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ABSTRACT
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This paper proposes a multilane traffic flow model based on the notions of conservation laws in
Lagrangian coordinates. Both continuous formulation and discretization of the model are derived
explicitly considering lane-changing characteristics. For model discretization, a lane-changing
number estimation model is developed to calculate the net lane-changing number for each
vehicle group considering the relative position between vehicle groups in the current and adja-
cent lanes. With model discretization, the spacing of vehicle groups for each lane can be
dynamically calculated. In addition, the boundary conditions for both the continuous Lagrangian
model and its discretization are also derived. A numerical implementation of the model in the
case of a three-lane highway section with a lane-drop is discussed, and results indicate that the
proposed Lagrangian model can well simulate traffic dynamics, including the generation and
propagation of congestion, and the perturbation caused by lane-changing behaviors. The lane-
changing characteristics in terms of a cumulative net number of lane-changing vehicles for
each lane, and the spacing dynamics of vehicle groups can be estimated as well. We further
validate the proposed model using real-world data observed from a two-lane freeway section in
Japan. The results show that the proposed multilane Lagrangian model can well capture traffic
dynamic properties and could provide a relatively accurate estimation in terms of lane volume
dynamics, vehicle spacing dynamics, and the cumulative net number of lane-changing vehicles.
Comparisons with the Eulerian multilane model indicate that the Lagrangian model offers su-
perior performance in predicting vehicle counts and spacing, especially under congested condi-
tions. This improved performance can be attributed to the Lagrangian model’s capability to track
individual vehicle groups, resulting in a more precise representation of traffic dynamics.

1. Introduction

The Lighthill-Whitham-Richards (LWR) model (Lighthill and Whitham, 1955a, 1955b; Richards, 1956), commonly referred to as
the kinematic wave model, is a vital tool for understanding traffic flow dynamics. Over the past few decades, the LWR model and its
extensions (Newell, 1993; Daganzo, 1994, 1995, 2002a, 2002b; Wong and Wong, 2002; Chanut and Buisson, 2003; Laval and Daganzo,
2006; Levin and Boyles, 2016) have played a significant role in traffic estimation and prediction. The model originally operates on the
Eulerian coordinate system (t,x), which describes traffic state variables in terms of time (t) and space (x), making it especially suitable
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for analyzing traffic data obtained from fixed-location measurements. Common types of traffic data include location-based information
(Eulerian) and vehicle-based information (Lagrangian). Historically, traffic measurements have predominately depended on Eulerian
information, acquired through inductive loop detectors or cameras positioned at fixed locations (Coifman, 2002, 2003; Mehran et al.,
2012). However, with technological advancements, Lagrangian information’s accessibility has increased considerably. Such data
include vehicle trajectory data from travel service companies, vehicles equipped with GPS navigation systems, and the growing
number of connected/autonomous vehicles in the future. Notably, the emergence of connected and autonomous technologies has
highlighted the dual potential of connected/automated vehicles. These vehicles possess the ability to improve current traffic situations
while simultaneously serving as mobile sensors for traffic data collection (Molnar et al., 2021; Ma and Qian, 2019; Orosz et al., 2017).
This rising prevalence of Lagrangian data poses a challenge to the traditional Eulerian models.

To address this challenge, two primary methods are typically pursued. The first involves employing complex data transformations
to adapt Lagrangian data to a fixed-location measurement format. These transformation procedures typically involve temporal and
spatial aggregation, as well as conversions between different types of measurements utilizing flow-density-speed relationships. The
second method integrates measurement theory into the traffic flow model. This can be achieved by incorporating techniques such as
Kalman filtering (Work et al., 2010, 2008), Newton relaxation (Herrera et al., 2010), and the integration of car-following models and
traffic flow models (Delle Monache et al., 2019). While the first method involves extracting the initial and boundary conditions
required by the Eulerian model from Lagrangian data, the complex transformation procedures can be cumbersome and error-prone. On
the other hand, the second method aims to unite measurements with traffic flow models in a theoretical sense. However, depending on
the complexity of the problem, modeling and managing integrated models may also be cumbersome. While Eulerian models can
certainly make use of Lagrangian data through these operations, employing a Lagrangian model itself provides a more natural and
straightforward approach for leveraging Lagrangian data.

The Lagrangian coordinate system, denoted as (t,n), offers a straightforward approach to handling the vehicle trajectory data,
where t represents time and n represents the vehicle index, allowing the system to move seamlessly along vehicle paths. This approach
was first introduced into the traffic flow by Leclercq et al. (2007). They proposed an alternative formulation of the LWR model based on
Lagrangian coordinates by combining the Lagrangian conservation law and the speed-spacing relationship. More recently, Laval and
Leclercq (2013) applied the Hamilton-Jacobi formula to establish a first-order traffic flow model framework in three different coor-
dinate systems, including the traditional Eulerian coordinate system and two Lagrangian coordinate systems. Their models leverage
variational techniques and the Godunov scheme with a triangular fundamental diagram. Notably, the Godunov scheme reduces to the
upwind format in Lagrangian coordinates and does not require a transformation between the upwind and downwind formats, which
leads to a simplification of the solution process. Simulations have demonstrated that this Lagrangian model is more accurate-with less
numerical diffusion-and computationally efficient (Van Wageningen-Kessels et al., 2010). These models have attracted considerable
attention due to their reduced nonlinearity and efficient data assimilation capabilities with Lagrangian-type data. Consequently, they
have been widely applied in traffic state estimation and control, particularly in conjunction with data assimilation techniques utilizing
vehicle trajectory data (Yuan et al., 2012; Duret and Yuan, 2017; Zheng et al., 2018). Nevertheless, the existing Lagrangian models
assume a single pipe or lane of traffic and do not explicitly account for lane-changing. While van Wageningen-Kessels et al. (2010,
2013) explored multiclass traffic flow and discontinuities like merges and diverges in Lagrangian coordinates, lane-changing remains
underexplored. Laval et al. (2016) investigate the effect of source terms on traffic flow using variational theory, where these terms
represent the net lateral inflow rate, typically involving lane changes, merges, and diverges. Their findings suggest that analytic so-
lutions in variational theory may not be applicable to source terms in Lagrangian coordinates, whether they are exogenous or
endogenous. As a result, Lagrangian models that incorporate lane-changing characteristics must rely on numerical solutions. However,
there is no definitive method for numerically solving these models, as most research has focused on models without source terms
(Leclercq et al., 2007; Van Wageningen-Kessels et al., 2010; Yuan et al., 2012; Han et al., 2021) or on those addressing specific sce-
narios like ramp merging and diverging (van Wageningen-Kessels et al., 2013).

To address the limitations of existing literature, we propose a novel multilane traffic flow model formulated using the Lagrangain
coordinate system. The main contributions of this study are as follows:

1. Development of Lagrangian Multilane Model: Our model is the first to explicitly incorporate lane-changing behaviors within a
Lagrangian framework. This innovation allows for a more detailed analysis of traffic dynamics in individual lanes. Additionally, we
provide meticulous boundary conditions that enable the simulation to consider a wider range of real-world scenarios.

2. Model Discretization implementation: In the numerical example, we have developed a model discretization process that fa-
cilitates the numerical implementation of our proposed model. We introduce a lane-changing number estimation model that
calculates the net lane-changing number for groups of vehicles in each lane, thereby enhancing the model’s ability to predict lane-
changing characteristics.

3. Extensive Validation: We have rigorously validated the model’s effectiveness in replicating various characteristics of traffic flow,
both spatially and temporally. This includes the model’s ability to capture phenomena such as congestion propagation due to lane-
drops and lane-changing perturbations. The validation process utilizes real-world data, which confirms the model’s ability to
accurately reflect lane volume, vehicle spacing, and lane-changing dynamics, while also demonstrating superior performance
compared to the Eulerian multilane model.

The rest of this paper is organized as follows. Section 2 provides a detailed formulation of the multilane traffic flow model in the
Lagrangian coordinates. Then, a discretization of the proposed model is discussed in Section 3. Section 4 presents a model to estimate
the critical variable for discretization, i.e., the net lane-changing number. Section 5 provides a numerical example to demonstrate how
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the proposed model works. A validation of the proposed model using real-world data (the ZTD data) and a comparison with the
Eulerian multilane model are provided in Section 6. Section 7 concludes the paper with some discussions.

