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INTRODUCTION.

§1.

History

The Western European countries are known, amongst other things,
for their bells and carillons. The Netherlands, for instance, before
the sequestration of them by the Germans, possessed more than
9000 bells, including 66 carillons and many chimes.
The oldest Dutch bells that have been preserved date from the
13th century. In those days a bell was used mostly for alarm purposes
in cases of fire, floods and enemy invasions. About the 16th century
its use was extended to religious purposes and to time indication.
The technique of manufacturing bells with a fixed pitch was not
very advanced at that time. Combinations of bells to be sounded together, as a chime before the striking of the hour seldom included
more than 4 bells („Carillon" from the Lat. Quadrillonem). Up to
the first half of the 17th century only a few carillons are known with
a chromatic scale of a complete octave or more.
The main progress in this technique has been due to the work of
the two brothers F. and P. Hemony, bell casters, who lived in the
Netherlands in the second half of the 17th century. They succeeded
in making bells of a fixed pitch, the partials of which had certain
harmonic intervals. This improved to a great extent the musical
quality of the sound of each individual bell, and at the same time
opened the possibility of making carillons with a much wider range.
Actually, to-day Hemony-bells are still considered as standards.
As a consequence of the fine technique of the Hemony's many of
the older bells in our country were melted down at that time, to
obtain better bells.
Apprentices of the Hemony's, such as the Fremy's, Noorden and
Grave continued their tradition for some generations, but in the
19th century the art of casting bells of high musical quality had
gradually been lost. Bells dating from the 19th century are much
inferiour to the older ones from the flourishing period. Carillons
have practically not been made at that time.
In the 20th century the English bell casters especially have
regained the art of controlling the musical sound of their bells, by
studying old bells and by their own researches.
1
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After the German occupation more than half of the total number
of bells in the Netherlands had been lost. Exact figures on the losses
of bells during the war are given by Price^).
As a result of these losses the existing bell casters were overwhelmed
with orders; the more so, as the Dutch Government considered the
subject of insufficient importance and urgency to allow foreign
currency to be spent upon bells. This meant also that a number of
other foundries took up the manufacture of bells as a new subject
of their production programmes.
Under these circumstances a governmental committee was formed
to supervise and test the new bells that were delivered. This committee, called the "Rijks Commissie van Advies voor Oude en Nieuwe
Luid- en Slagklokken en Klokkenspelen" has set up minimum
standards for new bells. Demands are made upon good bells in two
aspects, namely:
a) acoustically, to the character of the sound;
b) artistically, to the appearance, the ornaments, etc. The long life
of bells makes them especially suited to commemorate names,
events, etc. Here the types of ornaments are often representative
of the time of origination.
In this thesis an attempt will be made to consider what possibilities are offered by modern eleclro-acoustical measuring methods,
in order to control the sound and to quicken the production and
testing of bells.
The underlying research originated in the documentation of the
sound of a number of bells for the Department for Preservation
of Arts and Monuments of the Ministry of Arts. The need for
such a documentation had been felt during the occupation, when
bells had often to be selected for the requisitioning with only very
few data known.
The bells to be documentated were gathered at a number of dumps,
after having been rescued from being melted down. Thus an unique
opportunity was offered to make measurements that would not have
been possible with bells hanging in their towers.
At first it had to be decided which acoustical data are of individual
importance in describing the sound of a bell, and therefore had to be
measured in each case. Other acoustical data can be deduced with
enough accuracy from general similarity rules, when numerical
figures for these are known from measurements on a few charac') Price, Prof. P., "Campanology, Europe, 1945—'47", p. 39. Univ. of
Michigan Press.
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teristic samples. For this reason a number of selected bells were
transported from the dumps to the laboratory to be tested in
more detail.
The description of the apparatus used, and of the results of the
measurements will be given in this thesis, grouped according to the
acoustical quantity involved.
§2. T e r m i n o l o g y

and D e s c r i p t i o n

of a B e l l

A bell in general is a hollow body with axial symmetry. In this
thesis the following names will be used for the different parts (fig. 1):

Fig. 1.

Cross-section of a bell, cut along a plane through the axis
of rotation.

The Crown, where the bell is suspended.
The Head or top plate.
The Waist, nearly cylindrically shaped.
The Sound-Bow, the lower part with greater wall thickness, which
is hit by:
The Clapper, in case of a swinging bell, and by:
The Hammer at the outside surface to strike the hours.
Places on a bell will be specified by the cylindrical coordinates
R, t|i and H. The H-axis coincides with the symmetry axis of the
3

bell. The plane perpendicular to this axis, touching the lower end
of the sound-bow, where the inside- and outside surfaces of the bell
meet, is where H = O. The radius Ro of the circle in this plane is
a characteristic size of the bell (fig. 1). Where a distinction is necessary, the radius of the outside surface of the bell will be labelled R,
whilst the inside radius will be denoted by r. Usually H, R and r will
be given with RQ as length unit.
The pure tones from which the sound of a bell is composed, are
called the Partials. Each partial corresponds to a certain mode of
vibration of the bell. To convert the frequencies of the partials into
a musical notation an equally tempered musical scale with a basis
A 3 = 440 c/s will be used, unless otherwise stated. Each semitone
12

in this scale corresponds to a frequency relation 1 : y(2). Fractions
of a semitone are given in decimals, thus:
"A 3 + 0,39" = 440 . ('»/(2))°'^' = 450 c/s.
Further, for instance, E 3 — 0,45 is identical with D#3 + 0,55.
The different partials of a bell are distinguished by calling them
after the musical intervals such as normally occur in the Hemony
bells. The 5 lower partials are, in succession of increasing frequency:
1) the Hum-Note, the lowest characteristic frequency of a bell;
2) the Fundamental, an octave above 1);
3) the Minor Third; a minor third above 2);
4) the Fifth or Quint; a fifth above 2);
5) the Nominal or Octave, and octave above 2), two octaves above 1).
The sixth and higher partials are usually rather variable, even
for bells of good musical quality, so that it is not useful to give
musical names for them. In Hemony-bells the sixth partial might be
called Harmonic Decime, as the interval between the sixth partial and
the Fundamental most often equals an octave + a major third.
§3. M a t e r i a l s for
Bell-Bronze

Bells.

The

Structure

of

The material of most bells is bronze with a tin-content of 19
to 22% by weight. Sometimes steel is used for bells; in Poland
brass bells can be found.
Bell-bronze is hard and brittle. A diagram of the Copper-Tin
system^) is given in fig. 2. This figure shows that in bronze alloys
1) After Carpenter, Sir H. and J. M. Robertson: Metals, p. 1272. Oxford
University Press.
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Fig. 2.

The Copper-Tin system. After Carpenter and Robertson. I.e.

containing between 16 and about 30% tin, at atmospheric temperature both the face-centred cubic "^"-structure and the eutectoid
mixture of "a" -|- "8" exist. The melt of alloys of bell-bronze with
a tin content of 22,5 to 26% solidifies as "P", which is a bodycentred cubic structure. With decreasing temperature the "^"
decomposes along the line C—D in fig. 2, with the formation of
"a", and this is followed by the eutectoid change at D, so at atmospheric temperature the structure is that of "a" in a matrix of
("a"-|-"S") eutectoid. The latter gives bell bronze its brittle
character.
The micro-photographs of figs. 3a, 3b and 3c show some samples
of bronze, originating from bells, cast by Messrs. Gillett and Johnston, Hemony and Eysbouts respectively. These microscopic pictures
were taken at the Metals Department of the "Centraal Instituut voor
Materiaal Onderzoek" at Delft (a Dutch laboratory for testing of
materials). In fig. 3a the "«"-crystals show as long, relatively lightcolored-, and in the other photographs as dark irregular dots.
Primary skeletons of "a" in a matrix of " p " are formed in bronzes
with less than 22% tin at the solidifaction of the melt. During the
cooling some "|3" changes to "a" and at 520° C the remaining "(3"
undergoes the eutectoid reaction. At atmospheric temperature the
structure will also be that of "a" in ("a"+"S") eutectoid.
5

§4. S u b j e c t s , D e a l t W i t h in T h i s

Thesis

In chapter I a survey is given of the physical data that define the
sound of a bell. A distinction is made between those data that are
important for characterisation and documentation of the individual
sound qualities, and those for which general rules can be given.
Chapter II deals with the measurement of the partial frequencies
and gives statistical results. In chapter III the tuning of the carillons
incorporated in the tested bells are discussed. In chapter IV the
results are given of the determination of the dependence of the tuning
on the profile shape, in other words of the process of tuning bells.
The attenuation of the vibrations in bells due to damping is dealt
with in chapter V, whilst in chapter VI the acoustical radiation of
a bell in different directions is discussed.

6

Chapter I
DESCRIPTION OF THE SOUND OF A BELL.

§5. A c o u s t i c a l

Data

In general bells show a high degree of rotational symmetry. Ideal
rotational symmetry cannot easily be attained in practice, if it were
only for the ornaments and inscriptions. The shape of the profile
has been indicated in fig. 1. The profiles of most existing bells
ressemble that of fig. 1 very closely, although there are deviations
which will be dealt with in chapter IV. The average profile cannot
be described mathematically by curves of the second grade. Moreover the wall thickness is not to be neglected in comparison with the
other dimensions. Therefore the theory of elastical vibrations is
rather complex.
In the literature a few attempts can be found to calculate the frequencies of elastical vibrations of a given bell profile, with only very
limited success, due to the fact that rough approximations had to be
made, in order to make the mathematical calculations feasible.
Rayleighi) considers radial and tangential movements of the wall
of a bell. It is supposed that in the bell there will be an elastically
neutral layer, for which the length of every curve in this layer will
be constant during the movement. This layer thus separates places
of expansion and of compression.
In this neutral layer a circle around the bell will also have a
constant length, which means that the amplitude of the radial movement is a maximum at places where the tangential amplitude equals
zero, so that both movements are complementary. Rayleigh further
proves that due to the rotational symmetry, the nodal lines, where
the amplitude equals zero, are meridans and parallels on the bell,
both for the radial and the tangential vibrations.
Vaz Nunes^) assumes the profile of a bell to be part of a hyperbola of negligible wall-thickness. He calculates the place of the nodal
parallel of the Fundamental. The latter partial is the lowest one
•) Rayleigh, Lord: Theory of Sound I.
^) Vaz Nunes, A.: Thesis Amsterdam, 1909.
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possessing a nodal parallel, apart from that at the head of the bell
(comp. § 19). Due to the rough assumptions the calculated place
of the nodal line on the hyperboloid is outside the region by which
the bell profile is approximated. Both Vaz Nunes and Rayleigh
experimentally found a nodal parallel on the bell surface for this partial.
When a bell has been struck by the clapper it will vibrate as a free
body, suspended only at the crown. This means that for characteristic vibrations where the crown, practically speaking the head is
not a node, a transfer of vibrational energy to the suspension will
take place, unless the mechanical impedance of the latter is purely
imaginary. Such a suspension cannot be realised in practice. Therefore vibrations where the head is not a node will be heavily damped,
and need not be considered as contributing to the sound after
the stroke.
Further from the acoustical aspect only radial movements of the
wall of the bell mtist be taken into account, as the sound radiation
is caused by these vibrations. The results of the experimental
determination of the modes of vibration of the audible partials, as
given in § 19, will show that in each case the amplitude of the head
equals zero.
As a bell normally can be used for centuries, it is improbable that
the elastic tensions anywhere in the bell will be near to the yieldvalue. Thus Hooke's law will apply to the normally occurring
elastic movements of bells, which means that the phenomenon is
linear and that the partials may be considered independent from
each other.
The physical data describing the sound of each partial are:
a) the frequency,
b) the initial amplitude at the moment of striking,
c) the decay of the sound after the stroke,
d) the directivity of the sound intensity (i.e. the sound intensity at
a given distance, large in comparison with the wavelength in the
air, as a function of the direction of observation).
The combination of these data for the most important partials
gives the physical description of the sound of the bell. The psychological effect of the "striking note" will be dealt with in chapter VI.
The ratios between the partial frequencies determine the musical
intervals, and thus the musical character of the sound. If a single
bell is considered, the absolute values of the frequencies are less
important than the ratios between them. For this reason a distinction
is made between the so-called "internal tuning" of a bell, giving the
musical intervals between the partials only, and the "external
8

Fig. 3a.

Fig. 36.

'"ig. 3c.

S t r u c t u r e of a s a m p l e of 1)I,IM/,', r a s t by Messrs. Gillett and
Johnsto?i. L i n e a r o u l a r g e m e n t 100 t i m e s .

S t r u c t u r e of a s a m p l e ol lleiiuiiiv l)r()n7.e. Linear enlargement
10(1 times.

S t r u c t u r e nf a s a m p l e iil boll bronze, c a s t b y Messrs. E y s b o u t s
I :iii',-r ••n';irüeni''nt 100 t i m e s

tuning", where the absolute values of the partial frequencies are
considered in connection with those of other bells. Mostly either
the Hum-Note or the Fundamental frequency of a bell are taken as
characteristic frequency determining (together with the intervals) the
external tuning. In this thesis usually the frequencies of all the most
important partials, or the musical notation of them will be given.
Finally it is obvious that in the case where a carillon is composed
of bells with substantially eqtial internal tuning, the choice of a
partial to give the external tuning is arbitrary, as all scales of corresponding partials are the same.
§ 6 . I n f l u e n c e of G e o m e t r i c a l a n d
Conditions upon the Sound

Mechanical

The acoustical data describing the sound, as mentioned in § 5,
are in turn determined by mechanical, material and geometrical
properties of the bell, such as:
I 1) the elastical coefficients of the material;
mechanical: < 2) the density (specific mass) of the material;
( 3) the internal damping of the material;
. ,
(4) the structure of the material;
( 5) the porosity of the material;
/ 6) the shape of the profile of the bell;
geometrical: ( 7. possible deviations from ideal axial symmetry;
' 8) the place of striking on the bell.
The knowledge of these influences is an important aid to the
control of the sound in the manufacture of bells. In the following
these influences will be analysed in more detail. The starting point
of these considerations is the fact that the profiles of existing bells
show a high degree of similarity.
If the radius Ro of the sound-bow is taken as the characteristic
size of the bell, the profiles of a number of bells can be reduced by
measuring lengths in terms of Ro, and from these curves a mean
reduced profile can be deduced by averaging. For bells of exactly
the same shape the mass is given by the relation:
M = const.. p. Ro^,
where p = the density of the bell material.
In fig. 4 the available data of M and Ro for 185 bronze bells are
plotted against each other, both on a logarithmical scale. Apparently
for bells of which M > 30 kg, the following relation holds:
M = (5100±400).Ro3kg = 5100.Ro3±8%kg. . . (1),
for Ro in m.
9
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Allowing for differences in O
l of ± 1% due to the differences in
the tin-content of usual bell bronzes, the incidental linear deviations
in size between the actual- and the average reduced profile are of the
order of magnitude of ± 3 % . It will be shown in chapter IV that
these relatively small differences in the reduced profiles may lead
to large differences in the internal tuning.
A detailed survey of the influences of mechanical, material and
geometrical properties on the sound will be given with the aid of
the reference table I. In this table the letters at the intersections
10

TABLE I
References between Geometrical, Mechanical and Acoustical Data of a Bell.
Relative
Intensity Directivity
of part.

Hum-Note
Frequency

Internal
Tuning

Young's Modulus
Density . . . .

See A)

See A)

—

SeeD)

SeeE)

Ro

See A)

See A)

—

SeeD)

SeeE)

Deviations from
average profile .

SeeB)

SeeB)

SeeC)

SeeD)

SeeE)

Asymmetry . . .

SeeF)

SeeF)

SeeF)

SeeF)

SeeE)

Porosity.

See A)

See A)

SeeF)

SeeD)

SeeE)

Place of stroke . . : See A)

See A)

SeeC)

SeeD)

SeeE)

. . . .

Decay

of the columns, denoting the acoustical data, and the lines indicating
the bell properties, refer to the points mentioned in the following.
A. Cauchy's principle of similarity') for elastical vibrations in
homogeneous and isotropic bodies leads to the following conclusions
with respect to the frequencies of the characteristic modes of
vibration of bells:
1) For similar shaped bodies from the same material the frequencies of corresponding modes of vibration are inversely proportional to the sizes. Thus in the case of bronze bells the frequencies
of corresponding partials should be inversely proportional to Ro.
2) For homogeneous and isotropic matrials the elastic tensions
are determined by Young's modulus E and Poisson's ratio \L.
In accordance with Rayleigh's supposition as mentioned in § 5
(p. 7) the wall of the bell is thin in comparison with the other dimensions, so the vibration causes compressions and expansions in the
1) See for instance M. Weber in Huette, Ingenieurs Taschenbuch I, 1948
p. 435.
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material; the bending forces are small and the — relatively small —
differences in the values of [i for various metals will cause only
negligible differences in the total elastic tensions, so that the latter
will be proportional to Young's modulus E. For bodies of the same
dimensions, made of materials with different elastic moduli, the
frequencies of corresponding modes of vibration are proportional
to the square root of the elastic tension, caused by the vibrational
amplitude at any point, and inversely proportional to the square
root of the density p of the material. This means that for bells
of different metals the frequencies of corresponding partials are
proportional to c, defined by:

and inversely proportional to the size of the bell. The quantity c
represents the velocity of longitudinal elastic vibrations in thin bars
of the material.
As the foregoing conclusions apply to all partials of a bell, the
frequency relations of these, in other words the internal tuning,
will be independent of the size, or of the material.
To make bells of the same pitch out of different materials, RQ
should vary inversely proportional to c. In the case where steel
bells have to replace bronze ones, this means that for the steel bell
Ro is 1,44 times, and thus the mass M is 2,60 times that of a bronze
bell of the same pitch. To obtain identical internal tuning, the profiles of both bells must be made similar. An experimental verification
of this theoretical comparison of bronze and steel for bells can be
found in chapter V, § 45.
Finally it will be clear that the frequencies of the partials are
independent of the place of striking.
B. The existing degree of similarity between different bell profiles will lead to a certain analogy in the internal tuning. Nevertheless it is a well-known fact that from the musical aspect large
differences exist between the sound of different bells. The following
example may serve as an illustration:
a) Bell nr. 7M60i), Haarlem. Made by F. Hemony, 1663.
RO = 365 mm, M = 240 kg. The partials are:
') This is the notation used by the Department for Preservation of
Arts and Monuments. M denotes: valuable and monumental; 7 denotes
the district of origine (in this case Noord Holland); 60 is the number of
registration of the bell in the district.
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Hum-Note:
Cfl:3 —0,32
Fundamental: C#4 —0,23
Minor Third: E 4 —0,19
Fifth:
G#4 —0,27
Nominal:
C#5 —0,42.
The sound of this bell is qualified excellent.
b) Bell nr. 7C96i), Knollendam. Ro
This bell has the following partials:
Hum-Note:
F 3
Fundamental: D#4
Minor Third: G 4
Fifth:
B 4

= 315 mm, M = 163 kg.
^-0,14
+0,31
-|-0,46
—0,12.

A very strong criticism was made of the sound of this bell by
Prof. Smijers, Chairman of the "Rijks Advies Commissie". If for
the latter bell the frequency of the Hum-Note had been 6,4% lower,
that of the Fundamental 6,5% higher, that of the Minor Third
2,4% lower and that of the Fifth 1,7% higher, then the internal
timing had been purely equally tempered with a Hum-Note:
E3 +0,16.
In chapter IV it will be shown that such differences in the partial
frequencies may be caused by only slight alterations of the profile,
so that the high musical demands upon the partial frequencies make
it impossible to give a bell the right tuning by casting only. A mechanical finishing process with constant control of the partial frequencies is done by all the best founders.
The technique of such tuning of bells can be based on results of
tuning experiments, such as are given in chapter IV.
C. Each partial of a bell corresponds to a characteristic function.
This function gives the radial amplitude of the characteristic mode
of vibration of the partial for each place on the bell.
Rayleigh (I.e.) has shown that the lines along which these characteristic functions are zero (the nodal lines) are meridians and
parallels with respect to the rotational axis for bodies with rotational
symmetry, such as bells.
The characteristic functions of radial and tangential vibrations
are complementary as a consequence of the supposed existence of
an elastically neutral layer, in which lines remain at a constant
length. The acoustical energy is dissipated by the radial movements
*) This bell is qualified as "less valuable" by the letter C.
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of the bell surface, so the nodal lines of radial motion are the most
important from the acoustical aspect. In the following only the latter,
and the radial characteristic modes of vibration will be mentioned.
The amplitude with which a certain mode of vibration is excited,
is proportional to the impulse of the stroke, and to the value of
the characteristic function for this mode of vibration at the place
of striking. The direction of the impulse of the stroke is practically
radial, so if the place of striking coincides with a nodal line of any
characteristic function, the corresponding partial will not be excited.
Due to the rotational symmetry the places of the nodal meridians
are determined by the place of striking. Thus for an ideally rotationally symmetrical bell this case of non-excitation can only occur on
nodal parallels. Furthermore the amplitude of a certain partial
depends mostly upon small variations in the place of striking near
such a nodal parallel, as in this region the value of the characteristic
function shows the largest relative variations per unit of length
displacement of the point of striking. On the other hand small
variations of the profile of bells will lead to differences in the relative
place of the nodal parallels. These will only cause notable differences
in the relative intensity with which a partial is struck at a given
place, if this place of striking is near to a nodal parallel of this partial,
where the relative variation of the characteristic function is the
largest.
In practice this phenomenon can best be found in the case of the
Fifth, as this partial has a nodal parallel in the sound-bow, very
near to the normal place of striking of a bell.
D. The dependence of the sound intensity of any tone of a bell
on the direction of observation is determined by the ratio between
the dimensions of the bell and the wavelength of the sound in the
air. For similar bells of the same material this wavelength is proportional to RO, SO the directivity of the sound of corresponding
partials will be the same for large and for small bells. Small differences
in the profiles of various bells will have no important influence upon
the directivity of the sound intensity as long as these differences in
the relation between the size of the bell, and the wavelength of the
sound in the air, and also the relative displacements of the nodal
lines, measured in wavelengths remain negligible.
Only in cases where the longitudinal velocity of the sound, c,
of the bell material shows substantial variations, as for steel- and
bronze bells, the relation between wavelength and bell size is essentially different, and thus different directional characteristics of the
sound intensity may be expected. Small variations in c, caused by
- 14

porosity or incidental variations in the composition of the material,
will be of much less importance.
The directivities of the sound intensities of the partials are fixed
but for rotation, as the places of the nodal meridians are determined
by the place of the stroke, i.e. in a horizontal direction (it is supposed
that the bell is perfectly symmetrical).
E. The decay of the sound of bells will be analysed in chapter V.
Before the conclusions to be made there, it can be stated that the
attenuation is due partly to losses of elastical energy in the bell
material and partly to the radiation of acoustical energy. For the
latter part of the losses again similarity considerations can be given
and as to the individual deviations from these similarity rules the
same conditions apply as have been mentioned in the case of the
directivity of the sound. The essential differences in the amount of
radiated acoustical energy again occur where the c of the bell material
is essentially different, i.e. for steel bells in comparison with bronze
ones for instance.
The elastical losses (internal damping) of the material, on the
contrary, are very much dependent on the structure of the bell
material. Thus the total damping will still show relatively large individual variations for various bells, and in the documentation of the
sound this decay must be measured for each bell individually.
F. A cast bell is never exactly rotationally symmetrical. This can
not be avoided entirely by the mechanical finishing, as normally
the latter process can only be done at the inside surface of the bell,
due to the ornamentation and inscriptions on the outside surface.
Some founders, as for instance St. v. Aerschodt at Louvain, have
made such deep relief in their ornaments, that even these interfere
to a measurable extent with the symmetry of the bells.
Finally, occasional places of high porosity in the casting may lead
to asymmetry. Welded bells also often show these effects due to
the differences between the composition of the weld and of the
surrounding original material.
The most simple case of a bell being asymmetrical is that where
only one single extra load occurs at a point, for instance on the
sound-bow. In this case the characteristic frequencies will be split
up into two, the one somewhat higher, the other a little lower than
the original frequency. The load fixes the place of the nodal meridians on the bell surface for both frequencies, so in this case the
horizontal direction <li of the place of striking does influence the relative intensity of the two components of the split frequency. Generally at an arbitrary point of striking both frequencies are excited.
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This leads to beats in the partial tone with the difference frequency
of the two split components, which is usually low enough to cause
such audible beats. By striking the bell at successive positions around
the sound-bow, places can be found where only one of the split frequencies is excited, as the other has a nodal meridian at the place
concerned. These places are recognised by the disappearance of the
beats in the partial tone.
Rayleigh already used this phenomenon to determine the number
of nodal meridians of a partial, without any further apparatus. His
method will be discussed further in § 19.
In practice the asymmetry of a bell is seldom located at one single
point. This makes the phenomenon more complex by repeated
splitting up of frequencies. Nevertheless the region over which the
split frequencies of a single partial are spread, will seldom comprise
more than 2 to 3 % of the average frequency. Thus the musical
impression remains that of a pure tone, with varying intensity.
In welded bells also, in general, no places of striking can be found
where the beats totally disappear, but at some points they will be
least perceptible. Often it is possible to turn these bells around so
that in the new position the clapper strikes the bell at more favourable points.
§7.

Conclusions

For a physical description of the sound of a bell, including all
characteristic individual properties, it is necessary to give:
a) the frequencies of the partials, with a precision determined by
musical considerations,
b) the relative initial amplitudes of the partials when these characteristic vibrations are excited by a stroke at a given point,
c) the directional characteristics of the sound intensity of the
various partials,
d) the decay of the amplitudes or of the intensities of the partials
as a function of time after the stroke.
Of these quantities those mentioned under a), c) and d) are
characteristics of the bell; that mentioned under b) depends upon
the place of striking and can thus be varied to a certain extent by
the method of suspension of the clapper. Due to the degree of similarity of the profiles of various bells only a) and d) need to be
measured for each bell individually. For the data determining b)
and c), similarity rules can be given with sufficient accuracy, based
upon the results of measurements on a few samples.
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In accordance with the foregoing considerations, for the documentation of the sound of the bells in the dumps only a) and d) were
measured. A small number of selected bells were afterwards transported to the Laboratory for Technical Physics at Delft. On these
bells data were determined, by means of which the qtuntities
mentioned under b) and c) can be deduced for any bell with similarity rules.
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Chapter

II

PARTIAL FREQUENCY MEASUREMENTS.

§8. C o n s i d e r a t i o n s

on t h e

Accuracy

The most important element in the description of the sound of a
bell is the tuning, i.e. the musical harmony between the partial frequencies of which the sound is composed. If the profile of the bell
is such as to make these frequencies correspond — within certain
allowances — to a number of definite musical intervals, then the
sound will generally be qualified as good.
There are certain limits to the precision with which the frequencies
of a bell can be defined or measured:
1) Due to the decay of the sound each tone is, under practical
conditions, only perceptible during a limited time, which means that
the frequency of such a tone can only be defined physically with an
accuracy depending upon the duration of perception. This duration
of the perceptibility depends upon the range between the maximum
signal level and that of the background noise of the environment
where the observations are made, or of the electro-acoustical apparatus, whichever is the louder.
2) If frequency measurements are carried out by equalising the
adjustable — and known — frequency of an electrically generated
tone to that of one of the partials, the precision of the process of
equalising is limited by the fact that beats between a tone of constant
level, and one of which the amplitude is constantly decreasing, can
only be detected by the ear over a limited amplitude range of the
latter tone.
3) If the method of measuring partial frequencies is such as to
have the bell executing forced vibrations under a sinusoidal force
derived from the — known — generator frequency, then the accuracy
with which the generator frequency can be adjusted to obtain a
maximum amplitude of the bell will be limited by the width of the
resonance curve of the bell partial.
On the other hand, to give a description of the sound by physical
data, a minimum precision of the frequency is required:
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a) The measuring method must be of a precision allowing discrimination between frequencies of which a pitch difference can be
detected by the ear.
b) The precision of the frequency measurements must be great
enough to discriminate between the different musical scales occurring
in the tuning of bells and carillons from various periods.
c) The temperature coefficient of the bell frequencies must be
taken into account, especially when the measurements are made at
a temperature that is substantially different from the usual ambient
temperature.
In the following these points will be discussed in further detail.
§9. P h y s i c a l

Accuracy

(ad. 1)

If a sinusoidal vibration phenomenon occurs only for a limited
time, or can only be measured during a limited period. At, the
frequency v of this vibration will have an uncertainty Av given by:
Av.At= 1
(2)1).
Thus the relative error in the frequency will be:

^ = ^
V

(3),

= 1

V. A t

n

where n = the number of periods of the phenomenon that occur,
or can be measured.
If the amplitude of a sine wave with an exponential decay could
be followed till the smallest values, that is for an infinitely long time,
then an infinite number of observations could be made of the time
between two maxima, the period; and so no uncertainty would exist
in the frequency. Under practical conditions the tone of a bell can
be followed during a time in which the amplitude diminishes to
approximately 0,001 of the initial value, as the electro-acoustical
apparatus usually possesses an amplitude range of 60 dB approx.
The time for a decay over 60 dB is determined by the damping
of the bell.
§ 1 0 . D e t e c t i o n of B e a t s
j u s t m e n t (ad 2)

in

Frequency

Ad-

In the electro-acoustical frequency measuring methods an auxiliary
electrical frequency, generated by an audio-frequency generator,
is always used. The frequency of this generator is adjusted to that
») Stewart: JI. Acoust. Soc. Am. 3, 1931, 325.
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of the bell partial. After this the auxiliary frequency can be measured,
for which measurement — within certain limits — any time interval
is available. Thus the over-all accuracy of the measurement is determined in principle by the precision with which the auxiliary frequency can be adjusted to that of the bell, and by the constancy
of the generator frequency during the time needed for the measurement of its frequency.
The adjustment of the generator frequency can for instance be
carried out by making the beats between this and the bell frequency
disappear. Beats between two tones of nearly equal frequency are
perceptible only if the amplitudes of both signals do not differ by
more than a certain factor. In case of a large difference in amplitude
the beats cause only small variations of the intensity of the loudest
tone. The ear sensitivity for these variations depends upon the frequency of the beats, in this case on the difference frequency between
the two tones (the misadjustment of the auxiliary frequency). Measurements on this subject have been made by Riesz'). His results
are given in fig. 5. It appears from this figure that the loudness level
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Fig. 5. The just perceptible intensity variation of a pure tone, as a
function of the variation frequency, for two values of the average intensity
level. After Riesz, I.e.

is also a parameter; for high levels the ear sensitivity for intensity
variations is somewhat greater. Taking the curve for 25 dB, for
difference frequencies of 1 to 3 c/s an intensity difference of 1 dB
is just perceptible. These differences occur if the amplitude of the
weaker tone is approximately 6% of that of the louder one. It
follows that beats will be heard theoretically during the time in
which the bell tone amplitude decreases from 17 times to 0,06 times
that of the auxiliary frequency; i.e. over 49 dB. In anticipation of
the results of the decay measurements to be described in chapter V
use will be made of the fact that for relatively highly damped bells
1) Riesz: Phys. Rev. SI. 1928, 867.
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the time for a decay over 49 dB of a tone of a frequency v c/s is
given by:
4100
.
.
.
t49 =
seconds approximately,
V

during which period the beats between the two tones can be heard.
If the limit of the accuracy of adjustment is taken as 1 beat during
t49, it follows that the auxiliary frequency can thus be adjusted to
a partial frequency of 4100 c/s with an accuracy of 1 c/s, or 0,024%.
This same calculation can be done for other values of the frequency difference where, according to Riesz, the ear sensitivity for
intensity variations is less. This leads to values of the relative accuracy indicated in table II. It turns out that in the range of acoustical
TABLE II
Relative accuracy of beats method for frequency adjustment
Number of beats i
per second . . ;

0,2

0,5

1,0

2

5

Intensity range of
audible beats
(dB)

32,5

37,7

45,1

49,8

46,4

Available time
At(s)

2700/v

3200/v

3800/v

4200/v

3900/v

Number of beats
in A t

540/v

1600/v

3800/v

8400/v

19500/v

0,00037

0,00031

0,00026

0,00024

0,00026

540

1600

3800

8400

19500

A V .

