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Abstract—This work investigates a practical reconfigurable
intelligent surface (RIS)-aided integrated sensing and commu-
nication (ISAC) system, where a subset of RIS elements fail to
function properly and reflect incident signals randomly towards
unintended directions with attenuation, thereby degrading system
performance. To date, no study has addressed such impairments
caused by faulty RIS elements in ISAC systems. This work aims
to fill the gap. First, to quantify the impact of faulty elements
on ISAC performance, we derive the misspecified Cramér-Rao
bound (MCRB) for sensing parameter estimation and signal-to-
interference-and-noise ratio (SINR) for communication quality.
Then, to mitigate the performance loss caused by faulty elements,
we jointly design the remaining functional RIS phase shifts and
transmit beamforming to minimize the MCRB, subject to the
communication SINR and transmit power constraints. The result-
ing optimization problem is highly non-convex due to the intricate
structure of the MCRB expression and constant-modulus con-
straint imposed on RIS. To address this, we reformulate it into a
more tractable form and propose a block coordinate descent
(BCD) algorithm that incorporates majorization-minimization
(MM), successive convex approximation (SCA), and penalization
techniques. Simulation results demonstrate that our proposed
approach reduces the performance loss by 21.25% on average
compared to the baseline where the presence of faulty elements
is ignored. Furthermore, the performance gain becomes more
evident as the number of faulty elements increases.

Index Terms—ISAC, faulty RIS elements, MCRB, SINR, BCD.

I. INTRODUCTION

NTEGRATED sensing and communication (ISAC) has
been recognized as one of the key features of 6G networks,
positioning it as a critical research direction in wireless
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communications. Within the ISAC framework, sensing and
communication are intended to be performed simultaneously
using one unified infrastructure, thereby reducing energy
consumption and hardware costs [1]. To improve the sens-
ing resolution and communication throughput, ISAC systems
are anticipated to operate in the millimeter-wave (mmWave)
bands, which offer larger bandwidths. However, mmWave
signals are highly susceptible to blockage and significant
attenuation due to their short wavelength and high path loss
[2]. To address these challenges, reconfigurable intelligent
surfaces (RISs) can be employed. A RIS comprises passive
elements whose phase shifts can be dynamically adjusted to
reshape the wireless propagation environment. By incorpo-
rating RISs, additional propagation paths can be established
to deal with blockages, enhance signal strength, and improve
sensing accuracy. Consequently, RIS-aided ISAC architectures
hold great promise for substantially enhancing performance in
the mmWave spectrum and beyond [3].

Additionally, practical electronic devices exhibit hardware
impairments due to the non-ideal nature of their components,
such as phase noise, power amplifier nonlinearity, mutual cou-
pling, etc. [4]. Likewise, RISs are inevitably subject to failures
due to a variety of reasons, including internal causes (aging
after long-term usage) and external factors (manufacturing
imperfections, lack of proper maintenance, or natural environ-
mental disaster) [5], [6]. There have been works studying the
impact of RIS phase noise on the performance of RIS-aided
systems, where phase offsets following uniform or Von-Mises
distribution are added to the original RIS phases [7], [8]. Note
that in such RIS hardware impairment models, all the RIS
elements still function under certain phase noise. In contrast,
[9] investigated a more severe hardware impairment scenario
in which a subset of RIS elements are entirely non-functional,
acting as random phase shifters that scatter incident signals in
unintended directions with attenuation. Such malfunctioning
elements are referred to as faulty. In the following, we provide
a more detailed discussion and literature review of RIS-aided
systems in the presence of faulty elements.

A. Prior Works and Motivations

In the presence of faulty elements, RIS phase configurations
designed under the assumption of a perfect RIS will no longer
be appropriate and may degrade system performance. Conse-
quently, the careful consideration of these faulty elements is
necessary but poses a significant challenge to system design.
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To date, there have been works dealing with faulty element
diagnosis to detect the locations and coefficients of faulty
elements [10], [11], [12]. In [10], assuming the failure of RIS
is sparse and knowing the perfect channel state information
(CSI), the authors formulated the faulty element detection and
recovery problem based on the compressed sensing technique.
With the same assumption of failure sparsity, the work [11]
located and retrieved faulty elements for not only the perfect
CSI case but also the partial CSI case and no CSI case.
Furthermore, the authors in [12] jointly reconstructed sparse
signals and diagnosed faulty elements, which does not depend
on using pilots.

Moreover, in real-world applications, the size of RIS can
be quite large, often comprising hundreds of elements. In
such cases, replacing the entire RIS due to some faulty
elements is neither practical nor cost-effective. Instead, the
focus should shift to maximizing the use of the remaining
functional elements to maintain system performance. So far,
there are only a few works that have taken measures to tackle
the faulty elements problem existing in RIS-aided systems [9],
[13], [14], [15]. The work [9] demonstrated the risk of leaking
information to unintended users in the presence of faulty RIS
elements. To mitigate this undesired effect, two optimization
problems were formulated to maximize the signal-to-leakage-
and-noise ratio (SLNR) of the user for both the perfect CSI
case and the partial CSI case. The authors in [13] studied a
faulty RIS-aided satellite communication system, for which
a genetic algorithm was applied to optimize the beampat-
tern by designing the operational RIS elements. Except for
the RIS-aided communication scenario, the works [14], [15]
focused on RIS-aided localization and jointly investigated
faulty element detection and user localization, with [14] based
on [;-regularization and hypothesis testing and [15] based
on transfer learning, autoencoders, and convolutional neural
networks.

However, to the best of our knowledge, no work has studied
the impact of faulty RIS elements in the ISAC scenarios.
Therefore, two research questions remain unanswered: (i) how
to quantify the impact of faulty elements on both sensing
and communication performances? and (ii) how to maximize
the effects of the remaining functional RIS elements on both
sensing and communication performances? Note that the
presence of faulty elements might not be detected promptly,
leading to the assumption of a perfect RIS model. In such
cases, a model mismatch (or misspecification) is caused. To
account for this effect, the misspecified Cramér-Rao Bound
(MCRB) is employed as a performance bound for parameter
estimation under model mismatch [16]. To date, only one
work has examined the model mismatch caused by faulty ele-
ments using MCRB in a localization scenario [14]. However,
this work assumed sparsity in failures, with faulty elements
comprising no more than 2% of the total. In contrast, we
aim to optimize the performance of a faulty RIS-aided ISAC
system without imposing any restrictions on the number of
faulty elements. Inspired by the application of MCRB, we
adopt it as a metric to evaluate sensing performance. For
the communication metric, we consider the degraded signal-
to-interference-and-noise ratio (SINR) experienced by users
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due to faulty elements. With MCRB and SINR defined, we
optimize the ISAC system performance by fully leveraging the
remaining functional RIS elements. Further details addressing
these two research questions are provided in the subsequent
sections.

B. Contributions

To fill the research gap identified earlier, this work inves-
tigates a RIS-aided ISAC system, where a subset of RIS
elements suffers from hardware failures. Assuming that the
locations and coefficients of these faulty elements have been
accurately identified using the existing detection methods
proposed in [10], [11], and [12], we focus on optimizing the
configuration of the remaining functional elements to mitigate
the negative impact of these impairments. To address the
first research question, we derive performance metrics that
quantify the influence of faulty elements on both sensing and
communication. In response to the second research question,
we jointly optimize the transmit beamforming and the phase
shifts of the operational RIS elements to maintain overall ISAC
system performance. The main contributions of this work are
summarized as follows.

e First MCRB derivation for faulty RIS-aided ISAC: We
model a RIS-aided ISAC system, where a subset of RIS
elements suffer from hardware impairments and reflect
incident signals towards random directions with attenu-
ation. The performance degradation due to these faulty
elements is evaluated using the SINR for communication
and the MCRB for sensing parameter estimation. Unlike
the standard Cramér-Rao bound (CRB), the MCRB char-
acterizes the RIS model mismatch between the perfect
RIS and faulty RIS models. To the best of the authors’
knowledge, this is the first work to derive the MCRB
under a faulty RIS-aided ISAC framework and to propose
a performance preservation strategy by optimizing the
remaining functional elements.

¢ MCRB-minimization problem formulation to mitigate
faulty RIS impact: To mitigate the adverse impact of
faulty RIS elements, we formulate an optimization prob-
lem that jointly designs the transmit beamforming and the
remaining functional RIS phase shifts. The objective is to
minimize the MCRB for estimating the two-dimensional
(2D) angle of departure (AoD) of the target, while satis-
fying both a communication SINR constraint and a total
transmit power constraint. This optimization problem is
highly non-convex due to the intricate structure of the
MCRB expression, which involves inversions and prod-
ucts of nested matrices whose entries depend nonlinearly
on system parameters, thereby inducing strong coupling
among variables. Such coupling is significantly more
complex than that in the conventional CRB expression.

e Tractable reformulation and solution design: To
address this challenge, we first reformulate the origi-
nal problem into a more tractable form by introducing
auxiliary variables and applying the Schur comple-
ment for nested matrices. Subsequently, we develop
a block coordinate descent (BCD) algorithm that
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incorporates majorization-minimization (MM), succes-
sive convex approximation (SCA), and penalization
techniques. These methods enable the decomposition of
the non-convex problem into a series of convex semidef-
inite programming (SDP) subproblems, which can be
efficiently solved using standard convex optimization
tools such as CVX.

e Performance evaluation and insights analysis: Sim-
ulation results reveal that the proposed MCRB-based
optimization significantly narrows the performance gap
to the ideal fault-free RIS case, achieving an average
performance improvement of 21.25% over the naive
baseline that ignores faulty elements. This confirms that
our proposed scheme effectively leverages the functional
elements to compensate for performance degradation.
Additionally, the inherent trade-off between sensing
accuracy and communication quality, as well as the beam-
patterns under different fault distributions, are analyzed.

