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Abstract
Until recently, multi-stable mechanical metamaterials have been primarily used in passive energy ab-
sorption systems. However, the ability to actively program these structures has gained significant
interest, expanding their functionality to enable on-demand adaptive deformation. While existing ac-
tive programming methods effectively induce global state transitions, localized actuation remains largely
unexplored. This study introduces a novel approach to actively programming multi-stable metamateri-
als via local thermal stiffness modulation at boundary conditions. Using a polymer bi-material design
with distinct glass transition temperatures between the beam and boundary supports, the system can
transition from a bi-stable to a mono-stable state, enabling controlled snap-back behaviour after defor-
mation. An analytical model is developed to characterize the snap-through behaviour of the unit cell,
providing insight into the geometric interactions and sensitivities associated with various design param-
eters. Experimental implementation, using multiple additive manufacturing techniques, revealed key
limitations and design considerations. In particular, the importance of constraining the second buckling
mode and careful material selection emerged as fundamental design requirements for ensuring function-
ality. This work contributes to the growing field of actively programmable mechanical metamaterials,
with implications for compact motion systems in future work.

i



Acknowledgements
I would like to express my sincere gratitude to those who supported me throughout the process of
my thesis. First and foremost, I want to deeply thank my supervisors, Marcel, Pierre, and Hava.
Marcel provided me with constant guidance and enthusiasm for the research, which motivated me
to persevere through difficulties. Pierre was always available for brainstorming sessions and offered
valuable insights, while Hava encouraged me to consider different perspectives and was a constant
source of support. Together, I am incredibly grateful for their invaluable supervision. I also want to
extend my appreciation to the PME lab technicians, especially Patrick and Bradley, for their assistance
in setting up the experimental framework. They were always willing to help me navigate obstacles and
find practical solutions. Additionally, I am grateful to everyone involved in the MECOMOS meetings
for their insightful discussions, which broadened my perspective on the topic. Lastly, I would like to
thank my friends and family for their encouragement and support throughout this journey.

ii



Contents

Abstract i

Acknowledgements ii

1 Introduction 1
1.1 Mechanical metamaterials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Bi- and multi-stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Thesis research goal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Exploration of local one-directional programmability 11
2.1 One-directional programmability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Framework stimuli responsive actuation . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Concept overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.4 Stimulus evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.5 Thermally programmed transducers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Design 22
3.1 Thermal softening as a programming approach . . . . . . . . . . . . . . . . . . . . . . . 22
3.2 Detailed design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 Modelling 26
4.1 Analytical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.1.1 Fixed-Fixed boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.1.2 Variable stiffness boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 30
4.1.3 Bi-material boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.1.4 Influence of beam material on stability . . . . . . . . . . . . . . . . . . . . . . . . 36

4.2 Finite Element Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.2.1 Variable stiffness boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 39
4.2.2 Temperature dependent stiffness . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.2.3 Example simulation of Actively Programmed Multi-Stable Structure . . . . . . . 43

5 Experimental implementation 45
5.1 PolyJet printing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.1.1 DMA PolyJet Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
5.1.2 Printed samples PolyJet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.2 Fused Filament Fabrication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.2.1 DMA FFF Materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.2.2 Printed samples FFF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.3 Heat application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

6 Discussion 55
6.1 Influence of testing conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
6.2 Influence of material properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
6.3 Refined flow chart of programming approach . . . . . . . . . . . . . . . . . . . . . . . . 60

7 Conclusion 62
7.1 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

References 65

A Literature review 70
A.1 State of the art passive programmability . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
A.2 State of the art active programmability . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

iii



Contents iv

B Continuation of Analytical Model fixed-fixed boundary conditions 75

C Passive vs Active programmability 77



1
Introduction

Metamaterials are materials that exhibit enhanced or exotic macro-properties primarily due to an engi-
neered microstructure, as opposed to their material composition alone [1, 2]. The term engineered (or
architected) refers to the idea that the micro-structure is rationally designed by a human (or algorithm)
with a particular function in mind. For example, the metamaterial can be designed to have specific
properties for optical, mechanical, acoustic or electrical functionalities [3–5]. It is further important to
note that the use of micro and macro refers to a general distinction between the scale at which the
material’s structure is built (micro) and the scale at which its behaviour is observed (macro) [6]. Typi-
cally, metamaterials consist of assemblies of one or more materials arranged in repeating hierarchically
structured geometric patterns [7]. This repeated microstructure is often based on a designed unit cell, as
illustrated in fig. 1.1. The unit cell can be considered the fundamental building block, with its geometry
playing a key role in determining the properties of the material. Metamaterials can be constructed at
various length-scales (nano- to centimetre) and can also possess multi-scale arrangements [8]. However,
there is some debate on which scale separates metamaterials from meta-structures. In this work, the
term metamaterial will be applied regardless of scale, as the design principles explored here are intended
to be scalable and potentially miniaturised in future developments.

Figure 1.1: Typical build up of a metamaterial whereby the unit cell is labelled as building block [9]

1.1. Mechanical metamaterials
Among the different classes of metamaterials, mechanical metamaterials are specifically designed to en-
hance mechanical responses, such as achieving ultra-stiffness or ultra-lightweight properties [10]. How-
ever, their potential extends beyond mere enhancement, as they can also exhibit exotic and multi-
functional behaviours, including properties that are rarely found in nature [11]. Notable examples
include auxetics, negative compressibility, negative thermal expansion, and a vanishing shear modulus
[6]. One of the earliest studies on synthetic auxetic materials was conducted by Lakes, who demon-
strated these properties in polyurethane foams [12]. Auxetic materials possess a negative Poisson’s ratio,
meaning they expand in the transverse dimension when subjected to an axial tensile load, in contrast to
most natural materials which contract in transverse dimensions under the same conditions [6]. fig. 1.2
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illustrates an idealized unit cell characterized by re-entrant behaviour from Lakes’ original paper. The
“re-entrant behaviour” refers to the structure possessing the capability to fold inward upon itself when
subjected to compression, thereby exhibiting a negative Poisson’s ratio.

Figure 1.2: Idealized unit cell of Lakes’ auxetic foam [12]

Giving materials a designed structure to achieve enhanced properties is not necessarily a new develop-
ment [13]. However, thanks to the advancement of additive manufacturing (AM), more complex and
smaller architected structures have become obtainable [8]. By changing the structure at the scale at
which the “size-effect” takes place (nano-scale) it is possible to tailor the mechanical properties of a
material and optimize them for specific applications. In a broad sense, by using metamaterials, an
engineer is no longer limited by the molecular composition of a material. Furthermore, the research
of mechanical metamaterials is important not only because of the technological advancement but also
because smart artificial materials could play a vital role in sustainable innovation [14].

There are several ways to classify mechanical metamaterials. One common distinction is made on
the structural level, according to the design of the unit cells. In this manner, mechanical metamaterials
can be categorised as origami, chiral, and lattice metamaterials [15]. This classification is illustrated in
fig. 1.3. Numerous other studies have attempted to classify mechanical metamaterials, each proposing
its own definitions and categorization schemes [6, 8, 15–17]. This variety of classifications suggests that
no strict or universally agreed-upon framework currently exists.
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Figure 1.3: An example of structural classification of mechanical metamaterials. The unit phase, assembled form and
an application is presented for each class [15].

Origami metamaterials are essentially mechanisms made up of plates linked by compliant hinges based
on folded 2D sheets to form 3D structures. The general shape and properties of these types of metama-
terials can be controlled by the order, number, and orientation of the folds [8]. Chiral metamaterials
get their name from the chiral connections between periodic polygons [2]. They lack any planes of mir-
ror symmetry. Lattice metamaterials are structures composed of multiple tessellated lattice elements,
periodically assembled [15].

1.2. Bi- and multi-stability
A popular property explored in mechanical metamaterials is bi- or multi-stability. Bi-stable mechanisms,
as the name suggests, possess two stable states. This means that the mechanism can shift from one
stable state to another stable state when mechanically deformed beyond a certain energy threshold
without requiring a continuously applied load (or other stimuli) to keep it in that deformed position
[18]. To visualise this, a common bi-stable household object is a hairpin that is slightly bent upward.
When pressing down on the curve, first a high resistance is experienced until it clicks or snaps into the
stable downward position [19]. The stable states of the bi-stable mechanism can be recognized by the
two local minima of potential energy pictured in fig. 1.4b [20]. As can be seen, at dI the force versus
displacement slope transitions from positive to negative. This is the point at which the mechanism
starts to experience negative stiffness (Nm ), until it reaches a new stable position at stage III where
the force is zero and the slope is positive. This phenomenon, which in other circumstances can be an
unwanted nuisances, is considered Euler buckling. However, buckling in this context is a desired effect,
which is controlled and reversible. A mechanism can also exhibit pseudo bi-stable, or snap-through
mono-stable, behaviour whereby the system self-recovers as the load is released. This can be seen in
fig. 1.4C. Although the mechanism displays negative stiffness beyond Fmax, the force never reaches a
negative value, which means that the beam will snap-back upon the release of the load.
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Figure 1.4: (a) Schematic and (b) graphical representation of bi-stability. (c) graphical representation of a
self-recovering snapping mechanism (note that the force never reaches a negative value) [19]

Mechanical metamaterials can exhibit multi-stability when composed of bi-stable unit cells arranged
in series and parallel. Additionally, individual unit cells themselves can be multi-stable in one or more
degrees of freedom [21, 22]. This study focuses specifically on multi-stable mechanical metamaterials
with single-degree-of-freedom bi-stable unit cells. These unit cells exist in various forms, as summarized
by Xu et al. in fig. 1.5 [23]. Their classification distinguishes between 1D bi-stable structures, such
as beams, trusses, and compliant mechanisms (first row), and 2D bi-stable shell structures, including
curved surfaces and thin shell designs (second row).
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Figure 1.5: Common Bi-stable units. (a) Bi-stable beams, truss units and compliant mechanisms: (i) Von Mises truss;
(ii) constrained curved beams; (iii) inclined straight beam; (iv) rigid connection compliant mechanism with spring. (b)

Bi-stable thin shell unit: (i) dome shell; (ii) single curved surface and double curved surface [23]

Figure 1.6: Conceptual structures of multi-stable mechanical metamaterials based on curved bi-stable beams, tilted
beams and von Misses trusses, respectively [24].

The different structures and their geometric relations are described in detail by Xu et al. and Chi et al.
[23, 24]. In fig. 1.6 some conceptual examples are shown of how these unit cells could be arranged to
form multi-stable mechanical metamaterials with one degree of freedom (DOF).

The behaviour of bi-stable mechanisms is not only determined by their geometric design but also by the
method of fabrication. Different manufacturing approaches can significantly influence the energy land-
scape of snap-through transitions, ultimately contributing to the metamaterial’s functional response.
There are three main ways to fabricate bi-stable curved beams, for which different analytical models
have been developed to describe the snap-through behaviour. Hussein et al. collected these as follows
[25]:

• Pre-compressed curved beams where the beam is fabricated rectilinear then it is compressed [26–
28]

• Pre-stressed curved beams where during fabrication, the beam is buckled due to residual stress
which is added by heating or oxidation [29].

• Pre-shaped curved beams where the beam is directly fabricated in the first buckling shape mode
without residual stresses [30].

A schematic of the pre-compressed beam is represented fig. 1.7. The transverse deflection occurs when
the compressive force P exceeds a critical value P0, the beam enters in the first buckling mode either
upwards or downwards.
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P < P0

P > P0

Figure 1.7: Straight beam axially loaded to buckle and form a bi-stable beam. Whereby P < P0 and P > P0 showing
its two stable buckled configurations

The behaviour of a pre-compressed and pre-stressed curved beam is symmetrical between the two sides
of buckling, in terms of the snapping force, beam shape and stresses evolution. This symmetric energy
landscape is illustrated in (fig. 1.8) showing the two equal local minima. In contrast, when a beam is
fabricated with intrinsic curvature, its initial geometry creates an energetically favourable state. This
results in an asymmetric energy profile such that one stable state has a lower potential energy than the
other (figure on the right in fig. 1.8).

Figure 1.8: Symmetric energy landscape of (left) pre-compressed curved bi-stable beam and asymmetric energy
landscape of (right) pre-shaped curved bi-stable beam. Note the tunability for the asymmetric energy landscape. [31]

The degree of asymmetry in the system can be controlled through the beam’s geometry and boundary
conditions. Structurally, the total energy in a curved beam consists of bending and compression energy.
As the beam deflects downward, the bending energy increases, while the compression energy peaks at
the midpoint and decreases beyond that point. If the reduction in compression energy exceeds the
increase in bending energy, a negative force develops, indicating bi-stability [30]. Selecting a fabrication
method is particularly crucial at the micro-scale. Pre-compressed beams are difficult to implement
due to the challenges in applying and maintaining mechanical pre-compression at small scales. Pre-
stressed beams, while allowing for monolithic fabrication (i.e. producing the structure as a single piece
rather than assembling multiple components), present challenges in precisely controlling residual stress
[25]. Alternatively, pre-shaped curved beams simplify fabrication by directly forming the structure
in its buckled shape. Although this approach introduces asymmetry and requires specific geometric
conditions for bi-stability, it offers greater feasibility for micro-fabrication. The conditions governing
asymmetric snap-through behaviour in pre-shaped beams have been extensively analysed, making them
a promising option for bi-stable unit cells in mechanical metamaterials [30].
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1.3. Thesis research goal
The MECOMOS project (Mechanical Metamaterials for Compact Motion Systems) at TU Delft aims
to advance research on precision motion components for high-tech applications [32]. By embedding
motion functionality within metamaterials, it could potentially reduce the volume and mass of these
systems significantly. Multi-stable mechanical metamaterials are particularly promising for this purpose
because of their self-locking capabilities and ability to undergo controlled deformation in discrete steps.
However, further research is required for the design and manufacturing of such structures to function
as motion systems.

To investigate the potential of multi-stable mechanical metamaterials in line with the MECOMOS
objectives, a literature review was conducted in an internal TU Delft report [33]. This review fo-
cused on the programmability of multi-stable mechanical metamaterials, specifically those designed to
deform in a single degree of freedom (DOF) and constructed using beam-based bi-stable unit cells.
In the context of deformable mechanical metamaterials, programmability refers to the ability to con-
trol their deformation behaviour either through design or on-demand adjustments. An example of an
unprogrammed system with unpredictable behaviour is a multi-stable metamaterial composed of geo-
metrically identical stacked layers. When subjected to a displacement load, the snapping sequence of
the layers is determined by their relative stiffness, making it dependent on manufacturing variations
rather than a pre-defined order. Consequently, the collapse sequence is random or difficult to predict.
By programming the system, a specific deformation sequence can be designed. The TU Delft internal
report classified programmability into two categories: passive and active.

• Passive programmability: Designing a pre-determined deformation sequence through micro-structural
variance per layer

• Active programmability: Tuning or changing the deformation sequence and/or triggering state
changes through external stimuli

A key distinction between passive and active programmability lies in their nature. Passive programma-
bility is determined during the design phase and remains fixed after fabrication, whereas active pro-
grammability allows for re-programming of the system’s arrangement. This capability for on-demand
property modulation is also referred to as addressability. An overview of state-of-the-art examples from
the literature is illustrated in fig. 1.9.
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Figure 1.9: Visual categorization of different approaches to programming stiffness in multi-stable mechanical
metamaterials

In passive programmability, most studies focus on geometric variations, which can involve dimensional
adjustments or changes to shape and topology. In contrast, a common approach to achieve active
programmability is by incorporating active materials and activating them through external stimuli.
Under these stimuli, the metamaterials display varying properties, enabling them to meet application-
specific requirements in real-time operational settings. Some studies also explore combining multiple
stimuli for increased guidance. The literature review focused on the most prevalent stimuli (magnetic
and thermal inputs) but there are examples of multi-stable mechanical metamaterials programmed
using alternative stimuli, such as light or chemicals [34]. The more detailed table of passive and active
programming approaches in recent literature can be found in appendix A. A number of research gaps
related to the potential of multi-stable mechanical metamaterials as compact motion systems were
highlighted in the conclusion of the review:

• Limited methods for local actuation to enable re-configurable positioning in mechanical metama-
terials.

• Lack of exploration of mechanical metamaterials that achieve large motion range with high preci-
sion, such as designs with varying layer sizes.

• Lack of miniaturization of actively programmed multi-stable mechanical metamaterials.
The first research gap, local actuation, is critical because a motion system may require precise control
over deformation states at specific locations. Current designs primarily rely on global actuation, limit-
ing adaptability and fine positioning. The second gap concerns the balance between motion range and
precision. Most existing designs do not incorporate variations in step sizes, which could allow for both
coarse and fine positioning within the same system. The third gap relates to scalability. Almost all
studies on actively programmed multi-stable mechanical metamaterials focus on macro-scale structures,
whereas the intended application of compact motion systems requires functionality at micro-scale. In-
vestigating how actively programmable multi-stable mechanical metamaterials can be effectively scaled
down while preserving their functional properties remains relatively unexplored.

This thesis addresses the research gap of local actuation in multi-stable mechanical metamaterials.
Specifically, the goal is to design a multi-stable mechanical metamaterial with local one-
directional programmability activated through external stimuli. The approach targeted two
main functional requirements, which are listed below:
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• The design must allow for one-directional programmability through external stimuli.
• The design must be able to program layers individually through local actuation.

