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Abstract

Marine structures are mostly exposed to mild and moderate sea-states, where the structural response is elas-
tic. Characteristics of environmental loading are highly stochastic in nature, resulting in stress-states that
might be multiaxial. This thesis attempts to identify the source and effect of these multiaxial stress-states on
fatigue damage in frigate type structures.

A stress invariant based method called the Projection-by-Projection approach was adopted to estimate dam-
age in the presence of multiaxial stress-states. This method was tested for its applicability and modified,
where necessary, to better cope with the encountered stress-states. The design rules by the International In-
stitute of Welding (IIW) were also used to be able to distinguish physical phenomena from methodological
properties.

The available data consisted of strain measurements from the United States Coast Guard (USCG) Cutters
Bertholf and Stratton. The Bertholf was equipped with the WaMoS wave radar. Measured wave data was re-
inforced with simulated waves to make the research independent of encountered sea-states.

It was concluded that multiaxiality is most relevant at low damage estimates (i.e.: low wave). The governing
influence factor is the incoming wave direction. It was also shown that multiaxial stress-states may signifi-
cantly contribute to fatigue damage (up to a factor 2, depending on the structural detail and location in the
vessel) at an estimated life time of 2 ·106 cycles.
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Preface

As a part of the fatigue Lifetime Assessment Project, I, in collaboration with MARIN and the Delft University of
Technology, attempted to make sense of the complex loadings that are encountered while considering multi-
axial stress-states in frigates. Most importantly, the effect of these multiaxial loadings on fatigue damage was
investigated. This thesis has been written to obtain the long-awaited and much anticipated degree of Master
of Science at the Delft University of Technology.
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knowledge, Paula van Lieshout for her helpfulness, Gabriele Bufalari for his insights and Mirek Kaminski, for
providing me with this opportunity.

It is with great pleaure that I present to you this thesis. I hope it may bring you as much pleasure reading, as
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1
Introduction

"And now for something completely different" –
Monty Python

1.1. Motivation
National Security Cutters (NSC) are the largest of several design of new United States Coast Guard (USCG)
Cutters. The NSCs are the second longest of all USCG Cutters behind the research icebreaker Healy. One of
these new NSCs is the USCG Cutter Bertholf.

The USCG set up a project to evaluate fatigue design approaches for these NSCs. This project became
known as the Fatigue Lifetime Assessment Project (FLAP). MARIN, amongst other subject matter experts and
stakeholders, was contracted to assist in this project and named it the VALID Joint Industry Project (JIP). The
VALID JIP entails (from [3, 4]):

• Forecast structural maintenance needs of USCG Cutters.

• Improve understanding of wave loading induced fatigue.

• Increase confidence level in wave loading induced fatigue on a naval frigate type hull.

The data collected in the VALID JIP will be used to improve the design and maintenance needs using
reliability based approaches in the VALID 2 JIP. The VALID 2 JIP is focused on the optimization of the service
life maintenance sustainment efforts based on data obtained from a hull structure monitoring system.

The VALID JIP was initiated by and brought to the TU Delft by prof.dr.ir. M.L. Kaminski, former employee
at MARIN, currently professor of Ship Hydromechanics and Structures at the TU Delft. Now, Ingo Drummen
has the lead on the VALID JIP.

Figure 1.1: The USCG Cutter Bertholf (figure from [40]).

11



12 1. Introduction

Figure 1.2: Fatigue physics range of scales (figure from [13]).

1.1.1. Overview
Marine structures are exposed to harsh environments. They are built to endure extreme events that are highly
stochastic in nature. Offshore structures are also subjected to thousands and thousands of cycles of low
amplitude loads. The cycle-by-cycle accumulation of damage due to low amplitude cyclic stresses is known
as fatigue. The fatigue range of scales is depicted in Figure 1.2. The fatigue life is typically divided into two
periods: the crack initiation period and the crack growth period. Crack initiation is a consequence of cyclic
slip: moving dislocations as a result of a cyclic shear stress. The shear stress magnitude differs from grain
to grain, depending on, amongst other influence factors, the orientation of the crystal structure. Crystal
structures with an orientation that aligns with the maximum shear direction are most likely to form cyclic slip
induced persistent slip bands (PSB). Due to the reduced constraint on slip, PSBs are preferably formed at the
material surface. As microcracks - induced by stress concentrations due to slip bands - grow into the material,
the constraint on slip increases; it becomes increasingly difficult to accommodate microcrack growth along
slip bands. There is a tendency for the microcrack to deviate from its original path and grow perpendicular
to the principal loading direction. Barriers for crack growth exist in the form of grain boundaries. As soon
as the number of grains along the crack front becomes sufficiently large, crack growth occurs as a more or
less continuous process. Surface effects such as surface roughness and reduced constraint on slip no longer
affect the microcrack growth: is has entered the crack growth period. Fatigue of structures and materials
is described in detail in [43]. Offshore structures are mainly subjected to high cycle fatigue (HCF), i.e. N =
O(106 . . .109), in which crack growth dominates the fatigue lifetime.

The hull is predominantly loaded by hydrostatic forces (still water pressure), hydrodynamic forces (wave
induced pressures) and cargo loads. The loads result in global bending moments and local bending moments
which result in membrane stresses in the thin-walled plate structural members, and local pressures which re-
sult in bending stresses in structural members, as shown in Figure 1.3. Fatigue is governing in welded joints
connecting hull girder structural members. Welded joints introduce notches and therefore stress concentra-
tions, which makes the formation of PSBs immaterial.

1.1.2. Problem statement
Multiaxial fatigue
A previous study on fatigue performance under multiaxial loading in vessels was performed in [55] by Karl
A. Stambaugh. The objective of this study was to survey and review methodologies for predicting multiaxial
fatigue performance of structural details typical for marine structures. Multiaxial stresses can be in-phase
(IP) or out-of-phase (OP) (Figure 1.4). A common type of a multiaxial stress state is a result of geometrical
constraints: sudden changes in geometry such as notches or welds may result in uniaxial loading induced
multiaxial stresses. Another type of a multiaxial stress state is due to externally applied multiaxial loading.
The former type is proportional, meaning that stress components vary proportionally and principal stress
directions remain unchanged. The latter is often non-proportional in nature. Karl Stambaugh at the time was
limited by available models and methods. Moreover, the report is mainly focused on the effect of multiaxial
stresses, rather than the loading components that create these stresses.

Multiaxial fatigue is a well-developed concept in the aerospace and automotive industries. Geometrical
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Figure 1.3: Structural response due to external loads.

Figure 1.4: Definition of load cases. IP multiaxial stress, OP multiaxial stress with equal frequency and unequal frequency.

effects have a large influence on fatigue resistance and damage which makes scaling to marine structures
difficult. The concept of multiaxial fatigue has been studied extensively; a brief overview is given in [45].
Previous research, among others, is performed in [10, 18, 29, 30] on path-dependent and -independent pa-
rameters, proportional and non-proportional constant amplitude (CA) and variable amplitude (VA) loading.
The scope of this thesis retains the necessity to review these articles in detail. Underlying theory of multiaxial
fatigue will be discussed in Chapter 2.

Methods to assess fatigue damage can be subdivided into three categories: stress, strain and energy based
methods. Stress and strain based methods consider local components to calculate linear elastic stress (stress
based method) or elastic-plastic strain (strain based method) histories. Fatigue cycles are generally extracted
using the Rainflow counting algorithm; the damage per fatigue cycle can be calculated using the SN- (stress
based) or EN-curve (strain based). The accumulation of damages per fatigue cycle can be assessed using, for
example, Miner’s rule. Energy based methods consider the internal energy balance to assess fatigue damage.
The internal energy is elastically stored energy. Internal energy is dissipated, amongst other characteristics,
when new free surface is created or in the formation of persistent slip bands.

Structural response
Accurate prediction of the hydrodynamic loads on vessels is crucial to assess the structural stresses. Hydro-
dynamic loads can quite easily be calculated using potential theory. If the elastic deformation cannot be
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neglected when compared to that induced by rigid-body motion, a hydroelastic approach is needed to as-
sess the structural response. The first 2-D frequency domain hydroelastic method was proposed by [42]. In
this method, the vessel was represented by a 2-D Timoshenko beam and the flow around the ship was deter-
mined using strip theory. The theory was developed to 3-D in [59] and extended to time domain in, among
others, [58]. Nowadays, hydroelastic methods are used in 3-D full structure FEM and BEM, in frequency and
time domain. When elastic deformation can be neglected when compared to the rigid-body motion, the hy-
drostructural (or rigid-body) approach will be accurate enough. An additional benefit of this hydrostructural
approach over the hydroelastic approach is that it does not over complicate the model; including hydroelastic
effects may induce results clouded with too many parameters that should not yet be considered.

Spectral analysis of stresses in ships
A study was performed on the validation of naval vessel spectral fatigue analysis in [49]. Full-scale measure-
ments were used to validate the spectral analysis. As an additional scope, the report looks at the influence
of the chosen wave spectrum on the result. The research was based on a naval vessel that is heavier than
the USCG Cutter Bertholf. Moreover, the research excluded springing and whipping and was focused on uni-
axial, longitudinal stresses in cold spots. Local effects in hot spots may induce additional uncertainties, this
makes the research fundamentally different from the research performed in this thesis. However, conclusions
may prove useful: if uniaxial stresses can be predicted using a spectral analysis, multiaxial stresses might too.
The results presented here are the root mean square (RMS) of the spectrum averaged over all strain gauges,
coefficient of variation (CoV) averaged over all gauges and the damage estimates.

The RMS stress calculated using a 2-D spectrum on average differed by a factor 0.98 from the measured
data with an (average) CoV of 0.25. For the 1-D spectrum this was respectively 1.35 and 0.46. For the damage
estimates, the 2-D spectrum calculated RMS differed by a factor of 0.89 on average with an average CoV of
0.97. The 1-D results show 1.67 (RMS) and 1.47 (CoV). According to [49], linear frequency-domain hydro-
dynamic load spectra parameters and damage estimates were in good agreement with values derived from
measurements. Parameters that introduce uncertainty are nonlinear behavior in hydrodynamics and struc-
tural response, operational profile and seaway representation. The results suggest a better representation of
the seaway improves the spectral fatigue analysis. The poorest results for stress and damage were consistently
with gauge s15 which was placed near the bow (the second poorest was s20, also near the bow). Stresses near
the bow were less than half those of the remaining strain gauges. It was believed that the poorer performance
of gauges near the bow was partly due to absolute errors in measurements and calculations causing more
relative error at low strain measurements.

It should be noted that the validity of the results is extremely dependent of the encountered sea-states.
The 1-D spectral results may provide sufficiently accurate results, if the encountered sea state was by approx-
imation 1-dimensional. Insufficient data was collected to draw valuable conclusions to this respect.

1.2. Scope of work
Fatigue design is mostly based on uniaxial Mode-I induced tensile loading; multiaxial fatigue regulations
are in development ([7]) Potentially, this could be a non-conservative approach and may lead to significant
underestimations of fatigue damage. This thesis aims to provide insight in the source and effect of multiaxial
stresses and fatigue in vessels, in particular in the USCG Cutter Bertholf.

The research will be limited to a linear, frequency domain hydrostructural study on the correlation be-
tween the level of stress state multiaxiality and joint swell and wind waves. Non-linear time domain analysis
may be performed later for validatory reasons but are deemed unnecessarily time-consuming and complex
for the initial analysis. Measured wave data will be used to assess fatigue damage. The objectives are:

• To investigate the effect of multiaxial stress-states on fatigue damage in frigate type structures.

• To test the applicability of a model to estimate multiaxial fatigue damage - the Projection-by-Projection
(PbP) approach - when applied to welded joints in a frigate type structure.

The research question is:

Do multiaxial stress-states in ships result in significantly higher fatigue damage than uniaxial stress-states?
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1.3. Outline
In Chapter 2 fundamentals about fatigue and fracture are explained. It describes the fatigue crack initia-
tion and growth mechanism, how fatigue life is generally calculated and why multiaxial fatigue is different
from uniaxial fatigue. Chapter 3 explains and discusses the employed model to estimate fatigue damage.
It will include a detailed description of the method and comprehensive investigation of its applicability on
welded components in frigate type structures. How the influence of multiaxial stress-states is investigated, is
discussed in Chapter 4. This chapter will include all employed concepts, as well as elaborate on the instru-
mentation of the USCG Cutter Bertholf and environmental data. The results are depicted and discussed in
Chapter 5. Conclusions and recommendations are included in Chapter 6.

Text in boxes is sometimes included in this thesis as extra information. These pieces of text may increase the
level of understanding of the reader, even if it does not necessarily provide new information.





