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Abstract—The CORDIC algorithms provide in a fast way
the calculations of a number of arithmetic basic functions. A
CORDIC calculation takes Q(n) steps for a function, where n
is the word length of the operands. The speed is limited by the
carry propagation in the adders and the 1A} throughput, Speed
can be improved by introducing redundancy in the calculation
circuit and 14D throughput by doing [/ transfers while calculat-
ing. The latter is characteristic for the class of so called on-line
arithmetic. At the same time, the pin requirements are limited
to a single digit per operand. This paper introduces a number
of new algorithms to make an on-line CORDIC implementa-
tion. The on-line CORDIC algorithm takes n + 6 clock cycles
to compute a CORDIC function. It is estimated that an imple-
mentation of the proposed algorithm is 6 to 7 times as fast as
the traditionat CORDIC approach for Givens’ rotation, and 7
to 8 times as fast for SYD computation.

Index Terms— Computer arithmetic, CORDIC, digit pipelin-
ing, on-line algorithms.

I. InrrOPUCTION

ON-LINE computations, the input operands and results
ow through arithmetic units in a digit by digit manner,
starting with the most significant digit. An on-line algorithm
is said to have an on-line delay of &, if for the generation of
the jth digit of the result, (/ 4 &) digits of the input operands
are required [1]. Fig. 1 shows the principle of on-line compu-
tation and illustrates that digit on-line arithmetic units can be
chained to obtain a fast throughput of digit-serial operands. In
recent years, many algorithms for the on-line generation of the
basic anthmetic functions: addition, multiplication, division,
and square root have been considered [2]-[8].

The on-line generation of transcendental functions turns out
to be more difficult. A traditional known fast method for calcu-
lating these functions is the CORDIC method [9], [10]. Opera-
tions of the type a-cos 8 +b-sin #, with # = tan~! ( /x), occur
frequently in rotation based algorithms for matrix triangular-
ization, SYD (singular value decomposition), image process-
ing, etc. In [11], Cavallaro and Luk describe a CORDIC im-
plementation for solving the SVD problem. Their CORDIC-
based 2 x 2 SVD-processor is twice as fast as one assembled
from traditional hardware units (divider, squarc-rooter). In
[12], Ercegovac and Lang describc a CORDIC implementa-
tion aimed at matrix triangularization and SVD with internal
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Fig. t. Chained on-line computation.
on-line arithmetic. For SVD their approach is estimated to
be 4 times as fast as the approach in [11], since the use of
redundant adders allows for a faster clock period.

In this paper, we introduce an on-line CORDIC algorithm
with an on-line delay é of 6 < § < 8 (independent of the word
length n of the operands). It is also shown that by using the
proposed scheme, Givens’ rotation and the diagonalization of
a2 x 2 matrix in SVD computation can be computed in n+13
and n +22 clock cycles, respectively. The paper is organized
as follows. In Section II, the arithmetic functions which can
be calculated by the CORDIC algorithms are investigated on
their on-line properties by using previously derived results.
Section III states the modified CORDIC equations to allow
for on-line input operands. In Section TV, the on-line delay
characteristics are derived for Z — 0 and ¥ — 0. Thereafter,
in Section V, the delays caused by the digitization of X and
Y are derived. Section VI shows how the scaling factor K !
can be generated. Section VII describes a proposed hardware
organization of the on-line CORDIC processor. The internal
data representation in relation to the accuracy of the computa-
tion results is considered. Finally, in Section VIII, the merits
of the on-line CORDIC processor are discussed by means of
the applicability to Givens’ rotation and SVD,

H. On-LiNe PROPERTIES OF ARITHMETIC FUNCTIONS SUITARLE FOR
CORDIC GENERATION

The CORDIC method is very efficient for the generation
of transcendental functions. Besides that, also addition, mul-
tiplication, and square root can be implemented by using the
same basic equations. Before going to the actval CORDIC al-
gortthms, the basic on-line properties of the arithmetic func-
tions under discussion are investigated. Independently of each
other, Sips and Lin [13] and Duprat, Herreros, and Mulier
[14] have derived bounds on the on-line delays of arithmetic
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functions. Morcover, in [13] it is shown that these bounds can
be actually realized by using a table lookup implementation.
This property is also used in this paper to generate the scaling
factor £ ' (Section VI). The bounds can be stated as follows.
Let F(X;) be an arithmetic function on a set of N input
numbers X, and let X; be represented by a symmetric, radix-
r redundant digit set (—»,---,—-1,0, 1, -9), where n is the
redundancy factor (r/2 <4 <r — ). The numbers X, are
recursively defined as :

Xi =Xio1 +Xigs, -7 ! (H

with
8;—1

Xop = E x;-ri!
i—0

The elements 6;, 1 < j <N of & represent the number of
digits of the respective input operands which must be known
to be able to generate the first digit of the result. From the
definition of &, it follows that the &;’s might have different
values. Therefore, we define 8, = max(8) as the generation
on-line delay of F(X;).

Theorem 1 in [13] states that if F'(X) is continunous on
[X 4, X g] and differentiable on (X 4, X g). then F(X) can be
generated with an on-line delay of 6, > max(d) if

X g) < r'] {1 _r- 1)}
In

where j = index (x), 1 < j < N.

(2)
where

].—‘(XK):H}EIKHVF(XK”-(?} withX g € [X 4, Xg]
p

dz(r—alyr_ézs"';r_aN)

|VF(X k)] = (|OF Xg)/0x,|,-++,

OF (X x)/0x N 1)

and ¢ is the position of the most significant (redundant} digit
of the result.

In this paper, a few assumptions are made, mostly for rea-
sons of simplicity. First, a fully redundant digit set is assumed,
i.e, m =r — 1, In this case, (2) reduces to

DX k) < (1/2) . roth, (3)

Second, it is assumed that the input operands are normalized:
r—' < |X| < 1. For some input operands, representing for in-
stance angles, it holds [X'| < # /2. For quasi-normalized input
operands, i.e., r % < |X| < 1, which can occur in chained
on-line computations [13}, the derivations can bc done in a
similar way.

From (3) the on-ling delay & can be derived as § —
Mlog, (Max {VF(Xg)]) + log, 2] — 1 — . In [14], the
derived bounds on the on-line delays are [log, (Max
[VEX k)] <6 < [log, (Max |VF(Xk))] + 1, under the as-
sumption F:[—1, 11 — [-1, 1]. For the interval assumption
F:[-1, 1] — [-1, 1] it holds » = 0. Therefore, the bound
in [13] is equal or slightly sharper than the one in [14]. The
delays & arc the gencration delays. When the outputs must
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TABLE 1
On-Ling GENERATION DELAYS OF SEVERAL ARITHMETICAL FUNCTIONS, TF
(GENERATED BY THE TasLe LOOKUP SYSTEM

function on-line delay | [-stdigit argument
& @ range
sin(x), cos(x) 0 2 Ix! /2
Inix) ! ] iy
ex 0 (r=2) 1 x<in
4 (r>3) g
x.ging+y.cosp | 2 (r=2) ] rlgrpd
I (r=34} 1 0
0 (r>4) ¢
tan-i(ylx) 1 {r=2) !
I ir=4) 0
0 {r>4d) ¢
(x2+y2)ii2 I {r=2) 0 rlgy<l
G {r23) 0
(x2-y2 )12 variable
+yix 2 (r=2) i rigyyz<l
I {r=3) 1
d (r24) 1

be within a certain range (i.e., normalized) one can either
prescale the inputs or postnormalize the results. In [14], the
inputs are prescaled to satisfy the output interval assumptions,
whereas in [ 13] the resulis are postnormalized. The prescaling
or postnormalization causes an extra on-line delay.

