Delft
e t University of
Technology

Delft University of Technology
Faculty of Electrical Engineering, Mathematics & Computer Science
Delft Institute of Applied Mathematics

Riemann’s Explicit Formula and the Prime Number
Theorem

(Dutch title: Riemann’s Expliciete Formule en de
Priemgetallenstelling)

Thesis submitted to the
Delft Institute of Applied Mathematics
as partial fulfillment of the requirements

for the degree of

BACHELOR OF SCIENCE
in

APPLIED MATHEMATICS
by
F.B. Roodenburg
Delft, The Netherlands

June 2020

Copyright (©) 2020 by F.B. Roodenburg. All rights reserved.







]
TUDelft oy
BSc thesis APPLIED MATHEMATICS

“Riemann’s Explicit Formula and the Prime Number Theorem”

Dutch title: “Riemann’s Expliciete Formule en de Priemgetallenstelling”
F.B. Roodenburg

Delft University of Technology

Defended publicly on Tuesday, 30 June 2020 at 14:00h.

An electronic version of this thesis is available at
https://repository.tudelft.nl/.

Supervisor Committee member

Dr.ir. W.G.M. Groenevelt Dr. R.J. Fokkink

June, 2020 Delft


https://repository.tudelft.nl/




Abstract

This thesis presents an insight in the Riemann zeta function and the prime number the-
orem at an undergraduate mathematical level. The main goal is to construct an explicit
formula for the prime counting function and to prove the prime number theorem using the
zeta function and a Tauberian theorem. The Riemann zeta function, defined as )7, %
for Re(s) > 1, can be continued analytically to the whole complex plane except at s = 1.
Two proofs of this continuation were given by Bernhard Riemann in his famous article
Ueber die Anzahl der Primzahlen unter einer gegebenen Grésse from 1859. Those proofs
are studied in detail in this thesis after introducing all the required foreknowledge on the

gamma function.

The prime counting function m(x) counts the number of primes less than or equal to
x. An explicit formula for 7(x) in terms of the nontrivial zeros of the zeta function will
be constructed in a similar way as Riemann did in his article. Finally, the prime number
theorem will be proved. This theorem describes the asymptotic distribution of the primes
among the natural numbers: lim; ., M = 1. Using the analytic continuation of the
zeta function and a Tauberian theorem, the prime number theorem can be proved quite
easily with only basic theory from complex analysis.
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Chapter 1

Introduction

1.1 Counting Prime Numbers

Prime numbers have been an interesting topic for mathematicians since they were first
studied by the ancient Greek. Take all the natural numbers

1,2 3,4,5,6,7,8,9, 10,...

and the prime numbers are defined as those natural numbers greater than 1 which are
only divisible by 1 and itself. So, prime numbers cannot be written as the product of two
smaller natural numbers. The first number greater than 1 that is not a prime number is
4 =22, the next is 6 = 2 - 3 and so on. The first ten prime numbers are

2,3,5, 7, 11, 13, 17, 19, 23, 29

and some questions that arise are how many prime numbers are there, how do you find
them and how are they distributed among the other natural numbers? The ancient Greek
found out around 300 BC that there are infinitely many prime numbers. This is known
as Euclid’s theorem and was proved by assuming that there are only finitely many prime
numbers and then deriving a contradiction. This implies that the assumption must have
been wrong.

So there are infinity many primes, but which natural numbers are then prime and
which are not? A simple method to find the prime numbers less than or equal to a num-
ber n, was invented by Eratosthenes, the chief librarian of the great library in Alexandria.
The idea is to start with 2 and cross out all multiples of 2 that are less than or equal to
n. However, do not eliminate 2 itself. Then continue with the next number, 3, and cross
out the multiples. Repeat this procedure and all the numbers that remain are the prime
numbers less than or equal to n. This method is known as the Sieve of Eratosthenes. This
method can be applied for finding small prime numbers, but for large prime numbers this
algorithm is highly inefficient.

An even stronger result about primes was known more than two thousand years ago
and that result is so important that it is nowadays called the fundamental theorem of
arithmetic.

Theorem 1.1 (Fundamental theorem of arithmetic). Every natural number greater than
1 is either a prime number or can uniquely be represented as a product of prime numbers.

That a natural number n > 1 can be written as a product of prime numbers is more
or less obvious. If n is not prime, then by definition n = a - b with a,b < n. If a and b
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are not prime, then you repeat this until there are only prime numbers left in the factor-
ization. The fact that this representation of prime numbers is unique is not that obvious,
however with this theorem the prime numbers can be considered as the building blocks
of the natural numbers when only multiplication is used to combine the blocks. The two
theorems mentioned above can be found in one of the most important works from ancient
Greece, which is The Elements from Euclid.

The question about how the primes are distributed among the other natural numbers
is hard to answer. As a start, look at the prime counting function m(x) which is defined
as the number of primes less than or equal to a real number z. The graph of m(x) has
jumps at every prime number and is shown in figure for x on two different domains.
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Figure 1.1: The prime counting function 7(x) for 0 < x < 50 and 0 < x < 1000.

The function on 0 < z < 1000 looks smoother than that on a smaller domain. Nonethe-
less, the behaviour of the prime counting function is very irregular. But if we can capture
an explicit formula for 7(z), then this formula might tell us something about the distri-
bution of the primes. However, due to the irregularity and the jumps, it is not trivial that
such an explicit formula exists at all!

Before getting lost in the mathematics of finding an explicit formula, an approximation
of w(x) would also be nice. This was exactly what the great mathematicians Gauss and
Legendre were looking for at the end of the eighteenth century. One of the proposed

approximations was
x

Liz) = s
where log(z) denotes the natural logarithm. In figure both 7(x) and L(z) are shown.
This approximation might not be as accurate as we had hoped for, namely the difference
between both graphs (the error) becomes larger as x becomes larger. Nevertheless, this
approximation is good if we do not look at the absolute error, but look at the relative
error which is
m(x) — L(x)
L(x)

The claim is that this relative error tends to zero as x goes to infinity. This is known as
the prime number theorem, but for now it is only a conjecture.
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Conjecture 1.2 (Prime number conjecture). The relative error between ww(x) and L(x)
goes to zero as x goes to infinity:

lim 7(x) — L(x)

2 A
Z—00 L(m)

or after rewriting this
w@) _ . (o) log(a)

z—oo L(x)  a—oo T =L

Before continuing on this conjecture, first a little sidetrack. The approximation L(x)
as in figure [1.2]is not that marvellous if you at look at the absolute error, so can we find
a better one perhaps? Obviously, L(x) grows too slow with respect to m(z), meaning that
the derivative of L(x) is too small. Calculating this derivative using the quotient rule gives

_ el
L,<m):10gx T 1 1

log? z - logz log?a’

The derivative can be increased by ignoring the last part with the minus sign. Then,
integrating gives a function that is called Li(x) of which the derivative is larger than that
of L(z). Define the logarithmic integral for x > 0 byE|

. o1
Lz(a;)—/o log(t)dt

Figure shows the prime counting function together with the new approximation Li(zx).
In comparison with the other approximation L(z), the logarithmic integral seems a better
estimate of 7(x). In fact, Li(x) is a much better estimate concerning the absolute error
as can be seen in table Regarding the relative error: it can be proven that the
approximation Li(x) is just a good as the approximation L(z). Hence, the prime number
conjecture can be reformulated as

_om(x)

!Note that the integrand @ is not defined for ¢ = 1, so the integral should be interpreted as
1—¢

. 1 x 1
lime 0 ( 0 log(t) dt + f1+5 log(t) dt) :



Chapter 1. Introduction

180 T
160 /
140 ]
g0 ] Figure 1.3: The prime counting
2 100 ] function 7(x) and two approxima-
2 ol ] tions L(z) and Li(x) for 0 < x <
£ 1000.
& 60
40
7(X)
20+ L(x) |
Li(x)
0 0 2(;0 4(;0 6(‘)0 8(‘)0 1000
X
x 7(x) m(x) — L(x)  Li(x) — 7(x)
108 78,498 6,115 129
108 5,761,455 332,774 754
101 | 455,052,511 20, 758, 030 3,104
102 | 37,607,912,018 1,416,706,193 38,263

Table 1.1: The absolute errors between m(z) and the two approximations L(z) and Li(x)
for some large values of x. The values of the errors are rounded.

Back to the proof of the prime number conjecture as formulated in conjecture [1.2
A first step towards the proof was taken by the Russian mathematician Chebyshev. He
proved that

m(z) log(x)

0.92129... < < 1.10555 . ..

holds for z large enough. Even stronger, he proved that if the limit exists, then it would
1. But there was no proof that the limit as z goes to infinity would exist. Also, the above
estimate does not imply that the limit exists, namely the function % might oscillate
forever between 0.92129 ... and 1.10555 . .. for = very large without converging to a fixed
number. So, besides the search for an explicit formula for 7(z), also a proof (or disproof)

for the prime number conjecture is wanted.

Now, assuming the prime number conjecture to be true, what would that mean for
the distribution of the prime numbers? Nothing could be said about the exact locations
of the primes, but it can be established that the nth prime number p,, is approximately
equal to nlog(n). Note that m(p,) = n and then the prime number conjecture gives that

nlog(py)

—1 as n — oo. (1.1)
Pn

Take the logarithm
log <nlog(pn)

n

>—>log(1):0 as n — 00

and rewrite using the properties of the logarithm

log(n) + log (log(py)) — log(pn) — 0 as n — 0o.

4
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Dividing by log(p,,) gives

log(n) | log (log(pn)) log(pn)
log(pn) log(pn) log(pn)

— 0, as n—o00 =1

—0 as n — 0o, (1.2)

where it should be noted that log (log(z)) grows much slower than log(z) as # tends to
infinity, so that indeed their quotient goes to zero. Now, multiplying equation (1.1)) and
(1.2) gives after rewriting that

nlog(pn) ) log(n) _ nlog(n) =1 as n — 00

Pn log(pn) Pn

A fraction equals one, if and only if the numerator and denominator are equal. So from
this it can be concluded that the nth prime number p,, is approximately equal to nlog(n)
for large values of n. In fact, the larger the value of n, the better the approximation
nlog(n) is.

1.2 The Riemann Zeta Function

There was not much progress in the research to the distribution of the primes until a short
article by Bernhard Riemann was published. Riemann (1826-1866) was a mathematician
and contributed mainly to the field of differential geometry which was essential for Ein-
stein’s general theory of relativity. The branch of mathematics to which the research to
prime numbers belongs is analytic number theory. Riemann’s article Ueber die Anzahl
der Primzahlen unter einer gegebenen Grisse (On the Number of Primes Less Than a
Given Magnitude, |Riemann| 1859]) only counted eight pages and is his only contribution
to the field of analytic number theory. However, this contribution was an important one:
Riemann described how to obtain an explicit formula for 7(z) and introduced the mathe-
matics which was required for proving the prime number conjecture.

The research to prime numbers was all about one function, namely

(o)
1 1 1 1 1
C(x):;nm:l_‘_%_‘_f}m_{_élm_'_&ﬂ_'—”"

which is called the Riemann zeta function. This is an infinite sum, so the value might
be infinity instead of that the sum converges to some fixed number. This function was
already introduced by Euler the century before Riemann’s article. It was shown that the
sum converges for x > 1, but finding the values to which ((z) converges is harder. Finding
the value of ((2) is known as the Basel problem and was solved by Euler. He proved that

(oo}
1 1 1 1 1 2
2) = =1 e e =
) ;nQ +22+32+42+52+ 6

The key idea of Riemann was to consider ((x) not as a function of a real variable x,
but as a function of a complex variable s. It is common to write s = o + it where o and
t are real and denote the real and imaginary part of s respectively. Now, all theory of
complex analysis, which was still in development at Riemann’s time, could be applied to
obtain new results.
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At first sight the zeta function has little to do with prime numbers, but there is a rela-
tion between the zeta function and the prime numbers which is quite easy to establish. Let
Re(s) = o > 1, so that ((s) converges. We will use the idea of the Sieve of Eratosthenes,
so first sieve all the terms with a factor 2. Observe that

1 1 1

(o) =1+ttt (1.3)
and 1 1 1 1
—C() —+—+§+§+ (1.4)
Subtracting equation (|1.4) from gives that
1 1 1 1
<1—2S>§()—1+35++75+ (1.5)

and all terms with multiples of 2 in the denominator have disappeared at the right hand
side. Now sieve all the terms with a factor 3. Note that

1 1 1 1 1 1
—(1-= — 4= 1.
( )C(s) s to T ton (1.6)

Subtracting equation (|1.6) from (1.5 gives

1 1 111

Again, all the terms with multiples of 3 in the denominator have disappeared. Now,
continue sieving all the terms with a prime in the denominator. This will finally give

(-804 (0-8) (-3 - e

which is equivalent to

This connection between primes and the zeta function forms the foundation for the re-
search to the distribution of the primes. This formula was found by Euler and is called the
Euler product formula. The crucial step that Riemann took a century later, was making
an extension of the zeta function to the whole complex plane, except for s = 1 where ((s)
still diverges. This extension will be necessary for obtaining the result we want and hence
will appear everywhere throughout the research to prime numbers.

Using the extension of the zeta function, together with much complex analysis, Rie-
mann found an explicit formula for 7(z) in which the most important term was Li(z),
the approximation of m(z) which was found before. This means that the other remaining
terms in the expression describe the absolute error between 7 (x) and Li(x). So the behav-
ior of this error tells much about the prime counting function. Unfortunately, this error
depends on the zeros of the zeta function, these are the points p in the complex plane such
that ((p) = 0. About the zeros p much is unclear, because it is unknown where all these
zeros lie exactly.

Despite the good ideas in Riemann’s article, we should also comment on the complete-
ness of the article. Of course, eight pages can never be enough to explain new ideas in
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detail and do all the complex calculations. Some gaps can be easily filled in, but there
are also statements of which the truth was not trivial at all. In the course of time most
statements have been established to be true, which also means that the formula for m(x) is
valid. However, as mentioned before, the expression of this formula contains the zeros of
the zeta function. Riemann wrote about these zeros in his article, he expected that all the
nontrivial zeros would lie on the line with real part %, but he was not able to prove this
assertion. There are also trivial zeros, but these are relatively easy to find as the name
already suggests. About the nontrivial zeros, Riemann wrote

“Certainly one would wish for a stricter proof here; I have meanwhile tem-
porarily put aside the search for this after some fleeting futile attempts, as it
appears unnecessary for the next objective of my investigation.” Translated
from [Riemann, |1859).

In fact, until now nobody was able to prove or disprove this assertion. This became one of
the greatest unsolved problems in mathematics which is called the Riemann hypothesis.
This problem has become so important for the distribution of the primes and for problems
in mathematics that the mathematician who finds a proof or disproof is awarded with one
million dollars by the Clay Mathematics Institute.

Returning to the prime number conjecture, what was the influence of Riemann’s ar-
ticle on finding a proof? The analysis of the zeta function resulted in the prime number
theorem being equivalent to the zeta function having no zeros on the line with real part
1. This equivalent statement was proven in 1896, independently by the mathematicians
Hadamard and de la Vallée-Poussin. This turned the prime number conjecture finally in
a theorem. This was one of the highlights of mathematics in the nineteenth century.

Of course, mathematicians have not been doing nothing after achieving such a great
result. The proof of the prime number theorem was long and intricate. It was based on
an explicit formula for ¢ (x) which is a function that not only counts primes (as 7(x)),
but also counts powers of primes. It turned out that this function is easier to work with
than 7(x). Nowadays, the explicit formula for 7(z) that Riemann found is often neglected,
because the explicit formula for 1 (z) is easier and in fact contains the same information.

Since the first proof of the prime number theorem, mathematicians have been looking
for a less intricate one. Also, they looked for a proof that is elementary, i.e. a proof that
makes no use of complex analysis. Such an elementary proof was found in 1948 by Selberg
and Erdés. The most easy proofs are the ones that use so called Tauberian theorems.
Donald Newman found the most easy proof up to now of the prime number theorem in
the 1980’s. The proof of the Tauberian theorem he used, requires in fact nothing more
than Cauchy’s integral formula (a standard formula for calculating integrals in complex
analysis).

Having proved the explicit formula for 7w(x) and the prime number theorem, it remains
to find the nontrivial zeros of the zeta function, because the explicit formula could be
expressed using these zeros. The investigation to a proof of the Riemann hypothesis con-
tinues until today. Many more connections to the zeta function have been found, such as
the connection with random matrices and quantum mechanics.
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1.3 Overview of this Thesis

The goal of this thesis is to give a rigorous mathematical introduction to the Riemann zeta
function and the prime number theorem suitable for undergraduate mathematics students.
This thesis will be mainly focused on Riemann’s article in which an explicit formula for
7(x) is constructed, and the proof of the prime number theorem. Of course, many books
and articles have been written about this topic, but usually not at an undergraduate level.
The explicit formula for 7(z) and the prime number theorem can be proven with only ba-
sic theory about calculus, real and complex analysis. So the aim of this thesis is to write
down the details of the mathematics such that it is understandable for undergraduate
mathematics students familiar with real and complex analysis. Also, relevant references
will be included for further reading on the subject. People without mathematical back-
ground interested in the topic can read further in [Derbyshire, 2003] or [van der Veen and
van de Craats, [2011].

All the required knowledge of complex analysis, including the theory of infinite prod-
ucts, can be found in the appendices [A] and [B] Chapter [2] deals with a very important
function which will be encountered all the time: the gamma function. This function is
in fact an extension of the factorials n!. Using the gamma function, several important
identities will be proved, such as the reflection formula and the infinite product represen-
tation for the sine and the gamma function. This is in fact general theory which is used
throughout all branches of mathematics.

In chapter [3| and 4] Riemann’s article is studied. Chapter |3| gives a formal proof of the
Euler product formula. Also, the two different methods Riemann gave to find the exten-
sion of the zeta function to almost the whole complex plane are studied. Chapter [4| deals
with the construction of the explicit formula for m(z). It will take several steps to find
this formula and still not all details are validated in this thesis, just as in Riemann’s article.

Chapter [5] and [6] have as main goal proving the prime number theorem using the zeta
function. In chapter [5] all the necessary theory from analytic number theory is introduced
and an equivalent form of the prime number theorem is established using the function
¥(z). This equivalent statement will be proved in chapter @ Hereby, the Tauberian
theorem as proved by Newman will be used. So the final result is a proof of the prime
number theorem, something which should bring joy to every mathematician.
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The Gamma Function

This chapter introduces the gamma function, which is needed for the study of the Riemann
zeta function in the next chapter. First, basic properties about the gamma function are
established together with Wielandt’s theorem. This theorem allows us to prove an infinite
product representation of the gamma function. In the last section, several important
statements will be proved such as Euler’s reflection formula and Legendre’s duplication
formula, which will be useful later.

2.1 Properties of the Gamma Function

Definition 2.1. The gamma function T' : C4 — C with C4 = {z € C : Re(z) > 0} is
defined as

o
I'(z) := / t*tetdt (2.1)
0
with t*~1 = eZ=D108t oot € R and Re(z) > 0.
Proposition 2.2. The gamma function is absolutely convergent and analytic on C, .

Proof. To show the convergence, split the integral into two parts:

1 00
I(z) = / t* e tdt —I—/ t*~ e tdt, (2.2)
0 1
Note that the following statements hold
77t = tRe(@) 1=t < 4ReG)=1 0 for ¢ > 0 and 2z € C.,

and .
1
—di
o t
converges absolutely for s < 1.
Combining these two statements gives that

1 1 1
/ tz_le_tdt' < / (t*" e~ dt < / tRe@=1dt < 0o, for Re(z) > 0.
0 0 0

Hence the first integral of equation ([2.2)) converges absolutely for z € C.

For the convergence of the second integral, note that for all zg > 0 there exists a C' > 0

such that
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for all z with 0 < Re(z) < zp and for all ¢ > 1. From this it follows that
‘tz—le—t’ _ tRe(z)—le—t < Ce—%

for 0 < Re(z) < xg and t > 1. The second integral of equation (2.2]) becomes

[e.e] [ee] o ‘ 1
/ tz_le_tdt‘ < / (t* e~ dt < C’/ e 2dt =2Ce 2 < oo for 0 < Re(z) < .
1 1 1
Thus, the integral converges absolutely for all z € C..

