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Introduction

When a notion of distance is available one can consider the proximity of the elements
of a set relative to each other. A set B is called r-separated if no two points are
closer to each other than distance r. The largest possible lower bound sep(B) on the
pairwise distances is called the separation constant of B. In the setting of a normed
vector space the distance between vectors z and y is expressed as the length of their
difference ||z — y||. The separation constant of a sequence (z,) of vectors is given by
sep(z,) = infyzp ||2n — 24|, For r > 0 arbitrary an infinite r-separated set is easily
found in any nontrivial normed vector space: {nrui—” : n € N} suffices whenever x # 0.
As this doesn’t tell us anything about the structure of the vector space we are led to
ask if it is possible to find an r-separated set in a bounded subset. How close to the
diameter of the set can we choose r?

The closed unit ball Bx of a finite-dimensional vector space X is compact. Any
sequence therein will have a convergent subsequence making it futile to hope for a sepa-
rated sequence. Infinite-dimensional vector spaces on the other hand bring solace. The
classical £, sequence spaces have 2%—separated standard bases (e,(j) =1if j =n and 0
otherwise) )

p
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Explicitly giving the separation of a sequence is not as easy in all Banach spaces. Still this
is an encouraging result to look for separated sequences in infinite-dimensional Banach
spaces in general.

Riesz’s Lemma (1918). Let X be a normed linear space andY a closed proper subspace
of X. Then for every 6 € (0,1) there is a vector xg in the unit sphere Sx of X such
that for all y € Y the distance ||zg — y|| > 6.

Let X be an infinite-dimensional Banach space. Fix 6 € (0,1) and pick any z; € Sx.
The linear span Lin{z;} of z; is a finite-dimensional subspace of X and thus both closed
and a proper subspace of X. Riesz’s lemma allows us to find z9 € Sx \ Lin{z;} such
that no vector in Lin{z} lies closer to xo than 6. The linear span Lin{z1,x2} is again
a closed and proper subspace of X. Repeating this procedure produces a 6-separated
sequence ygp = {x1, 2, -} in the unit sphere of X. As we can do this for every 6 € (0, 1)
we can almost get a 1-separated sequence, but not quite. We define Kottman’s constant
K(X) to describe this notion

K(X) = sup {sep(x,) : () € Bx}.

The exercise with Riesz’s lemma can be summarised as saying that K(X) > 1 for any
infinite-dimensional Banach space X. Finite-dimensional spaces have Kottman’s con-

1
stant equal to zero and the £, example shows K (¢,) > 2r.



A small improvement on the achievable separation was given by Kottman [11] using com-
binatorial methods in 1975, “The unit ball of every infinite-dimensional normed space
contains a sequence where every two distinct elements have distance greater than 17.
This does not improve the estimate on K (X) as the infimum over pairs in the sequence
can still be 1. Diestel gives a short noncombinatorial proof on page 7 of |4] exclaiming
that Banach himself could have done this 40 years earlier.

The real breakthrough came about in 1981 when Elton and Odell published their result,

The Elton-Odell (1+¢)-separation Theorem. If X is an infinite-dimensional normed
linear space, then there are an € > 0 and a sequence (x,,) C Sx for which ||z, — Tpm || >
1+¢eifn#m.

Now we can confidently state that K(X) € (1,2] for any infinite-dimensional Banach
space, but finding € for a given space can still be a challenge. In this thesis we shall
give estimates for ¢ for some classes of Banach spaces as well as try to answer a related
question that presents itself. Diestel poses the following open problem on page 254 in
his notes on the Elton-Odell theorem:

Problem. For which infinite-dimensional Banach spaces X is there an ¢ > 0
such that given any infinite-dimensional closed linear subspace Y of X, then
one can find a (1 + ¢)-separated sequence in By?

The sequel is heavily based on two papers by Prus and Kryczka [13,[15]. The contribu-
tion in this thesis consists of filling in some details.

Section [I| contains a brief review of some functional analysis as well as introducing some
notation and Ramsey theory that will be used in the following sections. Section [2] is
based on |15] and deals with non-Schur Banach spaces. Section [3|in turn is based on
[13] and gives an estimate for K (X) for nonreflexive spaces.



1 Preliminaries and notation

1.1 Functional analysis

This section is intended to provide the necessary concepts used in the rest of this thesis
without explicit explanation later on. We refer an interested reader to a basic course on
functional analysis (such as Rudin[16]) for a more comprehensive treatment.

Definition 1.1 (norm). A norm || -||: X — [0,00) on a vector space X over a field F
satisfies the following properties, for all t € X, a € F.

e [z]| =0<2=0
o |laz| = |afllz|
o [lz+yll < llzll + llyll (triangle inequality)

A useful form of the triangle inequality is the reverse triangle inequality. Two vectors
are written as the sum of the other plus the difference: z = y+(z—y) and y = 2+ (y—x)

el =1y + (&=l <yl + llz -yl

= ‘z - y)é r—y
bl e Gl S ) Il = ld] = e = ol

Norms on spaces X and Y will be distinguished as || - ||x and || - ||y or sometimes | - |.
Concrete examples are the Holder p-norms on classical sequence spaces £,

<\
[ERSRSIE (erirp> , o1zl = 5up .
i=1

neN

A sequence (x,)2% in a space X is a function z : N — X from the natural numbers
to X. For convenience we will usually write (z,,) unless there is call for the indexing to
be explicit. Given a sequence (x,) if for all € > 0 there is an N € N such that for all
n,m > N we have ||z, — zp| < ¢, (2,) is called a Cauchy sequence. When all Cauchy
sequences in a space X also converge to a limit in X, X is complete. The real numbers
R are complete, but the rational numbers QQ are not.

A complete normed vector space is called a Banach space after Stefan Banach who
started the systematic study of such spaces with his 1932 book on the subject.

Some examples include the spaces of real and complex numbers R and C, the spaces
¢, of absolutely p-summable sequences referenced above and cy the space of sequences
converging to zero (equipped with the supremum norm || - ||o) and the Sobolev spaces
WkP spaces containing equivalence classes of k times weakly differentiable p-integrable
functions.