— tor 1 beat . .

1

V

at V = . . (c/s) . .

frequencies the accuracy of the frequency adjustment method by
means of the beat-method is approximately constant:
— = 0,0003

(4).

V
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The accuracy obtained in practice is less than this theoretical
value. The principal reason for this is, that in the sound of most
bells beats already occur naturally. These disturb the possibility
of hearing beats with the auxiliary tone. This is no drawback to the
electro-acoustical method, as in the case where beats occur in a
bell partial, the frequency of this partial can only be defined with
an uncertainty equal to the beat frequency. The possible errors in
the adjustment of the auxiliary frequency are of the same order of
magnitude as the frequency of the natural beats.
As the frequency measurements under these circumstances are
rather tiring for the observer, the excitation method, to be described
hereafter, might be preferred in these cases.
§ 11. A c c u r a c y of t h e E x c i t a t i o n M e t h o d (ad 3)
Another method of equalising an externally generated frequency
to that of a bell partial is that where the bell is excited by a sinusoidal force at the generated frequency. The excitation force is
applied to an appropriate point on the wall of the bell, and the latter will vibrate in this forced frequency. If the generator frequency
is varied near one of the partial frequencies, while the amplitude of
the excitation force is kept constant, a maximum amplitude of the
bell will occur when the generator frequency is equal to that of
the partial.
In chapter V it will be shown that the frequency difference Av
between two frequencies higher and lower than the resonance frequency, where the amplitude of the bell is 1/ V (2) times the resonance
value, depends upon the resonance frequency v and upon the decay
of the bell tone (the damping properties). This frequency difference
Av is called the "width" of the resonance curve, the latter indicating
the amplitude of the bell as a function of the frequency near a partial
frequency, for a constant amplitude of the excitation force.
For a bell with a relatively high damping, as mentioned in § 10,
this frequency difference Av is approximately 0,0004 times the
resonance frequency.
If a bell is excited in the way described in the foregoing, the
maximum resonance amplitude does not always coincide exactly
with the maximum sound intensity at the place of observation. The
measurements are usually made in enclosed spaces where standing
waves may occur in the acoustical sound field of the bell partial. So
the observed sound intensity for a given vibration of the bell depends
upon the place of observation. When the frequency of the excitation
force is changed the pattern of standing waves will change as well,
and therefore the observed sound intensity will not be a function
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of the bell amplitude only. Instead of calculating the possible errors
in the frequency adjtistment by means of the resonance curve,
supposing that the minimum audible difference in intensity be 1 dB
(fig. 5), we may assume an error in the perception of the maximimi
intensity of, say, 3 dB, which corresponds to an amplitude ratio
I : Ijy (2), and thtis take the width of the resonance curve as the
possible error in the frequency adjustment. As mentioned before,
for relatively highly damped bells this corresponds to a possible
frequency error of 0,04%.
For the precision of the measurement of the generator frequency,
the same considerations apply as in § 10. So both the beats- and
the excitation method lead to approximately the same overall accuracy.
§12. P i t c h

Discrimination

(ad a)

The ear sensitivity for frequency differences has been measured,
among others, by Knudsen^) and by Shower and Biddulph^).
A critical survey of the available data has been given by Stevens
and Davis^). The results appear to depend to a certain degree upon
the experimental technique. On the average the ear sensitivity for
frequency differences in the range: 200 to 5000 c/s amounts to:
Av
— = 0,002 = 0,04 semitone . . . . . . (5).
For lower frequencies the differential sensitivity is somewhat lower,
as is shown in table III (from Stevens and Davis, l.c.).
TABLE III
Ear sensitivity for frequency variations
Frequency
(c/s)
200
500
1000
2000

Av

Av

(best obs.)

(untrained obs.)

0,003
0,0015
0,0012
0,0013

0,006
0,003
0,0025
0,0025

1) Knudsen: Phys. Rev. 2i, 1923, 84.
') Shower and Biddulph: Jl. Acoust. Soc. Am. 3, 1931, 275
') Stevens and Davis: Hearing, Its Psychology and Physiology,
London 1938.
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§13. M u s i c a l

S c a 1 e s (ad b)

In Western music there have been three systems of tuning. In
historical sequence these are: the Pythagoreic, the Just-Tempered
and the Equally-Tempered scales. In all cases the octave corresponds to a frequency ratio 1 : 2 and in both last mentioned cases
is divided into 12 steps. The first mentioned musical scale gives
fixed intervals for the whole notes only (C-D-E-F-G-A-B-C); the
semitones may be variable. In table IV the intervals are given in a
mathematical form.
TABLE IV
Intervals of musical scales

c
c#
D

Prime . . . .
Semitone . .
Second . . .
Eb Minor Third .
E
Third . . . .
F
Fourth . . .
F# Augm. fourth.
Gb Dimin. fifth .
G
Fifth . . . .
G# Augm. fifth .
A
Sixth . . . .
A# Augm. sixth .
B
Seventh . . .
C'
Octave . . .

Pythagor.

Just Temp.

1

1 = 1,000
1^^128= 1,0547

32.2-3
3*.2-«
22.3-1

3 .2-1
33.2-"

3^2-'
2

78
«/s
'U
'Is

=
=
=
=

2^18 =
3«/25 =
3/2 =

1,1250
1,2000
1,250
1,333
1,389
1,440
1,500

'k = 1,600
% = 1,667
"/s = 1,778
"/8 =

1,875

2 = 2,000

Equal Temp.
1 = 1,0000
21/12
21/^
21/*
2^/^
25/12

=
=
=
=
_

1,0595
1,1225
1,1892
1,2600
2,3350

' 21/2 =
(
27/12 ^
22/3 ^

1,4141

2^'"
25/*
2ii/'2
2

=
=
=
=

2,4983
2,5878

1,682
1,782
1,888
2,000

Up to medieval times the Pythagoreic scale was used. The intervals were then not very strictly observed in practice, as the music
mostly was unison. Consonances, where the ear can distinguish the
intervals much sharper, did not occur very frequently.
The coming of polyphonic music brought the scale of just temperament, where the major third, the sixth and the seventh intervals
became simpler fractions. For instruments where the frequencies of
the harmonics of the notes are simple multiples of the fundamental
note, such as string instruments, the just-tempered scale gives a
good consonance between the higher notes and the harmonics of the
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lower tones. The pitch of some semitones in this scale depends on
the key in which the music is played. For instruments with fixed
frequencies, such as organs, harpsichords, etc. strictly speaking all
possibilities would have to be accounted for. This leads to complicated
instruments, which in practice are not fit for general application').
With the general application of instruments with fixed frequencies
a compromise was found in the equally tempered musical scale. In
this scale the octave is divided into twelve steps, the frequencies of
which increase in a geometrical procession with a ratio i/ (2). In
table IV it is seen that the equally tempered fourth and fifth intervals show only small differences with the just tempered scale; the
other notes differ audibly (i.e. more than 0,2%).
The normal scale of just temperament is set up on a basis C 3 =
256 c/s, whereas for the equally tempered scale a basis A 3 = 440 c/s
has been agreed upon internationally. Table V gives a comparison
TABLE V
Scale of just temperament in equally — tempzred notation.
International pitch of equally tempered scale: A3 = 440 cjs
Note.
Just Temp.
C

c#

D

Eb

E
F
F#
G
G#
A
A#
B

/y

Frequency
(c/s)
256
270
288
307,2
320
341,3
355,5
384
409,6
426,7
455,1
480

Equally
Tempered
Notation

Deviation from
average eq. tpd.
scale (semitones)

—0,38
—0,45
—0,34
—0,22
—0,52
—0,40
—0,69
—0,36
—0,23
—0,53
—0,42
—0,49

+0,04
—0,03
+0,08
+0,20
—0,10
+0,02
—0,27
+0,06
+0,19
—0,11
0,00
—0,07

Average: —0,42

!o,io|

C 3
C# 3
D 3
D#3
E 3
F 3
Fü 3
G 3
Git 3
A 3
Aif 3
B 3

') Fokker, Prof. Dr. A. D.: Rekenkundige Bespiegelingen der Muziek,
Gorinchem, 1944.
Ibid. Archives du Musee Teyler, Haarlem. Tome X.
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between the tones of a just tempered scale of the octave C 3 = 256 c/s
to C 4 = 512 c/s, and the notation these tones would have in the
scale of equal temperament on a basis A 3 = 440 c/s. It appears that
the normal just tempered scale on the average is 0,42 semitones below
the international equally tempered scale. This corresponds to a scale
of equal temperament on a basis of A' 3 = 428,9 c/s. In column 4
of table V the residual deviations from this lowered equally tempered
scale are indicated.
From table V the following conclusions can be drawn about the
musical criteria for the internal tuning of bells:
1) The intervals between Hum-Note, Fundamental and Nominal are identical in all scales. If the actual tuning of a bell shows
differences of more than 0,04 semitone between the actual values of
the mentioned intervals and an octave, these would be audible, according to § 12. But even if the deviation of the actual Fundamental
frequency from twice the Hum-Note frequency, or between the
Nominal and twice the Fundamental frequency, is of the order of
magnitude of a few c/s, the discrepancies would be audible near the
bell, where the sound intensity is high enough to cause subjective
beats between the real heard frequencies and the subjective harmonics of the lower partials. This would mean that the intervals
between Hum-Note, Fundamental and Nominal should be adjusted
to an octave within a tolerance of 0,04 semitone, or within say 2 c/s,
whichever is less. In practice this is too severe a demand: normally
the bell founders tune the octaves intervals to 12 ± 1/16 — 12,00
± 0,06 semitones.
2) The perfect fifth interval in the just tempered scale is 0,02 semitone more than that in the equally tempered scale. From the
musical aspect both values must be considered correct. Further,
both values may be adjusted in practice within the same tolerances
as those that are used for the intervals between the Hum-Note, the
Fundamental and the Nominal, namely 0,06 semitone. Thtis the
limits for the tuning of the Fifth become 6,94 to 7,08 semitones
above the Fundamental.
3) A minor-third interval in a scale of equal temperament is
3,00 semitones, whereas, taking a frequency relation of 6/5 in just
intonation, the same interval in the latter scale will be 3,16 (equally
tempered) semitones. These values differ more than twice the manufacturing tolerance, and therefore the ranges for the interval
between the Minor Third and the Fundamental partials should be
from 2,94 to 3,06 and from 3,10 to 3,22 equally tempered semitones.
It must be remarked, however, that the musical sensation of a
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minor third interval gradually shifts over to that of a major third,
without passing an inconcordant range, if the interval is increased
continuously. This means that the upper limit, even up to a major
third, is more or less ficticious. There will be no objections therefore
to giving one single range of tolerance for a Minor Third partial
from 2,94 to 3,22 semitones above the Fundamental.
The considerations about the musical tolerances in the internal
tuning of swinging bells, given in the foregoing, lead to the conclusion that the precision of the frequency measurements must be
high enough to decide whether the actual tuning of a certain bell lies
within the tolerance limits, which condition can be reasonably fulfilled by a measuring method with a relative error of 0,2 % or less
(corresponding to 0,03 semitones approximately).
In chapter III it will be noted that the tuning of a series of bells
from a carillon leads to similar conclusions as to the differences
between just intonation and equal temperament, as have been
discussed in the foregoing for the internal tuning of swinging bells.
As the average of the deviations between both scales amounts to
0,10 semitone (table V), a precision of the measurements of 0,03
semitone will permit a decision as to whether a carillon has been
designed in just intonation or in equal temperament.
§14. T e m p e r a t u r e

D e p e n d e n c e (ad c)

It has been shown that the partial frequencies of a bell will be
proportional to the velocity of longitudinal vibrations in the bell
material and inversely proportional to the dimensions of the bell:
vi = const. j _ . ] / E
(6).
Ro V p
The quantities in this formula vary with temperature. The coefficient of linear thermal expansion of bell material is given by:
1 dRo
o/-.
/•y\
«! = p - -^
per C
(7),
whilst the total mass remains constant. Therefore p varies with
temperature according to:
^
dp
_
1 dRo
_
o_,
,-.
7 * d T = - ' - R ; - dT = - ' ^ ' P ^ ^ ^ - • • ^^^'
The temperature coefficient of the partial frequencies, a , will
be given by:
1 dv
I / I dE
^ \
1
I dE
°'v = 7 * d T = - ° " + 2 l Ê d T + ^ " ' / = 2=" + 2 l d T • • '^^^*
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In cases where the temperature is different from an average
value of 15 °C, it depends upon the value of a» whether the systematical errors due to temperature will be negligible in comparison
with the unsystematical errors.
§15.

Conclusions

The theoretical accuracy for equalising an auxiliary frequency
to that of a bell partial is:
a) for the detection of the absence of beats by the ear: 0,03%,
according to (4);
b) for the excitation method and the detection of maximum bell
amplitude by the ear: 0,04%.
Under favourable circumstances the ear can detect a relative .
deviation in frequency of 0,2% (below 200 c/s the ear sensitivity
for frequency differences is less).
For a musical judgement of the tuning a precision of 0,2% is
sufficient, according to (5).
§ 16. M e a s u r e m e n t

of

Partial

Frequencies

In bell foundries it is common practice to measure partial frequencies by the excitation method. The auxiliary frequencies are
produced by a set of tuning forks, the bars of which are supplied
with adjustable loads. Such tuning forks are manufactured for instance by Edelman, Secretan or Raggs. By moving the loads the
frequency of each fork can be adjusted within a range of 3 to 5 tones.
The places of the loads are read on scales engraved in the bars, indicating the resonance frequency of the fork.
The loads are adjusted till the frequency of a tuning fork is
identical with that of one of the partials of the tested bell. If the
adjustment is correct, the partial will be heard with maximum intensity when the stem of the vibrating fork is pressed against the bell.
An advantage of this method is the simple apparatus, especially
if bells are to be tested at places that are difficult of access, e.g. in
a tower. A disadvantage is that the frequency of the fork is not
continuously variable during the vibration, which makes it difficult
to decide in which position of the loads on the fork the bell partial
is struck with maximum effect. The errors to be expected are of the
order of magnitude of the width of the resonance curve of the bell
(see § 11). The precision can be somewhat increased by the following
method: the fork is roughly adjusted, so that the bell partial is al-
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ready audible when the fork is pressed against the bell. Then the
fork is lifted, after which both the fork and the bell will resume their
own resonance frequencies, and the frequency difference will be
heard as a beat frequency. But here again the natural beats in the
bell due to asymmetry will impair the obtainable accuracy.
The scales on the bars of the forks on which the pitch is read,
are divided into eighths of a semitone for frequencies below 200 c/s
and into quarters of a semitone for higher frequencies. It is possible
to estimate halves of a scale division; tenths are of no value owing
to the necessity to adjust both loads of a fork identically, and to the
thickness of the engraved divisions. This means that the lower frequencies can be read with an error of 0,4% and those above 200 c/s
with an error of 0,7% approximately. The possible errors in the
calibration of the fork may be somewhat less by calibrating at exact
scale divisions. Thus the overall accuracy of the fork method for
measuring bell frequencies will be about 0,6 or 1,0% for lower and
higher frequencies respectively. The frequency range for which
forks are made extends up to about 1100 c/s. Therefore in the case
of bells with a Hum-Note frequency exceeding 250 c/s the Nominal
frequency cannot be measured. For small bells more partials become
unmeasurable. Finally, the impossibility of adjusting the fork
frequencies continuously during the test makes the tuning-fork
method take up too much time for mass documentation.
From the tuning-fork method an electrical method of exciting is
developed. Here an electric voltage of continuously variable frequency is obtained from an audio-frequency generator. A loudspeaker system, in which a metal pin is substituted for the cone, is
connected with the generator. The moving pin, when pressed against
the bell, excites the latter with a sinusoidal force of the generator
frequency.
Different types of loud speaker systems have been tried for this
purpose. An essential condition is that the system must be pressed
against the bell, without being damaged, with enough force for the
pin to maintain a positive pressure during all phases of the movement.
As the maximum amplitude of the bell is low, the mobility of the
moving part of the loud speaker system needs only to be a few
tenths of a mm. A commercial type of moving coil loud speaker is
impracticable due to insufficient stiffness of the spring suspension
of the coil to resist the constant pressing force.
The moving part of the exciter moves with the bell and thus increases its mass, leading to small frequency alterations of the partials.
Therefore the mass of the moving part of the loud speaker system
must be as low as possible.
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An old moving-iron loud speaker and a moving-iron telephone
receiver gave excellent exciter systems to be used with bells. Both
systems have the moving parts fastened in rubber cushions, capable
of taking the constant pressure. The telephone earpiece had a very
low vibrating mass but the exciter pin had to be fastened to a membrane which also served as centering for the moving part. This membrane radiated much direct sound, especially at high frequencies,
which interfered with the sound of the bell.
With these exciters, directly driven by the output voltage of an
audio-frequency generator, capable of delivering approximately
2 watts of electrical power into the load, frequency measurements
are possible on bells with a mass up to about 500 kg.
The extra damping these exciter systems cause to the movements
of the bell does not alter the partial frequencies to a measurable
extent, although no accurate decay measurements can be made with
the exciter pressed against the bell.

Fig. 6.

Sectional view of the exciter.

To include larger bells into the excitation method of measuring
partial frequencies, a larger exciter has been constructed, capable
of dissipating up to 10 W. This exciter (see fig. 6) is a converted
commercial moving-coil type of loud speaker, in which a thinwalled duraluminium tube (A), passing centrally through the
core (C) of the magnet (D), has been substituted for the cone. This
tube is centred (B) at both sides of the magnet to make a robust
unit, where only movements along the axis are possible. The mass
of the vibrating system is 14 g; the resonance frequency of the free
exciter is 40 c/s. The positive pressure against the bell is assured by
superposing a direct current to the alternating current through the
coil (E) of the vibrating system. The direct current must be somewhat larger than the peak value of the alternating current, to assure
a contact between the pin and the bell surface at all phases of the
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movement at low frequencies. At high frequencies the direct current
must still be increased to compensate for mass reaction forces of
the moving part of the exciter. If the direct current through the
moving coil of the exciter is commutated the constant pressure of
the pin is reversed and the latter is thus lifted from the bell surface.
This can be used for making decay measurements on the free vibrating bell after a certain partial has been excited (see § 41).
The electrical network is shown in fig. 7. The amplifier, feeding
the exciter, must have a relatively high output impedance to prevent
extra damping being caused, for if the exciter makes contact with
the bell each movement of the latter causes an electromotive force
in the vibrating coil, which is loaded by the output impedance of the
amplifier. The impedance of the vibrating coil was 12 il, and the
output impedance of the amplifier therefore was increased to 150 fl
approximately by current-feedback.

Camm__o
Field
Supply

JHHH'-' i
Fig.
Ampl.
Exc.
Batt.
Comm.

7.
=
=
=
=

Electrical network to feed the exciter.
power amplifier,
exciter,
battery for superimposed direct current,
commutator for superimposed direct current.

If the frequency of the auxiliary generator has been adjusted to
that of a bell partial, this frequency must be measured. This can,
for instance, be done by driving an electric synchronous clock on
the amphfied voltage of the generator, and measuring the speed of
the clock with official radio time signals. The precision that can be
obtained in this way largely depends on the time interval during
which measurements can be made. The limiting factor is the
frequency drift, which is always present in generators with continuously variable frequency, and which determines the time interval
during which the frequency remains constant within certain limits.
By frequently re-adjusting the generator frequency to that of the
bell partial the measuring period could be extended for instance to
an hour, which is the shortest time between two radio time signals.
This makes the method too lengthy for practical use.
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It is possible, although with less accuracy, to check the speed of
the synchronous clock in a shorter period against a stop-watch which
in turn is calibrated against time signals.
Another method is the electrical determination of the generator
frequency with a bridge circuit after Wien-Robinson. This network
is a form of the impedance bridge (fig. 8), for which, in case V2 = 0:

Fig. 8.

Wien-Robinson bridge for frequency measurements.
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1
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or

(11),

the pulsatance of the input voltage V], and

j = K-1).
The bridge is constructed in such a way that Z2/Z1 = 2, for
instance with resistances: Z2 = 2 R'; Zi = R', or with condensers:
Z2 = —=^ ; Zi = —--^, , which makes the equilibrium condition:
coC
a).2C
co2.R2.C2 = 1 o r w

(12).
RC
The apparatus, which was at our disposal by courtesy of the
laboratories of the "Stichting Nederlandse Radio Unie" was a WienRobinson bridge manufactured by Siemens (cat. nr. 105147). In
this apparatus the variable resistances R are made as admittance
decades and are varied simultaneously. As the admittance 1/R is
proportional to the equilibrium frequency v = a)/27r, the apparatus
can be made to read directly in frequencies on the decades, according to:
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In the Siemens apparatus used the decade with the finest adjustment is divided into units of 1 c/s. If the equilibrium frequency
lies between two settings of the bridge, 0,5 c/s can be estimated.
This constant frequency error of 0,5 c/s is added to a relative error
of about 0,05%, due to the frequency adjustment of the generator
to the partial frequency (see § 10). This means that the required
precision of 0,2% will be obtainable with the Siemens bridge only
for frequencies of 350 c/s and higher. For the following reasons the
Wien-Robinson bridge was always used, thus sacrificing some
accuracy for the low frequencies:
1) The precision of frequency measurement as required for the
documentation of bells by the Department for Preservation of Arts
and Monuments did not go beyond that, obtainable with the usual
tuning fork method. For the Wien-Robinson bridge this condition
is met for frequencies of 150 c/s approximately. The large majority
of the frequencies to be measured are expected to lie above this value.
2) The Wien-Robinson bridge, reading directly in frequencies,
makes measurements in rapid succession possible. This was a
stringent demand, as the owners of the rescued bells were anxious
to have them back in their parishes as quickly as possible.
3) At the time work was started, just after the war, only Philips
heterodyne audio-frequency oscillators type GM 2307 were available.
Frequency measurements with a precision higher than 1 c/s, lasting
a few minutes, are impossible with these generators, owing to their
frequency drift.
The accuracy of the Wien-Robinson bridge used was checked in
the following way:
A) Every decade ranges from 0 to 11 inclusive and thus the overlapping range of frequencies can be read on two different settings
of the instrument. An audio-frequency generator was connected to
the input of the bridge and the output signal was amplified and
heard in a telephone earpiece. The bridge was set to 1050 c/s as:
1 X 1000, 0 X 100, 5 X 10 and 0 x 1 . After this the generator frequency
was varied till the output signal was a minimum. At this generator
frequency the bridge was reset to 0x1000, 10x100 and with the
"tens" and "units" decades the output signal was reset to a minimum. For none of the overlapping regions was a difference found
in the corresponding settings of the bridge of 1 c/s or more. The
original setting of the bridge was repeated each time to control the
generator for frequency drift during the experiment. This process
was repeated for several frequencies in the overlapping regions of
the "units", "tens" and "hundreds" decades.
3
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B) The frequency generator was connected on the one hand
to the Wien-Robinson bridge and its indicator circuit and on the
other hand to the input of a 10 W power ampUfier, driving an electric
synchronous clock of special design. This clock could work at frequencies up to 700 c/s. The scheme of the set-up is given in fig. 9.
A.l

A. F Ben.

Syn.Cl

\
1 W-R.B.

Fig. 9.

A 2

Set-up for checking Wien-Robinson bridge.
A.F.Gen.: Audio-frequency generator.
A.l.:
Power amplifier.
Syn.Cl.:
Synchronous clock.
W.-R.B.: Wien-Robinson bridge.
A.2.:
Signal amplifier.
Tel.:
Headphones.

By checking the speed of the synchronous clock against a stopwatch, calibrated by radio time signals, the generator frequency
could be measured. During the measurement the generator frequency was kept for a minimum output signal of the bridge with
its fixed setting, to compensate for thermal drift of the oscillator
frequency. In this way a number of settings of the bridge were
calibrated. The results are given in table VII.
TABLE VII
Accuracy of Wien-Robinson bridge
Frequency according
to bridge setting
(c/s)
50
120
300
600
710
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Frequency according
to synchronous clock
(c/s)
50,35
120,21
299,87
600,18
709,97

±
±
±
±
±

0,05
0,04
0,05
0,07
0,07

The measurements were made at atmospheric temperatures varying
between 18 °C and 23 °C. No systematic temperature influence was
found. The precision of the bridge readings is thus assured within
0,5 c/s in the region up to 700 c/s. As all steps of 100 c/s are identical
within 1 c/s, and the first step of 1000 c/s also equals the sum of
10 steps of 100 c/s within 1 c/s it can be stated as a result of this
calibration that at a frequency of 2000 c/s the error will not exceed
3 c/s, or 0,15%.
The apparatus necessary for frequency measurements on bells
according to the excitation method, in combination with the WienRobinson bridge, is given schematically in fig. 10. For small bells
the power amplifier and the battery are not required, as a smaller
exciter can be used. This exciter can then be driven directly from
the output voltage of the audio-frequency generator.

Al.

-\\\\\\-

Exc.

1

A.FGen

W-KB.

A. 2
1—»

Tel

Fig. 10. Apparatus for the excitation method.
A.F.Gen.: Audio frequency generator.
A.l.:
Power amplifier.
Exc.:
Exciter.
W.-R.B.: Wien-Robinson bridge.
A.2.:
Signal amplifier.
Tel.:
Headphones.

Sometimes it is not possible to excite a bell, for instance in case
it is hanging in a tower and difficult of access. Usually it will be
possible to place a microphone somewhere near the bell and to
strike the latter with the normal hammer or clapper. Such a situation
occurred with the measurements of the Gouda carillon, to be described hereafter (see chapter III).
In this case the apparatus to be used for decay measurements can
be adapted for frequency measurements on the sound of the bell
stroke as it is given by the microphone signal.
The apparatus for decay measurements records the sound intensity
at an arbitrary point near the bell as a function of time after the
stroke. It consists of a microphone plus ampHfier, connected to the
input of a Neumann logarithmic sound level recorder. The operation
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of the latter!) is such, that the output voltage of a mechanically
operated input potentiometer is kept at a constant value of about
12 mV R.M.S. In the discussion of the precision of the frequency
measurements it was stated that the error in the adjustment of the
auxiliary frequency to that of the bell partial by means of the beats
method depends upon the time in which the sound level of the bell
frequency decreases over 49 dB. To increase this time the constant
12 mV signal of the recorder was used for the measurements.
The potentiometer mechanism of the recorder acts on the total
sound level. For the greater part of the reverberation time of the
bell this corresponds to the level of the Hum-Note (see § 42). The
reverberation time of the higher partials will be shown in chapter V
to be at a first approximation inversely proportional to the frequency,
so the constant level of the Hum-Note does not compensate entirely
for the decay of the higher partials.
If the level of the Hum-Note, of frequency vj, decreases in the
actual sound over 49 dB in a time t^g, then the potentiometer of the
Neumann recorder moves with a speed corresponding to 49/t49
dB/s to keep the Hum-Note level, or rather the total level constant.
The intensity of a higher partial with frequency V2, shows a decay
in the actual sound that amounts to a first approximation to:
— • - dB/s.
t49

Vi

In the output signal of the moving potentiometer this value
becomes:

^-?.(--l)dB/s,
t49

\ Vi

/

and the time for adjustment of the frequency V2, during which the
level of this tone in the signal after the potentiometer decreases over
49 dB becomes:
t49. J .
V2

?— seconds, against:
V2 — Vi

^49 • - seconds in the original sound.
For the Fundamental this gives a gain in time by a factor of 2;
for the higher partials the relative gain is less. In very difficult cases
it is possible to filter out the Hum-Note from the signal that is lead
from the output of the moving potentiometer to the recorder me1) Reitsma, G. C : De Ingenieur, 1939, nr. 17 (E3).
Geluk, J. J : Thesis Delft 1946, p . 37.
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chanism, which increases the measuring time of the higher partials
to a great extent.
In fig. 11 the set-up for frequency measurements on the radiated
sound of a bell stroke is given. If the Wien-Robinson bridge is set
to a totally different frequency from that of the bell partial it will
pass the generator frequency practically entirely to one of the input
connections of amplifier A 2, where it is mixed with the other input
fi

Jet

RPF.

r

A2

1

NRac

W.-R.B

A.I.

AF.een.

H

Micr

Fig. 11.

