
MAYl968 

SHOCK WAVE STRUCTURE IN GAS MIXTURES AND PLASMAS 

by 

S.R.M. Sinc1air 

l1l'IAS REPORT NO. 130 
AFooR 68-0576 



SHOpK WAVE STRUCTURE IN GAS MIXTURES AND PI.ASMAS 

Manuscript received Jan 30, 1968. 

MAY 1968 

by 

S.R.M. Sinc1air 

UTIAS REPORT NO. 130 

AFOSR 68-0576 



• 

' ... 

ACKNOWHEDGEMENTS 

I would like to express my sincere thanks to Dr. J.H. deLeeuw 
for providing the opportunity to conduct this research under his supervision. 
His guidance has been invaluable. 

I am indebted to many fellow students and friends at the Insti tute 
for their contributions, both direct and indirect to this work. In particular 
I would like to thank Dr. A.A. Sonin for many conversations and suggestions 
concerning the plasma shock wave problem which was our common interest. 

The computer time required for this study was ge~erously pro­
vided by the Institute of Computer Science, University of Toronto. 

To my wife, Helen, who typed the original copy of this report 
and to Mrs. J.V. Dublack who typed the master sheets, I extend my thanks for 
their patience in performing these arduous tasks. Mr. Collin Edge of the 
Department of Mechanical Engineering, Royal Military College produced the 
final drafted figures. 

This research was supported by the Defence Research Board of 
Canada and by the United States Air Force Office of Scientific Research under 
gran~ AFOSR 276-66. 

ii 



SUMMARY 

This research has been concerned with a theoretical description 
of shock wave structure in gaseous mixtures when diffusive effects are important. 
The problem considered in detail is the structure of a shock wave in a helium­
argon mixture in which the argon is present in very small concentration. An 
anomalous result cited in the literature, suggesting that the argon undergoes 
an initial pre-expansio~ before compression, has been analysed to show the 
theoreticalorigin of ttiis effect. 

In view of the lack of definite experimental data with which to 
compare calculations for binary shock structure, an "exact" numerical experi­
ment has ~een formulated. The velocity distribution of a trace of heavy gas 
(and its lower moments) are watched as the heavy particles pass through a 
Mott-Smith background shock of lighter particles. The Mott-Smith background is 
chosen because its bimodal Maxwellian form provides an analytical determination 
of the free path to the ~xt event for the heavy test particle at any point 
along its trajectory. This s o-called Monte Carlo solution to the idealized 
diffusion shock problem is exact within the lim.its of statistical fluctuations 
due to the finite sample of heavy test particles, and can be used as a standard 
for evaluating the diffusion equations derived from various kinetic theory 
approximations. A number of systems of moment equations of the heavy particle 
Boltzmann equa~ion have been solved and the resulting heavy particle moment 
profiles have been compared with those of the Monte Carlo solution. 

A seco~d strong diffusion problem has been analysed from a 
kinetic theory point of view. It has been found experimentally that the ion 
density profile through a shock in a weakly ionized plasma with elevated elec­
tron t emperature is much more diffuse than the neutral atom shock. 

The theoretical analysis shows that this strong diffusion effect 
can be attributed to the electrical coupling between the ions and the hotter 
electron gas. 
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NarATIQN 

Some symbols which have been defined locally and used only within 
a single sect ion of the report do not appear in this table. 

Al' A2 

a 

B 

b 

C 

ë 

cm 

D 

E 

e 

e 

erf(Z) 

f 

G 

g 

o 
l 

K 

k 

MD 

M 

defined in Eq. 8 of Sec. 4.1 

constant appearing in the Mott-Smith shock structure solution 
(see page 10). 

collisional impact parameter 

random molecular velocity about the species mean 

most probable random speed of a Maxwellian distribution 

diffusion coefficient 

(part 2) electric field strength (induced by charge separation 
in the ionized shock) 

(part 2 ) electrostatic charge 

base of natural logarithms 

1 f 00 _Z2 
- e dZ 
21T 0 

(part 1) di stribution function of molecular velocities 

(p~rt 2} concentration in units of its upstream value 

centre of mas s velocity of a colliding pair of molecules 

relative velocity between a colliding pair 

unit vector pointing in the flow direction. 

signifies the complete elliptic integral of its argument 

force constant in the inverse fifth power repuls ion molecular 
interaction (Maxwellian molecules) 

Boltzmann's constant 

downstream infinity Mach number 

upstream infinity Mach number 
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N 

n 

p(z) 

p 

r 

Sc 

T 

T" 

-L 
T 

t 

v 

w 

molecular mass 

molecular number density in units of the upstream infinity value 

molecular number density 

unit vector along the line of centres at the point of close st 
approach in a binary molecular colli si ons 

probability distribution associated with event Z 

pressure tensor 

hydrost atic pressure 

heat flux vector 

numbers selected from the random number generator 

hard sphere molecular radius 

radius of influence for colliding hard spheres (e.g. for He-A 
colli sion rHe + rA) 

(part 1) hard sphere collision cross-section 

(part 2) ambipolar Schmidt number defined on page 43 

t emperature 

temperature based on the one-one pressure tensor component 
(T" = Pn/nk) 

(p22 + P23)/2nk 

t ime 

unit vec t or perpendicular to the line of centres at the point 
of closest approach and in the collision plane as viewed in 
centre of mass coordinates 

mean flow velocity 

velocit y ratio across a normal shock 

molecular velocity 

diffusion velocity (species mean velocity relative to the overall 
gas mean velocity) 

vi 

, .. 



x 

dv 

dc 

Greek Symbols 

5 .. 
l.J 

Tl 

p 

w 

6(<P(v) ) 

<p(v) 

Subscripts 

i ,j ,K,t 

e,i 

Superscripts 

11 

.l 

flow-direction coordinate 

elemental volume in velocity spece e.g. dv = dvl dv2dv3 in 
cartesian velocity coordinates 

similar to dv but with the orl.gl.n of velocity coordinates at 
the mean flow velocity (c = v - ti) 

ratio of specific heats 

1 for i j 
o for i f j 

thermal conductivity 

upstream mean free path (for mutual collisions between light gas 
pairs) 

viscosity coefficient 

friction coefficient for momentum transfer between diffusing 
species 

density 

molecular mass ratio mheavy/mlight 

shock wave thickness based on the maximum slope of the density 
profile 

collisional contribution to change in <p(v) 

polynomial function of the molecular velocity 

indicate vector components 

in part 2 refer to elec~rons and ions respectively 

paral~el to the direction of mean flow 

perpendicular to the direction of mean flow 
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1. INTRODUeTION 

Shock wave structure studies are to some extent the re sult of 
the proverbial "mountain climber" motivation. The shock is there. It struct­
ure could be ignored for most practical purposes, however, it is certainly not 
a true surface discontinuity in the gas and the question naturally presents 
itselL- How thick is the shock and how severe are the gradients within the 
c,ompression region? On the other hand, these studies do indirectly serve a 
very important and fundamental purpose. The plane gas dynamic shock wave is a 
one-dimensional transition flow problem (in the sense that significant flow 
changes take place over a distance scale of the order of a mean free path) with 
simple boundary conditions and no gas-surface interactions. It is an ideal, 
though rather severe, test of the kinetic theory methods used for solving non­
eq~ilibrium problems in rarefied gasdynamics. 

The quantitative description of the shock transition has been 
the subject of a large volume of theoretical and experimental work, particularly 
in the last decade, although the pioneering papers appeared much earlier under 
the names of Becker, Thomas, Mott-Smith et al (Refs. 1, 2 and 3). Concurrent 
with this accumulation of knowledge about the structure of shock waves in single 
component gases, there has developed an interest in the study of shock transi­
tions in gas mixtures with emphasis on mixtures of inert gases, since they are 
generally easier to handle both experimentally and theoretically. There have 
been two major contributions to this subject. The first of these, a paper 
published by Sherman in 1960 (Ref. 4), has been the stimulus for much of the 
work which followed. Sherman used Navier-Stokes equations for the over-all 
gas combined with a diffusion equation which is sometimes referred to as Fick' s 
law of diffusion. This combination corresponds to the Chapman-Enskog second 
approximation solution of the Boltzmann equations for the binary mixture. From 
thi s system of differential equations Sherman calculated, numerically, the 
density profiles for the species shock compressions and the overall gas tempera­
ture profiles for various combinations of equilibrium concentration and mas s 
ratio. The interesting result was an unexpected prediction for the dens ity 
profile of a small concentration of heavy species (argon) in a predominantly 
light gas (helium) shock. Sherman's calculations predicted an initial pre­
expansion of the argon before it compressed. The controversy over this result 
has not been completely resolved. 

The second important contributer is Oberai (Ref. 5) who has 
solved the binary shock problem using an extension of Mott-Smith's famous 
bimodal solution for single component shock waves. The method does not reproduce 
the unusual result found by the Chapman-Enskog method but predicts, for all 
mixtures regardless of concentration ratio and mass ratio, monotonie density 
profiles • However, this method is based on mathematical approximations the 
severity of which is as difficult to evaluate as is the penalty for the approxi­
mations of the Chapman-Enskog expansion. 

The main topic under consideration in this report is shock 
wave structure in binary mixtures with a small concentration of heavy species. 
In Section 111, an attempt is made to isolate the origin of Sherman's result. 
In Section IV a Monte Carlo solution for this problem is outlined. In Section 
V a number of moment solutions are compared in detail with the Monte Carlo 
solution. Section VI concerns a different physical problem - shock structure 
in a weakly ionized gas with elevated electron temperature. This sectio~ 
contains its own introduction to the specific plasma shock problem which "is 
considered therein, however it should be noted here that the ionized gas shock 
waves considered in Section VI are characterized by significant diffusive 
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broadening of the compression zone similar to that observed for the neutral 
binary mixtures with widely disparate masses. 

Some of the solutions for single component shock structure are 
outlined in Section 11. This is not a comprehensive review of that topic but 
a collection of those fundamental methods which will be used directly or re­
ferred to in the discussion of shock waves in gas mixtures. 

11. SINGLE -COMPONENT SHOCK WAVE THEORIES 

The list of important contributions to the subject of plane shock 
wave theory is quite long; however, only a small number of fundamentally differ­
ent methods have been used ~o attack this transition flow problem. It will be 
necessary to refer to some of these methods in detail in later sections. Although 
the multi-component shock structure problem differs in many respects from the 
single component case, the main feature, namely, significant changes in flow 
properties over the distance of a mean free path, is common to both. Moreover, 
for the problems treated in this report, one species is present in very small 
quantities with the result that the dominant species shock is essentially 
one-comporlent in nature. A collection of some of the fundament ideas of the 
one-component solutions will serve as an introduction to shock wave theory as 
well as a review of some of the more important approximate solution methods for 
t he Boltzmann equation. The following methods will be reviewed: the Chapman­
Enskog expansion method, the momertt equation approximation and BGK modelling of 
the Boltzmann collision term. (Readers familiar with this material should 
turn to the binary mixture considerations of Section 111.) 

2.1 Navier-Stokes Shock Structure 

An important con~ribution to the shock structure theory is based 
on the Navier-Stokes equations of continuum fluid flow. Although the general 
shock structure problem with its strong flow gradients on a mean free path 
scale violates the basic assumptions of the continuum theory, experimental 
evidence confirms that Navier-Stokes (N.S.) shock wave theory is a reasonable 
description for low Mach numbers (M < 2). Since the equations themselves are 
universally familiar to fluid-dynamicists, this is an instructive intro-
duction to shock structure as well as being historically the starting point 
for the subject. 

The Navier-Stokes equations are usually derived, in their con­
tinuum context, as macroscopie balance equations for the conservation of mass, 
momentum, and energy of the fluid in conjunction with the classical Fourier law 
of heat conduction and a linear relation between shear stress and rate of de­
formation. It i s known, however, that the N.S. equations correspond to the 
second approximation in the Chapman-Enskog (c.-E.)solution for the Boltzmann 
kinetic equation. The flow variables, such as number density and mean velocity, 
are defined in kinetic theory as moments of the distribution function f(v,i,t) 
where f is the probable number den si ty in six-dimensional (v ,'X) - space 
(-prcbable in the sense th at it is conceived to represent an average over a 
large number of replications of the same macroscopie problem with different 
microscopie boundary or initial conditions for the individual partieles in the 
flOW.) The symbol for local number density, n (x,t) then representls a probable 
number density since 

2 

. ' 



.. 

'. 

n(x,t) = J f(v,x,t) dv (1) 

where dv represents an infinitesimal "volume" element in velocity space e . g. 
dv = dVldv2dv3 in a cartesian coordinate frame. 

This distribut.ion function must satisfy the Boltzmann integro-differential 
equation (B E) for conservation of mass in phase space. For the one­
dimensional steady shock problem the B E has the form 

where band € are the impact parameter and colli sion orientation angle shown 
below 

v is the velocity of the observed group before colli sion 

v l is tPe velocity of the collision partner group before collision 

The primed veloeities are the resultant velocities of the two groups 
af ter collision 
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The Chapman-Enskog scheme looks for solutions to the B.E. 
for which the distribution fUnction is expanded as a series of correction terms. 

o and where f is alocal Maxwell ian 

n 

( he rec angular cartesian ensor notation cKcK = c 2 + c2 + c2 is used) 
1 2 3 

n = I f dv is the local mean number density 

Ul· = .! 1 v. f dv he local mean velocity 
n 1 

c. = v. - u . t he particle random velocity component 
1 1 1 

P =: ~ J cKCK f dc he kinetic pressure 

T =: p/nk the temperature,by definition. 

(4) 

The formalism for setting up and solving the approximate equ ati ons for the 
f 1 ,r2, .... in order is elaborated in Chapt er 7 of Ref. 6 and will not be repor­
duced here in detail. The exact conservation equations are derived by mult-i ­
plying Eq. 2 by m, mVi' mVKvKl-2 , i n turn and integrating over all of velocity 
space. he col l isional term on the R.H.S. contributes nothing to these moment 
equations since, for a single c omponent gas, mass, momentum and energy of the 
species are conserved in each collision . The resulting moment equations are 
hen: 

d (nu) = 0 dx 

u du + .! dPll 
0 =: 

dx p dx 
(6) 

1 dp + 2 du + du dql 
0 1.1- P(iX Pu + -- = 2 dx 2 dx dx 

P mI c 2 f dc 11 =: 1 

m 1 2 ql =: '2 cl c f dc 

The influence of t he collision term shows p only indirectly in t he expressions 
for PU' ql. 

A each stage he approximate equation is solved for fi . and the distribution 
func t ion approximated by all erms up 0 and including fl is used t o derive 
approxima oe values of ql Pll. I n this solution method he successive correction 

erms for f are represen en in terms of the three basic flow quantities n,u,T 
and heir gradients. The conservation equations with the approximate forms of 

4 



.. 

ql,Pll represent a closed system of differential equations which can be, 
tlieoretically at least, solved for the appropriate boundary co~ditions. 

In first approximation 

To this approximation the flow equations are the non-dissipitive Euler equations ; 

udu +.! dp 
dx P dx 

o 

o 

The s econd approximation yields 

fO + fl. 
4 du 

= p--~-
3 dx 

The second approximation (N.S.) equations are 

d (nu) = 0 
dx 

du 1 dp 4 1 d G ~) u- +------
dx pdx 3 Pdx 

2 

~ u dp + 1. p du _ ~ ~ (dU) _ d 
2 dx 2 dx 3 dx dx 

(8) 

(10) 

(11) 

= 0 

• 

(À :) 0 

where ~, À are respectively the coefficients of viscosity and heat conduction. 
Values for these coefficients can ge derived for any specific molecular 
collision model or may be specified from empirical data. (See Appendix B.) 

This set of coupled differential equations must be solved with 
the plane shock wave boundary conditio~s. 

d ---) 0 
dx 

as x ---) ± 00 

p, T, u ---) p , T ,u as x ---) - 00 

l. l. ' l. 

Integrated once with respeeL to x the N.S. conservation equations become: 

5 
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p u = constant = p u (15) 
l. l. 

2 du 2 
(16) p + pu - f.l- = p + p u 

dx l. 1. 1 

pu (:2. pip + U7'2) - u f.l du À dT = P u (2 Pi + U
2/2) (17) 2 dx dx 1 i 2 p 1 

1 

( 
The pair of first order ordinary differential equations, Eqs. 16 and 17, must 
be integrated numerically, incorporating in the solution a specific temperature 
dependence for the transport coefficients f.l, À. Gilbarg and Paolucci (Ref.7) 
have summarized the results from a number of different choices for this 
temperathre dependence. Their paper is an extension of the early works of 
Becker and Thomas, who first treated the detailed shock structure using N.S. 
equations. 

