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1. Introduction
When addressing channel response to natural or anthropogenic change of the controls, one needs to distinguish be-
tween three channel response phases: the initial, transient, and equilibrium phase (Blom, Arkesteijn, et al., 2017). 
The initial phase usually only lasts several days or weeks and is here defined as the phase wherein only the flow 
has time to adjust to the new situation. Adjustment of the river morphodynamic state cannot take place within 
the initial phase due to its short duration and the typically much longer time scale of morphodynamic adjustment. 
The equilibrium phase is the stage in which, by definition, the channel has reached the equilibrium or graded state 
associated with the new specifications of the controls. The transient phase of channel response marks the period 
in between: it covers the phase of adjustment (with associated downstream or upstream migrating adjustment 
waves) of channel slope, channel width, and bed surface texture after the initial phase has been completed and 
before the equilibrium phase has started. The transient phase may last several years, decades, or even centuries. 
Although not considered in this analysis, the initial phase can be accompanied by sudden morphodynamic change 
such as a flood-induced avulsion.

The time scales of morphodynamic channel response reflect how fast a reach responds in the transient phase 
regarding adjustment of channel slope, channel width, and bed surface texture to changes in the controls of 
equilibrium channel geometry (Blom, Chavarrías, et al., 2017; De Vries, 1975; Howard, 1982). These controls 

Abstract Recent analysis of equilibrium and quasi-equilibrium channel geometry in engineered (fixed-
width) rivers has successfully shown that two temporal scales can be distinguished, with quasi-static (long-
term) and dynamic (short-term) components. This distinction is based on the fact that channel slope cannot 
keep pace with short-term fluctuations of the controls. Here we exploit the distinction between the two temporal 
scales to model the transient (so time-dependent) phase of channel response, which is the phase wherein the 
channel approaches its new equilibrium. We show that: (a) besides channel slope, also the bed surface texture 
cannot keep pace with short-term fluctuations of the controls, and (b) mean transient channel response is 
determined by the probability distributions of the controls (e.g., flow duration curve rather than flow rate 
sequence). These findings allow us to set up a rapid numerical method that determines the mean transient 
channel response under stochastic controls. The method is based on distinguishing modes (i.e., sets of controls) 
and takes the probability density of each mode into account. At each time step, we compute the mode-specific 
flow, sediment transport rate, and corresponding change in bed level and surface texture. The net change within 
the time step is computed by weighting the mode-specific changes in bed level and surface texture with the 
probability density of each mode. The resulting mean transient channel response is a deterministic one, despite 
the controls being stochastic variables. We show that the proposed method provides a rapid alternative to Monte 
Carlo analysis regarding the mean time-dependent channel response.
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in engineered (fixed-width) rivers has successfully shown that two temporal scales can be distinguished, with 
quasi-static (long-term) and dynamic (short-term) components. This distinction allowed for a rapid model 
of a river's equilibrium state, and here we use the same distinction of time scales to set up a rapid numerical 
method that determines the mean transient channel response under stochastic controls. The method is based 
on distinguishing modes for the sets of controls, and accounts for the probability density of each mode. We 
show that the proposed method provides a rapid alternative to Monte Carlo analysis regarding the mean time-
dependent channel response.
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include the hydrograph, the grainsize-specific sediment fluxes (i.e., the part 
of the sediment flux that is bed-material load), and base level (Mackin, 1948; 
Lane, 1957; Blom et al., 2016; Blom, Arkesteijn, et al., 2017). The time scale 
of channel response typically is large (De Vries, 1975), which implies that 
short-term fluctuations of the controls are not reflected in the channel re-
sponse and that the flow duration curve (i.e., the range of flow rates and 
their probability density) rather than the time-varying hydrograph deter-
mines the channel response (Arkesteijn et al., 2019; Howard, 1982; Viparelli 
et al., 2012).

The change of controls may be gradual, for example, a slowly increasing 
sea level at the river mouth. When the controls change slowly compared to 
the time scale of channel response, channel geometry can keep pace with 
the changing controls (i.e., a quasi-equilibrium state, Blom, Chavarrías, 
et  al.,  2017; Howard,  1982). Under such conditions, channel geometry is 
characterized by the equilibrium state corresponding to the prevailing con-
trols at all times.

Alternatively, changes in the controls can appear relatively sudden, which 
is typically the case when changes in the controls result from engineering 
works. River training (for instance dams, groynes or training dams) increases 
flood safety, navigability or benefits other river functions, and locally affects 
the controls and thereby induce morphodynamic changes in the river system 
(Van Vuren et  al.,  2015). The river response to these interventions is also 
characterized by the three phases of river response. The time scale of the 
transient response depends on the extent of the intervention and characteris-
tics of the river system wherein the intervention takes place: for example, in 
the Dutch Rhine the time scale of transient response to domain-wide narrow-
ing due to groynes may be several hundreds of years and of the order of years 
regarding local floodplain widening (De Vriend, 2015; De Vries, 1975).

The fact that channel slope is typically unaffected by short-term changes of 
the controls allows for the “static slope approximation,” which was original-
ly proposed for equilibrium and quasi-equilibrium conditions by Arkestei-
jn et al.  (2019), under unisize sediment conditions. In the current analysis 
we extend the static slope approximation to the transient phase of channel 
response as well as to mixed-size sediment conditions. In other words, the 
static slope approximation is here extended to the “static slope-texture ap-

proximation.” Although bed slope and surface texture are assumed to be quasi-static over the short timescale of 
control changes, they do adjust over the time scale of transient channel response.

As such, we hypothesize that the distinction between the two time scales of changes in the controls (i.e., short-
term and long-term changes) and the associated static slope approximation are not only fundamental to channel 
equilibrium and quasi-equilibrium (Arkesteijn et  al.,  2019), but also to transient channel response. Our first 
objective is to illustrate that the mean component of transient channel response (i.e., averaged over the results 
associated with the stochastic controls) is governed by the joint probability density function of the controls and is 
not affected by the sequence of the values for these controls. This enables us to formulate a rapid statistics-based 
method for describing the mean transient channel response, which comprises our second objective.

The proposed method is particularly suitable for scenario analysis. Climate change is expected to lead to higher 
peak flow rates in the Rhine River in winter, longer periods of drought in summer, and an expected sea level rise 
between 25 and 80 cm in 2085 (Klijn et al., 2015; Klein Tank et al., 2015), which is illustrated in Figure 1. River 
response to such changes is typically analyzed through defining scenarios for the changing probability distribu-
tion of the controls or boundary conditions.

Section  2 presents the new statistics-based method for describing the mean transient channel response. Sec-
tion 3 lists the simplifying assumptions of our model and its numerical properties. We consider two test cases to 

Figure 1. (a) Specifications of the controls for the Dutch Rhine in 2085, and 
(b) relative sea level with respect to NAP, a vertical datum used in large parts 
of Western Europe (Klein Tank et al., 2015).
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evaluate whether the proposed method provides a sound alternative to predicting mean transient channel response 
based on Monte Carlo analysis: Case 1 addresses transient channel response to sea level rise (Section 4) and Case 
2 (Section 5) considers transient channel response to sediment nourishment or local addition of sediment, which 
is a measure often used to mitigate domain-wide channel bed erosion (Quick et al., 2020; Ylla Arbós et al., 2021). 
In the Dutch Rhine river, nourishments are carried out at Lobith to counteract an ongoing bed degradation of 
approximately 2 cm per year (Figure 1). The time scale of channel response in Case 2 is an engineering scale 
and much smaller than the timescale of Case 1. As such, Case 2 is expected to be more challenging regarding the 
applicability of the proposed method.

2. The Proposed Method (vs. the Traditional Monte Carlo Method)
The proposed method is based on the distinction between two time scales (short-term and long-term) of changes 
of the controls. Its foundation is the elementary assumption that slope and bed surface texture are not affected by 
short-term changes of the controls, as their response is associated with a longer time scale. This “static slope-tex-
ture approximation” allows us to assume that all flow rates can be represented simultaneously, by weighting 
with their probability of occurrence, instead of occurring sequentially as in a traditional hydrograph. Worded 
differently, we impose the full probability distribution of controls at each time step rather than a realization from 
that probability distribution.

The conventional approach for solving a hydro-morphodynamic model in large river systems is a decoupled one. 
The validity of the decoupled approach results from the fact that in lowland rivers hydrodynamic change typically 
proceeds much faster than morphodynamic change (e.g., De Vries, 1975). Consequently, flow and changes of bed 
level and surface texture do only weakly interact and therefore their interaction on a very short time scale may be 
neglected. This allows for solving the hydrodynamic and morphodynamic equations consecutively instead of si-
multaneously. It has been shown that such decoupling of the equations is acceptable for values of the Froude num-
ber smaller than 0.7 approximately (Chavarrías et al., 2019; De Vries, 1965; Lyn, 1987; Lyn & Altinakar, 2002), 
which is typically considered a valid approximation for lowland rivers.