We say that a sequence (x,)2°; has finite support when a finite number of terms
are non-zero. The subspace cog of ¢y that consists of sequences with finite support is
not complete for any norm. In the supremum norm ({1/n}F_,)% , is a Cauchy-sequence
in cp but its limit (1/n)5 ; does not lie in ¢op. Hence cgp is not closed as a subspace of ¢y.



A linear map T: X — Y between Banach spaces is called an operator. The operator
norm ||T'|| of T" is given by

[ Tz|y
|T|| := sup T = sup ||Tz|y.
240 1zllx  z=1

When X is finite-dimensional ||T'|| will be finite also. In the infinite-dimensional case
the norm of T' can be unbounded. Continuity of an operator occurs precisely when the
operator is bounded. We will restrict our attention to bounded operators. The two most
important classes of operators for us are functionals and isomorphisms between Banach
spaces.

An operator f: X — F from a vector space X to the underlying scalar field F is called
a functional and is usually denoted with the symbols z* or f. The (topological) dual X*
is the set of all continuous linear functionals on X. As mentioned above in the finite-
dimensional case all linear functionals are continuous but this is no longer true when
infinite-dimensional vector spaces are concerned. The linear structure of the functionals
endows X* with a vector space structure. The operator norm as defined above is seen
to turn X* into a normed vector space in particular. Even when starting out with a
normed vector space that is not complete, when its underlying scalar field is complete
the dual is always a Banach space. The dual of C" is isomorphic to C™. For 1 < p < oo
the dual of ¢, is £, with % + é = 1. The exponents p and ¢ fulfilling this condition are
called Hoélder conjugates.

The dual X** of X* is called the bidual of X. The natural embedding ¢ : z — (f —
f(x)) associates with every vector z € X evaluation of a functional f € X* at that
vector . When ¢ is not surjective (and hence X** is strictly larger than X itself) X
is said to be nonreflexive. When ¢ is surjective it is an isomorphism and X is called
reflexive. Due to the symmetry in the Holder conjugates the £, spaces with 1 < p < oo
are reflexive. The same holds for C™. On the other hand the dual and bidual of ¢y are
respectively ¢ and {,. This makes ¢y nonreflexive. Since being reflexive is equivalent
with having a reflexive dual[16}, p. 111] ¢; and { are nonreflexive as well.

When a sequence of vectors (z,,) converges to a limit z, i.e. lim,_, ||z, — x| = 0, we
write x,, — x. The vectors are said to converge strongly or in norm. A different mode of
convergence occurs when for all functionals 2* € X* we have that 2*(z,) — z*(z). The
sequence is said to converge weakly to x. We may denote this as z,, — x. Frequently
we will concern ourselves with sequences weakly converging to the zero vector. In this
case we will say that the sequence is weakly null.

As the terminology suggests norm convergence implies weak convergence,

|27 (xn) — 2" (2)| = 27 (20 — @) < [J2"||l2n — 2] = 0.

But the converse is not true. Spaces where the two concepts coincide are said to have
the Schur property. A classic example is the space ¢1 which was proven by Schur himself
in 1910.

o0

A sequence (zy,)0°, is weakly Cauchy if for every z* € X* the limit lim, o z*(zy)



exists. In general a weakly Cauchy sequence need not converge weakly.

An isomorphism T' between two normed vector spaces is called an isometric isomor-
phism when vectors get mapped to vectors of the same length. Equivalently ||T'|| =
1 = ||[T7!]. As an example that isomorphisms in general are not isometries the map
T: X — X given by T': x — 2z is linear, continuous and a bijection but ||Tz| = 2||z||.

A sequence (e,) is called a Schauder basis (or simply a basis) for a normed vector
space X if for each x € X there is a unique sequence of scalars (a,) such that ||z —
o aiel| 2%, 0. If a sequence () C X is a basis for its own closed linear span [z,]
it is called a basic sequence. Note that it need not be a basis for the entire space X.

Let (e,)02; be a basis for a Banach space X. In addition let (p, )5 ; be a sequence of
strictly increasing integers with pgp = 0 and let (a,) be a sequence of scalars. A nonzero
sequence of vectors (uy)22; of the form

Pn
Up = § ann

pn71+1

is called a block basic sequence of (en)22 .

Two basic sequences (x,) and (y,) are called equivalent if there is an (continuous
linear) isomorphism 7': [z,] — [yn] between their closed linear spans that maps z,, to
Yn. When one of the sequences is normalized the other will be at least seminormalized.
To see that assume ||z,| = 1, then

< lynll < IT1-

[ynll = Tzl <|[T[l|znll = T }é 1
[y

lzn ]l = 1T~ 2]l < 1T~ llyal

A sequence of sets (A,) is called increasing when A, C A,y1 and decreasing when
Ay D Ant1. The set of all subsets of X of size k is denoted as X (),

1.2 Ramsey theory

The application of combinatorial Ramsey methods to Banach space theory has been a
fruitful endeavour. Results relevant to us were achieved by Elton and Odell in their
seminal paper [6] and by Brunel and Sucheston to define their spreading model|2} 3, 8]
that we will use in section

The formulation of the following theorem follows that of Gowers in the Handbook of
the Geometry of Banach spaces|8] chapter on Ramsey methods in Banach spaces. Other
treatments can be found in chapter 10 of [1] or chapter X of [4].

Definition 1.2 (r-colouring). Let r be a positive integer. An r-colouring g of a set A
is a function from A to {1,...,r}.

When a colouring on a set A is constant on a subset B C A, then B is said to be
monochromatic with respect to that colouring.



Theorem 1.3 (Theorem of Ramsey [8]). Let r and k be positive integers. For any r-
colouring f of N®) there is an infinite subset Y C N for which Y*) is monochromatic.