Apparatus for frequency- and decay measurements on the
radiated sound.
Micr.:
Microphone.
A.l.:
Signal amplifier.
N.Rec.:
Neumann Recorder.
A.F.Gen.: Audio frequency generator.
W.-R.B.: Wien Robinson Bridge.
A.2.:
Double-channel mixer amplifier.
B.P.F.:
Band-pass filter.
Tel.:
Headphones.

signal from the microphone through the recorder. The two tones are
compared by means of the filter (B.P.F.) and the headphones (Tel).
After the auxiliary frequency has been adjusted to have no beats
with the bell partial, the volume control of that input connection
of A 2, which corresponds to the bell sound, is turned off, leaving
the Wien-Robinson bridge to be adjusted to a minimum output
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signal, with A 2 plus B.P.F. and Tel. as a selective null indicator.
In practice this is a very rapid method of measurement and most
of the documentation measurements in the dumps were carried out
in this way. A disadvantage, when the bell is struck in the usual way
at the sound-bow, is that very often the Fifth will not be found, as
the sound level of this partial is low compared with the others for
the normal place of striking (comp. chapter VI). With the excitation
method the Fifth is usually excited on the waist of the bell.
In the apparatus of fig. 11 no extreme requirements are made
upon the selectivity or amplitude-linearity of the filter B.P.F. The
measurements can also be made if the filter is omitted, although the
frequency adjustment of the high frequencies then becomes somewhat difficult. For some measurements a Siemens acoustical spectrometer type 106832 was available, and in these cases the series of
band-pass filters of 1/3 octave band width in this instrument were
used. In other cases the selective amplifier described by Geluk^)
was used.
A frequent difficulty in the adjustment of the auxiliary frequency
to that of the bell partial is the doubUng of characteristic frequencies
of the bell. In chapter I it has been shown how imperfect rotational
symmetry can lead to these doublets in the frequencies. It depends
upon the degree of asymmetry, or on the frequency difference of
the split frequencies, what the effect upon the sound will be.
For beat frequencies less than 6 to 7 c/s the beats are audible as
such; in other words the partial concerned shows a periodically
varying loudness. The modulation depth depends upon the place
of striking in respect to the fixed meridian nodal lines (see § 6 ad F),
and on the place of the observer. We shall suppose that the bell is
struck in such a way that at the place of observation the split frequencies are heard with approximately equal loudness. If the beat
frequency exceeds 7 c/s, the character of the beats changes into that
of pulses, and the sound becomes "rattling". It is often supposed
that somewhere in the casting there is a hole where a loose particle
is vibrating.
If the difference frequency itself becomes audible, then this
subjective frequency joins the pattern of subjective difference frequencies between the partials of the bell, resulting from nonlinear disortion in the ear. These influence the general character
of the sound of the bell in an undefinable manner.
In case beats are present in the sound of the bell with a frequency
less than 3 c/s approximately, the recorder mechanism can follow
1) Geluk, J. J.: Thesis Delft, 1946, p . 73.
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and equalise the amplitude variations and these will be shown in
the diagram (comp. fig. 55). The remaining phase-modulation in
the constant-level signal is unnoticeable. If the beat-frequency
exceeds the mentioned value of 3 c/s, the recorder potentiometer
cannot follow the variations owing to the mechanical inertia of the
moving system. Then the beats will still exist in the signal that is
mixed with the auxiliary frequency. If the latter is near one of the
split partial frequencies, there will occur three separate beat frequencies in the combination, of which at most one can be made to
disappear at a time, whilst in this case the other two coincide. The
uncertainty in the frequency adjustment will then be of the order
of magnitude of the beat frequency of the bell partial. This is in
accordance with the uncertainty principle mentioned in § 9, if At
is taken as twice the time interval of two minima of the sound
intensity of the bell partial. Thus the average partial frequency will
be found with a possible error equal to the beat frequency. If this
beat frequency does not exceed 0,2% of the average value there will
be no difference in pitch between both partial frequencies, and from
the musical aspect the stating of the average frequency is permissible.
§17. T h e T e m p e r a t u r e
Coefficient
P a r t i a l s of a B r o n z e B e l l

of

the

The temperature coefficient of the partial frequencies was determined for a bronze bell with a Hum-Note A 4, cast by Messrs.
Gillett and Johnston, Croydon 1927, originating from the carillon
at Barneveld. This bell was placed upside down in an oven with
good thermal isolation, without any contacts with the oven wall.
The bell could be excited through openings in the wall by means
of a loud speaker system with a long excitation pin.
The temperature in the oven could be varied by either introducing
steam or solid carbon dioxide. During the slow return of the whole
to atmospheric temperature measurements could be made at intermediate temperatures.
Calibrated Copper-Constantan thermo-elements were fastened at
three points on the bell. The thermo electric potential was measured
with a "Cambridge" potentiometer with scale divisions of 0,02 mV.
Thus the temperature of the points on the bell could be measured
with an accuracy of 0,5 °C. The temperature of the three points never
differed more than 2 °C.
The diameter of the thermoelectric wires was 0,2 mm. Near the
junctions on the bell they had very flexible loops, so that the movement of the bell was not appreciably damped.
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The frequency measurements were made by the excitation
method as described earlier. During these measurements the WienRobinson bridge was kept at constant room temperature.
The temperature coefficient of the frequency, a , in the range
0—100 °C is given by:
1 <)v

viooVl5

per °C

100

(14),

where ujg, the frequency at 15 °C, is taken as basis.
In figs. 12a—d the measured partial frequencies of the tested
bell are plotted as a function of temperature. From these figures

Fig. 12a. Temperature dependence of the Hum-Note
of the tested bell.

frequency

1700

Fig. 12&. Temperature dependence of the Fundamental frequency
of the tested bell.
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+100

Fig. 12c.

Temperature dependence of the Minor Third frequency
of the tested bell.

Fig. \2d.

Temperature dependence of the Fifth frequency of the
tested bell.

the following values can be derived:
Hum-Note:
a^ = —2,05 . 10" per °C,
Fundamental: o^ = —1,91 . 10 per °C,
Minor Third: o^ = —1,75 . 10" per °C,
Fifth:
o^ = —2,03 . 10" per °C.
The average value is a^ = — (1,9 ± 0,1). 10 * per °C = —0,0035
semitones per °C, and there seems not to be a systematic dependence
upon the frequency in the region 867 c/s (Hum-Note frequency
at 15 °C) to 2605 c/s (Fifth frequency at 15 °C).
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The foregoing result is in agreement with that of Jones^), considering the accuracy of the measurements. Jones' result is: a.,^ =
—1,68.10~* per °C = —0,0028 semitones per °C.
The coefficient of linear thermal expansion of bronze is found
in tables to be as follows2) (see table VI):
TABLE VI
Composition of
bronze:

«i

90% Cu — 10% Sn
80% Cu — 20% Sn
70%Cu — 3 0 % S n

22,0 . 10-« per °C
27,0 . 10-« per °C
29,5 . 10-« per °C

For the usual bell material a, will be about 27.10"* per °C, so
1 IE
with reference to formula (9), ag = ^gr —^ = — 4,1.10~* per °C,
E i)T
if the value of o^ of the above measurements is taken. With Jones'
results aE= —3,5.10-* per °C.
The order of magnitude of these values for ag is in agreement
with those, found by Jacquerod and Muegeli^) for various other
metals, such as:
Copper: ag = —4,0.10"* per °C
(Region 0—80 °C).
Gold: «E =—4,0.10-* per °C
(ditto).
Iron:
ag = —3,1.10-* per °C
(ditto).
Steel: ag = —(3,1—3,2). 10-* per °C (ditto).
For steel bells o^ can be calculated with formula (9), with the
average values: a; = 11.10-* per °C and aE = 3,15.10-* per °C,
which gives: a^ = —1,5.10"* per °C.
In practice the results of the determination of a^ mean the
following. As long as the temperature does not differ by more than
10 °C from an average value of 15 °C, the systematic error in the
frequency measurements both on bronze and on steel bells due to
temperature will not exceed the unsystematic errors. As this was
the case with all measurements, the stated values may be reckoned
to be those at 15 °C.
1) Jones, A. T.: Jl. Acoust. Soc. Am. i, 1929—'30, 382.
2) Hodgman: Handbook of Chemistry and Physics, 1940.
") Jacquerod, A. and H. Muegeh: Helv. Phys. Acta 4, 1931, 3.

42

§18.

S t a t i s t i c s on P a r t i a l
Internal
Tuning

Frequencies

and

The sound documentation of rescued bells originating from the
Western provinces of the Netherlands, made for the Department
for Preservation of Arts and Monuments, concerned 98 swinging
bells and 171 carillon bells. Tables of results on individual bells can
be found in the relevant reports at the "Rijksbureau voor de Monumentenzorg" at The Hague. In the following some statistical aspects
of the obtained data will be given.
A) The Hum-Note frequencies of the tested bells have been
plotted against the radius Ro of the sound bow, the result of which is
shown in fig. 13. A comparison between this figure and fig. 4 shows
that for bells with a mass not exceeding 30 kg approximately, the
relatively larger wall thickness and relative increase in mass corresponds with a relative increase of the Hum-Note frequency over the
value that is expected according to the similarity principle.
For bells of which the mass exceeds 30 kg the average relation
between the Hum-Note frequency vi in c/s and the radius Ro in m
is given by:
vi . Ro = 103 m/s
(15).
2000
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Fig. 13. The Hum-Note frequency of bronze bells as a function of RQ.
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B) The specific increase of the wall thickness for small bells
shows individual differences for various founders. This is shown in
fig. 14, where the product vi. RQ is plotted against Ro for small bells.
It appears that the modern bell founders closely follow the Hemonysystem.
V/v-"* """/^
Hemony's
ray I or A Co
Van Bergen
Van DenSheyn
OiUett S Johnston
Burgerhuys

ai

Fig. 14.
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0.3

0.4

0.5

0.6

Characteristic deviations from similarity.

C) By taking the average relation VJ.RQ = 103 m/s for bells of
which M > 30 kg, and the values of this product for smaller bells as
indicated by the average Hemony curve in fig. 14, together with
the relation between the mass M and the radius Ro for large and for
small bells as indicated in fig, 4, an average relation is found between
the mass M and the Hum-Note frequency of bells. From these data
a graph has been constructed, giving the total mass of a carillon
consisting of a given number of bells, of which the Hum-Notes are
a chromatic series starting with a given bass note. The result, as
given in fig. 15, can eventually facilitate the composition of a carillon
for which the total amount of available funds are given. The reason
for this is that the total mass of a bell largely determines the cost of
it, so that in the mentioned case the total mass of the carillon is fixed.
D) In analogy with formula (15), the higher partials of bells of
which M > 30 kg show the following statistical relations:
Fundamental: V2.R0 = 202 m/s
Minor Third: V3.R0 = 245 m/s I
Fifth:

Nominal:

v4.Ro = 3 0 2 m / s
V5.R0 = 400 m / s

. .

(16).

E) The arithmetical averages of the product vj. Ro of the foregoing relations (15) and (16) give an over-optimistic impression of
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J FREWENCY HUM-NOTF LARGEST BEU

in c/s
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Fig. 15.

The total mass of carillons.

the harmonic purity of the occurring intervals in the internal tuning
of existing bells. Therefore in table VIII a survey is given of the
percentages of the total numer of cases for which the three most
important intervals show given deviations from the nominal values
in the equally tempered scale. In this table swinging bells (Sw. B.)
and carillon bells (Car. B.) are treated separately. It is evident that
on the average carillon bells are tuned with much more care than
swinging bells. For the first the frequency distributions of the
deviations show much sharper peaks. Further the maximum of the
frequency distribution of the interval between Minor Third and
Fundamental lies at 0,10 semitone more than the equally tempered
value. This corresponds to a frequency relation 6/5, which is the
minor third interval in pure intonation.
Finally, for carillon bells the interval between Nominal and
Fundamental is often too large. This is probably due to the fact
that for small bells with a relatively larger mass than would be
expected in case of similarity, this interval is apt to become more
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TABLE VIII
Deviations from ideal pattern of partials
Deviation from
eq. tempered
interval
(semitones)
excee ding—2,00
—2,00 —1,60
—1,60 —1,35
—1,35 —1,15
—1,15 —0,95
—0,95 —0,85
—0,85 —0,75
—0,75 —0,65
—0,65 —0,55
—0,55 —0,45
—0,45 —0,35
—035 —0,25
—0,25 —0,15
—0,15 —0,05
—0,05 +0,05
+0,05 +0,15
+0,15 +0,25
+0,25 +0,35
+0,35 +0,45
+0,45 +0,55
+0,55 +0,65
+0,65 +0,75
+0,75 +0,85
+0,85 +0,95
+0,95 +1,15
+ 1,15 +1,35
+ 135 +1,60
+ 1,60 +2,00
excee ding+2,00

Fundam. - Hum-N. Minor Th -Fundam. Nominal - Funda
Sw.B.
(%)

Car. B.
(%)

9,4
6,4
3,2
5,3
4,3
1,1
3,2
2,1
6,4
3,2
1,1
2,1
5,3
43
9,6
6,4
2,1
53
3,2
1,1
1,1
2,1
1,1
4,3
1,1
2,1
1,1
1,1
1,1

2,1
1,1
—
—
4,3
1,1
3,2
1,1
1,1
—
—
—
3,2
7,5
55,9
7,5
6,5
2,1
1,1
1,1
—
—
—
—
1,1
—
—
—
—

Sw.B.
(%)

Car. B.
(%)
—
—

1,1
1,1
—
—
1,1
—
3,2
3,2
1,1
2,1
53
4,3
11,7
6,4
6,4
53
2,1
43
43
2,1
3,2
7,4
4,3
53
53
9,6

—
2,2
1,1
—
—
—
—
1,1
6,6
5,5
143
30,8
12,1
5,5
4,4
5,5
33
—
1,1
1,1
1,1
1,1
2,2
1,1

Sw.B.
(%)

Car. I
(%)

2,1
4,3
—
—
—
2,1
—
2,1
—
—
2,1
2,1
2,1
12,8
213
10,6
4,3
—
2,1
6,4
4,3
6,4
—
4,3
—
4,3
2,1
2,1
2,1

—
—
—
—
—
—
—
—
—
1,4
2,7
2,7
9,6
34,2
11,0
2,7
2,7
1,4
2,7
2,7
1,4
4,1
—
—
—
1,4
4,1
6,8

than an octave owing to the increase in the relative wall thickness.
These small bells occur only in carillons, not as swinging bells. The
bell founders, who measure the bell partials of their bells mostly
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with tuning forks are thus unable to establish the discrepancies in
the interval between the Nominal and the Fundamental of the
smallest bells otherwise than by the ear (see the discussion about
the limited possibilities of the tuning-fork method in § 16).
F) In order to trace any statistical relation between the deviations of different intervals from their nominal values, two graphs
were constructed. In fig. 16 the difference between the actual value

Fig. 16.

On the internal tuning of Minor Third, Fundamental
and Hum-Note.

of the interval between the Minor Third and the Hum-Note and
its nominal value of 15 semitones, labelled as P3.1, is plotted against
the difference between the actual value of the interval between the
Fundamental and the Hum-Note and its nominal value of an
octave, labelled as P2.1. In fig. 17 the same is done for the deviations
in the intervals between Nominal and Hum-Note (P5.1) and P2.1.
respectively.
In both figures 16 and 17 there is a tendency for positive deviations
of both intervals from the nominal values, to correlate. This would
mean that for the range of occurring profile shapes there exists a
closer relation between the Fundamental, the Minor Third and the
Nominal, than between one of these partials and the Hum-Note.
Notwithstanding, the widespread distribution of points in the
figs. 16 and 17 indicates that rather different internal tunings are
equally well possible. In chapter IV these relations will be discussed
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Fig. 17.

On the internal tuning of Nominal, Fundamental and Hum-Note.

in more detail and it will be seen that actually the Fundamental is,
within certain limits, the least dependent on the other partials.
The line A—B in fig. 16 indicates the limit where the frequencies
of the Minor Third and the Fundamental would coincide. If some
dispersed points were found near to this line, it could be possible
that under certain conditions the sequence in frequency of the modes
of vibration of the Fundamental and the Minor Third partials of
bells would be reversed. In the frequency measurements, where the
mode of vibration is not controlled, these partials would then be
confused. As there are no points near the line A—B, it is not likely
that there have been any such mistakes in the documentation. Thus
for the existing profile shapes of bells the sequence of the partials
always remains unaltered.
G) It is not possible to mention a nominal value in the musical
scale for the partials higher than the Nominal. For instance the
sixth partial, in the cases where it was measured, showed a distribution in the musical scale over nearly the whole octave, following
the Nominal. A frequency distribution of the occurrence of the
interval between the sixth partial and the Fundamental, rounded off
to the nearest whole number of semitones, is given in fig. 18. In
many cases the mentioned interval is about an octave plus a major
third (called "Harmonic Decime"')). For the measured Hemony
bells the latter interval did occur in practically all cases. Therefore,
^) Tentative Code for Acoustical Names and Quantities, Neth. Standards
V 1029, 1942.
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if the nominal value of the partials is to be called consistently after
the value of Hemony bells, the name for the sixth partial should be
"Harmonic Decime". The deviations from this value in actual cases
will however be of an other order of magnitude, even for bells of
which the sound character is judged favourably.
Percentage of cases

%.
30
20
10
"12
U
16
18
20
22
Interval 5 partial-Fund, insemitones

Fig. 18.

Distribution of the occurrence of the sixth partial.

§19. M o d e s of

Vibration

For every mode of vibration of a bell a characteristic function can
be given. This characteristic function indicates, apart from a constant
factor, the amplitude of the vibration of the concerned partial as a
function of the place on the bell. For radial vibrations of the bell no
sound is radiated at places where the characteristic function of the
vibrations equals zero.
Rayleigh^) has studied these nodal lines of different characteristic
vibrations of bells. His method was as follows. An extra mass is
fastened somewhere on the bell, intentionally introducing asymmetry
(comp. Rayleigh, l.c. par. 208). This brings about a splitting of the
partial frequencies (see chapter I), and the nodal meridians are now
fixed on the bell surface.
By striking the bell at points around the sound-bow a number of
places are found where only one of the split components of a given
partial is struck, so that there are no beats in the sound of the partial
concerned. Thus for each partial the number of nodal meridians
can be determined.
The determination of the place of the nodal parallels is done by
striking the bell at different heights and listening to the sound of
a given partial. If a height is found where this partial can not be
struck, this is a nodal parallel. For this determination no intentional
asymmetry needs to be introduced.
As in most bells there are already a number of natural points of
asymmetry in the casting, the determination of the number of nodal
1) Rayleigh, Lord: Theory of Sound I, par. 235.
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meridians often becomes uncertain owing to the recorded points
where the natural assymmetry in combination with the extra load
brings about a misleading minimum in the beats of the considered
partial.
With the introduction of electro-acoustical measurements a more
certain method of determination of the nodal lines can be found.
This is done by combining the apparatus for the excitation method
of frequency determination with that of the acoustical method. In
this case the bell is excited by one of the frequencies filtered out of
its sound. In the apparatus of fig. 11 this voltage is taken at the place
of the telephone Tel. and fed into the apparatus of fig. 10 instead
of the voltage from the audio-frequency generator. Thus the bell
remains in constant vibration in one of the partial frequencies.
The conditions for permanent vibration are:
a) The total phase angle around the circuit equals zero ( ± 2T:, etc.).
b) The amplification factor from the microphone to the exciter
system must be greater than a critical value.
In a condition of permanent vibration the phase angle around the
circuit is the sum of the following terms:
1) The phase angle, for a signal of the partial frequency, between
the velocity amplitude of the excitation point on the bell, and the
pressure (velocity) amplitude of the radiated sound at the place of
the pressure (velocity) microphone.
2) The phase angle, for a signal of the partial frequency, between
the pressure (velocity) amplitude of the acoustical wave at the place
of the pressure (velocity) microphone and the amplitude of the
microphone voltage.
3) The electrical phase angle between the amplitudes of the
microphone voltage and the current in the coil of the exciter (equal
to the force in the exciter and practically equal to the force at the
excitation point); including possible phase shifts in the filter circuits.
4) The phase difference between the force- and the velocity
amplitudes of the excitation pin, which is equal to the phase difference
between the force- and the velocity amplitudes of the bell at the
excitation point. This term equals zero at the exact partial frequency
(resonance of the bell).
The condition mentioned under b) is apparent as the energy
losses due to the damping must be supplied electrically. If the
amplification factor is amply sufficient, and the phase angle around
the circuit at the partial frequency not equal to zero, although
between
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and +—, the system will vibrate permanently in a

frequency different from that of the exact bell partial. This brings
about a phase difference between the amplitudes of the force and
the velocity at the excitation point which compensates the other
phase differences. (It is supposed that the phase differences in the
remaining circuit do not change appreciably near the partial
frequency).
In analogy with the electrical L—C tuned circuit') a relative
deviation from the resonance frequency of a mechanical vibrating
system, like that of a bell, will produce a phase shift between force
and velocity at the excitation point. The relation between both
quantities is dependent upon the decay (damping) of the system.
For bells the resonance amplification of the statical amplitudes,
Q, amounts to at least 5000 approximately (see chapter V), which
means that for a phase angle of say— radians between the force4
and the velocity amplitudes at the excitation point the relative
deviation from the resonance frequency Av/vres. •=*= 0,0001. This
deviation is small in comparison with the other errors in the frequency determination.
If the phase angle around the circuit is greater than— (±n.27T)
and smaller than 3. —-(±n.2TC) the system cannot vibrate permanently
for any value of the amplification factor. On the contrary, in this
case the bell partial to which the electrical apparatus is tuned can
be damped more than normally if the amplification factor is increased.
In practice a point of optimum generation is found by moving the
microphone, thus varying the acoustical phase angle.
For a bell which is kept in permanent vibration in one of its
partial frequencies, the pattern of nodal lines for the radial movements is fixed with regard to the excitation point, and thus stationary.
These lines can be found by listening to the sound near to the bell
surface using a stethoscope and recording the places of the sound
minima. It is also possible to record the nodal lines by using a
special microphone (fig. 19). This microphone consists of a crystal
pressure element in a cylindrical box. The sound can reach the
membrane of the crystal element only through a 3 mm hole. This
hole can be brought near the bell surface. The microphone signal is
amphfied and fed to the vertical deflection plates of a cathode-ray
oscilloscope. The horizontal deflection of the spot is caused by the
output voltage of the power amplifier, which also feeds the exciter
') See for instance: Terman, Radio Engineering, New York, 1937,
Chapter III.
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system on the bell. In general there will be a phase difference between
these deflecting voltages, resulting in an ellipse on the screen. This
ellipse will close to a horizontal line when the microphone passes a
nodal line on the bell. Thus the place of the nodal lines can be
determined accurately.

Fig. 19.

Microphone
M =
X =
C =

for detection of nodal lines.
membrane.
crystal.
cable.

For the bell 11M60 (F. Hemony, 1663, Haarlem), the following
nodal lines were recorded: (table IX).
TABLE IX
Modes of vibration of a Hemony-bell
Partial

Freq.
(c/s)

Nr. of
Meridians

Hum - Note . .
Fundamental .
Minor Third. .
Fifth

271
547
652
818

1082
/ 1380
( 1419
1625
Higher partials < 1782
2040
\ 2934

Nominal . . .

1
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Nr. of
Parallels

Place of parallels
(H/Ro = . . . )

4
4
6
6

1
2
2
2 ,:;

8
8
6
10
8
10
12

2
2 .
3
uncertain
uncertain
2
uncertain

1,55
0,35; 1,55
0,74; 1,55
approx. 0,11;
1,55
0,52; 1,55
approx.0,l;l,55
0,28; 0,76; 1,55
0,52; 1,55

For the frequencies 1625 and 2934 c/s the characteristic functions
were practically zero everywhere on the bell surface above the
sound-bow. The sound intensity near the bell surface was therefore
insufficient for recording the nodal lines in these areas. The same
applies to the frequency 1782 c/s. This frequency however could
only be generated by excitation on the waist of the bell, not on the
sound-bow. The analogy of the excitation conditions with those for
the Fifth (818 c/s) leads to the conclusion that a nodal parallel should
exist at H/RQ = 0,1 approximately.
All partials in table IX show the nodal parallel at the top plate
(H/Ro = 1,55). This nodal "line" is usually omitted by authors
writing about them. The existence of it is obvious for all sounding
partials as otherwise these would be heavily damped by the
suspension (comp. § 5).
As far as the 5 lower partials are concerned the foregoing results
are in agreement with those of Rayleigh (I.e.). Vaz Nunes (l.c.) gives
slightly different results. This investigator carried out his researches
by listening only, under unfavourable conditions in a tower. As it
appears from the frequencies he gives for various good Hemony
bells, he must have been mislead by the occurrence of subjective
distortion and combination tones in his ear.
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Chapter

III

THE, TUNING OF CARILLON BELLS INCORPORATED
IN THE MEASUREMENTS.

§20. T h e

Intonation

of C a r i l l o n

Bells

Among the bells of which the sound was documentated, were
those of which the carillons of Zierikzee (Town Hall), Den Helder
(Monument), Den Briel (Catharina Church), Goes (Maria Magdalena
Church), Tholen (Town Hall) and St. Maartensdijk (Dutch Reformed Church) are composed. In addition a series of measurements
were made on the carillon of the Main Church at Gouda.
Of the carillons at Tholen and St. Maartensdijk only a few bells
have been saved; of the bells of the other carillons none, or only a
few have been lost at the sequestration.
If bells of various sizes are used in combination, the latter will
either be called a Chime or a Carillon, depending upon the number
of bells in it and on the musical notes of them. The following definitions are given by the U.S.A. Carillon Guild at its sixth congress,
Princeton 1946') and by Prof. P. Price of the University at Michigan
(by personal letter):
A Chime is a combination of bells playing a single melody. The
range is 10 bells approximately. The bells are meant to be struck
successively. There may be a keyboard for manual playing. (The
Dutch word is "voorslag").
A Carillon is an instrument comprising at least two octaves in
chromatic series, of which the lower two semitones may be missing
(23 bells). If more bells are sounded together, the resulting sound
shall be concordant. It is normally played from a keyboard, where
the expression and volume of the strokes on the bells can be controlled
through variations of the touch of the keys.
In accordance with these definitions, before the second world
war, in the Netherlands there were 66 carillons, comprising from
23 to 49 bells; in addition to these there were 7 incomplete "carillons"
with a diatonic series of between 16 and 23 bells which should bear
') Cited by Bigelow, A. L.: Carillon. Princetown Univ. Press 1948.
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the name of "coUossal" chimes, and 6 normal size chimes of at
least 4 bells.
In the composition of a carillon special attention should be paid
to the partial frequencies of each bell to be used. Not only the
internal tuning of each bell needs to be considered, but also the
chromatic scales of the corresponding partials of different bells
(external tuning).
As to the internal tuning of bells the ideal pattern that is pursued
by modern bell casters has already been stated in § 2. In normal
swinging bells the internal tuning must be right. For carillon bells
on the contrary, the external tuning is of primary importance. It
is even possible that a carillon consists of bells that all show the
same discrepancies from the ideal values in the internal tuning, but
yet is very well acceptable from the musical aspect. All musical scales
of the corresponding partials are identical in this case so that the
melody that is played can easily be recognised.
In § 13 a historical survey is given of the various musical scales
that have existed or are still in use. In this connection it must be
noted that the scale of equal temperament has especially been
sponsored by the use of instruments with a fixed tuning. A carillon
is a special example of such an instrument; in fact it is almost the
only instrument that keeps its original tuning through centuries,
provided that no excessive wear or corrosion takes place.
On the other hand a carillon is never used together with other
instruments and the music played on a carillon is mostly of a simple
character. The use of complicated chords is impossible due to
physical limitations in the handling of a carillon keyboard. Further,
many good carillons exist dating from the time before the scale of
equal temperament was used. There are therefore no intrinsic
reasons why carillons should have a scale of equal temperament.
Even so the latter is always preferred in modern carillons, for the
following reasons:
a) The cost of a carillon is largely dependent on the size and
pitch of the largest bell (comp. fig. 15). The older carillons nearly
always started with an arbitrary note, labelled as a C-note in the
carillon scale. The keyboard normally starts with a C-key, so that
often the whole instrument is transposing. If later new bells are
added to the bass side of the carillon, usually the corresponding
number of keys are added to the treble side of the keyboard, so
that the rate of transposition is altered and the whole scheme of the
just tempered scale will be spoilt. In a scale of equal temperament
this addition can always take place without objection.
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b) The modern mechanical improvements of the transmission
system between the keybord and the clappers make the playing less
strenuous, so that there is nowadays a tendency to use the carillon
for less simple compositions. In this case the same difficulties arise
as have been found with other fixed-tuned instruments when music
had to be played in different keys. The solution is the use of a scale
of equal temperament.
c) The scale of equal temperament is used in all modern music
and is therefore the scale to which people are most accustomed. In
table V it is seen that the intervals between some notes in a just
tempered scale, and the same in a scale of equal temperament of the
same average pitch, exceed the minimum audible pitch interval.
Therefore an observer with a musically trained ear will be able to
distinguish between both scales and in the case of a just tempered
scale being used, will notice some discrepances from the musical
scale he is accustomed to.
§21. T o l e r a n c e s

in t h e M u s i c a l

Scales

Except for the manufacturing of new carillons there are other occasions where the consideration of the external tuning of a carillon
is of importance, such as the filling up of empty places or renewing
of bad bells in existing carillons. It will be shown in chapter IV that
it is very difficult, or even impossible to tune any arbitrary rough
bell so that the internal tuning attains the ideal values exactly at a
predicted absolute pitch. Therefore the tuning of a bell will always
be a compromise between internal- and external demands and certain deviations between the actual partial frequencies and the calculated values must be tolerated. The problem therefore arises what
tolerances can be permitted within the general condition that the
music produced on the instrument shall be concordant.
In § 12 it has been shown that under ideal circumstances frequency differences of 0,04 semitone can be detected by the ear. The
average error of the electro-acoustical measurements is 0,03 semitones (§ 16). If a bell is to be judged by the results of the partial
frequency measurements these tolerances have to be added; while
the tuning of a bell must be done with the tolerances subtracted. In
practice the accuracy with which bell casters claim the tuning of
their bells is done is 1/16 semitone (0,06—0,07 semitone) which
seems to be satisfactory. We will arbitrarily judge the measured
carillons on a basis of the added tolerance of 0,07 semitone. In modern carillons where the results of the partial frequency measurements show with certainty a scale of equal temperament, deviations
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of 0,07 semitone from the average scale of the carillon would
therefore be tolerable.
Older carillons generally do not show a definite musical scale. If
new bells are to be added to these carillons, the tolerance problem
must be taken on a wider basis, as at the time these carillons were
made the scale of equal temperament had not yet come into
general use. If the bell-casters of that time had been able to tune
their carillons with the same accuracy as that with which modern
carillons can be intonated the following possibilities could be
expected:
a) The carillon is tuned to a non-transposing scale of just temperament, with a choice made for the undefined semitones.
b) The just tempered scale of the carillon is transposing; the largest
bell is labelled as C in the scale.
These possibilities can readily be recognised if the measurements
of the partial frequencies are worked out according to the same
method as has been done in § 13 for an exact just tempered scale.
At first the musical scale is considered as equally tempered, with
deviations. The average equally tempered scale is calculated and
the deviations from this scale are considered. The deviations between
an exact just tempered scale and its average scale of equal temperament are given in fig. 6. A hypothetical carillon according to the
mentioned possibilities a) or b) will show the same pattern of
deviations and the periodicity of the latter can decide wether a) or
b) applies, and what the rate of transposition of the chromatic
sequence is.
It can be remarked, that a pattern of deviations according to a
scale of just temperament must be considered right from the musical
aspect; at least for old carillons. Supposing that a carillon can be
timed to either scale with the same tolerances, a second series of
tolerance values with respect to the average equally tempered scale
are found that may be applied in two different ways, if the range
of the carillon does not start with a C-note at the lower end.
For the notes Eb, F# and G# the tolerance ranges of the just- and
the equal temperament scales do not overlap. In the general case
where the carillon does not show the specific qualities of any of these
scales, the tolerance ranges of the remaining notes may be joined.
In this case the three mentioned semitones need a special consideration.
In § 13 it has been stated that if two tones are heard, having an
interval that is gradually increased from a minor — to a major third
the chord will be concordant for any value of the interval. There57

fore there are no musical objections against joining the tolerance
ranges for just- and equally tempered D# (or Eb) notes.
The F# and G\) notes in the just tempered scale show the largest
discrepancy. It is entirely a matter of opinion which of the two
should be taken for a carillon with just intonation. Probably the
F# will be preferred in connection with the general major character
of the music to be played on a carillon. In any case it is doubtful
whether a bell should be disqualified if its note lies in between the
two tolerance ranges.
The tolerance ranges of the G# note are only 0,02 semitone apart.
In view of the roughness of the assumption of 0,07 semitone as
tolerance value from the exact pitch, the interval between both
tolerance ranges for G# can be neglected.
The final proposed tolerance limits for the general case of a
carillon that does not show the specific pattern of any of the two
musical scales of equal- or just temperament are given in table X.
TABLE X
Proposed tolerances in respect to the
average equally - tempered scale of
the carillon

Note
C

c#

D

m
E
F

F#i)
F#2)

G
G#
A
A#
B

Tolerances (semitones)
+0,11
+0,07
+0,15
+0,27
+0,07
+0,09
+0,07
—0,20
+0,12
+0,26
+0,07
+0,07
+0,07

—0,07
—0,10
—0,07
—0,07
—0,17
—0,07
—0,07
—034
—0,07
—0,07
—0,18
—0,07
—0,14

The results of the measured scales of the carillons will be compared
hereafter with these suggested tolerances.
^) Range for equally-tempered scale.
•) Range for just-tempered scale.
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§22. T h e

Zierikzee

Carillon

The carillon at Zierikzee (Town Hall) was cast in 1927 by Messrs.
John Taylor and Co. at Loughborough, England. It is a typical
example of a carillon that is apparently tuned in the equally tempered
scale. The musical notation of the measured partial frequencies is
given in table XI, while fig. 20 shows the Hum-Notes and the
TABLE XI
Carillon at Zierikzee Town Hall
(Numbering 10/8K...)
nr.
23
22
21
20
19
18
17
16
15
14
13
12
11
10
9
8
7
6
5
4
3
2
1

M
(kg)

Ro Hum-Note
(m)

0,39
—
031
0,28
0,28
0,27
—
0,23
0,23
0,21
0,21
0,20
0,18
0,17
0,16
0,16
0,15
0,14
0,13
0,13
il 0,12
10 0,12
(lost)

270
195
145
123
121
113
95
85
72
60
50
39
33
26
24
22
19
17
15
13

C 3—0,27
D 3—0,22
E 3—0,16
F 3—0,21
F#3—0,16
G 3—0,18
G#3 —0,26
A 3—0,14
A#3 —0,19
B 3—0,19
C 4—0,17
C#4 —0,15
D 4—0,17
Dtf4 —0,19
E 4—0,17
F 4—0,19
F#4—0,18
G 4—0,18
G#4 —0,18
A 4—0,21
A#4 —0,19
B 4—0,19

Fundam.

