
Test: F = = z2? F(ap).
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3.2.7. Appendix 1.

Proof of maximum sensitivity of w-test.

correction : e, covariance: Q(e,e*) =R
observation: b, covariance: Q(b,b*) = Q = p'1
define : f=-Pe, covariance: Q(f,f*) = PRP = §
define : g=-Pe, covariance: Q{g,g*) = P'RP' =T
covariance: Q(g,f*) = P'RP = U

P' is an arbitrary positive definite variance matrix. fi’ 9i» Tij’ Uij""

are elements of f, g, T, U....

. ,
Define: v=—— and w= — , v=uw forP' =P,
a (o3
9 L

Now we have to prove that aw = aAv due to a change A.
i __c*g __-ctpe
= =
94 ak/cl_)(g,g)c cr%*P‘RP'c
A change A gives (57): ae = -RPcaA.

vV =

So: * u..
ﬁ\!' = L‘RP{E_ _ﬁ. = 11 Q
Vc P'RP'c g iT.i.i g
Further: “g.f
i % *
o £ 1= 0(9,73) <VAlapaolFy ) = Uy < gy
9 T
tw = VE*PRPe . &= V5L, £ (follows from (57)).
Yii (e
As: < VS.. we conclude:
“'i'i 11
AV S AW

An error A in an observation causes a maximal change in Aw. So:
w is the best test quantity (most sensitive).
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Appendix 2.

Proof of formula: X < ro
= xk

We have to prove:

2
* (ka)
X G VX = -

*
Q(xk > Xy )
Xy is an element of the vector vx, If we introduce a unitvector
* s
€ (0,0,...,1,0,...0): then is: vx, = e,vx and Q(x,,X) = e}6 ‘e, . So (66)
becomes:

(66)

(vx*va){e*G"le) 2 (e*vx)2 = (vx*e}2

This is true if we prove the more general theorem:

(a"6a) (b*6"'b) 2 (a'b)? (67)

where: a and b are arbitrary vectors. G is an arbitrary positive definite
matrix.
Proof: Develop G in the matrix of eigenvectors U and eigenvalues A.

6=u'w ¢t =utalu.
*
U is an orthogonal matrix so: U U = E (unit).
A is a diagonal matrix with only positive elements A; on the
diagonal, because G is positive definite.
Insert in (67):
= 2
(a U AUa) (b*U*A Ub) 2 (a*U*ub)
As a, b and U are arbitrary vectors and matrices, also Ua and Ub are

arbitrary vectors.
Call 3@ =Ua and b = Ub. So we have to prove:
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(a*A3)(6"A7'B) 2 (3'b)° (68)
(3°13) = : a2, (B"A7'b) = : bg . 3&?

n n n hs A
2,2 2.2 " 2.2k
» (ahs) + I I (aib, — + a,bs —) (69)
j=1 U T gy i VRA T KT
The righthand side of (68) becomes:
no, non
po(abd) + & & (2a3b53by) (70)
i=1 " 5o keind

Insert (69) and (70) in (68).The first term is left and right the same.
Bring the second term from right to left:

"

n n A A
b b {a%bi - 2a;bja b +ab k) 0

j=1 k=i+l | k™3 2y

or
3 (2;b \/ a \/ (71)
P01 ke 1+1 k K

As a square is always positive, equation (71)is true, and therefore
equation (67) too. So we proved (67).

Note: From (71) we see that 5 and Ak must be positive, so G positive
definite.
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Geometrical proof of VX 2 ro, .
*K

The equation of the n-dimensional error-ellipsoid is:

*
X Gx = o°
' X
1\2
c&,_ -_——
=% 1 f ™
i I % : 7
|
%p :
|
e lwx
X2

In the figure is drawn the projection of the error-ellipsoid on the
XysX,~plane.
" The projection of the ellipsoid on the xi-axis is o

X
1

The vector vx represents a point in this space. VX; is the projection

of vx on the x;-axis. The vector vx intersects the error-ellips in x

VX P

Suppose X - P» @ constant.
P
As x_ lays on the ellipsoid: x*Gx = g%,
p PP
So: X 6ux = pZo? (72)

- <
Further: xpi = Uxi , thus Ux; = pcxi

(73)

Combine (72) and (73):

i | < VVX*GVX

Oy . - o
i
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Correspondence between Baarda's notation and notation in this paper.

Baarda This paper
xi b
ei e
g Q
gji P

p T

u?,uj U
|

a3 A
yasys X
Yyo¥g d
yay" -t
)’p;)’_[ "k
9up G
U.B H
b N
9 M

a s
R Q-R = AHA"
v d

X vb
vp -
Np ¢ PRPc = F,F
/Ao,/l W
Vi ry

l-a,1,e Yo

Fl-a,b,e Fo
b n-m
i

c c

P

N o
vp’Dy X
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3.3

3.3.1

Adjustment of hyperbolic patterns.
G.L. Strang van Hees

Introduction.

To determine the position of a ship with hyperbolic position systems the minimum
requirement is two position lines. However, because of the frequent occurence of
lane slips it is necessary to observe at least three patterns to be able to check the
observations. This redundant observation gives the possibility to compute an
estimation of the standard deviation (the standard error-ellipse)of the position.
The best estimation of the position is obtained by an adjustment. In this
adjustment one should introduce the effect of the correlation between the
patterns. The adjustment, testing and computation of the precision of the position
is described. Some interesting geometrical features of the error figure of the
observed lines of position (LOP) are derived.

For a hyperbolic positioning system at least three transmitters are necessary
which give two position lines (LOP's). The third combination, slave-slave, gives a
positioning-line going almost through the same point, because the third line is
dependent on the other two. In a system of 4 transmitters usually three master-
slave combinations are observed and the adjustment is executed with the
assumption of correlation-free observations. However, as the master occurs in all
the observed lane numbers there exists a correlation which may not be neglected.
If we assume that the received signals of all the stations have the same standard
deviation the correlation coefficient will be 0.5. This can be explained as follows:

Lane number 1 = range difference (Master - Slave 1) (L1 =M -S1)

Lane number 2 = range difference (Master - Slave 2) (L2 =M -52)

Lane number 3 = range difference (Master - Slave 3) (L3 =M - 53)
The variances are obtained by the law of error propogation (see part 1-4):

2 _ 2.2 Ly
oL = Oyt95120y 51 A 9g 12 = 9 %M,517°M,52%9s1,52

Suppose the slave signals have the same variance ogl = ng = 023 = ag
and the crosscorrelation between the signals is zero: OM.§ = 951.92 = +-- = 0
] L]

we get:

_ B P
L1,12 * 113 ™ %L2ius =%
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The correlation coefficientis p =

If Uﬁ = og then p = 0.5.

However, as the slave signal is triggered by the Master signal the path through the
atmosphere before a slave signal is received on the ship, goes from Master to
Slave and Slave to ship. This is a longer path then the direct way Master-Ship and
is therefore more disturbed by noise than the Master signal. Besides, the Slave
signal is triggered by the Master signal, so the Slave signal contains more receiver
noise than the Master signal.

So 0%,1 < og and 0 < p < 0.5. In practice a good estimate of p is:

0.3 < p <0.4.

In this paper the effect of the correlation on the adjustment and on the testing of
the observations is derived.

Further some peculiar geometrical relations of the errorfigure, that is the figure
formed by the lanes, are derived.

The error figure of 4 transmitters.

Suppose we have 4 transmitters called 1, 2, 3 and 4. If we compute the position
from the three transmitters 1, 2, 3 we get three lanes (1-2), (1-3), (2-3) which go
through one point. As this position is computed without using transmitter 4 we will
call this position "not 4": 4. In the same way we can compute the positions 1, 7 and
3. So we get a quadrangle 1, 2,3, 4. (figure 1)
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The line between points 1 and 2 is lane (3-4) because transmitters 1 and 2 are not
used for points Tand 2.

The error triangle which we get if we use transmitter 1 as a master consists of the
LOP's 1-2, 1-3, 1-4 and is therefore triangle 2, 3, & thus not using 1. If we adopt
transmitter 2 as the master the error triangle will be 1,3,4, a.s.0.

The form of figure 1 can be computed if we know approximate coordinates, thus
without observations. If we observe 3 LOP's this means that the position (2

parameters) and the scale (1 parameter) of the figure are determined.
Now we will state two peculiar properties of the quadrangle (1,5,3,71):

1. The four points 1,2, 3, 4 are situated on a circle.
2. The lane widths are inversely proporsional to the opposite side length.

The proof is given in the appendix.

This means that if the form of the quadrangle is given the lane widths are also
fixed and therefore the position of the adjusted point.

The adjustment is usually done for one triangle, combining the master with the
three slaves. If we adjust without correlation between the lanes the position is
always inside the triangle. We get a different position if we choose other master-
slave and slave-slave combinations.

However, if we adjust with the proper correlation coefficient p the adjusted
position is independent of the observed combinations of master-slave or slave-

slave combinations. That means that the adjusted position corresponds to the

position obtained from the best LOP combinations.

In the figures 2, 3, 4 examples are computed for different situations. It clearly
shows that the position with correlation 0.5 fits better with the form of the
quadrangle, than the positions computed without correlation.