(a)

(b)

Figure 1.10: Visual representation of the desired programmability through the chosen functional requirements. (a)
After mechanical loading, system unloads through external stimulus, (b) Use of combined mechanical load with local

stimulus to adapt deformation sequence

One-directional programmability refers to the ability to trigger a unit cell or row to transition from one
stable state to another without necessarily enabling reverse switching (bi-directional programmability).
In this case, the structure can be mechanically deformed and subsequently activated to snap back using
an external stimulus, as illustrated in fig. 1.10a. The motivation for this functional requirement lies in
its potential to enable a reprogrammable multi-stable mechanical metamaterial, allowing the motion
system to reset its position as needed. This capability enhances adaptability compared to a system
that is only passively programmed. The second requirement describes the level of programmability that
the design should be able to achieve. Currently, most state-of-the-art solutions program multi-stable
mechanical metamaterials globally, adjusting the entire system. Through local actuation of individual
layers, one could have more addressable control. Furthermore, one could use local actuation for an
adjustable deformation sequence (see fig. 1.10b) by combining a mechanical load with locally applied
stimuli to specific layers. A higher form of programmability would be at the unit cell level, which could,
for example, be used to introduce tilted stable positions [22]. However, for a system which functions as
a one-degree-of-freedom stepper, tuning layers will provide sufficient addressability.
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Figure 1.11: Tilted positions of multi-stable mechanism by Zhang et al. [22]

This thesis begins with an exploration of concepts that aim to achieve local one-directional programming
in chapter 2. These concepts were primarily inspired by existing literature, providing a foundation for
identifying strategies that could be further developed. Following a broad evaluation of the expected
performance and feasibility of the proposed concepts, thermal stimuli emerged as the most promising and
suitable for the intended functionality. A more detailed review of existing thermally activated solutions
was conducted, which ultimately led to the selection of thermal softening of boundary conditions as
the chosen programming approach. The approach and design are detailed in chapter 3, followed by the
analytical and finite element model in chapter 4. In an attempt to verify the approach, physical samples
were manufactured for an experimental setup, described in chapter 5. Throughout the experimentation
process, several challenges were encountered, offering valuable insight into the working principle of the
design and its limitations. These results are discussed in chapter 6. Finally, a conclusion of the key
findings and recommendations for future work are presented chapter 7.



2
Exploration of local one-directional

programmability
In this section, various concepts are proposed to achieve local one-directional programmability of unit
cells in multi-stable mechanical metamaterials. The primary focus is on enabling one-directional tran-
sitions at the unit cell level, which could later be extended to a layer. First, the motivation behind
achieving one-directional programmability in these systems is briefly explained. This is followed by the
construction of a framework for stimuli-responsive actuation for desired kinematics, to inspire potential
approaches in section 2.2. The subsequent section provides a structured overview of some of these
concepts in section 2.3. Finally, the stimuli are holistically evaluated, aimed at current and future
feasibility. The outcome of this evaluation provides the programming approach chosen for the thesis
project, which will be detailed in chapter 3.

2.1. One-directional programmability
To illustrate the motivation behind achieving one-directional programmability in multi-stable mechan-
ical metamaterials, consider a passively programmed system with two layers that can be mechanically
loaded and unloaded. A system with n layers has 2n stable configurations; therefore, this system has four
unique configurations: (0,0), (1,0), (1,1), and (0,1), where 0 represents an open layer and 1 represents
a closed layer. The achievable deformation sequences for this system are presented in fig. 2.1a.

(0,0)start (1,0) (1,1)

(0,1)

load

unload

(a) Passive: Mechanical Loading and Unloading

(0,0)start (1,0) (1,1)

(0,1)

load

stimulus

(b) Active: Mechanical loading and external stimulus

Figure 2.1: State Transition Diagrams for Different Actuation Methods

Starting from the fully open position (0,0), applying one global mechanical load (black arrow) causes
the first layer to snap, transitioning the system to (1,0), as this layer has the lowest energy threshold.
If the system is then unloaded (dashed arrow), it returns to its initial (0,0) position. If the system is
loaded twice, it reaches the fully closed state (1,1). However, when unloading from (1,1), the system
does not revert to (1,0), but instead transitions to (0,1) because, during unloading, the first layer again
has a lower energy threshold. This reveals a key limitation of passive programmability for motion

11
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systems: to transition from (1,1) to (1,0), the system must be fully unloaded back to (0,0) and then
reloaded, rather than directly transitioning. In contrast, a system with one-directional programmability
via an external stimulus introduces additional transition paths, as illustrated in fig. 2.1b. In this
system, the black arrows again represent global mechanical loading, while the dashed arrows indicate
stimulus-induced transitions. Compared to the passive system, two new paths (highlighted in red)
are introduced, allowing direct transitions between configurations without full unloading. Specifically,
a localised stimulus can be applied to the second layer to reset it to its initial state, allowing the
system to override the predetermined deformation sequence imposed by its geometry. As the number
of layers increases, the available transition paths in the actively controlled system grow exponentially,
far surpassing those of the passive system (see appendix C for a more detailed explanation). This
enhanced tunability highlights the advantages of local and one-directional programmability in multi-
stable mechanical metamaterials, thereby demonstrating the motivation behind this research.

2.2. Framework stimuli responsive actuation
Decroly et al. introduced a framework for programmable stimuli-responsive actuators in soft robotics,
providing a valuable categorization of potential design approaches for this exploration [35]. The frame-
work comprises four main sections that describe the programming of stimuli-responsive mechanisms
for specific deformations: stimulus, transducer, extrinsic asymmetry, and kinematics. The key
take-away is that in order to obtain guided kinematics, there must be at least some form anisotropy/di-
rectionality in either the stimulus or the transducer. Otherwise, the directionality must be integrated
through extrinsic asymmetry. Each separate section is detailed as follows:

Stimulus
The stimulus is the source of energy activating the mechanism. Stimuli are categorized as either
isotropic or anisotropic:

• Isotropic stimuli: These lack intrinsic directionality, examples include pressure, light, thermal,
or chemical stimuli (e.g. pH or solvents).

• Anisotropic stimuli: These inherently have directionality, examples include electric or magnetic
fields.

Isotropic stimuli can gain directionality when applied locally, allowing them to mimic the effects of
anisotropic stimuli.

Transducer
The transducer transforms the energy from the stimulus into mechanical deformation. In addition to
deformation, transducers may also produce other effects, such as stiffness variation or converting stim-
ulus energy into another form (e.g. light to heat). Transducers can take the form of stimuli-responsive
materials (e.g. shape memory polymers) or structures (e.g. dielectric elastomers). Transducers are
further categorized as isotropic or anisotropic:

• Isotropic transducers: These produce uniform mechanical deformation. To achieve specific di-
rectional movement, they require extrinsic asymmetry, which provides guidance for a particular
motion.

• Anisotropic transducers: These exhibit intrinsic asymmetry and can directly generate guided
deformation. (e.g. magnetized components, dielectric elastomer)

Extrinsic asymmetry
Extrinsic asymmetry guides the deformation into the desired kinematics through mechanical constraints.
Asymmetry can, for example, be integrated through material customisation, multi-material de-
signs, and geometry modification. As mentioned extrinsic asymmetry is necessary to guide isotropic
transducers but it can also be applied to anisotropic transducers for increased guidance. Decroly et al.
classifies passive asymmetry as mechanical constraints which do not rely on simulation and active asym-
metry which is controllable and triggered by an additional stimulus. However, in their framework, there
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is only one example of this which is stiffness variation. In this study only passive extrinsic asymmetry
will be considered.

Kinematics
The author sorts the four basic kinematics as: shear, twisting, bending and elongation-compression (see
fig. 2.2). When considering a beam with a fixed extremity, it corresponds to the six degrees of freedom
of the other extremity.

Figure 2.2: Four basic actuator kinematics corresponding to the six degrees of freedom of a surface when considering
the other side fixed: three translations (elongation/compression δx and shear δy and δz) and three rotations (twisting θx

and bending θy and θz). [35]

The roadmap illustrated in fig. 2.3 shows an overview of the various programming methods discussed
in the paper by Decroly et al. It serves as inspiration for how the concepts for this study can be
categorised.

Figure 2.3: Roadmap of actuator design from stimulus to actuation. Each actuator reviewed in the paper by Decroly
et al. is represented by a set of arrows. The arrow colours indicate the main transducer principle used to generate a

deformation.[35]

2.3. Concept overview
A framework tailored to the focus of this study is constructed, based on the one presented in fig. 2.3.
Modifications were made to focus specifically on programming curved bi-stable beams rather than the
broader category of soft robotics. Certain transducers were excluded due to their incompatibility with bi-
stable beams, while trans-cis isomerisation (light based) and thermal softening (an effect in amorphous
polymers) were added due to their potential in achieving the desired one-directional programmability.
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This refined framework is presented in fig. 2.4. To narrow down the scope of this exploration in this
study, mainly solutions for bending and elongation were used as desired kinematics in the framework
of this study. Another addition is the location of where the kinematics is activated by the stimuli
and transducer. This is specified as either being at the boundaries or on the bi-stable beam. The
revised framework includes potential paths to achieve the desired kinematics, of which many have been
incorporated in a table of concepts presented in table 2.1 and table 2.2. To enhance feasibility, most
concepts draw inspiration from existing literature on programming bi-stable mechanisms. However,
some paths in the framework represent potential solutions that have not been (fully) explored in prior
research. In some cases, the entire pathway from stimulus to kinematics is novel, for example, using
light actuation to trigger trans-cis isomerisation to bend boundary conditions of a bi-stable beam. In
other cases, only a specific aspect remains unexplored, such as the use of localised heat for thermal
softening. The novel paths are indicated by dotted lines in the framework.

Magnetic field

Electric field

Current

Localized heat

Localized light

anisotropic

Stimulus

Magnetization

Shape memory polymer

Dielectric elastomer actuator

Ionic actuator

Trans-cis isomerization

Thermal expansion

Thermal softening

Transducer

anisotropic

isotropic

Extrinsic asymmetry Kinematics

Light

Heat 

isotropic

None

Material customisation

Multi-material

Geometry Bending

Bending

Elongation – Compression

At boundaries

On Beam

Figure 2.4: Framework for stimuli-responsive actuation for one-directional programmability of bi-stable beams

The tables 2.1 and 2.2, show some of the potential approaches for one-directional programmability
of bi-stable beams. The tables are divided between their location of activated kinematics, either at
the boundaries or on the beam. For the concept images of the activation at the boundaries, just the
boundary is illustrated. The literature used as inspiration is noted for each concept alongside the field
of application intended by the authors.

Table 2.1: Activation at Boundaries

Concept
Image Stimulus Transducer How It Works Application in

Literature

(Localized)
heat

Thermal
softening or

SMP

Heat reduces stiffness
allowing bending of side

supports

Adaptive structures,
self-deployable

structures [36, 37]*

(Localized)
heat

Thermal
softening or

SMP

Heat reduces stiffness of
allowing bending bottom

plate

Adaptive structures,
deployable

metamaterials [38]*
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(Localized)
heat

Thermal
expansion,
geometry

Difference in thermal
expansion of arms causes

supports to bend

Aerospace, MEMS,
microfluidics [39]

Magnetic
field Magnetization

External magnetic field
induce bending of

boundaries

Microfluidics, droplet
transport [40]

Magnetic
field Magnetization

External magnetic field
induce bending of

boundaries

Soft reconfigurable
electronics, magnetic

switching [41]

Electric Ionic
actuation

Electric fields cause ion
migration inducing

bending of boundaries

Biomedical devices,
soft robotics [42]

Electric Dielectric
elastomers

Applied voltage induces
deformation of

boundaries

MEMS, soft robotics,
biomedical devices [42]

* Indicates reference paper also aimed at programming bi-stable unit cells.

Table 2.2: Activation on the Beam

Concept
Image Stimulus Transducer How It Works Application in

Literature

(Localized)
Heat

Thermal
softening,

multi-
material

Heat lowers stiffness of
activated beam material,

inducing snap-back

Adaptive structures,
deployable

metamaterials [38]*

(Localized)
Heat

Thermal
expansion,

multi-
material

Distinct thermal
expansion causes beam to

bend

Soft micro actuators
[43]

Magnetic
field

Embedded
hard

magnets

External magnetic field
exert torque causing

bending of beam

Aerospace, biomedical,
flexible electronic

devices [44]*

Magnetic
field

Magnetization,
material cus-
tomization

External magnetic field
induce snap through of

beam

Robotics, MEMS,
programmable devices

[45]*

(Localized)
Light

Trans-cis iso-
merization

Light triggers molecular
conformation changes
leading to bending of

beam

Micro robotic
structures [46]

* Indicates reference paper also aimed at programming bi-stable unit cells.

2.4. Stimulus evaluation
The concepts presented in tables 2.1 and 2.2 are not exhaustive but represent potential approaches for
achieving one-directional programmability. Numerous other methods exist for programming bi-stable
unit cells to achieve controlled deformation, as reviewed by Zhang et al. [47]. To refine the selection,
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the stimuli are compared on the basis of their advantages and limitations. Given that this research is in
an exploratory phase, the primary objective is to demonstrate feasibility rather than optimise factors
such as speed, precision, or efficiency. As a result, simplicity in both the stimulus and its applicable
transducer is a key criterion in determining the most suitable solution direction. Additionally, the
challenges associated with integrating the selected approach into three-dimensional structures must be
considered, as this will be crucial for future applications requiring multi-degree-of-freedom compact
motion systems. Since the goal is to achieve local programmability, isotropic/globally applied stimuli
are excluded from the evaluation.

Evaluation of Stimuli

Stimulus General properties Applicable
Transducers

3D Transferability
Risks

Magnetic Field Wireless control, fast re-
sponse rate but requires
bulky actuation setup

Magnetization-
based transduc-
ers

Magnetic fields may cause
interference between adja-
cent units, requiring pre-
cise alignment or shield-
ing.

Electric Field Rapid response, suitable
for micro-scale applica-
tions, but requires wired
integration.

Dielectric elas-
tomer actuators,
Ionic actuators

Wiring complexity can
limit scalability; miniatur-
ization may be needed for
compact systems.

Localized Heat Simple implementation,
but low efficiency and
precision.

Shape memory
polymers, Ther-
mal expansion,
Thermal soften-
ing

Heat dissipation may af-
fect neighbouring struc-
tures; thermal gradients
need careful management.

Localized Light High spatial precision, but
requires complex optical
setup.

Trans-cis iso-
merisation,
Photothermal
actuators

Optical pathways may be-
come difficult to reach in-
side 3D-tessellated struc-
tures

Table 2.3: Evaluation of Stimuli Based on Ease of Actuation, Applicable Transducers, and 3D Transferability Risks

Although magnetic and electric field-based actuation offers fast response times, they introduce addi-
tional complexity due to tuning of an external field. Localised light also offers spatial precision, but
may become more challenging to implement in a 3D structure. In contrast, localised heating, while less
energy-efficient and precise, provides the simplest and most experimentally achievable approach. As a
result, localised heating was selected as the preferred stimulus for this study. This choice is further sup-
ported by the availability of compatible transducers, such as shape memory polymers (SMPs), thermal
expansion, and thermal softening, all of which have been explored in recent literature for programming
mechanical metamaterials. However, compared to SMPs and thermal softening, thermal expansion re-
mains relatively unexplored. Consequently, it was not considered further in this study. The following
section will provide a detailed description of the two more common thermally programmed transduc-
ers, SMPs and thermal softening, based on recent studies, to justify the selection of the most suitable
approach for this research.
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2.5. Thermally programmed transducers
Building on the evaluation in Section 2.4, this section examines the Shape Memory Materials (SMMs)
and thermal softening, to achieve programmable deformation in bi-stable structures. SMM are materials
which possess a unique capability to be programmed into temporary configurations and subsequently
return to a predefined initial configuration upon exposure to various stimuli such as heat, light, wa-
ter/humidity, and magnetic fields [48]. They are an attractive mode of actuation for this study due to
their reversible and “directional” nature. An example where SMPs are used to program a deforming
lattice structure via heat is presented in fig. 2.5a [48]. The authors focus on programming a specific
transformation time or deploying sequence through geometric variance under a uniform stimulus (heat).
In the context of this study’s framework, their design employs an anisotropic transducer in combination
with extrinsic asymmetry (geometry) to increase the guidance of the deformation. A lattice structure
with varying layers is presented in fig. 2.5b.

The programming method in this example consists of the following steps, represented graphically in
fig. 2.5a. During the loading stage, a displacement load is applied to the top of the structure at 62◦C
until t = 100 s. In the cooling step, the temperature is reduced to 22◦C over 15 s while the structure re-
mains fixed, maintaining this temperature until t = 200 s. During the unloading step, the displacement
constraint is released, resulting in a small recovery strain in the structure. The deformed configuration
in this step is commonly referred to as the temporary configuration. Finally, during the heating process,
the structure is heated up to a temperature of 62◦C within 15 s, and this temperature is maintained
until the structure fully recovers its original shape. An important distinction is that this programming
method does not work if the unit cells are bi-stable. It fails to return to its original shape because
the thermal recovery stress cannot overcome the strain energy barrier of these bi-stable structures.
Therefore a limitation of using shape memory to program is that it does not have inherent self-locking
capability and always needs to be re-programmed under stimulation to the temporary shape.

(a)

(b)

Figure 2.5: (a) FE simulation of the shape memory process of a classical V-beam structure: Displacement and
temperature over time. (b) Three-dimensional model of an SMP lattice structure and its building blocks of varying

geometry [48].

Due to this disadvantage, a suggested alternative to SMPs is using thermal softening to mimic the
shape memory effect [36, 49]. With this approach, there is no programming step required to give the
structure a temporary shape, as only the stiffness is tuned to transition a deformed bi-stable beam into
its initial state. The working principle requires an asymmetric energy bias for the initial state. This is
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Figure 2.6: Displacement – time response and snapshots of FE and experimental analyses for a 1D unit cell [36]

an intrinsic property of curved bi-stable beams which are manufactured into their shape rather than a
straight beam tensioned to buckle, as described in chapter 1. An example of this programming approach
is displayed in fig. 2.6 from a paper by Niknam et al. [36]. The unit cell is deformed mechanically into
its second stable state at room temperature. When the temperature is increased, the unit cell restores
its original shape at a certain transition temperature.

