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Abstract
A methodology has been developed for an accurate estimation of mass anomalies in the Earth system using level-2 data
products from satellite gravimetry GRACE and GRACE Follow-On (GFO) missions. Its key elements are: (i) direct inversion
of Spherical Harmonic Coefficients (SHCs)—or SHC trends—into a global distribution of mass anomalies (or their trends);
(ii) Spatially-varying regularization that takes into account available information about the behavior of mass anomalies; and
(iii) rigorous optimization of the data processing consistently with the target estimates. Themethodology is applied to quantify
the mass balance of the Greenland Ice Sheet and its individual Drainage Systems (DSs) in Apr. 2002–Aug. 2023 on the basis
of GRACE/GFO monthly solutions from the Institute of Geodesy at Graz University of Technology (ITSG). It is found that
the rate of the total mass loss in Greenland was 271 ± 10 Gt/yr. It varied between 19 ± 4 Gt/yr in northeast DS and 77 ± 7
Gt/yr in southeast DS. In average, the mass balance of individual DSs is estimated with an accuracy better than 5 Gt/yr. As a
consequence, the obtained estimates show a sufficiently high signal-to-noise ratio (between 5 in the northeast DS and 42 in the
northwest DS). This opens the door, among other, for using GRACE/GFO data for a comparison, validation, and calibration
of physical models describing mass changes in Greenland, including its surface mass balance, at the scale of individual DSs.
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1 Introduction

In the course of the last two decades, satellite gravimetry
became one of the most important tools to study mass trans-
port in the Earth system. The two primary satellite missions
that delivered and still deliver data for that purpose are Grav-
ity Recovery and Climate Experiment (GRACE) launched in
2002 (Tapley et al. 2004) and its successor GRACE Follow-
On (GFO) launched in 2018 (Landerer et al. 2020). As a next
step, Mass-change And Geosciences International Constel-
lation (MAGIC) will be launched in phases within the next
few years (Daras et al. 2024).

The data collected by GRACE and GFO missions have
been successfully applied, among other, in hydrology (Günt-
ner 2008; Frappart and Ramillien 2018; Rodell et al. 2018),
studies of ice sheets and mountain glaciers (Luthcke et al.
2006; Forsberg et al. 2017; Cirací et al. 2020; Velicogna et al.
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2020), climatology (Cazenave et al. 2009; Meyssignac et al.
2019; Tapley et al. 2019), oceanography (Han et al. 2005;
Peralta-Ferriz et al. 2014; Landerer et al. 2015), estimation
of geocenter variations (Swenson et al. 2008; Sun et al. 2017),
and solid Earth studies (Han et al. 2006; Paulson et al. 2007;
Wang and Burgmann 2019).

Until recently, GRACE data were predominantly shared
with the scientific community in the form of level-2 data
product (Bettadpur 2018; Dahle et al. 2018; Yuan 2018).
This data product contains time-series of monthly estimates
of the Earth’s gravitational field, where every solution is pro-
vided as a set of Spherical Harmonic Coefficients (SHCs)
complete to a given maximum degree, in most cases 60 or
96 (Heiskanen and Moritz 1984). On this basis, SHC varia-
tions can be computed as the difference between the current
(e.g., monthly) SHC values and their long-termmeans. Then,
conversion of SHCvariations intomass anomalies can be eas-
ily done with the spherical harmonic synthesis (Wahr et al.
1998; Ditmar 2018). Unfortunately, SHCs provided by satel-
lite gravimetry are contaminated with noise, which rapidly
increaseswith spherical harmonic degree andmanifests itself
in the spatial domain as north-south stripes. Therefore, mass
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anomalies obtained by means of the straightforward spheri-
cal harmonic synthesis may be rather inaccurate, even if the
maximum spherical harmonic degree is only 60. To cope
with that problem, a large number of various low-pass fil-
ters have been developed (e.g., Wahr et al. 1998; Swenson
and Wahr 2006; Kusche 2007; Klees et al. 2008; Siemes
et al. 2013, etc). However, any filter suppresses in practice
not only noise, but also signal. Another drawback of the
straightforward spherical harmonic synthesis is its inability
to take into account various additional information, such as
the fact that mass anomalies over land are typically much
larger than over the ocean. Finally, GRACE and GFO mis-
sions are unable to provide sufficiently accurate estimates of
some low-degree SHCs (namely, degree-1, C2,0, and, some-
times, C3,0 coefficients). Therefore, the level-2 data delivered
by thesemissions have to be complementedwith information
from other sources (Cheng et al. 2013; Sun et al. 2016, 2017;
Loomis et al. 2020).

An alternative, which is getting more and more popular
nowadays, is to exploit level-3 data products—ready-to-use
mass anomalies at the Earth surface. Such data are typically
provided as mass anomalies at the patches of a pre-defined
geometry, the so-called “mascons” (Luthcke et al. 2006,
2013; Loomis et al. 2019; Croteau et al. 2021). Those data
products are usually computed by a regularized inversion of
raw (level-1b)GRACE/GFOdata.Unfortunately, the optimal
choice of regularization strongly depends on the exact defini-
tion of the mass anomaly estimates of interest. For instance,
the optimal estimationofmass anomalies at themonthly scale
requires much more aggressive regularization than the opti-
mal estimation of long-term trends (Loomis et al. 2021). We
believe, therefore, that ready-to-use mascon-type data prod-
uct offers in many cases only sub-optimal estimates of mass
anomalies.

Whatever approach to an estimation of mass anomalies
at the Earth surface is implemented, the resulting estimates
are subject to various inaccuracies. Those inaccuracies have
a significant impact on all the estimated mass anomalies.
This concerns, among other, ice mass losses in Greenland,
which is the primary focus of our study. Ice mass loss in
Greenland attracts a close attention of both the society and
the scientific community due to the fact that the Greenland
Ice Sheet (GrIS) has been a major contributor to global sea
level rise in recent decades. In average, it added about 0.47
mm to global mean sea level rise every year between 1991
and 2015 (van den Broeke et al. 2016), which corresponds
the annual mass loss rate of 170 Gt/yr. Furthermore, it is
likely that ice mass losses in Greenland will accelerate in the
coming decades (Sellevold and Vizcaino 2020).

The error budget of GRACE/GFO-bases estimates of ice
mass losses in Greenland was analyzed, among other, by
Velicogna and Wahr (2013), Bonin and Chambers (2013),
and Xu et al. (2015). According to Velicogna and Wahr

(2013), the following contributors to this error budget can
be identified:

• Lacking vertical resolution of satellite gravimetry, which
results in the contaminationwith signals originated below
and above the Earth surface (namely, due to Glacial Iso-
static Adjustment (GIA) and atmosphere, respectively).

• Coarse horizontal resolution of satellite gravimetry,
which results in so-called signal leakage; this can be exac-
erbated by the post-processing applied (e.g., filtering).

• Limited temporal resolution of GRACE data, which
requires an application of various background models to
estimate and subtract the impact of rapid mass transport
processes (predominantly in the atmosphere and ocean);
the uncertainties of those background models also con-
tribute to the noise budget.

• Measurement errors inGRACEdata,which are caused by
inaccuracies of the onboard sensors (in the first instance,
accelerometers and inter-satellite ranging systems).

The uncertainty of ice mass loss rates integrated over
entire Greenland estimated from GRACE/GFO data typi-
cally stays at the level of about 40 Gt/yr (Velicogna et al.
2020; Loomis et al. 2021), whereas mass loss rates inte-
grated over individual Drainage Systems (DSs) are typically
provided without realistically estimated errors margins (if at
all). This seems to be sufficient to quantify the current con-
tribution of the GrIS to the global sea level rise. However,
it is even more important to make accurate projections of
this contribution onto the coming years and decades. To that
end, the mechanisms behind the observed ice mass changes
must be understood in detail. This implies a need in accu-
rate geophysical models of all those mechanisms, which
requires a sufficiently high accuracy of mass change esti-
mates for validation and calibration purposes. For instance,
the relative uncertainty of the Regional Atmospheric Climate
Model RACMO (Noël et al. 2016) describing the Surface
Mass Balance (SMB) in Greenland is of the order of 10%
(more specifically, 9% and 15% in the context of precipita-
tion and runoff modelling, respectively; van den Broeke et al.
2016;Ran et al. 2018b). Thismeans that an assessment or/and
improvement of that model requires at least an order of mag-
nitude higher Signal-to-Noise Ratio than that sufficient in the
context of the total signal quantification. Thus, a production
of independent highly accurate estimates of ice mass losses
in Greenland remains an utterly relevant task. Importantly,
the performance of geophysical models to be validated may
be different in different parts of Greenland. Therefore, inde-
pendent accurate estimates of ice mass losses must address
not only the GrIS as a whole, but also its individual Drainage
Systems (DSs) separately.

The major goal of this study is to demonstrate how the
accuracy of GRACE/GFO-based mass anomaly estimates

123



Estimation of regional ice mass… Page 3 of 26     7 

can be radically improved, using the long-term mass bal-
ance of the GrIS as a test case. Mass change rates integrated
over both entire Greenland and individual DSs are consid-
ered. We would like to stress that the presented methodology
can be easily adapted to other cases than that considered in
this publication (i.e., to different regions, time scales, and
signals of interest).

To reach our goal,we compute our ownglobal solution of a
mascon type, using the level-2 data products (namely, SHCs)
as input. A somewhat similar approach was considered, e.g.,
in Croteau et al. (2021) and Chang et al. (2023). To optimize
the obtained estimates, a tailored regularization scheme is
developed. Such an approach offers a number of important
benefits:
• In contrast to the approaches exploiting spherical har-
monic synthesis, it is not necessary to truncate the
spherical harmonic expansion and/or implement a low-
pass filter to ensure a suppression of high-frequency
noise. In our case, such a suppression is a natural out-
come of using a regularization that takes into account the
stochastic model of errors in SHCs. Such a model can be
formed from the provided information about the Standard
Deviations (StDs) of errors in SHCs or (if available) from
the full variance-covariance matrices of those errors.

• Available additional information about mass anomalies
(e.g., geometry of coast lines) can be easily taken into
account by an appropriate definition of the regularization
scheme.

• Statistically-optimal combination of GRACE/GFO data
with other measurements (e.g., those from satellite
altimetry) can be easily implemented.

• It is not necessary to incorporate additional information
about low-degree SHCs that are not provided by satellite
gravimetry; only available SHCs can be used as input.

• Usage of a global inversion, in spite of the focus on a sin-
gle region (Greenland), allows one to account for mass
anomalies outside the target region, so that it is not nec-
essary to use additional background models to mitigate
the signal leakage from outside the target region.

• Computation of one’s own solution, instead of using an
off-the-shelf data product, allows the inversion scheme
to be optimized for the estimates of interest, taking into
account their definition both in the spatial domain (in our
case, mass anomalies integrated over Greenland and over
individual DSs) and in the time domain (in our case, the
rates of long-term mass changes, i.e., linear trends, in the
time intervals of choice).