At sea, on board of a pitching and rolling ship, one usually has no time for
theoretical considerations. Therefore a simple and general rule should be followed.
This is:

Use always Master-Slave combinations and compute the position with a fixed
correlation p.In the next section the adjustment formulas are derived.



Adjustment of radiolocation systems

@ without correlation

[ with correlation 0.5

Senders: 1, 2, 3, 4.
1is position from the
LOP's 2-3, 2-4, 3-4 thus
not using 1. The same
for 2, 3, 4.

Figure 3
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(]

remark:

Side 1 5 is small.
This means that the
opposite side, LOP

1-5 has a large lane-

7

Figure 4 expansion.

0 Position from one triangle computed without correlation
between the lanes.

[0 The same, but with correlation coefficient 0.5 (independent
of the chosen triangle).

&\ Computed from the lanes 3-4, 4-5 and 1-3 (Van Gein)

With correlation coefficient 0 < p < 0.5 the position will

move from @ to [F] approximately linear with p.
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3.3.3 Adjustment.
For adjustment computation on board the ship it is necessary to have a fast
computer program for real time data processing. R. Nicolai developed a program
which made use of optimal data processing for a small on board computer (Nicolai,
1982). Also A. Houtenbos developed a method of real time data processing which
makes use of Kalman filtering. The new position measurements are combined with
the previous measurements to determine the best estimate of the position
(Houtenbos, 1982). The inversion of the correlation matrix takes much time and it
is therefore better to invert the matrix analytically.
We call the lane observations minus the lane numbers computed from the
approximate position: vector b* = (bl, by, b3)
b* = transpose vector of b.

The model is
b+ e=Ax
e is the correction to the LOP numbers.
x is the difference vector between the approximate position and the adjusted position,

Xq = east, Xy = north.

A is the matrix of coefficients:

a a cos a, -sina,
A 1tz with a ' 8 )
= a a = =
21 22 il 1w, A 1w
a__ a i i
31 32
a = azimuth of the LOP from the north

lw = lane width

If we observe only master-slave combinations, the covariance matrix of the observed

lanes is:
1 p
Q=10 1 »p
p o 1

Least squares adjustment gives (see part I-5):
x = (A* @ layl a*alb.
We may simplify the computation if we compute a matrix R such that

a@l-cRR
cis a constant which allows for a convenient scale of R.

Suppose RA=A

Rb=b
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then x=(A*A)!A b
This is the same formula as for correlation-free adjustment.
R can be computed analytically.

If we define r so that:

and solve r and ¢ we get: T = %.[1-\] —%—:{F] and ¢ = T%ﬁ
PloO 0.1 0.2 0.3 0.4 0.5
r |0 0.04| 0.08) O0.11| 0.14] 0.17
cf|l.0] 1.1 1.2 1.4 1.7 2.0
- 1
thus b=Rb=5>b-r.f1|.(b+b +b )
1 1 3
P =a +a +a
R i P g e 11 12 13
= = - T =
B g wi q e

The modification of the computer programs is now rather simple. We have to

subtract from each element of the observation vector b and the matrix A, r times

the sum of the column vector. The further adjustment is the same as for

correlation free observations.

p Should be introduced in the program as a parameter that can be changed by
hand. So we are able to compute the best position in each case by chosingp .

If we have observed n patterns of master-slave combinations instead of 3, the

values of r and ¢ become:

[ 1- .._._]:._'_.E..._] and c = _l...
Jl+{n-l)F‘ l-p

-
I
=N
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The adjustment program may also be used for control on lane-slips. The
correction € can be computed by

e =Ax - b or RE:E:KX-b

The estimation of the standard derivation of the observations is

2 c*ake 2 t's because @1 = R
§ = n-2 or 8 -('--E)'r——-"' ecause --i—_"a

n is the number of lanes observed.

For the test on lane-slips we have to adopt a norm for the standard deviation (02).
The quotient (s2/02) has a F-distribution with (n-2) degrees of freedom.
2
s
If — > F(n-2, = ,9%%)

we may conclude to a lane-slip with a probability of 95%. On the other hand, if s2
is small, this will not be a guarantee that everything is allright.
Another test on lane slips is obtained by Kalman filtering (see part 1-12 and IV-2).

For n =3 is F(n-2,* ,95%) = 3.84.

| So we may conclude to a lane-slip if:
§>1.96 ¢ = Zg

The standard ellipse of the adjusted point may be computed by:

2
a a
X Xy 2 o, (| 2 |
= o (AQ A = ¢ (1-p)(ATA)
2
ny Gy ;

This leads to a standard ellipse with axis:

= %(02 % 02) + % (cr'2 - cz) + 4(:2
X oy V' % y Xy
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2 2 .. .2 2 2.7 7"
b™ = HUX + Uy) - %\/(crx w cry) + ‘mxy
20

X

2 2
a - 0

X b
8 is the angle of the ellipse axis with the x-axis.

tan 26 =

If 9y >Uy,then the major axis a is close to the x-axis.

3.3.4 Error figure for 5 transmitters.

3.3.5

If we have 5 transmitters we get:

(g) = f.éé-r = 10 position lines (LCP's)

(3) = 57207 = 10 points where 3 LCP!

3) = 3757 = 10 points where s cross.
5 5! s : .

(3) = 1717 = 5 circles with 4 points on each.

4

There are always 3 points on each LOP. So it is complicated to construct a figure
which satisfies all these conditions. Figure 5 is an example.

There are only 5 degrees of freedom in the figure, 4 angles and 1 distance-ratio.
e.g. (13-12):(12-23).

A remarkable condition is that all the circles go through one point. This can be
proved by expressing the angles from this point to the other cross points as a
function of the 4 independent angles.

The other cross points of the circles are just the 10 points of LOP crossings.

Conclusion

To adjust the position of a hyperbolic positioning system it is important to
introduce correlation between the observed lane numbers., The effect of the
correlation can easily be introduced in the computer program. A correlation
between 0.3 and 0.4 for Master-Slave combinations seems to be best suited.




Error fiqure for 5 transmitters.
2-4 : Lane of Position (LOP)
24 : Point from transmitter combination (1,3,5)

(not using 2 and 4).
Note: A1l circles go through one
point.
Only 4 independent
angles.

figure 5.

‘€02
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3.3.7. Appendix.

Proof of the geometrical properties of the error figure

to transmitter 3
LOP 23

A

to transmitter 2

- LOP 13

Position 4 %

to transmitter 1

Figure 6

wavelength 2
< sin i(angle between the directions to the transmitters)

lane width = Vi

So: Iw(12)= A/2sin a
Iw(23) = 3/2sin B
lw(13) = A/2 sin ¥y

The LOP's are the bissectrices between the directions to the transmitters. From
the geometry of fig. 6 follows that the angles between the LOP's are half of the
angles between the transmitters.

From figure 6 we see:
2a + 2B = 2y

ar a+ B =7
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The angles between the LOP's are:

angle (12-23)=a+B= v so Iw(13) =1 /2 sin(12-23)
angle (12-13) =y-a= B so  Iw(23)=1/2 sin(12-13)
angle (13-23)=y- 8= a so Ilw(12) = A/2 sin(13-23)

If we consider the quadrangle 1, 2, 3, 4, (figure 7) the lane width of e.g. (1-2) is
inversely proportional to sin angle (I, 3, Z) and, for the same reason, also to sin
angle (1, %, 2).

Thus  angle (1, 3, 2) = angle (1, &, 2)

This means that point & lays on the circle through T, 7, 3.

However if the points I, §, 3, & are on a circle the sides are proportional to the sin of
the opposite angles e.q.  side (I 2) = 2Rsin(1 3 2).

Thus, the lane widths are inversely proportional to the opposite sidelengths.

Thus lane width (12) . side (I 2) = lane width (13) . side(I 3) =
lane width (14) . side (I %) = lane width (23) . side (23) =
lane width (24) . side (2 &) = lane width (34) . side (3 4)
So if e.g. side (I 2) is large the lane width of LOP (12) is small.
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3.4.1.

Precision of radiopositioning systems.
G.L. Strang van Hees

Introduction.

Some concise formulas for the point precision of radiopositioning
systems are derived.

The variance (ci + 05) of the point precision is expressed in nice
symmetric formulas in three cases:

- range-range mode: formula (9);

- hyperbolic mode with 3 transmitters: formula (15);

- hyperbolic mode with 4 transmitters: formula (25).

The variables in these formulas are the angles between the trans-
mitters, seen from the receiver (ship).

Two types of radiopositioning systems are distinguised:
a. range systems;
b. hyperbolic systems.
The observation equations in matrix notation are:

b+e=AX (1)

b is the vector with observations. In range-mode: b are the distances
to the transmitter. In hyperbolic mode: b are the distance differences

between master and slaves or two slave stations.

e is the vector with corrections.

A is the design matrix.

X is the vector with the coordinates of the receiver station.
In range mode :

-sin a, -Cos a,

= -57 - 2

A sin a, cos a, (2)
-sin o -C0S o

n n

207.
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In hyperbolic mode:

sin o) - sina Cos @) - COS o
A=[ sina, - sin o cos a, - COS a (3)
sin a, - sin o €OS &, - COS o
¢ ... o are the azimuths from the receiver (ship) to the transmitters.

o is the azimuth to the Master station. For this purpose it is suffi-
cient to compute the azimuths on the sphere with the following formula
sin(At—Ar)

tan a = &4 ®y COS G, - SiN G COS(Az-A ) (4)

a = azimuth from receiver (r) to transmitter (t). (¢E’1t)’ (“%'Ar) are
latitude and Tongitude of transmitter and receiver.
Q is the variance matrix between the observations.