This is a significantly more simple programming approach compared to SMPs and has been demon-
strated in literature through various designs and materials [36, 38, 49–52]. However, unlike SMPs,
thermal softening is an isotropic transducer, which means an extrinsic asymmetry is required to achieve
a directed kinematic response. The most common technique in literature is the use of multi-material
designs. A so called “active” material can be applied either directly to the beams or at their boundaries,
while the base material of the beam is commonly constructed out of a “passive” material. The passivity
comes from its relatively independent stiffness over the entire operating temperature range, whereas the
active material will undergo drastic variation in stiffness. This measure of stiffness is more commonly
described as its elastic or storage modulus (E’). The storage modulus is the measure of elasticity of ma-
terial, or the ability of the material to store energy elastically. It is commonly measured with a dynamic
mechanical analysis (DMA), which can also be used to measure the loss modulus (E”). This represents
the viscous part or the amount of energy dissipated in the sample being tested. If the storage modulus
is greater than the loss modulus, then the material can be regarded as mainly elastic. Conversely, if loss
modulus is greater than storage modulus, then the material is predominantly viscous (it will dissipate
more energy than it can store, like a flowing liquid) [53]. The ratio of the loss modulus to the storage
modulus is defined as the damping factor or loss factor and denoted as tan δ. Tan δ indicates the
relative degree of energy dissipation or damping of the material. The peak of the loss factor can be
used as an indication of the Tg. These moduli and their relation to each other are illustrated in fig. 2.7.

Figure 2.7: a. Applied strain and measured stress for materials with damping-like behaviour, where a phase angle �
appears between input and output. b. Relation between modulus components and the measured phase angle δ [54]
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All polymers that are amorphous or contain amorphous regions (semi-crystalline polymers) exhibit a
glass transition temperature Tg. Below the Tg, these materials behave as rigid, glassy solids, whereas
above this temperature, they become significantly softer and more flexible, functioning either as elas-
tomers or highly viscous liquids. In this transition region, mechanical properties undergo substantial
changes, with the storage modulus potentially decreasing by over three orders of magnitude as the
temperature increases. Due to these drastic property variations, Tg is considered a key characteristic
defining the mechanical behaviour of polymers [55].

Programming a bi-stable beam to become mono-stable through thermal softening can be achieved via
two possible combinations of storage moduli of the active and passive materials in the bi-stable design.
The passive beam material can either have a Tg far below or far above the operating temperature. For
the design with a beam Tg far above the operating temperature, there are two variations where either
the beam is more or less stiff than the support. These three possibilities are illustrated in fig. 2.8. The
storage moduli presented in these figures are arbitrary and merely indicate the potential options for
applying this programming approach.
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Figure 2.8: The three possible combinations of storage moduli of the active and passive material for thermal softening
as a programming approach.

An example of a design using a beam with a Tg below the operating temperature, meaning the beam is
in its rubbery-state, was presented in fig. 2.6. Niknam et al. uses a beam made out of Thermoplastic
Polyurethane (TPU) and bi-material boundaries of TPU and Carbon-Fiber-Reinforced (CFR) Nylon.
The CFR Nylon is the active material and acts as a stiff material which is placed at the boundaries.
The storage modulus and loss factor (tan δ) of the two materials are presented in fig. 2.9.
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Figure 2.9: This figure presents the average results for storage moduli versus temperature of the materials used in the
unit cell. The standard deviation is shown by highlighted areas.[36]

The softening effect can be observed in both materials, however, the trend is quite different. In the case
of TPU, we observe a monotonic decrease of storage modulus, while for CFR-Nylon there is a sharp
drop between 45◦C and 80◦C which represents its glass transition. This is further illustrated by the
peak in Nylon’s loss factor. By increasing the relative width of the stiffer material in the supports of
the unit cells, the equivalent stiffness of the wall increases. This directly affects the bi-stability of the
beam and thereby the transition temperature, at which the system becomes mono-stable. To illustrate
this effect, designs with varying wall thicknesses and strut angles are investigated through finite element
analysis, displayed in fig. 2.10.

Figure 2.10: (a) Force-displacement and temperature-displacement diagrams for a hierarchically tessellated thermally
bi-stable structure with θ = 50◦ and t

L
= 0.028. (b) Force-displacement and temperature-displacement diagrams for

horizontal and heterogenous tessellation of thermally bi-stable structures with θ = 50◦ and t
L

= 0.028 and alternative
wst
w

[36]
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The force-displacement diagram in fig. 2.10a shows that the structure undergoes a series of snap-through
transitions in a sequence starting from the smallest unit cell to the largest. When the temperature is
increased, the smallest to largest unit cell is restored to its initial configuration, in the same sequence.
The force-displacement curve of the horizontal and heterogenous tessellation resembles a single unit
cell snap-through behaviour (blue curve). However, upon increasing the temperature, the temperature-
displacement curve is different. With rising temperature, the cell’s unload depending on the width of
the active material in the support. These tessellation strategies demonstrate the potential to customize
the response of a multi-stable system at different temperatures.

The alternative option, in which the Tg of the beam is significantly higher than the active material’s,
was demonstrated by Zhang et al. [49]. The unit cell of this example in recent literature is presented in
fig. 2.11a. In this design, both materials are below their glass transition temperature at the bi-stable
operating temperature (To). The respective storage moduli of the beam material (m1) and the support
material (m2) are presented in fig. 2.11b. At low temperatures, the moduli of m1 and m2 are compa-
rable, and the boundary conditions act as fixed. As the temperature increases, the support material
softens, whereas the beam material remains relatively stable in its storage modulus. At the transition
temperature, the deformed beam snaps back into its initial configuration. This demonstrates that the
programming approach can effectively be applied to system whereby the beam is in its glass-state.

(a) (b)

Figure 2.11: (a) the parametric design and (b) storage moduli of materials used by Zhang et al. [49].

Previous studies have successfully programmed transitions from bi-stable to mono-stable behaviour
using global heat application. This study aims to enhance the programmability of this approach by
introducing localised heat stimuli, applying heat to individual layers rather than to the entire structure.
Although prior research has explored embedding active materials within or on top of the beam [38, 51],
this study adopts boundary heating instead of direct beam heating. Boundary heating offers practical
advantages: external heating can be applied on the sides of the system and it avoids modifications to
the beam’s material composition and geometry. By preserving the beam’s shape, it becomes easier to
create an analytical model to describe its snap-through behaviour.

Overall the selected approach employs localised heating as the external stimulus, thermal soft-
ening as the transducer, and a multi-material design to introduce extrinsic asymmetry, enabling
bending of the boundaries. The active modulation of the boundary stiffness, facilitates the tran-
sition from bi-stability to mono-stability in a deformed beam. This final concept selection meets the
functional requirements outlined in section 1.3. The complete methodology and final design are further
detailed in chapter 3.



3
Design

In chapter 2, concepts were proposed to tune the energy landscape of asymmetrically bi-stable beams
to transition to mono-stability via external stimuli. The selected solution enables this effect using
localized heat to tune the stiffness of the boundary conditions of the beam. In order to reach the
desired kinematics of the beam an extrinsic asymmetry is implemented by using multiple materials in
the design. In this section the programming approach is fully described and a novel design is proposed.

3.1. Thermal softening as a programming approach
As described in section 2.5, thermal softening can be implemented in different ways, leading to varying
degrees of programmability. The possible outcomes based on different design choices are summarised
in fig. 3.1. The fundamental requirement for this approach is that the beam must exhibit asymmetric
bi-stability. This can be achieved by fabricating the beam with an intrinsic curvature. A key design
choice is whether the structure is composed of a single material (mono-material) or multiple materials
(multi-material).

• Mono-material: Mono-material structures cannot achieve a transition from bi-stability to mono-
stability through temperature variation. This limitation arises because the approach relies on a
change in relative stiffness between the boundaries and the beam. If both components experi-
ence an identical change in storage modulus with temperature, there will be no change in rela-
tive stiffness. This means the critical force magnitudes may vary, but the overall shape of the
force-displacement curve remains unchanged. However, mono-material structures can still be pro-
grammed to control deformation sequences. By applying localised heat to specific layers, their
stiffness can be selectively tuned so that under mechanical loading, those layers snap first. This
type of programmability has been demonstrated in previous studies [50].

• Multi-material: Multi-material structures introduce a passive beam material and an active
boundary material. This enables a more versatile programming approach. The beam material
can either be:

– in its rubbery state (Tg ≪ To), or
– in its glassy state (Tg ≫ To).

The active material must always have a Tg above the neutral operating temperature (To) but
within the overall operating range.

After this selection, the geometry must be tuned so that at neutral To, the boundaries function as
near-fixed constraints but become sufficiently soft at the transition temperature Tt.

• In theory: If the glass transition temperatures of the materials are sufficiently spread out, a
transition temperature Tt will always exist.

22
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• In practice: The desired Tt may not align with achievable dimensions due to fabrication lim-
itations. If the ideal Tt cannot be achieved, the system can still be programmed for specific
deformation sequences. The addition of a second material inherently increases the programma-
bility compared to a mono-material structure and can be used to modify the force-displacement
curve.

In an optimal scenario, the geometry and material properties can be precisely tuned so that a transition
temperature Tt exists at the desired temperature, and the system can be manufactured with the required
dimensions. This would allow for full programmability of bi-stability to mono-stability through thermal
stiffness modulation of the boundary conditions.

Asymmetrically bi-stable beam

Material

mono-material multi-material

Beam Tg

Tg ≪ To Tg ≫ To

Geometric tuning

Tt exists?

Deformation sequence tuning Bi- to mono-stable tuning

No/Yes Yes

Figure 3.1: Flowchart of thermal softening as a programming approach for asymmetrically bi-stable beams.

3.2. Detailed design
The two most relevant studies from the literature that utilise thermal softening as a programming
method for bi- to mono-stable tuning were discussed in section 2.5. These works highlight significant
variations in design approaches, particularly in beam shape, material selection, and support geometry
and composition. For instance, Niknam et al. used a truss-shaped beam whereas Zhang et al. made use
of curved beams. While both designs relied on activating the material in the support boundaries, their
designs differ in support composition. Niknam et al. used bi-material supports with a relatively stiff
active material and a flexible passive material. In contrast, Zhang et al. employed a relatively flexible
active material in single material supports. The relative stiffness of the active and passive materials
strongly influences the geometry of the support system. For the mechanism to maintain bi-stable be-
haviour at To, the boundary conditions must be sufficiently stiff to reach near-fixed conditions. If the
active material has a relatively low elastic modulus at To, the width (ws) relative to the height (hs) of
the supports must be increased to compensate. The geometry of the supports will in turn influence the
mechanics during deformation, whereby bending stiffness dominates when hs

ws
> 0.8, and shear stiffness

governs at lower ratios [56]. This demonstrates the potential variations of this programming approach.
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For this project, the curved beam shape introduced by Qiu et al. [30] has been chosen due to the
extensive analytical models available for its snap-through behaviour. The remaining design choices can
be systematically organized in a table to identify novel directions for further exploration, see table 3.1.
Note that both Zhang et al. and Niknam et al. make use of a multi-material design but that the table
distinguishes whether the support is single or multi-material.

Beam Tg Support Stiffness Support Composition Reference
Tg ≪ To Bending Multi-material Niknam et al. (2022) [36]
Tg ≫ To Bending Multi-material This study
Tg ≪ To Bending Single-material -
Tg ≫ To Bending Single-material -
Tg ≪ To Shear Multi-material -
Tg ≫ To Shear Multi-material -
Tg ≪ To Shear Single-material -
Tg ≫ To Shear Single-material Zhang et al. (2021) [49]

Table 3.1: Overview of design choices, tested configurations, and novel possibilities.

The decision to investigate a design with a rubbery or glassy beam is closely related to the future
applications of the MECOMOS project. This project explores the potential of PolyEther Ether Ketone
(PEEK) as a base material for mechanical metamaterials in compact motion systems. PEEK is a high-
performance polymer known for its superior mechanical properties and chemical resistance, making it
widely used in the automotive, aerospace, industrial equipment, and biomedical industries [57]. With a
relatively high glass transition temperature of approximately 145 to 150◦C, PEEK beams are expected
to remain in their glassy state under most operating conditions. In fig. 3.2, one can see the DMA
results of PEEK and another high-performance polymer, Polyetherimide (PEI), along with a composite
whereby the material undergoes both glass transitions.

Figure 3.2: DMA plots of multilayer PEEK/PEI, PEEK and PEI (a) storage modulus and (b) loss modulus (at 5Hz)
[58]

As a result, this study focuses on programming unit cells with glassy beams. A choice must also be made
regarding the geometry and composition of the supports. Using bending beams offers the advantage of
tuning support stiffness by adjusting their length. Additionally, bending beams can be easily connected
to a straight bottom plate, whereas shearing supports may introduce challenges due the beam requiring
enough vertical space for its second stable position. Specifically, if the support height is shorter than
the beam’s apex height, the bottom plate may require modifications to accommodate snap-through
behaviour. Therefore, while shearing supports present an interesting area for further study, bending
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beams offer a simpler and more practical implementation. Furthermore, opting for multi-material sup-
ports expands the range of usable materials. Softer materials can be reinforced with the passive beam
material, maintaining a bending-dominant geometry. A potential drawback of using multi-material
supports is the added complexity in the fabrication process. However, since the overall design already
integrates multiple materials between the beam and support for functional purposes, this approach
could be used to create smoother transition between the beam and support, improving both adhesion
and structural cohesion.

The parametric model of the design is illustrated in fig. 3.3a. The row design is guided by the decision
to employ bending supports (see fig. 3.3b). Unlike the work by Zhang et al., this design incorporates
a gap for the bending of the supports. Furthermore, the heat stimulus will be localized to enhance
programmability, offering a notable improvement over the current state of the art. The final selection
results in a novel design for the thermal programming of multi-stable mechanical metamaterials.

(a)

(b)

Figure 3.3: (a) Dimensions of proposed design for unit cell and (b) indication of a 4x3 layered structure for
multi-stable mechanical metamaterial
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Modelling

This chapter develops an analytical model to describe the snap-through behaviour of a bi-stable unit
cell with temperature-dependent boundary stiffness. By extending existing models for curved bi-stable
beams, it incorporates multi-material boundary conditions which are temperature dependent. This
gives insight on the stability thresholds and transition behaviour of the proposed design. Subsequently,
finite element analysis is used to verify the analytical predictions and explore more complex geometries
beyond analytical constraints in section 4.2.

4.1. Analytical model
The analytical model for the design proposed in chapter 3 is built upon existing literature. The foun-
dation was established by Qiu et al. with an analytical model describing a fixed-fixed curved bi-stable
beam [30]. This model uses superposition of different buckling modes, whereby the first three modes play
a significant role in determining the beam’s bi-stability. Building on this work, variations are introduced
where the fixed-fixed boundary condition is replaced by boundaries with variable stiffness [49, 59]. The
last adjustment implements boundaries made up of two distinct materials with varying geometry and
elastic modulus. The final analytical model is able to describe the snap-through behaviour a bi-stable
unit cell supported by multi-material boundary conditions with temperature dependent stiffness.

4.1.1. Fixed-Fixed boundary conditions
Qiu et al. introduced an analytical model for a fixed-fixed (or clamped-clamped) pre-curved beam
which is based on the principle of mode superposition [30]. It is inspired from a bi-stable buckled
straight-beam, where a straight beam is axially compressed to buckle to two stable positions. First the
straight beam is described, which will be the mathematical foundation for the buckling analysis of the
pre-curved beam. Based on small deformation hypothesis from Timoshenko et al. [60], the buckling
equations describes a straight beam subjected to axial load p:

EI
d4w

dx4
+ p

d2w

dx2
= 0 (4.1)

where w is the lateral beam displacement, E is the Elastic modulus of the beam, and I is the moment
of inertia of the beam. For clamped-clamped conditions, the following boundary conditions are in place

w(0) = w(l) = 0,

(
dw

dx

)
x=0

=

(
dw

dx

)
x=l

= 0 (4.2)

The axial force can be normalized by

N2 =
pl2

EI
(4.3)

In order to have nonzero solutions, N must satisfy

26
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This allows two kinds of solutions, namely
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]
, Nj = (2j + 1)π for j = 2, 4, 6, . . . (4.6)

where C is an arbitrary constant, Nj is the jth mode of the normalised axial force N. In order to apply
this analytical model to a pre-curved beam, Qiu et al. suggests to take the shape of the straight beam
buckled in its first mode, j = 1, to be the as-fabricated shape of the beam. It has proven to be an
adequate estimation for describing snap-through behaviour and has been adopted in numerous papers
as analytical model [37, 59, 61]. The shape of the beam in its first buckled mode is described as follows:

w̄(x) =
h

2

[
1− cos

(
2π

x

l

)]
(4.7)

Whereby w̄(x) represents the as-fabricated shape over the position x along the beam, h the initial
apex-height, l the horizontal span of the beam. This is visually presented in the schematic in fig. 4.1.

Figure 4.1: Schematic diagram of fixed-fixed beam [30]

The geometry constant Q is critical in determining the behaviour of the mechanism, as will be seen
later in the model and is defined as:

Q =
h

t
(4.8)

In fig. 4.1 both the original shape op the beam, described by eq. (4.7), and the deflected shape due to a
vertical load f in the center of the beam are illustrated. The vertical load introduces a displacement d.

d = w̄

(
l

2

)
− w

(
l

2

)
(4.9)

Due to the vertical displacement the axial length will change accordingly, described by s.

s =

∫ l

0

√
1 +

(
dw

dx

)2

dx ≈
∫ l

0

[
1 +

1

2

(
dw

dx

)2
]
dx (4.10)

Axial force p occurs due to this change in length s relative to the initial length sw=w̄. Considering
Hooke’s law for axial deformation this can be described as:

p = Ebt

(
1− s

sw=w̄

)
(4.11)



4.1. Analytical model 28

Whereby b represents the out-of-plane thickness and t the thickness of the beam (see fig. 4.1). During
deflection, the beam undergoes bending and compression. These effects can be observed in the change
in bending energy, ub, compression energy, us, and uf , actuation energy.