With this study, we demonstrate that this approach allows
the accuracy of the target estimates to be dramatically
improved, as compared to the estimates produced so far.

The structure of this paper is as follows. In Sect. 2, we
provide general information about the study set-up (model

parameterization, primary input data). In Sect. 3, we present
in detail the data processing scheme applied to a time-series
of GRACE/GFO monthly solutions. In Sect. 4, we present
a numerical study aimed at the optimization of the reg-
ularization scheme—the key element of the accurate data
processing. In Sect. 5, we quantify the errors in the esti-
mated parameters when the selected data processing scheme
is applied. In Sect. 6, we focus on an estimation of mass
trends in Greenland from real GRACE/GFO data and a com-
parison of the results with those published earlier. Sect. 7 is
devoted to a further discussion of mass anomaly estimation
using the global inversion of SHCs. Conclusions of our study
are formulated in Sect. 8.

2 Estimation of the long-termmass balance
of the GrIS: general information

2.1 Parameterization

Our goal is to estimate the regional mass trends, i.e., the
long-term ice mass balance, both per Greenland DS and for
all of Greenland, in the 21-year time interval (Apr. 2002–
Aug. 2023). To that end, we estimate mass trends in terms
of Equivalent Water Height (EWH) using a global equiangu-
lar grid. Despite a limited spatial resolution of GRACE/GFO
data, we keep the cell size small: 1◦ (East-West direction)
times 0.4◦ (North-South direction). Within the territory of
Greenland, such cells vary in size between 55×44 km in the
south and 14×44 km in the north. This allows prior informa-
tion about the behavior of EWH anomalies to be accurately
incorporated into the inversion procedure. For instance, this
concerns the geometry of coast lines.

The EWH trends estimated per cell are integrated over
entire Greenland and over individual DSs. The total number
of DSs is six; their geometries (after the adopted discretiza-
tion) can be seen in the left panel in Fig. 1. The geometry
of these DSs was provided by the IMBIE-3 project (Oto-
saka et al. 2023) as “Rignot Basins” (Rignot et al. 2011). It is
worth noticing that the original DS geometry is limited to the
ice sheet territory. However, the spatial resolution of satel-
lite gravimetry is limited to about 300 km, so that we do not
distinguish mass changes within the ice sheet from those in
the surrounding areas located between the ice sheet margins
and the Greenland coast. In view of that, we have manually
extended the provided DSs borders down to the coast line.

2.2 Primary input data

As the primary input, we use the time-series of monthly
GRACE/GFOsolutions called ITSG-Grace2018,whichwere
produced by the Institute of Geodesy at the Graz University
of Technology (Kvas et al. 2019). This is one of the most
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Fig. 1 Adopted geometry of DSs and the “true” EWH trends used in the
optimization of the regularization scheme (left panel); EWH trends from
the global GSFCmascon solution (Loomis et al. 2021), which describes
themean rates ofmass change inApr. 2002–Sep. 2020 (right panel). The

“true” EWH trends within Greenland are based on the elevation trends
derived from Cryosat-2 altimetry data collected in 2011–2015 (Simon-
sen and Sørensen 2017). The “true” EWH trends outside Greenland are
taken over from the global GSFC mascon solution

accurate GRACE/GFO level-2 data products at this moment
(Ditmar 2022). Each inputmonthly solution consists of SHCs
up to degree 120, each of which is supplied with an error
StD.Theprimary goal of using the ITSG-Grace2018monthly
solutions is to compute the definitive estimates of the icemass
balance in Greenland (Sect. 6.1). Furthermore, the error StDs
provided as a part of those solutions are used to define the
data weights, which are applied throughout the entire study.
We ignore nine monthly solutions in the time interval under
consideration to ensure a full consistency between ITSG-
Grace2018a solution time-series and alternative ones, which
are used below in the quantification of the noise budget (see
Sect. 5.4 and 5.5). More specifically, these months are: 07–
10.2004, 04.2012, 06–07.2012, and 01–02.2015. In addition,

we deliberately ignore the degree-1, C2,0, and C3,0 SHCs
in the provided datasets (unless explicitly stated otherwise).
This is to demonstrate that the proposed data processing
scheme allows accurate estimates to be obtained even in the
absence of low-degree coefficients (in contrast to schemes
based on the spherical harmonic synthesis). All the con-
sidered SHCs are corrected for the effect of GIA using the
ICE-6G model (Stuhne and Peltier 2015).

A large number of additional datasets are used in the
course of data processing optimization and quantification of
the noise budget below. For the reader’s convenience, these
datasets are introduced in the further sections as soon as they
are needed.
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3 Theory

3.1 Derivation of long-term linear trends

We estimate the linear trend per SHC using the weighted
least-squares adjustment. Parameters describing an acceler-
ation, an annual, and a semi-annual cycle are co-estimated,
so that the corresponding functional model (to be satisfied in
the least-squares sense) is defined as follows:

C̄(0)
l,m + ˙̄Cl,mτi + 1

2
¨̄Cl,mτ2i + C̄(sin1)

l,m sinωτi + C̄(cos1)
l,m cosωτi

+C̄(sin2)
l,m sin 2ωτi + C̄(cos2)

l,m cos 2ωτi = C̄l,m(τi ), (1)

where ˙̄Cl,m is the trend (themean rate of change) to be used in

the further analysis; C̄ (0)
l,m ,

¨̄Cl,m , C̄
(sin1)
l,m , C̄ (cos1)

l,m , C̄ (sin2)
l,m , and

C̄ (cos2)
l,m are co-estimated parameters (which are not used any

further); C̄l,m(τi ) are the provided SHCs for the i-th month;
ω = 2π

1 yr ; and τi is time relatively to a reference moment t0:

τi = ti − t0. (2)

This referencemoment is defined as themiddle of the consid-
ered time interval to prevent an absorption of the estimated

linear trend by the acceleration ¨̄Cl,m . Indeed, the correspond-
ing functions of time (τ and 1

2τ
2) are orthogonal as soon as

the considered interval is symmetric with respect to zero.
We produce the statistically-optimal estimates of the

unknown coefficients listed above by applying the weights
defined in line with the error StDs that accompany the pro-
vided SHCs (unless a different approach is explicitly stated).
Furthermore, we quantify the errors in the estimated trends
by means of the standard error propagation. Those errors are
used to define the weight matrix, which is used in the esti-
mation of EWH trends throughout our study.

3.2 Relationship between SHC trends andmass
anomaly trends

A set of SHC trends is directly inverted into EWH trends per
cell of a global equiangular grid. We take into account the
Earth’s oblateness by assuming that mass anomalies are dis-
tributed over the surface of the reference ellipsoid, so that the
accuracyof the resulting estimates is improved.This is partic-
ularly relevant for polar areas, small spatial scales, and long
time scales (Ditmar 2018). The explicit relationship between
SHC trends and mass anomaly trends directly follows from
Eq. (A.5) given in Appendix A. Though that equation was
derived for SHCs variations and mass anomalies themselves,
it is equally applicable to the corresponding linear trends.

In practice, we use a discrete analog of Eq. (A.5), so that
the unknown EWH trends are parameterized with a finite
number of values (one value per cell of a global equiangular

grid). In view of this, the functional model exploited in the
data inversion can bewritten in the form of amatrix-to-vector
multiplication:

Ah = d (3)

where d is the data vector composed of SHC trends; h is the
vector composed of unknown EWH linear trend per cell; and
A is the designmatrix that describes the relationship between
the two vectors in linewith Eq. (A.5). The explicit expression
for the integration of a function over a rectangular cell at the
surface of an ellipsoid of rotation is derived in Appendix B.

3.3 Data inversion and stochastic model of data
noise

The vector of unknown parameters is computed by a regu-
larized inversion of the data:

h = (ATCd
−1A + R)−1 ATCd

−1 d, (4)

where R is a regularization matrix (see the next section) and
Cd is the error variance-covariance matrix of vector d. In
our study, this matrix is defined as a diagonal matrix with
elements determined in the course of the error propagation
explained in Sect. 3.1. An exception is the degree-0 coeffi-
cient. This coefficient is set equal to zero and forced to be
satisfied almost exactly, for which purpose a very low error
StD is assigned to it. In this way, a global mass conservation
in the Earth system is ensured (see, e.g., Croteau et al. 2021).

Since a sufficiently fine global grid is introduced to esti-
mate EWH trends, the number of unknown parameters is
relatively large (360× 450 = 162,000). Therefore, an explicit
computation, storage and inversion of the normal matrix
(ATCd

−1A + R) may be problematic. To solve this prob-
lem, we have adopted the pre-conditioned conjugate gradient
method (Hestenes and Stiefel 1952). This is an iterative
method, which does not require an explicit computation of
the normal matrix.

3.4 Regularization

Since the number of unknown parameters by far exceeds the
length of the data vector, the normal matrix in the absence
of a regularization is ill-posed, so that a regularization is a
must. The regularization adopted in our study stems from
the assumption that mass anomalies at neighboring loca-
tions show a similar behavior. In contrast to the previous
studies where a similar assumption was made (Luthcke
et al. 2013; Loomis et al. 2019; Croteau et al. 2021), we
strictly implement the first-order Tikhonov regularization
(Tikhonov and Arsenin 1977). In this way, we avoid the
need to introduce additional empirical parameters, such as
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the correlation between mascons as a function of distance.
The first-order Tikhonov regularization ensures the smooth-
ness of the unknown function in terms of first derivative(s)
(Ditmar et al. 2003). In practice, we implement this type of
regularization by applying a discrete analog of the following
minimization condition:
∫∫

�a

α(θ, φ)
[∇ḣw(θ, φ)

]2
d�a = min, (5)

where �a is the sphere of radius a (the equatorial radius of
theEarth); d�a is an element of that sphere;α(θ, φ) is a regu-
larization parameter (α(θ, φ) > 0); ḣw(θ, φ) is the unknown
EWH trend as a function of lateral coordinates, and ∇ is the
gradient operator on a sphere. This smoothness requirement
is not applied along the coast lines. In other words, the reg-
ularization is not across to the pairs of neighboring cells in
which one cell belongs to ocean and the other one to land. The
optimal values of the regularization parameter are found in
the course of a numerical study (see Sect. 4 for more detail).

3.5 Integratedmass anomalies

A soon as the EWH anomaly (hw)k for an k-th cell has been
estimated, it can be easily converted into the mass anomaly
μk integrated over that cell:

μk = (hw)k ρw Sk, (6)

where ρw is water density (1000 kg/m3), and Sk is the cell
area. The explicit expression for the area of a rectangular cell
at the surface of an ellipsoid of rotation is given in Appendix
C. To obtain a regional mass anomaly integrated over a given
region (e.g., Greenland), one should simply make a summa-
tion ofmass anomaliesμk over all the cellswithin that region.
Of course, regional mass trends can be calculated similarly.

4 Data processing optimization

In order to maximize the accuracy of the estimated ice
mass balance, we optimize the regularization scheme using
a numerical study where an inversion of the real data is
carefully reproduced. To that end, additional datasets are
exploited.