In the range-mode Q can be taken equal to the unit matrix. In
the hyperbolic mode a correlation between the observations should be
taken into account, because the master-station is involved in all the
range differences.

As derived in 3.3.3 the Q matrix is, in case of Master-Slave combina-

tions:
1 p o a
Q=f p 1 o . (5)
B &
where
2
_ Master
p =

2 2
Master * %Slave

In case of Slave-Slave-combinations Q can also be expressed in p. This
expression can be found by using the law of covariance propagation.
However, the final precision of the point is independent of the com-
binations used, if the correct correlations are taken into account.
The standard ellipse of the point precision can be computed from the
adjustment:
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2
[+ a
X Xy " _
, | =kt ay”
O'xy Uy

o is the standard deviation of the observation. In range mode: o is
the standard deviation of the measured ranges in meter. In hyperbolic
mode: ¢ is the standard deviation of the ranges differences between
master and slave, this is the wavelength A times the precision of the
observed lane number, e.g.: o = 0.01 A, if the precision is 0.01 lane.

An indication of the point precision is the trace of the variance
matrix. This trace is equal to a2+ with a and b the axis of the standard

ellipse.
2 _ 2 7 _ B ¥ a=1 py-1
o = O + oy =0 trace(A™ Q ~ A) (6)
The objective of this paper is to derive an expression of o_, for range

p’
and for hyperbolic mode.

3.4.2. Range mode.
In the range mode is Q the unit matrix. A is defined by (2)

52 .
- L sin® ay Z sin a; cos a;
) I sin cos e 52
C(i Cl-.i 0 C(_i
Determinant is:
n n n
. 5 2
D= 3 sina:. - £ cos” a; - (I sin ay -+ CoS ui)
i=1 i= i=
After some manipulations with trigonometric functions this expression
can be transformed to:

n n 2
D= ¢ z sin (ui-aj} ; (7)
i=1 j=ih1

The inverse of (A*A) is

3 cos’ a, -Z sin a, - COS o,
1 i i i

(A*A)7! = 3

=L s1n ui + COs Gi L s1n ai
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The trace is:

Trace = = 2 cos? a, + g sin’ a‘\ =1 (8)
D\ i=1 Ve 1/ D
Insert (7) and (8) in (6):
z
2 _ 2, 2 _ n.o
op =0, + % = TR : (9)
L I sin [u‘i-a.)
i=1 j=i+1 J

This rather simple final formula gives the point precision in a
range-mode system.

It is dependent on the angles (ai—uj) between the transmitters as seen
from the receiver station P (the ships position). E.g. for a three
range system is: $1% 5 M

2
2 _ 3.0

o2 = “:’.
k (sin® « + sin® g + sin’ y) 4

3.4.3. Hyperbolic mode. 0 S,

The precision of a computed position in a hyperbolic system
depends on the variances of the master and slave signals, oﬁ and og.
This is expressed by the parameter (3.3.1)

&
e I
Uﬁi-og

In general is cé > 0; and so: 0 < p < 0.5. For the calculation of the
coordinates it is important to choose p as good as possible.
However, one gets a good impression of the precision if one assumes
sg = aﬁ or p = 0.5. This assumption means that the Master and
Slave stations may be interchanged and therefore nice symmetric
formulas are obtained.

3.4.3.1. Hyperbolic system with 3 transmitters.
The design matrix is given by (3). For one Master and two Slaves
A becomes a 2 x 2 matrix which can be written in short:
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-
A= (10)
c d

1 -p
-1
g - (11)
1'p-|:) 1
= a ¢ 1 -p a b
pe gt A= L .
1-pAb d/\=p 1/\c d
1 aZ+ ¢ -2pac ab + cd - p(adtbc)
1 - pZ\ab + cd - p(adtbc) b’ + d* - 2pbd
This matrix should be inverted according to (5). The determinant of

(A* Q'l A) is obtained as the product of the determinants of the com-
ponents:

Det(A* Q' A) = T det(A) - det(Q!) - det(A)
~p
Det(A* 0”1 A) = (ad-bczlz

1-p

So the inverse is:

2 2
R i b2 + d2 - 2pbd
g Y et
(ad-bc) . a? + ¢? - 2pac

The trace is

trace =

a2 + b2 + ¢4 d2 - 2p(actbd) (12)
(ad-bc)2
We now insert (3) into (12) and choose p = 0.5. After some manipula-
tions with trigonometric functions we obtain:
a?+b>=2-2 cos(“a'“x)
t+db=2-2 cos(az-aa)

ac + bd

cos(ul-az} - Cos{“z'“a] - cos(°3'“1) #1
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or
2
a>+ b2+ ¢+ d -2p (ac+bd) =

=3 - cos(al-az) - cos(az-us] - cos(ag-ul) (13)
ad - bc = sin(a -a,) + sin(a,-a,) + S'in(c.a—al) (14)

Note the cycle in the indices!
Inserting (12), (13), (14) into (6) gives finally:

2
F o (3-cos(al—u2) - cos(a,-a,) - cos(a,-a,)) (15)
% (sin(a;-a,) + sin(a,-a,) + sin(a,-a ))?

This symmetric formula expresses the point precision as

a function of the angles between the transmitters as seen from the
receiver (the ship). Expressed in the angles a, 8, vy (see figure) it
becomes: 1

2 _ o°(3 - cos a- cosg - cos y)

9 2
(sin a + sin g + sin y)

Note that the direction of counting o, g, y is important, because
sin o = -sin(-a) a.s.o.

o is the precision of the observed lane number, multiplied by the
wavelength A:

9% 9gpe " -

Example 1 = 0.01

* %Yane
a =60° g =60° y=240°

op=0.002 -/ =0.0185 .
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52
Example 2: On a baseline is:
_ /3 - cos a + cos o + i‘_ g " g o M
%p =T sina+sing +0 “sin o A

3.4.3.2. Hyperbolic system with 4 transmitters.

The variance matrix of the coordinates is in case of one Master
and 3 Slaves (3.3.3):

2
Ux ny o
, | =" () (BT (17)
w Yy
with A = RA. Again we choose: p = }. This aives:
5 -1 -1
R=z(-1 5 -1 (18)
-1 -1 5
sin a, - sin «,  cos @, - COS a,
A =1 sin 2y = sina,  COS a, = COS &, (19)

sin t‘.‘(3 - 51N o, cos 0|.3 - COos o,

a5 = azimuth from receiver to the transmitter i = 1, 2, 3, 4. In short

notation:
a
R=(c d (20)
e

_ a?+c?+e® ab+cd+ef
(A*R) = .
ab + cd + ef b2 + d? + f2

The determinant becomes after some manipulations:
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Det = (ad-bc)® + (af-be)? + (cf-de)? (21)
According to (17) is:

ui + c; = 3 % + trace(A*A)™ (22)

trace(A*¥1)™ = a2 +b2+c?+d? +e? 4 £l (23)
(ad-bc)? + (af-be)? + (cf-de)?

The a, b, ¢, d, e, f are now replaced by the expressions that follow
from (18) and (19).

This gives a rather complicated expression, but after a lot of
trigonometric reductions this expression can be simplified.
The following notation is used:

Sip = sin(ui - ak) " Cik = cos(qi - ak) (24)

Note that Sik = -Sk_i and Cik = cki

therefore the sequence of the indices is important for Sik:
The resulting final formula for the point precision is

2 (6 - Cys =Li5 = Gy = €3 = Cy - C

K1 + K2 + K3 + K,

)

L

(25)
with Ky = (S,5 + Sgy + qu)z
= (Sy3 *+ Sgy *+ Sy)
2
=Sy, + Sy, + Sul}z
Ky = (Syz+ Syq + 531)

~ =
1 I

with o = x - o (1ane number), x = wavelength of the transmitted signal.
Again this is a symmetric expression in 1, 2, 3 and 4, as it should be.
If the positions of the transmitters and receiver (ship) are given,it
is possible to calculate the azimuths with (4) and from this the point
precision with (25).
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3.4.4,

Excercise Least squares adjustment.

Excercise 1.

Suppose we have 4 transmitters A, B, C, and D. From a ship in point P the
distances to the 4 transmitters are measured (range-range method). The distances
are reduced to the plane of the map projection. The coordinates of the trans-
mitters are given in this map projection. Hence, the computation and adjustment

can be carried out in the x,y-plane. P' is the approximate position of the ship.

Y
X
Given coordinates: Latitude Longitude
A: 52.00 4.00
B: 52.50 2.00
C: 52.80 3.80
D: 55.00 4.00
Pt 53.00 3.00 ... | approximate
coordinates
Measured distances: PA: 130165 m
PB: 87305 m
PC: 58085 m
PD: 231770 m

The measured distances are assumed to be free of correlation and with the same

precision.
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Compute the least squares estimate of the coordinates of P and the corrections to
the distances.

Compute the estimated precision of the distances and the standard ellipse of
point P.

Excercise 2.

Suppose A is the master transmitter and B, C and D are slaves.

Now the distance differences are measured instead of the distances itself.