2
Theoretical framework

"If you want to find the secrets of the Universe,
think in terms of energy, frequency, and
vibration" – Nicola Tesla

2.1. General
Fatigue limit state design is important since the most encountered environmental conditions - mild and mod-
erate - contribute to fatigue damage. Fatigue in materials starts at the microscale: atom dislocations in the
crystal structure of a material may result in fracture of structural members. The mechanism of fatigue and
fracture, and how it translates to the macroscale, is treated in this chapter.

2.2. Fundamentals of fatigue
Fatigue is typically divided in two periods: crack initiation and crack growth. In marine structures, materials
consist of grains in a polycrystalline structure, of which the size is in the order of tens of micrometers. The
atoms in a grain are oriented in a particular direction, making them microscopically anisotropic. The random
orientation of all grains together makes the material macroscopically isotropic. This anisotropic behavior
results in micro- and mesoscopic stress concentrations (mSC) at grain boundaries.

Another source of microscopic stress concentrations is crystal structure defects [13, 43]. At the formation
of a polycrystalline structure, misplaced atoms such as in Figure 2.1 (most left illustration) will always oc-
cur. Defects exist as point, line and surface defects; the location and number in base material is completely
random. Crystal dislocation start to move under cyclic loading, following the path of least resistance (Figure
2.1). This process is called cyclic slip. It appears that these dislocations move along slip planes under local
cyclic shear, principally until the grain boundary is reached, causing micro-plastic deformation that typically
concentrate in slip bands.

A favorable grain orientation for slip band formation exists: the grain orientation that aligns with the
maximum shear stress. It can easily be verified using Mohr’s circle [16] that this orientation is at an angle of
±45o for normal loading, and {0,90}o for torsional loading. At the material surface, there are no neighboring
grains to constrain plastic deformation. As a result, a preferred location for the development slip bands is at
the material surface. A very practical argument that also supports slip band formation at the material surface
is the presence of notches. A peak stress occurs near the surface facilitating easier slip band development. In
conclusion: crack initiation is a near surface phenomenon.

When a moving dislocation reaches the material surface, much like it reaches the grain boundary in Fig-
ure 2.1, a notch is created. The next half cycle will create an intrusion (or extrusion). This mechanism is
depicted in Figure 2.2. The accumulation of dislocations of at the material surface causes surface roughening
in the form of extrusion and intrusions [38]. microcracks start to grow along PSBs due to mSCs at extreme
intrusions.

Other sources of mSCs that facilitate microcrack growth are corrosion pits, manufacturing defects or in-
clusions such as voids and pores [43]. Such manufacturing defects and inclusions are always present at welds.

17
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Figure 2.1: Example of a moving dislocation under cyclic shear loading (figure based on [13]).

Figure 2.2: mSC development at the material surface.

This omits the necessity for mSC development due to cyclic slip if a weld is considered; crack initiation can
occur underneath the surface. For this reason, welds are often considered governing in fatigue lifetime [43].
Additionally, welds will often coincide with a change in geometry, resulting in macroscopic stress concentra-
tions (MSC). When the (micro-) crack tip reaches a grain boundary, mSC will result in further growth along
PSBs or along grain boundaries. When the crack tip reaches deeper into the material, the added constraint
on cyclic slip makes it harder to facilitate crack growth along PSBs. By this time, the crack front will cross
multiple grains (multiple active PSBs). There is a tendency for the crack growth direction to deviate from its
original path (maximum shear plane) to perpendicular to the principal loading direction. Surface effect no
longer affect the crack growth; it has become a far-field stress dependent process. The crack initiation period
is considered to be completed, crack growth is no longer a surface phenomenon but a bulk material property.

In fracture mechanics, there are three ways of applying a force that results in crack propagation [44]:

• Mode I: opening mode.

• Mode II: In-plane shearing.

• Mode III: Out-of-plane shearing.

These three modes are depicted in Figure 2.3. A crack tip can be considered a notch with an infinitely small
radius. Explicit functions for the stress distribution around the crack tip can be obtained by considering the
analytic limits for a short distance of a point

(
(x, y

)
to the crack tip. These functions can be written as [24, 39]:



2.3. Fatigue calculations 19

Figure 2.3: Fracture modes (figure based on [2]).

σi j = K√
2πdr

fi , j (θ) (2.1)

with
K = ζP

p
πa (2.2)

where the indices i and j represent the different stress components in the Cauchy stress tensor. This func-
tion was derived for an infinite sheet in [43], ζ is a geometry factor that accounts for finite dimensions and
other geometries in the stress intensity factor (SIF) K . The parameters dr , a and P respectively represent the
distance from the crack tip, half the crack length and the remote loading. It is important to note that these
equations apply to a mode I crack. It can be argued that, assuming mode I crack growth is dominant, a crit-
ical plane approach can be adopted to apply the same equations in the presence of shear loading. All stress
components go to infinity for r → 0. As a result of ductility, a small plastic zone will be created at the crack tip.
The size and shape of the plastic zone depend on the stress-state (plane stress or plane strain). This is treated
in [11, 37]

A cyclic load introduces a cyclic SIF varying between Kmax and Kmi n . A cycle can be fully described using
the following two definitions:

∆K = Kmax −Kmi n (2.3)

rl =
Kmi n

Kmax
(2.4)

where rl is known as the load ratio. According to [43], it appears to be fully correct that the crack growth rate
(crack growth per cycle) is a function of ∆K and rl :

da

dN
= f (∆K ,rl ) (2.5)

2.3. Fatigue calculations
2.3.1. Stress concepts
For the assessment of fatigue damage, one typically utilizes a nominal, structural (hot spot) or effective notch
stress concept [7, 17]. The concepts take progressively more information about the weld in consideration,
which makes the computation more complex, but more accurate as well. The total weld toe notch stress can
be described by the superposition of the equilibrium-equivalent stress and self-equilibrating stress (Figure
2.4). The nominal stress concept is a global structural response approach. This concept takes no weld infor-
mation or geometry changes into account; it only utilizes the equilibrium-equivalent stress. The structural
(hot spot) stress concept is a local approach; this approach takes local structural (i.e.: geometry) variations
(V-shaped notch stress) into account. Notch angle effects are excluded; theoretically, the fatigue strength is
undefinable because the it grows with the notch radius. The effective notch stress concept takes the weld-
load carrying stress into account (notch angle effects). This concept takes into account all global and local
information; theoretically, one fatigue resistance curve with one reference radius (for weld toe and weld root
notches) exists. Limitations exist in the form of elastoplastic behavior, which has to be taken into account
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Figure 2.4: Weld toe notch stress components.

explicitly. If applied, cross-sectional weakening and strengthening must also be taken into account explicitly.
A nominal stress concept requires resistance data specific to a particular detail. This means it cannot be used
for unusual details. The effective notch stress concept requires detail specific information such as weld thick-
ness. More importantly, multiaxial fatigue methods have not developed far enough to utilize this concept. A
structural (hot spot) stress concept was adopted in this thesis.

2.3.2. Damage calculations
Fatigue damage calculations can be performed in time domain and frequency domain. In frequency domain,
the damage is related to power spectral density information of the stress components. This approach is valid
when the response is by approximation linear. When the response is expected to be non-linear, a time domain
approach must be adopted. Time domain approaches estimate fatigue damage from stress time histories.
The type of model also depends on the type of material; the behavior of a structure depends on the ductility
of the material.

HCF is dominated by the crack initiation period [14]. The structural response is elastic [46]; fatigue life-
time can be estimated using a linear stress-strain relationship. It is assumed that the geometry is intact for
the largest part of its lifetime. LCF is dominated by the crack growth period. The structural response can be
characterized by elastic-plastic deformation, which cannot be assessed using a linear stress-strain relation-
ship. The crack growth is often estimated using fracture mechanics. Fracture mechanics is in detail treated in
[44].

Marine structures are typically loaded in the HCF region. Fatigue damage can be estimated using either
stress (or strain, since the response is linear) or energy relations. Energy concepts assume that the fatigue
lifetime can be estimated by considering the energy dissipation in time. Fatigue calculations from stress time
histories are performed using SN-curves. On an SN-curve, the amount of cycles to failure is plotted as a
function of the stress range in a Wöhler diagram. Note that, even though the stress range is the parameter
that can be influenced in a fatigue test, it is plotted on the Y-axis. SN-curves are obtained from test data.
For fatigue calculations, SN-curves are often modeled using single slope or double slope models, with a knee
point typically at 2 ·106 cycles [7]. In double slope models, the change in damage mechanism (slope in the
SN-curve) that appears at a certain amount of cycles (the knee point) is included. FAT classes define the
resistance parameters for structural details. A FAT 71 SN-curve, defined in [7], is depicted in Figure 2.5. The
formula for a single slope model is:

log N f = logC −k · logS (2.6)

where N f is the number of cycles to failure, S the stress range, C the fatigue strength and k the slope in the
SN-curve.

A Rainflow algorithm is used to extract cycles from a stress time history. This algorithm was first described
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Figure 2.5: A typical double slope SN-curve

in [21]. The Rainflow algorithm, using the stress time history as input, returns the amplitude of all cycles it
finds. The SN curve is used to determine the damage done per cycle. Damage may be assumed to be a linear
or non-linear sum of the damage per cycle. For example: the damage sum is assumed non-linear when it is
taken into account that the ductility of a material changes in the process of fatigue damage.

A recommended practice for the fatigue design of offshore steel structures is provided by DNV-GL in [17].

2.3.3. Multiaxial fatigue
Multiaxial fatigue is even more complex in that different stress components have different failure mecha-
nisms (different slopes in the SN-curve). If no interaction between the damage mechanisms is taken into
account, a linear damage sum may be applicable. For multiaxial fatigue, this is not a fair assumption:

Imagine a purely torsional CA far-field loading. If the loading plane is rotated 45o (using Mohr’s circle), it is
obvious from a physical point of view that the damage estimate should remain the same. The rotated plane
has a normal stress on both the x- and y-plane in anti-phase (AP), with the same amplitude as the torsional
loading. Assuming that normal loading results is higher damage than torsional loading (which often is a valid
assumption), the sum of the damage on the rotated plane (due to longitudinal and transverse normal loading)
will be much higher than the damage on the original plane (due to torsional loading).

A fatigue resistance parameter can be defined by the Cauchy stress tensor on a predefined plane or a crit-
ical plane [48], by an invariant of the Cauchy stress tensor [52] or by energy criteria [28]. A distinguish is made
between methods that assume separate mode SN-curves and mixed mode SN-curves. Separate mode ap-
proaches use separate SN-curves for different stress components, mixed mode approaches attempt to define
one SN-curve to estimate damage done by different stress components (or components of some invariant).
A separate mode approach can be found in [7]. This method, developed by the International Institute of
Welding (IIW), takes into account ductility, load characteristics (CA and VA loading), load proportionality and
mean stress fluctuations. The method utilizes two parameters, Dm and CV , that allow for corrections based
on the named influence factors. The design resistance is defined by FAT class. The IIW design rules define a
design amplitude as:

Sd = m1

√
1

Dm
·
∑

Sm1
1 +Sm1−m2

L ·∑Sm2
2∑

n1 +∑
n2

(2.7)

where

• Dm : specified Miner Sum.

• NA : number of cycles to failure at knee point stress range.

• m1: slope above knee point.

• m2: slope below knee point.
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• S1: stress range (counted using a Rainflow algorithm) above knee point.

• S2: stress range (counted using a Rainflow algorithm) below knee point.

• SL : stress range at knee point.

• ni : number of cycles with stress amplitudes above knee point.

• n j : number of cycles with stress amplitudes below knee point.

This same equation is applied for normal (to obtain σD ) and shear stress (to obtain τD ). The damage is
calculated as follows:

D =
nxx
NA

(
σD
σR

)2 + nx y

NA

(
τD
τR

)2

CV
(2.8)

where

• D : damage fraction

• nxx : number of cycles in normal loading.

• nx y : number of cycles in shear loading

• σR : fatigue resistance for normal loading.

• τR : fatigue resistance for shear loading.

• CV : comparison value.

The values for Dm and CV change with loading conditions (proportional or non-proportional, constant am-
plitude or variable amplitude) and are specified in [7] as Dm = 0.5 and CV = 0.5 (non-proportional loading)
or CV = 1.0 (proportional loading). The mean stress effect is neglected.

