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Abstract
Bandgaps—frequency ranges with reduced vibration transmissibility in elastic structures, are an
opportunity for vibration control originating from the research on elastic metamaterials. In this
paper, we study the design for bandgap in slender beams with collocated piezoelectric patch
transducers. While creating bandgaps using shunted transducers is a well-established research
field, using structures with piezoelectric sensors, actuators, and feedback controllers for the
same application has not been thoroughly explored. This paper aims to study the use of the tools
originating from the active vibration control (AVC) field for bandgap generation in finite beams
with collocated piezoelectric sensors and actuators. Lightly damped second-order low-pass
filters are used as controllers in the same configuration as positive position feedback, widely
used for active damping. To facilitate the understanding of systems behaviour, we propose a
simplified model based on the Euler–Bernoulli beam theory. A modal analysis approach and an
assumption of an infinite number of transducers of infinitesimal length distributed along the
structure are used to predict the frequency range of the locally resonant bandgap in closed form.
The experimental part of the work demonstrates the feasibility of the proposed approach for
creating bandgaps in practice. Thanks to the insights from AVC, the control system can be
designed purely based on experimental frequency response data without the need for a
parametric model of the system. We also show that the uniform distribution of actuators is not
necessary for creating bandgap, which can be achieved in a structure with a relatively small
number of sparsely placed actuators and compare the obtained results with analytical
predictions for ideal metastructure. Low-frequency bandgaps placed between 10 and 320 Hz are
obtained in experiments.

Keywords: metastructure, bandgap, active vibration control, positive position feedback,
piezoelectric, feedback
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1. Introduction

A bandgap,in the context of flexible structures, refers to a spe-
cific range of frequencies where the magnitude of the struc-
tures transmissibility is lower than 1. The idea originates from
the research on elastic metamaterials but is promising for
applications beyond this narrowfield, for example, in vibration
isolation of structures excited by narrow-band disturbances.
Here, we focus on creating bandgaps in finite slender beams.
For such structures, using piezoelectric patch transducers to
obtain a bandgap is an appealing solution. Compact, highly
integrated designs with such transducers can easily be created
using existing, well-established technologies, and piezoelec-
tric patch transducers can be easily retrofitted on existing com-
ponents. Moreover, such a structure can have high stiffness,
which is beneficial in many applications [1].

The methods for vibration control in piezoelectric smart
structures can be divided into three categories, depending on
the transducers’ role, as illustrated in figure 1. While our focus
is on feedback systems presented in 1(b), we also provide a
description of the two remaining, with some representative
examples from literature. Active and passive electronic ele-
ments and discrete controllers can be used in all the configura-
tions. All the configurations can be used to implement tunable
or adaptive systems. Moreover, in all cases, careless design
and ignoring parasitic dynamics or time delays present in the
system may result in instability.

In the approach presented in figure 1(a), piezoelectric trans-
ducers are shunted using electric or electronic circuits [2].
The majority of the results on bandgap creation in systems
with piezoelectric transducers can be assigned to this category.
Since the related literature is vast, we do not aim to provide an
extensive review. Instead, we refer to a few selected papers
with representative examples. All the transducers used in such
a structure have the same role and are influenced in the same
manner by the presence of the shunt (this is clearly seen when
compared with feedback systems in figure 1(b), see e.g. the
section on modeling in [3]). Single or connected transducers
(like in figure 1(a)) can be used. The structure dynamics are
altered due to the coupling with the shunt dynamics, which are
often seen as a relationship between currents and voltages act-
ing on the transducers. Active shunts can be implemented as
‘voltage-controlled current-sources’ [4–6], which offer greater
design freedom and stronger influence on the structure’s prop-
erties, for example, when ‘negative capacitance’ shunts are
used [7–10].

In the structure presented in figure 1(b), transducers are
divided into two groups: sensors and actuators, which oper-
ate under different conditions. Here, we only provide a brief
description of the category and elaborate on the examples
from the literature that fit it later in this section. The charge
measured on the sensor is related to generalized displacement
at its location. The external voltage applied to the actuator
results in a generalized force applied to the structure [11].
The relationship between the signals of actuators and sensors
can be seen as generalized stiffness. In the electronic circuits

used to implement such a structure, subsystems for sensor sig-
nal conditioning, implementation of controller dynamics, and
amplification of actuator signals can be identified. Both col-
located and non-collocated sensors and actuators can be used.

In the approach presented in figure 1(c), the transducers
are used in the self-sensing mode. The self-sensing refers to
a single component acting as a sensor and actuator in a con-
trol system. While the term self-sensing is sometimes used to
describe shunt circuits, like the one presented in figure 1(a)
[12], there are other ways to implement this concept in vibra-
tion control with piezoelectric transducers. An overview of
available methods can be found in [13]. All the transducers in
the system have the same role, but the voltages applied to trans-
ducers are calculated based on the generalized displacements
recovered by dedicated electronic circuits. For this reason, the
same design approaches as for feedback systems presented in
figure 1(b) can be used. To the best of our knowledge, this
approach has not been used yet for the creation of bandgap in
slender structures.

While the use of piezoelectric structures with shunts for
bandgap creation is well-researched, the two other options
have been neglected. The few results utilizing feedback are
based on simple control methods, where the voltage of the
sensor is proportional to the sensor voltage (related to gener-
alized displacements) [14], its derivative with respect to time
(related to generalized velocities), its second derivative with
respect to time (related to generalized accelerations) [15, 16]
or a linear combination of those terms [17] are used. In this
way, the unit cells’ effective stiffness, damping, or inertia are
altered. Numerical analyses presented in these papers demon-
strate widened bandgap regions, dependent on the controller
gains when active feedback is used. While all aforementioned
papers use collocated sensors and actuators, non-collocation
is used to obtain non-reciprocal properties in [18].