4.1 Data used for the optimization

At this point, we use two additional data sets: altimetry-based
and gravimetry-based.

To reproduce the EWH trends within Greenland, we use
the trends in surface elevation based on Cryosat-2 altime-
try data that were acquired in the time interval 2011–2015

(Simonsen and Sørensen 2017). Those trends are re-sampled
onto the adopted 1◦ × 0.4◦ grid by means of a bi-linear
interpolation considering only the cells located inside Green-
land. An integration over the territory of Greenland yields the
trend in ice volume of −308 km3/yr. The obtained elevation
trends are converted into EWH trends by applying a con-
stant scaling factor, so that the integration of the resulting
values over entire Greenland yields -270 Gt/yr—the num-
ber that is close to the actual mass balance in Greenland in
Apr. 2002–Aug. 2023, as we found in the course of prelimi-
nary computations.

To simulate realistic mass trends outside Greenland, we
make use of a global high-resolution mascon solution, which
was obtained by a regularized inversion of GRACE and GFO
satellite data acquired between Apr. 2002 and Sep. 2020 by
Loomis et al. (2021). The provided EWH trends are also re-
sampled onto the 1◦ ×0.4◦ grid adopted in our study (see the
right panel in Fig. 1). The integration of the resulting EWH
trends over the entire Earth’s surface outsideGreenland gives
the total mass trend of 285.3 Gt/yr. Therefore, we scale the
gravimetry-basedEWH trends by applying a constant scaling
factor to ensure that the result of the integration is 270 Gt/yr,
which is equal to the adopted rate of mass loss in Greenland.
In this way, mass conservation in the Earth system is fully
reproduced.

The resulting distribution of EWH trends (the left panel
in Fig. 1) is considered as the “true” signal in our numerical
study. The regional mass trends obtained by the integration
of the “true” signal over individual DSs, as well as over entire
Greenland, are reported in the second row of Table 1.

Next, the “true” signal is converted into a set of SHC
trends up to degree 120, which is consistent with the max-
imum degree of the primary set of real GRACE/GFO data
used in our study (Sect. 2.2). The resulting signal, which has
a limited spectral content, is shown in the spatial domain in
the left panel in Fig. 2. To make this plot, we have used a
straightforward conversion of SHC trends into EWH trends
with spherical harmonic synthesis, taking the Earth’s oblate-
ness into account (Ditmar 2018). In this plot, one can clearly
see, among other, fake positive trends in the inner part of
Greenland, as well over the ocean along theGreenland’s west
coast. This is an evidence of the Gibbs phenomenon, which
is triggered by the truncation of the signal spectrum in the
presence of sharp spatial gradients (see also Velicogna and
Wahr 2013).

Finally, the simulated SHC trends are artificially contam-
inated with realistic random noise. The noise realizations are
generated based on error StDs that accompany the computed
SHC trends (Sect. 3.1). In total, we have generated 10 noise
realizations in order to make the optimization results more
representative. Each of those noise realizations is added to
the aforementioned “true” SHC trends. The signal contam-
inated by one of those realizations is shown (again, in the
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Table 1 Results of the numerical study aimed at the optimization of the data processing scheme (Gt/yr): the “true” regional mass trends (second
row) and the RMS recovery errors after the optimal inversion of 10 realization of noisy data (last row)

DS N NW W SW SE NE RMS Entire Greenland Composed error

“True” regional −35.4 −66.4 −58.7 −68.6 −41.8 0.9 – −270.0 –

mass trend

Recovery error 1.6 0.5 0.5 1.1 2.2 0.9 1.3 0.8 1.5

(RMS)

Fig. 2 EWH trends considered in the numerical study after limiting their spectrum to maximum degree 120: noise-free signal (left) and a realization

of noisy signal (right). The degree-1, ˙̄C2,0, and
˙̄C3,0 coefficients are eliminated in the latter case

spatial domain) in the right panel in Fig. 2. In making this

plot, we have ignored the degree-1, ˙̄C2,0, and
˙̄C3,0 coeffi-

cients for the sake of consistency with the primary set of real
data (Sect. 2.2).

4.2 Data inversion

Realizations of noisy SHC trends are inverted into EWH
trends on a global 1◦ × 0.4◦ grid, as it is explained in
Sect. 3.2–3.4. In each inversion run, four values of regu-
larization parameter α(θ, φ) are pre-defined: (i) over ocean;
(ii) over land outside Greenland; (iii) over the Greenland’s
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coastal areas (i.e., the region outside the inner part of the
GrIS); and (iv) over the inner part of the GrIS. The lat-
ter regularization parameter value applies to all the pairs of
neighboring cells that are located at the distance larger than
80 km from theGrISmargin. It is believed that the latter value
must be much larger than the one applied to the Greenland’s
coast. This is because mass changes in the inner part of the
GrIS are characterized by a much weaker spatial variability
than in the rest of Greenland (Ewert et al. 2012). Noteworthy,
we apply a minor adjustment to the actual geometry of coast
lines worldwide, so that small isolated pieces of land (i.e.,
islands) and of ocean are eliminated.

4.3 Optimization procedure

The goal of the optimization is to define the regularization
scheme that ensures the best mass balance estimates, both
for individual DSs and for entire Greenland. To that end, the
differences between the recovered and “true” regional mass
trends are considered after each inversion run. The regional
difference over the kth DS, δṀk , is computed, in line with
Sect. 3.5, with a discrete variant of the following expression:

δṀk[Gt/yr ] = 10−12 · ρw

∫∫

�k

[ ˆ̇hw(θ, λ) − ḣw(θ, λ)
]
d�,

(7)

where�k is the territory of the kth DS, ρw is water density in

kg/m3, ˆ̇hw(θ, λ) and ḣw(θ, λ) is the recovered and the “true”
EWH trend, respectively (in m/yr), and d� is the area of an
element at the surface of the reference ellipsoid (in m2).

Various values of the regularization parameter in the four
aforementioned zones are tried in the course of the optimiza-
tion. The goal is to find the values for which the following
quantity is the smallest:

δṀcomp =
√(

δṀRMS
)2 + (

δṀGreenland
)2 = min, (8)

where δṀRMS is the RMS difference between the recovered
and the true regional mass trends per DS:

δṀRMS =
√√√√1

6

6∑
k=1

(δṀk)2, (9)

whereas δṀGreenland is the error in the regional mass trend
estimated for entire Greenland:

δṀGreenland =
6∑

k=1

δṀk . (10)

Thereafter, the value δṀcomp is termed “composed error”.
Each of the 10 realizations of noisy data is used to find the
optimal regularization parameter values using the coordinate
descent algorithm. The values vary in the logarithmic scale

with a step of about 10
1
2 .

4.4 Optimization results

In line with the explanations in Sect. 4.2, four optimal values
of regularization parameter α(θ, φ) had to be defined. The
optimal values for the ocean, land outside Greenland, and
the inner part of the GrIS, are found as 3 × 106, 3000, and
300, respectively (these values yield the smallest composed
error for 6 realizations of noisy data out of 10). As far as the
regularization parameter value for the Greenland’s coast is
concerned, the composed error turns out to be insensitive to
it, provided that it is sufficiently small. In what follows, the
regularization parameter is set there equal to 10−4.

The EWH trends obtained with the optimal regulariza-
tion parameter values from noisy data are shown in the right
panel in Fig. 3. To be more specific, the realization of noisy
data demonstrated in the right panel in Fig. 2 is addressed.
For a comparison, the EWH trends obtained with the same
regularization scheme from the noise-free data is shown in
the left panel in Fig. 3. The results are surprisingly close to
each other; the impact of random errors is hardly visible. One
may also notice significant positive trends at a few locations
(particularly, along the northern coast). Most probably, these
are artefacts occurred due to an amplification of errors in the
presence of a weak regularization along the coast. Appar-
ently, these artefacts are averaged out when EWH trends
are integrated over DSs, so that a stronger regularization is
not needed when the goal is to obtain the best estimates of
regional mass trends.

The RMS recovery errors obtained after the inversion of
10 realization of noisy data with the optimal regularization
schemeare reported in the last row inTable 1.One can see that
the optimal regularization parameters ensure a high accuracy
of the recovered trends: the recovery errors are of the order
of 1–2 Gt/yr or, in some cases, even less.

5 Noise budget of the estimates obtained
with the optimal data processing scheme

The focus of this section is a comprehensive analysis of the
noise budget, when the optimized data processing scheme is
applied to real GRACE/GFOdata.We consider the following
contributors: (1) random noise; (2) signal leakage; (3) GIA
model uncertainties; (4) raw data processing uncertainties;
and (5) data weighting uncertainties in the context of trend
estimation. To make the results more objective, all the input
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Fig. 3 EWH trends recovered in the numerical studywith the optimal regularization scheme from noise-free data (left panel) and from the realization
of noisy data shown in the right panel in Fig. 2 (right panel)

data considered in this section are different from those used
in the optimization of the data processing scheme addressed
above.

5.1 Random noise

In the first instance, random noise in SHCs reflects errors
in the data collected by sensors onboard GRACE and GFO
satellites. At the same time, processing those data includes
a subtraction of signals caused by rapid mass transport pro-
cesses. Backgroundmodels used for that purpose suffer from
their own errors, which manifest themselves as additional
random noise in SHCs. Therefore, an empirical calibration
of error StDs supplying SHCs is needed to ensure that this
additional noise is taken into account. To check if that is the
case in the context of ITSG-Grace2018 solutions, we com-

pare the error StDs propagated into SHC trends with the
SHC trends themselves in terms of geoid height per degree
(Fig. 4). In the range of low degrees, the degree amplitude of
SHC trends decreases with degree, which is a typical behav-
ior of mass transport signals (Wahr et al. 1998). At higher
degrees, however, the role of random errors keeps increasing,
so that those errors ultimately become the dominant contrib-
utor to the observed degree amplitudes (Sasgen et al. 2006).
One can see that the error StDs propagated into SHC trends
indeed become close to the SHC trends in the range of high-
est degrees. This is exactly the expected behaviour when the
provided error StDs are properly calibrated.

To analyse the contribution of random noise to the noise
budget, we generate 10 new realizations of random errors
in SHC trends in the same way as we did in the course of
data processing optimization (Sect. 4.1). Those error realiza-
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Fig. 4 Trends derived from
ITSG-Grace2018 monthly
SHCs (black curve), as well as
the associated error StDs (red
curve), in terms of geoid height
per degree

tions are added to the “true” SHC trends generated in that
section. The sets of noisy SHC trends obtained this way are
inverted into EWH trends using the optimal regularization
scheme. The resulting EWH trends are very similar to those
presented earlier in Fig. 3, which confirms that the impact of
random errors in the data is small. Finally, we compute the
differences between the recovered noisy EWH trends and the
“noise-free” EWH trends, which are obtained on the basis
of the noise-free SHC trends with the same regularization
scheme. The RMS differences obtained by averaging over all
10 realizations of noisy data are presented in the left panel
in Fig. 5. The highest noise level is observed in the region
where the applied regularization is weakest, i.e., along the
Greenland coast.

