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Abstract—A novel stepped-amplitude aperiodic phased array
synthesis method is proposed. The presented technique is based
on iterative convex element position perturbations and uses
pre-defined excitation amplitudes. A 64-element irregular array
with two discrete amplitude levels (0.5 at the edge-elements
and 1 at the center-elements) is synthesized for demonstration
purposes. The array achieves a side lobe level lower than -
30 dB and a directivity higher than 20 dBi within the given
field-of-view (�60 degrees in azimuth and �15 degrees in
elevation). Through comparative studies of the array directivity,
effective isotropic radiated power and maximal side lobe level
with the ones of the uniformly-fed/amplitude-tapered periodic
arrays and a uniformly-fed aperiodic array, it is shown that the
proposed stepped-amplitude array provides the best complex-
ity/performance trade-off.

Index Terms—array synthesis, phased arrays, aperiodic arrays,
stepped amplitude arrays.

I. INTRODUCTION

With the introduction of the next generation wireless ser-
vices, the need and demand for innovative phased array solu-
tions that can achieve better cost/performance trade-offs than
the traditional array architectures has increased significantly.
The applications are very various, including, but not limited
to, communications, radar, sensing and imaging systems.

As discussed in [1], unconventional arrays based on irreg-
ular architectures provide a viable solution to relax the com-
plexity challenges. Examples of such configurations include
clustered [2], [3], thinned [4], [5], sparse [6], [7] and density-
tapered [8], [9] arrays. In clustered arrays, the amplitude
weights (in the case of partial clustering), and phase shifts/time
delays (in the case of full clustering), are grouped at the sub-
array level. In thinned arrays, certain elements on a fixed array
grid are switched on/off. In sparse arrays, starting from a very
dense fixed topology, the element excitations are computed to
satisfy the given radiation pattern criteria with the smallest
number of elements. In density-tapered arrays, an irregular
layout is synthesized for the given number of elements, based
on flexible (gridless) movement of each element.

To realize the above-mentioned architectures with satisfying
electromagnetic performance, it is necessary to apply opti-
mization techniques on the amplitude/phase/position of the
array elements. Several examples from the literature based
on different combinations of amplitude, phase and position
optimization is given in Table I. Among all the techniques

mentioned, the amplitude-phase-position control yields the
highest beamforming flexibility, but at the expense of the
largest implementation complexity. Optimizing the amplitudes
with no dynamic range control may lead to extremely low
power efficiency. Similarly, for nonlinear phase shifts, the
array efficiency may decrease significantly. On the other
hand, position-only control with uniform excitation amplitudes
and linearly progressing phases can provide optimal power
efficiency with relatively low side lobe levels (SLLs), which
is a crucial factor for effective interference mitigation [16].
The price to pay is the increased integration, fabrication and
calibration challenges due to the aperiodic layouts.

Despite shown to be very effective in SLL suppression for
large arrays (>256 elements) [17], position-only optimization
in a small/medium-sized array will not be able to satisfy the
low-sidelobe (<-30 dB) requirements of the next generation
high-capacity/connectivity systems [18]. To address this issue
to a certain extent, stepped-amplitude arrays with layout
irregularity were proposed [15], [19], [20]. As there are only
a few discrete amplitude levels, such arrays can maintain a
low number of control points and high efficiency [20], can be
realized by using only a few amplifier types working at their
optimal operating points or can be designed in a partially-
clustered arrangement [21], although with additional practical
implementation challenges due to the layout irregularity.