PA -PB = +42860 m
PA - PC = +72080 m
PA - PD =-101605 m

In practice this is the case wit & hyperbolic positioning system. Compute again
the position and the standard deviations by least squares adjustment.

As the distance PA is invoived in all three distance differences, these observations
are correlated. Usually this correlation is neglected. You can carry out the
adjustment with and without the correlation and see the differences. Especially if
the intersection of the lanes is bad, it is important to take the correlation into
account.

With a correlation coefficient p = 0.5 the solution is independent of what trans-
mitter is chosen as a Master station.

- ———



EXERCISE LEAST SQUARES ADJUSTMENT
ARKRRARRA KRR KRR RARR R KR AN AR AR IR K

PROGRAM DESIGN: 1IR.G.L. STRANG VAN HEES

APPROXIMATE COORD. LAT = 53.00000 LON = 3.00000

TRANSMITTER LAT = 52.00000 LON = 4.00000

MEASURED DISTANCE = 130165.00 METER

DISTANCE FROM APPR.POINT = 130175.37 AZIMUTH FROM APPR.POINT = 148.2709
TRANSMITTER LAT = 52.50000 LON = 2.00000

MEASURED DISTANCE = B87305.00 METER

DISTANCE FROM AFPPR,.POINT = 87297.62 AZIMUTH FROM APPR.POINT =-129.1594
TRANSMITTER LAT = 52.80000 LON = 3.80000

MEASURED DISTANCE = 58085.00 METER

DISTANCE FROM APPR.POINT = 58084.47 AZIMUTH FROM APPR.POINT = 112.1922
TRANSMITTER LAT = 55.00000 LON = 4.00000

MEASURED DISTANCE = 231770.00 METER

DISTANCE FROM APPR.POINT = 231788.79 AZIMUTH FROM APPR.POINT = 15.9743

ADJUSTMENT RANGE-RANGE MODE
L T T T T T T T T T ey

4 OBSERVATIONS, 2 UNKNOWNS.
ST.DEV.=10.00 ALPHA=0.050 CRITICAL VALUE= 2.00
OBSERVATIONS
-10.365 7.384 0.530 -18.786

WEIGHT-COEFFICIENTS: Q(I,J), (AS VECTOR)
.100E+01 0.000E+00 0.100E+01 0.000E+00 0.000E+00. 0.100E+01 0.000E+00
DESIGN MATRIX A(I,J)

1 -0.526 0.775 -0.926 -0.275
Z 0.851 0.631 0.378 -0.961

217.

0
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NR. OBSERV. ST.DV. CORREC. OBS+CO. ST.DV. W-TEST CODE MA
1 -10.365 11.842 11.308 0.942 8.151 1.316 0 4
2 7.384 11.842 3.706 11.090 8.580 0.454 0 4
3 0.530 11.842 -6.282 -5.752 B.632 =-0.775 0 4
4 -18.786 11.842 9.970 -8.816 8.118 1.156 0 4

MARGINAL ERROR = ERROR IN OBSERVATION WHICH CAN BE FOUND WITH 80% PROBABILIT
REL.= RELIABILITY = MARGINAL ERROR DIVIDED BY THE STANDARD DEVIATION, FOR OB
R = VARIANCE OF THE CORRECTIONS

R/Q = IMPROVEMENT, (0 .LE. R/Q .LE. 1), IF (R/Q .GT. 0.7) THEN GOOD.

PRP/P=RELIABILITY, (0 .LE.PRP/P.LE. 1), IF (PRP/P.GT. 0.7) THEN GOOD.

ESTIMATION STANDARD DEVIATION WEIGHT-UNIT: 11.842
APRIORI STANDARD DEVIATION WEIGHT-UNIT: 10.000
ESTIMATION VARIANCE FACTOR: 140.233098
APRIORI VARIANCE FACTOR: 100.000000
F-TEST: 1.402 CRITICAL VALUE:
SOLUTION:
NR. X(I) STAND.DEV. MARG.ERR.
1 8.913 8.802 24.929
2 6.619 8.006 20.434

VARIANCE MATRIX OF UNEKNOWNS, Q(X,X).

0.552 0.011 0.457

ADJUSTED COORDINATES RANGE-RANGE METHOD.

1.08

LON P = 3.000133 SDX = 7.43 M COV(X,Y)

LAT P 1.08

53.000060 SDY = 6.76 M COV(X,Y)

A = 7.44 M B = 6.75 M ANGLE WITH X-AXIS = 6.38
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ADJUSTMENT HYPERBOLIC MODE, CORRELATION 0.0
KAKRAAARK IR IR AR AR AR R IR RRRR AR AR AR KA A,

ST.DEV.=15.00 ALPHA=0.050 CRITICAL VALUE= 2.00
OBSERVATIONS
17.749 10.895 -8.421

WEIGHT-COEFFICIENTS: Q(I,J), (AS VECTOR)
1.000 0.000 1.000 0.000 0.000 1.000

DESIGN MATRIX A(I,J)

1 1.301 -0.400 0.251
2 -0.219 -0.473 =1.812

NR. OBSERV. ST.DV. CORREC. 0OBS+CO. ST.DV. W-TEST CODE MA
L 17.749 15.000 -5.957 11.792 14.157 -1.201 0 12
2 10.895 15.000 -16.268 -5.373 6.455 -1.201 0 4
3 -8.421 15.000 4.965 -3.4586 14.419 1.201 0 15

MARGINAL ERROR = ERROR IN OBSERVATION WHICH CAN BE FOUND WITH 80% PROBABILIT
REL.= RELIABILITY = MARGINAL ERROR DIVIDED BY THE STANDARD DEVIATION, FOR OB
R = VARIANCE OF THE CORRECTIONS

R/Q = IMPROVEMENT, (0 .LE. R/Q .LE. 1), IF (R/Q .GT. 0.7) THEN GOOD.
PRP/P=RELIABILITY, (0 .LE.PRP/P.LE. 1), IF (PRP/P.GT. 0.7) THEN GOOD.

ESTIMATION STANDARD DEVIATION WEIGHT-UNIT: 18.022
APRIORI STANDARD DEVIATION WEIGHT-UNIT: 15.000
ESTIMATION VARIANCE FACTOR: 324.790110
APRIORI VARIANCE FACTOR: 225.000000
F-TEST: 1.444 VALUE:
SOLUTION:
NR. X(1) STAND.DEV. MARG.ERR.
1 9.607 11.085 89.199
2 3.236 8.139 79.202

VARIANCE MATRIX OF UNKNOWNS, Q(X,X).

0.546 0.085 0.294
LON P = 3.000144 SDX = 11.09 M Cov(X,Y) = 19.02
LAT P = 53.000029 5DY = B.14 M COV(X,Y) = 19.02

A= 11.34 M B = 7.77 M ANGLE WITH X-AXIS = 16.94
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ADJUSTMENT HYPERBOLIC MODE, CORRELATION 0.5
R e Y P S R s e ]

ST.DEV.=15.00 ALPHA=0.050 CRITICAL VALUE= 2.00
OBSERVATIONS
17.749 10.895 -8.421

WEIGHT-COEFFICIENTS: Q(I,J), (AS VECTOR)
1.000 0.500 1.000 0.500 0.500 1.000

DESIGN MATRIX A(I,J)

1 1.301 -0.400 0.251
2 -0.219 -0.473 -1.812

NR. OBSERV. ST.DV. CORREC. OBS+CO. ST.DV. W-TEST CODE MA
1 17.749 15.000 -12.110 5.640 11.297 -1.227 0 12
2 10.895 15.000 -17.488 -6.593 4.681 =-1.227 0 4
3 -8.421 15.000 -6.413 -14.834 14.060 1.227 0 15

MARGINAL ERROR = ERROR IN OBSERVATION WHICH CAN BE FOUND WITH 80% PROBABILIT
REL.= RELIABILITY = MARGINAL ERROR DIVIDED BY THE STANDARD DEVIATION, FOR OB
R = VARIANCE OF THE CORRECTIONS

R/Q = IMPROVEMENT, (0 .LE. R/Q .LE. 1), IF (R/Q .GT. 0.7) THEN GOOD.
PRP/P=RELIABILITY, (0 .LE.PRP/P.LE. 1), IF (PRP/P.GT. 0.7) THEN GOOD.

ESTIMATION STANDARD DEVIATION WEIGHT-UNIT: 18.407
APRIORI STANDARD DEVIATION WEIGHT-UNIT: 15.000
ESTIMATION VARIANCE FACTOR: 338.814558
APRIORI VARIANCE FACTOR: 225.000000
F-TEST: 1.506 VALUE:
SOLUTION:
NR. X(1) STAND.DEV. MARG.ERR.
1, 5.848 B.466 89.199
2 8.996 7.559 90.875

VARIANCE MATRIX OF UNKNOWNS, Q(X,X).

0.319 -0.027 0.254
LON P = 3.000087 SDX = B.47 M Cov(X,Y) = -6.16
LAT P = 53.000081 SDY = 7.56 M COV(X,Y) = -6.16

A= B.60 M B = 7.41 M ANGLE WITH X-AXIS = -20.16
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Kalman filtering.
J.C. de Munck

Introduction.