Some interesting features of thi s second approximation sol ut ion 
can be observed from the phase space (velocity, temperature) diagram for N.S. 
shock structure sketched in Fig. 1. The equilibrium points Xl and X2 corre­
spond to the x = - 00 and x = + 00 physical coordinates respectively. Roots 
of the characteristic equation for the system show that X2 is a saddle point 
and Xl is nodal. The stable nature of integration procedures which proceed 
along the integral curves toward the nodal pOint is illustrated in Figure 1. 
The solid line represents the integral curve corresponding t o the shock wave 
boundary conditions at Xl. The dashed lines represent solutions to this set 
of differential equations which do not pass through the downstream equilibrium 
point. All solutions converge toward the nodal point. The stable direction 
for numerically integrating the system is, then, from downstream to upstream 
i.e. from X2 to Xl. This is a peculiar feature of the ~.E. equations. Other 
methods used for solving the shock structure problem integrate stably from up­
stream to downstream. The envelope curves Ca) and (b) correspond to f.l = 0 and 
À = 0 respectively. There is a continuous N.S. solution to the shock structure 
problem for zero heat conduction or zero viscosity but not for both f.l = O,À = O. 

Since the Navier-Stokes solution assumes implicitly that grad­
ients on a mea~ free path scale are small it might be anticipated that the 
solution could be improved by including further terms in the expansion.Shock 
structure calculations have been made using the next higher order set of 
equati ons in this sequence however, the third approximation equations 
(Burnett equations), unlike the N.8. equations, do not give solutions to the 
shock wave problem for Mach numbers greater than about 2.2. 
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2.2 Moment Equation Methods 

Unlike the Chapman-Enskog method in which a series solution of 
the Boltzmann equation is attempted a different method consists of replacing 
the Boltzmann equation by a system of veloeity moments of that equation. These 
so-ealled moment equatioqs are derived by multiplying the entire BE by a 
sequenee of partiele velocity ~omponent polynomials and, for eaeh member of the 
sequenee, integrating over the entire range of veloeity space. 

nomials 
For instanee, if ~(v) is one of a seq~ence of velocity poly­

(gi = m, m v i' mv2, .... ) 

the corresponding moment equation is 

dv (1) 

The dependent variables of this system of equations are the moments of the dis­
tri but ion fvnction resulting from the integration indicated in the general 
moment equation i. e. 

n J f dv 

1 J v.f dv u . 
l n l 

and where c. v. u . 
l l l 

p .. = m J c.c.f de 
lJ l J 

p . m J (c.c j 
1 c2 5 .. )fdc = - "3 ij 1. lJ -

(Pij is the complete pressure tensor; Pij is formed from Pi. by &ubtracting 
the trace from each diagonal term i.e. Pij = P:ij - 5ijP wher~ p = 3 J e2 f de, 
the so- called hydrostatic pressure). 

In this way, the single Boltzmann integro-differential equation can be replaced 
by a set of coupled partial differential equations . However, no finite group 
of moment equations, in the ge~eral case, will form a closed set. The essential 
step in the moment method is to prescribe the form of the distribution fune~ion 
in terms of a finite ~mber of its moments. The number of independent variables 
in the moment equations will then be limited to the number used to describe f 
and this same number of moment equations will necessarily form a closed set . 

The most famous example of the moment method is the Grad 13-
moment solution to the BE. The 13-moment equations have been used to solve 
a wide range of kinetic theory proqlems including shock structure for a limited 
set of low Mach number cases. I~ this approximate solution the distribution 
func~ion is expanded abo~t a local equilibrium sta~e in terms of Hermite 
velocity polynomials keeping the first thirteen terms (Ref. 8,9): 
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2kT { Pl , e 1 + .J 
2nkT 

f == _.....:n~_-r 

(21rk l mT) 3/2 

,..,.e. 
-"1.1 1 

+ :, nkT kimT 

The 13 unknown flow variables in this ease are: 

n(or p), u., T (or p), PiJ" q. 
1 l 

The 13-moment equations are derived by choosing 

(k;~e&) 

cp == m, me., mc2 , m( c. c, - l 5· . e 2
), me. c2 

1 1 J 3 1J 1 

and the equations then can be written: 

(
àu. èJ'u. 2 à~ ) 

+ P ~ + ~ - -3 5 .. ~ 
OX, OX. . )..J OX"K 

1 1 

èJq, à 7 èJu. 2 èJuK -2 
.L + (UK q," +- <lK 

1 + qK dx." + '5 qj dt 2)xK 
1 5 dKK '5 

1 

k èJPiK 7 k èJT PiK èJPK;; 
+-T 
~ + "2 Pi K - ax

K 
- - dxT m m p 

+L èJ (klm T) == (tqL)coll 2 P~ 
1 

8 

èJ~ 
dXK 

(2) 

(4~ 

(5) 

(6) 
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(6Pi O ) 1 ,(6Qi) 11 are the collisional contributions to stress and heat 
fluxJeijRations andcaepend upon the molecular collision model. This set of 13 
first order partial differential equations is hyperbolic, that is, the system 
will propagate disturbances at a set of finite characteristic speeds. This 
feature of .moment equation solutions has been discussed by Grad (Ref. 10) and 
Holway (Ref. 11) and will be dealt. with in connection with the binary shock 
problem in Sec. V. However, at this point it should be noted that the fastest 
characteristic speed of the system represents an upper limit on the shock speed 
for which these equations can give a continuous unique solution. The 
characteristic speeds for the 13-moment equations are: 

T = 0, ± J4.54 kImT, ± J.661 kImT 

These equations are incapable of describing the structure of shock waves 
travelling at Mach numbers greater than M = 1.65 

(M = 1.65 corresponds to the fast characteristic speed, T = J4.54 kImT = 1.65 V l~T) 

A second moment method, much simpler but very well suited for 
the par~cular problem of steady plane shock structure is the solution first 
proposed by Mott-Smi thf As in the previous case, a form for the dis~rib~tion 
function is assumed, this time a so-called "bimodal" Maxwellian is chosen 
rather than an expa~sion about a local equilibrium state. The qimodal distri­
b~tioq has the following form: 

0 
+ n2(x) f 0 (7) f = nl(x) f l 2 

where ( y/2 (v - Üa)2 } fO 
= 2H~Ta exp { 

m 
a 2kTa 
~ (a = 1, 2) 

~ = J. Ua 

where l' is the l-D flow-direction unit vector 

and (ul,Tl ), (u2 ,T2 ) are respectively the upstream infinity and downstream 
infinity values of ' the mean velocity and temperature. For given initial con­
ditions (ul,Tl) the Rankine-Rtlgoniot values for (~,T2) are ~ven by the moment 
equations for the conserved quantities - mass, momentum and energy. 

( 1) <t> = 1 

ul 
d nl 

+~ ~ = 0 i.e. nlul + n2~ nlOul dx dx 
(8) 

(2) <t> = vx 

(ut + a12
) 

d nl + (u/+ a22 ) d n2 0 
dx ~ 

(3) <t> = y2 

, ul (u1
2 + 5a12) d ~l + u2 (u22 + 5a22 ) d ~2 = 0 (10) 

The boundary conditions on the two dependent variables nl(x), n2(x) are: 

*Mott-Smith (M.S.) 
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as x ~ - (Xl 

(11) 

n
l 

(x) ~ 0 as x ~ (Xl 

n2 (x) ~ Ul/U2 

Equations (9) and (10) give the Ranke-Hugoniot relations: 

U 2 + 5a 2 = U 2 + 5a 2 
1 1 2 2 

Equation (8) gives n2(x) in terms of nl(x). 

One further moment equation is required for the determination of the spatial 
dependenee of nl(x). Usually the equation corresponding to ~ = vx

2 is used. 

dnl d~ 
ul (u12 + 3a t) dx + ~(~2 + 3a2

2
) dx = (6 v 2) 

x coll (12) 

where 
(6v 2) is the total collisional contribution x coll 

(see sketch on page 3) 

This integral was evaluated for hard spheres and the Sutherland collision model 
by Mott-Smith. (The necessary integrations are reproduced in Appendix A for 
hard spheres and Maxwellian molecules.} 

The solution of Eq. 12 is: 

nl(x) = nlO 
1 + eBxj"l 

where B is a function of the shock Mach num~er derived from the collision 
integral and can be found in tabular form for various molecular models in the 
li terature (Ref. 3, 11). The quant i ty 1\1 is the upstream equilibrium mean 
free path and the distance sealing parameter for the problem. 

This simple solution is, perhaps unexpectedly, a very good 
approximation for the structure of high Mach number shocks (M> 2). In these 
cases the shock region is relatively thin, in the range of 2 to 4 upstream 
mean free paths. It is, then, reasonable to assume that at any point in the 
compression region, the distribution function contains contributions from bovh 
the bounding Maxwellians which have not suffered collisions in the compression 
zone. This is especially true of the upstream cold Maxwellian which isstreaming 
into the shock. The Mott-Smith distribution function reproduces this feature 
of the high Mach number shocks in detail. It is not surprising that this solution 
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becomes less accurate (on the basis of density profile thickness comparisons 
with experimental values~ at very low Mach numbers where the shock wave repre­
sents a much more gradual change involving many collision$, on the average, per 
particle. The distribution function in these casep evolves with only minor 
distortions from loc al Maxwellian and does not develop the two stream nature. 

Many modifications have been made to these two basic moment 
methods. Ziering et al tried to improve the simple Mott-Smith solution by using 
a3-mode Maxwellian distribution: (Ref. 12) 

f 0 

3 
(The first two terms are the same as in Mott-Smith's solutioR. Term 3 is a 
modified intermediate Maxwellian.) 

Holway produced results giving similar agreement with experimental results over 
a large Mach numher range by modifying the "downstream Maxwel],ian" part of the 
M.S. distribution function. His method can be described as an expansion of the 
dis~ribution function less the upstream streaming portion, i.e. (f - nl(x)flO), 

in ellipsoidal polynomials. In reference 11 Holway has carried out the solution 
keeping only the first term of the expansion i.e. 

= 

m _ 1\ 2 

- 2kTl (v - i ul) 
e 

1 

~2 

ubT~ are the upstream disturbed mean velocity and temperature, u2(x), ~21(x), 
~22(x) are additional flow variables to be determined from the moment equations 
along with nl(x), n2(x). The quantities ~~l, ~22 are temperatures of the expand­
ed portion of the distribution in the flow and perpendicular directions. The 
downstream baundary c.ondi tions are then 

where U2,T2 are the downstream equilibrium mean velocity and temperature. 

The extra freedom of this solution also produces more agreeable low Mach number 
results. 
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2.3 BGK Mode 1 Equation 

The two previous methods sought approximate solutions to the exact 
Boltzmann equation. A basically different approach seeks exact solutions to an 
approximate form of the Boltzmann equation which uses a simplified model for the 
collision integral. Solutions to the BGK modelled B.E. (Ref. 13; for plane shock 
boundary conditions are of this type. 

The BGK equation is not to be considered a substitute for the B.E. 
It will, at best, give a reasonable qualitative indication of the important 
effects or trends in a gas kinetic problem. However, because of its simplicity 
and its proven performance in many other problems, the BGK shock wave solution 
is of some interest. In particular, it shows that the distribution function in 
high Mach number shocks is in fact stroagly bimodal as the Mott-Smith solution 
presupposes. 

The BGK equation for the one-dimensional flow problem has the 
following form: 

v df = nK[F-f] 
xdx 

where F has a Maxwelliap form with local mean velocity and temperature. 

( 1) 

The complicated integral on the right hand side of the B.E. has been replaced 
by a relaxation model. Molecules are disappearing from the v-group at a rate 

L = n K f (2) 

If K were considered to be a function of the molecular velocity v, this 
"LOSS" contribution to the collisional change in f would have the same form as 
the exact-- Boltzmann expression i.e. 

nf J fllv~Vllb db dE dVl 

n f KB (v) 

As a simplification, K is usually taken to be some mean collision frequency de­
pendent upon the loc al mean flow properties but independent of the velocity 
group being considered. The "GAIN" collision term is. much more severely modelled. 
The function F is a Maxwellian distribution with mean velocity and temperature 
equal to the true local values of these quantities. The molecules redistributed 
by collisions are assumed to reappear, fully Maxwellianized, about the mean flow 
velocity. 

The model caJ only be judged critically on the basis of its re­
sults. However, it is interesting to notice that the two main assumptions in 
the modelled collision term find some support in the actual collisional behaviour 
of two extreme collision models - hard elastic spheres and Maxwellian (5th power 
law repulsive) molecules. For Maxwellian molecules the collision frequency is 
independent of molecular velocity as assumed in the collisional loss term of the 
BGK equation. On the other hand, in a collision between hard elastic spheres 
the probability of scattering the relative velocity vector in any direction about 
the centre of mass velocity is proportional to the solid angle into which the 
scattering occurs and is independent of direction i.e. the scattering pattern 

• 
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is symmetrical about the centre of mass velocity (see Sec. 4.3). The BGK "GAIW' 
term requires the scattering t .o be not only symmetrical but the velocity distri­
bution to be Maxwellian. 

The Boltzmagn integro-differential equation has been replaced, 
the~, by the much simpler first order differential equation, Eq. 1, the solu­
tion to which can be written: 

where 

F 

n 

u 

T = 

n 
e 

m 
2kT (

_ ~ )2 
V-l u 

J f(v,x) dv 

]; J Vx f(v,x) dv n 

3~ J (v-f u}2 f(v,x) dv 

(4) 

(5) 

(6) 

(7) 

I~ is evident that an initial approximation to the spatial de­
pendence of the three moments ~, u, T through the shock wave is sufficient to 
start an iterative solution procedure for the set of equations 4, 5,6 and 7 . 
These initial estimates can be used in the R.H.S. of Eq. 4 to determine f+ 
(lst approx.) at a set of discrete points in the phase space. This discrete 
representatio~ of f is then used in equatio~s 5, 6 and 7 to derive new number 
density, veloci~y an~ temperature profiles. The procedure is repeated to con­
vergence, giving final profiles for the BGK shock wave solution. The problem 
as sta~ed appears to be straight-forward; however it en~ails truncated numeri­
cal integrations over the infinite velocity space as well as the single physical 
space coordinate. Such procedures require very great care to ensure acceptable 
accuracy for reasonable compu~ation times. Chahi~e and Narasimha (Ref. 14) 
have performed these computations, integrating as many as 15 times when re­
quired. Their results for inverse shock thickness based on the maximum slope 
of the density profile are plotted in Fig. 2 along with results for the other 
solutions described in tbis section. The most interesting feature of the BGK 
results is the predicted shape of the disvribution function within high Mach 
number shock waves. Starting with the N.S. approximation as the zeroth iterate, 
the distribution function develops a pronounced double-maximum form similar to 
the Mott-Smith distriburioR. This can be seen in Fig. 3. The BGK distribution 
function at an intermediate point in a Mach 10 shock is plotted as a function of 
the flow direct~on random veloci~y component for a series of perpendicular 
velocities. The double-maximum shape is very pronounced for small values of the 
perpendicular velocity component. This is astrong indication that the Mott­
Smith solution gives a reasonable microscopic picture as well as accurate mean 
flow profiles. 
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All theories described in the previous sections are based on 
mathematical approximations, the implications of which can only be accurately 
determined empirically. Such comparison is possible in the single component 
case because there exists a sufficient volume of independent experimental 
determinations of shock density profiles. The range of experimentally observed 
shock deBsity thicknesses is indicated in Fig. 1. 