C. Organization and Notations

The remainder of this paper is organized as follows.
Section II describes the system model for the faulty RIS-aided
ISAC setup. In Section III, we derive the MCRB for estimating
the target’s 2D AoD in the presence of faulty RIS elements.
Section IV formulates the resulting optimization problem, and
Section V presents our proposed algorithm along with its
convergence and complexity analysis. Simulation results and a
comprehensive discussion are provided in Section VI. Finally,
conclusions are presented in Section VII.

Notation: Bold-face uppercase and lowercase letters X3
and x; symbolize matrices and vectors, respectively. E{-}
denotes the statistical expectation, while O (-) denotes the
order of computational complexity. For a square matrix Xj,
tr (X1) and X1_1 represent its trace and inverse, respectively.
X3 = 0 and X; < 0 indicate that X; is positive semi-definite
(PSD) and negative definite, respectively. (-)* and (-)" denote
the transpose and conjugate transpose of a matrix or vector.
IIllgs I+ [I]lo» and rank(-) denote the Frobenius norm,
nuclear norm, spectral norm, and rank of a matrix, respec-
tively. diag (-) forms a diagonal matrix with the elements in
(*). C and R denote the set of complex and real numbers,
respectively. Re () denotes the real part of a complex number.

II. SYSTEM MODEL

We consider a RIS-aided ISAC system where direct links
between the base station (BS) and intended user equipments
(UEs) and targets are obstructed', as shown in Fig. 1. A
RIS is deployed in this scenario to enable both sensing
and communication. Equipped with a N;-antenna transmitting

ITo support this assumption practically, we refer to [17], according to
which the attenuation levels of blockages (modeled as stochastic or geo-
metric screens) can reach up to 30 dB depending on the specific blockage
size, position, and material. Moreover, Table 7.4.3-1 in [17] reports severe
penetration losses for typical building materials, e.g., 125 dB for concrete
walls and 8 dB for multi-pane glass at 30 GHz, confirming extreme blockage
potential. These practical values emphasize that blockage is not only realistic
but also frequent in mmWave systems, thus justifying our assumption. In
such scenarios, RIS can be strategically deployed to establish indirect paths
to maintain both communication and sensing performance.

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 25, 2026

—> downlink from BS or RIS = working RIS element
& reflected link from target M faulty RIS element
—---> link blocked by blockages ¥ signal blockage

Fig. 1. RIS-aided ISAC system with faulty elements.

uniform linear array (ULA) and a N,.-antenna receiving ULA,
the BS communicates with K UEs and senses one target
simultaneously. The RIS is configured with a uniform planar
array (UPA) with R, elements in the horizontal direction
and R, elements in the vertical direction. The total number
of elements is R = R,[R;. In practice, due to the reasons
described in Section I, the RIS elements may experience
failures.

A. Signal Model

To simultaneously realize communication and sensing func-
tionalities, the dual-functional transmit signal at time slot ¢ is
expressed as

K
x(t) =Y wier (t) +s(t) =We(t) +s(t), (1)
k=1

where ¢ (£) = [e1 () ,. .., cx (t)] € CE*1 denotes the infor-
mation symbols delivered to K UEs at time slot ¢, modeled
as independently and identically distributed random variables
with zero mean and unit variance, satisfying E{c () c(t)"} =
Ix. In addition, W = [wy, ..., wg| € CNe*K represents the
transmit beamforming matrix for all K UEs, where the k-th
column wj, € CNe*1 corresponds to the beamforming vector
for the k-th UE. The dedicated sensing signal s (t) € CNt*1 is
introduced to achieve full degree of freedom (DoF) for sens-
ing, which is generated by pseudo-random coding satisfying
E{c(t)s(t)"} = Oxxn, [18]. When the total transmitting
time slots 7' is sufficiently large, the sample covariance matrix
of the transmitted signal x (¢) is equivalent to its statistical
covariance matrix, namely

T
R, 2 %Zx(t)x(t)H ~E{x(0)x ()"} =WWIR,,

2)
where R is the sensing covariance matrix, satisfying
1 X
H
Rszf;s(ﬂs(t) = 0. 3)

Moreover, the total power allocated to communication and
sensing must not exceed the maximum transmit power P x
of the BS, enforced via

tr(R,) = tr(WWH) + tr(R;) < Prax. )
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B. RIS Model and Channel Model

In practice, the presence of faulty elements may not be
detected in a timely manner, resulting in the assumption of
a perfect RIS model. Hence, there exists a mismatch in the
RIS model. Next, we introduce the perfect RIS model and the
faulty RIS model.

1) Perfect RIS Case: When the presence of faulty ele-
ments is not noticed promptly, the ideal passive RIS model
with perfectly functional elements is assumed. Let ® =
diag (811, ..., Bei%, ... Brei’®) € CH*R denote the
reflection coefficient matrix of the RIS, where (3, and 6,
represent the amplitude and phase shift of the r-th reflective
element. Letting v = [ﬁlejel,...,ﬂRejeR]H € CEx1! denote
the coefficient vector, the cascaded communication channel
from the BS to UE k is given by

h;, = hlleH! . = vi'H,, (5)

where Hpr € CVe*® and hy, € C®*! represent the channels
from BS to RIS and from RIS to the k-th UE, respectively.
Additionally, Hy, = (diag(hl)HY )/ € CNexE,

For sensing, the target’s parameter estimation is the focus
of this work. We denote the 2D AoD from the RIS to the
target as ¢ = [¢., qba]T, where ¢, and ¢, are the elevation
and azimuth AoD, respectively. The cascaded sensing channel
under the perfect RIS model is expressed as follows

G = aHpprO®"a (¢, ¢o) a™ (¢e, ¢u) OHRR,  (6)

where o is the round-trip channel attenuation between the
RIS and the target?, accounting for physical and geometric
properties. It models how strongly a sensing signal is reflected
from the target and received back by the receiver, including
the signal strength and ghase shift [19]. « is mathematically
expressed as |a|? = (i\ﬂ)‘g%, where \ denotes the carrier
wavelength, orcg means the radar cross section, and dpr
refers to the distance between the RIS and the target. Mean-
while, a(¢.,¢,) € CR*1 denotes the steering vector with
respect to RIS deployed in the y-z plane, given by

a(¢ec, a) = [a(¢ev¢a)1w~'»a(¢e,¢a)R}T- @)

Each element is expressed as

a(gzbe, ¢a)r = e_-j”[dy cos(pe) sin(¢q )ry+d. sin(pe)r:] ) (8)

where £ = 2m/X is the wave number, while d, and d, are
the spacing between adjacent RIS elements along y-axis and
z-axis, which are indexed by r, € {0,1,...,R, — 1} and
r, €{0,1,..., R, — 1}, respectively.

2) Faulty RIS Case: To model the faulty RIS, we denote
the number of faulty and working RIS elements as F' and
W, respectively, which satisfy F' + W = R. For faulty
elements, we define vp € CFX!, collecting the reflection
coefficients of F' faulty elements. Each element of vp is
expressed as vy = (€%, with amplitudes and phase shifts
modeled as By ~ U (0,1) and 6y ~ U (0,2m) [9]. This

2 is intended to model the round-trip channel attenuation between the RIS

and the target, rather than the cascaded attenuation between the BS and the
target. This is because the BS-RIS channel Hppg already incorporates the
path loss from the BS to the RIS.
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means that the signals incident on faulty elements experience
random attenuation and scattering, causing them to reflect
in unintended directions. Meanwhile, we assume the faulty
elements are randomly distributed over the total R elements,
which is a widely adopted assumption to model unpredictable
hardware impairments. In practice, the specific values of 3¢
and 6, as well as the locations of faulty elements, can
be obtained using the fault diagnosis methods proposed in
[10], [11], and [12], and are assumed to be known at the
BS.* We denote the set indexing faulty elements vy as Sp,
namely the index f € Sp. The remaining functional elements
are grouped into a new vector viy € C"*1, representing
the reflection coefficients of working elements. Each working
element is expressed as v, = B,e7%, where the amplitude
and phase shift satisfy 8, = 1 and 0, € [0,27). The index
of working elements is denoted by Sy. Additionally, the
reflection coefficient matrices of faulty elements and working
elements are modeled as @ = diag(vy) € CF*F and
Oy = diag (viy) € C*W | respectively.

Likewise, we define Hyy, € CNe*W and Hpy, € CNexF|
which group UE £’s channel from Hy into the separate chan-
nels assisted by the working and faulty elements, respectively.
Thus, under the faulty RIS model, the cascaded communi-
cation channel from BS to RIS to the k-th UE, denoted by
Bk € CY*Nt_ can be expressed as

hy, = [V% VI}] Hyy HF,k]T =viyHwy + viHeg, (9)

where hr), = viiHp, € C*M corresponds to UE k’s
cascaded communication channel affected by faulty elements.
In sensing applications, the presence of scatters within the
mainlobe directions of faulty elements can lead to echo
interference at the receiver. To simplify the analysis, we model
this interference by assuming the existence of a single scatter
in addition to the target. Moreover, to separately characterize
the channels between the working RIS elements and the target,
and between the faulty elements and the scatter, we define
distinct target response matrices for the working and faulty
elements, respectively, as follows

Hrrvw = aw (¢e, da) aly (¢e, a) (10)
Hrry,r = ap (6, ) ap (6L, ¢, , (11)

where ay (¢e, do) € CV*1 and ar (¢, ¢,) € CF'*1 are the
steering vectors corresponding to working and faulty elements,
respectively. ¢/, and ¢/, are the elevation and azimuth angles
from the RIS toward the scatter. (10) and (11) are obtained
by excluding F' faulty phase delays (indexed by Sr) and W
functional phase delays (indexed by Sy), respectively, from
the total R phase delays in a (¢, ¢,), as defined in (7). The
cascaded sensing channel through working and faulty elements
can be written as follows

12)
(13)

= H H
GW = QHBR,WGWHTRM,WQWHBR,W7
= / H H

GF =« HBR,FG)FHTRM,F@FHBR$F7

where Hppw € CNW and Hgrpr € CNe*F are the
channels from BS to RIS corresponding to working and faulty

3The specific values of By and 07 are sampled from their respective
distributions during each Monte Carlo simulation.
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elements, respectively. o’ is the channel attenuation under the
reflection toward the scatter. The overall cascaded sensing
channel G € CM¢*N¢ can be obtained by adding up (12)
and (13), namely G = Gy + Gp.