The accuracy of the estimate of an unknown quantity can often be
improved by repeating measurements many times and averaging the results. If,
however, the unknown quantities and the measuring quantities are part of a time
dependent process this procedure is not feasible in its simple form. Nevertheless,
for such a process, like position fixing with a moving vehicle, measurements at
successive moments may be combined to obtain better knowledge of positions.

A Kalman filter is a procedure to find an "optimal" estimate for some
unknowns at any moment based on all measurements up to that moment and on
some a priori knowledge at the start of the process. For the Kalman procedure the
process has to be known to some extent. For a moving ship this process may
therefore consist of the dynamic equations of the motion based on the known

forces on the ship from the screw, the rudder, the currents and the wind. The
steering of the ship may also be incorporated in this model. Also some stochastic
terms are needed because of lack of complete knowledge of the forces.

In an other set of equations, the observation model, the relation between the

measurements and the unknowns are expressed, also with some noise terms

because of the uncertainties in the measurements.

3.5.2. The models.

The dynamic model can be constructed in different ways. It will often
contain some differential equations based on the theory of mechanics, on
emperical rules or on intuition. Of all possible differential equations only the
linear ones can be solved more or less straightforwardly. So one will nearly always
try to define the dynamical model in the form of such equations if not in a still
more elementary form.

Now each set of simultaneous differential equations with one independent
variable (most often the time t) can be written in the form:

X(t) = F(E)X(t) + GL)Y(t), (1)

where X(t), the so-called state vector, is a column vector of time dependent
unknowns, such as components of position and velocity, course, etc.;
¥(t) is a column vector of time dependent steering and noise variables;
F(t) is a square matrix expressing the (linear) relations between the
unknowns and their time derivates in absence of steering and noise

variables;
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and the dot above the X vector indicates the time derivative:

e
D.lﬂ.
-

X=g X

For the purpose of the Kalman filter the last term is often split up:
G(L)Y(t) = B(EU(L) + C(EIW(L) , (2

where U(t) includes the steering components (for a ship for instance rudder angle
and screw power);
W(t) the noise of the dynamic model, representing the lack of knowledge of
the system;

and  B(t) and C(t) matrices of time dependent coefficients.

In order to keep the problem relatively simple we will suppose the steering to be

negligible. Then we can eliminate G(t), Y(t), B(t) and V(t) and we can write:

X(t) = FEX(E) + CEW(E) )

This equation could be solved straightforwardly if the matrices F(t) and C(t) were at
least locally independent of time and if the noise vector W should be known,
Although W is essentially not fully known, the differential equation may be solved.
With sufficient knowledge of the initial conditions an estimate of the state values X
can be found as function of the time t.

If the matrices F and C are independent of time equation (3) can be written as:

X(t) = FX(t) + CW(t) )
Example 1.

A ship sails approximately a straight line with constant velocity in a small region
(flat earth). The movement is disturbed by small random forces, giving random

variations in the two components of the accelaration. We can write:

E(t) = 0.E(t) + E(t) + 0.N(E) + 0.N(t)

E(t) = 0.E(L) + D.E(E) + 0.N(E) + 0.K(E) + we(t) )
N(t) = 0.E(t) + D.E(t) + 0.N(t) + N(t)

N(E) = 0.E(E) + B.E(E) + O.N(E) + Q.NI(E) + wi(t)
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where E(t) is easting, N(t) northing and wE(t) and wy,(t) are stochastic accelerations

in East and in North direction and where the state vector has the form:
X(8) = {E() E(t) N N(©)I T,

Equation (5) has exactly the form of (4) if:

F= (0100 C=(00]) . and W(t) = we(t)
noo0oO w(t)
0001
0000

If we know the state vector at a certain time tys the solution of (5) is very simple if
the noise acceleration W can be assumed to be constant during a time interval
(Eg,t):

E(t) = E(tg) + (t-tJE(t) + %(t-to)zwe
E(t) = E(t,) + (t-t Iwe (6)

N(E) = N(tg) + (E-t N + 3 (-t )Py
N(E) = Nt ) + (E-t Jwyy

which can easily be checked by substitution of E(t), E(t), N(t) and N(t) into (5). (6)
can also be written as

X®= [1tt; 0 0 X+ [t )? o w
01 00 tty, O
2 )
0 0 1tt, 0 Aty
00 01 0 tt,

So for this system the position and the velocity at any moment t can be computed
from the position and velocity at the moment t if the disturbances are known.

The coefficient matrix of ﬁ(to) is called the (state) transition matrix dr(t,to).

For the more general linear system (3) the solution may be written as:

t
X(t) = o(t,t IX(t,) + g (L, TIC(T )W(t )d (8
0
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where ‘P(t,tu) is the transition matrix which is the coefficient matrix to find the

state at the time t from the state at time t if no disturbances (U or W) were present.

This solution can be checked by substitution of (8) into (3), using the properties of the
transition matrix given in table 1.

So if the transition matrix ¢(t,t;) is known the state vector at any moment t can be
found from the state vector at the moment t, as long as (3) holds and if the distur-
bances W(t) are known for any moment from t to t.

The transition matrix for a linear first order system like (3) obeys some interesting

properties, shown in table 1.

aX(t _ x(t)
Htto) = 3T, 9,3(8%) = 5,TET
1 i.e.:
( axi(t}
W, s(t,t )=
. isd 0 mcj t0
2 @“(t,to) exists
=l
3 @(tz,tl} =9 {tl’tz)
4 ¢(t3,t1) = o(ta,tz}aa(tz,tl)
< A d@{t,to}
5 ¢(t,t0) e | T F(t)(b{t,tn)
Properties of the state transition matrix ¢ of the homogeneous linear first order
matrix differential equation:
X(t) = F(t) X(t)

Table 1.

If the matrix F is independent of the time t, the transition matrix dﬁ(t,to} may be

written as:
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o (t,t ) = elt-to)F (9)
where for any square matrix A the exponential form is defined as
AlisAas AA: AAA+.. (10)

if 1 is the unit matrix of the same dimension as A.
Therefore #(t,t ) may be approximated by a limited number of terms from:

oyt =1+ (-t )F +-2-l.-(t-ta)2F2 +31.,.(t-t0)3F3 + aee (11)
Example 2.

Substituting the matrix F of example 1 into (11) and substituting the resulting ¢ and
the matrix C of the same example into (8) one finds indeed equation (7).

]

After a certain time the dynamics will no longer be known with sufficient accuracy:
the noise terms will become too large, or even the model will not hold well enough.
The state can then be updated by measurements which can be made continuously,
but will often be made at discrete moments tye

These measurements have to provide at least some information about the state
vector. 5o relations have to exist between the measurements and state components.

If these relations are linear the observational model can be expresses as:

Z =H X + Y, (12)

where Z, Q.Z.,(tk) is the column vector of measurements,
% 4
X = }_(_(tk}
Hy is the matrix of the coefficients expressing the linear relations between the
state components and the measurements
v, Qi(tk} is the vector of measurement errors.

Example 3.

If, with the same dynamic model of example 1, where X = (E EN I\.J)T, one measures
the easting and the northing, (respectively ZE and ZN) one has a very simple though
not quite realistic case. The measurement model may then be written as:
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Zpy Ey VX
gk = = +
ZNg Ny ik
1000
X, + Yy = HXp + V)
0010
™

Example 4.
Often non linear relations exist between the state and the measurements. This is for
instance the case if the distances are measured to two transmitters T' and T" of

which T' is drawn in figure 1.

The measurements can then be written as:

7 = Vg -£0% + N2 4 v

and Ny
o
Ny

z - V(Ek—-E")z ¥ (Nk-N")z v

= 1
if E;, and Ny are the coordinates of the ship and E',

N, E" and N" the coordinates of both transmitters; Figure 1: Linearization of a
Vi, and vy, are the measuring errors. measurement model.

In vector form:

1
4

Sl I’/(Ek-E")2+ (E, E")

V(Ek-E') 2, N, - N") 2z v

zZ 2 1 |+

e T

(13)
"

k
To find a linear form a point EE H NI': in the neighbourhood of the ship is taken, and
one will try to make the calculations with the small difference values e, ny, z, and
), defined by (see also figure 1):

ne-
N
1
N
_D
n

egE-Eo z

By A2 o
k=BE % =45 zk'y(EE'E)+('\€—Nk)+Vk

N gNk-l\ﬁ z y Zﬂ - Y(EE-E"}Z * (I\E:I_\E';‘+ \.rl'<'

e
N
1

~ %
e
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Substitution in (13) and development in a Taylor series with omission of all terms of

second and higher order in e) and n,, yields:

0
OI + EkuE‘ B + r{-N' n
70 k 701 k
7 w k k v
= 0 oY
W EC-E" n{j-w'
0", K e 4 n
4 k K

Zo" zol'l
or by introducing the heading «, and qf{(see figure 1):
€ sin rx[L - n, cos u&
Z, = + V,
Zk 5 i -k
e, sin a{(" - n, cos uk'

If the point E& 3 I\g , or better Eo(t), NO(t) is considered as a moving point the

whole state vector can be taken as differences: x), = (ek ék Ny ﬁk}T. In this case one

finds:
sin o' 0 -cos o 0
Z = K k X +V,  (14)
- sin o' 0 -cos a;(' 0 E E
2 SHE X % Mg (15)

N.B. 1. If the movement of the point EE p l\g is known a priori (the planned

track), all the matrices Hk may be calculated beforehand.

