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SUMMARY 

A finite e lement approach ta the dyna mic 
analysis of continuou8 skin- stringer panels is pre
sented. Thc methcxl is illustrated in the ca lculation 
of vibration modes and random response of a five-bay 
stringer-stHfened. panel with a ll outer edges clampc<l. 
The panel skin is r epresented by finite plate e lements 
a od tbc stringers , which are assumed infinite ly s tif( 
in bending , are represented by beam torsionaL e le
rnents . 

Results are presented (or tbc firs t 35 panel 
vibration modes. These modes oecur in distinct groups 
withfive similar modes in each, thc numberfive cor1'c
sponding t a the number of panel bays. The r e spo nse of 
thc pane l to plane wave propagation of acoustic nai se 
(propagatingnorrnal ta the stringer s) is a150 ca lcuLated. 
The resulting response power spectra l den si ties we r e 
found to be fundamentally different from those asso
ciated wi th s ingle span panels. These powe r spectra did 
not have wide ly separated peaks, but rathe r the peaks 
tended to be squeezed into groups corresponding to the 
groupings of na tural frequenc ies (or the panel. 

(iii) 
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VIBRATlON MODES AND RANDOM RESPONSE OF A MULTI-BAY 
PANEL SYSTEM USING FINITE ELEMENTS 

1. 0 INTRODUCTION 

Almost a ll aerospace structures incorporate some sort of panel-rib

stringer configuration . One of the most common is that in which a thin continuous 

panel is attached ta closely spaeed, flexible stringers and relatively stiffer and 

wider spaeed ribs running at right angles ta the stringers . The number and 

complexity of possible vibration modes in Bueh a configuration increase rapidly 

with the numbe r of bays. As aresuit, the work required ta analyze the random 

response of tbis kind of structure, using the customary moda l methods, 800n 

becomes prohibitive. Furthermore, the modal frequencies are not widely sep

arated, but r ather become squeezed together lnta distinct bands, the number of 

frequ encies in each band usua lly being equal to the number of panel bays. This 

fact implies that the correlations between different modes will na longer be neg

ligible, thereby further increasing the complexity of the modal analysis. 

One a lternate approach to these problems is the method of transfer 

matrices; this has been successfully developed by Lin (ReL 1) and Mercer 

and Leavey (ReL 2). This method i s somewhat limited, however , in that it is 

based on the assumption that the panel is simply supported along the rib s. 

Another approach; which can account for other boundary conditions 

(e.g. clamped edges) aiong the ribs, is to use finite e lement techniques. This 

method is developed and illustrated with an example application in this Report. 

The analysis for a five-bay, stringer-stiffe ned panel with all outer 

edges clamped is presented in detail. The stringers a r e considered to be 

infinitely stiff in bending but to have Hnite torsional stiffness and rotational 

inertia. Finite plate elements are used to r eprese nt the panel. These are 

the well-known twelve degree of freedom models derived from virtual work 

principles. Caiculations of the vibration frequencies and mode shapes for the 
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panel assembLy are carried out using a 3 x 3 and a 4 x 4 gridwork of elements 

for each bay. An ad hoc approximation for the effective stringer torsional 

stiffness and rotational inertia is used to derive corrections to the system 

stiffness and maas matrices, respectively. 

The random response of tros five-bay panel system is a180 presented 

for the particular type of excitation known as piane wave propagation (propagating 

narmal to the stringers) of clipped white acoustic noise. The calculations are 

carried out for tbe 3 x 3 eLement grid per bay representation, with the excita.

tion approximated by concentrated shear forces acting at the finite element 

corner junetions. The resulting dynamic system is analyzed by a generalized 

harmonie method, and tbe power spectral density for each degree of freedom 

is calculated for particular frequencies. These power spectral densities are 

then integrated numerically over all frequencies to obtain the mean square 

response of the panel system. 

2.0 THEORETICAL FORMULATION 

A typical configuration used in many aerospace strucwres is depicted 

in Figure 1. The design incorporates a thin, continuous panel either bonded or 

riveted to a framework of ribs and stringers running at right angles to each 

other. The example illustrated is especially simple in that all panels are 

identically constructed. 