Remark 1: In the context of sensing, signals traverse the
RIS twice: initially during transmission from the BS, and
subsequently from echoes reflected by either the target or the
scatter. These signals interact with both working and faulty
elements. Due to the attenuation caused by faulty elements, the
echoes received by them are significantly weaker than those
received by working elements. Signal paths involving emission
from working elements and reception by faulty elements,
or vice versa, are also considerably attenuated. As these
contributions are negligible relative to the dominant signal
components, (12) considers only the signals that are both
transmitted and received by working elements. Additionally,
since the scatter is assumed to be far from the target, the
echoes reflected by the scatter and subsequently received
by working elements exhibit low power and are similarly
neglected in (12). This simplification is justified by the fact
that the working elements are designed to form a beam
directed toward the target rather than the scatter. In contrast,
echoes both transmitted and received by faulty elements are
more diffusely distributed in space. For tractability, (13) only
accounts for the echoes that leak toward the direction of the
scatter.

C. Communication Model
Given the transmitted signal x (¢), the received signal of the

k-th UE at time slot ¢ is expressed as follows

Yo () = hypx (t) = hpwpcey (t)

desired signal

K
+ Y hpwic (1) +

hys (1) +ng(t),
i=Lli#k sensing interference
inter—user interference
(14

where ny(t) ~ CN (0, a,%) represents the complex Gaussian
white noise experienced by the k-th UE. Signals incident
on faulty RIS elements suffer from attenuation and get
unwanted phase changes, thus being reflected towards unin-
tended directions. Consequently, each UE may receive signals
intended for other UEs, causing inter-user interference and
potential information leakage. To address this, we fully
exploit the remaining functional RIS elements to preserve
communication performance. The SINR is employed to eval-
uate each UE’s performance under RIS faults, aiming to
enhance desired signal power while suppressing interference
from other UEs and the target. The SINR is expressed as
follows

i

Vi 5)

K _ — _
S [hews|” + BRBE + 02
i=1,i#k

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 25, 2026

D. Sensing Model

For target parameter estimation, the received echo signals
at the BS are analyzed over a coherent time block consisting
of T' time slots, namely

Y, = GX + N,,

where X = [x(1),...,x(T)] € CN*T. N, € CNexT
is the noise with each entry obeying the complex Gaussian
distribution with zero mean and variance ai. In this work, we
focus on the estimation of the 2D AoD from the RIS towards
the target. To measure the accuracy of AoD estimation, CRB
can be utilized to provide a lower bound of the mean square
error for unbiased estimation. However, in the considered
faulty RIS scenario, CRB becomes inappropriate as it does
not account for the RIS model mismatch caused by faulty
elements. To solve this issue, we resort to MCRB and lower
bound (LB) to capture the RIS model mismatch, which will
be introduced and derived in the next section.

(16)

III. MCRB DERIVATION AND ANALYSIS

In this section, we analyze the performance degradation of
AoD estimation for sensing, caused by the model mismatch
between the faulty RIS model and the perfect RIS model. To
quantify this degradation, we adopt MCRB and LB as the
performance metrics. We begin by introducing the definition
of MCRB and LB, followed by the derivation of MCRB under
the faulty RIS-aided ISAC scenario.

A. Solution to the Pseudo-True Parameter

Under the faulty RIS model, the unknown parameterﬁg to
estimate are denoted by 7 = [@c,dq,Re(@),Im(a)] €
R**1. To derive the MCRB, we first vectorize (16) as follows

ys = vec (Ys) = vec (GX) +vec(Ny)=p+n,, (17)

where o = vec (GX) € CNeT*! means the noise-free
observation of the received echo. Then, we can obtain the
probability density function (PDF) of the true* received echo
signals under faulty RIS elements, namely

— 2
1 exp [ — ys — il
N, T 202 '
(2mo?) s

In contrast, the parameters to estimate in the perfect RIS
model are denoted by 1 = [¢e, ¢a, Re (), Im ()] € R¥*1,
Correspondingly, the noise-free observation of the received
echo from (6) is denoted by i = vec(GX) € CMT*! The
misspecified® PDF of the received echo signals for i under
the perfect RIS model is expressed as

~ 2
L e (_Ilys—MQ(n)H ) (19)
N, T 20

(2m02) s

p(ys) = (18)

plysn) =

4True refers to the realistic scenario with faulty RIS elements.
SMisspecified corresponds to the idealized assumption of a perfect RIS
model, which is mismatched/misspecified to the true case.
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Then, we introduce the pseudo-true parameter 1, € R**! to
derive the MCRB. 7, is defined to minimize the Kullback-
Leibler (KL) divergence between the true and misspecified
PDF in (18) and (19), given by

Mo = argmin Dx 1, (p (ys) |18 (ys 1m)), (20

n

where Dy, stands for the KL divergence between p (y) and
D (ys|n). My corresponds to the parameter set in the perfect
RIS model whose PDF is closest, in the KL divergence sense,
to the true PDF under the faulty RIS model [16]. We solve
(20) based on the method proposed in [20] (see Lemma 1 and
equations (23) and (24) in [20]) to obtain 7.

B. MCRB and LB Derivation

We denote the misspecified-unbiased (MS-unbiased) esti-
mator of the true parameters 7) as ) (ys). Thus, the mean of
the estimator 7) (y) under the faulty RIS model is the pseudo-
true parameter 77,. The MCRB is defined as the lower bound
of the error covariance matrix of any MS-unbiased estimator
[20], where the error is the deviation between the estimator
and the pseudo-true parameters 77,. Thus, we have

E{ (1 (v.) =n0) (7 () = m0)" } = MCRB ().~ @D)
The MCRB is further obtained as

A _ _
MCRB = A, 'B, A, . (22)

The (i, j)-th entry of A, € R*** and B,,, € R*** are given
in (23) and (24) [21], respectively, shown at the bottom of the
page, where € (1) 2 fu — i (n) € CNeTX1,

Moreover, the lower bound of the covariance matrix of any
MS-unbiased estimator for the true parameters 77 is denoted
as LB, namely

E{@(y)-a) @) -0} =LB@y). @3
The LB is further calculated as follows
A . _ _ _
LB (n9) = A, Bp, Ayl +(m—m) (M—my)",  (26)
———

MCRB(n,) bias(n,)
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where the second term in (26) is a bias term. Note that the bias
term in LB is unaffected by the specific transmit beamforming
and RIS phase shift design. With an obtained 7, from (20),
optimizing LB is equivalent to optimizing MCRB. Thus, to
simplify the problem formulation, we leverage MCRB as the
metric to capture the lower bound of mean square error for
AoD estimation in the presence of faulty RIS elements. In this
work, we focus on the target’s AoD estimation with respect
to the RIS, including the elevation AoD ¢, and azimuth AoD
¢4 The specific derivation of MCRB with respect to ¢ =
[be, da] ", denoted by MCRBg € R2*2, is given as follows.

According to (22), MCRB, depends on A,
and B, ,» Wwhich consist of block matrices with
respect to the parameters ¢ and «, namely

A¢¢, Aa¢, A¢a7 Aaa» B¢¢, Baq_',, B¢a, Baa- The detailed
derivations are given in Appendix A. For a block matrix A,
shown in (68), its inverse is

Al z-1 —Z 1AL AL
Mo | —AIALZTY AL+ A;;AWZ*AWA;% 7’)

where Z = Agp — AnpA L Ay, € R?*?. According to
(22), we can obtain MCRB by substituting the specific values
of A;Dl and By, into it, namely substituting (27) and (68)
into (22). The first diagonal block matrix of MCRB is namely
MCRBg, with the final derived result given in the equation
(1) of (28), shown at the bottom of the page. In the following
sections, we optimize the performance of the ISAC system

based on the derived MCRB.

IV. PROBLEM FORMULATION

In Section II-C and III-B, we have derived the metrics SINR
for communication and MCRB for sensing to measure the
impact of faulty RIS elements on the RIS-aided ISAC system.
In this section, we aim to mitigate the negative impact of
faulty elements on both sensing and communication perfor-
mances. To realize this goal, we jointly design the transmit
beamforming, sensing covariance matrix, and the remaining
working RIS phase shifts to optimize the performance of
the considered ISAC system. An optimization problem is

2

logp (ys|n)

on;on;

[Ano]ij =E {

2
} == 72Re
n=no US

e(n)

nd*p(m) (311 (n))Haﬁ (n) (23)

On;0n; on; on;

n=mno

B,.]. - {E{alogﬁ(ysn)alogﬁ(ys ITI)}_aDKL aDKL:|
Molij —

om; onj om;

(24)

-l

on;
J =
n="7o USRI

MCRB, Qz-1 (Bos + AapAniBaaALaApe — AapA L Bya — Bag AL As) Z7!