We compare the flow chart of the proposed method (Figure 2b) with the one of a conventional morphodynam-
ic model (Figure 2a) applied in a Monte Carlo setting (e.g., Huthoff et al., 2010; Van Vuren et al., 2016). The 
new method distinguishes sets of hydrodynamic controls (i.e., modes). Each mode is associated with a certain 
probability density that represents the likelihood for the set of hydrodynamic controls to occur. For each of these 
modes, a computation of mode-specific flow, (grainsize-specific) sediment transport rates, change of bed level, 
sediment fluxes from and to the active layer, and change of bed surface texture, is carried out. After that, we de-
termine the net change of bed level and bed surface texture through weighting the mode-specific values with the 
mode-specific probability density.

Mass conservation of bed surface sediment in the traditional Monte Carlo method is described using the Ex-
ner (1920) equation for unisize sediment conditions and using the Hirano (1971) equations for mixed-size sed-
iment (e.g., Blom & Parker, 2004; Paola & Voller, 2005). The Hirano (1971) active layer model is based on a 
homogeneous bed surface layer (i.e., the active layer), which represents the bed sediment that is being reworked 
by the flow.

Figure 3 shows a schematic representation of the main variables in the Hirano active layer model and in the 
proposed model. In both models, the active layer has a thickness La, which is typically associated with the dune 
height or grain size (e.g., Ribberink, 1987). Within the active layer, the grain size distribution of the bed sediment 
does not vary vertically, and in the substrate below, the grain size may vary with vertical position.

For solving the active layer model using a numerical method, the substrate is discretized by defining vertical cells 
below the active layer. Each substrate cell has a thickness Ls,j and composition fs,j. If the bed aggrades, the active 
layer shifts upward, and part of the sediment in the active layer is transferred to the top substrate layer. If the bed 
degrades, the opposite occurs and material from the substrate is transferred to the active layer. In addition, if the 
bed aggrades, bed load material may be directly deposited in the substrate (Hoey & Ferguson, 1994).

The proposed method uses the Exner (1920) equation in unisize sediment conditions, similar to the Monte Carlo 
model. For mixed-size sediment conditions, the proposed method adapts the Hirano (1971) model by introducing 
an additional bed layer between the active layer and the substrate. This “dynamic layer” accounts for the sediment 
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Figure 2. Flow chart of (a) the traditional Monte Carlo method where typically a large number (N) of runs is made with 
varying realizations of initial and/or boundary conditions, and (b) the proposed method for solving the mean component of 
transient channel response under stochastic controls.
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that is reworked as a result of short-term flow variations that induce alternat-
ing aggradation and degradation of the channel bed and associated vertical 
sediment mixing. The dynamic layer compensates for the neglect of these 
vertical sediment fluxes.

The (possibly) intuitive solution to account for the alternating bed aggrada-
tion and degradation and deeper reworking of the bed is to increase the active 
layer thickness. However, this cannot be a solution, as the sorting celerity 
depends on the active layer thickness (e.g., Ribberink, 1987). As mentioned 
above, the solution adopted here is to include a dynamic layer between the 
active layer and the substrate. The mode-specific bed level change and sedi-
ment fluxes from and to the active layer are computed using a conventional 
Hirano-based model and weighted with the mode-specific probability densi-
ty. The equations related to the sediment fluxes from and to the dynamic layer 
are detailed in Appendix A.

The proposed method is a two-layer model for conservation of mixed-size bed 
sediment (Blom, 2008; Blom & Parker, 2004). The dynamic layer is analo-
gous to the exchange layer used in the Ribberink two-layer model for conser-
vation of mixed-size bed sediment (Blom, 2008; Blom & Parker, 2004; Rib-
berink, 1987). This exchange layer accounts for sediment reworking due to 
occasionally large dunes, whereas the dynamic layer of the proposed method 
accounts for sediment reworking due to short-term flow variations. Another 
important difference is that Ribberink (1987) uses a parametric formulation 
to define the magnitude of the sediment fluxes between the active layer and 
the exchange layer, whereas in our proposed dynamic layer, the magnitude of 
the fluxes naturally follows from the sediment mass conservation equations.

The proposed method resembles the Roelvink (2006) parallel online approach 
and the Wilmink (2015) MORMERGE approach, which are developed for 

coastal problems under unisize sediment conditions. The parallel online approach accounts for different hydraulic 
forcing occurring during one tidal cycle, and MORMERGE for variable wave fields. The underlying assumptions 
of both approaches are the same as for the proposed method: if the time interval in which all tidal respectively 
wave conditions (e.g., ebb, flood, spring tide, neap tide, and storms) occur is small compared to the time scale of 
system response, all hydraulic forcing can be considered at the same time and sequence effects can be neglected.

In our analysis, we compare the results of the proposed method to those of a traditional Monte Carlo analysis. 
The latter is based on the traditional three-step sequential solution of flow, grainsize-selective sediment transport 
rates, and bed level (and surface texture) change (e.g., Cao & Carling, 2002). When used for scenario analysis, 
a large number (N) of runs can be made under varying initial or boundary conditions (Figure 2a) using a Monte 
Carlo analysis. This traditional Monte Carlo method yields not only the mean transient channel response but also 
the associated range of variation around the mean trend or uncertainty range (e.g., Van Vuren, 2005).

3. Model Specifications
We use two numerical models: one based on the proposed method in Figure 2b and one based on the traditional 
backwater-Hirano model for the Monte Carlo method in Figure 2a. Appendix A details the equations of the two 
models. These models consider the simplest possible situation that describes the essential physics of the problem 
(e.g., Paola & Leeder, 2011). Simplifying assumptions are the following:

1.  the channel has a single-branch with a rectangular cross-section and no floodplain;
2.  the channel banks are non-erodible (e.g., an engineered fixed-planform channel);
3.  there is no lateral inflow or outflow of water and sediment along the reach (i.e., there are neither tributaries 

nor bifurcations);
4.  bed sediment porosity is constant;
5.  bed friction coefficient is constant;

Figure 3. Schematic representation of (a) reality; (b) the traditional Hirano 
active layer model, and (c) the proposed method (i.e., the Hirano active 
layer model combined with a dynamic layer). Panels (d) and (e) show the 
development over time. A single realization of the Monte Carlo simulation 
based on the Hirano active layer model shows vertical fluctuations in bed level 
and associated vertical grain size fluxes. The dynamic layer compensates for 
the neglect of these vertical dynamics.
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6.  flow is subcritical;
7.  we apply the backwater equation (e.g., Chow,  1959) to describe the flow, rather than the more generic 

Saint-Venant (1871) equations. This implies that the model is valid in lowland rivers where flood waves have 
become elongated and the flow rate varies slowly (e.g., Meirovich et al., 1998). This further implies that we 
assume the initial phase of channel response takes place immediately;

8.  sediment is non-cohesive, and either of a unisize nature (i.e., well-sorted sand) or a mixed-size nature (i.e., 
a mixture of well-sorted gravel and sand);

9.  all sediment is transported as bed-material load; and
10.  particle abrasion is negligible.

These assumptions typically allow for appreciating a river's qualitative response to changes in the controls. More-
over, they enable us to fundamentally test the behavior of the proposed method in comparison to the traditional 
Monte Carlo analysis.

We address two cases: Case 1 and Case 2, which deal with, respectively, the transient channel response to sea 
level rise and sediment nourishment. The two cases differ with respect to the response time scale. The time scale 
of channel response to sea level rise is typically long (a few centuries, De Vries, 1975), whereas the time scale of 
channel response to a sediment nourishment is much shorter (several years).

Parameters in these model applications are as follows: the channel width B is 300 m (Figure 4a), porosity of 
bed sediment n is 0.4; sand size ds is 1 mm; gravel size dg equals 10 mm; and the non-dimensional bed friction 
coefficient cf is 0.007. We apply the sediment transport relation of Ashida and Michiue (1971) and assume ca-
pacity-based transport, which implies that the sediment transport rate instantaneously adjusts to changes in the 
flow (e.g., Phillips & Sutherland, 1989). These values are considered roughly representative for the Rhine river 
at Lobith at the German-Dutch border (Blom, Arkesteijn, et al., 2017). The constant α associated with the Hoey 
and Ferguson (1994) sediment flux in Equation A11 in Appendix A is set equal to 0.5.