2. Lagrangian formulation of multilane LWR model

The multilane Lighthill-Whitham-Richards (LWR) model in traditional Eulerian coordinates was developed by Laval and Daganzo

(2006). Let’s briefly revisit the Eulerian conservation law for multilane traffic.

dp; | Oq

ROt L =1.2....N 1

ot o &t x),1 ;2,0 N (€9)]
where an equilibrium relation between flow ¢; and density p; is given by a fundamental diagram (FD): q; = Qi(p;) = kiVi(p;). Nz
represents the total number of lanes and g(t,x;) represents the net lane-changing rate in lane [ over time and space, measured in
vehicles per time—distance. It can be expressed as:

&t xi) = Fu(t, x))Hi(x1) 2

where Fi(t,x;) is the net lane-changing flow in lane [, measured in vehicles per time. Hj(x;) is a function that satisfies / H(x)dx; =1,
measured in 1/distance, and describes the distribution of lane-changing locations in lane I. This concept was simplified to specific
points for merging and diverging flows at ramps in van Wageningen-Kessels et al. (2013), but here, we extend it to a road segment for
better representation of lane-changing behavior. For example, if lane-changing occurs uniformly between points a and b in space.
Hi(x;) can be represented by the following block function:

La<x <b
Hi(xq)={b-d !

0, otherwise

,/ Hl(xl)dxl =1 (3)

Moving forward, we will derive the Lagrangian formulation of this multilane LWR model and explore the boundary conditions
related to inflow and outflow restrictions at both ends of the road section.

2.1. Mathematical derivation

The multilane LWR model in the Eulerian coordinate (t,X;) can be reformulated in a new coordinate system called the Lagrangian
coordinate (t,n;). To enable the transformation from x; to n;, we assume that vehicle index n; increases in the same direction as x;
decreases. In other words, a larger value of x; corresponds to a smaller value of n;. Therefore, the transformation can be expressed as:

t x|
m(t,x) = m(t°,x?) +/t° ql(t/7x1)dt'—/ p(t°,x)dx (&)
X

t
where n(t°,x?) is the vehicle index located at position x? at time t° in lane [, / q(t,x;)dt’ is the number of vehicles passing through

0
X

position x; from t° to t, and / p1(t°,x')dx' is the number of vehicles between positions x{ and x; at time t°. Since we have p;(t,x;) = 1
0

X

/si(t,m(t,x;)) and spacing s; is the distance between the tails of two adjacent vehicles in lane [, we can derive:

Vi (su(t; (2, x1)))
Sl(t, Tll(t, X[))

qi(t,xi) = py(t, x0)Vilpy(t, 1)) = (5)

where V(p;) and Vj(s;) are the equilibrium relationships (fundamental diagrams) between speed and density, as well as speed and
spacing, respectively. There is a relationship between them, which isv; = Vi(p;) = V; <Sll) =V (s).
Thus, Eq. (1) can be reformulated as:

gt xa(t,m)) % (sil( L ) +aixl (7‘/’*(5’(& mu(t, xm))

t,m(t,x;)) si(t, mu(t, xi))

o 1 aSl 081 0?11 1 dV{ 651 071[ *051 0n1
= ‘s,—z(Fa—mE)*st(slaa—m—m‘“a—ma—m ©
1 (()sl 051 0n1 0V1* 0nl 651 @)

sZ\ot " on ot om ox ' lom oxg
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By applying the relations given in Eq. (7):

()Tll o Vf (81) % _ 1

o A= s ox = 5 7)
we can derive the following equation:
_ 1 051 051 0Vl* 1 . 651 1
&t x(tn)) = s (E + ond S \ 75 +V m\ s
1 (os; dV; O0s st
= —— (= g — — 8
52 (at ony 0nlql anlql> ©

_ (s
o s2\odt  om
By rearranging and multiplying —s? on both sides of Eq. (8), we obtain the conservation law of multilane traffic in Lagrangian
coordinates for a specific lane [ as follows:

dsi(t,m) N oV (si(t,m))

> P —s7(t,m)g(t, x(t,my)) 9

Eq. (9) is mathematically consistent with the findings of van Wageningen-Kessels et al. (2013) and the simplified results presented
by Laval et al. (2016). However, a key difference lies in the function g(t,x(t,n;)) utilized in each study. Our model explicitly in-
corporates discretionary lane changes within g(t,x;(t,n;)), whereas van Wageningen-Kessels et al. (2013) primarily focus on merging
and diverging flows. Laval et al. (2016) consider merging, diverging, and lane-changing behaviors as source terms, but do not provide
specific functional expressions for them. Their study explores the impact of source terms on the representation of traffic flow using
variational theory, concluding that analytic solutions within this theory may not be applicable to source terms in Lagrangian co-
ordinates, whether exogenous or endogenous. However, their work does not delve into the specific discretization and implementation
of these source terms in Lagrangian coordinates. Our contribution lies in explicitly integrating lane-changing behaviors within a
Lagrangian framework and developing a numerical solution for the model.

The term g(t,x;(t,n;)) in Eq. (9) represents the net lane-changing rate of lane [, which is given by:

gz(t, Xl(t, T'll)) = Fl(t7 Xl(t, Tll))Hl(Xl(t, nl)) (10)

with ff"m Hi(x(t,n;))d(x;(t,n;)) = 1. Moreover, g(t,x;(t,n;)) needs to be expressed in terms of t and n;. To achieve this, we solve the

oy _

relations on = —s;(t,m) and % =v(t,m) to obtain x;(t,m):

n

t
xi(t,ny) = x(¢%,n) +/ v,(t’,n?)dt'f/ si(t,n)dn’ (1n
© n?

t n
where x(£,n0) + / vi(t,n)dt represents the position corresponding to the vehicle index n{ at time ¢, while / si(t,n')dn’ represents
© n
the distance between n? and n; at time t.

2.2. Boundary conditions

The boundary conditions should satisfy the inflow (or outflow) restrictions at the inflow boundary x; = 0 (or the outflow boundary
x; =L). Specifically, at the inflow boundary x; = 0 for lane [, we define the demand function A;(0~, t) as the number of vehicles per unit
time that intend to enter the road section from the position upstream of it.

- ql(077t)7 pl(077t) Spcril
A0, 8) = . : 12
l( ) {Qh pl(o 7t) >pcri.l ( )
where 0~ = limso£ represents the position immediately upstream of the inflow boundary, and q;(0~, t) and p;(0~, t) represent the flow
and density, respectively, at the position x; = 0~ and time t. p_,;; denotes the critical density, while Q; represents the capacity of lane L

Similarly, the supply function B;(0*, t) is defined as the number of vehicles per unit time that can still fit at the position downstream
of the inflow boundary. The supply function is given by:

Q, p(0%,8) < pey
B,(07,¢t) = o 13
l( ) {ql(0+7t)7 /)1(0+,t) > Peril (13
where 0" = lim; ¢ denotes the position immediately downstream of the inflow boundary. ¢;(07,t) and k; (0™, t) represent the flow and
density, respectively, at the position x; = 0" and time t.
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Hence, the inflow boundary condition can be described as follows:
q(0,t) = min(A; (07, t), B;(07,t)) a4

The inflow boundary condition indicates that the inflow is constrained by both the traffic conditions upstream and downstream of
the inflow boundary.
Similarly, for the outflow boundary x; = L in lane [, the outflow boundary condition can be derived as:

q(L,t) = min(A(L™,t),By(L", 1)) (15)

where L~ = limgo (L —¢) represents the position immediately upstream of the outflow boundary, and L™ = lim; o (L +£) represents the
position immediately downstream of the outflow boundary.

3. Discretization of the multilane Lagrangian model

To facilitate the computer implementation of the proposed model, it is necessary to discretize the continuous Lagrangian model.
This involves dividing vehicles in any lane [ into multiple groups of fixed size An, where An does not have to be an integer. Each vehicle
group is assigned a number, i, based on its position in descending order. Additionally, time is divided into intervals of At. Each time
interval is assigned a number, k. In this section, we will first discuss the discretization of the continuous multilane Lagrangian model.
Next, we will present a solution to address the issue of changing vehicle group sizes. Finally, we will discuss the discretization of the
boundary conditions.

3.1. Discretization of the Lagrangian conservation law

The continuous multilane Lagrangian model described in Eq. (9) can be discretized as:

S?.IH _S:'flevfl_Vf—l.l:i(s].()zg]F 16)
At An il il
By rearranging Eq. (16), we obtain the discretized spacing dynamics as:
At 2
st =St An (Vf—l,l *Vf.z) - (sﬁz> ghAt a7

where s&1 = (b1, n11) = 51(t° +(k +1)At, n0 +iAn) represents the spacing associated with the i" vehicle group in lane I at time step k
+ 1, while vf.fl represents the speed associated with i vehicle group in lane [ at time step k. gfl is a discrete variable representing the net

lane-changing rate of the i vehicle group in lane I from time step k to k 4+ 1. According to Eq. (10), g{fl can be expressed as:
g = FLHY (18)

In Eq. (18), the first term on the right-hand side, F¥,, represents the net lane-changing flow of the i* vehicle group in lane I from time
step k to k+ 1. This term is given by:

k
o

= Ar (19)

where ¢F, represents the net lane-changing number of the i vehicle group in lane [ from time step k to k + 1. The specific details of (,ai.‘_l
and its relationship to the lane-changing behavior will be discussed in Section 4.