The analysis of the complete struCWre shown in Figure 1 is beyond 

present day capahilities and, hence, some simplifying approximations must 

be introduced. lt bas been found in practice that the stringers are generally 

much more flexibie than the ribs, and are usually spaeed much c loser to each 

other. T hese conditions suggest the now well-known approximation of neglecting 

all interactions between panels across the ribs. This leaves only the problem 

of analyzing a single row of panels and stringers , as depicted in Figure 2. 

Previous transfer matrix approaches to this problem (Ref. land 2) 
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have employed the assumption of simply supported bOlUldary conditions at the 

rihs. Unfortunately. this assumption is in direct conflict with the assumption 

of na interaction between panels across the rihs. It is clea r that it would be 

more consistent ta assume clamped boundary conditions at tbe ribs. However, 

the transfer matrix technique is not applicabie in the case of clamped boundaries 

because the spatial dependenee of the panel defiection is na langer separabie. 

2.1 Finite Plate Elements 

In the case of c lamped boundaries an exact solution is unattainable, 

and approximate techniques must be employed. The approach taken here , which 

is proving most efficient, is the use of finite plate elements. These are the 

we ll-known twelve degree of freedom models de rived from virtua l work prin

ciples. The derivation of the stiffness and mass matrices for these elements 

is well docume nted (Ref. 3 and 4) and need only be described briefly . 

Consider the plate e lement shown in Figure 3. The de flection of 

a ny point on this e lement may be expressed as a finite series of polynomials 

in x and y as 

(1) 

Note that this equation is the general solution of the biharmonic plate equation 

DY.4 w =O (2) 

The arbitrary constants in equation (1) are determined as functions of the twelve 

corner displacements IJ! .• IJ! ., W. ; (i = 1 to 4) for the e le me nt. Then substi-
Xl yl 1 

tution back into equation (1) yields an equation r elating the displace ment anywhere 

on the element to the displacements of the four corner points. Differentiating 

tbis equation a nd substituting into the strain-displacement r e lations from plate 
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theory yields the element strains, and fmally. substituting these strains inta 

Hooke's Law yields the e lement stresses. 

The plate element has external corner farces Mxi' MYi' V i; (i = 1 

ta 4) (Fig. 3) acting on it that must be in equilibrium with the internal stresses. 

The stiffness matrix relating these corner farces with the corner displacements 

is obtained from the principle of virtual work. That is, the system is subjected 

ta a set of compatible virtual displacements, and the external virtual work done 

by the external farces is equated to the internal virtual work done by the stresses. 

This equation yields the stiffness matrix shown in Table 1. 

The distributed mass matrix is found similarly by equating the external 

virtual work done by tbe external D' Alembert forces to the internal virtual work 

done by the internal D'Alembert forces. The resulting mass matrix is shown 

in Table 11, where the asterisks designate D'Alembert forces. 

2.2 Torsional E lement 

As mentioned in the Introduction , for the problem of interest herein 

the stringers are considered infinitely rigid in bending but have finite torsiOllal 

stiffness and rotational inertia. Hence, an approximation for this stiffness and 

inertia that i s compatible with the finite plate e lement representations is 1'e

quired. 

A consistent lumped parameter representation for the simple torsional 

beam element shown in Figure 4 as derived in Appendix A is 

(3) 

where Tl and T 2 are the externally applied torques, and 01 and 02 are the 
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resulting rotations at the two eods of thc e leme nt. Thc equivalent lumped. pa

rameter representatien for a plate element witb a stringer attacbed to one edge 

may now be obtained by suitably incorporating the r esults of equatien (3) iota 

thc sti[fness and mass matrices for tbe p late. 

However, the simple beam element used as thc basis for equation 

(3) is not a good approximation for tbe type of stringers depicte d in Figure 2 

because it neglects the effect of cross-sectional warping. This deficiency may 

be corrected by r eplacing tbe torsional stiffness factor GJ in equatien (3) by aD 

effective stiffness factor (GJ)e that includes some warping effect. The equatien 

governing the motion of a stringer attached to a panel (eq. (7-129) in Re L 1) is 

- GJ + Inertia terms (4) 

where C
w 

is the warping constant witb respect to the shear centre, and M
r 

and M( are thc moments transmitted from the skin panel on thc right and left, 

respectively, of the str inger considered (see Fig. 2 Cor co-ordinate system). 