To prove that I'(z) is analytic on C, consider the sequence of functions fo, f1, f2, . ..
with f,, : C; — C for all n € N defined by

n+1
fn(z) = / t*letdt,

Every f, is analytic on C, since t*“le~! is continuous in ¢ € (n,n + 1) and analytic in
z € C4 (see theorem [A.6). Let D be a bounded subset and let 0 < ¢ < Re(z) < K < oo
for all z € D. Then

1
< Re(z)—1 ju _
[fo2) _/0 t di Re(z) ~ ¢

and for n >1and z € D

n+1
‘fn(z)| < en/ tRe(z)fldt
_ " Re(z) _  Re(x) )< ¢ K _.
o) ((n+1) o >1) <+ DN = M,

Note that Y >, M, < 0o, so by the Weierstrass M-test > >~ f,, converges absolutely and
uniformly on D. If a sequence of analytic functions f,, converges (locally) uniformly to f,
then f is also analytic, see theorem [A.16] Applying this to the sequence of partial sums

fo+ ... + fn gives that I'(z) = Y 07 fu(2) is analytic on C, (see also theorem [A.18)).
O

The gamma function satisfies certain properties, for example with integration by parts
it can be shown that
I'(z+1) =2I'(z) for Re(z) > 0. (2.3)

Since I'(1) = 1 (this can easily be seen from the definition), it follows that for n € NU {0}
I'(n+1)=nl (2.4)

So the gamma function interpolates the factorials. The next step is to define the gamma
function for the whole complex plane. An iterated application of equation (2.3) gives

I'z+n+1)
(z4+1)---(2+n)

L(z) = - (2.5)

Here, I'(2) is only defined for Re(z) > 0, but the right hand side is defined for Re(z) >
—(n+1) with z # 0, —1,—2, ..., —n. All these analytic extensions for various n are unique
by the identity theorem for analytic functions (theorem . So the gamma function
can be uniquely extended as an analytic function to C \ S with S := {0,—1,-2,...} and

10
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for z € C\ S equation (2.3 holds.
The elements of S are simple poles with residues

. 23) I'(1) (=)™
Res (I'(z);—n) = 1 r = = . 2.6
es((2); —n) = lim (z4n)I'(z) T+ DD~ 7 (2.6)
As can be seen from the definition, the gamma function also satisfies
IT'(2)] <T'(Re(z)), for Re(z) > 0. (2.7)

So the gamma function is bounded on any closed vertical strip in the complex plane with
0 <a <x <b. The gamma function is completely determined by this property together
with property (2.3). This is described in the following theorem as found in [Remmert,
1996 .

Theorem 2.3 (Wielandt). Let D C C be a domain containing the vertical strip
Vi={z=z+yi:z,yeR 1<z <2} CC.
Let f: D — C be an analytic function satisfying:
1. f is bounded on V,

2. f(z+1)=2z2f(z) forz,z+ 1€ D.
Then
f(z)=f()I'(z) forall z€ D.

Proof. Similarly as for the gamma function, f(z) can be extended to C\ S with S =
{0, —1,—2,...} using condition 2. Again f(z+1) = zf(z) holds on C\ S and the residues
are L

Res(f(z);—n) = (_n') f(1) for —nes. (2.8)
Note that f(z) and f(1)I'(z) have the same poles and residues (compare equation ([2.6)
and (2.8])). This implies that the singularities are removable for the function h : C — C
defined by h(z) = f(z) — f(1)I'(z). So h is an entire function, which means that h is
analytic on the whole complex plane. Since f(z) and I'(z) are bounded on the strip V

(condition 1 and equation (2.7)), h is also bounded on V. But h is also bounded on the
strip Vp := {z € C: 0 < Re(z) < 1}, because

e the set Vo N {z: |Im(z)| < 1} is compact, hence h is bounded on this set,

o for z € Vo N {z : [Im(z)| > 1} the equation f(z) = @ holds. Now f(z + 1) is
bounded since it lies in V. This means that f(z) is bounded on VyN{z : |[Im(z)| > 1},
thus h is also bounded on this set.

Note that h satisfies

h(z+1)=f(z+1) — f(OD(z+ 1) = 2(f(2) — fF(1)I(2)) = zh(z) for z € C.
Now, consider the function H : C — C defined by H(z) = h(z)h(1 — 2z). Note that H is
an entire function (since h was also entire) and satisfies

h(1 —
H(z+1)=h(z+1)h(—2) = zh(z)(_zz) = —H(z).
So H is periodic up to the sign. Also, H is bounded on Vj, since h(z) and h(1l — z)
are bounded on V. Using the periodicity of H it is obtained that H is bounded on C.

Applying Liouville’s theorem (theorem [A.7]) gives that H(z) is constant, so
H(z) = H(1) = h(1)h(0) = (f(1) — f(1)'(1))h(0) = 0.

By the definition of H it follows that h(z) = 0. So the definition h(z) = f(z) — f(1)I'(2)
implies that f(z) = f(1)I'(z) for all z € D. O

11



Chapter 2. The Gamma Function

2.2 Product Representations for the Gamma Function

To continue, an infinite product representation of the gamma function is required. There-
fore, the following lemma is used.

Lemma 2.4. The infinite product

o =1 (1+2) o (-3

n=1
is analytic on C and H(z) = 0 if and only if —z € N.

Proof. The zeros of H(z) lie at z = 0,—1,—2,—3, ..., so indeed H(z) = 0 if and only if
—z € N (see remark [B.1)). Note that every factor of H is analytic on C. To show that
H(z) is analytic, use theorem and according to that theorem it remains to prove that

S+ 2)ew(-2) -1 29

converges normally on C.
Let a € C arbitrary and let K = Bj,41(0) be a compact disk. Consider the Taylor
expansion of the complex exponential:

(~w)?

exp(—w)=1—-w+ 5 + O(w?)
and thus
w3 4
wexp(—w) = w — w? + - + O(w").
Combining these equations gives
w2
(I1+w)exp(—w) —1= 5 + O(w?) for all w € C.

The set K is compact, so there exists a constant C'x € R such that
|(1 4 w) exp(—w) — 1| < Ck|w|* for all w € K.
If z € K, then also = € K for all n € N. So

(jal +1)>

A
n2

(2wt 211 cx2f <o

Hence, the series in is bounded on K by ¢> 2, # where ¢ is a constant and this
sum is finite. This implies that the series is normally convergent on K, but a was chosen
arbitrarily, so the series converges normally on C. By theorem it follows that H(z) is
analytic on C. O

Define for all n € N the function G,, : C — C by
Gn(z) = zexp(—zlogn) H (1 + Z) :
" J
=1

J

12



Chapter 2. The Gamma Function

Then G(z) := limy, 00 Gn(2z) defines an analytic function on C. Rewrite

G(z) = lim Gp(z) = lim zexp(—zlog(n)) H <1 + Z)
j=1

A nto0 j
= lim <k]i]1 exp (;)) exp (zlog(n))jf[l <1 + j) exp <_jz>
= lim zexp [z (:l % - log(n))] ]f[l (1 + j) exp (7)

= zexp(yz)H(2),

where

k=1
is the Euler-Mascheroni constant. Lemma gives that G(z) is analytic on C.

Just as H, the function G has zeros at the elements of S = {0,—1,—2,...} and the
gamma function has poles at the elements of S. Gauss showed that in fact 1/I'(z) = G(z)
as in the following proposition. The proof given here is easier than the original proof by
Gauss, because the theorem of Wielandt (theorem can be used.

Proposition 2.5 (Gauss’s product representation). For all z € C

1 . n—%
() =G(2) =nh_>n£>1Q - 2(z+1)--(z4n).

Proof. Rewriting
G(2) = tim Go(2) = tim 2T (142) (2
(2) = fim () =t w2 [[ {145 ) (5
——

1
J

n
IR .
—nhﬁrrolon z”(]—l—z)
i=1
—z

= lim n' 2(z4+1)---(z+mn)

n—oo Nn!

gives the second equality. For the first equality apply theorem to the function 1/G(z).
Note that 1/G(z) is analytic on

D={z=z+vyi:z,yeR0<z <2}
since G has no zeros in D. This D contains the strip

V={z=x+yi:z,yeR1 <z <2}
Proof of the two conditions of theorem [2.3

1.Forall z € Vandn € N: |n~% = n R and |2 + n| > Re(z) + n. Hence
|G(2)] > G(Re(z)) for all z € V. Note that the interval [1,2] is compact, thus 1/G
is bounded on this interval. This implies that 1/G is also bounded on V.

13



Chapter 2. The Gamma Function

2. Forall z€ D with 2 +1 € D and for all n € N:

n—(+1)
2Gp(z+1) ==z - (z+1)(z+2)---(z24+n+1)
z+n+1n"~ z+n+1
i — z(z+1)-~-(z+n):TGn(2).

Let n — oo, then

1 z
2G(z+1) =G(z) and thus G(z+1) - G(z)

for all z € D with z+1 € D.
Furthermore, for all n € N:

nt n+1
It follows that G(1) = 1 and thus 1/G(1) = 1. By theorem [2.3| we get that 1/G(z) = I'(2)
for all z € D. The gamma function has no zeros in D, hence 1/T'(z) = G(z) for all z € D.

By theorem it follows that 1/T'(2) = G(z) for all z € C. O

— 1 asn — oco.

From the statement of proposition a product representation for I'(z + 1) can be
recovered. This product representation will be needed later for the construction of an
explicit formula for the prime counting function.

Proposition 2.6. For all z € C\ {—1,-2,-3,...}

- nl(n + 1)?
P(z+1) = lim +)(z+2)-(z+n)

Proof. Plugging z + 1 in Gauss’s product representation for ﬁ gives
1 ] n—(z+1)

I'(z+1) noeo nl
(z+1)(z+2)---(24+n) z+n+1

(z+1)(z+2)---(z+n+1)

= lim
~ lim (z+1)(z+2)---(z+n) 1  z4+n+1 (n+1)
T oo n! (n+1)? n n?

—— N——

—+1lasn—oo0 —1asn—oo

+D(E+2)-(z4n) 1

- nhango n! “(n+1)?
from which the desired product representation follows. ]

2.3 Other Important Identities

Using the statements found in the preceding sections, Euler’s reflection formula, Euler’s
product formula for the sine and Legendre’s duplication formula can be proved.

Define a new function f: C\Z — C by f(z) := I'(2)T'(1 — z). The function I'(z) has
simple poles for z € S and I'(1 — z) has simple poles for z € N. So f(z) has simple poles
for all z € Z and the residues are

. L 23) L1 (2n + 2) n
Res(f; —n)le_%r{ln(z—i-n)l“(z)l“(l—z) = (—1) S (-=1)" for —n € Z.

14



Chapter 2. The Gamma Function

Also, for z € C\ Z:

fz+1)=T(z+1)(-2) = zF(z)M =—f(2). (2.10)

—2z
So f is periodic up to the sign. Note that the above two properties also hold for the

: s .
function L

Res( , ;—n) = lim (24 n)— "~ lim L (=)™
sinz z——n sinmz  z—-n TCOSTZ
using I’Hospital’s rule and
T T
= — . 2.11
sinm(z + 1) sinz (2.11)

s
sin 7z

Instead of only sharing these two properties it turns out that f and are in fact equal

on C\ Z. This identity is known as the Euler reflection formula.

Proposition 2.7 (Euler’s reflection formula). For z € C\ Z it holds that

™

Fz)r'1-=2) =

sinmz’

Proof. The functions I'(2)I'(1 — z) and "— have the same poles and residues, hence the
function h : C — C given by

™

h(z) :=T(z)I(1—-=z2)—

sinmz

is entire. Recall that I'(z) and I'(1—z) are bounded on {z € C : 0 < Re(z) < 1, |[Im(z)| > 1}
(see the proof of theorem . Also, == is bounded on this set, namely

sinmz

2m
exp(miz) — exp(—miz)
2m 4
<7 < .
5 exp(m|Im(z)]) ~ exp(m)

2m
~ |exp(—7Im(z)) — exp(nlm(z))

‘ : ’

sinmz

Furthermore, h is bounded on {z € C : 0 < Re(z) < 1,|Im(z)| < 1}, since this set is
compact and h is analytic. Using the periodicity of h (which follows from equations ([2.10))
and ) it follows that h is bounded on C, thus by Liouville’s theorem h is constant.
Note that h is odd:

~HE) = ) + oy = =) - ey
= I‘(z)r(l — Z) — Sin(ﬂz) = h(z)

and this implies that h(z) = 0 for all z € C and thus

Fz)I'1-2z2) =

for all z € C\ Z.

sinmz

O]

Remark 2.8. As a consequence it is obtained that F(%) = /7 by plugging z = % in the
reflection formula.

15



Chapter 2. The Gamma Function

By combining propositions [2.5] and [2.7] the product formula for the sine is found:

sin(r2) :
in(rz) = =————
I'(z)I'1-=2)
) n=%? n . n—(1-2) n
:th—?c}o 7 H(z—i—j) S (n+1-—2) H]—z
j=1 j=1
n
N Ul ek (2 — 22)

n—oo  n - (n!)? ;

. n+1-—2z §2— 22
ST T H( 7
J=1
e 2
z
i=1 J

for all z € C\ Z. Note that for z € Z both sin(rz) and []72, (1 - j—;) are zero.

Proposition 2.9 (Euler’s product formula for the sine). For all z € C

sin(7z _mH<1—>.

For the last time we apply Wielandt’s theorem to prove Legendre’s duplication formula
for the gamma function.

Proposition 2.10 (Legendre’s duplication formula). The following identities hold:

o =i () (57),

I'(22) = (2m)"22%72(2)0 <z + ;) .

or equivalently

Proof. Define f(z) = 2°71I'(3)T'(25}). This function is analytic on a domain containing
V={z=z+yi:z,yecR1<x<2}
It remains to prove conditions 1 and 2 of theorem [2.3] .

1. Note that [I'(z)| < I'(Re(z)) and |2571| = 2Re()=1 50 f(2) is bounded on V.

2. Using the property I'(z + 1) = 2I'(z) gives

fz+1)=2°T <Z;1>r(;+1) =2. 22T (Z‘gl);r(;) — 2f(2).

Furthermore,

and theorem [2.3] now gives that

fz) = FOP) = 277 (3)1 (Z‘; 1) — RiT(2).

Rearranging this equation gives the first identity and replacing z by 2z gives the second.
O
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Chapter 3

The Riemann Zeta Function

In Riemann’s paper Ueber die Anzahl der Primzahlen unter einer gegebenen Grdsse (|Rie-
mann, 1859]) two (incomplete) proofs are stated on how to extend the zeta function to the
whole complex plane (without s = 1). One proof involves contour integration to prove the
functional equation of the zeta function, this proof will be worked out in section The
second proof uses the Jacobi theta function and its functional equation and will be given
in section Both proofs, which differ from how Riemann wrote them originally, that
are given follow |Titchmarsh, [1986] and [Edwards, [1974]. In the last section the Riemann
hypothesis is briefly discussed.

Before diving into Riemann’s paper, the zeta function will be introduced in section
The Euler product formula will be formally proven, together with an analytic continuation
of the zeta function to the right half-plane.

3.1 Riemann Zeta Function

Definition 3.1. The Riemann zeta function is defined for Re(s) > 1 by
1

¢(s) := oo
n=1 n

Proposition 3.2. The zeta function converges normally and is analytic in the half-plane
{s € C: Re(s) > 1}.

Proof. Take s € C with Re(s) > 1, then there exists a § > 0 such that Re(s) > 1446 > 1.
So each term of the sum can be bounded:

for Re(s) > 144 and Y 2 ﬁ converges, hence the convergence is normal. Note that
every term # is analytic for Re(s) > 1, hence by theoremthe zeta function is analytic
for Re(s) > 1. O

As mentioned in chapter |1 it was Euler who found the value of ((2) by using the
product formula for the sine (proposition [2.9)). In general, there is a formula for the values
of the zeta function for even arguments:

C(2k) = (—1)’“*1(22(7271);];182,c with k € N,

17



Chapter 3. The Riemann Zeta Function

where B,, are the Bernoulli numbers.

n 3 4 5 7 8
B, |1 — 0 0 0

Table 3.1: The Bernoulli numbers

There are also closed forms for other values of the zeta function with real arguments
greater than 1. But in general not much about them is known. For our purposes, concrete
values of the zeta function are not necessary, so we will not go deeper into this.

3.1.1 Euler Product Formula

In chapter [I| the intuition behind the Euler product formula was shown. Now, we will
proof this connection between the prime numbers and the zeta function formally.

Proposition 3.3 (Euler product formula). For Re(s) > 1

o0

1 1
=25 = 1l 7=

where p are all the prime numbers.

—Re(s)

Proof. Since |p~*| =p < 1, the geometric series can be applied

1— —s\—1 __ - ez
(1—p) ' = p"
v=0

Also, apply the Cauchy product formula for finitely many series (see corollary |A.2)):

ITo- S

m
H
k=1 k=1
[e'e] Vm—1
=zz Y (e )
1=0v2=0 Um=0

By the fundamental theorem of arithmetic, each natural number can uniquely be factorized
by prime numbers. Let A(m) be the set of all natural numbers that only have p1,p2, ..., pm
in their prime factorization. Then

m Vm—1
e =55 5 (ot ) "= %
k=1 v1=0v9=0 vm=0 neA(m)

For any N € N there is an m € N such that the whole set {1,2,..., N} is contained in
A(m), so it is expected that as m — oo the zeta function appears on the right hand side.
Note that the sum ZnE.A(m) n~* contains at least all the terms n™* for n < m because all
n with n < m can be factorized by the first m prime numbers. Hence, for Re(s) > 1

-] (- =D == > = > n
k=1 n=1 n neA(m) n n=m-+1
o0 o0
< Z ‘n_s‘ = Z n~Re) 50 asm — oco.
n=m-+1 n=m+1

18



Chapter 3. The Riemann Zeta Function

To conclude,
m

oo

. —s\—1 —

A 1 =n)7 =2 0
k=1 n=1

and thus for Re(s) > 1

[e.9]

(-2 = JI -p7)"" =¢s)

k=1 p prime
O

Remark 3.4. From the Fuler product formula it follows that the zeta function has no
zeros for Re(s) > 1, since none of factors vanish (see also remark .

3.1.2 Eta Function

The goal of this section is to extend the zeta function to the half-plane {s € C : Re(s) > 0}.
For this, the eta function (which is the alternating zeta function) is used. The eta function
is defined for Re(s) > 0 by

Write the eta function in terms of the zeta function
n(s) = (s) -2 (f} @) — () -2 (5:¢))
= () (1=2"77).
And so
() = 10 (3.1)

Now, using this formula the zeta function converges where the eta function converges
(apart from s = 1). We will show that the eta function converges in the right half-plane
{s € C: Re(s) > 0}. To prove this, the following version of the Dirichlet test is used.

Theorem 3.5. Let a,, and b, be complex valued sequences. Then Y 7 | anb, converges,
if the following are satisfied:

(i) there exists M > 0 (independent of n) such that | > p_y ai| < M,
(ii) b, — 0 as n — oo,
(iii) > ooy |bn — bny1| is convergent.

Remark 3.6. The standard Dirichlet test, which states that Y > | anby converges under
the conditions that a, — 0 monotonically and |Z7]1V:1 bn| < M for every N, cannot be
applied directly in the case of the eta function. This is because the Dirichlet test requires
the sequence ay,, to be real valued. Application of this test would be possible if ay = n~Fes)
and b, = (—1)"*111*”7"(3) are taken. Instead we will use the version as in theorem
which allows both a, and b, to be complex sequences.

Proposition 3.7. The eta function converges for Re(s) > 0.
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Chapter 3. The Riemann Zeta Function

Proof. Use the Dirichlet test as in theorem
Let aj, = (—1)*~! and by = k= with Re(s) > 0. Then the conditions of the Dirichlet test
are satisfied. Namely,

k=1
and
b, =k7% — 0 as k — oo.

For the third condition:

1 2 ka1 *|d (1
2 - <;/k dt( )’dt / ’dt(t)‘dt
>0 ©
_ /1 o |dt=1s] /1 et
B t_Re(s) > B |S|
=R ], T Relsy
So the eta function converges for Re(s) > 0. O

Hence, with the identity theorem for analytic functions (theorem |A.20)) the following
is obtained.

Proposition 3.8. For Re(s) > 0 with s # 1, the zeta function can be continued analyti-
cally by

n 1

C(s)—li(;)_s, with (s Z

n=1

3.2 Functional Equation: Proof with Contour Integration

Riemann’s first proof of the functional equation of the zeta function made use of contour
integration, in which many details were omitted. In this section the full proof is given
including all details. The following lemmas provide two integral identities which will be
of use.