All of the curves of Fig. 1 have the same basic shape starting 
from inverse thickness equal zero at Mach 1. (This corresponds to an infinitely 
thick shock. The ordinate of this plot is Àl/6 where Àl is the upstream mean 
free path and 6 is the maximum slope dehsity thickness of the shock. The various 
methods predict a maximum in the neighbourhood of M = 3 and a very gradual de­
crease towards an asymtotic value at higher Mach numbers. It is important to 
note the dependerice of absolute shock thickness on Prandtl number referring to 
the Navier-8tokes curves. A good deal of caution is required when comparing 
experimental results with the calculations for a specific molecular model. When 
the theoretical analysis is of the Navier-Stokes type, the Prandtl number and 
the viscosity-temperature dependence can be matched with the experimental 
value. For other kinetic theory methods a correspondence between the theoreti­
cal model of the gas and the actual gas collision properties is not so easily 
attained. 

lIl. THE ANOMALOUS ffiE-ACCELERATION 0F THE CHAPMAN-ENSKOG SOLUTION 

Sherman (Ref. 4) has shown 'that the Chapman-Enskog second approxi­
mation shock solution for a helium-argon mixture with an equilibrium molecular 
fraction of 2% argon at a shock Mach number of 2, predicts a pre-expansion of 
the heavy gas before its eventual shock compression to the downstream Rankine­
Hugoniot value (see Fig. 4 and 5 of Ref. 4). Predictably, since this result 
defies intuitive explanation, Dr. Sherman's paper has been followed by a 
number of others, each presenting a point of view about the origin of this 
usual behaviour. ~ertainly much of the interest in this solution is academic; 
nevertheless, it is important to determine whether it is a real physical pheno­
menon or a 'mathematical anomaly. 

Liu (Ref. 15) in a short note, has made some important observa­
tions regarding the pre-acceleration. He has shown, first of all, that the 
initial expansion of the heavy gas is nDt caused by the nonlinear effects of 
strong shock waves but occurs, in the C.-E. solution, even for limiting weak 
shocks. He has also shown why the Burnett stresses, i.e. the correction terms 
associated with the third approximation, are too small to account for the 
anomaly. 

Oberai, (Ref. 5) as noted earlier, has recalculated the trouble­
some cases using an extension of the single component shock structure solution 
proposed by Mott-Smith. For binary mixtures the distribu~ion function for each 
of the two species in Oberai's solution has the same bimodal form, 

(1) 

where 

1 (v _ 1 Ucx)2 m· } 
2 kTa 
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As in the single component solution, ul, Tl are common to both species and are 
the upstream equilibrium values of mean velocity and temperature. The values 
of u2,T2 vary with position but at any position are common to both species. 
~hey are chosen to satisfy the overall conservation of momentum and energy 
within the shock. It is obvious that for the cases of interest here where one 
species dominates the flow, u2,T2 will not vary much from the downstream 
equilibrium me~n velocity and temperature since in the limit as nheavy ~o 
they take on these constant values exactly. The disyribution IIhght 
function for the argofr is, then, even more sharply double-peaked than the 
helium distribution. Oberai has selected the vx

2 -moment equations for each 
specaes to solve the problem for a Maxwellian molecular colli sion approxi­
mation. The density profiles calculated from this solution are monotonie . 

Oberai's solution is a very interesting addition to the theory 
of binary shock structure. However, it is something less than a completely 
satisfactory contradiction of the C.-E. result. The moment solution is not 
an exact solution to the problem and it is difficult to assess the conse­
quences of the assumptions on which it is based. For example, the argon dis­
tribution function is forced to be similar to the helium distribution at all 
points (but wi th sharper peaks because of the smaller random speed of the heavy 
argon molecules.) It will be shown rather conclusively in the next section 
that the argon distribution function evolves in a very different way from this. 
Still it is the contention of this report that Oberai's sol~tion is qualitat­
ively correct, altho~h the rigidity imposed on the distribution function 
causes it to err in detail. 

The Chapman-Enskog solution for the binary mixture gas flow 
problem is described in detail in Chapter VIII of Chapma~ and Cowling's book 
(Ref. 6). The distribution function for each species, fl, satisfies a 
Boltzmann equation for that species including a collision term for cross­
collisions with the second type molecules. Each of these distriqution 
functions is expanded in a sequence of correction terms with the first approxi­
mation term bein~ a Maxwellian with mean velocity and temperature equal to 
the local flow mean 

where 

vaJ"ues i . e. 

fi = fi + 
o 

+ ...• 

exp { -

u,~ are the overall flow mean velocity and temperature . 

(2) 

~his point is important and it can be emphasized in terms of the specific 
problem under consideration. If the argon is present only in trace quantities, 
the helium dominates the flow and TI and T of the overall flow will be very nearly 
equal to the helium mean velocity and temperature . If is a different story for the 
trace of argon. The cross - collisions between helium and argon atoms do not 
communicate energy or momentum difference efficiently because of the large 
difference in mass between the two types of particles . The argon mean 
velocity may be substantially different from the overal~ mean flow within the 
shock. It would seem more reasonable to expand the distribution function of 
each species about the local mean velocity and mean random energy of that 
species, however such a modification does not fit into the C.-E. formal solution. 
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In the C-E. method, a sequence of specific approximations are 
made based essentially on the assumption that diffusion velocities are small 
and thermal contact between the species is good. In the context of this formal 
solution it is difficult to identify any particular one approximation as the 
cause of the anomalous pre-expansion. Rowever, Fick's law of diffusion 
(which is equivalent to the e.E. diffusion equation disregarding thermal 
diffusion) can be derived from a different kinetic theory point of view - one 
which clarifies the implicatyons of the C.E. approximations. 

For the sake of the illhstration, consider the limiting case as 
nA/nRe ~O. The helium shock is then described by a single component shock 
structure theory. îhe diffusion equation to determine the behaviour of the argon 
can be derived from the argon-momentum equation. For the one-dimensional shock 
problem this equation is: (See Chapman and Cowling, Sec. 3.13.) 

where 

[ 
d () du + _d (p . * _ PA *~) 

u dx PAwA + 2 PAwA dx dx All P FUJ 

d p-J(. 
+ A 

dx = 1') 

the starred quantities signify that these random velocity moments for the argon 
are defined about the overall gas mean velocity u. 

i.e . 
J c* c* f dc* K K K (4) 

c* (v -u) K x 
The pressure tensor terms PA and Pilfor argon and total flow are similarly defined. 
Neglecting the terms in squaf-e

l 
brackets, this is the C:'E. second approximation 

diffusion equation without thermal diffusion (see Chapman and Cowling pg . 408). 
It is immediately obvious from this equation that the first term in the square 
bracket is not necessarily small - in fact in the strong diffusion shock 
problem it will e relatively important at the upstream end of the shock where 
dwAldx may be of the same order as dU/dx since it is anticipated that the 
helium will compress first in the exact solution. (On the basis of the C.-E. 
theory predictions, 

Id~ du 
dx 

+ 

at the upstream end of the shock since the overall gas begins to decelerate 
while the argon ifritially accelerates. If this were in fact the case, the 

neglected term would be even more important). Roughly speaking, the C.E. 
diffusion equation approximates the acceleration term in the heavy particle 
momentum equation by the overall gas acceleration. The following calculation 
makes it clear that this approximate ureatment of the heavy particleaccelera­
tion term is the cause of a pre-expansion anomaly: consider as a demonstration 
the shock wave s~ructureina mixture of predominantly helium with a very small 
concentration of argorr. For this limiting case the single comp0llent Mott-Smith 
shock solution (see Sec. 2 .2) is a reasonable approximation for the behaviour 
of the helium. The argon compression is described by a simple version of its 
momentQm equation -
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wh~re the random velocity has been taken with respect to uA 

and the moments are also taken with respect to uA 

PA = ;A J cKcK f dc 

this mome ntum equation assumes alocal Maxwellian distribution function about 
the species mean properties and a linear friction term for collisional 
momentum exchange. The integrated argon density profile calculated from this 
equation will be compared with the results obtained when the acceleration 
\erm in the above equation is replaced by the overall gas (i.e. the helium 
gas ) acceleration in other words by equation 3 droppi ng the square bracketted 
terms . 

= 1) n 0.. (ti.. - U ) 
A tie tie A 

du 1 is replaced by u-- ~ -dx - p 
d P ) 
dx 

(6) 

In both Eqs. 5 and 6, the substitution 

PA = nA k T 

is made, where T is the overall gas mean temperature . Thi s is not a good 
appr oximation and it will be eliminated in Section V where individual specie s 
temperatures are allowed. It is, nevertheless, consistent with the C.-E. 
second approximation which does not include differences in the s pecies temperature. 
With no furthe r appr oximations , equations 5 and 6 can be writt,en in non­
dimensional form: 

and dNA e- = 
dX 

de 
dx 

(u -u) _ N de + mA N (de + -.l.. dNHe) 
He A A dx ~e A dx NHe dx 

(8) 

The quantities NA' N, ~ , uA ' e are in units of their upstream equilibrium 
values nAl' nl' ~el' uAl; Tl respectively 

and s = 

x wherè Àl is the upstream equilibrium 
value of the He-He mean free path 
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In each case, values of N, 8, 

K À 
= 0 

n A kT 
r.o 0 

dN de 
dX' dX are calculated from the dominant Mott-

Smith helium shock. The first order or dinary differential equation in the de­
pendent variable NA is integrated in each case numerically. The results for 
the density are shown in Fig. 4. For each s pec ies the number density in units 
of the upstream equilibrium value for that species is plotted as a function of 
distance from the centre of the helium shock in units of the npstream helium 
mean free path. The density Q~dershoot occurs in the solution of Eq. 8 but 
not for the s olution of Eq. 7 in which the argon inertia term appears explicitly. 

The purpose of this section has been to reduce the diffusion 
shock prob-1em t o as simple a formulation a.s possible in order to expose the 
exact nature of the cause of the C.E. pre-acceleration . In doing this, the 
argument has been based on some approximations in the derivation of the argon 
momentum equation which have not been fully justif ied. These approximations 
will be elimina.ted in Section V. However, two conclusions can be drawn here : 

(1) Rep1acing the species acceleration by the overall flow accelera-
tion in the simple momentum equatio~for the argon results direct1y in the 
appearance of a pre-expansion in the argon density profile. 

(2) The e .E. diffusion equation contains, implicitly, approximations 
which are equivale e to this mis-representation of the diffusing species 
inertia . (See Eq. 3). 

IV. A MONTE CARLO SOLUTION TO A MODELLED DIFFUSION SHOCK ffiOBLEM 

There is an obvious need for an "exact" solution to the strong 
diffusio shock problem as a basis for eva1uating the various kinetic theory 
solutions and as a final check on the upstream behaviour of the diffusing heavy 
gas. For both of these purposes the u1timate solution would be one detailing 
the distribution function for the heavy particles throughout the compression 
region. This information would not only give profiles for the moments of the 
distribution function to any order but would give some idea about the severity 
of the kinetic theory assumptions. Generally, the kinetic theory of the shock 
problem proceeds by restricting the shape of the distribution function in some 
manner (e.g. distorted MaxwelliarYor bimodal Maxwe1lian). Knowledge of the 
exact distribution functi on shape could be used to select a reasonable kinetic 
theory model. 

There is an experimental method available for producing the 
complete distribution function at a point in a rarefied flow, however it has 
not yet been app1 ied to this prob1em. It is the Doppler shift technique used 
by Muntz (Ref. 16). 

In orde~ to fi1~ this gap, temporarily at least, a numerical 
experiment has been devised t o solve a modelled diffusion shock problem. The 
mod 1 is this: the light gas shock is assumed to have a Mott-Smith profile 
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and to dominate the total momentum and energy fluxes. Hence it is considered 
to be undisturbed byl the small concentration of heavy gas. The Itexactlt heavy 
particle flow patter~ induced by this light gas shock can be built up using a 
test-particle Monte Carlo approach. Heavy particles are introduced into the 
flow far upstream of the light gas compression and their trajectories are 
followed collision by collision as they pass through the shock. At a number 
of stations in the shock region the contribution of each particle to the dis­
tribution functiov and its moments is accumulated to produce an acceptable 
average when a sufficient number of trajectories has been generated. Within 
the limits of statistical precision of the finite sample and the restricted 
nature of the modelled problem itself, this information is an exact description 
of the actual heavy gas behaviour. The restrictions placed on the ligh~ gas 
shock are not troublesome in the evaluation of various kiRetic theory approaches 
using the Monte Carlo results as a standard since the kinetic theory can use 
the same model for the light gas shock. The comparison thus gives a valid 
indication of the seriousness of the various approximaiions made in the kinetic 
theory of diffusion shock structure. 

Inject Test 

Partieles (A) 

a 

Upstream 
Maxwellian 

Follow Test Particle 
Abandon Collision by C_o~l~l_i_s_i_o_n __________ ~ ______________ ___ 

He 
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De ns i ty Profi le 
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There are two types of molecular numerical experiments, the 
distincDion between the two resting in the amount of exact knowledge available 
about the system to be analyzed . Gas -surface interaction studies are being 
carried out on large digital computers by idealizing the surface to a single 
perfect crystal lattice face and assuming an analytical interaction law between 
the impinging gas molecule and the lattice. This type of problem is completely 
deterministic in nature. Analytical expressions can be written for the trajec­
tory of a particle with known velocity far above the surface. The computer's 
task in such an experiment is to account for a large number of impinging mole­
cules spread over all possible initial aiming points. The second type of pro­
blem is characterized by a probawlistic description of part of the system and 
is popularly called a Monte Carlo method. 

It is in general impossible to keep track of the exact position 
and velocity of each particle in a molecular gas flow problem. In place of 
such complete knowledge it is usual for the distribution function at any point 
in trhe flow to be known either analytically or in approximate numeri cal form. 
If a test particle is being followed along its trajectory through a gas des­
cribed by a known distribution function this information does not give a deter­
ministic answer to the location or type of its next collision with a gas mole­
cule. The Monte Carlo technique requires that it be possible to express these 
essentially non-deterministic quantities, namely distance to next collision, 
velocity components of the colliding particle and collision parameters (direction 
of centres at "contact" for hard spheres or point of closesu approach) by 
probability distributions. As the test particle passes from collision to 
collision the values for these quantities are chosen by selecting a number from 
a random group, distributed according to the inherent probability distribution 
associated with that quantity. (Haviland has given a thorough exposition on 
Monte Carlo applications to molecular flows - see Ref. 17). 

4.1 Free Path Calculation for the Test Particle 

In the modelled diffusion shock problem, the background gas 
distribution function is assumed at all points to be the Mott-Smith bimodal 
Maxwellian (Section 2 .2;. 

m Cv - t:. Ua'! ___ m_ (- A )2 na: 2 kTa 1. n
t3 e-2kTt3 

v-i ut3 
f 

(2nk/m 'ra)3/2 e + 
(2nk/m T

t3
)3/2 (1) 

nl nl lbt3 
Do: n

t3 
= 

(l+e BX) (l+e-BX ) 

X (distance from shock centre)/Àl 

Àl is the upstream mean free path 

B = is the Mott -Smith coefficient, a function of Mach number 

n 
1 

is the upstream infinity number density of the background 
gas (helium) 
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are upstream 00 temperature and mean velocity 

T~ u~ are downstream 00 temperature and mean velocity 

Ua~ = ua/u~ 

To get a probability distribution for the di stance to the next collision, consider 
first a large number of replications of the test particle trajectory i.e. a beam of 
particles with the test particle velocity moving through a gas with Maxwellian 
distribution function. Elementary kinetic theory texts derive the expression 
for the collision frequency at a point between particles and the Maxwellian gas. 
(See section 5.4 of reference 6). In a Maxwellian with number density nm: 

v = 

Cm is the most probable speed of the background gas 

C is the beam particle velocity with respect to the 
background mean velocity divided by cm 

Sc is the hard sphere collision cross-section for a 
beam-gas particle collision 

(2) 

For a beam passing through the Mott-Smith distribution, similar expression can 
be written for the beam collision frequency with each of the Maxwellian parts 
of the total background distribution 

v = n S [~ ] c E 
~ 1 c (l+e-BX) ~ ~ 

(4) 

where the subscripted symbol Erepresents the terms in square brackets in 
equation (2) for the a and ~-type Maxwellian backgrounds. The total collision 
frequency is just the sum of these 

v = 

These expressions are used to derive a distribution for "the 
probability of survival to X withou~ collision" where X is the flow direction 
coordinate in units of the upstream mean free path (Àl ) for mutual collisions 
between light particles. 
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Passing from X to X + G1lX along the test particle path as shown in the above 
sketch the number of beam particles lost due to collisions with background gas 
molecules is 

where 

d~ = -
nb v(X) 

V 
dX 

coscp - ~ v(X) dt 

~ is the number density of beam particles 

V is beam speed 

cp the beam angle with the flow direction 

(6) 

v(X) the collision frequency of beam particles with the background at 
position X 

dt is the time required for a beam particle to change its X-coordinate 
an amount .dX 

Af ter integration we obtain: 

~nb_ f~ dX 
n nb/ - - J yx V cos cp 

o 0 

substituting the value of v(X) from equation (5) yields 

~n l ~n (l+e ) c E BX ] 
B (l+e BXo) ~ ~ 

Sc "1 UCXB [ (X-Xo) 
1 (l+e-

BX
) ] E + - ~n - nl V cos cp B (l+e-BXo ) c~ ~ 

Al _A2 

~ e -Al(X-Xo) [1 BX ] B -A2(X-X ) [ -BX ] B 
l::BXO 

l+e (8) . e 0 

l+e-BXo nbo 
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where nlScÀlcll'bEa 
V cos (j) 

nlSCÀlua~C~E~ 
V cos (j) 

The probability of survival from Xo to X is 

This is the probability distribution associated with the single test particle 
trajectory as it leaves a collision at X-o. 