∂(ub) = ∂

[
EI

2

∫ l

0

(
d2w̄

dx2
− d2w

dx2

)2

dx

]
(4.12)

∂(us) = −p ∂(s) (4.13)
∂(uf ) = −f ∂(d) (4.14)

The buckling mode superposition is used to solve the beam deflection. Since the modes of the clamped-
clamped straight beam in eqs. (4.5) and (4.6) form an orthogonal set, they can be used as the superpo-
sition for the pre-curved beam. The variables are normalised in order to simplify the superposition:

X =
x

l
,W (X) =

w (Xl)

h
(4.15)

This results in the superposition of the beam shape as follows

W (X) =

∞∑
j=1

AjWj (X) (4.16)

where
Wj(X) = 1− cos(NjX)
Nj = (j + 1)π

}
j = 1, 3, 5, . . . (4.17)

and
Wj(X) = 1− 2X − cos(NjX) +

2 sin(NjX)
Nj

Nj = 2.86π, 4.92π, . . .

}
j = 2, 4, 6, . . . (4.18)

The normalized as-fabricated beam shape then is

W̄ (X) =
1

2
W1 (X) (4.19)

Next the applied force f and parameters can be normalised according to

F =
fl3

EIh
, ∆ =

d

h
, S =

sl

h2
, N2 =

pl2

EI
,Ub =

ul3

EIh2
, Us =

ul3

EIh2
, Uf =

ul3

EIh2
(4.20)

The rest of the derivation is detailed in appendix B. The eqs. (B.1), (B.3), (B.9), (B.10) and (B.12)
to (B.14) define the F −∆ relation of the curved beam. The higher modes will be neglected to obtain
closed form solutions. From eqs. (B.1), (B.9) and (B.12) and neglecting all modes above 3 we obtain a
first solution:

F1 =
3π4Q2

2
∆

(
∆− 3

2
+

√
1

4
− 4

3Q2

)(
∆− 3

2
−
√

1

4
− 4

3Q2

)
. (4.21)

Note the dependence on Q, whereby the value must be greater than
√

16/3. The effect of this is shown
in fig. 4.2. From eqs. (B.1), (B.3), (B.9) and (B.13) we obtain the second solution:

F2 =
N2

1 (N
2
2 −N2

1 )

8

(
N2

2

N2
2 −N2

1

−∆

)
= 4.18π4 − 2.18π4∆ (4.22)

Which exists if both the second mode is not constrained and, by eqs. (B.3), (B.9) and (B.13), Q >
2N2√
3N1

= 1.67. From eqs. (B.1), (B.3), (B.9) and (B.14) we obtain the third solution:

F3 =
N2

1

(
N2

3 −N2
1

)
8

(
N2

3

N2
3 −N2

1

−∆

)
= 8π4 − 6π4∆ (4.23)

which exists if both the second mode is constrained and, by eqs. (B.3), (B.9) and (B.14), Q >
2N3/

√
3N1 =

√
16/3.
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Figure 4.2: Normalised force-displacement showing several solutions

Influence of Q on buckling modes
The solutions eqs. (4.21) to (4.23) are shown in fig. 4.2, over the normalized vertical displacement ∆ =
0 to 2. F2 and F3 are straight lines with a negative slope that do not depend on Q. F3 can exist only
if mode 2 is constrained. F1 depends on Q, but its values at ∆ = 0, 1, 2 are constants. Moreover, at
∆ = 1, F1, F2, and F3 pass through the same point. The higher the Q, the higher the curving of F1.
With Q = 1.67, F1 becomes tangential to F2 at ∆ = 1. With Q = 2.31, F1 becomes tangential to F3 at
∆ = 1. When Q is larger than those tangential values, curve F1 has two more intersections with either
F2 or F3 besides ∆ = 1. These two additional intersections are where the axial force equals that of the
second mode or the third mode. Between these two intersections, either F2 or F3 exists, while outside
this interior range of ∆, only F1 exists. The actual F–∆ curve is therefore a hybrid curve that switches
between the F1 curve and either the F2 or F3 curve at these two intersections. The F2 curve is always
above zero except for its small negative value before ∆ = 2, which means that with the second mode
free, even with a very high Q, the curved beam can be at most marginally bi-stable. On the other hand,
the F3 curve has a large portion below zero force. With the second mode constrained, the curved beam
is bi-stable with Q > 2.31.

Let us consider the area covered by the negative force-displacement plot as “bi-stable energy” of a
system with constrained second mode. If the plot does not reach negative forces, it will not have bi-
stable energy and so the system is considered to be mono-stable. We can plot bi-stable energy vs Q to
show the stability condition of Q >

√
16/3 or 2.31 in fig. 4.3. This plot gives the first geometric rela-

tion, namely between the apex height and the beam thickness, which can be used to tune the bi-stable
behaviour. However, it is only valid for fixed-fixed boundary conditions. For this study, the boundaries
exhibit variable stiffness which is addressed in the subsequent section.
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Figure 4.3: Normalised bi-stable energy versus Q (h/t). The red dashed line indicates the stability threshold of Q =
2.31

4.1.2. Variable stiffness boundary conditions
It is highly likely that in physical (non-simulated) bi-stable unit cells in metamaterials, the boundary
conditions will not be fixed-fixed. That is because the unit cells in rows would experience cross-talk,
as it is difficult to ensure sufficient fixed conditions for each unit cell. In this study, the purpose is to
make use of this otherwise undesired variable stiffness in the boundary conditions and therefore it is an
important feature to integrate into the analytical model. There are multiple approaches in literature
which attempt to do so, and two of these will serve as inspiration for the final model of this design.
Zhang et al. uses different material with certain stiffness dependent on temperature [37]. Hua et al.
makes use of a gap in between each unit cell, allowing the supports of the unit cell to be bent [59].
In this design, the variable stiffness of the boundary conditions comes from both materials which have
temperature dependent stiffness and a gap between each unit cell to allow for bending. Firstly, Zhang
et al. introduces a variation in the axial compression energy, which stems from the equivalent stiffness
of the supports. Since the non-fixed boundary conditions allow for more displacement along the beam,
the axial force p is decreased accordingly. A dimensionless parameter c is defined to describe the relative
stiffness of the support (ks) and the axial stiffness of the beam (ka). It is defined in such a way that if
the support material is infinitely stiff, the value of c approaches 1, resulting in an axial force p under
clamped-clamped boundary conditions. Adapting eq. (4.13) with this parameter c gives the following
variation

p =

(
kaks

ka + ks

)
(s0 − s) =

(
ka

ka

ks
+ 1

)
(s0 − s) = cka(s0 − s) (4.24)

Where

s =

∫ λ

0

√
1 +

(
dw

dx

)2

dx ≈
∫ λ

0

[
1 +

1

2

(
dw

dx

)2
]
dx (4.25)

c =
1

ka

ks
+ 1

(4.26)

After integration of parameter c into the calculations, the solution for the first mode F1, eq. (4.21),
becomes

Fc1 =
3π4Q2

c

2
∆

(
∆− 3

2
+

√
1

4
− 4

3Q2
c

)(
∆− 3

2
−

√
1

4
− 4

3Q2
c

)
. (4.27)
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where Qc = Q
√
c. Zhang et al. define ks in terms of compression into an elastic slab of finite thickness.

However, the supports in this design are smaller in width than in height and act as cantilever beams.
Hua et al. expressed the bending stiffness of the supports in terms of Euler beam theory:

ks =
bE

4Q3
2

, Q2 =
h2

t2
(4.28)

Where h2 and t2 represent the height and thickness of the beam see fig. 4.4.

Figure 4.4: Parametric model of Hua et al. and its representation of the bending beams as springs with an equivalent
stiffness k [59]

Note that the variable support stiffness by Hua et al. only takes into consideration one material, and
thus one elastic modulus. The solution for Hua et al. is as follows:

FHua =

(((
3

2
−∆

)2

− 1

4

)
3PQ2

1

P + 8Q3
2

+ 4

)
∆π4

2
(4.29)

Where P is equal to l
t . We can compare these two approaches by defining the support stiffness in the

formulation of Zhang et al. in eq. (4.26) with bending stiffness and considering a mono-material system.
Equating eq. (4.29) to eq. (4.27) then results in the following derivation:

c =
P

P + 8Q3
2

(4.30)

We then define ka (axial beam stiffness) and ks (support bending stiffness). Note that the axial stiffness
is defined for half of the beam l

2 :

ka =
2Ebt

l
, ks =

3EI

h3
s

, I =
bw3

s

12
(4.31)

In which ws and hs represents the width and height of the support, respectively. This gives:

ka
ks

=
8th3

s

lw3
s

(4.32)

Substituting into eq. (4.26), we find that the solutions are identical:

c =
l
t

l
t + 8

h3
s

w3
s

=
P

P + 8Q3
2

(4.33)

In this study, the formulation by Zhang et al., which incorporates a relative stiffness term c, will be
adopted to integrate the elastic modulus of the second material. However, before introducing the multi-
material case, we first examine the impact of variable stiffness boundary conditions on the stability
criteria for a mono-material system. Unlike in a fixed-fixed configuration, where stability is governed
solely by Q, the threshold in this case also depends on the relative stiffness c. To establish the new
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stability criterion, we normalise h and t as h/l and t/l. Furthermore, we combine the support dimensions
in the ratio hs/ws. Given that Qc >

√
16/3, the exact stability threshold can now be defined as:

Qc =
h

l

l

t

√
1

8 t
l (

hs

ws
)3 + 1

>

√
16

3
(4.34)

This is best illustrated by seeing how the minimum value of Q, which was previously 2.31, now sig-
nificantly increases with increasing hs/ws in order to maintain a bi-stable system (see fig. 4.5). This
represents the bi-stability criteria for a system with bending supports, made out of a single material.
The red line in the plot indicates the exact threshold which is defined by eq. (4.34). To put this in
perspective, it is the same bi-stable energy plotted in fig. 4.3 and as can be seen the critical value of Q
now increases from 2.31 as the ratio of hs/ws increases.
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Figure 4.5: Q vs hs/ws at constant value of t/l = 0.01

Since the design makes use of two materials, the integration of the variable stiffness by Zhang et al. is
more suitable as the second Young’s modulus can be inserted in the definition of ks, by simply using
E2 instead of E. This in turn, increases the complexity of the stability criteria. The ratio of the beam
and support elastic modulus E1/E2 is now introduced as follows:

Qc =
h

l

l

t

√
1

8 t
l (

hs

ws
)3E1

E2
+ 1

>

√
16

3
(4.35)

As the model introduces multiple materials, its stability is influenced not only by its geometry but also
by the ratio of elastic moduli, E1/E2 (fig. 4.6). The impact of E1/E2 can be interpreted in two ways.
First, one can assess whether a system with a given geometry (defined by Q and hs/ws) will exhibit
bi-stability or mono-stability depending on the relative elastic modulus E1/E2. Second, E1/E2 can
be considered in relation to temperature, where an increase in E1/E2 corresponds to an increase in
temperature. For the analytical model, the exact transition temperature cannot be determined without
incorporating the specific storage moduli of materials. However, it is possible to identify the ratio
of E1/E2 at which the system shifts from bi-stability to mono-stability, which would correspond to a
certain temperature. For instance, consider a system with Q = 6 and hs/ws = 2. In both fig. 4.6a and
fig. 4.6b, it can be observed that when E1/E2 > 10, the system transitions to mono-stability. To achieve
a lower transition temperature, either Q can be decreased or hs/ws can be increased. The effect of these
changes can be significant; for example, a system with Q = 5 already transitions when E1/E2 > 6. This
demonstrates the sensitivity of the system to geometric variations. It is further observed that when
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E1/E2 < 1, meaning the beam is less stiff than the supports, the influence of hs/ws is considerably
smaller, and the system remains bi-stable even at high values of hs/ws.
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Figure 4.6: Comparison of analytical plots showing the relationship between key parameters. The t/l = 0.01 for both
plots. (a) A constant value of hs/ws = 2 is chosen for this plot. (b) A constant value of Q = 6 is chosen for this plot.

4.1.3. Bi-material boundary conditions
The last addition to this analytical model is the use of multi-material supports. The analysis of solid
beams in bending assumes that elongation and contraction of longitudinal fibres are proportional to their
distance from the neutral axis [62]. For beams with multiple materials, the problem becomes statically
indeterminate and requires principles of static equilibrium, geometric compatibility, and superposition.
Beam theory also assumes no slippage between materials and that all remain elastic, allowing the radius
of curvature to determine strains. To overcome this, Niknam et al. [36] employ the method known as
transformed sections. This enforces strain compatibility by converting one material into an equivalent of
another, which allows the member to be analysed as a homogeneous section. The approach is illustrated
in fig. 4.7.
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Figure 4.7: Schematic to represent transformed sections

To transform the passive material into the active material first the ratio of the Elastic modulus is
required:

α =
E1

E2
(4.36)

Then the equivalent surface area of the sections can be transformed as follows:

ws = wsa + wsp, A1 = αbwsp, A2 = bwsa (4.37)
Where wsp and wsa represent the width of the passive and active material in the beam, respectively.
Next the neutral axis (yc) is calculated:

yc =
A1y1 +A2y2
A1 +A2

, y1 =
wsp

2
, y2 = wsp +

wsa

2
(4.38)

The equivalent moment of inertia becomes:

Ieq =
αbw3

sp

12
+A1(yc − y1)

2 +
bw3

sa

12
+A2(yc − y2)

2 (4.39)

Now we can substitute eq. (4.39) into eq. (4.31) which results in:

ks =
3E2Ieq
h3
s

(4.40)

This last addition of multi-material supports provides the final stability threshold. To work with the
previously defined dimensionless ratios, some terms must be re-expressed. We express E1 as E2 · E1

E2
.

We let β represent the fraction wsp

ws
, and E1

E2
as α for clarity. Substituting these into ka

ks
gives:

ka
ks

=
8αh3

st (αβ − β + 1)

lw3
s (α

2β4 − 2αβ4 + 4αβ3 − 6αβ2 + 4αβ + β4 − 4β3 + 6β2 − 4β + 1)
(4.41)

By dividing the present components from the previous stability threshold (8 t
l
E1

E2
( hs

ws
)3) from this equa-

tion we are left with the resultant influence of the composition of the bi-material beam as:

γ =
(αβ − β + 1)

(α2β4 − 2αβ4 + 4αβ3 − 6αβ2 + 4αβ + β4 − 4β3 + 6β2 − 4β + 1)
(4.42)

Resulting in the final threshold to be:

Qc =
h

l

l

t

√
1

8 t
l (

hs

ws
)3E1

E2
γ + 1

>

√
16

3
(4.43)

Finally, the stability thresholds for the complete analytical model can be plotted, which are indicated
by the red contours, derived from eq. (4.43). The plots in figs. 4.8 to 4.10 reveal non-linear relationships
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between the various parameters. In fig. 4.8, the effect of the storage modulus ratio E1/E2 = 5 is
evident: as the proportion of passive material in the support increases, the minimum value of Q to hold
bi-stability decreases.
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Figure 4.8: Q vs. wsp/ws for E1/E2 = 5, hs/ws = 3.

In fig. 4.9, the value of Q is set to 6, with hs/ws = 3. As anticipated, when wsp/ws= 1, indicating
a support composed entirely of passive material, there is no noticeable change in bi-stable behaviour
over the range of E1/E2 > 1. Furthermore, the plot shows that higher E1/E2 values are required
for the system to transition to mono-stability as wsp/ws increases. This suggests a potential method
for tuning the transition temperature: increasing the passive material ratio within the support raises
the transition threshold. Notably, the sharp rise in the bi-stability threshold around wsp/ws = 0.7
may indicate that, beyond this point, achieving mono-stability becomes increasingly difficult through
temperature. However, the exact point may vary depending on the specific values of Q and hs/ws.
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Figure 4.9: E1/E2 vs. wsp/ws for Q = 6, hs/ws = 3.

The influence of hs/ws and wsp/ws on the stability threshold is examined in fig. 4.10, with constants
E1/E2 = 5 and Q = 6. Given that the storage modulus of m1 is five times that of m2, it is not surprising
that increasing wsp/ws enhances the stability of more flexible supports (higher hs/ws values).
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Figure 4.10: hs/ws vs. wsp/ws for Q = 6, E1/E2 = 5.