Lemma 3.9. For Re(s) >0

ns

/OO ety = 1(5). (3.2)
0

Proof. Apply the substitution u = nt. This gives for Re(s) > 0

/Oo e M ldt = /OO e (E>S_1 du
0 0 n n

1 o0
= — e ut " du
ns 0
'(s)

ns

Lemma 3.10. For Re(s) > 1

e ts_l
/0 dt =T'(s)((s). (3.3)
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Proof. Note that

o0

1 —nt
t—1 1—@ Ze

using the geometric series. Then interchanging sum and integral gives

Switching the sum and integral is valid by the Fubini-Tonelli theorem:

Z / et dt = Z (Re( ) = ((Re(s))T(Re(s)) < 0.

n=1

O]

Let € > 0 and R > 0 such that 0 < e < R. Define the contour C; p = I't UyUT'y as
in figure [3.1] where

(i) I'y is the curve just above the real axis from R to ¢,
(ii) T'g is the curve just below the real axis from € to R,

(iii) v is a circle around the origin in positive direction with radius €.

Im(t)

\ L~ p" R Re(t)

2

Figure 3.1: The contour C; g.

Proposition 3.11. For Re(s) > 1

—t s—1
lim (=)

e—0 et — 1
R—o0 Cer

dt = —2isin(ms)I'(s)((s),

where C¢ g is the contour defined as above.
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Proof. The integrand must be defined on C. g, so then the branch cut of (—¢)*~! must
lie at the positive real axis. Hence, define (—t)*~! = exp ((s — 1) log(—t)) with log(t) =
log |t| + ¢Arg(t), then indeed the integrand is only not defined on the positive real axis.
For t on I'y, we have that —t lies just below the negative real axis, hence

_4)s—1 € —7i\s—1 ) R 4s—1
/ ( tt) dt — / (tet ) dt — _6—71'1(3—1) / i dt.
r, ¢ - 1 R et —1 e € — 1

For ¢t on I'y, —t lies just above the negative real axis:

—¢)s—1 R (temiys—1 ) R ps—1
/ ( : ) dt :/ ( et ) dt = ewz(s—l)/ . dt.
r, ¢ —1 e e —1 e et —1

In total:
—t s—1 —t s—1
/'(t) ﬁ:</_h/+/>ﬂ) gt
Cer el —1 I s Y er—1
_ (efri(sfl) _67m(s 1)> /R 5t dt+/ (_t)s_ldt
-1 5 el =1
R t5— 1
=-2i sin(ﬂs)/ /
v
since
em(s—l) _ e—wi(s—l) — ewise—m _ e—ﬂisem _ _(em's _ e—m's) — _9 sin(ﬂs).

Now, let ¢ — 0 and R — oo, then for Re(s) > 1

R ts—l (—t)s_l o ts_l
lim | —2¢ Sin(ﬂ's)/ . —l—/ dt | = —2i sin(ﬂs)/ dt,
e—0 e et—=1 "/, et—1 o et—1

R—o00

since the integral over v goes to zero for Re(s) > 1. Namely, define

) W YY)
t) = et—1
f® {0 ift =0

and using the shrinking path lemma gives that

(=t ft)
;5%76_1&_1 / Lt = 2mif (0) = 0.

Finally, lemma gives that for Re(s) > 1

(_t)sfl 00
1 ] dt = —2i sin(ﬂs)/
]%:;oo Cern © 7 0

s—1

lim

— 1dt = —2isin(7s)T(s)((s).

O]

Define C to be the contour C; g as e — 0 and R — oo. Using Euler’s reflection formula
(proposition [2.7]) the statement from proposition can be rewritten as

_ i (=)t (1 —s) [ (=t)*?
Cs) = 2I'(s) sin(7s) /C et — 1 dt = 27 /C et —1 dt. (34)
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Note that ((s) is analytic for Re(s) > 1 and that the integral over C' is analytic for all
s € C by theorem [A.6 However, I'(1 — s) has simple poles for s € {1,2,3,...} since the
gamma function has simple poles in 0,—1,—2,—3,.... So equation gives an ana-
lytic continuation of the zeta function to C\ {1,2,3,...}. Thus, the zeta function can be
continued analytically to C\ {1} because we already established that the zeta function is
analytic in 2,3,4,....

So the only possible pole of the zeta function is at s = 1. This is a simple pole
with residue 1. Using the analytic continuation of the zeta function to Re(s) > 0 as in
proposition [3.8| gives that

. Cos=1 0 (-t
s el =y g I
R SR N C )
=l gy 2 (PHospital’s rule)

n=1

L S logd)
~ log(2) Z n  log(2) !

)

n=1
where it is used that the power series of the logarithm

[e.o]

log(1+z) =Y (-1)

n=1

n
n—1T_

n
also converges for z = 1.

In order to find the functional equation of the zeta function, the integral over C' must
be evaluated. This can be done using the residue theorem (theorem [A.12)). Therefore, the
contour C; g as in proposition need to be extended to a closed contour Cy, = Ce RUYm,

see figure Here 7, is a circle with radius (2m + 1)7 in clockwise direction. Note that
Chy, is a closed contour if R = (2m + 1)« for C; g.

Im(t)

Tm

\L 1, E]Rel

Figure 3.2: The closed contour Cy, with R = (2m + 1)7.
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_+\s—1
For s € C fixed, the poles of ( ef)_l as function of ¢ lying in the closed contour C), are
at £2mmi for m € N. Note that the contour has a negative orientation, hence there is an
extra minus sign. So by the residue theorem

Gl 'ij O o (3.5)
g dt = —2mi es |y iE2mmi ). :
m k=1
For m > 0
(—t)s~1 N (=t!
e () = (0 2m) G
~ g e(s—Dlog(—0) t —2mmi
t—2mme et —1
7r 1
— p(s—1)(log(2mm)—iF) o (Hospital’s rule)

Similarly, for m < 0:

_t s—1 .
Res <( ) ;—2m7ri) = —(2m7r)5_1ie%7”5.

Combining everything gives
—t s—1 m —t s—1
/ (et >_ T dt = _2m’ZReS <(et )_ 1 ;:I:2mm'>
m k=1
LI 1
= —2mi Y [(2mk)e (e—é’”'s - e%mﬂ
k=1

m r

1
= —2mi Z (2mk)*~1i2i sin <—27T8>:|

k=1 *-
:—2m'§: -2(27rk)5_1sin L)l
k=1 * 2

Let ¢ — 0 and m — oo, then the integrals over v and ~,, go to zero, so the integral over
Cp, as m — oo is equal to the integral over C. Plugging the result in equation (3.4) gives

((s) = iL(1 — ) /C (—t)Hdt

27 et —1
_il(1—s) o~ 1. (1
=—3— 277@}6231 [2(27rk) sin <27rs>}

=T'(1 - s)2(27)* *sin ( ) Z e~ (1=9)

=T'(1 —s)2(2m)* sin (7;8) ¢(1—s).

It was shown in proposition [3.11]that the integral over v goes to zero as e — 0. It remains to
show that the integral over v, goes to zero as m — oo. Note that on v, [t| = (2m + 1)«

24



Chapter 3. The Riemann Zeta Function

and that ¢ can be parametrized by t = (2m + 1)me? = (2m + 1)m(cos@ + isinf) with
0 <6 <27 Then

|6t _ 1‘ > “€t| _ 1} _ ‘eRe(t) _ 1‘ — )6(2m+1)7rc0s0 _ 1) > ‘e(2m+1)7r 1

and
‘(_t)s—l‘ _ ‘t‘Re(s)—l _ ((2m+ I)W)Re(s)flj

which gives that

(_t)sfl

et —1

((2m + 1)71')Re(5)_1
e(2m+l)m _ 1

Re(s)
2 1
:27r(( Ztl)ﬁr) 1 —0 asm — oo.
e m [

_4\s—1
/ ( tt) dt‘ <2(2m+1)7®  max
N 1 [t|=(2m+1)m

< 2(2m + 1)n?

Finally, we find the functional equation of the zeta function for s # 1:
s—1 _: s
¢(s) = D(1 — 5)2(27)* ' sin (?) C(1— s). (3.6)

3.3 Functional Equation: Proof with Jacobi’s Theta Func-
tion

The second proof of the functional equation of the zeta function given in Riemann’s article
uses the Jacobi theta function J(z). First, we will establish some properties of J(x) and
the related function ¢ (z).

Definition 3.12. The Jacobi theta function is defined for Re(x) > 0 by

¥(z) == Z e T,

n=—oo

Also, for Re(x) > 0 define the related function

o0

P(z) = 267"2”.
n=1

Both functions are related by

00 —1

Z e—n27r:p — Z 6—n27rm +1+ i e—n27r:r — Zi e—n27rx +1
n=1 n=1

n=—oo n=—oo

and thus
I(z) = 2¢(x) + 1. (3.7)

Proposition 3.13. The functions ¥(x) and (x) converge absolutely for Re(xz) > 0.
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Chapter 3. The Riemann Zeta Function

Proof. With the integral test the convergence of 1)(x) can be shown:

e—y27rx

dy

n 2 n
lim/ e ¥ mdy' < lim
1

n—oo n—o0 1

n
= lim e_yQWRe(z)dy
n— o0 1

< lim e~ y™Re(@) gy

n—oo 1
e B L] — for Re(z) > 0
n—oo | —mRe(x) . mRe(x) '
Also, note that 1(z) converges normally for Re(z) > O since |e™" ”‘ — e’™Re(@) 5nd

Yoo e *mRe(z) converges. Hence, by theorem “ A.18¢(x) is analytic for Re(xz) > 0.

From the relation in equation (3.7) it follows that also ¥(x) is absolutely convergent
and analytic for Re(z) > 0. O

The Jacobi theta function satisfies the following equation
Vzd(z) =9(z~) for Re(z) >0

This property can be proven with the Poisson summation formula, but is omitted here.
A proof can be found in [Edwards, 1974, Section 10.4]. Rewriting this equation for the

function 1 (x) using equation (3.7)) gives
VI (2¢(z) +1) = 2¢(z ) + 1,

which is equivalent to
1 1
Y™l = 22y )+ 5 ad - (38)

2
Also, the following two lemmas are needed for deriving the functional equation.
Lemma 3.14. For all x € C with Re(z) > 1 and k € N there exists a C € R such that
[ (x)] < Ce™ P,

Proof. Let Re(x) > 1 and k € N, then

W(iﬁ)l _ Z —nlnz < Z —n?7Re(z)
n=1

_ efRe(:v) Z efngwRe(m)+Re(a:)

n=1
Re(w)>1 B i CnZri
n=1

= e Re@ey(1) = Ce @ for C e R.

\/-’

<o

Lemma 3.15. For Re(s) > 1
i (5) ¢ = [T et e = [T (4

where the right hand side converges absolutely for s € C\ {0,1}.

1
S5—1)

I\J\fr

)d:c+
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Chapter 3. The Riemann Zeta Function

Proof. From lemma [3.9) with 5 it follows that
o0
/ s lgp — -
0 n
Substitute t = nrx

o0 s o0 2 s s s
/ e a1t :/ e s s s Tl rdy
0 0

—~
(] IVA
~—

N[

& 2 s s s
= / eV a2 e
0
and it is obtained that for Re(s) > 0

/OO efn27r:vl,2 1d{13 — r (%) .
0

nsmw

[ SIS

Summing over all n € N gives that for Re(s) >

fﬁf( Z/ L.

Interchanging limit and integral gives the first equality of the lemma. This is allowed by
the dominated convergence theorem, namely 22:1 e~'723:5-1 is dominated by :C%A@b(x)
and it remains to prove that [ 22 Vip(x)dx converges absolutely for Re(s) > 1. First,
split the integral

/000 w2 V() de = /01 w2V (z)dx + /100 x2 Y (z)da. (3.9)

For the first integral substitute z = u~!:

Plugging this in equation (3.9)) gives
o s_q o0 _s_1 s_1 1 o0 _s5_1 1
x2 p(x)dr = P(x) (:c 272 12 )daz+ 3 x 2 (x2 — 1) dzx. (3.10)
0 1

Now, evaluate the second integral

1 o0
— x_ -
:)

and plugging this back into equation ((3.10]) gives

1 1-—s

— S

N|®
=

—x gy =

/Oooxg_llb(:r:)dsn = /Ioow(:n) ( 573 4 g3 ) dx + s(sl—l) for Re(s) > 1. (3.11)

This already gives the second equality of the lemma. Now, for the integral on the right
hand side of (3.11]) we can do the following estimate:

[ v (i aof < [ o o s

lemma [B.14] [°° g _Re® 1 0 x Re(e) _1
< Ce Pz~ 72 “2dx+ Ce "z dx < 00,
1 1

1
2

(NI
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Chapter 3. The Riemann Zeta Function

since [~ e "1z < oo for all @ € R. So the right hand side of (3.11) is absolutely
convergent for s € C\ {0,1} and thus [;° 22714 (z)dx converges absolutely for Re(s) > 1,
which allows the usage of the dominated convergence theorem. O

By the identity theorem for analytic functions (theorem [A.20)), the equation

750 (5) () = /100 (@) (275 42 ) da+

s(s—1)

holds for all s € C\ {0,1}. Note that " (%) has a simple pole at 0 which corresponds with
the simple pole on the right hand side. Hence ((s) can be extended analytically to C\ {1}.
The simple pole of the right hand side for s = 1 should also coincide with a simple pole of
I'(£)¢(s). Since I' (£) has no pole at s = 1 it follows that ¢(s) has a simple pole at s = 1.
Also, T’ (%) has simple poles for s = —2k with £ € N. These poles must be canceled by
zeros of ((s) because the right hand side is defined for s = —2k with k£ € N. These zeros
are called the trivial zeros of the zeta function.

Proposition 3.16. For C\ {0, 1} the functional equation of ((s) is given by
_s S _1-s 1—s
7r 2F<§)C(S)—ﬂ' 2 F( 5 )Q(l—s).
Proof. Substitute 1 — s in equation (3.11)):
e (11— 00
T ( ) =)= [ vt (=
2 1
P(x)
| v

r (g) C(s).

s

1-s_1 1-s_y
T 242 )da:+7
1

s
2

+ x*%’%) dx +

™

N|w

O]

Remark 3.17. Note that this functional equation is equivalent to the one that was found
using contour integration. Recall Legendre’s Duplication formula (proposition

1
T(22) = (27)" 222727 (2)T (z + 2)
and substituting z = —5 + 1 gives
1—
D(1—s)=(2r) 227°"3T ( 5 S) r(i-3).

By using this identity and Euler’s reflection formula (proposition for the functional
equation as in equation (3.6|) it is obtained that

¢(s) = D(1 — 5)2(2m)* ' sin (%S) C(1—s)
= 975730 <1 5 S) r (1 - g) 257rs_17f8)<(1 — )

- (5°) S

Rearranging this equation gives the identity in proposition[3.16. So both functional equa-
tions are equivalent.
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Chapter 3. The Riemann Zeta Function

Multiply the functional equation in proposition by @ to obtain

775D (% + 1) (s—1)¢(s) = =T (1 3 ° 1) (=$)¢(1 — s), (3.12)

where the property I'(z + 1) = 2I'(z) is used.

Definition 3.18. Define for all s € C

£(s) :=n"2T (g + 1) (s — 1)¢(s).
This is an entire function, because

(i) the simple pole of ((s) at s = 1 is canceled with the zero of s — 1,

(ii) the simple poles of I' (£ +1) at s = —2k with k € N are canceled with the trivial
zeros of the zeta function,

(iii) for all other s € C the function 77 2T (2 +1) (s —1)¢(s) is analytic.
From equation (3.12]) it follows that £(s) satisfies
£(s) = €01~ )

Zeros of ((s) that are not trivial can only occur if £(s) = 0. These zeros are called the
nontrivial zeros and are denoted by p. By the other representation of the zeta function

for Re(s) > 1 1
=11 ==

p prime

it follows that ((s) # 0 for Re(s) > 1. Also, from £(s) = £(1 — s) it follows that, apart
from the trivial zeros, ((s) # 0 for Re(s) < 0. Hence, all nontrivial zeros p must lie in the
strip: {s € C: 0 < Re(s) < 1}. This strip can be narrowed down to what is called the
critical strip: {s € C: 0 < Re(s) < 1}. That ((s) # 0 for Re(s) = 1 plays an important
role in proving the prime number theorem (even stronger: it is equivalent to the prime
number theorem) and this will come back in chapters [§| and [6] when we will prove the
prime number theorem. The fact that ((s) # 0 for Re(s) = 0 will not be proven here.

3.4 The Riemann Hypothesis

All kind of estimates can be made about the nontrivial zeros in the critical strip. Riemann
claimed that the number of roots p in the critical strip with imaginary part between 0 and

T is approximately
T T T
—log| — ) — —.
27 27 2w

Riemann did not rigorously prove this assertion and neither will we in this thesis. A proof
can be found in [Ingham) 1932, Ch. IV].

The strongest estimate about the location of the nontrivial zeros was conjectured by

Riemann in his article. This conjecture is now know as the Riemann hypothesis and is
one of the greatest unsolved problems in mathematics.
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Chapter 3. The Riemann Zeta Function

Conjecture 3.19 (The Riemann hypothesis). All nontrivial zeros of the zeta function
have real part %

If £(p) = 0 with p in the critical strip, then the relation {(s) = £(1 —s) gives that 1 —p
is also a zero. So the nontrivial zeros of the zeta function always come in pairs. Also,

from the definition of £(s) and the fact that ((5) = ((s) and I'(s) = I'(s) it follows that
£(8) = &(s). So, if p is a zero of £(s), then p is also a zero of (s). Now, if a nontriv-
ial zero of the zeta function p; does not satisfy Re(p;) = %, then there are directly four

nontrivial zeros with Re(p1) # % The other three zeros correspond to pi, 1—p; and 1 — py.

Numerically, it has been showed that at least the first 10!3 nontrivial zeros indeed have
real part % The mathematician Hardy even proved that infinitely many zeros must lie
on the line with real part . Figure shows the value |{(s)| on the line with Re(s) = 3
and 0 < Im(s) < 30. The first three zeros in the upper half-plane lie at % +1414.134. . .,
3 +1i21.022... and § +25.010....

25l “/ \\ ]

[¢(172+iy)
>

o5 \o

Figure 3.3: The absolute value of ((s) on the line with real part % and imaginary part y
between 0 and 30.
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Chapter 4

Explicit Formula for the Prime
Counting Function

Riemann continued in his article with the construction of an explicit formula for the prime
counting function, which we already briefly discussed in chapter

Definition 4.1. Define the prime counting function w(x) as the number of prime numbers
less than or equal to x for all x > 0. So

(@)= 1= un)

p<lz n<x

where p denote all prime numbers and

1 ifn is prime
up(n) = .

0 otherwise

Remark 4.2. Obviously, the inequality m(x) < = holds for all x > 0, since 7(z) = =
would mean that all numbers are prime which is not the case.

Riemann used a slightly different function, which he called F'. This function is the
same as the prime counting function 7(z) only when there is a jump, the function takes
the average value of the right and left limit. Riemann wrote that as follows

F(a:—i—O)—i—F(x—O)‘

F(z) = 5

Since this function is closely related to 7(x), we will use mo(x) instead of F'(z).

Definition 4.3. Define for x > 0
@) =< (S 1+57
" 2
p<z p<z

This is exactly the same as w(x) only at every jump the function has the value halfway.
This can also be written as

mo(x) = % <lim7r(t) 4 hm7r(t)> .

ttx tlx
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Chapter 4. Explicit Formula for the Prime Counting Function

The reason for this slightly different definition is that Fourier transforms are needed
in section Recall that for an integrable function f(x)

FNN = [ f@)e
is the Fourier transform and
F@ =5 [ T

is the inverse Fourier transform. Assume that f is piecewise continuous and that f and
F f are integrable. Then

1
~1 N .
FH(Ff)lx) = 5 <1t1TrJIU1 f(t) + ltlﬁl f(t)) :
This is why the function mp(z) as in definition is required.

The construction of a formula for my(x) will take several steps, but let us first describe
the general idea of all the things that have to be done. The following will be treated in
the next sections:

4.1 A closely related function to mp(z) is introduced. This function, J(x), can easily be
written in terms of mo(x). With the aid of Mobius inversion we are able to invert
this formula so that mg(x) is written in terms of J(z).

4.2 The function &(s), as introduced in the previous chapter, can be written as an infinite
product. Using this infinite product representation we can find an expression for
log (s). The proof of the infinite product for £(s) is included at the end of this
chapter in section [4.6

4.3 Also, there is a relation between J(z) and log {(s). First, log ((s) can be written in
terms of an integral involving J(z). Mellin inversion will give an expression for J(x)
in terms of an integral with log ((s).

4.4 Finally, we will substitute the expression for log((s) (found in section in the
integral which was found in section [4.3] Evaluating this integral termwise will give
an explicit formula for J(z).

