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Abstract

In recent years, the increased need for renewable energy has put more interest in wind energy and therefore
in making wind turbines more efficient and building them as efficiently and cheap as possible. Delft Offshore
Turbines (DOT) is developing a drivetrain that replaces the heavy and expensive parts in the nacelle of a wind
turbine and makes these parts more accessible and aims to improve the reliability of the wind turbines by
replacing the parts that are most prone to failure.

Due to the innovative design of their drivetrain, several unknowns still have to be answered since this has
never been tried before. One of the most important parts of this drivetrain requires rolling contacts that
endure high contact stresses and have to operate for a long time in harsh conditions. These rolling contacts
have to be tested and for this, DOT created the Roller Test Bench (RTB) to test different materials and material
combinations until failure and to see what type of failure is occurring and what the lifetime of these rollers is.
The rollers are a lot smaller compared to the rollers found in the drivetrain to reduce cost and testing time.
The scaling of the dimensions has been done several times in different fields of research but it is unclear how
this affects the results and how the results translate to the original rollers. In literature some papers have
stated that the results scale in a certain way but this has not been proven or the statements have not been
argumented in a clear way such that these statements hold no ground.

A rolling contact has several ways that it can fail; wear, deformation, corrosion or fatigue are most commonly
found. From the literature study performed in this thesis it has been noted that the main mode of failure in
the RTB is rolling contact fatigue since the rollers are smooth, have no lubrication applied, are free of exter-
nal contaminants and have no significant amount of friction on the surface. With the stress applied and the
material used it is also noted that the fatigue will occur after a high amount of cycles and in literature this is
also called high-cycle rolling contact fatigue. Experimental testing of such problems takes a very long time,
even if the rollers are smaller and are run faster through the load cycles.

With both problems stated, the lack of information on the influence of scaling on fatigue life and the test-
ing of high cycle fatigue, the goal of this thesis was found and it was to find a method to predict the lifetime
and wear mechanisms of rolling contacts in the DOT Direct Drive Pump. This method could then be used
to figure out how the scaling affects the fatigue life for rolling contacts and make a possible statement of its
influence.

From the literature study a numerical modelling method was found that incorporated the microstructure
and included both crack initiation and propagation and was able to model high cycle fatigue. This model
suited the problem the best and was proven to provide results that agree well with previously performed ex-
periments and their experimental results. This method implemented a Voronoi tessellation to reproduce the
microstructure and applied continuum damage mechanics to calculate the damage evolution and apply the
damage to the microstructure. A jump-in-cycle method was applied to improve the efficiency of the model
and greatly reduce the time to model until failure. The created model is able to reproduce subsurface initi-
ated fatigue and with that produce a scatter and L10 life comparable with previous models and experimental
results. The model was validated by comparing the stress distribution, crack formation and the initiation and
total lives with other models and data. The model was off the required range since the models uses an homo-
geneous isotropic material which causes the scatter to be lower.

With the model created and validated, it was applied to several different half-widths to test how the scal-
ing affects the fatigue life. From the results it was noted that for a larger roller size the fatigue life decreases
but it has to be noted that further tests, experimental and numerical, have to be done and improvements to
the model have to be made such that at some point a correlation can be made between the scaling and the
fatigue life. Further recommendations were provided on improving the model and with that creating more
reliable results such that a better prediction can be made on how the fatigue life is affected but also to predict

iii



iv

the life of a rolling contact.
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1
Introduction

In this section, some background will be given on the origin of this project and on the parties involved. Later
on, the aim of the project will be explained and the lay-out of the thesis will be outlined.

1.1. Delft Offshore Turbines - DOT
DOT is a start-up company based in Delft which is part of De Oude Bibliotheek (DOB) and both have a focus
on the offshore energy sector. DOB is a knowledge institute which offers training courses and seminars to
professionals who are interested in offshore related subjects. DOT is the innovator and focusses on offshore
wind turbines and mainly on seawater-hydraulic power transmission.

In the past couple years, the need for renewable energy has increased [38] and therefore the size of the wind
turbines has been increasing, especially offshore where the wind speed tend to be faster and steadier and
because they do not take up building or farming space [23]. A wind turbine is made out of a rotor, a gener-
ator with sometimes a gearbox and the surrounding structure, the housing on top of a wind turbine which
encapsulates the generator and gearbox is the nacelle. Most wind turbines have a gearbox that turns the slow
rotation of the blades to a higher speed suitable for the generator but some have a special generator that is
able to generate electricity with the lower rotational speed of the blades. The increase in size of wind turbines
means that the rotational speed at the shaft is even lower but the torque is higher and that leads to increased
stresses on the gearbox and the other components in a conventional wind turbine. This also leads to an in-
crease in size and mass of the components in the nacelle and with that more supporting structure for the wind
turbine is required but also increasing the price of these components and the wind turbine.Knowing this it is
logical to assume that reducing the mass in the nacelle could mean a reduction in the price for production
and placement of these wind turbines.

To solve this problem, DOT is developing a drive train that is able to work with high torque and low RPM
and is able to deliver high amounts of power but with a lower mass. The main parts of this system are a direct
drive pump and a Pelton turbine which drives the generator to create electricity. The direct drive pump, as
the name states, is directly driven by the turbine rotor which in turn rules out the gearbox which is prone
to failure. This pumps sea water at a high pressure to the Pelton turbine which in turn drive the generator.
The Pelton turbine and the generator are placed in the middle of a group of wind turbines and is connected
to these wind turbines as seen in Fig. 1.1. The centralisation of the generator also reduces the cost of the
wind turbines and makes it easier to assemble the turbines since the generator is expensive and is one of the
heavier parts of the turbine. Placing it lower also makes it easier to maintain and not as many have to be
maintained since one generator is used for multiple turbines.

1
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Figure 1.1: Schematic of the innovative concept from DOT [42]

The pump they are developing is a radial piston pump with the outer ring, which is connected to the turbine
rotor, consisting of lobes and the inner part consisting of several cylindrical roller and piston combinations.
The roller rolls over the surface of the outer ring and the lobes on this outer ring act the same as the camshaft
in an engine, making the roller and piston move up and down creating a pumping movement. While there
are already pumps that can deliver several megawatts, these are oil-based systems and due to cost and eco-
logical reasons these pumps are not desirable and therefore a sea-water drive pump has to be developed. For
an oil-based system, the whole system needs to be closed off and the oil has to be transported to the wind
turbine which increases the cost while for a seawater system, it is already there and if something breaks on
the system it would not spill any oil into the sea and just seawater.

The Modular project was the first project that developed a working pump and was able to put out 40kW
but the market requires a higher output (3 MW and more) and therefore the project DOT 3000 was started
which is focussed on developing a 3MW direct drive pump.

1.2. DOT 3000
DOT 3000 is the follow up project of the Modular project which focusses on creating a larger pump with a
higher power output. In this project all the components are larger but the stresses are also higher compared
to the Modular project. Since the stresses on all the components are higher, a more in depth look at some
of these parts has to be taken since the risk of failure increases. Because the cylindrical rollers in the pump,
rolling over the surface of the outer ring, causes the pistons to translate and therefore make the pump work,
these roller play a crucial role in the pump. For this reason DOT created the RTB (Fig. 1.2) where they test
the rollers at a smaller size compared to the Direct Drive Pump (DDP). These rollers are tested for material
hardening, wear, corrosion and fatigue on the contact area and due to the smaller size of the rollers, the test
can be done at a faster rate since the rollers can be run at higher RPM. The reason they are tested for wear,
corrosion and fatigue is due to the harsh environment the rollers are ran in. The contact surfaces are not
lubricated and will experience corrosion of the sea water and wear due to particles that are in the water.
Since the rollers operate in such a tough environment and they are required to run for years on end, it is
important to test these rollers and to test for the best material combination for this application.
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Figure 1.2: Schematic of the roller test bench created by DOT during the DOT 3000 project

The RTB is build to do endurance roller test and to simulate five years of continuous loading without main-
tenance and with this test simulating the behaviour of the rollers on the outer ring in the pump. The idea
behind the RTB is to create a relatively small test bench which can be easily used and where the rollers can
be quickly changed or where other parameters can be added or removed to see the effect of these parame-
ters. As seen on Fig. 1.2, the setup consists out of five smaller rollers and one large roller which is the driving
wheel. The smaller rollers are pressed onto the larger wheel at a specified force such that the contact pressure
is equal to the one in the real life pump. The smaller roller surfaces are regularly checked visually for signs of
failure or failure initiation and during the testing, the RTB measures the vibrations of the rollers to check if
the surface is causing excessive vibrations and therefore signs of failure.

1.3. Problem Definition
Endurance testing of a rolling contact takes a long time and is expensive and even if the rollers are smaller
and are run at a faster rate, it still takes a very long time to see any signs of failure. Since the rollers in the RTB
are not lubricated and are tested in a clean environment, the rollers will most probably fail due to fatigue and
more precisely high cycle rolling contact fatigue. With high cycle fatigue, it is expected that the roller will fail
after more than 104 load cycles but in the case of the DOT DDP it will probably be around 1012 cycles. For this
reason, downscaling of the rollers is interesting since the rollers can be tested at a faster rate but also multi-
ple test benches can be made at a lower cost. This is done in the RTB but also in the railway industry where
the downscaling of train wheels and rails have been applied extensively to test the dynamics and fatigue be-
haviour of train wheels and rails. While the scaled benches give a good idea what the behaviour of certain
material combinations will be like, it is still unclear how the scaling of the dimensions influences the fatigue
life and therefore it is unclear how the results from the RTB translate to reality. Some papers have stated that
the reduction in dimensions reduces the fatigue life but no clear relation between the two was given or this
was not validated experimentally [20][28][55]. Therefore it is still unclear what happens with the fatigue life
when the dimensions are scaled but the contact stress is kept the same.

Another important thing to note when testing these rollers is the variability of the results due to the het-
erogeneous material structure. Fatigue is the formation of cracks in the material and can originate on the
surface or in the material. This process is highly dependent on the material structure since cracks are formed
on the weak points in the material like grain boundaries, dislocations and other irregularities. Due to these
factors, a scatter can be seen in the fatigue life results of rollers and it is unknown when a roller will fail which
is a phenomenon that is also found in bearings. The way bearing manufacturers solve this is by giving bear-
ings an L10 life, the amount of cycles until 10% of a population of bearings have failed, which is found by
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testing a large set of bearings until failure. Therefore to get an accurate prediction on the fatigue life of these
rollers, the rollers have to be tested several times such that a life prediction can be made. As was said earlier,
only testing once takes a long time so testing multiple times will become unreasonable if only one test bench
is used.

1.4. Aim of the Project
Based on the problems stated in the previous section, the aim of the project is to provide a method to predict
the lifetime and failure mechanisms of the rolling contacts in the DOT DDP. Besides providing this method,
an overview of the mechanisms behind the failure and behaviour of the rolling contacts is given to better
understand the workings of rolling contacts and with the gathered knowledge be able to prevent failure and
extend the lifetime of the rolling contacts. The results that are gathered from the provided method are then
used to analyse the influence of scaling on the fatigue life of rolling contacts and a recommendation will be
made based on the retrieved results.
Research Objective

How to predict lifetime and failure mechanisms of rolling contacts in DOT Direct Drive Pump?

Background questions
Which failure mechanisms are expected to occur in rolling contacts?
How can lifetime be predicted for rolling contacts?
What are the main failure mechanisms of rolling contacts in DOT Direct Drive Pumps and how can the life-
time be predicted for these rolling contacts?

Additional questions
How does scaling influence lifetime and wear mechanisms of rolling contacts?
How to numerically model failure mechanisms and predict the lifetime of rolling contacts?

1.5. Outline of the Thesis
This section presents an overview of the structure of this thesis. The report starts by providing background
theory on the fundamentals of rolling contacts and the main modes of failure applicable to the DOT Direct
Drive Pump. This provides the basis for the following part of the literature study which is focussed on fatigue
and crack behaviour since this is assumed to be the main mode of failure in the DOT DDP. Knowing this, the
methods to calculate rolling contact fatigue life are presented and a method is chosen that fits the problem
the best. These methods range from probabilistic methods to a numerical approach that implements the
material structure. The chosen method is discussed in detail and a validation approach is presented. At the
end of the literature study, the literature around scaling is presented and discussed and the reason for further
research is explained.

After the literature study, the chosen method is worked out in detail such that it is understood properly and
can be applied in the used software such that a correct and fitting model is build. The assumptions made to
make this model are discussed in the end and after building the model, the validation is done and compared
to the existing numerical models and experimental data. Subsequently, the model is used to estimate the fa-
tigue life for several differently sized rolling contacts and the relation between the different sizes is discussed
and translated to real life.

To sum this all up, the paper consists out of three parts:

1. Theory : Literature study and theoretical background on rolling contacts, rolling contact failure and
methods to predict fatigue life

2. Building the Model : The application of the method and detailed explanation of the building procedure

3. Testing : Validation of the chosen method and the presentation of the testing procedure

4. Outcome : The results are presented and a possible correlation is discussed. Further improvements
and further work is suggested
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2
Background Information

In this chapter, the theory of static and rolling contacts, the failure mechanisms of rolling contacts, modelling
and prediction methods and the scaling is discussed based on literature found on the subject. The main focus
will be on line contacts and in the latter part of this chapter, the focus will be on high cycle fatigue. Firstly, the
basics of contact mechanics and rolling contacts relevant to the subject are discussed. After that, the focus
will be on possible modes of failure, followed up by the section on predicting fatigue life. Lastly, the modelling
technique applied in this thesis is discussed and at the end, the literature around scaling of rolling contacts is
discussed.

2.1. Introduction
The basics of rolling contacts starts with contact mechanics itself which Hertz [21] created the basis off early
on [30][61]. From the theory he created, many other researchers followed his theory with probably the most
important and well known one being K.L.Johnson [31] who is also the author of the book "Contact Mechan-
ics". With the basis of contact mechanics created, a further focus was put on rolling contacts and since rolling
contacts are extensively used, the subject has been researched a lot in many different fields and on many dif-
ferent aspects and is an interesting and widely researched topic. Rolling contacts can be found on many
places like bearings, train wheels and even the pen you write with, and therefore it is still such a topic of in-
terest.

Since the 1940s, bearing manufacturers have been increasingly interested in understanding the bearing be-
haviour and the cause of failure of bearings. With the improvement of lubricants and an increased under-
standing of material behaviour and alloy composition, the failure of these bearings has gone from mainly
wear to mainly fatigue originated. Since fatigue in rolling contacts is different to regular fatigue due to its
multiaxial and non-proportional behaviour, new methods had to be developed to test this behaviour but also
predict the fatigue life of the rolling contact. The first model created that predicted rolling contact fatigue
life was the probabilistic engineering life model formulated by Lundberg and Palmgren [35]. This work has
had an influence on almost all the models that followed after that, each one adapting their (Lundberg and
Palmgren) method or adding to their method for improvement or adjusting to the fit ones research. Other
important models were created by Ioannides and Harris [24] and by Harris and Barnsby [18] and the current
ISO standards also use a modified version of the Lundberg-Palmgren model.

Later on, more and more research models were created that applied a deterministic approach meaning that
the physical principals were taken into account to predict the failure process of a rolling contact. Due to the
complexity of rolling contact fatigue, many models focussed on either crack initiation or propagation and
were often based on a homogeneous material description. Some of the most important research was done by
Ekberg [10] who implemented the Dang Van model and Jiang and Sehitoglu [29] who applied an elastoplastic
finite element model. Since these models lacked the microstructural behaviour due to their assumption of a
homogeneous material, it lacked important information and a model was created that implemented the mi-
crostructure through the implementation of the Voronoi tessellation. The model and the research on these

7
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models is led by Sadeghi and has been giving promising results regarding predicting fatigue life and simulat-
ing real life RCF behaviour in numerical models. A review on all the important models created can be found
in the work of Sadeghi et al. [54]. Raje and Sadeghi [50] set the basis of this modelling technique and this was
further refined and applied to study different types of behaviour in the following years in which the research
was led by Sadeghi.

2.2. Contact Mechanics
It is important to start off with understanding the basics of contact mechanics because the formulas found
in this section will be the basis of all the calculations in the following sections. Also having a good under-
standing of the stress distribution through the material will be important when looking at the possible failure
mechanism in rolling contacts.

2.2.1. Hertzian Contact Stress
The Hertzian contact theory is the classical theory of contact mechanics where the focus is on non-adhesive
contacts where no tension force is allowed to occur on the contact area. Hertz sets several boundary condi-
tions to determine the solution to Hertzian contact problems.

1. The bodies are in frictionless contact
2. The deformations and localized stresses are within the elastic limit and the stresses must disappear

moving away from the contact area i.e. the strains are small
3. The surface is an infinitely large half-space
4. The surfaces are continuous and non-conforming

2.2.2. Contact between Two Cylinders
In this project the focus will be on contact between two cylinders with parallel axes (Fig. 2.1). This is also
called a line contact in which the contact area resembles a line if no deformation is assumed. In reality, due
to elastic deformation, this is a rectangle with a length L and a half-width b which can be calculated with
formula 2.1 [70].

b =

√√√√√√√4F

[
1−v2

1
E1

+ 1−v2
2

E2

]
πL

(
1

R1
+ 1

R2

) (2.1)

where F = Force pressing on the cylinders
v1, v2 = Poisson’s ratio for the materials
E1, E2 = Young’s modulus of the materials
L = Contact length
R1, R2 = Radii of the cylinders

The half-width can then be used to calculate the maximum contact pressure which can be found on the
centerline of the contact strip as seen in figure 2.1.

2.2.3. Contact Pressure and Stress Components
Formula 2.2 calculates this maximum pressure from the normal force applied on the cylinders. The formulas
2.1 and 2.2 were both determined by Hertz and the contact stress was therefore called the Hertz contact stress.

Pmax = 2F

πbL
(2.2)

where F = Force pressing on the cylinders
b = Half-width on the contact area
L = Contact length

The contact pressure or Hertzian pressure has a certain distribution along the contact surface which can
be seen in Fig. 2.1. The formula can be seen below. This differs between all the different types of contact but
this is for line contacts.

P (x) = Pmax

√
1−

( x

b

)2
(2.3)



2.2. Contact Mechanics 9

Figure 2.1: On the left: Pressure Distribution on Contact Surface [49]. On the right: Two Cylinders with Parallel Axes [70]. The x-axis on
the left is the same as the z-axis on the right

Later work on contact mechanics extended Hertz’ work and determined the distribution of stress compo-
nents along the x-axis. Figure 2.2 shows the stress components σx , σy , σz and τ45◦ for a line contact. The
stresses approach zero with increasing depth and the maximum shear stress can be found at a depth of
x ∼= 0.78b from the contact surface and the magnitude of the maximum shear stress is τmax

∼= 0.3Pmax [49]
[31] while the maximum normal stresses can be found on the surface. τ45◦ is the shear stress component
which lies on the bisecting plane between the x-axis and the y-axis. This component can be calculated with
the σx and σy as seen in formula 2.9. The state of stress in a material point, under general loading, is de-
scribed by the following six components

σxx ,σy y ,σzz (2.4)

τx y = τy x ,τy z = τz y ,τxz = τzx (2.5)

σ1 =σx =− Pmax√
1+ (z/b)2

(2.6)

σ3 =σy =−Pmax

(
1+2(z/b)2√

1+ (z/b)2
−2|z/b|

)
(2.7)

σ2 =σz =−2vPmax

(√
1+ (z/b)2 −|z/b|

)
(2.8)

τ45◦ =
∣∣σx −σy

∣∣
2

(2.9)
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Figure 2.2: Distribution of Stresses in Contact Zone Along Line of Symmetry [49]

At the point of maximum shear stress, the inelastic yielding will take place and will happen when the shear
stress exceeds the critical shear stress for a given material [63]. The shear stress can be calculated in two
different ways, Tresca shear stress or von Mises effective stress. The Tresca shear stress is calculated with σ1

and σ3 being the largest and smallest principal stress respectively and is the one used above.

τmax = σ1 −σ3

2
(2.10)

The von Mises effective stress is defined in the following equation and can be seen as the root mean square
value of the shear stress in a material point

σvM = 1p
2

√
(σ1 −σ2)2 + (σ2 −σ3)2 + (σ3 −σ1)2 (2.11)

The hydrostatic stress or volumetric stress (σh) in the material is the mean value of the normal stresses acting
in a material point calculated with

σh ≡ σi i

3
=

(
σxx +σy y +σzz

)
3

(2.12)

The hydrostatic stress can be employed in many different forms in equivalent stress criteria but normally in
one of the following ways, time dependent value σh(t ), maximum value during a cycle σh,max or mid value
during a cycle σh,med . The hydrostatic stress is a scalar and is stress invariant.

2.3. Rolling Contacts
Up to this point only stationary behaviour of a line contact has been discussed but in this paper the focus is
on rolling contacts which behave differently compared to stationary contacts. It was assumed in this paper
that there was no relative motion between the surfaces and that the rolling was pure and therefore the tan-
gential component was negligible, in other words, no friction is assumed throughout the whole paper. But
in rolling contacts, the amount of tangential force can play an important role in the material response and
is briefly investigated in this section. This will become important when differentiating between the failure
mechanisms and to decide which failure mechanism is more prominent in the DOT DDP.



2.3. Rolling Contacts 11

2.3.1. Orthogonal Shear Stress
The maximum orthogonal shear stress is equal to τmaxor th

∼=±0.256 ·Pmax and is found at a depth of 0.5 ·b.
The maximum shear stress and maximum orthogonal shear stress differ in several ways. The maximum shear
stress is found further from the contact surface and is larger but the orthogonal shear stress has two compo-
nents and therefore ∆τmaxor th

∼= 0.512 ·Pmax which is larger compared to maximum shear stress. During
rolling, the material experiences this full shear stress reversal while the other principal stresses such as the
maximum shear stress remains compressive and do not show this reversal.

Figure 2.3: Subsurface stress at the depth of maximum orthogonal
shear stress in a Hertzian line contact [54]

Figure 2.4: Location and magnitude of the maximum orthogonal
shear stress τ0 [13]

2.3.2. Rolling with Friction
The tangential force between the two surfaces causes a relative motion between these surfaces and causes
slip which results in friction. This tangential force can simply be calculated with the basic formula for friction
Fx = µFN . The addition of this tangential component causes a change in the magnitude and location of the
maximum shear stress. In Figure 2.5, the contours of the shear stress for a point contact are shown with µ=
Ft an

F . When µ= 1/9, the maximum shearing stress for a line contact occurs at the surface and not underneath
the surface which occurs during free rolling [63]. It is important to note that in the the RTB, the friction is
negligible and therefore friction will not be included but for later research this might become more important.

Figure 2.5: Contours of shear stress beneath a nominal point contact with v = 0.3 [63]
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2.3.3. Rolling Resistance
Rolling resistance is mainly made up of hysteresis loss and slip, but another factor that can increase resistance
is plastic deformation. During rolling, indentation happens at the leading edge of the contact area while re-
laxation happens at the trailing edge. The rate of deformation that occurs in the material is not equal to the
rate of recovery since energy is transferred to heat during the deformation which is called elastic hysteresis
loss. Another type of loss is micro slip where the contact surface under load deforms and forms an area of slip
and stick (Fig. 2.6). Micro slip is also called Reynolds slip and also occurs in rolling contacts without tractive
forces.

Figure 2.6: Reynolds slip, central stick zone [63]

Figure 2.7: The solid line µP shows the maximum tangential stress possible in the contact area [58]

In the book Contact Mechanics and Friction it is stated that:"For a driven or braking wheel there is always a
sticking domain that exists in the leading edge and a slip domain that exists in the trailing edge."[48]. The slip
contributes to part of the rolling resistance that a rolling object experiences.

2.4. Failure of Rolling Contacts
After getting to grips on the basics of static and rolling contacts, it is possible get an idea of what the main
failure modes are in a rolling contact. The failure modes of rolling contacts can be split up in a couple groups
namely rolling contact fatigue, wear, plastic flow and bulk failures. The main failure mechanism for most
rolling contacts is rolling contact fatigue while other minor failure modes are wear and plastic deformation
[60] [63]. The causes of these failure modes will be discussed in this section.

Figure 2.8: Subsurface cracks in rolling contact fatigue [54] Figure 2.9: Three phases of the life of a surface originated crack dur-
ing rolling contact fatigue [53]
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2.4.1. Rolling Contact Fatigue (RCF)
Fatigue is the formation of damage in the material due to repeated loading of an element until the accumu-
lation of damage forms a crack which grows to a size that causes the material to fail. The fatigue strength of
materials subjected to repeated loading is known to depend not only on the maximum stress but also upon
the manner in which the stresses vary during a loading cycle [49]. The differences between classical fatigue
and RCF make it impossible to directly apply results of classical fatigue to RCF. The differences are listed in the
paper of Sadeghi et al. [54] but the main difference is that RCF is a multiaxial non proportional phenomenon.
Non proportional loading means that the stress components in the material do not change in the same pro-
portion to each other which means that the principal directions change and the magnitudes of the principal
stresses vary during the load cycle [17]. This can be seen in Fig. 2.3 where the orthogonal shear stress τx y

completely reverses while the other principal stresses (σx and σz ) remain compressive.

Depending on the type of loading, the initiation of rolling contact fatigue can be found on two different
places, subsurface or surface initiated fatigue. A tangential component can change the magnitude and lo-
cation of the maximum stress and therefore the location of inelastic yielding or crack initiation changes (Fig.
2.5) which was discussed in the previous section (Subsection 2.3.2). Subsurface initiated fatigue is the normal
form of RCF and happens due to material fatigue on places with no or low traction, therefore the maximum
shear stress and the maximum orthogonal shear stress can be found below the surface where the yielding will
occur. Surface initiated fatigue initiates in places with high tangential loads which causes the shear stress to
move to the surface. The cracks will progress transversely to the surface and can cause spalling and flaking of
the surface.