Ranllom numbers ("pseudo-random" numbers) are available on the 
I.B.M. 7094 in a rectangular distribution on the interval - l~ R ~l i.e. 

P(R) = .5 
o 

for - 1< R < 1 
out side this range 

where P(R)dR is the probability that the selected number will be in dR about R. 

1hese numbers must be redistributed so that the probability of choosing R in dR 
is equal to the probability of collision in dX. 

i.e. P(R)dR 

Probability of survival to X is 

R J P(R)dR 1 

-1 

1 - R nb 
= + --2 11[,0 

or Al A2 

-Al(X-Xo) [1+ BX ] B -A2(X-Xo) [ -BX jB l+R 
1 +:BXo 

l+e e e 
l+e-BXo = 

2 
(10) 

For a particular choice of R from the available random number generating routine, 
the above is an implicit equation for the random axial coordinate of the next 
t est particle colli sion, X. The equation is solved af ter each collision using 
a Newton-Ral~on convergence technique. Since the expression contains a number 
of exponentials and exponentiations, both relatively time-c~uming opera ti ons 
for the computer~ this can be a major contribution to the total computation 

"pseudo-random" numbers are sequences of numbers which may be reproduced in 
order by starting the computer generating function at the same number for 
the repetition. The numbers also must satisfy randomness criteria. 
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time required to pass a test particle through the light gas maze. However, 
since the expression 

BZ 
e for Z in the range of X between the computational 

inlet and out let for the heavy species 

oc~urs repeatedly, a table of the exponentials can be stored for suitably small 
intervals 62, to satisfy the accuracy requirements of the free path calcu­
lation. This replaces an exponential calculation by the calculation of the 
index associated with the exponential argument plus the selection from the table. 
Since the number of collision calculations is very large this is an extremely 
lucrative t-rade. 

To save computation time use was made of the fact that for large 
values of both X and Ko (i.e. relatively far downstream in the shock front) 
the calculation can be simplified. In this limit the test particle is moving 
through a single Maxwellian gas with number density nl~' temperature ~~ mean 
velocity ~. 

1 (n) 

and from Eq. 10 

and the free path calculation is the simple logarithmic expression 

1 

~ 
.in (l+R) 

2 
(12) 

4.2 Selection of Collision Partner Velocity 

When the position of the next collision has been calculated using 
the exact free path expressions derived in Sec. 4.1, the next task is to select 
the velocity components of the light gas particle encountered by the test mole­
cule at this position. Since, in this modelled problem, the background distri­
bution function at a point is the sum of two Maxwellian contributions each with 
known properties, it is possible to decide, as an initial step, from which of 
the groups the target particle will be selected -

(i) 

( ii) 

(iii) 

select R, a random number from the rectangular random number 

generator. Then R;l is a random number between 0 add 1. 

va is the total collision frequency of test particle with a-partoftar~ 

maze. v~ is the total collision frequency of test particle with 

~-part of target maze. 

If R+l > ~ the target is of the ~-type, otherwise it is of the 
2 vc:/v~ 

a-type. 



.. 

The problem is now reduced to choosing at random a c olli sion 
partner for the test particle from a Maxwellian with known properti s . In the 
following derivation all speeds are non-dimensionalized by the mos probable 
speed of the target Maxwellian gas (cm)' The problem can be formulated as 
follows: 

Before collision the test and target partiele velocities are sketched below 

The relative probability of collision with partiele a a velocity C 
dC is 

in range 

where 

(, ., 

'- :' 

_C 2 
C C2 e sin~ d~ de dC 

r 

[~~V2+ (v +~) erf v] 
( 1) 

and [ ] will be denoted in the following by 
a(v) 

Angle ~,e are shown in 4he above sketch. 

The three velocity coordinates of the target partiele must be selected according 
to this inherent probability . Obviously, this probability is dis ributed uni ­
formly over tbe range of e s o the sè lection of the 8 coordinate i s trivial - no 
redistribution is required. 

e (2) 

where Rl is a random numb er selection from the rectangular distrib)ltion. 

The probability of a (~ , C) - type target is found by performing t.he integration 
of equation (1) over the range of from 0 < e < 2H and is 

2 J C2 + V2 - 2CVcos<IJ 
JTr a(v) 

First select th target partiele spe d C. rhe probabi1ity of the arget 
particle s peed C, being in the r ange dC about C is 

P(C) dC " [L-1L 2" v~C) d d).< ] G~~) "P(R2 )dR2 

where R2' ow~ is a random rectangu1ar selection, and IJ. = cos <IJ • 
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Therefore integra~ing both sides from their corresponding initial values~2==o_1 

If 'c <v 

R2+
1 4 {( 1 ) 

-2- = IJTrG(V) v + 2V erf 

If C > V 

4 {l 2 _C2 V2 _C2} 
1 - G(V}'.hr "2 (l+C)e + b e 

j.l=-l 

j.l=l dC 

(6) 

For every randomly selected va1ue of R2 there is a corresponding target particle 
speed, C. 

Rather than solve these imp1icit equations 5 and 6 by a numerical 
iterative technique, values of the quantity R2 = R' were tabulated in matrix 
form for a series of velocity pairs C = C' and V = V'. When the choice of C 
is to be made during calculation, a random number R2 is chosen from the genera­
tor. . The column corresponding to V' ~ V is scanned to find the value of C' 
for which R' ~~. This value of C' is then the value used for C in the 
collision calculation. This tabulation procedure is governed by some practical 
considerations. The first of these is that 99.7% of all the particles in the 
Maxwellian have values of C < 3 so that the probability of collision with a 
target partic1e whose speed C < 4, say, can be neglected. The tabulated range 
for V' must be determined for each specific Mach number. Since V' is the 
difference between the test particle speed and the target group mean, practical 
limits for it will depend on the shock Mach number. 

Khowing the speed of the target partic1e, one more random se­
lection is required to specify the angle ct> i. e. ct> = cos- J ~ 

For known C 

r [';-.(;2+ V2 + 2CViI C2e _C
2 

dC JdiI 
J )1 2 ~ C2+V2+2-CylIc...2e -C dc J dlI 

-1 

Upon integra~ion this becomes 

((C2+V2+2 CV~)3/2 _ Ic _ v1 3 } 

( (c+v)3 - Ic-v j3 } 

Solving for j.l, the arcosine of the collision angle, 
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JrR3+1 3 (1-R3) 3 J3/2 } 11-2- (C+V) + ~ Ic - V I - C2
_ V 2 

The angle cp is then determined by the choice of ~ i.e., 

cp = cos-l(-I-l) 

This completes the specification of the target particle velocity. 

4.3 Direction of Flight af ter Collision 

(8) 

To this point, no assumptions have been made about the inter­
molecular force law to be ~ed for the collision. The two models most frequently 
chosen in kinetic theory calculations are based on hard elastic spheres and 
molecules obeying an inverse fifth power repulsive force law (Maxwellian molecules). 
Both of these have been used in the Monte Carlo calculation. However, only the 
hard sphere derivations will be shown here. The corresponding considerations 
for the Maxwellian molecule model are derived in Appendix B. It can be noted 
here that the familiar problem associated with inverse power law fields of 
infinite extent, namely the fact that all particles are continuously in a state 
of mutual collision, would render this model useless for Monte Carlo calculations 
if it were not possible to consider a finite cut-off point for the interparticle 
force. This is also considered in Appendix B. 

Consider a collision bet.ween two elastic spheres, masses ml, m2' 
velocities vl, v2 before collision and represent their velocities af ter collision 
by vi ' v2· Define 

The centre of mass of the two molecules will move with constant velocity G de­
fined by the equation: 

moG = mlvl + m2v2 = mlvi + ~ v2 
Let g and g'represent the relative velocity of molecule "2" with respect to 
molecule "1" before and af ter collision r~spectively so 

g = v2 - v l 

g' = V' -, 
2 - v l 

Then 
v l TI M2 g 

v2 = G + Ml g 

v' 1 
TI M g' 2 

v' = TI + Ml g' 
2 
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Since the centre of mass of the two colliding molecules is unaccelerated, the 
collision can be viewed in an inertial frame fixed to the centre of mass. In 
this reference frame the collision takes place in a single plane containing the 
line of centres. At impact the collision looks like this: 

v 

where ~, t are unit vectors in the collision plane parallel and perpendicular 
to the line of centres. For smooth spheres the tangential Ct) components of the 
two molecular velocities 'are conserved. 

Conservation of normal (~) momentum leads to: 

Conservation of energy implies 

since tangential velocity components are conserved. 

Hence 
m V,2 + m v,2 

1 1 2 2 . 
n n 

or 

i.e. m (v + v
l
' ) ( v

l 
- v' ) = m (v + v2' H v 2 - v' ) 

1 ln n n ln 2 2n n n 2n 

but 

therefore 
= (v + v' ) 

2n 2n 

The result can be written 

+ 

m2 
(ml -m2 }g cos e + 2 

mlm2 
g cos e = -if ~ 

0 0 

~ g cos e 
mo vln · 
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As anticipated, the collision i s symmetrical about the line of centres at impact. 

Af ter collis ion 

db 

27Tbdb 

~he rotation of relative 

Now b 

ft 

v1 

2 

x 

vector i s 29 

s in 9 

n 

.ft = r l + r 2 
radius of 
influence for 
colli sion 

~he probability of the collision impact parameter being in db about bis: 

P(b) db 
27Tb db 

7Ttf 

2 cos 9 sin 9 d9 

27T sin 29 d (29) 
= 41T 

The relative velocity vector rotates into solid angle element dD with probability 
dn/~i.e. all solid angles are equallly probable. The direction of the relative 
velocity vector aft er collision then has a random set of direction cosines. A 
technique for numerically selecting a set of random direction cosines, requlrlng 
s election of two random numbem is given in Haviland's report (Ref. 15) and is 
repeated in Appendix ~. 
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This completes the single test particle s tep procedure. The 
position of the test particle for the succeeding step has been found and the 
relative velocity vector before and af ter collision is determined by the random 
procedure described above. It is a trivial algebraic step to derive from the 
relative velocity vectors the absolute test particle velocity af ter the collision. 

4.4 Accumulation of the Distribution Funetions and Moments 

The heavy test particles are introduced at some dis"tance upstream 
of the light gas compression where both gases have their cold Maxwellian proper­
ties. The random velocity components of the heavy particle can then be directly 
selected fr om a distribution of random numbers. llowever , care must be taken to 
weight the contributions of each particle according to the relative fluxes of 
these partieles across the inlet plane. Aparticle having the mean flow speed, 
U, is treated as a single particle, weight 1, whereas a particle with flow di­
rection velocity u, is counted to be u/U particles i.e., the probability of a 
particular velocity for the injected particle is the ratio of the flux of that 
velocity group to the total flux. 

The selected particle is then followed, c ollision by collision 
as it i s swept through the compression region. The downstream boundary condi­
tion is treated in a very simple-minded manner. At a di s tance"some number of 
mean free patJhs" downs tream of the region of primary interest (thi s will normally 
be the region up to the point where the Rankine -Hugoniot compression of the 
heavy species is, say, 99% complete ) the particle i s abandoned. At this point, 
a portiort of the heavy partieles have absolute velocit i es in the upstream 
direction but their range in that direction is very small because of the high 
density background gas tending to sweep them downstream . This method is easy 
to apply but must be tested carefully at high Mach numbers. (The test procedure 
consists of i ncreasing the distance of the downs tream point at which the test 
part ic les are abandoned until R O further effect upon the accumulated distribution 
in the compression region can be detected. ) 

As the test particle ~s through the compression region it must 
be possible to interpret its local velocity at a number of stations in terms of 
the contribution it makes to the distribution function and its lower moments 
at t he se stations. For the sake of this interpretation, a time element and an 
element of area 6A perpendicular to the flow direction are introduced. These 
two quantities have no relevanee to the actual flow problem Le. they do not 
correspond to any re~l time or area i n the problem but are used to relate the 
results of N i Adividual random tests to those of a continuous flux of par t icles. 

The real constant number flux of heav;v partieles is nu . Consider 
the total sample of N particles to be injected in unit time through a cross­
sectional area 6A 

therefore ( 1) 

where subscript "1" refers to upstream infinity values . 

Phase space is divided into cells of volume -
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27TV !::::. V !::::.u M 6:x = 
p p 

where Vp is the speed perpendicular to the flow direction 

u is the flow direction speed 

If RC(U,Vp'x) is the number of the N particles which are in!::::.V when they pass 
X then 

is the number per unit time per unit volume phase space passing into and out of 
this phase cello 

Multiplying this quantity by the cell residence time gives the expected number 
in the phase cell i.e. 

nc nlul 

27iV rPV rPu N lu I 

fhe moments are accumulated u$ing this formula for f(u,Vp'x). The results are thus: 

Number density at x 

n == r f dV 
v 

n 
= (~ nc 

nl 
27N t:N u p p 

=(I nc ~yN 
Mean velocity: 

Temperatures 
mA J c2 mA 

T f dc = - ? 3nk 3nk 

1 mA ~ { :1 (~Tu1u1 yN u2 } 3 mHe 
·l -2 

Ul 

----:2 

'P" 
mA cl 

= n k 

mA 
lM2{nnl [~r -~:2} = -- • 

mHe 
where M is the upstream value of the helium Mach number . 
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4.5 Results of the Monte Carlo Calculations 

Shock profiles for the density and temperature moments have been 
computed for a range of Mach nhmbers using a hard sphere collision model and 
a mass ratio of the two constituents of 10. A limited number of computer 
runs were performed for Maxwellian molecule type collisions. However, these 
calculations took much more computer time. Since the main purpose of this 
exercise is to evaluate analytical approximations in kinetic theory, the Max­
wellian molecules are used only as an occasional check that the conclusions 
drawn from the hard sphere calculations do not exclusively pertain to the hard 
sphere molecular model. The shock profiles are shown in Figures 5 to 8. In 
all of these figures the moments in units of their upstream equilibrium values 
are plotted as a functio of di stance from the centre of the Mott-Smith light 
gas shock. This distance is given in units of the upstream helium mean free 
path. Figures 9(a) and (b) show the detailed evolution of the distribution 
function of heavy particles as they pass through the compression. N(Vx)' the 
distribution function integrated over all values of the perpendicular velocity 
components, is plotted as a function of Vx in units of the upstream most 
probable random speed for the heavy gas. The important observations are these : 

(i) 

(ii) 

( iii) 

The heavy particle density profiles are monotonics. 

The 'temperature' of the heavy species associated with the flow 
direction random velocity, Til, rises much more rapidly than the 
pe~pendicular teillperature. Both overshoot the downstream value. 

The heavy particle d.istribution functions for M = 2 and 3 do not 
show the strong double maximum shape of a Mott-Smith distribution. 
In fact they should be reaso~ably well approximated by a single 
mode Maxwellian throughout most of the compression. 

The implications of these results will be discussed in Section V, where a 
comparison is made with some analytical calculations. 

Both Rothe (Ref. 18) and Center (Ref. 19) have investigated 
shock structure in He-A mixtures using the electron beam fluorescence tech­
nique. Rothe' s results were difficult to interpret in terms of a one­
dimensional shock wave model since the shock waves he investigated were formed 
in front of a shock holder placed in a free jet expansion. Three dimensional 
effects were important in these experiments and the results for the case of 
interest here, namely the case with every small argon concentration, were 
inconclusive. Center, on the other hand, was specifically concerned with this 
problem and he reports no indication of a pre-expansion of the argon at the 
upstream end of the shock. 