In their recent publications [22], [23], the authors proposed
an original position-only array synthesis technique based
on convex optimization with joint capabilities on uniform-
amplitude excitation, minimal element spacing control, multi-
beam compatibility, beamwidth reconfigurability, powerful
SLL suppression and computational efficiency. The aim of this
paper is to extend the study to the stepped-amplitude arrays for

TABLE I
SAMPLE REFERENCES ON COMBINATIONS OF ELEMENT AMPLITUDE,

PHASE AND POSITION OPTIMIZATION STRATEGIES IN ARRAY SYNTHESIS

Array optimization strategy Sample reference #

Amplitude-phase-position [10]
Amplitude-phase [11]

Amplitude-position [12]
Position-phase [13]

Phase-only [14]
Position-only [15]
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further SLL improvement, and to investigate the performance
trade-offs in terms of the array directivity and the effective
isotropic radiated power (EIRP).

The rest of the paper is organized as follows. Section II
briefly presents the array synthesis strategy by formulating the
optimization problem. Section III provides the settings used
in the simulations and the corresponding results. Section IV
concludes the paper.

II. ARRAY SYNTHESIS STRATEGY

In this section, a brief summary of the iterative convex
element position optimization algorithm introduced in [22] is
given, with the addition of non-uniform (in our case, stepped)
excitation amplitudes.

Let us assume a pre-given initial layout with a total number
of N elements (i.e. n = 1; 2; :::; N ). Consider that we move
the nth element by �in in the x̂ direction (i.e. xin = xi�1

n + �in)
and �in in the ŷ direction (i.e. yin = yi�1

n + �in) at the ith step
of the algorithm. For sufficiently small perturbations on the
element locations (i.e. j(�; �)inj � �=2� = 0:16�), the far field
function can be linearized around the element positions using
the first-order Taylor expansion, which, for linear phase shifts,
results in the following approximate relation if the sufficiently
small higher order terms (�in)2; (�in)2, (�in�in) are removed:

f i;s�n;�n
(u; v) � 1

N

NX

n=1

Ein(u; v)ejk((u�us)xi�1
n +(v�vs)yi�1

n )

wn(1 + jk(u� us)�in + jk(v � vs)�in) (1)

In (1), f i;s�n;�n
(u; v) represents the normalized far field in

u = sin � cos�; v = sin � sin� coordinates at the ith iteration
for a scanned beam, s (s = 1; 2; :::; S). Ein(u; v) represents
the embedded element pattern of the nth element at the
ith iteration. wn shows the excitation amplitude of the nth

element, which is defined as an input and fixed.
Next, let us define the side lobe region of each scanned

beam, s = 1; :::; S. Although it changes with scanning, the side
lobe regions can be roughly determined using (2) according
to the half main lobe width, r, which is about �=D radians
where D is the array’s side length.

(u; v) 2 (u; v)SL;s if (u� us)2 + (v � vs)2 > r2 (2)

Moreover, the desired minimal element separation, dmin can
be defined for every element pair (�; �) using the relation in
(3) which is given as a convex approximation to the standard
Euclidian distance inequality (xi��xi�)2 +(yi��yi�)2 � d2

min.

(�i� � �i�)(2xi�1
� � 2xi�1

� ) + (�i� � �i�)(2yi�1
� � 2yi�1

� )

+ (xi�1
� � xi�1

� )2 + (yi�1
� � yi�1

� )2 � d2
min (3)

Thus, the final optimization problem is formulated as

min
�i;�i

�; s:t:

(
jf i;us;vs

�i;�i ((u; v)SL;s)j � � holds 8s;
j�ij � �; j�ij � �; (3) holds 8(�; �)

(4)

where �i =
�
�i1 � � � �iN

�
and �i =

�
�i1 � � � �iN

�
. �

denotes the maximal SLL which is simultaneously minimized

for all the user-defined scan angles. � is the user-defined upper
bound for the position shifts to validate (1).

The optimization problem in (4) is a second order cone
programming problem [24], which can be efficiently solved
using the Self-Dual-Minimization solver in CVX [25].

III. SIMULATION SETTINGS AND RESULTS

The following common settings are used for the optimiza-
tion of the aperiodic arrays discussed in this section (Array-C
& Array-D, see Fig. 1):

� Number of elements: 64, dmin: 0.5�.
� Embedded element power pattern: cos �, 8n.
� � = 0:08� (exhibits stable & fast convergence [22]) and
r = 0:28.