In the scope of the classification presented in figure 1, the
results utilising enhanced shunting circuits should also be cat-
egorised as feedback systems. The enhanced circuits presen-
ted in [3, 19, 20] consist of two collocated piezoelectric patch
transducers. While the properties of one (the actuator) are
influenced by the resonators present in the circuits, the other
remains uninfluenced and acts as a sensor. In [19], the feed-
back loop consisting of a charge amplifier for sensor signal
conditioning, a microprocessor for implementation of a digital
controller and an actuator amplifier is studied. Feedback loops
implemented in structures with collocated sensors and actuat-
ors using only analogue electronic elements have been used
in [3, 20]. In all three papers, the influence of the feed-
back system on the structure was modelled by introducing
frequency-dependent elastic moduli of the actuators, defined
by the feedback loop dynamics. Dispersion properties of infin-
ite metamaterial were analyzed using Bloch’s boundary con-
dition, and the behaviour of finite metastructures was shown
experimentally.

Generating bandgaps in structures with sensors and actuat-
ors by actively implementing resonant dynamics in the feed-
back loop is a neglected research directionwith great potential.
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Figure 1. Different configurations for vibration control in slender structures with piezoelectric transducers. In (a), all the transducers have
the same role and the shunt is designed as an electrical impedance. In (b), transducers are divided into sensors and actuators, and the
feedback controller can be seen as generalized stiffness. In configuration (c), only actuators are used in the system and the displacements at
their locations, necessary to implement the feedback loop, are recovered using dedicated circuits.

The use of such smart structures for resonance peak damp-
ing, which is a closely related topic to bandgap creation,
is well researched, and this knowledge can be translated to
the bandgap problem (see examples in [11, 21]). While the
feedback configuration is an alternative to commonly used
shunt circuits, we do not claim it is better in any sense. We
expect each configuration to have benefits and drawbacks
depending on the application.

In this paper, we study bandgap generation in finite beams
with collocated piezoelectric patch sensors and actuators, with
the controller implemented digitally. To the best of our know-
ledge, the only paper studying such a configuration is [19].
What differentiates this work from [19] are the modeling and
control approaches used. Lightly damped second-order low-
pass filters are used as controllers, in the same configuration
as in the positive position feedback (PPF) [11, 22] widely
used for active damping. From the control theory perspective,
bandgap generation in a finite structure is a rather simple prob-
lem, and the stability of the system can be easily assured using
the negative imaginary (NI) systems theory if the underlying
assumptions are satisfied [23]. For this reason, these aspects
are not presented in the paper. The major advantage of the
proposed control approach is that the practical design of the
controller can be based on the experimental frequency domain
data, without a need for a parametric model of the system. The
paper’s contributions focus on modelling the system, predict-
ing the bandgap region in a finite structure and implementing
the proposed approach practically.

To facilitate the understanding of systems behaviour, we
propose a simplifiedmodel based on the Euler–Bernoulli beam
theory, where the influence of each of the actuators is repres-
ented by a pair of moments related to the signal of the cor-
responding sensor. Bandgap analysis and predictions in [19]
are based on the assumption of travelling waves in an infinite
medium. However, this approach ignores the characteristics of
finite structures and does not take advantage of the modal rep-
resentation typically used for the analysis of such structures
[24]. A method to predict a locally resonant bandgap in piezo-
electric beams in shunt configuration under the assumption
of an infinite number of transducers applied was developed
in [25]. The approach was extended to piezoelectric metama-
terial plates in shunt configuration in [26]. As a contribution
of this work, we adopt the method developed in [25] to the
piezoelectric metamaterial beams in sensor-actuator configur-
ation and estimate the influence of a feedback loop on such a

structure in a closed form under the same assumptions. The
estimation is valid for arbitrary feedback loop dynamics that
can be designed for active damping, bandgap generation or
other objectives.

In the experimental part of the paper, we demonstrate that
bandgap (seen as a significant reduction of vibration trans-
missibility magnitude below 1 at a selected frequency range)
can be created in practice with the sensor and actuator config-
uration and feedback control. To the best of our knowledge, we
are first to report such an achievement, as in [19], only reson-
ance peak attenuation was presented experimentally using the
studied configuration. We also show that the uniform distribu-
tion of actuators is not necessary for creating bandgap, which
can be achieved in a structure with a relatively small number
of sparsely placed actuators. We also acknowledge the import-
ance of parasitic effects, not captured in the theoretical models
and show their influence on the obtained bandgap by conduct-
ing numerical analysis in parallel to experiments.

The structure of the paper is as follows. Section 2 presents
the model of the studied structures and the considered con-
trol system architecture. In section 3, we study the bandgap in
metastructure using the assumption that an infinite number of
transducers are placed on the structure. In section 4, we focus
on smart structures with sparsely placed transducers and cre-
ating bandgaps in practice. Section 5 concludes the paper.

2. System description

The purpose of the model derived here is to provide insights
into the behaviour of the system. The controllers used in the
physical setup and presented in section 4 are tuned based on
experimentally measured frequency response functions of the
structure instead of analytical models. For this reason, a pos-
sibly simple model, not including the minute details of the sys-
tem, is derived.