2.4.2. Deformation and Wear
Wear can be corrosive or frictional wear in which the surface material is slowly removed but it can also be
abrasive wear caused by contaminants which damage the surface and thus increase the wear on the surface.
These types of failure are not the main cause of failure in this project and depend mainly on external factors or
are caused by extreme slip. Another factor of failure might be plastic deformation which is caused by extreme
stress. Metallic materials deform plastically after a critical stress is exceeded and when a material is loaded in
tension up to a critical stress, failure will occur after a certain deformation. In contrast, if the elastic limit is
exceeded while two metallic parts are compressed, then these part will be welded together [48]. For this case
it is assumed the material mainly deforms elastically and does not enter the inelastic domain.

2.5. Fatigue
In this section, fatigue is studied in more detail since it is the main mode of failure in the DOT DDP and with
that, the source of fatigue and the types of fatigue are discussed. Fatigue was chosen as the main mode of
failure due to the contact being loaded elastically and because the surface is free of lubrication and other
contaminants. As was stated earlier, it is assumed that no friction occurs on the surface which will be impor-
tant when deciding what the fatigue type is.

At first, the types of fatigue life is discussed and with that a short introduction to the most important con-
cepts of fatigue which are material and crack behaviour. Material behaviour is strongly influenced by the
load and the possible types of behaviour are discussed in the section on Shakedown 2.5.2. The behaviour of
the material in turn influences the type of failure and the crack behaviour. This crack behaviour is discussed
in detail in the sections Crack Formation 2.5.3 and Crack Modes 2.5.4 which will be important to understand
when trying to predict the fatigue life.

2.5.1. Fatigue Life
It is important to differentiate low and high cycle fatigue life since the material response is completely differ-
ent and it is useful to know during finite element modelling. Low cycle fatigue is fatigue that occurs up to 104

cycles and it is mostly found to be due to plastic shakedown or ratcheting. High cycle fatigue occurs from 104

load cycles and up and is predominantly in the elastic domain. For this project, high cycle fatigue is of main
interest since the material is loaded elastically.



14 2. Background Information

Even if there is no global plasticity, there will always be some weak zone that experiences a stress above the
yield limit and deforms plastically. During the life of the rolling contact surface, irreversible deformation and
cracks form due to these weak zones [12]. These cracks go through three stages: crack initiation, crack propa-
gation and final fracture (Fig. 2.10 and 2.14). During the high cycle fatigue life, crack initiation takes up most
of the fatigue life.

In the high cycle fatigue regime, two fatigue domains corresponding to finite and infinite lifetime can be
considered. From observations at the macroscopic scale, the material is in elastic shakedown but looking at
the grains (mesoscopic scale), it is agreed upon that elastic shakedown only occurs in the case of infinite life-
time. For finite lifetime, the orientation of the grains causes plastic shakedown or ratcheting to occur which
leads to failure after a finite number of cycles. The stress concentration due to this mesoscopic failure is the
origin of the initiation of a macroscopic crack associated with failure on the macroscopic scale [22].

Figure 2.10: The different phases of fatigue life [2]

2.5.2. Shakedown
The material response during cyclic loading is strongly influenced by the magnitude of the load but also by
the material hardening, residual stress state and the change in contact conditions due to deformation or wear
[53]. In Fig. 2.11 the cyclic deformation of a material is shown under different magnitudes of applied load in
which four different responses can be seen, a) elastic, b) elastic shakedown, c) plastic shakedown and d)
ratcheting [12].

Elastic
In a, there is no global yielding since the load is below the elastic limitσy and therefore the global deformation
is elastic. At dislocations in the material or due to surface roughness, peak stresses occur and there might
occur local yielding of the material. If the stress in the material is above the fatigue limit σ f l , fatigue cracks
may initiate.

Elastic Shakedown
In b, the material experiences elastic shakedown since the material is loaded above the elastic limit σy but
below the elastic shakedown limit σel . Initially, yielding occurs and the residual stresses in the material rise
and these reduce the plasticity in the material. If plastic hardening occurs, the elastic limit increases and
the material will return to behave elastically. Therefore if the shakedown period is short, the majority of the
fatigue life will be spend in the elastic domain.

Plastic Shakedown
In c, the material experiences plastic shakedown and is loaded above the elastic shakedown limit σel but be-
low the plastic shakedown limit σpl . The material experiences plastic flow in both tension and compression
but after a couple cycles, it goes into a closed loop of plastic shakedown. During plastic shakedown, plastic
deformation occurs but there is no net accumulation of plastic strain and the amount of cycles until fatigue
failure occurs is low. The plastic strain causes dislocation pile-ups, shear band formation and crack formation
between grains.
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Ratcheting
In d, the material is loaded above the plastic shakedown limit σpl and experiences ratcheting. The residual
stresses, hardening and reversed plastic flow is not enough to prevent the plastic deformation of the material
and the accumulation of plastic strain in the material causes the component to fail. The deformation grows
during each load cycle and the amount of cycles until fatigue failure occurs due to the plastic deformation is
low [12].

In Figure 2.12, the different types of material responses are shown with the load factor p0/k on the ordinate
and the friction coefficient λ on the abscissa. The load factor is made up of the maximum normal contact
pressure p0 and the material shear yield strength k. The map shows the position of the fatigue damage and in
which domain the loading occurs [53].

Figure 2.11: Different responses of a metallic material to cyclic load-
ing. X-axis with strain (ε), y-axis with stress (σ) [12]

Figure 2.12: A shakedown map for a general three-dimensional
non-conformal rolling–sliding contact. X-axis with friction coeffi-

cient (µ), y-axis with load factor (
λ∗p0

k ) [53].

2.5.3. Crack Formation
The whole process of crack formation is shown in Fig. 2.10 and is explained in detail in this section. Crack
formation starts off with crack initiation (Stage I) which consists out of three phases, cyclic slip, crack nucle-
ation and small crack growth and is also known as the non-continuum fatigue crack growth mechanism. The
crack nucleation is on the order of grain size while crack propagation is of the order of several grain diameters
and therefore this process depends on the material microstructure, the stress ratio and the environment [62].
A fatigue crack can initiate in two different ways, due to stress concentrations or due to dislocations in the
metallic crystals. The stress concentrations are formed due to the inhomogeneous nature of the material and
the formation of cracks can be promoted by the residual stresses in the material [12]. The dislocations on the
other hand cause inhomogeneity and weaken the metallic structure and this can cause the crystal planes to
slip. During the load cycles, the dislocations in the material start to propagate plastically which causes the
dislocations to coalesce and the crystal planes to slip. The repetition of the cycles causes the coalescence of
dislocation to form a crack.

Figure 2.13: a. Initiation from slip bands b. Initiation and growth between the grains [12]
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The crack initiation stage is mainly a shear stress driven but it has been a highly discussed topic which type of
shear stress is the main cause of crack initiation. Lundberg and Palmgren supposed that the crack initiation
occurs at the same depth as the maximum orthogonal stress occurred at and therefore the orthogonal shear
stress being the most detrimental to the fatigue process [35][41]. Experiments have also shown that orthog-
onal shear stress is the most damaging stress component when talking about rolling contact fatigue because
of its alternating nature [3][33].

In stage II (crack propagation), this crack will propagate through the material with stable crack growth, also
called power growth, perpendicular to the load direction. In many cases, this stage is normal stress driven
but in rolling contacts, the normal stresses are compressive and inhibit crack opening and the shear stress
along the grain boundaries is the damage causing stress [27]. If the ensemble average of cracks is looked at,
the generalized form of Paris’ law (Eq. 2.13) can be used. It gives a linear relationship between crack rate d a

d N
and stress intensity factor K in a bi-logarithmic scale[36]. As seen in Fig. 2.14, the stage has a lower bound,
fatigue crack threshold ∆Kth , and an upper bound, fracture toughness of the material ∆KC (or ∆K IC ).

Stage III is the unstable crack growth stage, the crack growth accelerates and∆KC (or∆K IC ) is approached by
∆Kmax . This stage is sensitive to the microstructure, load ratio and the stress state and in this stage the crack
moves to the surface and the surface experiences failure [12][54][62]. Most papers also assume that these
cracks initiate and propagate along the grain boundaries as these are seen as the weak planes in the material.

d a

d N
=C∆kn

e f f (2.13)

Figure 2.14: Fatigue crack propagation stages. Y-axis crack growth per cycle d a
d N (mm/cycle) and x-axis the stress intensity factor range∆K .

∆KC is the plane stress fracture toughness,∆KIC is the plane stain fracture toughness. Stage I is the crack initiation phase, stage II the crack
propagation stage and stage III is final fracture. [62]

2.5.4. Crack Modes
Since the loading is multiaxial, the crack will experience several loading modes. There are three different
modes, modes I, II and III but for a two-dimensional fatigue study only mixed mode I and II loading is im-
portant since mode III is out of plane and therefore K I I I = 0. Mode I loading occurs most frequently in most
cases and is the mode that produces the most damage and is often called the opening mode. Mode II is the
shearing of the crack faces due to in-plane shear stresses but it is generally seen as the more unstable crack
propagation mode and therefore in mixed mode I and II loading the crack will typically go to pure mode I
loading instead. Mode I is also seen as the compressive stress and when the crack is closed, the mode I stress
intensity factor (SIF) is 0 and during a rolling contact cycle the SIF for mode II varies a lot. It is in the absence
of strong shear tractions acting at the contact site that mode I crack growth is suppressed by the compres-
sive hydrostatic component of the stress field and mode II crack growth is expected [3]. Therefore the most
important stress that affects the rolling contact fatigue life is shear stress.
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Figure 2.15: The different loading modes of a crack [62]

2.6. Predicting Fatigue Life
Since fatigue is the predominant mode of failure in the rolling elements of the DOT DDP, the life of the rollers
is governed by its RCF life [54] but it is impractical to experimentally test the life and therefore a reliable
life calculation is a proper substitute to testing or to make a proper prediction about the life. Therefore, the
prediction of RCF life has been and still is a subject of great research interest. Due to the localized nature
of contact pressure, the effect of the heterogeneous microstructure and the presence of microstructural de-
fects is enhanced. These factors are different in each roller since the microstructure is never the same and
this causes the scatter in the fatigue life for, what seems, identical rollers. Several methods have been pro-
posed to estimate lives of rolling contacts under RCF which have been summarized in the work of Sadeghi
[54]. Early models [16] were focussed on developing formulas based on extensive full-scale fatigue tests of
bearings for determining their service life and loading performance. The development of these models was
expensive and took a very long time. Lundberg and Palmgren later developed a theory that laid the basis of
several other models and is still used in the ISO 281 bearing load-life equations. These models account for the
scatter in fatigue life by employing a Weibull probability distribution function [3]. Later models were more
deterministic and focussed on a homogeneous material structure and looked for the critical stress by apply-
ing a critical plane method. More recent models have been focussing on the physical mechanisms that cause
RCF and this approach has been led by professor Sadeghi and his research group and utilizes a randomly
generated microstructure and applies damage mechanics to simulate the damage induced on the material
structure each load cycle. The models have been able to give life estimations, life scatter and spall profiles
that compare well with experimental data [3]. The models discussed above can be classified into probabilistic
engineering models, combined methods and continuum damage mechanics (CDM) models.

The probabilistic models include variables that are obtained from extensive experimental testing and do not
directly consider the behaviour of materials under contact loading and the residual stress and strain in the
contact areas. The other two are theoretical and require complete stress-strain behaviour of the contact sur-
faces and take the mechanics of failure into account. Some models focus on just initiation or propagation
while others account for both mechanisms and put it into one model. Some models assume homogeneous
material structure while other models assume a heterogeneous material structure and therefore differ in the
processes they focus on. Some implement microscale processes while others assume an existing microcrack
in the model and employ fracture mechanics to predict the propagation of the crack. The combination of two
different models is shortly discussed in the combined methods section while the CDM approach focusses on
both mechanisms at once.

2.6.1. Probabilistic Engineering Models
Probabilistic engineering models give a solid base for predicting the fatigue life of different types of bearings.
These models can be adjusted to the DDP and RTB to give a fatigue life prediction but these are fairly general
and do not implement specific material or geometric features. Many models have been developed, each with
a different focus and approach, but many of them are based on the Lundberg-Palmgren (LP) theory. This
section discusses a couple of these models with a focus on analysing the DDP.

The first basis for calculating bearing life was provided by LP who supposed that crack initiation occurs
subsurface due to the repetition of a maximum shear stress and at the weak points in the material. They
hypothesized that these weak points were stochastically distributed in the material and a Weibull statistical
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strength theory was applied to determine the probability of survival (S) from subsurface initiated fatigue. The
implementation of the Weibull slope into the model considers the scatter found in the experimental data on
bearing lives. A Weibull slope is the representation of the scatter that is found in a dataset, the higher the
slope, the lower the scatter.

ln
1

S
= A

N eτc
0V

zh
0

(2.14)

where τ0 = Maximum orthogonal shear stress in the contact
A = Constant (Determined experimentally)
c = Stress criterion exponent (Determined experimentally)
e = Weibull slope
h = Depth exponent (Determined experimentally)
N = Fatigue life
S = Probability of survival
V = Stressed volume of material, V = az0 (2πrr ) with a, z0 and rr the width, depth
and length
z0 = Depth of τ0 (mm)

The LP equation (Eq. 2.14) relates the critical stress-life exponent to the Weibull slope e for a given S and
bearing dimensions. Therefore the stress life equation depends on the scatter of the experimental bearing
life data.

N ∝ 1

τ((c−h+1)/e)
0

(2.15)

To calculate the fatigue life, the formula (Eq. 2.16) for basic rating life is commonly used in the industry (ISO
281) and has been used together with the LP theory. While this theory has a very solid basis to calculate
fatigue life, it does not take into account surface initiated failure, lubrication and the physical phenomenon
of RCF and the geometry of the rollers. Therefore many other models were developed, each with a different
focus or purpose, thus not all of them as relevant.

L10 =
(

C

P

)p

(2.16)

where C = Basic dynamic load rating
L10 = Basic rating life with 10% failure probability
P = Equivalent dynamic bearing load
p = 3 for ball bearing, 10/3 for roller bearings and 4 for perfect line contacts

Other models that were focussed on subsurface initiated fatigue were Chiu et al. [8], Ioannides and Harris
[24], Harris and Barnsby [18], Miyashita et al. [39], Zaretski [6], etc. The model from Chiu et al. was based
on a crack propagation law and attributed spalling to material defects and applied a severity distribution to
the size and physical nature. The model from Ioannides and Harris modified the LP model and put the focus
on crack initiation. The Ioannides-Harris (IH) model implemented discrete material volumes with individual
probabilities of survival and added a stress threshold below which no failure would occur. The Harris and
Barnsby model modified the IH model to a more generalized model and applies a single stress life factor to
modify fatigue life, predicted by the LP theory. The model from Miyashita studied RCF of sintered alloys us-
ing FEM and RCF tests. They estimated the location of the maximum shear stress and this coincided with the
crack initiation depth observed in the experiment. Zaretsky modified the LP model such that the stress-life
relation was not dependent on the Weibull slope e and the dependence on the depth term was removed [54].

The Ioanniddes and Harris (IH) model is based on the LP theory and applies modifications to the formula
(Eq. 2.14) formed by LP. It assumes a discrete material volume with individual probabilities of survival and
these discrete volumes are integrated to obtain the overall risk of failure for the contact. There is also a stress
threshold σu which can be compared to the fatigue limit below which no failure will occur. Applying these
modifications to Eq. 2.14 gives the following equation.
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ln
1

S
= AN e

∫
V

(σ−σu)c

zh
dV , σ>σu (2.17)

where σ = Stress at depth z (Not limited to orthogonal shear stress, can be other stress
measure)
σu = Stress threshold
z = Depth of maximum Hertzian shear stress (mm)

The load-life equation was also modified to implement the modifications from IH into Eq.2.16 and can be
seen below.

L10 = A[
1−

(
Pu
P

)w ]c/e

(
C

P

)p

, P > Pu (2.18)

where Pu = Load corresponding to stress threshold
w = Constant (Determined experimentally)

The idea behind the probabilistic models is applying the Weibull strength theory with including the mate-
rial microstructural characteristics. The resulting lives are based on the scatter of experimental data which
follow the Weibull distribution and is therefore not influenced by material inhomogeneity or the random
material structure [54].

2.6.2. Combined Methods Approach
In the combined methods approach, a crack initiation and a crack propagation model are combined to cal-
culate the fatigue life. For crack initiation in a non-proportional multiaxial loaded surface, the stress-based,
strain-based and energy-based are all possible modelling methods (Fig. 2.16). After the application of these
methods, Linear Elastic Fracture Mechanics (LEFM) can be applied to analyse the crack propagation and
calculate the total life [53].

Figure 2.16: Fatigue Model Selection [9]

The stress and strain based methods are both critical plane methods which examine different orientations
in space in order to find a critical plane on which fatigue initiation occurs. The critical plane is a plane that,
depending on the method, maximizes a stress or strain expression for a certain orientation in a point. The
energy-based method results in a lifetime prediction in terms of cycles to fatigue and provides a dissipated
fatigue energy density. The stress-based models aim at high-cycle fatigue and result in a fatigue usage fac-
tor and result in no life prediction. The strain-based models aim at low-cycle fatigue and result in a lifetime
prediction in terms of cycles to fatigue, the model is mainly aimed at the initial plastic deformation of the
material. Since the the focus is on high-cycle fatigue (> 104) and gathering data on the effect of scaling on the
amount of load cycles to failure, the stress-based and energy based method are discussed in this section.
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Stress-Based Fatigue Models
The stress-based fatigue model can be evaluated with the Findley, Matake, Normal Stress or Dang Van model.
The Dang Van model takes compressive stress into account and can study multiaxial fatigue with rotating
directions of principal stresses which makes it suitable for contact fatigue analysis. Dang Van is based on
the parameters that have the highest influence on crack initiation. The importance of shear stress on crack
nucleation is combined with the influence of hydrostatic stress on crack propagation in the Dang Van model
via

τDV1 = τa(t )+aDVσh(t ) > τe

τDV2 = τa(t )−aDVσh(t ) <−τe
(2.19)

where τa(t ) is the time-dependent value of shear stress, σh(t ) is the time-dependent value of hydrostatic
stress, τe represents the fatigue limit in pure shear and aDV is a material constant representing the influence
of hydrostatic stress. It states that fatigue initiation occurs during a stress cycle if the combination of τa(t ) of
a shear stress (on the most damaging shear plane) and the value σh(t ) of the hydrostatic stress at the consid-
ered material point fulfils one or both of the two inequalities above during some time portion(s) of the full
stress cycle [11].

From the inequalities (Eq. 2.19), the values τDV1 and τDV2 are calculated and applied in a Wöhler diagram.
With this diagram, the cycles to crack initiation can be found for each critical plane. The method first looks
for the plane with crack initiation and identifies its position and orientation. Secondly, it calculates the time
to crack initiation on that plane. The Palmgren-Miner rule states that the crack initiation occurs when the to-
tal accumulated amount of damage D reaches one [11] and following this rule, as seen below, calculates and
accumulates the damage at specific material points. For each shear plane of these points, the largest damage
during a cycle is added to the accumulated damage.

D =
m∑

i=1
Di =

m∑
i=1

ni

Ni
(2.20)

With Ni , the fatigue life for a certain stress and ni the amount of stress cycles taking place. After the life until
crack initiation is found, a linear elastic fracture mechanics (LEFM) model can be applied to calculate the
crack propagation life since it follows a linear relationship between log d a

d N and log∆K (Fig. 2.14). A simple
method to use is Paris’ Law.

d a

d N
=Cp (∆K )mp (2.21)

The curve fitting parameters Cp and mp are easy to obtain and therefore this method is easy to apply but this
method does not take the material structure and its randomness into account and is also mainly focussed on
crack initiation.

Reference [11] uses the Dang Van fatigue criterion together with the Palmgren-Miner damage accumulation
law to study triaxial fatigue with rotating directions of principal stresses. The Hertzian contact pressures are
analytically found, and the corresponding subsurface stresses are calculated using a numerical integration
scheme starting from the exact point force solutions of Boussinesq and Cerruti. This paper also applies the
Wöhler diagram with the equivalent Dang Van stresses for the calculation of the stress cycles to failure. The
method is later on further developed but it still does not account of the heterogeneous microstructure [10].

Energy-Based Fatigue Models
The energy-based fatigue model can be evaluated with the Morow or Darveaux model. The models depend
on energy dissipation, meaning that the energy cannot be restored since it is dissipated into the material.
The Morow model is used to model failure defined as the crack initiation and relates the plastic strain on
the microscopic level to the movement of dislocations. The Darveaux Model separates fatigue life into crack
initiation and crack propagation. Both models give the amount of load cycles to failure but requires the cal-
culation of the dissipation of creep, plastic or viscoplastic energy which are not applicable in this project.
It seems that the energy-based fatigue models do not suffice the needs of this research and therefore other
methods have to be applied and combined.
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Alternative Fatigue Models
The WF method is an alternative method which mainly focusses on the propagation of subsurface cracks by
placing cracks into the material and calculating the speed at which this crack propagates. Subsurface cracks,
typically keep parallel to the contact surface for most of their growth, and all geometric parameters, unless
crack length/depth ratio, do not change. Since the focus is on propagation while the majority of the rolling
contact life is in the crack initiation phase, this model does not fit the paper well.

2.6.3. Continuum Damage Mechanics Method
The first work on CDM was found in the works of Kachanov and Rabotnov who considered the creep of met-
als and has been the basis for plenty of research in the following years. CDM takes various damage processes
in materials into account and is able to describe heterogeneous microstructural behaviour during strain-
ing of the material and structures at the macro scale. Several effect can be characterized and presented by
continuum damage mechanics like elastic and plastic deformation but also other material behaviour can
be described even if the structure is not homogeneous due to micro defects or varying grain shapes and
sizes [5]. The method discussed below is a method developed and refined by Sadeghi and his research group
[27][34][50][54].

The focus of developing a damage theory is predicting the lifetime of a structure. Damage mechanics the-
ory starts with developing a damage parameter since damage is not directly measured with stress or strain.
The damage variable D represents the gradual deterioration of materials before crack initiation and is intro-
duced into the material constitutive stress-strain relationship [50]. The value D = 0 corresponds to a pristine
material and D = 1 is a fully damaged material and this damage is generally seen as crack initiation, a defect
of which the size is large compared to the already existing material defects. This microcrack is assumed to ini-
tiate when the accumulated damage equals unity (D = 1) in an element [54] and is thought to nucleate along
the grain slip bands making the problem highly dependent on the microstructure [37]. Evolution of damage
is calculated separately by a damage parameter, and is included in the FE analysis by updating the material
stiffness (locally) at the occurrence of fatigue damage [53]. In the current study, the material is assumed to
be isotropic, the material properties to be homogeneous and the grain boundaries are assumed as the weak
planes where the cracks nucleate. Since this model applies the microstructure of the material, it can take all
the factors that influence fatigue into account and therefore it is the preferred modelling technique.

2.7. Modelling of Rolling Contact Fatigue
After discussing the possible life prediction methods, the CDM method came out on top since it takes the mi-
crostructure into account and has shown promising results. This section goes over the theory and principles
used for the CDM model and talks in detail about the decisions made in this paper and in previous research.
In the next chapter the implementation of the model in the software and the assumptions made to build
the model are discussed. The software used in this paper is Matlab and COMSOL and specifically COMSOL
Livelink which makes it possible to extend the programming from Matlab into COMSOL seamlessly. Matlab
is used for doing the calculations, programming and building the model while COMSOL is used for the FEM
analysis.

2.7.1. Continuum Damage Mechanics Model
The model introduced here incorporates cyclic damage accumulation and progressive degradation of ma-
terial properties with rolling contact cycling [50] and this degradation due to the repeated loading of the
surface will cause nucleation and propagation of microcracks until failure occurs. For each load cycle, the
model has to solve the stress distribution through the material microstructure because damage evolution is
a stress-based formulation. Therefore the materials stress strain response needs to incorporate the material
degradation (damage) of each pass and this is done by modifying the constitutive equation to incorporate
damage which can be seen below.

σi j =Ci j kl (Iklmn −Dklmn)εmn (2.22)

where σi j is the stress tensor, Ci j kl is the material stiffness tensor containing the elastic constants, Iklmn is
the identity matrix, Dklmn is the damage tensor and εkl is the strain tensor. Since the material is considered
to be isotropic, the damage tensor becomes a scalar and the equation (Eq. 2.22) simplifies to the following.

σi j =Ci j kl (1−D)εkl (2.23)
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The addition of the damage term in the equation causes a reduction in stiffness of the material with D rang-
ing from zero (undamaged) to one (completely damaged).

The evolution of damage for high cycle fatigue can be related to the stress level at that point through the
following non-linear equation.

dD

d N
= f (σ,D) (2.24)

Where N is the number of stress cycles and σ is a stress measure. The commonly used equation for the
evolution of damage for one-dimensional fatigue based on Eq. 2.24 is seen below.

dD

d N
=

[
∆σ

σr (1−D)

]m

(2.25)

where

σr = M0

(
1−b

σm

σu

)
(2.26)

where N is the amount of cycles, ∆σ is the stress range of the damage causing stress, σm the mean stress, σu

is the ultimate stress and M0, b and m are experimentally identified material parameters with σr a function
of the mean stress [27]. For rolling contacts, the shear stress reversal causes the formation and propagation
of subsurface cracks and the normal compressive stress does not cause any damage. Since the shear stress is
the main cause of damage for rolling contact fatigue, Eq. 2.25 is adapted to the following form.

dD

d N
=

[
∆τ

σr (1−D)

]m

(2.27)

where ∆τ is the range of shear stress calculated along the grain edges and σr is the resistance stress which
controls the ability of a material to resist damage accumulation. σr and m are material specific parameters
which can be obtained from torsional fatigue tests (Fig. 2.18). These results are used since rolling contact
fatigue and torsional fatigue are caused by the same shear stress reversal in the material and the results for
torsional fatigue tests are widely available.