A stress invariant based approach can be found in [52]. This method takes into account load characteris-
tics, load proportionality and mean stress fluctuations in a more sophisticated way. A detailed description of
this method is given in Chapter 3.
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Projection-by-Projection approach

"Though this be madness, yet there is method in
it." – William Shakespeare

3.1. General
A method used in this thesis to assess multiaxial fatigue damage is the stress-based Projection-by-Projection
(PbP) approach [52]. It is often difficult to correctly account for variable amplitude multiaxial loading with
non-zero out-of-phase angles. This methods attempt to account for complex multiaxial stress-states in fa-
tigue damage estimates.

3.2. PbP implementation
The PbP approach is a stress invariant based criterion: it considers the amplitude of the second invariantp

J2a expressed by the deviatoric component of the Cauchy stress tensor in a 5-dimensional Euclidean space.
To account for non-zero out-of-phase angles in the damage, the load path as described in the 5-dimensional
space is projected onto a convenient reference frame by analyzing the covariance matrix associated with the
applied stress.

3.2.1. Mathematical properties
The criterion makes use of the amplitude of the second invariant of the deviatoric component of the Cauchy
stress tensor and the hydrostatic stress. First, let us define the deviatoric stress tensor as:

σ′ =σ−σH I (3.1)

with σH the hydrostatic pressure, defined as:

σH = 1

3
Trσ (3.2)

and I the identity matrix with the same size as σ.
The invariants of any matrix A can be calculated using the characteristic equation. A detailed formulation

of the characteristic equation and invariants can be found in Appendix A. For now, it is sufficient to know that
the invariants can be found by expanding the determinant of A −λI . For a 3x3 matrix, this results in:

det(A −λI ) =−λ3 + J1λ
2 − J2λ+ J3 (3.3)

where {J1, J2, J3} are the invariants and all solutions of λ are the eigenvalues. Note here that the hydrostatic
stress is defined as the first invariant divided by 3.

The PbP approach uses a 5-dimensional Euclidean space where the length of the vector - let’s call this
vector s(t ), see Appendix A - in that space is the second invariant expressed in terms of the deviatoric stress.

23
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This method uses the covariance matrix to find the degree of proportionality of the different terms in the
vector s(t ); non-proportional loading has covariance 0 and fully proportional loading has covariance 1. The
covariance between two random processes is defined as:

Ci j =
∫

T
((xi (t )−xm,i ) · (x j (t )−xm, j ))dt (3.4)

with

xm,i = 1

T

∫
T

xi (t )dt (3.5)

By projecting the terms in the vector s(t ) along the eigenvectors of the covariance matrix, 5 uniaxial load
paths are found with (almost) 0 covariance.

3.2.2. Time-domain formulation of the PbP approach
The projection frame of reference
Accurately addressing the non-zero out-of-phase angles is a complex problem. This method attempts to use
the principal axes of the vector s to account for non-zero out-of-phase angles. The projections of this vector
are then treated as non-proportional, uniaxial load paths to assess fatigue damage.

For the sake of clarity, the process of projection is visualized (Figure 3.1) and explained in a 2-D space.
Assume two random vibrations X1(t ) and X2(t ). For every t , the magnitude of the vibrations is plotted as a
point [X1(t ),X2(t )] in a 2-D space with orthogonal reference frame {X1,X2} (black in Figure 3.1). The path that
the tip of this vector describes is denoted as the load pathΩ. Note that the projection of every pointΩ(ti ) on
X j is again the magnitude of the vibration of X j (t ) at time ti . Using Equation 3.4, a covariance matrix is set
up. The starting hypothesis of this method is that non-zero out-of-phase angles can be accurately taken into
account by projecting the load path on the principal reference frame [53]; the reference frame with (almost)
zero covariance. This principal reference frame is composed by the eigenvectors of the covariance matrix
({E1,E2}, red in Figure 3.1). By projecting the tip of the vector [X1(t ),X2(t )] at every time t on the eigenvectors,
we find the magnitude of the vibrations Xp,1(t ) and Xp,2(t ), which have, by the definition of the principal
reference frame, zero covariance.

Damage evaluation per projected load path
To assess the damage due to each projected load path, a multiaxial Rainflow counting algorithm was origi-
nally introduced in [56]. This technique, while counting cycles on a master channel, simultaneously checks
for cycles on an auxiliary channel. Using a modification of the standard Rainflow counting method, fatigue
damage is estimated while considering the complex multiaxial load histories. This method uses the devia-
toric stress components as the counting channel, while simultaneously recording the maximum hydrostatic
stress for each counted cycle. The original Rainflow counting algorithm was first described in [21]. The mod-
ified Rainflow algorithm is visualized in Figure 3.3. It shows some projected load path, already reduced to a
sequence of tensile peaks and compressive valleys. As the Rainflow algorithm identifies a cycle (Figure 3.3
above) with amplitude

p
J2a i j (where i indicates a projection and j a cycle), it simultaneously, in the same

timespan as the cycle, identifies the maximum value of the hydrostatic pressure σH i j (indicated by the as-
terisk in Figure 3.3 below). This process is continued for all cycles. Note that the timespan of multiple cycles
may overlap, and that one maximum hydrostatic stress may be found for multiple cycles.

Even though not explicitly elaborated on in the literature read by the author of this thesis, it is worth noting
that the choice of the maximum value of the hydrostatic stress, rather than maximum range or mean value of
the hydrostatic stress, seems rather odd at first. It is the author’s interpretation that the underlying assump-
tion is that negative values of the hydrostatic stress result in less crack growth as they represent a compressive
state in the material. It can be observed and easily verified that for certain values of ρr e f , kr e f becomes nega-
tive which would suggest a longer fatigue lifetime at a higher load amplitude. For this reason, negative values
of the hydrostatic stress must be treated with caution.

Multiaxial fatigue damage can now be estimated using a bi-parametric reference SN-curve plotted in a
log-log Modified Wöhler diagram (Figure 3.2). The concept of a bi-parametric approach is based on [32, 47].
A reference curve is defined, considering both the mean amplitudes of the counted cycles with respect to
the projected load,

p
J2a i r e f , and the mean of all corresponding hydrostatic stress values, σH r e f . With the



3.2. PbP implementation 25

Figure 3.1: Random loading path Ω in a 2-D space. The original reference frame is depicted in black, the principal reference frame is
depicted in red. The projections are depicted byΩp,1 andΩp,2 (figure based on [51]).

Figure 3.2: Master curves and reference curve plotted in a log-log modified Wöhler diagram (figure based on [52]).

stress-state estimator ρr e f defined as follows:

ρr e f =
p

3 · σH r e f(∑
i

(p
J2a i r e f

)2
) 1

2

(3.6)

with

σH r e f =
[
σH i j

]
(3.7)

and √
J2a i r e f =

[√
J2a i j

]
(3.8)

where the double overline indicates a mean over both {i , j } and the single overline indicates a mean over, in
this case, j , a unique reference curve is defined for each time signal. A parameter ρ was adopted in [47] to take
into account mean stress as well as proportionality. The parameter ρr e f in [52] does not take into account
proportionality, as it is assumed to be taken into account when estimated the total damage. The two master
curves are defined by a fully-reversed (rl =−1) uniaxial curve, characterized with ρ = 1, and a fully-reversed
torsional curve, characterized with ρ = 0. This parameter ρ was adopted to only take into account the effect
of the hydrostatic stress.
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Figure 3.3: As the modified algorithm identifies a cycle (above), it simultaneously checks for the maximum hydrostatic stress (below).

A reference fatigue strength, typically calculated at NA = 2 ·106 cycles, and reference inverse slope of the
Wöhler curve are calculated using simple linear relationships [32, 47]:√

J2a r e f =
√

J2aρ=0 +ρr e f ·
[√

J2aρ=1 −
√

J2aρ=0

]
(3.9)

kr e f = kρ=0 +ρr e f ·
[
kρ=1 −kρ=0

]
(3.10)

The total damage due to each projection, Di , is obtained by applying Miner’s rule of linear superposition
of damage due to each cycle, Di j , for every projection [31]. This results in the following expression for the
damage related to each projected pathΩp,i :

D
(
Ωp,i

)=∑
j

Di j =
∑

j

([ p
J2a i jp

J2a r e f

]kr e f

· 1

NA

)
(3.11)

It is now possible to define an equivalent simplified path, Ωeq,i that results in the same damage as the
projected pathΩp,i . The equivalent simplified path consists of one single cycle with amplitude

p
J2a i eq which

results in the same damage D
(
Ωp,i

)
so that the equivalent amplitude can be calculated for each projection

using the following relationship:

√
J2a i eq =

√
J2a r e f ·

(
NA ·D

(
Ωp,i

)) 1
kr e f (3.12)

Total damage
The total damage due to the considered projections cannot be assumed to be a linear superposition since
the damaging events occur at the same time, rather than a sequence of damaging events such as damage due
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to cycles. A suitable damage accumulation rule is needed to accurately estimate total damage and take into
account the presence of non-zero out-of-phase angles. A quadratic accumulation that was already used in
[23] ,applied to the simplified load paths, is assumed to be most appropriate here:

D (Ω) = D

(∑
i

(√
J2a i eq

)2
) 1

2

 (3.13)

Note that the quadratic accumulation rule is applied to the equivalent cycles
p

J2a i eq and not the damage
due to these cycles. When substituting the above expression in Equation 3.11, it is interesting to observe that
the damage can also be formulated as:
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When constant amplitude sinusoidal signals are considered, the PbP approach results in analytical ex-
plicit expression for the fatigue damage. Such analytical expressions can be used to provide insight into the
influence of certain parameters. Analytical expressions are given in [52]. What’s important to remember is
that, according to these equations, out-of-phase shear stress do not influence the fatigue damage.

3.3. Applicability of the PbP approach
3.3.1. Stress-state estimation
Verification of a model requires extensive model testing, which is not part of this thesis. However, the appli-
cability of the model can be verified for some simple base cases where the outcome is known. A governing
parameter in the stress-state estimation is ρr e f ; its value determines the assumed failure mechanism. The
value of ρr e f is depicted for various loading conditions (biaxial, normal and shear component) in Figure 3.4.
The x-axis is labeled such that 0% corresponds to zero normal stress, 100% corresponds to zero shear stress
and 50% corresponds to equal amplitudes in normal and shear loading. A reference value based on statistics
of the loading is also included, this value is invariant to the type of loading. This reference value is described
in [51]. Note that in this figure a biaxial stress-state is assumed. Loading conditions are defined as:

• CA: constant amplitude loading.

• VA - filtered: Variable amplitude loading with frequencies up to 3r ad/s.

• VA - unfiltered: Variable amplitude loading with frequencies up to 60r ad/s.

It can be concluded that the proposed modified Rainflow algorithm is not applicable with this type of loading,
with a maximum absolute percentage error of 115% at unfiltered VA loading. The reference statistical value
appears to be capable of accurately estimating the stress-state. Some reference SN-curves are plotted for
different values of the stress-state estimator ρr e f in Figure 3.5. It seems that the applicability of the linearly
inter- and extrapolation of SN-curves is limited to N f > 2 ·104 for ρr e f = 2. To quantify the influence of the
stress-state estimator, the estimated number of cycles to failure is calculated for various load conditions (all
uniaxial) in Table 3.1. Load case (LC) 1 and 2 have zero-mean hydrostatic stress (load ratio rl =−1), LC 3 and
4 have fully compressive hydrostatic stress (rl > 1). LC 1 and 3 are constant amplitude signals, LC 2 and 4
contain narrow-band noise with a frequency 20 times higher than the signal frequency of LC 1 and 3, with an
amplitude that is 50 times lower.

High frequency - low amplitude cycles have an unrealistic influence on the damage estimates, particularly
for fully compressive loading. Part of the reason for this can be found in Figure 3.3. Imagine the projected load
history is clouded with high frequency - low amplitude cycles. The mean of the maximum hydrostatic stress
valuesσH i j , in the presence of low amplitude cycles, will converge to the mean of the hydrostatic stressσH (t )
as the time increment te − t0 (3.3, below) becomes significantly smaller than the zero-up crossing frequency
of the hydrostatic stress. Additionally, the denominator in Equation 3.6 will decrease in the presence of low
amplitude cycles. The latter influence is stronger, meaning that for zero-mean loading the value for ρr e f will
grow. For compressive loading, a more negative numerator (σH r e f ) and a lower denominator result in a ρr e f

value that is far lower in the presence of high frequency - low amplitude cycles. Remember that the slope
of the reference SN-curve changes linearly with ρr e f . Because of the logarithmic nature of fatigue damage,
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Figure 3.4: The reference parameter ρr e f for different loading con-
ditions. Filtered means that there are no frequencies higher than
3r ad/s, unfiltered contains frequencies up to 30r ad/s.