4.5 Combining the results from section and gives an explicit formula for mo(x).

4.6 As already mentioned, this section contains a proof of the infinite product represen-
tation of £(s).

4.1 m(x) and J(x)

Definition 4.4. Define for x >0

1 &  — 1 1 1 1
J(x)_2<kzzk+zzk>_2<zk+zk>’

where the last identity is just a shorthand notation to avoid writing double sums every
time. This function jumps with % at every prime power p* and at a jump, J(x) has the
value halfway:

ttx tlx

J(x) = % (lim J(t) + lim J(t)) .
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Chapter 4. Explicit Formula for the Prime Counting Function

Remark 4.5. Note that for all x > 0 it holds that J(x) < xz. This follows from the
definition of J(x) and the fact that w(z) < x (see remark[4.2).

Proposition 4.6. A relation between J(x) and mo(x) is given by

Proof. Rewrite J(z) as

N —

I
E
]

-
]

— 1 1
k=1 p<zk p<zk
> roel)
= —70 €Tk
k
k=1

Note that this sum is finite: if k is large enough, then z% < 2 so that Fo(x%) = 0 (since

2 is the first prime number). Definitely, if £ > z, then 710(37%) = 0 because zz < 2 for all
x > 0. Hence,
1
Ja)= Y molat).
1<k<z
O

4.1.1 Mobius Inversion

The aim is to get an expression for my(z), hence the identity in proposition needs to
be inverted. This will be done using Mobius inversion. First, the heuristics behind this
method is explained and after that a generalization of the Mobius inversion formula will
be proved.

Define ay = +.J (w%) and for the sake of clarity write m(z) for a moment instead of
mo(x). Then obviously

1 1 1
a1 = J(.Z‘) = 7'['(33) —+ 571‘(_%%) + g’]‘(‘(ﬂj%) + Zﬂ-(xi) 4+ ...
and ) ) . . .
1 1 1 1 1
ay = §J(x5) = 577(3:5) + Zw(xl) + gﬂ(:ﬁ) + gw(azg) + -
Subtracting them gives
a; —az = w(x) + %ﬂ'(mé) + %w(a;%) + %ﬂ(ﬁ) + %F(xé) 4.

It is clear that only the odd terms remain. The idea is to add or subtract terms on the
left hand side, so that on the right hand side only 7(z) remains. Note that

1

1 1
as = g,](x

) = ix(eh) + il

) + éw(a:

)+1—127r(x%)+---

wl=
=
©[=
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Subtracting a3 gives

1 1 1 1 1
a1 —ay a3 = (@) + 7w (@) = gw(es) +ow(eT) + (o) - (e

-
w"“

)_|_...

Unfortunately, some even terms are back on the right hand side, but there are still no
terms which are powers of 2 or powers of 3. Continue subtracting a, for all primes p gives
that only 7(z) and terms with non-pure powers of primes remain on the right hand side:

1 1
al — Zap = 71'(3:) — 671'(;5%) — 17077(;1;%) — ﬁﬂ-(g;%) — ﬁﬂ'( i) — ..
p

For numbers that can be written as the product of two distinct prime numbers p and g¢,

a term with a minus sign remains. Namely, both a, and a, give a term —iﬂ(xﬁ) and
1 1

a; = J(z) contains one term p—lqﬂ(xﬁ), so indeed —%ﬂ(mﬁ) remains. To get rid of those

terms, define P x P as the set containing all natural numbers which can be written as the

product of two distinct primes. Then

al—Zap Z ar = m(x 310 (%)4_
p

kePxP

Note that the term with 12 = 22 - 3 has also disappeared, because ag (which contains the
term with 12) has been added. In general, all terms which do not have more than two

different primes in their prime factorization have vanished. However, the term %Tr(a:%)
survives, this is because 30 arises in a; with j = 1,2,3,5,6,10,15. Three times there is a
minus sign (for the primes 2, 3, 5) and all the other times there is a plus sign. Hence, one

term 30 (x%) remains. To continue, all numbers which are the product of three distinct
primes should be subtracted again at the left hand side and so on. Finally, it is obtained

that
aleaer Z ag — Z ag + -+ =m(x).
p kePxP kePxPxP
Plug in the definition of a3 = %J(x%) and note that the sum is finite again:

ZM

1<k<z

a-\»—‘

=7(x), (4.1)

where p(k) is the Mébius function defined by

1 ifk=1
p(k) =< (—=1)™ if k is the product of n distinct primes .
0 otherwise
The above method is known as generalized Mobius inversion and the corresponding in-
version formula is proved in the next theorem. The normal Mo6bius inversion formula is
not sufficient in this case. We do not need it here, hence it is omitted. For proving this

generalized formula, one result from analytic number theory about u(k) is needed. This
result is in the following lemma.

Lemma 4.7. Ifn > 1, then

k|n

where kln means that k divides n.
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Proof. The statement is clearly true for n = 1. For n > 1, write n in its factorization of
prime numbers: n = pi*---p% . In the sum >_kjn 1(k) the only nonzero terms come from
k =1 and from the divisors of n which are the product of distinct primes. This gives

> u(k) = p(1) + p(pr) + -+ + p(pe) + plprp2) + -+ + ppr-1pe) + -+ + p(prp2 - pr)
kln

=(1-1)"=0
O
Theorem 4.8 (Generalized Mobius inversion). Let x > 1 and suppose that
m
Gom) = D F"”(z)
1<i<mzx
for some m € N. Then
1
> uGs (1) = £
1<k<z
Proof. Define for z,y € R
1 ifz=y
B 0 ifz#y
Now,
1 1
D uk)Ge ()= > uk) Do Fa 4
1<k<z 1<k<az 1<i<z
1
1<k<z 1<I<Z 1<r<z
1
= Z Fy (7’) ,u(k) Z h—x
1<r<z 1<k<z 1<i<e
=u(k) if k|r
1
= j{: Fy ;’ M(k)
1<r<zx k|r
——
=0 if r>1
lemnéa[m Fx(l)
O

With this theorem equation (4.1) can be proved.

Proposition 4.9. An expression for mo(x) in terms of J(x) is

mo(x) = Z Mg{;)J(m}c)

1<k<z
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so the condition of theorem is satisfied. Now, it is obtained that

> M (2%) = Y u(k)Ga @) = F,(1) = mo(x).

1<k<z 1<k<z

4.2 log((s) and &(s)
Recall the function £(s) which was introduced in the previous chapter (definition |3.18]):
_s S
§(s) = 73T (5 +1) (s = 1)¢(s):

The infinite product representation of £(s) is

e =<0 (1-2). (42)

p

where p are the zeros of {(s) (which are the nontrivial zeros of the zeta function). The
infinite product is taken in an order which pairs each root p with the root 1 — p. Rie-
mann uses this identity in his article, but was not able to prove it. Three decades later
Hadamard finally proved this identity using his factorization theorem. Hadamard’s fac-
torization theorem is applicable in many more cases than only for the function £(s). The
proof of can be simplified and is included in the last section of this chapter.

Plugging in the definition of {(s) in the left hand side of equation (4.2)) and taking the
logarithm gives that for Re(s) > 1

s S
—§log(7r)+logf‘(§+1> +log(s — 1) 4+ log ((s) = log&(0 —i—Zlog <1— )
and after rewriting it is obtained that

log ¢(s) =1log&(0 Zlog (1 - > —logD (; + 1) + glog(ﬁ) —log(s—1). (4.3)

Remark 4.10. In this chapter, if there is a logarithm with a complex argument, then the
principal branch of the logarithm is used.

4.3 J(x) and log((s)

In this section, J(x) and log ((s) are linked, so that (together with the expression obtained
from the Mobius inversion) mo(x) can be expressed in terms of log ((s).

Proposition 4.11. A relation between log((s) and J(z) for Re(s) > 1 is given by
logC / J(z)z ™.
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Proof. First, note that for Re(s) > 0

o0
s x5 Ve = —278
pn

From Euler’s product formula (proposition it is obtained that for Re(s) > 1

-l -3) gl 3) TR

p n=1

L= (4.4)

where it is allowed to use the Taylor expansion of the logarithm since |p~%| < 1. Then,
use equation (4.4) and interchange the integral and summations (which is allowed by the
Fubini-Tonelli theorem)

P o 1 .
ZZI pn 221 / Yda = s/ le ﬁﬂ[pn,oo)(x):r Lz,
P n= P n= n=1L p

where 1(,)(7) denotes the indicator function, which is 1 if 2 € [a, ) and zero elsewhere.
The last identity is only nonzero if p™ < x for any fixed = > 0. Hence, it can be rewritten

S/Oooiz:iﬂ[p",oo)( 5y = 5/ Z x5 Yy —5/ J(x)$—8—ld$’

n=1 p "<z

where the last step is allowed since the jumps of J(z) occur on sets with measure zero.

To conclude,
log<(s) _ | @
S 0 '

4.3.1 Mellin Inversion

The aim is to find an expression for J(z) in terms of log((s) instead of the other way
around. To invert the relation in proposition the Mellin transformation is used.

Definition 4.12. The Mellin transformation of a function f(z) is defined as

= /OOO f(z)z= tda

and (under certain conditions) the inverse transformation is

o-+100
(M1 f) (@) = 1/ f(s)ads,

271 — 00
where the integral is taken over a vertical line with real part o for some appropriate o.

Remark 4.13. The Mellin transform is usually defined as

= /OO f(z)z* da.
0

However, in order to invert the expression for J(x) as in proposition it is more
convenient to define the Mellin transform as in definition [{.13
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Lemma 4.14. Write s = o +it and let f(z) be a piecewise continuous function on (0, 00)
taking the average value of the right and left limit in discontinuities. Also, assume that
f(eMe* is integrable for a < o < b. If

s) = /Ooo f(x)z™5 tda

is analytic for a < o < b and F(s) goes to zero as Im(s) — oo, then

f(z) = i /UHOO F(s)x®ds,

271 Jy—ino
where o is chosen arbitrarily such that a < o < b.

Proof. Write s = o + it with 0,t € R and a < o < b. Substitute 2 = e* and consider ¢ as
the free variable:

O'+Zt / f 70‘ it— 1d.73_/ f U*itfl)e/\dA

f )\(—0' Zt )\_ g A _it)\d)\,
-/ 3 | o

where g(\) = 27 f(e})e~*. Note that g()\) is integrable, so using the Fourier inversion
formula an expression for g(\) is found:

onf(eMe N = / F(o +it)e™dt.

—0oQ
Again substitute z = e* and rewrite:

1

Fla) = = /_ " P+ it)a it

2

Doing another substitution s = o + it finally gives

1 o+1i00 1 o+i00
fx:/ F(s)x*(—1)ds = — F(s)x®ds,
@ =5 [ F@e(ids= o [P
where o is fixed such that a < o < b. Since F(s) is analytic on a < o < b and tends to
zero as Im(s) — £oo, Cauchy’s theorem (theorem [A.4) ensures that it does not matter
over which vertical line in the strip between a and b is integrated. O

Remark 4.15. The inverse transformation of the ‘ordinary’ Mellin transformation (see
remark can be proven similarly, only one has to use the substitution x = e~ >. Also,
note that the Mellin transformation is nothing more than a Fourier transformation in
different coordinates.

Proposition 4.16. An expression for J(x) in terms of log((s) is

J(z) = 1 /UﬂOo IOgC(S)deS’

2T Jo—ioo s

where s = o + it with o > 1.
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Proof. From proposition it follows that for Re(s) > 1

log ¢(s) = /000 J(w)x_s_lda;.

S

Also, J(x) satisfies the conditions of lemma and J(e})e 7 < e (DX (since J(z) < x
for all 2 > 0). Since e~? is integrable for = > 0, also J(e*)e™°? is integrable and thus the
Fourier transform used in the proof of lemma exists. So application of the lemma

gives that for o > 1 ‘
1 o+100 1
J(x) = — / 0g¢(s) z’ds.
27 ) o—ioo s

4.4 Termwise Integration

Combining equation (4.3)):
s s s
log ¢(s) = log&(0) + Zlog (1 - p) —logT (5 + 1) + 2 log(m) —log(s — 1)  (4.5)
p

and the formula for J(z) from proposition [4.16}

J(x) = 1 /U+wo logg(s)deS

2

—100

will hopefully give an explicit formula J(x) and thus also for mg(x). Direct substitution
and evaluating the integral termwise will not work, since this leads to a divergent integral.
This can easily be seen from the term § log(m):

L e Mﬁds =C T z°ds *TZH C /OO e log(z)dtv
—00

2mi T—100 S T—100

where C and C' are constants and obviously the last integral is divergent. To avoid this
problem, apply integration by parts to obtain

1 o100 IOgC(S) s 1 IOgC(S) x5 o+100
— 2’ds =—
270 ) y—ino s 2wt s log(z)ls=o—ico
11 oFieo g 1]
1 / d |log((s)] s,
2milog(x) Jy_ino ds s

To prove that the first term obtained after integration by parts is zero, it needs to be

shown that .
i 108G £ ) oy
t—00 o Xt

0. (4.6)

Note that 27+ only oscillates and is thus bounded and that ﬁ goes to zero as t — oo.
It remains to show that log (o =+ it) is finite as ¢ — co. As seen earlier in the proof of
proposition we have for s = 0 4 it with o > 1

S < S oaclo)
p

n=1 p n=1

[log ¢(s)| =
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using the Euler product formula and the Taylor expansion of the logarithm. From log ((o) <
oo for o > 1 it follows that |log ((o)| is finite for o > 1, which thus proves (4.6)).

After integration by parts the expression for J(zx) is reduced to

IO p—— /O_Hmd[log“s)}ms.

2milog(x) J, s ds s

Plugging expression (4.5]) into this formula for J(x) gives

11
—— ] with (4.7)

Tw) = ~ 2milog(x)

z%ds.

; /a+ioo d |log&(0) + >, log (1 - %) —logT (54 1) + §log(m) — log(s — 1)

ico ds S

This integral will be evaluated termwise and in each of the following subsections one term
is investigated. It will turn out that all integrals are finite, so that indeed integrating
termwise is allowed.

4.4.1 Principal Term
First, consider the term in (4.7) with —log(s — 1), thus the following integral must be

evaluated " ( )
1 1 oree d [log(s —1
= — — | ———=| 2°d 1. 4.8

T om log(x)/(, ds [ s ]x 50z (48)

—100
It will turn out that this integral equals the logarithmic integral Li(x) which was discussed
briefly in chapter I} This function is defined for z > 1 as

o=y (e )

which has to be interpreted as a Cauchy principal value. In order to evaluate integral
(4.8), fix > 1 and define

F(p) : L1 /UHOO 4 llog(g—l)] x*ds.

:%log(m) o ds s

Thus the goal is to evaluate I; = F(1). Redefining log(§ — 1) = log(s — 8) — log(f) is
valid as long as Re(8) <o and € C\ {s:s <0}.

Lemma 4.17. F(f) is absolutely convergent for Re() < o and € C\ {s:s <0}.

Proof. Note that the part x® only oscillates and is bounded, since |z°| = z? which is
constant. The derivative gives

log(% —1 log($ —1
i g( 3 ) < g( 3 ) n 1
ds s - 52 s(s—p)
and the integral over both parts is finite. O
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The function F'() cannot be evaluated directly, hence we will look for another function
which is equal to F' up to an additive constant and try to evaluate that one. Note that

d log(5 —1) 1

g s ICEDL

and from theorem [A.6]the derivative with respect to 2 and the integral can be interchanged.
Also, changing the order of differentiation, which is allowed since both derivatives with
respect to s and [ are continuous, gives

Lpp) = /mmd[ ! ]msds.

dg” " 2mi Blog(x) Jo—ine ds |B—s
Integration by parts gives
d 11 1 |oTiee 1 [oti g
—F(B) = ; x° - — x°ds
dg 2mifflog(x) B — 5| p_joo 270 Jo—ico B—5

1 o+i00 1 .
= —— x°ds
27”6 o—100 /8 -3

and this is an integral which can be evaluated.

Lemma 4.18. If Re() < o, then

Lofotiee 1 % ifr>1
—_— z°ds = .
271 Joioo S — B 0 ifx<l1

Proof. Let Re(8) < 0. The inverse Mellin transformation as in lemma is given by

_ o+ico
flx) = 1/ F(s)x’ds

211 — 00

with

Using the Mellin transform F(s) is found:

1 _ * 2 —s5—1
- _/0 f(z)x dz.

Moreover, note that for Re(f) < o

1 0
= / x52P dx
s—0 1

and equating the above two integrals leads to the conlcusion that

f(x): {IL‘ﬂ ifx>1

0 ifz<1
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It was assumed that = > 1, so from the lemma it follows that

We will search for a function which has the same derivative. Therefore, define the path
CT as the line segment from 0 to 1 — ¢, a semicircle C-(1) around 1 with radius ¢ in
the upper half-plane and the line segment from 1 + ¢ to z, see figure [{.1] Also, define a
function which is closely related to Li(x) for g = 1:

81
G(B) = /C o™

for Re(8) > 0. Note that G is there absolutely convergent and analytic by theorem |[A.6
The derivative can be taken into the integral:

d d P! A1 2 d
el — — _— _dt = ﬁfld = = — = — .
a5 /c+ aB loa (D)™ /c+t i o B dﬁF(ﬂ)
Im(t)
C:(1)
T > :
0] 1 T Re(t)

Figure 4.1: The path CT.

So the derivatives of F' and G are equal, what means that F' and G itself only differ by
a constant c. Since G is easier to work with, this constant will be determined. Note that
F was defined for Re(f) < o and G for Re(f) > 0. So F() = G(8) + ¢ only holds for
0 < Re(B) < 0. However, F and G are analytic on this strip, so by analytic continuation
F(B) = G(B) + ¢ holds for Re(8) > 0.
To find ¢, introduce another function

xds,

e k1 g [

"~ 2rilog(z) ds s

—1300

where Re(f) < o and log (1 — %) is defined as log(s — ) — log(—p) for all g € C\ {s:
s > 0}. The functions F' and H are both defined in the upper half-plane, so H(5) — F(3)
can be calculated there:

) - Fio) - /U"““d[log(ﬁ)—log(—ﬁ)]xsds

:%log(m’) i ds s

11/U+i°°d T s ds
~ 2milog(x) Jy_io ds | s ’

where the last step is valid since the principal branch of the logarithm is used and the
difference between the arguments of 8 and —f is 7é if 3 lies in the upper half-plane. Now,
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apply integration by parts and use lemma (with 8 = 0) to obtain

o+1i00 1 o+ioco

i, ! /JHOOd m xsds:i, ! W—ims - — 72‘chsds
27ilog(z) Jy_ine ds | s 2milog(x) s |,_ine 270 Joiine S
1 o+ico s
=—— T psds
2 Jo—ioo S
= —mi.

So it is obtained that in the upper half-plane F(8) = H(3) + mi. Before, it was found
that F' and G differ by a constant, so also G and H must differ by a constant. This
constant will be determined by setting 8 = u + vi and calculating lim,_,, G(u + vi) and
limy_yo0 H (u 4 vi) with 0 < u < 0. The first limit is

tquvifl
dt.

o Gl = B J . Tog®
Substitute t = ¢ and note that the path C* is changed to a path that starts in —oo and
ends in log(z) where it avoids the singularity in 0. Using Cauchy’s theorem (theorem [A.4)
the integral over the closed contour in figure [4.2]is zero if § > 0 is chosen such that there
are no poles inside the contour. It can easily be verified that the integral from —R + di to
— R vanishes if R — oo.

Im(v)
i

N\
)

-R log(z) Re(v)

Figure 4.2: The closed contour for changing the path of integration.
So it follows that

dv

log(z)+di eu(qum') log(x) eu(qum')
G(u+m’):/ dy—{—/
1

—oo+8i v og(z)+5i v

for some appropriate 6 > 0. For the first integral substitute v = z + i

log(x) (z+6%)(u+tvi) = rlog(z) Lz(utvi)
/ € dz = e—5ve(5uz/ €

dz —0 aswv— o0,

— 50 Z+ 01 o z + 01
since e 7% — 0 and the integral remains finite as v — oo. For the second integral substitute

v =log(z) + wi

0 e(log(z)+wi) (utwvi) o e~ WY wui
/ —i)dw = —ia:"+m/ ————dw — 0 asv— oo,
0 0

log(x) + wi log(z) 4+ wi

since e~"Y — 0 and the term in front of the integral is bounded. So

lim G(u+ vi) =0.

V—00
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Second, evaluate the same limit for H(u + vi). Work out the derivative in the definition
of H(B):

dlog(l_g>:_log(l—g>+ 1 :_log<1—2)+ 1 b
B(s—p) Bs

ds s 52 s(s—pB) 52

The first term becomes

S.