The regional trend differences integrated over individual
DSs and the resulting RMS values, as well as the regional
differences integrated over entire Greenland are reported in
Table S.1 in Supplementary material. Furthermore, that table
presents the corresponding RMS values based on all the 10
realizations of noisy data. Those RMS values are also shown
in the second row in Table 2 as a contribution of randomnoise
to the overall noise budget. One can see that the contribution
of random noise is indeed minor: it does not exceed 1 Gt/yr
in most of cases.

5.2 Signal leakage

The primary cause of “signal leakage” in the context of satel-
lite gravimetry is a limited spectral content of the collected
data. Then, it is common to make an implicit assumption
that signal in the SHCs above certain maximum degree is

zero. This results in a Gibbs phenomenon (or “ringing arte-
facts”) when SHCs are converted into signal in the spatial
domain with the spherical harmonic synthesis (this could
also be seen in the left panel in Fig. 2). Very similar results
are also obtained with the least-squares adjustment when the
applied constraints are reduced to minimum (namely, when a
small regularization parameter is applied uniformly, without
distinguishing different regions, including land and ocean).
The goal of the applied constraints (such as those based on
the geometry of coast lines) is to mitigate the signal leakage
by implicitly introducing high-degree information, which is
absent in the original data. Unfortunately, this cannot elimi-
nate the signal leakage entirely.

All the results obtained in the course of the optimization
were based on the same “true” signal derived from Cryosat-2
data collected in 2011–2015 (Fig. 1, left panel). Of course,
that signal is different from actual EWH trends in the entire
time interval we consider (Apr. 2002–Aug. 2023), so that the
signal leakage occurred in the course of the optimization can-
not be considered as sufficiently representative. To make an
independent and a more representative assessment of pos-
sible signal leakage, we generate several alternative signal
realizations based on estimates of elevation trends in Green-
land. More specifically, we consider the estimates based on
multiple satellite altimetry data collected over four time inter-
vals: 2003–2007, 2007–2011, 2011–2015, and 2015–2019
(Sørensen et al. 2018). As before, we convert each elevation
trend distribution into EWH trend distribution by applying a
constant scaling factor such that the rate of total mass loss
in Greenland is equal to 270 Gt/yr. Most of the exploited
trend estimates imply relatively low rates of total ice volume
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Fig. 5 Numerical study, analysis of contributors to the noise budget of recovered EWH trends: RMS random errors obtained by averaging over all
10 noise realizations under consideration (left) and GIA model uncertainty defined as 50% GIA signal (right)

Table 2 Noise budget of the
regional trend estimates (Gt/yr)

Noise budget contributor\DS N NW W SW SE NE RMS Entire Greenland

Random noise (RMS) 0.7 0.4 0.6 0.9 1.4 1.0 0.9 0.3

Signal leakage (RMS) 2.1 0.6 2.8 2.8 4.7 2.3 2.8 0.7

(2.0) (0.6) (2.9) (2.7) (4.9) (2.0) (2.8) (2.1)

GIA uncertainty 4.2 0.7 0.2 0.02 1.0 3.0 2.2 9.1

Raw data processing 0.6 1.1 0.2 2.5 3.8 1.5 2.0 3.5

uncertainty (RMS)

Data weighting 0.4 0.6 0.1 3.4 2.9 0.5 1.9 1.0

uncertainty (RMS)

Total 4.9 1.6 2.8 5.2 7.0 4.2 4.6 9.9

The numbers in parentheses in row “Signal leakage” were obtained when low-degree SHCs were included
into the input data vector (those numbers were not considered in the calculation of the total noise budget)
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loss in Greenland: 158, 186, 233, and 81 km3/yr in 2003–
2007, 2007–2011, 2011–2015, and 2015–2019, respectively.
Therefore, the applied scaling factor is in some cases rel-
atively large. This implies that the obtained estimates of
signal leakage may be rather conservative. The resulting
realizations of alternative signal are shown in Fig. S.1 in
Supplementary material.

Each of these alternative signal realizations is treated
similarly to the “true” signal in the course of optimization
(Sect. 4.1): it is combined with GRACE/GFO-based EWH
trends outside Greenland (Loomis et al. 2021) and converted
into SHCs up to degree 120. After that, each of these noise-
free sets of SHC trends is inverted into a global distribution of
EWH trends using the optimal regularization scheme. Each
of the obtained results is compared with the corresponding
“true” signal in terms of regional mass trends obtained by
the integration over individual DSs and entire Greenland
(Table S.2). The RMS differences between the recovered and
“true” trends obtained by averaging over all 4 signal real-
izations are considered as an estimate of signal leakage in
general (in the context of the selected regularization scheme);
they are reported also in the third row in Table 2. It can be
seen that the resulting signal leakage is at least an order of
magnitude smaller than the total signal (regional mass trend)
in most of cases (see Table 1). An exception is NE drainage
system, where the regional mass trend is minor.

We have also used the alternative signal realizations to
assess the role of the low-degree SHCs, which are ignored
by default in our study (see Sect. 2.2). In the case of a spher-
ical harmonic synthesis, an omission of low-degree SHCs
may result in a noticeable disturbance of the obtained results,
especially if regional mass trends are integrated over large
areas (Swenson et al. 2008). In contrast, the least-squares
adjustment exploits these coefficients as just a few additional
elements in the input data vector. Incorporation of those coef-
ficients may or may not play an important role, depending,
among other, on the weights assigned to those coefficients.
In our study, we have defined those weights on the basis
of error StD per low-degree SHC trend. In line with the
other SHCs, we have estimated these error StDs by means of
the conventional error propagation (see Sect. 3.1). As input,
the error StDs provided together with the low-degree SHCs
themselves have been used; see (Sun et al. 2016) for degree-1
SHCs and (Loomis et al. 2020) for C2,0 and C3,0.

The signal leakage obtained in the presence of low-degree
trends in the data vector is reported in Table S.2 in parenthe-
ses, both per signal realization and as RMS values based
on all 4 realizations. Furthermore, the resulting RMS values
are shown in parentheses in the third row in Table 2. One
can see that the incorporation of the low-degree trends has
resulted in only marginal changes in the regional mass trends
integrated over individual DSs. As far as entire Greenland is
concerned, incorporation of the low-degree trends results in

a minor but systematic underestimation of the mass loss rate
(by about 2 Gt/yr). Most likely, this is because of an incon-
sistency between the conducted data processing optimization
and the set-up of input dataset. As it is explained above, the
data processing scheme has been optimized for the input data
vector without low-degree trends. Apparently, incorporation
of those trends into the set of input data results in a minor
additional signal leakage, making the selected regularization
scheme somewhat sub-optimal. In what follows, we proceed
with the datasets that lack the low-degree trends.

5.3 GIAmodel uncertainties

In the context of ice mass balance estimation, the SHC trends
based on real GRACE/GFO data have to be cleaned from
GIA signal. The models used for that purpose are character-
ized by their own uncertainties, which also contribute to the
noise budget of the resulting estimates. In our study, ICE-
6G model is used (Sect. 2.2). As a conservative estimate,
we define its uncertainty as 50% of the GIA signal itself.
To quantify the contribution of this uncertainty to the error
budget, we add 50% of the GIA signal to the noise-free SHC
trends based on the “true” signal used in the optimization
(Fig. 2, left panel), invert it into EWH trends, and subtract
the result of inversion of noise-free SHCs alone (Fig. 3, left
panel). The resulting differences are shown in the right panel
in Fig. 5. The GIA-related distortions are concentrated in the
coastal areas (where the regularization is weakest) and are
significantly smaller than the total signal, which is shown
in Fig. 2. Nevertheless, after an integration over individual
DSs, the average contribution of GIA-related uncertainties
to the noise budget typically exceeds the contribution of ran-
dom noise and is comparable to the contribution of signal
leakage, as it is shown in the fourth row in Table 2. For two
DSs (“N” and “NE”), as well as for entire Greenland, the
contribution of GIA uncertainties even plays the dominant
role.

5.4 Raw data processing uncertainties

The SHC estimates produced by different data processing
teams are slightly different, even if the same raw (level-
1b) GRACE/GFO data and background models are used.
Assuming that all the adopted data processing schemes are
flawless, one can explain this by differences in those schemes
themselves. This may include different variants of outlier
detection and data weighting, as well as different approaches
to the co-estimation of various empirical parameters, such
as accelerometer calibration parameters. Thus, differences
between the solutions from different data processing teams
can be seen as a way to indirectly assess the impact of noise
in raw data and background models. In what follows, these
differences are termed “raw data processing uncertainties”.
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Table 3 GRACE/GFO data products exploited to quantify the raw data processing uncertainties and data weighting uncertainties

Data processing team Acronym used in this
study

Release of Grace
data

Release
of GFO
data

Maximum spherical harmonic
degree

References

German research Centre

for Geosciences GFZ RL06 RL06.1 96 Dahle et al. (2018)

in Potsdam (Germany)

Jet Propulsion Laboratory

of the California Institute JPL RL06 RL06.1 96 Yuan (2018)

of Technology (USA)

Institute of Geodesy

at Graz University of ITSG Grace2018 Grace2018 96 Kvas et al. (2019)

Technology (Austria)

Importantly, these uncertainties are independent of informa-
tion about the accuracy of the SHCs provided by the data
processing teams themselves, so that there is no risk of a
noise underestimation if that information is too optimistic.
As a conservative assumption, we consider the raw data pro-
cessing uncertainties as an additional contributor to the noise
budget, which does not replace the estimates of random noise
addressed in Sect. 4.4. We refrain from an elimination of
explicitly estimated random noise contribution due to the
fact that raw data processing uncertainties may theoretically
underestimate the impact of random errors. Indeed, if differ-
ent data processing teams adopt very similar data processing
schemes, their results will also be very similar, independently
of the the actual noise levels in raw data and background
models.

To quantify the raw data processing uncertainties, we con-
sider threeGRACE/GFOdata products: GFZ, JPL, and ITSG
(see Table 3 for more detail). As before, each data product
consists of monthly sets of SHCs. It is worth noticing that the
data products used in this comparison are complete to degree
96 only. This is becauseGFZ and JPL data products complete
to degree 120 do not exist. We take care that data gaps in the
GFZ, JPL, and ITSG time-series are identical (that is, if a
particular month is absent in a given time-series, this month
is also not included into the other time-series).

Each time-series is used to estimate the linear trend per
SHC, as it is explained in Sect. 3.1. The result (after the
conversion into the spatial domain) is shown in three out of
four panels in supplementary Fig. S.2. A similarity of the
three trend estimates implies that the effect of random noise
in all three is minor, which is consistent with the findings of
Sect. 4.4. The fourth (bottom right) panel shows similar trend
estimated from CSR RL06/RL06.3 data product (Bettadpur
2018). Unfortunately, this estimate clearly shows a signifi-
cantly higher noise level (particularly, in the southern part of
the region shown), the origin of which is unclear to us. For

this reason, it is decided not to consider the CSR data product
in the comparison for the time being.

