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Abstract

The sloshing waves in a three dimensional (3D) tank are analysed using a finite element method based on the fully non-linear wave
potential theory. When the tank is undergoing two dimensional (2D) motion, the calculated results are found to be in very good agreement
with other published data. Extensive calculation has been made for the tank in 3D motion. As in 2D motion, in addition to normal standing
waves, travelling waves and bores are also observed. It is found that high pressures occur in various circumstances, which could have
important implications for many engineering designs. © 1998 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Sloshing waves are associated with various engineering
problems, such as the liquid oscillations in large storage
tanks caused by earthquakes, the motions of liquid fuel in
aircraft and spacecraft, the liquid motions in containers and
the water flow on the decks of ships. The loads produced by
the wave motion can cause structural damage and the loss of
the motion stability of objects such as ships.

There has been a considerable amount of work on wave
sloshing. For the case of small motions, Abramson [1] used
a linear theory and Solaas and Faltinsen [2] adopted a
perturbation theory. For large motions, Jones and Hulme
[3], Faltinsen [4], Okamoto and Kawahara [5], Chen et al.
[6] and Armenio and La Rocca [7] used various
numerical methods for the two dimensional problem.
For the three dimensional problem, Huang and Hsiung
[8] used the shallow water equation for the flow on the
ship deck.

This body of work has significantly advanced our knowl-
edge about sloshing waves in a tank. It is now well under-
stood that apart from normal standing waves, other wave
forms, such as travelling waves and bores, can occur. Under
certain conditions, high pressure and impact forces will be
created on the side walls of the tank. This can have several
serious implications such as the following:

L. high pressures may create excessive stress and deforma-

tion within the walls, so that structural failure may
become more likely; and

2. for a structure such as a ship, the high pressure may
create an overturning moment in roll, which could be
large enough to cause capsize.

The publications mentioned above are either based on a
two dimensional method or a shallow water formulation.
The answers they offer to these concerns are applicable
only when their adopted assumptions are valid.

In this work, the analysis is based on the three dimen-
sional and fully non-linear potential theory in the time
domain. The numerical method adopted is the finite element
formulation described in detail in Wu et al. [9] and Ma et al.
[10]. Although the method can be applied to a tank of an
arbitrary shape and undergoing both translational motion,
and rotational motion, the results presented in this paper
are for a rectangular tank undergoing translational motion
only. The purpose here is to show how the waves behave in
a practical three dimensional tank. We have provided exten-
sive results for this reason. It has to be emphasised,
however, that we do not pretend to offer a complete solution
to the wave sloshing problem. In fact, the results obtained
have presented us with more questions than answers, which
clearly require further investigation.

In the following sections, we first briefly outline the
mathematical formulation and the numerical method. The
computer code is then verified by comparing the calculated
results with the published two dimensional data, and
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Fig. 1. The co-ordinate system.

excellent agreement is found. After that, an extensive set of
calculations is made for a tank undergoing motions in more
than one direction. It is particularly interesting to see that
the combination of certain small excitations may create
large waves in the tank.

2. Mathematical formulation

Two Cartesian co-ordinate systems are defined: one,
00X0Y0Zo is fixed in space and the other, oxyz, is fixed on
the tank. When the tank is at rest, the two systems coincide
with each other and the origins are at the centre of the
undisturbed free surface. The directions of the axes are as
shown in Fig. 1.

The displacements of the tank in the directions of the
Cartesian axes are defined as:

X, = [x@, yp(®), 2()] D

Based on potential flow theory, the velocity potential ¢
satisfies the Laplace equation:

V=0 ()
On the side walls of the tank, the potential satisfies:
d
L ©)
on

dx, . ; g
where U = d—tb is the velocity of the tank and n is outward
vector normal to the tank walls. On the free surface,
20 = Lo(xp, Yo, 1), the dynamic and kinematic conditions in
the space fixed system can be written as:

% VeV + 5t =0 @
Ao, 0, 6% _ 3 _ o
ot dXo de (?yo (9)70 (920

The free surface elevation can be more easily described in

A

Fig. 2. Initial mesh for sloshing wave.