4.1.4. Influence of beam material on stability
Niknam et al. observed that in samples composed of TPU and CFR Nylon, an increase in the ratio of
the stiffer active material (CFR Nylon) within the supports resulted in a higher transition temperature
[36]. This translates to requiring a higher E1/E2 as wsp/ws decreases. At first glance, this observation
may appear to contradict the trend shown in fig. 4.9, where an increase in passive material, wsp/ws,
leads to a higher stability threshold. However, a key distinction is that Niknam et al. employed a
rubber-state beam, which had a significantly lower elastic modulus than the active material. In their
case, the stiffness ratio at operating temperature was E1/E2 = 0.05. To illustrate this effect more
clearly, fig. 4.11 presents the stability behaviour when the range of E1/E2 is restricted to 0.1 to 1.
Under these conditions, a different stability trend emerges. By slightly adjusting the fixed parameters
to hs/ws = 4 and Q = 5, the trend observed by Niknam et al. is reproduced: a higher fraction of
active material (wsp/ws → 0) increases stability, thereby requiring a higher E1/E2 for the system to
transition to mono-stability. This highlights a fundamental difference in how transition temperature
tuning is influenced by the choice of beam material.
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Figure 4.11: Effect of active material fraction on transition temperature with a rubber-state beam
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So far it has been demonstrated that the bi- to mono-stability threshold is determined at the point
where Qc <

√
16/3. Since Q is a geometric parameter, it will remain constant over temperature. As

previously stated, the relationship is given by:

Qc = Q
√
c, (4.44)

where

c =
1

8 t
l (

hs

ws
)3E1

E2
γ + 1

. (4.45)

For every value of Q, there exists a corresponding critical value of c, denoted as cr, at which the stability
threshold is reached:

cr =
16

3Q2
. (4.46)

Thus, if Q =
√
16/3, then cr = 1, and as Q increases, the critical relative stiffness decreases. Notably,

c is independent of the normalised apex height h/l. This allows us to examine how the critical stiffness
shifts with increasing Q, which is achieved by maintaining a fixed t/l while varying h/l. To visualise this,
the relative stiffness is plotted for a constant t/l and hs/ws over a given range of E1/E2 and wsp/ws.
The stability thresholds are now defined by cr rather than Qc, as was previously done in figs. 4.8 to 4.10.
For two distinct ranges of E1/E2, the relative stiffness are plotted in figs. 4.12 and 4.13. To maintain
consistency in comparing the two cases, the fixed constant hs/ws was doubled for the inverse range in
fig. 4.13 to ensure that the same values of Q appear as in fig. 4.12. It can be observed that for both
ranges of E1/E2, the required composition of the support, wsp/ws, to induce a bi-stable to mono-stable
transition changes significantly with Q. For instance, in fig. 4.12, when Q = 4, the stability threshold
remains relatively unchanged until wsp/ws ≈ 0.8, beyond which it increases sharply. This indicates
that up to this point, the system is capable of transitioning to mono-stability within the given range of
E1/E2. Conversely, for Q > 6, the likelihood of achieving a transition is significantly reduced, requiring
the support to consist of minimal or no passive material. In general, for a system with a feasible range
of E1/E2 = 1 to 10, lower values of Q can tolerate a higher proportion of passive material in the support
while still enabling a transition. Increasing either Q or wsp/ws raises the transition temperature.
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Figure 4.12: Critical stiffness contour for passive material in glass state, with constants: t/l = 0.01, hs/ws = 2.5.

In contrast, for a system with E1/E2 = 0.1 to 1, a higher Q provides a broader range of wsp/ws values
within which a transition remains possible. This can be observed by comparing Q = 7 and Q = 4 in



4.2. Finite Element Model 38

fig. 4.13. For the lower Q values, if the fraction of passive material in the support is too high, rather than
remaining bi-stable across the full range of E1/E2, the system may already be mono-stable across the
full range of E1/E2. Similarly to the range in fig. 4.12, increasing Q increases the transition temperature,
but in contrast, decreasing wsp/ws raises the transition temperature. It is important to note that these
observations are specific to a system with particular values of t/l and hs/ws, and while they provide
a general understanding, variations in these constants may slightly alter the results. Overall, these
findings illustrate how the system’s geometry and material properties influence the sensitivity of the
stability threshold and the feasible transition temperatures.
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Figure 4.13: Critical stiffness contour for passive material in rubber state, with constants: t/l = 0.01, hs/ws = 5.

4.2. Finite Element Model
With Finite Element Analysis (FEA), the proposed design can be calculated numerically. This alter-
native method can be used to verify the analytical model to a certain degree while also being able
to simulate the behaviour of more complex geometries. Additionally, FEA can incorporate boundary
conditions that more accurately reflect those of a physical sample, rather than relying on idealized
assumptions. For example, the assumption in the analytical model of using the relative stiffness c. This
can be investigated and determined how accurately it affects the snap-through behaviour, compared to
the numerical model. The disadvantage of FEA is the long computational time, which is why only a
selection of specific geometries can be compared.

The chosen FE software is Ansys workbench with a transient structural analysis. The design is analysed
in 2D rather than 3D, reducing computation time. Plane stress assumptions were chosen over plane
strain as it is expected that the stresses in the out-of-plane direction are negligible compared to the
in-plane stresses due to the beam’s relatively low thickness. The elements are PLANE183 and the size
of the elements was chosen such that there were 5 elements along the thickness of the beam. Over-
all, the amount of elements was around 6560 and 21293 nodes per unit cell. The existing analytical
model for fixed-fixed boundary conditions has already shown strong agreement with FE models and
experimental results [30]. Therefore, in this study, the FE model is used to assess the adjustments intro-
duced, specifically the implementation of variable stiffness boundary conditions (bending supports) and
temperature-dependent stiffness. A second FE model of a layered system with more complex geometry
was simulated. This was done to evaluate the active programmability of the proposed design, involving
a sequence of mechanical loading followed by selective thermal stimulation of one layer.
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4.2.1. Variable stiffness boundary conditions
In the analytical model, the stiffness of the supports was reflected by a stiffness kb, which was based on
Euler-Bernoulli beam theory. The assumptions made in Euler-Bernoulli beam theory are:

• Cross sections of the beam do not deform in a significant manner under the application of trans-
verse or axial loads and can be assumed as rigid.

• During deformation, the cross section of the beam is assumed to remain planar and normal to the
deformed axis of the beam.

In general, this is met when the beam is a slender beam with small rotations [56]. This translates to a
ratio hs/ws that should be larger than 10 and the rotation of the neutral axis should be smaller than
5◦. In the analytical model, it was observed that the larger the ratio of hs/ws, the more the system
tends to mono-stability. In order to maintain bi-stability, the other parameters need to be adjusted to
compensate for the large hs/ws ratio. The minimum Q value for a system with hs/ws = 10 decreases
as the thickness decreases according to eq. (4.34). Some of the calculated values from the analytical
model are presented in table 4.1.

Beam Thickness/Length (t/l) Minimum Q
1 206.6

0.1 65.3
0.01 20.7
0.001 6.6

Table 4.1: Beam thickness-to-length ratio (t/L) and corresponding minimum Q for hs/ws = 10.

With the fabrication method at centimetre-scale in mind, the minimum thickness will roughly be 1 mm,
and the beam length could be up to 100 mm to limit the size of the overall unit cell. This corresponds to
a minimum Q value of around 20.7, which translates to an apex height of 20 mm, in order to uphold the
assumptions of Euler-Bernoulli. Depending on the material’s properties, this may result in relatively
high forces and stresses in the system. Therefore, a lower hs/ws would be more suitable for the design
space of this study. Through FEA we can investigate whether the snap-through behaviour with smaller
ratios of hs/ws can still agree with the analytical model based on slender supports. It is expected, that
the analytical model will overestimate the stiffness of the supports at lower values of hs/ws. This is
because the analytical model does not account for shearing. For this comparison, a mono-material design
is used as the multi-materials will be addressed in the temperature dependent section in section 4.2.2.
The material is considered to be linear elastic. The changing variable is the ratio of hs/ws to see how
the variation in boundary conditions is reflected in both models in the force-displacement curve. The
chosen dimensions are listed in section 4.2.1 and the loading and constraint conditions are illustrated
in fig. 4.14. The Elastic modulus was extracted from the DMA results in section 5.2.

Parameter Value
b 10 [mm]
t 1 [mm]
hs 12 [mm]
h 5, 6 [mm]
l 90 [mm]
ws 3, 4, 6 [mm]
E 1285 [MPa]
Q 5, 6

hs/ws 4, 3, 2

Table 4.2: Model Dimensions and Parameters

Figure 4.14: FE Constraints for the mono-material model.
Frictionless supports are placed at the sides of the top beam
to constrain the second buckling mode. The supports have

fixed boundary conditions to the ground.
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Figure 4.15: Comparison of Analytical (dashed) and FE (solid) Force vs. Normalized Displacement Curves.

In fig. 4.15, both the analytical and FE results demonstrate a clear reduction in bi-stability as the ratio
hs/ws increases. The analytical results exhibit slightly larger magnitudes, with the discrepancy growing
as hs/ws decreases. This trend aligns with the expectation that the Euler-Bernoulli assumptions are
not fully satisfied. Additionally, differences in force magnitudes between the analytical and FE models
may arise because only the first three buckling modes are considered in the analytical approach. Qiu et
al. observed that incorporating higher-order modes enhances the accuracy of snap-through behaviour,
resulting in more rounded peaks at critical forces. Furthermore, while the FE model captures a slight
variation in the negative stiffness slope for the cases where hs/ws = 3, 4, the analytical model maintains
an identical slope as the system enters the negative stiffness regime. This is because the analytical
model exclusively employs the third buckling mode for systems with Q > 2.31 and switches to the
second mode for lower Q values. Including additional higher modes could potentially reflect these de-
viations. Finally, in both models, increasing hs/ws shifts the displacement point at which both the
minimum and maximum critical forces occur closer to ∆ = 1. This results in a more gradual transition
compared to the nearly fixed boundary conditions observed for lower hs/ws values. This behaviour is
likely due to the increased flexibility of the supports, allowing for greater horizontal displacement before
sufficient compression is reached to trigger buckling.

To further investigate the impact of satisfying the Euler-Bernoulli assumption, an additional com-
parison was conducted with hs/ws = 10 to assess whether it improves the agreement between the two
models. The dimensions used are listed in table 4.3, with the Elastic modulus of PEEK applied [63].
The corresponding force-displacement plot is presented in fig. 4.16. It is observed that, during the ini-
tial displacement phase, the two models exhibit nearly identical behaviour. However, as the FE model
transitions into the negative stiffness region, it does so at an earlier stage compared to the analytical
model, which maintains a sharper critical force. At the minimum critical force, the FE model again
shows a smoother transition relative to the analytical model. Although ensuring hs/ws = 10 to meet
the Euler-Bernoulli assumption improves the alignment between the two models to some extent, minor
discrepancies persist. These remaining differences are likely due to the exclusion of higher-order buck-
ling modes in the analytical model, reinforcing the importance of their inclusion for enhanced accuracy.
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Overall, it can be stated that the analytical and FE models show agreement with the varying boundary
conditions both in general trends of the snap-through behaviour and the order of magnitude.

Parameter Value
b 1 [mm]
t 0.01 [mm]
hs 0.1 [mm]
h 0.1 [mm]
l 10 [mm]
ws 0.1 [mm]
E 3.6 [GPa]
Q 10

hs/ws 10

Table 4.3: Model Dimensions and Parameters
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Figure 4.16: Comparison of Analytical (dashed) and FE
(solid) Force vs. Normalized Displacement Curves.

4.2.2. Temperature dependent stiffness
The next comparison between the analytical and FE results incorporates multi-material supports and
temperature dependence. Since the force-displacement curves are already compared for multiple vari-
ations of hs/ws in section 4.2.1, this section focuses on determining the transition temperature. Addi-
tionally, the effect of the support ratio between active and passive material, wsp/ws, is examined. To
compare the analytical model’s stability threshold with the FE model, two models with Q = 5 and
Q = 6 are simulated with varying ratios of wsp/ws. The support materials have a bonded connection
between the contact region. This enforces that no sliding or separation between the faces is allowed. In
the loading sequence, applying a force rather than a displacement allows the system to be positioned
into its deformed stable state. Subsequently, by gradually increasing the temperature after removing
the force load, the system may eventually snap back to its original configuration, or remain in place.
The temperature increased by roughly 0.2 ◦C per step. The storage moduli are extracted from the DMA
results in section 5.2. Some key temperatures and the respective storage moduli for this comparison
are indicated in table 4.5. The loads and constraints are depicted in fig. 4.17. The dimensions of the
models are presented in table 4.4.

Table 4.4: Model Dimensions and Parameters

Parameter Value
b 10 [mm]
t 1 [mm]
hs 12 [mm]
h 5, 6 [mm]
l 90 [mm]
ws 6 [mm]
Q 5, 6

hs/ws 2

Table 4.5: Temperature and Elastic Moduli of
Materials

Temp.
(◦C)

E1

(MPa)
E2

(MPa)
E1/E2

30 1285 1823 0.7
62 1210 480 2.5
63 1206 238 5.0
65 1195 113 10.6
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Figure 4.17: Constraints and loads on multi-material support FE model. The frictionless supports constrain the
second buckling mode. The thermal load is applied globally.

The transition temperature is linked to the stiffness ratio E1/E2 for a given combination of materials.
Consequently, the critical value of E1/E2 corresponding to each transition temperature obtained from
the FE model can be derived. The results of the transition temperature and the critical stiffness
ratio E1/E2 with variable wsp/ws are illustrated in fig. 4.19 and fig. 4.18, respectively, where both the
analytical and FE model are compared.
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Figure 4.18: Comparison of critical stiffness contours of FEM points versus the analytical model for a system with Q
= 6 and Q = 5

Firstly, these results indicate that the analytical and FE models exhibit similar trends in transition
temperature as wsp/ws varies. However, the FE model consistently predicts lower critical values than
the analytical model, a discrepancy that is evident in both the transition temperature and E1/E2 plots.
It is an expected result based on the previous comparison in section 4.2.1 where it was observed that the
analytical model predicts higher critical forces and therefore more bi-stability compared to the FEM
model. Notably, since the stiffness ratio E1/E2 is highly sensitive to small changes in temperature, the
relative error in transition temperature is at most 1.4%, whereas the relative error in E1/E2 reaches
up to 39%. This is expected, as the stepwise temperature increment of 0.2◦ C can result in significant
variations in E1/E2, introducing challenges in achieving precise numerical agreement.

The ratio E1/E2 is a key component of the critical relative stiffness cr, which remains constant for
a given design parameter Q in the analytical model, independent of wsp/ws. The FE model, however,
shows some deviation in the critical relative stiffness based on the predicted transition temperatures. A
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Figure 4.19: Comparison of transition temperatures between FE model and analytical model for Q = 5 and Q = 6,
with varying wsp/ws

comparison between the analytically derived constant and the FEM results is presented in ??, illustrat-
ing the deviations observed in numerical predictions. In this plot it is observed that for both models,
the support material composed entirely out of the active material shows the highest agreement between
the analytical and the FEM model. The points with increased passive material in the support do not
show a clear constant critical relative stiffness. The uncertainty of the critical relative stiffness derived
from the FEA is due to the highly temperature dependent storage moduli whereby a small change can
alter the result. Overall, the points from the FE are relatively close to the analytical model, but may
improve with smaller step size and potentially with a smaller mesh size.
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Figure 4.20: Comparison of critical relative stiffness derived from FE results and analytical model constant value for Q
= 5 and Q = 6, with varying wsp/ws

4.2.3. Example simulation of Actively Programmed Multi-Stable Structure
Lastly, FEA can be employed to simulate more complex and layered structures that cannot be accurately
captured by the analytical model. An example of such a structure is illustrated in fig. 4.21, which
features a 2×2 configuration with curved supports (blue) instead of simple rectangular supports. The
boundary conditions ensure that the load is uniformly applied while preventing rotation of the top
plate, whereas the supports of the two layers remain free to bend. The different displacement states
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during the loading sequence are illustrated by the figures above the plot. Initially, the structure is
gradually loaded by 3.5 N over the first 2.5 seconds, at which point the top layer snaps. To verify
the stability of this new configuration, the force is then reduced to 0 N, and it is observed that the
new position is maintained. Then, the load is gradually increased again to 4.5 N, causing the bottom
layer to snap. The force is then dropped to 0 N once more, and the system remains stable in its newly
deformed state. To demonstrate the effect of active programming, a thermal load is applied to only
the bottom support after a one-second hold. The temperature is gradually increased from 30◦C to
80◦C. As a result, the bottom layer snaps back at approximately 65◦C, leading to a final configuration
where the top layer remains closed while the bottom layer reopens. This effectively resets the system
to its second configuration, demonstrating the desired effect described in fig. 2.1b and aligning with
the functional requirements introduced in chapter 1. With passive programmability alone, this second
configuration could only have been achieved by fully unloading the system to its completely open state
before re-applying mechanical loading.

Figure 4.21: Constraints on 2x2 dome-shape structure with blue supports (active material) and grey beams (passive
material). After a force load which deforms both layers, the bottom support is gradually heated to snap-back the

bottom layer.
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Figure 4.22: Plot of displacement, temperature, and force over time, with corresponding deformation images at key
time points.



5
Experimental implementation

The experimental phase aimed to validate theoretical models through physical fabrication. However,
transitioning from design to implementation introduced challenges related to material properties and
heat application. These factors complicated the feasibility of the proposed programmability approach
for the selected materials. This chapter discusses fabrication methods, material characterisation, and
key experimental challenges, beginning with PolyJet printing, followed by fused filament fabrication.
The findings and uncertainties are discussed in chapter 6.

5.1. PolyJet printing
PolyJet printing, developed by Stratasys, is an additive manufacturing technique that operates similarly
to conventional inkjet printing. It uses multiple inkjet heads to dispense microscopic droplets of liquid
photopolymer onto a build tray, which are then cured using ultraviolet (UV) light [64]. This process
enables high-resolution multi-material printing, allowing for a minimum wall thickness of 1 mm, a layer
resolution of 16 to 18 µm and an accuracy of 0.1–0.3 mm. A key advantage of PolyJet printing is its
ability to simultaneously print multiple materials using digital materials (DM), which are composites
formed by blending different photopolymers during printing. Previous research has investigated how
the glass transition can be tuned with different combinations of digital materials [65]. The results of this
study are presented in fig. 5.1. The multi-material printing allows for continuous transitions between
rigid and flexible regions. However, material selection is limited to the photopolymers developed by
Stratasys. Zhang et al. [49] made use of PolyJet-printed digital materials for their bi-stable unit cells.
The Stratasys Connex 350 printer was used, employing the following DM:

• m1 = RGD8530 (Primary: Vero White Plus + Secondary: Agilus Black)
• m2 = FLX9895 (Primary: Agilus Black + Secondary: Vero White Plus)

In these compositions, Vero White Plus is the stiffer base material, while Agilus Black is a more
elastic material. The exact formulation of these digital materials is not disclosed, but m1 consists
predominantly of Vero White Plus, while m2 is primarily Agilus Black. For this study, a different
PolyJet printer was used: the Stratasys MediJet J5. The selected digital materials were chosen for their
expected similarity in properties to those used by Zhang et al.:

• m1 = RGD8460 (Vero Black + Elastico Clear)
• m2 = FLX95 (Vero Magenta + Elastico Clear)

Here, Vero Black serves as the stiffer component, while Elastico Clear provides elasticity, similar to the
Agilus-based digital materials in previous studies. Zhang et al. [49] reported low transition temperatures
(operating temperature ∼ 10◦C, transition temperature ∼ 18◦C). Additionally, their design relied on
relatively wide supports (ws

l ≈ 0.5 at each end) to achieve bi-stability. This study aimed to address
these challenges by introducing a multi-material support design. The intention was to increase the
transition temperature to a more practical range for experimentation and maintain a compact design

45
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by reducing support width. The digital materials were characterized through Dynamic Mechanical
Analysis (DMA) which is detailed in the following section.