The SHC trends based on the ITSG, GFZ, and JPL data
products are inverted into EWH trends with the optimal reg-
ularization scheme. The weights assigned to SHC trends
are also the same as those considered in the optimization
(the degrees higher than 96 being ignored). This makes the
inversion results more consistent both with the applied opti-
mization and with each other (even though this may cause
a deviation of a result from the statistically-optimal one).
The results based on the three data products, as well as the
mean of them, are shown in Fig. 6. Inversion of real ITSG
data results in EWH trends that are remarkably similar to
those we observed in the numerical study (Fig. 3), which
is an indication that our numerical study was indeed suffi-
ciently realistic. The other two show a higher noise level,
which manifests itself, among other, as fake positive trends
here and there (they are particularly prominent in the GFZ-
based solution). This is consistent with our earlier finding
that noise levels in JPL and GFZ solutions somewhat exceed
that in ITSG solutions (Ditmar 2022, Table 4).

The integration of EWH trends over individual DSs
and over entire Greenland yields the regional mass trends
reported in Table 4. This table shows that all three
GRACE/GFOdata products result in rather similar estimates.
An exception is GFZ-based estimates for two DSs: N, and
NE. In these twoDSs, the GFZ-based regional mass loss esti-
mate is respectively weaker and stronger than the other two
data products suggest. A visual inspection of the correspond-
ing EWH trends (top right panel in Fig. 6) reveals a likely
cause of these deviations. The border between the north and
northeast DSs crosses an anomalous feature consisting of a
positive and a negative anomaly. This feature is likely an arti-
fact caused by a very weak regularization in the coastal zone.
Unfortunately, an integration over DSs does not average out
this artifact because its positive lobehappens to be in the north
and the negative one in the northeast DS. Thus, the statistics
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Fig. 6 EWH trends obtained by
the inversion of SHC trends
based on level-2 GRACE/GFO
data products from ITSG, GFZ,
and JPL, as well as the mean of
the three estimates. The dashed
line at 79.6◦N latitude depicts
an adjusted border between the
north and northeast DSs (see the
main text for more information)
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Table 4 Comparison of regional mass trends based on alternative GRACE/GFO data products, which are complete to degree 96 (see Table 3)

GRACE/GFO data product\DS N NW W SW SE NE RMS Entire Greenland

ITSG −28.1 −64.9 −36.8 −44.0 −77.6 −19.4 −270.8

(−36.1) (−11.4)

GFZ −18.1 −67.0 −36.5 −48.2 −70.0 −26.1 −265.8

(−35.2) (−9.0)

JPL −29.0 −66.1 −36.4 −48.3 −73.8 −19.0 −272.5

(−36.4) (−11.5)

Mean −25.1 −66.0 −36.6 −46.8 −73.8 −21.5 −269.7

(−35.9) (−10.6)

StD 6.0 1.1 0.2 2.5 3.8 4.0 3.5 3.5

(0.6 ) (1.5) (2.0)

The trends integrated over DSs individually and over entire Greenland are shown. The numbers reported in parentheses are obtained after an
adjustment of the border between the north and northeast DSs (see the main text for more information). Just those numbers are used to quantify the
contribution of raw data processing uncertainties to the overall noise budget. Units: Gt/yr

presented in Table 4 is significantly biased by this artifact in
the GFZ solution and is likely not representative of errors in
ITSG solutions, which are the subject of our primary interest.
To mitigate the impact of this artifact, we slightly move the
border between the north and northeast DSs southwards (the
new border geometry is shown in Fig. 6 with a dashed line).
The regional mass trends obtained after this adjustment are
reported in Table 4 in parentheses. Obviously, the adopted
adjustment substantially reduces the difference between the
estimated regional mass trends in the two DSs. We use the
statistics obtained after the border adjustment to quantify the
contribution of the raw data processing uncertainties to the
overall noise budget (see the fifth line in Table 2).

The raw data processing uncertainties are relatively small:
not more than 1.5 Gt/yr for the northern DSs (N, NW,W, and
NE) and of the order of 3 Gt/yr for the southern ones (SW
and SE), as well as for entire Greenland. The RMS value in
the context of DS-related regional mass trends is 2.0 Gt/yr.

Though the estimated uncertainties are rather small, they
are larger than the explicitly estimated contributions of ran-
dom errors (see the second line in Table 2). To some extent,
this can be explained by a relatively low noise level in the
ITSG data product (Ditmar 2022). Thus, the revealed differ-
ences between the data products mostly reflect the noise level
not in the ITSG data product, but in the other two. Further-
more, the conducted comparison deals with GRACE/GFO
sets of SHCs complete to degree 96 only. Thus, the total num-
ber of elements in the data vector d composed of SHC trends
(Eq. 4) is about 9,400. On the other hand, a SHC set complete
to degree 120, which was considered in the numerical study,
increases the length of the data vector by more than 5000
elements. Even though these additional data are relatively
noisy, such a large number of additional data may some-
what increase the accuracy of inversion results. Some random
fluctuations could also have affected the outcome of the con-

ducted comparison of GRACE/GFO data products (one can
see the potential effect of such fluctuations by comparing
the results obtained with the original and the adjusted bor-
der between the north and northeast DSs). Finally, it cannot
be excluded that the conducted numerical study did not fully
reproduce the actual stochastic behaviour of data errors. This
highlights the need in the indirect quantification of random
errors—as raw data processing uncertainties, let the obtained
results be somewhat conservative.

5.5 Data weighting uncertainties

As it is explained in Sect. 3.1, the SHC trends are estimated
on the basis of functional model given by Eq. (1), with
the statistically-optimal data weights defined in line with
the error StDs that accompany the provided GRACE/GFO
monthly solutions. If those errorStDs are subject to long-term
variations, such an approachmay result in a biased trend esti-
mation, provided that the SHC trends themselves also show
inter-annual variations. For instance, relatively high weights
assigned to the data within a time interval of rapid mass loss
may result in a trend overestimation and vice versa. At the
same time, long-term variations in the reported data accuracy
are definitely not excluded, which can be both due to varia-
tions in the quality of raw data and due to changing satellite
orbit altitudes.

To illustrate this statement, we have computed the total
(formal) error of each monthly solution in terms of geoid
heights:

σtotal = RE

√√√√ 96∑
l=2

l∑
m=−l

σ 2
(
C̄l,m

)
, (11)
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Fig. 7 Processing real GRACE/GFO data: the input for the regular-
ized inversion, i.e. SHC trends up to degree 120 obtained from monthly
ITSG solutions, after an elimination of low-degree coefficients and con-
version into the spatial domain with the spherical harmonic synthesis
(Ditmar 2018) (top) and the results of the regularized inversion with the
optimized regularization scheme (bottom)

where RE is the Earth’s radius, and σ
(
C̄l,m

)
are the provided

error StDs per SHC. The time-series of calculated total errors
are presented in supplementary Fig. S.3. Apart from a short-
term variability, which likely plays little role, one can clearly
see the presence of long-term variations in the total errors.
For instance, all the solutions show a reduction in the total

error in 2010–2016, which is most likely due to a steadily
decreasing altitude of GRACE satellites in this time interval.

To quantify this uncertainty, we have re-used the monthly
solutions from ITSG, GFZ, and JPL introduced in the previ-
ous section. These solutions are exploited again to compute
SHC trends in linewith the functionalmodel given byEq. (1).
Two variants of the SHC trends are considered: the ones
obtained with the statistically-optimal weights and those
estimated with the ordinary least-squares adjustment (i.e.,
without applying time-varying weights). The regional mass
trends obtained on the basis of both variants, as well as
the differences between them, are reported in supplemen-
tary Table S.3. We consider the RMS differences based on
all three GRACE/GFO data products as a measure of the
data weighting uncertainties in the context of trend estima-
tion; these uncertainties are also reported in the 6th line in
Table 2. Of course, this is a conservative estimation, since
the obtained differences reflect not only bias in the estimated
trends, but also an increase in their noise levels when the esti-
mation procedure lacks statistically-optimal data weighting.

One can see that the data weighting uncertainties stay at
sub-Gt/yr level in most of cases. However, in the south part
of Greenland (in SW and SE drainage systems), they are
several times larger (of the order of 3 Gt/yr). Thus, their
spatial variability is similar to that of raw data processing
uncertainties addressed in the previous section.

5.6 Noise budget: the summary

Our estimates of total errors in the regional mass trends are
reported in the last rowofTable 2.Wehave calculated themas
root-sum-squares of individual contributors to the noise bud-
get, assuming that those contributors are not cross-correlated.
These errors are sufficiently low: 4.6Gt/yr (RMS) for individ-
ual DSs and about 10 Gt/yr for entire Greenland. The largest
total errors (5 to 7 Gt/yr) are found for the southern DSs (SW
and SE) due to an increased level of both raw data process-
ing uncertainties and data weighting uncertainties. This is
not very surprising, since it is well known that the accuracy
of satellite gravimetry decreases towards the equator (due to
both less data per unit area and less favourable observations
conditions when the ascending and descending orbit tracks
become nearly parallel).

6 Results

6.1 Definitive estimates of regional mass trends in
Greenland

The definitive estimates of regional mass trends in Greenland
are based on the primary set of GRACE/GFO monthly solu-
tions: the ITSG solutions complete to spherical harmonic
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degree 120 (Sect. 2.2). To visualize the SHC trends esti-
mated on the basis of these solutions, we have converted
them into the spatial domain using the spherical harmonic
synthesis (Ditmar 2018), see the top panel in Fig. 7. The
result of the data inversion with the optimal regularization
scheme is presented in the bottom panel in the same figure.
The regional mass trend estimates integrated over individual
DSs and over entire Greenland, as well as the corresponding
errors, are reported in the second and third raw in Table 5,
respectively. The overall rate of mass loss in Greenland in
the considered time interval (Apr. 2002–Aug. 2023) is esti-
mated, roughly speaking, as 271 ± 10 Gt/yr. The largest
rates of mass loss—above 65 Gt/yr—are observed in NW
and SE DSs. In contrast, NE drainage system demonstrates
a relatively stable behavior: the rate of mass loss there is less
than 20 Gt/yr. Importantly, the obtained estimates are char-
acterized by a high accuracy (of the order of 5 and 10 Gt/yr
for individual DSs and entire Greenland, respectively). This
ensures sufficiently high SNRs not only for entire Greenland,
but also for all the DSs (between 5 for NE and 42 for NW,
see the last row in Table 5).

One may notice that the estimated rate of the total mass
loss in Greenland (≈ 271 Gt/yr) is very close to the one
adopted in the optimization of the data processing scheme in
Sect. 4 (270 Gt/yr). This is explained by the fact that a sim-
ilar rate was obtained already in the course of preliminary
computations, when the value used in the optimization was
somewhat larger (290 Gt/yr). On the basis of those prelimi-
nary computations, it was decided to re-do the optimization
using the rate of 270 Gt/yr to avoid an overestimation of the
signal leakage. Thus, a similarity of the two numbers must
be seen as an evidence of a convergence of our computations,
and not as a bias towards the value used in the optimization.

