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This article exposes that although some sensor-based nonlinear
fault-tolerant control frameworks including incremental nonlinear
dynamic inversion control can passively resist a wide range of actuator
faults and structural damage without requiring an accurate model
of the dynamic system, their stability heavily relies on a sufficient
condition, which is unfortunately violated if the control direction is
unknown. Consequently, it is proved in this article that no matter,
which perturbation compensation technique (adaptive, disturbance
observer, sliding-mode) is implemented, none of the existing nonlin-
ear incremental control methods can guarantee closed-loop stability.
Therefore, this article proposes a Nussbaum function-based adaptive
incremental control framework for nonlinear dynamic systems with
partially known (control direction is unknown) or even completely
unknown control effectiveness. Its effectiveness is proved in the Lya-
punov sense and is also verified via numerical simulations of an
aircraft attitude tracking problem in the presence of sensing errors,
parametric model uncertainties, structural damage, actuator faults,
as well as inversed and unknown control effectiveness.
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I. INTRODUCTION

Nonlinear fault-tolerant control (FTC) is promising for
enhancing flight safety [1]–[4]. Among all the FTC methods
in the literature, the nonlinear incremental control has drawn
much attention because of its data-driven and sensor-based
features [1]. By exploiting sensor measurements, nonlinear
incremental control can passively tolerant various uncer-
tainties, actuator faults, external disturbances, and even
structural damage without requiring an accurate model of
the controlled vehicle [5], [6]. This property is promising
for aerospace systems that are subjected to nonlinearities,
uncertainties, and various sources of disturbances. In addi-
tion, nonlinear incremental control is one of the effective
and easy to implement control techniques, which has been
shown by quadrotor flight tests [7] and even CS–25 certified
passenger aircraft flight tests [8].

The only model information needed by nonlinear incre-
mental control is the control effectiveness matrix (CEM).
However, the accurate estimation of CEM is challenged
by uncertainties (both parametric and nonparametric),
nonlinearities, external disturbances, and unknown fault
modes [9]. Moreover, when designing the incremental con-
trol methods, the higher-order expansion reminders and
state variation-related terms are typically neglected. How-
ever, in the closed-loop system, they still remain, influ-
encing the performance and stability [10]. Therefore, it is
important to energize nonlinear incremental control with
active online perturbation compensation ability. In the liter-
ature, there are mainly three effective approaches for achiev-
ing this goal: adaptive augmentation [6], [11], observer
augmentation [7], [12], and sliding-mode compensation [5].

Analyzing the closed-loop stability and robustness of
the nonlinear incremental control framework with these
three augmentation approaches is an active research area.
Recently, control gain-dependent stability conditions for
incremental backstepping under perturbations are derived
in [13] using linear transfer functions. However, only single
input systems are addressed. In [12], Lyapunov-based sta-
bility proof is derived for nonlinear incremental control with
adaptation augmentation under the assumption of bounded
model uncertainties and their derivatives. Moreover, the
closed-loop stability under sliding mode control augmented
nonlinear incremental control is proved in the Lyapunov
sense [5]. This proof requires a sufficient condition on the
estimation of CEM. Furthermore, an analogous approach
is used to prove a sliding mode disturbance observer aug-
mented nonlinear incremental control in [7]. The feasibility
of incremental control encountering control reversal is ques-
tioned in [10]. A control direction-based incremental sliding
mode control is also proposed to expand the applicability
of incremental control. However, this method relies on a
strong assumption that the information of control reversal
is already available.

The discussions above reveal that the existing stabil-
ity and robustness analysis approaches for the nonlinear
incremental control depend on the specific augmentation
technique. Despite the augmentation techniques, a unified
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stability proof in the Lyapunov framework for multi-input–
multi-output (MIMO) nonlinear perturbed systems is desir-
able. Furthermore, the unknown control direction is consid-
ered one of the most difficult issues facing in FTC design.
Regarding flight control, this challenge can be caused by
aeroelasticity [14], hardware connection errors [15], pilot
errors [16], etc. However, none of the existing nonlinear
incremental control methods has addressed this challenge.
Their stability criteria are also violated in the presence of
unknown control direction.

Typically, aerospace dynamic systems are MIMO. How-
ever, tackling the unknown control direction challenge of
the MIMO systems is still an open research challenge [17],
[18]. Focusing on the single/double-integrator multiagents
with unknown and nonidentical control directions, a new
distributed nonlinear proportional-integral-based control
law has been provided in [19]. However, this approach
is not suitable for MIMO systems. Robust sliding mode
output-feedback controllers using monitoring function are
developed for uncertain linear systems [20] and nonlinear
systems [21] with unknown CEM. However, they assume
that the CEM elements are constant in these monitoring
functions. A multiple-model adaptive switching control
scheme is proposed in [22]. The multiple-model adaptive
control with a switching scheme based on normalized esti-
mation errors addresses the challenge of multiple unknown
control direction. For a p-input q-output system, this ap-
proach needs in total 2p controllers and 2p estimators.

Another approach to address the unknown control direc-
tion challenge is the Nussbaum gain approach embedded
in adaptive control design [23]–[25]. However, there is a
significant obstacle preventing the applicability of conven-
tional Nussbaum functions in MIMO systems: the involve-
ment of multiple Nussbaum functions is unavoidable, but
unfortunately, their effects may counteract each other [24],
[26]. Several Type-B Nussbaum functions with different
frequencies that allow the addition of multiple Nussbaum
functions within a single inequality are proposed to solve
this issue [24], [26]–[28]. Since the aircraft dynamics are
MIMO with a nondiagonal CEM, the features of Type-B
Nussbaum functions make them promising for solving fault-
tolerant flight control problems.

In this article, we concentrates on analyzing the im-
pacts of the unknown control effectiveness challenge on
the stability and robustness of the nonlinear incremental
control framework and then on proposing a method to solve
this challenge. The main contributions of this article are
summarized as follows:

1) Derive a unified Lyapunov-based stability proof for
MIMO nonlinear perturbed systems utilizing non-
linear incremental control despite the perturbation
compensation techniques (adaptive, disturbance ob-
server, or sliding-mode augmentations).

2) Expose that none of the existing nonlinear incremen-
tal control methods can deal with the unknown con-
trol direction challenge because one critical stability
criterion is violated.

3) Propose two Nussbaum function-based adaptive
nonlinear incremental control methods for dynamic
systems with partially known CEM (control direc-
tion is unknown) and completely unknown CEM,
respectively.

The stability and robustness of proposed methods are
proved theoretically and demonstrated by fault-tolerant
flight control numerical simulations.

The rest of this article is structured as follows. The
preliminary is given in Section II. The limitations of
the existing nonlinear incremental control are exposed in
Section III. Section IV proposes two Nussbaum function-
based adaptive nonlinear incremental control methods for
MIMO systems. Finally, the numerical simulation and re-
sults is delivered in Section V. Section VI concludes this
article.