1 1 o+1i00 ].Og (]. — u_iqﬂ)
im —-—— / -2 2%
v—00 271 10g(2) Jy_ino 52

Using the dominated convergence theorem (j—;xs is integrable) the limit and integral can

be interchanged. Note that log (1 — u;:m> — 0 as v — oo, thus the above expression goes
to zero as v — oo. This trick would not have worked if it was applied to F'(/3), since the
expression inside the log would not become zero. This is the main reason to define the

function H(B3). The other two terms of the derivative give using lemma [4.18]

1 1 o+i00 8 s putvi 1
lim / - — — —ds = lim - — - .
v=00 210 108(%) Jy—joo (u+vi)(s — (u+vi))  (u+wvi)s vooo \u+vi  u+vi
Again, this goes to zero (since the numerators are bounded). To conclude:

lim G(u+wvi) =0 and lim H(u+vi) =0

V=00 vV—00

and thus G(8) = H(B) for 0 < Re(f) < 0. It was already found that F(8) = H(S) + i,
so that lim,_,o F'(8) = mi. Hence, F(8) = G(B) + mi for 0 < Re(f) < o which means
that F'(1) can be evaluated:

l—e ¢ dt T dt
F(1)=G1)+ ':/ —|—/ _|_/ 4.
W=CW+mi= 0 0@ T Jo Tos@ T S Tog@ T

To evaluate the integral over the semicircle, note that limy_; % = 1 by I’Hospital’s rule,
so at t = 1 there is a simple pole with residue 1. Therefore, by corollary the integral
over the semicircle as € — 0 is —mi. This cancels with the mi and we are left with

e ([l [ ko) e

4.4.2 Term with Roots p
Next, consider the term in (4.7) with

See1-)

where p are the zeros of £(s). So the following integral must be evaluated

12 =

1 1 /a+z‘oo d Zp log (1 — %)

—— — ds. 4.9
2milog(z) Jy_ine ds s v (49)
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It was unknown to Riemann whether the sum and the integral could be interchanged. He
assumed it was possible and continued. For the moment we also assume it is possible and
we will come back to this in section [4.5l So it is obtained that

1 1 o+1i00 d log (1 — %) 5
where H is as defined in the previous section. It is known that all the nontrivial zeros of
the zeta function p lie in the critical strip {s € C : 0 < Re(s) < 1} as was found at the
end of chapter [3| So all zeros p lie in the first or fourth quadrant. For the first quadrant
it was shown in the previous section that G = H by calculating the limits of G and H as
Im(B) — oo. Unfortunately, calculating the limit for G(3) as Im(f) — —oc is not possible
because it diverges. Note, that it still holds that H(8) — 0 as Im(8) — —oo. This follows
from redoing the calculation in the previous section with Im(3) — —oo. To overcome the
divergence of G(f), redefine G by changing the path of the integral a little bit:

)= [ Lo
—(8) — "

c- log(t)
where C~ is the line segment from 0 to 1 — &, a semicircle C:(1) around 1 with radius € in
the lower half-plane and the line segment from 1 + € to x, see also the path in figure 4.1
only now the semicircle is in the lower half-plane. Now calculating the limit in the same

manner as in the previous section gives again that G~ () — 0 as Im(8) — —oo. Hence,
G~ = H in the fourth quadrant.

Pairing the terms p and 1 — p, which lie in the first and fourth quadrant respectively,
gives that
=1 t(1=p)—1
— H(p)=— ——dt ——dt | . 4.1
280 == 2 </c @ o T (410
P Im(p)>0

If 8 would be real and positive, then the substitution t = u% gives

tﬁ—l zP %(5*1) 1 1_ zP d
/ dt:/ ?7—7%%’ 1du:/ al = Li(2”) — mi,
o+ log(t) o 7log(u) B o log(u)

where the path is in the upper half-plane avoiding the singularity u = 1. The left integral
converges for Re(3) > 0, so this gives an analytic continuation of Li(z”) to this half-plane
1

(where x > 1 is fixed). Similarly, the substitution ¢ = u1-5 gives that

/ it~ Lita?)
——dt = Li(x") + mi,
o log(t)

where the 7i has a plus sign, because C~ goes in counterclockwise direction around the
pole at 1. Combining these results with equation (4.10) gives

L=-YH(p)=- Y (Li(2") + Li(z")),

Im(p)>0

if interchanging the sum and the integral in equation (4.9) is allowed. We comment on
this matter in section The sum is only conditionally convergent and the sum is taken
in order of increasing |Im(p)|.
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4.4.3 Constant Term
The third integral obtained from (4.7)) is

11 otioo g Tlog&(0)
I3 = —— — °d
3 2mi log(:/c)/(7 ds { s s

—100
and integration by parts gives

1 o+100 1
I3 = ng(o)xsds = log £(0),

B % T—100
where lemma is used with 8 = 0. It remains to calculate £(0).
Lemma 4.19. The value of £(s) in zero is %

Proof. By the definition of £(s) (see definition [3.18)) it follows that
£(0) = 7°T(1)(0 — 1)¢(0) = —¢(0).
To calculate ¢(0), use the functional equation for the zeta function as in equation ([3.6)
C(s) = D(1 = s)2(2m)* " sin () ¢(1 = 9)

and since there is a simple pole at s = 1 with residue 1, it holds that lim,_,;(s—1){(1) =1,
which is equivalent to

ll_)rri(l —8)((1) = —1.
Multiplying the functional equation with (1 — s) gives
(1—8)C(s) = (1 — $)D(1 — 5)2(27)* ' sin (%S) C(1— s).
Take the limit and use that I'(z + 1) = 2I'(z) to obtain
~1=1lim(1 - s)¢(1) = lim D'(2 — )2(27)* L sin (?) C(1—s) = 2¢(0).

s—1 s—1

Rearranging this gives ((0) = —3 and thus £(0) = 1. O

From this lemma it follows that

Is = log £(0) = log (;) — _log(2).

4.4.4 Integral Term
The fourth integral obtained form (4.7) is

11 /U+i°° d llogr(;+1)

= — %ds.
T o log(z) ds s v

—100
Using proposition [2.6] it follows that

— lim i L1
Lot 1) =l g i m)

, n! 2 3 n+1\°
= lim 2.2
n—oo (s+1)(s+2)---(s+n) \1 2 n
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And thus

s > s 1
logT <7 ) 1 ( ) Slog(1+ =),
ogl'{35 Z [ og on + 5 108 + "

which gives

_ 11 /"*md S [log (1+57) +5log (1+7)]
~ 2milog(x) J, ds s

x’ds. (4.11)

—100
Again, the sum will be taken outside the integral and derivative. That this is valid will

be proven at the end of this section. It is obvious that the second term in the derivative
is constant, hence

o+100 1 1 s
I = — Z 11/ immsds. (4.12)

— 2milog(z) Jy_ine ds s

Recall the definition of H,

AT Sy G )

271 log(x) ds s v

—100

for Re(8) <o and f € C\ {s: s> 0}. Then it is clear that (4.12]) equals

—> H(-2n).
n=1

Note that indeed H(/3) is defined on the negative real axis, but that the functions F(3)
and G(f) are not. Hence, any relations between H and F' or G are not valid any longer
because they were only true in the half-plane Re(5) > 0. To get a formula for Re(5) < 0

define 5
<t
2= [ ™

which converges absolutely for Re(5) < 0:
[ L /°° Re(8)-1 L1 |
dt < e dt = e < 00.
/x log(t)  — log(x) J, log(x) Re(B) -
Again, the derivative and integral can be interchanged by theorem to obtain
d  q ¢f1 91 2f  d d
EB——/ — dt = —| =—=—F(p)=-—H(S).
B =" ) Gian ™= 5|, =5 ~apt = gt
So E(f) and H(p) differ by a constant. Both E and H go to zero as § — —oo (along the
negative real axis). Thus F = H for Re(f) < 0. Hence,

00 ¢— 2n— 1
—ZH —2n) Z/ log
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where the last integral is convergent which shows that interchanging summation and in-
tegration was allowed. So the fourth integral becomes

o0 1
Iy = —_dt.
! ltw—nm@

Interchanging

It remains to show that (4.11]) and (4.12)) are equal. First, show that

> ilog(l%—%)

4.13
= ds s ( )

converges uniformly on any closed disk |s| < K, because this allows the switch of the sum
and the derivative. For a fixed s there is an N € N such that for all n > N it holds that
|| < 1. Thus for |s| < 2n the Taylor expansion

[e.e]
s (1)L /s \k
(0 5) £ )
s+ 2n Z k 2n
k=1
converges absolutely and uniformly on every closed disk with radius less than 2n. Now,

_N\k
dlog(1+5) a2, O ()

ds s ds s
d > (_1)k+1 Sk—l
" ds ; k (2n)k

11 N 2 s 3 s N

24n2  38n3 416n4 '
So the summand of the sum in (4.13)) has as highest order term n~2. Hence, by the M-test
(4.13) converges uniformly on any closed disk with finite radius which gives that

> ilog(l—i—%) O ilog(l%—%)—i—%log(l—l—l)

n n

£ ds 5 = ds s
_ d~log(Ltg) +5log(1+7)
N dsnzz:l s ‘

Next, show that the sum and the integral can be interchanged. The uniform convergence
shows that the sum and integral can be interchanged on a finite domain

o+iT loaT (£ 1 0 o+iT 1 1 S
/ d [Og(ﬁ) :ESdS:_Z/ 4 M x%ds (4.14)

—iT ds S o—iT ds S

n=1

for finite 7. It will be shown that the last integral is bounded by Cn~?2 for some constant
C, so that the summation is uniformly convergent in 7". This would imply that the limit
as T' — oo and the summation can be interchanged, which then proves the equality of
(4.11) and (4.12)). First, do a substitution v = °37 to estimate the integral in the nth
term of the sum:

/UHT d [log (1 + %)

—— 2 T2 dy
i 2n dv 2nv+o

_r ds S

deSZ/g 1 d [log(l%—v—k%)

3

22" dy.
2n J_ir dv

2n

_af %li log (14 v+ &)
v+ 5
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Apply integration by parts to the total nth term (up to a minus sign):

log (1+v+ %)
vt o5

1 x? 1
2 2nlog(x) 2nlog(x)

x2nv

@ with

1 z? /2n d
27i 2nlog(x) —i dv

(T
5n iT

an /2n d? |log (1+v+ L)
T —i dUZ U‘F%

_iT 2n
2n

x2nv x2nvdv‘

Q

_d log (14+v+ &)
dv vt g

Now, @ has a finite maximum, so that the whole expression can be bounded by Cn~=2,
where C is independent of n and T'. Calculate the derivative:

dlog(1+vtg) (+5) mrg —les(l+v+5)

A (v+5)°
1 log(l—H}—i—%)

T+ (1 +u+2) (v+2)°

This expression can be bounded independently of n when v is on the imaginary axis. Also,
the second derivative

d 1 log (1+v+ )
Ty o 2
dv|(v+L£)(1+v+Z) (v+2)

is absolutely integrable over the imaginary axis for every n. So indeed the nth term of the

sum in ({.14) can be bounded by Cn~2 for all T and thus the series converges uniformly
in T. Hence, the limit and sum can be interchanged, which finishes the proof.

4.4.5 Zero Term
The last integral obtained from (4.7) is

1 1 o+100 ER|
15 = / d |:20g(ﬂ-):| xsds

“2milog(z) Jy_ino ds s

and the derivative in the integral is zero, hence the whole term is zero.

4.5 The Explicit Formula

To obtain an explicit formula for the prime counting function, my(x) was expressed in
terms of the function J(x) (proposition [4.9):

k
m(z)= > M;)J(zi). (4.15)
1<k<z
It remained to find an expression for J(x). It turned out that this function could be
written as i ()
1 1 aree d [log((s
J(r) = —— — ds.
(z) 27 log(x) /Uioo ds { s } v

Also, an expression for log ((s) was established using the infinite product representation

for £(s):

log ¢(s) = log &(0) + Zp:log (1 - Z) —logTl (% + 1) + glog(ﬂ) —log(s — 1),
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where p denotes the nontrivial zeros of the zeta function. It remained to evaluate the
integral termwise, which was done separately for each term in section [£.4] Combining all
these results gives that

J@)="5+1+ I3+ I+ I
dt

= Li(z) — i(xf i(zt=P)) —lo [ — orx :
— Li(z) m%iJL()+L( ) lﬂm+1;“ﬁ_nbgw for z > 1

Together with formula (4.15)) we have finally found an explicit expression for the prime
counting function. We will briefly look at the contribution of each term in J(x).

(i) The function Li(z) is diverging as # — oo. This term can be considered as the
principal term.

(ii) The term with the nontrivial zeros of the zeta function is hard to bound because
the location of the zeros is unknown. As we have seen the Riemann hypothesis
conjectures that all the nontrivial zeros lie at the line with real part % Assuming
the Riemann hypothesis to be true, then it can be proven that this term grows as

O(y/zlog(z)) as z — oo.

(iii) The constant log(2) ~ 0.69 is very small in comparison the principal term Li(x) as
T — 00.

(iv) The integral term also takes very small values, namely if > e, then

/x #(t2 — 1) log(t) : /e t(t? — 1) log(t) = log(e) /6 12— 1) ~ 0.07.

So, J(z) can be approximated by the principal term Li(x), which then gives the approxi-
mation for the prime counting function proposed by Riemann:

Z ,u ] % = Li(x )—%Li(aj

1<k<z

N|=

) - ng( 23) — —Li(z7) 4 - .

Note that the first term is Li(z). Only this term as approximation for the prime counting
function was considered in chapter [T but now this apprommatlon can be_improved by
adding and subtracting finitely many terms of the form 1Lz (a;k) Table shows the
errors between 7(z) and the three approximations

L) = —2 1¢(m)::j£z M and Ri) = 3 “

:&-\H

log(z) log(t) =
x m(x) w(x) — L(x)  Li(z) —7n(z) Ri(z)—7(z)
106 78,498 6,115 129 29
103 5,761,455 332,774 754 97
1019 | 455,052,511 20, 758, 030 3,104 —1828
10'2 | 37,607,912,018 1,416,706, 193 38,263 —1476

Table 4.1: The errors between 7(x) and the three approximations L(z), Li(z) and Ri(x)
for some large values of x. The values of the errors are rounded.
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Chapter 4. Explicit Formula for the Prime Counting Function

The error between Riemann’s approximation and m(x) changes sign, something which
we have not seen yet for the other approximations. However, it has been proven by Lit-
tlewood in 1914 that also Li(x) — w(x) changes sign infinitely many times. The first time
that this will happen is around z ~ 1036,

Riemann’s article contained eight pages and did of course not cover all the details we
provided in this and the previous chapter. In fact, many gaps were left open by Riemann
and it took quite some time before all details were filled in. All details apart from the
Riemann hypothesis which is still unproven. One of the gaps was the validity of the infinite
product formula for £(s). This was proved later by Hadamard. Another gap, which we
also left open here, was whether interchanging the sum and the integral in section
is allowed. If this goes wrong, then all effort we put in constructing the formula for the
prime counting function would be in vain. Fortunately, Von Mangoldt proved in 1905 that
indeed the formula is correct. For this he did not use J(z), but another function:

Y(x) =) log(p).

pk<z

This function does not only count primes but also powers of primes with a weight log(p).
Von Mangoldt used the same method as Riemann and found a relation between ((s) and
v ) _ [
s
=s Y(x)z 5 .
¢(s) /1

With the same method as in section this formula can be inverted to obtain
1 o+1i00 /
w(x)_/ —C(S)st_ldS
2mi o—100 C(S)

for o > 1. This integral can again be evaluated using the infinite product formula for £(s).
Finally, it is obtained that

xP z=2 ¢(0)
Px)=z— ) —+ - (4.16)
Zp: p Zn: 2n ((0)

and from this formula also the formula for 7y(x) can be derived. The proof of this can be
found in [Edwards|, 1974, Ch. 3]. This only proves the correctness of the formula for my(x),
but not whether indeed the sum and the integral in section [£.4.2] could be interchanged.
This was proved by Landau in 1908, thus the method of constructing the explicit formula
as we did is correct.

In fact, the formula for ¢)(z) played a more important role than the explicit formula
for w(x), because it is easier to work with while it contains the same information. Also,
formula led to the first proof of the prime number theorem. It will be shown in the
next chapter that

lim M =1 ifandonlyif lim M

T—00 x T—00 I

=1.

The second statement follows immediately from the formula for ¢ (x) if {(s) has no zeros
on the line with real part 1. Instead of using (4.16) we will use another, more recently
found method in the next chapters to prove the prime number theorem.
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Chapter 4. Explicit Formula for the Prime Counting Function

4.6 The Product Formula for £(s)

In the derivation of the expression for 7y(x) the product formula for £(s) was used:

e =<0 (1-2).

P P

where p are the zeros of {(s). The infinite product is taken in an order which pairs each
root p with the root 1 — p. Recall that

£(s) = 73T (g + 1) (s — 1)¢(s).

The infinite sum was originally a corollary of a much more general method proven by
Hadamard. Now, only the product formula for £(s) is needed, so that the proof becomes
easier for only this case. This section is devoted to proving the product formula for £(s).

First, the number of roots p is a disk centered at s = % will be estimated using Jensen’s
theorem. This estimate is much less precise than the estimate of Riemann about the zeros
in the strip with imaginary part between 0 and T as in section However, our estimate
is enough to show the convergence of the infinite product for £(s). Also, it is proved
under which conditions an even entire function is constant. Finally, using this theorem,
the infinite product representation of £(s) can be established.

4.6.1 Jensen’s Theorem

Note that by writing log(s) for s € C still the principal branch of the logarithm is meant.

Theorem 4.20 (Jensen’s Theorem). Let f(z) be an analytic function on the disk Br(0) =
{z 1 |z| < R} for some R > 0 and suppose that f(z) has no zeros on the boundary |z| = R.
The zeros inside the disk are labeled: z1,za,...,z, where zeros of order k > 1 (zeros that
occur k times) are also included k times in the list. Also, assume that f(0) # 0. Then

RE R

1

27
= / log ‘f(Reit)‘ dt.
2w 0

log | £(0)

21 22 Zn

Proof. First, assume that f(z) has no zeros in Br(0). Note that f(z) might be negative.
To let the logarithm be well-defined, define log f(z) = log|f(0)| + [, %dt in the disk.
Using Cauchy’s integral formula (theorem [A.5)) it is obtained that

1 1 1 27 1 it ) 1 21 )
log £(0) = — / log /(2) 4, / log J(FeT) ; peitay o / log f(Re')dt.
|z|=R 0 T Jo

27 z o Ret

Note that log|f(z)| is the real part of the log f(z), hence

2T 27
log | £(0)| = Rellog £(0)] = Re [;ﬁ /O log f(Re“)dt} - % /0 log | f(Re")|dt.

This proves the case with no zeros in Bgr(0). Now, assume that f(z) has the zeros
21,29, ...,2n in BR(0). The function

o R?> —Z1z R? — Zyz R — 7,2
F(z) = f(2) R(z — z1) R(z — 29) o R(z — z)
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is analytic and has no zeros in the disk Br(0). Apply the result from above to obtain

1 2m ;
log |[F(0)| = 27T/O log |F(Re™)|dt.

Obviously, using the definition of F'(z)

log |F(0)] = log | f(0) 2 2. 2

Z1 29 Zn
and it remains to show that |f(Re®)| = |F(Re")|, which is equivalent to proving

’R2—Zi2’ 1

R(z — z)

with z = Re® for i = 1,2,...,n. Note that |z| = |Re"| = R and thus

R?—7zz| |R*-zz||z| |RZ-zR*| |z-% _,
R(Z—ZZ‘) N R(Z—ZZ‘) R N Rz(z—zi) N Z— Z -
=1
Combining the results gives
R R R 1 [ ~
log [f(0)—— -+ — :/ log’f(Re’t)‘dt
21 29 Zn 2 Jo
as was to be proven. O

Jensen’s theorem is specific for a disk around zero, but this can of course be generalized
to disks centered around an arbitrary point zy € C. The theorem will change as follows:

Corollary 4.21. Let f(z) be an analytic function on the disk Br(zo0) = {z : |z — 20| < R}
for some R > 0 and suppose that f(z) has no zeros on the boundary |z — zo| = R. The
zeros inside the disk are labeled: z1, zo, ..., z, where zeros of order k > 1 are also included
k times in the list. Also, assume that f(zg) #0. Then

R R R

21 T 20”2 — 20 Zn — 20

1

T 2r

2m )
log | f(20) /o log | f(Re™ + zo)| dt.

Proof. This follows from applying theorem to the function g(z) = f(z — 20). O

4.6.2 Estimate of the Number of Roots in a Disk

Proposition 4.22. For sufficiently large R > 0, the estimate |£(s)] < R holds in the
disk |s — 3| < R.