the moving system. Thus if we use:

Xo)oZo ( V)\)z ) (6)
(2) =(Z-q) -
At ) xoy020 ot ot xyz
Egs. (4) and (5) become:
17 dX 1
(;f ¢—_b+EV¢'V¢+g(§+Zb)=O (8)
( dp  dx )3_5
c7l‘ ox dt ) ox
dp  dy,\ 9 b izk _
He—Bla st W

on z = L, where { = {p-z, is the free surface elevation
in the moving system oxyz For fixed x and y, the
change of the potential with time on the free surface is
governed by

8¢lxy. {lny. 0.1 _ 0b 04 9

10
ot ot dz ot (10)

a ) .
where —d) is the same term as in Eq. (8). The dynamic
conditionton the free surface then becomes:

'9_¢+‘9_¢‘9_§_7¢ ax,

+ = + gl +1z)=
o | oz or ar Vd’ Vo +elb+z)=

(1D
The velocity potential, ¢, can now be split as follows::
d=¢+xu+yv+zw 12)

where u, v and w are the components of U in the x, y and z
directions, respectively. Substituting this equation into Eq.
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Fig. 3. Time history of free surface elevation at x = —L/2 for different frequencies (solid line: analytical; dashed line: numerical). (a) w/w= 1.100; (b) w/wo=
0.999; (c) w/wy = 0.900; (d) w/wy = 0.583.

(2), Eq. (3), Eq. (9) and Eq. (11), we have: tions, which are usually given as:

V2 = 0 in the fluid (13) $(x0,70,0,0) =0 (17)
(9 Y =

£ — 0 on the side walls a4)  %0603,0=0 (L)

This means that:
9 dp Il ﬂ<pr9§+ Jep

7 ma on the free surface (15) ¢(x,,0,0) xu(0) — yv(0) (19)
bo dps 1 de v B ) =40 @0
W 2 Ve Ty Yy . .
Once the solution has been found at one time step, Eq.
dw (15) and Eq. (16) can be used to obtain the new wave eleva-
- é’E on the free surface (16) tion and the new potential on the free surface, which will be
used as the boundary conditions at the next time step.
where the term c(r) = +|U |* — gz, has been deleted from The pressure in the fluid can be obtained from:
Eq. (16) because it is independent of the spatial co-
ordinates.

p_(9¢ 1
These equations need to be combined with initial condi- p ( ot 2 Vip-Fo gz)

YoYoZo
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Fig. 4. Free surface profiles for w/wy = 0.999 (solid line: analytical; dashed line: numerical).

If Eq. (7) and Eq. (12) are used this becomes:

p_de du dv
= +VV+ + +—+—21
5 - eVetggri T ; 1)

3. Finite element formulation and numerical
procedure

The above problem can be solved based on a finite
element formulation [9]. In general, the velocity potential
can be written as:

Iy
e=> oNxy,2) (22)

J=1

where Jy is the total number of nodes, Nj(x,y,z) are the shape
functions and ; are the values of the potenual at the nodes.
Using the Galerkin method and Green’s second identity and
taking into account the body surface boundary condition in

Eq. (14), we have

iy ¥
”J N, S @ VN = —“J WY ¢ N i ES
0 - 0 =
JESs JES;

(23)

where Sy indicates the free surface and Q is the fluid
domain. The solution of this equation can then be obtained
by an iterative procedure [10] and the following scheme is
employed for the integration over the time:

At
f+ Ay =f@) + -3 () = f'(t — An)] (24)

where f'() represents the temporal derivative.

4. Numerical results
4.1. Two dimensional cases

We consider a case in which the displacement of the tank
is governed by x,(1) = a sin(wt), y, = 0and z;, = O when ¢t >
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Fig. 5. Comparison of numerical pressure along the water depth (x = L/2, y = 0) for w/w, = 0.999 with analytical solution (Solid line: analytical solution;
dashed line: numerical simulation).