� Field of View (FoV): �60o / �15o in azimuth / elevation,
as in [18], [21], which is shown with a red rectangle in
the pattern contour plots. It is worth to note that in this
paper, we aim to minimize the maximal SLL within the
FoV. Yet, it is straightforward to modify the algorithm to
minimize the SLL over the whole visible space, if that is
required by the application.

� S = 9, including 1 beam at broadside, 4 beams at the
corners of the FoV and 4 beams at the FoV’s edge centers,
which effectively covers the whole scan range.

The four different array topologies (Array-A, Array-B,
Array-C, Array-D) studied in the paper are given in Fig. 1.
The value on each element denotes the excitation amplitude.
Linearly progressive phases are used for beam steering. A brief
description of each topology is given as follows:

� Array-A: First benchmark case, periodic, uniformly-fed,
0.5� square grid 8x8 array antenna.

� Array-B: Second benchmark case, Array-A with a 30 dB
Chebyshev taper.

� Array-C: First optimized array, uniformly-fed, aperiodic.
The initial topology for iterative optimization is Array–A.

� Array-D: Second optimized array, stepped-amplitude
(with two weight values: 0.5 and 1, as in [15]), aperiodic.
The initial topology for optimization is Array–A, but with
excitation amplitudes equal to 0.5 at the edge elements
(28 elements).

For performance comparison of the four topologies, the
directivity patterns for the broadside beam (us = vs = 0)
and and a beam positioned near the bottom left corner of the
FoV (us = � sin 60o, vs = � sin 15o) for Array-A, Array-B,
Array-C and Array-D are provided in Fig. 2, Fig. 3, Fig. 4
and Fig. 5, respectively. As it may be difficult to extract the
relative directivity and SLL information from the u� v plane
pattern figures, a sample pattern comparison at the v = 0 cut
for the broadside beam is given in Fig. 6.

Finally, the performance comparison of the four topologies
in terms of the array directivity, EIRP and maximal SLL is
given in Table II, both for the broadside beam and the corner
beam. In the EIRP calculation, the maximum available power
per element, corresponding to excitation amplitude of 1, is
taken as 20 dBm.
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(a) (b)

(c) (d)

Fig. 1. Array topologies studied in this paper: (a) uniformly-fed periodic array, (b) periodic array with a 30 dB Chebyshev amplitude taper, (c) uniformly-fed
aperiodic array, (d) stepped-amplitude aperiodic array.

(a) (b)

Fig. 2. Directivity (in dBi) pattern of Array-A: (a) broadside beam, (b) corner beam.

(a) (b)

Fig. 3. Directivity (in dBi) pattern of Array-B: (a) broadside beam, (b) corner beam.
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(a) (b)

Fig. 4. Directivity (in dBi) pattern of Array-C: (a) broadside beam, (b) corner beam.

(a) (b)

Fig. 5. Directivity (in dBi) pattern of Array-D: (a) broadside beam, (b) corner beam.

(a) (b)

Fig. 6. Broadside directivity pattern comparison for the four array topologies at the v=0 cut: (a) juj � 1, (b) juj � 0.2, for beamwidth comparison.

TABLE II
PERFORMANCE COMPARISON OF THE FOUR ARRAY TOPOLOGIES

Broadside beam Corner beam

Array type Directivity
(dBi)

EIRP
(dBm)

Maximal
SLL (dB)

Directivity
(dBi)

EIRP
(dBm)

Maximal
SLL (dB)

Array-A 23.0 61.1 -13.1 20.4 58.5 -10.4
Array-B 21.5 53.6 -30.5 19.1 51.1 -13.2
Array-C 23.5 61.5 -27.0 20.6 58.7 -23.7
Array-D 23.7 60.0 -32.9 19.9 56.3 -29.6
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