27! (Byp — AavArtAva — (AasAs Bya + BagAlAu)) 27!

=Z7" (Bys — AapAnaApo + AugAL Ave + BagAL Boa — (Aag +Bag) A (Apa +Bya)) 271
=Z7" (Bgy + BapALiBoa — (Aag + Bag) Agy (Aga + Bga)) Z7°

=Z7" (Bgyp — BagBaaBoa + (Aay + Bag) Bos (Aga + Bga)) 27

=7 'Uuz'. (28)
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formulated to minimize the MCRB of ¢, and ¢,, subject to
the communication SINR requirements, transmit power, and
RIS phase shift constraints, mathematically written as follows

(P1) {W%i{lvw} tr (MCRBy) (29a)
= 2
h
S.t. I7e | ka| Z’ytha Vk‘E/C,
Z |}_lle|2+}_lkaBI];I +O’i
i=1,i#k
(29b)
tr(WWH) 4 tr(R;) < Puax, (29¢)
R, >0, (29d)
|vw| = 1,YVw € Sw. (29¢)

Constraint (29b) ensures communication performance by guar-
anteeing each UE’s SINR is not smaller than a predefined
threshold ;. Constraint (29c) means the power used for
sensing and communication should not exceed the maximum
power Ppax by the BS. Constraint (29d) guarantees the prop-
erty of the sensing covariance matrix to be PSD. Constraint
(29e) is the unit modulus constraint for the working RIS ele-
ments. The formulated problem P1 is highly non-convex due
to the complex form of the objective MCRBg, the coupling
among variables, and nonlinear constraints, posing significant
challenges for optimization. In the following section, we
present a tailored solution to address problem P1.

V. SOLUTION

In this section, we solve the formulated problem P1 by
jointly optimizing the transmit beamforming and the remaining
functional RIS phase shifts. Due to the highly complex expres-
sion of MCRBg, which is challenging to solve directly, we
first transform problem P1 into a more tractable form. Subse-
quently, we propose a BCD-based algorithm that incorporates
the MM and SCA techniques and the penalty method, with
more details provided below.

The structure of MCRBg is reformulated through the
transformation shown in equation (2) of (28), where the last
step is due to A, = —Bq, provided in (74) in Appendix A.
Then, we prove that U and Z in (28) are PSD and negative
definite, respectively. Note that for B,,0 defined in (24), we
have the following (30) for any column vector m,

~ H ~
T Bm — %mHRe { <5u (n)) o (n) } m >0, (30)

on on

infering that By, and its diagonal block matrices, namely B 44
and B, are all PSD matrices. Thus, the Schur complement
of By is also PSD, namely By, — B(ngéBd,a = 0 [22].
Meanwhile, (31) is also satisfied for any column vector m,

m" (Agg +Bag) Boa (Aga +Bga)m >0, (3D

which infers (Aop + Bag) Baa (Aga + Bga) is PSD. Since
the addition of two PSD matrices is also PSD, U in (28) is
PSD.

Note that the Fisher information matrix (FIM) is ex?ressed

as E{@logggsm)alogggm} - 7E{—321g§7iﬁé%;|n) 23],
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which is PSD due to its left-hand expression of the first-
order derivative. We can observe that for A, defined in
(23), {#{;njlogﬁ(ys |17)} is equal to the negative FIM.
Therefore, A, and A, are negative definite. Hence, we can
infer that Z = App — AnpAnaApa < 0 is negative definite.
Thus, Z~! is negative definite, while Z71Z~! = (ZZ)71 =
(ZTZ)f1 is positive definite, proved in Appendix B.

Due to the multiplicative relationship among the terms
in (28), the variables exhibit a high degree of coupling.
To deal with the variable coupling and make problem
P1 more tractable, we introduce two auxiliary matrices
C € R?*2 and D € R2?*? to obtain an upper bound
of the original problem Pl. To realize this goal, we
first introduce a PSD matrix C = 0 for U in (282,
and let (B¢¢ + (Aad) + B(up) B;é (A¢.a + B¢,(x)) < C
in PSD space, which can be rewritten as (C — Bgg) —
(Angp +Bag) Bod (Apa + Bga) = 0. Based on the Schur
complement, it can be transformed into constraint

C - Bys
Aga + Bga

Aa¢ + Bad)

> 0.
Bow |-

(32)
Therefore, on the condition of (32), we obtain the relation
tr(Z7'UZ™") < tr(Z7Y(C — BugB; Bga)Z ). Next,
we introduce a negative definite matrix D < 0 and let
Z7' = (App — AupA L Ap,) ' > D, which is equivalent
to (33) based on the Schur complement, with the proof given
in Appendix C.

D L 0
—|L Agp Ang| =0 (33)
0 A(;ba A()coz
Likewise, ~we  further  obtain  tr(Z ' (C — Bag

B.!Bya)Z7 ') < tr(D(C—BagB,Bga)D), on the
condition of (32) and (33). In tr(D(C — BoyB;.Bga)D),
C-— B(ng(}éBd,a and DD are PSD and positive definite (the
proof is similar to that provided in Appendix B), respectively,
based on which we have the following condition for their
product.

tr(z0Z7") < tr (D (€ - BugB,iBya ) D)
<tr (é - Bad,B;in,a) tr (f)f)) . (34)
Thus, subject to (32) and (33), tr(C — BayB; B ga)tr(DD)
is an upper bound of the original objective tr(Z=1UZ™1).

With the above transformations, problem P1 is relaxed into
problem P1.1, defined below

P1.1 min tr (C — B, B, Bga ) tr DD
( ){W,Rs,vw,é,f)} ( ¢ ¢ ) ( )
(352)
C—Bgs Aup+Bag|
s.t. [A¢a + Byn B.. =0, (35b)
DI 0
- IQ A¢¢ Aaq_', = 0, (350)
0 Aq.’)a Aaa
C>0,D <0, (35d)
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(290), (29¢), (29d), (29¢). (35¢)

We can observe that in problem PI1.1, the degree of cou-
pling in the objective function is highly reduced by splitting
the product of the block matrices Agg, Ang: Apa, Aaas
Byg, Bag; Bya, Ban in Z and U, compared to the original
MCRBg, expression in (28). However, {W, R, vy } are still
coupled within these block matrices, as evidenced in the
objective function (35a) and constraints (29b), (35b), (35¢).
Meanwhile, {C, D} are still coupled in the objective function
(35a). To address this, we divide these~variables into two
blocks, namely {W,R,,C} and {vy,D}, and then apply
the BCD framework to iteratively update each block while
fixing the variables in the other block until convergence. The
detailed solutions to each block are given in the following.

A. Sub-Problem With Respect to {W, R, é}

Given {vyy, D}, the sub-problem for {W, Ry, C} is writ-
ten as follows, after omitting the unrelated term.

(P1.2) min_ tr (é —Bad,B;(iBm) (362)
{W,R;,C}
s.t. (35b),(35¢),(35d), (29b),(29¢),(29d).  (36b)

We define Wy, = wiwll € CNe*Ne| satisfying Wy, = 0
and rank (W},) = 1, for UE k € K. We also define H;, =
hilh, € CN+*Nt The SINR constraint (29b) for UE k can be
transformed into the following form.

<1+1> or (F W) —tr (ﬁk (i Wk+Rs>> >0}

Vh 1
(37)

Notice that the variables in the product term B,gsB,.Bga
from (36a) are still coupled. To address this problem, we
apply the MM technique, where we linearize the trace of this
product term by its first-order Taylor approximation and obtain
its lower bound tr (B’) [24] as follows.

tr (BagBaBga) > tr (B')
— 2 (B;¢(BZ:,§)B¢Q)
~tr ((Bad)BpaBas (Bad) ) . (38)

The values with ° are the respective updated values from the
previous iteration. Therefore, we can obtain the upper bound

of tr(C — BagB; Bga) as tr(C) — tr(B’). By equivalently
rewriting R, = WWH + R, as R, = Y.r W, + R,
in A¢¢7Aa¢>A¢a7AOzou B¢¢7Ba¢7B¢a, and Baa’ the

problem to be solved at each MM iteration is given as follows.

(P1.3) min _ (tr (C) — tr (B’(RI))) (392)
{Wy,R;,C}
St [ C—Bys(R.) Aa¢<Rx>+Ba¢<Rz>}
A‘bo‘ (Rm)+B¢0¢ (RI) Baa (Rz)
=0, (39b)
D I 0

— | I Ags(Rs) Anp(Rs) | =0, (39¢)

0 A¢06(Rx) Aaa(Rz)
W, = 0,rank (Wy) = 1,Vk € K, (39d)
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Algorithm 1 MM-Based Algorithm for Solving Problem P1.2

1: Initialization: Initialize vy, f), ]§a¢, ]§¢a, and Bgé
with feasible values.
2: repeat
3: Given vy and ]5 solve problem (P1.3 SDP) by CVX
to obtain {W}, R, C}. )
4: Update ]§a¢, ]§¢a, and B} based on the solution
obtained from step 3.
5: until the reduction of the objective function (39a) is
smaller than the threshold .
6: Obtain w; and R} by (40) and (41).
7. Output: {W,R,, C}.

(29¢), (29d), (35d), (37). (39)

Problem P1.3 is non-convex due to the existence of the
rank-one constraint. To address this, we apply the semi-
definite relaxation (SDR) technique. By dropping the rank-one
constraint on Wy, P1.3 becomes an SDP problem, denoted
as problem (P1.3 SDP), which can be solved by the off-the-
shelf tool CVX. Note that the optimal W}, obtained from
problem (P1.3 SDP) may have a higher rank. However, with
Proposition 1, we can obtain the optimal solution of problem
P1.3 satisfying the rank-one constraint (39d).