0, where a is the amplitude and o is the frequency. The
corresponding velocity is u = awcos(wt), and v = w = 0.
The initial condition of the problem is given in Egs. (19) and
(20). This two-dimensional case has been investigated by
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many people, e.g. Faltinsen [4], Okamoto and Kawahara [5]
and Chen et al. [6]. Their results may be used here for
comparison. The dimensions of the tank are chosen as
L/d = 2.0 and B/d = 0.2 where L, B and d are the length,

ighvd

free surface hei

Numerical
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Fig. 6. Comparison of free surface elevation with experimental data. (a) T = 13.0667; (b) = = 15.725.
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Fig. 7. Wave history and profile for y = 0.5.

the width and the water depth, respectively, (the same as
those used in the experiment by Okamoto and Kawahara
[5]). A linearised solution for ¢ can easily be found from
the results of Faltinsen [4]:

= H
o=a Z (C,,coswt — (C,, + w—;)cosw,,t)

n=0
coshk,(z + 4d) .
——— “sink 25
coshk,d B )
where
2n+1
k, = i T, w,z, = gk, tanhk,d,
4 4(—1)" H,
— 3 — r
H"—-—(l) ZT andC,,— m

The dynamic pressure and the wave elevation can then be
obtained from:

du

dp
= —pog|l — +x—
p %<m xm) (26)

(=4LH+46L 27)

where

0o
a : :
H=— (xw2 + Z C, wsmk,,_x) sinwt

n=0

(%)

= H
H= Z w,,(C,, + —'2’) sink,,x sinw,t.
w

a
8 n=0

In the numerical analysis, the fluid domain is first divided
into hexahedra using N horizontal planes through the water
depth, M, vertical planes perpendicular to the x-axis and M,

vertical planes perpendicular to the y-axis. Each of these
hexahedra is then split into six tetrahedra. A typical initial
mesh is illustrated in Fig. 2. :

In the analysis below, some parameters are nondimen-
sionalized as follows:

fd
(X,y,Z,L,Bea)—’(xay,Z,L,B,a)d, = T
4

g k
w— w\/;, k— -

To compare with the linear analytical results, the
numerical simulation is carried out with a small amplitude
‘a = 0.00186. The excitation frequency is either higher
or lower than the first natural frequency wy = +/kptanhkod.
In the calculation, we have chosen M; = 40, M, =6, N= 16
and A7 = 0.0111, which has been found to give converged
results (see the next section for details). The time history
of the free surface at x = —L/2 is presented in Fig. 3.
Comparison between the analytical solution and the
numerical results shows that they are in an excellent
agreement.

It is interesting to see from Fig. 3(a) and Fig. 3(c) that the
wave history is very similar to that due to two harmonic
wave trains of slightly different frequencies. This amplitude
modulated wave can be understood from Eq. (27). The
expression is composed of two parts: one corresponds to
the excitation frequency w and the other corresponds to
the natural frequencies wg, ®|, ®2, ®3,.... Of the latter,
the wave of the first frequency wg is dominant and others
have far less contribution. As a result, the entire wave is
actually dominated by two waves of frequencies w and wj,.
As is well known, the frequency of the envelope of the
amplitude-modulated wave is Aw = [0 — | and its time

(28)
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Table 1
The cases for three-dimensional sloshing
Dimension Frequency ‘ Amplitude
|
Case L B N Wy w, a, a a,
A 4 4 9999 wq, .9999 wg, 0.0 0.372% 1072 0.372x 107° 0.0
i B 4 4 9999 wy, .9999 wy 0.0 0.0372 0.0372 0.0
' C 4 4 .9995 wy, 9995 w)y 0.0 0.0186 0.0186 0.0
‘ D* 4 4 2.04 wy, 0.2
! E 4 4 9995 w,, 9995 w)y 2.04 wq, 0.0186 0.0186 0.2
| F 8 8 .9999 wq, .9999 wo, 0.0 0.0372 0.0372 0.0
G 8 4 .9999 wg, 9999 wy, 0.0 0.0372 0.0186 0.0
H 25 25 998 wq, 998 wp, 0.0 1.2 12 0.0

* Horizontal velocity disturbance is applied only at 7 = 0 [see Eq. (25)].
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Fig. 10. Comparison of wave elevation history at (L/2, B/2) for different
meshes and time steps.
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period is 2m/Aw, which can clearly be seen in Fig. 3(a) and
Fig. 3(c) @m/Aw =~ 52.25 from the linear theory).
One can see from Fig. 3(b) that the wave amplitude

. increases with time. Indeed, the magnitude of {/a has

reached around 30 at 7 = 50. However, it does not of course
suggest that the amplitude will tend to infinity with time,
even based on the linear theory. The result is due to Aw
being very small, which leads to a very long period (2m/
Aw = 6283) and a very large amplitude of the wave
envelope.