The shear stress along this grain edge is the plane shear stress and by resolving the shear stress along the
grain edges, the directionality of this edge is included. This is important to include since it is assumed that
the grain boundaries are the weak planes and therefore the orientation of the edge and thus the grain shape
has an impact on fatigue. The differing shape and sizes of the grains causes some grains to be more resistant
to damage accumulation than others. The plane shear stress is calculated with the following equation.

τx′y ′ =−1

2
(σx −σy )sin(2θ)+τx y cos(2θ) (2.28)

The angle (θ) is the angle that the normal of the edge makes to the x-axis which is parallel to the loaded surface
and σx , σy and τx y are the principal stresses.

Figure 2.17: Stress components along the grain boundaries [50]

2.7.2. Material Fatigue Damage Properties
The parameters σr and m are calculated from the experimental data from torsional fatigue tests [59]. The
data of these tests is placed in an S-N curve as seen in Fig. 2.18 and is used later on to find certain material
constants. To begin, Eq. 2.25 is integrated for cycle to failure (D = 1) which can be seen below.∫ N f

0
d N =

∫ 1

0

{
σr (1−D)

∆τ

}m

dD ⇒ N f =
[σr

∆τ

]m
(

(1−D)m+1

−(m +1)

)1

0
(2.29)
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which results in this equation

N f =
1

(m +1)

[σr

∆τ

]m
(2.30)

Since the model is focussed on high cycle fatigue, Basquin’s law [1] is considered

σ=C (N f )a (2.31)

Rewriting this for the shear stress reversal∆τ, gives us the stress-life relation for torsional fatigue whereσ= ∆τ
2

and C =σ f

∆τ

2
=σ f (N f )a ⇒ N f =

(
2σ f

∆τ

)− 1
a

(2.32)

with σ f and a being material constants and for 100Cr6 these are σ f = 2409MPa and a = −0.099. Filling in
and computing Eqs. 2.30 and 2.33 gives

m =− 1

a
, σr = 2σ f

(
1− 1

a

)−a

(2.33)

and results in σr = 6.113GPa and m = 10.1 for 100Cr6.

Figure 2.18: S-N curve for bearing steel AISI-52100 or 100Cr6 [34][59]

2.7.3. Jump-In-Cycles
Since the problem is a high cycle fatigue problem, it is computationally expensive to run all the load cycles
individually. Therefore the procedure developed by Lemaitre [32], the ’jump-in-cycles’ method, is used to
speed up the modelling time. The method makes a jump in the cycles which depends on the maximum
damage evolution that an edge in the material experiences and calculates the jump with the set increment
in damage (∆D). This method has been used for several other damage mechanics simulations ranging from
of course rolling contact fatigue [3][27][34][50][57][67] to tensile fatigue [4] and torsion fatigue [65][66]. The
stress field through the material is assumed to remain unchanged for a finite number of cycles ∆N , which is
called the loading block. Over this block of cycles, the damage in each element is constant and equal to D i

j

where j is the element and i the loading block. As seen in Fig. 2.19, the damage evolution
(

dD
d N

)i

j
is assumed

to be piecewise linear. The damage evolution curve is not predetermined but it is calculated with the results
from the numerical simulations of the stress-damage coupled model.
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Figure 2.19: Jump-in-cycles method: damage evolution is assumed to be piecewise linear with respect to the number of cycles [27]

During each loading block, the material model and damage accumulation from the previous loading block
is used to model the critical stress distribution running through the material. With the stress distribution
calculated, the average plane shear stress (Eq. 2.28) acting along the grain boundaries at each step of the load
cycle is determined and used to calculate the damage evolution rate (Eq. 2.27). For the first loading block,
the material is undamaged and therefore damage for all grains is 0 (D1

j = 0). When the damage evolution is

calculated for all the grain boundaries, the boundary with the maximum damage evolution is determined as
the critical element. (

dD

d N

)i

crit
= Max

∣∣∣∣∣
(

dD

d N

)i

j

∣∣∣∣∣ (2.34)

The critical element determines the number of cycles ∆N i spend in that loading block with a constant maxi-
mum increment in damage (∆D) over the block of cycles.

∆N i = ∆D(
dD
d N

)i

crit

(2.35)

With the jump in cycles calculated, the total number of cycles can be updated. This jump in cycles is the same
for all the boundaries.

N i+1 = N i +∆N i (2.36)

With both the damage evolution rate and the jump in cycles calculated, the damage for all the boundaries
can be updated.

D i+1
j = D i

j +
(

dD

d N

)i

j
∆N i (2.37)

2.7.4. Material Degradation
In reality, material degradation occurs through the formation of cracks and voids which has an influence
on the stress-strain behaviour of the material. The continuum damage mechanics approach applied in
this model is able to apply the influence of these failure mechanisms to the stress-strain material response
through a damage parameter. In this model, the degradation of the material is applied to the stress-strain
constitutive equations of the grain but the more accurate approach would be by applying the damage to the
elements along the grain boundaries. This is a better representation of the degradation of the model since
this is the area where failure occurs. The damage of the boundaries of a grain is averaged to get the damage
of that grain Dg r ai n which in this model represents the degradation of the material. The choice of using the
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damage of the boundaries is an authors choice and is done based on the capabilities of the used software but
also on previous decisions. Firstly, this choice links back to the use of plane shear stress which adds the ori-
entation of a boundary and therefore the shape of a grain to the calculation of damage. Secondly, in COMSOL
it is not possible to calculate the damage of a single finite element and therefore, the damage of a whole grain
is calculated. This damage has to be applied to the stress strain relationship such that the material response
is changed with the material degradation and this is done by implementing the damage parameter into the
stress-strain relationship. Expanding Eq. 2.23 to Hooke’s law for isotropic materials gives the following.

σ=λ tr(ε)I +2µε= c : ε (2.38)

Where the two Lamé parameters, λ and µ are a function of Young’s modulus (E) and Poisson’s ration (ν).
The Poisson’s ratio is not affected by the damage while the Young’s modulus is and by implementing the
effective stress concept, the Young’s modulus is replaced with Ẽ = E0(1−Dg r ai n) in both Lamé parameters.
Implementing the damage parameter into the Lamé parameters gives the following functions.

λ= E0(1−Dg r ai n)ν

(1+ν)(1−2ν)
(2.39)

µ= E0(1−Dg r ai n)

2∗ (1+ν)
(2.40)

This procedure is repeated until the damage in a boundary reaches 1 and at that moment this boundary is
fully damaged.

2.7.5. Crack Formation
Once a boundary is fully damaged, a microcrack is introduced along this grain edge. When the crack is com-
pressed, the crack faces act upon each other and a friction component starts to act on the faces. A friction
coefficient of 0.4 has been added between the two faces to account for potential traction forces [27][41].

The cracked boundary will be excluded from further damage evolution equations since it is already com-
pletely damaged so no further damage evolution can occur. For the calculation of the damage of a grain, the
cracked boundary will be used and the damage of this boundary will be set to one. Some papers set this value
to zero, to one and some even remove it but this depends on the way the model is built and the reasoning
behind it. The reason that the cracked boundary’s value is set to one instead of the other values goes back to
the material degradation equations (Eq. 2.39 and 2.40). If the value of the damaged boundary would be set to
zero or even be removed, the material degradation would be reduced and the material would ’heal’ and when
the value is set to one, the material continues to degrade.

The initiation phase is the phase until a microcrack nucleates, after that the material is in the crack prop-
agation phase. The propagation of the cracks is modelled by the coalescence of microcracks which form long
cracks and are propagated by mode II loading [27][46]. The failure occurs when the crack reaches the surface
and after this crack reaches the surface, it does not take long for a piece of material to break off and therefore
a spall to create in the domain.

2.7.6. Voronoi Tessellation
Fatigue is a phenomenon that occurs on the microstructural level of a material and therefore to create a
model that comes close to reality, the grain structure has to be implemented in the model. Bearing materials
and other high strength steels consist of grains with differing shapes and sizes. To recreate this structure,
researchers [14][15][40] developed the Voronoi cell finite element method (VCFEM). This method proved to
create solid results and therefore was used and improved upon by many other researchers. Therefore this
model also implements the Voronoi tessellation with random size and shape to simulate the material grains.



26 2. Background Information

Figure 2.20: Domain with seed points and and the Voronoi tessellation simulating the grain structure of a metal [26]

Imagine a set of seed points that are placed in a plane (Fig. 2.20). The number of points in the domain is
finite and these points do not overlap. When looking at the distance of random points in this domain to the
seed points, some will be closer to a certain seed than another seed point. The points closest to a certain seed
point are assigned to that seed point and when a point is as close to one seed point as to another, the point
is assigned to both seed points and a boundary is formed. The points assigned to a certain seed point form a
region while the points assigned to two or more make the boundary of those regions. The regions form a tes-
sellation because they cover every location of the plane. These regions are called the Voronoi cells or Voronoi
polygons and represent a grain and the combination of regions is called the Voronoi tessellation or Voronoi
diagram.

The reasoning behind the use of the Voronoi tessellation is that it closely resembles the grain structure and
grain growth of metals. Consider the crystallization process of a one-phase metal with random nucleation
points (seed points). If all the grains start to grow simultaneously from the nucleation point and at the same
rate, they will produce a microstructure that resembles a Voronoi tessellation [26]. For the material that is
used in this paper, 100Cr6 or AISI 52100, the grains have a mean diameter of 10µm which is normally dis-
tributed and therefore the seed points are placed a mean of 10µm apart.To define the boundaries of the
region of interest, the seed points are mirrored around boundaries of the region of interest. This causes the
box to be defined by the Voronoi cells itself.

2.7.7. Grain Improvement
Since the Voronoi structure is randomly created, very small boundaries in between some of the grains occur.
These small boundaries are not seen at first sight but when meshing the structure, they become visible since
the mesh is very concentrated around those boundaries. To improve the structure, reduce the modelling time
and create a more even mesh, these smaller boundaries are removed. A minimum distance requirement is
set and the method looks for boundaries with a length below this set requirement. If the small boundary is
found in the structure, the middle point of that boundary is used as the vertex of the surrounding grains. The
other points are removed and thus the small boundary is also removed. When these small edges are found on
the edge of the domain or adjacent to the edge of the domain, the vertices of that edge are moved such that
they are at the minimum distance that is required. The removal of these small edges reduces the calculation
time since there are less edge to retrieve data from.

Figure 2.21: Comparison between the unchanged grain structure (Left) and the refined grain structure (Right)
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2.8. Model Validation
In order to know if the created model gives results that are similar or equal to experimental data, the model
has to be validated. The validation can be done in several ways and will be explained in this section. The
methods that are used for the validation are found in several papers [27][34][56] but also some methods are
created during this project.

2.8.1. Stress Distribution
The first and most basic form of validating the model is checking if the stress distribution of the principal
stresses in the material closely follow the theoretical stress distributions calculated by the analytical Hertz
contact formulas. The data is also compared to the experimental data of Chen et al. [7] who observed crack
initiation and Raje et al. [51] who manipulated the original Lundberg-Palmgren theory such that the relative
live N f can be related to the critical stress quantity τ. Raje assumed that q and r are the same exponents as
in the original Lundberg-Palmgren theory with q = 10.33 and r = 2.33. With this formula, relative life (N ) can
be given of the measured depth divided by the half-width z

b to the maximum orthogonal shear stress reversal

divided by the maximum pressure ∆τmax
Pmax

.

N ∼ zr

τq (2.41)

To test the effect of the microstructure on the stress distribution, 40 different microstructures (Voronoi distri-
butions) are used with similar dimensions. The same load and material parameters are used and the Hertzian
pressure distribution is applied to the semi-infinite domain. This is done once with a static load and with a
moving load to see if the locations and magnitudes of the principal stress do not change noticeably when
moving the load. The data retrieved from the 40 different microstructures is evaluated and compared to the
theoretical values and the experimental values. The comparison was done by checking if the average of the
data was close to the theoretical values and if the values showed a comparable scatter to the scatter of the
experimental data. This is done by comparing the range of the data sets and fitting the data in a Weibull plot
using Eq. 2.41 and checking if the slope is in the range of 0.7-3.5 set by the experimental data from Harris [18].

2.8.2. Crack Formation
Another method to validate the workings of the model is to check at what depth the cracks initiate and how
the cracks propagate through the material. From experimental data it is seen that the crack initiation occurs
at the depth of maximum orthogonal stress. The following cracks nucleate parallel to the surface which has
been noted from experimental observations and with further cycling these crack coalesce and form distinct
trajectories. After a while these cracks will propagate to the surface and eventually reach the surface and
create a spall [50]. This has been observed experimentally by using metallographic examinations of rolling
contacts with the focus on the failed/spalled area. If the crack in the model is formed in the same way as it
propagates in real life, it can be said that the model simulates reality fairly well.

Figure 2.22: Pit and spall formation and appearance [68]

2.8.3. Experimental Data
The last and most important method for validating the model is to compare the initiation life and total life
results from the numerical model to the experimental data created by Harris and Barnsby [18] and Harris and
Kotzalas [19] but also to numerical models and the model created by Lundberg and Palmgren [35]. Firstly,
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the Weibull slope of the created model is compared to the different types of data, the Harris and Barnsby
dataset created a slope (β) with a range between 0.51 ≤β≤ 5.7 while the Harris and Kotzalas range is between
0.7 ≤β≤ 3.5. Since the range of the latter also fits in-between the former, the aim is to get the slope inside the
0.7 ≤ β ≤ 3.5 range. Secondly, the L10 life is discussed because the L10 life needs to be in the same range as
the numerical models, the Lundberg-Palmgren model and the experimental data. The L10 life is the amount
of load cycles it takes for 90% of a group to survive and therefore 10% to fail. This is a common method to
describe how long a bearing will probably last. Jalalahmadi et al. [27] compared the results from their model
to the L10 life results from the data of Harris and Barnsby but also to the Lundberg-Palmgren model and the
model created by Raje et al. [50].

Figure 2.23: The comparison of the Pmax versus L10 curve obtained in the current model (Model of Jalalahmadi) and the existing results
for AISI 52100 steel [27]

The numerical model is run with 30 different microstructures and the initiation and total life data is fit into
a 2-parameter Weibull plot. The scatter or Weibull slope (β) of the total life data has to be in the range set
by the experimental data of Harris and Barnsby and Harris and Kotzalas while the initiation life can have a
slope inside a range of 10-30. The validation of checking the slope of the initiation life is a suggestion made
by Lorenz S. who has done a lot of research on the subject and is a research assistant of professor Sadeghi.
This method reduces the initial validation time a lot because the model does not have to be run until failure.
It is important to be in this range since this shows that the scatter from the model has a similar scatter as the
experimental data therefore implying that the model comes close to reality. It is important to note that while
the figure above (Fig. 2.23) shows that the presented models have an L10 life for a Pmax = 2.5GPa similar to
the experimental data, it is unsure if this is still the case for lower values of Pmax .

2.9. Scaling of Boundary Conditions in Rolling Contacts
As was discussed earlier, RCF is the main mode of failure of rolling contacts. The experimental testing of
a high-cycle fatigue problem is a lengthy process and difficult to gather results from in real life even when
testing happens at high speeds. The experimental tests look at crack development and surface behaviour
while measuring the fatigue life of these contacts. Due to the duration of these tests a method to obtain
realistic conditions during testing while also reducing the testing time and the cost of testing needs to be
developed. This can be done by scaling certain parameters while keeping others the same, for example the
scaling of the dimensions of the rolling contact and keeping the Hertzian pressure the same. The reduction
in the dimensions provide the ability to do cheaper and faster testing by faster rotation or being able to create
multiple test benches and do multiple experiments at the same time. The results from the scaled test bench
should then be related to the real life tests is some way. This could be done by using a scaling factor or
keeping the values of the results the same but it is not clear from literature what the correct procedure is.
The subject of scaling parameters for rolling contact testing has been researched a lot and mainly on the
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interaction of wheel-rail contacts. While this has been researched a lot, the focus was mainly on the dynamic
interaction between wheel and rail, the stability and dynamics of vehicles and impact induced rolling contact
fatigue [28][44]. In the paper of Naeimi et al. [44] a list is given of all the available test rigs for wheel rail
contact studies and the scale of these models. In this section, the literature on scaling is presented but first
the industry standard for bearing life is converted to get an idea what the effect of scaling might be on the
fatigue life.

2.9.1. Scaling with ISO 281
A first method of calculating how scaling might influence the fatigue life is using the standards that already
have been created for the industry, the ISO 281 standards. Following the ISO 281 standards, the basic bearing
life is given by

L10 =
(

Cr

Pr

)p

(2.42)

where Pr is the dynamic equivalent radial load which is equal to the load applied and is related to the contact
width in the following way.

Pmax = 2F

πbL
(2.43)

with the half-width b calculated with the following equation and transformed to calculate the force.

E ′ = 1−ν2
1

E1
+ 1−ν2

2

E2
& R ′ = 1

R1
+ 1

R2
(2.44)

b =
√

4F E ′

πLR ′ → F = b2πLR ′

4E ′ (2.45)

when placing the equation for F (Eq. 2.45) into the equation for Pmax (Eq. 2.43) to following equation is
formed.

Pmax = bR ′

2E ′ (2.46)

from the equations Eq. 2.43 and Eq. 2.46, for the same Pmax , it can be seen that the half-width b is inversely
proportional to R ′ and therefore proportional to the radius of the rollers and that b ·L is proportional to F .

b ∝ (R ′)−1 (2.47)

b ∝ R1,R2 (2.48)

bL ∝ F (2.49)

Cr is the basic dynamic radial load rating and for radial roller bearings it is given as follows.

Cr = bm fc (i Lwe cosα)7/9 Z 3/4D29/27
we (2.50)

in which fc a function is of Dwe cosα
Dpw

. Here, Dwe is the roller diameter, Dpw is the pitch diameter and α is the

nominal contact angle. In Cr , bm is the bearing type factor, i the number of rows of rolling elements, Lwe is
the effective roller length and Z the number of rolling elements. In this case, Dwe and Lwe both scale equally,
α= 0, and thus Pr = F and from Eq. 2.48 it is known that the half-width is directly proportional to the roller
radius. Knowing this, Pr and Cr can be expressed in the scaled parameters L and b.

Cr ∝ L7/9
we D29/27

we →Cr ∝ L7/9b29/27

Pr = F → Pr ∝ bL
(2.51)

with these relations worked out, the L10 life can be worked out for the scaled parameters

L10 =
(

Cr

Pr

)10/3

→ L10 ∝
(

L
7
9 b

29
27

Lb

)10/3

→ L10 ∝ L
−20
21 b

20
81 (2.52)

With this known, the ratio between the L10 lives between scaled rollers can be written as the following equa-
tion

L10,2

L10,1
=

(
L2

L1

) −20
21

(
b2

b1

) 20
81

(2.53)
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From this equation, several things can be said about the fatigue life when the roller dimensions are scaled and
the maximum pressure is kept the same. When both the length and the radii are scaled equally to a smaller
size, the fatigue life of the smaller roller increases but when the length is kept the same and only the radius is
decreased, the fatigue life decreases.

Figure 2.24: Scaling of the roller dimensions and their effect on the L10 life based on the ISO 281 bearing life equation

2.9.2. Scaling in Literature
In Ref. [55], RCF is tested experimentally with the aim of recreating real life conditions in the laboratory.
The focus of the paper was on illustrating an experimental approach for rolling contact fatigue and shelling
for simulating actual railroad conditions in the laboratory by scaling boundary conditions, thus providing a
realistic evaluation of the contact fatigue life of railway steels. They started with the theory of similitude in
which the same Hertzian pressure and materials are used in the lab as are used in real life. The size of the
objects is reduced to a certain size in which the railroad wheel is the smaller wheel and the rail is simulated
with a larger wheel. During testing, data on the contact area, crack density and crack length were collected.
From the data it was concluded that applying the similitude design approach while applying a reduced scale
of the actual contact surface gives a realistic picture of what occurs in the field. The cracks formed in their
test bench, which were surface initiated cracks, followed the same path compared to the real crack (Fig. 2.25).
Therefore they concluded that the similitude design approach worked out well for giving a realistic picture
of the processes occurring in the field. It is also stated that the life of the model can be compared to the
life of the actual wheel but that the number of cycles of the model wheel is three orders of magnitude lower
compared to the actual wheel. Due to the lack of data on how the objects are scaled and how the fatigue life
is influenced, it is unclear how the scaling of the contact area relates to the scaling of the load cycles.
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Figure 2.25: Comparison of real crack pattern (depicted in Fig. 1) and crack pattern generated in the experiments (shown in Fig. 12); the
y-axis represents the depth of the crack starting from the free surface, while the x-axis represent the longitudinal crack development of the
crack starting from the initiation site[55].

In Ref. [20], the focus was on developing a similarity theory for railway dynamics and focussed on small scale
bogies. It is stated in the beginning that the advantages of small-scale test models is the high speed that can
be maintained and that the time scale is reduced by the scaled amount and therefore everything occurs that
amount faster. But other benefits were the increased safety and the cheaper and easier modification of the
test samples. It is important to note that the method developed applies the similarity theory and thus the
method is based on conservation of materials and stresses. The method developed is explained below with e
being the scaling factor.
For the dimensions

Length : l = eL

Surface : s = e2S

Volume : v = e3V

Since the material stays the same, the density will also be equal therefore

Mass : m = e3M (2.54)

And since the similitude approach is applied, the stresses applied are kept the same and thus σ = f/s = F/S

Force : f = e2F (2.55)

The last parameter to be defined is time and appears in the Newton law through acceleration.

f

F
= e2 = m ∗a

M ∗ A
= e3 ∗M ∗a

M ∗ A
⇒ a = e−1 A (2.56)

thus working further on this gives
A

a
= e = L/T 2

eL/t 2 = t 2

eT 2 ⇒ t = eT (2.57)

The paper states that the time scale is reduced and therefore everything ’ages’ four times faster which would
be very interesting. This does not take any material parameters into account and therefore it seems unrea-
sonable to state that material degradation will occur 4 times faster.
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In Ref. [28] (pg. 41), an exact representation of the contact area and its elasticity is studied in which the stress
is also kept the same during scaling. This paper focusses more on the dynamics and not on the wear and
fatigue life but is still interesting for its focus on the contact area and because it is applies the same scaling
method that is applied in this project. In the paper, like the other two discussed before, the time also scales
with the length and the derivation is described in the paper on page 41.

The papers of Heliot [20] and Sciammarella [55] state that reducing the size of the rollers while maintain-
ing the stress and material properties, reduces the amount of load cycles for fatigue or that the object age
quicker. While the approach is very different in both papers, one approaches the problem experimentally
while the other theoretically, the reasoning and information is scarce and is not validated in other papers.
The derivation where the ISO standard is used also states a reduction is fatigue life but only for the reduc-
tion of radius and it states an increase in fatigue life when both length and radius is scaled. Since the Roller
Test Bench of DOT also follows these principles, it is important to validate this method of similitude by nu-
merical modelling. Due to the lack of information on the influence of scaling on rolling contact fatigue life
and the influence it can have on roller test benches, this becomes an interesting topic of research. Fatigue
and certainly rolling contact fatigue are complex phenomenon that have statistical characteristics due to the
heterogeneous material structure, therefore this problem needs to be answered with a closer look on the ma-
terial structure. While the material structure does not change, other parameter like critical stress depth and
amount of affected grains changes.
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Building the Model

In this chapter, the building steps and assumptions made to build the model are talked about in detail. From
creating the structure in Matlab to simulating in COMSOL and analysing back in MATLAB, every step with
the code included in the appendix is discussed and the full code can be found in appendix F.

3.1. Microstructure Topology Model
As was discussed earlier, the accurate representation of the microstructure is important in the investigation of
rolling contact fatigue since it adds the effect of fatigue life scatter, fatigue damage initiation and propagation
[3]. The Voronoi tessellation is applied in this model since it has been proven to represent the microstructure
of 100Cr6 well. In this section, a detailed explanation of all the steps taken to build the structure is given.

3.1.1. Point Selection
In order to create the Voronoi tessellation that represents the microstructure, seed points have to be created
that are placed at a certain distance from each other. For the material used in this paper, 100Cr6, the grains
have a mean diameter of 10µm with a standard deviation of 2.5 which is represented with a normal distri-
bution. Therefore the seed points have to be at a distance with mean 10µm which is normally distributed.
The size of the domain with the microstructure is 3 ·b wide by 1.5 ·b high with b being the Hertzian contact
half-width. The Matlab code used to create the seed points is found in appendix E.1.1.

Firstly, the domain of interest is filled with points and from these points a seed point is chosen and saved
for later use. A distance requirement is created with the normal random number generator normrnd and the
distance between the seed point and the points around it is calculated. If the distance between a seed point
and a point is below the distance requirement, the point is removed. After inspecting all the points around
the seed point, a new seed point is chosen and the whole process is repeated until all the remaining points
are seed points and no points can be removed anymore.

Figure 3.1: Domain full of points Figure 3.2: Domain with one
seed point

Figure 3.3: Domain with 100
seed points

Figure 3.4: Domain with only
seed points

The Voronoi tessellation is created with Matlab command voronoin which returns the Voronoi vertices (v)
and the Voronoi vertex combination for each cell (c) for all the seed points. The created structure has un-
bound cells at the outer edges of the specified domain which have to be bound to create a structure with

33
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surfaces that can be constrained and have the pressure distribution applied to. This is simply done by mir-
roring all the seed points in the domain about the edges of the domain as seen below. It can be seen that with
the use of voronoi the mirrored points places boundaries along the required edges of the domain.