Figure 3.5: Reference SN-curves for different values of the stress-
state estimator ρr e f . Master SN-curve for bending has slope m = 3
and knee-point fatigue strength 71MPa, master SN-curve for tor-
sion has slope m = 5 and knee-point fatigue strength 80MPa. Note
that the bending knee-point fatigue strength, expressed in terms of
the deviatoric stress tensor, equals 41MPa

Table 3.1: Damage estimates by the PbP approach for various load conditions.

Load case 1 Load case 2 Load case 3 Load case 4

rl =−1 rl =−1 rl = 5.6 rl = 5.6
- no noise - - narrow-band noise - - no noise - - narrow-band noise -

ρr e f = 1.00 ρr e f = 2.91 ρr e f =−0.41 ρr e f =−3.85
N f = 2.00 ·106 N f = 5.54 ·103 N f = 2.81 ·108 N f = 5.34 ·1015

a change in slope has a progressively growing influence on fatigue. Since the slope is higher in compressive
loading than in neutral loading, the effect of a slight slope change is higher in compressive loading than in
neutral loading.

3.3.2. Mean stress effect
The PbP approach adopts the stress-state estimator ρr e f to estimate the mean stress effect. This reference
parameters grows linearly with the hydrostatic stress and can be subdivided into two parts:

• A part that is dependent of the (variable) amplitude of the hydrostatic stress.

• A part that is dependent of the mean hydrostatic stress.

The hydrostatic stress amplitude changes with the loading amplitudes, making the former part approximately
constant for loadings of different amplitudes (for example due to different wave heights). However, at a con-
stant mean hydrostatic stress, different SN curves may be found at loadings of different amplitudes; for uni-
axial loading with a non-zero mean stress and amplitude that turns to zero, ρr e f turns to infinity:

lim
Sa→0

ρr e f =∞ ⇐⇒ Sm > 0 (3.15)

The same goes for multiaxial loading histories. The reference SN-curve is dependent of ρr e f ; the effect is that
damage goes up when the loading amplitude goes down. To quantify, Figure 3.6 depicts two SN-curves: one
for uniaxial loading with Sm = 0 (Figure 3.6a), and one for Sm = 10 (Figure 3.6b). Such SN-curves are obtained
by calculating the amount of cycles to failure - using analytical expressions - at a discrete set of loading am-
plitudes. There is not enough evidence available to verify whether this method to take into account the mean
stress is applicable for welded joints in frigate type structures.
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(a) SN-curve for Sm = 0. (b) SN-curve for Sm = 10.

Figure 3.6: SN-curves for different values of the mean stress.

3.4. A modified approach
3.4.1. General modifications
A modified PbP approach is proposed by the author of this thesis. It was found that the algorithm - using
the auxiliary counting channel - does not result in accurate calculations of the stress-state in the investigated
cases. Two alternative ways to determine the value of ρr e f are proposed:

• The modified Rainflow algorithm attempts to identify maxima in the hydrostatic stress for each cycle
individually. This is something the statistical value is not capable of. This algorithm is very sensitive to
high frequency - low amplitude cycles. A modification is proposed to reduce this sensitivity. A weighted
mean to determine σH r e f (Equation 3.7) and

p
J2a i r e f (Equation 3.8) is proposed.

• A ρr e f value based on loading statistics, as described in [51].

To obtain the weighted mean, each individual term in Equations 3.7 and 3.8 was weighted with the magnitude
of its cycle:

σH r e f =
∑

i
∑

j
(p

J2a i j ·σH i j
)∑

i
∑

j
p

J2a i j
(3.16)
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This yielded better estimates for the stress-state estimator ρr e f with an absolute percentage error of about
22% at zero-mean unfiltered VA loading. Depending on the master SN-curves and loading conditions, this
could still have major consequences for the damage estimates (factor 3 differences in damage for zero-mean
uniaxial VA loading have been observed). For this reason, the statistical value forρr e f is preferred. It is defined
as:

ρr e f ,st at =
p

3 · 2
p

var(σH (t ))(∑(p
J2a S

)2
) 1

2

(3.18)

where the numerator can be recognized as the significant amplitude of the hydrostatic stress σH (t ). The
vector

p
J2a S in the denominator contains the significant wave heights of the components of the deviatoric

stress tensor. Note that this ρr e f value only contains information about the energy in the hydrostatic stress
tensor and not the mean offset; the mean stress effect will be discussed in a later stage. Using this ρr e f value,
a threshold value for the knee-point resistance fatigue strength is defined in the same manner as in Equation
3.9. Using this knee-point fatigue strength, a double-slope model can be adopted. The total damage is the
sum of the damage in mdeium cycle fatigue (MCF) and the damage in HCF.

3.4.2. Mean stress effect
The mean stress effect is different in base material than in welds. Welds often have residual stresses that are
significantly higher than the mean far-field stress. It is assumed that these residual stresses are implicitly
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included in the resistance data. The residual stress in welds typically shows a high amount of scatter [35]. It is
therefore important to understand the influence of the residual and mean stress. Moreover, the PbP approach
was not solely developed for welded structures. In non-welded structures, the mean stress effect may have a
high influence of fatigue damage.

Several methods to account for mean stress are proposed in literature. A couple of methods are discussed
in [20] and [33]. Some empirical methods suggest a diagram where the mean stress is plotted on the X-axis
and the alternating stress on the Y-axis, with some line defining the safe zone and the unsafe zone. An ex-
ample is the Goodman relation in [25]. Two points on that line are often defined at a zero-mean stress (the
fatigue resistance) and at zero alternating stress (ultimate strength or yield strength). The shape of the line
depends on the chosen method. Other methods suggest the use of shifted SN-curves, where a positive mean
stress shifts the SN-curve downwards. This method requires extensive testing to accurately describe the ef-
fect of various parameters such as the load ratio, hydrostatic stress or maximum normal stress on a critical
plane. Lastly, some methods suggest the superposition of the mean stress (or hydrostatic stress) on either a
component of the Cauchy stress tensor (Dang Van [12]) or on an invariant of the Cauchy stress tensor (Sines
[22]) to obtain fatigue damage. Two methods to include the mean stress were investigated. Both methods will
be discussed here shortly.

Mean stress correction on a critical plane
This method is based on Dang Van [12]. A main assumption in this method is that a crack will grow on
the plane that experiences the highest normal stress. Highest in this context means the plane that, in time,
experiences the most energy in a particular normal loading direction. Preferably, every counted cycle in this
loading direction will be individually corrected using the hydrostatic stress. This is unfortunately not possible
since the rainflow counting algorithm is used after the loading has been projected on the eigenvectors of the
covariance matrix. Instead, the stress time history is multiplied by a factor such that the significant amplitude
is corrected using the hydrostatic stress. Since no other evidence is available to the author of this thesis, a
Goodman diagram [25] was used to calibrate this factor.

This factor is a function that depends on the ultimate strength and mean hydrostatic stress. Using the
Goodman diagram, it is relatively easy to find an equivalent amplitude for CA loading. It appears that the
best function fit, relating the equivalent amplitude to the loading amplitude, is:

Seq = exp
(
ln(S)α ·σH mean

)
(3.19)

with

α=β

(
1+ ln(σU T S ) ·q(

1− ∣∣q∣∣)σU T S

)
(3.20)

and
q = σH mean

σU T S
(3.21)

where β represents some dimensionless material factor. Note that this function also fits the boundary condi-
tion; the amplitude goes to infinity when the absolute mean hydrostatic stress equals the ultimate strength.

The advantage of this method is that is utilizes the hydrostatic stress, same as the original PbP approach.
An obvious disadvantage is that it has no mathematical or physical basis.

Awalker correction
The Walker model [57] uses the load ratio of a particular cycle to correct for its mean. It is important to realize
that the cycle amplitude and load ratio fully define all properties of a cycle. The equivalent amplitude is
defined as:

Seq = S

(1− rl )1−γ (3.22)

In this equation, γ defines the relative influence of the amplitude and the mean of a cycle. It has to be taken
into account that negative shear stresses have no physical meaning. The nature of the loading makes it very
awkward to accommodate for this fact, especially since its projected load paths that are being used in the
Rainflow counting algorithm rather than actual load paths. There is no obvious way to manipulate the load
ratio such that it will not distinguish negative values, while simultaneously giving more weight to cycles with
a higher mean. Furthermore, there is no obvious mechanism - like crack opening and closing for normal
loading - that suggests mean shear stresses influence fatigue. To account for this, it is proposed to set the
mean shear stress to 0, and multiply the stress time history by 2. In this way, the base case for pure tension
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Figure 3.7: Location of FSL04 and FSL05.

(a) FSL04 - specification (b) FSL05 - specification

Figure 3.8: Top view detail of FSL04 and FSL05.

will result in the correct amount of cycles to failure.

The latter method is preferred over the former since it has a sounder foundation. There is evidence avail-
able in [43] that fatigue failure can be related to the load ratio and amplitude of a cycle. The Mean stress
correction on a critical plane is constructed out of function fits and other parameters that have no mathemat-
ical basis. It will have to be investigated if the Walker correction approach is valid when applied to projected
load paths of the deviatoric stress.

3.5. Validation
3.5.1. Method of validation
A sensitivity study showed that high frequency - low amplitude cycles have high influence on the damage
estimates obtained by the PbP approach. The effect of these cycles will be made clear by gradually filtering
the stress time histories. Strain gauge data is used to investigate the effect of these cycles. To exclude local
effects introduced by welds, data measured at cold spots will be used for this part of the validation. Multi-
axial data is available for Fatigue Sensitive Location (FSL) number 04 and 05; their location in the vessel and
a detailed view are depicted in Figure 3.7 and Figure 3.8 respectively. Due to FSL05 being closer to a bend,
more shear stress is present than in FSL04. This location is selected for this part of the validation.

An energy filter and a low-pass frequency filter are introduced. A particular stress time history is trans-
formed to frequency domain using a Fast Fourier Transform (FFT, [36]). The low-pass frequency filter sets all
frequencies higher than a certain cut-off frequency to zero. The energy filter calculates the cumulative power
spectral density. Frequencies that contribute to the upper x percent of the total power, are set to zero. Here x
is the cut-off energy. The spectrum is transformed back to time domain using an inverse FFT. Since the PbP
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(a) Energy filter. (b) Frequency filter.

Figure 3.9: Damage estimates for filtered stress time histories at zero-mean hydrostatic stress. An energy filter (3.9a) and a frequency
filter are used (3.9b).

(a) Energy filter. (b) Frequency filter.

Figure 3.10: Damage estimates for filtered stress time histories at fully compressive hydrostatic stress. An energy filter (3.10b) and a
frequency filter are used (3.10b).

approach takes into account the hydrostatic stress level, a distinction is made between zero-mean loading
(rl =−1) and fully compressive loading (rl > 1). It is assumed that 3hour data is sufficient to obtain accurate
results. The results are depicted in Figures 3.9 and 3.10. These figures include the original PbP approach and
the modified PbP approach. Note that, in order to make a valuable comparison, the mean stress effect must
be taken into account similarly in both approaches: both with a linearly interpolated SN-curve.

3.5.2. Results and discussion
A couple of things can be observed:

• The damage estimates show large fluctuations in Figure 3.9b as a result of the modified Rainflow algo-
rithm.

• The 3% energy at the high frequency end of the power spectral density function (the data between a
cut-off energy of 0% and 3% in Figure 3.9a) results in a damage magnification of a factor 10. From
Figure 3.9b can be observed that this energy is stored in frequencies from 5r ad/s tot 65r ad/s.

• A similar type of observation is made in Figures 3.9b and 3.10b, only now the energy stored in frequen-
cies from 2r ad/s to 65r ad/s reduce the damage by a factor 10−40.

• The maximum wave excitation is expected around 0.5 to 1.5r ad/s. The bending frequencies start
around 12r ad/s (2-node bending); higher bending modes have higher frequencies. The results for
the original PbP approach suggest that these eigenmodes either magnify the damage estimates drasti-
cally when the mean stress is positive (up to a factor 10 in the investigated case), or reduce the damage
drastically when the mean stress is negative (up to a factor 10−40 in the investigated case).
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An explanation for this was already given in Section 3.3.1. It can be concluded that, in the investigated cases,
the spectral stress-state estimator ρr e f (Equation 3.18) behaves better than the proposed modified Rainflow
algorithm.





4
Research methodology

"If I had an hour to solve a problem I’d spend 55
minutes thinking about the problem and 5
minutes thinking about solutions." – Albert
Einstein

4.1. General
A quantitative study was performed on the influence of multiaxial stress states on fatigue damage in the USCG
Cutter Bertholf. This chapter describes the specific methods for the collection of data, how it was processed
and how the data was analyzed.