Proof. For the simplest case, k = 1, let ¢: n +— {n} identify N with N If there is
no infinite monochromatic subset of N then Ugeqy 1 (f © 1)~1(s) would be a finite set,
while clearly (fo¢)(N) C {1,---,r}.

Induction hypothesis: If an arbitrary colouring of N®) admits an infinite monochro-
k1)

matic set, then so will a colouring of N(

Let f:NG+D 5 £1 . 7} be an r-colouring of subsets of size k + 1.
Put zo = minN and Y1 = N\ {zp}. On Yl(k) we define a new colouring

91(4) = f({zo} U A)

By the induction hypothesis there is an infinite set Xy C Y7 on which g; is monochro-
matic. Now set 1 = min X;, Yo = X3 \ {z1}. On Y2(k) we define a colouring go(A) =
f{z1} UA). Again we can find an infinite subset Xy that is monochromatic under gs.

Proceeding this process we end up with a decreasing sequence of infinite sets N D
X1 D X9 D ... and an increasing sequence of numbers xg < 1 < T2 < ....

Put Y = {z1,22,...} and let A = {z;,..., 2y, } € Y *+1 . Due to our construction
we know that A\ {z,,} C X,,+1 which completely determines the behaviour of f on A

f(A) = f({zn, } U (A\ {20, }) = gny+1(Xny41)

An equivalence relation ~ on Y* 1 defined by A ~ B when min A = min B in-
duces equivalence classes that can be represented by the x,. Each equivalence class
is monochromatic under f. The colouring f on Y1) thus behaves essentially as a
colouring of Y(!) and admits an infinite subset Z of ¥ such that Z®*+1 is monochro-
matic.

O

In the sequel we will make use of Ramsey’s theorem to construct subsequences with
desirable properties.

Corollary 1.4. Let F : N®) — [a,b] C R be a function assigning to a set of k indices a
number in a closed interval. For any € > 0 there is an infinite set Y such that for two
sets of indices n1, ny € Y®) their images under F are no further apart than e:

|[F(n;) — F(ng)| <e¢

Proof. Decompose [a,b] into r intervals Iy, - , I, of width less than ¢ and colour n €
N®) corresponding to which interval F (n) lies in. According to Ramsey’s theorem there
is an interval I; and an infinite Y C N for which F(Y*)) c I;. O



2 Separated sequences in Banach spaces without the Schur
property

In the paper “Constructing separated sequences in Banach spaces” [15] Stanistaw Prus
sets out to answer Diestel’s problem: for which spaces X does

s(X) =inf{K(Y) :Y is an infinite-dimensional closed subspace of X} > 1,

where K (Y') is Kottman’s constant, K (Y') = sup{inf;; ||z; — x;[ : (zn) C Yx}. We will
follow Prus’ approach of considering Banach spaces without the Schur property.

2.1 Motivation

When in a Banach space weak convergence of a sequence implies also the norm conver-
gence of that sequence we say that the space has the Schur property (or X is Schur).

Let X be an infinite-dimensional Banach space with the Schur property and (z,) a
sequence with a positive separation constant, contained in the unit sphere Sx of X

sep(xy) = inf ||z, —zp| > 0.
n,meN
n#m
Suppose a subsequence (y,) of (z,,) is weakly Cauchy. A sequence of differences (e.g.

(Yn — Yn+1)02,) is then necessarily weakly null as

lim [2"(yn — ynt1)| = lim [2%(yn) — 2" (ynt1)| = 0

n—oo n—oo
Since X is Schur the differences must also converge in norm, but lim, 0 ||yn —Yn+1|| =0
contradicts the separation constant being positive. We conclude that no subsequence
of (x,) can be weakly Cauchy. Rosenthal’s theorem now implies that (x,) has a subse-
quence equivalent to the canonical basis of #1:

Rosenthal’s ¢/; Theorem (|1, Theorem 10.2.1]). Let (z,,)52; be a bounded sequence in
an infinite-dimensional Banach space X. Then either:

(a) (x5)52 has a subsequence which is weakly Cauchy, or

(b) (zn)22, has a subsequence which is basic and equivalent to the canonical basis of
4

Through this equivalence we can relate the separation constant of the basic sequence
(en) of ¢1 to the equivalent sequence in X. Recall that the standard basis of ¢; is
2-separated. Let T': /; — X be the isomorphism that maps (e,) into (x,). Then
ﬁ < lzn — xm|| < 2||T||. As T need not be an isometry this doesn’t give us the
control we need. However, since we are dealing with an isomorphism of ¢; we can
improve the estimate to be nearly isometric.



James’s ¢, Distortion Theorem (]I, Theorem 10.3.1]). Let (xy)22, be a normalized
basic sequence in a Banach space X which is equivalent to the canonical f1-basis. Then
giwen € > 0 there is a normalized block basic sequence (yn)3, of (xn)52; such that

N N
D aryr|| > (1—2) > |al
k=1 1=k
for any sequence of scalars (ak),]fvzl.
Setting scalars a, = 1, a;, = —1 and the rest zero we get for every € > 0 a sequence (y5)

in the unit sphere of X such that

19n = ymll = (1 —€)2.

Taking the supremum over all such sequences we establish the fact that K(X) = 2
whenever X is Schur. The following lemma shows that then also s(X) = 2.

Lemma 2.1. All closed subspaces of a Schur space are Schur.

Proof. Let X be Schur and Y a closed (infinite-dimensional) linear subspace of X. Let
(yn) be a sequence in Y that converges weakly to yoo. In X it also converges in norm to
Yoo- Since Y is closed yoo € Y s0 (y,,) converges in norm in Y, hence Y is Schur. O

In the sequel we will therefore focus our attention on Banach spaces that do not have
the Schur property.

2.2 Banach spaces without the Schur property

Since weak and norm convergence don’t coincide in Banach spaces without the Schur
property there exist sequences that converge weakly to 0 but not in norm. We are
interested in a subset of these sequence for which a certain limit exists.