N.B. 2. The measurements Z are expressed in metres or another measure of length
and not in lanes.

s

3.5.3. The Kalman filter.

Now we come to the Kalman filter, an algorithm to find some optimal
estimation i(k of the state at the time t), and of its covariance matrix Py, from the
values X;_; and P _; at the preceeding time t,_j and from the last measurements
Z-

So if the algorithm can be started somehow at t, the state may be calculated
at each new moment tk(k > 0) without retaining all measurements.

For optimal estimation in the least squares sense it is possible to rove the

undermentioned formulae for appropriate processes.
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Let us assume the simple linear process with constant coefficients:

X(t) = F X(t) + C W(t) (4)
As one can learn from the theory of stochastic processes it is quite reasonable to
work with the - physically not very realistic - assumption, that the disturbances W(t)
are constant during the time interval between the measurements

te.1 < t < ty. In this case for the process (4) the solution (8) for this interval

may written as:

X(6) = oty ty_q) Xty 1) + Ttsty 1) Wy g (16)
t
with Tt 2 [ o, 1C,_; dr (17)
te-1

So I"(t.,t.k_l) is a coefficient matrix giving the influences of the disturbances Wy _; in
the intervalt,_; < t < t, on the state X(t,).
If the mathematical expectation of the disturbances W(t) is zero, i.e. if E {W(t)}=0,
one finds for the estimate Ek,k-l just before the measurements at t:

Kpk-1= %u-1 X1 (18)
where ik-l is the "best" estimate of the state at the moment ty._1» including the
measurements at t; _;
and @)_; 4 a(ty, ty_1) is the transition matrix.

If no correlation exists between disturbances at different moments, i.e. if

E (W W

state X, can be estimated from the covariance matrix P, _; of the preceding state

} =0 for k # 1, (so-called white noise) the covariance matrix P, of the
zk-l' One finds for the process (16):

T T
Prok-1= ®-1Pi-1 -1+ Tl Ol Tl (19)

where @Q,_j is the covariance matrix of the disturbances in the interval

bl <t <ty
Q =E {W WT }
k-17 k-1 "k-1

)
and -1 = Tty 1)
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Example 5.

Let in example 1 the East- and the North disturbing accelerations be inde-
pendent,with standard deviation o (for example in m s72). Then

%-0- % (3 9)

As already found in example 2 the transition matrix may be written as

oty 1) = /l(t-'r)ﬂ 0 fortk-ISTStstk
‘o 1 0 o
kﬂ 0 1 (t-t)
0 0 O 1

Substitution of &(t,, 1) and the C of example 1 into (17) yields:

k
I‘k_1=:{ ﬂ?(tk"l')c dt =
Ll
i
= 1 tk-TD 0 dt 00 =
0 1 0 o0 10
0 0 1 t 00
t g \0 0 0 1 0 1
_ 2 2 .
= [T a2 0 o0 0 0) = [+7% 0 \withT=t,-t .
0T 0 0 10 T o
0 o T #t2]| o0 o0 0 w1l
00 0 T 01 0o T
The covariance matrix P, | ; of Xk k-1 1s found by substituting
o1 = o(tet_q)s Toq and Q_; = Q into (19):

L A S I N 2 A Ll T B
01 0 0 T 1 0 0 W T 0 o
00 1 T 0 0 1 0 o o gt 378
0 0 0 1 0 00 T 1 0o o0 1 T

In Titerature one sometimes finds instead of iT4 in the last matrix %Jq.

The difference is caused by a slightly different assumption about the
stochastics of the noise W.
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Let the noise of the initial state vector Ko be given by:

PD = Ug g 0 0 , Where cs is the variance of the components
0 og g 0 of thg position,
0 0 op 0 and og is the variance of the components of
0 0 0 gg the velocity.

then substitution into the last equation gives:

~ . 2. 22.1 24
PI,G = P11 Py 0 0 with Pip = op * oST t 7 caT
Plp Ppp 0 O S czT + 30T
0 0 pyq P a
11 P12 o oD o Prd
0 0 Pop/™ g +.0y

P12 P2

Some quantitative estimates:
1st Doppler satellite fixes each 5000° (= T).
A low estimate for the effective disturbing acceleration over such an interval:
0,=0,01m 2 (0,001 x gravity).
Square roots of the contributions to the diagonal elements of pk,k-l‘
} 0,72=12,5.10%m =125 km in position;

-1~ 100 knot in velocity.

o, T =50ms
So clearly for this case our model is not adequate. One can hope for a better

result if the dynamic model is aided by course and velocity information.

2nd Let the time interval T be 15, and let the standard deviation o belm 572 (=
10% of gravity).
Here % UaT2=D,5mand oaT=1ms‘l=2knot.

3rd For an interval, T = 1008 Ta will be much smaller than for the shorter interval
because of the averaging effect. Say ¢,=0,1m 5'2. If this is real one finds

1 caT2=5GDmand CFaTlems'l

o

At the moments t,, new measurements Z, are performed for which (12) holds:

= 20 knot. A very weak dynamic model.

Ze=Hy Xyt Yy a2)

The disturbances V; are now supposed to form a zero mean, white sequence with a
covariance matrix R, i.e. a sequence with mathematical expectation zero and with-

out correlation between different moments:
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(20)
(0) forl#k

Rk forl = k

With these assumptions, using the theory of least square adjustment, one can find for
our process the relations to calculate the "optimal" estimate X, of the state just

after the last measurements _Z_k and their covariance matrix Pk:
The derivation is given in Part I-11,12.

Xy = Xy -1 + KZye - Hie Xy 1) (21)
Pp=U-KHP o (22)
where Kk is the so-called gain matrix:

A T T -1
Ky = Pyl Hi(Hy Py g1 Hie + Ry (23)

and I = unit matrix of the same dimensions as Py

A
Xk k-1

- [ O, I
predicted ] k-1 E

Lﬂi:q_O_FILTr_I\ﬂ_IO_fl_l'i[l‘_l’liE__PRESENT STATE OUT OF THE MEASUREMENTS H

———————— ey

Fig. 2. The assumed model of reality (ship) and the Kalman filter as block-diagrams.
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The matrix (Z,, - Hy, ik,k—l} in (21) can be seen as the difference between the obser-

vations Z;, and the predicted values of this observations, Hy Kk,k-l' This difference
can be used to check the appropriateness of the filter.

In figure 2 the ideas about the Kalman filter are presented in the form of a block
diagram. The upper part reflects the assumed models of reality. The dynamics of the
process are in the transitionmatrix ¢, and in the added noise W transformed by
into fluctuations of the state. The observations Z are assumed to be derived by
transformation of the state by the H matrix with added noise V.

The lower part is a diagram of the Kalman filter algorithm. The new state ik,k-l is
predicted from the best estimation of the earlier state Xy-1- From this predicted
state an observation vector is calculated and compared with the real observations
Z,.. The best estimate ﬁk of the new state is found as the sum of the predicted state
and the by K "weighted" difference between real and predicted observations.

Table 2 presents a recapitulation of the Kalman filter equations and figure 3 gives a
simplified flow diagram of the calculations.

eduation
9 for:
to:T
t oty

eduation

17

out out

Fig. 3. Information flow diagram for Kalman filter.
(Note that no information flows from the state to the
covariance calculations, i.e. if Q, R, H and T and ¢
or F and C are known a priori, all matrices P can also
be computed a priori).
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Dynamic model X(t) =FX(t) +CM (4)
L : (tty-F

Transition matrix Y1 = o(tat q) = e (9)

Measurement model L, = HX + Yy (12)

Dynamic noise and measurement noise independent, zero mean, white
with covariance matrices Q and R

Initial conditions (k-1 = 0)
State 50 covariance matrix PO

Extrapolation

state estimate 5k,k~1 =4 Ek»l (18)
covariances p = ¢, P ¢T +Pp.10 rT (19)
k,k-1 k=1"k-1"k-1 k-1%k-1"k-1
Y
with 1= S e(t,T)C dt (17)
t-1
Filter gai K, =P, o HIHP , KT 4 R3] 23
Filter gain k = P,k-1M Py k- + Ry (23)
Update
state estimate Ek = fk,k-l + Kk{gk - Hkxk,k-l} (21)
covariances Pe = (1 - KHIP, 4 (22)

Tabte 2. Recapitulation of Kalman filter equations,
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Example 6.

Now, assume in the process of example 5 the measurements of example 3 to be done
as independent ones with standard deviations 0 Then one finds from example 1:

X= [E\ F=[o100 C=/00
E, 0000 10
Ny 0001 00
Ny ooo0o0 '\Ul
ﬂk= {WE)k and ﬂlk_l-. ¢(tk,tk_1)= 1 TDO
(WpPe 0100
001T
0001

for T =ty -t _;, and from example 3:

V= (“'E)k Zy=(2Zg,| andH= 1000

from example 5:

Po=[0p 0 0 O andQ@= o5 (10
0 & 00 01
0 0o O
0 0 042
and from equation (20):
Ry = E(V, V) = cfn(l 0)
01

Let the initial state at the moment ty be estimated as:

X,=/0 i.e. we have chosen the origin in the estimated
So initial point and the estimate of the initial
0 velocity in North-East direction.
S




P11 Piz

P1z P22
0

0

1,0

P11

“PrLo

o o O -
o - O O

=

{ |

P11
P12
0
0

a%cg

characteristics of our filter:

0 0 with
0 0

0 P11 P12

0 P12 P22

Using (23) the gain matrix is then derived as:

1 000
0010

0

P11
P12

B with

2
“mP12

=

2 202, 1
+0P°aT+'¢°a

Now with table 2 we can obtain the covariances at the moment t;.