Figure 3.5: Voronoi tessellation without a mirror about the domain
edges

Figure 3.6: Voronoi tessellation with a mirror about the domain
edges

3.1.2. Removing Small Edges
After creating the Voronoi tessellation in Matlab, it seems at first that all the grains have normally sized edges
but when zooming into some of the grain corners, it can be seen that several very small edges are created.
If this would be implemented in COMSOL, it would cause mesh concentrations around these points and
therefore a method is created to remove the very small edges. This reduces the computational effort and
creates a more uniform mesh [45]. The Matlab code for this edge removing method can be found in appendix
E.1.3.

3.1.3. Random Micro Structure
Every time a new simulation is started, a new microstructure is created and since the seed points are placed
differently to each other, a different Voronoi tessellation is created. But the structures do have similarities
since they follow a normal distribution for the diameter of the grain. As seen in the figures below, the edges
per cell on the left and the area of each cell on the right form a normal distribution with most of the cells
having five, six or seven edges which was also found in other research papers [25][27].

Figure 3.7: Histogram of the number of sides created per Voronoi
cell created in a domain

Figure 3.8: Histogram of the areas of all the Voronoi cells created in
a domain
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3.2. COMSOL Model
In this model, COMSOL is used as the FEM software while Matlab is used for most of the calculations. Matlab
and COMSOL can be used together with the use of COMSOL Livelink such that Matlab is able to steer COM-
SOL and the results of COMSOL can be easily transferred to Matlab. Through COMSOL Livelink, Matlab is
able to create a COMSOL model such that each time a similar model can be created and used. In the model,
the majority of the work is done in Matlab but COMSOL is used for its finite element capabilities and is just a
vehicle that delivers the information of the state of stress in the material.

3.2.1. Create Model
While a detailed user guide for Livelink is made [43], it can still be quite challenging and overwhelming to
start building a model. There are several methods that can be used that make creating a model in Matlab
quite a bit easier. With the first method, a model can be build in COMSOL at first and saved as Matlab code
but this can be quite a large file and it does not aid in understanding the capabilities of Livelink or what some
parts of the code do. The second method is more focussed on understanding what each part of the code does.
After building the model in COMSOL, when right clicking on a part in the Model Builder, the option to Copy
as Code to Clipboard presents itself. This gives the option to copy certain actions such that it becomes clear
what each part does.

When building the model, it is important to start of with import com.comsol.model.* and import com.comsol.-
model.util* since these import the COMSOL class. After doing this, the model can be created by using Mode-
lUtil.create(’Modelname’) and after this, features can be adjusted and added depending on the model you are
creating. In this project, a 2D model is built of which the code can be seen in appendix E.2.1. After that, the
parameters that are important for the COMSOL model are added which can be seen in appendix E.2.2.

3.2.2. Create Geometry
The microstructure is created cell by cell by placing the vertices (v) of each cell in the Polygon geometry tool
of COMSOL. In this project, this seemed to be the easiest method of placing the in Matlab created geome-
try into COMSOL. Only the cells in the bounded domain are chosen to create a proper structure since these
boundaries can be constrained. A Union is used on the grains such that a single geometry is created while
still keeping the interior boundaries. The code on how this was done can be found in appendix E.2.3.

After creating the microstructure, the surrounding geometry has to be created which is a box that does not
contain any grains. If the whole domain would be made out of Voronoi cells and would be analysed, the time
to compute the results would take a long time since every grain edge is analysed and the computational time
increases with an increase in the amount of edges. The surrounding box is 10 · b wide by 6 · b high with b
being the Hertzian contact half-width (Fig. 3.10). The Difference geometry tool in COMSOL is used on the
microstructure and the box to account for small imperfections created in Matlab and a Union is used on the
microstructure and the box to create a single geometry.

The size of the domain dimensions is chosen based on when the principal stresses are not influenced by
the constrained edges. Meaning that shorter dimensions had an influence on the stress distribution in the re-
gion of interest but with larger dimensions, the constrained edges did not have any influence anymore. This
can be seen in the figure on the left below where the stress increases again around the outer edges compared
to the figure on the right where the stresses do not show such an increase.

Figure 3.9: The left model has a width of 5 ·b and a height of 3 ·b and a ∆τmax = 0.4923 ·Pmax . The right model has a width of 10 ·b and
a height of 6 ·b and a ∆τmax = 0.4985 ·Pmax .
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3.2.3. Explicit Grain Selection
While the vertices assigned to each grain is known in Matlab, COMSOL has its own way of numbering the
grains and edges in the structure. Therefore, a way of assigning edges to grains in COMSOL has to be found
such that later on, the retrieved data can be used for each individual grain. In this paper, an Explicit Selection
in the Definitions node is created for each grain. A Domain selection is made as the Input Entity but the
output of the selection is set to Adjacent Boundaries and this is set to Exterior Boundaries which will output
the boundary numbers of a certain grain. The code for this can be found in appendix E.2.5 but it is important
to note that these lines of code were not found with the Copy to Clipboard method but by converting the
whole model to Matlab code.

3.2.4. Boundary and RVE Selection
For the same reason as in the previous section, a selection has to be made of the boundaries in COMSOL
due to its way of numbering elements. A box selection is created of the four boundaries of which three will
be constrained and one will have a load applied to it. Another selection is made of the top boundary of the
microstructure which will be used to stop the model once a crack reaches the surface. This selection is differ-
ent to the other selections since this selection also includes adjacent edges to the boundary while the other
selections are focussed on just the outer boundary. Another difference between the crack selection and the
boundary selection is that the crack selection is created in the Definitions part while the other selections are
made in the Geometry. The difference between the Definitions selection and the Geometry selection is that
values can be retrieved to Matlab from the Definitions selection while this is not possible with the Geometry
selection. The use for this will become clear when using the software and later in the model. The code for this
can be seen in appendix E.2.6.

Only a small part of the domain has the material microstructure and in this domain, a subregion is created
called the Representative Volume Element (RVE). The RVE is the region of focus where the material is criti-
cally stressed and this is used to reduce the computation time. The reason that the RVE is used, is to focus on
the stressed area and to not have an abrupt stop of the grain structure. The Voronoi tessellation domain has
a width of 3 ·b and a height of 1.5 ·b while the RVE has a width of 2 ·b and a height of 1 ·b (Fig. 3.10) which
is large enough since the depth of maximum shear stress reversal is around 0.5 ·b. To create this domain, a
selection in the Definitions section of the boundaries and the grains is made such that the values can later be
used to speed up the model. The code can be found in appendix E.2.7.

Figure 3.10: Computational domain with Voronoi tessellation
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3.2.5. Stress Distribution
In the Definitions section, an analytic function is created to create the Hertzian stress distribution that will be
applied to the surface (Eq. 2.3). The function goes from −b to b and to make the function work in COMSOL,
two if statements are used to make sure that the values in the square root never become negative. Later on,
while creating the model, it was noticed that this was not sufficient because COMSOL had trouble solving
this function and therefore the absolute value of the values under the square root was taken. The code can be
found in appendix E.2.8.

Figure 3.11: Hertzian pressure distribution created in COMSOL

3.2.6. Physics and Material Properties
In the current model, the Solid Mechanics physics that have to be added and an important change has to be
made to the Linear Elastic Material node. Since Lamé parameters are used, the node with Young’s modulus
and Poisson’s ratio has to be changed to Lamé parameters. This can be seen in appendix E.2.9. After adding
the physics and changing to Lamé parameters, each grain gets its own material properties assigned to it such
that during the damage calculations, each grain can degrade at its own rate. While adding the density to each
grain is fairly simple, it requires a couple more steps to add the Lamé parameters with Livelink. Firstly, the
Lamé property group has to be created and after that the Lamé parameters can be added. This is shown in
more detail in appendix E.2.10.

3.2.7. Constraints and Load
After adding the physics and creating the stress distribution, the boundaries can be constrained and a load
can be applied to the top boundary or contact surface. The bottom edge and two side edges of this domain
are constrained and a Hertzian pressure distribution (Eq. 2.3) is placed on the top edge. The function that
was created earlier is added as a boundary load and a parameter is added to the function such that the load
can be moved over the surface. This added parameter will later be used again in the auxiliary sweep. The
boundary selections that were created earlier are used in this part to quickly select the correct boundaries. All
the details can be found in appendix E.2.11.

3.2.8. Meshing and Study
After adding all the constraints and the load, the structure is meshed with a simple COMSOL created mesh
(Appendix E.2.12). After that, the study is created and a Stationary study is chosen with an Auxiliary Sweep
and is used to move the load over the surface. A load cycle is simulated by moving the Hertzian pressure
distribution over the semi-infinite domain with the middle of the load starting at −2 ·b and going to 2 ·b with
40 steps. This causes the RVE to go through a full shear stress reversal.
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3.3. CDM Model
In this section, the details on retrieving the data but also implementing material degradation and crack for-
mation are discussed. An explanation of the formulas that are used and the reasoning behind certain deci-
sions is discussed in section 2.7.

3.3.1. Start Model
To start of the model, a while loop is created that will stop the model once a crack reaches the surface. For
this while loop, the earlier created crack selection of the edges adjacent to the top boundary is used. After the
while loop, the study is run and therefore COMSOL calculates the stresses in the material. These two lines of
code can be found in appendix E.3.2.

3.3.2. Line Average
The RCF crack initiation and propagation are restricted to the grain boundaries in this study which has been
proposed by many researchers [27][34][64] and therefore the stress along these grain boundaries has to be
found and calculated. The resolved shear stress is averaged at each grain boundary to remove the mesh de-
pendency of the simulations and these averaged values are used to characterize the grain boundary response
during the load cycle [64].

The first time the while loop is ran, a Line Average is created for every edge in the RVE. The Line Average
is used to calculate the plane shear stress along the edges of the grains in the RVE. It seemed at first that
COMSOL variable solid.stt was the correct stress to use but the problem with this variable is that it never
becomes negative. Therefore the equation for plane shear (Eq. 2.28) has to be calculated in COMSOL such
that the correct shear values can be retrieved in Matlab. The formula applied in COMSOL is -0.5*(solid.sx-
solid.sy)*sin(2*atan2(nY,nX))+solid.sxy*cos(2*atan2(nY,nX)) where nX and nY are the normal direction coor-
dinates of the edge which are used to calculate the angle of the normal of the edge to the x-axis. While there
are several methods of retrieving the plane shear stress into Matlab, the fastest way is to create an Average
Line evaluation in the Derived Values section of COMSOL. The code to create these evaluations can be found
in appendix E.3.3.

3.3.3. Retrieve Data
The retrieval of data from COMSOL to Matlab is the most time consuming part of the whole model. For each
edge in the RVE, the plane shear stress of each step is calculated and Fig. 3.12 is an ideal representation of
what the stress profile looks like during a load cycle. This will differ from edge to edge since each edge has a
different orientation but for each edge the maximum and minimum shear stress is used to calculate the total
shear stress reversal. There are several ways of getting the data to Matlab but the method seen in appendix
E.3.4 and E.3.3 were the fastest methods found in this project.

Figure 3.12: Plane shear stress reversal along a grain boundary
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3.3.4. Damage Rate
After calculating the shear stress reversal of each edge in the RVE, the damage evolution rate is calculated with
the formula (Eq. 2.27) found in section 2.7.1. After the calculation of the damage evolution, the jump-in-cycle
method is applied as seen in section 2.7.3 to calculate the cycles and the damage that each edge incurs. As
discussed in the previous chapter, to reduce the calculation times, the jump-in-cycle method is implemented
in the Matlab code and to keep the amount of jumps low and the calculations fast but the accuracy high,
∆D = 0.2 is chosen for each block of cycles. This is a simple Matlab code and does not include any Livelink
coding and can be found in appendix E.3.5.

3.3.5. Crack Creation
A boundary fails once the damage reaches one which means that a crack occurs. When a boundary is fully
damaged, the damage in that edge is set to Not a Number (N aN ). N aN is a member used in Matlab to rep-
resent missing or in this case removed values. In this case it is used to keep the order of the dataset intact
and therefore the model easier to use but it also makes it easier to keep these members out of the following
calculations. The failed boundaries are not used in further damage evolution calculations but are still used in
the grain damage calculation which will be discussed in the following section.

A crack can be formed in several ways in COMSOL but for this model the From Geometry node in the Crack
Surface section of the Crack node is selected. This causes the single boundary to be split in two crack faces
which are represented by different boundaries. This is important since a friction component has to be added
between the crack faces. This is done by creating a Contact Pair of the crack faces and adding a Contact node
in the physics interface. In the Contact node, a Friction sub node can be added in which the friction coeffi-
cient of 0.4 can be added. The Crack and Contact node are added once when the first boundary fails while a
new Contact Pair is added each time a boundary fails. The whole process is repeated such that cracks con-
tinue to form in the structure and coalesce to form larger cracks. The process is stopped when a crack reaches
the surface and thus failure is assumed. The detailed code can be found in appendix E.3.6.

3.3.6. Damage of Grain
After the calculation of the damage of a grain edge, the damage of each grain is calculated. Because COMSOL
numbers the edges and grains in a different way compared to how the grains are introduced in the model
from Matlab, the explicit selection that was created earlier is used to find the edges that belong to each grain.
The damage of each grain is calculated by averaging the damage of the boundaries of the grain and this dam-
age is then applied to the material parameters of that grain with Eq. 2.39 and 2.40. These values are then fed
back to COMSOL and the process can be started all over again.

For the grain damage calculations, Matlab converts the N aN values of the boundaries to ones while still
keeping the N aN for the other calculations. When all the boundaries of the grain have failed, the damage of
the grain becomes one which means that the Lamé parameters become zero. In this model, the Lamé param-
eters are set to one when this happens since setting these to zero would cause calculation problems in the
model. The code can be found in appendix E.3.7. The evolution of the damage and the material degradation
of a grain and the increase in load cycles over the simulation time can be seen below.

Figure 3.13: Material degradation of several grains that were fully
damaged when failure occurred

Figure 3.14: Damage propagation of several grains that were fully
damaged when failure occurred
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Figure 3.15: Load cycle progression compared to the amount of simulation cycles

3.4. Parameters

Material parameters

Parameter Value

Mean grain diameter (µm) 10

Grain diameter standard deviation 2.5

Elastic Modulus (GPa) 200

Poisson’s Ratio 0.3

Resistance Stress (σr ) (GPa) 6.113

m 10.1

Table 3.1: Material parameters used in the model

Validation parameters

Parameter Value

Maximum pressure (Pmax )(GPa) 1 GPa

Half-width (b)(µm) 100

Crack Friction Coefficient 0.4

Damage evolution (∆D) 0.2

Table 3.2: Validation parameters used in during validation
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Figure 3.16: Development of the model. A thorough explanation of these methods can be found in the following sections. 1) Sections 2.7.6
and 3.1 2) Section 3.2 3) Section 2.7.3 4) Sections 2.7.5 and 3.2 5) Section 2.7.4

3.5. Factors taken into Account
In this model several factor are assumed to be able to create a model in a reasonable time and to reduce the
computational effort but also some choices were made to adapt to the capabilities of the software that is used.
Some of these can be explained fairly easily or where choices from previous researchers while others require
some testing and reasoning behind the choices made. While in the previous sections most of these things are
already discussed, this section will summarize all of the decisions made. First the general assumptions are
discussed and after that the similarities and the differences to other models will be explained.

3.5.1. General Assumptions
While building this model, it was assumed that the material properties were homogeneous and that the mate-
rial behaves isotropically. It was also assumed that the surface was smooth, that there were no initial material
defects and that there was no wear and no traction. Inhomogeneous material properties, anisotropy, sur-
face roughness and the different types of failure require further development and complication of the model
with a lengthy validation process and therefore these were excluded from this study. Since the surface expe-
riences a negligible amount of friction it is fair to assume to keep it out of the model. Surface roughness is
an important factor to develop if a follow up project is done with the method and model developed in this
paper since surface roughness, just like grain size, does not change with scaling and causes peak pressures
in the material. The surface roughness was implemented in the paper of Lorenz [34] and this research can
be the basis for further development. The application of anisotropy was discussed by Paulson [47] and Vijay
[64] in a lot of detail while the implementation of inhomogeneous material properties and material defects
is discussed by several researchers [26][27][50][51][52][56]. The heterogeneous material properties assume
a normal distribution with the mean being the Young’s Modulus (E = 200GPa) with a standard deviation of
20GPa.

3.5.2. Similarities
In almost all papers that apply this method and therefore also this one, assume that the cracks form along
the grain boundaries (intergranular failure). These papers also assume that a friction coefficient of 0.4 has
to be applied between the crack faces which has been researched by Jalalahmadi et al. [27]. Since the FEM
software that the other papers used (Abaqus) was different to what is used in this paper (COMSOL), it was
unclear how a crack would behave in COMSOL. Therefore, the model was first ran without the friction and a
slit was introduced in COMSOL and after that, the model with friction along the crack faces was ran. It can
be seen in the figure below 3.17 that the frictionless model has no significant increase in fatigue life while the
one with friction shows a more desirable behaviour. This was also noted in the paper of Jalalahmadi et al. [27]
and therefore the friction was applied in the model.
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Figure 3.17: The difference between the friction model and the fric-
tionless model for b = 100µm and Pmax = 1GPa

Figure 3.18: Comparison of the life curves with different friction pa-
rameters for b = 100µm and Pmax = 2GPa [27]

To reduce the computational effort of the model, several decisions were made and techniques were imple-
mented of which the most important ones were the jump-in-cycle method and the RVE [34]. The jump-in-
cycle method makes sure that not every cycle has to be modelled and calculated, reducing the time it takes
to get to failure. ∆D was chosen to be 0.2 and this decision is based on several papers that researched the
effect of different∆D values [27][52]. It was shown that a smaller∆D did not improve the final result and only
increased the time to get a result and that a larger ∆D greatly reduced the accuracy. The RVE reduced the
computational effort since less edges and therefore less data had to be transferred from COMSOL to Matlab.
Another factor that had influence on the computational effort is the removal of the small edges because this
again reduces the amount of edges in the model but also improved the mesh.

3.5.3. Differences
Other factors were implemented to make the model work in COMSOL because each FEM software has dif-
ferent capabilities and therefore the calculation of damage and which elements were affected was different.
Some models are able to change the properties of individual mesh elements but COMSOL does not have
such capabilities which means that in this model, a whole grain will degrade. Other models are able to focus
the damage to the grain boundary by creating elements along this grain boundary [64]. Older models [27]
applied a centroidal mesh which was also not possible in COMSOL and for that reason a fine mesh was cre-
ated by COMSOL. Due to the previous two ’short comings’ of COMSOL, the material degradation was done
through individual grain degradation. The grain damage was calculated with the damage from the grain
boundaries which in turn was calculated from the shear stress along these grain boundaries which was av-
eraged to remove the mesh dependency. After a boundary was fully damaged, some models set the damage
of that boundary to zero or to one but in this model the value was set to N aN . This was done to exclude
the boundary for the damage evolution equation and to easily change the value to one when calculating the
damage of the grain. If the damage was set to zero or kept at N aN , it would have an adverse effect on the
material degradation.



4
Testing

4.1. Model Validation
While this model applies the same principals and methods that are used in the models created by Sadeghi and
his research group, the difference in modelling software means that certain adaptations had to be made. The
different software and the applied adaptations means that this model will behave differently to other similar
models and therefore it has to be validated to make sure that it simulates reality or comes close to reality. For
the validation process, the same parameters are used as in the paper of Lorenz [34] who used a Pmax = 1GPa
and a b = 100µm. The validation is done in several ways to make sure that the most important factors are
done correctly.

4.1.1. Stress Distribution
A Hertzian pressure distribution was applied to the contact surface and moved over the contact surface in
40 steps and for one test the load is placed in the middle of the microstructure and the principal stresses are
measured. For the stationary case, the stress is measured along the centerline which lays in the middle of
the pressure distribution. From the 40 tested domains, the maximum shear stress reversal and the depth of
each step is measured and for each test all these 40 step values are averaged and plotted in the figure below.
The centerline stresses of the contact for one domain is measured and these should follow the theory fairly
close since the material properties are assumed to be homogeneous and the material is assumed to behave
isotropically. After that the relative life is calculated with Eq. 2.41 and placed in a Weibull plot to find the slope
of these points.

Figure 4.1: Average shear stress reversals for each loadcycle, the val-
ues vary more during the loadcycle

Figure 4.2: Relative depth of the maximum orthogonal shear stress

43



44 4. Testing

In Fig. 4.1, the average values for the 40 test for the maximum orthogonal shear stress are plotted relative to
the maximum pressure. The stress comes very close to the theory which is ∆τmax = 0.512 ·Pmax and over
the 40 domains during the load cycle the values ranged from 0.496 ·Pmax to 0.592 ·Pmax with an average of
0.517·Pmax . In Fig. 4.2, the average depth over the whole load cycle of these stresses relative to the half-width
can be seen. The depth of the maximum orthogonal shear stress comes close to the theory which is z = 0.5 ·b
and over the 40 domains during the load cycle it ranges from 0.480 ·b to 0.501 ·b with an average of 0.487 ·b.
Chen at al. observed for the depth of the critical stress, where the cracks initiate, a range of 0.33 ≤ (y/b) ≤ 0.64
with an average of 0.522 and Raje et al. obtained a similar range of 0.36 ≤ (y/b) ≤ 0.66 with an average of 0.5.
For Raje et al. the stresses ranged from 0.492 ≤∆τ/Pmax ≤ 0.524 with an average of 0.5025. When comparing
the values obtained in this model, it can be seen that the range of the depth is smaller compared to Raje and
Chen but that the range of the stress is similar.

Figure 4.3: Weibull plot of the relative life created with Eq. 2.41

The relative life plot is created with the formula from Raje and shows a Weibull plot with a slope of 33.7
while experimental data resulted in a range for the slope between 0.7 and 3.5 and the slope found in the
paper of Raje is 3.36. Since the slope is high, it means that the scatter is low which is to be expected with
an homogeneous isotropic material and can also be attributed to the improvement of modelling techniques
and software over the years. The scatter can be attributed to the size of the mesh and will vary with the shape
of the microstructure. The larger the mesh size, the larger the scatter in these values will be but it is more
desirable to get more accurate values and therefore the grains are finely meshed.

Figure 4.4: Principal centerline stresses in the material compared to the theory



4.1. Model Validation 45

It can be seen in the principal stress plots that the centerline stress in the material follows the theory very
well, with σy following the theory perfectly. From all these results it can be noted that the pressure is applied
properly to the material and because of that, the principal stresses follow the theory closely. The change
in microstructure does not change the behaviour of the critical stresses because of the assumption of an
homogeneous isotropic material but the values are in the correct range. Since a fine mesh is applied to the
material, the scatter in the critical stress values is low and therefore the created slope from the formula of Raje
is far from the experimental data.

4.1.2. Crack Formation
The figures shown below, show the crack formation and propagation until failure occurs for a surface with a
Hertzian pressure distribution applied to it with Pmax = 1GPa. The figures (Fig. 4.5 and 4.9) show that the
crack initiates in the region of maximum shear stress reversal which Lundberg and Palmgren assumed and
has been proven by several experimental observations like the one from Chen at al. [7]. In Fig. 4.9 it can
also be seen that the scatter in the depths of crack initiation comes closer to the experimental observations
of Chen et al. [7] than the values for the depth found in the previous section. The cracks will continue to form
and as seen in Fig. 4.6, these cracks will mainly be oriented parallel to the surface which is also observed in
experiments [46][50][69]. These cracks start to coalesce as seen in Fig. 4.7 and at some point these cracks will
propagate to the surface and form a spall which can be seen in 4.8. The formation of cracks and the depth of
crack initiation is consistent with experimental observations which means that the model is one step closer
to reality.

Figure 4.5: Crack initiation after 2.6193 ·1010 cycles Figure 4.6: Crack formation after 2.6318 ·1010 cycles

Figure 4.7: Crack formation after 3.9065 ·1010 cycles Figure 4.8: Crack formation after 6.9734 ·1010 cycles, failure has oc-
curred
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Figure 4.9: Crack initiation depths relative to the half-width for b = 100µm

4.1.3. Experimental Data
The first test to check if the model is build correctly and creates results that fit in the required range is the
initiation life test. For this test, the model is run until a crack is initiated and the amount of load cycles until
this crack initiation is recorded. This is a quick way to check if the model produces a scatter that comes close
to the experimental results and the range provided by Lorenz. Fig. 4.10 represents the Weibull plot created
from 30 different microstructures with a Pmax = 1GPa and Fig. 4.11 represents the Weibull plot created from
30 different microstructures with a Pmax = 2GPa. It can be seen in these figures that the slope obtained from
the model (e = 53 and e = 62 respectively) is fairly high compared to where it is supposed te be at (10-30).
While this is on the high side, the initiation life values are in the range that they are supposed to be in.

Figure 4.10: Weibull life plot of the initiation lives for different mi-
crostructures with Pmax = 1GPa

Figure 4.11: Weibull life plot of the initiation lives for different mi-
crostructures with Pmax = 2GPa

For the final validation of the model, 30 different microstructures were modelled with a half-width b = 100µm
and a maximum pressure Pmax = 1GPa. The scatter of this data is plotted in Fig. 4.12 together with the
Lundberg-Palmgren model and four other numerical models. In Table 4.1 the slope and the L10 life is com-
pared of the models with the current model and with the experimentally determined slopes from Harris and
Barnsby and Harris and Kotzalas. It can be seen that the current model compares fairly well to the other mod-
els but that the slope is still high (6.75) and is not in the range set by the experimental results. The L10 life is
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in the range that it needs to be in (around 1010 and close to the value of Jalalahmadi) and therefore it can be
said that this model is acceptable for further use. The high slope and therefore low scatter might be explained
by the lack of a frictional component on the surface and the use of initially homogeneous material properties
and the use of an isotropic material which have been noted in other models as the cause of a higher slope [56].
Further refinement of the model might be able to reduce the slope and get it in the range of the experimental
data.