4.2. Instrumentation and gathered environmental data
The study focused on 5 days in the month July of the year 2011. During this period of time, the USCG Cutter
Bertholf sailed back to port at an approximate speed of 15knots. It was shown that a significant amount of
fatigue damage (obtained using a uniaxial fatigue damage model) could be contributed to this period ([26]).

Strain measurements were performed using local unidirectional strain gauges and rosettes. A total of 19
fatigue sensitive locations were instrumented. Unidirectional fatigue damage calculations in [26] showed that
FSL01, FSL02 and FSL03 experienced the highest fatigue damage. FSL04 and FSL05 were instrumented with
rosettes. The locations and a description are depicted in Table 4.1 and visualized in Figure 4.1. The USCG
Cutter was also instrumented with Rosettes. This data will be processed using the model that was developed
to estimate multiaxial fatigue damage.

To monitor wave conditions, the USCG Cutter Bertholf was equipped with the WaMoS Wave Radar [5, 27].
The WaMoS Wave Radar provides 2D-frequency direction wave spectral densities. A data fusion approach as
described in [50] was used to improve the energy content of the spectral densities. The RMS of the measured
pitch motion of the Cutter is compared to a calculated RMS pitch motion. The ratio of the measured and cal-
culated RMS values is used to update the spectral densities. The accuracy of this method fully depends on the
accuracy of the computed pitch transfer function (TF) and measured pitch motion. The imaging mechanism
requires a minimum wind speed of 3m.s−1; significant wave heights below 0.5m cannot be resolved by the
system and heavy persistent rain showers will not allow for wave measurements. Some properties and the
corresponding ranges and accuracy are summarized in Table 4.2.

4.3. Methods of research
4.3.1. Model calculations
The research utilized potential theory to model the flow of water around the vessel. A user defined set of Airy
waves with unique combinations of frequency and wave directions was used to calculate pressures on the
hull; the underlying assumption is that a random wave can be described by this set of Airy Waves. Integrating

35
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Table 4.1: Data on strain measurements.

FSL # Location Description

01 02 Deck Weld frame 52, starboard side (Further specified later).
02 02 Deck Weld frame 52, port side (Further specified later).
03 02 Deck Location defined by horizontal bracket (see Figure 4.2).
04 01 Deck Between frame 53 and 54, port side. On edge of an air intake vent (see Figure 3.8a).
05 01 Deck Between frame 53 and 54, starboard side. On edge of an air intake vent (see Figure 3.8b).

Figure 4.1: Location of FSL{01,02,03,04,05}.

the pressures results in harmonic nodal forces. A finite element (FE) solver was used to calculate transfer
functions for every unique combination of frequency and wave direction. The transfer functions were inter-
polated between wave directions and vessel speeds using a cubic spline to obtain a finer grid. A boundary
condition was imposed such that the value and derivative of the transfer function at 0o was, by approxima-
tion, equal to value and derivative at 360os. Multiplying the transfer function squared with the wave spectrum
(taking into account the heading) results in a 3-D response spectrum; integrating this response spectrum over
the wave directions yields the 2-D response spectrum. Note that this 2-D response spectrum holds no infor-
mation about the random wave phase. Wave spectra were averaged every half hour, thus a response spectrum
exists for every half hour, for every stress component.

Since the wave phase is unknown, a number of realizations were made per stress component (per half
hour). The number of realizations depends on the convergence of the damage estimate. To take into ac-
count the covariance between stress components, the different stress components had to be discretized at
the same frequencies. The discretization was performed using the concept of ’equal-energy-bins’ (Figure
4.3). A reference spectrum was obtained by a weighted sum of the spectra per stress component. The weights
were chosen such that the energy per spectrum (area under the spectrum) was equal. The total area of the
reference spectrum was subdivided in bins of equal energy. The centroids of the bins are the discretization
frequencies. A linearly spaced array of frequencies was added to make sure that every part of the spectrum is
well represented. The amplitude is then:

A =
p

2 ·E (4.1)

4.3.2. Data post processing
Calculations were performed in frequency domain and time domain. The strain measurements were trans-
formed to frequency domain using a FFT. Each stress time history was subdivided into segments. The seg-
ments were chosen such that the resolution is better than the resolution of the wave spectra, with 50% overlap.
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(a) Isometric view. (b) Top view.

Figure 4.2: Specification of FSL03.

Table 4.2: Specifications wave radar system.

Property Range Accuracy

2-D frequency direction spectrum 0.02 - 0.35H z -
0 - 360o

Significant wave height 0.5 - 20m +/- 10% or +/- 5m
Mean and peak period 3.5 - 40s +/- 0.5s
Mean wave directions 0 - 360o +/- 5o

4.4. Data analysis
4.4.1. General
The main objective is to investigate the effect of multiaxial stress-states on fatigue damage in frigate type
structures. All damage calculations will be done using the modified PbP approach and IIW design rules.

4.4.2. Environmental data
Wave data is available from July 6 to July 11 in 2011 (From the WaMoS Wave Radar). A 3-D spectrum is avail-
able every half hour. A wave can be described by the following characteristics:

• Significant wave height Hs .

• Peak period Tp .

• Incoming wave direction θI .

• Wave spreading θspr .

The wave data was analyzed using Xwaves [41]. The software identifies different wave components in a 3-D
wave spectrum. In the 5 days of data that was investigated, spectra that contain more than one component
were found about 60% of the time. Spectra containing more than two components were not found in the
data. This poses two problems:

• Spectra where only one component was found do not consider all the energy in the spectrum. Frequen-
cies and wave directions that contain energy, but are not assumed to be part of the wave component
nor a wave component by itself, are neglected. The result is that approximately 25% of the energy is not
taken into account in the wave characteristics.

• When two wave components are present, eight wave characteristics are necessary to define the full
spectrum. All these eight parameters include a section of the 3-D wave spectral energy.
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Figure 4.3: Conceptual explanation of the equal-energy-bins concept. The area between the borders is, by numerical approximation,
equal. Note that the linearly spaced array of frequencies is not included in the figure.

The relative influence of the separate wave components has to be taken into account explicitly. To do so,
dependent parameters can be defined that fully define a 3-D wave spectrum and the relative influence of the
separate wave components. It was attempted to fully define a 3-D wave spectrum using 3 parameters: signif-
icant wave height, the incoming peak wave direction and a spreading parameter. The peak period and wave
height show a strong correlation [34], it is assumed that the peak period is implicitly included in the wave
height. A new spreading parameter is introduced that attempts to define the distribution of energy through-
out the spectrum. Doing so, it takes into account the relative influence of the separate wave components
implicitly. The wave spreading parameter is defined as:

θspr = 2 ·
∫ θI
θI −180 (θI −θ) ·Eθ (θ) dθ+∫ θI +180

θI
(θ−θI ) ·Eθ (θ) dθ

360 ·maxEθ (θ)
(4.2)

A detailed elaboration on this wave spreading parameter, the incoming peak wave direction and Eθ (Spectral
wave energy density as a function of wave direction) is included in Appendix B. This appendix will elabo-
rate on the behavior of the spreading parameter, both for confused sea-states as well as sea-states that only
contain one wave component.

To reinforce the calculations a number of 3-D wave spectra were modeled, based on the Global Wave
Statistics for the North Pacific [34]. The Global Wave Statistics provide the probability of occurrence of a
sea-state with a particular wave height and period. A single sea-state consists of a swell and a wind wave;
no correlation between the two was taken into account. A two-parameter Pierson-Moskowitz spectrum was
assumed to model the waves since it allows for the input of both significant wave height and peak frequency.
Swell and wind waves are modeled with a wave direction (relative to true north) of 0o to 315o each, with
an increment of 45o . All possible combinations between swell and wind waves are made. The global wave
statistics do not specify the directional spreading. A directional spreading function must allow for the input
of a spreading parameter while the area under the function remains equal to 1, such as a cosine-power [15]
or circular normal spreading function [9]. A normal distribution was fitted to the directional spreading of
spectra that contained only one wave component. The mean value of the standard deviation was chosen
as the spreading for the swell component. The wind component is assumed to distribute the energy over
twice as many wave direction (i.e.: the spreading, modeled by a standard deviation, was twice as high). The
modeled wave heights and corresponding peak periods are summarized in Table 4.3. The spreading as a
function of the wave height is depicted in Figure 4.4 (remember that the spreading parameter in Equation 4.2
takes all present wave components into account) and the mean frequency as a function of the wave height is
depicted in Figure 4.5. Since the vessel heading is random, the wave direction relative to true North is of no
influence on the incoming wave direction (relative to the vessel).

The simulated waves seem to underestimate the spreading at lower waves. Lower waves correspond to
higher frequencies. Measured waves contain white noise; this noise becomes more relevant for higher fre-
quencies due to the lower peak frequency. White noise is not modeled in the simulated waves, effectively
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Table 4.3: Summary of modeled waves.

Wave type {Wave heights modeled [m], Corresponding peak periods [s]}

Swell waves {0.89, 3.2}; {1.24, 6.3}; {3.77, 10.9}; {6.96, 16.4}
Wind waves {0, n/a}; {0.89, 3.2}; {1.24, 6.3}; {3.77, 10.9};

Figure 4.4: Spreading as a function of wave height. Figure 4.5: Mean frequency as a function of wave height.

reducing the spreading. The spreading appears to be smaller between wave heights of 7m and 8m than at
surrounding wave heights. This is because this particular wave spectrum only consists of a swell wave. Waves
between 8m and 9m also contain a wind component. The measured wave data seems to agree with the Global
Wave Statistics. Since the modeled waves are comprised of a swell and a wind component, of which each sep-
arate component is modeled according to the Global Wave Statistics, the combined sea-state differs slightly
from the Global Wave Statistics.

4.4.3. Investigation of the effect of multiaxial stress-states on fatigue damage in frigate
type structures

Strain gauge based data
Measured data to investigate the effect of multiaxial stress-states on fatigue damage is available for FSL04,
FSL05 and from another frigate: the USCG Cutter Stratton. No manipulations were performed on this data.
Measured data is valuable because quality of the outcome solely depends on the quality of the strain gauges
and the method used to estimate fatigue damage. The Stratton data lacks detailed information on the sea-
state, but covers a period of two years; the validity of the conclusions is extremely dependent of the (unknown)
encountered sea-states. The Bertholf data includes the 3-D wave spectra, but only covers a period of 5 days.

Transfer function based data
This part of the study focused on FSL01 and a reference location. TFs were available for a vessel speed of
16knot s, at 7 wave directions: 0o to 315o with an increment of 45o . A specification of FSL01 is depicted in
Figure 4.6. An FE model of the detail was constructed. It was assumed that the total loading is the sum of
three load conditions:

• Pure tension in local x-direction, Fxx (t ).

• Pure tension in local y-direction, Fy y (t ).

• Pure shear, Fx y (t ).

If the stresses in time at any location in the FE model are known, the magnitudes of the three load conditions
(in time) can be calculated using a conversion matrix. This conversion matric is unique for every location
in the FE model. Similarly, the stresses in time at any location in the FE model can be calculated as a linear
superposition of the three load conditions. The FE model contains sharp notches, singularities in the FE
model lead to inaccurate estimations of the stresses at these notches. A method as described in [19] was used
to estimate this hot spot stress. This method and the FE model are further elaborated on in Appendix C.
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(a) Isometric view. (b) Detailed view.

Figure 4.6: Specification of FSL01.

Table 4.4: Summary of the investigated data.

Data type Specification Stress concept Comments

Transfer function based Reference location Cold spot Reference value
Reference location Hot spot In combination with detail FSL01
FSL01 Hot spot -

Strain gauge based FSL04 Cold spot -
FSL05 Cold spot Near a bend
Stratton Data Hot spot Near a weld.

Theoretically, this detail could be present at every location in the vessel. This means that any cold spot
stress time history, in combination with a convenient (yet realistic) conversion matrix, theoretically results
in realistic hot spot stress time histories. Transfer functions of FSL01 are available. The location (in the FE
model) that the TFs correspond to is known, so the conversion matrix is known too. TFs are also available
for a location near FSL04, referred to as the reference location (specified in Figure 4.7). Since the longitudinal
loading is dominant, the location in the FE model that was used to set up the conversion matrix was chosen
at the same global y-coordinate, at a distance from the FSL such that the derivative of the stress in global x-
direction to x is approximately 0 (i.e.: the notch no longer affects the stress distribution in x-direction). These
TFs are also used without the hot spot correction to obtain a reference value.

All investigated data (including strain gauge based data) is summarized in Table 4.4.
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Figure 4.7: Specification of the reference location.