With formula (19) we have found already in example (5):

2 2r2
pll=cp+dsT+
P12 = ogT +
p22=as+o

1,0

With formula (22) one can now find the covariances of the new state:
( Moo
0 M
2.4 2
UST + Posop

1. If the measurements are assumed to be very inaccurate, i.e. if ¢

o o O -
(= = =]

(24)

Although this formula for P looks quite complicated, it can easily illustrate some

is very large,

Pl tends to become idential to its estimate without new measurements:
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2. If the dynamics are assumed to be very weak, i.e. if ¢, is very large, the vari-
ance of the new position becomes a:.' (= the variance of the measurement) and
the variance of the new velocity components becnmeg cz + 4(0; + a;)T-z.

3. If the measurements are very good, i.e. if o, tends to zero, the variance of the
new position components becomes Urz'n‘

Note that for these calculations no measurement results have been used. In this

case, where the matrices % H, @, R and I' are independent of the observations, the

covariance matrices P can be calculated beforehand.

The new state vector can be estimated with equation (18):

_1'02 ¢ul<_ﬂ = 1 TOO * 0 = SUT
0100 Sq Sq
001T 0 SCIT
0001 so| \S,

By introducing the observations, the state vector can be updated with equation (21):

1 s

13 s

n

. ‘ .
Bo*— 3 [P O {gl- (é 0 1 g) 51’0}

0 ppg
0 Py
2
P11 %
= > + 7 SOT
P11 *om P11 *%m
2
A > T ™ L T L
2T 0
P11 *9m P11 + 9m
2
P11 m
Zyry + ST
2 “N1 2 "o
P11 *%m P11 *9m
)
Pi2’ 4a Pi1*9m- Pio'
L2 o Tl s 2 S
P11 *om Pi1 *om

Note that the components of this estimated state vector consist of a weighted

mean of the directly or indrectly observed value and the extrapolated value.

It might be interesting for the reader to look for the consequences of the magnitudes

of the different variances on the updated state vector like it has been done for the

updated covariance matrix P+



L AL L B i b T T T T T T T L

Example 7.
Here we consider a process analogue to example B, but in one

dimension:

X = [ F=f01)C= (0 t, -t =T=40s
N R

0 1
Zk = (ZEk] H=(10) EEk (VEk}
£ =(E]=(0 P =(c* 0] =(5%n 0
] o p
E 2,5 m/s 0o o 0 (0,2)% mrs?
Q= of = (0,01]2 nZ/s? R= ni = 5% n? or 200 m®

2 2 2
The wvariances va, o, wa and o; are chosen so that for an
P 8

extrapolation of 10 s their influences are of the same order of
magnitude.

Now we shall calculate the state vector X(t) and its covariance
matrix P(t) not only around the moments tk (= k:T), but also at
intermediate moments, say t = 10 s, 20 s, 30 s, 50 s,

Before the first measurement (at t1 = 40 s) we find with the epolation

formula:
X(t) = ¢{t—to}go t,=0<t< t1
E(t) =E+t E
N R (1)
E(t) = ED
and
P(t) = ®(t-t )P & (t-t ) + [(L)Qri(t)
o 0 0

2317
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with
)
r(t) = I &(t-7)C dr
t
o
t (1 t-7) (0 %tz
=I dr =
oo 1 1 t
So that:
- r 2 142 2 (L4
P(t) = (1t crpO 10)+ (3¢t o, (Gt t)
0 1)lo )|t 1 t
8
= (%202 P+ (Lt' LtH P
P -] s 4 2 a
tos o? 1 t3 tz
- s s 2
_ r2 2.2 1 2.4 2 i .ga
P(t) = s o'st il vt e c‘nt for t < t (2)
oot + 1 o5t° o® + o®t?
-8 2 a s a

Analogue to example 6 we find for t = t1 =T:

1
o? + chz * = G?T‘ k
£ oa 1 P s 4 a = |1
1
> o+ U?Ta + 15 s c--2 T+ 2 o218 k
P s 4 a m -] 2 a 1,2

and for the covariance immediately after the first measurement:

P = [3)

with




239,

2 2 2.2 1 2 2.4 2 2 1 2 2.3
M = (c?e? + o%o°T ¥ =gne T o o’T+ = 0"0"T
1 m p m s 4 m a m s 1 ma
2 1 2 2.3 2 2 22 2 2.2 2 2.2 1 2.4
o2’ + L o%eT 70" + 070" + o0 T" + ¢ T® + 2 ¢Zo°T
m s 2 ma s m 5 p am ap 4 as

or

For the estimation of the state vector just after the first measure-
ment we find:

51 = KI.O + K1{21 - (1 OJZ!I,D}
with
X - B Eu + TEO
E
)
so that
i = |5+ TE, +k1,1[zi iy ¥ TEo] =I5

(4)

EO+ 11:1'2[21 - Eo = TE] E
Between the first and the second measurement we find {t:1 <t < tz}:

X(t) = o(t - t,llz1
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X(t) = (1 t-t (B =[1 t-T|[E,
o 1 J[E o 1 J(E
&) = |E - Tﬁ1 + ti:1
& (5)
L E
1

So again in this interval the position changes linearly with time and

the velocity is constant in the interval (as to be expected with our

model). For the covariances we find in this interval {t1< t < tz):
P(t) = ®(t-t )P @' (t-t ) + F(t)o’r’ (t)

t
with T(t) = I (t-1)Cdt
t

r(t) =f’ 1 t-t)(0)dt = é(t—T]2
T |0 1 1 t-T

So that in this interval the extrapolation gives:

P(t) = 1 2T moa M|t O . 1
0 1 m m =T 1 o'j*-uf'fzi-l 2'['24-0':

1,12 1,22 4 o’a

1 s 1 3, 2
+ ;(tHT} E(t_T] o
1e-1®  (2-m)°

+ mi.az[t—'l'] X

= i Al
il L + 2m1.m(t T) + m1,22(t' T) L
m

1,12 © m1,aa(t_ﬂ .



2 1

2 2.2
o° + o°T% + 187t 4
P -] 4 a

i " T2
[pl,li i apl,lz{t T} p1,22[t T
P

1,1

Li=132

1oy ryd 1., 13y 2
+t(t T) 2(t T) o,

|

(t-T)

2 * pl ¥ 22(t_T}
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Lya 2
2(1: T) o (6a)
(t-1)?
Piz? p1,22[t_T]] B
Py, 22
(Bb)

In the figure and in the table a numerical example is given.

tdistam’.e inm fvelocity
300 3ms™
velocity
!IIHII“””H”” |” H Twinzes
i
velocity
=]
with 2xT
H{» Q observation
} 27
L place :
KALMAN FILTER
0("0 40 1208

— time
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=25m o-: = 0,04 m°s” o? = 0,0001 n°%s™* o® = 200 n®
e DI
= m = ms

1 2

s me m m’s™? | m?s7? ms™? m ms™?
5 pu 1/;?1'=u-p P2 Paz @W'E E E

0 25 5 0 0 0 0 2

10 29 5,4 0,45 0,05 0,22 25 2:8
20 45 6,7 1,2 0,08 | 0,28 50 2,5
30 81 9,0 2,6 0,13 | 0,36 75 2,5
40 | 153 | 12,4 4,8 0,20 | 0,45 100 2,5
20" | 87 9,3 2,7 0,13 | 0,37 91,3 | 2,23
50 154 12,4 4,1 0,14 0,37 113,86 2,23
60 | 251 | 15.8 5,7 0,17 | 0,41 135,9 | 2,23
70 |38 | 19,6 9,8 0,22 | 0,47 158,2 | 2,23
80 | 578 | 24,0 151 0,29 | 0,54 180,5 | 2,23
go" | 148 | 12,2 2,9 0,13 | 0,36 209,8 | 2,79
120° | 852 | 25,5 11,3 0,29 | 0,54 321,6 | 2,79
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3.5.4. Literature.

Recommended for further study for Kalman filtering.

(1)

(2

(3)

4)

(%)

C. de Witt: "Sea Navigation and Stochastics", Manual for lecture course T.H.
Delft, Dept. Mathematics and Informatics, 1982.

A. Gelb: "Applied Optimal Estimation", M.LT. press 1974, (Kalman filtering,
smoothing and predicting with applications and with many examples).

A.H. Jazwinsky: "Stochastic Processing and Filtering Theory", Acad. Press 1970,
(with thorough mathematical background).

A. Papoulis: "Probability, Random Variables and Stochastic Processes",
McGraw-Hill, 1965, (gives very clear the difficult mathematical background of

the stochastical processes).

A.P.E.M. Houtenbos: "Prediction filtering and smoothing of offshore naviga-
tion", Hydrogr. J. no. 25 (July 1982), p. 5-16, Errate: Hydr. J. 28 (april 1983, p.

33) (gives a simple Kalman filter described in geodetic terms).
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3.5.5. Exercises Kalman.