Figure 4.12: Fatigue life distribution for Pmax = 1GPa

Model Weibull slope, e L10 life (Cycles)

Current Model 6.75 5.83 ·1010

Lundberg-Palmgren [35] 1.14 0.86 ·1010

Lorenz et al. [34] 3.20 3.08 ·1010

Raje et al. [50] 1.72 1.06 ·1010

Jalalahmadi and Sadeghi [27] 3.94 5.31 ·1010

Morris et al. [41] 1.36 3.00 ·1010

Harris and Barnsby [18] 0.51 ≤ e ≤ 5.7

Harris and Kotzalas [19] 0.7 ≤ e ≤ 3.5

Table 4.1: Weibull slopes and L10 lives of previously created numerical models and the Lundberg-Palmgren method

4.2. Testing Procedure
After the validation of the model, the model can be used to test what the effects of scaling the dimensions are
on the fatigue life. First the models with the different half-widths are validated because it is unknown how the
model behaves when smaller half-widths are used. The results of the scaled models can then be compared
to each other to look what the effect of scaling might be. The contact pressure applied to the model during
all the tests is kept the same as the stress used in the validation tests (Pmax = 1GPa) but the dimensions are
changed compared to the validation model. The way the dimensions are changed is by changing the contact
half-width (b) used in the model because a smaller half-width means smaller rollers when the stress is kept
the same. It is important to note that in this model, the time to model increases almost exponentially with the
increase in half-width. For this reason, a smaller half-width is preferred for further testing since this reduces
the testing time quite a lot and for that reason no testing is done with half-widths that are larger than 100µm.
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Since the model creates a scatter due to the varying microstructure, a large set of data points has to be created
and placed in a Weibull plot to see what the distribution and the L10 life is. To create a large enough dataset,
the model is run 30 times for each half-width such that it creates representative dataset to reality. The testing
is started with a half-width of b = 50µm and is moved up in increments of 10µm. When the testing is com-
pleted, the different Weibull plots and the L10 lives are looked at and evaluated to see what effect the scaling
has on the fatigue life.



5
Outcome

This chapter presents and discusses the results that were gathered from the numerical model for the different
contact half-widths. The fatigue lives and slopes that were found for the different half-widths are compared
and also used for further validation of the model. The stress distribution, crack initiation and formation and
other factors are investigated for each half-width and compared with the different half-widths. This is done to
study the effect of scaling and investigate the differences between the different sized structures and to study
what the behaviour of the material might be. After that, a conclusion is formulated about the gathered results
and about the observations and statements made in the discussion. At last several recommendations are
made for further work and different research that might apply similar techniques.

5.1. Results
This section presents the results and gives a possible explanation about why the results are what they are.
First the models with the different half-widths are validated in the same manner as the original model (b =
100µm) to see how the models compare to other models and the first model. This is important to do since
the model might behave differently with different half-widths. The results are also used to further investigate
the behaviour of the scaled structures.

5.1.1. Stress Distribution
First, the stress distribution in the material is tested by moving a Hertzian pressure distribution over the
surface. The depth and the magnitude of the stress is measured while moving the load and these values are
averaged. This is repeated 40 times ans each time with a different microstructure and this is done for each
half-width. The stresses and depths for each half-width can be found in appendix A but a summary and
comparison between the half-widths can be found below.

49
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Figure 5.1: Relative maximum shear stress reversal and its depth of each half-width compared to theory

Half-Width b (µm) Shear Stress Depth (z/b) Shear Stress Reversal (∆τ/Pmax )

50 0.4857 0.5191

60 0.4861 0.5182

70 0.4864 0.5175

80 0.4874 0.5171

90 0.4877 0.5169

100 0.4869 0.5166

Table 5.1: Depth and range of the critical stress relative to the half-width (b) and the maximum pressure (Pmax )

Both Fig. 5.1 and Table 5.1 show that the stress depths and the magnitude of the stresses are close to the
theory and do not deviate much from the first validated model. In the stress magnitude it is noted that there
is a slight trend towards the theory with an increase in half-width and at first this can also be seen with the
depth but with b = 100µm, the depth moves away from the trend and lowers slightly. Appendix A shows that
the stresses have a very small increase in the scatter in depths and magnitudes for the smaller half-widths
which might be due to having less elements in the microstructure and therefore having a less refined mesh
compared to the larger half-width models. This less refined mesh causes the values to differ a bit more and
therefore the stresses are influenced more by the boundaries of the domain and this might explain why the
values come closer to theory with a larger half-width. The centerline stresses seen in appendix A.2 follow the
theory very closely and deviate in a similar manner to the theory and to the other half-widths.

5.1.2. Crack Formation
In appendix B several examples of the crack formation from beginning to end for each half-width can be
found with the according load cycles at which the crack formation is shown at. The crack initiation depth of
the different half-widths is shown below and the average depth and the range are compared in Table 5.2 and
in Fig. 5.8.
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Figure 5.2: Crack initiation depths relative to the half-width for b =
50µm

Figure 5.3: Crack initiation depths relative to the half-width for b =
60µm

Figure 5.4: Crack initiation depths relative to the half-width for b =
70µm

Figure 5.5: Crack initiation depths relative to the half-width for b =
80µm

Figure 5.6: Crack initiation depths relative to the half-width for b =
90µm

Figure 5.7: Crack initiation depths relative to the half-width for b =
100µm
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Half-Width b (µm) Average Crack Initiation Depth
(z/b)

Crack Initiation Depth Range

50 0.4964 0.211

60 0.4978 0.127

70 0.4852 0.131

80 0.4994 0.166

90 0.4893 0.134

100 0.4921 0.116

Table 5.2: Average depth of the crack initiation and average initiation life of the different half-widths

Figure 5.8: Box and whisker plot to show the variation in the data for the different half-widths with the theoretical value of 0.5 ·b shown

It can be seen that the average crack initiation depth is close to the theoretical depth of maximum shear stress
reversal and close to what has been observed experimentally and that the range is comparable to what was
found in the results of Chen et al [7]. It has to be noted that the range of the crack initiation varies from
half-width to half-width, 50µm and 80µm show a larger range in the extremes compared to the other half-
widths while being quite similar in the inter-quartile range as seen in Fig 5.8. The inter-quartile range of the
60µm dataset is compared to the other plots quite small which means that the data has a lower amount of
scatter. This scatter will vary with each set of test results due to the random creation of the microstructure
and therefore these results could have been completely different. It can be seen in appendix B that the crack
formation for the different half-widths happens in a similar manner. The first crack initiates around the same
depth relative to the half-width and then the first couple cracks that follow form parallel to the surface. These
cracks start to coalesce and spread in the material until a crack reaches the surface and the material fails.

5.1.3. Fatigue Life
The last validation step is checking the initiation life and total life Weibull plots and their slope with experi-
mental data but also with previous models and the current model. This testing delivers the data that later is
used to check how the scaling affects the fatigue life. The Weibull plots with the initiation and propagation for
each half-width and the initiation and propagation for each microstructure can be found in appendix C. Be-
low each Weibull plot, a bar plot with the combination of the initiation and total life can be seen and further
down, the combination of the initiation life and after the full life Weibull plots of all the half-widths can be
seen. In this section the combination of the initiation and full life can be found and a table that summarizes
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the slopes and L10 lives with a comparison between the initiation and full life.

Figure 5.9: Weibull Slopes of the initiation and full lives of all the half-widths

Half-Width
b (µm)

Initiation Life Total Life % Initiation
Life to Total
Life

Weibull
Slope, e

L10 Life
(Cycles)

Weibull
Slope, e

L10 Life
(Cycles)

50 14.73 2.46 ·1010 4.62 6.86 ·1010 35.9

60 25.43 2.53 ·1010 4.85 7.11 ·1010 35.6

70 43.18 2.47 ·1010 4.67 6.61 ·1010 37.4

80 37.78 2.49 ·1010 5.39 6.54 ·1010 38.1

90 42.82 2.49 ·1010 6.26 6.39 ·1010 39.0

100 53.15 2.53 ·1010 6.75 5.83 ·1010 43.4

Table 5.3: Weibull slopes and L10 lives of the initiation and full life of all the different half-widths

From Table 5.3 and appendix C, it can be seen that the Weibull plots shows an increase in slope for both
initiation and total life with an increase in half-width meaning that the scatter decreases. In Fig. 5.9 the
Weibull plots of all the data can be seen and the difference in slope and L10 can be seen here. This can be
attributed to the fact that with a larger half-width, there are more grains and therefore more weak planes in
the critically stressed area. This means that there is a higher chance of an edge/weak plane with an orientation
that is more susceptible to damage and therefore endures higher critical stress. It can be said that the results
therefore become more deterministic with larger half-widths thus increasing the Weibull slope.

5.1.4. Scaling
From the values seen in Table 5.3, it can be seen that the initiation lives do not change with a change in
half-width and that there is no correlation between these values while it can be seen that the total L10 life
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decreases with an increase in half-width (Fig. 5.10). In Fig. 5.10 it can be seen that a line with a slope of -0.02
can be drawn between the points showing that there is a decrease in L10 life and Fig. 5.11 shows the same but
it is clear that these point do not follow the lines seen in the figure. The difference in the initiation life and
total life of the different half-widths is shown in even further detail in the bar plot in Fig. 5.12. The decrease
could be attributed to what was said previously about larger half-widths having more grains and edges in the
critically stressed domain. Since there are more edges in the critically stressed domain, more edges can fail
and the material can degrade faster while with the smaller half-widths only a couple edges are in the critical
domain and therefore less edges endure damage and the same edges endure a higher amount of damage. The
critical stress therefore does not affect as many grain and therefore the material does not degrade as quickly.

Figure 5.10: The different L10 lives for the different half-widths with a trend line with slope -0.02 and R2 = 0.774

Figure 5.11: L10 lives of all the tests compared to the ISO scaling
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Figure 5.12: Bar plot of the L10 initiation and full lives of all the half-widths

5.2. Discussion
In this section, an answer is given to the questions that were asked and to the gap in the research that was
found during the literature research. The research objective was

How to predict lifetime and failure mechanisms of rolling contacts in DOT Direct Drive Pump?

Before answering this question, other questions were stated of which the answers lead up to the answer of
the research objective.

The first question that has to be asked is, what failure mechanism is expected to occur in rolling contacts
and it was found that there a several modes of failure like wear, corrosion, plastic deformation and fatigue.
This all depends on the environment and the loading conditions that the contact experiences and some fail-
ures mechanisms can even be caused by another failure mechanism. The way failure occurs and the time
until failure can vary a lot between these mechanisms and it is therefore important to figure out what the
main failure mechanism is for the rolling contacts in the DOT DDP which has been discussed in chapter 2.4.
This is done by looking at the environment and the loading conditions for that surface and in the case of this
project, the loads are below the elastic limit and it is assumed that the contacts are dry and free of contam-
ination. For these reasons it was determined that the main failure mechanism gravitated to rolling contact
fatigue as the main mode of failure which has been discussed in further detail in the literature study in chap-
ter 2.5. In this chapter, the different types of fatigue and the factors that influence fatigue life are discussed.

The follow up question to determining and understand the failure mechanism is, how is the lifetime of a
rolling contact predicted, which depends on the failure mechanism and therefore in this case it is important
to know how the fatigue life is predicted? Several methods have been developed over time, some making pre-
dictions depending on experimental results and some focussing on a homogeneous material structure which
has been discussed in chapter 2.6. This paper has the aim to simulate reality as closely as possible due to the
microstructural dependency of fatigue and therefore a method has to be chosen that fits this requirement.
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The continuum damage mechanics method developed by Sadeghi and his research group has been chosen
since this method proved to fit the purpose the best. It implements both the crack initiation and propagation
and the model has a focus on high cycle fatigue but this method also focusses on materials that are of interest
for DOT. This method has been discussed in detail in section 2.7 and worked out in further detail in chapter
3. The method was also proven to deliver results that are similar to reality and fit the range set by experimen-
tal results very well in previous research. Since the method simulates the microstructure, the results show
a scatter that follows a Weibull plot and therefore the model has to be run several times to get an accurate
prediction of the slope and with that the L10 life. This gives a prediction of the amount of load cycles required
for 90% of the rolling contacts to survive.

Another question asked which is important for DOT but which can also prove significant to many other fields
of research is how the scaling of a rolling contact influences the fatigue life? This question is asked since
experimental testing of rolling contacts, of which fatigue is the main mode of failure, takes a long time and
is expensive. The experimental testing of rolling contact fatigue is expensive because the test has to be per-
formed several times to get an accurate life prediction and therefore a new test sample has to be created every
time. If the the sample is large, it is most of the time expensive and the testing has to be performed at a slow
rate for safety reasons. Therefore DOT and many other researchers have created test benches with samples
that are smaller compared to the object of interest but it was still unclear how the results from the scaled sam-
ple translated to the original sample. An even faster and cheaper method to test for rolling contact fatigue is
creating a numerical model that is able to simulate the fatigue life and the behaviour of the rolling contact
surface. The model that was presented earlier has been used to test the influence of scaling since it is able to
simulate the fatigue behaviour of a rolling contact but also steps are taken to create a numerical model for
DOT which can accelerate the testing. The results from the model are discussed below.

5.2.1. Numerical Model
It can be seen in the results that the created model follows reality fairly well when taking into account that
several assumptions have been made while making this model. The model is close to the range that was set
by Harris and the total life is of the same magnitude as the other data from models and the data from Lund-
berg and Palmgren. As was said earlier, the scatter of this model is not in the range of the experimental data
from Harris et al because the model does not include heterogeneous material properties, anisotropy, surface
roughness, etc..

From the different half-width tests it can be seen that the smaller half-widths show a higher amount of scatter
and that the total L10 life is higher for smaller half-widths. As was stated in the results, this could be due to
less elements being in the critical domain and therefore being less prone to damage and therefore increasing
the fatigue life.

The assumptions made by Sciammarella et al [55] who stated from their experimental observations that the
fatigue life is reduced for smaller rollers and the theoretical assumptions made by Heliot [20] and Jaschinski
et al [28] who also assumed a reduction in life with the reduction in size do not agree with the results found in
this paper. The results found in this research show a decrease in fatigue life for larger rollers which can also
be seen from the theoretical derivation of the ISO 281 formula for rolling bearings when scaling the length
and radius but the results found during testing certainly do not follow this line.

While these results show a decrease in fatigue life for the larger rollers there are several things that have to
be noted. Firstly, the model implements a 2D structure and therefore the length is not directly included and
while the length is still found in the half-width equation, a 3D model will be able to directly include both
parameters.

Secondly, the range of the tested half-widths goes from 50µm to 100µm in steps of 10µm and this upper
limit was chosen due to time constraints. For a fairly quick computer it takes at least 12 hours to run one
test for b = 100µm which means that it would take 15 days to get a complete data set. The preference in this
thesis was on creating a complete data set of 30 tests for each half-width instead of only a couple tests for a
lot of half-widths such that the accuracy of the used results could be ensured. Due to the set range for the
half-widths, it is unclear if this downward trend continues for larger roller dimensions.
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Another factor to note is that while there is a trend in the data, some of the half-widths tested show a de-
viation of this line and to increase the accuracy of the found trend line slope, more tests have to be done for
each half-width to further improve the results but also more half-widths have to be tested. With the increase
of tests and data sets, a better assumption can be made and with that create an even better and more accurate
understanding on the influence of scaling. The further improvement of the model will also bring the model
closer to reality and therefore produce even better results and thus giving a more accurate prediction of the
fatigue life but will also be able to produce results quicker.

5.3. Conclusion
When looking back at the research objective of finding a method to predict the lifetime and failure mecha-
nisms of rolling contacts in the DOT Direct Drive Pump:

The developed CDM method is able to give a prediction of the fatigue life and is able to simulate crack
formation behaviour comparable to what happens in reality. The model can be adapted such that
different materials and roller sizes can be applied and a valid prediction can be made on how the
roller will behave. It is important to further develop the model and validate experimentally such that
the prediction can come closer to reality

When looking at the influence of scaling on the fatigue life, the results showed a decrease in fatigue life with
an increase in half-width. When applying this knowledge to scaled roller test bench results it can be said that
the smaller rollers will perform for more load cycles if the roller dimensions are scaled equally but the time
to test can still be shorter since the smaller rollers can be ran at a faster rate and multiple test benches can be
made for the same price that larger test bench can be made. It is difficult to already make a statement about
how many more cycles a smaller roller will endure because in the creation of the model several assumption
have been made and it is unclear if the same trend continues for larger roller dimension. Therefore further
tests, experimental and numerical, have to be done and improvements to the model have to be made such
that at some point a correlation can be made between the scaling and the fatigue life. Further experimental
testing will also give a better idea of how close the developed model actually is to reality and will help the
investigation for finding the influence of scaling on fatigue life.

5.4. Recommendation
While this model is fairly detailed compared to other modelling methods, there is still plenty of room for
improvement such that the model can come even closer to reality. In this section several recommendations
are made that can be implemented in possible further work or for different research with a similar approach
and a priority list is created which can be applied in following research.

5.4.1. Accuracy of the Model
The most important improvements can be made in making the model more accurate and similar to reality.
Several factors are assumed in this model for efficiency but also due to a lack of time or missing information.
In this thesis, the model assumes an homogeneous isotropic material, the next step should be the implemen-
tation of anisotropy and heterogeneous material parameters since this is a key factor in improving the scatter
in the results. Besides that, it is important to further verify the accuracy of the model and the best way to do
this is experimentally and comparing to older data sets. With the experimental validation, it is possible to
check how close the results of the numerical model are to reality and by doing this validation, a better under-
standing of the results is created.

The next addition to the model should be the implementation of surface roughness since this does not scale
with the size and therefore it will have an influence on the results of scaled models. The implementation of
the surface roughness can also be used to test certain surface finishes and which could translate to the man-
ufacturing of the rollers.
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Friction was assumed to be negligible in the model and material defects were not implemented in this paper
but for the refinement of the model it is important to add these. Friction can cause the stress to move closer
to the surface and therefore alter the depth of crack initiation or even cause the crack to form on the surface.
The latter is not the case in this problem since the friction was low but to be able to use the model to test
different types of situations, like failure occurring in a bearing that causes the roller to endure higher friction
levels, it might be interesting to implement friction and be able to change it easily.

The last couple assumptions that require some further in depth research is adding grain failure instead of
only assuming grain boundary failure but also creating a 3D model which is computationally expensive but
very interesting to implement instead of assuming a 2D structure.

5.4.2. Computational Efficiency
A more efficient model improves the usability and reduces the time to model from beginning to failure and
therefore larger models can be created. While the jump-in-cycle method improved the efficiency of the model
to a great extend, it is noticed that the jump in cycles can go to almost zero when an edge is about to break
since the damage on that edge is high. The small jump in cycles increases the amount of jumps required until
failure occurs and thus the time to model increases. An improved jump-in-cycle method should be imple-
mented that neglects these small jumps and therefore reduces the time to model. A modified jump-in-cycle
method has been discussed in a couple models that also implement a 3D model and has been proven to re-
duce the computational time immensely [3][67].

Another factor that reduces the efficiency of the model is the retrieval of data from COMSOL to Matlab.
Therefore further research has to be done to create a method that reduces the time of this data retrieval.
Other improvement of the model were the mesh improvement and with that grain boundary improvement
which reduce simulation time but also improve the results that are retrieved from the model and improve the
crack formation. While the method that was used worked fairly well, it still can use some tweaks such that
small angles in the structure are avoided.

5.4.3. Accuracy of the Results
To improve the results in further work, even bigger sample sizes for each half-width should be taken, more
half-widths and a larger range for the half-widths should be tested but first the improvement of the model
itself should be done such that the model gives results that are closer to reality.

5.4.4. Additional Work
Further work on the model could include implementing and studying material treatments and improving the
usability such that different materials and different parameters can easily be implemented. While this sounds
fairly easy, each material has a differently shaped structure and therefore a study has to be done on creating a
similar structure at first and after that further research has to be done on the implementation of this material
in the model. This could for example be research on the friction between the crack faces.

After the implementation of a 3D model and the other recommendations it could be interesting to implement
full rollers because in the current model a semi-infinite domain is used and a prescribed stress distribution is
placed onto the surface. With the implementation of the full roller, it is easier to add certain design choices
and see what the effect of these choices are on the roller and the fatigue life.
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5.4.5. Priority List
The following priority list is based on personal experience and can vary from researcher to researcher but the
list focusses on creating a more accurate model by improving the scatter and the total life results. These will
be ranked based on ease of implementation and effect of the implementation.

1. Heterogeneous material structure.

• This is quite an easy addition since the model already assigns each grain individual material prop-
erties. The reason it has not been added in this model is due to time constraints.

2. Anisotropy.

• Adding anisotropy has been studied by a couple researchers before [47][64] and COMSOL has the
capabilities of adding anisotropy but this requires quite a bit of further research.

3. Experimental Validation.

• The experimental validation will prove how accurate the model is but this requires a tedious and
long testing process. Therefore it is important to test efficiently and document properly such that
the results can be used widely throughout the research, for example testing the material combi-
nation, validation of the numerical model and testing for scaling.

4. Surface roughness.

• Surface roughness has been studied by Lorenz [34] and can be used to further study the effect of
surface roughness on the fatigue life. This in turn can be used to see which surface roughness
might be enough to get a sufficient lifetime and therefore possibly reduce the manufacturing cost.

5. Improved Computational Efficiency.

• Improving the jump-in-cycle method and the retrieval of data will reduce the modelling time such
that the effect of changes made to the model can be studied faster and adjusted if needed.

6. Friction.

• Since the friction is low, it was not taken into account but it can be seen in the section on Rolling
with Friction 2.3.2 that when it is considered, it can have a major effect on the stress distribution
in the material.

5.5. Roadbook
While this research can be used by other researchers, the purpose of the project was predicting the failure
mechanism and life of the DOT Direct Drive Pump. The method and mechanism found here is based on
friction and contaminant free contact which is based on the Rolling Test Bench and causes the main mode of
failure to be subsurface rolling contact fatigue. This section will discuss the steps that have to be taken to get
a better prediction and to create a method to find the best material combination for the purpose.

At first, it is important to identify the most prominent failure method in the DDP by asking the question,
are these contacts going to be free of contaminants or is the amount negligible and how much friction will
actually be on the surface. If the friction and the amount of contaminants is negligible like in the RTB, the
development of the provided method can be continued. If the friction is high but the contaminants low, the
same modelling method can be applied but friction has to be added and another method has to be developed
to see the influence of the friction. If the contaminants are high, a different method has to be developed that
is able to include these contaminants and the failure method has to be researched in detail.

