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Abstract—In this paper, we apply the Eshelby’s solution to 
study the effect of passivation layer on electromigration (EM)
failure in a conductor. The passivation layer is considered as an 
elastic material, not a rigid layer anymore. Thus, the deformation 
and stress evolution in the conductor during EM are related to the 
mechanical property of the passivation layer. One-dimensional 
(1D) analytical solution for the passivated conductor is obtained. 
The numerical results show that the conductor covered with the 
stiffer passivation layer has much less EM damage. And the 
steady-state solution shows that the magnitude of (jL)c increases 
with increasing Young’s modulus of passivation material. The 
present study provides a way to predict the EM performances 
taking into account various passivation materials.

Keywords—electromigration; coupling theory; passivation; 
Eshelby’s solution.

I. INTRODUCTION 

Electromigration (EM) is a mass transport process in metal 
interconnects induced by high electrical current density, which 
causes material depletions near the cathode side and material 
accumulations near the anode side, resulting in opens or shorts 
in microelectronic devices. [1-5] With the continued scaling 
down of interconnect technology, EM is one of the critical 
challenges for the reliability of interconnects [6-8].

Covering the metal conductor with a dielectric material is an 
effective way to reduce EM damage. In pure metals, atoms 
exchange place with vacancies and travel from cathode towards 
the anode of the conductor during EM [9-12]. The depletions of 
atoms will lead to a local volume contraction. In turn, the 
accumulations of atoms will produce a local volume expansion. 
When the conductor is constrained by the dielectric materials, 
these volume changes due to mass transport will induce a
mechanical stress gradient.

In the experimental study, Blech et al. [13-15] found that 
covering SiN on Al line could increase the critical conductor 
length and decrease the drift velocity of EM. Lloyd and Smith
[10] found that the EM lifetime of aluminum conductors
changes as a function of passivation thickness. The conductors
covered with thicker glass lasted longer than those conductors
with thin glass or without glass in terms of EM-induced damage.
And all uncovered conductors and conductors covered with thin
glass failed by open circuit due to void formation, whereas those
with thick glass failed by short circuit due to hillock formation.
Moreover, in the study done by Wada et al. [2], it was found that
the lifetime of Al line with SiN passivation layer is longer than

that with SiO2 passivation layer. Authors believed that this is 
because a larger mechanical strength of the SiN layer can better 
inhibit the growth of hillocks due to EM, compared to the SiO2
layer.  

Korhonen et al. [16] considered that the Al line was 
embedded in a rigid layer and assumed that the Al line was 
constrained everywhere. As discussed in the paper [15], an over-
estimated hydrostatic stress was obtained using Korhonen’s 
model. Sarychev et al. [17] and Sukharev et al. [18, 19]
developed new EM models, but both works still used the same 
incorrect mechanical boundary conditions. The impact of 
passivation on stress evolution during EM was ignored. 
Recently, Cui et al. developed a general coupling model [20] and 
proposed a diffusion-indued strain [21]. Authors correctly 
considered the mechanical constraints for a fully fixed 
conductor, and numerical results showed that the development 
of EM in the fully confined conductor is slower than that in the 
bare conductor. And the predicted threshold product in a
confined conductor is larger than that in a bare conductor, which 
is consistent with Blech's experimental results. We have used 
different software such as ANSYS and COMSOL, and different 
numerical approaches, such as peridynamics and finite element 
method to obtain the numerical solutions.[22-25]

In this paper, EM in the passivated conductor is further 
studied on the basis of the coupling theory. The passivation layer 
is considered as an elastic material, not the rigid layer anymore. 
Eshelby’s solution is used to describe the stress-strain 
relationship. The obtained results are compared with previous 
results for conductors under stress-free and fully fixed 
conditions. According to the steady-state solutions and critical 
atomic concentration for EM failure, the threshold product of 
current density and conductor length (jL)c is determined as a 
function of the Young’s modulus of passivation layer. 

II. THEORY

A. One-Dimensional Coupling Theory
Based on the general coupling model presented in the paper

[20] and diffusion-induced strain developed in the paper [21], a
fully-coupled EM theory was proposed.[7] Here, the 1D
formulations of the coupling theory are introduced. Mass
conservation equation is used to describe the EM (see Eq. (1)),
in which θ is the total volumetric strain, and Ja is the total atomic
flux,
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ݐߠ߲߲ = −Ωߘ ⋅ ௔ܬ (1)

As the present study focuses on the impact of mechanical 
constraints on EM, thus the atomic flux driven by temperature 
gradient was neglected. The total atomic flux is given as 
follows,[26-28]ܬ௔ = −)௔ܦ ݔ௔߲ܥ߲ − ஻݆ܶ݇ߩ݁∗ܼ ௔ܥ + ௔Ω݇஻ܶܥ (ݔ߲ߪ߲ (2)

where Da is the atomic diffusivity, j is the current density, e is 
the elementary charge, ρ is the electrical resistance, Z* is the 
effective charge number (Z* > 0) [29], and σ is the hydrostatic 
stress.