Minor Th.

C 4—0,18
D 4—0,21
E 4—0,20
F 4-0,19
F#4 —0,20
G 4—0,17
G#4 —0,22
A 4—0,16
A#4—0,21
B 4—0,15
C 5—0,18
C#5 - 0 , 1 0
D 5—0,17
D#5 —0,16
E 5—0,19
F 5—0,13
F#5 - 0 , 1 3
G 5 —0,18
G#5 - 0 , 1 3
A 5—0,12
A#5 - 0 , 1 7
B 5—0,26

E b4 —0,12
F 4—0,09
G 4 —0,07
Ab4 —0,06
A 4 +0,04
Bb4—0,04
B 4—0,14
C 5—0,07
Db5 —0,20
D 5—0,20
E b 5—0,30
E 5—0,04
F 5—0,55
Gb5 —0,15
G 5—0,04
Ab5—0,19
A 5—0,48
Bb5—0,09
B 5—0,13
C 6 +0,10
—
—

Fifth
G
A
B
C

Nominal

4—0,17 C 5—0,21
4—0,17
—
4—0,13 E 5—0,19
5—0,15 F 5—0,24
F#5—0,36
G 5—0,02
—
—
—
A 5—0,21
—
A#5 - 0 , 5 3
—
B 5—0,08
—
C 6—0,17
—
C#6 —0,03
—
D 6—0,14
—
—
—
E 6—0,14
—
F 6—0,15
—
—
—
—
—
—
—
—
—
—
—
—

Fundamentals of the chromatic series in comparison with the
suggested tolerances. The measurements were made according to
the acoustical method mentioned in § 16.
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CARILLON at ZIERIKZEE

Fig. 20. The carillon at Zierikzee.
On the horizontal scale the notes are indicated; on the vertical
scale the deviations from an equally tempered scale of international
pitch A 3 = 440 c/s.

The average scale of equal temperament of the carillon is 0,19
semitone below that based on A 3 = 440 c/s. This corresponds to
the older basis of international pitch, A'3 = 435 c/s that was adopted
in 1891, and has been superseded in 1925 by the former.
According to the numbering of the bells by the Department for
Preservation of Arts and Monuments, bell nr. 1, the top note C 5,
has been lost; so the original range of the carillon has been two
octaves C 3 to C 5 inclusive, with the lower two semitones missing,
and not transposing.
For this equally tempered carillon the tolerances are as drawn in
fig. 20. The only bell of which the Hum-Note frequency does not
fulfill these tolerance conditions is the largest bass note nr. 23. It
is further seen in fig. 20 that for the lower bass notes most attention
is paid to the Fundamental frequencies to be as near as possible to
the exact average scale of equal temperament, while for the treble
notes this is done for the Hum-Note frequencies. This is well in
accordance with the results to be mentioned in chapter VI, where it
will be seen that during the normally occurring time intervals between the notes of a melody the pitch of the bass bells, having a
longer reverberation time, is characterised primarily by the Fundamental frequency, and secondarily by the Hum-Note frequency,
while for the top notes the Hum-Note frequencies are more important. It may also partly have been caused by the fact that the
tuning fork method for measuring partial frequencies does not
provide means for measuring frequencies above 1100 c/s, so that
the internal tuning of small bells must be judged by the ear.
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The internal tuning of the bells is mainly correct, apart from a
notable discrepancy of the Nominal of bell nr. 15, and one of the
Minor Third of bell nr. 11.
§23. T h e

Carillon

at D e n

Helder

The carillon of the Den Helder monument was cast in 1935 by
Van Bergen at Heiligerlee. It is also a modern carillon with equal
temperament scale. Table XII shows the measurement results,
while fig. 21 gives the musical notation of the Hum-Notes and the

CARILLONat DEN HELDER.

Fig. 21. The carillon at Den Helder.
Legend as for fig. 20.

Fundamentals of the chromatic series in comparison with the
suggested tolerances. Like the carillon at Zierikzee the average
scale is 0,21 semitone below the A 3 = 440 c/s basis, indicating the
older basis A'3 = 435 c/s. The frequency measurements were made
according to both methods indicated in chapter II. For the high
partials of the small bells the excitation method proved to be more
satisfactory.
The Hum-Note frequency of bell nr. 27 lies outside the tolerance
range. Of the Fundamentals those of bells nrs. 27, 17, 15, 10, 1 and
9 show deviations larger than the suggested tolerances. In general
the internal tuning of the bells of this carillon is more irregular than
those of the Zierikzee instrument. The Nominals especially show
the general tendency to be too sharp. It must be remarked that the
carillon showed a serious degree of corrosion, so that the original
tuning may have been different from that which has been found now.
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TABLE XII
Carillon at Den Helder Monument
(Numbering 7/1K...)
nr. M
(kg)
30
29
28
27
26
25
24
22
23
21
20
19
18
17
15
16
14
11
13
12
10
8
4
5
7
2
6
3
1
9

130
109
87,5
80
61
58
51
39,5
41
35
29
26
24
16,5
15,5
16
14,5
10,5
12
11
9,5
8
7,5
7,5
7,5
7
6,5
7
6,5
8

Ro Hum-Note
(m)
0,30
0,28
0,265
0,26
0,23
0,225
0,215
0,20
0,19
0,18
0,175
0,165
0,158
0,145
0,14
0,14
0,13
0,123
0,12
0,115
0,11
0,108
0,10
0,10
0,10
0,095
0,09
0,09
0,09
0,108

E 3—0,16
F 3—0,21
F # 3 —0,23
G 3—031
G#3 —0,22
A 3—0,25
A#3 —0,25
B 3—0,22
C 4—0,19
C#4-0,17
D 4—0,22
D#4 —0,16
E 4—0,22
F 4—0,21
F#4-0,25
G 4—0,16
G#4 —0,21
A 4—0,20
A#4 —0,23
B 4—0,21
C 5—0,23
C#5 - 0 , 1 9
D 5—0,21
D#5 —0,20
E 5—0,24
F 5—0,22
FJf5—0,18
G 5—0,23
G#5 —0,18
A 5—0,20

§24. T h e

Fundam.

Minor Th.

E 4—0,22
F 4—0,21
F#4—0,20
G 4—0,28
G#4—0,19
A 4-0,23
A#4 —0,23
B 4—0,19
C 5—0,22
Ctf 5 —0,20
D 5—0,23
D#5 - 0 , 1 5
E 5—0,24
F 5—0,01
F#5—0,08
G 5—0,16
G#5 —0,22
A 5—0,23
A#5 —0,24
B 5—0,19
C 6—0,08
C#6 —0,26
D 6—0,22
D#6 —0,20
E 6—0,21
F 6—0,21
F#6—0,24
G 6—0,27
G#6 —0,42
A 6—0,42

G 4—0,26
Ab4 —0,21
A 4—0,09
Bb4 +0,05
B 4—0,12
C 5 +0,04
Db5 +0,09
D 5 +0,00
Eb 5—0,40
E 5+0,22
F 5—0,02
Gb5 +0,22
G 5 +0,25
Ab5 +0,47
A 5 +0,35
B 5—0,13
B 5—0,03
Db6—0,26
D 6—0,33
D 6 +0,43
Eb 6 +0,09
E 6 +0,22
Gb6 —0,05
Gb6 —0,45
G 6—0,43
Ab6—0,21
Ab6 +0,40
Bb6—0,05
B 5 +0,10
—

Carillon

at

Fifth

Nominal

B 4—0,19 E 5—0,22
C 5—0,33 F 5—0,21
—
F#5—0,24
—
F#5 +0,39
—
G#5 —0,12
—
—
G 5 +0,07
—
—
B 5+0,16
A 5—0,30
—
—
C#6 +0,43
—
D#6 +0,47
A#5 - 0 , 1 2
—
B 5—0,03 E 6+0,57
B 5+0,29 F#6—0,43
—
—
D 6—0,27 A 6—0,30
D#6 —0,23 G#6 +0,01
E 6—0,28 A 6 + 1 , 1 7
E 6+0,41 D 7 +0,01
F 6+0,10 C 7—0,40
G 6—0,32 C 7 + 0 3
G 6 +0,40 C#7 +0,50
—
E 7—0,48
—
—
C 7—0,29
—
C#7 +0,12 A#7—0,03
D#7 +0,34
—
—
A 7+0,25
E 7—0,35 G#7 +0,13
—
G#7 +0,20

Gouda

The carillon at Gouda (Main Church) was originally made by
P. Hemony in 1675—'76. Seven bells were replaced in 1930 by
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w^
John Taylor and Co. In the same tower four large swinging bells
are hanging, made by H. Wegewart in 1605. The two largest swinging
bells are already coupled to the carillon keyboard. The purpose of
the measurements on this carillon was to decide whether the two
smaller swinging bells, that had been removed during the war,
could be coupled to the carillon at the time of the replacement
in the tower.
The measurements on this carillon were made in the tower. As
the bells were difficult of access the excitation method could not be
used. A microphone was placed as near as possible to the bell that
was tested and the acoustical method of measurement was used. As
the background level of the disturbances by the wind and the sounds
in the streets were rather high no attempts were made to measure the
high partials of the smaller bells. The bells were struck by means
of the existing clappers.
Table XIII gives the measurement results of the carillon and of
the swinging bells. The average scale of the carillon bells is 0,37
semitone below the international pitch, corresponding to A 3 =
431 c/s. Fig. 22 shows the musical notation of the Hum-Notes in
comparison with the suggested tolerances; this time those valid for
the general case (table X).
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Fig. 22. The carillon at Gouda.
Legend as for fig. 20.

It is seen that the carillon does not show the specific pattern of
just intonation. The scale of the carillon is transposing (see § 25)
and so the tolerances of table X are drawn correspondingly in fig. 22.
Many deviations exceed the suggested tolerances. This carillon
is not considered as one of the best Hemony carillons in the
Netherlands.
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TABLE XIII
Carillon and swinging bells at Gouda
A) Carillon bells by P. Hemony, 1675—1676
nr.

Hum - Note

7
4
2
1
3
12
8
5
6
10
19
11
9
16
15
18
17
13
14
27

F#2
G 2
G#2
A 2
A#2
B 2
C 3
Cfl:3
D 3
D#3
E 3
F 3
F#3
G 3
G#3
A 3
A#3
B 3
C 4
C#4

Fundam.

- 0 3 7 F#3 —0,14
—0,53 G 3 —0,49
—0,30 G#3 - 0 3 1
+0,08 A 3 —0,16
—0,30 A#3 —0,34
—0,07 B 3 —0,21
—0,51 C 4 —0,47
—0,39 C#4 —0,26
—0,51 D 4 —0,52
—0,45 D#4 —0,26
—0,35 E 4 —0,19
—031 F 4 —0,39
- 0 , 4 2 F#4 —0,16
—0,63 G 4 —0,46
—0,18 G#4 —0,39
—0,20 A 4 —0,22
—0,49 A#4 —0,42
—0,21 B 4 —0,05
—0,55 C 5 —0,36
—039 C#5 —0,29

Minor Th.
A 3
Bb3
C 4
C 4
Db4
D 4
Eb4
E 4
F 4
Gb4
G 4
Ab4
A 4
Bb4
B 4
C 5

—0,16
+0,47
+0,03
+0,16
—0,26
—0,01
-0,26
—0,19
—0,41
—0,21
—0,06
—0,22
—0,12
—0,36
—0,22
—0,07
—
D 5 —0,13
Eb5 —0,30
E 5 —0,20

Fifth

Nominal

C#4 +0,08
D 4 —0,43
DP—03
E 4 —0,19
—
—
F 4 +0,48
G#4 —031
—
—
—
—
—
—
—
—
—
—

F#4 —0,26
AS4 +0,49
—
A 4 —0,14
A#4 —0,32
B 4 —0,21
C 5 —0,44
C#5 —0,28
D 5 —0,46
D#5 —0,37
—
F 5 —0,40
Fif5 —031
—
—
—
—
—
—
—

B) Swinging bells by H. Wegewart 1605
M Ro
Hum-Note Fundam. Minor Th.
(kg) (m)

nr.

0,86
0,75
11/23A 1117 0,62
11/22 A 1092 0,59
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A# 1+0,22
C#2—0,33
D#2—0,40
F 2+0,14

B 2—0,03
C#3+l,08
D#3 +0,91
F#3 +0,60

D 3—0,28
E 3+0,38
Gb3 +0,32
A 3+0,04

Fifth

Nominal

F#3—0,48
G#3 +0,07
A#3 —0,23
C#4 +0,17

B 3—0,42
C#4 +0,29
D#4—0,01
F#4 +0,04

TABLE XIII (Continued)
C) Smaller carillon bells
nr.

Founder

28
31
32
33
26
25
24
29

Taylor
Taylor
Taylor
P. Hemony
Taylor
Taylor
Taylor
Taylor

Hum - Note nr.
D 4—031
D#4—031
E 4—0,36
F 4—0,80
F#4-0,40
G 4—0,24
G#4 —0,33
A 4—0,48

30
23
22
21
20
34
35
36

Founder
P.
P.
P.
P.
P.
P.
P.
P.

Hemony
Hemony
Hemony
Hemony
Hemony
Hemony
Hemony
Hemony

Hum - Note
A#4 —0,48
B 4—0,18
C 5—0,49
C#5-0,38
D 5—0,40
E 5—0,20
F 5—0,54
F#5-0,17

The internal tuning of the Hemony-bells is generally good. The
largest deviation of the interval between Fundamental and HumNote is 0,26 semitone (bell nr. 9).
As to the coupling of the Wegewart bass bells to the carillon it
can be remarked that, although the Hum-Notes of the two bells of
which Ro = 0,75 and 0,62 m respectively lie witb'n the tolerances
of the carillon scale, the interval between Hum-Note and Fundamental for the Wegewart bells is on the average 1,5 semitone more
than an octave. Especially the bass bells should be arranged according
to the Fundamental frequencies (comp. § 22). Thus false combinations will occur because of the long reverberation times of the
Hum-Notes of the bass bells. It is therefore not advisable in this case
to couple any of the Wegewart bells to the carillon.
The analogy between the partial frequencies of bell nr. 11A22
and the carillon bell nr. 7 leads to the replacement of the latter by
the first mentioned bell for the half-hour stroke, which is now given
on a Hemony carillon bell, thus causing unnecessary wear.
§25. T h e

carillon

at D e n

Briel.

The carillon at Den Briel (Catharina Church) is a small carillon
made by F. Hemony in 1660. The results of the measurements are
given in table XIV and in fig. 23. According to the numbering six
bells out of this carillon have been lost during the war.
The two largest bells are by C. Crans Jzn. (nr. 25) and by P.
Bakker, 1775 (nr. 24) respectively, whilst nr. 16 is by Van Bergen,
1898. These do not fit very well into the scale of the carillon bells
and especially the internal tuning of nr. 16 is totally different from
5
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TABLE XIV
Carillon at Den Briel (Catharina Church)
(Numbering 11/lK...)
A) Bells by F. Hemony, 1660
nr.

M
(kg)

2
4
6
7
8
10
11
12
14
17
18
20
21
22
23

8
11
15
17
20
26
31
38
48
75
102
119
139
—
246

Ro Hum-Note
(m)
0,11
0,12
0,135
0,145
0,15
0,17
0,18
0,19
0,21
0,245
0,27
0,28
0,30
0,33
0,365

Fundam.

C 5—0,49 C 6—0,55
A#4 —0,61 A#5 —0,50
Gif4 —0,37 G#5 —0,39
G 4—0,46 G 5—0,48
F#4—0,28!F#5—0,27
E 4—0,13 E 5—0,11
D#4 —0,46 D#5 —0,34
D 4—0,49 D 5—0,41
C 4—0,37 C 5—0,39
A 3—0,56 A 4—0,56
G 3—0,44 G 4—0,4
F#3—0,23 jF|:4—0,19
F 3—0,36 F 4—0,36
D#3—0,22 Dif4—0,24
C#3 - 0 , 2 6 C#4 —0,21

Minor Th.

Db6 +0,28
•

—

Bb5—0,33
—
—
Gb5 —0,24
—
E b 5—0,27
C 5—0,41
Bb4—0,30
A 4—0,10
A b 4—0,25
Gb4 - 0 , 1 5
E 4—0,09

Fifth

Nominal

.^^
—
—
—
—

,^__
—
—
—
—

—

1

—
—
—
—
—
C#5 —0,27
C 5—0,36
A#4 —0,40
G#4 —0,24

—

—
—
—
A 5—0,50
—
F#5—0,20
F 5—0,40
D#5 —0,34
C#5 —0,27

B) Bell by Van Bergen 1898
16 I 59 I 0,23 |G#3—0,05lA 4+0,28 I C 5+0,11 j

—

|

—

C. Bell by P. Bakker 1775
24 1363 10,4151B 2 +0,35 | B 3 +0,211 Eb4 +0,05 | F#4 +0,211

—

D) Bell by C. Crans Jzn 1744
25 I 843 I — :F 2—0,56 | F 3 —0,24 ] Ab3 —035 | C#4+0,33 j G 4 + 0 , 0 9
chat of the Hemony bells. It is therefore advisable to replace this
bell if the carillon is to be restored.
The average equally tempered scale of the Hemony bells of this
carillon is 0,38 semitone below the international pitch, which is in
good agreement with the average scale of the carillon at Gouda. This
could be expected as the Hemony's possessed a set of vibrating rods,
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Fig. 23. The carillon at Den Briel.
Legend as for fig. 20.

which they used as a standard scale for tuning their bells^). The basis
of this set must therefore have been A'3 = A 3 — 0,37 = 431 c/s.
Taking into account that the numbering of the bells has been
done according to their fortuitous placing in the tower, it is seen
that the original range of the carillon has been from C#3 —0,26
up to C#5 —0,49, while for the D 3 and E 3 notes no places can be
found in the numbering. Therefore this carillon is also transposing
and the tolerances of table X have been used correspondingly
in fig. 23.
It is known that the Hemony's preferred to avoid the two lower
semitones due to the high costs of these bells and the little use that
is made of them. In this connection a correspondence has been
preserved, concerning the carillon at Gouda, between P. Hemony
and Mr. Quiryn Van Blankenburgh, organist at The Hague. Hemony
protested against the making of "Cis" (Cfl) and "Dis" (DJ) for the
carillon at Gouda. This correspondence had lead to a paper by
P. Hemony, about the general unnecessity of the two lower semitones
1) The life and work of the two brothers Hemony is described, amongst
others, b y : Bijtelaar, B., "De Zingende Torens van Amsterdam", 1947.
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of a carillon^). His mentionning of "Cis" and "Dis" clearly indicates that at that time all carillons were considered transposing,
with the largest bell as C-basis.
If, indeed, the Hemony's used a set of vibrating rods to tune their
bells, they could not make pure just intonated scales on a transposing
basis, as the frequencies of the notes depend upon the basis if a
just intonated scale is used.
It is also remarkable that the carillons at Gouda and Den Briel
both start with an augmented note. Therefore it could even be
possible that the range of the carillon at Den Briel is meant to be
C 3 to C 5, while that at Gouda is meant to be F 2 to F 5. In this
case the pitch of the musical scale at the time of the Hemony's
would have been a semitone different from that used nowadays.
A tone of 431 c/s would have been known to the Hemony's as G#3.
This is in contradiction to the known tendency of later years to
increase the standard pitch.
The deviations of the Hemony bells in the carillon at Den Briel
beyond the suggested tolerance ranges are less than in the case of
the carillon at Gouda (comp. fig. 23).
§ 26. T h e

Carillon

at

Goes

The carillon at Goes (Maria Magdalena Church) is of a heterogeneous composition. Bells are present from the following founders:
Andr. van den Gheyn, 1765—1766 nrs. 2, 3, 5, 7, 8, 9, 10, 11, 12,
13, 14, 16 and 18.
St. van Aerschodt, 1886—1887
nrs. 19, 22, 23, 25, 27 and 29.
Alex. Petit, 1776
nrs. 30, 35, 38, 39 and 40.
A. and P. Petit, 1769 . . . .
nr. 34.
Petit and Fritsen
nr. 33.
Van Bergen (Heiligerlee), 1868
nr. 37.
B. Eysbouts, 1930
nrs. 21,24,26,28,31,32 and 36
No inscription . . . . . . .
nrs. 6, 17 and 20.
The results of the measurements on this carillon are given in
table XV. In fig. 24, where the Hum-Notes of the bells of this
carillon are plotted in musical sequence, it is seen that the nrs. 39,
37, 36, 33, 32, 28, 27, 26, 20, 12, 9 and 8 are entirely different from
the scale. Of the remaining bells the average equally tempered scale
') Hemony, P.: "De On-Noodsakelijkheid en Ondienstigheid van Cis en
Dis in de Bassen der Klokken". Cited by: Denyn, J., Handelingen v a n het
tweede Beiaardcongres" (Proceedings of the Second Carillon Congress),
's Hertogenbosch, 1925. See also: B. Bijtelaar, l.c.
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TABLE XV
Ca rillon at Goes (Maria Magdalena Church)
(Numbering 10/lK...)
nr, M
(kg)
40
39
38
37
36
35
34
33
31
30
32
29
28
24
26
21
25
27
23
22
19
20
18
17
16
14
13
9
10
12
11
8
7
6
2
3
5

1040
720
610
360
242
277
260
160
99
104
124
98
68
34
55
26
40
60
37
32
22
29
18
23
19
15
10
10
10
12
10
9
9
7
7
8
8

.^°
(m)
—
0,47
0,42
0,375
037
0,37
0,325
0,275
—
0,30
0,26
0,24
0,193
0,225
0,18
0,20
0,23
0,193
0,185
0,15
0,165
0,15
0,15
0,145
0,13
0,12
0,114
0,115
0,113
0,108
0,105
0,10
0,095
0,095
0,095
0,095

Hum-Note

Fundam.

F#2 - 0 , 3 8
G#2 —0,23
A#2 —0,38
B 2—0,06
B 2—0,13
C#3 - 0 , 5 5
C#3 +0,43
E 3 +0,18
F 3—0,39
F#3—0,33
G 3 —0,09
A 3—0,56
A#3 —0,03
B 3—0,49
B 3 +0,21
C 4—0,55
C#4 —0,52
C#4 —0,26
C#4 + 0 3 9
D 4 +0,43
E 4—0,51
F 4—0,21
F#4 —0,33
G 4—0,34
G#4 —0,43
Aif4 —0,65
B 4—0,44
B 4+0,23
C#5 - 0 , 4 5
C#5 +0,25
D 5 +0,41
E 5—0,28
E 5 +0,42
F 5 +0,42
F#5 +0,32
G#5 —0,37
A 5—0,27

F#3-0,38
G#3 —0,56
A#3 —0,34
B 3—0,89
B 3+0,63
C#4 —0,33
C#4 + 0 3 9
D 4 +0,33
F 4+0,21
F#4 —0,38
—
A 4—0,56
A#4 —0,04
B 4—0,30
B 4+0,23
C 5—0,34
C#5 —0,36
C#5 - 0 3 1
C#5 +0,41
D 5 +0,40
E 5—0,50
F 5—0,10
F#5 —0,33
G 5—0,44
G#5 —0,40
A#5 —0,42
B 5—0,18
B 5 +031
C#6 - 0 3 1
C#6 +0,23
D#6 —0,01
E 6—0,28
E 6+0,42
—
F#6 +0,38
—
—

Minor Th.

Fifth

A 3 —0,04 C#4 —0,39
B 3—0,13 D#4 —0,49
Db4—0,10 E 4+0,49
D 4 +0,01 F#4—0,26
E b 4—0,30 F 4 + 0 , 4 3
E 4—0,04 G#4 —0,74
F 4—0,46 A 4—0,18
Gb4 —0,05 B 4—0,46
Ab4 +0,15
—
A 4+0,14 D 5 +0,10
Bb4 +0,36
C 5—0,34
E 5—0,09
D 5 +0,10 G#5 —0,03
D 5 +0,53
—
Eb5 +0,09 F#5—0,04
E 5—0,52!
—
—
G 5—0,23
F 5 +0,01
—
F 5—0,05 B 5 +0,17
—
—
Ab5 —0,21 C 6—0,15
—
Bb5—0,20
—
B 5—0,02
—
Db6—0,11
—
D 6+0,05
—
—
—
—
—
—
—
Gb6 +0,5
—
—
—
—
—
—
—
—
—
—
—
—

Nominal
F#4 —0,42
G#4 —0,43
G 4—0,16
B 4—0,51
B 4+0,62
—
C#5 +0,42
—
—
G#5 —0,50
—
—
—
B 5 +0,19
—
C 6—0,46
—
E 6—0,20
C 6 +0,41
C#6 —0,37
F 6—0,10
—
G 6—0,25
—
—
—
—
—
—
—
—
—
—
—
—
—

is 0,50 semitone below the international pitch. The suggested
tolerance ranges, plotted on a transposing scale above and below this
average line (fig. 24) show that also the Hum-Notes of the nrs. 38,
31, 30, 23, 18, 17 and 2 lie outside the suggested tolerance ranges.
In view of the general irregularity of the carillon these bells will,
provisionally, not be rejected.
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Fig. 24. The carillon a t Goes.
Legend as for fig. 20.

Secondly, the internal tuning of the bells is taken into account.
This leads to rejecting the nrs. 35, 31, 24, 13 and 11, because of too
large deviations of the interval between Fundamental and HumNote from an octave. Of the remaining bells nr. 22 shows a Minor
Third that is far too low, but this bell will not be rejected for this
reason so as to keep as many bells as possible from the original set
(the Van Aerschodt family of bell founders belong to the same
generation as the Van Den Gheyn family).
Summing up, 19 bells out of the carillon at Goes can be kept as
a skeleton that can be completed with a number of bells as given in
table XVI to form an improved carillon. In fig. 25 the two lower
partials of this scheme for renewing the Goes carillon are plotted
in musical sequence. The new bells are expected to have definite
deviations from the ideal internal tuning so as to fit into the scale
of the corresponding partials of the carillon. Yet as far as possible
the tolerance of 1/16 semitone in the intervals of the internal tuning
of the new bells has been observed.
The scheme for renewing the Goes carillon ranges from F#2 up
to A 5, with the lower two semitones traditionally missing.
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TABLE XVI
Carillon at Goes with improvements
nr.
10/lK..

M
(kg)

Hum - Note

Fundamental

Minor Third

40
a
38
b
c
d
34
e
f
g
30
h
i
29
j
k
21
25
23
22
19
1
18
17
16
m
14
n
o
10
P
q
r
7
6
2
3
5

1040
700
610
420
360
277
260
215
175
145
104
105
90
98
63
53
46
40
37
32
22
22
18
23
19
14
15
12
10
10
10
9
9
9
7
7
8
8

F#2
G#2
A#2
B 2
C 3
C#3
D 3
D#3
E 3
F 3
F#3
G 3
G#3
A 3
A#3
B 3
C 4
C#4
D 4
D#4
E 4
F 4
F#4
G 4
G#4
A 4
A#4
B 4
C 5
C#5
D 5
D#5
E 5
F 5
F#5
G 5
G#5
A 5

F#3
G#3
A#3
B 3
C 4
Cif4
D 4
D#4
E 4
F 4
F#4
G 4
G#4
A 4
AJ!:4
B 4
C 5
C#5
D 5
D#5
E 5
F 5
F#5
G 5
G#5
A 5
A#5
B 5
C 6
C#6
D 6
D#6
E 6
F 6

A 3
B 3
Db4
D 4
Eb4
E 4
F 4
Gb4
G 4
Ab4
A 4
Bb4
B 4
C 5
Db5
D 5
Eb5
E 5
F 5
Gb5
G5
Ab5
A 5
Bb5
B 5
C 6
Db6
D 6
Eb6

—0,38
-0,42
—0,38
—0,44
—0,49
-0,55
—0,57
-0,51
—0,45
—0,43
-0,33
—0,43
—0,48
—0,56
—0,56
—0,55
—0,55
—0,52
—0,61
—0,57
—0,51
—0,43
—0,33
—0,34
—0,43
—0,54
—0,65
—0,50
—0,48
-0,45
—0,48
—0,52
—0,55
—0,58
—0,58
—0,68
-0,37
—0,27

—0,38
—0,40
—0,34
—0,42
—0,43
—0,53
—0,61
-0,54
—0,48
—0,43
—038
—0,43
-0,49
—0,56
—0,52
—0,48
—0,34
-036
—0,59
—0,60
—0,50
—0,43
-0,33
—0,44
—0,40
—0,50
—0,42
—0,46
—0,43
—0,31
—0,45
—0,52
—0,55
—0,58
—
G 6 —0,62
—

1

—0,04
—0,15
—0,10 *"•
—0,20
—0,25
—035
—0,46
—0,40
—0,40
—0,30
+0,14
—0,20
—0,30
-0,34
—0,32
—0,30
+0,09
—0,52
+0,01
—1,05
—030
—0,25
—0,20
—0,20
—0,02
—0,30
—0,11
—0,30
—0,25
—
F 6 —0,25
Gb6 —0,32
G 6 —0,35
—
—
—
—
—~
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CARILLON at BOES (imprcvadl).

Fig. 25.

The carillon at Goes with suggested improvements.
Legend as for fig. 20.

§ 27. T h e C a r i l l o n s at T h o l e n a n d St. M a a r t e n s d i j k
Of the carillons at Tholen (Town Hall) and St. Maartensdijk
(Dutch Reformed Church) only very few bells are remaining. The
preserved bells, the measurements of which are given in the tables
XVII and XVIII respectively, show that the original carillons had
very irregular scales. Therefore it is not advisable to attempt to
complete these carillons. The remaining bells might eventually give
acceptable chimes.
In the carillon at Tholen the bells nrs 10/5K3, 10/5K6, 10/5K7
and 10/5K8 are probably broken. This can be concluded from the
reverberation times of these bells (see § 44).
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TABLE XVII
Carillon at Tholen (Town Hall)
(Numbering 10/5K..,)
nr. Ro
(m)
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

M
Hum-Note
(kg)

0,152 16,5
0,165 19,5
0,175 28
0,19 32
0,208 51
0,24 48
0,24 66
0,248 73
— 96
0,28 110
0,298 128
032 1161
0372 260
0,415 373
0,45 470
0,505 646
— 959

D#4 —0,33
C#4—0,29
C 4—0,11
—
B 3—0,24
A 3+0,00
G 3 —0,09
F#3—0,16
F 3—0,11
E 3—0,05
D#3 +0,38
D 3 +0,20
C 3 +0,09
A#2 + 0 3 6
A 2 +0,20
F#2 +0,46
F 2+0,33

Fundam.