For the relevant functions in this paper, the on-line delays,
derived according to (3), are listed in Table I. This table shows
that very low on-line delays exist for these functions.

Moreover, it is shown in [13] that the above arithmetic
functions can be realized by means of a table lookup imple-
mentation as shown in Fig. 2. The digits of the input operands
provide the address for the table and two output digits suffice
to generate the respective digits of the on-line result. For mul-
tiple input operands this soon becomes very impractical. For
single argument functions, a 4 megabit address space facil-
itates the gencration of 18-22 bit results, depending on the
on-ling delay factor. So with a simple single memory chip
already reasonable accurate single argument functions can be
realized.

1. Thr ON-LiINe CORDIC EQUATIONS

The CORDIC method is based on vector rotations [9], [10],
where a new vector P, = (X;4, Y;4) is obtained from
P; = (X;, Y;) according to

Xiv1 =Xi +mp¥ ;27" (4a)
Yip =Y~ miXi2™ (4b)
Zigg=2Z; - pib; (4¢)

where m € {-1, 0, 1} is the parameter for the coordinate sys-
tem, and p; € {—1, 1}. Although the equations be formulated
for a general radix, we will restrict the discussiontor =2, for
reasons of convenience. Various arithmetic functions can be
calculated by forcing Z or Y to zero, by choosing the appro-
priate values of p; in each iteration cycle. The values of 8, are
found by 8; = m~'/2 tan~! [m'/2.2 7], The results calculated
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in (4a) and (4b) have to be corrected through multiplication
by the following scaling factor

no-1
k=t =T[ @ +meh'7

=i

withd; = 0,27 (5)

where i, =0form =1landi, =1form=-1(K ! =1
for m = 0).

For the traditional CORDIC algorithimns this scaling fac-
tor is constant and can be calculated in advance. Some other
schemes use a slight modification of the iteration scheme in
order to simplify the factor (e.g., to force the factor to be a
power of 2), such that a multiplication is not necessary and the
corrections can be done by simple additions in each iteration
[15], [i6].

A mumber of authors have published on-line versions of
some of the CORDIC algorithms. Owens [8] uses a simplified
CORDIC scheme to calculate sin(x) with an on-line delay of
8 = 3 for r = 8. However, the result is unscaled [(2)], so it
cannot be used directly for further calculations, Ercegovac and
Lang [12] describe two chained CORDIC schemes to perform
Givens’ rotation, i.e., a-sin(f) + b-cos(#), with § ~ tan™'
(x/¥). The first CORDIC scheme computes the angle which
is transmitted in decomposed form, i.e., & sequence of p;
values, to the CORDIC module which computes the rotation.
The total latency time of their implementation is 32 + 3 clock
cycles.

In the on-line case, the CORDIC equations of (4} are trans-
formed to the following set of equations

X{ = X[ +moiY[ 27 + AXioi(Xivss Yivs)  (62)
Y =Y —pX] 27 + AY i 1(Xiys Vivs)  (6b)
Z]\ =Z] —pifli +2iss - 2710 (6¢)

where X;.5, Vi+s, and Z;.5 are the new input digits of X,
Y, and Z, respectively, at the ith iteration, X, Y|, and Z]
are set to Xy, Yo, and Zg, respectively, according to (1).
The terms AX;,, and AY;,, are the correction terms to
correct the error due to the absence of x; 5, ¥i s, and Z; 5 in
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the iterations 0, 1,---,f — 1. The calculation of AX;,; and
AY;., is considered in Appendix A.

IV, ON-LINE CHARACTERISTICS FOR Z — 0 AND
Y -0

A Z -0

To compute arithmetic functions like x-cos(z) — y-sin(z)
(m = 1), or x-cosh(z) + ysinh(z) (m = - 1), Z] is forced
to zero. If we define W; = 2°-Z!, (6c) can be rewritten as

Wi =2W; + 2545 270 P ") (N

where «; = 2'-8; can be directly read from the constant angles
table. The value of p; is determined by W; 4 z;,5-2%. Since
full carry propagation in an addition will be avoided, only the
most significant L digits of W, + z;,527%, denoted as W/,
are inspected. It holds that

Wit 2igs 270 - W} < 27D (8)

where  is the position of the most significant digit of W;.
Combining (7) and (8) it follows that

Wi <2- W] = pi oy +2747772, 9)
We must find an appropriate selection of p; such that 2],
converges. Suppose a selection function of the form
1 iftWr >b
pi=40 if W} < b (10)

1 W< —b

is chosen, where b is a positive constant {0 < b < 1), For
the value of b a simple value, like some power of two, is to
be preferred to simplify the selection process. The choice of
b must be such that Z] | converges to zero, i.e., Wi, is
bounded by a fixed positive constant.

First, we consider the case of circular rotation, 1.e., m = 1.
It can be shown that to ensure the convergence of Z/, it re-
quires & = 2. Furthermore, with 6 =2, b =1/2, and L =5
(p = 0, it holds [W;| <2 for all i. The proof of this is
lengthy, but straightforward, so it suffices to give the proce-
dure. Wy consists of the first two digits of the input Z, there-
fore it holds {W,| < 1.5. By considering all possible combina-
tions of the first four most significant input digits, it follows
that |[W,| < 193 and |W,| < 1.51. Now 6; = tan™'[277],
so by using a Taylor series-expansion which is truncated and
rounded up- and downwards, it holds that

27 (/327 +(1/35277

<8 <27 — (/327 4 (1527
or
1—(1/3)27% + (1735024

<o <1~ (1/327% 4 (1/5274,
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By using this, it can be shown by induction that

2. W —pay| +2 %P <151,
if |W;| < 1.51foré = 2.

From the definition W; = 2/.Z} and |W;| < 2, it follows that
Z!,, <270 Thus, the convergence of the angle rotation
of (4c) is guaranteed for m = 1.

For m = —1 (hyperbolic rotation), a similar analysis as
for m = 1 can be made. It can be shown that using the same
selection function [(10)] it holds |W;] < 1.5 (|W,| < 1.0), for
6=2,b=1/2,and L =4.

B.Y -0

To compute the functions z +tan ' (¥ /x) and (x* + ¥y /2
(when m = 1), or 7 +tanh~' (¥ /x) and (x? — p*)!/? (when
m = —1), Y has to be forced to zero. For (6b), it holds
that the convergence is guaranteed if |Y,4| < |X;|-27F (X is
bounded, see [10}). The equation to be forced to zero is (6b),
ie.,

Y =Y —p X[ 27+ AY i (Xigs, Yirs)- (1)

The choice of p; is determined by the value of Y. Let V; =
2(.Y!, and assume again that only the L most significant digits
of V; are used for the selection and denote them as V). Then
it holds that V¥; = V} + «(V), with e(}V) being the truncation
error and |e(F)] < 27D,

The selection function for p; is defined as

1 iV > b

pi =40 itV <b (12)

-1 HVr< b

where b is a positive constant (0 < b < 1). The selection of p;
can simply be done by comparing the L most significant digits
of ¥} with b. The value of & must be chosen such that the
convergence criterion |Y; 41| < |X;|-2~ is satisfied. For the
circular CORDIC, i.e., m = |, two cases can be considered:

1} p; = 0: This implies that |[V}| < b or [Y{| < b2 +
2-W+L-b Since it holds (see Appendix B)

h
3T AV G, po)| <265 27080 (13)
k=i+é
therefore,
n
[Yio| = Y,{+ Z AY(xe, yi)
k=i+8
Sb'zmi+27(j+l'7])+2.65'2 (Hﬁ{l)- (14)

Since X; > 1/2 [12] for i > 1, from (14}, the condition
[¥i| < X;277 is satisfied if

b-27i 27 GH=D 0 g5 0=+l < (1/2). 277

Therefore, the values of the parameters b, 8, and L must be
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chosen to satisfy the following inequality

b<1/2-2"0"0 _265.27¢0, (15)

2} pi = +1: Assume that p; = +1, i.e., ¥* > b (the
same result follows for ¥* < — p). With the substitution of

H
X1 =X =Y AXi(xg, yi)
k=i+8

into (6b), it follows

Yin=Y{—-X;-27'
n
+ 3 [AX Xk, p6) 27 + AY ialxe, YOl (16)
k=i+8

It can be shown that

Z [AXi(xk, Yo) -27" + AY i1 {xe, ¥e)l

k=i+5
< 3.0+ fori >0
(see Appendix B). Thus, from (16) it holds
Yig 2b 270 —270=0 Ly, 070 3. 2700

and
Y <b N R, G e - X; e L B, Rl G
Therefore, it holds Y| <X;-277, if

bx2"U-D 3 .2798 (17

and

b<1—27W"D_3.27% (18)

From the analysis in 1) and 2) [(15), (17), and (18)], it can
be concluded that the choice of b = 1/4, 6 =4, and L =5
satisfies the convergence criterion.

For m = —1, a similar analysis can be made. For arbitrary
values of the inputs no fixed on-line delay can be derived, due
to the characteristics of the resulting arithmetic function, How-
ever, for special cases a better result can be given. As an ex-
ample, for the function In{w), it holds In{w) == 2-tanh { ¥/X)
with X = w+1and Y = w — 1, restricting the ranges
of the operands t0 1.5 <X < 20and —0.5<Y < 0.0 for
0.5 <w < 1.0. Now it holds X; > K -sqrt(2) = 1.13,

n
> AYinlr, yi)| < (241) 27049

k=i+b
and
n
> IAXxk, yi) 27 + AY s, p)l} <5270
k—i +8
So the following equations can be derived:
b<1.13-27¢"b _241.27° (19)
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b>»>2"4-by5.272 (20)

b<226-271L-Y_5.2-% ¥3))
Therefore, with b = 1/2 +1/4, 8§ = 3, and L = 5 the
convergence criterion is satisfied.

V. Disimizing THE ITERaTION REsuLts X, Y/,
AND Z]

The values of X{, Y/, and Z] are the results of the CORDIC
calcutation. These values are stored in redundant form and are
driven to their final value in an iterative way and do not di-
rectly give the (i ~ &)th digit at the ith iteration. In order to
produce an on-line result, these values must be transformed
into an incremental representation where each iteration a new
digit of the result is produced. This procedure is called digi-
tization (e.g., see [7]).

A. The Digitization of X{ and Y|

Let ¥;_,4 (the same consideration holds for X;_4) be the
on-line digitized result of ¥/, and R; 1y =271 (Y], ~ ¥, _4)
be the (scaled) residue {d is the on-line delay for digitization).
Suppose yo has a positional weight of 29 after d initial shifts
{not to be confused with the real weight 2¥), then by using a

symmetrical rounding function up to the (v + d)th digit we
obtain

_j)j_d = R()undwd(R,-) i Z d,

Vig=0 0<i<d

Rio =2R, +D(Y) =27 .3, ),

withRg =Y, (22)

where D(Y]) = 2(Y!,, =¥ — —p;- X! + 20 AY ;1 ((Xiss,

Yi+5). It can be ensured that

R — 27+ j_g| < (1/2)2¢7% 4241 L (L > 7).

(23)

What remains is that the digitizer delay 4 and the truncation
length L must be chosen such that ¥; ;4 is a single digit.

For m = 1, it holds that |X}| < sqm(2)-K < 2.34, for
X{<1 and [¥|<1, and AY ip1(Xiss, Yiss)| <
2652744+ (see Appendix B). With 8 = 2, it follows
ID(Y])| <234 + 2.65-27% < 2,67, Therefore, it holds with
(o — I (remember thut » denotes the position of the most
significant digit) that

R(R; + DY) =27 - jy_g)| < 277 42771 + 2,67 -2

(24)
Yii1—q 15 a single digit, if it holds that

IRisi]| = 2(R; + D(Y]) =277 - y,_g)|
<15 _2d+l _2d7L+2.
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Therefore, the on-line condition becomes

(267277 +3.274"Dy < 172,

This inequality is satisfied by choosing d =3 and L = 3.

For m = —1, it holds that [X]| <2.72, and
|AY [ (X118, Yirs)| < 24127449 Equation (24) is trans-
formed into (i starts from 1, unlike the case of 1 = 1 where
i starts from 0, therefore it holds R;py = 2/(Y{ | ~ Y a),

I2(R; + D(Y]) — 29 - 3i_y)|
< (1/2) 2932 1247043 13302 (25)

FYi—q is a single digit, if it holds that |[R; 1| = [2(R; + D(Y})—
29499 ) | < 152940 _ 29-L42 Therefore, the on-line
condition becomes (3.32-279 4 32-L-y < 1/2. This in-
equality is satisfied by chosing d =3 and 1. = 6.

B. The Digitization of Z]

In case of Y| -+ 0, the result Z{ needs to be digitized for
on-line output. Let R; = 2'(Z] — Z,_1_4), we use a slightly
different value for determining Z; ,, which js,

Zi.g = Round, g (R; + Zisvs -27%) i>d

Zig =0 0<i<d

Rivt =2(Ri +Zivs 2% —pi - o; =297 - 3,_4). (26)

For m = 1, it holds |ey| = 2 |tan ' (27| < 1 for i > 0.
With ¢ = 1 (|Z}| < 7/2), it follows

IRisi| < [2(Ri +2iys 270 =297 4y )| +2 - |y

Sde +2dml,+3_+_2 (27)

Zip1—q 18 a single digit, if
Rivi + 21 -2 %) < 152900 —pd 12,
From (27), the on-line condition becomes (6§ =4 for Y — Q)
3.2707 p2dtl g o-d-d

With d = 2 and L = 5 the on-line condition is satisfied.

For m = -1, it holds |a;| = 2'-|tanh™' (27/)| < (10/9)
fori = 1. With ¢ =0 (|Z,,| < In(2)) and Z = 0, the on-line
condition is satisfied if 3.2~ ~2 +(10/9)2—9+ 1 2-9-4 < |,
With d = 2 and L = 5 this condition is satisfied.

VI. On-Line GENFRATION OF THE ScALING Factor K !

To obtain the final on-line output, the digitized results X;
and ¥; must be multiplied with the scaling factor K ~!. Unlike
in conventional CORDIC, X ~! is not a constant since p; can
be zero in the on-line case, due to the use of noncarry prop-
agating rcdundant adders. This implies that the scaling factor
cannot be calculated in advance. A method for calculating
K ! has been described by Ercegovac and Lang [12]. They
compute K? by the recurrence equation K%, = K%+m¢? -K3.
In the implementation, the recurrence is unfolded by using
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n/2 stages of on-line adders. These stages are followed by
an on-line square-rooter and divider te obtain K ~!. Due to
the unfolding, a relatively large on-line delay results, which
in their implementation does not give an extra delay because
it fits with the timing characteristics of the rest of the calcula-
tions. Another solution is to make the scaling factor a constant,
by omitting the case p; = 0. Techniques for this have been
proposed by Takagi ef al. [23]. One computes two different
rotations at the same time, the other repeats some iterations.
However, the proposed methods are not on-line and can only
be applied for computing the sine and cosine functions.