Fig. 4 shows ‘snapshots’ of the free surface profiles
between 7 = 5.3153 and 7 = 15.5031, at intervals equal
to 0.443, for the case of w/wy = 0.999. Fig. 5 gives corre-
sponding comparisons of the numerical pressure with the
analytical solution through the water depth. Again a good
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Fig. 11. Wave elevation history at four corners (Case A).
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Fig. 12. Wave elevation history at four corners (Case B).
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Fig. 13. Snapshots of the free surface for Case B (height of the box = 2d).

_ agreement between the analytical and numerical results is

found.

The present numerical method is now used to analyse
cases with larger amplitude, still with w/wy = 0.999. We
consider the surging motion with a = 0.0186, which is ten
times larger than that in the previous case. Fig. 6 plots the
free surface elevation measured from the bottom of the tank
at two time steps, as obtained from the experimental data
[5], the linear analytical solution and the non-linear numer-
ical simulation. It can be seen that the numerical simulation
gives better agreement with the experimental data, but the
linear solution still gives good results in this case.

To further demonstrate the effects of non-linearity, the
results for different excitation amplitudes are plotted in
Fig. 7, where y = d/L and w/wy =~ 0.999. It can be observed

that with increase of amplitude, the crests become sharper,
the troughs become flatter and the period tends to be longer.
All these effects have also been noted by Armenio and La
Rocca [7] for the two-dimensional roll motion. The gradual
increase of the period is also discussed by Greaves [11] and
Tsai and Jeng [12] for the case of free oscillation in a tank.

The motion near the first natural frequency wg has some

Table 2
Parameters for convergence study

Case M, M, N AT

cl 40 40 12 0.0111
c2 80 80 18 0.0111
c3 40 40 12 0.0219
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Fig. 14. Pressure history at four points on the tank wall (Case B). (a) (£/2,0,0); (b) (—L/2,0,0); (c) (L/2,0, — 1); (d) (—L/2,0, — 1).

interesting features. Apart from the normal standing wave, a
travelling wave and a bore may exist. Based on their inves-
tigation into the two dimensional roll motion, Armenio and
La Rocca [7] have mentioned that these three waves may all
appear, depending on y. Huang and Hsiung [8] have also
noticed the bore, when using a shallow water formulation.

Our analysis shows the occurrence of a normal standing
wave in Fig. 7(b). We now consider two cases, with y =
0.125, 0.04, to demonstrate a travelling wave and a bore. In

Yd
0.6| x=L/2 y=B12
0.4
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-0.2
-0.4

20 40 60 80

0.6 x=-L/2 y=B/2

0.4
0.2
0 —— iAW
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the first case, the tank length is taken as L = 8. Two different
amplitudes of the motion are considered with the same
frequency, w = 0.9998w,. The mesh is generated using
M, = 40, M, = 6, N = 16 and the time step is chosen as
AT = 0.0273. Fig. 8 present the wave profile, wave history
and pressure on the side walls for the amplitude a = 0.0372.
Fig. 8(d) clearly exhibits a wave with one peak travelling in
the tank. When the peak reaches the wall, the pressure is
apparently larger than the static pressure as shown in Fig.
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Fig. 15. Wave elevation history at four corners (Case C).
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Fig. 16. Snapshots of the free surface for Case C (height of the box = 24).
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Fig. 19. Wave elevation history at two corners (Case D, w, = 0.5w,,, Solid line: a,w? = 0.428; Dashed line: a,0? = 0.129).
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Fig. 21. Snapshots of wave profile for Case D and Case E (height of the box = 2d).
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Fig. 22. Wave elevation history at four corners (Case F).