Notations: Rn is the n-dimensional real space and Rn×m

is the set of real n × m matrices. sgn(x) = diag(sign(xi )) ∈
Rn×n (i = 1, 2, . . . , n) for a vector x ∈ Rn. ‖x‖ represents
the Euclidean norm of x. |x| = [|x1|, |x2|, . . . , |xn|]T rep-
resents the absolute vector of x ∈ Rn. f (x)|0 indicates the
value of f (x) at the previous time step x = x(t − h), where
h represents one sampling time step. f (x)|m means the
value of f (x) at xm ∈ [x(t − h), x(t )]. λmax(X ) denotes the
maximum eigenvalue of the matrix X .

II. PRELIMINARY

Consider the following MIMO nonlinear control-affine
system:

ẋ = f (x) + G(x)u, y = h(x) (1)

where x ∈ Rn, y ∈ Rm, and u ∈ Rm refer to the system’s
state, output, and input vectors. In this article, f : Rn → Rn,
h : Rn → Rm, and G : Rn → Rn×m are continuous func-
tions. The corresponding input–output mapping is

y(ρ) = α(x) + B(x)u (2)

where ρ = [ρ1, ρ2, . . . , ρm]T is the relative degree vec-
tor; α(x) = [Lρ1

f h1,Lρ2

f h2, . . .,Lρm

f hm]T, B(x) ∈ Rm×m and

Bi j = Lg jLρi−1
f hi, where Lρi

f hi and Lg jLρi−1
f hi are the cor-

responding Lie derivatives.
Define the external and internal vectors as ξ and η,

respectively. The canonical form of (1) is derived by a
coordinates change: z = [ηT, ξT]T �→ T (x) [29], which gen-
eralizes ⎧⎨

⎩
η̇ = f in(η, ξ)
ξ̇ = Acξ + Bc[α(x) + B(x)u]
y = Ccξ

(3)

Applying the first-order Taylor series expansion of (2) at
t − h with x0 = x(t − h), u0 = u(t − h). It can be obtained
that

y(ρ) = y(ρ)
∣∣∣
0
+ ∂[α(x) + B(x)u]

∂x

∣∣∣
0
�x

+ B(x)
∣∣∣
0
�u + R1(x, u, h)

� y(ρ)
0 + A0(x)�x + B0(x)�u + R1(x, u, h) (4)
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where R1 represents the expansion remainder, �x is the
state increment in one sampling time step, and �u is the
control increment in one sampling step.

ASSUMPTION 1 The CEM B0(x) is continuous and
det(B0(x)) �= 0.

The control problem to be addressed is: given the system
in (1) and Assumption 1, design a control law u(t ) such that
the output y tracks yr = [yr,1, yr,2, . . . , yr,m]T. To proceed,
denote the reference vector as r = [r1, r2, . . . , rm]T with
ri = [yr,i, y(1)

r,i , . . . , y(ρi−1)
r,i ], i = 1, . . . ,m, and let e = ξ − r

be the tracking error vector. Substitute (4) into (3), then the
error dynamics are given by

ė = Ace + Bc(y(ρ)
0 + B0(x)�u − y(ρ)

r )

+ Bc(A0(x)�x + R1(x, u, h)) (5)

where y(ρ)
r = [yρ1

r,1, yρ2
r,2, . . . , yρm

r,m]T.

A. Derivation of the INDI Control

Incremental nonlinear dynamic inversion (INDI) is the
most notable nonlinear incremental control method, as pro-
posed in [5], [6], and [10]

�uindi = B̂−1
0 (x)

(
vc − ŷ(ρ)

0

)
, u = u0 +�uindi (6)

where B̂0(x) denotes the estimate of CEM B0(x); ŷ(ρ)
0 (t )

is the measured signal or estimate of y(ρ)
0 (t ). The term

vc = −Ke + y(ρ)
r denotes the INDI virtual control.

With the INDI control designed in (6), the error dynam-
ics in (5) is governed by

ė = (Ac − BcK )e

+ Bc[(B0(x) − B̂0(x))�uindi + ỹ(ρ)
0 + δ(z, h)]

� (Ac − BcK )e + Bc�indi (7)

with ỹ(ρ)
0 = y(ρ)

0 − ŷ(ρ)
0 and

δ(z, h) = [A0(x)�x + R1(x, u, h)]
∣∣∣
z=T (x0 ),u=u0+�uindi

ASSUMPTION 2 [5], [10] The measurement/estimation er-
ror of y(ρ)

0 is bounded; i.e., ‖ỹ(ρ)
0 ‖ ≤ δ̄y.

REMARK 1 The sensing error ỹ(ρ)
0 , caused by noise, sensor

dynamics, and sensing bias, is typically bounded [30].
When the signal ŷ(ρ)

0 is generated by an estimator or a
filter, the boundedness of the estimation error is a design
requirement [12], [31].

The following lemmas have been proved.

LEMMA 1 [29] If the estimated CEM satisfies
‖B0(x)B̂−1

0 (x) − I‖ < 1 and if δ(z, h) in (7) is bounded,
then under Assumption 2, for sufficiently high sampling
frequency, the perturbation term �indi in (7) is bounded.

LEMMA 2 [29] Given a controller that results in the error
dynamics in (7), if ‖�indi‖ ≤ δε is satisfied for all z ∈ Rn,
and if the origin of η̇ = f in(η, 0) is globally exponentially

stable, then this controller guarantees that the state z in (3)
is globally ultimately bounded.

B. Perturbation Compensations for the INDI Control

As shown in (7), the perturbation term �indi(x, u, h) is
influencing the stability and performance of the INDI con-
trol. To compensate for this term, researchers have proposed
adaptive control, sliding mode control, and observer-based
control augmentations for INDI to provide an online ap-
proximation of �indi(x, u, h) over a compact set x, u ∈ D.
With these augmentations, the incremental control law be-
comes [5], [6], [10], [11]

�uindi = B̂−1
0 (x)

(
vc + vn − ŷ(ρ)

0

)
. (8)

The nonlinear term vn is designed for perturbation
compensation, which can be an adaptive control term, an
observer-based robustify term or a sliding mode control
term. The typical design approaches are summarized as
follows.

1) Adaptive Control [11]

vn-ad = −K̂
T
x x − �̂

T
	(x, u, h) (9)

where Kx ∈ Rn×m is a linear adaptive gain
matrix; �̂ ∈ RN×m is the estimation vector
of N unknown parameters; 	(x, u, h) =
[ψ1(x, u, h), ψ2(x, u, h), . . . , ψN (x, u, h)]T ∈ RN is
the regression function vector.

2) Observer-based control

vn-obv = −�̂indi (10)

with

˙̂e = (Ac − BcK )ê − L(e − ê) + Bc(vn + �̂indi )

�̂indi = − 
1(e − ê) −
∫ t

0

2(e − ê)dτ (11)

where the matrix L ∈ Rn×n is selected to be Hurwitz;

1,
2 ∈ Rm×n are the time-varying parameters to
be designed (see [32]); �̂indi denotes the estimate of
�indi.

3) Sliding-mode control

vn-smc = −Kssgn(σ )γ

= −[Ks,1|σ1|γ1 sign(σ1), . . . ,Ks,m|σm|γm sign(σm)]T

(12)

with

σ = Se − Se(0) +
∫ t

0
Koedτ (13)

where 0 < γi < 1, Ko = −S(Ac − BcK ), S = diag
{Si} with Si = [Ki,1,Ki,ρi−1, 1].