Despite 1D assumption, 3D constitutive equation must be
applied to obtain the stress and strain. The total volumetric strain 
θ in Eq. (1) and hydrostatic stress σ in Eq. (2) are,ߠ = ௫ߝ + ௬ߝ + ௭ߝ ߪ(3) = 13 ௫ߪ) + ௬ߪ + (௭ߪ (4)

Considering that the material is linearly elastic and isotropic, 
the stress-strain relation is described based on Hooke’s law as 
follows: εܩ2=ߪ + ࡵ(ε)ݎݐߣ − ࡵ(୧୤୤ୢߝ)ݎݐܤ (5)

where G and λ are Lamé constants, 2G=E/(1+υ) and λ =
2Gυ/(1−2υ), E is the Young’s modulus, υ is the Poisson’s ratio, 
B = λ + 2G/3 is the bulk modulus. And the εdiff is ୧୤୤ୢࢿ[21] = න (1 − ݂)3 ௔ܥ௔ܥ݀ ஼ೌ஼ೌబࡵ

(6)

where f is the vacancy relaxation factor.
Moreover, the mass conservation equation was coupled 

with the 1D stress equilibrium equation as follows:߲ߪ௫߲ݔ = 0 (7)

B. Eshelby’s solution
For a conductor passivated by dielectric, the eigenstrains

of the conductor, e.g., thermal strain and diffusion strain, induce 
mechanical stress and affect total strain in the conductor. The 
classical Eshelby’s solution gives an analytical relation 
between total strain and imposed eigenstrain as follows,[30]ࢿ = ∗ࢿܵ (8)

where S is the Eshelby’s tensor, and ࢿ∗ is the eigenstrain. In 
the refer. [7], we equalized the passivated conductor with 
diffusion-induced strain as a plane-stress inhomogeneity
Eshelby inclusion problem. Here we directly give the 
relationship between total strain and diffusion-induced strain in 
the conductor as follows, 

௫ߝ = (1 + ௖)(1ݒ − (௖ݒ2 + ߮ (1 + ௖(1ܧ(௠ݒ + ߮ − ௖ݒ + (௠ݒ߮ +௫ߪ 1 + ߮ + ௠ݒ߮ + ௖1ݒ + ߮ + ௠ݒ߮ − ௖ݒ ୧୤୤ୢߝ (9)

௬ߝ = ௭ߝ =  (1 + ௠)߮ 1ݒ − ௖ݒ + ߮ + ௠ݒ߮ ൬ୢߝ୧୤୤ − ௖ܧ௫ߪ௖ݒ ൰ (10)

where Ec and vc are the Young’s modulus and Poisson’s ratio of
the conductor, respectively. Em and vm are the Young’s modulus 
and Poisson’s ratio of passivation material, respectively. φ is 
the ratio of Ec to Em (φ=Ec/Em).

Fig. 1 Schematic of the passivated conductor. The conductor was idealized as 
a cylindrical shape, which is passivated by an elastic material.

III. ONE DIMENSIONAL SOLUTIONS

A. Governing equation for passivated conductor
Let us consider a 1D problem for the conductor passivated 

by an elastic dielectric. To obtain an approximate solution, the 
conductor line was idealized as a cylindrical shape, shown in 
Fig. 2. The cylinder was laterally passivated by elastic material, 
and both ends were constrained. 

Thus, ௫(0)ݑ = (ܮ)௫ݑ = 0 (11)

Eq. (11) actually means that the total integral of strain in the 
x-direction is zero,  න ௫௅ߝ

଴ ݔ݀ = 0 (12)

Moreover, based on the 1D equilibrium equation, the ߪ௫ 
keeps constant along conductor length, ݀ߪ௫݀ݔ = 0 → ௫ߪ  = ଴ߪ (13)

Applying Equations (12) and (13) to Eq (9), we can obtain ߪ௫ as follows, ߪ௫ = − ௖(1ܧ + ߮ + ௠ݒ߮ + ௖)[(1ݒ + ௖)(1ݒ − (௖ݒ2 + ߮(1 + ܮ[(௠ݒ න ௅ݔ୧୤୤݀ୢߝ
଴

(14)
Then, using Eq. (14) in Eqs. (5) and (10), the following 

strains and stresses can be determined,
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௬ߪ = =௭ߪ − ௖1ܧ − ௖ݒ + ߮ + ௠ݒ߮ ୧୤୤ୢߝ)
+ ௖(1ݒ + ௖ݒ + ߮ + ௠)[(1ݒ߮ + ௖)(1ݒ − (௖ݒ2 + ߮(1 + ܮ[(௠ݒ න ௅ݔ୧୤୤݀ୢߝ