8(b). The travelling wave does not appear immediately after
the tank starts to move. Instead, there is a transient period
during which the wave changes gradually from standing
wave to travelling wave, as illustrated in Fig. 8(c). Fig. 8
also shows that the wave history is very different from that
in Fig. 7. The non-linear effects are even more significant
and the peaks are even sharper here. The peaks are modu-
lated but the modulation frequency is no longer equal to the
difference between the excitation frequency and the first
natural frequency (2m/Aw =~ 8.2 X 10° from the linear
theory).

In the second case, the length is taken as L = 25, which
corresponds to very shallow water. The excitation frequency
is taken as w = 0.9973w, and the amplitude a = 2.5. The
wave profiles are shown in Fig. 9. It can be seen that a bore
appears after about 7 = 26. To the left of the bore, the water
surface is almost flat and the free surface elevation is small.
To the right of the bore, the wave elevation is much higher.
In addition, there is some higher frequency undulation
superimposed on the right. This is different from the bore
observed by Huang and Hsiung [8] using the shallow water
approximation. Their equation is essentially based on the
Airy theory, in which there are no dispersive terms to permit
modelling of undulations, see Peregrine [13]. In the case
here, it is more appropriate to base the shallow water
approximation on the Boussinesq equations, which allow
waves of relatively short length. Further, in Fig. 9 there
is also a period of transition before the bore is formed as
in Fig. 8(c). It should be mentioned that the bore has
never been observed in our calculation if the motion is

very small.

Chester [14] and Chester and Bones [15] have also
studied the behaviour of sloshing waves around resonance
by an approximate method and by experiments. The results
from the two methods were given in separate figures and the

comparison seems to be favourable qualitatively. Their
data have shown that the history of the wave elevation
may have one, two or more peaks within each period,
depending on the frequency and amplitude of the excita-
tion, and the depth. In particular, at ® = wg, one peak can
be observed when y = 1/12 and two peaks when y =
1/24. Fig. 8 and Fig. 9 seem to display some similarity
to this kind of behaviour, but our results are not entirely
identical to theirs. The difference seems to be mainly due
to the fact that the profiles they gave are those in the
steady periodic stage, but the modulation still exists in
our calculation, even after a long simulation. Further
longer simulation is not attempted in this paper, because
to reduce the accumulated error, a very fine mesh and
small time steps would have to be used, which requires
prohibitive computer resources.

4.2. Three dimensional cases

The tank in these cases is subjected to motions defined by
xp(1) = asin(w, ),  y(H) = aysin(w,7)  and  z,(t) =
asin(w,7) where a,, and o, (x,= x,x, = y,x3 = z) are the
amplitudes and frequencies in surge, sway and heave
modes, respectively. The corresponding velocities are
then  u(r) = wia.cos(w, 1), V(t) = wya,cos(w,7) and
w(t) = w,a,cos(w,T).

The wave motion in the three dimensional tank is much
more complicated than that in the two dimensional case.
Several cases with different parameters, as listed in Table
1, are considered below to demonstrate how they influence
the waves induced in the tank. w; and w; (i = 0,1) in the
table are the natural frequencies based onthe linear analysis
corresponding to the x and y directions. It should be noted
that the natural frequencies in the three dimensional cases
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Fig. 23. Snapshots of travelling waves for Case F (height of the box = 2d).
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Among them, the terms with m 1,3,5..., n = 0 and
n = 13,5,..., m = 0 correspond to the symmetric
motions in the x and y directions, respectively. Thus

the first and second natural frequencies in the x direc-
tion, wo, and , in the table, are obtained by taking
m = 1, n = 0 and m = 3, n = 0, respectively.
Similarly wq, and w,, are obtained by taking m = 0,
n=1and m = 0, n = 3, respectively.

Case B is taken as an example for the convergence study.
The mesh is generated in a similar way to that shown in Fig.
2. Table 2 lists the parameters used for this examination of
convergence, based on the definition of M|, M, and N given
in Section 4.1.
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Fig. 24. Wave profiles on two vertical planes (Case F) [(a): on the plane y = 0; (b): on the plane x = 0].