Proof. By the maximum modulus principle (theorem [A.8|) |{(s)| attains its maximum at

the boundary of the disk. Also, the function {(s) is entire, thus it has a power series

expansion in s = % which is of the form

£(s) = nioa?n <s - ;>2n.
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Since £(s) is symmetric in the line Re(s) = 4 it is obvious that all odd coefficients as, 1
are zero. Also, all even coefficients as, are positive. We will not prove this here, but a
proof can be found in [Edwards| 1974, Section 1.8]. The triangle inequality gives that

and equality holds for s = 3 4+ R. So [£(s)| has its maximum at s = £ + R and it suffices to
show that £(5 + R) < R” for R large enough. Recall that £(s) = 2T (5+1) (s—1)¢(s)
and that ((s) decreases to 1 if s — oo on the real line. For a given R > 0 choose N € N
such that %+R§2N< %+R+2. Then

¢ <; + R> <E@2N) =7 NT(N +1) (2N — 1)¢(2N)
=7 VNI(2N — 1)¢(2N)
< NN2N¢(2) = 2¢(s) NN

1 R
1 R atztl
< 2((s) <4+2+1> < RE

for sufficiently large R. Note that 2((s) and 1 + % are relatively small in comparison to
R, so that indeed the last inequality holds. O

Let n(R) denote the number of roots p of £(s) which are in the disk By (3) (counted
with multiplicity). Now, n(R) can be estimated as in the following theorem.

Theorem 4.23. For all sufficiently large R, the estimate n(R) < 3Rlog(R) holds.

Proof. Apply Jensen’s theorem to £(s) on the disk Bog (3). Note that £(s) is entire and
if there is a zero on the boundary of the disk, then there exists a é > 0 such that there are

no roots on the boundary of Bog,s (%) In this case continue working with the slightly
larger disk. The centre of the disk is at s = %, so Jensen’s theorem for arbitrary disks

29
(corollary [4.21)) gives

1 2R 2R
g 5 — —
£1 2 Pn D)

log

1 2R
=log¢& (2> + Z logr_ l|

lo—3I<2R 2
1 2w ) 1

= / log |€ <2Re’t + > ‘ dt.
27'(' 0 2

Using proposition the last integral can be bounded by

2
L / log |(2R)*"| dt = 2R log(2R).
27T 0

Consider the roots p inside the disk with radius R instead of 2R. For these roots it holds
that

2R 2R
——— > log — =log(2).
o= 3l R
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Hence,

n(R)log(2) = >  log(2)< ) 10g27R;

lo—LI<R lp—LI<R P =3l

— < 2R10g(2R) — log & <;> .

Dividing by log(2) gives

2 logf logé (3) <10g(R) >
n(R) < = Rlog(R) + 2R - <9R +1) < 3Rlog(R
)= Loy 180 05(2) log(® "
for sufficiently large R. Note that log(2) 2 and thus llzgg((%) +1< %log(R) for R large
enough. O

4.6.3 Convergence of the Product

()

p

The product

is taken over all roots p where p and 1 — p are paired. So the product can be rewritten as

0-5)= IL0-5) 0 o) = L0 55)

P Im p>0 Im p>0

Note that ((s) is nonzero on [0, 1) so that there are no roots p for Im(p) = 0. The infinite
product converges if
1
2 (1 = p)]

Im p>0

converges (see appendix . For all roots p the following inequality holds

= ! co—12
0=~ =32 =31~ o3

. . -2
where C' is a constant. Hence, it suffices to show that ;. >0 } p— %‘ converges. Of
course, this converges if the sum over all p € C converges. This is a consequence the next
theorem.
Th 4.24. For a gi 0 the seri 1|=(1+e)
eorem 4.24. For a given € > e series Zp‘p—§‘
roots p € C of £(p) =

converges, where p are all

Proof. Label the roots pi,p2,... in order of increasing |p — %\ Let Ry, Rs,... be the
sequence of positive real numbers which are implicitly defined by 4R, log(R,,) = n for all
n € N. By theorem it follows that the number of roots in the disk [s— 3| < R,, can be
bounded by 3R, log(R,) if R, is large enough for the estimate to work. Note that from
the equation defining R, it follows that § = R, log(R,). Combining this gives

3n

n(R,) < 3R,log(R,) = e
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So there are at most %T” roots in the |s — %\ < R, which implies that obviously the nth

root does not lie in the disk, thus |p, — 5| > R,. Now,

1 1 (41og(R,)) "
Z . l‘l—i-a < Z R1+6 = Z nlte
2 n n

n’n n

1+¢
saey e
n
n

since log(n) = log(4) + log(R,) + loglog(R,) > log(R,). For every a > 0 there exists
N € N such that n® > log®(n) for all n > N. Let a = 55—, then

2(1+¢)
1 1 log!™¢(n) 1 nggig
+e +e

Z 1|1+e <4 Z nlte <4 Z nlte

n |Pn— 5‘ n n

1 €

_ gl4e _ ql4e
n
This shows that the product converges for all € > 0. O

4.6.4 Even Entire Functions

Lemma 4.25. Let f(s) be analytic on Bg(0). Let f(0) = 0 and define M = max,—g Re[f(s)].
Let r < R, then |f(s)] < QTRA{ for all |s| <.

r

Proof. Consider ¢(s) = % and let the real and imaginary part of f be denoted
by uw and v respectively. The reai part of an analytic function is harmonic, hence by the
maximum principle the maximum is taken at the boundary (theorem and .
Thus Re[f(s)] = u(s) < M for all s € Br(0). This also implies that u(s) < |2M — u(s)]

on Bgr(0). Now, for |s| = R

6(s)] = (u2+v2)% . (u2+v2)% 1
Sl(2M w2402t T R )t R

So |¢(s)| < % for all s in the disk. Rewriting f(s) in terms of ¢(s) gives

_ 2Ms¢(s)

f(@—m-

For |s| =7 < R the modulus of f can be bounded:

£(5)] 2M s¢p(s) 2M|s¢(s)| < 2M 4 2Mr
s)| = = .
L4sg(s)| = [L—1so(s)l| " 1—% R-—r
According to the maximum modulus principle, the inequality holds for all |s| < r. O

Theorem 4.26. Let f(s) be an even entire function, i.e. f(s) = f(—s). If for every
e > 0 there exists R > 0 such that Re[f(s)] < €|s|? for all s with |s| > R. Then, f(s) is
constant.

Proof. Let ¢ > 0 and let f(s) satisfy the conditions of the theorem. Also, f(s) 4 ¢ with
¢ € C satisfies the conditions. So without loss of generality it can be assumed that

o6
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¢ = —f(0) and thus that f(0) = 0. Since f is entire, it has a power series expansion
f(s) =372 aps™ with ag = 0 that converges on whole C. All the other a,, satisfy

1 £,

n — 5 .
21 5= sntl

according to theorem and Thus,

2 1 it
y/ f(s)dsgl/ f(zRe") 1
2mi J)g= 2 sntl 27 Jo

i n+l o

(i)™ 2

Note that Re[f(s)] < e|s|* = eR? on |s| = R and thus M = max),_g Re[f(s)] = eR?.
Using lemma gives

iRe"

lan| =

2 1 it
dt = 1/ MQ”dt.
2 0 RTL

1 1
g f lReit < g2€R2(§R) — 2n+1€ §R3
Rn 2 = Rn R—%R Rn-l—l_%Rn—l—l
1
— 2n+1si — 2n+1EL
%Rn72 Rn—2
Hence, ‘
1 o ‘f(%ReZt) ’ 2nd < 1 2 2n+1€d _ 2n+1€ nEQ 2n+1
% 0 Rn t< % 0 Rn—2 t= Rn—2 — &

For n > 2 the modulus of the coefficient a, can be bounded by 2"*'e where ¢ > 0 is
arbitrary, hence a,, = 0 for n > 2. Also, it was assumed that ag = 0, this means that
f is linear: f(s) = ais. From the fact that f(s) is even, it follows that f(s) must be
constant. ]

4.6.5 Product Formula

Using the results obtained in the preceding sections, the product formula can be proven.
Define for s € C the function

§(s)
m,(1-54)
P p—%
which is entire. The only possible singularities are at s = p, but these are canceled by the

zeros in the numerator. Theorem will be used to show that the function log F’ (s — %)
is constant and with this the product formula of £(s) can be proved.

F(s) =

Conditions of theorem [4.26]

The function F'(s) is entire and has no zeros, so the logarithm is well-defined by log F'(s) =
log F(0) + [ 2((5)) dz. The condition that the real part is bounded is stated in the next
theorem.

Theorem 4.27. Let € > 0. Then

for all sufficiently large |s — %]
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Proof. Let R be given and write
Relog F'(s) = ur(s) + vgr(s)
with
§(s)

s_1

Hlp— |<2R< é)
1

I\

[y yyo2e (1 %)

and

ur(s) := Relog

vr(s) := Relog

Both ur and vg are defined and analytic for all s € C except for s = p if |p — %| > 2R.
For these points note that ur goes to —oo as s — p since lim, g log(z) = —oo and that
VR goes to 0o as s — p.

First, consider ur where the product of the denominator is taken over all p such that
lp— 3| < 2R. On the circle |s — | = 4R it holds that

1
~1 4
1—’8 2 ‘1—R 1.
P=2

1—

2R

So the factors in the denominator are greater than 1, hence

ur(s) < Relog&(s) = log|¢(s)|

and using proposition [4.22] gives
ur(s) < log|¢(s)| <log [(4R)*] = 4Rlog(4R) < R'**

if R is large enough, that is if 4log4R < R®.

For p in the disk |s — %] < 2R, the function ug is analytic, but for p in the annulus
2R < |s— %\ < 4R there is a problem because up is not analytic in these points. To avoid
this problem, a little neighborhood around s = p is deleted such that the function remains
analytic.

Note that up is harmonic, since it is the real part of an analytic function. By the maximum
principle the maximum is attained at the boundary, which is thus the circle |s— %| = 4R and
the boundaries of the little neighborhoods around s = p in the annulus 2R < |s— %| <A4R.
Recall that around singularities the value of up is near —oo, so that the maximum must be
attained at the circle [s— 1| = 4R. To conclude, ug < R'*¢ on the whole disk [s— 3| < 4R
and thus in particular on the circle |s — 3| = R

Now, consider v where the product is over all p such that |p — %] >2R. Ifz € C
satisfies |z| < 3, then

1
Relog 1 = —Relog(1 —x) = Re 7dt
-z

/ dt’ < |z| max = 2|z|.
t€[0,x] |1 |
(4.17)
Also, if p and 1 — p are paired, then

EEAVAE (54’
1— - 1-— 1 = 1——=41. (4.18
1;[< p—é) Im];[>0< '0_5>< +p—§> Im1;I>0< (p—§)2> ( )
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Take in the next calculation Im p > 0, then for |s — 3| = R

1
1_ 3
- yyo2e (1 %)
RQ
<2 Z 1|2’

vr(s) = Relog

o-tpar P72
1
where (4.17) is applicable since |[p — 2| > 2R and [s — 3| = R implies that ‘Z*%‘ < i
Now, introduce an € by rewriting the above as
R 1—e R 1+e
vr(s) <2 ) <‘_1> <|_1,>
lp-yi>2r N2 P2
1+e
N[ R
< ¥ (3) <| i)
lp-3>2R P
since |p — %| > 2R implies that ‘ffl‘ < % Rewriting gives
2
1 1+e
vr(s) < 2°RYE Z (1> < 00.
p-an \1P 2!
The last sum is finite by theorem |4.24/and as R — oo the sum Z|p7;|>2R ‘p—%‘_(H—a) — 0.
2

Also, R is large so
R>2
2ER1+E _ R(QR)‘E < RH_QE.
Since, € > 0 can be chosen arbitrarily small, it follows that for R sufficiently large and ¢

small enough it holds that vg(s) < R'** for |s — 1| = R.

For both ug(s) and vg(s) it holds that they can be bounded by R*¢. However, it was
to be shown that Relog F'(s) = ur(s) +vgr(s) < R, Let ¢ decrease to &’ and choose
R large enough such that both up and vg can be bounded by R**¢. Now, choose ¢/ > 0
such that 2 < R=~¢, then

Relog F(s) = ug(s) + vp(s) < 2R < R'**
as was to be proven. O

The last condition of theorem is that logF(s — %) should be even. This follows
from the fact that F(s — %) is even. It need to be shown that F(s + %) = F( — s+ %)

From the functional equation £(s) = £(1 — s) it is obtained that (s + 3) = (5 — s).
Writing the denominator of F'(s) as (see equation (4.18]))

and plugging in s + % and s — % gives that
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To conclude, both the numerator and the denominator of F (s — %) are even, thus so is
F (s - l).
2

Applying theorem

The conditions of theorem are satisfied, hence as a result log F’ (s — %) is constant and
thus also log F'(s) is constant. Taking the exponential gives that

§(s):cH<1—S_%>

P—3

with ¢ a constant. To eliminate this constant, divide by

which leads to
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Chapter 5

The Prime Number Theorem

The final goal is to prove the prime number theorem, which describes the asymptotic
distribution of the primes. In the coming chapters p will always denote a prime number
and p, will denote the nth prime number.

Theorem 5.1 (Prime Number Theorem). The relative error between w(z) and 1oz goes
to zero as x tends to infinity:

m(x) — ==
lim ( )x log :0,
T—00 Tog @
or equivalently
iy *@)logl®) _
T—00 x

Recall that the prime counting function 7 (z) is the number of primes less than or equal

m(x) = Zl = ZW)(”)v

p<z n<lz

to x:

where

(n) 1 if n is prime
Up(n) = .
P 0 otherwise

In this chapter we do the preparations for proving the prime number theorem in chapter
[6l The first section covers Abel summation in the discrete and continuous case. Section
introduces the Chebyshev theta and psi functions. Certain relations between those
functions are proved, together with some other properties which are needed for proving
the prime number theorem. In the last section an equivalent statement of the prime
number theorem is established, which was already mentioned at the end of section
The theory covered in this chapter mostly comes from [Apostol, |[1976] and [Jamesonl, 2003].

5.1 Abel Summation

We start with Abel summation in the discrete case, this is also called summation by parts.
Let a(k) and f(k) be real or complex sequences. Define A(n) =Y, a(k) with A(0) = 0.

Proposition 5.2. Let 0 < m <n. Then

n n—1
> alk)f(k) =" Ak)[f(k) — f(k+1)] + A(n) f(n) — A(m) f(m)
k=m-+1 k=m
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and in particular,

n n—1
Y oalk)f(k) = AMR)[f(k) = f(k+1)] + A(n) f(n).
k=1 k=1

Proof. Note that a(k) = A(k) — A(k —1). Now,

o oalk) k)= > [A(k) = A(k—1)]f(k)
k=m+1 k=m+1
= > ARf(R) = > A(k—1)f(k)
k=m+1 k=m+1
n n—1
= 3 AR - S AR F(k+1) (5.1)
k= m—l—l k=m
= Z Ak fllk+1)] + A(n) f(n) — A(m) f(m).
The second statement corresponds to the case m = 0. ]

The Abel summation as in the previous proposition can be written in different forms.
Another useful form is stated in the next proposition.

Proposition 5.3. Let 0 < m < n. Then

n

Z f(R)[alk +1) = a(k)] = f(n)a(n +1) = f(m)a(m) = > [f(k) = f(k = 1D)]a(k).

k=m+1

Proof.

Z fR)[atk+1) —a(k)] = > f(K)a(k+1) = Y f(k)a(k)
k=

As the notation already suggested f(k) could also be a function of a real or complex
variable. So in the continuous version of proposition sums will be replaced by integrals
using that f(k+1)—f(k) = k+1 f'(t)dt. In the continuous case, define A(z) =), -, a(k).
This leads to the following theorem -
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Theorem 5.4. Let y < x and let f be continuously differentiable on [y, x]. Then
> al)f() = A@)f@) - AW ) - | A0S @t
y<k<x Y

Proof. Let m,n € N such that n <z <n+1and m <y <m+1. Then A(n) = A(z) and
A(m) = A(y). Also,

T m+1
- [ rwi ad fonn) = s+ / F(t)dt.

Using this and equation (5.1)) from the proof of proposition gives

n

S ik =Y akik) @ zn: Ak ZA Fh+1)

y<k<zx k=m+1 k=m+1

= ST AR)[FR) — F(k+ 1)] + Am)f(n) — A(m) f(m + 1)

k=m+1

n—1 k+1
~ Y A / F(#)dt + A(n) f(n) — Am) f(m + 1)
k=m-+1 k
n—1 k41
—— S [ AW @t + A)F(n) — A(m) f(m + 1)

k=m+1 k

-/ AW (1)t + Aa) f(x) - / " AW ()dt

m—+1

m—+1
— AW () / A)f(t)dt
Y
—A(2)f(z) — AW) F(y) — / A F (1)t
i

O
Corollary 5.5. Let f be continuously differentiable on [2,x] and a(1) = 0. Then
> atk)s ik 0~ [ ac
2<k<zx
Proof. Use theorem [5.4] and note that a(1) = 0 implies that A(2) = a(2):
Y. aB)fk) =a@)f2)+ Y a(k)f(k)
2<k<z 2<k<z
= a(2)(2) + AW 2~ [ A
_ / At
2
O

5.2 Chebyshev Functions

This section introduces the Chebyshev functions 6(z) and v (z). We prove how these
functions relate to another and how they relate to m(z). Also, it is proved that both 6(x)
and ¢ (x) have the asymptotic behavior O(z) as  — oco. This result is needed for proving
the prime number theorem in the next chapter.
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Chapter 5. The Prime Number Theorem

5.2.1 Chebyshev Theta Function
Definition 5.6. Define the Chebyshev theta function for x > 0 as

= Z log(p Z up(n) log(n

p<zx n<lx

Proposition 5.7. For all z > 0: 6(z) < 7(x) log(x).

Proof. Let p1,po, ..., pn, be all the prime numbers less than or equal to x. Note that in this
case m(z) = n. Then

0(x) = log(p1) + log(p2) + ... +log(pyn) < nlog(z) = m(z) log(z).

U
Also, an exact relation between 6(x) and 7(z) can be found.
Proposition 5.8. For x > 2 two relations between 6(x) and 7(x) are given by
Tt
0(z) = 7(x)log(x) — / 7Ti)dt (5.2)
2
" o) L (7o
x
= + dt. 5.3
)= fogtsr * J, 7o i
Proof. Apply corollary with a(n) = up(n) and f(n) = log(n):
Z n)log(n Z up(n) log(x / Z up(n log d
2<n<zx k<z n<t
and plugging in the definition for #(x) (note that #(x) = 0 for x < 2) and 7w (z) gives
Tt
0(x) = m(x)log(x) — / 7T(t)dt.
2
The second identity follows corollary |5.5( with a(n) = 4,(n) and f(n) = @, where
. log(n) if n is prime
tp(n) = . .
0 otherwise
Note that the definitions of #(z) and 7(x) can be rewritten as
_ (n)
= ng;up(n) and  7( Z 10g )
Corollary [5.5 gives
oy = Lo [ 00
log(z)  Jy tlog?(t)
O

For describing the behavior of §(x) as z tends to infinity the Landau notation is used,
see appendix [C]
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Chapter 5. The Prime Number Theorem

Theorem 5.9. The Chebyshev theta function has the asymptotic behavior 6(x) = O(x)

as r — 00.
n\ n!
k) kl(n — k)

<2n) (2n)!  1-2---2n

Proof. Recall that

Note that for n € N

n nlnl — 12.22...p2"

Consider all the primes in the interval [n + 1,2n]. They only appear in the numerator, so
every p € [n+ 1,2n] divides (2:) Hence, the following inequality holds

H p < <2n> (5.4)
n41<p<2n "

Using the binomial formula, we get for all n € N that

z?n—(1+1>2”_<282>+"'+<2:>+"'+@Z>

2<2n> II »

n
n+1<p<2n

= exp Z log(p) = /2 —0(n),
n+1<p<2n

From this it follows that
69(2n)—€(n) < 62nlog(2)

and since t — €' is increasing it is obtained that
0(2n) — O(n) < 2nlog(2).
In particular, if n is a power of 2, then

6(2" 1) —9(2") < 271 10g(2).

Summing over r = 0,1,2,...k gives
k k 1 — 9k+1
Do) —0(27) <) 27 og(2) = 2log(2)——5— = 2k+210g(2) — 21og(2).
r=0 r=0

Note that the left hand side telescopes and that #(1) = 0, so it is obtained that
0(2F) < 28 210g(2) + O(1).
Choose k such that 28 < n < 2F+1 then
B(n) < (281 < 28210g(2) + O(1) < 4nlog(2) + O(1).