The system under consideration is schematically presen-
ted in figure 2. It consists of a beam with a rectangular cross-
section embedded with S collocated piezoelectric sensor and
actuator pairs. The objective of the control system is to limit
the influence of base excitation and external disturbance forces
on the vibrations of the structure at the point of interest at a tar-
geted frequency range. The model of the structure, including
the mechanical and electrical domains, which has been adop-
ted from [25] by implementing the relationship between the

3



Smart Mater. Struct. 33 (2024) 125039 M B Kaczmarek and S H HosseinNia

Figure 2. Schematic representation of the considered system. To
simplify the modelling of the structure, the influence of the signal
conditioning and actuator amplifiers are included in the model of the
beam and represented by static gains. This approach is in line with
the common practice in experimental system identification.

sensor signal, controller and voltage applied to the actuator,
is presented in section 2.1. Section 2.2 presents the control-
related aspects of the system.

2.1. Model of the system

We assume the beam has a constant cross-section consisting of
two continuous and symmetrically located piezoelectric layers
sandwiching a central substrate. The piezoelectric layers are
poled in the thickness direction. The electrodes are segmen-
ted, forming transducer pairs on opposite sides of the beam,
such that transducers in one layer have the role of sensors and,
in the other, act as actuators. The electrode layers and bonding
layers are treated as having negligible thickness. The slender
composite beam, subject to specified boundary conditions, is
modelled based on the Euler–Bernoulli beam theory, presum-
ing geometrically small oscillations and linear-elastic mater-
ial behaviour. For simplicity, it is assumed that the beam is
undamped; however, the modal damping can be easily intro-
duced later in the analysis.

In the model, the bending centre is assumed to be located
at the geometric centre of the beams cross-section. However,
due to the use of the sensor and actuator configuration of the
piezoelectric transducers, the response of the bottom piezo-
electric patch would be strongly distinguished from the upper
one, which leads to a mismatch of the geometric centre and
the bending centre locations and limited accuracy of the
model. Nevertheless, the model sufficiently captures the sys-
tem behaviour.

For the structure excited by some base displacement wb(t)
and external transverse force with density f(x, t) with relative
vibration w(x, t), the governing equations in physical coordin-
ates are

EI
∂4w
∂x4

+m
∂2w
∂t2

− kAϑ
S∑

j=1

v2,j (t)
d2

dx2
[
H
(
x− xLj

)
−H

(
x− xRj

)]
=−m(x) ẅb (t)+ f(x, t) , (1)

q1,j (t) = kSϑ∆w
′
j , (2)

ÿ(t) = ẅb (t)+ ẅ(xT, t) , (3)

where w(x, t) is the transverse displacement of the beam at
position x and time t, and H(x) is the Heaviside function. ÿ(t)
denotes the acceleration at the point of interest xT. The seg-
mented electrodes are numbered j = 1 . . .S, with each elec-
trode starting at x= xLj and ending at x= xRj with the total
length ∆xj = xRj − xLj . The voltage v2,j(t) applied to the jth
actuator is generated by an external amplifier with amplific-
ation factor kA. The charge q1,j(t)measured at the jth sensor is
proportional to the difference of slopes at the extremities of the
transducer∆w ′

j = w ′(xRj )−w ′(xLj ) [11], with a factor depend-
ent of the signal conditioning circuit kS. Furthermore, EI is the
short circuit flexural rigidity,m is the mass per length, and ϑ is
the electromechanical coupling term in physical coordinates,
given by

EI=
2b
3

(
cs
h3s
8
+ c̄E11

[(
hp +

hs
2

)3

− h3s
8

])
, (4)

m= b(ρshs + 2ρphp) , (5)

ϑ= ē31b(hs + hp) , (6)

cs, ρs, and hs are the central substrate layer’s elastic modulus,
mass density, and thickness, respectively, while b is the width
of the beam. The piezoelectric layers have mass density ρp,
thickness hp, width b, elastic modulus at constant electric filed
c̄E11, effective piezoelectric stress constant ē31, and permittivity
component at constant strain ε̄S33, where the overbars indicate
effective material properties for 1D thin layers reduced from
3D constitutive equations as

c̄E11 =
1
sE11

, (7)

ē31 =
d31
sE11

, (8)

where sE11 is the elastic compliance at constant electric field,
d31 is the piezoelectric strain constant.
Using an assumed-modes type expansion with N modes, the
transverse displacement of the beam is expanded as

w(x, t) =
N∑
r=1

ϕr (x)ηr (t) , (9)

where ηr(t) are the modal weighting and ϕr(t) are the mode
shapes of the beam for a given set of boundary conditions (at
short circuit) normalized such that

ˆ L

0
mϕr (x)ϕs (x) = δr,s, r,s= 1,2, . . . (10)

ˆ L

0
EIϕr (x)

d4ϕs
dx4

dx= ω2
r δrs, r,s= 1,2, . . . (11)
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where L is the length of the beam, ωr is the rth natural fre-
quency, and δrs is the Kronecker delta. Note that (11) can be
written in symmetric form

ˆ L

0
EI

d2ϕr
dx2

d2ϕs
dx2

dx= ω2
r δrs, r,s= 1,2.