Proposition 1: Let Wk and RS denote the obtained optimal
values from problem (P1.3 SDP). The optimal values to
problem P1.3 can be constructed as follows.

. -1/2 . _
W= (hkwkhg) Wb, vk € K, (40)
K K
R:=R,+ Y Wi > wiwp)™ (a1
k=1 k=1

The proof can be found in [18], [25]. The algorithm to solve
problem P1.2 is summarized as Algorithm 1.

B. Sub-Problem With Respect to {vy, D}

Given {W,R,, C}, the sub-problem with respect to
{vw,D}, omitting unrelated terms, is written as follows.

(P1.4) min tr (f)f)) (422)
{vw,D}
5..(295), (29¢), (35), (35¢). (42b)

In (9), we have derived hy, = viL, Hyy . +hg, based on which
the SINR constraint (29b) is transformed into Vil Qxvy >
%ha,%,,Vk; € IC, where vy and Qi are given by

Vw = [V% I]H’ @3
Qi =
K
- _
[BW’k] Wi —vn Z Wi+R, [HIV{Vk h%k]
F.k i=1,i#k
(44)
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Defining Vw = Vvl € CWHDXWHD “which satisfies
Vw = 0 and rank(Vy) = 1, the SINR constraint with
respect to Vy can be further converted into

tr (Qi¥w) > ot Yk € K. 45)

On the other hand, the sensing related constraints involving
the working RIS variable ®y, = diag (vy/) are in (35b) and
(35¢), where the variable ®yy affects all block matrices in
Ay, namely Agp, Anp, Aaa, and Ag,. We can observe
that the working RIS variable @y = diag (v ) appears twice
but separately in the cascaded sensing channel Gy shown in
(12), or Qyy defined in (82). To facilitate solving the RIS phase
shift sub-problem, we transform Qy with respect to Oy into
an equivalent form with respect to vy, allowing the variable
v to appear in adjacent positions rather than separately, as
shown below.

Qu = HBR,WQ%HTRM,W@WH%R,W
= Hpg wdiag (aw) viy vyydiag (ay, ) Hyg w

where aypy represents aw (de, ¢q) (see definition in (10)) and
Gy = diag (af},) HE ; ;. After this transformation, we can
introduce Vyy = viyvi, € CW>*W  satisfying Vi = 0 and
rank (V) = 1, to replace viyvil,. In fact, Vi is the first
W x W elements in \~/'W, ~which is introduced earlier in the
constraint (45). Therefore, Vi and Vy can be considered as
one variable. When V' is solved, we can simply take its first
W x W elements to obtain V. With these reformulations,
the sub-problem with respect to {vy,, D} can be rewritten as
problem P1.5.

(P1.5) min tr (f)f)) (47a)
{VW7D}
St C—Byy  Aap(Vw)+Bag |
(47b)
D I, 0

— | I2 Agp(Vw) Anp(Vw) | =0, (47¢)

0 A¢OL(VW) Aaa
tr (Qk\?w) > ynoi,Vk € K, (47d)
Vi =0, (A7e)
Vow=1Ywe{l,...,W+1}, (47f)
rank (VW) =1. (472)

where Vw’w is the element in the w-row and ~w—column.
In problem P1.5, the auxiliary real variable D is symmetric.
Thus, we have

ir (BD) = tx (D™D) = HﬁHi . 48)

Note that the squared Frobenius norm is a sum of the squares
of all the ~entries in matrix D. T hus, (48) is convex with
respect to D. In addition, among all the constraints in problem
P1.5, the rank-one constraint (47g) is the only constraint that

makes problem P1.5 nonconvex. A common way to deal with
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Algorithm 2 SCA-Based Algorithm for Solving Problem P1.4

1: Imitialization: Initialize V{,V with feasible values.

2: repeat

3:  Solve problem P1.7 by CVX to obtain {Vw,D}.

4: Update V7, according to the solution of step 3.

5: Increase the penalty parameter p.

6: until the reduction of the objective function (52a) is
smaller than the threshold e.

. Output: {vy,D}.

~

the rank-one constraint is to apply the SDR technique and
then recover the rank-one solution using the Gaussian ran-
domization technique [26]. However, in our problem, multiple
constraints involve vy . In such cases, it would be extremely
difficult to find a feasible vy that satisfies all the constraints
using Gaussian randomization. Thus, the solution obtained by
this technique is probably not a good solution to our problem.

In order to obtain a performance-guaranteed solution, we
tackle the rank-one constraint (47g) by exploiting the penalty-
based method [27]. The rank-one constraint (47g) is equivalent
to the following constraint

Vw (49)

- [[vw, <o
* 2

= ZZV \; is the nuclear norm of V. \;

*

where HVW

is the i-th eigenvalue of V. HVWH = max {\;} is the
- 2 i -

spectral norm of Vyy . Note that (49) holds if and only if Vy

is rank-one. Therefore, (47g) and (49) are equivalent. Next,

(49) is penalized into the objective function, namely

(P1.6){Vn;/i7rl15}tr(f)f))+p(H\~7W ‘VWH2) (502)

s.t. (47b), (47¢), (47d), (47¢), (4TF).

(50b)
where p > 0 is the penalty parameter. Problems P1.5 and
P1.6 are equivalent, with the proof shown in [27]. We observe
that the objective function (50a) is a form of difference of
convex (DC). Thus, the SCA technique can provide Karush-
Kuhn-Tucker (KKT) conditions for problem P1.6 [28]. At each
iteration of SCA, the lower bound of HVWH

its first-order Taylor approximation, namely ?

is obtained by

[Vl = [

|
+ tr (uiax ({/{/V> x uﬁax (VQV) x (VW 7\7{/‘/)) ’
(5D

where oy (Vi) is_the eigenvector corresponding to the
largest eigenvalue of V. Vi, is the obtained Vy from the
previous iteration. At each iteration of SCA, the problem to
be solved is shown as follows

(P1.7) . -

min tr (DD) +p { HVW
{Vw,D}

tr [umax (\7@) xull (V’W) X (VW—V{,VN} (52a)

s.t. (47b), (47¢), (47d), (47¢), (47f). (52b)

7/
- [[vie
*

‘ 2
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Algorithm 3 BCD-Based Algorithm for Solving Problem P1

1: Initialization: Initialize vy, f), ]§a¢, ]§¢a, and Bgé
with feasible values.
repeat

Solve problem P1.2 to obtain {W, R, C}.

Solve problem P1.4 to obtain {vy,,D}.
until the reduction of the objective function (35a) is
smaller than the threshold e.
6: Output: {W, R, vy, C,D}.

Problem P1.7 is convex with respect to Vi and D, which
can be solved using tools such as CVX. After problem P1.7
is solved at each SCA iteration, the penalty parameter p is
increased to enforce satisfying the rank-one constraint (47g).
As the penalty parameter gradually increases, the rank-one
constraint (47g) is ultimately satisfied, which means problem
P1.5 is solved. The procedure to solve problem P1.4 is
summarized as Algorithm 2.

C. Summarization and Convergence Analysis

The complete algorithm to solve problem P1 is shown in
Algorithm 3, where problem P1 is decomposed into two sub-
problems and solved iteratively in an alternating manner until
convergence based on the BCD framework. On the one hand,
during each MM iteration in the first sub-problem with respect
to {W, Ry, é} (problem P1.2), the obtained objective value
(39a) serves as an upper bound of (36a). Since the problem
(P1.3 SDP) is convex and can be solved optimally at each
iteration, this upper bound is monotonically tightened as the
MM iterations progress. Moreover, the recovery of {W, R}
does not affect the optimal values based on Proposition 1.
Therefore, the objective value (39a) gradually converges to a
stationary point of problem P1.2.

On the other hand, for the second sub-problem with respect
to {vw, ]~)} (problem P1.4), the optimal objective value (52a)
obtained at each SCA iteration is an upper bound of the
objective (50a) in problem P1.6. With the penalty parameter
increment and SCA iterations, this upper bound can be mono-
tonically tightened, after which the solution of problem P1.7
gradually reaches the KKT point of problem P1.4.

Finally, we can observe that both problem P1.2 and problem
P1.4 converge to a stationary point. After each problem is
alternately iterated, the objective value of problem P1.1 (35a)
forms a monotonically non-increasing sequence and converges
to a stationary point. As mentioned earlier, the objective of
problem P1.1 (35a) is a relaxed upper bound of the original
objective tr (MCRBg) (29a). Note that (29a) is strongly
constrained by (35b) and (35c). Thus, both the original and
relaxed objective functions can theoretically converge to a
stationary point, which will also be numerically proved in
Section VI-A. Furthermore, a local optimal solution is reached.

D. Complexity Analysis

In this sub-section, we analyze the computational com-
plexity of our proposed algorithm. In Algorithm 3, the
main computational complexity depends on the update of
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{W,R,, C} and {vy, D} in solving problems P1.2 and P1.4,
respectively, which are both transformed into SDP problems.
We assume that the interior point method is applied by
the CVX solver to solve an SDP problem, which has the
complexity of O (N?3) [29], where N denotes the variable
dimension. Thus, the complexity of problems P1.2 and P1.4
depends on their variable dimensions.