5
Results and discussion

"We are all born ignorant, but one must work
hard to remain stupid" – Benjamin Franklin

5.1. General
In this chapter, all results will be presented and discussed. This chapter will consist of three sections. Firstly,
some expected results are presented. The second section will present the results; the relation between uniax-
ial damage and multiaxial damage is presented and discussed, and the correlation with certain wave statistics
is investigated. Lastly, all presented results will be discussed. Note that, unless specified otherwise, damage
is expressed in number of cycles to failure N f .

5.2. Expected results
5.2.1. Maximum response
Torsion is a result of forces that are not applied on the shear center of a ship’s cross-section. The maximum
torque is present when the moment applied at the bow of the vessel is opposite in sign from the moment
applied at the stern of the vessel. The maximum moment, in any location in the vessel is applied when
the encountered waves have an incoming direction of 45o wave respect to the heading. The moments are
opposite in sign when the length of the vessel projected on a line parallel to the wave direction equals half of
the wave length. This principle is illustrated in Figure 5.1.

The length of the vessel projected on a line parallel to the wave direction, in bow or quartering waves,
equals:

lp = lp
2

(5.1)

This means that the wave length that results in the maximum torque is:

λ= 2
lp
2

(5.2)

The dispersion relation for deep water is [6]:

λ= g

2π
T 2 (5.3)

Using the dispersion relation, it is expected that the maximum torque is present in waves with a wave length
of λ = 170m (assuming an effective length of 120m), with a corresponding period of 10.4s or frequency of
0.60r ad/s. The sagging and hogging response has a maximum when the wave length equals the length of the
vessel. Again, assuming an effective length of 120m, this results in a maximum sagging and hogging response
at a frequency of 0.72r ad/s.

The software used to calculate the transfer functions takes vessel speed into account by calculating en-
counter frequencies. It is worth mentioning the velocity is also included in Potential Theory, the theory used
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Figure 5.1: Maximum torsion in ships.

by the software to model the flow around the vessel. The maximum forced torsion response and maximum
sagging and hogging response are a function of wavelength, which doesn’t change with vessel speed. It is
not known how, and if, the software deals with this. According to the theory of encounter frequencies, the
maximum torsion response is expected at a frequency of 0.63r ad/s (bow waves) and 0.57r ad/s (quarter-
ing waves), and the maximum hogging and sagging response is expected at a frequency of 0.78r ad/s (head
waves) and 0.65r ad/s (following waves). The transfer functions are depicted in 5.2.

The analytical calculations do not fully agree with the transfer functions. It is observed that the maximum
torsion response is obtained in bow waves, at a frequency of 0.47r ad/s. The maximum sagging and hogging
response is obtained in head and following waves at a frequency of 0.79r ad/s.

5.2.2. Proportionality
The level of proportionality influences the fatigue damage. Multiaxial stress-states occur due to geometry
changes (proportional in nature) or due to multiaxial loading (often non-proportional). To demonstrate this
principle, correlation coefficients are computed for a reference cold spot and a reference hot spot (HS) loca-
tion as a function of the incoming wave direction. This correlation coefficient equals 1 IP stress-states, 0 for
OP stress-states and -1 when the stress-state is in anti-phase (AP). Loading in longitudinal direction is gov-
erning in frigate type structures. Correlation coefficients are calculated between longitudinal and transverse
stresses, and longitudinal and shear stresses. The results are depicted in Figure 5.3 for the reference cold spot
and Figure 5.4 for the reference HS.

When the HS location is considered, the stress-state is almost completely IP for every sea-state. This
suggests that the geometry induced transverse and shear loading are far bigger than the multiaxial loading
induced transverse and shear loading. A clear correlation can be observed between incoming wave direction
and stress-state proportionality, and wave height and stress-state proportionality. Proportionality depends
on incoming wave direction because of the structural response. The structural response, as discussed in
Section 5.2.1, is different for different peak frequencies and thus wave heights.

5.3. Results
Firstly, the relation between uniaxial damage and multiaxial damage is investigated. Secondly, the correlation
between damage and wave characteristics is investigated.

5.3.1. Uniaxial vs. multiaxial damage
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(a) Transfer functions for εxx . (b) Transfer functions for εx y .

Figure 5.2: Transfer functions at a vessel speed of 15knot s.

(a) Correlation with shear stress. (b) Correlation with transverse stress.

Figure 5.3: Level of proportionality for the reference cold spot.

(a) Correlation with shear stress. (b) Correlation with transverse stress.

Figure 5.4: Level of proportionality for the reference HS.

Results
The multiaxial damage (expressed in N f ) is plotted against the uniaxial damage. Data based on transfer
functions was calculated using simulated waves (see Table 4.3) and waves measured aboard the USCG Cutter
Bertholf. Strain gauge (SG) data was available for FSL04 and FSL05.

As a reference, Figure 5.6 shows the results using analytical expressions. Remember that all damage cal-
culations were performed using the IIW design rules and (modified) PbP approach. The IIW design rules do
not take into account loading in transverse direction; the PbP approach does not account for phase shifts in
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(a) Damage expressed in N f (loglog-scale). (b) Damage expressed in damage per cycle (linear scale).

Figure 5.5: Damage estimates from the USCG Cutter Stratton.

shear loading (Chapter 3). OP is defined by a phase angle of 90o , AP is defined by a phase angle of 180o . Four
cases (for the analytical expressions) were considered:

• τx y = 0, IP: biaxial normal loading, in-phase.

• τx y = 0, AP: biaxial normal loading, anti-phase.

• σy y = 0, IP: biaxial loading comprised of normal and shear, in-phase.

• σy y = 0, OP: biaxial loading comprised of normal and shear, out-of-phase.

Longitudinal stress σxx is assumed to be always present. The black and blue line in Figure 5.6 correspond to
IP (correlation coefficient of 1) and AP (correlation coefficient of -1) loading. If non-proportional loading is
considered (correlation coefficient of 0), the result lies between the black and blue line.

Figures 5.7, 5.8, 5.9 and 5.10 respectively depict the results for FSL01 (TF based), FSL04 and FSL05 (SG
based), the reference location using a cold spot approach and the reference location using a HS approach
in combination with the structural detail from FSL01 (both TF based). Every point in the figures represent
3hours of data for the measured waves and 30minutes of data for the simulated waves. Each figure contains
four pieces of information:

• Simulated waves, damage calculated using the PbP approach (in black).

• Simulated waves, damage calculated using the IIW design rules (in red).

• Measured waves, damage calculated using the PbP approach (in blue).

• Measured waves, damage calculated using the IIW design rules (in green).

Figure 5.5 depicts the damage estimates obtained at the USCG Cutter Stratton. The damage is expressed
in number of cycles to failure (Figure 5.5a) and damage per cycle (Figure 5.5b).

Considerations
The slope change in the lines in Figure 5.6 are due to the double slope model. This is present in both the IIW
design rules and PbP approach. Part of the AP loading (no shear, blue line) as calculated by the PbP approach
lies above the x = y line, which means that the lifetime is longer when only normal stress in x-direction is con-
sidered. Let’s consider an original plane with two normal stress: σxx (t ) and σy y (t ), where σxx (t ) =−σy y (t )
(AP biaxial normal loading). There is no shear stress acting on this plane. According to Mohr’s circle, a plane
that is rotated 45o with respect to the original plane will have only shear stress τx y (t ), with amplitude equal to
the amplitudes of σxx (t ) and σy y (t ) from the original plane, and no normal stresses. It makes sense that the
damage calculated using the original plane should be equal to the damage calculated using the rotated plane.
A uniaxial approach assumesσy y (t ) = 0; fatigue damage would be calculated using onlyσxx (t ) with a normal
stress SN-curve. The multiaxial approach effectively uses τx y (t ) =σxx (t ) =−σy y (t ) (the rotated plane) with
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Figure 5.6: Uniaxial damage (in N f ) vs. multiaxial damage (in N f ) using analytical expressions.

Figure 5.7: Uniaxial damage (in N f ) vs. multiaxial damage (in N f )
for FSL01 (TF based).

Figure 5.8: Uniaxial damage (in N f ) vs. multiaxial damage (in N f )
for FSL04 and FSL05 (strain gauge based). Note that the color cod-
ing is different from other figures.

Figure 5.9: Uniaxial damage (in N f ) vs. multiaxial damage (in N f )
for the reference location using a cold spot approach (TF based).

Figure 5.10: Uniaxial damage (in N f ) vs. multiaxial damage (in N f )
for the reference location using a HS approach (TF based).
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a shear SN-curve, resulting in a longer lifetime. The PbP approach implements this using the stress-state es-
timator ρr e f , which would be zero if σxx (t ) =−σy y (t ) (hydrostatic stress equals 0 at every time t ). The load
path for 180o AP loading is a straight line with slope -1; if this line is projected on the eigenvectors of its own
covariance matrix, the result is one projected load path with amplitude equal to the amplitudes of the original
load paths σxx (t ) and σy y (t ). With ρr e f = 0 (shear SN-curve), this results in the fatigue damage as estimated
when only considering shear stress. Apparently, the PbP approach takes this physical phenomenon in ac-
count correctly, assuming rotation of the plane is always allowed.

In the presence of AP biaxial normal loading (no shear), the value for the stress-state estimator ρr e f equals
zero. As explained, this makes sense since a plane rotated 45o from the AP biaxial normal loading plane
contains only shear stresses. What happens when the biaxial loading is IP? The load path is still a straight
line, now with slope 1. There is one projected load path with amplitude equal to the amplitude of σxx (t ) and
σy y (t ). The stress-state estimator ρr e f is now equal to 2. The reference SN-curve is extrapolated from the
master SN-curves. Assuming FAT71 and FAT80 as master SN-curves, the reference SN-curve will have a slope
of 1. If IP normal stress in z-direction is also present (with equal amplitude), the slope becomes -1.

The multiaxial fatigue damage is significantly larger when the stress-state is IP (black line), according to
the PbP approach. From IIW design rules follows that IP stress-states reduce the fatigue damage. Part of the
line where σy y = 0 (pink line) also lies above the line x = y . This follows directly from the analytical expres-
sions ([52]) and has no physical meaning. The IIW design rules do not take into account loading in transverse
direction. It is interesting to note that the IIW design rules can be used directly to estimate the magnitude of
the shear loading. When this is known, the PbP approach can be used to estimate the magnitude and phase
of the transverse loading.

Based on the above conclusions, FSL01 (Figure 5.7) has a shear component and a relatively small trans-
verse loading component IP with longitudinal loading. The same goes for the SG based data of FSL05 (Figure
5.8 in blue and green) and the reference location using the cold spot approach (Figure 5.9). The reference
location using the HS approach has a significantly higher IP transverse loading component. Based on the IIW
design rules, a shear component is also present. FSL04 (Figure 5.8 in black and red) has AP transverse loading.
Based on the IIW design rules, the shear component is slightly higher than in FSL05. The data in Figures 5.7 -
5.10 is also presented in Appendix D expressed in damage per cycle on a linear scale. This demonstrates the
effect at low amount of cycles to failure.

The Stratton data shows a high amount of scatter from N f > 1013 (Figure 5.5a). This data was not analyzed
so the source of the scatter cannot be identified. It is important to observe that the high scatter does not carry
over when the focus is shifted to high damage estimates (Figure 5.5b). The same is observed in Figures D.1 -
D.4.

The strain gauge data is valuable because it is only dependent of the quality of the strain gauges. Con-
sidering the TF based data, the reference location adopting the cold spot approach shows very low fatigue
damage. For that reason, it is not included in further analyses.

5.3.2. Correlation with wave statistics
As indicated, this part focuses on FSL01, the reference location using the HS approach, and the strain gauge
data. The data is presented as the ratio:

r = N f ,uni axi al

N f ,mul ti axi al
(5.4)

i.e.: if this ratio is r = 100, the uniaxial number of cycles is one hundred times higher than the multiaxial num-
ber of cycles to failure. First, the TF based data is presented. Each figure contains four pieces of information:

• Simulated waves, damage calculated using the PbP approach (in black).

• Simulated waves, damage calculated using the IIW design rules (in red).

• Measured waves, damage calculated using the PbP approach (in blue).

• Measured waves, damage calculated using the IIW design rules (in green).

The data collected using the measured waves is included to verify that the simulated waves are representative
of a sea-state. The incoming peak wave direction and spreading, and incoming peak wave direction and wave
height are uncorrelated. Secondly, the results for the SG based data are presented. These figures contain:
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Figure 5.11: FSL01, uniaxial damage (in N f ) vs. wave height.
Figure 5.12: Reference location (HS approach), uniaxial damage (in
N f ) vs. wave height.

Figure 5.13: FSL01, ratio r vs. uniaxial damage (in N f ).
Figure 5.14: Reference location (HS approach), ratio r vs. uniaxial
damage (in N f ).