Here a different method of calculating X ~! is shown. The
method uses the table lookup approach, as described in Sec-
tion II. This method has already been used in starting of an
iterative method for calculating the reciprocal function [17].
If the number of input digits to the table is large, soon a very
large table would be required. A method to reduce the table
requirements is to partition the product terms of the scaling
factor in groups (partial scaling factors) and to generate each
partial scaling factor with the aid of a table lookup system.
The partial scaling factors can then be combined to give the
final function. Fig. 2 shows this principle of operation for
K1, The following lemma states the on-line delay of the
partial scaling function K —Y(p, iy).

Lemma: The partial scaling factor

P
K 'pi)=][0+m-oh'7?

i=in

with m = £1 and ¢ = p; 2~ can be generated with an
on-line delay of 8 = 1 — 2ig, if m =1 and 6 = 2 - 24, if
m=—1.

Proof: The on-line delay can be calculated by using (3)
and by considering each of the p;’s as separate inputs. Details
are given in Appendix C. O

Since ip = 0for m = 1 and ig = 1 for m = -1, it
follows that K ~'(p, io) can be generated with an on-line delay
of § = 0. Now consider the case of splitting K~! into two
subproducts

io—l n—I

K =Tl +m-o 2 Tl (1 +m ¢H~'2 (28)

=iy Iy

where i,, =0, if m =1, and i,, = 1, otherwise. From the
results above it follows that a negative on-line delay results
when generating the second partial scaling factor in (28) for
ig > 2. This implies that the first 2/ — 1 (or 24y — 2 for
m = —1) digits of the second partial scaling factor are known
before the first p; becomes known. It can be shown that we
have a number of the form 0.11---1lxx or 1.0---0lxx (I
means — 1) with 2/y — 1 known digits for m — |. The latter
representation might be advantageous in a multiplier. For m =
—1 the subproduct has the form 1.00---00xx with 2ip — 2
known digits.

The partitioning according to (28) can be further performed
in the same way. The final scaling factor is formed by multi-
plying the subproducts. A single partial scaling factor can be
easily generated on-line by using a table with the bit pattern
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iteration . .
count
i IPiOI Ipi0+1|' . ipio,(kl
l l ]

table

‘ on-line result digits
(a)

table { table I
1 [
v ¥
* on-line multiplier
{b)
scaled CORDIC unscaled CORDIC

on-line output on-line output

1.00.0 g0g

i+l

table generated
partial scaling factor

«©)

Fig. 3. (a) Table generation of (partial) scaling factor. (b) Generation of
the scaling factor from the partial tables. (c) Scaling factor hardware or-
ganization.

iol|piost| - - |pio+k| as address, plus an iteration counter i
[see Fig. 3(a)]. Subproducts are combined by using on-line
multipliers [1], [2] [one for two subproducts, two for three
subproducts, etc., see Fig. 3(b)].

For an accuracy of 277, only n/2 product terms of (5) are
required (see Appendix D). A further simplification can be
obtained by observing that the higher (n/4) half of the n/2
product terms ( = n/4 41, ---,#/2) can be reduced in com-
plexity by deleting all cross products, because they are beyond
the required accuracy, i.e., these n,/4 product terms can be re-
placed by a single word of the form 1.00 - - g,0g;,,0- - - with
& = m-|p;|, m € {—1, 0, 1} (the proof is given in Appendix
D). The digit g; is inserted at the position with a weight of
27%V fori =n/4+1,- -,n/2. The memory requirements
are then determined by the partition sizes of the lower n/4
product terms (i = iy, -,n/4). The size of the memory is
2i27, where p is the number of bits in the address space, i is
the iteration counter. There are two output digits of the table.
However, the signs are known in advance, so only two output
bits suffice.

Table II shows the relation between the required memory
and the number of (partial factor) partitions as a function of
the required precision and Fig. 3(c) shows the hardware or-
ganization. The memory requirements can be traded off with
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TABLE I1
MEMORY RF.QUIREMENTS UF THE PARTIAL TErRMS OF THE ScALING FACTOR
n paniton 1 | memory size (bits) | partition IT TMemery size
(bits)
16 (4} 512 (2,2) 256
24 (6} 4k (3,3) 1k
3z (% 16k (4.4) 2k
48 (6.6) 16k {4,4,4) 6k
64 (8,8} 64k (5.5,6) 24k
Xy .z ——— =+ CORDIC recurrence
Xig Yia Ziy \ b+ digitization
X .
¥ L}
1 partial scaling factors
NI
v forming scaling factor by

]
)
]
]
L]
L]
1
L]
\

1
3
'
'
'
v
v
'
l 3
" ]
M [
' '
'

)

‘— e

———t——t—t——t——t—

on-line multiplication

scaled on-line output

Yoo

L] 1
5inpm adigirizer 6scaling

Fig. 4.

multipliers. To rescale one CORDIC output (X ), L, 2, or 3
on-line multipliers are required for 1, 2, or 3 table partitions.
For the second CORDIC output (¥;) another on-linc multi-
plier is needed. Since the generation of the partial scaling
factors can all start at the first itcration, the resulting on-line
delay of the table lookup phase is 6 = 0. The total on-line
delay of scaling factor is equal to the on-line delay of the on-
line multiplier(s) for forming the partial scaling factors into
one. The on-line delay of an on-line multiplier is 1 ({1}, [2]).
Therefore, for a partition of 2 or 3 partial tables, the on-
line delay for forming the scaling factor is only 1 to 2. Since
Binput + Bdigitizer > 4, the only additional on-line delay to the
on-line CORDIC algorithm is the on-line delay of the mul-
tiplication of the scaling factor with the digitized result (see
Fig. 4), i.B., 5scaling = 1.

VII. IMPLEMENTATION ASPECTS OF THE On-Ling CORDIC
ALGORITHMS

The hardware modifications of an on-line CORDIC imple-
mentation as compared to the conventional CORDIC scheme
are straightforward. Fig. 5 shows an overview of the hard-
ware, whereas in Fig. 6 a more detailed design is given. The
basic components in Fig. 5 are the normal CORDIC iterators
(modules 4 and C). There are two (smaller) CORDIC-like
iterators for the correction terms needed (modules B and E).
The results of the iterations are digitized using medules C and
D. The implementation of the X', ¥ iterator [Fig. 6(a}] con-
tains a three-operand carry propagation free redundant adder
{RA), due to the extra correction term. A signed-digit redun-
dant adder (RA) has about the same area and time complexity
as a carry save adder (CSA). The correction iterators [Fig.
6(b)] are normal CORDIC-like iterators. The scalings with 2

n

Ilustration of timing of on-line CORDIC implementation.

Ziv8 ¥4 Tiss
B B corrector
I terators
@ B gL 4
E _—» L corrector
AX; . ; AY;yp | terms
p | ¥ ¥ ]
-]
3] CORDIC
;3;% iterators
ptp’ V%
[ { l l
C | D
 — D digitizers/
P; sign-detector

p‘.2 Zid piy l)‘:i-d lim

to scaling
unit

Fig. 5. Hardware overview.

as shown in Fig. 6 are fictive, they only indicate the relative
position and do not affect the weight of the result.