Figure 4 schematically illustrates the domain of Cases 1 and 2. In Case 1, the domain length L is 800 km. This length 
enables to study the transient phase of river response in the three typical river segments (Arkesteijn et al., 2019; 
Blom, Arkesteijn, et al., 2017). In summary, each river reach can be characterized as an upstream boundary seg-
ment (UBS, also called hydrograph boundary layer), backwater segment (BWS), or quasi-normal flow segment 
(QNFS). In a UBS, the temporal variation of the sediment supply rate differs from the temporal variation of the 
sediment transport capacity, despite their mean values being similar or equal (Arkesteijn et al., 2019). This tem-
poral mismatch leads to downstream migrating waves (An, Cui, et al., 2017; An, Fu, et al., 2017; Parker, 2004; 
Parker et al., 2008; Wong & Parker, 2006). A UBS forms downstream of, for instance, a confluence, bifurcation, 
or a spatial change in channel width or bed friction. In a BWS, the flow depth at the downstream end of the 

reach (under subcritical flow conditions) differs from the normal flow depth. 
This leads to an alternation of M1 or M2 backwater curves depending on the 
flow rate (Arkesteijn et al., 2019; Blom, Arkesteijn, et al., 2017; Chow, 1959; 
Lamb et al., 2012; Lane, 1957; Nittrouer et al., 2011, 2012) and alternating 
channel bed aggradation and incision (Chatanantavet & Lamb, 2014; Ganti 
et al., 2016). A BWS forms upstream of, for instance, the river mouth, a con-
fluence, bifurcation, or change in channel width or bed friction. In a QNFS, 
the flow depth varies with the flow rate, yet the flow remains quasi-normal or 
quasi-uniform for each value of the flow rate (Arkesteijn et al., 2019; Blom, 
Arkesteijn, et al., 2017). By definition, spatial gradients in the flow velocity 
are small to negligible and, consequently, little to no bed level change occurs. 
Quasi-normal flow segments are found over the reaches that remain: they 
form where no BWS and UBS are present.

The domain length of 800 km in Case 1 allows us to study river response in a 
BWS and QNFS. We include a 200 km buffer reach at the upstream end of the 
domain to remove fluctuations near the upstream boundary associated with 
the UBS. The buffer reach smoothens the fluctuations and ensures that at the 
river cross section at 200 km sediment transport enters our domain of interest 
at capacity. Our domain thus has a length of 600 km.

Figure 4. Channel width and initial conditions for all cases. Case 1a: constant 
width; and Case 1b: with spatial variations in channel width. The domain of 
Case 2 is also indicated.
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Besides Case 1a with a constant channel width of 300 m, we consider a Case 1b where the width is 600 m rather 
than 300 m over a 20 km long reach. As indicated in Figure 4a, it is characterized by a first portion where the 
channel width spatially increases, a second central portion where the channel width is 600 m, and a third portion 
where the channel width spatially decreases. Consequent to the spatial variation of channel width, UBSs are 
formed in the second central portion and in the channel downstream of the third portion, while BWSs are formed 
in the channel upstream and the second portion. The purpose of Case 1b is to analyze how the presence of UBSs 
affects the performance of the proposed method.

Case 2 has a domain length L of 50 km (see Figure 4). Sediment nourishment is modeled through imposing a 
5 km long and instantaneous increase of bed level by 0.5 m (i.e., a hump), starting at 10 km downstream of the 
upstream end of the reach (i.e., at streamwise position 210 km). We set the grain size distribution of the nourished 
sediment equal to the one of the bed surface sediment in the initial (equilibrium) state. This case and its parame-
ters are roughly based on the nourishment pilot at Lobith conducted in 2016 and 2019.

The dynamic layer thickness is determined by the depth of sediment reworking associated with short-term varia-
tions of the flow rate. Such sediment reworking is more relevant in UBSs and BWSs than in QNFSs. As a result, 
the dynamic layer thickness is typically smaller in QNFSs. The active layer thickness, La, is set equal to 1 m and 
the dynamic layer thickness, Ld, is 0.25 m for Case 1 and 0.1 m for Case 2. The dynamic layer thickness for Case 
2 is smaller than Case 1, as Case 1 is governed by a BWS and Case 2 by a QNFS Appendix B further discusses 
the importance of the dynamic layer and illustrates the need for further research on the dynamic layer thickness.

In Case 1, we consider two scenarios for the rate of sea level rise: a mild sea level rise scenario, S1, of 3.5 mm/a 
and an extreme one, S2, of 10 mm/a. In Case 2, the downstream flow depth is set equal to the normal flow depth 
(i.e., it fluctuates with the varying water discharge), and is unaffected by backwater and sea level rise.

The hydrodynamic upstream boundary condition is the same in both cases, and is based on the hydrograph with 
discharges measured daily at Lobith (Bovenrijn) between the years 1901 and 2000 (Blom, Arkesteijn, et al., 2017). 
For the traditional Monte Carlo method, the hydrograph and corresponding sedigraph are subdivided in 100 se-
ries of a single year, which are ordered in various sequences to obtain N = 100 different hydrographs (i.e., 100 
sequences of water discharge with equal flow duration curve). Each sequence of 100 years is repeated five times 
to construct a 500-year time series. Each of these time series provides the hydrodynamic upstream boundary 
condition for one of the N realizations.

For the proposed method, an empirical probability density function of water discharge is retrieved from the same 
hydrograph at Lobith, with discharges varying between a minimum discharge of 575 m3/s and a maximum dis-
charge of 13,000 m3/s. In our two cases, the probability density function of water discharge is maintained constant 
(i.e., it does not evolve as a function of time, for instance, due to climate change).

The gravel and sand supply rates equal 0.11 and 0.56 Mt/a, respectively. The sedigraph agrees with the so-called 
“normal flow load distribution” (Blom, Arkesteijn, et al., 2017), which matches the (grainsize-specific) sediment 
transport rates under equilibrium conditions in a quasi-normal flow segment. For the proposed method the modes 
of the model are defined by a set of a water discharge value and a sediment discharge value that “would have 
occurred on the same time,” accompanied by their probability of occurrence. Hence, for the proposed method the 
modes are defined based on the joint probability of the hydrograph and the corresponding sedigraph.

The downstream boundary condition is selected as a deterministic time series and, resultingly, is the same for all 
modes in Case 1, and depends on the water discharge and, resultingly, varies per mode in Case 2. We find that 
K = 20 is a sufficient number of sets of controls (i.e., modes). Appendix D provides more detailed information on 
the sensitivity of the results to the number of modes.

The initial condition of our runs is a dynamic equilibrium state regarding channel slope (or bed level) and bed 
surface texture (Arkesteijn et al., 2019; Blom et al., 2016; Blom, Arkesteijn, et al., 2017), which is shown in 
Figures 4b and 4c and computed using the model equations in Appendix C and the solution strategy discussed in 
Arkesteijn et al. (2019).

The initial channel slope S is constant within the QNFS (equal to 4.8 ⋅ 10−5) and gradually steepens in the BWS 
toward the downstream end of the reach (Arkesteijn et al., 2019). This is because, with increasing streamwise 
position in a BWS, base flows become increasingly less effective in transporting the sediment flux downstream. 
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The channel slope increases with downstream position to compensate for this effect (Arkesteijn et al., 2019). Sim-
ilarly, the sand surface content is uniform within the QNFS (sand surface content equals 47% in the active layer), 
and gradually increases with streamwise position within the BWS. This is because the difference in flow velocity 
between peak and base flow increases with streamwise position, and, as a result, the net mobility difference 
between fine and coarse sediment decreases with streamwise position. This streamwise decrease of the mobility 
difference is accompanied with streamwise decrease of the mean bed surface grain size. This is because, with a 
reduced mobility difference, the bed surface does not need to coarsen as much to provide sufficient mobility of 
the coarse sediment.

The initial grain size distribution of the dynamic layer sediment (proposed method) or the top substrate layer sed-
iment (Monte Carlo runs) is finer than the active layer sediment. It is important to note that, in a dynamic equilib-
rium state, the top substrate is reworked by the flow as a result of alternating aggradation and erosion associated 
with short-term variations of the flow rate. This implies that the top part of the substrate has an equilibrium grain 
size distribution that is a weighted average of the active layer and annual bed load flux (associated with the Hoey 
and Ferguson approximation of the vertical sediment flux). The initial grain size distribution of the top substrate 
layer (or dynamic layer) is computed using Equation C13 in Appendix C. The initial grain size distribution of the 
(remaining) substrate is assumed to be uniform and set equal to the one of the annual sediment flux.

Both models have been implemented in the one-dimensional numerical research code Elv (e.g., Arkesteijn 
et al., 2019; Blom, Arkesteijn, et al., 2017; Chavarrías et al., 2019). We use a first order explicit Euler method 
to solve the backwater equation by stepping through space, and a first order explicit Euler method to solve the 
Hirano equation when stepping through time.

In Case 1 the spatial step, Δx, is 1,000 m. The time step, Δt, is half a month (i.e., 1/24 of a year) for the proposed 
method and 1 day for the traditional Monte Carlo method. The thickness of the top substrate layer, ls, is 0.25 m 
in the Monte Carlo simulations. The same holds for the dynamic layer thickness for the proposed method. The 
thickness of each deeper substrate layer is 0.5 m. Hence both methods start from the same vertical stratification.

In Case 2, both methods use a spatial step, Δx, equal to 500 m. The time step Δt is 1 day for the proposed method 
and 4 hr for the traditional Monte Carlo method. The dynamic layer thickness and top substrate layer thickness 
equal 0.1 m, which also holds for the deeper substrate layers.