A comparison of the SHC trends shown in the top panel
in Fig. 7 with similar trends addressed in the previous two
sections (Fig. S.2, top left panel) shows a significant ampli-
fication of noise, which can be explained by the contribution
of SHCs above degree 96. Nevertheless, a comparison of the
regional mass trends based on the primary data set with those
estimated for the same geometry of DSs in the previous two
sections from ITSG data (Table 4, second row) shows that
changing the maximum degree from 96 to 120 results in only
minor changes (within ≈ 1 Gt/yr), when the optimized data
processing scheme is applied. The observed changes can be
explained, for instance, by a reduced signal leakage in the
presence of high-degree SHCs. An increase in the number of
input data could also have played a role due to an increase in
the accuracy of the resulting estimates (see also the discus-
sion at the end of Sect. 5.4).

6.2 Robustness of the obtained estimates

In this section, we investigate to what extent the obtained
trend estimates depend on possible modifications in the data
processing. The following factors are addressed: (i) usage of
more monthly solutions as input; (ii) including low-degree
SHC trends into the input dataset; (iii) estimation of SHC
trends without data weighting; and (iv) approximation of the
Earth’s surface with a sphere rather than with the reference
ellipsoid.

As it is mentioned in Sect. 2.2, nine monthly solutions
are omitted in the primary set of input data. To quantify
the effect of this omission, we have repeated the computa-
tion of SHC trends with a subsequent inversion into regional
mass trends, having included those monthly solutions. The
obtained results, as well as the differences with respect to
those based on the primary dataset, are reported in the 2nd
and 3rd row of Table 6. One can see that the omission of nine
monthly solutions have had only a minor effect in the context
of individual DSs (not more that 0.2 Gt/yr) and a negligible
effect in the context of entire Greenland.

Next, we have considered the effect of including low-
degree SHC trends into the input data vector. We remind that
this concerns five SHCs: three degree-1 coefficients, C2,0,
and C3,0. Table 6 (rows 4 and 5) shows that this changes
the mass balances estimated for individual DSs by less than
1 Gt/yr. However, the mass balance of entire Greenland is
reduced in this way by 2.6 Gt/yr. We remind that a very simi-
lar effect was observed in the context of our numerical study,
when an incorporation of low-degree SHC trends into the
data inversion resulted in an underestimation of the Green-
land’s mass balance by about 2 Gt/yr (see the discussion at
the end of Sect. 5.2). We interpret this as an evidence of an
additional signal leakage caused by a mismatch with respect
to the set-up adopted in the optimization. Most probably, we
see the same effect in the context of real data. In any case,
a reduction of the Greenland-wide trend by 2.6 Gt/yr stays
within the estimated error margins.

One may find it counter-intuitive that an accurate recov-
ery of mass anomalies is achievable even in the absence of
low-degree SHCs. Indeed, those coefficients contain impor-
tant information about the large-scale behavior of the signal
of interest. In the absence of those SHCs, mass anomalies
recovered with a straightforward spherical harmonic syn-
thesis may suffer from noticeable distortions. In our case,
however, recovery of mass anomalies takes place in a totally
different way—with a regularized least-squares adjustment.
Then, a proper choice of the regularization scheme allows
one to use available prior information about the unknown
function to compensate the absence of low-degree SHCs.
To illustrate this statement, we have considered a simple
numerical example where a 1-D function is recovered from
its incomplete spectrum using a regularized least-squares
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Table 5 Definitive estimates of
regional mass trends in
Greenland in
Apr. 2002–Aug. 2023 obtained
with the proposed data
processing scheme (2nd row), as
well as the their accuracy (3rd
row) and signal-to-noise ratio
(last row)

DS N NW W SW SE NE RMS Entire Greenland

Regional mass −28.3 −65.1 −37.9 −43.8 −76.6 −19.3 – −270.9

trend (Gt/yr)

Error StD (Gt/yr) 4.9 1.6 2.8 5.2 7.0 4.2 4.6 9.9

SNR 6 42 13 8 11 5 19 27

The primary data GRACE/GFO product, which is complete to degree 120, is used as input

Table 6 Estimates of regional mass trends in Greenland in Apr. 2002–Aug. 2023 obtained after a modification of the input dataset or the data
processing scheme, as well as the differences with respect to the definitive estimates reported in Table 5

Data processing variant DS N NW W SW SE NE RMS Entire Greenland

All available Trend estimate −28.3 −64.9 −37.9 −43.9 −76.4 −19.4 −270.8

months considered Difference 0.02 0.1 −0.05 −0.1 0.2 −0.1 0.1 0.06

Low-degree Trend estimate −27.8 −64.7 −37.6 −43.4 −76.3 −18.6 −268.3

SHCs included Difference 0.5 0.4 0.3 0.3 0.3 0.7 0.5 2.6

Unweighted estimates Trend estimate −27.5 −64.4 −36.8 −40.6 −80.6 −20.5 −270.4

of SHC trends Difference 0.8 0.7 1.1 3.1 -4.0 −1.1 2.2 0.5

6378-km Trend estimate −30.3 −58.8 −35.0 −47.2 −68.8 −18.7 −258.9

sphere Difference −2.0 6.2 2.9 −3.5 7.8 0.6 4.5 12.0

6357-km Trend estimate −28.0 −65.0 −37.0 −46.1 −77.5 −19.2 −272.8

sphere Difference 0.3 0.008 0.9 −2.3 −0.9 0.2 1.1 −1.9

Units: Gt/yr

adjustment (see Supplementary material II). That example
shows that a function can be restored from an incomplete
spectrum as accurately as from a complete one, provided
that a regularization is used to constrain the inversion results
in line with available prior knowledge.

We have also analyzed the effect of refraining from the
optimal data weighting in the context of SHC trend estima-
tion. In Sect. 5.5, we have already considered this effect using
as input different GRACE/GFO solutions complete to degree
96. We interpreted that effect as a conservative estimate of
the bias introduced by optimal data weights when both those
weights and the trends themselves are subject to inter-annual
variations. Rows 6 and 7 in Table 6 show that this effect
stays in most of cases at the level of 1 Gt/yr or lower when
the primary dataset is considered. An exception are south-
ern DSs—SW and SE—where this effect reaches 3–4 Gt/yr.
This is rather consistent with the findings of Sect. 5.5. Even
though the primary dataset shows a somewhat higher sensi-
tivity to the adopted data weighting, its effect also remains
within the estimated error limits.

Finally, we have analyzed the effect of refraining from
the ellipsoidal Earth approximation in the context of the
functional model connecting SHC trends and EWH trends
(Eq. A.5). To begin with, let us assume that all the mass
variations take place at the sphere of the radius equal to the
equatorial radius of the Earth (≈ 6378 km). Rows 8 and 9
in Table 6 show that this assumption results in a noticeable

underestimation of the mass losses integrated over most of
the DSs. As a result, the mass balance of entire Greenland is
also underestimated—by 12 Gt/yr, which exceeds our error
margins. We have also considered the sphere of radius equal
to the polar Earth’s radius (≈ 6357 km), which is close to
the radial coordinates of the points at the Earth’s surface
in Greenland. In that case, the regional mass trends inte-
grated over individual DSs are close to those estimated at
the ellipsoidal surface, whereas the mass loss rate of entire
Greenland is overestimated by about 2 Gt/yr (see rows 10
and 11 in the aforementioned table). These computations
demonstrate that it is important to use properly defined radial
coordinates of the points at the Earth’s surfacewhen inverting
SHC trends into mass trends. Overestimated radial coordi-
nates imply an underestimation of the distances between the
Earth’s surface and the GRACE satellite orbits. Therefore,
the signals sensed by GRACE satellites can be explained by
smaller mass changes at the Earth surface. An opposite effect
is observed when the radial coordinates of the points at the
Earth surface are underestimated. All this suggests that the
usage of an ellipsoidal approximation is a must in the con-
text of a global estimation of mass anomalies, when radial
coordinates of the points at the Earth surface vary by ≈ 21
km (even if the terrain is ignored).
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Table 7 Comparison of regional mass trends in Greenland obtained in different studies (Gt/yr)

Study and input data Time interval N NW W NW+W SW SE NE Entire Greenland

Wang et al. (2024) 04.2002

(Tongji L2) to −23.8
−28.5

−58.0
−65.5

−38.0
−38.6

−38
−46.3

−71.5∗∗
−75.4

−15.9∗
−20.6

−252.4
−274.9

vs. this study 09.2022

Loomis et al. (2021) 04.2002

(L1b)—ellipsoid to −25
−27.9

−60
−65.6

−44
−39.5

−61∗∗
−47.8

−78∗
−77.8

−18
−22.2

−286
−280.7

vs. this study 09.2020

Loomis et al. (2021) 04.2002

(L1b)—6357-km sphere to −25
−27.9

−59
−65.6

−43
−39.5

−61∗∗
−47.8

−77∗
−77.8

−18
−22.2

−282±35
−280.7

vs. this study 09.2020

Velicogna et al. (2020) 04.2002

(JPL L2) to −35∗
−27.0

−91∗∗
−104.7

−38
−46.8

−89
−80.5

−9
−22.0

−261±45
−281.0

vs. this study 09.2019

We report the publications from which the trend estimates are taken over, as well as the type of input data exploited in those publications (“L1B”
stands for Level-1B data, whereas “L2” stands for Level-2 data, i.e., SHCs). In each case, the result from a previous study is shown as the numerator,
and the corresponding result of this study as the denominator. The estimates based on Loomis et al. (2021) are computed by ourselves on the basis
of provided EWH trends per mascon, since the original publication reported only the trend integrated over entire Greenland. Two variants of the
estimates have been computed: (i) assuming that mass anomalies are located at the surface of the reference ellipsoid and (ii) assuming that mass
anomalies are located at the surface of the 6357-km sphere. In the latter case, the mass trend integrated over entire Greenland is consistent with that
reported by Loomis et al. (2021) themselves, namely -282 Gt/yr. “Tongji” refers to Tongji-Grace2022 time-series of monthly SHC sets complete to
spherical harmonic degree 96. The time interval considered by Wang et al. (2024) is guessed on the basis of the overall context of that publication;
the authors themselves repeatedly defined their time interval as “April 2002 to September”, whatever that means. The uncertainty ranges reported
by Wang et al. (2024) are not taken over, since they were not clearly defined and, most likely, did not account for the effects of signal leakage, as
well as GIA uncertainties. Velicogna et al. (2020) used only 5 DS; their northwest DS approximately corresponds to a combination of NW and
W DSs in our study, which explains why an additional column “NW+W” is included. A visual inspection of DS geometries revealed that the DSs
defined in some other studies may be somewhat smaller or larger than in our study; the corresponding numbers in the table are marked accordingly
*the DS area was somewhat smaller than in this study;
**the DS area was somewhat larger than in this study

6.3 Comparison with the results of other studies

To evaluate the regional mass trends produced with the pro-
posed data processing scheme, we compare them with those
reported in recent publications byWang et al. (2024), Croteau
et al. (2021), Loomis et al. (2021), andVelicogna et al. (2020).
Since the time intervals considered in those publications
are shorter than our primary time interval (Apr. 2002–
Aug. 2023), we have applied our data processing scheme
to produce a set of alternative trend estimates, using each
time only the ITSG monthly solutions in the time interval
addressed in a given publication. Importantly, the paper by
Loomis et al. (2021) reports the regional mass trend inte-
grated over entire Greenland (as well as over some other
areas), but not those integrated over individual DSs within
Greenland. Therefore, we have produced the missing num-
bers ourselves, using the provided EWH trend estimates per
mascon. In doing so, we have calculated the mascons areas
using two alternative mathematical expressions: (i) with a
simple formula for the patch area on a sphere and (ii) with
the formula for the patch area on the reference ellipsoid pre-
sented in Appendix C. In the former case, the radius of the
sphere is set equal to the polar radius of the Earth, i.e., about

6357 km. It turns out that the rate of the total mass loss
in Greenland calculated with the former approach perfectly
matches the one published by Loomis et al. (2021) them-
selves (282 Gt/yr). In contrast, the result based on the latter
formula exceeds the published one by about 4 Gt/yr. The dif-
ference between the two approaches is not surprising, since
the area of a surface element near the poles is larger in case
of a reference ellipsoid, as compared to the sphere with the
radius equal to the polar radius of the Earth.