Basing the following steps on the RTB on which the model used in this project is focussed on, the first step
that has to be taken is further developing and refining the model of which the priority list can be seen in the
previous section. When the developed method is refined to a point that it able to output values that mimic
reality, this method can be applied to seek for the best material combination together with experiments. The
method does not have to put out values that are completely the same but if the deviation is known compared
to reality, the model data can be adjusted to what it is supposed to be.
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A
Stress Distribution

A.1. Shear Stress Reversal
A.1.1. 50µm

Figure A.1: Average shear stress reversals for each loadcycle, the val-
ues vary more during the loadcycle

Figure A.2: Relative depth of the maximum orthogonal shear stress

A.1.2. 60µm

Figure A.3: Average shear stress reversals for each loadcycle, the val-
ues vary more during the loadcycle

Figure A.4: Relative depth of the maximum orthogonal shear stress
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A.1.3. 70µm

Figure A.5: Average shear stress reversals for each loadcycle, the val-
ues vary more during the loadcycle

Figure A.6: Relative depth of the maximum orthogonal shear stress

A.1.4. 80µm

Figure A.7: Average shear stress reversals for each loadcycle, the val-
ues vary more during the loadcycle

Figure A.8: Relative depth of the maximum orthogonal shear stress
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A.1.5. 90µm

Figure A.9: Average shear stress reversals for each loadcycle, the val-
ues vary more during the loadcycle

Figure A.10: Relative depth of the maximum orthogonal shear stress

A.1.6. 100µm

Figure A.11: Average shear stress reversals for each loadcycle, the
values vary more during the loadcycle

Figure A.12: Relative depth of the maximum orthogonal shear stress



70 A. Stress Distribution

A.2. Principal Stresses
A.2.1. 50µm

Figure A.13: Principal centerline stresses in the material compared to the theory

A.2.2. 60µm

Figure A.14: Principal centerline stresses in the material compared to the theory
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A.2.3. 70µm

Figure A.15: Principal centerline stresses in the material compared to the theory

A.2.4. 80µm

Figure A.16: Principal centerline stresses in the material compared to the theory
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A.2.5. 90µm

Figure A.17: Principal centerline stresses in the material compared to the theory

A.2.6. 100µm

Figure A.18: Principal centerline stresses in the material compared to the theory



B
Crack Formation

B.0.1. 50µm

Figure B.1: Crack initiation after 2.7510∗1010 cycles Figure B.2: Crack formation after 2.8439∗1010 cycles

Figure B.3: Crack formation after 5.6743∗1010 cycles Figure B.4: Crack formation after 1.3533∗ 1011 cycles, failure has
occurred
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B.0.2. 60µm

Figure B.5: Crack initiation after 2.6101∗1010 cycles Figure B.6: Crack formation after 2.7362∗1010 cycles

Figure B.7: Crack formation after 5.7339∗1010 cycles Figure B.8: Crack formation after 1.1074∗ 1011 cycles, failure has
occurred

B.0.3. 70µm

Figure B.9: Crack initiation after 2.6479∗1010 cycles Figure B.10: Crack formation after 2.7609∗1010 cycles

Figure B.11: Crack formation after 4.9853∗1010 cycles Figure B.12: Crack formation after 1.1477∗1011 cycles, failure has
occurred
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B.0.4. 80µm

Figure B.13: Crack initiation after 2.5125∗1010 cycles Figure B.14: Crack formation after 2.5423∗1010 cycles

Figure B.15: Crack formation after 3.7156∗1010 cycles Figure B.16: Crack formation after 6.9289∗1010 cycles, failure has
occurred

B.0.5. 90µm

Figure B.17: Crack initiation after 2.6588∗1010 cycles Figure B.18: Crack formation after 2.6691∗1010 cycles

Figure B.19: Crack formation after 3.6985∗1010 cycles Figure B.20: Crack formation after 5.7763∗1010 cycles, failure has
occurred
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B.0.6. 100µm

Figure B.21: Crack initiation after 2.6193∗1010 cycles Figure B.22: Crack formation after 2.6319∗1010 cycles

Figure B.23: Crack formation after 3.9065∗1010 cycles Figure B.24: Crack formation after 6.9734∗1010 cycles, failure has
occurred



C
Fatigue Life

C.1. Individual Plots
C.1.1. 50µm

Figure C.1: Weibull plot b = 50µm
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78 C. Fatigue Life

Figure C.2: Fatigue lives for the different microstructures with b = 50µm
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C.1.2. 60µm

Figure C.3: Weibull plot b = 60µm

Figure C.4: Fatigue lives for the different microstructures with b = 60µm
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C.1.3. 70µm

Figure C.5: Weibull plot b = 70µm

Figure C.6: Fatigue lives for the different microstructures with b = 70µm



C.1. Individual Plots 81

C.1.4. 80µm

Figure C.7: Weibull plot b = 80µm

Figure C.8: Fatigue lives for the different microstructures with b = 80µm
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C.1.5. 90µm

Figure C.9: Weibull plot b = 90µm

Figure C.10: Fatigue lives for the different microstructures with b = 90µm
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C.1.6. 100µm

Figure C.11: Weibull plot b = 100µm

Figure C.12: Fatigue lives for the different microstructures with b = 100µm



84 C. Fatigue Life

C.2. Combined Plots
C.2.1. Initiation Life of All Structures

Figure C.13: Initiation life Weibull plots of all the half-widths
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C.2.2. Full Life of All Structures

Figure C.14: Full Life Weibull plots of all the half-widths





D
Simulation Differences

D.1. Loadcycle Progression
D.1.1. 50µm

Figure D.1: Loadcycle progression of the different microstructures with b = 50µm
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D.1.2. 60µm

Figure D.2: Loadcycle progression of the different microstructures with b = 60µm
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D.1.3. 70µm

Figure D.3: Loadcycle progression of the different microstructures with b = 70µm



90 D. Simulation Differences

D.1.4. 80µm

Figure D.4: Loadcycle progression of the different microstructures with b = 80µm
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D.1.5. 90µm

Figure D.5: Loadcycle progression of the different microstructures with b = 90µm
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D.1.6. 100µm

Figure D.6: Loadcycle progression of the different microstructures with b = 100µm
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D.2. Computational Effort

Figure D.7: Loadcycle progression of the different half-widths

Half-Width b (µm) Average Time per
Cycle (s)

Average Amount of
Cycles (Cycles)

Average Total Time
(h)

50 20 185 1.03

60 28 265 2.06

70 34 344 3.24

80 45 401 5.02

90 60 490 8.17

100 75 574 11.96

Table D.1: Computational effort required to simulate the full fatigue life of different microstructures





E
Building the Model

E.1. Microstructure Topology Model
E.1.1. Point Selection

1 %% Dimensions of domain
2 Width = 3*(b*10^6);
3 Height = 1.5*(b*10^6);
4 Box_Width = 10*(b*10^6);
5 Box_Height = 6*(b*10^6);
6

7 % Distribution
8 Mean_Grain_Diameter = 10;
9 Distribution = 2.5;

10

11 % Initial points placed in domain
12 n_Points = 280000;
13 xPoint = Width*rand(n_Points,1);
14 yPoint = Height*rand(n_Points,1);
15 Random_Points = [xPoint,yPoint];
16

17 % Define counter for how many actually get placed.
18 numPoints = 0;
19

20 % Define fail safe, how many iterations you want to keep trying before quitting.
21 maxIterations = 1000 * n_Points;
22 loopCounter = 1;
23

24 % Allocate space to variables
25 x = nan(numPoints,1);
26 y = nan(numPoints,1);
27 Norm_Distance = nan(numPoints,1);
28

29 %% Point Selection
30 while numPoints < n_Points && loopCounter < maxIterations && numPoints < ...

length(Random_Points)
31 numPoints = numPoints + 1;
32 xChosen = Random_Points(numPoints,1);
33 yChosen = Random_Points(numPoints,2);
34 x(numPoints,1) = xChosen;
35 y(numPoints,1) = yChosen;
36

37 % The grain diameter of the chosen point
38 Norm_Distance(numPoints,1) = abs(normrnd(Mean_Grain_Diameter,Distribution));
39 % Calculate the distance of all points to the chosen point
40 Distances = sqrt((Random_Points(:,1)−xChosen) .^ 2 + (Random_Points(:,2) − ...

yChosen) .^ 2);
41 closePair = Distances ≤ Norm_Distance(numPoints);
42
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43 Random_Points(closePair == 1,:) = nan; % Remove all points inside certain distance
44 Random_Points = [x(1:numPoints) y(1:numPoints); Random_Points(numPoints+1:end,1) ...

Random_Points(numPoints+1:end,2)];
45 Random_Points = rmmissing(Random_Points);
46

47 % Increment the loop counter.
48 loopCounter = loopCounter + 1;
49 end
50 P = [x,y];

E.1.2. Mirror Points

1 %% Mirror all the points
2 Right = [2*Width − x , y];
3 Left = [0 − x , y];
4 Up = [ x , 2*Height − y];
5 Low = [ x , 0 − y];
6 P_Mirror = [P;Right;Left;Up;Low];
7 [v,c] = voronoin(P_Mirror);

E.1.3. Removing Small Edges

1 %% Remove small vertices for better mesh
2 min_Dist = 2;
3 cnt = 1;
4 tol = 1.e−10;
5 rnd = 5;
6

7 edges = [0,Width,Height];
8 LLcorner = [0,0];
9 LUcorner = [0,Height];

10 RLcorner = [Width,0];
11 RUcorner = [Width,Height];
12

13 for i = 1:length(P)
14 % All the points of the grain
15 VPoint = v(c{i},:);
16 c_new = c{i};
17 cntB = 0;
18 % Distance between the points
19 Dist = pdist(VPoint);
20 % Find points that are too close to each other
21 if any(Dist < min_Dist)
22 cnt = cnt + 1;
23 % Make square out of Dist
24 Z = squareform(Dist);
25 % row and col
26 [row,col] = find(Z < min_Dist & Z 6= 0);
27 ClosePoints = VPoint(col,:);
28 [¬,idx] = unique(sort(ClosePoints,2),'rows','stable');
29 ClosePoints = ClosePoints(idx,:);
30 repCol = ismember(VPoint,ClosePoints,'rows');
31 B = [row,col];
32 [¬,idx] = unique(sort(B,2),'rows','stable');
33 B = B(idx,:);
34 row = B(:,1);
35 col = B(:,2);
36 for o = 1:size(B,1)
37 ClP = round(VPoint(B(o,:)',:),rnd);
38 %% If VPoint has edge members
39 if any(any(ismembertol(ClP,edges)))
40 %% Check if VPoint has corner points
41 % Left Lower Corner %
42 if any(ismembertol(ClP,LLcorner,'ByRow',true))
43 valChange = not(ismembertol(ClP,LLcorner,'ByRow',true));
44 CloseP = ClP(valChange,:);
45 if ismembertol(CloseP(1,2),0) % Is it on the x−axis?
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46 CloseP = [min_Dist, 0];
47 else % Is it on the y−axis?
48 CloseP = [0, min_Dist];
49 end
50 ClP(valChange,:) = CloseP;
51 VPoint(B(o,:)',:) = ClP;
52 % Left Upper Corner %
53 elseif any(ismembertol(ClP,LUcorner,'ByRow',true))
54 valChange = not(ismembertol(ClP,LUcorner,'ByRow',true));
55 CloseP = ClP(valChange,:);
56 if ismembertol(CloseP(1,2),Height) % Is it on the x−axis?
57 CloseP = [min_Dist, Height];
58 else % Is it on the y−axis?
59 CloseP = [0, Height − min_Dist];
60 end
61 ClP(valChange,:) = CloseP;
62 VPoint(B(o,:)',:) = ClP;
63 % Right Lower Corner %
64 elseif any(ismembertol(ClP,RLcorner,'ByRow',true))
65 valChange = not(ismembertol(ClP,RLcorner,'ByRow',true));
66 CloseP = ClP(valChange,:);
67 if ismembertol(CloseP(1,2),0) % Is it on the x−axis?
68 CloseP = [Width − min_Dist, 0];
69 else % Is it on the y−axis?
70 CloseP = [Width, min_Dist];
71 end
72 ClP(valChange,:) = CloseP;
73 VPoint(B(o,:)',:) = ClP;
74 % Right Upper Corner %
75 elseif any(ismembertol(ClP,RUcorner,'ByRow',true))
76 valChange = not(ismembertol(ClP,RUcorner,'ByRow',true));
77 CloseP = ClP(valChange,:);
78 if ismembertol(CloseP(1,2),Height) % Is it on the x−axis?
79 CloseP = [Width − min_Dist, Height];
80 else % Is it on the x−axis?
81 CloseP = [Width, Height − min_Dist];
82 end
83 ClP(valChange,:) = CloseP;
84 VPoint(B(o,:)',:) = ClP;
85 % Check if adjacent or on edge %
86 %% Bottom edge y = 0
87 elseif any(ismembertol(ClP(:,2),0,'ByRow',true))
88 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
89 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
90 t = min_Dist/d;
91 if abs(m) < tol % on line
92 [maxClP,maxvalClP] = max(ClP(:,1));
93 [minClP,minvalClP] = min(ClP(:,1));
94 ClP(maxvalClP,1) = ClP(minvalClP,1) + min_Dist;
95 elseif abs(m) == Inf % Perpendicular to line
96 valChange = not(ismembertol(ClP(:,2),0,'ByRow',true));
97 ClP(valChange,2) = ClP(not(valChange),2) + min_Dist;
98 else
99 valChange = not(ismembertol(ClP(:,2),0,'ByRow',true));

100 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
101 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
102 end
103 VPoint(B(o,:)',:) = ClP;
104 %% Left edge x = 0
105 elseif any(ismembertol(ClP(:,1),0,'ByRow',true))
106 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
107 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
108 t = min_Dist/d;
109 if abs(m) == Inf % on line
110 [maxClP,maxvalClP] = max(ClP(:,2));
111 [minClP,minvalClP] = min(ClP(:,2));
112 ClP(maxvalClP,2) = ClP(minvalClP,2) + min_Dist;
113 elseif abs(m) < tol % Perpendicular to line
114 valChange = not(ismembertol(ClP(:,1),0,'ByRow',true));
115 ClP(valChange,1) = ClP(not(valChange),1) + min_Dist;
116 else
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117 valChange = not(ismembertol(ClP(:,1),0,'ByRow',true));
118 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
119 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
120 end
121 VPoint(B(o,:)',:) = ClP;
122 %% Top edge y = Height
123 elseif any(ismembertol(ClP(:,2),Height,'ByRow',true))
124 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
125 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
126 t = min_Dist/d;
127 if abs(m) < tol % on line
128 [maxClP,maxvalClP] = max(ClP(:,1));
129 [minClP,minvalClP] = min(ClP(:,1));
130 ClP(maxvalClP,1) = ClP(minvalClP,1) + min_Dist;
131 elseif abs(m) == Inf % Perpendicular to line
132 valChange = not(ismembertol(ClP(:,2),Height,'ByRow',true));
133 ClP(valChange,2) = ClP(not(valChange),2) − min_Dist;
134 else
135 valChange = not(ismembertol(ClP(:,2),Height,'ByRow',true));
136 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
137 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
138 end
139 VPoint(B(o,:)',:) = ClP;
140 %% Right edge x = Width
141 elseif any(ismembertol(ClP(:,1),Width,'ByRow',true))
142 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
143 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
144 t = min_Dist/d;
145 if abs(m) == Inf % on line
146 [maxClP,maxvalClP] = max(ClP(:,2));
147 [minClP,minvalClP] = min(ClP(:,2));
148 ClP(maxvalClP,2) = ClP(minvalClP,2) + min_Dist;
149 elseif abs(m) < tol % Perpendicular to line
150 valChange = not(ismembertol(ClP(:,1),Width,'ByRow',true));
151 ClP(valChange,1) = ClP(not(valChange),1) − min_Dist;
152 else
153 valChange = not(ismembertol(ClP(:,1),Width,'ByRow',true));
154 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
155 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
156 end
157 VPoint(B(o,:)',:) = ClP;
158 end
159 %% ClP has no edge values
160 % Does it have multiple small lines?
161 elseif sum(any(ismember(B,B(o,:)),2)) > 1 % If true, close lines adjacent
162 cntB = cntB + 1;
163 if cntB > 1
164 continue
165 end
166 [C,ia,ic] = unique(B);
167 B_counts = accumarray(ic,1);
168 numCount = [B_counts,C];
169 % Find point in the middle
170 A = C(B_counts == 2);
171 if size(A,1) > 1 % The end points of the adjacent line also within min dist
172 G = VPoint(A,:);
173 Gdist = pdist(G);
174 ZG = squareform(Gdist);
175 [maxValue,linearIndexesOfMaxes] = max(ZG(:));
176 [rowsOfMaxes, colsOfMaxes] = find(ZG == maxValue);
177 VPoint(A(colsOfMaxes),:) = nan;
178 c_keep = c_new(A(not(ismember(A,A(colsOfMaxes)))));
179 c_del = c_new(A(colsOfMaxes));
180 c_new(A(colsOfMaxes)) = nan;
181 VPoint(A(colsOfMaxes)) = nan;
182 else
183 Q = B(any(ismember(B,B(o,:)),2),:);
184 Q = Q(Q 6= A);
185 c_keep = c_new(A);
186 c_del = c_new(Q);
187 c_new(Q) = nan;



E.2. COMSOL Model 99

188 VPoint(Q,:) = nan;
189 end
190 for j = 1:length(P)
191 if any(ismember(c{j},c_del)) && j 6= i % if cell has point(s) to delete
192 c_other = c{j};
193 [La,Lb] = ismember(c_other,c_del);
194 [La1,Lb1] = ismember(c_other,c_keep);
195 if any(ismember(c{j},c_keep)) % if cell has point(s) to keep, only delete values ...

any(ismember(c{j},c_keep(nonzeros(Lb))))
196 c_other(La) = [];
197 else % if cell does not have point(s) to keep, only replace values
198 c_other(La) = c_keep;
199 end
200 c{j} = c_other;
201 end
202 end
203 else
204 %% Create new points
205 ClP(2,1) = (ClP(1,1) + ClP(2,1))/ 2;
206 ClP(2,2) = (ClP(1,2) + ClP(2,2))/ 2;
207 % Replace the first point with the new value and delete the other point
208 ClP(1,:) = nan;
209 VPoint(B(o,:)',:) = ClP;
210 % Delete the other c value
211 c_keep = c_new(B(o,2));
212 c_del = c_new(B(o,1));
213 c_new(B(o,1)) = nan;
214 % Find the other cells with these values
215 for j = 1:length(P)
216 if any(ismember(c{j},c_del)) && j 6= i % if cell has point(s) to delete
217 c_other = c{j};
218 [La,Lb] = ismember(c_other,c_del);
219 [La1,Lb1] = ismember(c_other,c_keep);
220 if any(ismember(c{j},c_keep(nonzeros(Lb)))) % if cell has point(s) to keep, only ...

delete values
221 c_other(La) = [];
222 c{j} = c_other;
223 else % if cell does not have point(s) to keep, only replace values
224 c_other(La) = c_keep(nonzeros(Lb));
225 c{j} = c_other;
226 end
227 end
228 end
229 end
230 % Replace old values
231 c{i} = rmmissing(c_new);
232 v(c{i},:) = rmmissing(VPoint);
233 end
234 end
235 end

E.2. COMSOL Model
E.2.1. Create Model

1 import com.comsol.model.*
2 import com.comsol.model.util.*
3 model = ModelUtil.create('Model1');
4 comp1 = model.component.create('comp1',true);
5 geom1 = comp1.geom.create('geom1',2);
6 model.component("comp1").geom("geom1").lengthUnit("um");
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E.2.2. Add Parameters

1 model.param().set("b", [num2str(b) '[m]']);
2 model.param().set("P_max", [num2str(P_max) '[Pa]']);
3 model.param().set("step", 1);
4 model.param().set("nsteps", nsteps);

E.2.3. Create Grains

1 % Create the grains in COMSOL
2 for q = 1:length(P)
3 V = v(c{q},:);
4 tag = ['pol' num2str(q)];
5 geom1.feature.create(tag,'Polygon');
6 geom1.feature(tag).set('x', V(:,1)).set('y', V(:,2));
7 end
8 geom1.run
9

10 % Union of all the grains
11 uni1 = geom1.feature.create('uni1','Union');
12 uni1.selection('input').all();
13 geom1.feature('uni1').selection('input');

E.2.4. Creating Computational Domain

1 % Move union
2 model.component("comp1").geom("geom1").create("mov1", "Move");
3 model.component("comp1").geom("geom1").feature("mov1").selection("input").set("uni1");
4 model.component("comp1").geom("geom1").feature("mov1").set("displx", (Box_Width − ...

Width)/2);
5 model.component("comp1").geom("geom1").feature("mov1").set("disply", Box_Height − ...

Height);
6 % Create boxes around Voronoi
7 % Create Box
8 model.component("comp1").geom("geom1").create("r1", "Rectangle");
9 model.component("comp1").geom("geom1").feature("r1").set("size",[Box_Width, ...

Box_Height]);
10 geom1.run
11 % Difference of Voronoi and Box
12 model.component("comp1").geom("geom1").create("dif1", "Difference");
13 model.component("comp1").geom("geom1").feature("dif1").selection("input").set("r1");
14 model.component("comp1").geom("geom1").feature("dif1").selection("input2").set("mov1");
15 model.component("comp1").geom("geom1").feature("dif1").set("keep", true);
16

17 % Union of Box with voronoi
18 uni2 = geom1.feature.create('uni2','Union');
19 uni2.selection('input').set({'mov1' 'r1'});
20

21 geom1.run

E.2.5. Explicit Grain Selection

1 for p = 1:length(P)+1
2 seltag = ['sel' num2str(p)];
3 model.component("comp1").selection.create(seltag, "Explicit");
4 model.component("comp1").selection(seltag).geom(2);
5 model.component("comp1").selection(seltag).geom('geom1', 2, 1, {'exterior'});
6 model.component("comp1").selection(seltag).set(p);
7 end

E.2.6. Boundary Selection

1 % Create selection for boundary and crack
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2 % Fix all bounds except top
3 % LEFT
4 model.component("comp1").geom("geom1").create("edge_L", "BoxSelection");
5 model.component("comp1").geom("geom1").feature("edge_L").set("xmin", −0.001);
6 model.component("comp1").geom("geom1").feature("edge_L").set("ymin", −0.001);
7 model.component("comp1").geom("geom1").feature("edge_L").set("ymax", Box_Height + ...

0.001);
8 model.component("comp1").geom("geom1").feature("edge_L").set("xmax", 0.001);
9 model.component("comp1").geom("geom1").feature("edge_L").set("groupcontang", false);

10 model.component("comp1").geom("geom1").feature("edge_L").set("condition", "inside");
11 model.component("comp1").geom("geom1").feature("edge_L").set("entitydim", 1);
12 % RIGHT
13 model.component("comp1").geom("geom1").create("edge_R", "BoxSelection");
14 model.component("comp1").geom("geom1").feature("edge_R").set("xmin", Box_Width − ...

0.001);
15 model.component("comp1").geom("geom1").feature("edge_R").set("ymin", −0.001);
16 model.component("comp1").geom("geom1").feature("edge_R").set("ymax", Box_Height + ...

0.001);
17 model.component("comp1").geom("geom1").feature("edge_R").set("xmax", Box_Width + ...

0.001);
18 model.component("comp1").geom("geom1").feature("edge_R").set("groupcontang", false);
19 model.component("comp1").geom("geom1").feature("edge_R").set("condition", "inside");
20 model.component("comp1").geom("geom1").feature("edge_R").set("entitydim", 1);
21 % DOWN
22 model.component("comp1").geom("geom1").create("edge_D", "BoxSelection");
23 model.component("comp1").geom("geom1").feature("edge_D").set("xmin", −0.001);
24 model.component("comp1").geom("geom1").feature("edge_D").set("ymin", −0.001);
25 model.component("comp1").geom("geom1").feature("edge_D").set("ymax", +0.001);
26 model.component("comp1").geom("geom1").feature("edge_D").set("xmax", Box_Width + ...

0.001);
27 model.component("comp1").geom("geom1").feature("edge_D").set("groupcontang", false);
28 model.component("comp1").geom("geom1").feature("edge_D").set("condition", "inside");
29 model.component("comp1").geom("geom1").feature("edge_D").set("entitydim", 1);
30 % UP
31 model.component("comp1").geom("geom1").create("edge_U", "BoxSelection");
32 model.component("comp1").geom("geom1").feature("edge_U").set("xmin", − 0.001);
33 model.component("comp1").geom("geom1").feature("edge_U").set("ymin", Box_Height − ...

0.001);
34 model.component("comp1").geom("geom1").feature("edge_U").set("ymax", Box_Height + ...

0.001);
35 model.component("comp1").geom("geom1").feature("edge_U").set("xmax", Box_Width + ...

0.001);
36 model.component("comp1").geom("geom1").feature("edge_U").set("groupcontang", false);
37 model.component("comp1").geom("geom1").feature("edge_U").set("condition", "inside");
38 model.component("comp1").geom("geom1").feature("edge_U").set("entitydim", 1);
39 % Crack
40 model.component("comp1").selection.create("box1", "Box");
41 model.component("comp1").selection("box1").set("entitydim", 1);
42 model.component("comp1").selection("box1").set("xmin", (Box_Width−Width)/2 − 0.001);
43 model.component("comp1").selection("box1").set("ymin", Box_Height − 0.001);
44 model.component("comp1").selection("box1").set("ymax", Box_Height + 0.001);
45 model.component("comp1").selection("box1").set("xmax", (Box_Width−Width)/2 + ...

Width + 0.001);
46 model.component("comp1").selection("box1").set("condition", "intersects");
47

48 Surface = model.selection("box1").entities();
49 Crack = zeros(geom1.getNEdges,1);
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E.2.7. RVE Selection

1 % RVE Edges
2 model.component("comp1").selection.create("RVE_Edge", "Box");
3 model.component("comp1").selection("RVE_Edge").set("entitydim", 1);
4 model.component("comp1").selection("RVE_Edge").set("xmin", Box_Width/2 − b*10^6 − ...

0.001);
5 model.component("comp1").selection("RVE_Edge").set("ymin", Box_Height − b*10^6 − ...

0.001);
6 model.component("comp1").selection("RVE_Edge").set("ymax", Box_Height + 0.001);
7 model.component("comp1").selection("RVE_Edge").set("xmax", Box_Width/2 + b*10^6 + ...

0.001);
8 model.component("comp1").selection("RVE_Edge").set("condition", "intersects");
9 RVE_Edges = model.selection("RVE_Edge").entities();

10

11

12 % RVE Grains
13 model.component("comp1").selection.create("RVE_Grain", "Box");
14 model.component("comp1").selection("RVE_Grain").set("entitydim", 2);
15 model.component("comp1").selection("RVE_Grain").set("xmin", Box_Width/2 − b*10^6 ...

− 0.001);
16 model.component("comp1").selection("RVE_Grain").set("ymin", Box_Height − b*10^6 ...

− 0.001);
17 model.component("comp1").selection("RVE_Grain").set("ymax", Box_Height + 0.001);
18 model.component("comp1").selection("RVE_Grain").set("xmax", Box_Width/2 + b*10^6 ...

+ 0.001);
19 model.component("comp1").selection("RVE_Grain").set("condition", "intersects");
20 RVE_Grain = model.selection("RVE_Grain").entities();

E.2.8. Stress Distribution

1 model.component("comp1").func().create("an1", "Analytic");
2 model.component("comp1").func("an1").set("fununit", "Pa");
3 model.component("comp1").func("an1").set("argunit", "m");
4 model.component("comp1").func("an1").setIndex("plotargs", "b", 0, 2);
5 model.component("comp1").func("an1").setIndex("plotargs", "−b", 0, 1);
6 model.component("comp1").func("an1").set("funcname", "P_dist");
7 model.component("comp1").func("an1").set("expr", ...

"if(x/b>−1,if(x/b<1,P_max*sqrt(abs(1−(x/b)^2)),0),0)");

E.2.9. Physics

1 phys = comp1.physics.create('solid', 'SolidMechanics', 'geom1');
2 model.component("comp1").physics("solid").feature("lemm1").set("IsotropicOption", ...