4. Case 1: Sea Level Rise
Case 1 considers transient channel response to sea level rise of a reach that initially is in a dynamic equilibrium 
state. The downstream base level increases linearly with time following either the mild S1 sea level rise scenario 
(3.5 mm/a) or the extreme S2 sea level rise scenario (10 mm/a).

Although the BWS, which roughly extends over the lower 350 km of the domain, shows a significant response 
to sea level rise within the first 100 years (Figures 5a and 5b), the channel response significantly lags behind 
the forcing. Within this period, the maximum rate of bed level rise is smaller than 1 mm/a (Figures 5c and 5d), 
whereas the downstream base level rises by respectively, 3.5 (S1) and 10 mm/a (S2).

Bed level rise lags behind the rate of sea level rise, but within the BWS, the rate of bed level rise does increase 
with time. This appears most clearly for the S2 scenario (Figures 5c and 5d). Sea level rise and the delayed 
response of the river bed imply that M1 backwater effects during base flows intensify with time, while the M2 
backwater effects during peak flows reduce. As such, sediment is increasingly trapped within the BWS. The rate 
of bed level rise, however, does not increase until it is equal to the rate of sea level rise, as the sediment flux from 
upstream does not provide sufficient sediment for the bed to keep pace with rising sea level.

Equilibrium conditions still prevail in the QNFS positioned further upstream. Sea level rise leads to an up-
stream-migrating adjustment wave that extends the BWS in the upstream direction. The time scale of response to 
sea level rise typically is several hundreds of years (De Vries, 1975).

Temporal change in bed surface texture is small (Figures 5e and 5f). As the sand content in the sediment flux 
is much larger than the gravel flux, the intensified M1 backwaters during base flows within the BWS have the 
largest effect on sand mobility and lead to a mild preferential deposition of sand. As a result, the bed becomes 
slightly finer with time.
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Importantly, Figure 5 shows that the differences between the proposed method and the traditional Monte Carlo 
method are negligible. This implies that for the chosen example the transient channel response to sea level rise 
depends on the flow duration curve only and not on the sequence of the flow rates, and confirms the applicability 
of the proposed method in this case.

Case 1b considers the response to sea level rise of a reach with a spatially varying channel width (channel width 
locally increases to 600 m, Figure 4) to study whether UBSs challenge the applicability of the proposed method. 
The reach is governed by two UBSs: the first one located directly downstream of the streamwise increase in chan-
nel width and the second one directly downstream of the streamwise decrease in channel width. At the locations 
along the channel reach where the width varies with streamwise position, the sediment transport capacity of the 
flow also varies with streamwise position. This may lead to alternating deposition and erosion, generating sedi-
ment waves to propagate through the channel sections downstream (Arkesteijn et al., 2019).

Figure 5. Transient channel response after 100, 200, and 400 years of a uniform-width channel (Case 1a) to the mild S1 sea 
level rise scenario (3.5 mm/a) and the extreme S2 sea level rise scenario (10 mm/a), according to the proposed method (black 
dotted line) versus the traditional Monte Carlo method (dash-dotted line). Panels (a) and (b) show bed level rise relative to the 
initial condition; panels (c) and (d) rates of bed level rise; and panels (e) and (f) the volume fraction content of sand in the bed 
surface sediment.
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The channel response to sea level rise comprises a superposition of two effects (Figures 6a and 6b): (i) a large-scale 
aggradational response to sea level rise, which is a trend similar to the one in Figure 5, and (ii) a wide-reach-re-
lated response, characterized by aggradation over the wide reach and erosion downstream of it.

This response to sea level rise is explained as follows. Sea level rise increases the flow depth over the BWS, that 
is, approximately the lower 350 km of the domain. As the flow depth in the wide reach is significantly smaller 
than elsewhere, its relative increase of flow depth due to sea level rise is larger than elsewhere, as well as the 
associated relative decrease of the sediment transport capacity. This results in deposition in the wide reach and, 
as a result, a decrease of the sediment supply to the downstream reach, which leads to channel bed incision down-
stream from the wide reach. This local and fast response is temporary: eventually the entire reach continues to 
aggrade according to the large-scale and slow response.

Importantly again, the result of the proposed method is very similar to the mean outcome of the traditional Monte 
Carlo method. This implies that the presence of the UBSs here does not limit the applicability of the proposed 
method.

Appendix D addresses the effect of the number of modes K for discretization of the probability density function 
of the controls. It shows that K = 20 modes is a sufficient number of modes to obtain accurate results.

Figure 6. Transient channel response after 100, 200, and 400 years of a variable-width channel (Case 1b) to the mild S1 
sea level rise scenario (3.5 mm/a) and the extreme S2 sea level rise scenario (10 mm/a), according to the proposed method 
(black dotted line) versus the traditional Monte Carlo method (dash-dotted line). Subplots a and b show bed level rise relative 
to the initial condition, and subplots c and d the volume fraction content of sand in the bed surface sediment. Please note the 
different vertical axes in panels (a) and (b).
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5. Case 2: Sediment Nourishment
Case 2 addresses the translation and dispersion of nourished sediment in a uniform-width river reach to test the 
applicability of the proposed method to a channel response problem dominated by an engineering time scale. We 
consider sediment nourishment within a quasi-normal flow segment (Figure 4).

The sediment nourishment is introduced as a local instantaneous increase of the bed level. Such a locally elevated 
bed results in an M1 backwater upstream of the hump and an M2 drawdown curve over the elevated reach. The 
response at the start of the transient phase is governed by four effects (Figure 7):

1.  The M1 backwater induces very mild sediment deposition and bed surface fining upstream of the hump.
2.  At the upstream end of the hump, flow velocity abruptly increases with downstream position, which induces 

local erosion and bed surface coarsening at the upstream end of the elevated reach. This leads to a rapid coars-
ening of the elevated reach, starting from the upstream end of the hump and migrating downstream.

3.  The M2 backwater over the elevated reach erodes the nourished sediment and enhances the coarsening of the 
bed surface over the elevated reach.

Figure 7. Transient channel response to sediment nourishment. Panels (a) and (b) show the change in bed level and bed 
surface texture, respectively. Panel (c) shows the time-space diagram of propagation of the crest.
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4.  At the downstream end of the elevated reach, the vertical flow expansion reduces sediment mobility and sed-
iment deposits (with preferential deposition of sand).

The flow expansion at the downstream end (Effect 4) results in deposition of gravel and sand. Together with the 
erosion at the upstream end of the hump (Effect 2), this leads to a slow propagation of the hump. Initially the 
deposited sediment consists of more sand than gravel, which temporarily fines the bed surface downstream of the 
elevated reach, the effect of which very rapidly migrates downstream. This temporary surface fining is because 
the flow expansion reduces the sand flux more strongly than the gravel flux, as the sand flux is larger than the 
gravel flux. As a result, the downstream-migrating coarse hump is preceded by a rapid downstream-migrating 
fining wave that goes together with a mild aggradational wave. Within the first 10 years, this wave moves through 
the 50 km long reach entirely and therefore it is only visible in Figure 7 after 1 year.

Figure 7 shows the change in bed level and surface texture resulting from the sediment nourishment at 0, 1, 10, 
20, and 50 years after placement, as well as the streamwise displacement of the peak of the hump. The nour-
ished sediment propagates downstream faster during high flow rates and slower during low flow rates, and the 
nourished sediment disperses while being transported downstream. The instantaneous propagation speed of the 
nourished sediment varies among the Monte Carlo realizations, but the mid-term average propagation speed for a 
single realization equals the mean or expected speed of all Monte Carlo realizations. Also, the mean propagation 
speed based on the traditional Monte Carlo method and the proposed method are approximately the same also on 
a shorter time scale (Figure 7c).

This result implies that for the considered case the flow duration curve governs the mean propagation of the nour-
ished sediment and that the sequence of flow rates is unimportant, rendering the proposed method applicable for 
the prediction of the transient response to sediment nourishments.

6. Discussion
The presented cases have shown that the proposed method can successfully predict changes in bed level and 
bed texture over a period from several years to centuries. The method does not provide insight on the range of 
fluctuations around the mean transient channel response, which is output that a traditional Monte Carlo analysis 
does provide. Nevertheless, the fact that our method does not account for the short-term variations in the controls 
causing these fluctuations around the mean, has not limited its applicability. The proposed method may be used 
to study channel response in all segments (UBSs, QNFSs, and BWSs) of a lowland river, as demonstrated by the 
examples.

In our analysis, the stochastics of the controls have been limited to the stochastics of the flow rate. The upstream 
sediment flux was assumed to be dependent on the flow rate, and the flow depth at the downstream end was 
considered as a deterministic series (Case 1) or dependent on the flow rate (Case 2). Instead or additionally, the 
method may also include the stochastics of the downstream base level (tides and storms) (e.g., Bolla Pittaluga 
et al., 2015) or include a non-deterministic relation between flow discharge and sediment discharge. In these 
cases, the modes would be selected based on the joint probability density function of all boundary conditions. 
Further research would be required to see which number of modes K would be required to sufficiently cover the 
joint probability distribution.