The results of a comparison with Wang et al. (2024),
Loomis et al. (2021), and Velicogna et al. (2020) are pre-
sented in Table 7. One can see that the mass losses integrated
over individual DSs from Wang et al. (2024) are system-
atically lower than those in our study. This results in a
substantially lower rate of mass loss integrated over entire
Greenland: ≈ 252 Gt/yr (vs. ≈ 275 Gt/yr in our case). A
possible reason is a different approach to the choice of the
regularization adopted in that publication. Their goal was
to produce optimal trend estimates per outlet glacier. As a
result, they likely adopted a more aggressive regularization
than ours. We remind that we could afford a very weak reg-
ularization in the coastal zone because noise at short spatial
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scales largely averages out in the course of integration over
DSs (to say nothing about entire Greenland).

In contrast, the rate of mass loss in entire Greenland esti-
mated by Loomis et al. (2021) shows an excellent agreement
with our estimate: the difference is only 2–5 Gt/yr (depend-
ing on what formula for the mascon area is used). The mass
loss integrated over individualDSs shows a reasonable agree-
ments: the differences stay at the level of a few Gt/yr. The
largest mismatch (≈ 13 Gt/yr) is observed for SWDS, which
might be due to a difference in the DS geometry.

The mass loss rates per DS reported by Velicogna et al.
(2020) also show a reasonable agreement with ours, even
though their numbers are based onEWH trends estimates of a
rather low spatial resolution (cf. Fig.2e in their publication).
The differences do not exceed 14 Gt/yr. Their rate of total
mass loss in Greenland is less than ours by 20 Gt/yr, which
is still within the error limits reported by Velicogna et al.
(2020): ±45 Gt/yr.

A comparison with Croteau et al. (2021) is limited to
the mass trend integrated over entire Greenland, since these
authors did not report similar estimates for individual DSs.
They found that the rate of mass loss in Greenland in
04.2002–04.2021 was 274 ± 13 Gt/yr. This is slightly less
than our estimate—279.2 Gt/yr, though the difference is
within the error margins.

7 Discussion

Our study shows howGRACE/GFO-based SHCs can be used
to obtain accurate estimates of regional mass anomalies for
target areas (in our case, Greenland’s DSs, as well as Green-
land as a whole). Key elements of our approach are: (i) direct
inversion of SHCs (or SHC trends) into a global distribu-
tion of mass anomalies in terms of EWH (or their trends);
(ii) spatially-varying first-order Tikhonov regularization that
takes into account available information about the behavior
of mass anomalies; and (iii) rigorous optimization of the data
processing scheme consistently with the target estimates.

Direct inversion of SHCs into a global set of mass anoma-
lies does not suffer from the introduction of intermediate
quantities, such as gravity disturbances at the satellite alti-
tude, which is a must in a regional data inversion (e.g.,
Forsberg and Reeh 2007; Baur and Sneeuw 2011; Ran et al.
2018a). This not only makes the data inversion easier from
the conceptual point of view, but also simplifies the usage of
available stochastic information about the accuracy of SHCs.
Furthermore, recovery of mass anomalies globally, even if
the target region is limited, allows one to mitigate the impact
ofmass re-distribution outside the target regionwithout using
additional models (e.g., hydrological models).

Available information about the spatial behavior of mass
anomalies is very important prior knowledge, the value of

which is frequently underestimated in GRACE data process-
ing. GRACE/GFO data lack information about short spatial
scales (i.e., high spherical harmonic degrees), so that it is
necessary to use prior knowledge to bridge this gap. Our
experience tells that an attempt to introduce prior knowl-
edge as a formal mathematical constraint (like a requirement
that the solution normmust be minimal) yields solutions that
are similar to those obtained with the spherical harmonic
synthesis. In viewof theParceval’s identity, this is not surpris-
ing: the minimum norm in the spatial domain corresponds to
the minimal sum of SHCs squared in the frequency domain.
Therefore, the resulting estimates lack high-frequency signal
if the data do not contain high-frequency information. How-
ever, results of the spherical harmonic synthesis suffer from
significant ringing artifacts if the actual mass anomalies are
characterized by abrupt changes in the spatial domain (see,
e.g., the left panel in Fig. 2). In contrast, physical constraints
based on available information about mass anomalies may
introduce high-frequency information which is absent in the
data. In Greenland, for instance, this is the knowledge that
mass anomalies in the central part are subject to only minor
spatial variations. This allows the ringing artefact there to
be mitigated. Thus, the recovered mass anomalies are to be
limited to a narrow coastal zone, which makes them much
more realistic.

In addition, we find it critical to maintain consistency
between the data processing optimization criterion on the one
hand and the target regions and time intervals on the other
hand, since this allows the information content of data to
be fully exploited. In recovery of mass anomalies integrated
over DSs, for instance, this allows for a very small regular-
ization in the coastal zone. The resulting increase in the noise
level is mitigated by averaging the recovered mass anoma-
lies over the entire DSc. Importance of a proper choice of the
data processing optimization is frequently underestimated.
For instance, it seems to be natural to optimize (explicitly or
implicitly) the data processing for the best recovery of mass
anomalies in the point-wise sense. However, this results in
a rather aggressive filtering or regularization (depending on
what approach is used to cope with data noise). As a con-
sequence, the recovered signals are subject to an excessive
damping, whenmass anomalies integrated over large regions
are of interest. Most probably, this is the reason why many
alternative estimates of regional mass losses in Greenland,
which are addressed in Sect. 6.3, are smaller than our esti-
mates. This is in line with our statement in the introductory
section that the usage of off-the-shelf data products is fre-
quently is a sub-optimal choice.

We have also demonstrated that random noise in GRACE
data provides only aminor contribution to the noise budget of
regional mass trend estimates in our case. This is consistent
with only a minor difference between trend estimates based
on GRACE/GFO data products from different data process-
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ing teams (see Table 4). Thismeans that one can substantially
reduce the amount of input data without a substantial deteri-
oration of SNR (assuming the current level of other errors).
For instance, equally accurate mass trend estimates are likely
achievable not only on the basis of 20+ years of data, but also
over much shorter time intervals. Alternatively, an accurate
estimation of regional mass trends integrated over smaller
areas than the considered DSs is likely achievable in this
way—both in Greenland and in other regions.

One may ask: what is the smallest distance between the
areas where mass trends can be reliably separated from each
other? The answer is quite simple: since themaximum spher-
ical harmonic degree of the exploited monthly solutions is
Lmax = 120, the maximal achievable spatial resolution in
terms of half-wavelengths is 20,000/Lmax ≈ 167 km (see,
e.g., Pail et al. 2011). This is the resolution we expected
to have in the coastal zone, where the regularization is the
smallest. To check if this is indeed the case, we perform a
“chessboard test”. In that test, the coastal zone is tiled with
patches of the size 1.6◦ (North-South direction) times 4◦
(East-West direction). In the southern part of Greenland, the
size of those patches is close to the theoretically achievable
spatial resolution or slightly larger (at the 70◦N latitude, for
instance, the size is 178× 153 km). A plus-minus unit mass
anomaly is assigned to each of these patches chequerwise
(see Supplementary Fig. S.4a). Noteworthy, a small mass
anomaly is assigned to the entire ocean area in order to
ensure a global mass conservation (that is, the total mass
anomaly integrated world-wide is zero). This pattern is con-
verted into a set of SHCs up to Lmax = 120. The computed
SHCs are inverted into a global set of mass anomalies using
the same optimized data inversion scheme, as was applied
to real GRACE/GFO data. The resulting mass anomaly dis-
tribution demonstrates that mass anomalies associated with
individual patches are indeed distinguishable in the southern
Greenland (Fig. S.4b). This is not the case, however, in the
northern part (starting from approximately 74◦N latitude).
This is not surprising, since the East-West size of the patches
there is too small. In order to make a fair resolution anal-
ysis of the northern part of Greenland, we make a similar
test, having increased the East-West size of the patches to
10◦ (Fig. S.4c). At the 81.2◦N latitude, for instance, the size
of new patches is 179 × 171 km. The mass anomaly pat-
tern recovered in this case demonstrates that the achievable
spatial resolution is close to the theoretical limit also in the
northern part of Greenland (Fig. S.4d).

Finally, we have shown that signal leakage and uncertain-
ties of GIA modelling may affect the estimates of regional
mass trends in Greenland much more substantially than ran-
dom errors. At the same time, it is not unlikely that the
role of the latter will be larger when different scenarios are
considered (e.g., if regional mass trends are estimated over
much shorter time intervals).All this implies thatmore efforts

are needed to develop GRACE/GFO data processing further.
This may include: (i) development of a more advanced data
weighting scheme to derive long-term trends (or/and other
regular signals) in the presence of inter-annual variations
in both errors and signals; (ii) usage of an advanced Earth
System Model (Dobslaw et al. 2015) instead of altimetry-
based elevation trends to synthesize more realistic signals for
numerical experiments; (iii) usage of more comprehensive
stochastic models of errors in the exploited GRACE/GFO
monthly solutions (including the usage of full error variance-
covariance matrices); (iv) development of more advanced
regularization schemes; and (v) more accurate estimation of
GIA uncertainties, taking into account alternative estimates
of GIA signal in Greenland (see, e.g., Simpson et al. 2011;
Lecavalier et al. 2014). All this may allow both for a better
optimization of data processing and for a less conservative
estimation of contributors to the noise budget.