In order to obtain an estimate of thc effect of warping, it is assumed that thc 

panel deflection has n half waves in the y direction, hcnce w is dl)proximately 

proportional to sin n!Jf. Equation (4) may thcn be put in thc [orm 

+ Incrtia terms = Mr - Mi (5) 

where 

(6) 

is the required effcctive torsional stiffness factor. Since it is expected that the 

effect of the stringers on tbc panel dynamics win be most pronounced for deflec 

tions with one half wave in the y direction, n is assumed equal to unity in 
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equation (6). Tros means that tbe effective stringer torsional stiffness w ilt he 

correct for panel d e fiections with one half wave in tbe y direction, but will be 

underestimated for deflections with more than one half wave in the y direction. 

2.3 Vibration Modes and Random Response 

The stiffness and mass matrices for an approximate representation 

of the multi-bay panel may now be established from the results of Sections 2.1 

and 2.2. Onee these are available, the vibration modes for the panel are 

calculated by setting up the eigenvalue problem 

(K - ÀM) x = 0 (7) 

whe r e K and Mare tbe system stiffness and mass matrices and À = J.I. w2 a 4/ 

1680 D is the non-dimensional e ige nvalue. and carrying out thc computation 

on the digital computer. This wiU be done for a particular example in Section 

3.0. 

These stiffness and mass matrices may a lso be employed in deter

mining the panel response to a random excitation field. The only additional 

r equirement is a suitable matrix representation for the structural damping in 

tbe panel. In the following work, the panel damping matrix P is approximated 

by 

P = i g K (8) 

where g is a srnall constant. It may be noted tbat equation (8) is a commonly 

adopted approximation for structural damping that . in effect, assumes that the 

damping forces are proportional to , and 90 degrees out of phase with, tbe 

e lastic restoring forces in a structure. This type of approximation is justified 

in that the actual mechanism of damping in structures is largely unknown, and 

only the overall energy dissipation cao be accurately represented. 

Using equation (8), the matrix equation governing the panel response 



then becomes 

kM 
d2 -; 

ctt2 

~7~ 

+ (1 + i g) K x = ï (t) (9) 

Where k = 11 a 4/1680 D and -; and f are the nondimensional displacement and 

load vectors for the system, respectively. In this case, f wi ll be a discrete 

set of random loads that approximates the spatially distributed Loading acting 

on the panel. 

Following the method developed in Reference 5, equation (9) is first 

Fourier transformed to give 

[(l+i g)K ~ "M] X = F (10) 

2 4 - -
where a = 11 w a /1680 D and X (w) and F (w) are the "truncated" Fourier 

transforms of x (t), respectively. Then inverting equation (10) yields 

(11) 

where 

(12) 

= [ 
2 2 ~1 ] ~1 

~g (1+g)K~2"M+"MK M 

Writing equation (11) in index notation and combining with Hs complex conjugate 

yields 

X. 
1 
* = L; L; 

j k 

* Bik 

Dividing by 2T. where T is the characteristic time used in the "truncated" 

(13) 
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Fourier transforms, and taking tbe limit as T ----- DO, y ie lds the power spectral 

density for the i th generalized co-ordinate as 

where 

S .. (w) = 
Xll 

, 
x .x. 

limit 
T-~ 

I I 

2T = L: L: 

SFjk (w) = 
limit 
T- ~ 

k 

FjFk 

2T 

SFjk (w) (14) 

, 

is the cross-spectral density for tbe discretized r andom loads r(t). lt may be , 
shown (Ref. 5) that SFjk = SFkj , 50 that equation (14) may be simplified ta 

N 

[SFjj (W)] + 

k-l N 

) [BRij BRik + Blij Blik] x L: 
2 

L: L: SXii (w) = B .. R'f 2 

j=l 
IJ 

j=l k=2 

[SFjk (W)] + [BRij Blik - BRik Blij] I'm [SFjk (W)] \ 
(1 5) 

R'I 

where R'~ and l' m denote real and imaginary parts, r espec tive ly. Thc meao 

square amplitude for the i
th displacement is then thc integral of this power 

spectral density over all frequenci e s 

~ 

X i
2 

= 2 J Sxii (w) d w 
o 

(16) 

The procedure then is ta calculate the power spectral densities for particular 

values of frequency (rom equation (15) and evaluate equation (16) by some 

numerical integration procedure such as Simpson's rule. 