As shown in our analysis, the (joint) probability density function can be assumed to be constant. Alternatively, 
and specifically suited in case of scenario studies, the probability density function of a control may be assumed 
to change over time. As an example, in the introduction it was explained that in the Dutch Rhine peak flows are 
expected to increase by 10%–40% in the coming years due to climate change, whereas the base flow rates would 
decrease up to 30%. The proposed method can incorporate such changes directly by gradually transforming the 
probabilities assigned to each discharge mode as a function of time.

The proposed method uses the static slope-texture approximation, which means that it assumes that channel slope 
and bed texture are typically unaffected by short-term changes of the controls. In terms of modeling assumptions, 
this limits the applicability of the proposed method to situations wherein (i) the hydrodynamic and morphody-
namic solution may be decoupled (or solved asynchronously (Cao & Carling, 2002)), and (ii) the flow can be 
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approximated as quasi-steady (i.e., in one-dimensional problems it may be approximated using the backwater 
equation).

Regarding (i), the decoupling of the equations is acceptable under conditions where the Froude number is smaller 
than approximately 0.7 (Chavarrías et al., 2019; De Vries, 1965; Lyn, 1987; Lyn & Altinakar, 2002). Such a low 
Froude value implies that the bed celerity and the celerities associated with the hydrodynamic behavior are of a 
different order of magnitude and therefore interact only weakly. In rivers with mixed-size sediment, the sorting 
celerity is assumed to be of a similar order of magnitude as the bed celerity. The sorting celerity is affected by the 
active layer thickness and may become extremely large for small values of the active layer thickness. However, 
for physically realistic values of the active layer thickness (for instance, related to the grain size or dune height), 
the sorting celerity is of a similar order of magnitude as the bed celerity (Ribberink, 1987). Hence, our limitation 
that the model should be only applied in applications with a Froude number below 0.7 ensures that there is a weak 
interaction and that the equations may be solved in a decoupled manner.

The main advantage of the proposed method is the fact that it is computationally cheaper than the traditional 
Monte Carlo method. This has two main reasons. First, the computation of bed level change is typically based on 
an explicit method in a decoupled solution strategy, where the flow and bed level are updated sequentially. The 
explicit method implies that the maximum time step is restricted by the Courant-Friedrichs-Lewy (CFL) condi-
tion (Courant et al., 1928). For the proposed method, the effective CFL number is a probability density-weighted 
mean of the mode-specific values of the CFL number. The resulting maximum time step generally is larger than 
for the traditional Monte Carlo method, which reduces computational time.

Automatic time step selection or a variable time step in the Monte Carlo method may partially eliminate the 
first advantage. For example, a larger time step could be selected during low flow rates, and a smaller time step 
during high flow rates. Nevertheless, a limitation for such variable time step selection is the actual duration of a 
certain flow rate in the hydrograph. A flow rate that has a low probability of occurrence (e.g., only two days in a 
full year) would automatically be limited to a small time step because of its physical duration even if the stability 
requirement of the numerical method would enable a time step of several months. In the proposed method, there 
is no need to limit the time step to a size that is small enough to appreciate changes in the hydrograph and peak 
flow events to accurately represent the dynamics in a BWS and UBS, and therefore generally a larger time step 
is allowed.

The second reason for the proposed method to be computationally cheap is related to the smoothness of the 
solution. The fact that the proposed method does not consider the sequence of short-term variations of the flow, 
leads to an elimination of small-scale and fast fluctuations of bed level and bed surface texture (e.g., Arkesteijn 
et al., 2019; Van Vuren et al., 2015). This is attractive from a numerical modeling perspective in that the proposed 
method provides smoother results than the traditional method, which benefits numerical stability. This indirectly 
also enables a larger time step in the proposed method in comparison to a single realization in the Monte Carlo 
analysis.

Although our analysis has addressed one-dimensional models wherein temporal variations in channel width are 
not considered, we expect that the proposed methodology for treating the boundary conditions can also be applied 
to one-dimensional models wherein temporal variations in channel width can be parametrically accounted for, or 
in two-dimensional problems. The static slope-texture approximation is expected to also apply to two-dimension-
al situations. This, however, should be tested in future research.

7. Conclusions
The time scale of channel response (with respect to channel slope, channel width, and bed surface texture) is 
usually larger than the one of short-term changes in the controls. This implies that short-term changes of the hy-
drodynamic controls are not reflected in the channel response. It allows us to assume that, in engineered channels 
(i.e., fixed-planform channels), channel slope and bed surface texture cannot keep pace with short-term changes 
of the hydrodynamic controls due to, for instance, the natural variability of the flow rate. This observation has led 
to the formulation of the “static slope approximation” for the river equilibrium state by Arkesteijn et al. (2019). 
Here we extend this approximation to the transient phase of channel response. Furthermore, we extend the “static 
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slope approximation” to the “static slope-texture approximation,” as we assume that not only the channel bed 
slope but also the bed surface texture does not keep pace with short-term changes of the hydrodynamic controls.

We show that, (a) the mean component of the transient channel response (i.e., mean regarding to stochastic con-
trols) is determined by the probability distribution of the controls (e.g., the flow duration curve), while (b) the 
fluctuating component of channel response depends on the sequence of the control values in a particular realiza-
tion of the controls. These findings are similar to the effects of the hydrodynamic controls on the quasi-static and 
dynamic components of the quasi-equilibrium state (Arkesteijn et al., 2019).

The domination of the flow duration curve over the flow rate sequence allow us to develop a rapid numerical 
method that accounts for the stochastics of the hydrodynamic controls by considering sets of hydrodynamic 
controls (i.e., modes) and their probability. The model computes the mode-specific flow, (grainsize-specific) 
sediment transport rates, and bed level change. The net change of bed level and surface texture are then computed 
by weighting mode-specific values with the probability density of each mode. As a result, the transient channel 
response predicted by the proposed method is a deterministic one, despite the controls being defined in a sto-
chastic manner.

The proposed method does not explicitly account for the fluctuations on the short time scale, yet is shown to in-
corporate the mean contribution of these changes well. The proposed method is a two-layer model for mixed-size 
sediment conservation. In comparison to the traditional Hirano (1972) model, it introduces an additional layer, 
that is, the dynamic layer, between the active layer and the substrate. The active layer accounts for the sediment 
that is regularly reworked by the flow, and the dynamic layer represents the bed sediment that is reworked due to 
alternating aggradation and degradation associated with short-term variation of the controls (i.e., fluctuations that 
we eliminate). The fluxes between the active layer and dynamic layer directly follow from a mass conservation 
formulation for this dynamic layer and hence no parametric relations are involved.

The proposed method has been tested successfully against the mean outcome of the traditional Monte Carlo meth-
od. The new method is an appropriate and computationally cheap alternative to estimating the mean component 
of a Monte Carlo analysis, requires less detailed input data, and allows for a significantly larger time step and 
reduced computation time. Furthermore, these mean results may be obtained within a single model simulation.

The proposed method has been applied to two cases: sea level rise and sediment nourishments. The sea level rise 
case has shown that sea level rise, despite leading to overall channel bed aggradation, can lead to channel bed 
erosion downstream of locally wide river reaches.

The method accurately reproduces the typically slow transient channel response to sea level rise, but also for the 
faster transient channel response to disturbances such as sediment nourishments.

Appendix A: Model Equations
The proposed method as well as the traditional Monte Carlo method, use the same equations for the flow, grain-
size-selective transport rates, and change in bed level.

We use the backwater approximation (Chow, 1959) to solve for the quasi-steady flow over a given bed level pro-
file. The backwater equations, for a channel with temporally constant yet spatially variable width, are given by:

dℎ
d𝑠𝑠

=
𝑆𝑆 − 𝑆𝑆𝑓𝑓 − Fr2 ℎ

𝐵𝐵
d𝐵𝐵
d𝑠𝑠

1 − Fr2
, ∀ 𝑡𝑡, (A1)

d𝑄𝑄𝑤𝑤

d𝑠𝑠
= 0, ∀ 𝑡𝑡, (A2)

where 𝐴𝐴 𝐴𝐴𝑤𝑤 [m3 /s] denotes the flow discharge, h the flow depth, s the streamwise coordinate, S [-] is the channel 
slope (S = −∂η/∂x where η [m] is the bed level), Sf [-] is the friction slope (Sf = cfFr2), 𝐴𝐴 Fr =

√

𝑄𝑄2
𝑤𝑤∕(𝑔𝑔𝑔𝑔2ℎ3) [-] is 

the Froude number, B (m) the channel width, and g (m/s2) is the acceleration due to gravity.