In problem P1.2, the variables are with the dimensions
W), € CNoXNe for UE k, Ry € CNVo*Ne) C € R2*2. Since
Wi., R, and C are all symmetric matrices, the total variable
dimensions can be reduced to K X Nt(Nt'H) + N*(A;'H) +

(2“) = (KH)Nt(NtH) + 3. When K and N; grow, the
leadmg dlmensmn increasing the complexity is the term
O (K N, 2). Applying the interior-point method, the complexity
of solving the problem P1.2 is O (K3NEIMM), where Iy
is the number of iterations required by the MM algorithm
utilized in problem P1.2. Likewise, the variables in problem
P1.4 are with the dimensions Vi € CWHDXx(W+1) and D e
R2*2, which are symmetric as well. Thus, the total variable
dimensions in problem P1.4 are calculated as w +
@, with the leading dimension O (W?2). Therefore, the
complexity of solving problem P1.4 based on the interior-
point method is O (W®Isca), where Isca is the number of
iterations required by the SCA technique applied to problem
P1.4. Since the BCD algorithm updates problem P1.2 and
problem P1.4 in an alternating iterative manner, the complexity
of solving problem P1 is O((K3*NfIyim + WSIsca) Iscp).
where Ipcp is the number of iterations of the BCD algorithm.

E. Initialization

The proposed algorithm is updated in an alternating iterative
manner, where the choice of the initial points plays a crucial
role in the convergence and quality of the solution. Since we
first update the block {W, R, C}, as shown i in Algorithm 3,
the initial values of the other block {vw, D} ad qu, and

B,m are required. Instead of relying on random initializations,
we aim to search for their feasible initial values. Specifically,
to quickly determine the initial values of D, B,g, Bga, and

B,m without having to iterate, we solve problem P1.2 but
replacing its objective with the objective of problem P1.4,
namely tr(]~)]~3) Such a convex problem can be solved by
CYX, after which the initial values of 1~), ]°3a¢, ]03¢a, and

B;& are obtained. Meanwhile, assuming all RIS elements are
fully functional, a problem analogous to problem P1, with
the CRB as the sensing metric, can be solved to determine
the complete set of phase shifts. Subsequently, only the phase
shifts corresponding to the actually functional elements are
used as the initial values of vy .

VI. PERFORMANCE EVALUATION

In this section, we evaluate the performance of our proposed
algorithm through Monte Carlo simulations, focusing on five
key aspects. First, the convergence of the proposed algorithm
is validated under varying numbers of faulty elements. Then,
the 2D beampattern generated by the RIS towards the tar-
get is visualized. Next, the impact of crucial parameters on
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Fig. 2. Simulation setup.

system performance is investigated, including the number of
faulty RIS elements, the RIS size, and the transmit power.
Furthermore, the trade-off between sensing accuracy and com-
munication quality is explored under varying numbers of UEs
and SINR thresholds. Finally, the performance comparisons
under different fault distributions are provided. The perfor-
mance of the proposed algorithm is compared against three
benchmarks:

e Perfect RIS - upper bound (UB): In this scheme, all RIS
elements function perfectly without any faults. To solve
this case, we formulate an optimization problem similar
to P1 by substituting the MCRB with the conventional
CRB as the sensing metric. Problem P3 in work [25]
addressed such a problem. However, their approach was
limited to estimating only one-dimensional azimuth AoD.
Here, we extend the estimation framework to 2D AoD
for both azimuth and elevation angles, which is solved
in a similar alternating iterative manner. The resulting
performance can be interpreted as an upper bound on
the achievable performance for practical RIS models with
faulty elements.

e Faulty RIS - naive: The realistic RIS model with faulty
elements is accounted for in this scheme. However, the
presence of these faulty elements is naively ignored
during optimization. The RIS phase shifts are designed
under the incorrect assumption of fully functional ele-
ments, with the objective of minimizing the CRB under
communication SINR and transmit power constraints.

e Faulty RIS - random: Faulty RIS elements are also
considered here. To assess the performance improvement
achieved by optimizing the functional elements in our
proposed approach, these functional elements are config-
ured with random phase shifts. Meanwhile, the transmit
beamforming and sensing covariance matrix remain con-
sistent with the proposed design.

The simulation is conducted in a three-dimensional Carte-
sian coordinate system. As shown in Fig. 2, the BS is equipped
with a ULA aligning with the x-axis and centered at [15, 0,
10] m. The RIS is configured with a UPA and is deployed in
the z-y plane, centered at [0, 40, 5] m. UEs are uniformly
distributed in a circular area with center at [15, 40, 1] m
and radius of 8 m. The target is located at [20, 55, 1]
m which corresponds to its 2D AoD with respect to the
RIS ¢ = [qﬁe,qﬁa}T = [79.090,36.87°]T. Additionally, the
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TABLE I
SIMULATION PARAMETERS

Parameter  Value Description
N, 32 number of BS transmit antennas
N, 32 number of BS receive antennas
R, 10 number of RIS elements in z-axis
R, 15 number of RIS elements in y-axis
F 40 number of faulty RIS elements
K 4 number of UEs
fe 28 GHz carrier frequency
Proax 33 dBm transmit power
ORCS 1 dBsm radar cross section
o2 -110 dBm sensing noise power
o? -110 dBm communication noise power
Yeh 10 dB SINR threshold
€ 10—° convergence tolerance
104
103 E —o—F=20
—o—F =40
] F=60
T 102+ —o—F =80
> —o—F=100
=
3 10'¢
g
100 = =
4 g@:@:ﬁ"—" 88 & 86886868 8868§
1075, 5 10 15 20

number of iterations

Fig. 3. Convergence performance of the proposed algorithm.

location of scatter is randomly generated such that its azimuth
AoD ¢/, and elevation AoD ¢/, towards the RIS lie within
[—90°,90°]. The small-scale fading characteristics of both the
BS-RIS and RIS-UE channels are modeled according to Rician
fading distributions, with respective K-factors of 10 and 1.
The path loss is modeled as PL(d) = Ko(d/dy) ", where
Ko = —30 dB is the path loss at the reference distance
do = 1 m, and d is the distance between transmitter and
receiver. 1 = (2,2.2) is the path loss exponent for BS-
RIS and RIS-UE channels, respectively [30]. The target’s
channel was introduced in section II-B from (7) to (13). The
penalty parameter p increases fivefold at each iteration from
0.1 to 10000. Unless otherwise specified, all other simulation
parameters are set according to Table I.

A. Convergence Performance

In this section, we evaluate the convergence performance of
the proposed algorithm. Fig. 3 shows the objective values of
problem P1.1 versus the number of iterations under different
numbers of faulty elements. We can observe that the objective
values in different scenarios all stabilize within five iterations.
Thus, the convergence of the proposed algorithm is numer-
ically verified, supporting the theoretical convergence proof
provided in Section V-C.

Authorized licensed use limited to: TU Delft Library. Downloaded on January 27,2026 at 10:20:45 UTC from |IEEE Xplore. Restrictions apply.



WANG et al.: FAULTY RIS-AIDED ISAC: MODELING AND OPTIMIZATION

azi 37° azi 37°
i

ele -9° &
BP 0.0341523 Eow .

o 9"
P 00202784

RIS [W]

o o o

S 8 2
R

beampattern at
°
5

3
3

~ 100

0 - s
i T 0
elevation [degree] 100 0o AZImuth [degree]

. 50 T Sl
elevation [degred] =" % i [degree]

(a) Ideal case, F'=0, R=150. (b) F'=20, R=150.

azi 34°
ele -11°
BP 0.00142928

azi -53°
ele -15°
BP 0.000441169

beampattern at RIS [W]
Bo u o ow s B

=]

100 100
0 -

elevation [degree]
100 -100

0
elevation [degre

0 T 0
azimuth [degree] muth [degree]

-100  -100

(e) F'=40, R=50. (f) F=40, R=80.

8993

azi 36°
ele -7°
BP 0.000883298

S
-~ 9

beampattern at RIS [WJ
8o - N o =
beampattern at RIS [W]X
°
&

3
3
8o

/

0o 0
i == 0 ; = 0
elevation [degree]_mo 0o azimuth [degree] elevation [degree] 100100 azimuth [degree]

(c) F'=40, R=150. (d) F'=60, R=150.

azi 40° aziar

S

ol 9°
BP 000238897

clo 9°
BP 0.0229361°

~
o
o
S

o
e
°
o

=4
°

e
2
=
=S
1
&

°
)

°
S

=]
3

beampattern at RIS [WL

beampattern at RIS [W]

100 ~ 100

0
elevation [degree’

T
elevation [degree] -
100 -100

— 0
00 100 2imuth [degree] azimuth [degree]

(g) F'=40, R=100. (h) F'=40, R=200.

Fig. 4. RIS Beampattern towards target under different numbers of faulty RIS elements and RIS sizes (R; = 10, Ry = 5 — 20).

B. Beampattern Performance

In this section, we evaluate the RIS beampattern perfor-
mance under varying numbers of faulty elements and different
RIS sizes. The beampatterns in Fig. 4, generated using
our proposed algorithm, demonstrate the system’s directional
response. As a reference, the target’s true 2D AoD relative
to the RIS is ¢ = [pe,da]’ = [—9.09°,36.87°]". As
depicted in Fig. (4a), the ideal beampattern aligns precisely
with the 2D AoD (the angles are not percentile-accurate
due to resolution limits) and achieves a gain of 0.034 W.
When the number of faulty elements increases from 0 to 60
(out of 150 elements), the beams exhibit reduced accuracy,
increased sidelobe levels, and decreased gain, as illustrated
from Fig. (4b) to Fig. (4d). With 20 faulty elements, the
beampattern still maintains acceptable performance, accurately
pointing toward the target with a 14.33% reduction in peak
power gain in the direction of interest. In contrast, when the
number of faulty elements reaches 40, the beam exhibits an
azimuth error of approximately 1°, a tenfold reduction in
peak gain, and noticeable sidelobes. The situation deteriorates
further with 60 faulty elements, resulting in a beam deviation
of around 1° in elevation and 2° in azimuth, a fortyfold
reduction in peak gain, and an increase in sidelobe levels.