3.0 EXAMPLE APPLICATION 

Tbe analysis ior tbe five-bay . stringer-stiffened panel illustrated 

in Figure 2 is presented in the following. The edges y ::0 0 and y "" W represent 
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thc ribs and are cons idered ta be clamped. The overalllength L is divided 

ioto five equa l bays by thc stringers, as shown. The edges x = 0 and x = L 

a r e a180 assumed to be clamped. Since thc stri ngers in most aerospace struc

tures ar e uBua lly much stiffer in bending than in torsion, tt is assumed explicitly 

that the stringers are infinite ly s tif( in bending but have finite torsional stiffness 

and rotational inerUa. The numerteal ca lcu lations a r e carried out for a typieal 

panel having thc following properties 

E = 107 
pst, v = 0. 3, L = 45.0 in 

W = 16.5 in, ct = 1. 0 in, e = 0.7 5 in 

p = 0.000259 lb sec2
/ in 4 , h = 0,052 in 

Thc quantities r equired in equation (6) thcn become J "" 0.00010 in
4

, 

C = 0.0055 inG , a nd I = 0.031 in4 , w 

(17) 

The two Hoite e lement representations used to approximate thc five

bay panel are illustrated in Figure 5. The procedure for building up the system 

matrices (stiffness and mass) for these represenLations is quite standard anà 

need only be described briefly. 

The three generalized co-ordinates I/Jx ' I/Jy ' and w at the plate 

element corners are made continuous at a ll e lement corner junctions , and the 

sum of corresponding corner moments and shears M , M , and V (ordinary 
x y 

plus 0' Alernbert ones) are set equal to the applied loads for the response 

problem or to zero for the eigenvalue problem. There are no degrees of 

freedom on the outer edges of tbe panel because of tbe c lamped boundary con

ditions, and there is only one degree of freedom 1/J
x 

at each corner junction 

on a stringer b ecause of the assumption of no s tringe r bending. At a ll other 

corner junetions, tbere are 3 degrees of freedom 1/Jx ' lP
y

' and w. Hence, the 

3 x 3 grid per bay representation shown in Figure 5a has 68 degrees of freedom, 

and tbe 4 x 4 case shown in Figure 5b has 147. 
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Stringer torsional elements are added to the grid works shown in 

Figur e 5 aiong tbe lines rnarked "stringers" . These e lements are tbe same 

length as the plate elements. i.e. W/3 or W/4 for Figure 4a or 4b, respective

iy. sa that the stringer element rotations (} may be set equal lo the plate element 

slapes l/!x' The stringer rotations are taken to be zero at y = 0 and W. The 

stringer stiffnesses and masses calculated (rom equations (3) and (6) are added 

to the appropriate pI aces in the system stirrness and mass matrices generated 

from the plate element matrices. 

3.1 V ibration Modes 

Calculations of eigenvalues and eigenvectors for the dynamie systems 

generated by the foregoing process were carried out on the National Research 

CouDeil Computing Center IBM 360-50 Digital Computer. It should be noted 

that, whereas the 68 degree of freedom model could be handled directly, the 

147 degree of freedom model had to be broken down into four smaller systems 

by using symmetry. That is, since the panel shown in Figure 5 exhibits sym

metry in both the x and y directions, all its vibration modes are either sym

metrie or anti symmetrie in these directions. Henee, all modes may be elassi

fied into four eategories, whieb are the four eombinations of symmetry in the 

two directions . The numbers of degrees of freedom obtained in eaeh sub-problem 

are as follows: 

(i) 

(ii) 

(Hi) 

(iv) 

Mode Shape 

Symmetrie in both x and y 

Symmetrie in x, anti symmetrie in y 

Antisymmetrie in x, symmetrie in y 

Antisymmetrie in both x and y 

Degrees of Freedom 

42 

33 

41 

31 

The numerical resul ts are shown in Tables m and IV. Table lil 

gives a comparison of tbe results obtained from tbe 3 x 3 griel/bay represen

tation and the 4 x 4 griel/bay representation, with tbe effect of stringers in

cluded in both. The corresponding mode shapes (eigenvectors) , as obtained 
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(rom the 4 x 4 grid/bay representation , are plotted in Figures 6 ta 23. The 

heavy lines in these Figures represent the outer clamped boundari es of the panel 

and the four stringers across it . The light curves show the panel deflection at 

the junctions of the plate elements, and tbe dashed curves represe nt the nOOal 

lines . The panel deflec tion curves were obtained by fitting third-order poly

nomia ls to the appropriate eigenvector components (1/1 or IJl and w) of adjacent 
x y 

contral points. 