A. Precision of the Various Variables in the Modules

In this section, the required precision of the various
operands in the hardware modules is determined. This preci-
sion analysis is rather complex because of the interdependence
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Fig. 6. Detailed hardware schemes. (1) A-module for X and Y recurrence.
{b) B-module for A, n and 3, ¢ recurrence. (¢) C-module for Z recurrence
and digitization. {d) D-module for sign-detection and digitization of X and

Y. (e) E-module for correction term.
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relations of the operands. The analysis starts with the digitizer
modules and works its way back to the corrector modules.

For an n digit mantissa, the results of the on-line CORDIC
computation have an accuracy of 277, if the total rounding
error of the CORDIC iterations is less than 2" Therefore,
in order to obtain results with an accuracy of 27" the last digits
(the least significant digit) x., ¥, and Z, must be selected
from the residues R, with an error less than (1/2)27" (due
to rounding). In the following, a brief analysis will be given
about the internal data representation. There are two sources
of errors during the iteration: 1) the truncation error due the
limited length of the RA’s; 2) errors caused by the barrel
shifters due to limited number of digits in the rows or due to
the fact that the maximum shift range is less than the number
of shifts required. In the discussion, we use the superscript £
to indicate the exact value of a variable, i.e., Rf indicates the
exact value of R,, and e(R,) = |R, — RE| denotes the error
in R,.

1) The Digitization Module: We tequire that e(Ry) =
IR, — RE| < (1/2)27" for an accuracy of 27" of the digiti-
zation results. The equation for R, [(22)] is (unscaled here)

Rio =R —pi - X!-277 + AY 11 (Xiss, Yits)

27ty g (29)

Suppose that the data paths (RA’s and REG) for the dig-
jtizer consist of (7 + gg) digits. We want to determine the
value of gr. Assume further that the barrel shifter for X2~
is n x (n + gx) digits, then some digits of X 2~ will be
lost (shifted away) when the number of digits in X ! grows
larger than (n + gx — i). It can be easily shown that the
number of digits in X! at iteration i is & + (i — 1)/2. An
error with a maximum of 279 is caused if it holds that
& +i(i —1)/2 >n + qx — i, or equivalently for i > /(2n)
with the assumption gy > &. The maximum error in R
caused by the addition of X|2~ is max {2-¢"+4-), 2 (nHa},
Similarly, with an RA in module E of (n+¢q ay) digits, it holds
that e(AY ;1) =0 for i < /(2n) and e(AY ;) = |AY i1 —
AYE || < 27¢m+asn) for i > \/2n) (as will be shown later
on). Thus, for the error in R;, it holds

€(Ri41) < e(R;) +max {2 777, 9 ~(n+an)}
+ max {zf(n-Hmy)’ 27{n+q,\.)} (30)

with e(R;) =0 for i < /(2n). Thus,

(Ripy) < (i — A2n)) - (max {27 (7740, 27 (m1ax)}
+ max {2—--(n+q_w), 2—(n wa)}). (3D

Assume that ¢ = gr = gay = gx, then the condition
e(R) < (1/2):27" (for i = 0, 1,---,n) can be satisficd if
gr > [log(2(n — /2m)}| + 1.

For the digitizer of Z! the only error is caused by the trun-
cation of the angle o; [(7)]. Therefore, gr = [log(m)} + 118
sufficient for the digitizer of Z/.

2) The CORDIC Iterator for X !and Y|: From the above
consideration 1), we require that e(X/27) < 2—(nva) apd
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«Y!2=y <2-0* for i = 1,2,-.-,n. Suppose that the
RA’s and REG’s in the iterator consist of (n + @) digits, and
the shifters are # x (n + g). From (4a), it holds

(X!, ) < (X +max {e(Y]-27), 27"}
+max {e(AX; 1), 27"}, (32)

With the knowledge that €(X}) = 0 for i< V(2m),
Y127 <27 and e(AX i) < 2-0+d it follows

X!, ) <(—v@em+1)-27"" max {279, 27} (33)

Since only the errors in the terms X2~/ and Yi27 di-
rectly influence the digitization results and e(Y; .21y < max
{e(¥Y )2~ 274"t} the errors in e(X!) and &Y]) may
be larger than 2-¢T2, We require e(X}) < 2-(n+4-0 for
1 <i <ntoensure e(X!277) <270 e,

(i —/2m -+ 27" max {279,277} < 2—nrq -
fori = /(2n). (34)

Since the term at the right-hand side of (34) increases faster
than the term at the left-hand side, the condition is satisfied
if (34) is valid for i = /(2n). This leads toa = g — V(2n),
ie., a > [log(2(n —/(2n))| — V2my + 1.

3) The Corrector Module: In the considerations 1) and
2), we require that e(AX;n) < 2—(n+d)  and
(AY: ) < 27919 for 1 <i < n. Suppose the RA’s and
REG’s in the corrector consist of {(n + ¢) digits, the value of
¢ being determined in the following analysis.

Since AXi1 = NXizs + Bi-Yivs (sce Appendix
A), it holds e(AXi11) < (e(M) + €(3;))-2~U+, Therefore,
e(N) < (1/2)-2“”*"*"‘3) and (8 < (1/2)2~+9=1—% are
sufficient conditions for e(AX;,1) <27®*¢ Similarly,
(i) < (1/2)2~14=1=9 and e(\) < (1/2)-2~(+a-1=3 are
conditions for e(AY ;1) < 2-(n+@)  We want to determine the
values of ¢, s, and £ such that these conditions are satisfied. In
the following, we consider the case for e(X;), the other cases
(e(B:), etc.) can be derived in the same way. From (A3), it
follows that

eNii) < €(\) + max {e(n; 27,2710} (35)
(for e(B;), e(n:), and e(¢;) similar equations as (35) yield).

Assume that the barrel shifters in the corrector have s rows
each of ¢ digits (s x £), i.e., the maximum shift range is27=,
Since the number of digits of {exact) A; and #; at iteration i
is 1 +i(i — 1)/2, the digits with a weight less than 277 will
be lost when i(i — 1)/2 +i >, i.e., i > /21). Thus,

0, i< 2t
max {27, e(n;) - 27}, V2 <i<s

max {275, e(m;) - 27}, P>5

e(n; 27y =

(36)

(assuming /(21) <5 < ). e(n;-27") denotes the error caused
by the shifter, while e(n;) denotes the error in ;. Therefore,
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for e(N) < (1/2)2=+a—=5 it is sufficient that

(i—-+2in+o0)+ 1) (o) ¢ p—lnig—i=bil)

and
i +
S el 2h) g2 maio, 37
k=31

The first equation in (37) leads to the condition

¢ > [log (2(n — /(2n))| — /(2(n +¢)) (& > 2). The second
equation in (37) leads to the conditions ¢ > n + [log{(2(n —
V2N — /(26 and s = (n + [log (2(n — /(2 )/2.