This proves that 6(x) = O(z). O
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Chapter 5. The Prime Number Theorem

5.2.2 Chebyshev Psi Function
Definition 5.10. Define the Chebyshev psi function for x > 0 as
Y(z) =Y Y log(p) =Y A(n),
k=1 pk <z n<x

where
log(p) if n = p* with p prime and k € N
A(n) =

0 otherwise

is the Von Mangoldt function.

Remark 5.11. This function 1(x) has nothing to do with function ¢ (x) that was used in
section [Z.3.

The functions 0(x) and ¥ (z) are related by

ve) =" 3 togp) = Y b(at).
k=1

= 1 =
p<ah k=1

Note that the last infinite sum is finite since 9(3:%) =0 if 2% < 2. Hence,

Similar to proposition an upper bound for ¢(z) can be obtained.
Proposition 5.12. For all x > 0: (z) < 7(z)log(zx).

Proof. Let p1,pa,...,pn be all the prime numbers less than or equal to x. For all j < n

define k; = max .,k which is the number of prime powers less than or equal to =
i<

corresponding to p;. Note that each pf contributes log(p;) to ¥ (x). Hence,
W(x) = kylog(pr) + ... + knlog(py).
Also, for every j < n: kjlog(p;) = log(p?j) < log(z). Thus,
U(x) =) kjlog(p;) < nlog(z) = m(x)log(x).
j=1
L]

Before continuing with the proof that ¢ (z) = O(x) introducing another formula for
¥ (x) is required. Therefore, we need the following definition.

Definition 5.13. For x > 0 write v = [z] + {z}, where [z] € N is the largest integer
smaller than or equal to x and {x} € [0,1) is the decimal part of x.

Proposition 5.14. Another expression for ¥(x) is

B log(z) o
o) = 3 [0 ot (5:6)

p<z
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Chapter 5. The Prime Number Theorem

Proof. Consider, as in the proof of proposition [5.12

x) = kjlog(py),
j=1

where k; is the largest possible k such that pé? < z. Note again that

X log(z)
pi <x < kjlog(p;) <log(z) <= k; < log(pj)

Since k; is the largest integer such that p?j < z, it is obtained that

= Lt

which gives the desired expression. O

Theorem 5.15. The Chebyshev psi function has the asymptotic behavior ¢ (z) = O(z) as
x — 00.

Proof. Note that

Z log(p Zlog + Z log(p Z log(p
pk<z p<z p?<z p3<z
=0(x)
It is proven in theorem [5.9] that 6(z) = O(z), so to prove 1 (z) = O(z) it remains to show
that the sum of the terms in ¢ (x) corresponding to k > 2 is not larger than O(z). Recall

that log(2)
. ogl\x o

p<z

log()
log(p)

Bzigﬂ > 1 should be studied. This is equivalent to logE ; > 2, since [-] € N. Also,

and the sum equals 0(x) if { } = 1. So for the terms corresponding to k > 2, the case

log(z)

>2 = log(x) >log(p?) <= x>2p° = Vz>p
log(p)

log (=)

So the terms in ¢(z) with m} > 1 only occur if p < /x, hence their contribution to

¥ (x) can be bounded:

Z [log x ] Z log(x) Z log(z Vz)log(z) < v/xlog(x).

log(p) log )

[ —

p<Vz p<Vz
Hence,
P(z) = O(z) + O(Valog(z)) = O(x),
which proves the statement. O
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Chapter 5. The Prime Number Theorem

5.3 Equivalent Form of the Prime Number Theorem

Instead of proving the prime number theorem using 7(x), another equivalent form will be
proven. This equivalence is in the following theorem.

Theorem 5.16. The following are equivalent:

g T
3 . O(x)

(ii) xlggo7 =1,

. (x)

(iii) ZILHOIOT =1.

Proof. (i) = (i1):
Rewriting equation (5.2)) from proposition gives
0(x)  m(x)log(x) l/m m(t) i@t
2

x T x t

So it suffices to show that
1

X
t
/ i)ahf—>0 as r — 00.
T Jo t

Note that (i) is equivalent to
m(x) 1

x  logz
r s g,
log z

So (see appendix [C| for the little-o notation)

Wf) - 1og1<x> 0 <log1<x>>

W(a?a?) -9 <10g1($)> ’

which means that there exists an M > 0 and x1 > 0 such that () < ML ) for all t > z.

t log(t
Now if £ > x1, then
1 [*x(t 1 [* 1
/ Mdt < / M dt
x f, t r ), log(t)

and the integral from 2 to x; is finite, which means that

L =0 <1 A ) dt) |

It remains to bound the last integral:

/I 1 dt = /ﬁ L dt + /m ! dt
o log(?) o log(t) NG log(t)
~—— ——

lim
Tr—r00

and thus

<1 takes maximum at /z
Vi 1 x
<[ i.at+ /1-dt
/2 logvz J 7
_ x_2+ac—\/§
log+\/x

o +0(325) -0 )
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Now,

Tt 1 1
liml/ "< im0 (L—F ) = lim 0 — 0,
z—=oox Jo 1 T—00 xlog/x z—00 log \/x
which proves (i) = (7).
For (ii) = (i) the proof is similar: rewriting equation (/5.3|) from proposition gives

m(z)log(z) _ O(z)  log(x) /m 0(t)

x T x tlog?(t)

and it remains to show that the last term goes to zero. Note that (ii) implies that

0(xz) = O(x), hence
x /2 tlog?(t) =0 < z /2 10g2(t)>

and
/w dt _/\/5 dt +/$ dt
2 log®(t) Jo log?(t) Jymlog?(t)
-z
<z -2
v T log? vz
X X
=0 O =0|——].
(Va) + (log2ﬁ> <log2\/5>
Now,

i 128(%) /; 1) 41 < tim (9( log(z) > — lim (9( 4 ) —0,

T—00 t ]0g2 (t) T—00 10g2 \/5 T—00

which proves (i) = (7).
It remains to show (i) <= (iii). Use that

0<p(@)—b@) = S O@t) 0@ = 3 6@k

k<logy(x) 2<k<log,(x)

and that 6(z) < zlog(x) (which follows from proposition [5.7).

0<¢(x)—0(x) < Z Tk log (:r%)

2<k<log, ()
< logy(z)v/zlog vz
_ log(z) v |

~ log(2) 2
vz log? ()

21log(2)

ogx

Hence,

0 < lim

lim —————+— = s
T—00 x x

<
~ a—oo 2log(2)/x

will have the same limit if it exists. O

<¢(fr) 9(%’)) - log*(z)

@) onq Y@

which proves that and
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Proof of the Prime Number
Theorem

At the end of section we discussed how the first proof of the prime number theorem
was found. This was done in 1896 independently by Hadamard and de la Vallée-Poussin.
The proof was rather intricate since it used the explicit formula for the Chebyshev psi
function. Finding an explicit formula for 7(x) was a lot of work as we have noticed in
chapter [4 and the formula for ¢ (x) is derived in similar manner. Hence, we will not go
through the trouble of finding another explicit formula. Luckily, the proof of the prime
number theorem has been fine tuned and for the proof given here, nothing more difficult
than Cauchy’s integral formula is needed.

Several proofs of the prime number theorem have been found after the first one. One of
the proofs was elementary (not making use of complex analysis) and was found by Selberg
and Erd6s in 1948. Other proofs relied on the zeta function and a Tauberian theorem.
The precise meaning of a Tauberian theorem is explained in section The Tauberian
theorem that was required for proving the prime number theorem (the Wiener-Ikehara
theorem) was difficult to prove and has many more applications. However, in 1980, Don-
ald Newman found a weaker version of the general Wiener-lkehara theorem which also
leads to the proof of the equivalent statement that lim,_, wgc) =1 as in theorem at
the end of the previous chapter.

The weaker Tauberian theorem that Newman proved will be given in section [6.3] This
theorem will lead to the following corollary as is described in [Korevaar} [1982] and [Ash
and Novinger, [2007].

Corollary. Let f(x) be a nonnegative, piecewise continuous and nondecreasing function
on [1,00) such that f(x) = O(z) and that the integral

g(z) = Z/loo f(z)z™* tdz

exists for Re(z) > 1 and defines an analytic function. Assume that for some constant c

C

9(2) = -3

has an analytic extension to a neighborhood of the line Re(z) = 1. Then

@)

T

—C 48T — OQ.
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Chapter 6. Proof of the Prime Number Theorem

This corollary is proved in section Obviously, we want to apply it to f(x) = ¢(x).
All the necessary conditions for applying this corollary will be established in the first
section. Combining the result of this corollary with theorem will complete the proof
of the prime number theorem in section

6.1 The Zeta Function and ¢(x)

For applying the corollary to f(z) = ¢ (x) the integral

= z/loo Y(x)z > Lde

is needed. In theorem an expression for this transform is proved. First, we need the
following lemma. Recall that the Von Mangoldt function was defined for n € N as

A(n) log(p) if n = p* with p prime and k € N
n) = .
0 otherwise

Lemma 6.1. For Re(s) > 1 it holds that
C0) _ g
- => kT°A(k)
Proof. Recall the Euler product formula for Re(s) > 1:

=11 ==

p prime

from which it follows that the zeta function has no zeros for Re(s) > 1 (see remark [3.4).
Define f,,(s) = (1 — p,*)~* which is analytic for Re(s) > 1. Then Y >, f, — 1 converges
normally and theorem gives that

() 0 )] (=) p o log(p)
((s) =2 SERpD

(1= pis) P (1- pfs)_l

ZP Slog Zlog ﬁszpfsk
k=0
=—> log(p) Y p~** Z > log(p) (p*)
p k=1

k=1 p
=— Z A(n)n™?
n=1

where interchanging the order of summation is allowed since the iterated sum converges
absolutely for Re(s) > 1:

1 SR |

p k=1 p k=1 n=1

Let £ > 0 be small, then for n large enough we have that log(n) < n°. Hence,

log(n) 1
nRe(s) — 1 nRe(s)—e
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Chapter 6. Proof of the Prime Number Theorem

and the sum

>
Ri —
— nRe(s)—e
converges for 0 < e < Re(s) — 1. O

Theorem 6.2. For Re(s) > 1

/ W(w)r—Ldz.

Proof. Note that by definition of Y(z

Hence,

ZZA(m>— Z A(m) = (k) — b(k — 1).

m<k m<k—1

- (§>) =D K AR) =) K (k) — (k- 1)).
k=1 k=1

Now, look at the partial sums and apply proposition with m = 1, f(k) = k~° and
a(k + 1) =1(k). Also, note that a(1) = ¢ (0) = 0.

> ko ((k
k=1

From proposition follows that ¢ (z) < xlog(z

Use the integral

NE

)=k —=1)) =n""p(n) =} Pk —-1)(k" = (k—1)7%)

T
— N

— n*(n) -

(]

Y(k)((k+1)"° = k%)

S x>
[l
_

=n"%(n) + Y k) (k5 = (k+1)7%).

e
Il
—

~—

, hence for Re(s) > 1

¢(n)n—8 < LM

ns

k+1 1
x5 e = — —27°
k S

—0 asn — oo.

k+1
1 1

=—(k+1)°+-k"°
S S

k

for the remaining sum:

n k+1
S wk) (k) — (k+ 1) Zw / v e
k=1
k+1
=) s Y(x)z™ 5 Hda
Z/

n+1
= s/ Y(x)z L,
1

where in the second step (k) can be taken into the integral because 1 (x) is constant on
[k, k + 1). Taking limits as n — oo finally gives that

</(S)—s - z)z "5 tdzr for Re(s
D [T u@e e for Re(s) > 1
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Chapter 6. Proof of the Prime Number Theorem

Another condition of the corollary is now that

¢s) e
¢(s) s—1

should be analytic is a neighborhood of the line Re(s) = 1 for some constant c. Therefore,
an analytic continuation of the zeta function is needed. Also, the zeta function may not
be zero on this line. These two properties are proved in the rest of this section.

Theorem 6.3. The function ((s) — ﬁ has an analytic continuation to Re(s) > 0.
Proof. First note that for Re(s) > 0

o0 1
/ z %dx = =
1 1 — S

and

Now, for Re(s) > 1

and this series converges normally for Re(s) > 0:

n+1 1 n+1
/ <s - ) us L dudz
n n
<1- max —du
nlz<n+1 |/, u5+1
S
< max (r —n) max |—
n<z<n+1 n<u<z |ust
increasing, so maximum at z=n-1
S
=((n+1)— ma
(( ) )n<u<n+1 US'H
-
= max —
n<u<n+1 ustl
decreasing for Re(s)>0
s
nRe(s)+1
and
oo
3 sl
nRe(s)+1
n=1

converges for Re(s) > 0. Note that the integral in equation (6.3 is analytic for Re(s) > 0
by theorem Hence, the series in (6.3) is a normally convergent series of analytic
functions on the right half-plane Re(s) > 0. By theorem it follows that

1
s—1
is analytic for Re(s) > 0. O

¢(s) =
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Chapter 6. Proof of the Prime Number Theorem

Remark 6.4. This theorem could also be proved using the analytic continuation of the
zeta function for Re(s) > 0 as derived in chapter@ and the fact that the zeta function has
a simple pole in s = 1. In chapter[J we got an expression for the analytic continuation
on the right half-plane using the eta function. However, as the above proof shows, it also
possible to prove the existence of the analytic continuation only.

Theorem 6.5. The zeta function has no zeros on the line with real part 1, i.e. ((1+it) # 0
for allt € R.

Proof. For a fixed real number ¢ # 0 introduce the function
¢(o) = ¢*(0)¢* (o +it)¢(o + 2it)

for o > 1. From the Euler product formula it follows that for Re(s) > 1

log‘C(s)‘ = —Zlog‘l —p_s} = —Re (ZLog(l —p_5)> ,

where it is used that for w € C\ {s:s <0}
Re(Log(w)) = Re(log |w| + iArg(w)) = log |w|.
Now, using the power series for the logarithm
Log(l —w) = —iw—n for |w| < 1
.

gives that

log ‘C = Re <Z Z pn"3> .
P

n=1

Hence,

log |¢(c)| = 3log |¢(o \+4log|g(a+it)| + log [¢(o + 2it)|

_Zzp Re 3+4p znt+p 2mt)

p n=1
© —no ) )
_ Z Z p Re (3 + 46—mtlog(p) + 6—2znt10g(p))
p n=1 n
0 p "o
= Z Z (3 + 4 cos (ntlog(p)) + cos (2nt log(p))> >0,
n
p n=l1

since that for § € R

3+ 4cos(f) + cos(260) = 3 4 4 cos(f) + 2 cos*() —
=2(1+ 2cos(d) + 6082(0))
=2(1+ cos(@)) > 0.

The exponential function is increasing, hence log |¢(c)| > 0 implies that for o > 1

[6(0)] = [¢(@)[*[¢(o +it)] ¢ (o + 2it)] = 1. (6.4)
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To prove that ((1+1t) # 0 for every ¢t € R it suffices to consider t # 0, because at ¢ = 0 the
zeta function has a pole. Assume that ((1 4 it) = 0 for some ¢t € R and rewrite equation

D) as

4

M ‘C(U + 2it)’ >

oc—1

(0 — 1)¢(o)

p— for o > 1. (6.5)
Now letting o | 1 gives that ’(0 - 1)C(O‘)‘ — 1 since ((s) has a simple pole with residue 1
at s =1 (see section 3.2)). Also, |((0 + 2it)| — |¢(1 + 2it)|. Note that the zeta function is
analytic for Re(s) > 0, hence it is differentiable in 1 + ¢¢, which gives that

C(o+1it) ‘ _ C(o+it) — C(1 +it)

g ‘—>‘C’(1—|—it)’ as o | 1.

oc—1

Now, in equation ([6.5]) the left hand side tends to |C’(1 +it)‘4‘C(1 + 2@'75)’ as o |} 1, but the
right hand side goes to infinity as o | 1. This gives a contradiction, hence (1 4 it) # 0
for all t € R. O

6.2 Abelian and Tauberian Theorems

Consider the series of complex numbers » >° ¢,. We call this series convergent (or
summable) if the sequence of partial sums (Zﬁ:o cn)ZO:O converges to some limit. Obvi-
ously, not all series are convergent, take for example the series

> (=D,

n=0

where the sequence of partial sums is 1,0,1,0,.... However, it would be natural to assign
the value % to this series, which is the average of the partial sums. In general, define the

sequence
S0+ Sg+ -+ Skt

k‘ b

where s; = Z;ZO ¢ is the ith partial sum. Now, if the sequence (0})32,, converges, then
we call the series > >° ¢, Cesaro summable. Note that ‘ordinary’ summability implies
Cesaro summability.

O —

There is an even more general way to sum series: Abel summability (not to be confused
with the Abel summation in section [5.1]). A series is Abel summable if

exists. If a series is summable, then it is also Abel summable (this is called Abel’s theorem).
Moreover, if a series is Cesaro summable, then it is also Abel summable. It follows that

ordinary summable = Cesaro summable = Abel summable.

The theorems that show that a summation method gives the same sum as ordinary summa-
bility are called Abelian theorems. However, the implications above cannot be reversed
without any further conditions. Theorems that give conditions under which the implica-
tions can be reversed are called Tauberian theorems.
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We considered series to introduce Tauberian theorems, but there is also a continuous
analogue with integrals instead of sums. In general, Tauberian theorems state the con-
ditions under which ‘ordinary’ convergence (of sums or integrals) can be deduced from
some weaker type of convergence. The Tauberian theorem that will be proved in the
next section states that under certain conditions the convergence of fooo F(t)e?tdt for all
Re(z) > 0 implies that the improper integral [;° F(¢)dt converges.

Remark 6.6. There are more ways to assign a value to a series than the three methods
discussed above. Note that Y >7 ,n is not convergent in the sense of any of these three
summability methods. However, using the analytic continuation of the zeta function we
can link Y 7 | n with ((—1) and the functional equation of the zeta function gives

that
o 2
¢(—1) = T(2)2(27) 2 sin <2> ¢2) = _2%2 . 112'

6.3 A Tauberian Theorem

Theorem 6.7. Let F(t) be bounded and piecewise continuous on [0, 00), so that the Laplace
transform

Gz) = /0 T F(etdr

is well-defined and analytic throughout the open half-plane Re(z) > 0. Suppose that G(z)
can be continued analytically to a neighborhood of every point on the imaginary axis,

Re(z) = 0. Then .
/ Ft)dt
0

exists as an improper integral and equals G(0).

Proof. Let F be bounded and piecewise continuous on [0, c0) and the Laplace transform G
is defined and analytic for Re(z) > 0. Also, assume that G has been extended analytically
to a neighborhood of Re(z) = 0, thus G is analytic on a domain U D {z : Re(z) > 0}. The
function F'(t) is bounded, so without loss of generality it will be assumed that

|F(t)| <1, forallt>0. (6.6)

Define for 0 < A < o0 \
Gi(2) :/ F(t)e *dLt.
0
Note that by theorem [A.6] G\(2) is analytic on C. The idea is to prove

A

Alerolo ; F(t)dt = G(0), or equivalently G(0) — Gx(0) — 0 as A — oo (6.7)
using the Cauchy integral formula. The path over which is integrated cannot be a cir-
cle around 0. A circle might go too far into the left half-plane and G(z) might not be
analytic there. Instead, for each R > 0, let § > 0 be large enough such that G is an-
alytic inside and on the closed contour Cr. This contour consists of an arc of a circle
with radius R and a vertical segment at Re(z) = —0, see figure The contour Cp is
split in two parts: C} is the part of Cg with Re(z) > 0 and Cp, is the part with Re(z) < 0.
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Im(z)

—
Cr=CjuCy

-0 O R|Re(z)

Figure 6.1: The closed contour Ck.