Fig. 10 presents the time history of the free surface
elevation for all cases in Table 2, taken at the corner
(L2, B/2) where the wave is found to be very steep
(see Fig. 12). Fig. 10(a) is for cases cl and c2 where
the time steps are the same but the meshes are different;
while Fig. 10b is for c2 and c3 where the meshes are the
same but the time steps are different. Also plotted in these
figures are the differences between c2 and cl, and
between ¢3 and cl. The figures show that the results

p
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.l
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T
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from these meshes and time steps are in good agreement.
This suggests that between 40 to 80 divisions in each
wave length and 400 time steps in each wave period are
needed to obtain the converged results. But these para-
meters clearly very much depend on the time period over
which the calculation is made and other factors such as
the wave amplitude. In the following analysis, these para-
meters are chosen in such a way that the same degree of
accuracy is maintained.
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Fig. 25. Pressure history at four points (Case F).
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Fig. 26. Elevation history at four corners (Case G).

4.2.1. Sloshing waves in Cases A to E

In all these cases the tank has the same length. The vary-
ing parameters are the width, the frequency and the excita-
tion amplitude. In Case A, the motion is very small. The
fluid domain is discretised using M; = 40, M, =40 and N =
12, and the time step is taken as At = 0.0146. The wave
elevation histories at the four corners of the tank are given in
Fig. 11. It can be seen that the wave amplitude at two
corners (L/2, B/2) and (—L/2, —BJ/2) increases with time
while the wave elevations at the other two corners are
almost zero.

In Case B, the excitation amplitude is one hundred times
bigger than that in Case A. Fig. 12 presents the wave eleva-
tion history at the four corners. Unlike in Case A, the free
surface elevation at corners (L/2, —B/2) and (—L/2, B/2) is
no longer invisible and, especially after T = 20, the increase
of the amplitude with time becomes evident. The peak at the
other two corners (L/2, B/2) and (—L/2,—B/2) can become
quite large, indeed it is about three times bigger than the
initial water depth after 7 = 40.

Two typical snapshots of the free surface are illustrated in
Fig. 13, where the height of the plotted box is 2d. Fig. 14
provides the pressure history (excluding the contribution
from the static pressure) recorded at four points: two on
the mean free surface and two on the bottom. It shows
that as the time progresses, double peaks appear in the
time-history of the pressure, which is particularly evident
on the bottom. This is very similar to that observed by Nagai
[16] in the pressure in steady-state standing waves, and that
observed by Cooker et al. [17] in the force on a vertical wall
subject to a solitary wave.

In the above two cases the excitation frequency is
approximately equal to the first natural frequency of
the tank. In Case C, this frequency is increased to near the
second natural frequency of the tank. Fig. 15 shows the

wave elevations at the four corners. It should be noticed
that both the velocity amplitude (w.a,) and the accelera-
tion amplitude (wla,) of the excitation in this case are larger
than those in Case B, but the wave amplitude here is much
smaller. The snapshots of the wave elevation are shown in
Fig. 16, which shows that the wave is shorter than that in Fig.
13, as expected.

We now consider the cases including the vertical motion.
In Case D, the tank oscillates only vertically but with a small
initial perturbation of the horizontal velocities. The excita-
tion is defined by:

0.0283 1=0

u(t) = v(71) z{
0 >0

w(1) = w,a,cos(w,T)

The frequency of the vertical motion is taken to be about
twice the first natural frequency in the horizontal direction.
The waves generated by the vertical oscillation are called
Faraday waves. Benjamin and Ursell [18] explained the
mechanism of such waves by analysing Mathieu’s equations
derived from the linear theory. Since then, a considerable
number of papers have been published on this topic, which
have been reviewed by Miles and Henderson [19] and Jiang
et al. [20]. Here we try to demonstrate the transient beha-
viour of the Faraday waves.