"Lame");
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E.2.10. Material Parameters

1 E_0 = 200*10^9;
2 nu = 0.3;
3

4 lambdaLame_0 = (E_0*nu)/((1+nu)*(1−2*nu));
5 mhuLame_0 = E_0/(2*(1+nu));
6 lambdaLame = lambdaLame_0*ones(size(P,1)+1,1);
7 mhuLame = mhuLame_0*ones(size(P,1)+1,1);
8

9 for o = 1:length(P)+1
10 mattag = ['mat' num2str(o)];
11 mat = model.component('comp1').material.create(mattag);
12 model.component('comp1').material(mattag).selection.set(o);
13 mat.materialmodel('def').set('density', 7800);
14 model.component('comp1').material(mattag).propertyGroup().create('Lame', 'Lame ...

parameters'); % Change e in Lame parameters to e with acute accent
15 model.component('comp1').material(mattag).propertyGroup('Lame').set('lambLame', ...

lambdaLame_0);
16 model.component('comp1').material(mattag).propertyGroup('Lame').set('muLame', ...

mhuLame_0);
17 end

E.2.11. Constraints and Load

1 % Create fixed constraint
2 model.component("comp1").physics("solid").create("fix1", "Fixed", 1);
3 model.component("comp1").physics("solid").feature("fix1").selection()...
4 .named("geom1_edge_L");
5 model.component("comp1").physics("solid").create("fix2", "Fixed", 1);
6 model.component("comp1").physics("solid").feature("fix2").selection()...
7 .named("geom1_edge_R");
8 model.component("comp1").physics("solid").create("fix3", "Fixed", 1);
9 model.component("comp1").physics("solid").feature("fix3").selection()...

10 .named("geom1_edge_D");
11

12 % Add boundary load
13 model.component("comp1").physics("solid").create("bndl1", "BoundaryLoad", 1);
14 model.component("comp1").physics("solid").feature("bndl1").selection().named("geom1_edge_U");
15 model.component('comp1').physics('solid').feature('bndl1').set('LoadType', ...

'FollowerPressure');
16 model.component("comp1").physics("solid").feature("bndl1").set("FollowerPressure", ...

"P_dist(X−step)");

E.2.12. Meshing

1 mesh1 = comp1.mesh.create('mesh1');
2 ftri1 = mesh1.feature.create('ftri1','FreeTri');
3 mesh1.feature('size').set('hauto',6);
4 mesh1.run;

E.2.13. Study

1 std = model.study.create('std1');
2 std.feature.create('stat', 'Stationary');
3 model.study("std1").feature("stat").set("useparam", true);
4 model.study("std1").feature("stat").setIndex("punit", "m", 0);
5 model.study("std1").feature("stat").setIndex("plistarr", ...

"range(3*b,(7*b−(3*b))/(nsteps−1),7*b)", 0);
6 model.study("std1").feature("stat").setIndex("pname", "step", 0);
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E.3. CDM Model
E.3.1. Properties and Parameters

1 m = 10.1;
2 tau_r = 6.113 * 10^9;
3 D_del = 0.2;
4 D_edge = zeros(geom1.getNEdges,1);
5 del_shear = zeros(geom1.getNEdges,1);
6 Crack = zeros(geom1.getNEdges,1);
7 D_grain = zeros(length(P)+1,1);
8 del_sheargrain = zeros(length(P)+1,1);
9 Dloop = zeros(length(P)+1,1);

10 Dloopedge = zeros(geom1.getNEdges,1);
11 s = 1;
12 Ncrack = 0;
13 N = 0;
14 conlist = [];
15 CrackInitiation = [];
16 Cycle = [];

E.3.2. Start Model

1 while any(ismember(Crack,Surface)) 6= 1
2 % Run study
3 model.study("std1").run();

E.3.3. Line Average

1 if s == 1
2 %% Line Average
3 % Edge
4 for l = 1:geom1.getNEdges
5 if ismember(l,RVE_Edges)
6 % Create the average values for edges in RVE
7 avtag = ['av' num2str(l)];
8 model.result.numerical().create(avtag, 'AvLine');
9 model.result.numerical(avtag).setIndex('expr', ...

'−0.5*(solid.sx−solid.sy)*sin(2*atan2(nY,nX))+solid.sxy*cos(2*atan2(nY,nX))', 0);
10 model.result.numerical(avtag).selection().set(l);
11 else
12 end
13 end
14 end

E.3.4. Retrieve Data

1 for i = 1:geom1.getNEdges
2 if ismember(i,RVE_Edges)
3 if isnan(D_edge(i))
4 del_shear(i,:) = nan;
5 else
6 avtag = ['av' num2str(i)];
7 % Retrieve data
8 av_val = model.result().numerical(avtag).computeResult();
9 % Calculate shear stress difference during one loadcycle

10 del_shear(i,:) = max(av_val(1,:)) − min(av_val(1,:));
11 end
12 else
13 end
14 end

E.3.5. Damage Rate
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1 D_rate = (del_shear./(tau_r*(1−D_edge))).^m;
2 % Max damage rate
3 [D_ratemax,I] = max(D_rate);
4 % Calculate jump in cycles
5 N_del = D_del/D_ratemax;
6 N = N + N_del
7 Cycle(s) = N;
8 % Damage on all edges
9 D_edge = D_edge + D_rate*N_del;

10 Dloopedge(:,s) = D_edge;

E.3.6. Crack Creation

1 for j = 1:length(D_edge)
2 if ismember(j,RVE_Edges)
3 if D_edge(j) ≥ 1 % If damage larger than 1
4 Ncrack = Ncrack + 1;
5 if Ncrack == 1
6 % Crack initiation
7 CrackInitiation = N;
8 % Add Crack
9 model.component("comp1").physics("solid").create("crack1", "Crack", 1);

10 % Settings of crack node
11 model.component("comp1").physics("solid").feature("crack1").set("CrackSurface", ...

"FromGeometry");
12 % Add Contact node for friction
13 model.component("comp1").physics("solid").create("cnt1", "SolidContact", 1);
14 % Settings of Contact node
15 model.component("comp1").physics("solid").feature("cnt1").create("fric1", ...

"Friction", 1);
16 model.component("comp1").physics("solid").feature("cnt1").feature("fric1")...
17 .set("FrictionModel", "Coulomb");
18 model.component("comp1").physics("solid").feature("cnt1").feature("fric1")...
19 .set("mu_fric", 0.4);
20 end
21 % Save the crack and crack order
22 Crack(j) = j;
23 Crackorder(Ncrack,:) = [j,N];
24 % Fill in crack node
25 model.component("comp1").physics("solid").feature("crack1")...
26 .selection.set(nonzeros(Crack));
27 model.component("comp1").physics("solid").feature("crack1")...
28 .selection("Face1").set(nonzeros(Crack));
29 D_edge(j) = nan;
30 % Create contact selection
31 contag = ['p' num2str(Ncrack)];
32 conlist = [conlist;{contag}];
33 model.component('comp1').pair.create(contag,'Contact');
34 model.component('comp1').pair(contag).source.set(j);
35 model.component('comp1').pair(contag).destination.set(j);
36 % Add to contact node
37 model.component("comp1").physics("solid").feature("cnt1").set("pairs", conlist);
38 end
39 else
40 end
41 end



106 E. Building the Model

E.3.7. Damage of Grain

1 % Grain data gathering
2 for k = 1:length(P)+1
3 if ismember(k,RVE_Grain)
4 % 1 is the outer box, can be skipped
5 seltag = ['sel' num2str(k)];
6 mattag = ['mat' num2str(k)];
7 faces = model.selection(seltag).entities();
8 D_edges = D_edge(faces);
9 D_edges(isnan(D_edges)) = 1;

10 D_grain = mean(D_edges);
11 lambdaLame(k) = (E_0*(1−D_grain)*nu)/((1+nu)*(1−2*nu));
12 mhuLame(k) = (E_0*(1−D_grain))/(2*(1+nu));
13 if D_grain == 1
14 lambdaLame(k) = 1;
15 mhuLame(k) = 1;
16 end
17 Dloop(k,s) = D_grain;
18 mat = model.component("comp1").material(mattag);
19 model.component('comp1').material(mattag).propertyGroup('Lame').set('lambLame', ...

lambdaLame(k));
20 model.component('comp1').material(mattag).propertyGroup('Lame').set('muLame', ...

mhuLame(k));
21 else
22 end
23 end
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1 clc; % Clear command window.
2 clear; % Delete all variables.
3 close all; % Close all figure windows except those created by imtool.
4 %% filename
5 for init = 1:30 %CHECK IF V AND C ARE DIFFERENT, RESTARTING MATLAB RESTARTS THE ...

RANDOM GENERATOR AND THIS COULD MEAN A REPETITION IN MICROSTRUCTURE
6 if init 6= 1
7 ModelUtil.remove('Model');
8 end
9 filename = ['Testingdata/100 um/Test100um.',num2str(init),'.mat'];

10 %% Other parameters
11 % Parametric sweep
12 nsteps = 40;
13 %% BELANGRIJK
14 b = 100*10^(−6);
15 P_max = 1*10^9;
16 %% Create Voronoi
17 try
18 %% Dimensions of domain
19 Width = 3*(b*10^6);
20 Height = 1.5*(b*10^6);
21 Box_Width = 10*(b*10^6);
22 Box_Height = 6*(b*10^6);
23

24 % Distribution
25 Mean_Grain_Diameter = 10;
26 Distribution = 2.5;
27

28 % Initial points placed in domain
29 n_Points = 280000;
30 xPoint = Width*rand(n_Points,1);
31 yPoint = Height*rand(n_Points,1);
32 Random_Points = [xPoint,yPoint];
33

34 % Define counter for how many actually get placed.
35 numPoints = 0;
36

37 % Define fail safe, how many iterations you want to keep trying before quitting.
38 maxIterations = 1000 * n_Points;
39 loopCounter = 1;
40

41 % Allocate space to variables
42 x = nan(numPoints,1);
43 y = nan(numPoints,1);
44 Norm_Distance = nan(numPoints,1);
45

46 %% Point Selection

107
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47 while numPoints < n_Points && loopCounter < maxIterations && numPoints < ...
length(Random_Points)

48 numPoints = numPoints + 1;
49 xChosen = Random_Points(numPoints,1);
50 yChosen = Random_Points(numPoints,2);
51 x(numPoints,1) = xChosen;
52 y(numPoints,1) = yChosen;
53

54 % The grain diameter of the chosen point
55 Norm_Distance(numPoints,1) = abs(normrnd(Mean_Grain_Diameter,Distribution));
56 % Calculate the distance of all points to the chosen point
57 Distances = sqrt((Random_Points(:,1)−xChosen) .^ 2 + (Random_Points(:,2) − ...

yChosen) .^ 2);
58 closePair = Distances ≤ Norm_Distance(numPoints);
59

60 Random_Points(closePair == 1,:) = nan; % Remove all points inside certain distance
61 Random_Points = [x(1:numPoints) y(1:numPoints); Random_Points(numPoints+1:end,1) ...

Random_Points(numPoints+1:end,2)];
62 Random_Points = rmmissing(Random_Points);
63

64 % Increment the loop counter.
65 loopCounter = loopCounter + 1;
66 end
67 P = [x,y];
68 %% Mirror all the points
69 Right = [2*Width − x , y];
70 Left = [0 − x , y];
71 Up = [ x , 2*Height − y];
72 Low = [ x , 0 − y];
73 P_Mirror = [P;Right;Left;Up;Low];
74 [v,c] = voronoin(P_Mirror);
75 %% Remove small vertices for better mesh
76 min_Dist = 2;
77 cnt = 1;
78 tol = 1.e−10;
79 rnd = 5;
80

81 edges = [0,Width,Height];
82 LLcorner = [0,0];
83 LUcorner = [0,Height];
84 RLcorner = [Width,0];
85 RUcorner = [Width,Height];
86

87 for i = 1:length(P)
88 % All the points of the grain
89 VPoint = v(c{i},:);
90 c_new = c{i};
91 cntB = 0;
92 % Distance between the points
93 Dist = pdist(VPoint);
94 % Find points that are too close to each other
95 if any(Dist < min_Dist)
96 cnt = cnt + 1;
97 % Make square out of Dist
98 Z = squareform(Dist);
99 % row and col

100 [row,col] = find(Z < min_Dist & Z 6= 0);
101 ClosePoints = VPoint(col,:);
102 [¬,idx] = unique(sort(ClosePoints,2),'rows','stable');
103 ClosePoints = ClosePoints(idx,:);
104 repCol = ismember(VPoint,ClosePoints,'rows');
105 B = [row,col];
106 [¬,idx] = unique(sort(B,2),'rows','stable');
107 B = B(idx,:);
108 row = B(:,1);
109 col = B(:,2);
110 for o = 1:size(B,1)
111 ClP = round(VPoint(B(o,:)',:),rnd);
112 %% If VPoint has edge members
113 if any(any(ismembertol(ClP,edges)))
114 %% Check if VPoint has corner points
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115 % Left Lower Corner %
116 if any(ismembertol(ClP,LLcorner,'ByRow',true))
117 valChange = not(ismembertol(ClP,LLcorner,'ByRow',true));
118 CloseP = ClP(valChange,:);
119 if ismembertol(CloseP(1,2),0) % Is it on the x−axis?
120 CloseP = [min_Dist, 0];
121 else % Is it on the y−axis?
122 CloseP = [0, min_Dist];
123 end
124 ClP(valChange,:) = CloseP;
125 VPoint(B(o,:)',:) = ClP;
126 % Left Upper Corner %
127 elseif any(ismembertol(ClP,LUcorner,'ByRow',true))
128 valChange = not(ismembertol(ClP,LUcorner,'ByRow',true));
129 CloseP = ClP(valChange,:);
130 if ismembertol(CloseP(1,2),Height) % Is it on the x−axis?
131 CloseP = [min_Dist, Height];
132 else % Is it on the y−axis?
133 CloseP = [0, Height − min_Dist];
134 end
135 ClP(valChange,:) = CloseP;
136 VPoint(B(o,:)',:) = ClP;
137 % Right Lower Corner %
138 elseif any(ismembertol(ClP,RLcorner,'ByRow',true))
139 valChange = not(ismembertol(ClP,RLcorner,'ByRow',true));
140 CloseP = ClP(valChange,:);
141 if ismembertol(CloseP(1,2),0) % Is it on the x−axis?
142 CloseP = [Width − min_Dist, 0];
143 else % Is it on the y−axis?
144 CloseP = [Width, min_Dist];
145 end
146 ClP(valChange,:) = CloseP;
147 VPoint(B(o,:)',:) = ClP;
148 % Right Upper Corner %
149 elseif any(ismembertol(ClP,RUcorner,'ByRow',true))
150 valChange = not(ismembertol(ClP,RUcorner,'ByRow',true));
151 CloseP = ClP(valChange,:);
152 if ismembertol(CloseP(1,2),Height) % Is it on the x−axis?
153 CloseP = [Width − min_Dist, Height];
154 else % Is it on the x−axis?
155 CloseP = [Width, Height − min_Dist];
156 end
157 ClP(valChange,:) = CloseP;
158 VPoint(B(o,:)',:) = ClP;
159 % Check if adjacent or on edge %
160 %% Bottom edge y = 0
161 elseif any(ismembertol(ClP(:,2),0,'ByRow',true))
162 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
163 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
164 t = min_Dist/d;
165 if abs(m) < tol % on line
166 [maxClP,maxvalClP] = max(ClP(:,1));
167 [minClP,minvalClP] = min(ClP(:,1));
168 ClP(maxvalClP,1) = ClP(minvalClP,1) + min_Dist;
169 elseif abs(m) == Inf % Perpendicular to line
170 valChange = not(ismembertol(ClP(:,2),0,'ByRow',true));
171 ClP(valChange,2) = ClP(not(valChange),2) + min_Dist;
172 else
173 valChange = not(ismembertol(ClP(:,2),0,'ByRow',true));
174 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
175 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
176 end
177 VPoint(B(o,:)',:) = ClP;
178 %% Left edge x = 0
179 elseif any(ismembertol(ClP(:,1),0,'ByRow',true))
180 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
181 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
182 t = min_Dist/d;
183 if abs(m) == Inf % on line
184 [maxClP,maxvalClP] = max(ClP(:,2));
185 [minClP,minvalClP] = min(ClP(:,2));
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186 ClP(maxvalClP,2) = ClP(minvalClP,2) + min_Dist;
187 elseif abs(m) < tol % Perpendicular to line
188 valChange = not(ismembertol(ClP(:,1),0,'ByRow',true));
189 ClP(valChange,1) = ClP(not(valChange),1) + min_Dist;
190 else
191 valChange = not(ismembertol(ClP(:,1),0,'ByRow',true));
192 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
193 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
194 end
195 VPoint(B(o,:)',:) = ClP;
196 %% Top edge y = Height
197 elseif any(ismembertol(ClP(:,2),Height,'ByRow',true))
198 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
199 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
200 t = min_Dist/d;
201 if abs(m) < tol % on line
202 [maxClP,maxvalClP] = max(ClP(:,1));
203 [minClP,minvalClP] = min(ClP(:,1));
204 ClP(maxvalClP,1) = ClP(minvalClP,1) + min_Dist;
205 elseif abs(m) == Inf % Perpendicular to line
206 valChange = not(ismembertol(ClP(:,2),Height,'ByRow',true));
207 ClP(valChange,2) = ClP(not(valChange),2) − min_Dist;
208 else
209 valChange = not(ismembertol(ClP(:,2),Height,'ByRow',true));
210 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
211 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
212 end
213 VPoint(B(o,:)',:) = ClP;
214 %% Right edge x = Width
215 elseif any(ismembertol(ClP(:,1),Width,'ByRow',true))
216 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
217 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
218 t = min_Dist/d;
219 if abs(m) == Inf % on line
220 [maxClP,maxvalClP] = max(ClP(:,2));
221 [minClP,minvalClP] = min(ClP(:,2));
222 ClP(maxvalClP,2) = ClP(minvalClP,2) + min_Dist;
223 elseif abs(m) < tol % Perpendicular to line
224 valChange = not(ismembertol(ClP(:,1),Width,'ByRow',true));
225 ClP(valChange,1) = ClP(not(valChange),1) − min_Dist;
226 else
227 valChange = not(ismembertol(ClP(:,1),Width,'ByRow',true));
228 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
229 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
230 end
231 VPoint(B(o,:)',:) = ClP;
232 end
233 %% ClP has no edge values
234 % Does it have multiple small lines?
235 elseif sum(any(ismember(B,B(o,:)),2)) > 1 % If true, close lines adjacent
236 cntB = cntB + 1;
237 if cntB > 1
238 continue
239 end
240 [C,ia,ic] = unique(B);
241 B_counts = accumarray(ic,1);
242 numCount = [B_counts,C];
243 % Find point in the middle
244 A = C(B_counts == 2);
245 if size(A,1) > 1 % The end points of the adjacent line also within min dist
246 G = VPoint(A,:);
247 Gdist = pdist(G);
248 ZG = squareform(Gdist);
249 [maxValue,linearIndexesOfMaxes] = max(ZG(:));
250 [rowsOfMaxes, colsOfMaxes] = find(ZG == maxValue);
251 VPoint(A(colsOfMaxes),:) = nan;
252 c_keep = c_new(A(not(ismember(A,A(colsOfMaxes)))));
253 c_del = c_new(A(colsOfMaxes));
254 c_new(A(colsOfMaxes)) = nan;
255 VPoint(A(colsOfMaxes)) = nan;
256 else
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257 Q = B(any(ismember(B,B(o,:)),2),:);
258 Q = Q(Q 6= A);
259 c_keep = c_new(A);
260 c_del = c_new(Q);
261 c_new(Q) = nan;
262 VPoint(Q,:) = nan;
263 end
264 for j = 1:length(P)
265 if any(ismember(c{j},c_del)) && j 6= i % if cell has point(s) to delete
266 c_other = c{j};
267 [La,Lb] = ismember(c_other,c_del);
268 [La1,Lb1] = ismember(c_other,c_keep);
269 if any(ismember(c{j},c_keep)) % if cell has point(s) to keep, only delete ...

values any(ismember(c{j},c_keep(nonzeros(Lb))))
270 c_other(La) = [];
271 else % if cell does not have point(s) to keep, only replace values
272 c_other(La) = c_keep;
273 end
274 c{j} = c_other;
275 end
276 end
277 else
278 %% Create new points
279 ClP(2,1) = (ClP(1,1) + ClP(2,1))/ 2;
280 ClP(2,2) = (ClP(1,2) + ClP(2,2))/ 2;
281 % Replace the first point with the new value and delete the other point
282 ClP(1,:) = nan;
283 VPoint(B(o,:)',:) = ClP;
284 % Delete the other c value
285 c_keep = c_new(B(o,2));
286 c_del = c_new(B(o,1));
287 c_new(B(o,1)) = nan;
288 % Find the other cells with these values
289 for j = 1:length(P)
290 if any(ismember(c{j},c_del)) && j 6= i % if cell has point(s) to delete
291 c_other = c{j};
292 [La,Lb] = ismember(c_other,c_del);
293 [La1,Lb1] = ismember(c_other,c_keep);
294 if any(ismember(c{j},c_keep(nonzeros(Lb)))) % if cell has point(s) to keep, ...

only delete values
295 c_other(La) = [];
296 c{j} = c_other;
297 else % if cell does not have point(s) to keep, only replace values
298 c_other(La) = c_keep(nonzeros(Lb));
299 c{j} = c_other;
300 end
301 end
302 end
303 end
304 % Replace old values
305 c{i} = rmmissing(c_new);
306 v(c{i},:) = rmmissing(VPoint);
307 end
308 end
309 end
310 catch
311 %% Dimensions of domain
312 Width = 3*(b*10^6);
313 Height = 1.5*(b*10^6);
314 Box_Width = 10*(b*10^6);
315 Box_Height = 6*(b*10^6);
316

317 % Distribution
318 Mean_Grain_Diameter = 10;
319 Distribution = 2.5;
320

321 % Initial points placed in domain
322 n_Points = 280000;
323 xPoint = Width*rand(n_Points,1);
324 yPoint = Height*rand(n_Points,1);
325 Random_Points = [xPoint,yPoint];
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326

327 % Define counter for how many actually get placed.
328 numPoints = 0;
329

330 % Define fail safe, how many iterations you want to keep trying before quitting.
331 maxIterations = 1000 * n_Points;
332 loopCounter = 1;
333

334 % Allocate space to variables
335 x = nan(numPoints,1);
336 y = nan(numPoints,1);
337 Norm_Distance = nan(numPoints,1);
338

339 %% Point Selection
340 while numPoints < n_Points && loopCounter < maxIterations && numPoints < ...

length(Random_Points)
341 numPoints = numPoints + 1;
342 xChosen = Random_Points(numPoints,1);
343 yChosen = Random_Points(numPoints,2);
344 x(numPoints,1) = xChosen;
345 y(numPoints,1) = yChosen;
346

347 % The grain diameter of the chosen point
348 Norm_Distance(numPoints,1) = abs(normrnd(Mean_Grain_Diameter,Distribution));
349 % Calculate the distance of all points to the chosen point
350 Distances = sqrt((Random_Points(:,1)−xChosen) .^ 2 + (Random_Points(:,2) − ...

yChosen) .^ 2);
351 closePair = Distances ≤ Norm_Distance(numPoints);
352

353 Random_Points(closePair == 1,:) = nan; % Remove all points inside certain distance
354 Random_Points = [x(1:numPoints) y(1:numPoints); Random_Points(numPoints+1:end,1) ...