B. Time and Area Complexity

From Figs. 5 and 6 it can be observed that the critical path
(i.c., the longest circuit flow propagation time) of the on-line
CORDIC implementation is either one shifter, one redundant
adder, and one register, or one 5-digit carry propagate adder,
one selection, one redundant adder, and one register. Since the
small 5-digit carry propagate adder can be implemented using
carry look-ahead logic and the selection function in module
C and D has only a delay of 2 to 3 gates, the barrel shifter
in the CORDIC iterator (module A) is the dominant factor
of propagation delay for n > 16. Therefore, for n > 16 the
critical path is 1 n % (# + g) barrel shifter, one redundant
adder, and one register,

Like in the case of conventional CORDIC implementations
{18], the two barrel shifters in the CORDIC iterator (module
A) consume a major part of total arca. The four barrel shifters
in the corrector (module B) are approximately (n/2) x n, so
these four barrel shifters consume roughly the same area as
two n x n barrel shifters in the CORDIC iterator. For the
scaling factor a ROM is needed plus a number of on-line
multipliers. ROM’s are smaller than shifters. For 24-bit, the
ROM size is approximately equal to that of the angles table.
For 48-bit, about six times more space is needed. On the other
hand, there is no need for a fast carry propagating adder. By
using the same technology as described in [22], we have es-
timated that the area of the on-line CORDIC implementation
is approximately twice that of a conventional CORDIC imple-
mentation.

VIII. AppLicaTiON TO GIVENS' ROTATION AND SVD AND
Discussion

From the previous sections it follows that all applicable
CORDIC operations can be made on-line. The total latency
per function is given by

Tiw=n+ 6inpu[ + ‘5digitizer + 5scnling-

The results Sy = Sinput + ddigitizer + Oscaling Nave been summa-
rized in Table III. In this table, the columns denote the on-line
inputs. So XY Z in column 1 denotes that X, Y, and Z are
input on-line, while XY in column 2 denotes that only X and
Y are input on-line. (Notice that d,cyin; = 0 for Z since no
rescaling is required.)

The proposed on-line CORDIC algorithm attains speed im-
provement by introducing redundancy in the calculation cir-
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TABLE III
On-Line DELAYS oF Severa CORDIC FuncTions

function on-line arguments
XYz XY Z

on-line delays

x.yind+y cosg f 4 n
x.sinhd+y.coshp ") 4 h)
tan{ylx) 6 6 2
(xZey2pii2 & 8 4

5 f 2

infw), (x=w+lI, y=w-I)

cuit. Another advantage is that on-line algorithms reduce the
/O requirement and the total latency of chained processing.
For example, in applications such as Givens’ rotation for ma-
trix triangularization and the transformation for singular value
decomposition (SVD), the angle must be computed first and
then rotations are performed. In the following, we compare
for Givens’ rotation and SVD the implementation using the
proposed on-line CORDIC processor with some other known
implementations.

Application to Givens’ Rotation: Givens’ rotations occur
as basic operations in the triangularization of a matrix [19]. In
[20], Ahmed, Delosme, and Morf describe an implementation
for Givens® rotation using conventional CORDIC algorithms,
They used two types of processors: the angle processor and
the rotation processor. Using this scheme the total delay of the
Givens’ rotation is between 2.25r and 3n CORDIC steps. The
step time (clock cycle) of their scheme is mainly determined
by the carry-propagate adders and the shifters.

Ercegovac and Lang [12] describe a CORDIC implementa-
tion of Givens’ rotation using redundant adders and overlap-
ping of the angle- and rotation calculation. The total latency
of this scheme is 3n +3 CORDIC steps. They have estimated
that their scheme will be approximately 4.5 times faster than
the scheme in [20], because of a 6 times faster clock.

To compute the Givens’ rotation, two on-line CORDIC pro-
cessors as in Fig. 5 can be used: one for the computation of
the angle and the other for the rotation. Then the total latency
is {n + 13) CORDIC steps' (of course, the same strategy
as described in [12] by using decomposed sequence of the
angle, {po, p1,***,pn}, for rotation can be applied in a ded-
icated Givens’' rotation implementation. This will reduce the
on-line delay and some hardware). We notice that the com-
putation latency in terms of number of CORDIC steps of our
implementation and the implementations described in [12] and
{20] are not fully comparable. The latter two implementations
assume that the full word of the input operands is available
before the computation starts, while our on-line implemen-
tation assumes the input operands are fed into the CORDIC
processor one digit/bit at a time during the computation. To
make a rough comparison, we add n CORDIC steps to the la-
tency time of the implementation described in [12]. The total
latency time then becomes 4n + 3 CORDIC steps for Givens’
rotation. The step time in our implementation is determined
by a shifter and a redundant adder, so it is equivalent to 2

! Since the first digit of the angle computed by the first on-line CORDIC
processor has a weight of 2! {due to the digitization), instead of 2% the
on-line delay of the second processor is to be increased by 1.
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CORDIC steps of the scheme in [12] (their scheme for an-
gle computation has the same critical path as ours, to which a
step time has been counted as two basic time steps). The speed
ratio of the implementation in [12] and the proposed on-line
CORDIC implementation is therefore (47 +3) /(2n +25). For
n = 24 (32-bit floating point) and n = 48 (64-bit floating
point), the application of the proposed on-line CORDIC im-
plementation for Givens’ rotation is approximately 1.3 times
and 1.6 times faster, respectively. Therefore,. the proposed
implementation is approximately 6.5 times faster than the con-
ventional CORDIC implementation in [20].

Application to SVD Computation: Singular value de-
composition (SVD) is an important algorithm in many matrix
computations [11], [19], [21]. In [21], Brent, Luk, and Van
Loan describe a systolic square array of simple 2 x 2 proces-
sors to compute the SVD of a large matrix. The primitive op-
eration in SVD is the diagonalization of 2 2 x 2 matrix. Using
the proposed on-line CORDIC processor to compute such a
diagonalization, the computation proceeds as follows: 1) com-
pute the two angles using two concurrent CORDIC processors:
fs =tan™' [(c +b)/(d —a)] and 04 = tan~" [(c —b) /(d +a)];
2) compute 6; = (8, ~ 8;)/2 and 0, = (8, + 84)/2; 3)
perform the operations of the type x-cos(#) + y-sin(8) and
X-cos (8) ~y-sin(f), for 8; and 6,, using two pairs of chained
on-line CORDIC processors, Fig. 7 shows a configuration of
the implementation using the proposed on-line CORDIC pro-
cessors. The total latency of such a SVD computation is #+22
CORDIC steps (including the on-line delay of the operations
¢+ band (8; —64)/2, etc.).

Cavallaro and Luk describe in [11} a CORDIC implemen-
tation for the diagonalization of a 2 x 2 matrix in SVD appli-
cations using two CORDIC modules. The total latency time
of their scheme is 3.252 CORDIC steps, where the step time
is determined by the ripple carry-propagate addition of » bits.
Ercegovac and Lang [12] describe an implementation using
redundant addition and internal on-line arithmetic to maxi-
mize the overlap between successive operations. These mod-
ifications contribute to a speed up of about 4 compared to
the scheme in [11]. The total latency time of their scheme is
Sn + 10 CORDIC steps, but the step time (clock cycle) is
about 6 times faster than the scheme in [11]. The speed ratio
of the scheme using the proposed on-line CORDIC processor
(Fig. 7) and the scheme in [12] is (6n +10) /(2n +44) (for the
comparison, # input steps have been added to the latency time
of the scheme in [12}). Thus, the scheme using the proposed
on-line CORDIC processors is 1,7 times and 2.1 times faster
for n = 24 and # = 48, respectively. Based on the estimation
given in [12), we comclude that the scheme in Fig. 7 is 6.8
to 8.4 times faster tham the scheme in [11] using conventional
CORDIC implementsion. More speedup in SVD application
is obtained than in the computation of Givens’ rotation by us-
ing the proposed on-line CORDIC method. This demonstrates
the effectiveness of on-line chaining in computing complicated
functions, since the total latency time of the computation only
increases by a small constant on-line delay time for each suc-
cessive calculation. It is expected that higher speedups can be
obtained when the om-line CORDIC processors are organized
properly into a systolic structure (e.g., the systolic scheme in
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[21] with some modifications) for the SVD of a large matrix.
Further investigations of this important application have yet to
be done.