Minor Th.

Fifth

Nominal

—
—
B 4+0,28
A#4 +0,09
A#4 —0,09
—
G 4—0,24
F#4 - 0 3 1
F 4+0,48
E 4 +0,05
—
C#4—0,10
A#3 + 0 3 0
A#3 —038
G 3 +0,33
F#3 - 0 , 4

—
—
E 5 +0,32
D 5—0,02
Db5 +0,46
C 5 +0,28
Bb4 +0,36
A 4+0,48
A 4+0,00
G 4 +031
G 4 —0,15
Gb4 —0,33
E 4—0,11
D 4—0,12
Db4—0,20
Bb3 +0,32
A 3—031

—
—
—
—
—
—
—
—
—
B 4+0,43
A#4 + 0 3 1
—
G 4 +0,14
F 4+0,20
E 4+0,17
D 4—0,43
C#4 - 0 , 3 2

—
—
—
—
A#5 —0,01
—
—
—
—
E 5+0,10
—
B 4—0,49
—
A#4 +0,27
A#4 —030
F#4 +0,44
F#4 —0,47

TABLE XVIII
Carillon at St. Maartensdijk (Dutch Reformed Church)
(Numbering 10/3K,,.)
nr. Ro
(m)
2
3
4
5
10
11
12
13
14
15
16

M
Hum-Note 1 Fundam.
1
(kg)

0,155 26 G#4 +0,48
0,155 16 F 4 + 0 , 4 3
0,18
33 E 4—0,03
0,205 47 C#4 +0,36
0,283 125 G 3 +0,44
0325 184 F#3—0,42
216 E 3 +0,12
037 259 D 3—0,19
0375 270 D 3—0,21
0,44 402 A 2 +0,43
0,50 638 G 2 —0,07

G 5 +0,44
E 5—0,14
D#5 +0,41
D 5—0,17
F#4 —0,45
D#4 —0,29
D 4 +0,08
C#4 —032
C#4 —0,01
A#3 +0,40
G 3 +031

Minor Th.

Fifth

Nominal

C 6—0,08
G 5 +0,05
F 5—0,02
Bb4—0,09
Ab4 +0,05
Gb4 +0,40
F 4—0,41
E 4+0,43
Db4 +0,22
A 3+0,43

B 4 +0,42 F 5 + 0 3 8
B 4—0,05
G#4 +0,01
A 4—0,22 B 4—0,46
F 4—0,06 A#4 +0,21
B 3+0,49

Chapter

IV

THE PROCESS OF TUNING.

§28. L i t e r a t u r e

on

Tuning

It has been shown in the foregoing how, notwithstanding the relatively high degree of similarity in the profile shapes, the musical
character of the sound of different bells may vary to a great extent.
Therefore in the manufacture of a bell, of which the partials must
have definite frequencies, such close tolerances cannot be kept in the
profile shape by casting only. All the better founders finish their
bells by turning them on a lathe whilst controlling the partial frequencies rather than the profile shape.
Most of the bell founders have experience about the qualitative
alterations in the tuning due to turning the bell at given places. This
experience is passed on in the founders families.
The usual frequency measuring method with tuning forks does
not give exact enough values for quantitative information. Therefore
the experience obtained is largely a statistical knowledge about the
results of the tuning of many bells that have been made in the course
of years. As the electro-acoustical measuring method does give more
exact data, especially at high frequencies, it is of importance to apply
this method to a systematical research on the relation between the
partial frequencies and the profile. In this case data can be obtained
on much smaller bells than would have been the case if tuning forks
were used.
The only publications found about the effect of turning the bell,
on the partial frequencies, are by Pfnor^) and by Simpson^),
Pfnor describes how the Fundamental may be flattened by decreasing the wall thickness near "A" (fig, 26), and also by taking off
material between " C " and " G " and at the outside from " D " to " F " ,
Not till after the wall thickness of the sound-bow has become equal
to that of the waist of the bell is an increase of the Fundamental fre') Pfnor: Zur Akustik der Glocken. Verh. des Hessischen Gewertvereins, 1848.
2) Simpson: Pall Mall Magazine, October 1895.
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quency possible by shortening the profile. Nothing is stated about
the other partials,

Fig. 26.

Places for the tuning of partials.

Simpson gives the following rules (referring to fig, 26):
The Nominal frequency may be increased by taking off material
at "HDE" (up to 1/4 semitone).
The Nominal frequency may be decreased by taking off material
from " H " to " C " or from " G " to " B " (up to 1 semitone).
The Fundamental may be sharpened by taking off material along
"C—D". This is possible until the line "C—E" is reached.
The Fundamental may be flattened by taking off material from
" C " to "G", or even to " B " if necessary.
The Minor Third cannot be sharpened but may be flattened by
thinning the wall between " G " and "B".
The Fifth in likewise manner cannot be sharpened but may be
flattened by thinning the bell from " B " towards "G".
Simpson's conclusions are:
1) The Fundamental frequency cannot be decreased without
flattening the Nominal.
2) The Nominal may be flattened without changing the Fundamental frequency by taking off material on both sides of "G",
3) The Nommal may be flattened to a small extent, at the same time
increasing the Fundamental frequency by reducing the curved
surface from " C " to "E".
4) The Fundamental frequency may be increased without much
alteration of the Nominal.
5) An increase of the Nominal frequency causes an increase of the
Fundamental frequency, though relatively less. Thus the interval
between both partials will decrease.
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It is not surprising that publications on this subject are rather
scarce as most of the knowledge on tuning is considered the industrial
property of the bell founders firms.
§ 2 9 . T h e P r o f i l e s of a N u m b e r of

Bells

In order to obtain an average profile shape of existing good bells
the actual shapes of twelve bells were drawn. The bells involved were
cast by F. and P. Hemony (4), St. Buytendyck, Burgerhuys (2),
St, van Aerschodt, W. Moer and Jaspers', and Van Bergen (3).
To make the drawings the bell was placed with its sound-bow on
a table, of which the leaf had been placed horizontally with the aid
of a spirit-level. Beside the table a drawing-table was placed in a
vertical position, by means of a plummet. On the drawing-table a
ruler could slide with parallel leads. A second ruler, carrying a steel
pin at one end, could be slid along the parallel ruler. The position
of the drawing-table on the floor was adjusted till its plane went
through the axis of the bell, so that the steel point of the sliding ruler
touched the centre of the bell at the crown.
After these adjustments it is possible to draw the profile line of
the outside of the bell by moving the sliding ruler with its pin
against the bell surface for each position of the parallel ruler. Each
time the rear side of the sliding ruler is marked on the drawing.
Thus an actual size drawing of the outside profile of the bell is
obtained.
The inside profile can likewise be drawn by placing the bell on
its side in a position where the point of the sliding ruler can be
brought both at the centre point of the bell near the fastening of
the clapper, and at the geometrical centre of the sound-bow (which
can be measured with a piece of string stretched across the rim), thus
assuring that the plane of the drawing-desk goes through the rotationaxis of the bell.
The drawings of the bell-profiles were made on "Kodatrace"
film to avoid errors in the measurements by elongation of the paper
due to differences in humidity. The drawings of the inside- and the
outside profiles could be combined by measuring the in- and outside diameters at a number of heights, indicated on the curve. In the
combined figure co-ordinates were drawn with Ro as unit of length
thus giving the reduced profile.
Table XIX gives a survey of the results obtained. In this table
the extreme values as found for the quantities R/Ro (outside profile)
and D/RQ (the wall thickness measured in a direction perpendicular
to the rotation axis) are indicated as a function of the reduced height
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TABLE XIX
Range of reduced profiles
H/Ro

R/Ro
(max.)

R/Ro
(min.)

D/Ro
(max.)

D/Ro
D/Ro
R/Ro
(min.) (Hemony) (Hemony)

0,00
0,05
0,10
0,15
0,20
0,25
0,30
0,40
0,50
0,60
0,70
0,80
0,90
1,00
1,10
1,20
1,25
1,30
1,35
1,40
1,45
1,50
1,55
1,60

1,000
0,990
0,979
0,957
0,915
0,863
0,820
0,747
0,694
0,661
0,635
0,617
0,602
0,591
0,585
0,580
0,585
0,582
0,582
0,569
0,554
0,550
0,543
0,480

1,000
0,986
0,960
0,934
0,890
0,833
0,790
0,720
0,673
0,638
0,613
0,600
0,586
0,574
0,566
0,560
0,563
0,540
0,485
0,390
0,355
—
—

0,000
0,167
0,182
0,187
0,171
0,155
0,137
0,109
0,093
0,080
0,072
0,070
0,069
0,064
0,063
0,060
0,063
0,110
—
—
—
—
—

0,000
0,089
0,145
0,155
0,158
0,133
0,110
0,075
0,060
0,060
0,055
0,055
0,050
0,050
0,045
0,045
0,045
0,045
0,040
0,060
0,053
0,050
0,085

~

~

1,000
0,987
0,971
0,948
0,909
0,853
0,807
0,736
0,687
0,653
0,629
0,611
0,597
0,588
0,580
0,576
0,574
0,572
0371
0,570
0,550
0,483
0,415
0,25

0,000
0,122
0,165
0,176
0,165
0,136
0,115
0,089
0,074
0,069
0,067
0,065
0,061
0,059
0,058
0,055
0,052
0,051
0,053
0,075
0,14
—
—
~

H/RQ. The last two columns give the average reduced profile of two
Hemony bells that were included in the twelve of which the profiles
were drawn.
Fig. 27 shows the range of differences in the reduced profile as
found in the drawn bell profiles. It appears that the largest individual
differences occur in the horizontal wall thicknesses near the soundbow and in the total height of the bells. So probably these are important points in connection with the internal tuning,
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0.20

Fig. 27. Range of reduced profiles.
(The dotted line shows an extreme case of tuning).

§ 30. T h e o r e t i c a l C o n s i d e r a t i o n

of t h e

Problem

The problem of the relation between the profile shape and the
partial frequencies may be tackled with some assumptions.
We shall restrict ourselves to bell-shaped bodies with rotational
symmetry, the reduced profiles of which lie within the range of
existing profiles as indicated in fig. 27. It is further assumed that
the alterations of the profile shape take place without disturbing the
axial symmetry, in other words, that each time a ring-shaped
amount of material is taken off. This is the case for instance, if the
bell is turned on a lathe.
Every alteration of the profile shape will generally cause all partial
frequencies to become different,
Let the original reduced profile of the bell be given by functions
in cylindrical coordinates as:
R/RO = f(H/Ro) for the outside surface, resp.
r/Ro = f'(H/Ro) for the inside surface,
where Ro is the length unit in which all sizes are to be expressed.
The position of an infinitely small chip of height dH and depth
dR that is taken off, is defined by its reduced height H/Ro, where
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the radius is given by the above function, so that the volume of
the chip is (see fig. 28):
H/R„

HH/RO

0

Fig. 28.

dV
Ro^

^ R/Rg
RfRg

dR/R„
dRfiig

1

Definition of the tuning functions.

dR

dH
. . (17),
2 TT f(H/Ro)
Ro
Let vj, V2, . , , Vi be the characteristic frequencies of the original bell
and (vi + dvj), (v2 + dv2) . . . (v; + dv;) the new partial frequencies
after the chip has been taken off. Now for each partial a function
Fi(H/Ro) may be defined, giving at each position (H/Ro), either at
the inside or at the outside surface, the ratio of the relative
alteration of the partial frequency vi and the surface, taken off the
reduced profile:
dVi

Fi (H/Ro, in- or outside)

(18).
Ro

)-©

The numerical values of these functions at a given position on
the bell will generally depend upon the shape of the profile. It is
finally assumed that (for reduced profiles within the range indicated
in fig. 27) the functions Fj are independent of the profile shape
f(H/Ro), resp. f'(H/Ro).
The consequences of this assumption are the following:
In the first place the total relative change in frequency of any
partial, Avj/v;, due to a finite amount of material, indicated by
AR/Ro, AH/Ro, being taken off, w<ll be proportional to the surface
AR/Ro.AH/Ro of the reduced profile that is removed, provided
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that the new profile shape after this finite alteration remains within
the range of fig. 27.
The proportionality to AR/Ro is proved by dividing AR/Ro into
a number of layers dR/Ro where, according to the latest assumption
each layer dR/Ro will cause the same relative change in the partial
frequencies. Likewise, the proportionality to AH/Ro is proved by
adding the effects of taking off an amount of material dR/Ro.dH/Ro
at (H/Ro)i and at (H/Ro)2. If (H/Ro)2-> (H/Ro)i, Fi(H/Ro)2 ^
Fi(H/Ro)i and the total value Avj/vj will be proportional to
dHfH/R,). + dH(H/R.),,

In the second place it follows that the total relative frequency
alteration due to taking off material at a number of places will be
the sum of the effects of each individual chip upon the partial
frequencies.
If the assumption of the additivity of the effects of finite profile
alterations within the prescribed range does not hold, this will
show itself from the results of the tuning experiments, if consecutive
layers of the test-bell are gradually taken off step by step.
If the assumption holds within reasonable tolerances, then the
tuning problem of bells is solved if the functions Fi are known for
each place on the bell surface. It must be possible in practice,
however, to cast a rough bell with high enough accuracy, so that
only limited amounts of material will have to be taken off to
obtain the right partial frequencies.
§31. D e t e r m i n a t i o n

of t h e F u n c t i o n s

Fj

For the determination of the functions Fi a test-bell was cast which
could be worked on a lathe. The reduced profile of this bell was
based on the average Hemony profile as determined in § 29. On
all sides of this profile about 5 mm extra wall thickness allowed for
material to be taken off before the right profile shape was attained.
Thus the experiments ranged from the tuning of a bell with a too
large wall thickness to the same for a bell that was already too thin,
The size of the experimental bell was chosen as a compromise
between two contradictory demands, namely:
a) The accuracy of the frequency measurements as carried out
with a Wien-Robinson bridge is ± 1 c/s and therefore the HumNote frequency must not be lower than 500 c/s in order to obtain
a relative accuracy of ± 0,2%. As the partial frequencies are expected to decrease during the experiments, the initial Hum-Note
frequency must be at least 600 c/s.
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Fig. 29,

Fig. 30.

Experimental bell on the lathe.

Apparatus for determining the tuning functions.

b) The bell must be as large as possible, since the profile must
be measured after each alteration. The drawing of the profile of a
bell can be made with a greater relative accuracy if the bell is large.
To meet these demands, a value Ro = 0,20 m was chosen,
The bell must be fastened on the lathe by means of its top plate
as in this case material can be turned off both at the inside and at the
outside without alterations in the fastening. Also in this case the
bell can vibrate freely on the lathe during the frequency measurements. The lathe to be used must therefore have a centre-height of
at least 0,20 m, A lathe of this size was available at the mechanical
technological workshop of the "Laboratorium voor Werktuig-,
Scheeps- en Vliegtuigbouw" of the "Technische Hogeschool" at
Delft, where, by kind permission of Prof, Ir, P, Landberg the experiments were carried out.
The experimental bell was cast by Messrs. Eysbouts at Asten,
Holland, and kindly put at our disposal for the measurements. At
the top plate a cylindrically shaped piece provided a firm and stable
method of fastening on the lathe.
The excitation system used for the frequency measurements was
mounted on the support in a position where it could be pressed
against the rim of the bell (fig. 29). The method of measurement
and the apparatus were described in § 16. Fig. 30 gives a picture
of the apparatus near the lathe.
In the course of the experiments each time material is removed
over a finite range AH and AR. The partial frequencies before and
afterwards are measured. The values of the functions ¥„ thus found,
are average values over the range H to H + AH, At places where
F; varies rapidly with H, small values of AH should be taken.
The parallel movements of the support of the lathe were used to
determine the geometrical shape of the bell profile and also the
place and the area of the material that was removed at each experiment. The heights H and AH were read on a dial in the movement
of the lathe. Two methods were used to determine the area of the
profile that was turned off:
a) By periodical drawings of the entire profile, at least each time
before material was to be removed at any place for a second time.
Thus the area can be determined graphically.
b) The bronze that came off was gathered and weighed. The
average diameter of the place where the material was taken off was
determined with a pair of callipers. The area of the profile change
can then be calculated with the known density of the bronze.
The errors in the drawings of the bell profile are of the order of
6
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magnitude of 0,5 mm. This leads to a relative error of ± 3 0 % in
the area that was usually turned off. The diameter of the turning
place is of the order of magnitude of 200 mm and can be determined
with an accuracy of ± 1 mm; the specific weight of the bronze can
easily be determined with an average error of ± 1 %. Therefore the
precision of method b) is mainly determined by the possibility to
gather as much as possible of the material spattering around during
the turning. This is more difficult to do at the outside than at the
inside of the bell.
After the bell had been turned over its whole surface to remove
all asymmetry of the casting, three consecutive layers of material
were taken off, both at the outside and at the inside surface. Except
at the sound-bow, where smaller areas were removed, the standard
value of AH at each experiment was taken as 10 mm = 0,05 Ro
approx. Between the turning processes the partial frequencies were
measured each time and the relative frequency alterations of the
partials were calculated in hundredths of a semitone. By expressing
the area of the material with Ro^ as surface unit, values for the
functions F; are found in "semitones per unit area RQ^ removed".
§32. M e a s u r e m e n t

Results

The results of the measurements are given in graphical form in
the figs, 31 to 41 inclusive. Each time Fj is expressed as a function
of the position H/Ro, both for turning inside and outside the bell.
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Tuning function for the Fundamental (inside surface).
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Tuning function for the Minor Third (outside surface).
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Tuning function for the Fifth (inside surface).

F^ outside surface

Fig. 38.

Tuning function for the Fifth (outside surface).
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There seems to be no systematic difference between the results
obtained for the successive three layers. Thus the additivity assumption holds within the range of profile alterations considered
and within the accuracy of the measurements.
It must be remarked that the sixth partial (Harmonic Decime) did
not show any appreciable frequency alterations as a result of
turning at the outside surface.
§ 3 3 . A p p l i c a t i o n of t h e R e s u l t s
If a given roughly-cast bell is to be tuned the foregoing results
can be applied in principle as follows:
It is supposed that a number of m partial frequencies are to be
adjusted. If the actual frequency of the Hum-Note or first partial
be v/, whilst the desired value for the same partial be vi, then Aj
is the interval in semitones between vj' and vi; in the same way Ag
equals the interval in semitones between the actual frequency V2' and
the desired value V2 of the second partial (Fundamental), etc. These
values of A; are taken as positive if the actual partial is to be sharpened
to obtain the desired pitch and negative if it is to be flattened.
Next a number of n positions on the bell are chosen, where
material must be removed over the reduced profile areas Kj/Ro^,
Kn/Ro^,. . . Kn/Ro^ respectively, in order to obtain the desired
tuning of the bell. These n positions are defined by the reduced
heights Hi/Ro, H2/R0,... Hn/Ro respectively, on the inside- or
outside surface of the bell.
The areas Ki/Ro^,.. Kn/Ro^ can now be calculated from the
following equations:

+
K2/RO^ ( F 2 ) H 2 / R „ +

AI = KI/RO2.(FI)HJ/R„ + K 2 / R O ^ (Fi) "2/R0
+ Kn/Ro2.(Fi)HjR<,
A2 = K,/RO2.(F2)H,/R„ +

, . , + K n / R o 2 . ( F 2 ) H J R „ > (19)
A n , = Ki/Ro2 , (Fm)Hi/R<, + ^2/Ro2 . (Fm)H2/R„ +
, . . + Kn/Ro^ . (Fn,)H^/R^

86

In case n = m definite solutions can be found; in casa n > m the
solution is indefinite. There are some further conditions, however,
that must be fulfilled:
a) Negative values for K are physically impossible, as material
can only be removed.
b) The total area of a normal bell profile after Hemony (table
XIX) varies for ranges AH = 0,1 Ro between 0,016 RQ^ at H/Ro =
0,15, and 0,005 Ro^ at H/Ro>l, The removal of material at any
position during the tuning process must be restricted to approximately 20% of the total profile area at that place, unless the tuning
is to be detrimental to the appearance and the mechanical strength
of the bell (compare the extreme case of tuning indicated in fig, 27).
This means that the total value of K for a range AH = 0,1 Ro may
not exceed 3,10~^ Ro^ at the sound-bow, or 1.10"^ Ro^ at the waist
of the bell.
The solving of the equations (19) may be simplified, however, by
the fact that in practice it is not necessary to find an exact solution,
The partial frequencies that are to be tuned need only to be
adjusted within certain tolerance limits,
Therefore a better method to solve the tuning problem is the
cascade method. Here only one place of timing is chosen at a time.
This choice must be made in such a way that every partial frequency
changes in the direction of the desired value. After each turning the
partial frequences are measured and a new choice is made after the
results of these measurements. This process is to be repeated until
all partial frequencies lie within the tolerance ranges of the desired
values. The right choice of a place where material is to be removed
is largely dependent on the rate at which the different partials must
be altered. To fascilitate the choice of the place of turning a number
of auxihary graphs were deduced from the results in the figs. 31 to
41 inclusive. The idea was as follows:
Suppose only two partials are to be tuned (m = 2). Then the
right place of turning will be that where F1/F2 is as closely as possible
equal to A1/A2. Generally an angle ©i.j may be defined (fig. 42),
according to:
(0i,j)H/R. = arctan § ^
(FJ)H/R.

= arc tan ^'

(20).

Aj

From the graphs 31 to 41 inclusive ©i,j can be determined as a
function of H/Ro, inside- or outside surface. As ©y is defined as
a relation between two functions F, in semitones per Ro^ area
removed, at the same position on the bell, in the calculation of ©y
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ij In samltonas

Fig. 42.

Definition of 0 y

from the measurement results frequencies only are used, and the
error due to the determination of the profile area of removed material will disappear.
In the figs, 43 to 50 inclusive, ©1,1 is given for the four important
higher partials in combination with the Hum-Note (j = 1) at every
position on the bell surface, indicated by the reduced height H/RQ.
To use this method in practice, rectangular graphs are made in
which Al is plotted against Aj. In these graphs the angle ©1,1 can be
determined graphically (fig. 42) and also the approach of the righ
tuning of the bell can be followed in detail.
A disadvantage of the use of the graphs for ©1,1 is that they do
not give the absolute values of the frequency alterations per unit of
profile area removed, so that after a place of turning has been chosen
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Fig. 43.
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the area of material to be removed must still be determined by using
the figs. 31 to 41. There are also a number of regions where the
values of some angles ©i^i are rather uncertain. During the measurements from which the figs. 31 to 41 were deduced, the frequencies
before and after the turning were determined with a possible error of
± 1 c/s. So in cases where this frequency difference before and
after the removal of material both for vi and for vi, was not
large compared with 2 c/s, the values of ©i^i as calculated from the
measurements will show large absolute errors. This is the case for
instance in the figs. 45 and 49 for H/Ro>l. It is advisable to avoid
these places of tuning, not only because of the uncertainty of 0, but
also because a finite frequency alteration, at least of one of the frequencies involved would mean the removal of a large area of the
profile. The maximum values to be taken off at different heights
were discussed earlier in this paragraph.
To avoid the use of both series of graphs, giving Fi and Fi resp.
as a function of H/Ro in the control of the effectiveness of a place
of turning, chosen with the appropriate value of ©ii, two additional
graphs were constructed. In the Ai—Ai diagram of fig. 42 the distance to the point of the desired tuning, measured in "semitone"
distances in the figure, for Av/v in semitones, is given by:

di, = y (AO^ + (A.)^ = | / ( ^ ) V ( ^ f , . . (21).
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In the figs. 51 and 52 the values for di,i per removed unit area
Ro^ are given as a function of H/Ro for the inside- and the outside
surface of the bell respectively,

0.8

ID

Fig. 51. Control of the effectiveness of a chosen place of turning
at the inside surface.
d:, outside surface
500 - '«^ -1

-JsHum-Nota

Fig. 52.

Control of the effectiveness of a chosen place of turning
at the outside surface.
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§34. E x a m p l e

of

Tuning

To illustrate the use of the foregoing results a simple example
of the tuning of a swinging bell will be worked out. In this case the
tuning of the octaves between Hum-Note, Fundamental and Nominal are considered as most important, while the Fifth is rather unimportant (to be discussed further in chapter VI). No requirements
were laid down for the latter partial.
The bell did show the following partial frequencies after the
casting:
Hum-Note:
248 c/s = B 2 + 0,08 semitones.
Fundamental: 504 c/s = B 3 + 0,35 semitones.
Minor Third: 601,5 c/s = D 4 + 0,41 semitones.
Nominal:
1004,5 c/s = B 4 + 0,29 semitones.
The desired tuning was that with a Hum-Note B 2 = 247 c/s,
so the differences between the actual and the desired tuning of the
partials are:
Hum-Note:
Ai = —0,08 semitones.
Fundamental: Ag = —0,35 semitones, so ©2,1 = 257°.
Minor Third: A3 = —0,41 semitones, so ©34 = 259°.
Nominal:
Ag = —0,29 semitones, so ©5,1 = 255°.
The shortest distance in the Ai—Ai diagrams to the point of the
desired tuning apparently occurs in the combination between the
Nominal and the Hum-Note, where dg,! = ^^(0,29)^ + (0,08)^ =
0,30 "semitones". Therefore this combination was taken first to
find a place of turning. From fig, 49 it can be seen that ©54 = 255°
corresponds to H/RQ = 0,10 inside the bell. Fig, 39 shows that at
this point 'P^= —500 semitones per RQ^ area, whilst fig, 51 shows,
that at H / R Q = 0,10, dg j per Ro^ shows the largest value, so that
none of the other partials will pass the desired tuning if at first the
Nominal is brought to the right frequency. This can be done at
H/Ro = 0,10 by taking off:
0 29
Ki = — ^ . Ro2 = 0,58,10-3 Ro2,
which does not surpass the limit of 2 0 % of the total area for a range
AH = 0,1 Ro. From figs. 31—41 the influence of an amount of
material 0,58.10^3 R^2 at H/Ro = 0,10 is seen to be:
Hum-Note:
Fundamental:
Minor Third:
Nominal:
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Fi
F2
F3
Fg

=
=
=
=

—100, so F j . K i
— 60, so F2.Ki
—350, so F3.K1
—500, so F5.K1

=
=
=
=

—0,06
—0,035
—0,20
—0,29

semitones.
semitones.
semitones.
semitones.

After this material has been taken off the tuning of the bell will
therefore be:
Hum-Note: B 2 + 0,02 semitones,
Fundamental: B 3 + 0,315 semitones.
Minor Third: D4 + 0,21 semitones.
Nominal:
B 4 + 0,00 semitones.
As the deviation between the actual Minor Third from the equally
tempered ideal value of +0,21 semitones is tolerable (comp. § 13)
only the Fundamental remains to be corrected. A decrease of the
Fundamental frequency is always possible without altering the other
partials by taking off material at H/Ro = 1,45 on the inside surface.
The value of K2 at this place is determined by F2.K2 = —0,315
semitones, where F2 = —400 semitones per Ro^ area according to
fig. 33, so K2 = 0,79.10-3 Ro^, which is equally tolerable. Thus the
tuning of this bell was completed.
It is seen that in practice the tolerable discrepancies from the right
tuning will cause this cascade method to lead to a result more easily
than the mathematical solution of the equations (19). Moreover, as
the partial frequencies are controlled at each step any unexpected
deviations from the calculated values can always be corrected
in time.
§ 35. C o m p a r i s o n B e t w e e n O w n R e s u l t s
Pfnor's and Simpson's R u l e s

and

When making a comparison between the results described in
§ 32, and the publications in the literature, mentioned in § 28, we
find the following:
a) The flattening of the Fundamental can be done, according to
Pfnor's results by turning at H/Ro = 0,2 approximately at the inside surface, and at H/Ro = 1,45, inside surface. According to
Simpson it can be done by turning at H/Ro = 0,2 and H/Ro = 1,0
approximately, both at the inside surfaces. The tuning experiments
indicate that the Fundamental may be flattened by turning at the
inside surface both at H/Ro = 0,1 to 0,7 and at H/Ro > 1,1. Although
Simpson does not mention the important point for tuning the Fundamental at H/Ro = 1,2 to 1,45, inside surface, where none of the
other important partials changes appreciably, the results are in
agreement.
b) The sharpening of the Fundamental can be accomplished according to Pfnor by turning at H/Ro = 0,0 after the sound-bow has
been thinned considerably. The place mentioned by Simpson is at
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H/Ro = 0,0 to 0,2 approximately, inside surface. According to
fig. 33 the place is at H/Ro = 0,00 to 0,05 inside surface. The latter
agrees with Pfnor's results, but not so well with Simpson's.
c) For the flattening of the Nominal Simpson mentions: at
H/Ro = 0,05 to 0,1 approximately, inside surface, and at H/Ro =
0,5 to 1,0 approximately, also at the inside surface. According to
fig. 39 it can be done by turning at H/Ro = 0,1 to 0,6 inside surface.
This does not agree so well.
d) The sharpening of the Nominal can be done, according to
Simpson, by turning at H/Ro = 0 to 0,05, inside- and outside
surface. According to fig. 39 the Nominal may be sharpened at
H/Ro = 0 to 0,05 inside surface, while according to fig. 40 the Nominal cannot be sharpened anywhere on the outside surface. This
does not agree quite well.
e) The Minor Third may be flattened according to Simpson:
at H/Ro = 0,5 to 1,0 inside surface; according to fig. 35 at H/Ro =
0,1 to 0,6 inside surface. This does not agree.
f) The Minor Third may be sharpened, according to fig. 35,
at H/Ro = 0 to 0,03 approximately, whereas Simpson states that it
is impossible. The tuning place mentioned cannot be used in practice
however, because of the very narrow limits. It therefore may also
very easily have been overlooked by Simpson.
g) The Fifth may be flattened, according to Simpson, at H/Ro =
0,5 to 1,0 inside; according to fig. 37 at H/Ro = 0,2 to 1,3 inside,
with a maximum effect in the region mentioned by Simpson. The
agreement between both results is therefore very good.
h) A good agreement is also reached as to the sharpening of the
Fifth, which is impossible according to Simpson, as can also be seen
in the figs. 37 and 38.
It can generally be concluded that a qualitative agreement exists
between Pfnor's and Simpson's results on the one hand, based on
experience in the tuning of bells, and the data of the laboratory
measurements on the other hand. In practice, however, the quantitative data of the foregoing results will improve the accuracy with
which the turning rules can be used in practice.
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Chapter V
THE DECAY OF THE SOUND.

§36. C a u s e s of t h e

Decay

After a bell has been struck the amplitudes of the vibrations
show an exponential decay with time. The vibrational energy
gradually passes into other forms of energy:
a) The material of the bell shows internal damping, the phenomenon for which Zener recently introduced the word "anelasticity"
(comp. § 47). It means that in each cycle of the periodic deformations part of the elastical deformation energy passes
into heat.
b) The bell sounds, i.e. it radiates acoustical energy into the surrounding air.
We will not consider any damping resulting from the suspension
of the bell at the crown, as this place is a nodal point for all modes
of vibration that participate as partials in the sound of the bell.
In the following the character of these causes of the decay will
be analysed in further detail, with the aid of similarity considerations.
§ 37. T h e I n t e r n a l D a m p i n g of t h e B e l l M a t e r i a l
We will consider two similarly shaped bells of different sizes made
from the same material. In the following all quantities of these bells
will be denoted with indices 1 and 2. Let all dimensions of the second
bell be a factor y times those of the first bell:
(Ro)2 = T.(Ro)i . . . . . . . . .