Given the water discharge and flow depth, we compute grainsize-selective transport rates using the sediment 
transport relation of Ashida and Michiue (1972). This provides us with the grainsize-specific sediment transport 
capacity of grain size fraction k per unit width, qbk0. Subsequently, this capacity is multiplied by the channel width 
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B and corrected for the volume fraction content Fak of size fraction k in the bed surface sediment or active layer 
(with 𝐴𝐴

∑𝑛𝑛𝑓𝑓
𝑘𝑘=1 𝐹𝐹𝑎𝑎𝑘𝑘 = 1 where nf is the number of grain size fractions) to compute the grainsize-specific sediment 

transport rate Qbk over the river cross-section:

𝑄𝑄𝑏𝑏𝑏𝑏 = 𝐵𝐵𝐵𝐵𝑎𝑎𝑏𝑏𝑞𝑞𝑏𝑏𝑏𝑏0. (A3)

The change in bed level is described using the Exner (1920) equation:

𝐵𝐵
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − 1
1 − 𝑝𝑝

d𝑄𝑄𝑏𝑏

d𝑠𝑠
, (A4)

where p [-] is the porosity of the bed sediment and the total sediment load Qb is given by 𝐴𝐴 𝐴𝐴𝑏𝑏 =
∑𝑛𝑛𝑓𝑓

𝑘𝑘=1 𝐴𝐴𝑏𝑏𝑘𝑘 .

Using the traditional Monte Carlo method, the change in bed surface texture is described using the Hirano (1971) 
equations:

𝐵𝐵𝜕𝜕𝜕𝜕𝑎𝑎𝐹𝐹𝑎𝑎𝑎𝑎

𝜕𝜕𝜕𝜕
= −𝐵𝐵𝐵𝐵𝐼𝐼

𝑎𝑎
𝜕𝜕(𝜂𝜂 − 𝜕𝜕𝑎𝑎)

𝜕𝜕𝜕𝜕
− 1

1 − 𝑝𝑝
𝜕𝜕𝜕𝜕𝑏𝑏𝑎𝑎

𝜕𝜕𝜕𝜕
, ∀𝑎𝑎 ∈ (1, 𝑛𝑛𝐵𝐵 − 1). (A5)

The sediment in the substrate below is given as:

𝐵𝐵
𝜕𝜕𝜕𝜕𝑠𝑠𝑓𝑓𝑠𝑠𝑠𝑠

𝜕𝜕𝜕𝜕
= 𝐵𝐵𝑓𝑓𝐼𝐼

𝑠𝑠
𝜕𝜕(𝜂𝜂 − 𝜕𝜕𝑎𝑎)

𝜕𝜕𝜕𝜕
, ∀𝑠𝑠 ∈ (1, 𝑛𝑛𝑓𝑓 − 1). (A6)

where fsk [-] denotes the volume fraction content of size fraction k in the top substrate layer having thickness Ls. 
The layers below are not interacting with the flow and therefore not updated. The volume fraction content of size 
fraction k = nf is computed according to the condition 𝐴𝐴

∑𝑛𝑛𝑓𝑓
𝑘𝑘=1 𝑓𝑓𝑠𝑠𝑘𝑘 = 1 .

The volume fraction content of size fraction k at the interface between the active layer and the substrate 𝐴𝐴 𝐴𝐴𝐼𝐼
𝑘𝑘  is 

defined as:

𝑓𝑓𝐼𝐼
𝑘𝑘 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑓𝑓𝑠𝑠𝑘𝑘 if 𝜕𝜕(𝜂𝜂 − 𝐿𝐿𝑎𝑎)
𝜕𝜕𝜕𝜕

< 0,

(1 − 𝛼𝛼)𝐹𝐹𝑎𝑎𝑘𝑘 + 𝛼𝛼𝑄𝑄𝑏𝑏𝑘𝑘

𝑄𝑄𝑏𝑏
if 𝜕𝜕(𝜂𝜂 − 𝐿𝐿𝑎𝑎)

𝜕𝜕𝜕𝜕
> 0,

 (A7)

The grain size distribution of the sediment flux through the interface between the active layer and substrate is 
equal to the one of the top substrate layer under degradational conditions. Under aggradational conditions, the 
grain size distribution is equal to a weighted average of the one of the active layer and bed load, with weighting 
factor α (Hoey & Ferguson, 1994).

The proposed method uses a two-layer model to solve for the change in bed surface texture (Section 2). Sediment 
in a “dynamic layer” positioned immediately below the active layer is reworked by the flow only occasionally. As 
such, we assume that its grain size distribution is not important in the computation of the sediment transport rate 
(Equation A3). The change in bed surface texture is computed as follows:

𝐵𝐵𝜕𝜕𝜕𝜕𝑎𝑎𝐹𝐹𝑎𝑎𝑎𝑎

𝜕𝜕𝜕𝜕
= −𝐵𝐵𝐵𝐵𝐼𝐼

𝑎𝑎
𝜕𝜕(𝜂𝜂 − 𝜕𝜕𝑎𝑎)

𝜕𝜕𝜕𝜕
− 1

1 − 𝑝𝑝
𝜕𝜕𝜕𝜕𝑏𝑏𝑎𝑎

𝜕𝜕𝜕𝜕
, ∀𝑎𝑎 ∈ (1, 𝑛𝑛𝐵𝐵 − 1), (A8)

𝐵𝐵𝜕𝜕𝜕𝜕𝑑𝑑𝐹𝐹𝑑𝑑𝑑𝑑

𝜕𝜕𝜕𝜕
= 𝐵𝐵𝐵𝐵𝐼𝐼

𝑑𝑑
𝜕𝜕(𝜂𝜂 − 𝜕𝜕𝑎𝑎)

𝜕𝜕𝜕𝜕
− 𝐵𝐵𝐵𝐵𝐼𝐼

𝑑𝑑𝑑𝑑
𝜕𝜕(𝜂𝜂 − 𝜕𝜕𝑎𝑎 − 𝜕𝜕𝑑𝑑)

𝜕𝜕𝜕𝜕
, ∀𝑑𝑑 ∈ (1, 𝑛𝑛𝐵𝐵 − 1), (A9)

where Fdk the volume fraction content of grain size fraction k in the dynamic layer.

The sediment in the substrate below is given as:

𝐵𝐵
𝜕𝜕𝜕𝜕𝑠𝑠𝑓𝑓𝑠𝑠𝑠𝑠

𝜕𝜕𝜕𝜕
= 𝐵𝐵𝑓𝑓𝐼𝐼

𝑑𝑑𝑠𝑠
𝜕𝜕(𝜂𝜂 − 𝜕𝜕𝑎𝑎 − 𝜕𝜕𝑑𝑑)

𝜕𝜕𝜕𝜕
, ∀𝑠𝑠 ∈ (1, 𝑛𝑛𝑓𝑓 − 1). (A10)
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The grain size distribution of the sediment flux through the interface between the active layer and dynamic lay-
er, 𝐴𝐴 𝐴𝐴𝐼𝐼

𝑘𝑘  , is similar to the sediment flux between the active layer and the substrate in the Hirano model. We adopt 
the Hoey and Ferguson (1994) formulation for the sediment flux and thus allow sediment from the bed load to 
directly mix into the dynamic layer:

𝑓𝑓𝐼𝐼
𝑘𝑘 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹𝐹𝑑𝑑𝑘𝑘 if 𝜕𝜕(𝜂𝜂 − 𝐿𝐿𝑎𝑎)
𝜕𝜕𝜕𝜕

< 0,

(1 − 𝛼𝛼)𝐹𝐹𝑎𝑎𝑘𝑘 + 𝛼𝛼𝑄𝑄𝑏𝑏𝑘𝑘

𝑄𝑄𝑏𝑏
if 𝜕𝜕(𝜂𝜂 − 𝐿𝐿𝑎𝑎)

𝜕𝜕𝜕𝜕
> 0,

 (A11)

The grain size distribution of the sediment flux through the interface between the dynamic layer and the top layer 
of the substrate, 𝐴𝐴 𝐴𝐴𝐼𝐼

𝑑𝑑𝑑𝑑 , follows from:

𝑓𝑓𝐼𝐼
𝑑𝑑𝑑𝑑 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑓𝑓𝑠𝑠𝑑𝑑 if 𝜕𝜕(𝜂𝜂 − 𝐿𝐿𝑎𝑎 − 𝐿𝐿𝑑𝑑)
𝜕𝜕𝜕𝜕

< 0,

𝐹𝐹𝑑𝑑𝑑𝑑 if 𝜕𝜕(𝜂𝜂 − 𝐿𝐿𝑎𝑎 − 𝐿𝐿𝑑𝑑)
𝜕𝜕𝜕𝜕

> 0.

 (A12)

For simplicity, we assume that the active layer thickness, La, and the dynamic layer thickness, Ld, are constant in 
time.

Appendix B: Effect of Dynamic Layer and Its Thickness
This appendix addresses the relevance of the dynamic layer and its thickness. To this end, we compare the pro-
posed method in Figure 2b with a simplified method without dynamic layer in Figure B1.

Figure B1. Flow chart of the proposed method under conditions when the dynamic layer can be neglected.
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This reduced version of the proposed method neglects the sorting in the substrate just below the active layer. 
Instead of weighting the mode-specific bed level change, here the net sediment transport rate is computed by 
weighting the mode-specific sediment transport rates with the mode-specific probability density, and net change 
in bed level and bed texture are solved based on these net sediment transport rates. This simplified flow chart is 
computationally cheaper than the method shown in Figure 2b.