The hardware complexity of the scheme described in [11] is
essentially equal to two conventional CORDIC modules, while
the scheme in Fig. 7 rcquires six on-line CORDIC proces-
sors. Since the hardware complexity of one on-line CORDIC
processor is approximately two conventional CORDIC mod-
ules, the hardware complexity of the scheme using the pro-
posed on-line CORDIC processors is about 6 times of that of
the scheme described in [11]. The choice between these two
schemes will depend on the practical sitvation, since there is
a tradeoff between the time and the hardware complexity. The
hardware complexity of the implementation in [12] is unknown
to the authors, further evaluations are required. The hardware
complexity of Fig. 7 can also be reduced by performing the
rotation of the angle #, using the first pair of CORDIC pro-
cessors. Now the feedback of @’ and b’ for the rotation of 8,
must wait (using an external register) until the angle compu-
tation has been completed at step (n +9). The total latency
will be increased to 2n + 15 CORDIC steps (if the first § = 4
digits of @’ and b’ are accumulated inside the processor using
a register, it can be reduced to 2a + 11 CORDIC steps). The
speedup as compared to the scheme in [11] is decreased to 5;
however, the hardware complexity has also been reduced to
about 4 times that of the scheme described in [11]. One may
even think of using only two on-line CORDIC processors; in
that case an even higher speedup and hardware complexity
ratio can be obtained. However, then one cannot benefit from
the advantage of on-line chaining to achieve higher speed.

APPENDIX A

CALCULATION OF THE CORRECTION TERMS

In this Appendix a way is shown to calculate the correc-
tion terms AX; 1 (Xj1s, Viss) and AY;y(xi1s, i s) of (4).
AX(Xits, Yivs) and AY g (Xiys, Vivs) are the errors in X
and Y with respect to X and Y. They represent the errors
due to the absence of the digits x;.; and Yits from the first
to the (k — 1)th iterations (k </ + 1) in the CORDIC re-
currence iterations [(4)]. The CORDIC recurrence equations
are linear equations with respect to the digits x;,; and y;,



LIN AND SIPS: ON-LINE CORDIC ALGORITHMS

(i =0, 1,---,n—8); therefore, the errors at iteration & due to
the absence of x;,5's and y,.4’s can be decomposed into in-
dependent terms AX{x;,5, ¥;15) and AY (X5, Vis) for
i =0,1,---,n — &. Since the digits x;.; and y,,s become
known at the /th iteration, the errors made by the absence of
Xivs and y; 5 are corrected by adding AX, (x5, ¥its) and
AY, o (Xis, yiss) 0 X/, and Y| |, respectively.

In the following, we denote AXy(x;,s, ¥i.s) and
AYpix; g, Viss) as AX, and AY,, respectively. The er-
ror in Xgyr and ¥y (assuming that only x; 5 and y,.5 are
absent for fixed /) can be written as

+ AX, +mpk(Y,’( +AYgy 27F
+AX;( + mpy AY, -

X = X
:Xi.+] +AXk+1

2 k

Yk.lin+AYk—pk(XL FAX -2 K
=Y — X 27K+ AY - e AKXy 27H

=Yi. +AY . (A1)

The initial value of X and ¥ in the conventional CORDIC
recurrences are the entire input operands, so in on-line
CORDIC recurrences the initial errors are x3x;_s - - - X, and

Ys¥i4s++ Ya. The errors with respect to the digits x;,; and
Vivs are AXo(X; .5, ¥ .5) = Xipp and AYo(X;,5, Vivs) =
Yits.

The term AX; (with respect to x;,s and y; ;) con-
sists of two parts: one part depends on the digit x;,; and
the other part on y;. ;. The same holds for AY,. Denote
AXg = Me(Xiaa) +Be(yis) and AY g = (x5} + e (Vi1 s),
where A¢(x,,5) and ni(x; ;) are the terms dependent on x, 4
and Sx(¥irs) and ¢4 (y; ) arc the terms dependent on y, ;.
By observing that Aop(x;15) = Ao-Xi.5. Bol¥iss) = Bo-Yi.s,
Ho(Xies) =m0 - Xiys, and ol Yis) = o - Viss. with Ay — 1,
Bo = 0,9 =0, and ¢, = 1, we can separate the values
of Xe45 and ygys from the terms Ag, B¢, nx. and ¢y . The
following relations hold

At = A +mppmyg 20K withhg = |
Bro =B tmopde 275 withfy =0
Mol =Mk — prhg -27F withny =0
b1 = — B 2% withgp = 1. (A2)

From (A2), we can calculate Ay, By, mi, and ¢ (kK =
0, 1,---,i) independently from x;,5 and y, 5. The correction
terms at iteration ¢ can then be evaluated according to

AX (Xivs, Yies) =N - Xips +Bi - Vis

AY i (Xivss Yies) =i - Xivs + i - Vi (A3)

The equations (A2) are two sets CORDIC-like equations.
Note: In the above consideration, we assume that the index

k starts from 0, which is the case of the circular CORDIC
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{m - —1). For the hyperbolic case (m = 1), the index &
begins at 1. However, the results remain further unchanged.

APrenpix B

EstiMaTiON OF THE UpPER BoUnDs on AX il
AND AY,

The following relations hold for the correction terms
AXI* l(xi vha .ytvﬁ) and Ayt + l(xi by y1'+5),

AX:H(XH&, yuf») AX (x1+6= yHﬁ)

+mp; - AY i(xXivs, Yigs) -2

AY 1 (Xivsy Vivo) = AY i{xi45, Yiss)

~pi - AXi(x;i15, ¥is)-27. (BI)

For m = 1, with AXg(xi.s, Vies) Xivs and
AYolxiis, ¥Vivs) = Yirs (Xi45 and v, 4 are digits with a
weight of 2~ (”'5”), since J starts from 0), it can be verified
(e.g.. simply iterating the recurrence (Bl) with a computer)
that

IAX 4(xi 15, Yol < 232 .2-Gie

IAY a(xiy5, yiig)| <232 274840, (B2)

Therefore, from (B1) and (B2) it holds

i
JAXI'-i(xirén y1i5)| < 2-32'27”.6”) : H(l +2_")
=4

i
[AY i1 (Xigs, Yies)| 232270000 -H(l + 274y,

4

(B3)

Since

H(1+2 7)< H(l 2+)

9
1427/ .
H(w(l/ﬁ 2> snhh

f=4

e <114
H(l +(1//27%y)

J=1

{sinh(x) = x - H(l +x2/(1*1r )), and forj > 10,

J1

(1 +279) < (1 + 1 /(%2
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it follows
|AX ;41 (Xivs, Virs)] < 2.65.27¢+0FD
|AY i1 (Xigs, Vies)] < 2,65 .27GH+D (B4)
For m = 1, it can be verified that |AX4(x;,s,

Yise)| 211270+ and |AY 4(xirs, Yivs)] <2.1127649
(x;+5 and y; 5 have the weight of 20+ since.j starts from
1) and

[AX i1 (Xis, Yies)l <2.41.27010

|AY 1 (Xivs, Yi1g)| <241 .270F0, (B5)

Similar analysis can be made for

S IAX (X, yi) 27+ AY ia(xi, Yol
k=i+b

The procedure is to calculate the above formula for several
small values of i and then use (B4) and (B4) to estimate the
upper bound. The following upper bounds can be obtained:

1
ST IAX Gk, yi) 27+ AY (e, )] £3.2704D
k=i+&
form=1
" N .
3 Xtk yi) -2+ AV inlxk, vl 52700
k=i+8
form — —1.

ArpeENDiX C

ON-LiNE PROPERTY OF THE ScaLinGg Factor K !