Before proceeding, the three major assumptions of this solution 
will be restated. This Monte Carlo solutiorl assumes a binary mixture of neutral 
gases with widely disparate masses (namely mAimHe = 10 in calculation) and a 
heavy species equilibrium concentration so small that its influence on the 
background light gas shock is negligible. This background shock is assumed to 
have a Mott-Smith profile. A block diagram showing the computation sequence 
of the Monte Carlo programs is shown on the following page. 
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** 
x 

• 

MONTE CARLO PROGRAM SEQUENCE 

X> xA Select Test Particle 
, 

From Upstream Maxwellian 

f 
Calculate Test Particle 

Test x < xA Free Path in Light Gas 
x 

< ** 
... 

> xA 
, 

Background 
'f 

Store Contribupion of This 

Test Particle to the Distribution 

Function at all Check Stations 

Passed Along the Free Path. 
-W 

Select Target Particle Velocity 

From Light Gas Background 

Mott-Smith Distribution 
~ 

Calculate Velocity of Test 

Particle Af ter Collision With , 

Target Particle 

Is the position coordinate of the test particle measured from 
the centre of the light gas shock. 

Is a predetermined position beyond which the test particle is 
abandoned (well downstream of the compression region of interest) . 
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V. KINETIC THEORY CONSIDERATIONS FOR SHOCK WAVES IN MIXTURES WITH SMAL1 CONCEN­
TRATION OF HEAVY GAS 

The Monte Carlo method of solving molecular flow problems is 
capable of giving exact answers with finite accuracy because the behaviour of 
a very large number of molecules is inferred from the average behaviour of a 
relatively small sample. However, this type of inaccuracy yields to analysis 
and confidence levels can be established for solutions based on statistical 
calculations. The basic inexact nature of approximate kinetic theory solutions 
based on the Boltzmana equation is much less agreeable. As pointed ouV in 
Section 11, these solutions are in general based on truncated series solutions 
or some initial constraints on the fundamental variable - the distribution 
function of random velocities. There is a good deal of educated guessing in­
volved in setting up such a solution scheme and in some cases the solution 
quantities of interest are fortunately insensitive to these approximations on 
the microscopie level. Still, error estimates for~hese solutions are generally 
difficult to obtain. In the present situation the Monte Carlo calculations of 
the previous section can be ttsed to evaluate the merit of the kinetic theory 
answers. The remainder of this section will oatline some simple moment solutions 
to the modelled shock wave problem of Section IV and compare these answers with 
the Monte Carlo results. (Refer to Section 11 for description of moment solutions.) 

5.1.1 Euler Equations (l-Temperature Maxwellian) 

An extremely simple set of moment equations is derived by 
the heavy partiele distribution function is locally Maxwellian. 

i.e. 
_ mA 

2kTA e 
(_ - )2 
V-UA 

assuming 

where nA, uA' TA are functioRs of the independent variable x, the position 
coordinate of the one-dimensional problem, and are determined by solving the 
moment equations for corrservation of mass momentum and energy. These are: 

d (2) dx (nAuA) = 0 i.e. rtAuA = nA1 uA 
1 

d + dPA 
Ll(vx ) (3) PAuA dx uA = dx 

+ 2 PAuA2 :A + 5 
k dTA 

PA uA mA ----ciX" = Ll(v2 ) (4) 

where the Ll's are in each case the collisional contributions to change. (The 
rnethod of derivation of colli sion terms ,Ll, is given in Appendix A). 

Non-dimensionalizing the flow variables by dividing by their upstream equilibrium 
values, the equations ean be written in matrix form: 
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where 

2 
mAuA 
k T 

1-

The 6' values are the nondimensionalized collision terms. 

As in Section IV, the light gas (helium) shock is assumed to have 
a Mott-Smith compression profile. This fact is used in calculating the 
collisional interaction terms, 6(vx),6{v2). Equation 5 is then integrated to 
give shock profiles for the argon number density and temperature (Fig. 10 and ll. 
'rhese results will be compared more closely wi th the M.-G.. solution later in 
this section. Qualitatively at least, it appears that this simple moment 
solution gives a reasonable picture of the shock. However, one of the striking 
features of this problem which cannot be simulated by the loc al Maxwellian dis­
tribution function is the preferential partitioning of random energy between 
the directions parallel and perpendicular to the flow. The M.e. temperature 
profile (Fig. 6) shows that the spread of the distribution of random velocities 
within ~he argon compression becomes much larger in the flow direction than in 
the perpendicular direction. A less restrictive form for the distribution 
function is required to include this effect. Nevertheless the simple Euler 
solution when compared with the more general solutions, will show how insensi­
tive the lower order moments (e.g. density) are to constraints on the distri­
bution func~~on shape which involve its dependence on higher order moments 
(e.g. r, '1l J ' 

5.1.2 The Two-Temperature Maxwellian Soluyion 

The extra freedom allowing the heavy constituent to have differ­
ent temperatures in the directions parallel and perpendicular to the flow can 
be introduced in one of two ways: by keeping the quadratic terms in a Hermite 
polynomial exp~sion for f (Ref. 8) or by considering instead the ellipsoidal 
expansion proposed by Holway (Ref. 11). In the latter case only tpe leading 
term in the expansion is required since the two temperature nature of the dis­
tribution is present in the ellipsoidal exponential weight function for this 
series. These two choices for ~he 2-temperature dis~ribution function have the 
form: 

where 

f = f o 

for the Hermite expansion 

(T fI _T) 
1'-

f - __ n __ ,:::" 

o - (21rk/mT)3/2 
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and 

for the first ellipsoidal term. 

1 
T"~ 

1 
:I. e 
T 

2 
m C-L 

- 2kT-L 
e (2) 

Only the detailed forms of the collisional contributions to the moment equations 
are affected by the choice between the two alternate distributions. The left 
hand sides of these eqïations have identical forms in terms of the dependent 
variables nA,uA,TÄ, TA. These equations are 

<P 1 
d 

(nAuA) = 0 dx 

<P v ) dUA k dTA" k dnA x 
RAuA dx + nA- + T" --- = ~(vx) 

mA dx A mA dx 

<P y2 -L 
2 dUA + 3 k dTÄ 

+ 2 k dTA 
~(l) 2 nAuA nAuA - nAuA mA = --a:x mA dx dx 

<P = V 2 
X 

2 2 dUA 
3 nA 

k dTA 
= ~(v~) nAliA -- + u -

dx A mA dx 

where 62 (vx ), 62 (v2 ), 62(vX
2 ) are the 2-temperature single mode collision 

calculations (Appendix A). 

(3) 

(4) 

(6) 

Solution of these equations for a light gas shock Mach number 3, 
mass ratio 10 (He-A) is shown for comparison with the local Maxwellian re sult 
in Figures l~ and l~. This 2-temperature solution is also plotted with the 
Monte 'Carlo curves in Fig. 5 to 8. Obviously restrictions placed on the 
higher moments by oversimplifying the distribution funetion have only small 
effects on the number density profile through the shock. The l-temperature 
density profile deviates only slightly from the -2-temperature result, even 
though the l-temperature distributiofrerroneously restricts the thermal 
energy to be equally partitioned in all directions. Od the other hand, Figures 
5 and 7 confirm that the 2-temperature density profiles compare quite favour­
ably with the Monte ~arlo results for M = 2 and 3. The temperature profiles 
compare well with the one standard deviation error bars of the Monte Carlo 
solution. 

The process of increasing the number of moment variables is, 
of course, a never-ending one. Before considering the possibility of increas­
ing the order of these single mode expansions, one very serious difficulty 
with these solutions must be dealt with. The problem concerns the behaviour 
of the sol~tion at isolated points where the matrix of coefficienBs of the set 
of differential equations becomes singular. 
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5.1.3 Singular Points of the Coefficient Matrix 

The inversion of the systems of equations of Sections 5.1.1 
and 5.1.2 have singular points wbere the determinant of the coefficient matrix 
goes to zero. 

For the Euler equations: 

N 
= 0 (1) 

5N 

i.e. 59 == 3$ 

u2 
1 

~ kimT 

The singular point for this set of equations corresponds to a local Mach number 
of unity for the heavy species. In a similar way it can be shown that the 2-
temperature equations are singular when 

3 kimT 
-7 1 (2) 

i.e. the "critical" speed for this solution is 

ti = ..)3 kimT 

Because the heavy species ~hermal speed is small compared to 
that of the light gas, the small trace of heavy gas remains "supercritical" 
throughout the entire com ression for low Mach number ligh~ gas shocks 
( u> ..)3 kimT > 5 3 kimT throughout for helium shock Mach 9umber 3). 
However with increasing shock Mach number the temperature ratió across the shock 
becomes very large and these critical points move upstream into the shock wave. 
For example, for a helium shock Mach number of 10 the temperature ratio across 
the shock is: 

= 32.2 

the velocity ratio is 

:2 
M + 3 

4M2 = 0.258 

the downstream helium Mach number is 5x.258 = .246 
..)32.2 

and the downstream argon Mach number is .JïO MHe = .78 

In such cases, the finite difference solution must pass through conditions 
where the coefficient matrix becomes singular. (~his condition sets in at 
much lower shock Mach numbers because the temperature overshoots T21 at an 
intermediate value.) 
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It is well knOWR that the Euler equations for a one-component 
gas are incapable, in the general case, of describing a smooth steady transonic 
flow. In the Euler approximation, the resulting shock wave takes the form of 
a discontinuity separating a region of subsonic from a region of supersonic 
flow. The l-temperature equations described in Section 5.1.1 are just the 
Euler equations for the argon gas with inhomogeneous terms resulting from the 
coll isional interaction with the background helium gas. Mathematically this 
problem is similar to the classical problem of l-dimensional pipe flow with 
frictional force and heat transfer from the walls. The solution requires 
physical gradients to become infinite as a decelerating supersonic flow 
approaches the critical condition, M = 1. A density and temperature discon­
tinuity satisfying conservation of energy and momentum at the "shock" station 
is required to patch the supersonic and subsonic flows. The loc al Maxwell ian 
distribution function of the Euler equations is too restrictive and these 
equations are incapable of describing a continuous transonic flow. All single 
mode Maxwellian expansions exhibit this "choking" behaviour and because of this 
are unable to describe the heavy particle flow for the full range of Mach numbers~ 

This is an interesting situation. The gas being described is 
dominated by collisions with the light background gas - collisions between 
pairs of heavy particles are considered vanishingly improbable. This gas is, 
then, completely reactive and incapable of supporting collective effects such 
as wave propagation. However, the mathematical equations chosen to describe 
the gas (single mode moment equations) do support disturbance propagation. 
This wave nature is independent of the inhomogeneous collision terms, that is 
it does not depend upon a self collision term in the moment equations, but is 
a result of the assumed functional relationship among the flow variables as 
they appear in the distribution function. 

At this point the single Maxwellian mode expansion has reached 
a similar impasse to the one it faced when used to describe single component 
shocks (see Section 2.2). In that case the bimodal expansion (Mott-Smith) 
rescued the moment method and produced reasonable solutions for the entire 
Mach number range. Two types of bimodal distribution function expansions are 
described below. 

5.2 Bimodal Soltuions 

In Section 111, Oberai's bimodal solution for binary mixture 
shock structure was described and it was pointed out thp.re that the form of the 
heavy particle distribution used in that solution would not be anticipated for 
the case of very small heavy species concentration. The Monte Carlo solutions 
of Section IV confirm this facto The distribution function shape at various 
stations within the argon compression for Oberai's solution is shown in Fig. 13 . 
These sharply double-peaked distributions can be compared with the Monte Carlo 
distribution functions for the same conditions shown in Fig. 14. (The curves 
labelled "Bimodal" in this figure are discussed later in this section.) The 

** These systems of equations are hyperbolic, that is, in time-dependent form 
they support the propagation of disturbances at a set of finite speeds. It can 
be shown that the critical points in the steady equations correspond to local 
speed ratios equal to these characteristic propagation speeds of the mathe­
matical system. 
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5.1.3 Singular Points of the Coefficient Matrix 

The inversion of the systems of equations of Sections 5.1.1 
and 5.1.2 have singular points where the determinant of the coefficient matrix 
goes to zero. 

For the Euler equations: 

N 
o (1) 

5N 

i.e. 59 == 3$ 

u2 
1 

.2 kimT 
3 

The singular point for this set of equations corresponds to a local Mach number 
of unity for the heavy species. In a similar way it can be shown that the 2-
temperature equations are singular when 

3 kimT 
~ 1 (2) 

i.e. the "critical" speed for this solution is 

u (3) 

Because the heavy species 4hermal speed is small compared to 
t.hat of the light gas, the small trace of heavy gas remains "supercritical" 
throughout the entire compression for low Mach number ligh~ gas shocks 
( u> ~3 kjmT > ~5j3 kimT throughout for helium shock Mach ~umber 3). 
However with increasing shock Mach number the temperature ratio across the shock 
becomes very large and these critical points move upstream into the shock wave. 
For example, for a helium shock Mach number of 10 the temperature ratio across 
the shock is: 

= 32 . 2 

t.he velocity ratio is 

= 0.258 

the downstream helium Mach number is 5x.258 = .246 
";32.2 

and the downstream argon Mach number is ~ MHe = .78 

In such cases, the finite difference solution must pass through conditions 
where the coefficient matrix becomes singular. (~his condition sets in at 
much lower shock Mach numbers because the temperature overshoots T21 at an 
intermediate value.) 
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It is well known that the Euler equations for a one-component 
gas are incapable, in the general case, of describing a smooth steady transonic 
flow. In the Euler approximation, the resulting shock wave takes the form of 
a discontinuity separating a region of subsonic from a region of supersonic 
flow. The l-temperature equations described in Section 5.1.1 are just the 
Euler equations for the argon gas with inhomogeneous terms resulting from the 
coll isional interaction with the background helium gas. Mathematically this 
problem is similar to the classical problem of l-dimensional pipe flow with 
frictional force and heat transfer from the walls. The solution requires 
physical gradients to become infinite as a decelerating supersonic flow 
approaches the critical condition, M = 1. A density and temperature discon­
tinuity satisfying conservation of energy and momentum at the "shock" station 
is required to patch the supersonic and subsonic flows. The local Maxwell ian 
distribution function of the Euler equations is too restrictive and these 
equations are incapable of describing a continuous transonic flow. All single 
mode Maxwellian expansions exhibit this "choking" behaviour and because of this 
are unable to describe the heavy particle flow for the full range of Mach numberst* 

This is an interesting situation. The gas being described is 
dominated by collisions with the light background gas - collisions between 
pairs of heavy particles are considered vanishingly improbable. This gas is, 
then, completely reactive and incapable of supporting collective effects such 
as wave propagation. However, the mathematical equations chosen to describe 
the gas (single mode moment equations) do support disturbance propagation. 
This wave nature is independent of the inhomogeneous collision terms, that is 
it does not depend upon a self collision term in the moment equations, but is 
a result of the assumed functional relationship among the flow variables as 
they appear in the distribution function. 

At this point the single Maxwellian mode expansion has reached 
a similar impasse to the one it faced when used to describe single component 
shocks (see Section 2.2). In that case the bimodal expansion (Mott-Smith) 
rescued the moment method and produced reasonable solutions for the entire 
Mach number range. Two types of bimodal distribution function expansions are 
de scribed below. 

5.2 Bimodal Soltuions 

In Section 111, Oberai's bimodal solution for binary mixture 
shock structure was described and it was pointed out thp.re that the form of the 
heavy particle distribution used in that solution would not be anticipated for 
the case of very small heavy species concentration. The Monte Carlo solutions 
of Section IV confirm this facto The distribution function shape at various 
stations within the argon compression for Oberai's solution is shown in Fig. 13 . 
These sharply double-peaked distributions can be compared with the Monte Carlo 
distribution functions for the same conditions shown in Fig. 14. (The curves 
labelled "Bimodal" in this figure are discussed later in this section.) The 

** These systems of equations are hyperbolic, that is, in time-dependent form 
they support the propagation of disturbances at a set of finite speeds. It can 
be shown that the critical points in the steady equations correspond to local 
speed ratios equal to these characteristic propagation speeds of the mathe­
matical system. 
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density profiles calculated from Oberai-type solutions also do not compare 
well q~antitatively with the Monte Carlo results. This comparison is made in 
Fig. 15. In the modelt ed shock problem considered here, the light gas shock 
is being approximated by the simple Mott-Smith single component shock solution, 
therefore it is possible to allow the bimodal representation of the heavy particle 
distribution function to have much more freedom without increasing the analytical 
difficulty of the comple~e solution unreasonably. Two modifications of the 
bimodal approach are considered below. 