The vibration modes Decur in distinct groups of five each because 

there are five bays in the panel. These groups are inbelled arbitrarily A, B, 

C, etc., for identification purposes , as s hown in Column 1 of Table Ill. Tbe 

symmetry character of each mode is indicated in Columns 4 and 5, where the 

symbols S a nd A s tand for symmetrie and anti symmetrie, respeetively. The 

predominant number of half waves present in the mode shapes in each direetion 

are also indicated by the numbers in these columns. 

As shown in the Figures , the fifth mode in each group has a mode shape 

with zero slope aoross each stringer. He nce , in these modes eaeh bay vibrates 

effectively as though the stringers we re clamped edges, and the frequenei~s may 

be compared with those predieted for a clamped plate the size of each bay. Such 

a prediction is shown in Column 6 of Table III as obtained from Warburton's 

Rayleigh solutions (Re l. 6). 

The compar ison of tbe fifth frequency in each group , with the 

Warburton results, is very interesting . For the mode groups A, 0, E, and G, 

these frcquenci es appear to converge towards tbe Warburton r e sult as the finite 

e le ment mode lling is increased from the 3 x 3 to the 4 x 4 grid/bay r eprese nt

ation. On the other hand , for groups B , C, and F , they appear to diverge 

slightly from the Warburton results . Presumably , a Ciner grid work of e lements 

would be required to make these latter groups converge to the correct result. 

However, it may be noted that the maximum error in these frequenci es , as 

predicted by the 4 x 4 grid/bay r epresentation, is only 15 pe rcent. It is 

e xpected that the accuracy of the other four frequencies in each group would b e 
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the same or better than that of the fifth. Hence, it appears that the first 35 

vibration frequencies for the five-bay panel are predicted ta witrun 15 percent 

by the 4 x 4 grid!bay finite e lement representation. 

Only the fifth frequency in each of tbe higher groups H ta Nare 

presented in Table III. It is clear that these predictions are far less accurate 

than the lower ooes , although they are the correct order of magnitude. 

The modes shapes associated with the frequencies in Table lil, and 

exhihited in Figures 6 ta 23, al so reveal some interesting effects. The first 

ten modes are very clear, having Doe or two half waves in tbe y direction. 

However, the next four modes exhihit unusual nodaL patterns in the x direction. 

These are fundamentally diffe r ent from the straight noda l Hnes that wou ld occur 

if the panel edges y = 0 and W were simply supported. In the present problem, 

the clamped boundary conditions preclude the possibility of aseparabie solution 

for the panel deflection that can always be obtained for the simply supported case. 

Hence, the unusual nodal patterns found here in may be associated with these 

c lamped boundary conditions. As shown in the Figures, more non-straight 

nodal lines in the x direction are revealed in same of the higher modes. In 

particular, see Figures 21 to 23. 

Numerical results were also obtained for the five -bay panel frequen

cies with the effect of stringers negl ected, i.e. for the panel simply supported 

at the stringers. These were obtained from the 4 x 4 grid/bay representation 

and are shown in Tabl e IV along wi th the re su lts for stringers . lt i s seen th.:'lt 

including the effect of t he stringers pushes up the lower frequencies in each 

group. Tbe fifth frequency is not changed because tbe stringers are effectively 

clamped for the mocles associated with tbese frequencies, as noted earlier. 

Hence, tbe effect of the stringers is to decrease the frequency bandwidth of 

each modal group. 

3.2 Random Response 

The calculation of the panel response to a random pressure loading is 
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also carried out using the finite element representations. Numerical results 

are presented for the particular excitatiOD known as plane wave propagation 

of acoustic white noise. This type of random loading is of special interest 

because it may be considered as an idealization of the pressure fields induced 

downstream by jet engine exhausts. Hence. many parts of a modern jet aircraft 

Bueh as the rear fuselage, horizontal stabilizer. and vertical rudder, encounter 

this type of Doise excitatioD. 