The involvement of vn updates the closed-loop system
dynamics in (7) into

ė = (Ac − BcK )e + Bc(vn + �indi ). (14)

REMARK 2 In the literature, many control methods di-
rectly assume that the perturbation term �indi(x, u, h) is
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bounded [1], [6], [11], [12]. However, because of the usage
of the dynamic inversion architecture, the term �indi(x, u, h)
is a function of both x and u. Thus, its boundedness cannot
be directly used as a precondition for the stability proof of
the closed-loop system. By contrast, the �indi(x, u, h) term
will be explicitly analyzed in this article without this rough
assumption.

III. ANALYSIS AND LIMITATION EXPOSURE OF INDI

Although the robustness of the INDI control can be
enhanced by adaptive [see (9)], observer-based [see(10)],
and sliding-mode [see (12)] virtual control laws, this sec-
tion will expose that none of these augmentations can relax
one critical stability condition of the INDI control.

A. A Unified Stability and Robustness Proof

First, a unified Lyapunov-based stability proof for the
perturbed nonlinear error dynamics using nonlinear incre-
mental control is presented.

THEOREM 1 Under Assumptions 1 and 2, for the nonlinear
system in (3), if∥∥∥B0(x)B̂−1

0 (x) − I +
(
∂B(x)

∂x

∣∣∣
m
�x
)
B̂−1

0 (x)
∥∥∥ < 1 (15)

then using the control in (8), there exists a finite time period
T such that ‖vn + �indi(x, u, h)‖ ≤ ε̄, ∀t > t (0) + T and
the tracking error e in (14) is globally ultimately bounded
by ε̄

|λmax(Ac − BcK )| . If further the origin of η̇ = f in(η, 0) is
globally exponentially stable, then the state z in (3) is also
globally ultimately bounded.

PROOF Rewrite (8) as

v = B̂0(x)�uindi = vc + vn − ŷ(ρ)
0 (16)

then the perturbation term �indi in (7) becomes

�indi = ỹ(ρ)
0 + (B0(x) − B̂0(x))�uindi

+ A0(x)�x + Am(x)�x2 + Bm(x)�x�uindi

= [B0(x)B̂−1
0 (x) − I + Bm(x)�xB̂−1

0 (x)]v

+ ỹ(ρ)
0 + A0(x)�x + Am(x)�x2

� 
(x)v + ỹ(ρ)
0 + A0(x)�x + Am(x)�x2 (17)

where

Am(x) = 1

2

∂2[α(x) + B(x)u]

∂2x

∣∣∣
m
, Bm(x) = ∂B(x)

∂x

∣∣∣
m
(18)

1) Adaptive control
The online approximation of �indi(x, u, h) in adap-
tive control [see (9)] often requires a matching con-
dition:

v�n-ad + �indi(x, u, h) = ε(x, u, h) (19)

where v�n-ad is the adaptive control in (9) with ideal
gains; ε(x, u, h) is a bounded neighborhood over
a domain D. To satisfy the matching condition in

(19), the mapping vn-ad �→ −�indi must be a contrac-
tion [33]. This means that if ‖ ∂�indi

∂vn
‖ < 1 is satisfied,

then a unique solution exists for v�n-ad = −�indi with
some maximum error ε̄. In other words, if∥∥∥∂�indi

∂vn

∥∥∥ =
∥∥∥ ∂�indi

∂�uindi
· ∂�uindi

∂v
· ∂v
∂vn

∥∥∥
= ‖B0(x)B̂−1

0 (x) − I + Bm(x)�xB̂−1
0 (x)‖ < 1

(20)

then ‖vn-ad + �indi‖ ≤ ε̄, ∀t > t (0) + T for some
finite time period T .

2) Observer-based control
By performing analogous derivations for �indi as
in [5] and introducing the fact that y(ρ) = vc + vn +
�indi, one can write �indi as

�indi = − 
(x)�indi,0 + 
(x)(�vc +�vn)

+ (I + 
(x))ỹ0 + A0(x)�x + Am(x)�x2.

(21)

Since the control terms vc and vn are continues in
time, then the corresponding incremental terms
�vc, �vn are in the order of magnitude of
O(h2) [10], [34]. Now, assume that theB(x) and α(x)
have bounded partial derivatives of arbitrary order
with respect to x, then it follows: limh→0 ‖�vc‖ = 0,
limh→0 ‖�vn‖ = 0, limh→0 ‖A0(x)�x + Am(x)�x2

‖ = 0. Therefore, there exists a h such that
‖�vc(k)‖ ≤ δ̄vc , ‖�vn(k)‖ ≤ δ̄vn , and ‖A0(k)
�x(k) + Am(k)�x2(k)‖ ≤ δ̄A. Using these proper-
ties, (21) satisfies

‖�indi(k)‖ ≤ ‖
(x)‖‖�indi(k − 1)‖ + δ̄A + δ̄y

+ ‖
(x)‖δ̄y + ‖
(x)‖(δ̄vc + δ̄vn ).
(22)

Therefore, the term �indi is bounded if

‖B0(x)B̂−1
0 (x) − I + Bm(x)�xB̂−1

0 (x))‖ < 1.
(23)

Given a bounded �indi, any sliding mode observer or
disturbance observer can be used to estimate it with
a bounded estimate error ‖�indi − �̂indi‖ ≤ ε̄, ∀t >
t0 + T . By using the disturbance observer in (11)
and the control law vn-obv = −�̂indi, the closed-loop
dynamics yields

ė = (Ac − BcK )e + Bc(�indi − �̂indi), ∀t> t (0) + T
(24)

and ε(x, u, h) = �indi − �̂indi is the bounded esti-
mate error with ‖ε(x, u, h)‖ ≤ ε̄.

3) Sliding mode control
Consider the candidate Lyapunov function V =
1
2σT σ for the sliding mode control augmented INDI
in (12), then it follows:

V̇ = σT (y(ρ) − vc) = σT (vn-smc + �indi )

≤
m∑

i=1

−Ks,i|σi|γi+1 + |�indi,i||σi|
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≤
m∑

i=1

−ηi|σi|, ∀|σi| ≥
(
ηi + |�indi,i|

Ks,i

) 1
γi

(25)

where ηi > 0. Analogous to the analysis from (21)
to (23), |�indi,i| is bounded if ‖
(x)‖ < 1. Thus,
(25) proves that when ‖
(x)‖ < 1 is valid, then
the sliding variables σi is ultimately bounded by(
ηi+|�indi,i|

Ks,i

) 1
γi in a finite time T .

The variable d̃ = σ(t ), t > t (0) + T viewed as
the sliding variable in the quasi-sliding mo-
tion, is bounded with |d̃i| < δ̄s,i ≤ δ̄s and δ̄s =
supi=1,...,m

(
ηi+|�indi,i|

Ks,i

) 1
γi . On the quasi-sliding sur-

face, the dynamics of the tracking error e becomes

ė = (Ac − BcK )e + Bc(SBc)−1d̃, ∀t > t (0) + T
(26)

in which ε(x, u, h) = vn-smc + �indi = (SBc)−1d̃ is
ultimately bounded as ‖ε(x, u, h)‖ ≤ ε̄.