In this Appendix, the on-line delay of the scaling factor
K ! is determined:

k
K =% "(1+m-¢Hh™?

I=lq

(CDH

where ¢; = p;-2~%. In order to determine the on-line delay of
(C1), the on-line condition stated in (2) will be evaluated. The
terms ¢; are considered as the input variables X of the table.
The absolute value of the differential quotient of (1 + ¢7?)~!/2
is

WL+ o)) 0] = | - ¢i(1 +oH 2. (C2)

It follows that every element g; of the vector |[VK ~'(¢)| is
of the form

k
g =|—oi(0+m-e)~ J[(+m-gh) 12 (€3)

i=fy
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A. Circular Case (m = 1)

For the circular case it holds that

k
[T +eh7

i=ip

<1 (C4)

therefore,

g <271 +273)7 (C5)
It holds that 0, 607 ... < K~! < 1, yielding ¢ = O for the
position of the most significant digit of K ~!. Therefore, from
(3) the following inequality must be satisfied:

(C6)

k
Zgr' 27k <y

i=ip

where §; is the on-line delay of the variable ¢;. It holds that
¢ = p;<2~¢. This means that this term is known at the ith
iteration; before that all digits are zero. Thus, we can define
the on-line delay of ¢; relative to ¢ as §; = 8y +i. It also
holds that (1 +2 )7 « 1, transforming (C6)

k
22_50_24 <2_50A2.in+1 < 1. (Ch

i=iy

Equation {(C7) is satisfied if 8p = 1 — 2ip. Therefore, if ;o is
known, 2ig—1 digits of the result can be generated in advance.
For the case iy == 0 a better bound can be achieved, yielding
with (C6) §y = 0.

B. Hyperbolic Case (m = —1)
For the hyperbolic case it holds that

k k
I1a — 27y H(l +27) <1 27

i-ig i=ip

+272i071 F-- _+_272iuf.k <1+ 2—2io 3 | (CS)
with 7y > 1. From this, it follows that
g <271 =277 (k27 <27 (C9)

For the hyperbolic case it holds that 1 < K~' < 1,207 ...
Therefore, also in this case we can take (» = 0 for the position
of the most significant digit of K~!. From (C9) and (C6) it
follows

k
Zz—&,—ﬁ-&-l <2—6n—2i12 < 1.

i=ip

(C10)

Equation (C10) is satisfied if 8 = 2 — 2i. Therefore, 2ig ~2
digits of the result can be penerated in advance prior ¢,y is
known. For the case iy = 1, the bound yields with (C6) §; =
0.
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AprpenDIx D
Accuracy Issues CONCERNING THE (GENERATION OF THE SCALING
FacTor

In this Appendix, it will be shown that for an accuracy
of 2" in the scaled results, only n/2 product terms of (5)
are required. A simple method is described to generate the
higher half (n/4) of the /2 product terms. Using this simple
method, the memory size of the lookup table for the on-line
generation of the scaling factor can be reduced to a square
root of the original size.

Lemma: Let

k .
Putk,io) = [[(1+m-loil - 277172,

i=fy
k .
Sm(ka 10) =1-m-. (lefl . 2"2'1) , and
i=ig
k
Dk, ig) =2 Z lpi| - 2~ A=,
f=in
withm € {1, L}andr;| € {0, 1 }.
It holds
\P1(k, io) — Si(k, io)| < (3/8) - D(k, fo),

forQ <ipg <k (Dl.a)
|P~l(k; I0) WSwl(k! io)l SD(ks io)s
forl <ip <k.

(D1.b)

Pk, io) and P_,(k,ip) are (partial) scaling factors for

m =1t and m = —1, respectively. Sp(k, iv) is the approx-
imation to P, (k, ig) and D(k, Ip) is the error bound of the
approximation.

Proof: First, we consider the case of m = 1, ie.,

(D1.a). It can be shown that it holds 1 — x/2<(1 +
x)~12 <1 —x/2 + (3/8)x? for 0 < x < 1. Using this fact
it follows that

L—lpi| 27271 < (1 +pi] - 27%)712

<1—|oi|- 2721 +(3/8) || -27%. (D2)

Equation (D2) shows that (D1.a) is true for k = ip. Now,
assume that (D1.a) is true for k = j (j > ip), we want to
show that (D1.a) is true for k = j + 1. Under the assumption
and with the fact that P (k, j) = 1, it holds

P(j +1,i0) = P1(J, o) - (1 — o] 272
> 81(j, o) — (3/8) - D{j, fo) — lpj+1] 27D
>S81(J +1,i0) —(3/8)-D{j + 1, i0) (D3)
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and
Pu(j +1,i0) <Py, o) - (1 = lojii| 272007
+(3/8) < fpjni] 274 D)
< 81(J, io) + (3/8) - D(J, io)
+lojn}- 272070 4 (3/8) - [pja] 27T
<8i(j+1,i0) + (3/8)-D(j +1,i0). (DD

From (D3) and (D4), it is shown that (D1.a) is true for k =
j + 1. Therefore, by induction it is shown that (D1.a) is true
forall k = ip = 0.

For m = —1, the proof of (D1.b) can be done in the
same way as for (Dl.a). It can be shown that it holds
14x/2 <(1-x)"12 <14x/24x* for0 <x < 1/4. 8o, 1+
i |2 %0 < (1= o] 273) 72 < 1t gy} 273! +lpe|-27¥
for i > 1. Similar to the case for m = 1, (D1.b) can be proven
by induction.

From the lemma, it follows that Pi(n — 1, n/2) = S1(n —
1,n/2) - (3/8):D(n — 1, n/2) >1— 2-"=' and Py(n —
1, n/2) <1, therefore, |P1(n — 1, n/2) — 1} <2771, Sim-
ilarly, it can be shown that |[P_i(n —1,n/2) = 1} < 2-1-2,
This means that for an accuracy of 27" in the scaled results,
only the lower 7/2 product terms in (5) are required.

Furthermore, from the lemma it follows that
Pi(n/2 —1,n/4) —Sy(nj2 -1, n/4| < (3/8)-D(n/j2 —
1, n/4) <277 Vand |P_y(n/2, nfA+ 1) —S_1(n/2,nj4+
D <D@n/2,n/4+ 1)< 2-7=3  This means that the n/4
product terms Py (n/2 -1, n/4yand P_y(n/2, n/4+1) canbe
replaced by S;(n/2—1, n/4) and S_1{n/2, n/4+1), respec-
tively. Therefore, the scaling factor can be computed by mul-
tiplying the word of the form 1.000---g;0g,..0--- (withg; =
m - ||, m € {—1,0, 1}) with the number P {n/4—1,0) (or
P_((n/4, 1)) generated from the lookup table.
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