Substituting (9) into (1)–(3), multiplying by some mode
shape ϕk(x), and integrating across the beam, the governing
equations can be obtained in modal coordinates as

η̈r (t)+ω2
r ηr (t)− kAϑ

S∑
j=1

v2,j (t)∆ϕ ′
r,j = qw,r (t)+ qf,r (t) ,

(12)

q1,j (t) = kSϑ
N∑
r=1

∆ϕ ′
r,jηr (t) , (13)

ÿ(t) = ẅb (t)+
N∑
r=1

ϕr (xT) η̈r (t) , (14)

where the free indices r and j are assumed to go from 1 . . .N
and 1 . . .S, respectively,

∆ϕ ′
r,j =

(
dϕr
dx

)xRj

xLj

=
dϕr
dx

(
xRj
)
− dϕr

dx

(
xLj
)

is the difference in slope of the r th mode between the ends of
the j th electrode and the modal forcing is given by

qw,r (t) =−ẅb (t)
ˆ L

0
mϕr (x)dx, (15)

qf,r (t) =
ˆ L

0
f(x, t)ϕr (x)dx. (16)

Taking the Laplace transform of the governing equations we
obtain

(
s2 +ω2

r

)
Hr (s)− kAϑ

S∑
j=1

V2,j (s)∆ϕ ′
r,j = Qw,r (s)+Qf,r (s) ,

(17)

Q1,j (s) = kSϑ
N∑
r=1

∆ϕ ′
r,jHr (s) , (18)

ÿ(s) = ẅb (s)+
N∑
r=1

ϕr (xT)s
2Hr (s) , (19)

where, with some abuse of the notation,Hr(s),V2,j(s), Q1,j(s),
Y(s),Qw,r(s),Qf,r(s) denote Laplace transforms of the time
signals ηr(t),v2,j(t),q1,j(t),y(t), qw,r(t),qf,r(t).

To study the transmissibility of the system, it is beneficial to
express the base excitation in terms of acceleration. This leads
to the modal forcing in the Laplace domain

Qw,r (s) =−ẅb (s)
ˆ L

0
mϕr (x)dx. (20)

Focusing on the measurable signals we have then

Q1,j (s) = kSkAϑ
2

S∑
k=1

N∑
r=1

∆ϕ ′
r,j∆ϕ ′

r,k

s2 +ω2
r

V2,k (s)

− kSϑ
N∑
r=1

∆ϕ ′
r,j

s2 +ω2
r

ˆ L

0
mϕr (x)dx ẅb (s) , (21)

ÿ(s) = kAϑ
S∑

k=1

N∑
r=1

s2ϕr (xT)∆ϕ ′
r,k

s2 +ω2
r

V2,k (s)+ ẅb (t)

−
N∑
r=1

s2ϕr (xT)
s2 +ω2

r

ˆ L

0
mϕr (x)dx ẅb (s) . (22)

Taking into account that

N∑
r=1

ϕr (xT)
ˆ L

0
mϕr (x)dx= 1 (23)

we have

ÿ(s)
ẅb (s)

= 1−
N∑
r=1

s2ϕr (xT)
s2 +ω2

r

ˆ L

0
mϕr (x)dx

=
N∑
r=1

ϕr (xT)
ˆ L

0
mϕr (x)dx

ω2
r

s2 +ω2
r
. (24)

2.2. Control structure

The controller dynamics describe the relationship between the
measured sensor outputs and actuation inputs. While various
control architectures are available in the literature, we con-
sider only amulti-single-input, single-output (SISO) structure,
where the voltage applied to jth actuator v2,j(t) depends only
on the charge measured at the corresponding jth sensor q1,j(t)

V2,j (s) = Cj (s)Q1,j (s) . (25)

A positive feedback interconnection is used. When the piezo-
electric sensor and actuator are collocated, the transfer func-
tion between the corresponding signals

GQj/Vj (s) =
Q1,j (s)
V2,j (s)

= kSkAϑ
2

N∑
r=1

∆ϕ ′
r,j∆ϕ ′

r,j

s2 +ω2
r

(26)

has the characteristic pattern of alternating poles and zeros,
which can be used to guarantee the stability of the SISO con-
trol system. In a multiple-input, multiple-output case, the sta-
bility properties of flexible structures with collocated sensors
and actuators are captured by the NI systems theory [23].
Transfer functions of finite flexible structures with collocated
(generalized) force inputs and (generalized) position outputs,
like the one of the system considered in this paper, are strictly
NI [23].

A PPF [11, 22] controllers in the SISO form are used,
described by

C(s) =
kc

s2/ω2
c + 2sζc/ωc + 1

, (27)

5



Smart Mater. Struct. 33 (2024) 125039 M B Kaczmarek and S H HosseinNia

where ωc, ζc,kc > 0. The transfer function of PPF is charac-
terized by a resonance peak, and thanks to the roll-off at high
frequencies, the controller can be implemented in practice, as
this minimizes the risk of destabilizing the system in the pres-
ence of parasitic dynamics and time delays.

To simplify the design of the control system, controllers for
all transducer pairs have the same strictly NI dynamics C(s)
with individually selected gains. We select the gain for each
controllerCj to be equal to the inverse of the steady-state value
of the transfer function between Q1,j and V2,j

Cj (s) = gjC(s) , gj = G−1
Qj,Vj (0) . (28)

With this control structure, the stability of the closed-loop sys-
tem can be concluded using the NI theory when C(0)⩽ 1.

Any experimental system inevitably includes parasitic
dynamics and time delays. It is, therefore, essential to ensure
that the dynamics of the structure can be accurately cap-
tured by an NI model in the relevant frequency range.
Additionally, evaluating the stability margins of the colloc-
ated pairsGQj,Vj(s)Cj(s) is a quick way to notice possible chal-
lenges for the systems stability.

3. Bandgap in active metastructures

In this section, we consider bandgap formation using the feed-
back approach in a metastructure, which is a finite structure
consisting of repeated identical unit cells. In section 3.1, we
provide an approximate analysis method under the assump-
tion of the infinite number of transducers applied. section 3.2
shows the influence of the PPF controller on the bandgap gen-
eration. In section 3.3, we validate the developed method and
show its applicability for structures with a finite number of
transducers in a numerical analysis.