Figure 5.1: Thermomechanical properties of the base materials and commercially available digital materials for
material jetting. a) Temperature-dependent storage modulus of Vero and Tango. b) Temperature-dependent tan δ of
Vero and Tango. c) Temperature-dependent storage modulus of nine commercially available digital materials. d)

Temperature-dependent tan δ of nine commercially available digital materials [65].

5.1.1. DMA PolyJet Materials
A Dynamic Mechanical Analysis (DMA) using a tension (film) clamp was conducted with the TA
Instruments Q800. The conditions of the test were a constant strain of 0.03%, with a preload force of
0.01 N. Samples were equilibrated at −10◦C for 10 minutes, followed by temperature ramp at 1°C/min
to 80◦C for m1 (and 60◦C for m2) at a frequency of 1 Hz. Three samples per material were tested, each
with dimensions of 10 mm × 3 mm × 2 mm (length × width × thickness). The samples were printed
flat facing down in strips of 100 mm which were cut into the DMA sample sizes. The storage modulus
from Zhang et al. are presented in table 5.1 in log scale alongside the values from this study.

Temperature (◦C) 5 10 15 20 25 30 35 40 50
E1 Zhang (MPa) 2002 1859 1710 1538 1358 1174 983 769 n.a.
E2 Zhang (MPa) 526 378 264 171 105 60 35 20 n.a.
E1 Study (MPa) 2237 2078 1913 1717 1493 1249 1003 739 281
E2 Study (MPa) 1287 962 670 447 287 162 90 49 17

Table 5.1: Storage modulus E1 and E2 for Zhang et al. and this study at different temperatures
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Figure 5.2: Storage modulus E1 and E2 from Zhang et al. and this study over temperature. The tanδ is also plotted
of this study

As shown in fig. 5.2, the rigid beam materials from both Zhang et al.’s work and this study display a
comparable storage modulus values across the temperature range. However, the more flexible support
material in this study exhibits significantly higher stiffness throughout. This difference is expected, as
the base materials differ from those used in Zhang et al.’s study, and the DMA testing settings in their
work were not specified. Conditions such as the frequency at which the materials are measured will
have significant influence on the values. In addition to the storage modulus, the tanδ of curves over
temperature of this study are also presented, providing insight into the glass transition temperature of
the materials. Based on the tanδ peaks, it suggests the glass transitions are separated by approximately
20 ◦C. However, it is also noted that E1 is already transitioning while E2 is not beyond its glass
transition temperature at approximately 42◦C. This could cause the margin at which the transition
temperature can take place to be tight.

5.1.2. Printed samples PolyJet
In order to create physical samples using PolyJet printing, multiple design iterations were made. The
initial dimensions are listed in fig. 5.3 with the parameters displayed in fig. 5.4. These dimensions were
selected based on the successful samples from Zhang et al. and theoretical expectations. To ensure
optimal printing resolution in the beam thickness, samples were printed vertically with a layer height
of 18µm.
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Dimension Value [mm]
h 4.9
t 0.7
b 20
l 70
hs 4.9
ws 3
wsp 1
hbp 10

Figure 5.3: Dimensions for initial PolyJet physical
samples

Figure 5.4: Parametric model of the unit cell design

A key requirement for the samples was achieving bi-stability at the operating temperature (20◦C) and
ensuring strong adhesion between the two materials. Consistent with previous literature, adhesion
proved sufficient, as failure always occurred at stress concentration points within the beam rather than
at the material interface (fig. 5.5a).

(a) (b) (c)

Figure 5.5: PolyJet initial sample results: (a) Close-up of the interface between the two materials of the PolyJet
sample, (b) Initial printed sample front perspective, and (c) Breakage observed at the end of the beam.

Despite successful adhesion, the samples did not exhibit the desired bi-stable behaviour. Instead, a
time-dependent response was observed, where the system gradually returned to its initial position after
being deformed. The longer it remained compressed, the longer it took to snap back. This phenomenon,
referred to as pseudo-bistability [66], arises from viscoelastic relaxation, a property not accounted for
in the theoretical models, which assumed linear elasticity. Another contributing factor to the lack of
bi-stability was potentially the unconstrained second buckling mode, which is addressed in more detail
in chapter 6. Furthermore, the stresses in the system appeared to be exceeding the limits as the system
failed at the stress concentrations as seen in fig. 5.5c. To mitigate these issues, design modifications were
implemented to the thickness of the beam [30]. By introducing thickness modulation the stiffness of
the beam was selectively reduced at critical stress points, creating hinge-like behaviour, which enhances
bi-stability. The smooth variation in thickness was defined as:

t(x) = ta

[
1− β − 1

β + 1
cos
(
4π

x

l

)]
(5.1)

where ta is the average beam thickness, and β represents the ratio of maximum to minimum thickness.
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For this study, ta = 1 mm and β = 2.5 were selected. A lower ta or higher β would result in exces-
sively thin features that would easily fracture. In addition, to prevent unintended contact between the
beam and the bottom plate during deformation, a V-shaped groove was incorporated into the support
structure. The refined design is shown in fig. 5.6.

Figure 5.6: Design of bi-stable beam with varying thickness to create hinge-like properties

Due to this design modulation, the second set of prints successfully achieved bi-stability. However,
significant relaxation of the system was still observed. In an experimental setup with the adjusted
design, the unit cell was loaded by a linear PI stage at a speed of 10 mm/s, equipped with a force
sensor (see fig. 5.7. The results of this experiment are illustrated in fig. 5.8, which presents four loading
and unloading cycles, with a relaxation period of two minutes between each cycle. This interval was
necessary because, after unloading, the system in its original position exhibited a residual force of
approximately -3 N. While resting in the initial position, the system first underwent rapid relaxation,
indicated by an increase in the measured force from -3 N to 0.5 N, followed by a gradual decrease to
zero over approximately two minutes. The comparison with the FEA results reveals notable differences.
The FEA plot shows higher critical forces and no hysteresis. Despite achieving observable bi-stability in
the printed sample, this behaviour was not reflected in the experimental measurements, as no negative
forces were recorded during the loading step. It is likely that the system’s relaxation occurred at such
a rapid rate that, at the points negative forces were expected during buckling, the system had already
partially relaxed, masking the characteristic force response associated with bi-stable behaviour.

(a) (b)

Figure 5.7: (a) Starting position of displacement loading the unit cell, showing the fixation of the bottom support and
the attachment to the PI stage. (b) Closed position where the unit cell is displaced by twice its apex height.
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Finally, another challenge associated with this manufacturing technique was the limited lifetime of the
printed samples. Although the samples initially exhibited viscoelastic behaviour on the day of printing,
significant signs of ageing and brittleness became evident within a week, ultimately resulting in sample
breakage under normal loading conditions. This required precise timing for performing tests. An
improvement in the lifetime of the samples was found by storing the samples in a light-tight glass jar
with water. However, the pronounced effects of visco-elasticity and ageing were deemed too dominant to
experimentally verify the theoretical models. This lead to the adoption of an alternative manufacturing
technique, fused filament fabrication.

5.2. Fused Filament Fabrication
Fused Filament Fabrication (FFF) is a well-established extrusion-based printing technique, where ob-
jects are constructed by depositing melted material through a nozzle layer by layer. Compared to the
PolyJet printing technique, FFF offers greater flexibility in adjusting printer settings. The printer used
in this study, the Prusa Original MK3S, has a minimum layer thickness of 0.1 mm and a nozzle size
of 0.4 mm, which offers a significantly lower resolution compared to the MediJet J5. An additional
limitation of FFF is the lack of multi-material printing capability. Although this can be achievable
in FFF, extensive iteration is required to ensure sufficient interlayer adhesion [67]. To address this
challenge, a bonding approach inspired by Niknam et al. was adopted, using Loctite Super Glue-3 to
join the two materials. The selected materials were ere Polylactic Acid (PLA) as the active material
and Polyethylene Terephthalate Glycol (PETG) as the passive beam material. This selection was based
on availability and expected sufficiently distinct storage moduli [68, 69]. Both PLA and PETG have
been previously employed in combination with thermoplastic polyurethane (TPU) to create thermally
programmable bi-stable unit cells, with TPU serving as the passive material and PLA and PETG func-
tioning as active components [36, 51]. However, no existing literature has reported on bi-stable systems
utilizing PETG as the beam material and PLA as the active material.

5.2.1. DMA FFF Materials
A Dynamic Mechanical Analysis (DMA) using a tension (film) clamp was conducted with the TA
Instruments Q800. The conditions of the test were a constant amplitude of 20µm, with a preload
force of 0.01 N. Samples were equilibrated at −10◦C for 10 minutes, followed by temperature ramp at
1°C/min to 80◦C for m1 (and 60◦C for m2) at a frequency of 1 Hz. Three samples per material were



5.2. Fused Filament Fabrication 51

tested, each with dimensions of 10 mm × 3 mm × 2 mm (length × width × thickness). The printing
orientation corresponds to the orientation of the bi-stable samples. The printing settings are presented
in table 5.2.

Table 5.2: Printing Settings for PETG and PLA DMA Samples

Parameter Value
General Printing settings
Infill Density 100%
Layer height 0.1 mm
Nozzle size 0.4 mm
Printing Orientation Printed on long edge
PETG Printing Conditions
Nozzle Temperature 240°C
Bed Temperature 90°C
PLA Printing Conditions
Nozzle Temperature 215°C
Bed Temperature 65°C
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Figure 5.9: DMA results for PETG and PLA 3D printed samples showing the storage modulus and tan δ over a
temperature range. The tan δ of the PolyJet materials are also plotted for comparison.

The DMA results for the FFF materials indicate a clear difference in Tg, with PLA exhibiting a Tg

of approximately 70◦C and PETG around 88◦C. These values align well with literature on 3D-printed
PETG and PLA, though variations in filament composition, printer settings, and DMA conditions may
cause slight deviations [68, 69]. The first observation which can be made is that the tan δ peaks of
the FFF materials are much more pronounced than the PolyJet materials. By plotting both materials
on the same graph, the effect of the heterogeneity of the PolyJet materials is demonstrated as the
spread out peaks correspond to the presence of two storage moduli. This corresponds to the findings in
fig. 5.1, whereby the DM9895 has a spread out peak compared to the more homogenous digital materials.
The sharper transition, over a small temperature range observed in the FFF materials could be more
suitable for rapid activation in this programming approach. However, the FFF materials demonstrate
a relatively high peak tan δ (approximately 2 to 2.5 for both), which indicates an increase in material
damping and viscosity. This may interfere with the effectiveness of the programming approach.



5.3. Heat application 52

5.2.2. Printed samples FFF
For the FFF samples, multiple iterations were made to create a bi-stable system. This proved to be
challenging with the main issues stemming from the unconstrained 2nd buckling mode and the stress
limits of the materials. Through experimentation it became clear the an unconstrained 2nd mode
severely influences the bi-stability of the system. Despite literature stating that with a sufficiently
large ratio Q, of 5.65, the system will be bi-stable even with an unconstrained 2nd mode, this was not
found to be the case with the samples made of PETG beams [25]. For further investigation, a sample
was created with a steel strip (0.07 mm) which did show bi-stability with an unconstrained 2nd mode
(fig. 5.10). However, in that sample, the Q ratio was roughly 140 (Q = 10

0.07 ), which was unattainable
for these polymers in combination with the fabrication technique used.

Figure 5.10: Prototype of metal beam with PLA supports.

The stress limits of the system were observed in two distinct ways. Firstly, prints that were not
initially bi-stable, could become bi-stable after more than 100 cycles of loading and unloading. This
transformation was likely due to plastic deformation at stress concentrations, which locally reduced
stiffness and effectively created hinge-like regions. The second effect observed was material yielding and
failure at stress concentrations. To address these issues, the beam topology was modified. Inspired by
existing literature on tuning the snap-through behaviour of bi-stable beams, different topologies were
explored to improve performance [70, 71]. The designs of successful (bi-stable) iterations are presented
in fig. 5.11. Here it can be seen that again, similarly to the adjustment of the PolyJet samples, hinge-like
regions are created. In this case, by removing material at the stress concentrations. With the bi-stable
samples, the programming approach using thermal stimuli could be applied, which is described in the
following section.

Figure 5.11: Variation of topology of the PETG designs resulting in hinge-like properties.

5.3. Heat application
To evaluate the thermal programming approach, a series of heating tests were conducted on FFF
samples exhibiting bi-stability at room temperature. Various heat application methods, including water
submersion, heat gun exposure, and local heating via Peltier elements, were tested to observe their effect
on snap-back behaviour. The goal was to evaluate whether bi-stable snap-back occurred at the predicted
transition temperature of approximately 60◦C. From observations, the experimental results did not align
with the theoretical expectations. A summary of the test conditions and observations is provided in
table 5.3.
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Heating
Method

Temp.
(◦C)

Sample Type Expected transition
temperature

Observations

Water Sub-
mersion

40 Multi-material 60◦ Snap-back consistently oc-
curred within seconds.

20 Multi-material No snap-back expected Occasional, inconsistent
snap-back observed.

40 Mono-material No snap-back expected No snap-back observed.

Heat Gun 50 Multi-material
(clamped)

60◦C Snap-back consistently oc-
curred.

50 Mono-material
(clamped)

No snap-back expected No snap-back observed.

Peltier Ele-
ments

30 to 60 Multi-material
(clamped)

60◦C No snap-back observed.

Table 5.3: Summary of heat application tests, expectations, and observations.

Water submersion tests involved placing samples in a heated water bath at either 40◦C or 20◦C
after manually deforming them into their second stable state. The primary objective was to observe
whether snap-back occurred and at what temperature. A control sample made of a single material was
also tested at 40◦C to determine whether snap-back was unique to the multi-material design.

Heat gun tests were conducted by exposing a clamped sample to 50◦C heated air, with the heat
applied to the supports and beam. This dry heating method removed the potential effects of water
interaction, providing a closer step towards heating by radiation. It also introduced more restrictive
boundary conditions by clamping the bottom plate. A limitation of this method is the uncontrolled
heating application (non-uniform).

Peltier heating tests involved placing a fixed sample between two Peltier elements heated at temper-
atures from 30 to 60◦ C. A small gap was maintained to ensure that heat transfer primarily occurred
through radiation. Unlike the previous methods, this setup specifically targeted the boundary supports
to evaluate whether local heating could induce snap-back.

During testing in water at 40 ◦C, snap-back behaviour was observed at a temperature approximately
20 ◦C lower than predicted by both the analytical and FE models. This suggests that additional factors
influenced the observed transitions. The most probable contributing factors include:

• The bi-stable cells were marginally bi-stable, meaning they required minimal disturbance to tran-
sition back to their preferred state.

• The second buckling mode of the samples was unconstrained, while this mode was constrained in
the models.

• The boundary conditions of the physical samples were less restrictive than in the models.

With a marginally bi-stable system in combination with an unconstrained second buckling mode, the
energy threshold is very low. This means a lower change in stiffness of the supports would be required
to snap-back. Additionally, it is also likely that any small disturbance could trigger a snap-back. Fur-
thermore, the system’s bottom plate was not fixed to anything while being submerged in water which
may have also contributed to less restrictive boundary conditions compared to the models, allowing for
earlier snap-back behaviour. The heat gun samples also snapped back earlier than the water heated
samples. These samples had more restrictive boundary conditions as their bottom plate was fixed. Still,
they displayed snap-back behaviour consistently at a lower temperature than the expected theoretical
transition temperature. Again, this may be attributed to the marginal stability in the deformed position
requiring very little disturbance for the system to snap-back. The mono-material samples did not dis-
play snap-back behaviour. Upon observation, the mono-material samples seemed to be less responsive
to small disturbances in general. This was potentially related to the increased integrity of the supports
compared to the adhered ones of the multi-material supports, which could have provided more stability.
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Considering these factors, an uncertainty remains regarding why the multi-material samples did not
snap back at the same temperature under local heating of the Peltier elemements. The Peltier elements
were heated to 50 ◦C, and the sample was fixed between them, allowing sufficient space for the supports
to bend while being close enough to absorb heat through radiation. A thermal image captured using a
FLIR infrared camera is shown in fig. 5.12.

Figure 5.12: Infrared camera image of Peltier heating set up. The boundaries are heating up due to the radiation
indicated by their change in colour.

Despite the image’s low resolution, it is evident that the supports absorbed the heat successfully. How-
ever, even after multiple tests under prolonged heating (> 10 min), the system did not snap back.
To assess whether the fixed boundary conditions were preventing the system from transitioning, the
sample was manually held between the Peltier elements to eliminate any potential constraint. Despite
this adjustment, no snap-back was observed. A primary difference between the water and the heat
gun test compared to the Peltier elements were that in the former two, the entire beam or part of it
was also subjected to heating. In theory, simultaneous softening of both the beam and the supports
should counteract the snap-back response, as a sufficiently large relative stiffness between the beam and
the supports (E1/E2) is required for the supports to bend effectively. Given that the beam was only
marginally bi-stable and the second mode was not constrained, interactions with water or air flow from
the heat gun may have facilitated slight beam rotation, influencing the observed behaviour.