଴ )
(15)

Finally, the following governing equations for atomic 
concentration and hydrostatic stress are obtained as follows:1 + ௖ݒ + 3(1 + ௠)߮3(1ݒ − ௖ݒ + ߮ + (௠ݒ߮ 1 − ௔ܥ݂ −ݐ௔߲ܥ߲ (1 + ௖ݒ + ߮ + ௠)ଶ3[(1ݒ߮ + ௖)(1ݒ − (௖ݒ2 + ߮(1 + ௠)](1ݒ − ௖)(1ݒ2 − ௖ݒ + ߮ + ܮ(௠ݒ߮ න 1 − ௔ܥ݂ ௅ݐ௔߲ܥ߲

଴= −} ௔ܦ ஻݆ܶ݇ߩ݁∗ܼ ݔ௔߲ܥ߲ +  ߲ଶܥ௔߲ݔଶ
+ 1)9ߗ௖ܧ2 − ௖ݒ + ߮ + ௠)݇஻ܶݒ߮ [(1 − ݂) ߲ଶܥ௔߲ݔଶ − ௔ܥ߲݂߲ ൬߲ܥ௔߲ݔ ൰ଶ]}

ߪ(16) = − ௖9(1ܧ2 − ௖ݒ + ((௠ݒ+1)߮ [ න 1 − ௔ܥ݂ ௔ܥ݀
஼ೌ

஼ೌబ+ (1 + ௖ݒ + ߮ + ௠)ଶݒ߮ ∫ ∫ 1 − ௔ܥ݂ ஼ೌ஼ೌబ௅଴2[(1ݔ௔݀ܥ݀ + ௖)(1ݒ − (௖ݒ2 + ߮(1 + ܮ[(௠ݒ ]
(17)

As the atomic flux is blocked at both ends, thus,ܼ∗݆݁݇ߩ஻ܶ ,0)ࢇܥ (ݐ  − [1 + ௖(1ܧ2 − ݂)9[1 − ௖ݒ + ߮ + [௠ݒ߮ [஻ܶ݇ߗ ,0)ࢇܥ߲ ݔ߲(ݐ  = 0 (18)

஻݆ܶ݇ߩ݁∗ܼ ,ܮ)ࢇܥ 1] −(ݐ  + ௖(1ܧ2 − ݂)9[1 − ௖ݒ + ߮ + [௠ݒ߮ [஻ܶ݇ߗ ,ܮ)ࢇܥ߲ ݔ߲(ݐ  = 0 (19)

Atomic concentration Ca(x,t) and hydrostatic stress σ(x,t) 
are two coupled variables to be solved. And we assume that the 
EM failure takes place when the atomic concentration Ca(x,t) 
decreases to its critical value Ca,critical. 

B. Steady-state solution
At the steady state, Eq. (16) becomes,

− ஻݆ܶ݇ߩ݁∗ܼ ݔ௔߲ܥ߲ +  ߲ଶܥ௔߲ݔଶ+ ௖Ω9(1ܧ2 − ௖ݒ + ߮ + ௠)݇஻ܶݒ߮ [(1− ݂) ߲ଶܥ௔߲ݔଶ − ௔ܥ߲݂߲ ൬߲ܥ௔߲ݔ ൰ଶ] = 0
(20)

Solving Eq. (20), we obtain the following equation, ݆ܮ = ݇஻ܼܶ∗݁ߩ ቈ1 + ௖(1ܧ2 − ݂)Ω9[1 − ௖ݒ + (1 + ௠)߮]݇஻ܶ቉ݒ
ln [ܥ௔,௫ୀ௅ܥ௔,௫ୀ଴]

(21)

When Ca at cathode (x=0) reaches the critical atomic 
concentration, we have, ܥ௔,௫ୀ଴ = ௔,ୡ୰୧୲୧ୡୟ୪ܥ ௔,௫ୀ௅ܥ(22) = ௔଴ܥ + ௔଴ܥ) − =(௔,ୡ୰୧୲୧ୡୟ୪ܥ ௔଴ܥ2 − ௔,ୡ୰୧୲୧ୡୟ୪ܥ (23)

Applying above critical conditions in Eq. (21), we can 
obtain the threshold product of current density and conductor 
length as follows, (ܮܬ)௖ = ݇஻ܼܶ∗݁ߩ ቈ1 + ௖(1ܧ2 − ݂)Ω9[1 − ௖ݒ + (1 + ௠)߮]݇஻ܶ቉ݒ

ln ( ୟ,ୡ୰୧୲ୡ୧ୟ୪ܥୟ଴ܥ2 − 1)
(24)

We have defined Ca,critical as a material property. Thus, the 
magnitude of threshold product for a conductor depends on the 
value of φ. 