Meanwhile, with 40 fixed faulty elements, we examine
the impact of the RIS size from 50 to 200 elements on
the beampattern performance, with results presented from
Fig. (4e) to Fig. (4h) and also in Fig. (4c). We observe
that a larger RIS size leads to a narrower beamwidth, higher
gain, fewer sidelobes, and more accurate beam directions.
Specifically, when 40 out of 50 RIS elements experience
failures, the beam fails to form correctly and points in an
entirely incorrect direction. As the RIS size increases to 80
or 100 elements, the beam aligns more closely with the target
direction, although with an angular error of approximately 3°
in the azimuth or elevation plane. With 200 RIS elements, the
beam accurately points to the target, exhibiting a narrow main
lobe, few sidelobes, and a high beampattern gain.

—+— Perfect RIS - upper bound
—o—Faulty RIS - proposed
—o— Faulty RIS - naive
—=— Faulty RIS - random

MCRB/CRB

0 20 40 60 80 100 120 140
number of faulty RIS elements

Fig. 5. MCRB/CRB under varying number of faulty RIS elements.

In summary, the presence of faulty elements degrades the
beampattern performance, with more faults leading to reduced
beam accuracy and lower gain. When such faults are present,
increasing the RIS size serves as an effective means to mitigate
performance degradation and maintain the desired beampattern
quality.

C. MCRB/SINR Performance Under Varying Parameters

In this section, we evaluate the impact of key parameters on
the system performance, including the number of faulty RIS
elements, RIS size, and transmit power. The proposed scheme
is compared with the three benchmarks introduced earlier.

1) Impact of Number of Faulty RIS Elements: In Fig. 5, the
impact of faulty RIS elements on the sensing performance is
investigated. When all RIS elements function correctly, the
CRB (obtained by the UB scheme) and MCRB (obtained
by the proposed scheme) results are identical. However, as
faulty behavior emerges, a noticeable performance gap arises
between CRB and MCRB due to the mismatch in the RIS
model. Specifically, as the number of faulty RIS elements
increases from 20 to 140 (out of 150), the gap between the
proposed and UB schemes progressively widens from 0.0065
to 1.8658. This observation indicates that more faulty elements
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Fig. 6. SINR fulfillment rate under varying number of faulty RIS elements.

result in more pronounced performance degradation. Similarly,
as faults increase from 20 to 140, the gap between UB and
naive schemes also widens from 0.0684 to 679.0832, which is
significantly larger than the performance gap with respect to
our approach, highlighting the importance of accounting for
faulty elements. These results demonstrate the effectiveness of
our method in reducing the negative impact of faulty elements,
compared to naively ignoring the faults. Notably, the random
scheme performs worst among all, emphasizing the necessity
of optimizing the functional RIS elements for maintaining
system performance. Additionally, we observe that as the
number of faulty elements increases, the performance gap
between the naive scheme and the random scheme gradually
narrows and converges. This is because when all the elements
are faulty, the naive scheme reduces to a configuration in
which all element coefficients are randomly set. In other
words, under fully faulty conditions, the naive and random
schemes are equivalent.

Meanwhile, to validate the preservation of the minimum
required communication reliability, we adopt the SINR con-
straint fulfillment rate as a metric, computed as follows.

Imeo

K
> > Num(ywi>ven)
ik

KXIMC

x 100%,

Yrate = (53)
where Iy;c is the number of Monte Carlo iterations. 7; is
the SINR of UE k£ at the i-th Monte Carlo iteration, and
ZfM c Zf Num(7yg; > ;) counts the total number of UEs
whose SINRs satisfy the constraints over all iterations. The
SINR constraint fulfillment rates ~,.¢. under different numbers
of faulty elements are shown in Fig. 6. As expected, the
UB scheme always meets the SINR requirements, which is
reasonable due to the absence of faulty elements. The proposed
scheme achieves 100% fulfillment mostly when the number of
faulty elements is at most 100 (out of 150). When the number
of faulty elements increases to 120 or 140, the fulfillment rate
decreases to 58% and 23.5%, respectively. This degradation
is reasonable since, with 80% or 93% of RIS elements being
faulty, the remaining 20% or 7% of working elements are
insufficient to effectively optimize system performance. In
contrast, the naive and random schemes fail to satisfy the
SINR requirements. This is because the RIS configurations
in both naive and random schemes do not consider the SINR
requirements.
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Fig. 7. MCRB/CRB under varying number of RIS elements (R, = 10,
R, =10/11/12/13/14/15).

Simulations under other system parameters (transmit power,
RIS size, number of UEs, and SINR thresholds) are conducted
with 40 faulty elements out of 150 RIS elements (26.67%
elements are faulty). These results exhibit similar SINR fulfill-
ment behavior to the 40 faulty elements case in Fig. 6, where
both the proposed and UB schemes achieve a 100% SINR
constraint fulfillment rate. Due to space limitations, the SINR
fulfillment results under other system parameters are omitted,
and only the sensing performance measured by MCRB or CRB
is presented in the subsequent analysis.

2) Impact of Total Number of RIS Elements: To enhance the
beamforming precision and overall system performance, we
analyze the effect of increasing the RIS size, i.e., the number
of RIS elements, with the corresponding results illustrated in
Fig. 7. We observe that expanding the RIS size from 100 to
150 elements results in a steady decline in both MCRB (pro-
posed scheme) and CRB (UB scheme) values, highlighting the
performance benefits of a larger RIS in ISAC systems. Under
a fixed 40 faulty elements, our proposed scheme exhibits an
average MCRB increase of 42.63% compared to the CRB from
the fault-free UB baseline, which aligns with expectations due
to RIS model mismatch. Meanwhile, compared to the naive
and random schemes, our approach achieves significantly
better performance, with average improvements of 38.60%
and 52.14%, respectively. The way of calculating performance
improvement is shown as (54) and (55), which also applies to
other parameter settings. This confirms the effectiveness of
explicitly modeling RIS faults and optimizing the use of the
functional elements.

(CRBnaive - Cl{BUB) - (MCRBproposed - CI{BUB)

CRBnaivc MCRBproposod ’
(54
(MCRBrandom - C}{BUB) _ (MCRBproposed - Cl:{BUB)
MCRBrandom MCRBproposed '
(55)

3) Impact of Transmit Power: Fig. 8 presents the MCRB
and CRB performance as a function of transmit power. As
expected, increasing transmit power leads to a reduction
in both MCRB and CRB. The performance trends of the
evaluated approaches align with the observations in Fig. 7.
Our proposed method exhibits an average performance gap of
26.82% compared to the UB scheme, which is unavoidable
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Fig. 9. MCRB/CRB under varying number of UEs.

due to the presence of faulty elements. Additionally, our
proposed solution consistently outperforms both the naive and
random schemes (with average 47.83% and 65.43% perfor-
mance improvement, respectively), validating the effectiveness
of our fault-aware optimization strategy.

D. Trade-Off Performance

In this section, we analyze the trade-off between sensing and
communication in terms of the impact of the number of UEs
and the SINR threshold. As before, the MCRB/CRB results of
the proposed and the UB schemes are provided on the premise
that all UEs satisfy the communication SINR requirements.

1) Impact of Number of UEs: Fig. 9 illustrates the relation-
ship between the number of UEs and the sensing performance,
measured by MCRB or CRB. When the number of UEs
increases from 2 to 6, both the MCRB from the proposed
scheme and CRB from the UB scheme worsen. This degra-
dation is attributed to more transmit power being allocated
to meet the SINR requirements of additional UEs, leaving
less power available for optimizing sensing performance. This
indicates the inherent trade-off between sensing accuracy
and communication quality, which should be considered in
practical system design. Among the evaluated schemes, our
proposed method exhibits the smallest average performance
gap to the UB scheme (36.44%), outperforming the naive
(72.31%) and random (92.40%) approaches.

2) Impact of SINR Thresholds: In Fig. 10, the impact
of SINR threshold on the communication and sensing per-
formances is shown. When the SINR threshold increases
from 6 dB to 16 dB, a noticeable degradation in MCRB
(proposed scheme) and CRB (UB scheme) is observed. This
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Fig. 10. MCRB/CRB under varying SINR threshold.

is consistent with the trend observed in Fig. 9, where higher
SINR requirements reduce the available transmit power for
sensing, leading to worse sensing performance. The trade-
off between sensing and communication is evident under
varying SINR thresholds. This indicates that by appropriately
configuring system parameters, such as the number of UEs
and SINR thresholds, a balance between sensing accuracy
and communication quality can be achieved. In practice, the
allocation of resources to sensing and communication users
can be tailored based on specific application demands.

E. Performance Under Different Fault Distributions

In the previously conducted simulations, the faulty elements
are assumed to be randomly distributed across the RIS,
which is a widely adopted assumption to model unpredictable
hardware impairments. Nevertheless, other fault distributions
also exist in practice. For instance, as illustrated in Fig. 11,
alternative distributions may include clustered faults or faults
concentrated along one boundary. These distributions reflect
potential hardware degradation scenarios, such as localized
manufacturing defects or edge wear-out of the surface. We
extend our simulations to incorporate these fault distributions
to provide deeper insights into practical deployment. Given
the RIS size R = R, x R, = 10 x 15 (namely 10 and 15
elements in the z-axis and y-axis, respectively), we assume 40
out of 150 elements are faulty.