The thickness of the dynamic layer is determined by the depth of reworking by the flow. The latter is related to 
the typical river segments (see Section 3). Significant reworking of the bed by the flow takes place in UBSs and 
BWSs only. As a result, the dynamic layer is relevant only in these segments. In a QNFS reworking of the bed due 
to fluctuations in the controls is by definition, insignificant, and as a result, the dynamic layer thickness can be set 
to zero. Under conditions in which the dynamic layer can be neglected, the flow chart in Figure 2b automatically 
reduces to the flow chart in Figure B1. This is because the mode-specific grainsize-specific sediment transport 
rates are approximately the same for all modes, and, as a result, also equal to the average value. The dynamic layer 
is irrelevant also under unisize sediment conditions.

Figure B2 shows the results of Scenario S2 for runs with varying dynamic layer thickness, and one without a 
dynamic layer. As shown, the results with a dynamic layer are better than without, yet the value of the active layer 
thickness does not play a significant role in the considered case. We hypothesize that this is due to the aggrada-
tional nature of the case. We recommend further research into the value of the dynamic layer thickness in other 
cases.

Appendix C: Equilibrium Equations and the Initial Condition
All cases in this paper start from an equilibrium state, which enables us to limit our assessment to the effects 
of the sea level rise and nourishment specifically. We apply the equilibrium model introduced in Arkesteijn 
et al. (2019) to find the equilibrium state under a time-varying water discharge (i.e., hydrograph). As Arkesteijn 
et al. (2019) considered equilibrium under unisize sediment conditions only, we first extend their approach to 
conditions with mixed-size sediment.

Figure B2. Transient channel response (i.e., change in bed level) to sea level rise scenario S2 using the proposed method for 
different values of the dynamic layer thickness.
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It is important to note that, in a dynamic equilibrium state, the top substrate is reworked by the flow as a result of 
alternating aggradation and erosion associated with short-term variations of the flow rate. This implies that the 
top part of the substrate has an equilibrium grain size distribution that is a weighted average of the active layer and 
annual bed load flux (associated with the Hoey and Ferguson approximation of the vertical sediment flux). This 
appendix provides the equations describing the grain size distributions of the active layer and the top substrate 
layer under equilibrium conditions.

If the statistics of the hydrograph, sedigraph, and base level are constant in time, the river reach may tend to 
a dynamic equilibrium state where the bed level and bed texture vary around stable mean values (Arkesteijn 
et al., 2019; Blom, Chavarrías, et al., 2017; Lane, 1957; Parker, 2004). This dynamic equilibrium state is char-
acterized by a static component (i.e., the mean or time-averaged longitudinal profile) and a dynamic component 
(i.e., fluctuation of the bed level and surface texture around a mean state). We start all our runs from the mean, 
static component of the equilibrium state.

The following equilibrium condition is applied to the bed level, bed surface texture and substrate composition:

lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0

𝜕𝜕𝜕𝜕(𝑠𝑠𝑠 𝑠𝑠)
𝜕𝜕𝑠𝑠

d𝑠𝑠 = 0. ∀𝑠𝑠 (C1)

lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0

𝜕𝜕𝜕𝜕𝑎𝑎𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)
𝜕𝜕𝑠𝑠

d𝑠𝑠 = 0. ∀𝑠𝑠 (C2)

lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0

𝜕𝜕𝜕𝜕𝑠𝑠𝑠𝑠(𝑠𝑠𝑠 𝑠𝑠)
𝜕𝜕𝑠𝑠

d𝑠𝑠 = 0. ∀𝑠𝑠 (C3)

These equations state that a reach is in equilibrium when the long term averaged bed level, active layer content 
and substrate content do not change.

We define the time-averaged mean morphodynamic state, that is, the static component, as:

�̃�𝜂 = lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0
𝜂𝜂 d𝑡𝑡𝑡 ∀𝑠𝑠 (C4)

𝐹𝐹𝑎𝑎𝑎𝑎 = lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0
𝐹𝐹𝑎𝑎𝑎𝑎 d𝑡𝑡𝑡 ∀𝑠𝑠 (C5)

𝑓𝑓𝑠𝑠𝑠𝑠 = lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0
𝑓𝑓𝑠𝑠𝑠𝑠 d𝑡𝑡𝑡 ∀𝑠𝑠𝑠 (C6)

and assume that for the computation of the hydrodynamic behavior and the sediment transport rates, the equilib-
rium state may be approximated by its time-averaged or static state. The latter is the static-slope approximation. 
For an elaborate discussion on the validity of this approximation, please see Arkesteijn et al. (2019).

The static slope approximation allows us to derive expressions that can be used for the computation of the bed 
level, the bed surface texture and the substrate texture.

Appendix C1: Bed Level

We start from Equation C1 and substitute the Exner equation (Equation A4):

lim
�→∞

1
� ∫

�

0

��(�, �)
��

d� = − lim
�→∞

1
��(1 − �) ∫

�

0

���

��
d�

= − lim
�→∞

1
��(1 − �) ∫

�

0

�
∑��

�=1 �����̂��
��

d� = 0

 

This directly implies that:
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lim
�→∞∫

�

0

( ��
∑

�=1

����̂��
��
��

+
��
∑

�=1

��̂��
����

��
+

��
∑

�=1

����
��̂��
��

)

d� = 0 (C7)

The above expression contains three spatial derivatives, that is, a derivative of the channel width (which is as-
sumed to be a known function), a derivative of the spatial gradient in bed surface texture, and the derivative of 
the grain size specific sediment transport capacity. Following the method in Arkesteijn et al. (2019), we use the 
continuity equation (that is, 𝐴𝐴 𝐴𝐴𝑤𝑤 = 𝐵𝐵𝐵𝐵𝐵) and the backwater equation to express the the latter as a function of the 
local channel bed slope.

First, we substitute the continuity equation, which yields:

��̂��
��

=
��̂��
��

��
��

=
��̂��
��

(

1
�ℎ

���

��
− ��

�2ℎ
��
��

− ��

�ℎ2
�ℎ
��

)

 

Next, we substitute the backwater equation for the gradient in flow depth:

��̂��
��

=
��̂��
��

(

1
�ℎ

���

��
− ��

�2ℎ
��
��

− ��

�ℎ2

(

� − �� − Fr2 ℎ
�

d�
d�

1 − Fr2

))

 (C8)

This expression can be substituted back into Equation C7, leading to:

lim
�→∞∫

�

0

( ��
∑

�=1

����̂��
��
��

+
��
∑

�=1

��̂��
����

��
+ 

��
∑

�=1

����

(

��̂��
��

(

1
�ℎ

���

��
− ��

�2ℎ
��
��

− ��

�ℎ2

(

� − �� − Fr2 ℎ
�

d�
d�

1 − Fr2

))))

d� = 0 

Finally, we apply the static slope approximation and we use the constant multiple rule to bring all constants in 
front of the integral:

��
∑

�=1
���

��
��

lim
�→∞

∫ �
0 �̂��d� +

��
∑

�=1
�����

��
lim
�→∞

∫ �
0 �̂��d�

−�
��
∑

�=1
���� lim

�→∞

1
�

∫ �
0

��̂��
��

��

�ℎ2
1

1 − Fr2
d�+

��
∑

�=1
���� lim

�→∞

1
�

∫ �
0

��̂��
��

⎛

⎜

⎜

⎜

⎝

1
�ℎ

���

��
− ��

�2ℎ
��
��

− ��

�ℎ2

⎛

⎜

⎜

⎜

⎝

−�� − Fr2 ℎ
�

d�
d�

1 − Fr2

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

d� = 0

 (C9)

Equation C9 is an equation with as only unknowns the bed slope and the bed surface texture gradients for the 
various grain sizes. Given the flow state at a certain river cross section, the channel width and width gradient, and 
the bed surface texture at that position, all other terms can be calculated.

Under unisize sediment conditions, the above equation significantly simplifies since Fa1 = 1 and ∂Fa1/∂s = 0. For 
the latter case, an explicit expression for the equilibrium channel bed slope can be obtained (Arkesteijn et al., 2019).

Appendix C2: Bed Surface Texture

For the bed surface texture we start from a summation of the Hirano equations for the bed surface texture and 
the sediment in the substrate below, that is, Equations A5 and A6. Conveniently, the term with the interface flux 
cancels out. This leads to:

𝐵𝐵𝜕𝜕𝜕𝜕𝑎𝑎𝐹𝐹𝑎𝑎𝑎𝑎

𝜕𝜕𝜕𝜕
+ 𝐵𝐵

𝜕𝜕𝜕𝜕𝑠𝑠𝑓𝑓𝑠𝑠𝑎𝑎

𝜕𝜕𝜕𝜕
= − 1

1 − 𝑝𝑝
𝜕𝜕𝜕𝜕𝑏𝑏𝑎𝑎

𝜕𝜕𝑠𝑠
, ∀𝑎𝑎 ∈ (1, 𝑛𝑛𝑓𝑓 − 1). (C10)

Next, we substitute the equilibrium conditions in Equation C2 and C3. This results into:
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lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0

𝜕𝜕𝜕𝜕𝑏𝑏𝑏𝑏(𝑠𝑠𝑠 𝑠𝑠)
𝜕𝜕𝑠𝑠

d𝑠𝑠 = 0. 