1. Transition matrix.

Show, using the properties of table 1 that
X(t) =olt,t ) X(e ) (a)
satisfies the homogeneous linear differential equation

X(t) = F(t) x(t) (b)

Solution.
Substitute (a) in (b):

X(t) = i’(t,to) X(t)) + ¢(t,to) ):((to) g(to) is independent of
dx(t)

t.Xt ) —gg—=0-

&(t,to} E(to) [property 5 of table 1]

F(t) ‘?(t,to) )_((to) [with equation (a)]

F(t) x(t) g.e.d.

2. Exponential solution.

Show that for the F and the C of example 1, equation (11) gives indeed

the solution (7), given the general solution (8).

F= C= W is independent of t

between to and t.

o o o o
o o o =
o o o o
o - o o
o o - o

o o o

1

i 2 2 3 3
¢(t,to) =1+ (t-tO)F -I-z—!(t-to) F +T(t'to) F o+ .. (11)

X(6) = ¢(e,e) X(e )+ [To(e,0) €(0) Wlx) dr (8
. tU
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2
X(¢) = [1 t=t 0 0 X(t) + [4(t=t ) 0 W (7
0 1 0 t-t 0
a 2
0 0 ¥ sk, 0 1(t-t )
0 0 0 1 0 ot
Solution
2 3 2
F =f0 1 0 0 01 0 0 00 0 0 F =FF = (0)
000 0 00 00 000 o|l F =FF =(0)
0 0 0 1 00 0 1 00 0 O etc
0 0 0 0 00 0 O 0 0 0 O
Substituting into (11):
¢{t,to) =f1 0 0 0|+ (t-t yJjo 1 0 0)=/1 t-t 0 0
01 0 0 0 0 0 0 0 1 0 0
00 1 0 00 1 0 0 0 1 t—to
00 0 1 0 0 0 1 0 0 0 1
Substituting into (8):
X(t) =1 t-t 0 0 | X(t)) +fsdr JSr=t )dr 0 0 00
0 1 00 0 Jdt 0 0 1 0
0 0 1t-tg 0 0 fdr J(r=t )dt) 0 0
0 0 0 1 0 0 0 rdt 1
(the 1imits of the integrals are t, and t)
or
X(¢) =f1 t-t 0 0O x(t ) + 3(t-t ) 0 0 00
0 1 0 0 0 1 0
2
0 0 1 t-t teit {r(t-to) 00
0 0 0 1 0 t-t 0 1
or
X(¢) =f1 t-t_ 0 0 | X(t) + i(t t ) 0 W q.e.d.
0 1 0 0
0 0 1 t-t $(t-t }
(] 0o 1 t= to
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g:gd dynamics, Eggd measurements.

Show, or make at least plausible, that for bad dynamics and good
measurements indeed Zk > K2y and X X
for good dynamics and bad measurements Ek > Xk k=1
Solution.
a. For good measurements the elements of R are small.
So (23) becomes:

.
Ke ® P k=1 M TPy gt

Substitution into (21) gives:

# =4 | ~ o |
= X +H Z-X =H

B ¥ Bkt P MBS Bper B LK

K kgk q.e.d.

k
b. For bad measurements the elements of R are large.
Thenthe elements of the filtergain K are small (see equation 23).

Then from equation (21) follows:

k ® %, k-

1<

q.e.d.

Kalman filter with measurement of one position line at a time.

A Kalman filter can be used even if no complete fix is carried out
at any moment. In such a case the dynamics are essential to find a
solution. Also the assumption of an initial state vector with its
precision Po is essential for the Kalman procedure.

Show this for a process with the same X Pos Fo €W Q¢

as in the examples 5 and 6, with a constant time-interval

te Tty = T, but with Z, = Ze,gz = Zn, Vi, = vy and V5 = vy, and
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2
with variances ci =E {v%} = E {va}. Find expressions for the update

For Py o the same form is found as in example 5:

of the state vector after the second measurement, 22, and its
covariance matrix Py, and discuss the results.
X o0\, P > 2
EO s —C‘p 02 0 0;Q=Ga (1 U),}_{k=Fk
Sp 0 g 32 0 0 1 E,
0 0 0 p 0 Nk
2
So o 0o 0 o N
F=f0 1 0 0)\,C=f0 0\, ¥% (we)k » Opey 1T T 0 0
0 0 0 0 10 (W )k 0 1 0 0
00 0 1 0 0 4 00 1T
0 0 0 O 0 1 0 0 0 1
Solution.
For this process: H; = (1 0 0 0) H, = (0 0 1 0)
2
Ry = Rp = 02 (one element) [, =, =41 0\ tlike in example 5
T 0
2
0 4T
T

Pr,o0=fPy; P;2 O 0 with Py = o; + ciT + &ch“
Pio Py O 0 )
& 273
0 0 P11 P12 Pyo = GST-+ ioaT
0 0 P
12 P22 Pyy = 02 + o272
s a
with equation 23 one finds:
-1
Ki=Pyof1\ [0 0 0 0) Py 1)+ ur‘i (the form between {}
0 0 is a one-element-matrix
0 0 or just a number).
0 0
or
I P11
Ki = ¢
Pll + O
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With equation (22) the updated covariance matrix is found:

Pr=(1 = KH)Py o

or
g2
P1= __1_P11+: 0 0 0\ frir Py 0 0 \=f2; 2, 0 0
L P12 Pos 0 0 aAz 322 0 0
ﬁ-&—100 0 0 Py Py, 0 0 Py O
11
" 0 0 Pz Pap- 0 0 0 Py
0 0 0
0 0 0 1
with:
U% p o? P1 0202+0203T2+&02agT“+P225;
a‘ll =—"T11 = 312 =uand 3‘22 i ps P 5 +03
P11+0§l Pll-l-cl_?_l 11

If one of the standard deviations cp, og or o is infinite, at least
one of the diagonal elements of P; will become infinite as well,

preventing the estimation of the whole state vector X1.

The extrapolated P2,1 can now be found with equation (19):

¥
Py 1 = $1P18] + hal,

=f1 T 0 0\ [a;; aj2 0 0\[1 0 0\ +02 [4T% 313 0 0
0 1 0 0f [aj2 az 0 0 |[T 1 0 T3 12 0 0
00 1T 0 0 Pyp 0 (flo o 1 0 0 0 4T* 4T3
0 0 0 1 0 0 0 Pyf/\0 0O T 1 0 0 T3 T2
byy b 0 0
bijo by 0 0
0 0 b3z bay
0 0 b3y byy
with:
2
b]l = 311 +ZQ2T + 6221- + 1‘; Cig TL* b33 = p11 + z‘;G:TH
2 3 = 273
bys = ajp + apeT + %oaT bay = %UaT
o~ 272
b22=322+U§T2 bhh_p22+caT
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The new gain is found with equation (23):

Kz = Po.1H3 (HPp oH) + Rp}™' with Ry = o2 and Hp = (0 0 1 0)

0
1
K2= 5 0
b33+0m b33
b3y

With equation (22):

P2 o {| = Ksz} Pz 1 = 1 0 0 0 e ﬂ 0 0 0 PZ’I
’ b33+02
0 1 0 m 00 0 0
00 1 0 0 0 bsz0
00 0 1 0 0 bsy 0
or
P, = /bi1 by 0
bio b2 0
2 2
0 0 b336m bahcm
b33+0; b33+0m

2
2 - +02
0 0 bgqu b3sbyy b3H ombﬁh

b33+o2 b33+ui

The precision of 82 is determined by the diagonal elements of Py. It
appears that for very badly known dynamics (ca + ) or for a very
weak estimation of the initial velocity (05+ ) at least one of the
diagonal elements of P, becomes infinite, so that the state vector

cannot be found in this cases.

Although the question is now answered, we will als devellop a form

for the state vector estimate Xp.

The extrapolation 31,0 of the state vector is found with equation (18):

X1,2=0%0 =1 T 0 0\ [0\ = [SoT
0o 1 0 0|]so So
o0 1 T||o SoT
0 0 0 1/ \so 55
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First update:

1

1 = X1,0 + P11¥9]

(24

2
X1 = 9

2
+0
Pirta.

P11+°;‘:1'P12T

2
+0
P11+

Second extrapolation:

=1 T
i 5

<y

X2,1 =@

o o

o o o
(=]
—t

P11

{z -(1 0o o0 0%
p1o|Ze ™ ) X1,0}

0
0

sl 8 114202-p12T = P11+P12T
=3 SoT +
b3}
p11+02 py+o2
0 m 117°m
T 2
P11+0-_p12T P1oT
1 ——— So + —lz——;
PLI*S PlL1tO
25,7

\
z
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Second update:

X0 = %o,1 + {Zy = Hofo 1) = (1 = KoHp) o 12
iPll*“é-%P12T

o] .ZSUT + (1'&1)22e with a] =
P11+°$
ap.5p + (1"0&2)23/1'

®3.250T + (1-33)Zn Py1*ohiPioT

Oy =
2
Gq.So + (I‘O.h)zn/T p11+0m
o
a3 = >
b3ztopn
o) = b33 +42-2b3y,T

b3 3+{,r2“

So these estimated states appear to be weighted means of estimates from
the initial states and estimates from the observations.
I'f the measurements are estimated to be very bad (large am] the first

terms appear to be accounted for to 100% (« +1),
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