By far, it is apparent that no matter which augmenta-
tion is applied for the nonlinear incremental control, the
resulting error dynamics are uniformed as

ė = (Ac − BcK )e + Bcε(x, u, h), ∀t > t (0) + T (27)

in which ε(x, u, h) represents the generalized approxima-
tion error of the perturbation term �indi(x, u, h). Since K
is designed for making Ac − BcK Hurwitz, then (27) also
indicates that the tracking error e is ultimately bounded
by ε̄

|λmax(Ac−BcK )| . Because of the boundedness of e, we can
guarantee the globally ultimately boundedness of the state
z in (3) by directly using Lemma 2.

This completes the proof. �

COROLLARY 1 If ‖
(x)‖ ≤ b̄ < 1, for a sufficiently high
sampling frequency h, and a bounded sensing error ‖ỹ(ρ)

0 ‖ ≤
δ̄y, then the residual error �indi of INDI in (7) and the
tracking error e in (14) are ultimately bounded as

lim
t→∞ ‖�indi‖ ≤ (δ̄vc + δ̄vn )b̄ + δ̄A + δ̄yb̄(1 + b̄)

1 − b̄
(28)

lim
t→∞ ‖e‖ ≤ h(δ̄vc + δ̄vn )b̄ + hδ̄A + hδ̄yb̄(1 + b̄)

(1 − b̄)(1 − λ̄)
(29)

where ‖I + h(Ac − BcK )‖ ≤ λ̄ < 1.

PROOF This corollary can be proved analogous to the
stability analysis in the [10, Sec. II-B]. �

REMARK 3 Theorem 1 is much more general than the
stability analysis in [10] because Theorem 1 is independent
of any specific perturbation compensation approaches, and
the �x related term is also accounted for in the (15) of
Theorem 1.

REMARK 4 If the CEM B0(x) is not a square matrix, but is
B0(x) ∈ Rl×m, then the right pseudoinverse can be used in
(15) as long as B0(x) has full row rank. Then, the condition

can be redefined as

‖B0(x)B̂+
0 (x) − I + Bm(x)�xB̂+

0 (x)‖ < 1 (30)

where B̂+
0 (x) = B̂T

0 (x)(B̂0(x)B̂T
0 (x))−1.

REMARK 5 Theorem 1 proves that the condition in (15) is
essential for nonlinear incremental control. Theorem 1 also
reveals that (15) is identical to the matching condition in
dynamic inversion-based adaptive control design.

B. Stability Analysis for Unknown Control Directions

Theorem 1 has exposed that the condition in (15) is
crucial for stability guarantee despite, which augmenta-
tion technique is applied. It should be underlined that
the elements of the CEM may switch their signs due to
aeroelastic effects, severe faulty conditions, and/or coupling
effects [33]. The CEM B(x) is diagonally dominant when
considering aircraft attitude dynamics. It is noteworthy that
the condition ‖
(x)‖ < 1 in Theorem 1 would be vio-
lated when the signs of diagonal entries of B̂(x) and B(x)
don’t match. Consequently, the stability of nonlinear incre-
mental control cannot be ensured even with the robustify
augmentations.

Considering model uncertainties, actuator faults, struc-
tural damage, and unknown control direction, the CEM is
expanded as B0(x) = B̂0(x)� +�B0(x), where B̂0(x) is
the nominal CEM; �(t ) = diag{w1,w2, . . . ,wm} describes
the control direction with non-zero real elements; �B0(x)
represents the CEM uncertainties. Consequently, (4) is
rewritten as

y(ρ) = y(ρ)
0 + (B̂0(x)� +�B0(x))�u

+ A0(x)�x + R1(x, u, h). (31)

Define Dm(x) = (Bm(x)�x +�B0(x))B̂−1
0 (x). Model

the unknown control direction matrix � as

� = �1 + �2, �1 > 0, �2 < 0. (32)

THEOREM 2 Consider the input–output mapping in (31). If
its CEM satisfies⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

‖B̂0(x)|�|B̂−1
0 (x) + Dm(x) − I‖ < 1

tr
(
�1(B̂T

0 (x)B̂0(x))−1|�2|B̂T
0 (x)B̂0(x)

)
+tr

(
DT

mB̂0(x)|�2|B̂−1
0 (x)

)
− tr(�2) < 0

‖B̂0(x)|�|B̂−1
0 (x)‖2 + ‖Dm‖2 − 2tr(Dm) + m

−2tr(�1) + 2tr
(
DT

mB̂0(x)�1B̂−1
0 (x)

)
> 1

(33)

where |�| = diag{|w1|, |w2|, . . . , |wm|}, then as long as
any one of the signs of wi is incorrectly estimated, the
stability criterion (15) in Theorem 1 will be broken.

PROOF For the system in (31), the stability condition (15)
becomes

‖B̂0(x)�B̂−1
0 (x) + Dm(x) − I‖ < 1. (34)

Denote

	 = B̂0(x)�B̂−1
0 (x) + Dm(x)
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	|�| = B̂0(x)|�|B̂−1
0 (x) + Dm(x). (35)

Using the fact that if ‖	|�| − I‖ < 1, tr((	|�| −
I)T(	|�| − I)) < 1, then, if the CEM satisfies ‖	|�| − I‖ <
1, it follows that:

tr
(
(	|�| − I)T(	|�| − I)

) = tr
(
	T

|�|	|�| + 2	|�| + I
)

= ‖B̂0(x)�1B̂−1
0 (x)‖2 + ‖B̂0(x)|�2|B̂−1

0 (x)‖2

+ 2tr
(
�1(B̂T

0 (x)B̂0(x))−1|�2|B̂T
0 (x)B̂0(x)

)
+ 2tr

(
DT

mB̂0(x)�1B̂−1
0 (x)

)
− 2tr(�1 + |�2|) + m

+ 2tr
(
DT

mB̂0(x)|�2|B̂−1
0 (x)

)
− 2tr(Dm) + ‖Dm‖2 < 1.

(36)

Define

�1 = ‖B̂0(x)�1B̂−1
0 (x)‖2

+ ‖B̂0(x)|�2|B̂−1
0 (x)‖2 + ‖Dm‖2 (37)

�2 = 2tr
(
DT

mB̂0(x)�1B̂−1
0 (x)

)
− 2tr(Dm) (38)

�3 = 2tr
(
�1(B̂T

0 (x)B̂0(x))−1|�2|B̂T
0 (x)B̂0(x)

)
+ 2tr

(
DT

mB̂0(x)|�2|B̂−1
0 (x)

)
. (39)

Substituting (37)– (39) into (36) yields

tr
(
(	|�| − I)T(	|�| − I)

)
= �1 +�2 +�3 − 2tr(�1 + |�2|) + m < 1. (40)

Analogously, the following can be obtained for 	:

tr
(
(	 − I)T(	 − I)

)
= �1 +�2 −�3 − 2tr(�1 − |�2|) + m. (41)

Consider the case that�1 +�2 − 2tr(�1) + m > 1 and
�3 − 2tr(�2) < 0, then

1 − (�3 − 2tr(�2)) < tr
(
(	 − I)T(	 − I)

)
≮ 1. (42)

When the CEM satisfies (33), it can be observed that
(34) and (40) are contradictory, which implies ‖	 − I‖ ≮ 1.
Therefore, the stability criterion on CEM in theorem 1 is
violated. This completes the proof. �

It has been proved in Theorem 2 that if the control
direction is unknown, then the boundedness of the perturba-
tion term �indi [see (7)] and the stability of the closed-loop
system cannot be ensured no matter which robustify aug-
mentation is used.