After that, we write the grain size specific sediment transport rate Qbk as the product of the surface texture fraction 
Fak and the sediment transport capacity if the bed were to consist of a single grainsize only 𝐴𝐴 �̂�𝑄𝑏𝑏𝑏𝑏 . In addition, we 
expand the derivative using the product rule. This leads to:

lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0

𝜕𝜕𝜕𝜕𝑎𝑎𝑎𝑎�̂�𝑄𝑏𝑏𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)
𝜕𝜕𝑠𝑠

d𝑠𝑠 = lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0
𝜕𝜕𝑎𝑎𝑎𝑎

𝜕𝜕�̂�𝑄𝑏𝑏𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)
𝜕𝜕𝑠𝑠

+ �̂�𝑄𝑏𝑏𝑎𝑎
𝜕𝜕𝜕𝜕𝑎𝑎𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)

𝜕𝜕𝑠𝑠
d𝑠𝑠 = 0. 

Next, we apply the static slope approximation and we use the constant multiple rule to bring all constants in front 
of the integral. This leads to the following expression:

𝐹𝐹𝑎𝑎𝑎𝑎 lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0

𝜕𝜕�̂�𝑄𝑏𝑏𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)
𝜕𝜕𝑠𝑠

d𝑠𝑠 +
𝜕𝜕𝐹𝐹𝑎𝑎𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)

𝜕𝜕𝑠𝑠
lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0
�̂�𝑄𝑏𝑏𝑎𝑎d𝑠𝑠 = 0𝑠 

which can be rewritten to:

𝜕𝜕𝜕𝜕𝑎𝑎𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)
𝜕𝜕𝑠𝑠

= −𝜕𝜕𝑎𝑎𝑎𝑎

lim𝑇𝑇→∞
1
𝑇𝑇
∫ 𝑇𝑇
0

𝜕𝜕�̂�𝑄𝑏𝑏𝑎𝑎(𝑠𝑠𝑠𝑠𝑠)
𝜕𝜕𝑠𝑠

d𝑠𝑠

lim𝑇𝑇→∞
1
𝑇𝑇
∫ 𝑇𝑇
0 �̂�𝑄𝑏𝑏𝑎𝑎d𝑠𝑠

∀𝑎𝑎 ∈ (1𝑠 𝑛𝑛𝑓𝑓 − 1). (C11)

Please note that, we now have Equation C9 and nf − 1 equations for the bed surface texture gradient. One ad-
ditional equation for the surface texture gradient further follows from the requirement that the derivative of all 
fractions together is 0, that is, 𝐴𝐴

∑𝑛𝑛𝑓𝑓
1 𝜕𝜕𝜕𝜕𝑎𝑎𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)∕𝜕𝜕𝑠𝑠 = 0 , to maintain that all fractions together sum to one. As a result 

we have nf + 1 unknown spatial gradients and also nf + 1 equations.

Appendix C3: Numerical Solution

Equation C9, the nf − 1 Equation C11 and the requirement 𝐴𝐴
∑𝑛𝑛𝑓𝑓

1 𝜕𝜕𝜕𝜕𝑎𝑎𝑎𝑎(𝑠𝑠𝑠 𝑠𝑠)∕𝜕𝜕𝑠𝑠 = 0 together form a system of first 
order differential equations. This system has nf + 1 equations, wherein nf is the number of grain size fractions. 
The system can be solved numerically, where each of the above integrals is approximated using the probability 
density function of the water discharge (i.e., the flow duration curve). For a more detailed explanation of how 
to evaluate such integrals, we refer to Arkesteijn et al. (2019). We solve the equations iteratively to find the bed 
slope and bed surface texture gradients. Subsequently, the bed level and bed surface texture gradients are used in 
an explicit numerical scheme to calculate the longitudinal bed profile and bed texture using the space-marching 
as explained in Arkesteijn et al. (2019).

Appendix C4: Substrate Texture

In addition to the channel bed profile and bed surface texture, we can approximate expressions for the substrate 
texture (traditional model) or the dynamic layer texture (proposed model). Below, we illustrate the derivation 
for the traditional model. The derivation for the proposed model and the dynamic layer texture, however, is 
analogous.

We start from Equation C3; and substitute the substrate equation and the Hoey-Ferguson flux formulation:
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Next, we apply the static slope approximation and we use the constant multiple rule to bring all constants in front 
of the integral:

(1 − 𝛼𝛼)𝐹𝐹𝑎𝑎𝑎𝑎 lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

1 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 >0

d𝜕𝜕 + lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0
𝛼𝛼𝑄𝑄𝑏𝑏𝑎𝑎

𝑄𝑄𝑏𝑏

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

1 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 >0

d𝜕𝜕+ 

𝑓𝑓𝑠𝑠𝑠𝑠 lim
𝑇𝑇→∞

1
𝑇𝑇 ∫

𝑇𝑇

0

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

1 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 <0

d𝜕𝜕 = 0 

These equations may be simplified by using the following equilibrium condition on the bed level, that is, the 
average of all erosion in equilibrium equals the average of all deposition in equilibrium:

lim
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We may use this equilibrium property to further simplify the above equation and obtain:
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We now find the following expression for the substrate texture. Please note that, this expression only relates to 
the substrate that actively interferes with the flow in equilibrium conditions whereas an expression for the deeper 
substrate layers cannot be defined using the following equation:
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Equation C13 illustrates how the parameter α affects the substrate texture in the equilibrium state. Channel bed 
aggradation leads to a sediment flux from the active layer to the top substrate layer. When selecting α = 0, this 
sediment flux has the same grain size distribution as the active layer, and not surprisingly, the texture in the sub-
strate is found to be the same as in the active layer, that is, fsk = Fak. On the contrary, when α ≠ 0, part of the bed 
load mixes into the substrate and a different equilibrium grain size is found in the top substrate layer.

To derive the composition of the dynamic layer, the same procedure as above can be followed, wherein we start 
from the following equation instead of Equation C12:
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Substitution of the respective interface fluxes leads to a similar expression as derived above for the top substrate 
layer of the traditional model in Equation C13 above. More precisely, the derivation provides the following result:
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Here, it should be noted that the first equality holds because Fdk = fsk. This is because for the proposed model, 
channel bed aggradation leads to a sediment flux from the dynamic layer to the top substrate layer. This sediment 
flux has the same grain size distribution as the dynamic layer and the reverse holds under degradational condi-
tions. Consequently the layers have the same composition. The mathematical derivation for this equality is the 
same as for the top substrate layer in the traditional model with α = 0 above.

Appendix D: Number of Modes of the Controls
The proposed method is based on K sets of boundary conditions or modes. A total number of 36,500 daily dis-
charges are present in our water discharge record at Lobith between 1901 and 2000 (for the sake of simplicity we 
have removed the additional day of leap years). These values are recorded as rounded integers, and therefore only 
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a total number of 4,143 unique daily discharge values are present. Hence, selecting K = 4,143 modes would lead 
to the same flow duration curve as the flow duration curve associated with the hydrograph imposed in the Monte 
Carlo method. As such, we consider K = 4,143 to provide the most accurate approximation in terms of discretiz-
ing our probability density function, as a smaller number of modes could lead to a reduced accuracy because of 
discretization errors. This appendix compares the outcome for K = 4,143 with smaller values for the number of 
modes K and motivates our choice for K = 20.

We determine the K modes or bins linearly between the lowest (500 m3/s) and highest water discharge (13,000 m3/s) 
within the 100-year hydrograph record. The frequency of discharges in each of these bins has been assigned to the 
mean (center) value of the bin. Figure D1c shows an example for K = 20.

Figures D1a and D1b shows the transient channel response to scenario S2 for different values of the number of 
modes. Adopting 10 modes introduces a discretization error, and for K = 20 and larger values, the results do not 
vary, which illustrates that it suffices here to discretize the hydrograph into 20 modes.

The number of modes has a large effect on the computation time. Table D1 shows the required computation time 
for a realization of the Monte Carlo in comparison to the required computation time for a different number of 
modes K. For a Monte Carlo approximation, N simulations need to be carried out. We have selected N = 100 in 
our cases but a smaller number likely also suffices, for example, N = 40 (Van Vuren, 2005).

Figure D1. Transient channel response to sea level rise scenario S2. Panels (a) and (b) show the change in bed level and 
surface sand content, Panel (c) shows the probability of each bin for K = 20 modes, and panel (d) shows the cumulative 
probability densities for different values of the number of modes.
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Data Availability Statement
The model is available at https://zenodo.org/record/5778956. All data for this paper are cited and referred to in 
the reference list.
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