(22).

Let the material of both bells be homogeneous and isotropic. If
points on the bells are indicated by means of cylindrical coordinates
(comp. § 2), then points for which the three coordinates <\i, R/Ro
and H/Ro have the same values on both bells will be named corresponding points.
Both bells are vibrating sinusoidally with the same mode of vibration. It is further assumed that the vibrational amplitudes are
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such as to give sinusoidal elastical tensions with the same amplitude
at corresponding points of both bells. This means that the sinusoidal
relative dilatations at corresponding points will have the same amplitude as well, so that the amplitude of the vibration at every point
of bell nr. 2 will be y times that at the corresponding point of bell nr. 1.
The masses of corresponding particles of both bells will be as
1 : y3. The total elastic forces on both particles have the same ratio as the cross sections perpendicular to the direction of the
— identical — elastic tensions, i.e. as 1 : y^. As the acceleration
equals the force divided by the mass, it follows that the acceleration
amplitude of particle 2 is y^^ times that of particle 1.
From the foregoing it is seen that the frequencies of the sinusoidal
vibrations of the bells, that have the same mode of vibration, vi resp.
V2 are related by: V2 = y—^.Vj, and the times of whole cycles of
vibration, Ti resp. T2 by:
T2 = y . T i

, . , (23),

Further the velocity amplitudes of the movement of corresponding
points are equal:
V2 = vi
(24),
The energy taken up per second by each mass element d M at
any moment can be written as the product of force and velocity at
that moment. For corresponding elements of bell nr. 1 and 2 resp.
these products are related as 1 : y-. Therefore the energies, taken up
per cycle (during a time T) are related as 1 : y^; these are therefore
proportional to the bell volume under similarity conditions.
The internal damping of the bell material means that in each
volume element of the material during each cycle of vibration a certain fraction of the total vibrational energy in that volume element
is dissipated into heat. If Amech. be the vibrational energy of the
bell particle and SAmech. the amount of energy, dissipated per
cycle in this particle due to the damping of the bell material then
the damping angle 9mecii. of the bell material is defined by:
9mecli. =

1
oAmech.
;r- • -T
ZTT
Amech.

/nc\
(25).

As it is supposed that this fraction is independent of the amplitude
of the mechanical tension it will be identical for each volume element
of the same bell and the same definition applies, if SAmech. and
Amech. are taken over the total bell volume.
For different materials «pmech. will generally be different. It is
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possible that 9mecii. may be dependent upon the frequency of the
vibrations and therefore different numerical values of «pmech. may
apply to corresponding partials in bells of different sizes, made
from the same material, and also to different partials of the same bell.
§38. A c o u s t i c a l

Damping

If in the foregoing considerations the vibrating system is taken as
consisting of the bell surrounded by an infinitely thick layer of
air, and that the second bell in the same way is surrounded by an
infinitely (y.oo) thick layer of air, the vibrating systems are again
similarly shaped and the results of the similarity principle as to the
partial frequencies are the same as without the air.
In the infinitely thick layer of air there will nowhere occur any
reflections of vibrational energy. Thus there will be a continuous
stream of vibrational energy in the air in an outward direction from
the bell. This energy can be considered as a loss of vibrational energy
of the bell itself.
At each point on the surface of the bell the velocity amplitude
of the bell material and of the air will be the same. Analogous to
the considerations of § 37 the ratio between the energies transmitted
per cycle into the air at corresponding surface elements of both bells
will be as 1 : y^. As the corresponding surface elements have the
same velocity amplitudes under similarity conditions, the relative
decrease per cycle of the total vibrational energy in the bell volume,
through radiation of vibrational energy of the total bell surface, will
be independent of the size of the bell.
Analogous to the damping angle ^mecii. of the internal damping
of the bell material, an acoustical damping angle <Pao(.ust. can be
defined as:
1 SA;acoust.
(26),
<Paooust. —

-^

271

A mech.

where SAacoust. equals the total vibrational energy passed on per
cycle through the surface of the bell material into the air.
Generally 9aeoust. will be different for each mode of vibration
of a bell. The foregoing considerations show that for bells of different
sizes of the same material <pacoust. will be identical for corresponding
modes of vibration. This latter statement can also be proved by
the following considerations:
The amplitude of the sound at any point in the radiated sound
field is the vectorial sum of the sound radiated by all surface elements
of the bell. The complex ratio between the sound pressure amplitude
99

at a point on the surface of the bell, and the velocity amplitude v
at the same point, is called the acoustic unit-area impedance z. If
the surface element were part of an infinite surface, vibrating homogeneously as a piston, z is real and equals the characteristic acoustical
impedance / . c' of the air (p' = the air density and c' is the velocity
of sound in the air). For a surface element of a bell z will be P times
p'.c'. The — generally complex — factor P comprises the baffleeffect of the remaining parts of the bell which partly screen the
omnidirectional sound radiation, and the addition to the sound
pressure p at the considered point due to the acoustical radiation
of the remaining bell surface; therefore P will generally be different
at different points on a bell. As the wavelength in the air of tones
of corresponding modes of vibration of similar bells as well as the
distances to other corresponding points on the bell are all proportional
to the ratio y between the dimensions of the bells, P, and thus the
acoustical unit-area impedance will be equal at corresponding points
on bells of different sizes, vibrating in corresponding modes. This
applies only to cases where the material from which the bell is
made, remains the same. For similar bells with equal velocity amplitude at corresponding points (thus the amplitude of vibration proportional to y) the total radiated acoustical energy per second will
therefore be proportional to y^, and the radiated energy per cycle,
SAacoust., to y3, so to the volume of the bell, and thus to the total
amount of vibrational energy Amech. of the bell. Therefore 9acoust. =
SAacoust./Amech. is independent of y for corresponding partials.
For similar bells of different materials there will exist a different
ratio between the dimensions of the bell and the wavelength in the
air of the sound of corresponding partials. Therefore P will not be
identical at corresponding points, and different values of 9acoust. will
apply to corresponding partials if the materials of the bells are different.
It is also possible to alter the mechanical behaviour of the
surrounding air, for instance by varying the atmospheric pressure
Po. In this case the similarity of the vibrating system consisting of
the bell together with the infinite layer of surrounding air is disturbed, and the partial frequencies of the bell will be altered. The
acoustical unit-area impedance at points on the bell surface will be
modified, both through changes of the factors P and through differences of the characteristic impedance p'. c' of the air. As to the
latter it is seen that p' is proportional to po, whilst c', defined according to Laplace's formula by:

op
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Vp

/

at atmospheric pressure

is independent of the atmospheric pressure po. (x = the adiabatic
gas constant).
The influence of po on P is related with the change in the partial
frequencies. As c' is independent of po, the wavelength of the sound
in the air changes relatively to the same amount as do the partial
frequencies. As p' is very small in comparison to p, the changes in
the partial frequencies and also the changes of the factor P due to
variation of the atmospheric pressure will be negligible in comparison with the linear dependence on po of the characteristic impedance p'.c' of the air. Therefore the radiated acoustical energy
per cycle, and thus 9acoust. will be in good approximation proportional to Po:
9acoust. = const. Po

§39. T h e T o t a l

. . . . . . . . .

(28),

Damping

If both 9mech. and 9acoust. are small in comparison with unity,
both dampings are additional and the total decay of the bell is
given by:
9total = 9mech. + 9acoust..

The total vibrational energy of the bell, Amech. diminishes during
each cycle with SA, where
SA
Amech.

SAraech. +

SAacoust.

Amech.

2T: (9mech. + 9acoust.) =
= 2 7 r . 9 t o t a l • • (29),

This corresponds to an exponential decay according to
Amech. = A o e x p (—27t.9total • = j

• • • -(30),

where T = 1/v = the period of the vibration.
In the Dutch bell foundries the practice of determining the
decay has hitherto been rather simple: the bell is struck, at the best
with a standardised hammer, and the time is determined during
which the sound of the bell is audible after the stroke. It is clearly
seen that the initial sound intensity depends upon the impulse of
the stroke and on the place of the observer and in addition the
threshold value where the bell becomes inaudible is rather dependent
upon the masking effect of the random noise wich is always present, even at "quiet" moments in a factory, or in a tower. It is therefore not surprising that the values of the "reverberation time" of
a bell, measured in this way can differ by as much as 100%. Even
in perfectly quiet surroundings and for a standardised impulse of
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striking and place of observation, a correction should be made for
the frequency dependence of the threshold of hearing^).
For the decay measurements, to be described hereafter, a reverberation time T of the bell was defined as the time for the sound
intensity at any point to decrease to one millionth of the initial value
after the stroke. This definition was chosen for two reasons:
a) A difference between the initial and the final sound levels of
60 dB (one millionth) will not be very different from that occurring under practical circumstances. So the given values for
T will be plausible to bell founders, used to the simple method
of measuring reverberation times.
b) The same definition is used in architectural acoustics,
From equation (30), with Amech. = 10-^ Ao at t = T it follows
that:
— = V.T =
T

. . . . . . . .

(31).

9totai

§40. O t h e r Q u a n t i t i e s U s e d
Numerical Damping

for

Denoting

In the literature on damping of materials, other quantities are
used. One of these for instance is tg, the time for the vibrational
amplitude to be halved,
In this case in equation (30) Amech. = 0,25 Ao at t = tg, so:
i«log0,25
° = ^^0~«
•^" '
^ ^'
The ratio between two successive amplitudes with the same sign
is given according to equation (30), with t = T, by:
l i _ ] / A I _ exp (-7r.9totai) = exp (-S)
32

i

(33).

A2

This quantity S is called the logarithmic decrement. The relation
between T and S is as:
69
S = "^
(34).
T.V

Sometimes, especially where the movement of a vibrating mechanical system under the action of a sinusoidal force is described,
the damping is denoted in the form of the "width of the resonance
curve" (compare § 11), or of the "resonance rise of the amplitude",
Fletcher and Munson: Jl. Acoust. Soc. Am. J, 1933, 82.
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Q. These quantities are also used in radio technics in connection to
tuned circuits. Computation of the amplitude a of the system^)
if the amplitude of the sinusoidal working force is kept at a constant
value, and the frequency of it is varied near the resonance frequency,
gives in case the damping angle 9 total is small compared to unity:
a=astat. '-.
p. . . . . , ,
(1—^-^j + j.9tota)

(35),

where astat. = the amplitude or displacement, if a static force is
apphed equal to the peak value of the sinusoidal force; f = the
frequency of the acting force; v = the resonance frequency of the
system and j = V{—1).
At resonance (f = v), a is a maximum. In this case, in analogy to
the electrical tuned circuit, the resonance rise of the amplitude, Q,
is given by:
Q = IE?!^ = _ i
=
^.ih^
(36),
astat.

9total

2,20

The width of the resonance curve is given by the ratio
f2-fl
V

where f2 and fi are the two frequencies above and below the resonance frequency v, where the amplitude a for a constant amplitude
of the exciting force is:
._ 1 «
a — - — , ares. .
This is the case if

(-S)=-('-¥)—
so that, if fi + f2 = 2,v approximately,
= 9totai

(37).

V

§41. D e t e r m i n a t i o n

of 9totai

In acoustical experiments it is common practice to record the
logarithm of the sound intensity as a function of time, or of another
quantity (e,g, frequency). The best known instrument for this
procedure is the Siemens logarithmical recorder after Neumarm^).
^) Terman: Radio Engineering, l.c.
1) Reitsma, I.e.; Geluk, l.c. (§ 16).
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Other instruments based on the same principle are made nowadays
by the Danish firms Bruel and Kjaer, Radiometer, or the Swiss
firm Autophon. Such recorders have already been mentioned in § 16.
The complete apparatus to obtain a record of the logarithm of
the sound intensity of a bell at any point as a function of time consists of a microphone, placed in the sound field, a microphone
amplifier, amplifying the microphone signal to a sufficient level for
the input potentiometer of the recorder (approx. 5 V over 50000 0-),
and the logarithmic recorder.
The slope of the recording obtained gives the reverberation time
of the sound of the bell. The partial frequencies of the bell, to be
used for calculating the damping angle according to equation (32),
can be determined with one of the methods described in chapter II.
A record of the decay of the sound of one single partial shows
a straight line unless the damping angle 9 total is dependent upon
the amplitude of the vibrations, which has seldom be found. An
example of a decay curve of one single partial is given in fig. 53.
If the total sound of all partials is recorded then the intensity at
any moment is the sum of a number of terms each having in general
a different reverberation time. It will be shown that in most cases
9 total does not largely depend upon the frequency for different
partials of one bell, so that in this case the reverberation time of each
partial will be at a first approximation inversely proportional to the
frequency, or the decrease of the sound intensity in dB/s proportional
to the frequency. Then no matter what the relative initial intensity
of any partial is with respect to that of the lowest in frequency, the
Hum-Note, after a certain time the latter will be predominant. The
record of the total sound intensity of the bell will be of a shape as
given in fig. 54. After the moment where the Hum-Note intensity
logl
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Fig. 54.
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Fig. 53. Recorded decay curve of one single partial.
Vertical scale: intensity (10 divisions = 50 dB); Horizontal: time scale
(running from right to left).
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Example of a decay curve with beats.
Legend of scale»; as fig, 53,

starts to predominate the curve will be straight, with a slope corresponding to the reverberation time of the Hum-Note.
To work out the diagram the slope of the straight part is determined. With the intensity range of the recorder (10 divisions =
75, 50 or 25 dB) and the known speed of the paper in mm/s, the
reverberation time T of the Hum-Note can be calculated.
By choosing an appropriate speed of the recording paper the slope
of the straight line is kept within a range of approximately 20° to
70°. In this case the average error in the graphical determination of T
from the recording is + 5 % . In view of this precision, the HumNote frequency needs only to be determined with an average error
of a few %, if the determination of 9total is the only objective. The
musical judgement of the sound of the bell requires a greater precision in the partial frequency determinations (see chapter II).
In the case where 9 is to be determined at different partial frequencies, two methods can be used, namely:
a) The bell is kept in permanent vibration in one of the partials
(comp. § 19) and the excitation is suddenly stopped, at the same
time lifting the excitation pin from the bell surface. The decay of the
sound of this partial is then recorded.
b) The partial concerned is filtered out electrically from the
total sound of a stroke of the bell and recorded in the usual way.
The selectivity of the filters to be used for this purpose is limited.
They must be sharp enough to discriminate between two adjacent
partials, for instance between the Fundamental- and the Minor
Third frequencies. On the other hand the selectivity must not be
comparable to the width of the resonance curve of a bell partial, as
otherwise the transients of the filters for the exponential decay of
the input signal may disturb the correct registration of the decay
of the sound intensity. This problem has been treated by Geluk^)
in connection with selective measurements of reverberation times
in room acoustics.
In order to obtain a selectivity where, if the filter section is tuned
to the Fundamental frequency of a bell, the Minor Third frequency
is attenuated 40 dB, the width of the pass band must at least be
equal to that of a tuned L—C circuit of which Q = 260. The Q of
a L—C tuned circuit that has the same width as the resonance curve
of the bell partial is of the order of magnitude of 5000, as will be
shown later. Therefore the Q of the filter circuit must be approximately 300.
At first a selective amplifier was tried for this purpose, having a
') Geluk, J. J.: Thesis Delft 1946, p. 62 f,f.
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resistance-capacitance tuning, as described by Geluk^). This type
of amplifier can very easily be tuned by varying two resistances
simultaneously (potentiometers on the same shaft). In this case the
reverberation time of a few important partials can be recorded, even
if a large number of bells have to be tested in a short time. It was
found, however, that if the selectivity of the amplifier was increased
to that of a tuned circuit of which Q = 100 approx. the amplifier
became unstable due to fluctuations of the mains voltage. Moreover,
at large values of the selectivity, the amplification factor of the amplifier became dependent upon the amphtude of the input signal.
In this case the records of the sound intensity are curved, so that
the determination of the slope becomes impossible.
Therefore the idea of making a record of the decay of different
partials of all bells was abandoned, and only the reverberation time
of the Hum-Note was measured by recording the total sound of
the bells. In the laboratory however, records of the decay of the
sound of different partials have been made for a small number of bells.
Usually, if a record is made of the total sound intensity as a
function of time the diagram will show maxima and minima, as seen
for instance in fig. 55. As bells seldom are exactly rotationally
symmetrical, the partials are split. When the sound is recorded,
and the frequency differences between the split components are less
than 2 c/s approx., the recorder follows to some extent the maxima
and the minima of the beats of the sound intensity. The error of
each recorded maximum of the curve due to the inertia of the moving
system of the recorder, is the same fraction of the input signal for
each maximum, since the input potentiometer is logarithmic. Therefore the error in dB will be the same for all recorded maxima, and
thus the envelope of the recorded line still has the right slope.
§42. R e s u l t s of D e c a y

Measurements

a) The relation between the reverberation times of the most important partials, and that found from the record of the total sound
(fig. 54) was determined at the laboratory for 7 bells. An illustration
of the results is given in table XX. It is seen from this table that the
reverberation time of the total sound equals that of the Hum-Note
within the accuracy of measurement. This was also confirmed by
the measurements on the other bells. Therefore it is allowed to
calculate the value of the damping angle at the Hum-Note frequency by means of formula (31), using the values of the Hum) Geluk, J. J. (I.e.): p. 73.
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TABLE XX
Reverberation times of single partials.
"A 4", Gillett and
Johnston
(Carillon at Barneveld)

7M60, Hemony
(Haarlem)
Partial

(c)s)

Hum-Note . 271
Fundamental 547
652
Minor Third
Fifth, , . . 818
Nominal . . 1082
Total sound .

(s)
36
17
14
4,0
3,7
34

10*. 9 total

(c/s)

(s)

10*. 9 total

2,3
2,4
2,4
6,7
5,5
2,4

869
1737
2065
2613
3508

11,6
5,2
3,8

2,2
2,4
2,8

3,5
11,7

1,8
2,2

Note frequency and the reverberation time of the total sound.
These values of 9total have also been given in table XX.
It is further seen from table XX that 9 total does not systematically
depend upon the mode of vibration of the bell. Apart from some
exceptions this was also found with the other measurements, of
which table XX gives an illustration.
b) In fig. 56 the results are given of the determination of T, at
atmospheric pressure and room temperature, of 114 apparently undamaged bells. In this figure the values of T as found for the total
sound intensity are plotted against the Hum-Note frequencies,
both on identical logarithmical scales. From formula (31) it follows
that in this case lines for which 9totai is constant are lines with a
slope: — 1 . For the majority of the tested bells the values of 9totai
vary between 1,3.10-* and 4,3.10-* radians approximately.
§ 4 3 . D e t e r m i n a t i o n of t h e

AcousticalDamping

In § 38 it has been shown that the acoustical damping angle
9acoust. is proportional to the atmospheric pressure po, so that the
relation between 9totai and po can be expected to take the form:
9totai = X + Y.po . . . . . . . .

(38).

For some partials of the bell "A 4", mentioned in table XX, the
relation between T and po was determined experimentally. The bell
was placed in a cylindrical vacuum vessel, measuring 340 mm in
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0CCURRIN6 BELLS.
A-B<-D are known
to be cracked

Fig. 56. Relation between the Hum-Note frequency and the reverberation time of the total sound intensity. The points indicating measurements
on rods will be discussed in § 45, Those indicating measurements of a
bell in vacuum have been found for single partials of this bell (see § 43).

diameter and 370 mm in height, and was supported only by a rubber
ring underneath the fastening hole in the top plate^).
An impact-sound microphone (vibration pick-up) was used to
measure the amplitude of vibration of the bell in vacuum. It consisted
of a piezo-electric plate of Rochelle-salt on wich the bell exerts a
bending force by means of a coiled copper wire, 0,07 mm in diameter. The crystal is suspended so that the wire just touches the
sound-bow of the bell, A control measurement in the normal way,
with a microphone near the bell, shows that the crystal does not
give an appreciable extra damping to the bell (see table XXI).
In the vessel a clapper was suspended that could be moved by
a fork construction connected to a conical plug in the wall, that could
be turned under vacuum. At several pressures po the bell was struck
and the reverberation times of the partials were measured. The
1) The bell was of modern design with a flat top plate and without
a crown.
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TABLE XXI
T by

Partial

Hum-Note.....
Fundamental....
Minor Third . . . .
Nominal......

(c/s)

microphone (s)
(pick-up not
touching)

869
1737
2065
3508

11,60
5,24
3,84
3,5

V

+ 0,05
± 0,06
± 0,04
±0,1

T by vibration
pick-up (s)

11,4
5,4
3,8
3,2

+
±
±
±

0,1
0,1
0,1
0,2

partials were selected electrically from the total sound as taken up
by the vibration pick-up, by means of electric band-pass filters.
The figs. 57 to 60 inclusive show the relations found between
9 total and po for different partials. The theoretically expected
linear relation is confirmed. From these graphs the following algebraic relations can be deduced:
Hum-Note: 9totai = (1,3+0,9.10-^ po).10~* ^
Fundamental: 9totai = (1,1 +1,5.10-^ po). 10"* (
.-.g^
Minor Third: 9totai = (1,1 + 1,7.10 ^ p^). 10^* ( • ' ^^ '*
Nominal:
9totai = (0,8+0,7.10"^ po).10-* )
where po is expressed in N/m^.
At atmospheric pressure (po = 1 0 ^ N/m^) the acoustical damping
is the following percentage of the total damping: Hum-Note 41 %,
Fundamental 58%, Minor Third 6 1 % and Nominal 47%.
In fig. 56 the points are indicated, corresponding to the reverberation times, found for this bell in vacuum for the different partials,
In this figure also a number of points are given, measured on rods
of bell-bronze^) of which the acoustical damping of transverse
vibrations at atmospheric pressure is negligible in comparison with
the internal damping. These rods were cast from scrap bell-bronze
and the average mechanical damping angle both for the rods and
for the bell, tested in vacuum, seems to be: 9mech. = 1,1.10-*,
As the best bells tested in the course of the documentation show
values of 9total as low as 1,3.10-*, it can be concluded that the
best bell-bronze has a mechanical damping angle 9mech. = 0,4.10-*,
and that the bell, tested in vacuum as well as the bits of scrap bronze
from which the tested rods were cast, represent a medium quality
of bronze.
1) Consisting of 79,0% Cu, 20,5% Sn and 0,5% impurities.
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Fig. 57.

The damping of the Hum-Note as a function of atmospheric
pressure.
3.10

0

Fig. 58.
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The damping of the Fundamental as a function of atmospheric
pressure.
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Fig. 59.
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The damping of the Minor Third as a function of atmospheric
pressure,
a.fo"'

0

Fig. 60.
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The damping of the Nominal as a function of atmospheric pressure.

§44. C r a c k s a n d F l a w s i n

Bells

If the total damping angle of a bell exceeds a value 9total =
4.10^* approx. it is probable that this bell shows cracks, or is broken,
As an illustration, in fig. 56 four points are given, representing the
reverberation times of bells in which the occurrence of cracks is
certain. Those bells are from Vianen (A), Den Hoorn (7M25,
point B), 11M67 (C) and Big Ben, London (D). The measurement
on this latter bell was made by radio, after the Technical Division
of the British Broadcasting Corporation had stated that the broadcasting channel did not comprise any limiting- or compressing
devices.
Examples of a number of bells, that are probably broken, can be
found in the old carillon at Tholen, namely:
10/5K3 V (Hum-Note) =610,5 c/s T = 8,4 s,
10/5K6
„ approx. 500 c/s „ = 6,8 s,
10/5K7
„
= 487 c/s „ = 7,2 s,
10/5K8
„
= 440 c/s „ = 9,1 s.
It is uncertain in these cases if the value of T found from the unfiltered sound still represents the reverberation time of the HumNote. For instance in the sound of the bell 10/5K6 the Hum-Note
frequency could not be established with certainty. For this reason
no points representing these bells are plotted in fig. 56, where the
Hum-Note frequency is taken as abcissa.
Bells with cracks, that are of historic value can nowadays be
repaired by electric welding. Two Dutch firms have specialised in
this work, and have gained an extensive experience with the many
bells that have been repaired since the war. This process is roughly
as follows. First the place of the crack is established, either by
direct viewing, or by the oil - and - chalk method. In the latter case
the bell is covered with hot oil so that it fills the crack; then the
outer surface is cleaned and rubbed with chalk, in which the remaining oil in the crack draws its curve.
The modem ultrasonic methods for establishing the place of
cracks in metals have not yet been used with bells because of the
difficulties that are met in the fastening of the transmitting and
receiving crystals on the curved bell surface.
After this the crack is cut out in a V- or X-shape, depending
upon the wall thickness. During the process of cutting out the
course of the crack is also shown because the particles break off in
the direction of it. Then the bell is covered with thermal isolating
material (asbestos cushions), that can be partly removed at the place
of the crack, and uniformly heated from the inside to a temperature
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of about 500 °C. Then the crack is welded with coated electrodes
consisting of 85%o Copper, 12% Tin and 3%o Zinc. It can be assumed
that the Zinc content completely evaporates during the welding, so
that the material welded down consists of bronze with approximately
13%o Tin content, which at the border of the weld gradually shifts
to the 20—22% Tin content of the bell bronze. This is the best
homogeneity now available within the conditions of the technique
of electric welding.
To control the improvement of the sound of the bell after the
welding process, the results of decay measurements, as given in
fig. 56 can be used. The original data of the bell sound before the
cracking occurred are usually unknown, and therefore the judgement must be as follows: if the reverberation time of the bell after
the welding process is in the range that can be expected for a bell of
the same size (fig. 56) the welding is taken as being successful. In
fig. 61 points are indicated, giving the results of decay measurements
on welded bells. In this figure, the scales of which are identical with
o welded balls
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Fig. 61. Hum-Note frequency and reverberation time of welded bells
and of some steel bells. The numbers near the points refer to the text.

those of fig. 56, lines are drawn giving the range from 9 total =
1,3.10 * to 4,3.10^ *, which range covers the majority of the results
on undamaged bells as found in fig. 56.
It can be concluded from fig. 61 that the welding process has
been successful for those bells of which the damping angle lies
within the mentioned range. The reverberation time of these bells
is quite normal.
In a number of cases the result seems less satisfactory. The
damping after the welding is still too high. For the bell 3C193 (Tiel)
(indicated by point nr. 1) the appearance of the weld is good, but
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the whole bell, except for the new weld, was extremely porous, which
could be seen after the bell had been sand-blasted. Therefore the
relative high damping may be an original fault of the very poor
quality of the casting.
Another remarkable case is that of the less satisfactory result of
the bell 4C98 (Veendam, 2). This bell has been slightly overheated
during the welding process, causing a visible plastic deformation,
According to Carpenter and Robertson^) changes may occur in the
structure of the "a"- and ("a"+"S")-phases in bronze with a tin
content of about 20%, if it is heated above 500 °C. After cooling
these changes may result in a finely dispersed internal strain which
increases the internal mechanical damping of the material^),
For other bells of the same group, processed in the same way and
with the same materials, though not overheated, the acoustical
results of the welding are excellent, as can be seen from the points 3
(10C69, Middelburg), 4 (3C54, Culemborg) and 5 (3A200, Tiel),
Less satisfactory results, for which no particular reason can be
given, were obtained with the bells indicated by the points 6 (11M67),
14 (10/5K12, carillon at Tholen), 15 (M99, Wandswerd) and 16
(M66, Nijeschoot). The remaining bells indicated in fig. 61, that
have been welded with good results, are: 7 (4C41, Visvliet), 8 (1A18,
Westerbork), 9 (4A19, Scheemda), 10 (4B64, Ten Boer), 11 (8C67,
Wezep), 12 (8A70, Wezep), 13 (4A45, Losdorp), 17 (2C54, Boer)
18 (7C196, Knollendam^)) and 19 (4M29, Ter Apel).
Generally it can be concluded that it is possible to repair broken
bells by welding, so that the sound again becomes equivalent to
the original. The partial frequencies show only a very slight change
due to the welding, as can be seen from the measurements on bell
nr. 11M67 (6), which have been made before and after the repair,
and are given in table XXII.
The only disadvantage of this repair process is, that welded bells
usually show asymmetry effects (beats) in the sound.
§ 45. S t e e l

Bells

When steel is compared with bronze as a material for bells another
interesting application of the decay measurements on bells is found.
It is evident from § 6 that the internal tuning of a steel bell is the
same as that of a bronze bell with the same profile. Moreover, as
the characteristic functions of the amplitude of vibration of cor1) Carpenter, Sir H. and J. M. Robertson: Metals II, p. 1272, Oxford
Univ. Press.
^) See also § 47.
') This bell has also been mentioned in § 6.
8
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TABLE XXII
Bell nr. 77M67
Partial
Hum-Note . . . .
Fundamental . . .
Minor Third . . .
Nominal . . . . .

.
.
.
.

Frequency
before- (c/s)

Ditto after
repair (c/s)

Difference in
semitones

288
561,5
670
1118

291
561,5
681,5
1137

+ 0,18
0,00
+ 0,30
+ 0,30

responding partials are identical, the relative initial amplitudes of
the vibrations of the partials will be the same at corresponding
points, provided that the bells are also struck at corresponding points.
This does not mean that the relative inital sound intensities in a given
direction will be identical for steel- and bronze bells, as will be explained hereafter.
As the elastic moduli and the densities of steel and bronze are
different, a steel bell of the same pitch as a bronze bell will be
larger that the latter. Further this difference in size means that for
steel bells and for bronze bells different ratios exist between the
size and the wavelength of the sound of the partials. Thus the acoustical radiation, the directional characteristics of it, and the acoustical
damping will be different for both types of bells.
Advantages of steel bells are the lower cost of the bell material,
even when bells of the same pitch are compared. Further steel bells
are mechanically stronger. An inconvenience is that in the case of a
steel bell the whole bell and not only the suspension and the swinging
mechanism requires regular supervision to prevent corrosion.
In fig, 61 some results are given of reverberation time measurements on steel bells, cast by the "Demka" Steel Foundries at Utrecht.
It is seen that 9total of steel bells varies between 2,9.10"* and
3,9.10 *, which value is larger than the average of good bronze bells.
In the laboratory measurements were made on eight rods of cast
steel of the same type as was used for the bells. These rods were
cylindrical, with a circular cross-section; the diameter varied from
18 to 30 mm, the length from 400 to 500 mm. The density of the
material was calculated from the mass and the volume of the rods,
Young's modulus was calculated from the dimensions and the
longitudinal and transverse resonance frequencies according to
formulae given by Powers^), with a correction for the finite thickness
1) Powers, T. C.: Proc. Am. Soc. Testing Materials 38, II, 1938, 460.
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of the rods according to Mason^). Finally the value of 9total is calculated from the frequencies and the reverberation times of the two
lower transverse resonances of the rods. The following results were
obtained:
a) The density of the steel rods p = 7730 ± 50 kg/m^.
b) Young's modulus E = (2,09 ± 0,03). 10" N/m^. So the longitudinal velocity of sound:
ciong = ^WP = 5170 ± 40 m/s,
c) The total damping angle 9totai = (0,4 ± 0,2). 10^* radians.
Similar measurements were made on rods of bell bronze with
20,5% tin content (comp. § 43), cast from bell fragments at the
Metals Department of the "Centraal Instituut voor Materiaal
Onderzoek" at Delft. The results were:
d) The density of the bronze rods p = 8830 ± 70 kg/m^.
e) Young's modulus of bell bronze E = (1,06 ± 0,02). 10" N/m2,
therefore ciong = 3460 ± 50 m/s.
f) The average value of 9total of these rods = 1,1. IQ-*
(comp. § 43).
The foregoing results mean that if the effect of differences in
Poisson's ratio [i can be neglected (comp. § 6 ad A) the corresponding
dimensions of steel bells can be expected to be 5170/3460 = 1,49
times those of bronze bells of the same pitch. Formula (15) for steel
bells therefore becomes:
v(Hum-Note).Ro= 154m/s
(40).
This is in fair agreement with the results of measurements on
steel bells, of which the profiles were roughly adjusted, so that the
Hum-Note frequencies may have been different from the average
value to be expected for bells of the right average profile (see
table XXIII),
As no bell of appropriate size was available it has not been possible
to determine directly the amount of acoustical damping 9acoust. for
the different partials of a steel bell by reverberation measurements
in vacuum. An estimation of the acoustical damping of the HumNote of a steel bell can be made in the following way.
From fig. 56 it can be seen that 9total of bronze rods = 1,1.10~*,
which is identical with the damping of a bronze bell in vacuum. So
the acoustical radiation of a rod vibrating transversally is negligible
and the total damping angle of 0,4.10-* of steel rods will be due
to the mechanical damping of steel only. Therefore the difference
1) Mason, W. P . : Jl. Acoust. Soc. Am. 6, 1935, 246.
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TABLE XXIII
Size and Pitch of Steel Bells

Bell at
Zuilen
Maartensdijk
Experimental
Maarssen .
Experimental
Experimental
Bell nr, IV
Bell nr. V

. . . . . . .
I . . . . . .
. . . . . . . .
II . . . . . .
III, , , . , .