Random_Points(numPoints+1:end,2)];
355 Random_Points = rmmissing(Random_Points);
356

357 % Increment the loop counter.
358 loopCounter = loopCounter + 1;
359 end
360 P = [x,y];
361 %% Mirror all the points
362 Right = [2*Width − x , y];
363 Left = [0 − x , y];
364 Up = [ x , 2*Height − y];
365 Low = [ x , 0 − y];
366 P_Mirror = [P;Right;Left;Up;Low];
367 [v,c] = voronoin(P_Mirror);
368 %% Remove small vertices for better mesh
369 min_Dist = 2;
370 cnt = 1;
371 tol = 1.e−10;
372 rnd = 5;
373

374 edges = [0,Width,Height];
375 LLcorner = [0,0];
376 LUcorner = [0,Height];
377 RLcorner = [Width,0];
378 RUcorner = [Width,Height];
379

380 for i = 1:length(P)
381 % All the points of the grain
382 VPoint = v(c{i},:);
383 c_new = c{i};
384 cntB = 0;
385 % Distance between the points
386 Dist = pdist(VPoint);
387 % Find points that are too close to each other
388 if any(Dist < min_Dist)
389 cnt = cnt + 1;
390 % Make square out of Dist
391 Z = squareform(Dist);
392 % row and col
393 [row,col] = find(Z < min_Dist & Z 6= 0);
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394 ClosePoints = VPoint(col,:);
395 [¬,idx] = unique(sort(ClosePoints,2),'rows','stable');
396 ClosePoints = ClosePoints(idx,:);
397 repCol = ismember(VPoint,ClosePoints,'rows');
398 B = [row,col];
399 [¬,idx] = unique(sort(B,2),'rows','stable');
400 B = B(idx,:);
401 row = B(:,1);
402 col = B(:,2);
403 for o = 1:size(B,1)
404 ClP = round(VPoint(B(o,:)',:),rnd);
405 %% If VPoint has edge members
406 if any(any(ismembertol(ClP,edges)))
407 %% Check if VPoint has corner points
408 % Left Lower Corner %
409 if any(ismembertol(ClP,LLcorner,'ByRow',true))
410 valChange = not(ismembertol(ClP,LLcorner,'ByRow',true));
411 CloseP = ClP(valChange,:);
412 if ismembertol(CloseP(1,2),0) % Is it on the x−axis?
413 CloseP = [min_Dist, 0];
414 else % Is it on the y−axis?
415 CloseP = [0, min_Dist];
416 end
417 ClP(valChange,:) = CloseP;
418 VPoint(B(o,:)',:) = ClP;
419 % Left Upper Corner %
420 elseif any(ismembertol(ClP,LUcorner,'ByRow',true))
421 valChange = not(ismembertol(ClP,LUcorner,'ByRow',true));
422 CloseP = ClP(valChange,:);
423 if ismembertol(CloseP(1,2),Height) % Is it on the x−axis?
424 CloseP = [min_Dist, Height];
425 else % Is it on the y−axis?
426 CloseP = [0, Height − min_Dist];
427 end
428 ClP(valChange,:) = CloseP;
429 VPoint(B(o,:)',:) = ClP;
430 % Right Lower Corner %
431 elseif any(ismembertol(ClP,RLcorner,'ByRow',true))
432 valChange = not(ismembertol(ClP,RLcorner,'ByRow',true));
433 CloseP = ClP(valChange,:);
434 if ismembertol(CloseP(1,2),0) % Is it on the x−axis?
435 CloseP = [Width − min_Dist, 0];
436 else % Is it on the y−axis?
437 CloseP = [Width, min_Dist];
438 end
439 ClP(valChange,:) = CloseP;
440 VPoint(B(o,:)',:) = ClP;
441 % Right Upper Corner %
442 elseif any(ismembertol(ClP,RUcorner,'ByRow',true))
443 valChange = not(ismembertol(ClP,RUcorner,'ByRow',true));
444 CloseP = ClP(valChange,:);
445 if ismembertol(CloseP(1,2),Height) % Is it on the x−axis?
446 CloseP = [Width − min_Dist, Height];
447 else % Is it on the x−axis?
448 CloseP = [Width, Height − min_Dist];
449 end
450 ClP(valChange,:) = CloseP;
451 VPoint(B(o,:)',:) = ClP;
452 % Check if adjacent or on edge %
453 %% Bottom edge y = 0
454 elseif any(ismembertol(ClP(:,2),0,'ByRow',true))
455 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
456 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
457 t = min_Dist/d;
458 if abs(m) < tol % on line
459 [maxClP,maxvalClP] = max(ClP(:,1));
460 [minClP,minvalClP] = min(ClP(:,1));
461 ClP(maxvalClP,1) = ClP(minvalClP,1) + min_Dist;
462 elseif abs(m) == Inf % Perpendicular to line
463 valChange = not(ismembertol(ClP(:,2),0,'ByRow',true));
464 ClP(valChange,2) = ClP(not(valChange),2) + min_Dist;
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465 else
466 valChange = not(ismembertol(ClP(:,2),0,'ByRow',true));
467 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
468 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
469 end
470 VPoint(B(o,:)',:) = ClP;
471 %% Left edge x = 0
472 elseif any(ismembertol(ClP(:,1),0,'ByRow',true))
473 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
474 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
475 t = min_Dist/d;
476 if abs(m) == Inf % on line
477 [maxClP,maxvalClP] = max(ClP(:,2));
478 [minClP,minvalClP] = min(ClP(:,2));
479 ClP(maxvalClP,2) = ClP(minvalClP,2) + min_Dist;
480 elseif abs(m) < tol % Perpendicular to line
481 valChange = not(ismembertol(ClP(:,1),0,'ByRow',true));
482 ClP(valChange,1) = ClP(not(valChange),1) + min_Dist;
483 else
484 valChange = not(ismembertol(ClP(:,1),0,'ByRow',true));
485 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
486 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
487 end
488 VPoint(B(o,:)',:) = ClP;
489 %% Top edge y = Height
490 elseif any(ismembertol(ClP(:,2),Height,'ByRow',true))
491 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
492 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
493 t = min_Dist/d;
494 if abs(m) < tol % on line
495 [maxClP,maxvalClP] = max(ClP(:,1));
496 [minClP,minvalClP] = min(ClP(:,1));
497 ClP(maxvalClP,1) = ClP(minvalClP,1) + min_Dist;
498 elseif abs(m) == Inf % Perpendicular to line
499 valChange = not(ismembertol(ClP(:,2),Height,'ByRow',true));
500 ClP(valChange,2) = ClP(not(valChange),2) − min_Dist;
501 else
502 valChange = not(ismembertol(ClP(:,2),Height,'ByRow',true));
503 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
504 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
505 end
506 VPoint(B(o,:)',:) = ClP;
507 %% Right edge x = Width
508 elseif any(ismembertol(ClP(:,1),Width,'ByRow',true))
509 m = (ClP(2,2) − ClP(1,2))/(ClP(2,1) − ClP(1,1));
510 d = sqrt((ClP(2,1) − ClP(1,1))^2 + (ClP(2,2) − ClP(1,2))^2);
511 t = min_Dist/d;
512 if abs(m) == Inf % on line
513 [maxClP,maxvalClP] = max(ClP(:,2));
514 [minClP,minvalClP] = min(ClP(:,2));
515 ClP(maxvalClP,2) = ClP(minvalClP,2) + min_Dist;
516 elseif abs(m) < tol % Perpendicular to line
517 valChange = not(ismembertol(ClP(:,1),Width,'ByRow',true));
518 ClP(valChange,1) = ClP(not(valChange),1) − min_Dist;
519 else
520 valChange = not(ismembertol(ClP(:,1),Width,'ByRow',true));
521 ClP(valChange,1) = (1−t)*ClP(not(valChange),1) + ClP(valChange,1)*t;
522 ClP(valChange,2) = (1−t)*ClP(not(valChange),2) + ClP(valChange,2)*t;
523 end
524 VPoint(B(o,:)',:) = ClP;
525 end
526 %% ClP has no edge values
527 % Does it have multiple small lines?
528 elseif sum(any(ismember(B,B(o,:)),2)) > 1 % If true, close lines adjacent
529 cntB = cntB + 1;
530 if cntB > 1
531 continue
532 end
533 [C,ia,ic] = unique(B);
534 B_counts = accumarray(ic,1);
535 numCount = [B_counts,C];
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536 % Find point in the middle
537 A = C(B_counts == 2);
538 if size(A,1) > 1 % The end points of the adjacent line also within min dist
539 G = VPoint(A,:);
540 Gdist = pdist(G);
541 ZG = squareform(Gdist);
542 [maxValue,linearIndexesOfMaxes] = max(ZG(:));
543 [rowsOfMaxes, colsOfMaxes] = find(ZG == maxValue);
544 VPoint(A(colsOfMaxes),:) = nan;
545 c_keep = c_new(A(not(ismember(A,A(colsOfMaxes)))));
546 c_del = c_new(A(colsOfMaxes));
547 c_new(A(colsOfMaxes)) = nan;
548 VPoint(A(colsOfMaxes)) = nan;
549 else
550 Q = B(any(ismember(B,B(o,:)),2),:);
551 Q = Q(Q 6= A);
552 c_keep = c_new(A);
553 c_del = c_new(Q);
554 c_new(Q) = nan;
555 VPoint(Q,:) = nan;
556 end
557 for j = 1:length(P)
558 if any(ismember(c{j},c_del)) && j 6= i % if cell has point(s) to delete
559 c_other = c{j};
560 [La,Lb] = ismember(c_other,c_del);
561 [La1,Lb1] = ismember(c_other,c_keep);
562 if any(ismember(c{j},c_keep)) % if cell has point(s) to keep, only delete ...

values any(ismember(c{j},c_keep(nonzeros(Lb))))
563 c_other(La) = [];
564 else % if cell does not have point(s) to keep, only replace values
565 c_other(La) = c_keep;
566 end
567 c{j} = c_other;
568 end
569 end
570 else
571 %% Create new points
572 ClP(2,1) = (ClP(1,1) + ClP(2,1))/ 2;
573 ClP(2,2) = (ClP(1,2) + ClP(2,2))/ 2;
574 % Replace the first point with the new value and delete the other point
575 ClP(1,:) = nan;
576 VPoint(B(o,:)',:) = ClP;
577 % Delete the other c value
578 c_keep = c_new(B(o,2));
579 c_del = c_new(B(o,1));
580 c_new(B(o,1)) = nan;
581 % Find the other cells with these values
582 for j = 1:length(P)
583 if any(ismember(c{j},c_del)) && j 6= i % if cell has point(s) to delete
584 c_other = c{j};
585 [La,Lb] = ismember(c_other,c_del);
586 [La1,Lb1] = ismember(c_other,c_keep);
587 if any(ismember(c{j},c_keep(nonzeros(Lb)))) % if cell has point(s) to keep, ...

only delete values
588 c_other(La) = [];
589 c{j} = c_other;
590 else % if cell does not have point(s) to keep, only replace values
591 c_other(La) = c_keep(nonzeros(Lb));
592 c{j} = c_other;
593 end
594 end
595 end
596 end
597 % Replace old values
598 c{i} = rmmissing(c_new);
599 v(c{i},:) = rmmissing(VPoint);
600 end
601 end
602 end
603 end
604 %% START COMSOL
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605 import com.comsol.model.*
606 import com.comsol.model.util.*
607 model = ModelUtil.create('Model1');
608 comp1 = model.component.create('comp1',true);
609 geom1 = comp1.geom.create('geom1',2);
610 model.component("comp1").geom("geom1").lengthUnit("um");
611 % Parameters
612 model.param().set("b", [num2str(b) '[m]']);
613 model.param().set("P_max", [num2str(P_max) '[Pa]']);
614 model.param().set("step", 1);
615 model.param().set("nsteps", nsteps);
616 % Create the grains in COMSOL
617 for q = 1:length(P)
618 V = v(c{q},:);
619 tag = ['pol' num2str(q)];
620 geom1.feature.create(tag,'Polygon');
621 geom1.feature(tag).set('x', V(:,1)).set('y', V(:,2));
622 end
623 geom1.run
624

625 % Union of all the grains
626 uni1 = geom1.feature.create('uni1','Union');
627 uni1.selection('input').all();
628 geom1.feature('uni1').selection('input');
629 % Move union
630 model.component("comp1").geom("geom1").create("mov1", "Move");
631 model.component("comp1").geom("geom1").feature("mov1").selection("input").set("uni1");
632 model.component("comp1").geom("geom1").feature("mov1").set("displx", (Box_Width − ...

Width)/2);
633 model.component("comp1").geom("geom1").feature("mov1").set("disply", Box_Height − ...

Height);
634 % Create boxes around Voronoi
635 % Create Box
636 model.component("comp1").geom("geom1").create("r1", "Rectangle");
637 model.component("comp1").geom("geom1").feature("r1").set("size",[Box_Width, ...

Box_Height]);
638 geom1.run
639 % Difference of Voronoi and Box
640 model.component("comp1").geom("geom1").create("dif1", "Difference");
641 model.component("comp1").geom("geom1").feature("dif1").selection("input").set("r1");
642 model.component("comp1").geom("geom1").feature("dif1").selection("input2").set("mov1");
643 model.component("comp1").geom("geom1").feature("dif1").set("keep", true);
644

645 % Union of Box with voronoi
646 uni2 = geom1.feature.create('uni2','Union');
647 uni2.selection('input').set({'mov1' 'r1'});
648

649 geom1.run
650

651 % Create explicit grain selection
652 for p = 1:length(P)+1
653 seltag = ['sel' num2str(p)];
654 model.component("comp1").selection.create(seltag, "Explicit");
655 model.component("comp1").selection(seltag).geom(2);
656 model.component("comp1").selection(seltag).geom('geom1', 2, 1, {'exterior'});
657 model.component("comp1").selection(seltag).set(p);
658 end
659 % Create selection for boundary and crack
660 % Fix all bounds except top
661 % LEFT
662 model.component("comp1").geom("geom1").create("edge_L", "BoxSelection");
663 model.component("comp1").geom("geom1").feature("edge_L").set("xmin", −0.001);
664 model.component("comp1").geom("geom1").feature("edge_L").set("ymin", −0.001);
665 model.component("comp1").geom("geom1").feature("edge_L").set("ymax", Box_Height + ...

0.001);
666 model.component("comp1").geom("geom1").feature("edge_L").set("xmax", 0.001);
667 model.component("comp1").geom("geom1").feature("edge_L").set("groupcontang", false);
668 model.component("comp1").geom("geom1").feature("edge_L").set("condition", "inside");
669 model.component("comp1").geom("geom1").feature("edge_L").set("entitydim", 1);
670 % RIGHT
671 model.component("comp1").geom("geom1").create("edge_R", "BoxSelection");
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672 model.component("comp1").geom("geom1").feature("edge_R").set("xmin", Box_Width − 0.001);
673 model.component("comp1").geom("geom1").feature("edge_R").set("ymin", −0.001);
674 model.component("comp1").geom("geom1").feature("edge_R").set("ymax", Box_Height + ...

0.001);
675 model.component("comp1").geom("geom1").feature("edge_R").set("xmax", Box_Width + ...

0.001);
676 model.component("comp1").geom("geom1").feature("edge_R").set("groupcontang", false);
677 model.component("comp1").geom("geom1").feature("edge_R").set("condition", "inside");
678 model.component("comp1").geom("geom1").feature("edge_R").set("entitydim", 1);
679 % DOWN
680 model.component("comp1").geom("geom1").create("edge_D", "BoxSelection");
681 model.component("comp1").geom("geom1").feature("edge_D").set("xmin", −0.001);
682 model.component("comp1").geom("geom1").feature("edge_D").set("ymin", −0.001);
683 model.component("comp1").geom("geom1").feature("edge_D").set("ymax", +0.001);
684 model.component("comp1").geom("geom1").feature("edge_D").set("xmax", Box_Width + 0.001);
685 model.component("comp1").geom("geom1").feature("edge_D").set("groupcontang", false);
686 model.component("comp1").geom("geom1").feature("edge_D").set("condition", "inside");
687 model.component("comp1").geom("geom1").feature("edge_D").set("entitydim", 1);
688 % UP
689 model.component("comp1").geom("geom1").create("edge_U", "BoxSelection");
690 model.component("comp1").geom("geom1").feature("edge_U").set("xmin", − 0.001);
691 model.component("comp1").geom("geom1").feature("edge_U").set("ymin", Box_Height − ...

0.001);
692 model.component("comp1").geom("geom1").feature("edge_U").set("ymax", Box_Height + ...

0.001);
693 model.component("comp1").geom("geom1").feature("edge_U").set("xmax", Box_Width + ...

0.001);
694 model.component("comp1").geom("geom1").feature("edge_U").set("groupcontang", false);
695 model.component("comp1").geom("geom1").feature("edge_U").set("condition", "inside");
696 model.component("comp1").geom("geom1").feature("edge_U").set("entitydim", 1);
697 % Crack
698 model.component("comp1").selection.create("box1", "Box");
699 model.component("comp1").selection("box1").set("entitydim", 1);
700 model.component("comp1").selection("box1").set("xmin", (Box_Width−Width)/2 − 0.001);
701 model.component("comp1").selection("box1").set("ymin", Box_Height − 0.001);
702 model.component("comp1").selection("box1").set("ymax", Box_Height + 0.001);
703 model.component("comp1").selection("box1").set("xmax", (Box_Width−Width)/2 + Width + ...

0.001);
704 model.component("comp1").selection("box1").set("condition", "intersects");
705

706 Surface = model.selection("box1").entities();
707 Crack = zeros(geom1.getNEdges,1);
708

709 % RVE Edges
710 model.component("comp1").selection.create("RVE_Edge", "Box");
711 model.component("comp1").selection("RVE_Edge").set("entitydim", 1);
712 model.component("comp1").selection("RVE_Edge").set("xmin", Box_Width/2 − b*10^6 − ...

0.001);
713 model.component("comp1").selection("RVE_Edge").set("ymin", Box_Height − b*10^6 − ...

0.001);
714 model.component("comp1").selection("RVE_Edge").set("ymax", Box_Height + 0.001);
715 model.component("comp1").selection("RVE_Edge").set("xmax", Box_Width/2 + b*10^6 + ...

0.001);
716 model.component("comp1").selection("RVE_Edge").set("condition", "intersects");
717 RVE_Edges = model.selection("RVE_Edge").entities();
718

719

720 % RVE Grains
721 model.component("comp1").selection.create("RVE_Grain", "Box");
722 model.component("comp1").selection("RVE_Grain").set("entitydim", 2);
723 model.component("comp1").selection("RVE_Grain").set("xmin", Box_Width/2 − b*10^6 − ...

0.001);
724 model.component("comp1").selection("RVE_Grain").set("ymin", Box_Height − b*10^6 − ...

0.001);
725 model.component("comp1").selection("RVE_Grain").set("ymax", Box_Height + 0.001);
726 model.component("comp1").selection("RVE_Grain").set("xmax", Box_Width/2 + b*10^6 + ...

0.001);
727 model.component("comp1").selection("RVE_Grain").set("condition", "intersects");
728 RVE_Grain = model.selection("RVE_Grain").entities();
729

730 % Definitions
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731 model.component("comp1").func().create("an1", "Analytic");
732 model.component("comp1").func("an1").set("fununit", "Pa");
733 model.component("comp1").func("an1").set("argunit", "m");
734 model.component("comp1").func("an1").setIndex("plotargs", "b", 0, 2);
735 model.component("comp1").func("an1").setIndex("plotargs", "−b", 0, 1);
736 model.component("comp1").func("an1").set("funcname", "P_dist");
737 model.component("comp1").func("an1").set("expr", ...

"if(x/b>−1,if(x/b<1,P_max*sqrt(abs(1−(x/b)^2)),0),0)");
738 % Add physics
739 phys = comp1.physics.create('solid', 'SolidMechanics', 'geom1');
740 model.component("comp1").physics("solid").feature("lemm1").set("IsotropicOption", ...

"Lame");
741 % Add Material
742 E_0 = 200*10^9;
743 nu = 0.3;
744

745 lambdaLame_0 = (E_0*nu)/((1+nu)*(1−2*nu));
746 mhuLame_0 = E_0/(2*(1+nu));
747 lambdaLame = lambdaLame_0*ones(size(P,1)+1,1);
748 mhuLame = mhuLame_0*ones(size(P,1)+1,1);
749

750 for o = 1:length(P)+1
751 mattag = ['mat' num2str(o)];
752 mat = model.component('comp1').material.create(mattag);
753 model.component('comp1').material(mattag).selection.set(o);
754 mat.materialmodel('def').set('density', 7800);
755 model.component('comp1').material(mattag).propertyGroup().create('Lame', 'Lame ...

parameters'); % Change e in Lame parameters to e with acute accent
756 model.component('comp1').material(mattag).propertyGroup('Lame').set('lambLame', ...

lambdaLame_0);
757 model.component('comp1').material(mattag).propertyGroup('Lame').set('muLame', ...

mhuLame_0);
758 end
759 % Create fixed constraint
760 model.component("comp1").physics("solid").create("fix1", "Fixed", 1);
761 model.component("comp1").physics("solid").feature("fix1").selection()...
762 .named("geom1_edge_L");
763 model.component("comp1").physics("solid").create("fix2", "Fixed", 1);
764 model.component("comp1").physics("solid").feature("fix2").selection()...
765 .named("geom1_edge_R");
766 model.component("comp1").physics("solid").create("fix3", "Fixed", 1);
767 model.component("comp1").physics("solid").feature("fix3").selection()...
768 .named("geom1_edge_D");
769

770 % Add boundary load
771 model.component("comp1").physics("solid").create("bndl1", "BoundaryLoad", 1);
772 model.component("comp1").physics("solid").feature("bndl1").selection().named("geom1_edge_U");
773 model.component('comp1').physics('solid').feature('bndl1').set('LoadType', ...

'FollowerPressure');
774 model.component("comp1").physics("solid").feature("bndl1").set("FollowerPressure", ...

"P_dist(X−step)");
775 % Meshing
776 mesh1 = comp1.mesh.create('mesh1');
777 ftri1 = mesh1.feature.create('ftri1','FreeTri');
778 mesh1.feature('size').set('hauto',6);
779 mesh1.run;
780 % Adding study
781 std = model.study.create('std1');
782 std.feature.create('stat', 'Stationary');
783 model.study("std1").feature("stat").set("useparam", true);
784 model.study("std1").feature("stat").setIndex("punit", "m", 0);
785 model.study("std1").feature("stat").setIndex("plistarr", ...

"range(3*b,(7*b−(3*b))/(nsteps−1),7*b)", 0);
786 model.study("std1").feature("stat").setIndex("pname", "step", 0);
787 %% Stop the study when crack reaches surface
788 % Properties
789 m = 10.1;
790 tau_r = 6.113 * 10^9;
791 D_del = 0.2;
792

793 D_edge = zeros(geom1.getNEdges,1);
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794 del_shear = zeros(geom1.getNEdges,1);
795 Crack = zeros(geom1.getNEdges,1);
796 D_grain = zeros(length(P)+1,1);
797 del_sheargrain = zeros(length(P)+1,1);
798 Dloop = zeros(length(P)+1,1);
799 Dloopedge = zeros(geom1.getNEdges,1);
800

801 s = 1;
802 Ncrack = 0;
803 N = 0;
804 conlist = [];
805 CrackInitiation = [];
806 Cycle = [];
807

808 while any(ismember(Crack,Surface)) 6= 1
809 tic
810 % Run study
811 model.study("std1").run();
812 if s == 1
813 %% Line Average
814 % Edge
815 for l = 1:geom1.getNEdges
816 if ismember(l,RVE_Edges)
817 % Create the average values for edges in RVE
818 avtag = ['av' num2str(l)];
819 model.result.numerical().create(avtag, 'AvLine');
820 model.result.numerical(avtag).setIndex('expr', ...

'−0.5*(solid.sx−solid.sy)*sin(2*atan2(nY,nX))+solid.sxy*cos(2*atan2(nY,nX))', ...
0);

821 model.result.numerical(avtag).selection().set(l);
822 else
823 end
824 end
825 end
826 % Retrieve all data from edges
827 for i = 1:geom1.getNEdges
828 if ismember(i,RVE_Edges)
829 if isnan(D_edge(i))
830 del_shear(i,:) = nan;
831 else
832 avtag = ['av' num2str(i)];
833 % Retrieve data
834 av_val = model.result().numerical(avtag).computeResult();
835 % Calculate shear stress difference during one loadcycle
836 del_shear(i,:) = max(av_val(1,:)) − min(av_val(1,:));
837 end
838 else
839 end
840 end
841 %% Damage rate of all edges
842 D_rate = (del_shear./(tau_r*(1−D_edge))).^m;
843 % Max damage rate
844 [D_ratemax,I] = max(D_rate);
845 % Calculate jump in cycles
846 N_del = D_del/D_ratemax;
847 N = N + N_del
848 Cycle(s) = N;
849 % Damage on all edges
850 D_edge = D_edge + D_rate*N_del;
851 Dloopedge(:,s) = D_edge;
852 %% Crack creation
853 for j = 1:length(D_edge)
854 if ismember(j,RVE_Edges)
855 if D_edge(j) ≥ 1 % If damage larger than 1
856 Ncrack = Ncrack + 1;
857 if Ncrack == 1
858 % Crack initiation
859 CrackInitiation = N;
860 % Add Crack
861 model.component("comp1").physics("solid").create("crack1", "Crack", 1);
862 % Settings of crack node
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863 model.component("comp1").physics("solid").feature("crack1").set("CrackSurface", ...
"FromGeometry");

864 % Add Contact node for friction
865 model.component("comp1").physics("solid").create("cnt1", "SolidContact", 1);
866 % Settings of Contact node
867 model.component("comp1").physics("solid").feature("cnt1").create("fric1", ...

"Friction", 1);
868 model.component("comp1").physics("solid").feature("cnt1").feature("fric1")...
869 .set("FrictionModel", "Coulomb");
870 model.component("comp1").physics("solid").feature("cnt1").feature("fric1")...
871 .set("mu_fric", 0.4);
872 end
873 % Save the crack and crack order
874 Crack(j) = j;
875 Crackorder(Ncrack,:) = [j,N];
876 % Fill in crack node
877 model.component("comp1").physics("solid").feature("crack1")...
878 .selection.set(nonzeros(Crack));
879 model.component("comp1").physics("solid").feature("crack1")...
880 .selection("Face1").set(nonzeros(Crack));
881 D_edge(j) = nan;
882 % Create contact selection
883 contag = ['p' num2str(Ncrack)];
884 conlist = [conlist;{contag}];
885 model.component('comp1').pair.create(contag,'Contact');
886 model.component('comp1').pair(contag).source.set(j);
887 model.component('comp1').pair(contag).destination.set(j);
888 % Add to contact node
889 model.component("comp1").physics("solid").feature("cnt1").set("pairs", conlist);
890 end
891 else
892 end
893 end
894 %% Damage of grain
895 % Grain data gathering
896 for k = 1:length(P)+1
897 if ismember(k,RVE_Grain)
898 % 1 is the outer box, can be skipped
899 seltag = ['sel' num2str(k)];
900 mattag = ['mat' num2str(k)];
901 faces = model.selection(seltag).entities();
902 D_edges = D_edge(faces);
903 D_edges(isnan(D_edges)) = 1;
904 D_grain = mean(D_edges);
905 lambdaLame(k) = (E_0*(1−D_grain)*nu)/((1+nu)*(1−2*nu));
906 mhuLame(k) = (E_0*(1−D_grain))/(2*(1+nu));
907 if D_grain == 1
908 lambdaLame(k) = 1;
909 mhuLame(k) = 1;
910 end
911 Dloop(k,s) = D_grain;
912 mat = model.component("comp1").material(mattag);
913 model.component('comp1').material(mattag).propertyGroup('Lame').set('lambLame', ...

lambdaLame(k));
914 model.component('comp1').material(mattag).propertyGroup('Lame').set('muLame', ...

mhuLame(k));
915 else
916 end
917 end
918 s = s+1
919 toc
920 end
921 save(filename,'P','P_Mirror','v','c','Box_Width','Width','Box_Height','Height','E_0',...
922 'P_max','b','D_del','Cycle','N','CrackInitiation','Crack','Crackorder',...
923 'Dloop','Dloopedge','nsteps')
924 end
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