Under the same channel realization, the beampatterns under
different fault distributions are illustrated in Fig. 11. It can be
observed from Fig. (11a) that the most accurate beam direction
can be obtained under the random fault distribution among all
distributions, with no strong azimuth or elevation bias. This
is due to the relatively larger effective aperture compared to
the other three fault distributions. In contrast, clustered or
contiguous faults cause more severe performance degradation,
particularly in beamforming accuracy. Specifically, the clus-
tered upper-left block fault model in Fig. (11b) removes a
contiguous portion of both the elevation and azimuth apertures.
As a result, both dimensions experience degraded beamform-
ing performance, with a broader mainlobe and a pointing bias
of 1° mainly in the elevation direction. In Fig. (11c), the top
horizontal fault reduces the elevation (z-axis) aperture, which
impairs elevation beamforming accuracy with a bias of 3°
observed in the elevation direction. Finally, Fig. (11d) corre-
sponds to the left vertical fault distribution, which degrades the
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Fig. 11. Performance under different fault distributions.

beamforming accuracy mostly in the azimuth direction with 1°
shift. However, a 2° shift in the elevation direction also arises
because the number of functional RIS elements is reduced.

VII. CONCLUSION

This paper investigated a practical challenge in RIS-aided
ISAC systems arising from the presence of faulty RIS
elements. By deriving MCRB for sensing and SINR for com-
munication, we quantified the performance degradation due to
RIS model mismatch when the BS is unaware of these faults.
To counteract this degradation, we proposed an optimization
framework that jointly designs the transmit beamforming and
the remaining functional RIS elements, solved via the BCD-
based algorithm. Simulations under diverse scenarios reveal
the following key takeaways:

e Faulty RIS elements significantly impair system perfor-
mance, with severity increasing as faults accumulate.
Nonetheless, through strategic design of the functional
elements, the performance loss can be minimized com-
pared to approaches that neglect the presence of faults.

e System performance benefits from increased resources,
such as a larger RIS array or higher transmit power. Addi-
tionally, a desirable sensing-communication trade-off can
be achieved by tuning system parameters according to
specific application requirements.

As a next step, we plan to explore a more realistic scenario
where only the positions of faulty RIS elements are known,
while their amplitudes and phases remain uncertain. A robust
RIS configuration design under such conditions is left for
future work to maintain performance under uncertainty.

APPENDIX
A. Calculation of Ay, and By

The calculation of MCRB is dependent on the derivation of
A, and B, given in (23) and (24), in which the first-order
and second-order partial derivatives of fi (1) with respect to i
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tion.

are needed. To achieve this goal, f1(n) = vec(GX) is further
written as follows based on (6).

[l, (T]) = qQvec (HBR@HEI (¢e, ¢a) (¢ea ¢a) ®H RX>

(56)
Denoting 2 = a (e, ¢a) ' (¢, ¢a) and m = [¢",&"]"
where ¢ = [¢e, do]" and & = [Re (a), I ( |*, the first-
order partial derivative is obtained as follows
oj(n) | avec (HprO®'"y, O HpRX 57
¢ avec HBRGHQ%@HI;RX 7
op(n) H
=L = vee (Hpr© QOH Rx) j (58)

where Q¢e and Q¢a are given as (59) and (60), shown at
the bottom of the page. a stands for a (¢, ¢,) for the sake
of notational convenience. ry € RE*! and r; € REX!
collect the index of each RIS element on the y-axis and z-axis,
respectively. Next, we take the second-order partial derivative
of fi (n) with respect to 7, which can be further partitioned
as follows

~ 0”jr(m) 02 fa(n)
onont o~ pr(m) 0 u(n) ’
0poé d&oal
with three elements in (61) given as follows
0% (n)  0%i(n) [1] vec HBR(')HQ(z,C@H%RX
0poa"  0ade" ] |vec (Hpr®"), OHY,X)|
(62)
& (n)
= 05, 63
aaaaH 2 ©3)

i (1) /0O is derived as (64), shown at the bottom of the
next page, together with Q¢ B> Q¢ bas Q¢a¢e, and Q%%’
all shown at the bottom of next page.

Then, we partition A,, and B,, into 4 blocks, namely

A, = {Aw Aa¢] B, — [B¢¢ Bw} '

ac

. o
a, =2
Pe Do
. o ) ; H H 3
Qy, = . — —jkdy cos (¢e) cos (¢q) (diag (ry) aa' — aa"diag (ry)) ,

=jk [dy sin (@) sin (¢,) (diag (ry) aa" —aadiag (ry)) —d, cos (¢.) (diag (1) aa' —aa"diag (rz))], (59)

(60)
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According to (23) and (24), each sub-block matrix in B, is
obtained as (69)-(71). Each sub-block matrix in A, is obtained
as (72), (73) and (74), shown below and at the bottom of the

page.
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(82)
(83)

_ H H

Qw = Hprw Oy HrrmwOwHEgg 1,
— H H

Qp =Hpr rOpHrrM, FOrHEgg £

With all the above derivation, we can obtain both A, . and
B,,, by letting i = nq.

i (2. R.Q1L ) tr (925, RO,
= e _
¢¢ o2 tr (Q%R Qg ) tr Q¢ R, Q B. Proof of Definiteness of Z~' and Z7'Z~!
(69) The eigendecomposition of Z is Z = Q,AQ_ 1. where Q,
) oy ( OR, Qg ) iy ( OR, Qg ) anzli 1Z&_slt;rf:1the eiﬁgenvectors and eigenvalues of Z. For Z~!
By — —Re e _He . § : an , we have
g Jo tI‘( Rl ¢C) Jjo tr (QRIQ¢ (70) -1 _ (QZAQ—l)—l _ QZA—lQT (84)
i ) ; zZ- 1Z '=QAQ 'QAQ T = QAQ " (85)
Bag = Bgo: Baa = §I2tr (QR””Q ) ’ 71) Given that Z is negative definite, we have A;; = A, ; < 0, V4,
where ), ; is the i-th eigenvalue of Z. Thus, we have
Aa - AT 7Aaoz - Baou 74
o] da (74) (A—l) — <0,Vi, (86)
where T Ay
(A%),, =A%, >0,Vi. (87)
@ =Hye® QOH;, T e can infer that 2 is al tive definite, while Z~1Z !
~ e can infer tha is also negative definite, while
{2"58 Hpr®" 2y, OHpp, 76) s positive definite.
Qy, = Hpzo0" Q¢ @HBR, an
Q.. = Hpr0" Q¢c¢c®HBR» (78)  C. Proof of Equivalence for (33)
Q4.6 = Hpr®"$y , OHY . (79) Denoting I, = [I, 0] € R2**, we can rewrite (33) as
4,0, = Hpr®" Yy, 0, OH (80) follows D i
_ . N —
.6, = Hpr®"Qy, 5, OH R, (81) {Ig A] = 0. (88)
2 ~ 2 ~ .o .
?p(n) _ 88‘;(277) 3(555211 avec (Hpr®'"(y, 5, OHE X ) avec (Hpr®"Qy, s, OHE X )
PO §¢“§Zi 88’;%") avec HBR('DHQ%%@HI;RX avec HBR@Hﬁ%% @HI;I,RX ’

ﬁ¢E¢E = jK [dy cos (@) sin (dq) (diag (ry) aa'l — aafldiag (ry)) + d;sin (¢e) (dlag (rz)aa

" — aa'diag (rz))

+ dy sin (@) sin (¢q) (dlag (ry) Qy, — Q. diag (ry)) —d, cos (¢e) (diag (rz) 4, — Q4 diag rz))] (65)
fl¢e¢a = fl¢ 6. = jr [dy sin (¢.) cos (¢,) (diag (ry) aa'l — aafldiag (ry))
+ dy sin (¢.) sin (¢q) (dlag (ry) Qy, — 4, diag (ry)> —d, cos (¢e) (diag (rz) 4, — Oy, diag (rz) } (66)
Q%%—]K [d cos (@) sin (P, ) (dlag (ry) aal —aafldiag (ry)) —d,, cos (¢e) cos (¢q) (diag (ry) Q¢a —Q¢a diag (ry))}
(67)
2 e(m) M avec (Q4,4.X) e(n) avec (R, 4.X) 2l
A _ = “SPede ~ - _B —
it o2 Re e(n) avec (24.4.X) e(n) avec (Q4,6.X) a4 o2 %
Re| T (Qoco RaQw ) +tr (R4 RoQr) —tr (@6, R Q) tr (D6, RaQw -t (R, R Qr) —tr (R0, RQ)|_ g
tr (@6, 0, R Qw1 (Q6,6, Ro Q) — tr (R, 6, Ra?) 12 (25,0, Ra ) + 11 (R, 0, R ) —tr (R0, R Q)
(72)

o e(n) vec (4, X) e(n) vec (Qy,X)

Aga = o2 Re e:(_'q)H]vec ({_Z%X) € n) jvec (Q¢ )_()
R |: tr (Q¢6RxQW) +tr ( %Rxﬂp) —tr (Q%R@Q)
¢ R Q

2o R (h 2o R, 2 2 RoQ) - tr (Qg, Roliy) +r (2, Raflr) —tr (U, Re) | _p
j (tI‘ (QqﬁeR:pﬂW) +tr (Q¢,e wﬂp) —tr (Q¢6RI ))] (tI‘ <Q¢aRxQW) +tr (ﬂ¢aRxQF> —tr (Qqﬁ@Rwﬂ)) o

(73)
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Based on Schur complement, we have
- (]5 - igA—lig) = 0. (89)

§ubsitu~ting A~!, namely (27), in~t0 (89), we can obtain
LA™'I] = Z'. Therefore, —(D—Z~') = 0, namely
Z~! = D. The proof is completed.
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