Theorem 2.2 ([3, Proposition 1]). Let (xy) be a bounded sequence in a Banach space
X. Then there exists a subsequence (yn) of (xn) such that for all scalars aq,...,an, the
following limit exists and is well-defined:

m
Lag,...,ap) == n1<hrr<1nm Z QiYn, (1)

n1—o0 =1
Proof. Let (x,,) be bounded and ay,...,q,, given. For any n € N(™) the expression
| >0, @y,]| is bounded by U := maxa;sup ||z, |. Divide the interval [0,U] in two

equal subintervals. By Corollary to Ramsey’s theorem there is a subsequence (x1) of

n

() such that F(N(™) falls entirely in one of the two intervals. Repeating the procedure
with this interval and taking the diagonal sequence (z") means that for A, B € N(™)

n



with min A, min B > N

Tyt — H Z aix% il
k;eB
Hence the limit L(ay, ..., o) along (2]') exists for this particular choice of ;. Moreover
it does not depend on the values of n; < ... < n,,, but only on the fact that n; tends
to infinity. This justifies the otherwise ambiguous notation limn; <...<n,, .
nip—oo

To establish the existence for all possible combinations of scalars aq, ..., ap note that

(a1y...,0k,0,0,...) € cop and that cop has a countable dense subset S consisting of all

sequences of rational coefficients and finite support.

Let {g;}32, be an enumeration of Q (or the complex numbers with rational coefficients
if the scalar field is C) with go = 0. A correspondence ¢ between the natural numbers
and the set S can be set up using the unique prime decomposition of a natural number

¢(2k13k25k3 .. ) = (QIﬂvq]Cza ks - - )

Thus ¢(1) is the null vector and ¢~1((0,0,qs3,q1,0,...)) = 22. This shows that S is
countable. The fact that S is dense in ¢y follows from QQ being dense in R. With an
enumeration for S at hand we can take a diagonal sequence so that the limit exists
for all &« € S. It remains to show that the statement is true for vectors where not all
coefficients are rational.

Let b = (b1, -+ ,b/,0,0,--+) € cgp \ S have real coefficients. For every £ > 0 there is
an a = (a1, ,a,,0,0,---) € S such that ||b— a|; < /(4U). Thus for A € N the
difference |3, c.s ittn, — S @it | < 31y b — ail 7| = b — alloU.

For a we know that the limit L(a) exists. Taking v € N large enough so that for all
A € N with v < min A we have ||| S0_; aizn,|| — L(a)| < £/4

sup Z by, || < sup E azn,| +¢/4 < L(a) +¢/2
v<minn! v<minn i=1
E — > —
v<lrIr111fnn ‘Z bZEn v<1rInllfnn ‘ CLfL‘n 8/4 L( ) 6/2

The difference between the supremum and infimum above is smaller than €. As ¢ is
arbitrary taking the limit shows that the difference between the limit superior and limit
inferior is 0 which by definition means that the limit exists. The desired limit exists for
all a € cqp. L]

By N(X) we denote the set of all sequences (y,) in a Banach space X such that all
limits as defined in Theorem [2.2|exist, (y,) converges weakly to 0 and (y,,) does not have
a norm-convergent subsequence. By N7 (X) we denote the subset of N'(X) that consists
of normalized sequences.

10



Clearly, when A/(X) is non-empty, X does not have the Schur property. The converse
holds as well. Let (z,) be a sequence that converges weakly to 0, but does not converge
in norm. In other words, there is an ¢ > 0 such that for all N, sup,,-y |lzm| > .
We can assume (z,,) is uniformly bounded away from zero by . Denote with (x,) the

Zn

normalisation (m) of our original sequence. Let f € X* be an arbitrary functional,
then since

_ ’f(Zn)‘ ’f(zn)‘ n—00
= < e

0,

() is still weakly null. Since it is normalized it does not have norm-Cauchy subse-
quences. As it is bounded we can apply Theorem to obtain a subsequence for which
the desired limits exist, proving that A7 (X) C N(X) is non-empty.

2.2.1 A spreading model based on N7 (X)

On the space cgp of finitely supported sequences with basis {e;}°; we define a norm
based on (y,) € N1 (X),

m m
Z ;e = Loy, ..., o) = n1<hrr<1nm Z QiYn, (2)
i=1 (yn) n1—00 =1

The subscript makes it explicit which sequence the norm depends on. When no confusion
will arise we will not write the subscript.

The completion of ¢gp with respect to the norm |- | is called a spreading model for the
sequence (yy,). The normalisation of (y,) in X carries over to (e,,) in the spreading model.

Due to the freedom of choosing subsequences in the construction of the norm, the
sequence (ey,) is spreading in the spreading model. That is, as long as the order in which
the coefficients appear in a vector remains the same, we can spread them further apart
without changing the norm,

m m m

Qe = lim E QiYn. || = E aie;
Z iCk; N1 <<t ||4 iYn; : A
i=1 (yn) ni—oo  |li=1 =1 (yn)

Lemma 2.3 (Increasing norms on increasing index sets). Given a sequence of scalars
(an)22, and finite sets I C J C N,

‘Zaiei’ < ’Zaiei

i€l ieJ

The following proof is based on a proof from Beauzamy|2, Lemma 2].

Proof. Fix N € N and scalars ay,...,ayn. Let J = {n1,...,ny}. Since (e,) is spreading
| SN aien| = | 2N aei] and we will take J to be {1,..., N}. If for arbitrary M € .J

11



the statement holds for I = J\ {M} then it will hold for any subset of J. We can assume
apy # 0.