Plane wave propagation of white acoustic noise is characterized by 

tbe following cross-spectral density (Ref. 5) 

--z
Po 

S«.W)= exp -[~J for I w I 
< W \ 

- c 

> Wc 

(18) 

= 0 (or I W I 

where 

2 Po = mean square amplitude of pressure, (psi) 

Wc = the cut-off frequency, which is assumed large, (rad/sec) 

c = acoustic propagation speed 

ç = di stance between field points (measured in the direction 
of propagation) . 

The direction of noise propagation is taken to be down the panel in the x direc

tion (Fig. 5). 

The numerical calculations are carried out for the 3 x 3 grid/bay 

representation shown in Figure 5a. The distributed acoustic loading on the 

panel is approximated by a set of concentrated transverse shear loads acting 

at the finite element corner junctions, points 1 to 27 in the Figure. The root 

mean square amplitude of each concentrated load will be ab j Po 
2

, i. e., equal 
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to the rms acoustic pressure times tbe area of one element. It is assumed 

that tbe cross-spectral density functions for these concentrated laads are given 

byequation (18) with ~ measured between the laads; that is 

(19) 

where g. is tbe x co-ordinate of point j. Tbe foregoing approximations wiU be 
J 

reasonably good as long as the acoustic wave lengths associated wUh tbe fre-

quencies that dominate tbe panel response are long compared with the finite 

e lement width a. This wiU indeed be tbe case for the present problem, since 

tbe predominant panel frequencies are (rom 100 to 500 CpB. 

Since the plane wave noise propagation does not vary in tbe y direc

tion, tbe panel response must be symmetrie in y. Hence, by using this sym

metry condition, the 68 degree of freedom system assoc iated with Figure Sa 

may be reduced to 34 degrees of freedom. The numerical ealeulations involved 

in equations (15) and (16) are carried out for this 34 degree of freedom system, 

and the results are presented in Figures 24 to 37 for a struetural damping of 

g = 0.02. Note that the ealculations were not eontinued above 500 cps, since 

the major part of the panel response occurs at frequencies below this value. 

Figures 24 to 33 show the power spectral densities for the displace

ments at points I, 3, 7, 9, 13, 15, 19, 21, 25, and 27 on the panel (Fig. Sa). 

Since the panel response is symmetrie in y, the power spectral densities for 

displacements at the symmetrie points 2 ta 28 will be identieal with Figures 

24 ta 33, respeetively. The three relatively wide peaks exhibited in these 

Figures are clearly reeognizable as being assoeiated with modal groups A, C, 

D, and G shown in Table 111. Furthermore , same of the small individual peaks 

in the Figures are reeognizable as being associated with individual modes. 

For example, in Figure 26 the five small peaks from 103 ta 141 cps are asso

ciated wUh the five individual modes in groop A, and in Figure 25 the bve peaks 

from 274 to 335 cps are associated with the five modes in group D. On the other 
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hand, tbe response of modal group G appears to be dominated by the three peaks 

at 416 , 427 and 443 eps . 

Moelal group C, which should a 180 be excited by the acoustic noise, 

is not recognizable in these Figures because the panel mocles of this group have 

modallines very close to the contra l points 1 to 28 (see Fig. 16 to 18). Hence, 

the response associated with these modes at these points is too small to show 

up in the di splacement power spectral density curves . The modal groilps B, 

E. and F are not recognizab le in the Figurea, since they are a nti symmetrie in 

y and are not excited by the neise field. 

Figure 34 shows the power spectral density for the panel s lope in the 

x direction, IPx' at the control point 27 (Fig. 5a). lt may be noted that thls power 

spectral density curve is very similar to that for the displacement al point 27 

(Fig. 33). In particular, the shape o( the first response band from 103 to 141 

cps is almos t identical in t he two Figures. lt is interesting to note that, whereas 

same of the individual peaks in the second response band (rom 274 to 335 c ps 

were not evident in Figure 33, they s how up c lear ly in Figure 34. T he corre

sponding results (or the other control points were very similar and hence are 

not presented herein. 

Figure 35 shows the power spectral density for the panel s lope in the 

y direction, tJ!y' at the same control point 27, for comparison. The first r e

sponse band from 103 to 141 cps i s very si mila r to tha t in Figure 33. However , 

the second response band from 274 to 335 cps is somewhat different in that 

relative to the first band it is about one or der of magnitude larger than it was 

i n Figure 33, and exhibits individual peaks at 274, 317 and 335 cps that were 

absent in Figure 33. 