The second term on the right-hand side of Eq. (18) involves Hﬁl, which represents the distribution of the lane-changing position for
the i vehicle group in lane [ from time step k to k + 1. We assume that the lane-changing position of the i vehicle group is uniformly
distributed between points xf, and xf ; . Referring to Eq. (3), H¥, can be expressed as:

HE — 1 1

— 20
o Xt - Xy shAn (20)

where x:‘l and x{iu denote the position of the tail of the vehicle groupiand i — 1 in lane [ at time step k. Therefore, the difference xl.‘iu
—x¥, can be written as x¥ |, — x¥, = skAn.

i,

By substituting Eqs. (19) and (20) into (17), we obtain
At sty
st =+ An <Vi'<—1.l - Vfl) - Al—n(pf, 21

It is important to note that the stability domain of Eq. (21) is defined by the Courant-Friedrichs-Lewy (CFL) condition (Courant
et al., 1967), as given by:
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Fig. 1. Illustration of vehicle group re-division.
dv,
max|——|At < An 22)
ds;

The CFL condition ensures the stability of the model and states that the distance a vehicle group can travel within one time step
should not exceed the length of one vehicle group. Therefore, appropriate values for At and An are chosen to ensure compliance with
the CFL condition.

A problem arises that the number of vehicles in the vehicle group i may change due to lane-changing behavior, resulting in a group
size that does not necessarily equal the fixed group size of An. This issue is related to the third term on the right-hand side of Eq. (21). If
‘/’{'(,l is not equal to 0, it indicates that the i" vehicle group experiences a net inflow (when (p{.fl > 0) or net outflow (when (pfl < 0) of
vehicles from time step k to k + 1. To address this problem, we have employed an appropriate method to re-divide the vehicle groups,
which will be described in the following Section 3.2.

3.2. Re-division of vehicle groups

The number of vehicles within a vehicle group can change due to lane changes, which may cause Eq. (21) to violate the CFL
condition, potentially leading to numerical instabilities. This issue is similar to what van Wageningen-Kessels et al. (2013) identified,
where merging and diverging in the main lane could disrupt the CFL condition. There are two potential solutions to address this
problem. The first solution involves renumbering the vehicles and forming new groups. The second approach, used by van
Wageningen-Kessels et al. (2013), allows inflows at the source location to be added to the main lane flow as a new vehicle group only
once the cumulative inflow reaches An. This method works well for fixed-location merging but is not suitable for our scenario, where
lane changes can occur throughout the entire roadway. Therefore, we opt for the first solution, which involves redistributing the
vehicles to form new groups. Fig. 1 illustrates an example of this re-division of vehicle groups in lane [ at time step k + 1.

In the Fig. 1, the newly formed vehicle group is composed of vehicles from the previous vehicle groups 1, 2 and 3. The spacing of
vehicle groups 1, 2 and 3 corresponds to s1;, sp; and s3;, respectively. The number of vehicles in vehicle groups 1, 2 and 3 is not
necessarily equal to An. The variables n, ;, ny; and ns; represent the number of vehicles from vehicle groups 1, 2 and 3, respectively,
that contribute to the new group. In the example shown in Fig. 1, the number of vehicles in the new group is An, and its spacing can be
calculated as:

Sy + S22 + S3.M3)

new,l = 2
Snewl An (23)

This vehicle group re-division approach can be readily extended to form any new group i. In the following section, we will discuss
the discretization of the boundary conditions.

3.3. Discretization of the boundary conditions

At the inflow boundary, located at x; = 0, the flow entering the boundary at any consecutive moment t is determined by the
constraint described in Eq. (14). As time is divided into intervals of At, the inflow boundary condition is discretized as:

q(0) = min(Af(0"), Bf(0")) (24)
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The number of vehicles crossing the inflow boundary in a discrete-time interval At from time step k to k + 1 is given by:

q¥(0)At = min (Af(07)At, Bf(07)At) (25)

where AK(07) = A;(07, &) = A;(0~, t° +kAt) represents the flow being sent upstream of the inflow boundary at time step k, as given by:

kin— kin—
Ai{(o,) _ {ql (O )7 4 (O ) Spcnil (26)

Ql: pf(oi) >pcri.l

where ¢¥(0~) and p¥(0~) represent the flow and density upstream of the inflow boundary, respectively, at time step k. Therefore, in a
discrete-time interval At, the number of vehicles being sent upstream of the inflow boundary is A¥(07)At.

The term BX(0") = B;(0*, &) = B;(0*, t° +kAt) represents the flow being received downstream of the inflow boundary at time step
k, as given by:

B;((OJr) _ {Qla p;{(0+) < Peril

27)
41 (0%), pf(0%) > pey

where gf(0*) and p¥(0™) represent the flow and density downstream of the inflow boundary, respectively, at time step k. As down-
stream of the inflow boundary is associated with the last vehicle group, BX(0") can be written as:

Vi (Serit)
>
Seril 3 511*,1 2 Scril
B{(07) =B (xn(I)) = B;(Ik,z = Vi (skk > (28)
L 1
k
Sk 3 SI;‘.Z < scn’,l

k
Il

where I¥ represents the maximum number of vehicle groups in lane [ at time step k, and x; (I€) represents the position of the last vehicle
group in lane [ at time step k. s.;; = 1/p,,;, represents the critical spacing. In a discrete-time interval At, the number of vehicles being
received downstream of the inflow boundary is Bf(07)At.

Eq. (25) indicates that when the downstream inflow boundary is congested, or the number of vehicles being sent is higher than the
number of vehicles being received, the vehicle groups will wait to cross the inflow boundary.

At the outflow boundary, located at x; = L, the outflow boundary constraint described in Eq. (15) applies. The discretized version of
Eq. (15) is given by:

qf(L) = min(Af (L"), B{(L")) (29
The number of vehicles crossing the outflow boundary in a discrete-time step At is given by:
qf(L)At = min(Af(L7)At, Bf(L")At) (30)

where A{‘ (L7) = AL, &) = A(L™, t° +KkAt) represents the flow being sent upstream of the outflow boundary at time step k, as given
by:

k(- k(T—
Af(L,) _ {ql (L )7 /1 (L ) Spcn’,l (31)

Qh p;((Li) > Peril

where ¢f(L™) and p¥(L~) represent the flow and density upstream of the outflow boundary, respectively, at time step k. Since upstream
of the outflow boundary is associated with the first vehicle group, A¥(L™) can be further expressed as:

5 [ ok
Vi (S”) k

P ) S11 2 Scril
A{LT) = Af(a(1) = A = M (32)
Vi (Seri
LACT R
Serill

where x;(1) is the position of the first vehicle group in lane [ at time step k. Therefore, in a discrete-time interval At, the number of
vehicles being sent upstream of the outflow boundary is A¥(L™)At.

The term B;‘ (L") =By(L", &) = By(L*, ® +kAt) determines the flow being received downstream of the outflow boundary at time
step k, as given by:
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where gf (L") and p¥(L*) represent the flow and density downstream of the outflow boundary, respectively, at time step k. In a discrete-
time interval At, the number of vehicles being received downstream of the outflow boundary is B(L*)At.

Thus, Eq. (30) indicates that when the number of vehicles being sent AX(L™)At is lower than the number of vehicles being received
B;‘ (L*,t)At, all vehicle groups will be allowed to exit the link. Conversely, if not all vehicle groups are permitted to exit, congestion will
propagate upstream.

So far, we have completed the discretization of the multilane Lagrangian model and the boundary conditions. However, in Eq. (21),
the net lane-changing number of vehicles ¢i(t) needs to be further estimated in order to derive the spacing dynamics. In the next
section, we will introduce our proposed model for estimating the net lane-changing number.

4. Net lane-changing number estimation model
4.1. Assumptions
In order to estimate the net lane-changing number ¢¥, in Eq. (21), we make the following assumptions:

(1) The motivation for drivers to change lanes is based on their desire to improve their driving experience, specifically by increasing
their driving speed.

(2) Vehicles are not allowed to cross more than one lane within a single time step.

(3) The traffic is homogeneous, consisting of a single type of vehicle (e.g., cars).

4.2. Lane choice probability
Based on assumption 1, the lane choice probability is estimated by considering the following three aspects:

(1) The lane choice probability is proportional to the positive speed difference between the target lane and the current lane, which
is consistent with Laval and Daganzo (2006). This implies that drivers are more likely to switch to a lane with a higher speed
than their current one.

(2) The lane choice probability is closely related to the speed of the target lane and the current lane. For example, in congested
traffic, a driver might switch from a lane moving at 30 km/h to an adjacent lane with a speed of 40 km/h. In uncongested traffic,
they might switch from 60 km/h to 70 km/h. Although the speed improvement in is 10 km/h in both scenarios, the relative
benefit is greater in congested conditions. Consequently, drivers are more likely to change lanes in congested traffic compared
to uncongested traffic.

(3) The lane choice probability is also influenced by the level of congestion in the target lane. A congested lane is less attractive,
thus reducing the probability of drivers choosing it.