IV. CONTROL DESIGN FOR SYSTEM WITH
UNKNOWN CONTROL EFFECTIVENESS

In control practice, partial knowledge of the CEM is
normally acquirable using first principles or through iden-
tification. Even so, it is possible that for a highly nonlinear
and uncertain system operating in disturbing and faulty con-
ditions, the estimation of CEM becomes nontrivial. There-
fore, this section proposes two Nussbaum function-based
adaptive incremental control methods (denoted as N-INDI),

for the system in (3) with partial known and completely
unknown CEM, respectively.

A Nussbaum-type function N (·) has the following
properties: limk→∞ sup 1

k

∫ k
0 N (ζ)dζ = ∞ and limk→∞

inf 1
k

∫ k
0 N (ζ)dζ = −∞. The following lemma shows some

useful properties of the Nussbaum-type functions.

LEMMA 3 [27], [35] Let λi(t ) : [0,∞) → [λ, λ̄] for two
constants λ and λ̄ satisfying λλ̄ > 0. Let V (t ) and ζi(t ) be
continuously differentiable functions defined on [0, t f ) with
V (t ) > 0 and N (ζi) is a Nussbaum function (type B-L). For
∀ t ∈ [0, t f ), t f ≥ 0, if

V (t ) < c0 ±
∫ t f

0

m∑
i=1

(λi(t )N (ζi(t )) + ai )ζ̇i(t )dτ (43)

where c0, ai are constants with ai > 0, then V (t ), ζi(t ) and∫ t
0

∑m
i=1(λi(t )N (ζi) + ai )ζ̇idτ are bounded on [0, t f ). In

particular, the statement holds for t f = ∞.

The following lemma about the matrix lower-diagonal-
upper (LDU) decomposition will be used in the control
design.

LEMMA 4 [36] Any real matrix X ∈ Rm×m with non-zero
leading principal minors can be factored as X = LDU ,
where L ∈ Rm×m is a symmetric positive-definite matrix,
U ∈ Rm×m is a unity upper triangular matrix, and D ∈ Rm×m

is a diagonal matrix.

A. Partially Known CEM

In the case of partially known CEM, B0(x) = Bs�(t ) +
�B0(x), in which Bs is a known constant positive symmet-
ric matrix; �(t ) = diag{w1(t ), . . . ,wm(t )} is the unknown
matrix with nonzero real elements; �B0(x) contains the
CEM uncertainties. Consequently, (4) is in the following
form:

y(ρ) = y(ρ)
0 + Bs�(t )�u +�B0(x)�u

+ A0(x)�x + R1(x, u, h). (44)

Moreover, regarding flight control, the CEM is diago-
nally dominant, thus the following assumption is used.

ASSUMPTION 3 The CEM uncertainty satisfies |�B0(x)p
| ≤ |Bs�(t )p| for any arbitrary vector p, where the inequal-
ity is understood element-by-element.

Design the integral-type sliding variable σ as identical
one in (13). Using (44) and (13), the dynamics of σ can be
written as follows:

B−1
s σ̇ = B−1

s (y(ρ)
0 − vc) + B−1

s �B0�u + ��u

+ B−1
s A0(x)�x + B−1

s R1(x, u, h). (45)

The Nussbaum function based incremental control input
�u is designed as

�un-indi = N (ζ)
(

B−1
s (vc − ŷ(ρ)

0 ) + vn

)
︸ ︷︷ ︸

vns

u = u0 +�un-indi (46)
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where

vc = − Ke + y(ρ)
r , vn = −Kssgnγ (σ )

N (ζ) = diag{N (ζ1),N (ζi), . . . ,N (ζm)}
N (ζi) = sinh(ζi ) cos(

π

2
ζi ), ζ̇i = σivns,i (47)

THEOREM 3 Under Assumptions 1, 2, and 3, consider the
dynamic system in (3) with the input–output mapping
in (44) and the control law in (46)–(47), if the origin
of η̇ = f in(η, 0) is globally exponentially stable, then for
any bounded initial condition, all the signals involved in
the closed-loop system remain bounded all the time, and
the system output tracking error e is globally ultimately
bounded.

PROOF Under the control law in (46), the expression in (45)
becomes

B−1
s σ̇ = vn − (

I − �N (ζ)
)
vns

+ B−1
s �B0�un-indi + δn-indi (48)

where δn-indi = B−1
s (ỹ(ρ)

0 + A0(x)�x + R1(x, u, h)|z=T (x0 ),u

=u0+�un-indi ). Recall that under sufficiently high sampling
frequency and Assumption 2, δn-indi is bounded. Denote
‖δn-indi‖ ≤ ε�u.

The candidate Lyapunov function is selected as Vs =
σTB−1

s σ, thus

V̇s = σT(vn + δn-indi ) − σT(I − (� + B−1
s �B0)N (ζ))vns

≤ σTvn +
m∑

i=1

(−(1 − λi(t )N (ζi))ζ̇i + ε�u|σi|
)

≤
m∑

i=1

(−ηi|σi| − (1 − λi(t )N (ζi))ζ̇i
)

∀|σi| ≥
(
ηi + ε�u

Ks,i

) 1
γi

(49)

where ηi > 0 and λi(t ) = wi(t ) +
∑m

j=1 σ j�b ji

σi
with�b ji rep-

resents the elements ofB−1
s �B0. Under Assumption 3,λi(t )

is bounded in [λ, λ̄].
Integrating (49) over t ∈ [0, t f ] yields

Vn(t f ) ≤ Vn(0) −
∫ t f

0

m∑
i=1

(ηi|σi| + (1 − λi(t )N (ζi))ζ̇i )dτ

≤ Vn(0) −
∫ t f

0

m∑
i=1

(−λi(t )N (ζi) + 1)ζ̇idτ (50)

According to Lemma 3, for any bounded initial con-
dition, Vs(t ), ζi(t ), and

∫ t
0

∑m
i=1(λiN (ζi) + 1)ζ̇idτ are

bounded on [0, t ). Consequently, the boundedness of vns

and δn-indi can easily concluded from the boundedness of
σ,�x, and ζ. This conclusion is also true for t f = +∞, thus
σ ∈ L∞. From (50), it is obvious that

∫∞
0 ηi|σi|dτ exists

and σi ∈ L2. Recall the expression of σ̇ in (45), because
σ,B0(x), δn-indi, vns ∈ L∞, we can conclude that σ̇ ∈ L∞.