• FSL04, damage calculated using the PbP approach(in black).

• FSL04, damage calculated using the IIW design rules (in red).

• FSL05, damage calculated using the PbP approach(in blue).

• FSL04, damage calculated using the IIW design rules (in green).

Note that this color coding is different from previous figures. This data can only be correlated to measured
wave data.

Results
For future reference, the uniaxial damage (expressed in N f ) is plotted against the wave height in Figures 5.11
(FSL01) and 5.12 (reference location), and the ratio r (Equation 5.4) is plotted against the uniaxial number of
cycles to failure in Figures 5.13 (FSL01) and 5.14 (reference location). The correlation for the TF based data
between the ratio r and the wave height for FSLO1 is depicted in Figure 5.15 and for the reference location in
Figure 5.16, the spreading for FSLO1 in Figure 5.17 and the for reference location in Figure 5.18, the incoming
peak wave direction for FSLO1 in Figure 5.19 and for the reference location in Figure 5.20. The correlation
for the SG based data between the ratio r defined above and the wave height is depicted in Figure 5.21, the
spreading in Figure 5.22 and the incoming peak wave direction in Figure 5.23.

Considerations
The damage estimates obtained using the simulated wave data seems to agree well with the damage estimates
obtained using the measured wave data, with the exception of very low waves. This fact was already addressed
in Chapter 4 and related to the white noise.
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Figure 5.15: FSL01, correlation damage (in N f ) and wave height.
Figure 5.16: Reference location (HS approach), correlation damage
(in N f ) and wave height.

Figure 5.17: FSL01, correlation damage (in N f ) and spreading.
Figure 5.18: Reference location (HS approach), correlation damage
(in N f ) and spreading.

Figure 5.19: FSL01, correlation damage (in N f ) and the incoming
peak wave direction.

Figure 5.20: Reference location (HS approach), correlation damage
(in N f ) and the incoming peak wave direction.

In Figures 5.15 and 5.16, the spreading in the ratio r seems to be smaller at a wave height of about 5.5m
than at surrounding wave heights. The same trend is observed in Figures 5.11 and 5.12 where the uniaxial
number of cycles to failure is related to the wave height. This wave height corresponds to a peak frequency of
0.5r ad/s or peak period of about 12.6s. At this frequency, the maximum forced torsion response is expected.
The torsion reponse inevitably included normal stresses due to warping. This results in higher damage esti-
mates.

The ratio r has its lowest values at head and following waves (Figures 5.19 and 5.20), which makes sense
considering that the response is dominated by longitudinal bending. It would make sense that the spreading
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Figure 5.21: Strain gauge data, correlation damage (in N f ) and
wave height.

Figure 5.22: Strain gauge data, correlation damage (in N f ) and
spreading.

Figure 5.23: Strain gauge data, correlation damage (in N f ) and the
incoming peak wave direction.

in the ratio r would be low when the response is dominated by longitudinal bending, but this is not observed.
This (amongst other things) is discussed in the next section.

5.4. Discussion
The methods used to estimate fatigue damage are the IIW design rules and the (modified) PbP approach.
If only one method were used, it would be difficult to distinguish methodological properties from physical
phenomena. Methodological properties were investigated in Figure 5.6. This figure shows that the IIW design
rules provide a much more simplistic and conservative damage estimate. The IIW design rules do not take
into account transverse loading. However, expected lifetime estimates (in N f ) are significantly lower than the
PbP estimates. The PbP approach includes phase angles in longitudinal and transverse loading, and distin-
guishes between IP, OP and AP loading. Note that it was already concluded in Chapter 3 that the applicability
of the linearly inter- and extrapolated SN-curves is limited to N f > 2 ·104, based on what was investigated.
One of the mathematical properties of the PbP approach is that the multiaxial damage becomes lower than
uniaxial damage when biaxial loading comprised of shear and normal loading is assumed. The intersection
point where uniaxial damage equals multiaxial damage depends on the magnitudes of the shear and normal
loading. This intersection point occurs at a lower amount of cycles to failure when less shear stress is present.
When more shear stress is present, the intersection point occurs at a higher amount of cycles to failure.

It is observed that, for both employed methods, there seems to be strong correlation between the wave
height and the ratio uniaxal number of cycles to failure over multiaxial number of cycles to failure. This fact
is also proved using the analytical expressions. It is observed from Figure 5.6 that the presence of multiaxial
stress-states (generally) results in a slope change when the uniaxial number of cycles is plotted against the
multiaxial amount of cycles, the only exception being when the slope induced by IP loading in transverse
direction is countered by the slope change induced by shear loading. Since this data is plotted on a log-log
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scale, a slope change results in an exponential growth or decay of the ratio uniaxal number of cycles to failure
over multiaxial number of cycles to failure. Growth is present when the slope is lower than 1 (black line Figure
5.6), decay when the slope is higher than 1 (blue line Figure 5.6). Additionally, the presence of multiaxial
stress-states due to the structural response not being dominated by global bending results in shorter lifetime
estimates in low wave heights.

For every wave height, some spreading in the ratio r is observed. It is investigated at which spreading and
incoming peak wave direction the highest ratio r for a discrete set of wave heights is found. For reference, the
same is done for damage. The results are depicted in Figure 5.24 for the damage and Figure 5.25 for the ratio
r . The results in Figure 5.24 are true for both multiaxial and uniaxial fatigue estimates.

It is observed that the maximum damage is obtained at incoming peak wave directions of 90o and 270o

(beam waves) for wave heights of about 0.5m, and 0o and 360o (head waves) for wave heights higher than
3m. This suggests that the presence of multiaxial stress-states is more relevant at low wave heights. These
results suggest that, at lower wave heights, the torsion response results in significant magnification of the
fatigue damage. The maximum ratio r at low wave heights is obtained at beam, bow and quartering waves.
The maximum ratio r at high waves is obtained at beam waves. From this is concluded that the maximum
ratio r at high waves is found due to a lack of global bending. In low waves, the maximum ratio r is found due
to the presence of multiaxial stress-states. This explains why the spreading in the r ratio is not necessarily
small when head or following waves are considered. Both maximum damage estimates and maximum ratios
are found at low spreading, suggesting that both are governed by the incoming peak wave direction. The only
exception is found in the maximum obtained ratio at a wave height of 5.5m. It was concluded earlier that at
this wave height the maximum torsion response is expected. It is expected that in this sea-state, a confused
sea-state consisting of head and bow waves results in the maximum ratio r .

The maximum ratio r as a function of wave height is depicted in 5.26. Since it has been concluded that
the maximum ratio is obtained at wave characteristics that result in low damage estimates, it is investigated
what the ratio is in wave characteristics that result in the highest damage, as a function of wave height (see
Figure 5.24b and Figure 5.24a). These results are depicted in 5.27.
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(a) Damage estimate (in N f ) vs. spreading.
(b) Damage estimate (in N f ) vs. incoming peak wave direc-
tion.

Figure 5.24: Maximum damage obtained for a discrete set of wave heights as a function of spreading and incoming wave direction. The
spreading a as function of the wave height for all simulated waves is added in light grey.

(a) ratio r vs. spreading. (b) ratio r vs. incoming peak wave direction.

Figure 5.25: Maximum ratio r obtained for a discrete set of wave heights as a function of spreading and incoming wave direction. The
spreading a as function of the wave height for all simulated waves is added in light grey.

Figure 5.26: Maximum ratio r .
Figure 5.27: Ratio r in wave characteristics that result in the highest
damage estimates.





6
Conclusion and recommendation

"I think you should always bear in mind that
entropy is not on your side" – Elon Musk

6.1. Conclusions
The effect of multiaxial stress-states on fatigue damage in frigate type structures was investigated. In order
to do so, an existing model - the Projection-by-Projection approach - was implemented and tested for its
applicability to welded joints in frigate type structures. The analysis utilized a combination of measured data
(from strain gauges) and transfer function in combination with wave data. Wave data was available from the
WaMoS Wave Radar aboard the USCG Cutter Bertholf. Additionally, 3-D wave spectra were modeled based
on the Global Wave Statistics. Fatigue damage estimates were calculated using the IIW design rules and PbP
approach. Based on the results, the following conclusions can be drawn:

• The stress-state may become almost entirely proportional due to geometry changes, as observed in
FSL01. Anti-phase stress-states are observed in FSL04. The reference location shows that the stress-
state proportionality depends on incoming wave direction and wave height (thus: peak frequency). It
can be concluded that stress-state proportionality varies between fully fully proportional (IP or AP) and
fully non-proportional (OP), depending on the type of detail, location in the vessel and wave character-
istics.

– The IIW design rules state that OP loading increases the fatigue damage because of the varying
principal stress direction. For this reason, no distinguish is made between IP and AP loading (in
both cases, the principal stress direction does not change). The PbP approach does not account
for phase shifts in shear loading. The PbP approach returns the highest damage estimates when
the transverse loading is IP and smallest when it is AP.

• Scenarios where the ratio uniaxial number of cycles to failure over multiaxial number of cycles to failure
exceeds one hundred have been observed. However, this only happens when the damage estimates are
extremely low. Considering the PbP approach, this ratio is r = 1.85 for the reference location (adopting
a HS approach) and r = 1.3 for FSL01, both at N f = 2 ·106. When the IIW design rules are considered,
these ratios are approximately equal at r = 4.5.

– This suggests that the ratio Sxx /Sx y - where Sxx is the amplitude of σxx and Sx y is the amplitude
τx y - is approximately equal for FSL01 and the reference location (IIW returns the same ratio).
However, The reference location has a higher IP loading in transverse direction, resulting in sig-
nificantly higher damage estimates by the PbP approach.

– Data that was not investigated in depth was from FSL04 and FSL05 (not enough data), and from
the reference location. The damage estimates from these locations were too low to draw valuable
conclusions. On average, multiaxial damage was 1.3 times higher than uniaxial damage for FSL05
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and 1.5 times higher for the reference location (cold spot) when the damage per cycle is consid-
ered. FSL04 showed uniaxial damage estimates that were 7 times higher than multiaxial damage
due to the presence of an AP stress-state.

• Multiaxial stress-states have the highest influence at beam waves, where the global bending response is
the lowest. When the influence of the multiaxial stress-states is considered in conditions that are least
favorable with respect to fatigue damage, the influence is much lower.

• The maximum multiaxial damage and uniaxial damage where found in the same sea-states. From this
can be concluded that the longitudinal stress remains governing, even when multiaxial stress-states are
considered.

• Only considering loading in longitudinal direction could be a non-conservative approach (it was argued
that AP biaxial normal loading (no shear stress) is the same as a shear stress with equal amplitude on
a 45o rotated plane). However, this is not a realistic stress-state in frigate type structures; it is expected
that this will not influence fatigue damage calculations significantly.

• The ratio uniaxial number of cycles to failure over multiaxial number of cycles to failure is highest at
low wave heights. This is both a result of the mathematics of the methods - since it followed from the
analytical results - as well as physical properties.

– The presence of multiaxial stress-states is governed by the incoming peak wave direction. For
waves with a significant wave height HS > 3, multiaxial stress-states are most relevant when there
is little global bending. For waves with a significant wave height HS < 2, bow and quartering waves
result in a significant magnification of the fatigue damage.

– Considering that multiaxiality is most relevant for low damage estimates, this raises the question
whether multiaxiality is important on a macroscopic time scale. Most of the time, a vessel will
be sailing through mild to moderate sea-states where multiaxiality may play a role. It might be
so, that the sea-states with higher wave heights that occur only a small percentage of the time are
governing with regards to fatigue damage. In these sea-states, multiaxiality is of small influence.

• The Stratton data shows a high amount of scatter at low damage estimates. Since the data is not investi-
gated, the source of this scatter cannot be determined. It is known that this scatter can be produced by
stress-state non-proportionality. This suggests that the proportionality in this particular detail is fully
dependent of the incoming wave direction and wave height. However, this cannot be proven. When the
damage per cycle is considered, the multiaxial damage is a factor 2.2 higher than the uniaxial damage
(on average).

6.2. Recommendation
The validity of this study is dependent of some influence factors. These influence factors and recommended
future research will be discussed here.

Validity of the FEmodel used to obtain the transfer functions
The validity of the FE model could not be investigated in this research. Transfer functions were only available
at one location in the vessel that was instrumented with a unidirectional strain gauge: FSL01. This means that
only stresses in longitudinal direction could be validated. Furthermore, transfer functions were only available
for 7 wave directions and a vessel speed of 16knot s. At this velocity, the accuracy of the transfer functions
is limited to the accuracy of the potential theory. A reliable validation of the FE model would require more
information; a methodology to validate the FE model is included in Appendix E.