Based on the considerations mentioned above, we propose a lane choice probability function as given by:

max(O.,v’.‘, - v’.‘l> 1

Ji i

Py =
fe, AR ()

(34)

where the term P{'(,pj,zf represents the proportion of drivers who desire to change lanes from vehicle group i in lane [ to vehicle group j in
lane I per unit time. Consequently, during the time interval At, the proportion of drivers wishing to change lanes from vehicle group i
in lane I to vehicle groupj in lane [ is P;(_z_q:rAt- The term max (07 v]kl — V?,z) represents the positive speed difference between the target
vehicle group j in lane I and the current vehicle group i in lane [ at time step k, which corresponds to aspect (1). The term vj‘l ‘*‘Vf,z
represents the sum of the speed of the target vehicle group j and the current vehicle group i at time step k. The fraction
max (O,VJ’fl, ﬂ’i‘fl) / (ijl +v£‘l> indicates that drivers are more inclined to change lanes to achieve higher speed in congested traffic
compared to uncongested traffic, corresponding to aspect (2).

The term 1(sj’fl,
decide and execute a lane change when the origin lane is stopped, and the target lane is freely flowing. In our study, we expand its
definition to a state-dependent variable that represents the time required for a driver to decide and execute a lane change across

different traffic conditions in the target lane I. This variable primarily correlates with the traffic density in the target lane (Toledo and
Zohar, 2007; Wang et al., 2014). In denser traffic conditions, drivers take longer to find a gap and complete a lane change, requiring

) extends previous work by Laval and Daganzo (2006), which initially defined the time required for a driver to

more time (Toledo and Zohar, 2007; Yang et al., 2019), corresponding to aspect (3). Consequently, T(S}fl,) decreases as the average

8
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Fig. 3. The fundamental diagram of Newell’s speed-spacing relation.

spacing in the target lane increases. However, a minimum threshold exists to prevent 1<SJ’FZ,) from decreasing indefinitely as spacing

increases (Li et al., 2021; Wang et al., 2014). This threshold is essential because a minimum time is required for drivers to decide and
complete a lane change, such as when the current lane is congested and the target lane is flowing freely, as discussed in Laval and

Daganzo (2006). Any function meeting these criteria can theoretically describe r(s}’.‘_l,). For simplicity, we propose the following

definition:

r(s}’fl,> = max (a,#> a,p>0 (35)
(S}’*(‘l’ - sjam.l’)
where a denotes the minimum time required for a driver to decide and execute a lane change (in units of time), and f is an adjustment

coefficient that regulates the sensitivity of T(SJ’.fl,) to changes in spacing (in units of time-distance/vehicle). A higher g amplifies
response of the T(s]’.fl,) to spacing variations, increasing its sensitivity, while a lower $ reduces this sensitivity. Fig. 2 illustrates the

functional representation of T(SJ’fl,>.

The calibration of parameters @ and fj typically involves several key steps: dividing the dataset into training and testing sets,
establishing a calibration objective, choosing an optimization method (such as genetic algorithms or quasi-Newton methods), itera-
tively adjusting the parameters on the training set, and validating the outcomes with the testing set. To evaluate the portability of
parameters a and f, cross-validation is employed. This process generally involves dividing the dataset into K groups, with each group
further split into a training set and a test set according to a predefined ratio. This ratio can be determined either empirically or based on
the specific characteristics of the group. During each round of cross-validation, parameters are calibrated using one training set and
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their performance is evaluated across all K testing sets. This procedure is repeated for K rounds until all training sets have been used. To
assess the portability of parameters across different testing sets, performance metrics such as Root Mean Square Error (RMSE) and
Mean Absolute Percentage Error (MAPE) for spacing or the number of vehicles are recorded.

Additionally, the speed v; is calculated using the speed-spacing relation V; (s;) which can be described by Newell’s speed-spacing
relation (Newell, 1961), as shown in Eq. (36).

=2

= —S:
vi=Vi(s)) =v|1—em (51-Sjams) )

where v¢; > 0 represents the free flow speed (in km/h) in lane I, sjqn 1 is the minimum safety distance (in km) in lane [, and 4; is the slope
(in veh/h) at V; (Sjam;) = O. Fig. 3 provides an illustration of the speed-spacing relation.

In Fig. 3, s.ri; and v represent the critical spacing and critical speed of lane [, respectively. When the spacing between vehicles (or
vehicle groups) reaches the critical spacing, the road volume reaches its maximum (capacity).

4.3. Net lane-changing number

4.3.1. Desired number of lane changes
Eq. (21) ensures that vehicles are conserved with lane changes. To estimate the number of lane changes (p;‘_l, we introduce the lane-
changing demand function D,. This function is adapted from the traditional Eulerian sending function, as outlined by Daganzo (1994)

and Munoz et al. (2003). It represents the number of vehicles per unit time from vehicle group i in lane [ that intend to make forward
moves, as given by:

k
Qh si,l < Scril

D=1 vi(sh) 37)
»Sip > Scril

k
Sit

Similarly, the lane-changing supply function R, is adapted from the traditional Eulerian receiving function, as discussed by

Daganzo (1994) and Munoz et al. (2003). This function refers to the available space for vehicle group i in lane L It is defined as the
number of vehicles per unit time that can enter vehicle group i in lane [ as given by:

A (551)

k
k koSt S Seri)
R = s (38)
k
Ql75i,1 > Serill

where Q; represents the capacity of lane [, s{fl represents the spacing of vehicle group i in lane [ at time step k.
By utilizing the lane-changing probability described in Eq. (34), the number of drivers who desire to change lanes from vehicle
group i in lane [ to vehicle group j in the adjacent lane I' from time step k to k + 1 can be calculated as:

Lenk , ..
Lf.laj,l’ = Dﬁlpﬁlaj.l’MAlz (39)

Lenk,
where Len{.f, represents the length of vehicle group i in lane [ at time step k, and Len’(‘i,l).(j’l,) represents the overlapping length between

vehicle group i in lane [ and vehicle group j in the adjacent lane [’ at time step k.
Similarly, the number of drivers who desire to change lanes from vehicle group j in lane I’ to vehicle group i in the adjacent lane [
from time step k to k + 1 can be calculated as:

Len® , ..
Ly = D’-{rpl'{z'a'zi(]l)'(ll) A (40)
1.l =1, JUE U =1, Lenj’ﬁl,

4.3.2. Calculation of lane-changing number
The total demand of vehicles desiring to enter vehicle group i from adjacent lanes from time step k to k + 1 is given by:

B = ZZL}(J’—»LI (41)

leQjedy

where Q represents the set of adjacent lanes to which a vehicle from vehicle group i in lane [ can change from time step k to k + 1, and
®@; denotes the set of adjacent vehicle groups in lane [ that a vehicle from vehicle group i in lane [ can join from time step k to k + 1.
The total demand E{F_l refers to the number of vehicles that vehicle group i in lane I can supply over the time interval At. The

10
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Fig. 4. Relative position of vehicle groups in adjacent lanes (The length between the two red dotted lines in each adjacent lane represents the
portion of vehicles performing lane changes between vehicle group i in lane I and vehicle groups in adjacent lanes [ — 1 and [ + 1).

available capacity RiflAt represents the maximum number of vehicles that can be received by vehicle group i in lane I during the same

time interval. To compute the number of vehicles entering (Mfl) and leaving (N{fl) vehicle group i in lane I, we determined the

proportion of demand that can be accommodated. This approach is adapted from the incremental transfer principle in Eulerian co-
ordinates, as described by Daganzo et al. (1997). The equation is provided as follows:

. ) Rk At
vig =min| 1,—— (42)

Eq. (42) indicates that if the total demand Eﬁfl is less than the available capacity R{.flAt, all demands can be met. Otherwise, the
available capacity RK,At is distributed among the different originating vehicle groups according to their demands.
Therefore, the total number of vehicles entering vehicle group i in lane [ from time step k to k + 1 is given by:

My = }/EIZZL]]'(.Z’—»LZ (43)

reQjed,

The total number of vehicles leaving from vehicle group i in lane [ to the adjacent lanes from time step k to k +1 is given by:

Nf = ZZ (%EZ'szﬁj.r) (44)

leQjedy

The specific forms of M¥, and N{‘l depend on the relative positions between vehicle group i and its adjacent vehicle groups in the
adjacent lanes. For example, consider vehicle group i in the current lane I, with adjacent lanes [ — 1 (to the right) and [ +1 (to the left).
The values of M¥, and N¥, can be specified for four different cases, depending on the number of adjacent vehicle groups in lanes ! —1 and

11
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[+ 1. These cases are illustrated in Fig. 4.