6
Discussion

In this chapter the remaining uncertainties of the results are discussed. First, the factors contributing
to the differences between physical and theoretical results are analysed. Secondly, the unaccounted
for thermo-mechanical properties of polymers which potentially interfere with the approach are also
addressed. Lastly, a refined flowchart reflecting the design choices for this programming approach is
presented. This flowchart integrates the new findings from this study which improve the understanding
of the programming approach and specifically what choices restrict its functionality.

6.1. Influence of testing conditions
In literature, multiple studies successfully demonstrated the working principle of thermal softening for
programming bi- to mono-stability [36, 37]. This study introduced the less common aspects of using
glass-state beams and the application of localized heating. Through analytical and numerical modelling,
the design showed promising results. However, challenges arose during the experimental phase in
realising bi-stability. One factor that was not initially considered is that most existing studies tested
their physical samples either in a layer or an array, rather than as a single unit cell, which effectively
constrains the second buckling mode. During physical implementation of the design, it became evident
that the constraint of the second mode plays a crucial role in achieving bi-stable behaviour. In an
isolated single beam unit cell, this mode will not be constrained. To illustrate the influence of this
constraint, a model was simulated using FEA. The different force-displacement curves are presented in
fig. 6.1.
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Figure 6.1: Force vs. displacement for unconstrained and constrained second mode.
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(a) (b)

Figure 6.2: Snapshots of the FE model: (a) 2nd mode constrained, showing the 3rd buckling mode shape. (b) 2nd

mode unconstrained, showing the 2nd buckling mode shape.

The results, shown in fig. 6.1, highlight the significant difference in force-displacement behaviour be-
tween constrained and unconstrained systems. Not only are the critical forces significantly lower in the
unconstrained system, but it also fails to achieve bi-stability altogether. The difference in buckling mode
shapes is illustrated in fig. 6.2, where fig. 6.2a shows the third buckling mode shape of the constrained
system, while fig. 6.2b depicts the asymmetric second buckling mode shape of the unconstrained system.
As stated the samples made with the FFF printer were not bi-stable straight from the printer and were
manipulated to become bi-stable after many numerous cycles of loading and unloading. The bi-stability
in these instances most likely stemmed from local plastic deformation at stress concentrations and
therefore caused the system to be slightly bi-stable even though the second mode was not constrained.
The result was a marginally bi-stable system which required very little disturbance to snap-back from a
deformed position. To experimentally verify the impact of second-mode constraints, force-displacement
measurements were conducted under three distinct loading conditions. The samples used were all
marginally bi-stable. The experimental conditions are shown in fig. 6.3:

1. Constrained loading: The beam’s rotation is restricted and is held in place throughout deformation
with an attachment to the PI stage.

2. Unconstrained loading: The beam is allowed to deform freely by replacing the attachment with a
bearing to allow for rotation of the beam.

3. Unconstrained with magnetic attachment: A magnet is attached to the top of the beam so that
negative forces can be measured.

(a) (b) (c)

Figure 6.3: Experimental setups for force-displacement measurements. (a) Constrained loading, (b) Unconstrained
loading, and (c) Unconstrained loading with magnetic attachment. These images serve as examples of the loading

constraints and are not all the same sample.
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Figure 6.4: Force vs. displacement results for constrained and unconstrained loading. (a) Constrained
force-displacement behaviour, (b) Unconstrained force-displacement behaviour, (c) Unconstrained force-displacement

with magnet.

First it is observed that the buckling mode shapes in fig. 6.3 correspond to the results from the FEA
simulation in ??. The constrained beam exhibits a distinct third buckling mode, whereas the two
unconstrained configurations undergo an asymmetric second buckling mode. The corresponding force-
displacement results for these three conditions on the same sample are shown in fig. 6.4. The constrained
system requires significantly higher critical forces and exhibits bi-stability during both loading and un-
loading indicated by the negative forces upon loading and unloading. In contrast, the two unconstrained
systems experience much lower forces, and neither system exhibits negative forces during loading. In
the unconstrained system shown in fig. 6.3b, the force returns to zero, indicating that the beam re-
mains in its deformed position. In the unconstrained system with the magnetic attachment, it might
be expected that negative forces would be recorded during loading. However, this only occurs during
unloading. A possible explanation is that the slope of the second buckling mode is very shallow, causing
it to only cross the x-axis at the final stage of displacement. At this point, the negative force may be
too small to be detected. If the beam is pushed beyond this point, it transitions to its first buckling
mode, as indicated by the positive force curve at the end. Once it reaches this state, it becomes stable,
and the negative energy is registered only upon unloading. These tests demonstrate the effect on the
force-displacement curve, showing the significant influence of constraining the second mode both for
the maximum critical force and the negative minimum critical force.

6.2. Influence of material properties
As was indicated in section 5.2, the samples did not transition at the theoretically determined transition
temperature. If the samples had transitioned at the expected temperature, additional challenges would
have arisen. One key issue is the temperature dependence of the yield strength in polymer materials
[72]. When an FFF-printed model was tested in water at an elevated temperature of 60 ◦C, both the
beam and the supports exhibited plastic deformation while in the second stable state. Notably, the
PETG beam deformed despite being approximately 20 ◦C below its glass transition temperature (Tg).
This behaviour is likely attributed to the reduction in yield strength at higher temperatures, which
occurs even before the material reaches its Tg [73]. The effect of temperature on the yield strength of
3D-printed PETG was investigated by Vaňková et al., and their experimental results are presented in
fig. 6.5.
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Figure 6.5: Averaged values determined from cyclic tension tests for 3D printed PETG samples at different
temperatures [73]
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Figure 6.6: Comparison of E1/E2 and Yield Strength of PETG vs Temperature

The change in yield strength of PETG is extracted from fig. 6.5. These values are plotted against
temperature is compared to the change in relative storage modulus with PLA (E1/E2) to see how the
two rates compare, in fig. 6.6. This gives an indication of the narrow margin at which the system can
reach a transition temperature, limited by the yield strength of the beam decreasing. For example, if a
beam of certain dimensions experiences a stress of 20 MPa, and the calculated transition temperature is
60◦C, the beam will most likely start to plastically deform preventing a snap-back. This demonstrates
that even if the samples made of PETG and PLA would transition at the theoretically determined
temperatures, the snap-back behaviour would be restricted. Therefore, an important finding for this
programming approach is that materials with more spread-out storage moduli could provide a larger
design space. Additionally, it may be worth considering a beam material that is not a polymer to fully
investigate the working principle of the support softening.

Choosing a suitable combination of materials for this programming approach proved to be challeng-
ing during the experimentation phase. Aside from the unaccounted for the temperature dependent
yield strength, we can also observe the role of the ratio E1/E2 and the choice of operating temperatures.
To do this, we compare the passive (E1) and active (E2) moduli for both fabrication methods against
temperature, where the effect on relative stiffness can be seen more clearly (fig. 6.7). It can be seen
that the PolyJet materials undergo a much smaller change in relative stiffness compared to the FFF
materials, with a maximum ratio of E1/E2 ≈ 17 and ≈ 215, respectively. Considering that the intended
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operating temperature of the PolyJet materials was room temperature (21◦C), at this point, the ratio
is already increasing compared to the steady value of E1/E2 ≈ 0.7 for the FFF materials at the same
temperature.

0 10 20 30 40 50 60 70 80

100

101

102

Temperature (◦C)

E
1
/E

2
R

at
io

PolyJet
FFF

Figure 6.7: Comparison of relative stiffness ratio E1/E2 for PolyJet and FFF materials as a function of temperature.

This may explain why the PolyJet samples performed successfully at a lower operating temperature
of around 10◦C in the literature [22]. Starting at room temperature provides only a narrow window
before reaching the maximum E1/E2 ratio, limiting the effectiveness of thermal softening. Additionally,
the relatively weak variation in E1/E2 further complicates achieving a distinct transition, making
these materials less suitable for thermal softening as a programming approach. Conversely, the FFF
materials exhibit a much broader range in relative stiffness, as indicated by the variation of E1/E2 over
temperature. However, their suitability is constrained by a relatively low yield strength of the beam
material near the transition temperature, which restricts the available design space. This suggests that
these materials may also be suboptimal for thermal softening as a programming approach.
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6.3. Refined flow chart of programming approach
With insights gained from experimental implementation, the flowchart for the programming approach,
outlining the key decisions in achieving bi- to mono-stable tuning, has been refined (see fig. 6.8).

Pre-shaped curved beam

2nd mode

Unconstrained Constrained

Composition

Mono-material Multi-material

Beam Tg

Tg ≪ To Tg ≫ To

Geometric tuning

Tt exists?

Does not meet requirements Bi- to mono-stable tuning

Input:

• Material properties
• Operating temperature

No Yes

Figure 6.8: Refined flowchart of thermal softening as a programming approach for asymmetrically bi-stable beams.

This refined version emphasises the critical requirements for successful tuning of bi to mono-stability.
The geometric deformation tuning is left out of this flowchart to focus on the main goal of this pro-
gramming approach. The first key distinction is made at the initial stage, where instead of assuming
that a pre-shaped curved beam is inherently bi-stable, the flowchart now explicitly considers whether
the second buckling mode is constrained. This is an important clarification, as existing literature on
mechanical metamaterials with bi-stable unit cells in metamaterials often overlooks this detail. A rea-
son for this may be that in tessellated structures, the arrangement itself typically constrains the second
mode automatically. However, in isolated unit cells, this is not necessarily the case, which can lead
to unexpected issues in experimentation as was observed in this study. One method to constrain the
second mode in a unit cell is with a parallel beam configuration, see fig. 6.9. This configuration refers
to employing two parallel beams which are connected at their centres. The longer the center clamp or
the gap between the two beams, the more the second mode can be overcome [30]. The additional beam
constrains both beams from rotating into the second buckling mode, ensuring bi-stability.
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Figure 6.9: Representation of a parallel beam configuration

The second decision point, which is well established in literature, concerns whether the system is com-
posed of a mono-material or a multi-material structure. This distinction determines whether a relative
stiffness change between the beam and its support can occur, which is crucial for leveraging the thermal
softening for a transition. Therefore, a mono-material does not meet the requirements for this program-
ming approach. The third decision is related to the beam material selection. Depending on whether
the beam is in its rubber (flexible) state or a glass-like (rigid) state during operation, three different
storage modulus combinations can be achieved. The analytical model showed that this selection plays
a significant role in geometric tuning of the transition temperature for multi-material supports. Two
general observations were:

• If the beam is in a rubber-like state, increasing the proportion of passive material in the support
lowers the transition temperature.

• If the beam is in a glass-like state, increasing the proportion of passive material in the support
raises the transition temperature.

Furthermore, several key material properties, previously not explicitly identified in literature, have now
been established as crucial for practical realization of the system. These include:

• The decrease in yield strength of constituent materials with increasing temperature, which will
limit the design in terms of allowable stresses.

• The viscoelastic behaviour, especially near the glass transition temperature, which may either pre-
vent snap-back behaviour or cause relaxation over time, reducing the effectiveness of the system.

• The spread of glass transition temperatures between the beam and the support. If they are too
close together, the system may behave more like a mono-material, even if the absolute magnitudes
of their storage moduli differ. This is because the relative stiffness may only change in a limited
temperature range.

Ultimately, the three key design choices, (1) second mode constraint, (2) composition (mono vs. multi-
material), and (3) material selection, will determine whether bi- to mono-stability can be achieved
through thermal softening of the boundary conditions. Further limitations such as fabrication methods
will most likely have an influence as well, but this would require more investigation.
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Conclusion

This thesis investigated the feasibility of achieving local one-directional programmability in multi-stable
mechanical metamaterials through thermally activated stiffness modulation of the boundary conditions.
The findings contribute to the broader understanding of programmable multi-stable mechanical meta-
materials and highlight the challenges associated with thermal softening as a programming approach.

A conceptual framework was first established to explore different actuation mechanisms for local one-
directional programmability in bi-stable beams. This framework provided a systematic overview of
existing and novel approaches based on relevant literature. Following an evaluation, localized thermal
softening was identified as the most effective strategy for programming transitions between stable states.
This decision was based on its expected ease of implementation, potential adaptability to 3-dimensional
configurations, and prior success in recent literature.

From this, a novel multi-material unit cell design was developed, utilizing temperature-dependent stiff-
ness modulation at the boundary conditions to induce a transition from bi-stability to mono-stability.
This approach leveraged the drastic change in storage modulus, an inherent property of amorphous poly-
mers when heated. The use of localized heating increased the system’s level of addressability compared
to existing methods. Furthermore, employing beams in their glass state allowed for an investigation
into the applicability of this programming approach for structures utilizing PEEK as a beam material.
This decision was related to the potential applications of mechanical metamaterials in precision motion
systems whereby PEEK could be a suitable base-material.

An adapted analytical model was developed in chapter 4 to describe the force-displacement behaviour of
bi-stable curved beams with temperature-dependent boundary conditions. This model builds on prior re-
search on fixed boundary conditions by incorporating variable stiffness effects at the supports. Through
this model, new stability thresholds were established, providing insight into the geometric relationships
and their influence on bi-stability. Key differences in tuning for a certain transition temperature were
identified between a system with a rubber-state beam versus a glass-state beam, confirming the obser-
vations from previous literature [36]. To verify the analytical findings, an FE model was developed.
Although general agreement in trends and magnitude was found, it was determined that taking into
account higher buckling modes in the analytical model could increase its accuracy. Additionally, the
FE model facilitated the analysis of more complex structures and time-dependent loading conditions.
The models showed promising results for achieving local one-directional programmability in multi-stable
mechanical metamaterials.

Fabrication of physical samples to test the theoretical design revealed several challenges and sensi-
tivities. Different manufacturing techniques were considered based on existing literature, with PolyJet
printing initially being selected due to its multi-material printing capability, relatively high printing
resolution, and tunable stiffness properties. Material characterization using DMA revealed two distinct
storage moduli. However, the samples exhibited significant visco-elasticity interfering with the pro-
gramming approach due to rapid relaxation. In prior research, this factor was not explicitly identified
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as a potential limitation of thermal softening as a programming method. Attempts to minimise this
relaxation effect relied on design adjustments, which reduced but did not eliminate the issue.

Consequently, a second fabrication method, fused filament fabrication, was employed using PLA and
PETG as materials for the supports and beam respectively. With these new samples, the importance of
constraining the second buckling mode was confirmed through experimental testing and FE simulations.
It highlighted a fundamental limitation of testing single-beam unit cells, rather than in a layer or array
structure. A unit cell with a parallel beam configuration, could provide a more robust solution for
maintaining bi-stability. Using FFF samples, thermally induced snap-back behaviour was successfully
demonstrated in heated water. Additionally, a heat gun proved to be effective in triggering transitions.
However, when localised heating was applied using Peltier elements positioned on either side of the bi-
stable element, snap-back behaviour was not observed. This result suggested other factors contributed
to the snap-back behaviour in the prior heating techniques. It was further determined that the decrease
in yield strength of the beam materials limited the transition temperature range of the programming
approach.

Overall, this research provides deeper insight into achieving active programmability of multi-stable
mechanical metamaterials and its challenges. The experimental phase highlighted the influence of ma-
terial properties on the functionality of thermal softening as an active programming approach. Factors
such as stress limits, visco-elasticity, and temperature-dependent yield strength of both the active and
passive materials define the design margin within which the programming approach can function. As
observed in this study, this margin can be narrow, making the realization of a physically functional sam-
ple particularly challenging. Nevertheless, the knowledge gained in this research can be incorporated
into future work investigating this programming approach.

7.1. Recommendations
Based on the findings of this study, several recommendations can be made for future research on
programming multi-stable mechanical metamaterials through thermal stiffness modulation. The key
areas of improvement include material selection and design modifications to enhance the feasibility and
effectiveness of the approach.

Material Investigation
Further investigation into material selection is essential for optimizing the programmability of the
system. The following recommendations address key material-related considerations:

• Exploring beam materials with significantly higher glass transition temperatures than
the support materials. Alternatively, non-polymer materials, such as metals, could be consid-
ered for the beam. This may expand the range of achievable transition temperatures, improving
the feasibility of the programming approach.

• Characterizing additional thermo-mechanical properties, including yield strength, vis-
coelasticity, and thermal expansion. Incorporating these properties into finite element analysis
(FEA) and using them as constraints in the geometric design space would provide a more compre-
hensive understanding of their impact on programmability.

• Investigating creep and relaxation in deformed bi-stable polymer beams to assess their
long-term effectiveness in triggered snap-back behaviour. Polymer beams are expected to relax
over time in their deformed state, which could increase the energy threshold required for activation.
This may introduce a time-dependent limitation on the programming approach, making it a crucial
factor for consideration in compact motion systems.

Design
If an appropriate material selection is achieved, several design strategies can be explored to enhance
programmability:

• Positioning the active material at the component that constrains the second buckling
mode. Given the importance of this constraint in maintaining bi-stability, an actively tunable
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second mode constraint could be investigated as a means to trigger snap-back. One potential im-
plementation could involve a parallel-beam structure in which one beam is actively programmable.

• Experimenting with layered structures as a method for constraining the second buckling
mode. This would provide insight into the effectiveness of the programming approach when
applied to tessellated configurations.

• Developing a programmable dome-shaped unit cell. The current study focused on unit
cells operating within a 2D plane with 1D motion. Extending the approach to dome-shaped
unit cells could enable programmable 3D structures for multi-degree-of-freedom (DOF) compact
motion systems.

• Integrating embedded heating elements within the structure to enable more efficient
and targeted actuation without relying on external heating sources. While this study conducted
experimentation on unit cells, where simple heating applications were feasible, layered structures
may require more complex heating strategies.