Validity of the models used to estimate fatigue damage
The validity of the results is extremely dependent of the validity of the models used to estimate fatigue dam-
age. The applicability of the PbP approach has been thoroughly investigated and some modifications were
made that improve the behavior of the approach. It was found that the applicability is limited to certain con-
ditions. Additionally, fatigue damage was also estimated using the IIW design rules. Even though a compara-
tive study was performed in [54], there is no consensus yet on which method best estimates fatigue damage
in the presence of non-proportional variable amplitude loading. More research is required.
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The influence of the mean stress on fatigue damage
Still water pressures, cargo loads and other (quasi-) static loads result in static bending moments and forces
in structural members. The influence of the mean stress was not included in this research since the employed
methods did either not account for them (IIW design rules), or no suitable method to account for mean stress
was found (PbP approach). Suitable in this context means that no evidence was present that the proposed
models to account for mean stress in combination with the PbP approach was correct. Two models to account
for mean stress were proposed in Chapter 3, the Walker correction was preferred. Research is necessary to
validate this correction in combination with the PbP approach.

Sea-state occurrence
This study did not include probability of occurrence of sea-states. The results present the sea-states that
is least favorable when multiaxial fatigue damage is considered. The results have to be combined with a
scatter diagram, that includes spreading and incoming wave direction, to determine the overall influence of
multiaxial fatigue damage on the expected fatigue lifetime.
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A
Characteristic equation, invariants and the

definition of stress quantities

In linear algebra, an eigenvector of a linear transformation is a non-zero vector that does not change its di-
rection when the linear transformation is applied. This can be written as the following equation:

Av =λv (A.1)

where A is an n by n square matrix, v is a n by 1 column vector and λ is a scalar, known as the eigenvalue.
Equation A.1 can be rewritten as:

(A −λI ) v = 0 (A.2)

Equation A.2 has a non-trivial solution if and only if the determinant of A −λI is 0. The eigenvalues of A are
those values of λ that satisfy the equation

det(A −λI ) = 0 (A.3)

The resulting equation is nth order polynomial, whose solutions are the eigenvalues. For a 3x3 matrix, the
solution of Equation A.3 is:

det(A −λI ) =−λ3 + J1λ
2 − J2λ+ J3 = 0 (A.4)

where {J1, J2, J3} are the invariants and all solutions of λ are the eigenvalues. Equation A.4 is known as the
characteristic equation. The eigenvectors are found by substituting the eigenvalues in Equation A.2 and solv-
ing for v .

A 3-dimensional element has 6 stress components (3 normal components and 3 shear components). Us-
ing the definitions in Equations 3.1 and 3.2, it can quite easily be verified that the second invariant J2 can be
written, in terms of the deviatoric stress, as [8]:

J2 = 3
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or, equivalently, as the length of the vector s:
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(A.6)

When all stress components are time-dependent, the vector s becomes time-dependent as well. The tip of
the vector s(t ) is denoted as the load path.

63





B
Wave characteristics

The spreading parameter is defined to capture multiple wave properties in one parameter, such that this
parameter can be correlated with properties of the multiaxial fatigue damage. A typical 3-D wave spectrum
is included in Figure B.1. The energy per wave direction Eθ (θ) is obtained by integrating this 3-D spectrum
over the frequencies. This is depicted in Figure B.2. The incoming peak wave direction is defined as the wave
direction where Eθ (θ) has a maximum.

Figure B.1: A typical 3-D wave spectrum. Figure B.2: Energy per wave direction Eθ (θ).

The energy per wave spectrum can be modeled by two triangles. These triangles have a height h and a
base b. Since the spreading does not influence the wave height, the area under these triangles must always
be constant. This means that:

1

2
bh =C (B.1)

and thus

h = 2
C

b
(B.2)

where the constant C is a measure for the wave height squared. Half the base is defined as the spreading Spri

of a particular wave type, where i represents either wind or swell waves. Let the small triangle be the wind
wave and the large triangle be the swell wave. All wave properties can be described by the peak direction
of a wave θi , the constant Ci and the spreading. The spreading parameter of the total 3-D spectrum θspr is
defined as:

θspr = 2 ·
∫ θI
θI −180 (θI −θ) ·Eθ (θ) dθ+∫ θI +180

θI
(θ−θI ) ·Eθ (θ) dθ

360 ·maxEθ (θ)
(B.3)

With the wave modeled as triangles, this formula can be reduced to an analytical expression for the wave
spreading parameter θspr :
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(a) The spreading parameter for waves modeled by a nor-
mal distribution.

(b) The spreading parameter for waves modeled by a
cosine-power function.

Figure B.3: Behavior of the spreading parameter in Equation B.3 for wave spreading modeled by two different wave spreading functions.

θspr = 1

6

Cswel l Spr 2
swel l +6Cwi nd Sprswel l · |θswel l −θwi nd |

Cswel l
(B.4)

The maximum value for the wave spreading is 180o . It is important to note that this analytical expression
is only partly true. The numerator in Equation B.3 is split up into two parts. This is because a difference in
wave direction between swell and waves cannot be higher than 180o ; an incoming wave of 360o equals an
incoming wave of 0o . In Equation B.4 is assumed that both triangles fall within a 180o range.

Important things to note are that the spreading parameter θspr decays exponentially with Cswel l , grows
linearly with the Cwi nd and the difference between the incoming wave directions θswel l and θwi nd and grows
parabolically with the spreading of the swell Sprswel l . Together with the wave height, which is a function of
Cswel l and Cwi nd , and the incoming peak wave direction, this parameter gives a good representation of the
sea-state.

The waves were modeled according to a normal distribution. If a single wave component is considered,
this parameter provides a measure for the wave spreading. To quantify the behavior, the spreading as calcu-
lated using Equation B.3 is calculated for waves modeled using a normal distribution with different values of
the standard deviation. The result is depicted in Figure B.3a. For reference, the spreading parameter is also
plotted against the parameter n in the cosine-power spreading function in Figure B.3b. The cosine-power
function is [15]:

D (θ) = Γ (n +1)p
πΓ

(
s + 1

2

) cos2n (θ−θI ) (B.5)



C
Structural stress method

Hot spot stress estimation
This method can be found in [19]. For a continuous weld, the elements along the weld toe are used to extract
the nodal forces. For linear shell/plate elements, the work done by the nodal forces over the nodal displace-
ments is equal to the work done by the line forces over the same nodal displacements. The equivalent line
forces can be calculated from a system of linear equations in matrix form:
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(C.1)

In this equation, f1, f2, . . . , fn are line forces and li are represents the element edge length (a constant for all i
if the element size is equal for all elements). Equivalently, the line moments can be calculated by substituting
M1, M2, ..., Mn for F1,F2, . . . ,Fn in the above equation. The structural stress at each node can be calculated as:

σs,i =σm,i +σb,i =
fi

t
+ 6mi

t 2 (C.2)

where t is the plate thickness.

FEmodel
An isometric and top view of the FE model is depicted in Figure C.1. Assumptions regarding the dimension
were necessary since information on the plate thicknesses was unavailable. The side shell (longitudinal 4)
and base plate were assumed to have equal thickness; the frame 52 thickness was assumed to be 80% of
the base plate thickness. To mimic the structural response of a ship in waves, displacements were imposed
(instead of pressures). The FE model is made using a Shell63 element [1]. The importance of the boundary
conditions is recognized. However, the response of the surrounding ship structure is unknown and not all
details present in the ship design are modeled in the FE model. It requires more research to determine which
boundary conditions are realistic. Boundary conditions that add the least amount of stiffness are assumed.
The element size was chosen such that the hot spot stress had converged, but not smaller than the base plate
thickness.

Figure C.1a provides a slightly simplistic view to make it more understandable. For example, the heights
of frame 52 and longitudinal 4 are reduced in the figure.
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(a) Isometric view.

(b) Top view.

Figure C.1: Specification of the FE model.



D
Results

Figure D.1: Uniaxial damage (per cycle) vs. multiaxial damage (per
cycle) for FSL01 (TF based).

Figure D.2: Uniaxial damage (per cycle) vs. multiaxial damage (per
cycle) for FSL04 and FSL05 (strain gauge based).

Figure D.3: Uniaxial damage (per cycle) vs. multiaxial damage (per
cycle) for the reference location using a cold spot approach (TF
based).

Figure D.4: Uniaxial damage (per cycle) vs. multiaxial (per cycle)
damage for the reference location using a hot spot approach (TF
based).

The damage estimates expressed in damage per cycle are depicted in Figures D.1 - D.4. Note that D/c ycle =
5 ·10−7 equals an estimated number of cycles to failure of N f = 2 ·106. Only the data obtained from the PbP
approach is included.
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E
Validation of the Bertholf FE model

To assess the validity of the damage estimates obtained using the FE model, the calculations are compared to
the data obtained with the strain gauges. It is preferred to use cold spots for the validation as local influences
such as stress concentrations and local stress distributions (V-shaped notch stress) are not taken into account
in the FE model. The validation is based on response spectra, meaning that the transfer functions obtained
using the FE model cannot be directly related to the measured strains. Detailed wave spectra are necessary
to perform the validation. Multiplying the transfer function squared with the wave spectrum (taking into
account the heading) results in a 3-D response spectrum; integrating this response spectrum over the wave
directions yields the 2-D response spectrum.

The validity of the transfer functions is limited to the validity of the theory (i.e.: potential theory) em-
ployed to model the flow around the vessel. It is recommended to perform the validation for a discrete set
of vessel speeds, starting at v = 0m/s and working up to the maximum expected sailing speed of the vessel.
The transfer function wave direction density depends on the wave direction and the derivative of the transfer
functions with respect to the wave direction, and should be investigated.

The validation process consists of two parts:

• Statistical comparison of spectra.

• Quantitative comparison of multiaxial fatigue damage.

Statistical comparison
In the statistical comparison, differences in spectral moments are analyzed. The 2-D response spectrum from
the strain gauge measurements is obtained using a Fast Fourier Transform. Spectral moments are defined as:

mn =
∫ ∞

−∞
f n ·S f

(
f
)

dt (E.1)

Although some spectral moments represent physical properties (for example: significant wave height,
zero up crossing frequency), the physical meaning becomes inconsequential in the comparison of spectra.
The comparison should include spectral moments with n = 0, n < 0 and n > 0. Spectral moments with n < 0
give more weight to lower frequencies, Spectral moments with n > 0 give more weight to higher frequencies.
A spectral statistical difference (SSD) as defined as:

en =
(
mn,E −mn,m

)
mn,E

(E.2)

with mn,e the spectral moment calculated from the FE model data and mn,m the spectral moment obtained
from the strain gauge data. Correlation coefficients are used to quantify comparison between sets of spectral
moments and parameters:

• Significant wave height.

• Peak incoming wave direction.

71



72 E. Validation of the Bertholf FE model

Table E.1: Sets of spectral moments for FE model validation.

Set # Description

01a Sum of all SSDs for all stress components.
01b Sum of SSDs per stress component (both FSLs).
02 One SSD per stress component (both FSLs).

• Spreading.

• Vessel Speed.

The sets of spectral moments are described in Table E.1. Remember that a spectrum is available for every
stress component and an SSD is available for every n (Equation E.1).

Set number 01a is defined to investigate whether all stress components show the same behavior. Set
number 01b is defined to find which stress components show the highest errors; whether this is necessary
follows from set number 01a. Set number 02 is defined to investigate whether the error is dependent of the
loading frequency.

Based on the results, a correction can be defined. For example, it may be so that the error e−1 grows
with the vessel speed. This means that lower frequencies are being progressively underestimated with the
vessel speed. A correction can now be applied to lower frequencies that depends on the wave height. Another
example may be that beam waves overestimate m0 for stress in x-direction, which means that the response
is overestimated. A correction factor for all frequencies can then be applied.

Quantitative comparison
Two fatigue methods should be used for the qualitative comparison of multiaxial fatigue damage: the (mod-
ified) Projection-by-Projection approach and IIW design rules. The fatigue damage as calculated from the
strain gauge measurements creates a benchmark for the fatigue damage percentage error. A number of re-
alizations should be obtained from the 2-D response spectrum with each realization a unique random wave
phase, the number of realizations depending on the convergence of the probability spectrum. The expected
value of the fatigue damage calculated from the response spectra should be compared to the fatigue damage
as obtained from the strain gauge measurements (benchmark value) to obtain the fatigue damage percentage
error. The precision can be tested with the realizations made from the response spectrum. The IIW design
rules provide a benchmark precision and a benchmark percentage error. The accuracy of the methods cannot
be tested since there is no reference value.
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