Fig. 4(a) illustrates the case where multiple vehicle groups exist in both adjacent lanes. The horizontal axis represents the lane
number, and the vertical axis represents the longitudinal position along the lane. Different vehicle groups are distinguished by color. In
this case, vehicle group i is adjacent to vehicle groupsj toj + Gg — 1 in the right lane and groups m tom + G, — 1 in the left lane, where
Gg and Gy, represent the number of adjacent vehicle groups in the right and left lanes, respectively. This implies vehicle group i can
perform lane changes with these groups during the time step from k to k + 1. Similarly, Fig. 4(b) shows the case with a single vehicle
group in the adjacent right lane and multiple vehicle groups in the adjacent left lane. Fig. 4(c) depicts the case with multiple vehicle
groups in the adjacent right lane and a single vehicle group in the adjacent left lane, and Fig. 4(d) shows the situation with a single
vehicle group in both the left and right adjacent lanes. Despite the differences in these scenarios, all four cases can be represented by a
unified expression for calculating M¥; and N¥,.

The number of vehicles desiring to change lanes from vehicle group h in lane [ — 1 to vehicle group i in lane [ from time step k to k
+1 can be calculated as:

xk = xk
Dk pk . TELL TH A , h=jand Gy =1
hi-1Phi-1-i1 sﬁ,l—l An ) J R
xk L —xk
. Dhy .y Phiiu 'ﬂliAhHAtz ) h=jand Gg > 2
L= Spi18N (45)
Df .y Py Af , j<h<j+Gg—1and Gy >2
xk —xk
Dfiy Pl A® . h=j+Gr—1and Gy >2
! Sy, An

Similarly, the number of vehicles wishing to change lanes from vehicle group k' in lane I + 1 to vehicle group i in lane [ from time
step k to k + 1 can be calculated as:

Xk —xk
DE Pk g AR . H=mand G, =1
W L 1PH 10 S5 L1 An . L
k=K
. Dy 1 * P psroid” H;;liA’LMAlz ; K =mand G, >2
L 1o = S AN (46)
D - D AP , m<h<m+G,-1and G, >2
x5 —xk
Dy 11 'pfl’,lﬁ»lﬁi,l ’ %ALZAF ’ W=m+G —1and G, > 2
Sy 1 AN

where Gg = 1 and Gy > 2 correspond to the cases with a single vehicle group and multiple vehicle groups in the adjacent right lane,
respectively. Similarly, G, = 1 and G, > 2 represent the cases of a single vehicle group and multiple vehicle groups in the adjacent left
lane, respectively. D’fl_H and D}, .1 represent the demand of vehicle groups hand A’ in lanes I — 1 and [ + 1, respectively, as given by Eq.

(37). The terms pﬁ,l—l—ﬂ,l and Plh(’,z 111 Fepresent the proportion of drivers who desire to change lanes from vehicle groups h and k' in
lanes ! — 1 and [ + 1 to vehicle group i in lane [ per unit time, as given by Eq. (34). Additionally, x{fl represents the position of the tail of
vehicle group i in lane [ at time step k, which can be obtained from the discretized form of Eq. (11), as given by:

=X AL, i=1

(47)
X =xk,, —shAn, i=23.4, S i

xf ., and x}, ., can be obtained through similar methods.

Due to capacity restrictions, the number of vehicles entering vehicle group i in lane [ from time step k to k + 1 is limited and can be
calculated as:

j+Gr—1 m+G,—1
M;(J_Y?.z( Z Lﬁ,l—l—d,l-"_ Z L’I;’.l+1—>i.l> (48)
h=j H=m

where 7’:‘(,1 represents the proportion of demand able to advance to vehicle group i in lane [ from time step k to k + 1, as given by Eq. (42).

Next, the number of vehicles leaving from vehicle group i in lane [ to the adjacent lanesI — 1 and [ + 1 is determined. The number of
vehicles desiring to leave from vehicle group i in lane [ to vehicle group h in the adjacent lane [ — 1 is given by:

12
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Fig. 5. Test scenario settings with initial snapshots: (a) low density; (2) high density.
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Similarly, the number of vehicles desiring to leave from vehicle group i in lane [ to vehicle group k' in the adjacent lane [ +1 is
calculated as:

DELP?,I-)H,MMZ , H=mand G, =1

X< =k
Dk pk K T Xy e H—mandG > 2

il " Pilok 141 75551 An , L >
LI‘(lah’l 1= sk (50)
e Df Pl hs}l:l AP , m<h <m+G,—1and G, >2
il

xX —x*

Dy ’pﬁlah’,lﬂ _sz ) H=m+G,—1and G, > 2
il

The total number of vehicles that successfully make lane changes from vehicle group i in lane I to lanes — 1 and [ + 1, considering
capacity restrictions, is calculated as:

Jj+Gr-1 m+G,—1

ko o1k ko ork
Ny = Z ThiciLionir + Z PhaLinin (6D
h=j H=m

where }'ﬁ,l—l and 7;(1'.1 ,1 represent the proportions of demand that can advance to lanes [ -1 and [+ 1 from time step k to k +1,
respectively, given by Eq. (42).

Egs. (48) and (51) provide the specific forms of M’i‘_l and N’i‘l for vehicle group i in lane [ with adjacent lanes I —1 and I + 1. This
example can be easily extended to scenarios with only one adjacent lane or more than two adjacent lanes.

4.3.3. Calculation of net lane-changing number
The previously discussed Section 4.3.2 provided the calculation for the total number of vehicles entering (or leaving) vehicle group
i, denoted as M?,z (or Nf_l). Based on this, the net lane-changing number for the vehicle group i in lane [ from time step k to k + 1,

represented as zp{.‘l, can be expressed as:

9l =M — Ny (52)
By substituting Eq. (52) into Eq. (21), the discretized spacing dynamics can be rewritten as:
At sk
sit =St An (Vi'{—l,l - Vfl) - ﬁ (Mi(l - Nfz) (53)

Eq. (53) allows for the dynamic iteration of the spacing of each vehicle group in each lane over time.

13
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Fig. 6. Fundamental diagram of three lanes.
Table 1
Parameters and numerical settings.
Parameters Value
Free flow speed of the outer lane (lane 1), vy 100 km/h
Free flow speed of the middle lane (lane 2), vy, 110 km/h
Free flow speed of the inner lane (lane 3), vy3 120 km/h
Minimum safety distance of lane I, sjgn(I = 1,2,3) 8.33 x 10 3km
Critical spacing of the outer lane, 51 0.0294 km
Critical spacing of the middle lane, s> 0.0306 km
Critical spacing of the inner lane, s 3 0.0316 km
Slope at V; (Sjgm1) = 0, 4(I=1,2,3) 3000 veh/h
Time steps 3000
Time step size At 0.2s
Vehicle group size An 1

5. Numerical example
5.1. Scenario settings and parameters

In this section, we present a synthetic example utilizing a L = 3km three-lanes highway section with a lane-drop occurring at X =
1.2km, as depicted in Fig. 5. Each lane follows the fundamental diagram defined by Eq. (36). We examine two cases: one with low-
density traffic and another with high-density traffic, corresponding to Fig. 5(a) and Fig. 5(b) respectively, as shown in Fig. 6.

Case 1: For the low-density condition, we set the initial densities for the outer lane (lane 1), middle lane (lane 2) and inner lane
(lane 3) to 12.4 veh/km, 11.2 veh/km and 10.2 veh/km, respectively. These density values correspond to a traffic volume of 1100veh/h
on the left side of the fundamental diagram presented in Fig. 6. Regarding the inflow boundary described by Eq. (25), the inflow
demand remains constant, given by A¥(0~) = 1000veh/h,where | = 1,2,3. On the other hand, the outflow boundary, depicted in Eq.
(30), maintains a constant outflow supply with a capacity of Bf(3*) = Q;, where | = 2,3. In lane 1 downstream of the lane-drop
location (X = 1.2km), the outflow supply is given by Bf(1.2%) = 0, where [ = 1. The value of B¥(0*), where | = 1,2,3, depends on
the spacing of the last vehicle group in each lane. A¥(1.27), where [ = 1 and A¥(3~), where [ = 2, 3 depend on the spacing of the first
vehicle group in each lane.

Case 2: For the high-density condition, we set the initial densities for the outer lane (lane 1), middle lane (lane 2) and inner lane
(lane 3) to 67.1 veh/km, 67.6 veh/km and 68.1 veh/km, respectively. These density values correspond to a traffic volume of 1200 veh
/h on the right side of the fundamental diagram shown in Fig. 6. Regarding the inflow boundary, we maintain a constant inflow
demand, denoted by A¥(0~) = 1200veh/h,where [ =1,2,3. Similarly, the outflow boundary maintains a constant outflow supply with
a capacity of B§(3") = Q,where [ = 2,3. In lane 1 downstream of the lane-drop location (X = 1.2km), the outflow supply is given by
Bf(1.2+) = 0, where I = 1. The value of Bf(0*), where I = 1,2, 3, depends on the spacing of the last vehicle group in each lane.
Additionally, A¥(1.27), where I = 1 and A¥(3"), where [ = 2,3 depend on the spacing of the first vehicle group in each lane.