According to the Barbalat’s lemma, σi → ( ηi + ε�u
Ks,i

)
1
γi as

t → ∞. In other words, the ultimate bound of σi equals

δ̄s,i = ( ηi+ε�u
Ks,i

)
1
γi , whose size can be assembled arbitrarily

small. Denote the sliding variable in the quasi-sliding mo-

tion as σ = d̃ and δ̄s = supi=1,...,m( ηi+ε�u
Ks,i

)
1
γi , then |d̃i| ≤ δ̄s in

some finite time T1. Consequently, the quasi-sliding mode
dynamic equation follows:

ė = (Ac − BcK )e + Bc(SBc)−1d̃. (51)

Eq. (51) shows that e eventually converges to a small bound,
i.e., ‖e‖ → ε� = ‖Bc (SBc )−1‖δ̄s

|λmax(Ac−BcK )| as t → ∞.
Note that, r ∈ L∞, and ξ ∈ L∞. Choosing a positive

definite function Vin(η) defined in Dη = {η ∈ Rn−ρ} as the
candidate Lyapunov function for η̇ = f in(η, ξ). There ex-
ists class K∞ functions α′

1 and α′
2 such that α′

1(‖e‖) ≤
‖Vin(η)‖ ≤ α′

2(‖e‖) because the origin η̇ = f in(η, 0) is
globally exponentially stable. Meanwhile, Vin(η) satisfies
∂Vin
∂η

f in(η, 0) ≤ −c3‖η‖2, ‖ ∂Vin
∂η

‖ ≤ c4‖η‖ for some posi-
tive constants c3 and c4. Clearly, there exists a global
Lipschitz constant L such that ‖ f in(η, ξ) − f in(η, 0)‖ ≤
L(‖e‖ + ‖r‖), ∀η ∈ Rn−ρ since f in(η, ξ) is continuously
differentiable and globally Lipschitz in (η, ξ). Analogous to
the derivations in [29], the time derivative of Vin(η) satisfies

V̇in(η) ≤ −c3(1 − θ1)‖η‖2, ∀‖η‖ ≥ c4L(‖e‖ + ‖r‖)

c3θ1
(52)

with constant θ1 ∈ (0, 1). Denote the initial time point as t0,
and μ � c4 L

c3θ1
(supt0+T1≤τ≤t (‖e‖ + ‖r‖)). As a consequence,

there exists a class KL function β ′ such that ∀t ≥ t0 + T1,
it has ‖η‖ ≤ β ′(‖η(t0 + T1)‖, t − t0 − T1) + α′−1

1 (α′
2(μ)).

Therefore, ∀t ≥ t0 + T1 + T2, the internal state satisfies

‖η‖ ≤ θ2ρiε
�
u

2
+ α′ −1

1

(
α′

2

(
c4 L

c3θ1

(
δ̄n + r̄

)))
(53)

for some finite T2 > 0 and θ2 > 0, where δ̄n = ‖Bc (SBc )−1‖δ̄s

|λmax(Ac−BcK )| ,
‖r‖ ≤ r̄ . Eq. (53) constructs the global ultimate bounds of
η by a class K function of λmax(Ac − BcK ), δ̄s, ε�u, and r̄.

This completes the proof. �

B. Completely Unknown CEM

Recall (17), the dynamics in (4) is further derived as

y(ρ) = y(ρ)
0 + A0(x)�x + B0(x)�u + R1(x, u, h)

= y(ρ)
0 + (B0(x) + Bm(x)�x)�u

+ A0(x)�x + Am(x)�x2

� y(ρ)
0 + B0,m(x)�u + A0(x)�x + Am(x)�x2. (54)

In the case of completely unknown B0(x), us-
ing Lemma 4, B0,m(x) can be factored as B0,m(x) =
Bs(x)�(t )U (x), where Bs(x) is an unknown time-varying
positive symmetric matrix; �(t ) is a time-varying diagonal
matrix;U (x) is a time-varying unity upper triangular matrix.
Therefore, (54) leads to

y(ρ) = y(ρ)
0 + Bs(x)��u − Bs(x)� (I − U (x))�u

+ A0(x)�x + Am(x)�x2. (55)
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Denote �u = [�u1,�u2, . . ., �um]T. Because I −
U (x) in (55) is a strictly upper triangular matrix, thus �u1

depends on �u2,�u3, . . . , �um, while �u2 depends on
�u3,�u4, . . . , �um, and so on. Therefore, it is possible to
define the control signal�u as a function of (I − U (x))�u
without the appearance of static loop [37].

From (13) and (55), the dynamics of σ can be written as
follows:

B−1
s (x)σ̇ = B−1

s (x)(y(ρ)
0 − vc) − � (I − U (x))�u

+ ��u + B−1
s (x)A0(x)�x + B−1

s (x)Am(x)�x2

= −1

2
Ḃ−1

s (x)σ + ŷ(ρ)
0 − vc + ��u + �u(x, u, h) (56)

where

�u(x, u, h) = (B−1
s (x) − I)(y(ρ)

0 − vc)

+ ỹ(ρ)
0 + 1

2
Ḃ−1

s (x)σ + (I − U (x))�u

+ B−1
s (x)A0(x)�x + B−1

s (x)Am(x)�x2.

(57)

The unknown smooth nonlinear time-varying
state-dependent uncertainty term �u(x, u, h) =
[�u,1,�u,2, . . ., �u,m]T can be approximated over a
compact set �z ∈ Rp as follows:

�u,i(x, u, h) = W T
u,iφu,i(x, u, h) + εu,i, i = 1, 2, . . . ,m

(58)
where W u,i ∈ Rqu is an unknown slowly time-varying pa-
rameter vector that satisfies ‖W u,i‖ ≤ w�

u; φu,i(x, u, h) :
Rp → Rqu is a set of known basis functions; εu,i is
the bounded state-independent reconstruction error with
|εu,i| ≤ ε�i . From the expression of �u(x, u, h), the func-
tion vector φu,i(x, u, h) = [φ1

u,i, . . . , φ
j
u,i, . . . , φ

qu
u,i]

T, i =
1, . . . ,m, j = 1, . . . , qu can be determined using the Gaus-
sian function in the following form:

φ
j
u,i = exp

(
− (x̄i − μ j )T(x̄i − μ j )

ζ 2
j

)
(59)

where μ j and ζ j are the center and the width of the
basis function φu,i(x, u, h), respectively. By carefully ex-
amining the expressions of �u,i(x, u, h), we can choose
x̄T

i = [xT, σT, (y(ρ)
0 )T, vT

c ,�xT,�ui+1, . . . , �um] for i =
1, . . .,m − 1. When i = m, x̄T

m = [xT, σT, (y(ρ)
0 )T, vT

c ,�xT].
The Nussbaum function-based adaptive incremental

control input �u(t ) is designed as

�un-indi = N (ζ)
(
−ŷ(ρ)

0 + vc + vn − Ŵ
T
u φu(x, u, h)

)
︸ ︷︷ ︸

vns

u = u0 +�un-indi (60)

where N (ζ), vc, vn are identical to those in (47), and

˙̂W j
u,i = μ

j
i φ

j
u,i(x, u, h)σi − ρ

j
i Ŵ j

u,iσi, ρ
j
i < ρ̄i,

i = 1, . . . ,m, j = 1, . . . , qu. (61)

THEOREM 4 Under Assumptions 1 and 2, consider the
dynamic system in (3) with the input–output mapping in

(54) and the control law in (60) and (61), if the origin of
η̇ = f in(η, 0) is globally exponentially stable, then for any
bounded initial condition, all the signals of the closed-loop
system (including x, u,W u,i) remain bounded all the time.
The tracking error satisfies ‖e‖ ≤ ‖Bc (SBc )−1‖δ̄s

|λmax(Ac−BcK )| as t → ∞,

where δ̄s = supi=1,...,m( ρ̄iw
�
u

2Ks,i
)

1
γi .