Cauchy’s integral formula (theorem |A.5)) now gives that

G0) — G (0) = = /C Gl =G, (6.8)

21 z

The goal is to estimate this integral as A — oo. First, try to estimate the integral using
an ML-bound. Thus, for x = Re(z) > 0

1G(2) — Ga(2)| =

A - F(t)e“dt‘ (6.9)
< /:o F(0)] [ dt

©0) oo
< / e "tdt
A

—t | Re(z)>0 €
2) 6.10
. Re(2) (6.10)

e —ARe(z)

—X

and for x = Re(z) < 0 (the reason that only G is estimated will become clear later)

G (2)] = /0 ’ F(t)e‘“dt‘

A
< / e Ttdt
0

A e—/\Re(z) -1 e—/\Re(z)

t:(): —Re(z) = —Re(z)’ (6.11)

—x

The domain U where G(z) is analytic contains the line Re(z) = 0. For values of z near this
line both estimates blow up. To avoid this problem, the factor % in will be replaced
by L+ 4z Note that if [2| = R, then

1z  R*+22  |2P+2%2  22+2° 2Re(z)

(6.12)

z R? zR? zR? zR2 R?
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In this way the R in (6.10) and (6.11]) will be canceled. Since

z(G(z) — Gi(2))
R2
is analytic on U, the value of the contour integral C'z will be unchanged. Also, in (6.11))
e Re(2) will blow up if Re(z) < 0. Hence, both G(z) and G(z) will be multiplied by

A2 Since e is entire and equals 1 at z = 0, Cauchy’s integral formula in can be
rewritten as

G(0) — GA(0) = — /C (G(z)—G,\(z))e’\Z<1 R2>dz (6.13)

2mi

Let £ > 0 and to prove that G(0) — Gx(0) — 0 as A — oo there must exist a A\g such that
for all A > A\g

|G(0) = GA(0)] =

<e.

Imi /C (G(2) — Ga(2))e™ <1 n R2> &

Redoing the estimate for = = Re(z) > 0 gives

’(G(z)_GA(z))eM(ler) BIO)ED) e )20 2

B x =z ¢ R? - R?
and thus by using an ML-bound
1 v (1 1 2 1 e
= _ z - <
2 /c;g (G(=) = Gaz))e < R?) e T TR

for R > %. For the integral over C, first use the triangle inequality:

le'/R (G(2) — Ga(z)) e <1 R2> dx
<

1 s
<95 o G(z)e < R2>dz

Note that for Re(z) > 0 it was possible to write (see (6.9)))

Gl2) — Ga(2) = A T F()etdt.

However, for Re(z) < 0 there is no explicit integral formula for G(z), hence G and G
are treated separately. Note that the integral formula for G5(z) for Re(z) < 0 is still
valid. Recall that G)(z) was analytic on C, hence according to Cauchy’s theorem the
contour C' can be replaced by a semicircle in the left half-plane from iR to —iR (black
contour in figure , without changing the value of the integral:

1 Az 1 z _ Az 1
2mi Jo, Gaz)e < * R2> 2w /| ( R2>dz '

This change of contour is done in order to use (6.12)) again. Now, redoing the estimate for
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Im(z)
— iR
AR

<%}

Figure 6.2: The semicircle |z| = R with Re(z) < 0 and the parts Ar s and Brs from C},.

r = Re(z) < 0 gives

1 z
Az

G)\ (2)6 (Z + R2>
And by using an ML-bound

1 Ll oz 12 1 e

_ 2 = —_Jdzl < - =<z

ori /|z|R Galz)e (Z+R2> AT R TR
Re(z)<0

EID.ED >\ 2a| 2
76 —_— .
o]~ R2 R

for R > %. The last integral

1

1 z
- G Az [ = ~Z\d
2mi Jo- (2)e <z * R2> ®

is the most tricky one, since G on Cj, is an analytic extension and it is not known how it
actually looks like, but it is possible to find an Mg > 0 such that |G(z)| < Mg on Cp,.
For some d; with 0 < 01 < 6, the contour C}; is split in two parts: Agrs for Re(z) > —6;
and Bps for Re(z) < —d1. Both contours are shown in figure in respectively red and
green.

Note that on Bp s it holds that |e*?| < e™*% and that § < |2| < R. Hence, by using

an ML-bound
1 1 z 1 1 R
— Gl2)e* (= + = ) dz| < —7RMpe™ (= + =
21 J i (2)e <2+R2> = gpmRe TG T R
1 1 1
= _RM -4 = —Ad1
o1t R<6+R>

For fixed R and 4y this goes to zero as A — oco. The integral over Ar s becomes
1 1 z 1 01 1 1

— G(2)eM | = + = ) dz| < =—2Rarcsin [ — | Mg ( = + =

i f,, 0O (L ) | < go2maresin () v (5 )
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using |e*?| < 1 and that the arc length of AR equals 2R arcsin (%). So for fixed R, the
above expression goes to zero as d1 goes to zero.

To complete the proof, let € > 0 be given and fix § > 0 such that G is analytic inside
and on the closed contour Cr. Take R = % and then recall the results from above

1 a1 z 1 ¢
= _ (240 2 Y dsl <=2
5 /ng (G(z) — Ga(2))e (z + RZ) S E=1
and
1 1 z 1 €
— | Ga(z)eM -+ S5 )de| < 5 =
omi /C,; Az)e <z * R2> ISR 1
Also, choose a 41 such that 0 < §; < d and
1 a1 z €
—_— -+ = )d -
= G(z)e (z + R2> 2 <3

This is possible since the this integral goes to zero as §; — 0 (R is fixed). Finally,

1 1 z
- G Az [ = Z 4
271 /BR’5 (2)e <z + R2> ‘

for all A > Ag, since this integral goes to zero as A — oo (R and 9, are fixed). So it follows
that

<=
4

1 a1 z
— = | — — Z — —_— d
|G(0) — GA(0)] 5 /CR (G(z) G/\(Z))e (z + R2> z| <e
for all A > Ao, which completes the proof. O

6.4 Corollary to the Tauberian Theorem

Using the Tauberian theorem the corollary can be derived which will allow us to complete
the proof of the prime number theorem.

Corollary 6.8. Let f(x) be a nonnegative, piecewise continuous and nondecreasing func-
tion on [1,00) such that f(x) = O(z) as © — oo and that the integral

oo
g9(z) = z/ f(x)z™* tda
1
exists for Re(z) > 1 and defines an analytic function. Assume that for some constant ¢

9(2) —

C

z—1
has an analytic extension to a neighborhood of the line Re(z) = 1. Then

@%C as r — Q.
X

Proof. Let f(z) and g(z) be as assumed in the corollary. Define F(t) = e~ f(e!) — ¢ for
t € [0,00). First, check if this F' satisfies the conditions of the Tauberian theorem. The
condition f(x) = O(z) gives that

F(t)=etO(e") —c= 0(1),
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so F(t) is bounded on [0, 00), which is a hypothesis of the Tauberian theorem. Consider
the Laplace transform and apply the change of variables x = e

(_lf() ):U Ve

f 7272dx
_ ¢
o241 z
1 c
_ H-Soo),
Z+1(g(z+) z ¢

where

_ > —z—1
= Z/1 f(x)x dz

exists for Re(z) > 1 and is analytic because of the hypothesis of the corollary. So g(z+ 1)
exists and is analytic for Re(s) > 0. Furthermore, it follows from the assumptions that
g(z+1) — £ has an analytic extension to a neighborhood of the line Re(z) = 0. As a result,
the same holds for G(z ) Thus all conditions of the Tauberian theorem are satisfied, hence
it is obtained that [;~ F(t)d¢t exists and equals G(0).

Equivalently, in terms of f the integrals

/ T (et (et — o)t = /1 T (@) — o de

0

exist and are finite. To prove that ! (x) — c as x — 00, it must be shown that for any
€ > 0 there exists a constant M such that

J(@o) —c<2 and on)
X0 Zo

—c> —2¢

for all g > M. Suppose that this is not the case, then for a given £ > 0 and zg > M it is

assumed that
f(iUO)Z2E+C f(z0)
o o

<c—2e.

The first case, if x € [xo,pmo] with p := C+2’3 > 1, then
f(x) = f(zo0) = wo(c+ 22) = x(c +e),

where in the first inequality is used that f(x) is nondecreasing. Hence,

/mc0 <f£@ - c) e Ydr > /pxo (55(0;5) _ c> oV
> / " (6.14)

= ¢(log(pwo) — log(zo)) = log(p) >0, (p>1).
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However,

T2
/ (‘f(x)—c> x ldr -0 as T1,To —> 00
1

x
because floo (:17_1 f(x)— c)x_ldzv is convergent. So there exists a constant M such that for
all o > M
pzo
/ (f(x) — c> x 7V dx < elog(p). (6.15)
o x
Now, if 29 > max{M, M}, then equations (6.14) and (6.15) contradict. To conclude, for

xg sufficiently large (mo) <2 +c

The second case: %‘?ﬂ <c—2. Let p:= <% < 1fore < candlet 2 € [uxo, ).
Then

f(z) < f(zo) < zoplc—2¢) < z(c—e).

Again, integrating gives the contradiction

[ (18 [ (57 <o e

6.5 The Final Result

To complete the proof of the prime number theorem, apply corollary to f(z) = ¥(z).
We will check the conditions.

The Chebyshev psi function was defined for x > 0 as

Z log(p

pk<z

Hence, 9 (x) is nonnegative, piecewise continuous and nondecreasing on [1, c0) as the corol-
lary requires. Furthermore, in theorem it was proved that ¢ (x) has the asymptotic
behavior ¢(x) = O(x) as x — 00. In theorem [6.2] we found the integral

CI(S) =3 > T x—s—l T
) | e

for Re(s) > 1. In theorem it was proven that ((s) has an analytic continuation to

the half-plane Re(s) > 0 without s = 1 where it has a simple pole. Hence, —% has an

analytic continuation to a neighborhood of {s : Re(s) > 1,s # 1} provided that C(S) has
no zeros on that neighborhood. As stated several times before (see remark [3.4)), ¢(s) has
no zeros for Re(s) > 1. In addition, theorem proved that the zeta function has no
zeros for Re(s) = 1, so there exists a neighborhood of {s : Re(s) > 1,s # 1} on which

C((S)) is analytic. Since ((s) has a simple pole at s = 1, also —%)) has a simple pole at
= 1. Hence,
¢(s) 1

C(s) s—1

has an analytic extension to a neighborhood of the line Re(s) = 1.
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Corollary [6.8 now gives that
lim 71/1(37)

r—00 I

= 1,
which is equivalent to the prime number theorem

. T(@)105(@)

T—00 T

=1

according to theorem [5.16] This finishes the proof of the prime number theorem.

6.6 Final Remarks

The goals of this thesis were to construct an explicit formula for the prime counting func-
tion and to prove the prime number theorem at an undergraduate mathematical level.
After a general introduction about the gamma and zeta function, we finally succeeded in
constructing the formula and proving the prime number theorem. The construction of the
explicit formula for w(z) was quite technical and it took a lot of effort to prove most of
the details. Unfortunately, in section 4.4] one proof of switching an integral and sum is
missing. Nevertheless, the rest of the construction contains sufficient details to make it
understandable for an undergraduate mathematics student.

The prime number theorem was one of the highlights of mathematics in the nineteenth
century. The original proof was long and intricate since it requires the construction of
an explicit formula for v (z). This construction is similar to the construction of m(x).
Fortunately, a modern version of the proof, that was demonstrated above, only uses basic
knowledge from complex analysis, which makes the proof of the prime number theorem
understandable for mathematics students.
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Appendix A

Prerequisites from Complex
Analysis

This appendix contains the necessary knowledge and theorems of complex analysis. For
a complete introduction to complex analysis and the proofs, see for example |[Ash and
Novinger}, 2007], [Freitag and Busam, 2009] or [Asmar and Grafakos, 2018].

Cauchy Product Formula

Theorem A.1 (Cauchy product formula). Let a, and b, be complex valued sequences
such that Y o7 g an and Yo" b, are absolutely convergent series. Then

(55) () -5 ()

Corollary A.2. Letaiy,, ..., 0mu,, be complex valued sequences such that szzo A1y
> o Umu,, are absolutely convergent series. Then

k=1 v =0 v1=0 Vm=0
[e'e) V1 Um—1
= : : : : e : : a17yma27ym—l_ym e am7V1_V2'
v1=0v2=0 Vm =0

Complex Integration and Theorems
Definition A.3 (domain). A domain is an arcwise connected non-empty open set D C C.

Theorem A.4 (Cauchy’s theorem). Let f be analytic on a simply connected domain. If
v is a closed path in this domain, then

/7 f(z)dz = 0.

Theorem A.5 ((Generalized) Cauchy integral formula). Let f be analytic on a domain
that contains a simple closed path C with positive orientation and its interior. If z € C
lies in the interior of C, then
|
7™ (z) = G Ad(

27 J o (C _ Z>n+1
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and in particular,

1) = 5 | £

_277T’L CC—Z

Theorem A.6. Let C be a path and U an open set. Let f(z,() be a function defined for
z €U and ¢ € C. Suppose that f(z,() is continuous in ¢ € C and analytic in z € U and
that the derivative ﬁ(z, ) is continuous in ¢ € C. Then

dz
/ F(2,C)dc
C

= [ reoa= [ Zreod

Theorem A.7 (Liouville). Every entire function (i.e. an analytic function f : C — C)
which is bounded is constant.

1s analytic in U and

Theorem A.8 (Maximum modulus principle). Let D be a bounded domain and let f be
analytic on D and continuous on the closure of D. Then

(i) |f| attains its mazimum on the boundary of D,
(ii) f is constant if f attains a maximum in U.

Definition A.9 (Harmonic function). A function w : U — R is called harmonic if it
has continuous partial derivatives of first and second order in U and satisfies the Laplace
equation

Pu  %u

0.

Theorem A.10. The real and imaginary part of an analytic function defined on an open
set are harmonic.

Theorem A.11 (Maximum modulus principle for harmonic functions). Let U be a bounded
domain and let u be harmonic on U and continuous on the closure of U. Then

(i) w attains its mazimum on the boundary of U,
(ii) wu is constant if u attains a mazximum in U.

Theorem A.12 (Residue theorem). Let C' be a simple closed positively orientated path.
Suppose that f is analytic on C and in its interior, except for finitely many points
21,29, .., 2n inside C. Then

/ f(z)dz = ZWiZn:Res(f; Zi),
¢ i=1

where Res(f;z;) is the residue of f at z;.

Lemma A.13 (Shrinking path lemma). Assume that f is a continuous, complex valued
function on Br(z9). For 0 < e < R, let C. be a circle with positive orientation. Then

lim (2) dz = 2mif(zp).
el0 Jo. 2 — 20
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Corollary A.14. Assume that f is analytic in a deleted neighborhood of zg with a simple
pole at zg. Let € > 0 and let C; be a semicircle with positive orientation. Then

lim/ f(2)dz = miRes(f; zo).
Ce

el0

Convergence

Definition A.15 (Uniform convergence). A sequence of functions fo, fi, f2, ... with fy :
D — C for all n € N converges uniformly to the limit f : D — C if for every ¢ > 0 there
exists an N € N such that |f(z) — fu(2)| <€ for allm > N and all z € D.

Uniform convergence might not hold on the whole domain, but only on a subset: the
sequence f,, converges locally uniformly to f if for every a € D there exists a neighborhood
U of a such that f,|U N D is uniformly convergent.

Theorem A.16. Let fo, f1, fo,... : D — C with D C C open be analytic functions that
converge locally uniformly to the limit f : D — C. Then, f is analytic and the sequence
of derivatives (f)) converges locally uniformly to f'.

This theorem can be rewritten for series of functions, namely a series of functions
fot+ fi+ fo+--- with f, : D — C for all n € N with D C C converges (locally) uniformly
if the sequence of partial sums S,, := fo + fi1 + ... + fn converges (locally) uniformly. If
this holds, then by the above theorem lim,, oo Sp = > oo, fn =: f is analytic.

n=1

A stronger notion than absolute and uniform convergence is normal convergence.

Definition A.17. A series of functions > fn with
fm:D—=C, DeC, neN

converges normally in D if for each point a € D there is a neighborhood U and a sequence
(My)n>0 of nonnegative real numbers such that

(i) |fn(2)| < M, for allz€ UND and alln € N,
(ii) > My converges.

Normal convergence is precisely the condition for the Weierstrass M-test. So normal
convergence implies absolute and (local) uniform convergence. Hence, in the above the-
orem the condition of local uniform convergence can be replaced by normal convergence.
For series of functions this gives:

Theorem A.18. Let fo+ f1+ fo+ -+ with f, : D — C for all n € N a normally
convergent series of analytic functions on D C C open. Then, the limit function f is also
analytic and f' = fo+ f1+ fo+--- .

Power Series and Identity Theorem

Theorem A.19 (Power series expansion). Let f be analytic on an open subset D C C.
Assume that for some R > 0 the disk Br(zo) lies inside D. Then

e O LG
f(z)—gan(z—zo) wi an="1— n=012,..

for all z € Bg(zo).
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Theorem A.20 (Identity theorem for analytic functions). Let f,g : D — C be two
analytic functions with D # O a domain. Then, f = g if and only if the set {z € D :
f(z) =g(2)} has an accumulation point in D.

Corollary A.21 (Uniqueness of the analytic continuation). Let D C C be a domain,
M C D be a subset with at least one accumulation point in D and let f : M — C. If there
exists an analytic function f : D — C with f(z) = f(2) for all z € D, then f is unique
with this property.
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Infinite Products

An infinite product of factors a,, can be defined in terms of the complex logarithm, so that
the infinite product becomes an infinite series:

oo oo
H ap := exp Z Log(ay)
n=1 n=1

with

Log(z) = log |z| + iArg(z) defined on C~ = C\ (—o0,0].
First of all, it is assumed that the factors of the product converge to 1 (just as the sequence
of terms for a convergent series go to 0). Note that the sequence (b,,)>°; with b; = a; — 1
converges to zero. Hence, there exists an N € N such that |b,| < 1 for all n > N. So in
order to avoid the branch cut of the logarithm, define

0o N-1 00
H e H Qy - €XP Z Log(1 + by,)
n=1 n=1 n=N

because 1+ b, € C~ for n > N. Now, the infinite product of a,, is absolutely convergent
if the corresponding series > >, Log(1 + by,) is absolutely convergent. The power series
of Log(1 + z) for |z| < 1 is given by

oo

Log(l+2) = — Z(—m%.

n=1

For z € C and |z| small enough (for example |z| < 3) the following inequalities hold:

HLog(l +2)| — ]zH < ‘Log(l +2z)— z| = Z(—l)”% < Z %
n=2 n=2

2I° < 2 1
< E Sl < el < S
n=0

using in the second to last step that according to the geometric series > 7 o |z|™ < 2 for
2| < 1. This gives
K]
2
If 5°°° | |by| converges, then there exists an N € N such that |b,| < 3 for all n > N. This
implies

< |Log(1+2)| < g]z\

lon] |Log(1 + b,)| <

. bul- (B.1)

| W
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Hence, > > ,Log(1 + by,) converges. Conversely, if » > Log(1l + b,) converges, then

equation (B.1]) also applies, thus > >, |b,| converges.
To conclude, the infinite product [[ 7 a, converges absolutely if and only if the infinite
series > o7 by = > o7 1 (a, — 1) converges absolutely.

Remark B.1. The value of the convergent infinite product is zero if and only if at least
one of the factors is zero.

For series there were theorems about when the sum is analytic provided that all terms
of the series are analytic (theorem and [A.18]). A similar result holds for products.

Theorem B.2. Let (f,)22, a sequence of analytic functions with f, : D — C such that
>on2 fn converges normally. Then, f(z) := [~ (1+ fu(2)) converges normally and f(z)
is analytic. Also, if z € D and 1+ fn(z) #0 for alln € N, then

(2)
f(2) Z:14—]‘}1

where the series converges normally.
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Big-O and Little-o Notation

To analyse the behavior of a function when its argument tends to infinity without con-
cerning to much about the precise details, the Landau notation will be used. Let f (real
or complex valued) and g (real valued) be functions defined on an interval [z(,c0). Then

f(@) =0(g(z)) asz— oo,

if there exists an M > 0 and x; > o such that |f(z)| < M|g(x)| for all x > z;1. Usually,
just f(x) = O(g(x)) is written and x — oo behind it is omitted. Some properties are

f(x) = O(1) implies that f is bounded for z > x4,
O(f(z)g(x)),
(!k‘|g( )) O(g(x)) with & # 0,

(iv) f(z) = O(g(x)) implies that kf(z) = O(g(z)) for k € R.
If f1 =0(g1) and fo = O(g2), then

(v) fifa=0(g192),

(vi) fi + fo = O(max{gi, g2})

—~
=
=
~— N ~— =
/\
\_/
/—\
/‘\
\_/
~—

The notation f(z) = o(g(z)) is used if for every & > 0 there exists an z(¢) > xo such that
|f(z)] < elg(x)| for all z > x(e). This is equivalent to

@)
o ga)

Some properties are
(i) f(2) = o(1) implies that limy_u f(x) = 0,
ii) f=o(g) implies that f = O(g),
(iii) f(z) = o(g(x)) implies that kf(z) = o(g(x)) for k # 0,
iv) f = o(g) and g = o(h) implies that f = o(h).
If fi = o(g1) and fo = o(gs), then
(v) fifa = o0(g192)-
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