5.2.1 Bimodal Distribution - Upstream Anchored 

This solution is based on a distribution function form which 
looks like the one used by Oberai: 

f e 
(1) 

where u~l are constant and equal to the upstream equilibrium mean velocity and 
temperature. The quantities u2,T2 are functions of x but unlike Oberai's 
solution where the variation in these quantities is governed by their forced 
identity with similar quantities in thelight gas distribution, u2,T2 in this 
sol ut ion are free to vary in a manner specified by heavy particle moment equa­
tions. The Mott-Smith light gas solution assures overall conservation of mo­
mentum and energy since this gas dominates the flow. The equations used to 
solve for the four dependent variables nl,n2,u2,T2 are the equations for the 
1, vx ' y2 ,vx

2 moments: 

<t> = 1 
dnl 

+ u2 
dn2 dU2 

0 ul dx dx +~ dx 
(2) 

<t> Vx 

(u12+ 
k Tl dnl 

+ (~2+ 
k T2 dn2 

-) 
dx 

-) 
dx m m 

<t> = y2 

ul (u1
2 

+ 5 ; Tl) :? + ~ (u22
+ 5 ~ T-2 ) ~~ 

(4) 

(5) 
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To start the intygration of these equations, upstream infinity values for u2 ' 
T2 are needed. These are found from a set of compatibility relations for the 
above set of equations as n2 ~ O. At upstream equilibrium: 

Substituting into Eq. 3 , 4 and 5 and dividing by dN~&dX** 

+~) dnl = dNl ~ (vxJ 
(u~ 

+ 3a12) - (U22 + 

"A-
3 

The compatibility equations are 

dNl d 

<INî 

= 

which can be solved f or initial values of u2,T2 in terms of Ul , Tl (u2 
T2 = T20

}. 

(6) 

(8) 

(10) 

These two equations for u2 T2 in terms of the known initial values ul,Tl pre­
scribe the starting conditions for the calculation. The equations are inte­
grated along the stable path, from upstream to downstream, using a Gill's 
approximation Runge-Kutta step-by-step procedure. The collision terms give 
the influence of the dominant He-A encounters in hard sphere approximation. 
(Similar Maxwellian molecule calculations are ouulined in Appendix B.) The 
resulting density profile is labelled "Bimodal Moment Solution" in Fig. 16 . 
The extra freedom afforded the distribution function by this bimodal solution 
improves the moment description of the number density variation through the 
shock from the results obtained for the same cases using Oberai's approximation, 
but it still requires a portion of the heavy gas to remain in the upstream 
Maxwellian group of the distribution function as the gas approaches the down­
stream end of the shock. The Monte Carlo distribution, although statistically 
rough, does not show such a tendency and intuitively this is not expected to 
happen in the real flow. 

** Nl here represents the portion of the helium in the upstream part of its 
Mott-Smith distribution. See Eq. 7 of section 2.2. Upper case in this ins tance 
specifies the dominadt species. 
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5 .2.2 Bimodal Distribution - Downstream Anchored 

A similar set 
of the distribution function 

of equations results 
is anchored. Again 

if the downstream portion 

m (- -)2 
- 2kTl v - Ul ~ 
e +----

(27Tk/mT21 

m 
- 2kT2 e ' 

(- - )2 v-u2 
(1) 

where, this time, ul~l are functions of x to be determined from the moment 
equations but U2,T2 are "anchored" at the downstream equilibrium velocity and 
t emperature. The upstream starting values for all dependent variables are 
known in this case -

where superscript "0" here indicates the upstream equilibrium value of the 
variab1e .The system of equations to be solved is 

<1> = 1 

<1> =v 2 
x 

k dT1 
+ n ---1 m dx 

dUl 

o 

k dT l 
+ nl(3u1

2+ 5af) dx + 5 nlul -;;;. dx 

dn2 
U2(~2+ 3a~) dx + Ul{u12+ 

dnl 
3a12) dx 

+ nl(3u~ + 3a12) 
dUl 

+ 3 
k dTl 

dx nlul ---mdx 

~(v2) 

~(vx2) 

(2) 

(4) 

(5) 

This set of equations has also been solved for a range of high 
Mach numbers and the resulting density profile for M = 5 also conforms to the 
curve 1abeled "Bimodal" in Fig. 16. Again the densi ty comparison is acceptab1e. 
However, this solution mimics the behaviour of the distribution function of the 
M.e. solution somewhat more accurately (Fig. 14}. In the initia1 stages the 
"upstream" portion adjusts much as a single mode solut.j.on. The distribution 
becomes e10ngated in the mid compression region and approaches the downstream 
shape without a residual bump at the upstream velocity. 



This solution could be improved again by allowing the upstream 
floating Maxwellian portion to have a 2-temperature behaviour similar to the 
single mode solution. The distriblition function, less the downstream anchored 
portion must be expanded in terms of Hermite polynomials or ellipsoidal poly­
nomials. It requires one higher order moment equation for which the hard 
sphere collision term calculation becomes relat~vely laborious. The one­
temperature solution above serves the present pUrpose i.e. it shows that, if 
allowed sufficient flexibility, the bimodal moment solution gives a good esti­
mate of the diffusion shock structure. 

5.3 Conclusions 

~he following conclusion~ can be drawn from these calculations 
for shock wave structure in binary mixtures of constituents with widely differ­
ing masses: 

(i) For a hard sphere or Maxwellian molecule collision model and vanish­
ing concentration of the heavy species the velocity overshoot (or pre­
expansion) predicted by the Chapman-Enskog solution does not OCCur. 
The compression is monotonic. 

(ii) For the same molecular models and gas conditions as stated in (i), the 
distribution function of the heavy species does not develop astrong 
bimodal shape. Moment solutions which facilitate this moderately 
distorted distribution shape agree in detail with the Monte Carlo 
heavy species moment profiles. 

(iii) The compression of the heavy species, when it is present in very 
small quantities, is accompanied by a temperature overshoot as 
collisions randomize the energy associated with the diffusion 
velocity between the two species. 
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PART II 

VI. DIFFUSIVE SEPARATION OF IONS AND ATOMS IN ELEVATED ELECTRON TEMPERATURE 
PLASMAS 

The struct~e of shock waves in fully ionized plasmas has been 
studied exhaustively using Navier Stokes equations. The restricted nature 
of sol~tions presented in some early publications in the field was avercome by 
Jaffrin and Probstei~ (Ref. 20) who presented a solution including viscous 
and heat conduction effects for Qoth species, charge separation effects within 
the shock and separate ion and electron temperatures for the full range of 
Mach number and mean free path to Debye lep.g;th ratios. More recently Jaffrin 
has reworked the W.S. solution for partially ionized shock waves (Ref. 21). 
The treatment is very ~omplete for the problem Jaffrin considers i.e. a plasma 
in total equilibrium at upstream infiqity in the shock coordinate, with no 
external energy sources or sinks, and constant degree of ionization. The 
equations used do not correspond to the second Chapman-Enskog approximatio~ 
for mixtures but are a set of N.S. equations for each species with the effects 
of cross collisions between species appearing as contributions to the viscosity 
and heat conduction coefficients as well as in the inhomogeneous collision terms. 
The main features o~ these solutions are a region of preheating of the electron 
gas , very small diffusion velocity between charged and uncharged species, a 
small separation of the ion apd atom temperatures and an irtduced electric field 
which increases with degree of ionization and free-stream Mach number. 

A ve~y di fferent partially ionized shock wave was encountered 
by Sonin (Ref. 22) during the course of some Langmuir probe studies in a 
strongly non-equilibrium plasma flow. The experiments were conducted in a 
steady Mach 2.2 flow of highly no~-equilibrium argon plasma generated by R.F. 
inductio~ in the stagnation chamber (See Fig. 17) with a stagnation temperature 
of t~e heavy species about 450oK, stagnation pre~sure of the order 1 torr, but 
degree of ionization in the nei~hbourhood of 10-. For the various experi­
mental runs the free stream electron temperature ranged from 2400 to 5300oK, 
and in all cases the Debye length was very small compared to the thickness of 
the bow shock in fro~t of the blunt body plaped in the flow. 

The meas~rements are described in detail in Ref. 22. ~he results 
indicated that {af the electron temperature remained constant throughout the 
QOw shock and the entire shock layer, and (b) the ion shock thicknesses obtain­
ed from the ion number dens ity profiles were substantially larger than the 
accepted normal shock thickness in neutral argon at the same free stream con­
ditions. Although it was expected that the structure of the bow shock might 
deviate somewhat from the one-dimensional shock idealization because of the 
relatively low model Reynolds numbers*, the substantially thicker ion shock 
was attributed primarily to the diffusive separation of the ions and atoms in 
the shock wave. It is shown below that such separation is substantial whenever 
the Schmidt number based on the amibpolar diffusion coefficien~ is small com­
pared to unity, as is the case when the electron temperature is large compared 

to the ion temperature. (The ambipolar Schmidt number is SCl = ~l , where ~ 
\ P1Dal 

is the viscosit,y coefficient,p the flow density, Da the ambipolar diffusion 
coefficient and where subscript 1 indicates the upstream infinity value of these 
quantities. ) 

* Based on free stream mass flux, viscosity at stagnation temperature and 
model diameter, the Reynolds number was in the range 80-100 
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Under these strong diffusion cond.itions, the simple form for 
the viscosity and thermal conduction coefficients used by Jaffrin must be 
questioned as well as the form of the collision terms used in his equations. 
These collision terms are, in most cases, calculated for transfer between two 
locally Maxwellian gases. Before attempting to perform a more elaborate 
solution for this problem, a simple first approximation solution is presented. 
The simple equations used are justified somewhat by the fact that the opposing 
effects of ion-atom collisions and ion electron coupling are expected to 
dominate the problem. 

6.1 A Simple Approximate Solution 

To specify the problem theoretically, a chemically frozen, 
slightly ionized, monatomic gas is considered with a degree of ionization so 
low that the charged particles make no significant contribution to the over-
all transfer of momentum and energy. In this limit the neutral atom shock is 
unaffected by the presence of the charged species and a single-component shock 
structure theory can be -used to determine the neutral shock profile. If i t is 
assumed for this simple theoretical treatment that the local ion and atom 
temperatBres are equal throughout the flow and that the thermal diffusion effect 
may be neglecued, then only the momentum equations for the diffusing species 
are needed to solve the problem. These are (in approximation for small diffusion 
velocity) : 

Ion Momentum Equation: 

(l) 

Electron Momentum Equation: 

(2) 

where subscripts k = i, e, a refer to ions, electrons and atoms, respectively; 
Pk' Pk, nk' uk are species pressure, density, number density, and mean velocity; 
p,p, n, u are the over-all flow pressure, density, number density, and mean 
velocity; ~kt is the coefficient of friction between species k and t; e is 
the magnitude of the electronic charge and E the electric field induced by 
charge separation. 

For the nonequilibrium flow problem considered here it is also 
appropriate to assume that: 

(a) The electron temperature Te is constant throughout the entire flow region 
(as observed above). 

(b) The diffusion is ambipolar, i.e. 

when Jn ne I « ni, as is the case for Debye length « me ara 

free path for ions 

then 
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(c) Momentum transfer to the neutral gas by electron impacts is negligible, i.e. 

ia 
Tl 

(d) The relationship between the ion-atom friction coefficient and the ion 
diffusion coefficient Di is 

ia kT 
Tl nDi 

where T is the common ion-atom temperature and k is Boltzmann's constant. 

Equations (1) and (2) may be combined with the above assumptions to give a single 
equation for the ambipolar diffusion of ions and electrons: 

[ ( 
~e )d(ni/n) 

D. 1 +-
1. T dx 

d ,en 
dx 

When distance is nondimensionalized by the upstream value of the argon mean 
free path based on viscosity: 

x 

"1 
and the concentration is nondimensionalized by the undisturbed value 

f = (:i )/(n~~ 
the diffusion equation has the form: 

df 
dx' 

d ,en p 
f --::-dx-:"'-

where M is the Mach number of the upstream infinity flow,y is the ratio of 
specific heats for argon. 

(4) 

This equation has been solved numerically using the single 
component Navier-Stokes shock solution to determine the neutral g~s properties 
and their gradients (~ef. 16). Sutherland's model for the viscosity-temperature 
varia4ion was used in the Navier-Stokes equations and the ion diffusion coef­
ficient was determined from the mobility expression given by Çhanin and 
Biondi (Ref. 23) fot' argon ions diffusing in their parent gas. This mobility 
expression-includes the effect of ion-atom charge exchange. The number density 
profiles for Mach ~umber 2.2 and stagnatiofrtemperature 4500 K are shown in Fig.18. 

~he maximum-slope ion shock thicknesses of the experimental and 
theoretical ion number density profiles are compared in Fig. 19 for a range 
of ambipolar Schmidt numbers. lhe maxim~m slope density thickness of the ion 
shock waves,~ , divided by the upstream neutral-neutral mean free path, "1' is 



plotted as a function of the ambipolar Schmidt number. The significant feature 
of this diagram is the illustration that the experimental shock thickness varies 
with ambipolar Schmidt number in a manner similar to th at predicted by the theory. 
It indicates that in high electron temperature plasmas the shock structure is 
appreciably modified by diffusive separation induced by electrical coupling of 
the ions with the much lighter electron gas. 

The magnitude of the discrepancy between the experimental 
points and the predictions of this simple theory is by no means surprising. 
It is well known that the Navier-Stokes solution underestimates the shock thick­
ness at higher Mach numbers. For argon at M = 2.2, available values for the 
measured atom shock thickness are from 20% to 50% greater than those pre­
dicted by Navier-Stokes theory (Ref. 24). Another source of theoretical error 
is the small diffusion velocity assumption inherent in Eqs. (1) and (2). 
Fnrthermore, the experimental points may be overestimated by up to 10% as a 
result of an approximation in the interpretation of the measured probe current 
traces (Ref. 22). In addition to these factors, the experimental simulation of 
one-dimensional shock conditions was obviously poor, for the bow shock and the 
boundary layer were on the point of merging and the shock structure was in all 
likelihood influenced by three-dimensional effects and by downstream gradients. 
~he neutral density was also not known precisely since the stagnation tempera­
ture used in its determination was an average value. 

6.2 Kinetic Theory Solutions 

It is possible, within the moment method framework, to formu­
late a solution to this ionized gas shock problem. Some of the objectionable 
features of the previous simple solution can then be avoided. As in the neutral 
binary mixture solutions, the Mott-Smith single component solution will be 
used to describe the dominant gas shock - here, the neutral a rgon shock 
wave. It is reasonably well documented that this is a superior choice to the 
Navier-Stokes solution for M> 2. In addition, the small diffusion velocity 
approximations inherent in the equations of Sec. 6.1 will be eliminated. The 
following assumptions will be made: 

(i) the diffusion is ambipolar 
(ii) the electron collisional interaction is entirely long range add 

appears in the electromagnetic force terms of the transfer equations. 
(iii)the electron-uo-ion temperature ratio is large. 

There is DO standard with which to compare solutions for this 
problem in the way the results of the He-A moment solutions were compared with 
the M.e. results. As an initial approximation, the ion distribution function 
is assumed to be locally Maxwellian. The electrons, which are constrained by 
the electric coupling with ions to have number density equal to the ion density 
throughout the compression also are assumed to b~ locally Maxweliian with 
mean velocity equal to the ion velocity and constant temperature (Te »Ti ). 
Because of the extremely high electron thermal speed, the distortion of the 
electron distribution function caused by the relatively small shock velocity 
jump will be negligible so this latter assumption is not restrictive in practice. 
The exact form of the ion-atom collisional interaction is calculated for a hard 
sphere collision model. This is a good approximation for the charge-exchange 
dominated A-A+ collision (see Ref. 23) over a small temperature range. The 
available equations are then: 

46 



Ion Momenvum Equation: 

dUi 
-eE + m·n·u· + n. 1. 1. 1. dx 1. 