PROOF Using the control law in (60) and denote W̃ u,i =
Ŵ u,i − W u,i, the expression in (56) becomes

B−1
s (x)σ̇ = − 1

2
Ḃ−1

s (x)σ − Kssgn(σ )γ

− W̃
T
u φu(x, u, h) + εu − (

1 − �N (ζ)
)
vns.

(62)

Multiplying both sides of (62) with σT yields

σTB−1
s (x)σ̇ = −1

2
σTḂ−1

s (x)σ − (1 − wiN (ζi ))ζ̇i )

+
m∑

i=1

(−Ks,i|σi|γi+1 − σiW̃
T
u,iφu,i(x, u, h) + σiεu,i. (63)

The candidate Lyapunov function is selected as

Vn = 1

2
σTB−1

s (x)σ + 1

2

m∑
i=1

1

μi
W̃

T
u,iW̃ u,i (64)

whose time derivative is derived as

V̇n = σTB−1
s (x)σ̇ + 1

2
σTḂ−1

s (x)σ +
m∑

i=1

1

μi
W̃

T
u,i

˙̂W u,i.

(65)
Substituting (63) and (61) into (65), we obtain

V̇n =
m∑

i=1

(−Ks,i|σi|γi+1 − (1 − wiN (ζi))ζ̇i )

+
m∑

i=1

(
−σiW̃

T
u,iφu,i(x, u, h) + σiεu,i

)

+
m∑

i=1

(
σiW̃

T
u,iφu,i(x, u, h) − ρiŴ u,iσi

)

≤
m∑

i=1

(−Ks,i|σi|γi+1 − (1 − wiN (ζi ))ζ̇i
)

+
m∑

i=1

(
−‖ρi

2
W̃ u,i‖2 + ‖ρi

2
W u,i‖2

)

≤
m∑

i=1

(−ηi|σi| − (1 − wiN (ζi))ζ̇i
)

∀|σi| ≥
(
ηi + ρ̄i

2 w�
u

Ks,i

) 1
γi

. (66)

Integrating (66) over t ∈ [0, t f ] leads to

Vn(t f ) ≤ Vn(0) −
∫ t f

0

m∑
i=1

(−wiN (ζi ) + 1)ζ̇idτ,
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∀|σi| ≥
(
ρ̄iw

�
u

2Ks,i

) 1
γi

. (67)

According to Lemma 3, for any bounded initial con-
dition, Vn(t ), ζi(t ), and

∫ t
0

∑m
i=1(λiN (ζi ) + 1)ζ̇idτ are

bounded on [0, t ). Consequently, the boundedness of W u

and v can be easily concluded from the boundedness of
σ,W̃ u, and ζ. This conclusion also holds for t f = +∞,
thus both σ and W̃ u ∈ L∞. From (67), it is apparent that∫∞

0 ηi|σi|dτ exists and σi ∈ L2. Recall the expression of

σ̇ in (62), because σ,B−1
s (x),W̃ u, εu, v ∈ L∞, and Ḃ−1

s (x)
is a continuous function, we can conclude that σ̇ ∈ L∞.

According to the Barbalat’s lemma, σi → (
ηi+ ρ̄i

2 w�
u

Ks,i
)

1
γi as

t → ∞. In other words, the ultimate bound of σi equals

δ̄s,i = (
ηi+ ρ̄i

2 w�
u

Ks,i
)

1
γi , i = 1, . . .,m, whose size can be made

arbitrarily small.
Analogous to the proof in Theorem 3, denote d̃ =

σ(t ), t > t (0) + T1, and δ̄s = supi=1,...,m(
ηi+ ρ̄i

2 w�
u

Ks,i
)

1
γi , then

|d̃i| ≤ δ̄s in some finite time T1. Let r̄ be the upper bound of
‖r‖. We can also obtain that the internal state satisfies

‖η‖ ≤ θ2ρiw
�
u

2
+ α′ −1

1

(
α′

2

(
c4 L

c3θ1

(
δ̄n + r̄

)))
. (68)

∀t ≥ t0 + T1 + T2, where T2 > 0 represents some finite time
period; θ2 > 0; δ̄n = ‖Bc (SBc )−1‖δ̄s

|λmax(Ac−BcK )| . This shows that a classK
function of λmax(Ac − BcK ), w�

u, δ̄s, and r̄ bounds η globally
and ultimately. �

Although in [10], a control-direction-based discrete-
time incremental sliding mode control is proposed to deal
with control reversal, the control direction is assumed to
be reversed but known. By contrast, the newly proposed
Nussbaum function-based adaptive incremental control in
this article has completely solved the control challenge of
system with unknown control direction. The Nussbaum
function identifies the control direction online while the
adaptive control algorithm approximates the perturbation
term �u(x, u, h). This proposed method requires neither
the parameters nor the signs of the CEM.

V. NUMERICAL VALIDATIONS

In this section, numerical simulations are provided to
demonstrate the effectiveness of the proposed approach
by an aircraft attitude tracking problem accounting for
uncertainties, actuator faults, sensing errors, and structural
damage. The control variables are chosen as y = [φ, θ, β]T,
which contain the roll angle, pitch angle, and sideslip angle.
The nonlinear flight dynamic model considering faults is
represented as{

ẋ1 = f 1(x) + g1(x1)x2

ẋ2 = (1 − κ )( f 2(x) + g2(x)u) + κ ( f ′
2(x) + g′

2(x)u)
(69)

where xT = [xT
1 , xT

2 ]; x1 = [φ, θ, β]T; x2 = [p, q, r]T rep-
resents the rotational velocity of the body-fixed frame rel-
ative to the inertial frame; u = [δa, δe, δr]T contains the

TABLE I
Control Parameters

TABLE II
Command Tracking Performance

deflections of the ailerons, elevator and rudder, respectively;
κ ∈ [0, 1] is an unit step function to denote sudden actuator
fault or structure breakage. The specific expressions for
the pre-fault dynamics f 1(x1) and g1(x1) can be found
in [6]. The postfault functions f ′

2(x) and g′
2(x) are modeled

as in [10]. The relative degree of the system in (69) is
ρ = [2, 2, 2]T.

In reality, the time-varying CEM B0(x) of a faulty
aircraft is very hard to be modeled accurately. Because the
CEM B0(x) is a real square matrix, it can be decomposed
as B0(x) = Bs(x)�U (x).