• Exploring non-mechanical strategies for loading the system in the deformed position
while ensuring that the thermal programming approach remains unaffected (e.g. magnetic actu-
ation). The loading actuation can be applied globally since the programming approach should
allow for local unloading.

By implementing these recommendations, the understanding of thermal stiffness modulation as a pro-
gramming approach can be further refined. This will provide deeper insight into its feasibility for
enabling precise and addressable motion functionality in multi-stable mechanical metamaterials, ulti-
mately advancing their potential for compact motion systems.
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A
Literature review

Passive programmability is manifested in the design phase, and the programmed behaviour cannot be
altered post-fabrication. Passive programmability primarily makes use of geometric variation to alter
the stiffness of a unit cell or row of unit cells. The main methods to achieve this are either by changing
the dimensions of the elements or by changing the shape/topology of the buckling element. These
different approaches will be explored with the use of a few examples from existing literature which are
listed in the table A.1. The Types of examples are categorized as Dimensional adjustment (D) or
Shape/topological adjustment (S), and with distinction between variance per row or per unit cell. The
Function column refers to the function intended by the authors of the paper. The 2D/3D column
indicates in how many dimensions the unit cell is adjusted for programming. The Unit cell size column
gives a close estimation to the volume of one unit cell. Lastly the Material and Author/Publishing
Date are provided.

A.1. State of the art passive programmability

Image Type
(Level) Function 2D/3D Unit cell size Material Author

(Date)

D
Row

Shock
absorption 3D 100µm× 100µm×

100µm
IP-S1

Frenzel
et al.
[75]

(2016)

S
Row

Shape
morphing 2D 20 mm × 20 mm ×

10 mm DM98952
Che et
al. [76]
(2016)

D
Row

Shape
morphing 2D 20 mm × 20 mm ×

10 mm DM9895
Che et
al. [76]
(2016)

1Resin material by Nanoscribe for applications such as mechanical metamaterials [74]
2A digital material derived by mixing two base materials: TangoblackPlus and Verowhite[76]
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D
Row

Energy
absorption 2D 27 mm × 15 mm ×

1 mm
GBR-
PA123

Yang et
al. [77]
(2020)

S
Unit
Cell

Energy
absorption 3D 74 mm × 74 mm ×

47 mm TPU4
Chen et
al. [78]
(2021)

D
Row

Energy
absorption 2D

77.48 mm ×
41.78 mm ×
12.70 mm

TPU
Giri et
al. [79]
(2021)

D/S
Unit
Cell

Shape
morphing 3D 50 mm × 50 mm ×

50 mm TPU
Shi et al.

[21]
(2021)

D
Row

Mechanical
memory 2D 40 mm × 33 mm ×

30 mm TPU

Mofatteh
et al.
[80]

(2022)

S
Row

Energy
absorption 2D 60 mm × 9 mm ×

1 mm Nylon
Hua et
al. [70]
(2022)

D
Row

Shape
morphing 2D 32 mm × 32 mm ×

65 mm
Mylar
sheet

Jules et
al. [81]
(2022)

S
Row

Shape
morphing 2D

55 mm × 5 mm ×
0.55 mm (beam

size)
PLA

Ghavidelnia
et al.
[82]

(2023)

3HP Jet Fusion 3D 4200 printing material with (black) glass beads reinforced with polyamide 12
4The flexible buckling elements are made of TPU (thermoplastic polyurethane) and the rigid elements are made of

PLA (polylactic acid).
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S
Row

computing
functional-

ity
2D 10 mm × 10 mm ×

15 mm
polyurethane
rubber

Hyatt et
al. [83]
(2023)

Table A.1: State-of-the-art passively programmed bi-/multi-stable structures

A.2. State of the art active programmability
In literature, active programming can also be referred to as 4D programming/printing [52, 84–86]. In
those examples, 4D refers to the added dimension of the material’s response to environmental stim-
uli over time. This method is not limited to metamaterials and has a broad range of applications in
fields such as electronics, renewable energy, aerospace, food, healthcare, and fashion wear [87]. Using
external stimuli to activate a metamaterial makes it possible to program the system post-fabrication,
thereby expanding the tunability compared to passively programmed structures. In Table A.2, multi-
ple examples from literature are presented which make use of this attractive feature. Some of these
structures use a combination of passive programming (geometric adjustment) and active programming
(stimuli-dependence), in order to achieve a certain deformation sequence. The examples presented are
either Thermally or Magnetically stimulated. Notably, these two methods are less comparable to each
other than the passive programming methods (dimensional vs shape adjustment). The thermal stimuli
often soften materials with increased heat, achieving one directional state changes, whereas magnetic
stimuli can achieve bi-directional actuation. Table A.2 shows an image of the approaches from recent
literature. The External stimuli column indicates which stimulus is used and whether it is applied
globally or locally. Note, a state change may still occur only on one layer even if the stimulus is applied
globally. Next the Function mentioned by the authors is noted, followed by the size of a single unit
cell, the materials used and the author and publishing date.

Image External
stimuli Function Unit cell

size Material Author
(Date)

Thermal
(Global)

Tunable
stiffness

12 mm ×
7 mm ×
6 mm

PEGDA
DM98955

Che et al.
[50] (2018)

Thermal
(Global)

Controllable
deforma-

tion

14 mm ×
6.2 mm ×
10 mm

RGD8530
VeroWhite

6

Tao et al.
[52] (2020)

Thermal
(Local)

Tunable
deforma-

tion

2 mm
(length)

Doped
silicon

Hussein et al.
[61](2020)

5DM9895 is a digital material obtained by mixing the two base materials of the printer, TangoBlack and VeroWhite
6These digital SMP materials are directly printed by a multi-material inkjet 3D printer (Objet 350, Stratasys, USA)

capable of precisely printing digital polymer materials with various thermomechanical properties.
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Magnetic
(Global)

Shape
transform-

ing

21 mm ×
24 mm×
24 mm

Origami-
paper

silicone
rubber

NdFeB57

Novelino et
al.

[88](2020)

Air pressure
(global)

tunable
stiffness

20 mm ×
20 mm ×
5 mm

(cone size)

urethane
elastomer

Tan et al.
[89] (2020)

Thermal
(Local)

Shape
adaption

20 mm ×
20 mm ×
20 mm

LCE/PDMS8 Korpas et al.
[90] (2021)

Magnetic
(Local)

Tunable
stiff-

ness/strength

30 mm ×
30 mm ×
30 mm

VPS/NdFeB9 Chen et al.
[91] (2021)

Thermal
(Global)

Self-
sensing

actuators

50 mm ×
80 mm×

TPU/CFR
Nylon

Niknam et
al. [36]
(2022)

Thermal
(Global)

Shock at-
tenuation

66 mm ×
10 mm ×
6 mm

(beam)

PLA/TPU Meng et al.
[38] (2023)

Thermal
(Global)

Self-
induced

actuators

100 mm ×
6 mm ×
30 mm
(beam)

TPU/PETG Fu et al. [51]
(2023)

73-mm-thick magnetized plate that is made from a mix of Ecoflex 00-30 silicone rubber and NdFeB (neodymium–iron–
boron) particles (30 vol%) [88]

8A silicone, poly(dimethylsiloxane) (PDMS), and a temperature-responsive liquid crystal elastomer (LCE) are joined
via a silicone sealant

9 The magnetic cap is cast using an elastomer composite made of vinyl polysiloxane (VPS) mixed with magnetized
NdFeB particles.
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Magnetic
(Global)

Adaptable
snap

buckling

60 mm ×
6 mm ×
8 mm

PDMS/
NdFeB

Zhao et al.
[92] (2023)

Magnetic
(Global)

Multimodal
transfor-
mation

23 mm ×
0.6 mm ×
3 mm

(beam)

PDMS/
NdFeB

Zou et al.
[44] (2023)

Mechanical
(Local)

Tunable
load-

bearing

60 mm ×
1 mm ×
15 mm
(beam)

nylon Hua et al.
[59] (2024)

Table A.2: State-of-the-art approaches to active programming of multi-stable mechanical metamaterials



B
Continuation of Analytical Model

fixed-fixed boundary conditions

By combining the normalisations in eqs. (4.15) and (4.20) and the mode superposition in eqs. (4.16)
to (4.19) , the relations in eqs. (4.9) to (4.14) can now be expressed as

∆ = 1− 2
∑

j=1,5,9,13,...

Aj (B.1)

S = 1 +

∞∑
j=1

A2
jN

2
j

4
(B.2)

N2

12Q2
= (S)W=w̄ = S =

N2
1

16
−

∞∑
j=1

A2
jN

2
j

4
(B.3)

∂(Ub) = ∂

( 12 −A1

)2
N4

1

4
+

∞∑
j=2

A2
jN

4
j

4

 (B.4)

∂(Us) = −N2∂(S) = −N2∂

 ∞∑
j=1

A2
jN

2
j

4

 (B.5)

∂(Uf ) = −F∂(∆) = 2F
∑

j=1,5,9,13,...

Aj (B.6)

The variation of the total energy, Ut, within the buckling beam is the sum of eqs. (B.4) to (B.6), which
results in

∂(Ut) =
(

N4
1−N2N2

1

2 A1 − N4
1

4 + 2F
)
∂(A1)

+
∑

j=2,3,4,6,7,...

(
N4

j −N2N2
j

4

)
∂(A2

j )

+
∑

j=5,9,13,...

(
N4

j −N2N2
j

2 Aj + 2F
)
∂(Aj)

(B.7)

The mode amplitudes should minimize Ut, therefore

∂(Ut) ≥ 0 (B.8)
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In order to satisfy eq. (B.8), the coefficients of ∂(Aj), j = 1, 5, 9, 13 . . . terms in eq. (B.7) should be zero.
This yields the solutions

A1 = −1

2

N2
1

N2 −N2
1

+
4F

N2
1 (N2 −N2

1 )
(B.9)

Aj =
4F

N2
j

(
N2 −N2

j

) , for j = 5, 9, 13, . . . (B.10)

The ∂(A2
j ), j = 2, 3, 4, 6, 7 . . . terms in eq. (B.7) must also satisfy eq. (B.8) which leads to a number of

conclusions.

A2
j


= 0 N2 < N2

j

must have been constrained N2 > N2
j

can take any value as long as N2 = N2
j

j = 2, 3, 4, 6, 7 . . . (B.11)

Since only the second mode can be easily constrained mechanically, without affecting the first mode, the
second condition dictates that j can only take the value of 2 when the second mode is not constrained,
or 3 when the second mode is constrained. This results in three solutions whereby the first kind is

F = F1

N2 <

{
N2

1 , with the second mode constrained
N2

2 , with the second mode not constrained
Aj = 0, j ̸= 1, 5, 9, 13, . . .

(B.12)

the second kind is 
F = F2

N2 = N2
2

Aj = 0, j ̸= 1, 2, 5, 9, 13, . . .

(B.13)

and the third kind is 
F = F3

N2 = N2
3

Aj = 0, j ̸= 1, 3, 5, 9, 13, . . .

(B.14)



C
Passive vs Active programmability

Active programmability offers an increased amount of control of multi-stable mechanical metamaterial
versus passive programmability. The level of programmability of a one-degree-of-freedom (1-DOF)
multi-stable metamaterial composed of stacked bi-stable layers can be calculated. For this calculation,
Pascal’s triangle can serve as a representation of a system with n layers (fig. C.1).

n = 0 20 = 11

n = 1 21 = 21 1

n = 2 22 = 41 2 1

n = 3 23 = 81 3 3 1

n = 4 24 = 161 4 6 4 1

n = 5 25 = 321 5 10 10 5 1

Figure C.1: Pascal’s triangle labelled by row number n and corresponding sums 2n.

A system with n layers has 2n unique stable positions, which corresponds to the sum of all elements
in the nth row of Pascal’s triangle. However, it is important to note that the heights of these stable
positions may not always be unique, as multiple combinations of open and closed layers can result in
the same overall height. Each element in Pascal’s triangle represents a binomial coefficient:(

n

k

)
=

n!

k!(n− k)!
(C.1)

where k represents the horizontal position of the element in the row. The first element in a row is
indexed as k = 0, and the last element is indexed as k = n. Each row in Pascal’s triangle can be
interpreted as a representation of the possible configurations of a system with n layers:

• 0 represents a layer in its open position.
• 1 represents a layer in its closed position.

A fully open system has all n layers at 0, while a fully closed system has all n layers at 1. These two
extreme states correspond to the outermost ones in the nth row of Pascal’s triangle. Between these
extremes in the nth, the binomial coefficient dictates how many configurations exist with exactly k
closed layers in a system with n layers. For example:
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• A system with two layers (n = 2) has one fully open (0,0), one fully closed (1,1) and two configu-
rations where one layer is closed:

(0, 1), (1, 0)

• A system with three layers has one fully open (0,0,0), one fully closed (1,1,1) and:

– three configurations where one layer is closed:

(1, 0, 0), (0, 1, 0), (0, 0, 1)

– three configurations where two layers are closed:

(1, 1, 0), (1, 0, 1), (0, 1, 1)

This pattern continues for larger systems. Now, consider a passively programmed system where the
deformation sequence is predefined by the geometry of each layer, and the system can only be globally
loaded or unloaded, one layer at a time. In this case, we are interested in calculating the number
of paths available to transition between the 2n stable configurations. The behaviour of the system is
constrained by the following rules:

1. From the fully open state, the system can only transition to a state where exactly one layer is
closed. This is uniquely determined by the geometry of the weakest layer, meaning only one path
exists to the next configuration.

2. Similarly, from the fully closed state, the system can only transition to a state where exactly one
layer is open, which is again pre-determined by the geometry so there is only one.

3. Any intermediate configurations can either be loaded or unloaded, meaning each has two possible
outward paths leading to different configurations.

Thus, the number of possible transitions follows a simple summation of the outward paths at each step,
leading to a final derivation of Pn number of paths:

Pn = 2 · 1 + (2n − 2) · 2 = 2n+1 − 2 (C.2)

An example of a system with 2 layers is presented in fig. C.2.

(0,0)start (1,0) (1,1)

(0,1)

load

unload

Figure C.2: Passive: Mechanical Loading and Unloading
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(0,0,0)start (0,1,0)

(1,0,0)

(0,0,1)

(1,1,0)

(1,0,1)

(0,1,1)

(1,1,1)

load

unload

Figure C.3: Passive: Mechanical Loading and Unloading for n = 3

Notice that in the system with n = 2 layers, to go from (1,1) to (1,0) the system first needs to fully
open to (0,0) and then load once, so three loading and unloading steps are required. For a system with
n = 3 layers, to move from (1,1,1) to (1,1,0) it would require three unloading steps and two loading
steps, as can be seen in fig. C.3. The number of minimum steps between some states will drastically
increase.

(0,0)start (1,0)(0,1) (1,1)

load

unload

Figure C.4: Passive: Mechanical Loading and Unloading

Naturally, this issue does not arise in systems with equally sized layers, as each configuration with k
closed layers would result in the same height. In this case, there would only be n+1 unique height levels,
as illustrated in fig. C.4 for a system with n = 2 layers. By contrast, if all 2n configurations correspond
to unique heights, a system with 10 layers would have 1024 distinct height positions, whereas a system
with equally sized layers would be limited to just 11 unique heights. While the system with identical lay-
ers still possesses 1024 possible configurations to reach those 11 heights, this highlights the inefficiency
of such a setup for use in positioning systems. Thus, for the effective use of multi-stable mechanical
metamaterials in positioning applications, it is advantageous to design systems with multi-sized layers.
However, with this added complexity comes the need for active addressability between configurations,
allowing transitions beyond what is possible through passive programmability alone.

To improve the programmability of such a system, an alternative approach is to introduce active transi-
tioning, where an external stimulus is applied to directly move between stable states. Unlike the passive
system, which follows a strictly predetermined sequence, active transitioning allows for more efficient
repositioning. In this work, the desired active programmability assumes:

• Active transitioning is only possible in one direction (unloading).
• The stimulus can be applied locally, allowing multiple layers to be transitioned simultaneously.
• The system still requires a global loading force for deformation.

To demonstrate the increase in newly accessible transition paths, we refer back to Pascal’s triangle.
As stated, the passively programmed system has 2n+1−2 paths. In the active system, every configuration
with more than one closed layer gains additional paths. Note that all configurations already have an
existing passively determined path, and that a system with a certain ith layer open, cannot transition
to a system with the ith layer closed simply by unloading. Remember that there are

(
n
k

)
for each system

with k layers closed. So for each state with k ≥ 1 the additional paths are
(
n
k

)
· (2k − 2). Adding this

to the existing paths from the passively programmed system results in.



80

(0,0)start (1,0) (1,1)

(0,1)

load

stimulus

Figure C.5: Active: Mechanical loading and external stimulus for n = 3

Pna = 2n+1 − 2 +

n∑
k=1

(
n

k

)
(2k − 2) (C.3)

This equation also seems to correspond to the more simple equation 3n − 1. To illustrate the effect, a
system with n = 2 and n = 3 layers is presented in figs. C.5 and C.6, respectively.

(0,0,0)start (0,1,0)

(1,0,0)

(0,0,1)

(1,1,0)

(1,0,1)

(0,1,1)

(1,1,1)

load

stimulus

Figure C.6: Active: Mechanical Loading and external stimulus for n = 3

We can now plot the paths accessible in both passive and active programmability versus the number
of layers. Note that this demonstrates the increase of addressability specifically for one-directional
programmability (in unloading). In addressable loading there is still room for improvement. For bi-
directional programmability which can be applied locally and simultaneously, all configurations can
transition in one step to any configuration resulting in:

Pba = 2n · (2n − 1) = 22n − 2n (C.4)
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Figure C.7: Comparison of Transition Paths for Passive and Active Systems