The mesh for this case is the same as that used in Case B
and the time increment is taken as 0.0107. The wave eleva-
tions at the four corners are plotted in Fig. 17. The results
without a horizontal perturbation (dashed line) are also
included in this figure for comparison. It can be seen that
the motion of the free surface is not at the excitation frequency
but at the first natural frequency of the tank. A similar case
was reported by Su and Wang [21], based on their solution
of the Navier—Stokes equations. We have investigated
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Fig. 27. View of travelling waves for Case G (height of the box = 2d).

other cases with excitation frequencies w,= 0.5wy,,
1.0wyq,, 1.5w, and 2.5w,, but a fixed acceleration ampli-
tude (azwf = 0.428 as in Fig. 17) was considered. The
results, indicated in Fig. 18, show that the history of the
wave elevation in all the cases is almost the same. This
suggests that the wave evolution during the transient period
generated by the vertical excitation with a given horizontal
perturbation may be determined only by the acceleration
amplitude of the excitation. To further confirm this, Fig.
19 presents the wave history generated by excitations with
the same frequency w, = 0.5w,, but different amplitudes,
corresponding to a,w? = 0.428 and a,w? = 0.129 respec-
tively. It shows that the results in these cases are very
different.

Case E is similar to case D, except that a horizontal
excitation is applied throughout the time history. What is
interesting here is that despite the horizontal excitation
being applied over the entire period of the calculation, the
wave amplitudes in this case (as shown in Fig. 20) are no
larger than that in Case D (shown in Fig. 17). The compar-
ison of the free surfaces in these two cases is illustrated in
Fig. 21. Compared to Case C, where the horizontal motion is
the same as that in Case E but with no vertical motion, the
amplitude in Case E is much larger.

4.2.2. Sloshing waves in Cases F and G
In these two cases, the water depth is effectively smaller.
In Case F, the ratio of depth/length (=depth/width) is set as
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Fig. 28. Surface view of sloshing wave for Case H (height of the box = 2d) - ‘
f

0.125, which is the same as in the 2D case of Fig. 8 where
the travelling wave has been observed. The wave elevation
histories at the four corners are shown in Fig. 22. Fig. 23
shows a sequence of a wave crest moving from the corner
(—L/2, —B/2) to the corner (L/2, B/2). Fig. 24 gives the
profiles on two vertical planes, y=0 and x=0, at different
time steps.

These results clearly show that the travelling wave exists
in this case. Fig. 25 illustrates the pressure history at four
points: two on the mean free surface and two on the bottom.
Compared with Fig. 14, the double peaks do not seem to
exist in the pressure at the mean free surface, but there are
small peaks around the big one. The pressure on the bottom,
on the other hand, has similar behaviour to that in Fig. 14.

In the cases considered above, both the tank and the
external disturbance are symmetrical about the vertical
plane joining the two corners (L/2, B/2) and (—L/2, —B/2).
The wave motion is therefore also symmetrical. In Case G,
the width is reduced by half, and so the property of symme-
try no longer exists. The wave elevation history is shown in
Fig. 26. The travelling wave is also evident in this case, as
shown in Fig. 27. However the water surface can become
very high at all corners, instead of just at two corners as in
the previous cases.

4.2.3. Sloshing waves for Case H

This is an extremely shallow water case. The tank is
undergoing horizontal motion only, at a frequency near to
the first natural frequency. As discussed in connection with
Fig. 10 for the two dimensional case, a bore may be

generated when the water depth is very small. Fig. 28
gives snapshots of the wave profiles for this case. One can
see from this figure that the three dimensional bore is travel-
ling from the corner (—L/2, —B/2) to the corner (L/2, B/2).

5. Conclusion ‘

This paper has provided extensive results for sloshing *
waves in a 3D tank undergoing translational motions. The
results obtained have confirmed various wave patterns
observed in simplified methods. One particular feature
noticed in this paper is that the transient waves caused by
the vertical oscillation for a given horizontal perturbation
depend only on the amplitude of the acceleration of the
excitation. Many of results discussed here clearly require
further investigation. More work is also needed so that the
technique can deal with bottom emergence, impact forces
‘on the top of the tank and wave overturning and breaking. A
better understanding of sloshing waves under these condi-
tions will no doubt be invaluable to the many engineering
applications discussed in the introduction
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