3.1. Ideal case with S→∞ and ∆xj → 0

In this section, using the approach introduced in [25], we
approximate the dynamics of the system as S→∞ and∆xj →
0. A closed-loop description of the considered control system
can be obtained by substituting (28), (18) into (17)

(
s2 +ω2

r

)
Hr (s)− kSkAϑ

2
S∑

j=1

N∑
k

∆ϕ ′
k,j∆ϕ ′

r,jCj (s)Hk (s)

= Qw,r (s)+Qf,r (s) . (29)

The system of equations described by (29) cannot be read-
ily solved for a simple analytical expression for the modal
weightings Hr(s) due to the coupling from the presence of
transducers.

For each transducer pair, the gain of the controller is related
to the steady-state value of the transfer function between the
charge and voltage in the pair, as described in (28). Using (2) in
the physical coordinates, for infinitesimally long transducers
we have

lim
∆xj→0

q1,j = kSϑ∆w
′
j = kSϑ

∆w ′
j

∆xj
∆xj

= kSϑ
d2w
dx2

(xj)∆xj. (30)

The influence of the voltage v2,j applied to the jth actuator can
be represented by a pair of moments Mj =−kAϑv2,j acting at
the actuator’s extremities [11]. The relationship between the
voltage v2,j applied to the jth transducer and the local curvature
of the beam is then

d2w
dx2

(xj) =
−1
EI

M= kA
ϑ

EI
v2,j. (31)

Combining the two formulas we get

lim
∆xj→0

q1.j = kSkA
ϑ2

EI
∆xjv2,j, (32)

lim
∆xj→0

GQ/V,j (0) = kSkA
ϑ2

EI
∆xj. (33)

By combining (29) with (28) and (33) we have

Hr (s)
(
s2 +ω2

r

)
− kSkAϑ

2
S∑
j

N∑
k

∆ϕ ′
k,j∆ϕ ′

r,j
EI

kSkAϑ2

1
∆xj

C(s)Hr (s)

= Qw,r (s)+Qf,r (s) , (34)

Hr (s)
(
s2 +ω2

r

)
−C(s)

N∑
k

S∑
j

EI
∆ϕ ′

k,j

∆xj

∆ϕ ′
r,j

∆xj
∆xjHr (s)

= Qw,r (s)+Qf,r (s) . (35)

In the limit as ∆xj → 0, S→∞

lim
S→∞

lim
∆xj→0

S∑
j

EI
∆ϕ ′

k,j

∆xj

∆ϕ ′
r,j

∆xj
∆xj

=

ˆ L

0
EI

d2ϕk
dx2

d2ϕr
dx2

dx= ω2
r δkr. (36)

Although this simplification is only exact in the limiting case,
it can serve as a good approximation for a finite number of
electrodes, as has been shown in [25] for piezoelectric struc-
tures with shunts. Equation (35) then becomes

Hr (s)
(
s2 +ω2

r

)
−C(s)ω2

rHr (s) = Qw,r (s)+Qf,r (s) . (37)

The transfer function

Hr (s)
Qw,r (s)

=
Hr (s)
Qf,r (s)

=
1

s2 +ω2
r (1−C(s))

(38)

can be used to predict the bandgap location for certain excita-
tions, for example, see [25], where the vibrations of the beam
are excited by one of the piezoelectric patch transducers. It can
be interpreted as generalized compliance, where the presence
of the piezoelectric transducers and control systems leads to a
frequency-dependent dynamic modal stiffness 1+C(s).
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When the goal of the bandgap is to prevent the excitation of
a system by base vibrations, the relationship between ÿ and ẅb
has to be considered. Taking into account (19), (20) and (23)
we get

T(s) =
ÿ(s)
ẅb (s)

= 1−
N∑
r

s2

s2 +ω2
r (1−C(s))

ϕr (xL)
ˆ L

0
mϕr (x)dx

=
N∑
r

ϕr (xL)
ˆ L

0
mϕr (x)dx

(
ω2
r (1−C(s))

s2 +ω2
r (1−C(s))

)
.

(39)

The results presented in (38) and (39) represent the influ-
ence of controller dynamics on bandgap generation and are
valid for arbitrary controllers designed as described in (28).
Note, that the generalized compliance (38) can be rewritten as

Hr (s)
Qf,r (s)

=
1

s2 +ω2
r

1

1− 1
s2+ω2

r
ω2
rC(s)

,

which is equivalent to a feedback interconnection of the
dynamics of the structure in the absence of the controller and
the term related to the controller−ω2

rC(s). Using this, suitable
controllers for generating bandgap in considered systems can
be found by using the loop-shaping approach demonstrated in
[27]. The same relationships could be used to find optimal con-
trollers for such an application.

3.2. Bandgap generation with PPF

This section shows the feasibility of creating a bandgap with
a PPF controller using relations (38) and (39). For (27) we
obtain

Hr (s)
Qf,r (s)

=
s2/ω2

c + 2ζcs/ωc + 1
(s2 +ω2

r )(s2/ω2
c + 2ζcs/ωc + 1)− kcω2

r
, (40)

which is characterized by an anti-resonance at frequency ωc

and leads to bandgap boundaries

ωc

√
1− kc < ω < ωc. (41)

As in the classical active-damping case, the use of PPF leads
to softening of the structure which can be seen by taking the
steady-state value of (40) ω−2

r (1− kc)−1. When the PPF con-
troller (27) is used directly in (39) we obtain (42) (see the next
page)

T(s) =
N∑
r

ϕr (xL)
ˆ L

0
mϕr (x)dx

×

(
ω2
r

(
s2/ω2

c + 2ζcs/ωc + 1− kc
)

(s2 +ω2
r )(s2/ω2

c + 2ζcs/ωc + 1)− kcω2
r

)
, (42)

which, in the absence of damping, is characterized by an anti-
resonance at ωc

√
1− k. The poles of the transfer functions

remain within the limits described in (41), so the bandgap will
appear at the same range of frequencies. The relationship (41)
suggests that with the gain kc = 1 it is possible to create a mar-
ginally stable structure with a bandgap region spanning from
the static regime to arbitrarily high frequency ωc. However,
due to time delays and parasitic dynamics present in any phys-
ical control system, the useable values of kc and ωc are limited
for stability reasons.