As the norm in the spreading model is defined via a limit of norms along the underlying
sequence, let us start by fixing ¢ > 0, and finding v € N such that for all indices
v<n<ng <...<ny we have:

I asei] = I aign | < €

. N 3)
15 aeil = 20 aimn | <=

i£M i£M

Since the weak closure of the convex hull equals the norm-closure of the convex hull |16,
Theorem 3.13, p. 67] and (y,,) is weakly null, there is a sequence of convex combinations
of (Yn)n>v+n that converges to 0 in norm. Let Z?Zl AjYm; be such a convex combination
that is in norm close to 0:

k
Z )\jymj < (4)
j=1

lan|
Our choice of indices ni,...,ny to satisfy condition will be such that ny;_1 < mq
and my < nasr41. It follows that for this choice of indices and for j € {1,...,k} one can

write

M-—1 N
> H(Z aiyrmeJri) + AMYm; + Z aiykariMH — €
=1 i=M+1

N
> o
i=1
Let us introduce shorthand notation for the unwieldy sums before and after index M,

M— N . o :
Sy = (Zi:lla’iyml_M""i) and S, = > ;41 @iYmy+i—Mm- Summing this inequality

12



over j and weighting with A\; we obtain:

k N k
(Z )\j)‘ aie;| > Z)\j||Sb+aMymj + Sall — ¢
=1 =1 =1
k
> HZ Aj(Sp + anym; + Sa)|| — €
=1
k
= HSb + GMZ)\jymj + Sal| — €
=1
k
> 11y + Sall = laarl || Aguim, || - 2
=1

> ||Sp + Sal| — 2¢

N
> ‘ E a;e;
=1

1=
=M

—3e

Proposition 2.4 (Changing signs doubles the norm at most). Let §; € {—1,1},

Lemma 2.5 (|15, Lemma 2]). Let ¢; € {—1,1} for every i € N. Then

1
am " 2m
lim su gie;| = limsu el <2.
m—>oop ; o m—>oop Zz; ! -
Proof. Using €;; = 1 we apply Proposition [2.4] twice
S0 ) S B S
i=1 i=1 i=1

Taking the m-th root and the lim sup both respect the ordering so for m — oo

1 1 1
2m  |m om =y 2m  |m
lim sup E eil <limsup g gieil  <limsup E e;

13

m m m m m m
E Hioziei = E a;e; — E ;e; < E aieql + E (671 & < 2 E ;e .
i=1 =1 =1 i=1 =1 i=1

0;=1 0;=—1 0;,=1 0;=—1



As |27 ei]i <7 ]ez\)% = 2 the limsup is also finite. O

2.2.2 The property \(X)

Given a sequence (z,,) € N1(X) we put

1
m

om

D e

=1

l(xn) = limjup
m—00

(zn)

As remarked in the proof of Lemma l(xy) < 2. From Lemma we also see that
l(x;,) is bounded from below by 1:

1
m

om

>

=1

1:‘61|§ = > 1.

2m
e1+ § €;
=2

Next we set
MX) =inf{i(z,)) : (zn) € N1(X)}.

It follows that A\(X) € [1,2].

Theorem 2.6 ([15, Theorem 3]). Let X be a Banach space without the Schur property.
Then s(X) > MX).

Proof. Recall that s(X) is the infimum over all infinite-dimensional subspaces of their
Kottman’s constant. Let Y be an infinite-dimensional closed subspace of X. If Y has
the Schur property then K(Y) = 2. Hence we may assume Y to be non-Schur and
N1(Y) non-empty. Fix a sequence (y,) from N;i(Y) to base our spreading model on.
Put ¢; = (—1)% and consider vectors in the spreading model

qm mel om 41
U = E €i€; and Uy = g €;6; + E £;€;-
i=1 i=1 i=2m—149
For any m the norms of v, and u,, differ by 2 at most
o] = ltm | < Jom = tm] = | = ezmr 1 + €ama] < 2. (5)

Lemma and the definition of A(X) tell us that limsup,,_, ., ]vmli = l(yn) > MX).
From Lemma [2.3| we know that the sequence (|v;,|) is nondecreasing. If (vy,) is bounded,
say by M, then limsup,,_, . |vm|% < limsup,,, o0 Mw =1 so A(X) = 1. In that case
as argued in the introduction based on Riesz’s Lemma K (Y) > 1 for every infinite-
dimensional space Y and thus the claim holds:

s(X) > inf K(Y) > 1= \(X)

14



In the case that A\(X) > 1 we must have that (v,,) is unbounded. Given a v > 0 we
can find an Ny € N such that for all n > Ny we have

2
|on| > —.
v

Claim: Call A = A(X). There exists an N > Ny such that |uy| > (A —v)|vn_1]. If not,
then for all m > Ny |vm| < (A — ) |vm_1|, and we get [v,,] < (A — 7)™ N|uy,|. Taking
m-th roots and the lim sup we get:

A < limsup ¥/ |om| < hmsup \/|’UNO A —)m—No

m—00
Ng
= limsup {/forg|(A — )" = (A~ 7).
m—00

Hence there must be an N > Ny such that the ratio |vy|/|lun_1] is at least A — .
Combining and our choice of |vy| such that |vy| > % gives

lun| _ lon[ =2 Jon]
lon—1] = Jonaal lovaal Jovea| T

ZA=7)—v=A-2.

To estimate K(Y) we need to tie our result so far to the differences of a norm 1
sequence. Put

2N—1 "
k

Tk = Z Eillk(2N-1)+i » Zk = M7
i=1 k

for k € N. The sequence (z;) will be our candidate for estimating a lower bound on
K(Y).

From the definition (2|) of the spreading model it is clear that limy_, o [|zk]| = |on—1]-
We also have limn<m ||z, — 2| = |un|. To see this note that (e,) is spreading in the

n oo
spreading model, we still have room to shift. We can write:

2N 41
|UN| E €;€; + § gi€i| = § €;€; + g Ei+16€4
i=2N-142 i=2N-141
oN-1 oN
= E i€ — E €i€q ,
i=1 i=2N—-141
where we used that &; = —¢;11. Knowing the limiting values of ||zg| and ||z, — zp||

allows us to derive the limit of differences of z;

i _Jun]
lim ||z, — 2|l = lim lim ||z, — 2m| = .
’I?—<>’gé nioo H'an ‘me ‘UN 1| ;blf)oo |’UN_1|

15



In general sep (2;) = infy, 4y, ||2n — 2m|| Will be smaller than the above limit. However
this is no obstacle, as we can get as close as we want.