Ro(m)
0,549
0,480
0,214
0,50
0,215
0,216
0,273
0,275

V (Hum-Note)
(c/s)
253,5
282
666
248
692
679
459,5
555

V.Ro

(m/s)
139
136
143
124
149
144
126
153

between 9total of steel bells, being (2,9 to 3,9).10~* and 9mech. =
0,4.10—* will be the acoustical damping of the Hum-Note frequency
of steel bells:
9acoust(Hum-Note, steel bells) = (2,5 to 3,5). 10"*.
This value is remarkably higher than that of bronze bells, which
according to equations (39) amounts to 0,9.10 * radians. Taking
into account the larger dimensions of steel bells of the same pitch
as bronze bells, the damping is quite reasonable.
From (15) and (40) it follows that the bell as a radiator of the
Hum-Note frequency is neither large, nor small in comparison with
the wavelength X'. The mode of vibration of the Hum-Note corresponds to a multipele of a very complex structure that does not
lend itself to exact mathematical treatment. These facts make only
a rough estimation of the theoretical value of 9acoust. for steel bells
possible.
Suppose a bronze- and a steel bell of the same pitch, both vibrating in the Hum-Note mode of vibration. Both the displacementand the velocity amplitudes at corresponding points have the same
ratio as the sizes, i.e. as 1:1,49. In accordance with § 37, using
values of Eandp as found in this paragraph, it follows that Amech. of
both bells is as 1:6,32. If for both bells RQ > ^' the radiated energies per cycle would be as 1:1,49*, so with (26): 9acoust. as 1:0,78.
In the case where Ro < ^' the formulae given by Morse ^) show
that if the bells were monopoles, 9acoust. would be as 1:1,73, in the
case of dipoles as 1:3,85 (so 9acoust. of a steel bell = 3,5.10-* rad.).
') Morse, P. M.: „Vibration and Sound", 2nd edition 1948, p . 294 f. f.
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For multipoles of a higher order the increase of 9acoust. with size is
still steeper. In the intermediate case, where X' approx. equals the
distance between the nodal lines on the bell, the earlier found value of 9acoust. for steel bells = 3.10~* is not improbable.
It can be concluded from the foregoing that the mechanical
damping of steel bells is of the same order of magnitude, or even
somewhat lower than that of bronze bells. Nevertheless, the average
value of the total damping angle of cast steel bells is larger than that
of bronze bells. This difference can be explained by the acoustical
effect of the larger dimensions of steel bells in comparison with
bronze bells of the same pitch.
The sound of steel bells is louder and of a shorter duration than
that of bronze bells of the same pitch. In this connection it might
be remarked that according to fig. 14 for the smallest carillon bells
the product v(Hum - Note). Ro is increased to a value 150 m/s approx., which is the same as for steel bells of the normal profile,
according to formula (40). Thus the intensity and the duration of
the sound of these bells will be like that of steel bells of the same
pitch, if the latter have the normal bell profile. This relative increase in intensity, at the expence of the reverberation time, apparently is necessary for the treble bells in a carillon to obtain a
more even loudness throughout the scale. It might therefore be
interesting if further improvements in this direction can be obtained
by using steel treble bells, that are mechanically stronger and can
therefore be struck with larger impulses, which again increases the
intensity of the sound.
§ 46. M e t h o d of D e c r e a s i n g t h e D a m p i n g of
Steel Bells
The big majority of bells are made from bell-bronze. If the
character of the sound of these bronze bells is taken as a standard,
then the sound of steel bells is different from this standard both
as to the decay and as to the directional pattern of the radiated
sound intensity.
In order to improve the sound of steel bells, which in this case
means to make the sound of steel bells more like that of bronze bells
of the same pitch, a type of steel should be used, having not only
the same internal damping 9mech. as bell bronze, but also a value of
^Ejp near to that of bell bronze (3460 m/s, comp. § 45), i.e. that
the dimensions of the steel bell should be near to those of a bronze
bell of the same pitch. In this way both the acoustical damping
and the directivity of the sound intensity will resemble those for
bronze bells.
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As both E and p for steel can be varied only to a limited extent,
the improvements that can be attained in this way are only very sUght.
After an idea of Dr. C. W. Kosten, a better way is to decrease the
acoustical damping of the steel bell, for instance by perforations, while
leaving the dimensions, the material and if possible the partials of
it unchanged. Such bells will have an identical character of the sound
in those directions where the relative intensities of the partials are
the same as for bronze bells. Only the effects allied with the directivity of the sound intensity will generally be different from those
with bronze bells. As will be shown in chapter VI the latter effects,
although sometimes well known, are not the most important ones
characterising the sound of bells. A reverberation time that is too
short makes the sound dull (the bell sounds as if cracks occur in
it), and especially the duration of the audibility of the higher partials
is felt as being too short. If on the other hand the relative intensity
of the partials is different from that which a bronze bell would show
in the corresponding direction, probably much larger deviations
from the standard values for bronze bells are tolerable, before the
general character of the sound is spoiled, as bronze bells themselves
already show remarkable differences in the relative intensities of the
partials in different directions (comp. chapter VI).
Generally a decrease of the acoustical impedance of a radiating
piston can be accomplished by perforation of the radiating surface.
If a bell is treated in this way it can be expected that the same effect
will exist as for a plane surface.
The way in which the bell is to be perforated requires some consideration. If the perforation is very fine and evenly distributed over
the whole surface of the bell, the latter can be considered as having
the normal bell profile, but made from a material of which the
density p" = p {I — e), s being the ratio between the volume of the
pores and the overall volume, and of which the elasticity modulus
has changed also according to the porosity. As the bell material in
this case is still to be considered homogeneous and isotropic over
dimensions of the order of magnitude of the distance between the
nodal lines of the modes of vibration of the partials, the internal
tuning will not have changed, as all partials will have the same relative shift in frequency compared with a non-porous bell. Such an
evenly distributed, very fine perforation of course is impracticable.
If the bell is to be perforated mechanically the number of perforations must be as low as possible, while the size of the pores must
have a minimum value in order to have enough acoustical effect. In
this case the bell will have a profile that is essentially different from
the normal bell profile. In order not to change the characteristic
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vibrations to a too great extent, the perforation must be adapted to
the modes of vibration of the different partials. Moreover, if the
bell is perforated locally the effect of the perforation upon the
acoustical impedance will be different for different partials. Theoretically it is even possible that a mode of perforation exists which
reduces the damping of the higher partials to a greater extent than
it does that of the lower ones, so that the reverberation times of the
different partials will be more or less equalised.
Evidently the directional patterns of the radiated relative sound
intensities of the partials will also be affected by the perforation.
Here also the theoretical possibility exists that a number of modes
of perforation can be found with a satisfying effect as to their
lengthening the reverberation time, so as to choose one that makes
the directivities of the relative sound intensities most equal to that
of bronze bells.
A perforated bell with a finite number of perforations, each of
finite cross section in comparison with the size of the bell is no
longer a body with rotational symmetry. Therefore the first condition to the system of perforation is that the sections of the bell
surface between two nodal meridians shall be identical for the most
important partials. Table IX shows that this condition can be fulfilled for the first 5 partials by perforating around any parallel circle
on the bell at equidistant places, the number of which is a multiple
of 12. In order not to alter the partial frequencies too much, so
that the bell can still be tuned according to the principles from
chapter IV, the degree of perforation must not exceed a value
where the modes of vibration and the places of the nodal meridians become substantially different from those with normal bells.
The effect of the relative height H/Ro of a single circle of perforations cannot easily be predicted. A perforation in the top-plate
of the bell will have a very small effect upon the modes of vibration
as the amplitude of the top plate is negligible. But the pressure
differences between the outer- and the inner surface of the top plate
will also be small, so that the perforation will not have much effect
upon the acoustical radiation.
The sound-bow too is an ineffective place for perforating. Here,
within a distance of a quarter of the wavelength of the sound in the
air, the acoustical pressure difference between inside — and outside
surface can be equalised by air-velocity components around the
sound-bow. Moreover, at the sound-bow slight differences in the
profile shape have large effects upon the partial frequencies (comp.
chapter IV).
It is likely, that a maximum effect upon the acoustical im119

pedance will be obtained by perforating at a medium height.
By kind permission of the "Demka" Steel Foundries we have had
the opportunity to perforate one of their smaller bells (experimental
bell nr. 1 from table XXIII). For the experiment a total number of
24 holes were drilled around a parallel circle. The reduced height
of this circle was arbitrarily chosen as H/Ro = 1. The holes around
this circle were drilled successively; first 4 at 90° angles, giving
symmetry only for the Hum-Note and Fundamental modes of vibration; then 4 additional ones to a total of 8 holes at 45° angles;
finally another 16 holes in between at 15° angles. The diameter of
the holes was 10 mm. A picture of the thus perforated bell is given
in fig. 62.
At each stage of the perforation the damping angle 9totai of the
bell was determined. Results of these measurements are plotted in
fig. 63, giving 9totai as a function of the number of holes.
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Total damping angle of the Hum-Note partial as a function
of the number of holes.

The results of these provisional experiments prove that perforating
does reduce the damping.
Further researches on this subject have since been made by
Mr. Denier v. d. Gon under the direction of Dr. Kosten. At first
it was tried to find the effect of perforating at various heights.
Measurements on the steel bell of fig. 62 have been hampered
seriously by the lack of a satisfactory method to close the perforations
again without introducing additional damping. If the holes are closed
by welding, the material became too hard for new holes to be drilled
close to this place. Closing the holes by means of plugs or tape
did introduce too much additional mechanical damping. Therefore
some experiments were carried out on a small scale model of a steel
bell. As the internal tuning of the bell is of little importance a conical
profile was chosen that could be made quite easily. As a conical
surface is curved in one direction only, the lowest resonance frequency of the bell model is much lower than that which a normal
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Fig. 62,

Experimental steel bell witli perforations.

bell profile of the same size would possess, as the latter is curved in
both directions, and thus much stiffer. Therefore the acoustical
damping of the conical bell profile is negligible in comparison with
the total damping, so that differences in the acoustical damping
cannot be deduced from measurements of the total damping angle
9totai. This could be improved by stiffening the bell model by
welding a ring around the lower end of it, so that the profile became
as indicated in fig. 64. In this "bell", of which Ro = 45 mm and
V (Hum-Note) = 3200 c/s approx,, a number of holes were drilled
each having a diameter 10 mm. The holes were situated at various
heights and spread around the surface so as to make the distances
between them as large as possible. This was done to assure that the
measured reduction of the acoustical damping represented as well
as possible the individual effect of each hole, as from the acoustical
aspect the effective diameter of the holes is larger than the actual
opening,
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Fig. 64. Damping reduction by means of holes a t different reduced
heights. The profile of the used bell model is as indicated.

In fig, 64 the difference A9totai between the values of 9totai afterand before a hole is drilled is plotted against the reduced height of
the hole. The numbers near the points indicate the sequence in which
the holes were drilled successively. The lengths of the horizontal
lines through each point indicate the accuracy with which Acp total is
given. After drilling the first hole an increase of the damping was
found (positive value of Acp total) which does not agree with the
general tendency of drilling at that height and according to Mr. Denier
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v. d. Gon's report may be due to an error in the determination of
9 total of the bell model before any holes were drilled.
It can be concluded from fig. 64 that the most effective place for
drilling holes so as to reduce the acoustical damping is at H/Ro =
0,8 to 1,0. This is in agreement with the theoretical considerations
given before.
§ 47. T h e M e c h a n i c s of t h e I n t e r n a l
of B e l l B r o n z e .

Damping

Different theories and hypotheses exist about the cause of internal damping of materials. Much work on this subject has been done
by Zener and co-workers^).
The causes of internal damping of materials are divided into two
main groups, namely diffusion- and plastic damping.
Diffusion damping may take place if properties of the material,
such as: heat content, concentration of substances, or magnetical
properties are altered by mechanical strain. If in this case a nonhomogeneous strain is put on the material the latter will not be in
equilibrium and diffusion of the altered property will take place to
restore equilibrium. For instance if compression of the material
raises the temperature and, inversely, expansion lowers it, the loaded
material will show a temperature gradient, and heat will be conducted
from places of compression to expanded places.
The damping thus caused is essentially selective; a sinusoidal load
of a very high frequency inverses the diffusion conditions before
any diffusion can take place, and no damping will result. On the
other hand, if the deformations take place quasi-statically (at very
low frequencies) there is enough time for the diffusion to be complete
at any stage of the deformation. The damping will be a maximum
at a frequency of the load v = 2.7r/trei., where trei. equals the relaxation time of the concerned diffusion. Usually not one single
frequency will be found where 9mech. is a maximum, as the diffusion
may be of a complex character. For instance more diffusion phenomena may take place at the same time, or in case the inhomogeneities in the mechanical tension are of a micro- (for instance
crystalline-) structure, the distances over which the diffusion takes
place show statistical variations, resulting in a similar variation of
the relaxation time trei., In the latter case the curve of 9mech. as a
1) Zener, CI. M. and co-workers: Phys. Rev. 52, 1937, 530; ibid. 33,
1938, 90 and 100; ibid. 5S, 1940, 87; ibid. 60, 1941, 906.
Zener: Jl. Appld. Phys. 18, 1947, 1022. Am. Inst. Mining Metall. Eng.
Techn. Publ. 1992, Aug. 1946 (comprising).
Zener, CI. M.; Elasticity and Anelasticity of Metals, Chicago 1948.
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function of frequency is expected to show a broad and flat top.
Damping due to diffusion of heat, as pictured, is known as thermoelastical damping, Zener (Lc) has shown that the macro-inhomogeneity of the elastic tensions in a transversally vibrating rod of
rectangular cross-section will result in a thermoelastical damping
which is a maximum at a critical frequency v^, given by:
''•^
c/s
2./'.C.d2
where X =
p =
C =
d =

(41),

the heat conductivity of the material in W/m, °C;
the density of the material in kg/m^;
the specific heat of the material in J/kg, °C;
the thickness of the rod in m.

To apply this formula to a bell we can think of it as consisting
of vibrating rings (neglecting heat-diffusion in meridian directions),
These rings will to a first approximation be vibrating transversally.
In this case the thickness d will be the wall thickness of the bell
which according to table X I X varies between 0,06 Ro and 0,16 RQ.
As the largest amplitudes occur near the sound-bow, we take d =
0,15 Ro. T h e other coefficients for bell bronze are: /s = 8830 kg/m^
(see § 45) and C = 361 J/kg, °Ci). For bell bronze no values of X
have been found in tables of physical constants. Therefore X has
been determined for one of the rods mentioned in § 45. T h e result
of this measurement is: X = (38 ± 3)J/m,°C,s. The foregoing
values put into the formula (41) give:
18,9.10-* , r -ry •
vc = — - —
c/s for Ro m m,
Ro
According to formula (15) the Hum-Note frequency is much
higher than Vc for the usual values of Ro,
The frequency dependence of the thermoelastical damping due
to macro-inhomogeneous elastical tensions is given by Zener (l.c,) as:
k

Eg—ET

9mech. = — - p . - ^ —
where Es = the adiabatic value of Young's modulus;
E T = the isothermal value of Young's modulus;
•^

^vibration/^c*

^) Hodgman: Handbook of Chemistry and Physics.

f.^.

(42),

Thermodynamical calculations give:
lig

ii-p = T • tig • fciy •

^.Cp'

where a/ = the coefficient of linear thermal expansion;
Cp= the specific heat of the material at constant pressure
in J/kg,°C (=& C for metals).
This leads to:
'.2

„

-

iis. I . 7—^

Us

ÜT

P . ^I

(43).

1+Es.T. *''

P.Cp
Bij substituting into this formula:
Es = 20,2.10" N/m2 (see § 45),
T = 293 °K,
«/ = 27,0.10"* per °C (Tables of physical constants),
P = 8830kg/m3 and
C p = 361 J/kg, °C,
it is found that:
fc"—

Es

=0,0014, so: 9mech. = ^ ^ ^

1 + k2

• 0,0014.

Even for small bells (Ro = 0,25 m) this gives a thermoelastical
damping angle at the Hum-Note frequency: 9mech. (Hum-Note) =
10—' radians, which is an unimportant part of the total mechanical
damping that has been found.
Thermoelastical damping at frequencies of the order of magnitude
of the partial frequencies may take place as a result of microinhomogeneity of the elastical tension. The existence of such damping
has been proved with brass samples of known grain size by Randall,
Rose and Zener (l.c.i)). They found a selective damping within a
frequency range from 1 to 10 times X/p.Cp.d^, where d = the
average crystal diameter in this case.
This micro-inhomogeneity occurs in cases where the elastic
moduh are different in different directions in a crystallite. In this
case a macroscopic homogeneous strain causes different crystallites
to have different microscopical strains, resulting in thermoelastical
damping by heat diffusion over distances of the order of the average
crystal diameter. The amount of damping thus obtainable will be
1) Randall, Rose and Zener: Phys, Rev. 56, 343, 1939.
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proportional to the mean square fluctuation of Young's modulus
within the crystal directions.
In bell-bronze micro-inhomogeneities occur at the "a"-crystals
in the skeleton of ("a"+"S")-mixture. Figs. 3a—c show this structure. The orientation of the crystals in the areas through different
original crystallites is different. The size of these crystallites is not
visible in the pictures; it was determined by means of a magnifying
glass under a certain angle of illumination. In fig. 3a a borderline
between the crystallites is seen.
The sizes of the "a"-crystals in the eutectoid vary, according to
the microphotographs, between 30 (i. and 120 [i. The size of the observed crystallites varied between 200 pi and 300 [i in the Hemonybronze; in the other samples they were slightly larger and varied
between 400 [x and 800 \i. According to Randall, Rose and Zener's
formulae (l.c.) the frequency ranges for thermoelastical damping
through heat diffusion over microscopical inhomogeneity distances
are in these cases:
Crystallites in Hemony-bronze: Vc = 130 to 3000 c/s.
Crystallites in other samples: vc = 20 to 750 c/s.
"a"-Crystals in ("oc"+"S")-eu£ectoid: Vc = 850 to 13000 c/s.
This thermoelastic damping, if present, will therefore be of little
selectivity, and may cover the whole range of partial frequencies
in existing bells.
Another cause of inhomogeneous elastical strain lies in the porosity of the material. The strain concentration around a spherical
hole in the material has been calculated by Zener'). His results are
that a maximum thermoelastical effect of damping can be expected
at a frequency:
2
X
Vc =

- . -77—To c/s

(44),

n p.Cp.d^
this time d being the diameter of the spherical pore.
In analogy to the foregoing, a thermoelastical damping at audible
frequencies due to porosity can be expected if the diameter of the
pores is of the order of magnitude of 0,1 to 1 mm. Pores of this
size occur rather often in bell bronze (comp. § 44). In the figs. 3a—c
some micro-pores are visible as black spots of irregular shape. The
order of magnitude of the size of these pores is 30 to 70 [i which
is not essentially smaller than the mentioned pore diameter for
thermoelastical damping at the partial frequencies,
Diffusion damping may also occur if atoms of a different nature
') Zener: Phys. Rev. 53, 1938, 90 (I.e.).
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occur incidentally either in the crystal lattice or at interstitial places.
This phenomenon has been studied by Gorski'). The places where
the atoms occur in the lattice may be ordered to some extent, and
in this case a condition of strain in the material may imply that the
places of lower potential energy for the solute atoms become different, whereupon a diffusion process of these atoms will start.
Periodical strain will thus cause a periodical diffusion and a maximum
loss of vibrational energy to potential energy of the lattice takes
place if the relaxation time of this diffusion is of the order of magnitude of the inverse pulsatance of the periodical strain. As the mobility of solute atoms in a lattice is largely dependent upon temperature, both the maximum internal damping at the critical frequency and the critical frequency itself will depend upon temperature, in contrast to the thermoelastical damping, where the
thermal conductivity and also the other quantities governing the
damping are rather independent of temperature.
An analogous process takes place if the concentration of the
components in a mixed lattice of an alloy depends upon the strain
condition of the material. This has for instance been found with
brass consisting of 40% Zinc and 60% Copper^). These alloys show
an irregularity in the curve of the thermodynamical free energy as
a function of the composition, so that two phases with a slight
difference in lattice parameter and concentration occur together. A
mechanical strain may cause a rearrangement from one phase to
the other by diffusion. For bell-bronze this phenomenon has not
yet been found.
The third type of diffusion damping, where diffusion of magnetic energy takes place, occurs only with ferromagnetical materials^)
and can therefore be neglected as a cause of internal damping in
bell-bronze.
The second damping mechanism is that of plastic damping.
Here the lattice planes move relative to each other. According to
Prandtl and Orowan*) this may occur at values of the mechanical
strain far below the strength of the material. According to this
theory, occasional irregularities (dislocations, "Lockerstellen") occur
in the lattice at places where the normal arrangement is disturbed
and the binding forces between a group of surrounding atoms are
1) Gorski, W,: Phys. Zts. Sowj. 6, 1936, 77.
") Hume-Rothery, W.: Jl. Inst. Metals ii, 1944, 229.
') Snoek, J.: Physica (The Hague) 5, 1938, 663.
*) Prandtl, L,: Zs. Angew. Mathem. Mechan. 8, 1928, 85.
Prandtl, L.: Handb. Phys. Techn. Mechanik IV, 1, 540.
Orowan, E.: Zs. Phys. 8g, 1934, 605.
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lower than normal. At low values of the mechanical strain these
dislocations may move along the lattice from one atom to another.
At a given value of the mechanical strain the slip of a dislocation
is stopped at a place where a higher critical value is necessary for the
movement. Therefore the slip distance at a given strain value will
increase with temperature. On the other hand at higher temperatures
the resistance against slip is decreased. The dissipated energy, being
the product of the force and the slip distance, can therefore be
expected to show a maximum value at a certain temperature. Further,
at high values of the mechanical strain more dislocations will move
than at lower values and therefore this plastic damping is essentially
non-linear. This means that, if this damping mechanism is predominant, the decay curve as recorded on a logarithmic recorder will
not be a straight line, but will gradually become less steep as the
amplitude of the bell decreases.
Guillet') has studied the damping of Copper-Zinc and of CopperTin alloys as a function of the concentration. For an atomic content
CusiSns, where the number of possible slip planes is a minimum,
he found a minimum value of the damping angle 9mech. = 1,3.10—*.
This alloy is near to the normal bell-bronze. The minimum value
of 9mech., which was measured at very low frequencies (torsion
pendulum method) and at a high mechanical strain, is higher than
the average value found at audible frequencies in existing bells.
It may be expected therefore, that at the partial frequencies of bells
the plastic damping is relatively less than in Guillet's experiments.
This is also proved by the fact, that the damping measurements on
bells practically always showed linear decay curves on the logarithmical recorder over an amplitude range of at least 1 : 100; usually
over a range 1 : Ï000. In so far as deviations from a purely exponential
decay occurred, this always was the case just after the stroke, and
can therefore be explained by the quicker decay of the higher
partials (comp. § 41).
Summing up, the most probable cause for the internal damping
of bell-bronze at the partial frequencies is that of thermoelastical
damping through micro-inhomogeneous strain (granular structure,
micro-porosity), where heat diffusion takes place over distances
of 10 (i. to 1 mm.
1) Guillet Fils, M. Leon: Rev. de Metallurgie 43, 1946, 265.
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Chapter

VI

THE RELATIVE SOUND INTENSITIES
OF THE PARTIALS.

§48. T h e

Radiated

Sound

When a bell is struck at any point, generally all partials will be
excited. After the stroke the vibrational amplitude of each partial
decreases exponentially with time. The higher frequencies show
a decay of more dB/s than do the lower frequencies and therefore,
no matter what the initial relative intensity of any higher partial
might have been, after a certain time the intensity of the Hum-Note
will be the largest.
The initial vibrational amplitudes of all partials are proportional
to the impulse of the stroke and a function of the place of striking.
If only the relative amplitudes, or the relative intensities are considered, the impulse of the stroke needs not to be known. The
relative initial amplitudes of the partials are therefore a function of
the place of striking only.
The sound intensity of each partial depends upon the amplitude
of the corresponding characteristic vibration of the bell, and on the
place of observation with respect to the radiation pattern of the sound.
As the directivity of the radiated sound is a function of the modes
of vibration of the bell and of the ratio between the dimensions of
the bell and the wavelength of the radiated sound, these directional
radiation patterns will generally be different for each partial, but
for corresponding modes of vibration of large and of small bells of
the same material the directivities of the radiated sound intensities
will be similar. As a result of these considerations the relative sound
intensity of any partial can be derived for each direction of observation
in the open field from the following data:
a) The initial relative sound intensity of each partial at a certain
distance in a given direction.
b) The relative directivity of the sound intensity of each partial.
c) The reverberation time of each partial.
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Fig. 65.

Fig. 66.

Siemens acoustical spectrometer.

Sound spectrum of a bell stroke.

These data can only be used for similar bells of the same materia
as that of the bell from which the data were obtained. At large
distances the damping of the sound in the atmosphere may not be
neglected. On the other hand, for very small distances (less than
a wavelength of the Hum-Note frequency) the observed sound
intensity mainly depends on the movements of the nearest parts
of the bell surface.
§ 49. D e t e r m i n a t i o n
Intensities

of

the

Relative

Initia

For the measurement of the sound intensity of a complex sound
as a function of frequency a number of commercially made sound
analysers exist (General Radio, Standard Tel. and Cables Ltd,
Radiometer, Bruel and Kjaer). These instruments consist of a
selective amplifier circuit, followed by an indicating voltmeter. In
all these instruments the indicating meter and its associate electrical
circuit have a relatively high mechanical and electrical inertia and
thus readings of the sound level just after the moment of striking
are impossible.
For making an analysis of a sound of short duration use can be
made of an acoustical spectrometer (Siemens, Cat. nr. 106832,
fig. 65). In this instrument the input signal, amplified by V^ is lead
to 27 electrical band-pass filters F^ to F.27. Each filter is followed by
a rectifier circuit Di+Ci. The direct voltages on the capacitors Ci
are made visible in succession on a cathode-ray oscilloscope by
means of a mechanical rotary switch which is rotated by a motor
over all contacts about 15 times per second.
The usefulness of this instrument for analysing the sound of
a bell stroke is hampered by the fact that the moment of measuring
(by photographing the oscilloscope screen) is rather undefined with
respect to the moment of striking, because the exposure time for
photographic recording is about 0,25 s, and also because the rectifier
circuits integrate the output voltages of the filters over a certain
time interval.
A further objection against the use of this apparatus for precise
intensity measurements of sound of short duration is the small
number of filters (three per octave) and their relatively large band
widths. This means that the selectivity is insufficient to discriminate
between the intensities of the Fundamental, the Minor Third and
the Fifth.
Fig. 66 gives an example of a record of the sound spectrum as
obtained with a Siemens spectrometer. The bell is nr. 11M23, with
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the microphone placed in the plane of the sound-bow at some
distance. The moment of exposure is approximately 1 second after
the stroke. The partial frequencies of this bell are:
Hum-Note:
Fundamental:
Minor Third:
Fifth:
Nominal:

258 c/s
513 c/s
630 c/s
765 c/s
893 c/s

=
=
=
=
=

C 3
C 4
Eb4
G 4
A 4

—0,24
—0,34
—0,23
—0,43
+0,26

Due to the insufficient selectivity it can only be concluded from
fig. 65 that at the moment of exposure the total intensity of the
Fundamental, the Minor Third, the Fifth and the Nominal together
is approximately equal to that of the Hum-Note. The partials higher
than the Nominal do not show up in the diagram, which means that
the intensities of these are more than 30 dB below that of the HumNote (as the diagram gives the amplitude of the filtered voltages on
an approximately linear ordinate scale).
The initial intensity of the Hum-Note is therefore less than that
of the other partials together, as the reverberation time of the HumNo ce is the longer. These conclusions were confirmed by all the
acoustical spectra obtained with the acoustical spectrograph.
In order to obtain more accurate data on the relative sound intensities of the bell partials, the following method was used. The bell
is placed in an acoustically damped room (fig. 67). A microphone is
placed at a distance of at least 3 times the wavelength of the Hum-

Fig. 67.
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Apparatus for determining the relative sound intensities of
the partials.

Note, in the plane of the sound-bow. The signal from this microphone is lead to two circuits, A and B simultaneously. Each circuit
consists of two amplifier stages coupled by L—C tuned circuits,
followed by a Neumann logarithmic recorder. The coils of the
coupling L—C circuits were Pupin coils with high permeability
cores, so that the selectivity of each two-stage amplifier section, including the two L—C circuits tuned to the same resonance frequency,
was equal to that of a single L—C tuned circuit of which Q = 250
to 300, This is in accordance with the selectivity conditions for discrimination between the different bell partials, as mentioned in
§11.
The tuning capacitors in the L—C circuits were General Radio
decade condenser boxes, with which the circuits were tuned to the
partial frequencies of the tested bell, which had been measured
previously in the usual way. Circuit A remained tuned to the HumNote frequency while circuit B was tuned successively to several
higher partials of the bell.
When the bell is struck the decay of the sound of that partial
to which the circuit is tuned is recorded on the Neumann recorder.
So the recorder of circuit A always gives the intensity of the HumNote, while the recorder of circuit B in the same way gives a recording
of the intensity of any of the higher partials for the same stroke of
the bell, both as a function of time.
The initial intensities of both partials are obtained by extrapolation of the recorded decay curves to the moment of striking
(fig. 68). The latter moment is shown as the start of the upward
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Fig. 68.