Actually, panel modes that have several half waves in the y direction 

s hould have larger power spectral densities for s lope 1./Jy than for displaceme nt 

w compa red with those wUh fewer waves in the y direction . Hence, the moda l 

responses assoc iated with group C should be emphasized more in Figur e 35 

than those associated with group D (Tabie IJl) . However. it appears that the 
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response due to bath groups bas been iDcreased in Figure 35. This result must 

be associated with the fact that the 3 x 3 grid/bay finite element representation 

for the panel does not adequately separate the modes of groups C and D. In 

other words, the mode shapes predicted by tbe 3 x 3 grid/bay representation 

for modes 11 to 20 (273.84 to 335.23 cpS) all had about equal "waviness" in 

tbe y direction , whereas (as shown in Fig. 11 to 15) the 4 x 4 grid/bay repre

sentation did clearly separate tbe modes inta groups C and D. Hence. the fact 

that some of tbe modes of group D are emphasized in Figure 35 must be attrib

uted to this limitation in the 3 x 3 grid/bay representation. Finally. it may be 

noted that tbe response of modal group G (410 to 453 cps) is increased in Fig

ure 35 as expected, since the modes in group G have three half waves in the 

y direction . 

The mean square response for each degree of freedom was also 00-

tained by numetical integration of its power spectral density curve, using 

Simpson's ru le. This was done simultaneously with the calculation of the power 

spectra. A frequency step size of 1.0 cps was used within the response bands, 

and one of 10.0 cps was used between the bands. 

The results in terms of root mean square amplitude are shown in 

Figures 36 and 37. Figure 36 shows the longitudinal distribution of the l'ms 

panel response. It is interesting to note that this response is not symmetrie 

with respect to the centre bay and , in particular, the maximum amplitude occurs 

in the last downstream bay. These results are a consequence of t he direction

ality of the excitation fie ld. Figure 37 shows the lateral distributions of the 

rms panel response in the centre and last bays. These curves indicate that the 

panel response is dominated by modes with one half wave parallel to the stringer. 

The relative flatness of the top of these curves is evidence of the presence of 

higher modes, even though their contribution is small. 

4.0 CONCLUDING REMARKS 

A finite el ement approach to the analysis of continuous skin-stringer 
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panels has been presented. The method was illustrated in the calculation of 

vibratien modes and random response of a five-bay stringer-stiffened panel 

with all outer edges clamped. The panel skin was represented by Hnite plate 

elements and the stringers, which were assumed infinitely stiff in bending, were 

represented by beam torsional elements. 

The panel vibration modes were obtained irom bath a 3 x 3 and a 

4 x 4 grid of plate elements per bay. It was estimated that tbe first 35 panel 

frequencies obtained irom the Latter representation were within 15 percent of 

the correct values. The vibration modes occurred in distinct groups with five 

similar modes in each, the number five corresponding to the number of panel 

bays. A comparison of the results obtained with and without the effect of string

ers included, showed that the stringers effectively reduce the frequency band

width of each group of five modes. 

The response of the panel to plane wave propagation of acoustic noi se 

(propagating normal to the stringers) was also obtained, using the 3 x 3 grid/ 

bay of finite elements . The resulting response power spectral densities were 

found to be fundamentally different from those associated with single span panels. 

These power spectra did not have widely separated peaks, but rather the peaks 

tended to be squeezed iota groups corresponding to the groupings of natural fre

quencies for the panel. The individual modal responses within each group were 

blurred together, indicating that the response cannot be thought of as the sum

mation of independent modal responses. 
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TABLE 111 

FIVE-BAY PANEL VIBRATION FREQUENCIES 

(E ffect of Stri ngcrs Includcd) 

3 x 3 grlel/bay 4 )( 4 griel/bal' symrnetJj' and symmetry and Warburton 
Mode 68 dcg of 147 d eg of h.1 lf waves half waves/bay result 
Group frccdom (cpa) frccdom (cpa) In y dlr'n In x dir ' n (cps) 