Fix £ > 0, then there is an N such that for all n,m > N ||z, — 2| > |UNN|| e and
thus the sequence (z;)r>n has a separation at least that good, that is,
K(Y)= sup sep(yn) > sup sep(zg) = [un] > MNX) — 27,
(yn)CBy (2k)k>N,NEN lon—1]
where 7 > 0 was chosen arbitrarily. Thus we obtain K(Y) > \(X). O

Proposition 2.7. The bound given by A is invariant under isomorphisms.

Proof. Let T: X — Y be an isomorphism between non-Schur Banach spaces and (z,,) €
N1(X). We will show that we can find a sequence (y,,) € N1(Y) such that I(y,) < I(zy).
The obvious candidate (T'z,) does not work as not all properties of (z,) are retained
under the isomorphism.

The Banach-adjoint 7™ of T' is defined such that for a functional y* its operation on Tz
can be expressed as a functional in X* working on x. In other words y*(Tx) = (T"*y*)(z).
Using the adjoint we see that (Tx,,) is still weakly null,

n—oo

Y (Ten)| = [(T"y") (2n)| —— 0.

It also follows that (T'z,) has no norm-Cauchy subsequence as it is weakly null but
bounded away from zero, ||x,|| = [T 'Tx,| < |T7||Tx,|. The remaining require-
ments for a sequence to be an element of N(Y) is that it consists of norm one vectors
and that all limits as in ([1) exist. It will turn out that it is useful to also guarantee the
existence of one particular limit for the sequence (T'x,) prior to normalising. Employing
Theorem [2.2] we pass to a subsequence of (T'z,,) for which the limit lim,,_,o0 || T2y || exists.
Normalising the resulting subsequence and passing to a further subsequence for which
all the required limits exist we are ensured of a sequence (y,) € N1(Y). We are ready
to show the relation between [(y,) and [(x,), that is

l = limsu hm E = limsu lim g
(yn) mﬁoop <km yk m—)oop ni<--<ngm ||T$nl H
k’1 —00 n1—>00

>

=1

As we can construct a corresponding sequence (y,,) € N1(Y) for every (z,,) € N1(X)
the result is that A\(X) = inf{l(x,) : (7,) € N1(X)} > A(Y). Since T71: Y — X is of
course also an isomorphism the inequality A(Y') > A(X) is proved the same way.

In conclusion: when X and Y are isomorphic A\(X) = A(Y). O

().

< lmsup | — T ™
- m—oo llmn_>oo HTan n1< <’n,2m

niy—oo
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2.3 Cotype, the Orlicz property and C-convexity

The theory of (Rademacher) type and cotype can be traced to early papers of Orlicz
in 1933 although the current development was started in the 1970s. In this section
we will follow Chapter 5 of Kadets and Kadets[10] to use a slightly different notion,
M-cotype, that is convenient to work with considering our spreading model from the
previous section.

Definition 2.8. A Banach space X is of cotype q, 2 < g < oo, if there is a constant C
such that

<Zn: ||x¢||q>1/q <c( av | zn:eixiuq)”q
= =1

holds for any finite collection of elements {xy}}_y C X. Here Av denotes the average.

Definition 2.9 ([5,17]). For 1 < g < oo the (g, 1)-summing norm 7y 1(T) of an operator
T defined between two Banach spaces X, Y is the infimum of the numbers C > 0 such

that
(g 7)< 05%(\\;% e

holds for any finite collection of elements {xy}}_, C X. The operator T is said to
be (g,1)-summing if mq1(T) is finite. Moreover if the identity operator idx of X is
(g, 1)-summing we say that X has the Orlicz property with exponent q.

Having cotype ¢ clearly implies that the identity operator idx of a Banach space X is
(¢, 1)-summing. The converse is true for ¢ > 2 but not when ¢ = 2 due to a counterex-
ample by Talagrand[17,/18]. Definitions of the Orlicz property vary in the literature,
sometimes restricting it only to the case ¢ = 2. Where we say that X has the Orlicz
property with exponent ¢ the terminology from Kadets and Kadets|10, Definition 4.2.2,
p. 49], as used in the paper by Prus, instead says that X has M-cotype q.

The spaces £, 1 < p < 0o, have cotype max{2, p} [1, Theorem 6.2.14].

Corollary 2.10. If a Banach space X has the Orlicz property with exponent p for some
1
p>1, then s(X) > 2».

Proof. When X is Schur s(X) =2 > 27 for all p > 1. Assume X is not Schur and let
() € N1(X) be arbitrary. By definition of N7 (X) the limit

2m
lim g ELT
n1<---<ngm kR
ni—o0 k=1

exists for all e € {—1,1}2". On the other hand by Corollary there is a subsequence

17



(yn) of (x;,) such that the limit

lim max
nl<"'<’ﬂ2m — 2m
n]—00 86{ 1’1}

2m
§ LYk
k=1

exists. Fix an ordering on {—1,1}?" and colour N®™) according to the lowest ordered
e € {—1,1}*" that maximizes | 22:1 EkYn, || By we can pass to a subsequence of
(yn) and a particular £™®* such that we can interchange taking the maximum and the
limit, that is

om om
lim max eprkll =  lim E eptay
n1<--<ngm gp==+1 ny<---<ngm
n1—00 k=1 n1—00 k=1
om om
< max lim E ELTE|| = max g Exer| -
ep=t1n1<---<ngm ep==%1
ni—oo k=1 k=1

It remains to combine the Orlicz property of X with the fact that (z,) is normalized so
that

2m 277} 2m
20 0= 0Q lanc[)? < max |3 exer| <213 e
k=1 k=1 k=1

where the final inequality is due to Proposition [2.4l Taking the limsup we see that
1 1
[(zy,) > 27. Since (z,,) was arbitrarily chosen from A7 (X) we now have A\(X) > 27. The
1
conclusion that s(X) > 27 follows from Theorem O

1
In particular for £,, 1 < p < oo, we get s(¢,) > min{Z%, 27 }.

Next we would like to give some lower bounds on A(X) using a notion called C-convexity.
A Banach space X is finitely representable in a Banach space Y if for every finite-
dimensional subspace F of X and every € > 0 there is a finite-dimensional subspace F'
of Y and an isomorphism 7: E — F with ||T||[|TY| <1 +e.