The parameters a and j of T(s}’.‘_,,) in Eq. (35) represent the minimum time required for a driver to decide and execute a lane change,

and an adjustment coefficient that regulates the sensitivity of r(sj’fl,) to changes in spacing, respectively. These parameters can be

calibrated using field data, such as vehicle trajectory data. In this numerical example, we set « to be 2 s and f for 0.2 km--- /veh Table 1
provides the parameters and numerical settings used in this study.
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Fig. 7. Density dynamics of different lanes for case 1: (a) Lanel; (b) Lane 2; (c) Lane 3.
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Fig. 9. Cumulative net number of the lane-changing vehicles over time on three highway sections for case 1: (a) upstream of the bottleneck (0.2-0.6
km); (b) near the bottleneck (0.8-1.2 km); (¢) downstream of the bottleneck (1.4-1.8 m).

5.2. Discussion of simulation results

5.2.1. Impact of lane-changing behavior on traffic flow dynamics

In this experiment, vehicles in lane 1 are required to change lanes at the bottleneck of the lane-drop, potentially leading to traffic
congestion in lane 1 and its propagation upstream. Additionally, lane-changing maneuvers can disturb the traffic flow in lanes 2 and 3.
The density dynamics of each lane in the low-density condition (case 1) are depicted in Fig. 7. As shown in Fig. 7(a), the proposed
Lagrangian model accurately predicts traffic congestion at the bottleneck around 1200 m in lane 1, with the congestion shockwave
gradually propagating upstream. Furthermore, the proposed model captures the traffic perturbation caused by lane-changing behavior
from lane 1 to lane 2, as evident in Fig. 7(b), and this perturbation propagates downstream. However, the perturbation in lane 3 is
minimal, as depicted in Fig. 7(c). Fig. 8 presents the density dynamics of each lane in the high-density condition (case 2). In this case,
the proposed model successfully predicts traffic congestion at the bottleneck of lane 1, with a distinct congestion shockwave boundary
(less diffusion compared to existing Eulerian models) as shown in Fig. 8(a). This observation aligns with previous studies (Van
Wageningen-Kessels et al., 2010; van Wageningen-Kessels et al., 2009), which suggest that the Lagrangian formulation reduces nu-
merical diffusion. The model also predicts traffic congestion in lane 2 resulting from lane-changing behavior from lane 1 to lane 2 (see
Fig. 8). However, the perturbation in lane 3 is minimal, indicating that only a few vehicles opt to switch from lane 2 to lane 3, as
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Fig. 10. Cumulative net number of the lane-changing vehicles over time on three highway sections for case 2: (a) upstream of the bottleneck
(0.2-0.6 km); (b) near the bottleneck (0.8-1.2 km); (¢) downstream of the bottleneck (1.4-1.8 m).
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Fig. 11. Spacing dynamics of the 5 vehicle groups for case 1: (a) Lane 1; (b) Lane 2; (c) Lane 3.
depicted in Fig. 8.

5.2.2. Lane-changing characteristics

To investigate the lane-changing characteristics on different sections of the highway, we examine three sections: upstream (0.2 - 0.6
km), near the bottleneck (0.8 - 1.2 km) and downstream (1.4 - 1.8 km). We define the cumulative net number of lane-changing ve-
hicles, ’7]155,1’ in lane [ at time step k for highway section hs (hse{upstream,bottleneck, downstream}), as given by:

k ’ ’
Mt = E (Mkhs,l _Nkhs,l) (549
K=o

where Mgl and Nﬁ;_l represent the number of vehicles entering and leaving lane [ of section hs at time step k', respectively.

We plot the cumulative net number of the lane-changing vehicles, where the ascending curve above zero represents the cumulative
net number of vehicles entering the current lane, while the descending curve represents the cumulative net number of vehicles leaving
the current lane. Fig. 9 shows the cumulative net number of the lane-changing vehicles for each lane in the low-density condition (case
1). As observed in Fig. 9(a), vehicles in the far upstream section tend to stay in the current lane and make very few lane changes since
no congestion propagates to this section, which is also evident in Fig. 7(a). However, the vehicles in lane 1 at the bottleneck section are
required to make lane changes to the adjacent lane (e.g., lane 2) due to the lane-drop. Consequently, the cumulative net number of the
lane-changing vehicles for lane 1 shows a steep descending curve, while an ascending curve can be observed for lane 2. The impact of
the lane-drop on the traffic dynamics of lane 3 is less significant compared to lane 2, as shown in Fig. 9(b). At the downstream section of
the bottleneck, vehicles tend to change lanes from lane 2 to lane 3, as depicted in Fig. 9(c). This behavior is attributed to the higher
density in lane 2 resulting from vehicles changing lanes from lane 1 to lane 2 at the bottleneck, which prompts vehicles to change from
lane 2 to lane 3 in pursuit of higher speeds. Fig. 10 presents the cumulative curve of the net number of lane-changing vehicles in the
high-density condition (case 2). At the upstream of the bottleneck (see Fig. 10(a)), vehicles initially continue driving in their current
lanes. However, as congestion from the downstream bottleneck propagates upstream, vehicles in lane 1 change lanes to lanes 2 or 3,
resulting in a descending curve for lane 1 and ascending curves for lanes 2 and 3. At the bottleneck section, as shown in Fig. 10(b), the
influence of the lane-drop on traffic dynamics of lane 3 is minimal, with only a few lane-changing vehicles. Meanwhile, at the
downstream section of the bottleneck, the traffic reaches an equilibrium state, where the cumulative net number of lane-changing
vehicles is zero, indicating that vehicles in both lanes tend to continue driving in their current lanes, as observed in Fig. 10(c).
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Fig. 12. Spacing dynamics of the 5 vehicle groups for case 2: (a) Lane 1; (b) Lane 2; (c) Lane 3.
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Fig. 13. Study area.

5.2.3. Spacing dynamics

Fig. 11 depicts the spacing dynamics of five vehicle groups in lane 1 (Fig. 11(a)), lane 2 (Fig. 11(b)), and lane 3 (Fig. 11(c)) in the
low-density condition (case 1). In Fig. 11(a), the vehicle groups in lane 1 initially maintain a stationary state with nearly constant
spacing until the congestion shockwave propagates upstream from the bottleneck. As a result, the spacings decrease to low values
corresponding to the congested condition. Fig. 11(b) shows that initially, the vehicle groups in lane 2 drive with a constant spacing.
However, when these vehicle groups encounter the perturbation caused by lane-changing maneuvers of vehicles moving from lane 1 to
lane 2, the spacings in lane 2 substantially decrease. After passing through the bottleneck, the spacings gradually increase to a constant
value that is lower than the initial spacing. This phenomenon can be attributed to the higher traffic density downstream of the
bottleneck (with 2 lanes) compared to upstream (with 3 lanes). Fig. 11(c) illustrates the spacing dynamics of the vehicle groups in lane
3. Here, the spacings decrease due to vehicles changing from lane 2 to lane 3 at the bottleneck section, resulting in an increased density
in lane 3. Subsequently, the vehicle groups maintain nearly constant spacing downstream of the bottleneck section.

Fig. 12 presents the spacing dynamics of five vehicle groups for each lane in the high-density condition (case 2). In Fig. 12(a), a
significant decrease in the spacings of vehicle groups in lane 1 is observed at the bottleneck section. Fig. 12(b) shows that the vehicle
groups in lane 2 initially maintain a stationary state with constant spacings, which sharply decrease at the bottleneck section due to
vehicles changing from lane 1 to lane 2, leading to increased density in lane 2. Downstream of the bottleneck, the spacings of all vehicle
groups increase to a constant value, indicating a steady state. Similar results can be observed in Fig. 12(c), where the spacings of
vehicle groups decrease due to vehicles changing from lane 2 to lane 3 upstream of the bottleneck.

6. Experiment with ZTD data

In this section, we validate the proposed model using Zen Traffic Data (ZTD) (Japan Hanshin Expressway Company, 2019), which
provides detailed vehicle trajectory data from the Hanshin Expressway Company. Firstly, we estimate the parameters of the funda-
mental diagram (FD) using the vehicle trajectory data. Then, we divide the vehicle trajectory data into a training data set and a testing

data set. The training dataset is used to calibrate the parameters of the state-dependent variable 1(5}‘_,) under different traffic con-

ditions, while the testing dataset is used to verify the proposed model. To measure the quantitative performance of the proposed model,
we calculate the Root Mean Square Error (RMSE) and Mean Absolute Percentage Error (MAPE) for the lane volume and vehicle

spacing. Finally, we compare the cumulative net number of lane-changing vehicles derived from our model with the field data from
ZTD.
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Table 2
Estimated parameters of FD.
vi(km /h) X(veh /h) Sjam.1(km) Seri(km) Veria(km /h)
Lane 1 66.3 3384.8 8.0 x 1073 0.023 36.1
Lane 2 85.6 4139.4 7.9 x 1073 0.024 45.6
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Fig. 14. Newell’s fundamental diagram of two lanes.