Electron Momentum Equation: 
dUe 

-eE + m neue -- + ne e dx 

Ambipolar Momentum Equation 

dN· 

dT' k __ 1. 

dx 

~ 
dT'· 1. 

dn' 
+ Ti k-2 

dx 

+ fe 
dne 

k-dx 

6(mivx) 

= 

6(m v ) !:::!. 0 e x 

(']~ + T~ -~) dx; + Ni dx' 
= 

J2 nil nal kT l TTA2 

Here T' T/Tl 

where 

x' = 

dTe 
dx 

x 

o from observations of Sec. 6.1 

is the constant radius hard sphere approximation to the argon­
argon collision radius 

Similarly the Ambipolar Energy Equation is: 

<iN. 
_2~_1. 
~dx' 

d'J:'· 1. + 5N· -1. dx' 

Equations 4 and 5 are to be solved for the charged partJcle interaction with 
the M.S. neutral shock. This is not the straightforward matter it was for the 
He-A shock case. In fact it is found that these equations are not stable for 
integration in either direc~ion between the upstream a~d downstream equili­
brium points. Consider the matrix of coefficients and the zero of its deter­
minant. 

(

(Ti + T~ - $) 
-2~ 

The singular point is at the condition 

5 ~ ('1' + T.) 
3 mi e 1. 

o 

As Te varies in this expression from zero to Te» Ti' Ta this singular point 
moves from a position somewhere in the middle of the ion compression out to 
the upstream end of the shock when Uil (upstream infinity ion velocity) 
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</2 ~ (~i+ Te) 0 When this condition is fulfilled, as it will be in the high 
\ 3 mi 

electron temperature cases considered here, the entire chargedparticle ~as is 

"subsonic" with respect to the ion acoustic Spee\T i = j~ ~i (Te + Ti)) and 

neither of the equilibrium points is nodal as is required for a simple stable 
numerical integration of the simultaneous differential equations. The nature 
of these equilibrium points will be discussed in Appendix D-. However, here i t 
will be pointed out th at an iterative procedure has been successfully used to 
overcome this computational problem. To start this iterative solution, the 
ion temperature is assumed to be eqtlal to the background atom temperature at 
all points in the shock. Equation 4 with Ti = Ta integrates stably from down­
stream x = 00 to x = - 00 to give an initial approximation to the density varia­
tion. 'rhis information, the point by point density and density gradient, is 
stored in nhe Runge-Kutta procedure and is used to approximate Ni and dNi/dx 
in equation 5 . This equation has then the sing~ dependent variable, TÎo and 
can be integrated fr om x = - 00 to x=.oo , this time storing Ti and dTi dx 
for use in the next iterate of equation 4. The iteration quickly converges. 
Figures 20 and 21 show the convergence of the two variables Ni and Ti for 
M = 3, Te 20,0000K. 

To make a valid comparison between this moment solution anti 
the simple solution of the previous section, equations 6.1.1 and 6.1.2 are 
i ntegrated aga.in using Mott-Smith values for the I'l-eutral argon shock and the 
hard sphere approximations for the A-A+ collision cross section. The M = 2.2 
results are compared in Fig . 22. (The simple solutio~of section 6.1 is 
labelled "Chapman-Enskog". 1t was indicated in- section 3 that the form 
of the diffusing species momentum equation used in equations 6.1.1 and 6.1.2 
is compatible with the Chapman-Enskog second approximation solution for gas 
mixtures. ) 

The same gener al conclusions as those stated in section 6.1 
ca.n be repeated. Very large diffusive separations between ions and atoms occur 
in high electron temperature, weakly ionized plasmas in regions of strong flow 
gradients . This solution does not agree quantitatively any better with Sonin's 
experime ntal re sults than did the simple solution of the previous section. 
Sonin is continuing research on this problem using a shock tube facility and 
it is hoped that some meaningful quantitative comparisons can be made with 
results from these experiments. 

The substantial overshoot of the downstream equilibrium value 
by the ion temperature is similar to the effect observed in the He-A mixtures. 
Just as in that problem, a 2-temperature solution using the distribution 
function described in Sec. 5.1.2 can be performed here, employing the i~rative 

prOCedlITe described above. For this solution the equations for ~" ,~ are 

both integrated upstream-to-down in each iteration. The equations are: 

( (T~" + T' -s) Ni 0 
dNi 

6(mivx) --e dx 

d'l'i 

\ -2$ 3Ni 2Ni = .6(m.v2 ) 
dx l 

-2$ 3Ni 0 
dTiJ.. 

6(~vx2) 
dx 
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As in the neutral gas problem, the parallel a~ perpendicular temperatures 
separate very strongly withifr the shock but this effect does not alter the 
density profile significantly. 

6.3 Conclusions 

The following general conclusions can be drawn . from the con­
sideration of this special plasma shock structure problem: 

(i) 

(ii) 

In high electron temperature plasmas the shock wave 
structure is substantially modified by diffusive 
separation induced by the electrical coupling of 
the ions with the much lighter electrons. The shock 
regio~ is diffused by the ion compression which 
precedes and coalesces with the neutral atom shock. 

The convergence problem of moment method solutions 
can be avoided, iq the special case where the species 
described is en,tirely "subsonic", by an i teration 
scheme. The ion-electron gas can be treated in 
this manner in cases of extremely high electron 
temperature . 



1- Beeker, R. 

2. Thomas, L.R. 

3· Mott-Smith, R.M. 

4. Sherman, F.S. 

5. Gberai, M.M. 

6. Chapman, S. 
Cowling, T.G. 

7. Gilbarg, ll-. 
Paolucei, D. 

8. Grad, H. 

9· Grad, H. 

10. Grad. H. 

11- Holway, L.H. 

12. Salwen, H. 
Groseh, G.E. 
Ziering, S. 

13. Bhatnager, P.L. 
Gross, E.P. 
Krook, M. 

14. Chahine, M.T. 
Narasimha, R. 

15. Liu, C.Y . 

16. Muntz, E. P. 

17. Haviland, J.K. 

REFERENCES 

Stosswelle and Detonation, Zeits f. Physik, 8, 321 
(1922) . 

Note on Becker's Theory of the Shock Front, J. Chem. 
Phys., Vol. 12, 11 (1944 ). 

The Solution of the Boltzmann Equation for a Shock 
Wave, Phys. Rev. 82, 6 (1951). 

Shock Wave Structure in Biaary Mixtures of Chemically 
Inert Perfect Gases, J. Fluid Mech. 8, 465 (1960). 

A Mott-Smith Distribution to Describe the Structure 
of a Plane Shock Wave in a Binary Mixture,. Phys. 
Fluids, 9, 9 (1966 ) . 

The Mathematical Theory of Non-Uniform Gases, 
Cambridge University Press ;< 1961). 

The Structure of Shock Waves in the Continuum Theory 
of Fluids, J. Ratl. Mech. Anal. 2, 617 (1953). 

Note on N-Dimensional Hermite Polynomials, Comm. on 
Pure and Applied Math., Vol. 11,325 (1949). 

On the Kinetic Theory of Rarefied Gases, Comm. on 
Pure and Applied Math., Vol. 11, 325 (1949). 

The Profile of a Steady Plane Shock Wave., Comm. on 
Pure and Applied Math., Vol. V, 257 (1952). 

Approximation Procedures for Kinetic Theory , Ph.D. 
Dissertation, Rarvard University, Cambridge, Mass.(1963 ). 

Extension of the Mott-Smith Methodfor a ~ne-Dimensional 
Shock Wave, Phys. Fluids, 7, 2 (1964). 

A Model for Collision Processes in Gases 1. Small 
Amplitude Processes in Charged and Neutral One­
Component Systems, Phys. Rev. Vol. 94 , 3 (19541. 

Exact Numerical Solution of the Complete BGK Equation 
for Strong Shock Waves, in Rarefied Gas Dynamies, 
J.H. deLee~w Ed. Academie Press (1965). 

Validity of Fick's Law of Diffusion for Shock Structure 
Problems, Phys. Fluids 8,6, 1190 (1965). 

The Direct Measurement of Velocity Distribution Functions, 
in Rarefied Gas Dynamics J.H. deLeeuw, Ed., Academie 
Press (1965). 

Monte Carlo Application to Molecular Flows, MI~ Fluid 
Dynamics Research Laboratory Report No. 61-5 (1961) and 
AFCRL Scientific Report 648. 

50 



18. Rothe, D.E. 

19. Center, R.E. 

20. J affriR,M.Y. 
Probstein, R.F. 

21. J affrin, M.Y. 

22. Sonin, A.A. 

23. Chanin, L.M. 

24. Camac, M. 

Electron Beam Sthdies of the Diffusive Separation of 
Helium-Argon Mixtures in Free Jets and Shock Waves 
U. of T. Institute for Aerospace Studies, UTIAS Report 
No. 114, July, 1966. 

Shock Structkre in Helium-Argon Mixtures, 
Proceedings of the American Physical Society, 
Stanford University, November 1966. 

Structure of a Plasma Shock Wave. Phys. Fluids Vol. 7, 
10 (1964). 

Shock Structure in a Partially Ionized Gas, Phys. 
Fluids Vol. 8, 4 (1965). 

The Behaviour of Free Molecule Cylindrical Langmuir 
Probes ih SupersoNic Flows, and Their Application to 
the Study of the Blunt Body Stagnation Layer, U. of T . 
Institute for Aerospace Studies, UTIAS Report 109, 1965 . 
Temperature Dependenee of Ion Mobilities in Helium, 
Neon, and Argon, Phys. Rev. Vol. 106, 3 (1957). 

Argon Shock Structure, in Rarefied Gas Dynamics, 
J.H. deLeeuw, Èd. Academie Press (1965). 

51 



APPENDIX A 

Boltzmann Collision Integral 

If ~ is a function of molecular velocity vl' then the total 
collisional contribution to chan~e iE ~ is found by multiplying ~he collision 
term in the Boltzmann equation by ~(vl) and integrating over the e~tire 
vl-space. In the usual notation 

where collision impact parameter(range 0 < b < ooî 
collision plane orientation (range 0 < E < 2~) 
collision partner velocity (range - ~::s v;i :s 00) 

f(v
l

) 

prime means af ter collision, 

or equivalently: 

The inside integrations for ~ = vl , V12 , v12 can be represented in terms of 
standard "cross-sections" Scn deftned Below:. 

~ = Vl 2: 
x 

~ = v1
2

: 

where M
2 ml 

m2 
+ 

00 2~ 

1 1) (v' - Vl ) gbdbdE 
lx x 

o 0 

= M gg S(lp 
2 x 

00 2~ 

J 1 (Vi~- Vl~)g bdbdE 
o 0 

= 2 M
2 

Vl
x 

ggx S(l) + 2M
2

2gg
X

[ S(1)-S(2)/2]+ ~ M
2
2g[g2_gx2]S( 2 ) 

(4) 

00 2~ 

11 (V,2 
1 

- v 12)g bdbdE 

0 0 

2M S(lJ [M g3 + v 
1- 1-

] ( 5) g g + g g v l 2 2 lx x 

and m
2 

is the collision partner mass. 
m2 

Al 



27T 

S {,e>- r 1· 00 (l_COS"\ ) bdbdE 
'-' 0 o 

X is the coll.ison angle shown in Sketch B-l of Appendix B, 
which represents the collision geometry 

Maxwellian Molecules 
1 

S~l) 1 (ml + m2 
Kl 2)2 x .422 -

g ml ~ 

1 

S(2) 1 (ml + m2 
Kl '2)2 x .436 

g mlm2 

(6) 

K12 is the force constant iJ the inverse fifth power law repulsion force Kl~ . 
~his constant is evalbated from diffusion data and the first approximationr 

Chapman-Enskog diffusion coefficient expression for Maxwellian molecules (see 
Chapman and CowlinK, Chapter 12). The complete moment collision terms for 
Maxwellian molecules are straight forward. ~he integrals required are of the 
type 2 2..l2 

cn <iL2 c21 c2 
(ln2 s(;l m2 )3/2 JTl-1r2..l r. -2kjmlTï - 2kjmlT1J.. - 2kjm2T2 2kjm2T2J.. dC l dC2 

2nk) II T21 Ti T1t

2 
J gx e e e e 

(8) 

Similarly 
I(g 2) 

X 

(10) 

( 11) 

(12) 

(13) 
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The total moment collision terms can be expressed .in terms of these elementary 
integrals. 

Hard Elastic 8phere Molecules 

where ~ is the radius of interaction for the colliding hard spheres. 

The complete moment collision term integrations for hard 
spheres are not as simply derived as those for Maxwellian molecules. Odd 

(14) 

(15) 

powers of g = J (v21-vll)2 +. (V22-V12)2 + ~ v23-'l3 )2 appear in these inte­
grations where even powers occurred in the Maxwellian molecules case because 
the cross-sections, 8(1) , 8(2) etc . for the fifth power molecules were propor­
tional to lig. A change in variables is of some assistance in the hard sphere 
calculations, however it is still a laborious task. 

Consider colliding particles designated by superscripts a,~ 
molecule masses ma,m~, having come from species with mean veloeities uKa,u~, 
temperatures ~,T~. Define 

a 
a 

The new variables GK,gK are defined: 

where 

c ~ 
K 

m 
a 

(c a c ~}/am~ 
K - K 

a ~ 1 
(VK - vK )/am2 

k( maT~ + rrPTa ) 

mam~ 

A3 

kT~ 
m~ 

(16) 



The Jacobian of this transformation in velocity space is: 

where 

___ 1 

è)(ëi 'C2 ) 
è)(G, g) 

1 
Ü/aa 1/at')2 

l/aa + l/at' 

With the change to variables g, G, the collision integra1s are of the form 

1 
47i-

1 

The G -space integra1s are straightforward 

Define 

(a) 1 r e - G
2 /!2 dG = 1 

(21T)3/2 ,-

(b) ~3 () J e -G
2
/2 Gi G, dG = 5" (Kroneker delta) 

{21T)J/C. J - l J 

,) . .. r . 
J 

-- l , 
1. ' 

(d) 1 J G
i 

G
J
, GK e -G

2
/2 dG = {5 5.1 ijk 

(21T)3/2 r 
1 J 2 _G

2
/2 -(e) 3/2 G G, G, e dG - 55, , 

.(21T) 1 J - lJ 

(f ) 1 J G4 e-
G2

/
2 dG 

( 21T'f3/2 15 

A4 

OB) 

( 20) 

(21) 

, 'I 
I.::'..L 

(22) 

( 23) 

( 24 } 

( 25) 

(26) 



Then 

~J e 

To eva1uate 
(1) 1 E2/2 J _x2/2 

I ='47T e e Ix - Ë I dx 

where 

Choosing apolar coordinate system with E along the Z-axis (pointing in flow 
direct ion) 

where 

r (l) - ~ 
- 47T 

{E + ;:} for x < E 

{x + ~:} for x > E 

= A (28) 
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Differentiating we find the expressions 

d2r(1)= E12 {(3E+E3 )P + ~ XE-~ ~)p + ~ (2+5E2+E4) Ql dE2 e 1 3 E E3 2 3 (30) 

+ (1+E2)Q2} = A2 

+ ~ (12+39E2+14E4+E6)Ql + (3+6E2+E4)Q2 - 2 e-
E2/2} = A4 

(32) 

Similarly, define 

r(3} = t1T J e-
g2

/ 2 + g,"E g3 ~ 

00 1 
= ~ e

E2
/ 2 f e-

x2
/ 2 x2dx J (X2+E2_2XEI-L)3/2djJ. 

o -1 
00 

= e
E2

/
2 

[ x2 e -x
2

/2ibf. {E
3 + 2X2

E+ ~: Jor x < E 

(33) 

= B 

(3) 
Derivatives of r give expressions for 

_ (g _ E)2 

~ J e 2 (gil' , ,gin)g3~ 

= e- E2/ 2 d
n
r(3) 

dE. ",dEi 
11 rr 

(34) 
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Again, define 

e
E2

/
2 

{ (3E2+E4)Pl + 2(1+E2 )P2 + 3 (1- !2) P
3 

+ l (4E3+E 5)Q + Z(2E+E3)Q + EQ} = Bl 5 1 2 3 

e
E2

/
2 

{E5Pl + 5E3P
2 + 3EP

3 

6 
+ ~ Q + 3E 4Q + 5E2Q + 
712 3 

Sample Collision Term Calculations 

Maxwellian molecples: 

(35) 

(36) 

(37) 

For the sake of demonstration the calculation is outlined for 
the special case of collisional momentum and energy transfers between two gases, 
subscripted 1,2 having two-temperature ellipsoidal distribu~ions. 