The aircraft model used for evaluating the proposed
method in Section IV is the public model of F-16 [38]. The
initial states are set as in [10], i.e., x1 = [0, 0, 0]◦, x2 =
[0, 0, 0]◦/s. The sampling interval h = 0.01 s. In the simu-
lations, the actuators are modeled as second-order systems
with saturation limits [5, Table 2]. The maximum angular
acceleration sensing bias is set as 0.25 rad/s2. In addition,
the power spectral density (PSD) height of the angular
acceleration noise is set to 10−5. Up to ten percent of
parametric uncertainties are also added to the simulations.
The control parameter values are given in Table I.

During the aircraft attitude tracking task, the structural
damage happens at t = 5 s, where the right wing lost 25%
of its area; the entire left horizontal stabilator and a half
of the vertical tail are also lost. Apart from these structural
damage, actuator faults are added from t = 10 s. Specifi-
cally, the aileron lost 60% of its effectiveness; the elevator
lost half of its the effectiveness; the rudder lost 40% of
its effectiveness. Moreover, from t = 10 s, the right aileron
runs away and get jammed at 15.05◦. Also, the left elevator
is jammed at δ̄el = −12.5◦.

1) Tracking Performance of the INDI-Based Control
Methods: The effectiveness of the three FTC augmenta-
tions (Section II.II-B) for the INDI control are first com-
pared. To be specific, they are adaptive INDI (Ad-INDI),
disturbance observer-augmented INDI (Obv-INDI), and
sliding mode control-augmented INDI (SMC-INDI). The
fault scenarios satisfy the condition in (15). Also, the correct
control directions are first exposed to the controllers. To
quantify the results, the root mean square (RMS) and the
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Fig. 1. Values of �, the bounds of ‖
(x)‖ and ‖�indi‖.

Fig. 2. Sensing error and the perturbation compensation error.
(a) Sensing error. (b) Perturbation compensation error (Eq. (27)).

infinite norm of the tracking error, and the integral of control
cost (IAU = ∑3

i=1

∫ t f

0 |ui(t )|dt) are shown in Table II.
The simulation results for the first scenario in which

the uncertainties satisfying ‖
(x)‖ < 1 [see (15)] are il-
lustrated in Figs. 1–3. Notice from Fig. 1 that the elevator,
aileron and rudder faults are injected at 10 s. These faults
are unknown to the controllers. The second subplot of Fig. 1
shows the impacts of actuator faults on ‖
(x)‖. The residual
cancellation error �indi is shown in the third subplot of

Fig. 3. Attitude tracking performance comparisons of Ad-INDI,
Obv-INDI, and SMC-INDI.

Fig. 4. Control inputs of Ad-INDI, Obv-INDI, and SMC-INDI.

Fig. 1; its variations are mainly induced by faults, damage,
and command variations.

The simulated sensing errors are shown in Fig. 2(a).
Fig. 2(b) shows the approximation errors of the term �indi

[see (27)]. Fig. 3 plots the attitude tracking responses. It
can be observed that the simulated sensing error, structural
damage, and actuator faults can be tolerated by Ad-INDI,
Obv-INDI, and SMC-INDI, which confirmed Theorem 1. It
can also be seen from Fig. 3 and Table II that the SMC-INDI
scheme tracks the references with the highest accuracy.
The control actions illustrated in Fig. 4 are essential for
command tracking and perturbation compensations. They
are also smooth without chattering.

In the second simulation scenario, the diagonal entries
of B̂(x) and B(x) with opposite signs is tested. It can be
seen from Fig. 5(a) that the actuation sign of the aileron is
reversed at t = 10 s. As proven in Theorem 2, an incorrect
estimation of control direction would break the control sta-
bility. This is verified in Fig. 5(b) as all the three INDI-based
control schemes are unable to stabilize the aircraft, leading
to unbounded tracking errors and closed-loop perturbations.
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Fig. 5. Tracking performance of Ad-INDI, Obv-INDI, and SMC-INDI
with incorrect control sign. (a) Control effectiveness faults �, the bounds

of ‖
(x)‖ and ‖�indi‖. (b) Attitude.

Fig. 6. Control effectiveness matrix B(x).

1) Tracking Performance With Unknown Control Ef-
fectiveness: In this section, simulations are performed for
two different cases: 1) when the CEM B0(x) is partially

Fig. 7. Responses of the Nussbaum function N (ζ ).

Fig. 8. Attitude tracking performance of N-INDI. (a) Attitude.
(b) Tracking errors.

known (only Bs is known while the control direction ma-
trix � is unknown), the Nussbaum function-based adap-
tive incremental control law in (46) is applied; 2) when
the CEM B0(x) is completely unknown, the Nussbaum
function-based adaptive incremental control law in (60) is
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Fig. 9. Control inputs of N-INDI.

applied. The control parameters in (61) are set as: μ j
i = 25,

ρ
j
i = 0.01.

The simulation results are shown in Figs. 6–9. The
real CEM B(x) is illustrated in Fig. 6. It can be seen that
sudden actuator faults induce large variations in the diagonal
elements of B(x); in particular, the third diagonal entry
(corresponds to the rudder) changed it sign at t = 10 s.
Fig. 7 shows that the Nussbaum gains swiftly adapt to match
the real control directions.

The attitude tracking responses are illustrated in Fig. 8.
Even without the control sign information, by only knowing
Bs, the proposed control law in (46) can tolerate all the
faults while continuing in executing the tracking task. Fur-
thermore, even when the CEM is completely unknown, the
proposed control law in (60) can still accomplish the FTC
tracking task. These verify Theorems 3 and 4. The control
inputs are shown in Fig. 9. It can be observed that a short
period of oscillations happened after the control reversal,
indicating that the Nussbaum function-based adaptive laws
are searching for the correct control directions.

VI. CONCLUSION

This article solves the MIMO nonlinear system FTC
problem, especially for the case of unknown control effec-
tiveness. It first unifies the Lyapunov-based stability proof
for the MIMO nonlinear perturbed system using the nonlin-
ear incremental control framework, regardless of the pertur-
bation compensation achieved by whether adaptive, distur-
bance observer or sliding-mode augmentations. Then, this
article reveals that all of the existing nonlinear incremental
control methods depend on a critical sufficiently condition
on the CEM, and this condition is essentially identical to
the matching condition in dynamic inversion-based adaptive
control design. However, it is proved in this article that this
condition is violated when the control direction is unknown;
thus, neither the boundedness of the closed-loop perturba-
tions nor the stability can be guaranteed no matter which
perturbation compensation techniques are implemented.
Therefore, this article proposes two Nussbaum function-
based adaptive nonlinear incremental control methods for
partially unknown CEM and completely unknown CEM,

respectively. Lyapunov-based stability analysis and nu-
merical simulations have proved the effectiveness of the
proposed methods. To be specific, the Nussbaum function
identifies the control direction online while the adaptive
control algorithm approximates and compensates for the
perturbations, guaranteeing closed-loop stability in a flight
tracking task encountering parametric uncertainties, actu-
ator faults, sensing errors, structural damage, and inversed
control directions.
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