Table 3

The period spanned by each subset.
Datasets Non-congestion Congestion

Training set Testing set Training set Testing set

L002_F001 0-1200 (s) 1200 - 1500 (s) 2100 - 3000 (s) 3000 - 3300 (s)
L002_F002 0 - 1200 (s) 1200 - 1500 (s) 2400 - 3300 (s) 3300 - 3600 (s)
L002_F003 0 - 600 (s) 600 - 900 (s) 1200 - 2100 (s) 2100 - 2400 (s)
L002_F004 1500 - 2400 (s) 2400 - 2700 (s) 300 - 1200 (s) 1200 - 1500 (s)
L002_F005 0 - 1200 (s) 1200 - 1500 (s) 2100 - 3000 (s) 3000 - 3300 (s)

Table 4

Parameters of lane choice probability.
Datasets Non-congestion Congestion

a(s) p(km - s /veh) a(s) p(km - s /veh)

L002_F001 1.3 0.03 2.1 0.07
L002_F002 1.5 0.02 1.9 0.06
L002_F003 1.4 0.01 1.8 0.05
L002_F004 1.2 0.01 1.7 0.04
L002_F005 1.5 0.01 1.8 0.06

6.1. Parameters calibration

We utilize the vehicle trajectory data from the ZTD dataset, collected on the Osaka-bound direction of Wangan Route at the Ohama-
Sambo section, ranging from 6.4 kp (distance from starting point of the expressway route, Unit: kilometers) to 5.6 kp in Japan (as
shown in Fig. 13). The data has a high temporal resolution of 0.1 s. The selected section excludes the on-ramp and off-ramp since the
proposed model does not consider merges and diverges. The ZTD dataset consists of five one-hour vehicle trajectory datasets, namely
L002_F001, L002_F002, L002_F002, L002_F003, L002_F004, and L002_F005. Each dataset provides detailed vehicle trajectory data for
approximately an hour (from 7:00 AM to 8:00 AM) over a 1.7-km distance. It should be noted that the proportion of large vehicles in
each dataset is extremely low (<0.58 %), thereby satisfying assumption 4 from Section 4.1. The lanes are numbered from left to right,
with lane 1 being the leftmost and lane 2 being the rightmost.

Two types of parameters are calibrated based on the vehicle trajectory data. The first type includes the parameters of the funda-
mental diagram (FD), namely the free flow speed v¢;, the minimum safety distance s,y , and the slope at V; (sjaml) =0, 4;. We assume
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Fig. 15. Comparison between observations from L002_F004 dataset and the predicted total number of vehicles in: (a) the non-congested condition;
(b) the congested condition.
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Fig. 16. Comparison between observations from the L002_F004 dataset and model predicted number of vehicles for each lane: (a) in the non-
congested condition; (b) in the congested condition.

the FD (speed-spacing) relation follows Newell’s car following model, as described by Eq. (36).

However, the parameter values of the FD cannot be directly calibrated using vehicle trajectory data. To address this issue, we
convert vehicle trajectory data into aggregated data that can be directly used by the FD model, such as the space mean speed and
average spacing. We employ a generalized definition of traffic states in a time-space region Reg, proposed by Edie (1963), given by:

d(Reg)

v(Reg) = {(Reg) (55)
R
s(Reg) = &Riﬂ) (56)

where v(Reg) represents the space mean speed of all vehicles in region Reg (km/h), d(Reg) is the total distance traveled by all vehicles in
region Reg (km), t(Reg) is the total time spent by all vehicles in region Reg (h), s(Reg) is the average spacing of all vehicles in region Reg
(km), and |Reg| is the area of region Reg (km - h).

Before using the vehicle trajectory dataset, we first identified and flagged any anomalous trajectories. These anomalies were
categorized into two types: acceleration anomalies, where the acceleration values were outside the range of [-6 m/s? 5 m/s?] as
recommended by Montanino and Punzo (2013), and fragmented data segments lasting <5 s. Trajectories flagged with these anomalies
were excluded from the analysis to ensure data quality.

For lane I, we divide the space-time area (0.8 km x 5 h), comprising five one-hour vehicle trajectory datasets, into several
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Fig. 17. Comparison between observations from the L002_F004 dataset and model predicted spacings for each lane: (a) in the non-congested
condition; (b) in the congested condition.
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Fig. 18. Cumulative net number of lane-changing vehicles over time: (a) non-congested condition of L002_F004 dataset; (b) congested condition of
L002_F004 dataset.

Table 5
Performance metrics for the estimated number of vehicles from the L0O02_F001 dataset across 200-meter intervals.
Non-congestion congestion
Lanel Lane2 Lanel Lane2
RMSE MAPE RMSE MAPE RMSE MAPE RMSE MAPE
(veh) (%) (veh) (%) (veh) (%) (veh) (%)
0-200m 0.56 8.09 0.76 7.73 0.54 6.10 0.70 7.04
200-400m 0.58 8.10 0.54 6.25 0.60 6.93 0.74 7.25
400-600m 0.52 7.95 0.53 6.19 0.55 5.64 0.41 5.45
600-800m 0.36 5.66 0.40 4.82 0.52 5.83 0.51 6.87

subregions with a distance interval of dx = 200m and a time interval of dt = 5s. A subregion is excluded from the analysis and deemed
unreliable if >10 % of its vehicle trajectories are anomalous. The remaining valid subregions are then counted, resulting in a total
number denoted as Z;. For each subregion z € Z; in lane [, we can calculate the space mean speed v,; and spacing s,; using Egs. (55) and

(56), respectively. We denote the unknown parameter vector in the speed-spacing relation V;(s;) of lane I as ¥ = [Vf,h/lz,sjam,z}- The

—
estimated parameter vector ¥* is obtained by minimizing the objective function:
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Table 6
Performance metrics for the estimated spacings from the LO02_F001 dataset across 200-meter intervals.
Non-congestion congestion
Lanel Lane2 Lanel Lane2
RMSE MAPE RMSE MAPE RMSE MAPE RMSE MAPE
(m) (%) (m) (%) (m) (%) (m) (%)
0-200m 3.90 7.81 3.84 6.64 2.03 6.77 2.40 7.16
200-400m 4.71 8.38 3.56 6.57 3.22 7.75 3.04 6.36
400-600m 4.51 7.94 2.73 6.51 2.85 6.74 2.64 5.47
600-800m 3.12 5.64 1.93 4.91 2.78 6.16 4.03 7.62
C2 C2 C2
1.5

C1 C1
C2
|+ Our model = B+ :Eulerian model‘
RMSE of number of vehicles (unit: vehicles) for:
C1 C1 C1: non-congested condition in lane 1

C2: non-congested condition in lane 2
C3: congested condition in lane 1
C4: congested condition in lane 2

(d)

Fig. 19. Comparison of RMSE for the number of vehicles across different lanes and traffic conditions in the following datasets: (a) LO02_FO01
dataset; (b) LO02_F002 dataset; (c) LO02_F003 dataset; (d) LO02_F004 dataset; (e) LO02_F005 dataset.

—

% 2
¥ = argmin-; Z {Va =V} (sa|¥)} (57)
z=1

—
To solve Eq. (57), we apply the quasi-Newton method with the initial value set to ¥° = [100,3000,5 x107%] forlanel =1,2. The
estimated results are shown in Table 2.

The second type of parameters consists of the parameters of the state-dependent variable r(sjf,), denoted as ® = [, ). We denote

the estimated number of vehicles in lane [ as Num®

M(S)(z =1,2) and the observed number of vehicles in lane [ as Numk, (1= 1,2) in

—
lane [ at time step k.The parameters ®* are estimated using the following objective function:

2k 2
—>.<> . K k —
" = argmin_» {Z Z {Numnb&l — Numest7,((l>)}
[E—

(58)

where @ = [, B represents the unknown parameter vector. The time step k corresponds to time t = to + kAt. In this case, t; and At take
the values of Os and 0.1s , respectively. k; and k; represent the time steps at the beginning and end of the given dataset, respectively.

—
We employ the quasi-Newton method to solve Eq. (58), with the initial value set to ®° = [2,0.2].
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Fig. 20. Comparison of MAPE for the number of vehicles across different lanes and traffic conditions in the following datasets: (a) L002_F001
dataset; (b) LO02_F002 dataset; (c) LO02_F003 dataset; (d) L002_F004 dataset; (e) LO02_F005 dataset.