IV. RESULTS AND DISCUSSION

The properties of the metal line are listed in Table. 1. 
Vacancy relaxation factor (f ) as a function of Ca is given in Eq. 
(26). [21]

Table 1. Material properties

Young’s modulus (Ec) 70 GPa
Poisson ratio (vc) 0.33
Atomic diffusivity (Da) -14 21 10 m /s
Atomic volume (Ω) -29 31.66 10 m
Electrical resistivity (ρ) -82.88 10 Ohm m
Current density (j) 10 21 10 A/m
Elementary charge (e) -191.6 10 C
Charge number (Z*) 1.1
Bolzmann constant (kB) -231.38 10 J/K
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݂ = ቐ0.73,                                            |ܥ௔ − |௔଴ܥ < 0.00751.08 exp ൬−55.3 ฬ1 − ௔଴ฬ൰ܥ௔ܥ , ௔ܥ| − |௔଴ܥ > 0.0075 (25)

Fig. 2(a) shows the distributions of the normalized atom 
concentrations (Ca/Ca0) for 200 μm passivated conductor with 
Em=140 GPa and un-passivated conductor at different times: 
1000s, 5000s, and 10000s. The analytical solution for the un-
passivated conductor is the same as Eq. (17) when we set Em=0. 
At cathode side, Ca in passivated conductor decreases slower 
than Ca in conductor without passivation. At the anode side, the 
passivated conductor has lower Ca than the un-passivated 
conductor. It means that the EM is significantly reduced in 
passivated conductor. Correspondingly, the distributions of 
hydrostatic stress in both conductors are plotted in Fig. 2(b). 
Without passivation, stress along the conductor at all times 
keeps zero. With passivation, the tensile hydrostatic stress 
generates at the cathode side due to the depletion of atoms, and 
the compressive hydrostatic stress forms at the anode due to the 
accumulation of atoms. The direction of gradient of hydrostatic 
stress is opposite to the direction of EM, which plays a role in 
resisting EM. 

Fig. 2. (a) Distributions of atomic concentrations along 200 μm passivated and 
un-passivated Al line under a current density of 1 MA/cm2 at various times. (b) 
Distributions of hydrostatic stress along 200 μm passivated and un-passivated 
Al line under a current density of 1 MA/cm2 at various times.   

For the passivated conductor, the material property of 
passivation affects EM. Fig. 3(a) plots the evolution of atomic 
concentration at cathode side over time in conductor when the 
passivation layer has various magnitudes of Young’s modulus. 
Ca decreases slower with larger Young’s modulus of passivation 
layer. It indicates that stiffer passivation has better performance 
in reducing EM. These simulation results are consistent with 
some experimental results [10, 12]. It is because that, under the 
same current loading, a larger mechanical stress can be reached 
in the conductor with stiffer passivation, as the results shown in 
Fig. 3(b). 

The threshold product (jL)c is determined as a function of 
Em using Eq. (25) after knowing Ca,critical=0.96 Ca0 for annealed 
Al. Please see refer. [7] for the method to determine critical 
atomic concentration. Fig. 4 shows that the magnitudes of 
threshold product (jL)c increase from 103 A/cm to 5×104 A/cm 
with increasing Em from 0 to 500 GPa. It means that the 
conductor with and without passivation significantly affects 
critical conductor length or maximum current density. 
Moreover, the threshold product for fully fixed conductor is 
obviously higher than those results when the passivation is 
considered as elastic material. It means that if we consider the 
passivation layers SiO2 with Em= 70 GPa or SiN with Em=140 
GPa as fully constrained condition on conductors, it will cause 
over-estimated results. 

Fig. 3. (a) Evolutions of atomic concentrations and (b) evolutions of hydrostatic 
stress at cathode side for the conductor covered by passivation layer with 
various Young’s modulus under a current density of 1 MA/cm2.  
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Fig. 4. Predicted threshold products jL = (jL)c curves for Al covered by 
passivation with Em changing from 0 to 500 GPa.

V. CONCLUSION 

In this paper, we obtained the 1D analytical solution for EM 
development in the conductor with the consideration of the 
mechanical property of passivation material. The numerical 
results showed that the EM develops slower in the conductor 
covered with stiffer passivation layer. And the steady-state 
solution showed that the magnitude of (jL)c increases with 
increasing Young’s modulus of passivation material. These 
results are consistent with experimental results in the literature. 
The present study provides a way to predict the EM 
performances taking into account various passivation materials.
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