The antiresonance in the transmissibility of a metastruc-
ture with a PPF controller not overlapping with the corner
frequency of the controller ωc may be inconvenient in many
applications. For this reason, we propose a modified descrip-
tion for the controller

C(s) =
kc

s2/ω2
c + 2sζc/ωc + 1+ kc

, (43)

which results in

Hr (s)
Qf,r (s)

=
s2/ω2

c + 2ζcs/ωc + 1+ kc
(s2 +ω2

r )(s2/ω2
c + 2ζcs/ωc + 1)+ kcs2

, (44)

and the closed-loop transmissibility given in (45) (see the next
page).

T(s) =
N∑
r

ϕr (xL)
ˆ L

0
mϕr (x)dx

×

(
ω2
r

(
s2/ω2

c + 2ζcs/ωc + 1
)

((s2 +ω2
r )(s2/ω2

c + 2ζcs/ωc + 1)+ kcs2)

)
. (45)

In this case, the bandgap boundaries are

ωc < ω < ωc

√
1+ kc, (46)

and an antiresonance at frequency ωc appears in the transmiss-
ibility transfer function. The control system with (43) should
be stable for any kc > 0 in the absence of parasitic dynamics
and time delays.

3.3. Finite number of transducers and validation of the
bandgap size

In this subsection, we show that the infinite-transducer approx-
imation and the resulting bandgap region predictions are
accurate, for a sufficient number of uniformly distributed
transducer pairs. All the controllers corresponding to the trans-
ducer pairs are tuned with the same parameters, as described
in section 2.2. Consider a uniform cantilever beam of length
L with S evenly spaced transducer pairs, such that xLj =
( j− 1)L/S,xRj = jL/S. The numerical studies presented here
focus on the beam excited by the base motion. The systems
response and the resonance frequencies can be obtained using
the description in the modal domain (17)-(19) and common
dynamical system techniques. Sets of plots showing the res-
onant frequencies and the transmissibility from base excita-
tion to the tip acceleration for the cantilever beam are shown
in figures 3 and 4.

Figure 3 shows the influence of the gain kc on the width
of the bandgap. The subsequent plots were generated using

7
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Figure 3. Transmissiblity and resonances of a finite length piezoelectric metastructure versus the number of unit cells S. Subfigures present
the results for PPF controllers tuned target frequency ωc = 50ω1 with different controller gains kc. Small circles indicate resonant
frequencies of the full system, and the heatmap shows transmissibility on a log scale. Dashed lines show the expected bandgap edge
frequencies for sufficiently large numbers of transducers. Solid lines track two resonances of the full system, ωS and ωS+1.

controllers with different values of kc and the same remaining
parameters. The bandgap region is indicated in the transmiss-
ibility plot by a reduction of magnitude over a range of fre-
quencies. The solid lines in the plots highlight the resonant fre-
quencies ωS,ωS+1, which according to [24] indicate the effect-
ive bandgap span. As S increases, the bandgap region con-
verges to the theoretical prediction in (41). For increasing val-
ues of kc the width of the badgap region increases in line with
the prediction. What is interesting, for a structure with 4 trans-
ducer pairs, a wider region of transmissibility reduction can be
seen, despite the presence of some resonance peaks within it.

Figure 4 shows the influence of the corner frequency ωc on
the behaviour of the system. The subsequent plots were gen-
erated using controllers with different values of ωc and the
same remaining parameters. The number of transducer pairs

required for the limits of the bandgap region to converge to the
theoretical prediction increases with the increasing ωc. This
may be related to the spatial resolution of the transducer array
necessary for the shapes of the higher-frequency modeshapes.

In the studied cases of the active piezoelectricmetastructure
with a PPF controller, if the gain kc is sufficiently high, the
highest effective bandgap width achieved is the same as the
theoretically predicted value (41). This is a different behaviour
than in the case of metastructures with shunted piezoelectric
transducers in [28] and metastructures with mechanical reson-
ators in [24]. This may depend on the dynamics of the control
element used and may require further investigation. Moreover,
in some cases (for example figure 3(b) with S= 4) the trans-
missibility of the structure is lowered in a range of frequencies
despite the presence of resonance peaks in the same range.

8
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Figure 4. Transmissiblity and resonances of a finite length piezoelectric metastructure versus the number of unit cells S. Subfigures present
the results for PPF controllers tuned with different target frequencies ωc and the same controller gain kc = 0.5. Small circles indicate
resonant frequencies of the full system, and the heatmap shows transmissibility on a log scale. Dashed lines show the expected bandgap
edge frequencies for sufficiently large numbers of transducers. Solid lines track two resonances of the full system, ωS and ωS+1.

4. Experimental structure with sparsely placed
transducer pairs

This section demonstrates that the proposed feedback method
can be used in practice for bandgap creation in structures with
sensor and actuator configuration. The results presented here
should not be seen as a validation of the approximation presen-
ted in section 3. Instead, we intend to compare the bandgap
crated in realistic conditions and the bandgap edge frequencies
expected in an ideal metastructure. Covering the entire struc-
ture with multiple small transducer pairs, which is required
for the theoretical predictions to hold, may be impractical in
many cases. The use of a high number of transducer pairs leads
to a need for a high number of amplifiers for actuators and

sensor signal conditioning. This drives the cost of a setup up
and would discourage the use of bandgap in many practical
applications.