When c¢q is finitely representable in a Banach space X it does not have the Orlicz
property for any exponent p [10, Theorem 5.2.1, p 62]. This motivates the study of
spaces in which ¢g is not finitely representable.

Definition 2.11. A space X is said to be C-convex if ¢y is not finitely representable in
X.

Definition 2.12 (|10, Definition 5.2.2, p. 65]). The measure of C-convexity of the space
X is the function C'(m,X) : N — R defined by the formula

C(m,X) = inf {max{ ZEkin
k=1

1eL € {—1,1}} || > 1}

18



Prus introduces a slight modification to C'(m, x) using our spreading model

Ci(m, X) = inf ¢ max cep € {-1,1} 3 : (zn) € M1(X)

(zn)

m
D exen
k=1

Recall that the spreading model norm | - |(,,y in the definition of C1(m, X) is the limit
of the norms taken in X in the definition of C'(m,X) along a particular sequence of
norm-one vectors (x,). C(m, X) takes the infimum of the same expression as Cy(m, X),
but over a larger set and thus C'(m, X) < Ci(m, X).

Lemma 2.13 ([15, Lemma 7]). Let X be a Banach space without the Schur property.
Then

Cl(m : kaX) > Cl(ma X)Cl(kaX)
Proof. Let m and k be positive integers and (x,,) € N1(X) arbitrary. There is a combi-

nation of {e1,...,&,} € {=1,1}™ for which [} 1", &ie;|(,,) is maximal. By definition of
Ci(m, X) as the infimum over all sequences in N7 (X)

m
‘ E €€
i=1

| > eie;| arises as the limit of similar sums taken along the sequence (z,) in X. Put

m
Yn = g EiTmn+i
=1

Fix ¢ > 0 and f € X*, there is an N € N for which (z,) has |f(zy)| < ¢/m for all
m > N. |f(yn)] < it |f(@mnti)| < me/m = e. So the sequence (y,) is also weakly
null. Moreover it retains the property that no subsequence is norm-Cauchy.

2 Cl(maX)

m m
lim [Jyall = lim (| cimmnsil = [ eieil

As in the proof that AV7(X) is non-empty when X is Schur we can now pass to a sub-
sequence (z,) of the normalisation of (y,) that is in N7(X). This fact we exploit. Let
{61,...,0;} € {—1,1}F be the signs for which | Zle 0;ieil(z,) is maximal. We consider a
sum of k blocks of length m in the spreading model for (z,,) where the signs are chosen
based on the ¢; and 6; that stay above Cj(m, X) and C;(k, X).

The resulting randomised sum of mk vectors in the spreading model is smaller or equal
in length to the choice of signs that would maximise
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k—1 m k. m k
Ojeie = lim 229‘5-37 = lim Z@» .
Z iEmjti ni<...<ny, || = £ germngt n1<...<ny ||4 iYni
7=0 =1 (zn) n1—00 J=11i=1 ni—00 i=1
k k
= lim Z 0; ”?Jm Hznz = lim Hyn H lim Z eizni
ny<...<ng || 4 n—oo ny<...<ng || 4
n1—>00 i=1 n1—+00 i=1
m k
= Zsiei Z&ei > C’l(m,X)C’l(k‘, X)
i=1 (mn) =1 (Zn)

As (z,,) was arbitrarily chosen from N7 (X) the result is that Cy (mk, X) > Cy(m, X)C1(k, X).
0

Now we are finally ready to make good on our claim that the modulus of convexity
can bound A(X) from below. As in the proof of Corollary for (z,,) € Ni1(X) we
apply Proposition to get

9m X) = £ (
(2™, X) o BE ) 0B, Zskek

f 2‘
xnleI/l\fl(X) Z

xn) I"«)

From the previous lemma we know that C7(2, X)™ < C(2™, X). Hence

C(2,X) < limsup C1 (2™, X)Y/™ < A(X).
m—r0o0
Gao|7, Theorem 3.1] shows that for 2 < p < oo we attain C(2,/,) = 27 but that for

1
1 <p<2 C(24,) =24 where g is the Holder conjugate of p. This does not improve

on Corollary
Maluta and Papini|14, Lemma 1.3] connect C'(2, X) to the modulus of convexity dx (¢).

Recall that for e € [0, 2]

5)((5) = inf{l —

r+
200 oy € Syl — ol =€),

Their result is that for every space X,

1

02, X) > Tt
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3 Nonreflexive Banach spaces

In this section we will follow the paper “Separated sequences in nonreflexive Banach
spaces”[13] by Andrzej Kryczka and Stanistaw Prus to derive an estimate for K(X)
when X is a nonreflexive Banach space. The chief ingredients will be a result by James
concerning the existence of certain sequences in nonreflexive Banach spaces, the familiar
application of Ramsey theory by Brunel-Sucheston, and a clever choice of sequences.

In “Weak compactness and reflexivity”|9] James gives a long list of equivalent condi-
tions for a Banach space to be reflexive. We will employ case (31) of Theorem 7 from
his paper, rephrased for our context.

Theorem 3.1. Let X be a Banach space. The following two statements are equivalent,
1. X is nonreflexive.

2. For each 0 < 0 < 1 there exist a sequence of vectors (x,)52; C Bx and a sequence
of functionals (x})32, C Bx+ such that

() 0, k>n
xr.(Ty) =
F 0, ifk<n.

To illustrate the behaviour with an example, the functional z3 takes the value 0 on the
first two vectors 1 and x2 and is constant 6 on the tail (x,)52 5. This characterisation
of nonreflexivity will allow us to show that sequences with a certain separation exist.