The parameters of the state-dependent variable r(s]’.fl,) are calibrated considering two different traffic states: congestion and non-

congestion. A congested state is defined by a density greater than 83.39veh/km, while densities below this threshold are classified as
non-congested. This classification is based on the criteria established in Fig. 14, where Newell’s FD (Newell, 1961) is calibrated using
five one-hour vehicle trajectory datasets. Unlike the single-lane calibration results shown in Table 2, Fig. 14 integrates data from two
lanes, treating them as a single unit or ‘pipe’. This combined analysis facilitates the segmentation of the dataset into distinct traffic
states. Each one-hour dataset is further divided into 5-minute intervals. Intervals with an average density above 83.39veh /km are
classified as congested, while others are classified as non-congested. Consecutive intervals of the same traffic state are merged into
unified entries, resulting in the final datasets for congested and non-congested states. Each traffic state dataset is then divided into a
training set for model calibration and a testing set for validation, yielding four sub-datasets: training and testing sets for both the
non-congested and congested conditions. The specific time periods for each subset are provided in Table 3. Certain time intervals are
excluded from the analysis, such as the 1500 - 1800 s interval in L002 F001, due to the presence of abnormal vehicle trajectory data.
Specifically, intervals are deemed unreliable and exclude if the proportion of abnormal trajectories exceeds 10 % of the total vehicle
count within that interval. For example, the aforementioned interval contains 17.3 % (13 trajectories) of abnormal vehicle trajectories.
This exclusion criterion is consistently applied throughout the dataset to maintain the quality and reliability of the data used in our
study.

Table 4 presents the results of the estimated parameter vector ‘@ for the five datasets under both non-congested and congested
conditions. As shown in Table 4, the a and g values are larger under congestion compared to non-congestion, indicating that drivers
require more time to make and execute lane changes in congested traffic. Fig. 15 provides a comparison between the total number of
vehicles observed in the L002_F004 dataset and the predictions made by the model for both traffic conditions. The model’s predictions
closely match the field observations.

6.2. Experimental results

6.2.1. Performance evaluation of the proposed model

To assess the model’s performance, we evaluated its ability to estimate the number of vehicles and spacing using the L002_F004
dataset as an example. Fig. 16 shows a comparison between the observed and estimated vehicle counts over time for each lane under
different traffic conditions. The results indicate a high level of consistency. Fig. 17 displays the model’s performance in estimating
spacings, demonstrating accurate estimations.
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Fig. 21. Comparison of RMSE for spacing across different lanes and traffic conditions in the following datasets: (a) L0O02_F001 dataset; (b)
L002_F002 dataset; (¢) LO02_F003 dataset; (d) L002_F004 dataset; (e) LO02_F005 dataset.

Fig. 18 illustrates the cumulative net number of lane-changing vehicles for each lane over time. The rising line above zero indicates
the cumulative net number of vehicles entering lane 2, while the descending line below zero indicates the cumulative net number of
vehicles leaving lane 1. The blue circle and pentagram lines represent the cumulative net number of lane-changing vehicles in lane 1, as
calculated from the ZTD datasets and the proposed model, respectively. Similarly, the red plus sign and triangle dotted lines represent
the cumulative net number of lane-changing vehicles in lane 2, derived from the ZTD datasets and the proposed model, respectively.

The close alignment between the estimated cumulative number of lane-changing vehicles and the observed data from the ZTD
dataset, as illustrated in Fig. 18, confirms the model’s accuracy. A noticeable trend is that more vehicles tend to change lanes from lane
1 to lane 2 under both traffic conditions. The variation in the number of lane-changing vehicles is more significant under non-
congested conditions, as shown in Fig. 18(a), compared to congested conditions, as seen in Fig. 18(b). This suggests that lane
changes are more frequent in non-congested traffic conditions.

Figs. 16-18 illustrate the overall performance of the model across the entire 800-meter study area. For a more granular analysis, the
data has been further disaggregated into 200-meter intervals. To quantitatively assess the model’s performance, we use the Root Mean
Square Error (RMSE) and Mean Absolute Percentage Error (MAPE) as performance metrics, defined as follows:

RMSE = Z (observationk — estimation*)? (59)

1

P

K
k=

observation* — estimation®
observationk

K
mapg = 120 3 (60)
K k=1

where observation* represents the observed physical quantity at time step k, such as the number of vehicles or spacing within a specific
interval (e.g., 0-200 m) on lane I at time step k, while estimation® denotes the corresponding estimated value at time step k.

Table 5 presents the estimation performance of the model for the number of vehicles in each lane, using RMSE and MAPE as
evaluation metrics. The model demonstrates robust performance across the 200-meter intervals, with RMSE values ranging from 0.36
to 0.76 vehicles and MAPE values ranging from 4.82 % and 8.10 % under non-congested conditions. Under congested conditions, the
RMSE values range from 0.41 to 0.74 vehicles and MAPE values range from 5.45 % to 7.25 %. Table 6 provides a summary of the RMSE
and MAPE for spacing, indicating that RMSE values remain below 4.71 m and MAPE values are below 8.38 %. These results
demonstrate that the proposed model offers good estimation accuracy for both vehicle counts and spacing across the 200-meter
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Fig. 22. Comparison of MAPE for spacing across different lanes and traffic conditions in the following datasets: (a) LO02_F001 dataset; (b)
L002_F002 dataset; (c) LO02_F003 dataset; (d) L002 F004 dataset; (e) LO02_F005 dataset.

intervals.

6.2.2. Comparison with simulations of the Eulerian multilane model

The Eulerian multilane LWR model, described in Eq. (1), builds on the traditional LWR model by incorporating multiple lanes and
accounts for interactions between lane-specific traffic flows. In this study, we applied the Eulerian multilane model developed by Laval
and Daganzo (2006), following their numerical methods. For a comprehensive description of these methods, please refer to Laval and
Daganzo (2006). We evaluated the model’s effectiveness in estimating traffic flow states and compared its performance with the model
proposed in our research.

We calibrated the Eulerian model using the ZTD dataset as detailed in Section 6.1. To assess the performance of the calibrated
Eulerian model, we conducted simulations across various testing datasets described in Section 6.1. The RMSE and MAPE for vehicle
count and spacing were chosen as the metrics for comparison.

Figs. 19 and 20 present a quantitative comparison between our proposed model and the Eulerian model across different lanes and
traffic conditions. Fig. 19 shows the RMSE for the number of vehicles, while Fig. 20 displays the MAPE for the number of vehicles. The
results demonstrate that the Eulerian model generally has higher RMSE and MAPE values than our Lagrangian model, particularly in
congested conditions, as shown in categories C3 and C4 in Fig. 19 and categories C7 and C8 in Fig. 20. Similar trends are observed in
Figs. 21 and 22, which display the RMSE and MAPE for spacing, respectively. These findings suggest that the Lagrangian model
performs better in predicting both the number of vehicles and spacing, especially in congested scenarios. This improved performance
could be attributed to the Lagrangian model’s capability to track individual vehicle groups, resulting in a more precise representation
of traffic dynamics. This ability is especially beneficial in the complex conditions of congested traffic compared to non-congested
traffic.

7. Discussion and conclusions

In this paper, we propose a Lagrangian formulation of a multilane traffic flow model, which differs from the traditional Eulerian
coordinate-based models. We derive the conservation law for multilane traffic in Lagrangian coordinates and discretize the model to
capture spacing dynamics. By discretizing the proposed model, we vividly illustrate how changes in the net lane-changing number (or
lane-changing rate) in Lagrangian coordinates influence vehicle spacing. Additionally, a lane choice probability model is proposed to
estimate the lane-changing number by considering the relative positions between vehicle groups in adjacent lanes. This estimation
allows for the update of spacing in each lane at every time step. We also discuss the boundary conditions of both the continuous and
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discrete Lagrangian multilane models.

To validate the effectiveness of our model, we conducted a numerical simulation of a three-lane highway section with a lane-drop
scenario. The results demonstrate that the proposed model accurately simulates the generation and propagation of congestion at the
bottleneck, as well as the traffic perturbation caused by the lane-changing behaviors. Additionally, the proposed model effectively
captures the lane-changing characteristics and spacing dynamics of lane-changing vehicle groups over space and time. To further
validate the proposed model, we compared its outputs with data from an 800-meter, two-lane freeway section in Japan, known as the
ZTD dataset. The comparison reveals that the proposed multilane Lagrangian model accurately reflects traffic dynamics and provides
precise estimates of traffic volume and vehicle spacing. Furthermore, the analysis of the cumulative net number of lane-changing
vehicles demonstrates the model’s capability in capturing lane-changing dynamics. The model not only performs well across the
entire 800-meter study area but also shows strong results at finer spatial resolutions, such as 200-meter intervals. Moreover, when
compared to the traditional Eulerian multilane model, our Lagrangian model shows superior performance in predicting both the
number of vehicles and spacing, especially under congested conditions. This improved performance is likely due to the Lagrangian
model’s capability to track individual vehicle groups, resulting in a more precise representation of traffic dynamics.

Our proposed model holds significant potential for implementation in highway management and control, particularly with the
increasing availability of vehicle trajectory data. Integration with data assimilation techniques enables online lane-based traffic
estimation and dynamic lane-based control. Moreover, our proposed model has good scalability from the traditional human-driven
traffic to the mixed traffic flow environment, where human-driven vehicles and autonomous vehicles coexist. These are promising
avenues for our future research.
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