8 Conclusions

Advanced data processing has been developed for a precise
estimation of mass anomalies integrated over given target
regions from level-2GRACE/GFOdata. It is based on a direct
regularized inversion of SHCs (or SHC trends) into a global
distribution of mass anomalies in terms of EWH (or their
trends). In contrast to various data processing schemes based
on spherical harmonic synthesis, the developedmethodology
does not require the knowledge of all the SHCs up to a certain
maximum degree. It is shown, for instance, that the omission
of degree-1, C2,0, and C3,0 coefficients does not deteriorate
the obtained results.

The developed methodology has been applied to estimate
the mass balance of the entire GrIS, as well as its individual
DSs in Apr. 2002–Aug. 2023. It is shown that the regional
mass loss rates in Greenland’s DSs varied between 19 ± 4
Gt/yr (northeastDS) and 77±7Gt/yr (southeastDS). The rate
of the total mass loss in Greenland is estimated as 271 ± 10
Gt/yr.

It is demonstrated that the mass balance estimates are
rather sensitive to the time interval under consideration. For
instance, a reduction of this interval by about 3 years (to
Apr.2002–Sep.2020) increases the total rate of mass loss in
Greenland by 10 Gt/yr (to 281 Gt/yr). As such, the obtained
estimates are in a good agreement with those of Loomis et al.
(2021),who reported the totalmass loss rate of 282±35Gt/yr
in the same time interval. At the same time, this implies that
one should use off-the-shelf high-resolution trend estimates,
like those of Loomis et al. (2021), with a caution: they may
not be applicable to time intervals deviating from the one
adopted originally.

It is also shown that the spherical Earth assumption should
not be applied in the context of precise estimates of mass
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anomalies, especially if global estimates are of interest. For
instance, the assumption that the Earth is a sphere of≈ 6, 378
km radius reduces the rate of total mass loss in Greenland
by 12 Gt/yr (which exceeds the error limits of the estimate).
Most probably, this is because the assumed distance between
the GrIS surface and the satellite orbits is reduced in this
case by ≈ 20 km, so that weaker mass losses are sufficient
to explain the signals sensed by GRACE/GFO satellites.

The developed data processing methodology allows,
among other, for a rather accurate estimation ofmass balance
of individual DSs in Greenland (in average, the estimated
error is below 5 Gt/yr). As a consequence, the obtained esti-
mates are characterized by sufficiently high SNR: between 5
in the northeast DS and 42 in the northwest DS. This opens
the door, among other, for using GRACE/GFO data for a
comparison, validation, and calibration of physical models
describing mass changes in Greenland, including its SMB,
at the scale of individual DSs. A comprehensive analysis
of those models on the basis of the obtained GRACE/GFO-
basedmass balance estimates will be the subject of a separate
publication.

Appendix A. Relationship between mass
anomalies at the surface of the reference
ellipsoid and SHC variations

The relationship between 3-D density variations 
ρ in the
Earth system and SHC variations 
C̄lm can be represented
as follows (Wahr et al. 1998):


C̄lm = 1

ME (2l + 1)

∫∫∫

ν


ρ (r , θ, φ)
( r
a

)l
Ȳlm(θ, φ) dν,

(A.1)

where l and m are the spherical harmonic degree and order,
respectively (we assume that the order runs from −l to l,
so that positive orders correspond to cosinusoidal spherical
harmonics and negative orders to sinusoidal ones); ME is the
Earth’s mass; a is the Earth’s equatorial radius; Ȳlm(θ, φ) are
4π -normalized surface spherical harmonics:

Ȳlm(θ, φ) = P̄l,|m|(cos θ)

{
cosmφ (m ≥ 0)

sin(−mφ) (m < 0)
(A.2)

with P̄l,m being normalized associated Legendre functions;
r , θ andφ are geocentric coordinates of the current point (i.e.,
radial coordinate, co-latitude, and longitude, respectively); ν
is the 3-D domain covering the entire Earth system; and dν
is a volume element.

Let us assume that all the density variations occur only in a
thin layer located at the surface of the reference ellipsoid, i.e.,

in the layer limited by radial coordinates r(θ) and r(θ) + ε,
where function r(θ) describes the surface of the reference
ellipsoid and ε is an infinitesimal value. Then, these density
variations can be represented in terms of Equivalent Water
Heights (EWH) hw:

hw(θ, φ) = 1

ρw

r(θ)+ε∫

r(θ)


ρ(r , θ, φ) dr , (A.3)

where ρw is water density. Notice that we approximate the
integration along the ellipsoidal normal with the integration
along the radial coordinate. The relative error introduced by
this approximation does not exceed 10−5, which is believed
to be tolerable.

Taking Eq. (A.3) into account, we can re-write Eq. (A.1)
as follows:


C̄lm = 1

ME(2l + 1)

∫∫

�

r(θ)+ε∫

r(θ)


ρ(r , θ, φ)
( r
a

)l
Ȳlm(θ, φ)dr d�

= ρw

ME(2l + 1)

∫∫

�

hw(θ, φ)

(
r(θ)

a

)l

Ȳlm(θ, φ) d�,

(A.4)

where � is the surface of the reference ellipsoid and d� is
an element of that surface.

Equation (A.4) describes the direct relationship between
mass anomalies at the surface of the reference ellipsoid and
SHC variations. However, this relationship does not take into
account that the Earth is an elastic body, so that mass re-
distribution at its surface results in its deformations, which,
in turn, also affect SHC variations. To take the latter effect
into account, we introduce corrections based on load Love
numbers kl (Wahr et al. 1998). Thus, the final expression for
the relationship betweenmass anomalies and SHC variations
is:


C̄lm = ρw(1 + kl)

ME(2l + 1)

∫∫

�

hw(θ, φ)

(
r(θ)

a

)l

Ȳlm(θ, φ) d�.

(A.5)

Noteworthy, the integration in Eq. (A.5) can be performed
either in geocentric or in geographic coordinates. We prefer
the latter option, since it allows the inversion results to beused
as they are. This requires, however, that geographic coordi-
nates are converted into geocentric ones when the values of
surface spherical harmonics at a given point are computed.
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This conversion, as well as the computation of radial coor-
dinates r(θ), can be easily performed via the computation
of Cartesian coordinates of a given point as an intermediate
product.

Appendix B. Integration of a function over a
rectangular cell at the surface of an ellipsoid
of rotation

Let us consider the integration of a given function of geode-
tic coordinates f (θ, φ) over an area ω at the surface of an
ellipsoid of rotation:

J =
∫∫

ω

f (θ, φ) dω. (B.1)

Let ω be a rectangular area with the northern, southern,
western, and eastern boundary equal to θ1, θ2, φ1, and φ2,
respectively. The integration prescribed by Eq. (B.1) can be
split into integration over longitudes and integration over co-
latitudes. The former integration yields:

I (θ) = p(θ)

φ2∫

φ1

f (θ, φ) dφ (B.2)

with p(θ) being the radius of the parallel at co-latitude θ :

p(θ) = N (θ) sin θ, (B.3)

where N (θ) is the so-called “transverse radius of curvature”:

N (θ) = a2√
(a sin θ)2 + (b cos θ)2

= a√
1 − e2cos2θ

; (B.4)

in this expression, a and b are the ellipsoid’s semi-major and
semi-minor axis, respectively, and e is its eccentricity:

e =
√
1 − b2

a2
. (B.5)

Next, the integration over the region within an infinitesimal
co-latitude band dθ can be written as:

dJ (θ) = I (θ) dL, (B.6)

where dL is the length of meridional arc within co-latitude
band dθ :

dL = M(θ) dθ (B.7)

with

M(θ) = ∂L

∂θ
; (B.8)

this quantity is called “meridional radius of curvature” and
equal to:

M(θ) = (ab)2[
(a sin θ)2 + (b cos θ)2

] 3
2

= 1 − e2

a2
N 3(θ).

(B.9)

Substitution of Eq. (B.7) into Eq. (B.6) allows the integration
over co-latitudes to be written as follows:

J =
θ2∫

θ1

I (θ)M(θ) dθ. (B.10)

Taking into account Eq. (B.2), we find that the integration
of function f (θ, φ) over the entire cell can be implemented
with the following expression:

J =
θ2∫

θ1

N (θ)M(θ) sin θ

⎛
⎜⎝

φ2∫

φ1

f (θ, φ) dφ

⎞
⎟⎠ dθ. (B.11)

In view of Eqs. (B.9) and (B.4), this expression can also be
written as

J = 1 − e2

a2

θ2∫

θ1

N 4(θ) sin θ

⎛
⎜⎝

φ2∫

φ1

f (θ, φ) dφ

⎞
⎟⎠ dθ

= a2(1 − e2)

θ2∫

θ1

sin θ

(1 − e2 cos2 θ)2

⎛
⎜⎝

φ2∫

φ1

f (θ, φ) dφ

⎞
⎟⎠ dθ. (B.12)

Furthermore, it follows from Eq. (B.5) that

1 − e2 = b2

a2
. (B.13)

Then, we finally have:

J = b2
θ2∫

θ1

sin θ

(1 − e2 cos2 θ)2

⎛
⎜⎝

φ2∫

φ1

f (θ, φ) dφ

⎞
⎟⎠ dθ. (B.14)
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If the function to be integrated does not depend on longi-
tude, this expression simplifies to:

J = (φ2 − φ1) b
2

θ2∫

θ1

f (θ) sin θ

(1 − e2 cos2 θ)2
dθ. (B.15)

Appendix C: Areaof an element at the surface
of an ellipsoid of rotation

Let us apply Eq. (B.15), having set f (θ) = 1. Then, that
expression allows the area S of a surface element to be
expressed as:

S = (φ2 − φ1) b
2

θ2∫

θ1

sin θ

(1 − e2 cos2 θ)2
dθ. (C.1)

A substitution t = cos θ allows the integral in the latter
expression to be re-written as follows:

θ2∫

θ1

sin θ

(1 − e2 cos2 θ)2
dθ

=
cos θ1∫

cos θ2

1(
1 − e2 t2

)2 dt = e−4

cos θ1∫

cos θ2

1(
t2 − e−2

)2 dt

= e−4
[ −t

2e−2(t2 − e−2)
+ 1

4e−3 log

∣∣∣∣ t + e−1

t − e−1

∣∣∣∣
]∣∣∣∣

t=cos θ1

t=cos θ2

= 1

2

(
cos θ1

1 − e2 cos2 θ1
− cos θ2

1 − e2 cos2 θ2

)

+ 1

4e
log

(
1 + e cos θ1

1 − e cos θ1
· 1 − e cos θ2

1 + e cos θ2

)
. (C.2)

By combining this expression with Eq. (C.1), we readily
obtain:

S = (φ2 − φ1) b
2
[
1

2

(
cos θ1

1 − e2 cos2 θ1
− cos θ2

1 − e2 cos2 θ2

)

+ 1

4e
log

(
1 + e cos θ1

1 − e cos θ1
· 1 − e cos θ2

1 + e cos θ2

)]
. (C.3)
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