Theorem 3.2 ([13| Theorem 1]). For any nonreflexive Banach space X Kottman’s
constant K (X) is bounded from below by /4.

Proof. Let X be a nonreflexive Banach space. By Theorem there is a sequence of
vectors () in the unit ball Bx of X with a corresponding sequence of functionals (x7})
in B% that do not see the first £ — 1 terms of the sequence (z,) and evaluate to 6 on its
tail. We derive five sequences (20) to (z3) from (z,) in such a way that we can control
their separation constants.

Putef =1, = —1,¢ = (1) if 1 <j<iorj=2iand e = (1) ifi <j <2
where ¢ = 2,3,4. The resulting pattern of signs is illustrated in the table below.

SN 11234 |5]6|7]8

+ +
+

= W N =
—+
—1—|

+ +
et
et
_|_
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By Theorem [2.2|there is a subsequence of () such that all limits limn, <...<n,, || Z?;l eg T, ||
nip—o0

exist. Starting far enough into this subsequence we can assure that every sum is as close
to the limit as we desire. Not actually being interested in the limit itself, but in an
interval around it, there are positive constants a1, as, as, a4 such that

2i
J
Oa; < H E € Tn; || < a. (6)
Jj=1
We construct the elements of our sequences
0
‘,Bn == :BTL)
1
1
T, = — (Tan—1 — T2n) ,
a1
2 1
Tn =~ (1 — 2301 — T3n + T3041)
2
3 ].
Tp = — (=21 — T2+ Tap—1 + Tan + Tani1 — Tang2) ,
3
4 1
Ty = w (1 4+ T2 + T3 — T5n—1 — Tsn — T5nt1 — Tont2 + Tony3)
4

for n € N. It is clear that 2 is contained in the unit ball of X. To see that 2, € Bx for
i =1,2,3,4 note that x}, = ai 231:1 6gmn]. where ny < ... < ng;. Our construction of (x,,)

makes these sums seminormalized with the result that ||z¢ || = a% I 231:1 6{xnj <2 =1

0

» can be calculated directly from condition @,

The separation of the sequence x

sep(af) = inf [laf, — ol = inf et — ol = bar.

As to the differences ||2?, — 2 ||, the first i — 1 vectors in the sum for 2! are constant
for all m and thus cancel against each other,

i—1 21 i—1 21
i i _ J J J J
Ly = T, = (E :51'%' + E :5ix(i+1)n—1+j—i) - (E :Eixj + E :giw(i-i-l)m—l-i-j—i)
j=1 j=i j=1 j=i

i+1 2i+2
- i+10 (i4+1)n—2+j i+1L(i4+1)ym—3+j—i>
j=1 j=i+2

where the remaining 2(i + 1) vectors have signs according to level i + 1. Thus sep(z?) >
; 1 2i+2 _j bair1 s -
infp, <. <nygips) aﬁ” Zjlzl Eg_Hxnj” > % ifi=1,2,3.
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The separation of 27 can be estimated with the functionals (). Assume m < n

1

4 4

m — Lp = a (_1'5771—1 — X5m — Tom4+1 — To5m+2 T+ Tsm+3
4

+25n—1 + Tsn + Tont1 + Tont2 — Tsnt3)

The functional z73,,, 5 will not see the 4 vectors with negative sign (recall z}, (zx) = 0
when k < m)

1
* 4 4 *
Tymi3(Ty, —x,) = a*375m+3(965m+3 + Z5p—1 + Tsn + Tont1 + Tsnt2 — Tonts)
4
50 — 6 460
s s

Due to the norm of a vector being the same as the norm of the evaluation of functionals
at that vector
40

ek, — bl 2 gty ) = o

n

At this point we have 5 separated sequences contained in the unit ball but we do not
know which of those has the largest estimate on the separation constant. In the case of
equal separation the separation constant is equal to the 5-th root of the product of the
estimates. When they are not equally separated then at least one of them will exceed

this bound,
[ g5
max{9a1, @,%a 0a4740} > ¢ 76 010203011 = 0V/4.
ap G2 a3 G4 41020304

Since 6 is arbitrary we can construct a sequence for each 6 € (0, 1)

K(X)> sup V4= V4.
0€(0,1)

O]

The construction followed above generalises to any number of sequences not just 5.
The result will then be that K(X) > "/n. The best we can do is when n = 4 which is
precisely the bound used in the proof.
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4 Some notes on applications

My work has mainly been to understand the background and proofs in the two studied
papers and not so much applications of those results. For readers who are interested
in applications I will share some of the leads I have come across, mainly through the
papers of Kryczka and Prus, as well as Maluta and Papini.

Kottman introduced[12] the packing constant P (X, X) to study the problem of pack-
ing balls of equal size wholly into the unit sphere of a Banach space X. In terms
of Kottman’s constant K (X), as used in this thesis, the packing constant can be ex-

pressed as P(Ng, X) = % In Lemma 1.5 of the same paper Kottman shows that

K(¢,) = 2Y/P. Geometrically then the statement that K(£,) = 2!/ can be interpreted

as saying that the closed unit ball B of £, has enough room to accomodate disjoint open
21/

5— with the caveat that only the centers of the balls are required to fall

balls of radius
within B.

Separated sequences allow us to classify Banach spaces via Kottman’s constant K (X)
and the related constant s(X). For finite-dimensional spaces both are 0 whereas all
values in the interval (1,2] arise as Kottman’s constant for some infinite-dimensional
space.

Both ¢; and C[0,1] admit 2-separated sequences in their unit spheres and hence
K(¢,) = K(C[0,1]) = 2. Their infinite-dimensional subspaces show a different struc-
ture. Every separable Banach space embeds isometrically[8, p. 19] into C0, 1] so copies
of £, for 1 < p < oo can be found. Hence s(C[0, 1]) = inf{2!/7: 1 < p} = 1.

Broadening horizons beyond the unit ball the quantity 3(A) = sup(,,)c 4 Infnzm |75 —
T is called the separation measure of noncompactness in metric fixed point theory.
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