Method of extrapolation of the decay curves.

movement of the recording. Thus the errors owing to the inertia
of the recorder are corrected. A calibration of the intensity scales of
the recording may be obtained by measuring the amplification factor
of the circuits A and B at the partial frequencies to which they
are tuned.
9*
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Since in each measurement the initial intensity is obtained relative to that of the Hum-Note, the impulse of striking needs not
be known.
As the microphone should be at a large enough distance from the
bell, the limited space in the acoustically damped room made only
measurements on small bells possible. The results of a series of
measurements on the Gillett and Johnston bell (Hum-Note A 4),
mentioned in the measurements of § 17, are as follows:
Microphone position in the horizontal plane of the sound-bow,
at a distance five times the Hum-Note wavelength from the centre
of the bell. The striking was done with an iron mass equal to 0,05
times that of the bell, at two heights in a meridian diametrically
opposite to the microphone position.
The relative initial intensities are given in table XXIV.
TABLE XXrV
Partial

Relative intensity at microphone
for striking at:
H/Ro = 0,10

Hum-Note . . . . .
Fundamental
. . . .
Minor Third
. . . .
Fifth
Nominal
. . . . . .
Higher . . . . . . .

OdB
(+12 ± 2 ) dB
(+10 ± 2 ) dB
( - 2 + 2) dB
( + 1 + 5 ) dB
less than—25 dB

H/Ro = 0,15
OdB
(+11 ± 2 ) dB
(+10 ± 3 ) dB
( + 3 + 3) dB
( + 1 + 4 ) dB
less than —25 dB

It is seen that only the relative intensity of the Fifth is to a measurable extent dependent upon the place of striking in practice, which
is in accordance with the theoretical consideration given in § 19,
§ 5 0 , T h e R e l a t i v e I n t e n s i t i e s of t h e P a r t i a l s
during the Reverberation Time
The reverberation time T for a given partial can be obtained from
the recording as described in fig. 68. With the aid of these reverberation times and the values of the relative initial intensities of
the partials at the moment of striking as given in table XXIV, the
relative intensities of the partials can be calculated as a function
of the time after the stroke. For a microphone position in the plane
of the sound-bow at approximately five times the Hum-Note
wavelength a graph was obtained as given in fig. 69,
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Hum -Note
Fundamental
-Minor Third
• Filth
Nominal

Fig. 69. Relative sound intensities of the partials in a horizontal direction,
as a function of the time after the stroke.

The total sound intensity, as the sum of the partial intensities,
has been calculated and drawn in the same graph as a function of
time. It can be noted, that the shape of the latter line resembles
that of fig. 54. The slope of this line corresponds to the reverberation
time of the Fundamental until approximately 0,1 T (where T denotes the reverberation time as indicated by the straight part of the
curve from the moment where the Hum-Note intensity is predominant). After 0,3 T the slope of the line of the total intensity is
that of the Hum-Note.
§51. T h e D i r e c t i v i t y

of t h e R a d i a t e d

Sound

The directivity of the sound intensity of each partial is largely
dependent upon the mode of vibration. If a bell is supposed to
vibrate permanently in one of its partials in a way described in
§ 19, a microphone placed anywhere in the plane of the sound-bow
will receive a certain signal. A consideration of the symmetry shows
thatifthebell is rotated around its axis with respect to the microphone
over an angle equal to that between two nodal meridians, the sound
pressure amplitude at the microphone will be the same, while the
phase angle of it with respect to the exciter voltage will have changed
over Tz radians.
It can therefore be predicted that the sound intensity diagrams
for variation of the angle 4* (§ 2) will be periodic functions, of which
the number of periods over an entire revolution is equal to the
number of nodal meridians of the considered partial.
If the microphone is placed in the plane of the sound-bow in a
direction of one of the nodal meridians, for each surface element
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on the bell a second element can be considered, in a symmetrical
position with respect to the plane through the microphone and the
axis of the bell, for which the vibrational amplitude is equal to that
of the first element, and where the phase of the movement is opposite.
The sound pressure at the microphone position due to the radiation
of both elements together will be zero. The total sound pressure at
the microphone will therefore be zero, so that the diagram of the
sound intensity around the rotation axis of the bell can be expected
to be star-shaped.
In practice the bell is never exactly rotationally symmetrical,
if it were only for the load of the exciter. Therefore the amplitudes
of the sections between the nodal lines will never be exactly identical,
and thus the sound intensity in the directions of the minima will
still have a finite value.
Incomplete symmetry of the bell causes the partial frequencies
to be split. The characteristic functions of both split frequencies
are complementary (comp. § 6). By striking the bell at an arbitrary
point generally both split frequencies will be struck and the total
sound intensity of the combination of the two partial frequencies
will show only slight variations for points on a circle around the
bell perpendicular to the rotational axis. Therefore the angular distribution of the radiated sound intensity for directions in a plane
through the rotational axis is the most important. The shape of these
curves can not easily be predicted.
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Apparatus for determining the angular diagram of
sound intensity.

For the determination of the angular diagrams of the sound inten134

sities the following method was used. The bell was kept in permanent vibration in one of its partial frequencies in a way described
in § 6. As the available space in the sound-absorbent room was
limited, the bell had to be rotated with respect to the microphone
instead of rotating the microphone around the bell. Therefore the
whole set-up of the bell with its exciter and the auxiliary microphone
for generating permanent vibrations was placed on a rotating disk
(fig. 70), and the microphone for intensity measurements was placed
at the same distance as with the measurements of the initial intensity.
The latter microphone was connected to a General Radio sound
level meter, the indication of which was read as a function of the
angle of the rotating disk. To check the constancy of the bell amplitude during the measurements the voltage of the exciter system
is read as well and adjusted if necessary.
The figs 71 and 72 give an indication of the spatial distribution
of the sound intensities. Fig. 71 gives the relative values of the
intensities in a plane through the rotational axis of the bell in a
direction of maximum intensity perpendicular to the axis. The

Fig. 71. Relative sound intensities of the partials in a vertical plane.
(1 = Hum-Note; 2 = Fundamental; 3 = Minor Third, 4 = Fifth and
5 = Nominal).
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Fig. 72.

s
Relative sound intensities of the partials in a horizontal plane.
(Legend as for fig. 71).

relative intensities perpendicular to the axis, as measured in the
plane of the sound-bow are plotted in fig. 72. In both graphs the
relative intensities perpendicular to the axis of rotation in a direction
of maximum intensity correspond to the results in table XXIV.
In fig. 72 the numbers of maxima of the different curves agree
with the number of nodal meridians of the partials (see table IX).
§52. T h e

Sound

of a D i s t a n t

Bell

In the following some appUcations will be given of the results
of the measurements on the physical data governing the sound of a
bell-stroke. At first that of a stationary bell (hour-stroke) will be
considered, as it sounds at a distance.
A bell is seldom heard from nearby. It is obvious that the total
sound intensity of the stroke will depend on the distance between
the observer and the bell. For a bell of average weight (600 kg) the
initial sound intensity at a distance of 500 m was found to be about
50 dB above the zero level (0 dB = IO-12 W/m2).
If it is assumed that the intensity of all partials decreases according
to the same function of the distance, i.e. that the relative initial
intensities of the partials are independent of the distance of ob136

servation, then the subjective loudness of the partials, once the
frequencies are known, can be calculated using Fletcher and
Munson's results^).
For a hypothetical bell of which vj (Nominal) = 1000 c/s (i.e.
M = 400 kg) at a distance all lower partials show a subjective
attenuation in comparison with the sound nearby. If the height
of the bell may be neglected in comparison with the distance, in
other words if the observer is in the plane of the sound-bow, then
the subjective spectrum of the sound at the moment of the stroke
will be as given in fig. 73 (t = 0). The distance is assumed to be
approximately 500 m, where the total initial intensity equals 50 dB. It
appears that the high threshold value of the ear sensitivity for low
frequencies particularly diminishes the relative loudness of the
Hum-Note. In addition, the loudnesses of the Fundamental and the
Minor Third of 45 phons may have a masking effect on the loudness
of the Hum-Note of another 5 to 10 dB, according to Wegel and
Laue^) and Wever and Truman^).
During the reverberation time of the bell the relative intensity
of the Hum-Note will increase. In the sound nearby the Hum-Note
intensity will be predominant after about one fifth of the reverberation time (comp. fig. 69). At this moment the total intensity
of the sound is much less than the initial value, therefore at a distance
the phon value of the Hum-Note at 0,2 T after the stroke will still
further be decreased with respect to that of the other partials.
The loudness spectrum for an observer at 500 m, at 0,2 T after the
stroke is given in the lower section of fig. 73.
It is seen from both sections of fig. 73 that owing to the usual
background sound level outside it requires a quiet hour at night
to hear the Hum-Note of a bell stroke at this distance.
§ 5 3 . T h e T i m b r e of S u c c e s s i v e
Swinging Bell

S t r o k e s of a

If a bell is swung an observer will hear the successive strokes
alternately in two different positions with respect to the bell, except
for the special case where the observer is listening in a direction of
the swinging axis of the bell. The differences in the directivity of the
sound intensity of the partials will cause the successive strokes to
have a different timbre, i.e. the relative loudness of the partials will
be different for two successive strokes.
') Munson, W. A.: Jl. Acoust. Soc. Am. 4, 1932, 7.
Fletcher, H. and W. A. Munson: Jl. Acoust. Soc. Am. 5, 1933, 82.
'') Wegel, R. L. and C. E. Laue: Phys. Rev. 23, 1924, 266.
') Wever, E. G. and S. R. Truman: Jl. Exper. Psychol. 11, 1928, 98.
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In the same way as has been done in § 52 the loudness diagrams
can be calculated for the initial values in directions corresponding
with the positions of the bell at the moments of striking. In the case
of an observer at 500 m distance in the plane in which the hypothetical bell (Hum-Note = 250 c/s) is swung with an amplitude of
70° on both sides of the equilibrium position, the intensity-and
loudness spectra of the bell were calculated. The results are given
in fig. 74,
It is probable that the difference especially in the relative loudness
of the Hum-Note for the successive strokes may give the explanation
of the well-known ding-dong timbre (Dutch: "bim-bam") of a
swinging bell,
§54, T h e S t r i k i n g

Note.

The so-called striking note of a bell is the pitch sensation at the
moment of striking. Particularly if bells are sounded in quick
succession, as in a carillon, the succession of striking notes will
largely determine the melody,
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The striking note generally differs from the partials, both in
timbre and in pitch. The striking note cannot be found with physical
means, as can the partial frequencies. Some authors write about the
striking note of a bell as having a sharp and metallic timbre, in
contrast to that of the partials, which is more mellow.
Rayleigh^) found an empyrical rule for the striking note, which
is that the pitch of it is an octave below that of the Nominal. In the
case of a well-tuned bell, where the Fundamental is one octave
below the Nominal, the striking note should be identical with the
Fundamental, Thus the only difference between both lies in the
timbre. That in a sound two tones of identical frequency can be
distinguished by their timbre has been stated by Blessing^).
For less well-tuned bells it requires a musically trained observer
to distinguish the striking note.
*) Rayleigh, Lord: Theory of Sound I.
') Blessing, P. J.: Phys. Zs. I2, 1911, 597.
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Schouten^) gives a survey of the possible explanations of the
phenomenon of the striking note. Early theories concerned the nonlinear distortion in the ear. If two tones are heard loud enough, the
observer will also hear the difference frequency of the two.
If one chooses from the sound spectrum of the bell the Fundamental and the Nominal, then the difference frequency will be on
the average somewhat higher than the Fundamental frequency
(comp. table VIII and fig. 17), though seldom more than a semitone.
Other possible explanations lie in the difference frequency
between the Nominal and the sixth partial. According to fig. 18
this partial is generally spread over a whole octave above the Nominal,
so that the occurrence of the striking note could generally be expected
at various values of pitch. The most probable occurrence of the
sixth partial is a minor — or a major third above the Nominal, which
would lead to a striking note near the Hum-Note frequency, and
not near the Fundamental frequency.
Jones^) and Arts^) have proved that Rayleigh's rule does hold
more generally than any difference frequency rule.
A further objection against any hypotheses where the striking
note is produced by non-linear distortion in the ear, is that the
striking note would only be perceptible near the bell, where the
sound intensity is high enough to produce subjective difference
frequencies; in practice it has been heard at all distances that are
covered by the sound of the bell.
Also only partials of relatively high intensity would produce the
striking note as a difference frequency, and it has been shown in
the foregoing that the lower partials will not produce difference
frequencies that agree with Rayleigh's rule for the striking note.
Schouten's own hypothesis*) concerns a mechanism of hearing
that occurs with sounds possessing many harmonics. If the harmonics
show an arithmetical series with constant frequency differences, as
is often the case with actual sounds, this difference frequency will
be perceived aurally, also in cases where the physical component
of this frequency is cut out. This perception of the difference frequency may be caused by the excitation of the resonators on the
basilar membrane of the ear. If the relative widths of the resonance
curves of these resonators are constant, those with high resonance
frequencies will be excited by more than one component of the sound.
1) Schouten, J. F . : Philips Techn. Rev. 5, 1940, 298.
2) J o n e s , A. T . : J l , Acoust, Soc, A m . i, 1929—'30, 3 7 3 .
») A r t s , J . : J l , Acoust, Soc, A m , 9, 1 9 3 8 — ' 3 9 , 3 4 4 . I b i d , J O , 1939—'40, 327.
4) S c h o u t e n , J . F . : P r o c . K o n . N e d . A c a d . W e t . 41, 1938, 1086; ibid.
43, 1940, 3 5 6 ; P h i h p s T e c h n . R e v , l.c.
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The resulting excitation of each resonator will show a periodicity
corresponding to the difference frequency of the components of the
sound. The physiological sensation of this tone is called the "residue."
Schouten states, how in the case of a bell, the fifth, seventh and
tenth partials may thus produce the striking note. On comparing
table IX, where 11 lower partials of an excellent Hemony bell are
tabulated, it is seen that the difference frequency between the
nrs. 7 and 5 is: 1419—1082 = 337 c/s; a better combination is
nrs 8 and 5, giving 543 c/s as difference frequency, which agrees
quite well with the Fundamental. According to Schouten's hypothesis
a partial frequency 1625+543 = 2168 c/s approx. would be expected,
which does not exist; the difference between nrs. 10 and 8 is 415 c/s.
Except for the rather evident combination between the nrs. 5 and
2, of which the difference frequency is 535 c/s, that between nrs. 6
and 4 is 562 c/s, which is also reasonably near the Fundamental
frequency. But the nrs. 4 and 6 can only be excited on the waist
of the bell and will therefore have only a low intensity after a stroke
on the sound-bow.
Schouten's hypothesis holds for any intensity of the components
that produce the residue. It is not a very serious objection that in
general not one single arithmetical series of partial frequencies exist
in the sound of a bell. If a number of combinations give — within
certain tolerances — identical difference frequencies, while the other
frequency differences are spread over the frequency scale, it is still
likely that the often occurring frequency difference will result in a
subjective tone. However, the following objections can be brought
against this hypothesis:
1) It is unlikely that the residue of a number of harmonics, the
physical intensity of which is more than 40 dB below the total sound
level (comp. § 49), would be the most "striking" note of the sound.
2) The tuning of a good carillon bell (where the striking note
will be important in quick passages during the playing) would involve the tuning of all partials concerned. As up to now no adjustable
tuning forks exist in the frequency range above 1100 c/s approximately, this process of adjusting can only have been made on account
of judgements by the ear, which, even if possible, would be very
difficult.
According to the figs. 71 and 72 in nearly all directions the Fundamental and the Minor Third are the loudest components of the
initial sound. Taking this fact into account it could be supposed
that the striking note is produced by the combination of these loudest
components, with a special accentuating of the Fundamental by the
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presence of the Hum-Note, and especially of the Nominal, both
differing an octave with the Fundamental. As soon as the accentuating
by the Nominal diminishes (due to the quicker decay of the latter),
the striking note is superseded by the Fundamental itself. For welltuned bells this explanation agrees more or less with Rayleigh's
rule, but the duration of the sharp character of the striking note
is shorter than that which the reverberation time of the Nominal
would indicate.
When the mechanisms of a swinging bell were studied it was
found that only in case the distance between the suspension of the
clapper and the striking point equals the length of the equivalent
pendulum, so that the clapper receives no reaction impulses at the
suspension, and also the striking point is near to the centre of gravity
of the clapper, a single sharp stroke is given. Otherwise the stroke
of the bell is multiple.
The duration and shape of the impulse between the clapper and
the bell were studied in the following way:
The bell A 4, cast by Gillett and Johnston and used in several
foregoing experiments, was suspended on an adjustable axis, with
a clapper of adjustable length. The suspension of the clapper was
insulated electrically. A sinusoidal voltage (fig. 75) from an audiofrequency generator is divided into two components with 90° phase
difference, by means of R and C. These two voltages are connected
to the inputs for the vertical and horizontal deflection respectively
of a cathode ray oscilloscope. Thus an ellipse is seen on the screen,
the period of which is determined by the frequency of the audio
frequency oscillator.
In series with the alternating voltage for the vertical deflection
a pulse of suitable amplitude can be taken from the potentiometer
P. This potentiometer is connected to a battery through the contact
between the bell and the clapper.
In order to facilitate the observation of the image on the screen
the beam of the oscilloscope is suppressed, and the positive pulse
over P is also connected to the suppression grid of the cathode ray
tube. Thus the beam is passed only during the contact period between
bell and clapper. The final image on the screen for a single impulse
will be like that indicated in fig. 75.
If the frequency of the oscillator is adjusted so that the visible
part of the ellipse is just closed, the duration of the contact equals
the period of the alternating voltage.
Fig. 76 gives a photograph of the image on the screen if the condition of striking at the pendulum point of the clapper is fulfilled.
The contact period in this case varied between 50 and 55 jxs.
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The foregoing condition is usually not fulfilled in practice, as
for the normal bell profile with this length of the clapper only
occasional strokes occur. For striking the bell twice each swinging
period the length of the equivalent pendulum of the clapper is larger
than the distance between the suspension and the striking point
(compare the usual shape of a clapper, where below the ball that
strikes an extra cylindrical or conical mass is added). Under these
circumstances images like the figs. 77a—c are obtained on the screen,
indicating multiple strokes, that are spread out over rather varying
periods of the order of magnitude of 1 ms.
The occurrence of multiple contacts means that during this
period the surfaces of the bell and the clapper are very close to each
other. The bell surface is set into vibration in its natural frequencies
by means of the series of strokes, while the clapper itself is vibrating
under the influence of the impacts of the strokes and the reaction
impacts at the suspension.
The magnitude of each successive impact between clapper and
bell depends upon the velocities with which both surfaces meet.
Large impacts will occur if both surfaces move towards each other,
so these will occur with a recurrency that is synchronised with the
amplitude of the bell surface. In § 49 it has been shown how the
Fundamental and the Minor Third partials produce the loudest
components in the sound and are therefore likely to form the
largest components of the vibrational amplitude of the bell.
Not only the magnitude of the impulses, but also the moments
of the impacts will be synchronised by the periodicity of the largest
143

amplitude of the bell surface. If the clapper were infinitely stiff,
and just touching the bell surface, so that no additional impulses
are exchanged, the moments of touching will be determined entirely
by the occurrence of the peak values of the bell amplitude.
With this mechanism the existence of the striking note with its
metallic character could be explained by the multiple strokes of the
clapper. It is not unlikely that the successive impulses create a forced
vibration of the bell, the frequency of which is near to that of the
Fundamental due to synchronising effects. Further the duration
of the process of multiple contacts is short, although the number
of successive impacts, and the period of it is long enough to produce a pitch sensation^), as can be found from the images as in fig. 77.
As small bells do not produce a clear enough striking note that
can be observed without difficulty (Arts^)), the experimental verification of this hypothesis must be made on large bells. It has not
been possible to make the necessary alterations in the mechanism
of an existing large swinging bell.
1) Buerck, W., P. Kotowski and H. Lichte: Elekt. Nachr. Techn. 12,
1935, 355.
2) Arts, J . : Jl. Acoust. Soc. Am. J O , 1939—"40, 327.
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SUMMARY
Acoustic experiments were made on both swinging- and carillon
bells. The shapes of these bells show a high degree of similarity, yet
there are large differences in the timbre, and in the general musical
impression given by the bells. In this thesis an attempt is made to
find relations between the physical data governing the sound of a bell
on the one hand, and the mechanical, geometrical and material
properties of the bells on the other hand. Use is made of modern
electro-acoustical equipment (§§ 16, 41, 49, 51). It seems that the
characteristic differences in the sound are mainly determined by the
musical intervals between the characteristic frequencies (the partials)
of a bell, and by the decay of the sound intensity as a function of
time after a stroke (chapter I).
In the results of the partial frequency measurements a distinction
is made between those concerning swinging bells (bells to be used
individually) which have been given in a statistical form (chapter II),
and those concercing carillon bells, where the scales of the entire
carillons are dealt with as a whole (chapter III). The latter bring to
light the variations in ability of the bell founders of various periods,
and the general tendency to use a scale of equal temperament in
modern carillons.
As relatively small differences in the profile shapes (§ 29) cause
relatively large musical differences it is not possible directly to cast
a bell within the tolerances of the shape which satisfies the highest
musical demands. Therefore in chapter IV the relation is measured
between small differences in the profile shape at given positions on
the bell and the resulting characteristic frequencies. With the aid
of these results it is possible under given circumstances to correct
the tuning of a bell which has been cast in approximately the right
shape by removing material from predicted places (§34).
The decay of the mechanical vibrations in a bell is caused partly
by the internal damping of the bell material (§37), partly by radiation of acoustical energy (acoustical damping, § 38). As the
internal damping is dependent upon the micro-structure of the
material, it will be different for various bells, and therefore the total
damping will be a characteristic property of a bell (§42). Measurements of the acoustical damping (§ 43) show that for bells cast from
bronze of average quality both the internal and the acoustical
damping are approximately equal for the most important partials,
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The damping measurements provide a means of controlling the
repair process of broken bells (§ 44). The characteristic differences
between steel and bronze bells seem to lie in the higher initial sound
intensity and altogether higher damping of steel bells as compared
with the average values for corresponding bronze bells. This difference in damping can be related to the differences in size between
steel and bronze bells of the same pitch (§45). The acoustical
damping of steel bells can be decreased by perforations (§ 46), so
that the total damping becomes more like that of average bronze bells.
Of the remaining physical properties governing the sound of a bell,
the relative initial intensity of the partials in a given direction
(§ 49) can be varied to some extent by varying the position of the
point of striking; this is therefore no characteristic property of the
bell itself. The directional characteristics of the radiated sound
intensities of the partials are determined by the geometrical shape
of the vibrating body. Due to the similarity of the bell profiles the
spatial distribution of the sound intensity may be given in a general
form (§51). From these results an explanation can be found for the
well-known "ding-dong" timbre of a swinging bell (§53).
Finally it has been found that a bell stroke will only be one single
impulse if some conditions are met that are difficult to realise in
practice (§ 54). Normally a bell stroke consists of a number of impulses in quick succession. Theoretically the recurrence frequency
of the contacts between bell and clapper will be synchronised to
some extent with the largest vibrational amplitude of the bell. This
may give a possible explanation of the "striking note" of a bell,
which is the physiological pitch sensation at the moment of striking
and cannot be detected by physical means.

t
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SAMENVATTING
Na de afgelopen oorlog zijn geluidmetingen verricht aan de teruggevonden luid- en carillonklokken. Ofschoon de profielen van deze
klokken in hoge mate gelijkvormig zijn, bestaan er toch grote verschillen in het timbre en in de algemene muzikale indruk van de
klank. In deze dissertatie is getracht, met behulp van moderne
electro-acoustische hulpmiddelen het verband te vinden tussen de
physische gegevens waardoor de klank wordt bepaald, en de mechanische-, geometrische- en materiaal-eigenschappen van de klokken.
De optredende karakteristieke klankverschillen blijken in hoofdzaak
te worden bepaald door de eigenfrequenties van de klokken en door
de vermindering van de geluidintensiteit als een functie van de tijd
na de aanslag (hoofdstuk I).
Bij de resultaten van de bepalingen der eigenfrequenties wordt
onderscheid gemaakt tussen die met betrekking op luidklokken
(die niet in samenklank met andere klokken worden gebruikt), en die
met betrekking op carillonklokken. De eerstgenoemde resultaten
zijn in statistische vorm behandeld (hoofdstuk II), terwijl bij de
laatstgenoemde groep telkens de muzikale toonschaal van het gehele
carillon in onderlinge samenhang wordt beschouwd (hoofdstuk III),
waarbij duidelijk blijkt hoe er verschillen bestaan in de bekwaamheid van de gieters in verschillende perioden, en hoe bij moderne
carillons algemeen de gelijkzwevende stemming wordt toegepast.
Daar betrekkelijk geringe vormveranderingen (§ 29) relatief grote
verschillen in de eigenfrequenties veroorzaken is het niet mogelijk
een klok onmiddellijk door gieten binnen zo kleine toleranties de
juiste vorm te geven dat de klank aan hoge muzikale eisen voldoet.
Daarom is in hoofdstuk IV nagegaan hoe de eigenfrequenties van
een klok veranderen tengevolge van relatief geringe profielveranderingen op verschillende plaatsen. Deze resultaten kunnen worden
gebruikt om een klok, die door gieten ongeveer in de juiste vorm is
gebracht, onder bepaalde omstandigheden geheel zuiver te stemmen
door het verwijderen van berekenbare hoeveelheden materiaal op
aan te geven plaatsen (§34).
De demping van de mechanische trillingen in een klok wordt gedeeltelijk veroorzaakt door inwendige mechanische demping van het
klokkenmateriaal (§37), gedeeltelijk door uitstraling van geluidenergie (acoustische demping, § 38). Uit metingen van de acoustische
demping (§ 43) blijkt dat beide aandelen in de totale demping voor
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bronzen klokken van gemiddelde kwaliteit ongeveer gelijk zijn bij
de voornaamste eigenfrequenties. Daar de inwendige demping gevoelig is voor verschillen in de structuur van het materiaal is toch
de totale demping, m.a.w. de uitklinktijd van het geluid, een karakteristieke grootheid voor iedere klok afzonderlijk (§42). Met behulp van dempingsmetingen kan controle worden uitgeoefend op
de resultaten van het lassen van gebarsten klokken (§44).
Het verschil in de klank van stalen en bronzen klokken blijkt te
zijn de hogere beginwaarde van de geluidintensiteit en het snellere
uitklinken van stalen klokken. Dit dempingsverschil kan worden
verklaard uit de hogere waarde van de acoustische demping van
stalen klokken, waarvan de afmetingen en daarmee het acoustisch
rendement groter zijn dan die van bronzen klokken van gelijke toonhoogte (§45). Door perforaties (§46) kan de acoustische demping
van stalen klokken worden verlaagd, zodat de uitklinktijd die van
overeenkomstige bronzen klokken meer nabij komt.
Van de overige physische grootheden, nodig voor het beschrijven
van de klank van een klok, kan de relatieve geluidintensiteit, op het
moment van de aanslag, van de eigenfrequenties enigermate worden
gevarieerd (§ 49) door verandering van de plaats van aanslag op de
klok. Deze gegevens zijn daarom niet karakteristiek voor de klok.
De ruimtelijke verdeling van de uitgestraalde geluidintensiteit van
de eigenfrequenties is afhankelijk van de geometrische vorm van de
klok, gemeten in golflengten van de uitgestraalde toon. Door de hoge
mate van gelijkvormigheid van klokken kunnen hier algemeen geldende grafieken worden gegeven (§51). Voorts valt uit de gevonden
richtingafhankelijkheid van de geluidintensiteit voor de verschillende
eigenfrequenties een verklaring af te leiden voor het algemeen bekende verschijnsel van de „bim-bam"-klank van een luidende
klok (§53).
Tenslotte is gebleken dat slechts onder bepaalde, in de practijk
moeilijk te realiseren voorwaarden, een klepelslag op een klok uit
één enkele impuls bestaat. In het algemeen wordt een reeks snel
opvolgende impulsen overgedragen, waarvan theoretisch de tijdstippen enigermate worden gesynchroniseerd met die van de grootste
bewegingsamplitude van de klok. Hieruit kan een mogelijke verklaring worden afgeleid voor het optreden van de „slagtoon", d.w.z.
van de physiologische toonhoogte gewaarwording op het moment
van aanslag, die in het geluidspectrum van de klok niet met physische
middelen kan worden aangetoond.
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STELLINGEN
I
De door Roper en Scott gevonden zichtbaarheidswaarden bij het
contrastzien zijn niet maatgevend voor de veiligheid van het nachtelijk wegverkeer.
Koper, V. and K. D. Scott: Illum. Engin. 34, 1939, 1073.
Magdsick, H. M.: Annexe to Report nr. 236, Trans. C L E . 1939.

II
De correctie op de theoretische laagste transversale eigenfrequentie
van een staaf wegens de eindige verhouding tussen de dwarsafmetingen en de lengte, zoals berekend door Mason, wordt door Powers
voor staven met cirkelvormige dwarsdoorsnede onjuist toegepast.
Mason, W. P . : Jl. Acoust. Soc. Am. 6, 1935, 246.
Powers, T. C.: Proc. Am. Soc. Test. Mat. II, 38, 1938, 460.

III
Het door Sealey gegeven verband tussen het vermogen van transformatoren en het door deze geproduceerde geluid geldt slechts
onder bepaalde, bij de afleiding niet beschouwde voorwaarden.
Sealey, W. C : Trans. Am. Inst. Elect. Engin. 60, 1941, 109.
Fahnoe, H.: Trans. Am. Inst. Elect. Engin. 60, 1941, 277.

IV
Voor de hoge tonen van een carillon kunnen met voordeel stalen
klokken worden toegepast.
§ 46 van dit proefschrift.

V
Het verdient aanbeveling de in Nederland voor straatklinkers bestaande keuringsvoorschriften nopens de wateropneming te vervangen door keuringsvoorschriften ten aanzien van de elasticiteitsmodulus.
VI
Om muzikale redenen moeten scherpere eisen gesteld worden aan
de toelaatbare excentriciteit van gramofoonplaten, dan door De Boer
op gronden van stereofonie berekend voor stereofonische opnamen.
De Boer, K.:Stereofonische Geluidsweergave, Diss., Delft, 1940.

VII
Zwikker's conclusie dat de kromme, voorstellend de elasticiteitsmodulus als functie van de richting in een vlak loodrecht op de
symmetrie-as, bij trigonale kristallen cirkelvormig moet zijn, is
onvolledig.
Zwikker, Prof. Dr. C.: Technische Physik der Werkstoffe,
Springer, Berlin 1942, blz. 65.

VIII
Het valt af te raden, carillonklokken met een massa kleiner dan
ca. 20 kg van ornamenten en opschriften te voorzien.
IX
De in de standaard voorschriften voor bouw-acoustische meetmethoden te gebruiken term „white noise" is onjuist.
"Tentative Code for Field- and Laboratory Measurements of
Air-borne and Impact Sound Transmission", London,
July 1948.

X
Bij de in Engeland gehouden enquête nopens geluidhinder in
woningen is onvoldoende onderscheid gemaakt tussen hinder van
permanente geluidniveaux en die van kortdurende, al dan niet
regelmatig optredende geluiden.
Chapman, D.: Sound in Dwellings (Wartime Social Survey).
Dept. of Scientific and Industrial Research, London,
Nov. 1943.

XI
Indien onderwijs mogelijkheden voor personeel in bedrijven extern
kunnen worden gevonden met een leerplan voor de basisvakken aangepast aan de behoeften, zoals deze naar voren komen bij interne
opleidingen in een aantal Nederlandse ondernemingen en bedrijven,
kan de opleiding in deze basisvakken met meer vrucht extern, dan
intern geschieden.
Roeterink, Prof. Ir. F. M.: De Ingenieur 35, 1940, Techn.
Econ. 3.

XII
Bij het ontwerpen van een toren dient het dynamisch gedrag ervan, onder invloed van de horizontale reactiekrachten der luidende
klokken, in beschouwing te worden genomen.