The idea that periodicity is a requirement for wave
attenuation and bandgap formation was demystified in [29],
with an example of a finite beam with shunted piezoelec-
tric transducers. Here, we show a similar result in a sys-
tem in the feedback configuration.What is more, we show
that, in some cases, such an arrangement may produce much
wider bandgaps than the commonly used periodic arrange-
ments. For transparency, we conduct the analysis in parallel
on an experimental setup and its numerical model proposed
in section 2. Despite the discrepancies, the model is suffi-
cient to provide insights into system behaviour. The studied

9
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Figure 5. Illustration of the experimental setup. The main substrate of the structure is a slender aluminum alloy beam with thickness
hs = 2 mm and dimensions presented in 5(b). ρs = 2700 kg m−3 and cs = 69 GPa assumed for simulations. Collocated piezoelectric patch
transducers PI P-876.A15 DuraAct are used as both sensors and actuators.

experimental setup is presented in section 4.1. The open-
loop characteristics are presented in section 4.2. The obtained
bandgaps are shown in section 4.3.

4.1. Experimental setup

The studied structure is presented in figure 5, with the
dimension of the setup in figure 5(b). The main substrate of
the structure is a slender aluminum alloy beam,with ρs = 2700
kg m−3 and cs = 69 GPa assumed for simulations. The base of
the beam is clamped to vibration exciter Brüel & Kjaer type
4809 powred with amplifier Brüel & Kjaer type 2706. The
vibrations of the tip and the base of the structure are meas-
ured by a pair of accelerometers Brüel & Kjaer 4508 B. Their
signals are used to calculate the transmissibility of the system
and determine the performance. Collocated piezoelectric patch
transducers PI P-876.A15 DuraAct are used as both sensors
and actuators. Four pairs of piezoelectric patch transducers
are used to create bandgap in the structure. In-house-made
charge amplifiers, based on TL074 operational amplifiers and
designed as described in [30] withCf = 200 nF andRf = 2MΩ
are used to condition the signals of the sensors. The transfer
function between the charge of the sensor and the amplifier
voltage output is

V0

Q
=

−Rfs
(RfCfs+ 1)(Ri (Cp +Cc)s+ 1)

. (47)

The two poles of the transfer function are ω1 = 1/RfCf and
ω2 = 1/Ri(Cc +Cp) and the gain of the flat frequency band
is 1/Cf. Four Dual-Channel 300 V Amplifiers BD300 drive
each of the actuators. The controllers are implemented digit-
ally in the NI cRIO-9039 FPGA with the sampling frequency

10 kHz and the same system is used to monitor and record the
performance signals. Module NI9215 is used to measure the
sensor signals from charge amplifiers, module NI9234 is used
for acceleration measurements and module NI9264 is used
to generate excitation signals for the shaker and piezoelectric
actuators.

The numerical model of the systems is created in the
modal-domain based on (17)-(19) and common dynamical
system techniques. The influence of the charge amplifiers for
sensors and the high-voltage amplifiers for the actuators are
modelled as static gains.

4.2. Open-loop results

The open-loop responses of the system (in the absence of con-
trol) have been measured by sending a frequency sweep sig-
nal to each of the input channels of the system separately.
The open-loop frequency responses between the base and tip
accelerations and signals of two pairs of sensors and actuators
are compared with the model results in figure 6. Only 3 out
of 5 input–output pairs are presented for clarity. The general
characteristics of the system are well captured in the model.
The differences in gain in the cross-coupling terms between
the transmissibility and piezoelectric channels do not have a
large influence on the accuracy of performance predictions, as
will be demonstrated later. The diminishing magnitude of the
experimental transmissibility, more clearly visible in figure 8,
is caused by the influence of the mass of the accelerometer
placed at the tip of the beam. Frequency responses between
the voltage and charge of the collocated sensors and actuat-
ors are presented in figure 7. Here, the differences between the
experimental setup and themodel are clearly visible.While the
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Figure 6. Open-loop magnitudes of the frequency response of the considered system, obtained from simulations (red) and experiments
(blue). Only signals of two piezoelectric transducer pairs are presented for visibility.

Figure 7. Frequency responses between the voltage and charge of the collocated sensors and actuators of the considered system. Each line
corresponds to a different transducer pair.

model predicts that the low-frequency gains of the frequency
responses should be the same, they differ in the experimental
results. This could be caused by the manufacturing tolerances
of the transducers, variations in the glueing of the transducers,
soldering connections and alignment of the transducers. The
influence of the charge amplifiers, not captured in the model,

can be clearly seen in the experimental phase plot, where at
low frequencies the phase exceeds the 0◦ asymptote. The influ-
ence of the time delay can be seen in the phase lag appearing at
high frequencies. Despite these parasitic effects, in the studied
frequency range between 5 Hz and 1000 Hz, the dynamics of
the systems can be considered NI.
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Figure 8. Transmissibility of the smart structures with sparsely placed transducers pairs, obtained from simulations and experiments.
Different colour lines present the results with controllers tuned for different target frequencies and the same gain kc = 0.5. Vertical dashed
lines indicate the expected bandgap edge frequencies for a fully-covered metastructure with a sufficiently high number of transducer pairs.