103.42 105.06 S - 1 S - 1 
11 2.35 114.36 S - 1 A-I 

A 124.GO 127.17 S - I S - 1 
136. 14 139 .38 S - 1 A - I 
141.18 144.77 S - 1 S - 1 152. <1 

171 .37 174 .82 A - 2 S - 1 
180.70 178.21 A - 2 A- I 

B 185.1 1 182. 71 A - 2 S - 1 
188. 97 186.66 A - 2 A- I 
190 .53 t88.25 A - 2 S - 1 207.2 

288.42 281.41 5 - 3 5-
294.78 282.47 S - 3 A - I 

C 295.88 284.18 5-3 5 - 1 
299.67 287.01 5 - 3 A-I 
299.17 287.03 5-3 5 - I 303.4 

Z73 .a-. 280.37 5 - 1 A - 2 
303.23 304. 16 5 - 1 5 - 2 

0 317 . 01 332.59 S - 1 A - 2 
330 .42 358.89 5 - I 5-2 
335 .23 370.60 S - 1 A - 2 391. 1 

558.18 454.61 A - • 5 - 1 
558.90 454.83 A -. A-I 

E 559.02 455.02 A -. 5 - 1 
559.09 455.13 A - . A-I 
559.12 455. 17 A -. S - 1 439 .8 

354.97 3 46.39 A - 2 A - 2 
364.68 356 .11 A - 2 5 - 2 

" 376.94 368 .47 A - 2 A - 2 
387.22 378.97 A - 2 S - 2 
391. 26 383. 16 A - 2 A - 2 444. 2 

4 10.50 454.08 S - 3 A - 2 
415 .96 459.54 S - 3 5 - 2 

G 426.96 466.84 5-3 A - 2 
443 .00 473 .88 5-3 5-2 
452.64 477.45 5-3 A -2 534.0 

11 738.51 5-5 5 - 1 614. 2 

578.94 A - . A - 2 663.1 

J 662.65 5 - 1 5-3 749 .8 

K 629.30 A - 2 5-3 803.3 

L 861. 35 S-5 A - 2 831.4 

M 800.87 5-3 5-3 891. 1 

N 831. 58 A-' 5-3 1016 0 
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TABLE IV 

EFFECT OF STRINGERS ON PANEL FREQUENCIES 

(Obtained [rom 4 x 4 griel/bay representation) 

Panel Frequencics Panel Frequencies 
without effect of including effect 

stringers of stri ngers 
(cps) (cp s) 

89.154 105.06 
101.78 114.36 
119.20 127.17 
136.54 139.38 
144 . 77 144.77 

155. 11 174 .82 
162.44 178.21 
172.98 182. 71 
183.47 186.66 
188.25 188.25 

263. 79 281. 41 
268.96 282.47 
276 . 18 284. 18 
283.92 287.01 
287 .03 287.03 

262.78 280.37 
291. 36 304. 16 
325.22 332.59 
356.43 358.89 
370.60 370.60 

453. 8 1 454.61 
454.50 454.83 
454.92 455.02 
455. 11 455 .13 
455.17 455.17 

304.81 346.39 
325.36 356.11 
350.79 368.47 
373.42 378.97 
383.16 383. 16 

405. 02 454.08 
422.8 0 459.54 
445.91 466.84 
467 .56 473.88 
477 .45 477 .45 
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APPENDIX A 

DERIVATION OF STRING ER TORSIONAL ELEMENT 

Assuming the rotation of the beam element shown in Figure 4 varies 

linear ly in x, leads to the expres sion 

x x e (x) = (1 - T) el + T e2 

The strain energy for the beam e lement is 

I 

f GJ 
o 

where GJ is tbc beam lorsional rigidity, and the kinetic energy is 

2 
(de) dx = 

dt 

2 w 
2 

J 

f I e2 
dx 

o 

(A-I) 

(A-2) 

IA-3) 

(or harmonie time dependenee where I is the moment of inertia per unit length 

of beam. 

Substituting tbe expression for e (x) into the energy integral s and 

carrying out the integrations, yield 

where 

and 

ES = 1- xT KX 

2 
Ek = ~ XT MX 

(A-4) 



and 
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11 
M = 6 

a r e the stiffness and mass matrices Cor the beam tors ional element. Hence , 

thc equation rela ting the end rotations 91 and 92 to thc applied end torques 

Tl and T 2 (Fig. 4) may be put in tbc form 

GJ 
I 

(A- S) 
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