A7 



f. 
l 

J~ e 

= ~ g si~) nl n2 (u2-ul) 

= M2 (g slbl )) I(gx) 

Hard Sphere Molecules: 

e 

mi ci..!? 

2kT.1 
l 

e 

1 

As a sample calculation for hard spheres, the collisional 
momentum and energy transfers are derived for collisions between two one­
temperature Maxwellians. 

f. 
l 

n i 
mcr 
2 kT. 

e l 

(~) ,,() = c M S(l) Al 
L:N x coll = w l Vx 1 2 

1 

(ml m2Tl 'JfY 2" 

Kl ml T2 + m2 Tl 

x 

( 38) 

(40) 

(41) 

where IJlis the J acobian of the transformation of velocity coordinated shown 
in Eq. 17 • 

The extension of these ideas to the calculation of higher order 
moment collisional contributions and to the bimo~al type distribution calcula­
tions is a straightforward task within the above framework. 
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APPENThIX B 

Maxwellian (Inverse Fifth Power Law) Molecules 

An important molecular model for theor~tical considerations is 
a point centre of repuls ive force such that the force F between two molecules 
of masses ml'~ separated by a distance r is 

" K12 
F =--v 

r 

/\ 
r r isa.uni~ vector pointing along 

the line of centres from molecule 
"1" to "2" (1) 

If the position vectors of t he two molecules from some fixed 
orlgln at~ime~ are rl, r2 , the posifion vec t or r~ l of the second from the 
first is r2 - rl' The equations of motion of the two molecules are 

.. .. -
mlrl = - F m2r-2 = F 

therefore 
mlm2 .. - F 
ml+m2 

r21 (2 ) 

so the motion of m2 relative t o ml i s the same as the motion of a particle with 
ml m2 K12 

reduced mass = ~ about a fixed centre of force 
ml+ m2 ;V 

~he polar coordinates r, e are taken in the plane of the orbits 
as shown in Sketch B- l and ~he equations of conservat ion for angular momentum 
and energy have the folf owing form 

(v-l ) 

Eliminating time from Eqs. 3 and 4 gives 

which integrates to give 

v-l 
r 

1.g 2 
2 -

1 g2 
2" 

( ) v-l 
mlm2 v-l r 

dr 

(4) 

(6) 

where e is measured from t;he initial asymptote of the orbit . Defining ()-= b/r 
andtJó = b(mlm2g2/moK12) ljV-l the integral is 

Bl 



' . 

o is centre of mass 

X is deflection angle 

b (impact 
parameter) 

9
m 

is e corresponding to minimum separation 

SKETCH B-l: COLLISION COOROINATES 



J'ê}-{ 2 ( 'f> )V-l} ~ e = 1 _0-2 
- v-l 'Oö d U 

o 

The apse of the orbit is given by dr 
de = 0 

dL)­
or de o 

i.e. 
v-l 

2 ('-0-) 1 -i)2 -
v-l -Vo 

o (8) 

For v > 1, this equation has only one real positive root, denoted by ~oo. The 
angle between the asymptotes of the orbit is twice the value of e corresponding 
toO =000 and since X, the deflection an~le is the supplement of this angle, 

X ~ 7r - 2 [80{ 1 - ..2 - ( v: 1) G:o )"-1 rt d 'U-

The integrals 

(l-cos-exJ bdbdE 

4 
v-l (10) g 

where 

A,g(v j 

These constants have been evaluated numerically using the expres sion for X 
given in equation 9. The case v = 5 is of particular interest in kinetic 
theory because it simplifies greatly the moment collision integrals. For v = 5, 
the cross sections are inversely proportional to the relative velocity g. 
Hypothetical molecules obeying this inverse fifth power law repulsion inter­
action are cal~ed Maxwellian molecules and the simplifying features of this 
model when applied to the moment collision integrations are pointed out in 
Appendix A. 

Molecular interactions with infinite extent such as these in­
verse power law fields are not well suited to numeri cal experiments or Monte 
Carlo solutions. Although the cross-sections for transfer of molecular 
moments appearing in the transfer collision terms are finit.e for v > 2, each 
molecule is, theoretically, in a s~ate of constant "collision" with all other 
molecules and at no time is it travelling along a s~raight path uninfluenced 
by surrounding molecules . Simply stated, these molecules do not have "free 
paths". The Monte Carlo technique which proposes to follow a test partiele 
through the gaseous system is only feasible if the trajectory can b€ described 
approximately, at least, by a series of straight line "free paths" terminated 
by collisions which change the test partiele velocity over an infinitesimal 
distance. Without this approximation the method becomes an impracticable dynamic 
simulation. 
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This problem is overcome by specifying a collisiort cut-off i.e. 
a rather arbitrarily chosen minimum value for the deflection angle X = Xmin' 
A pair of particles collide if their impact parameter is smaller than that 
corresponding to Xmin (b < bmax). The mutual influence of particles with 
b > b max is neglected. The random selection of collision parameters then is 
quite simple 

E = (R + 1)7T where R is a random number from 
the rectangular distribution on 
-1 < R < 1 

(n) 

giving a uniform distribution of impact points over the collision surface 7Tbm~x ' 

The angle 8
0 

between the initial asymtote and the apse line 
is calculated from Eq. 7 

1 

where~ symbolizes the complete elliptic integral of its argument. 

(12) 

One further definition: ~he collision frequency for Maxwellian 
molecules is independent of the relative speed of the colliding pairs . 

v (13) 

With these modifications the Maxwellian molecule . Monte Carlo calculations 
follow the hard sphere program. Length is scaled in \mit of the upstream "mean 
free path" in the light gas. Because of the long range nature of the Maxwellian 
molecule interaction, m.f.p. must be defined on the basis of some hard sphere 
analogue - for example the Chapman-Enskog first approximation to the viscosi ty 
coefficient for hard spheres is: 

5 (mk7TT)~ 
iJ. l = l5Jr..2 

whereft/z. is the radius of the hard sphere molecule. 

The hard sphere mean free path is: (in a Maxwellian gas) 

.À = 

or substituting forji in terms of 

I-! 

For Maxwellian molecules 

IJ. 

16 
5 

kT 

1 

iJ. 1 

B4 

(14) 

( 15) 

(16) 



therefore a viscosity mean free path for Maxwellian molecules can be defined: 

16 (18) 

where ~(5) = .436 
K is calculated from Eq. 11 using experimental viscosity data (see Chapman 
and Cowling, Chapter 12). 

Kl~ is calculated from the first approximation diffusion 
coefficient for Maxwellian molecules and experimental diffusion data . (See 
~hapman and Cowling, Chapter 14.) 

The Maxwellian molecule Monte Carlo calculations were costly 
in computation time and are considered only as a check on the general nature 
of the hard sphere results. Good agreement between the M.~. and moment 
solution density profiles is shown in Fig. B-2. The extremely close agreement 
with the moment solution during the early stages of compression followed by 
a rather erratic fluctuation about that solution during the later stage was 
also characteristic of the hard sphere solutions with small sample size. 
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APPENDIX C 

Random D-irection .cosines 

It was shown in Sec. 4.3 that in a hard sphere colli sion be­
tween molecules ml,m2 with initial velocity components ul,vl,wl and u2,v2,w2 
and relative speed g that the relative velocity vector is rotated in a centre 
of mass coordinate system with equal probability into equal solid aQgle ele­
ments without regard for direction. A set of random direction cosines, L,M,N 
is required to specify this random orientation (see Ref. 15). The method of 
specifying L,M,N with two random selectioBs from the rectangular random number 
generator is illustrated in Sketch C-l. Choose a point A on a unit circle 
having polar coordinates (r,E) by choosing two random numbers 7,5 in the 
rectangular distribu}ion on -1 to +1 and rejecti~ the pair if A lies outside 
the unit circle. The spherical coordinates of B 'directly above A on the unit 
sphere are 1, ~, E . This defines the line of centres at impact . The spheri­
cal coordinates 1, ~,E of point Care picked so ~ = 2~ = ~-X. ~his point C 
defines a set of random direction cosines. 

Say p(r ,E)dr dE probability of selecting r,E in dr dE 

area element dr dE 
~ 

rdr dE 
~ (1) 

Also p (~,E) d1/J dE probability of selecting ~ , E in d'I/J dE -

p(r,E) dr dE 

sin p, cosp, 
d~ dE 

~ 

sim/! d1j; dE dO 
= 4~ = 4~ 

solid angle element 
comple~e s olid angle 

(2) 

The direction cosines are 

L cos 'I/J = 1 2r2 (3) 

M sin 'I/J cos E = 2 ,Ji_r2 (4) 

N = sin 'I/J sin E 25 ,J l _r2 

Cl 



L,M,N 

-SELECTIGlN OF RANDOM DIRECTION COSlNES 
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APPENDIX D 

Equilibri~m Points of the l-~emperature Maxwellian Diffusion Equations 

The equations for the diffusing species number density and 
temperature behaviour must be integrated between the upstream and downstream 
equilibrium points. lhe inhomogeneous collision terms in these equations are 
governed by interaction between the diffusing species and a background Mott­
Smith shock profile for the light gas. To demonstrate the nature of these 
equilibrium points the collision terms will be represented here by their 
Maxwellian molecule approximate forms and the characterist.ic equation of the 
set of 3 first order ordinary differential equations (including the Mott­
Smith equation for the background gas) is analysed. 

dn 
(5F - E/u) / (5T-3$) (1) 

dx 

dT 
( (T-~~ E/u + /2~ :n / (5T-$ )n (2 ) = 

dx 

dNl 
- B(l-Nl )Nl (3) 

dx 

where n, T are the diffus ing species number density and temperature in units of 
their upstream equilibrium values nl,Tl' u is the diffusing species velocity 

divided by J k Tl ana. $ = u2 . ) h signifies heavy species ,i s ignifies light, species L 
ml 

For Maxwellian molecules: 

at upstream 

E 2n N1X IJ. {Mi [(Ul-U)2 

+ 2n N2)(iJ. {Mi [(U2-U)2 

equilibrium 
dF Nl UiXiJ. dn 

dE 
= 2 N{XiJ. u2 

dn 

(4) 

dF 
0 dT (6) 

dE - 6 Nl Mi dT IJ. 

the light gas distribution function is assumed to be the simple bimodal form: 

Dl 



Nl , above, is the value of n~ divided by the upstream equilibrium light gas 
number density, nlO' N2 = n2/nlO; ~ is the constant part of the Maxwellian 

molecule collision cross section, Sp'~~ for cross col\ision~ qivided by the same 
quantity for light-light collisions'that is =(gS~:~}/(gï~l)} 

tnrJ. + m,e 

u 
U :---, (8) 

The equations are linearized about the equilibrium points where 
all gradients go to zero. 

dNl 
dx 

a31= 0 

d~ (~) 6B 

The characteristic equation is 

i.e. 

(10) 

(11) 

One of the roots is a33 = - B(l- 2Nl~which has the value B a~ upstream equili­
brium and -B downstream. The others arethe roots of the quadratic 
aÀ2 + bÀ + c = O. 8ihee only the qualitative nature of the equilibrium points 
is of interest, it is sufficient to determine the signs of these two roots. 

all 3~::C Nl /(5T-3S) = 3 ~X-.Fr M/5 (1- wM2
) 

6 Nl~XM,e . 2 
= u(5T-3Sr = 6 ~X M,e/5 -.Fr M (1- wM } 

~l = '2 T NiX ~ u/( 51'--38) 

-6(T-S) N~~ M,e 

u\5T-3S) 

2X ~ -.Fr M/5 (1- wM2
) 

6X~ MMl - w '1 M2
) 

5-.Fr M (1- wM2
) 
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c = - 6X: ~2 M.e 
5(1 - w M2~2 

Supersonic, (1-wM2 ) < O. Roots are same sign as -b 

w = ~ 
m .e (13) 

(14) 

These two roots are negative. The third root is positive at 
x = - 00 , "3 = B. The equilibrium point then is a sadile point. 

At the downstream point 

dF dT = 0 

all = 3X ~ N2 ,JyT2 MD/5 T2 (1-wMD
2 ) 

a12 = 6 N2 ~X M.e/5 ,JyT2 ~D T2 (1_w~2) 

~l = J2X~ T2 ,JyT2 Mn!5 T2 (l-W~ 2) 

c = 

6X~ MD T2 (1-wyMp2) 

5 .;:yT 2 T 2 ( l-wMD 
2 ) 

wherewMD is the heavy gas downstream Mach number. 

c <. 0 for WMD
2 < 1 

(15 ~ 

(16 ) 

(17) 

so the roots have opposite sign and the equilibrium 
point is a saddle type downstream when the gas passes 
through M = 1. It is nodal for entirely supersonic 
diffusing heavy species. 
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For the ionized gas case of section 6, the charged species are subsonic through­
out. The downstream equilibrium point is then a saddle point and not a suit­
able numerical integration target point. 

Singular Points in 3 - D Phase Space 

Consider the set of 3 first order linear ordinary differential 
equations which correspond to the linearized form of the flow equations about 
an equilibrium point. 

dx X(x,y,z,t) dt 

dy = Y(x,y,z,t) dt (18) 

dz Z(x,y,z,t) = dt 

The general solution of this system has the form 

cl~le 
"lt 

+ c2~2e y "2v 
+ c3 ~3 e 

"3t 

".t} "2t "3t 1 
z = Cl)'le + c2)'2e + c3')' 3e 

If "1' "2' "3 are all of the same sign, all solutions pass through (0,0,0) at 
either t ~± 00. This particular condition represents a no dal point and a 
stable approach point for numerical integration of the set. 

~ 
If two roots of the same sign (say "1' ~, > 0) then there is 

a set of solutions passing through the origin - those for which c3 = ° 

x = CXl P + CX2 q where 
"lt 

p cle 

y ~l p + ~2 q "2t 
q c2e 

z = )'1 P + )'2 q (20) 

Solving the consistency relationship: 

(21) 

i.e. F(x,y,z) ° a surface passing through (0 ,0 ,0) as t ~ ~ 00 



All solutions for which C3 I- 0 diverge as t ~ +- 00 .As t ~ ± 00 the solutions 
c3 = 0 diverge from the equilibrium point whereas the line solution cl = c2 = 0, 
c3 I- 0 passes through (0,0,0). Both of these conditions represent 3-aimensional 
saddle points and are unsa~isfactory numerical integration approach points. 

Case - Diffusing Species Subsonic Throughout 

It was stated in Sec. 6.2 that although the quilibrium points 
for the high electron temperature ionized gas case are both saddle points, an 
iterative scheme of solution converges. U~der these conditions the diffusing 
c~arged species are subsonic throughout with respect to the ion acoustic speed 

/~ (T· + T). The important features of the iteration scheme is that only Y mi ]. e 
one of the equations is integrated at each iteration - the profile of one of 
the variables is approximated by its value from the previous solution. The 
solution is started by assuming the ions to have the atom temperature for 
integration of the charged particle number density equation. Then, using the 
notation described above 

dn 
dx 

dT ~ (F - n dx )/ (e-qJ) 

dT 
where dx is a prescribed function of x (and hence Nl) from the previous 

iteration Le. 
dn 
dx 

~ (Ji) = / (e-$) 

> 0 at both upstream and downstream 

The linearized equations in this 
all 

dn 0 (~) 6n + dx = on 

0 
dNl 0 (~~) 6n + dx ~ 

~he characteristic equation is: 

at up stream 
down 

case are 
0 

0 (~)~l oNl 

a22 
0 

(:1) ~l oNl 

since a12 o 

(-22) 

(23) 

(24) 

(25) 

Downstream, then, the roots are of opposite sign but they are both positive 
upstream. ~herefore the direction of stable numeri cal integration for dn/dx is 
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from the downstream saddle point into upstream node. 

Similarly for the diffusing species temperature integration when n is specified 
from the previous iteration 

dT =(~ + 2$ :) /5n d.x 
(26) 

= (E/u + ?/J (N1) )/5n 

d (~) = d (ELul < 0 dT äT 5n 

d (dN1) + B at d~~nstream 
äN1 d.x = (28) 

For this integration the roots are both negative at a downstream node and of 
opposing signs at an upstream saddle point. The set inegrates stably from up­
stream to down. 
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