4.3. Closed-loop results

In finite structures, the modal behaviour significantly influ-
ences the created bandgap. To showcase this, we consider
bandgaps targeting different frequency ranges. Influencing
the structure’s behaviour is relatively easy close to resonance
peaks since the high gain of the response of the structure
leads to increased loop gain |GQj/Vj(s)Cj(s)|. This case is well-
researched in the active damping literature, where the object-
ive of the controller is to reduce the magnitude of the res-
onance peaks of the structure. A bandgap targeting frequen-
cies between resonance peaks may benefit structures excited
by narrow-band disturbances. In such a case, the system’s
behaviour primarily depends on the controller’s gain since the
structure’s response does not help with increasing the loop
gain. While some related results in the active vibration con-
trol literature are available [31], this topic is significantly less

studied than the active damping case. Exploring this, is a con-
tribution of this work.

Figure 8 demonstrates the modelled and experimentally
measured closed-loop bandgaps created using feedback con-
trol. The gains of the controllers were determined individu-
ally for each of the feedback loops according to (28), based on
the corresponding modelled or measured transfer functions.
The modified PPF controllers (43) were used to assure that the
antiresonances in the transmissibility align with the target fre-
quency ωc. Bandgaps in different frequency ranges were cre-
ated by assigning corresponding ωc to all the controllers. The
remaining tuning parameters were fixed at values kc = 0.5 and
ζc = 0.05. These values were selected since they lead to stable
closed-loop dynamics for a wide range of target bandgap fre-
quencies, and possibly better results could be achieved by tun-
ing them individually for each transducer pair and targeted fre-
quency range. This however, is beyond the scope of this paper
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and should be the subject of future work. The transmissibil-
ities with bandgaps at different frequencies have been plotted
in different colours. Vertical lines in the same colours present
the expected bandgap region boundaries, based on the infinite
number of transducers assumption (46).

In all the considered cases, it was possible to create a
bandgap region in the vicinity of the target frequency. The
width of the bandgap strongly depends on the targetted range
of frequencies. While bandgaps are narrower than boundaries
expected in the ideal conditions in the lower frequency region,
significantly wider bandgaps are obtained at higher frequen-
cies. This effect may be related to the non-periodic arrange-
ment of transducers on the structure and the large spacing
between the transducers. Especially at higher frequencies, the
obtained bandgap is related to the locations and the number
of transducers. This effect is worth exploring to optimise the
structure’s design for bandgap generation.

Although the system’s overall behaviour is well captured in
the model, significant depth differences can be seen between
the bandgaps obtained in the model and measured in the
experiment. This highlights the importance of developing
design methods based on the experimentally obtained, non-
parametric models of the system, like frequency responses.

The differences in the lower frequency region (see
bandgaps near 10 Hz and 20 Hz) can be attributed to the influ-
ence of the charge amplifier dynamics. The phase lead, clearly
visible in figure 7(b) cancels the influence of the damping of
the controller ζc at specific frequencies, leading to stronger
attenuation. Using this effect for the benefit of the designer
is also worth further studies. At higher frequencies (bandgaps
near 80 Hz, 160 Hz, 320 Hz) the measured bandgaps are
shallower than expected based on the model. We speculate
that this is caused by the presence of noise in the system. If
a deep bandgap is successfully implemented, the magnitude
of the system response in the bandgap range is significantly
reduced. This leads to a low signal-to-noise ratio. Moreover, in
any closed-loop control system noise, originating for example
from the electronics used in the system, is fed back to the actu-
ators creating additional disturbance force.

The experimental results could be improved by reducing
the noise levels in the system and using better-suited identi-
fication techniques. We expect that the noise can be elimin-
ated to a large extent by improving the electronic implementa-
tion of the control system. Such improvements should include
both low-noise power electronics for driving the actuators and
more advanced circuits for sensor signal conditioning. To bet-
ter identify the transmissibility of the system, attention should
be paid to the selection of the excitation signal. The use of
periodic signals gives access to a detailed nonparametric noise
analysis and the identification could be further improved with
local parametric methods (for example, see [32]).

5. Conclusions

Bandgaps—regions of reduced vibration transmissibility in
elastic structures, are an opportunity for vibration control ori-
ginating from the research on elastic metamaterials. In the case

of slender structures, the use of piezoelectric patch transducers
appears to be a well-suited solution. While the use of resonant
shunts to create bandgaps is a well-researched topic, few res-
ults on obtaining bandgaps using feedback systemswith piezo-
electric sensors and actuators have been published so far.

We investigated this approach for creating bandgaps in
finite beams. A simplified model of the system was developed
and used for simulations. Using the assumption of an infin-
ite number of transducers applied on the beam, we developed
a method to estimate the influence of a feedback loop on a
structure with piezoelectric sensors and actuators in closed
form, which is valid for arbitrary feedback loop dynamics.
The approximation’s validity and the influence of a finite num-
ber of transducers on the bandgap generation were studied
numerically. Additionally, we considered beams with a low
number of sparsely placed transducer pairs and demonstrated
that in such structures, bandgaps can be created using the pro-
posed feedback approach, in some cases wider than in ideal
metastructures.

The proposed approach for the design of feedback con-
trollers for bandgap generation was validated experiment-
ally, where clear bandgap regions at the target frequencies
ranging between 10 and 320 Hz were measured. Possible
improvements to these results can be achieved by modifying
the electronic implementation of feedback systems to reduce
noise levels and by applying more advanced identification
techniques.

The presented approach can be extended to multiple
PPF controllers in parallel to simultaneously create several
bandgap regions. By correctly selecting the resonance fre-
quencies and gains, merging the bandgap regions for attenu-
ation in a wider frequency range should also be possible. The
same stability condition, based on the NI systems theory, could
be used.
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