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Abstract

Flat lens antennas are convenient solutions to realize highly directive antennas for mil-
limeter wave and terahertz frequencies. Unlike the traditional three-dimensional bulky
lens antennas, flat lenses are compact, low profile, and planar structures that can be
manufactured with standard multi-layer technology, e.g. printed circuit board (PCB)
or low temperature cofired ceramic (LTCC).

A common tradeoff in the design of flat lenses is between bandwidth and thickness.
Electrically thin lenses are characterized by narrow frequency bandwidth, resulting from
the phase wrapping adopted in the design. On the other hand, a wide bandwidth can
be achieved by avoiding phase wrapping and using true-time-delay phase delay, but this
is achieved at the cost of increased electrical thickness.

In this thesis, artificial dielectric layers (ADLs), consisting of periodic metal patches
within a dielectric substrate, are proposed to realize flat lenses with large effective refrac-
tive index, which is a key property for reducing the thickness of wideband true-time-delay
flat lenses. As such, ADLs are promising solution to achieve a good compromise between
bandwidth and thickness.

Different aspects of ADL flat lenses are investigated in this thesis, going from the
analysis to the design and experimental validation. For the analysis, a general proce-
dure to find the permittivity profile of a gradient index (GRIN) lens is introduced. The
method allows to design GRIN lenses that manipulate the phase front in different ways,
by using a Geometrical Optics (GO) approach. Different cases are studied, including
collimating lenses with on-axis and off-axis feeds; lenses that transform spherical wave-
fronts across different media; lenses changing the focal number of a quasi-optical system
and Fresnel zone lenses. The design equations are validated by ray-tracing simulations
in non-homogeneous media, implemented by numerical solution of the Eikonal equation.

Once the permittivity profile is defined, the continuous variation of refractive index
is discretized into unit cells. Each unit cell is then implemented as an ADL stack, using
ADL synthesis models developed earlier in the THz sensing group.

To validate the design procedure, an ADL flat lens with an operation band from
30 to 60 GHz is designed and fabricated using an eight-layer print circuit board (PCB)
stackup. The measurement results reach good agreements with the simulation results
and validate the design. The achieved performance demonstrate wideband operation,
with a high taper efficiency (> 90%) and a maximum directivity of 25.5 dB. The lens is
thinner than 1 wavelength within the band of operation.
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The lens performance is demonstrated with a simple open-end waveguide as feed,
which has high spillover losses. Diverse feeding antennas that can achieve higher aperture
efficiency are also analysed by means of simulations.

Additionally, other types of GRIN lens, that manipulates the wavefront in distinct
ways for different applications are investigate, to highlight the flexibility of the concept.
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Chapter 1

Introduction

1.1 Dielectric Lens Antenna
The rapid evolution of wireless communication systems has attracted significant research
efforts aimed at enhancing antenna performance to meet the ever-growing demand for
higher data rates and improved signal quality. Dielectric lens antennas (DLAs) have
gained remarkable attention due to their unique ability to provide enhanced gain, re-
duced side lobes, low-cost beamforming capabilities and efficient electromagnetic wave
manipulation.

As wireless communication systems continue to evolve towards millimeter-wave (mm-
Wave) and terahertz (THz) frequencies, DLAs have emerged as promising candidates for
addressing the challenges posed by these higher frequency ranges. While lens antenna
provides multiple advantages, there exist some disadvantages that limit the use of lens
antennas from more applications:

• Complexity of Manufacturing
Since DLAs rely on their convex shape to delay the phase, they need to be ac-
curately shaped to achieve the desired electromagnetic radiation. The tolerance
of manufacturing such a curved surface become more crucial at higher frequency.
This can significantly increase the fabrication costs and make the manufacturing
process more complex. Especially challenging is the realization of matching layers,
which are needed for achieving low reflection at the lens dielectric-air interface over
large frequency bands.

• Bulkiness and Size
DLAs are generally bulky. The size of the lens is directly related to the operating
wavelength, which means that lenses for lower frequency applications can become
impractically large. Even if at mmWave and THz frequencies, although the dimen-
sion of the lens become relatively small, a few centimeters in height can still be
quite large for highly integrated and compact sensors.

1



(a)
(b)

Figure 1.1: (a) Luneburg lens (Image credit: Wikipedia). (b) A flat lens example.

1.2 Gradient Index Lenses
A GRadient INdex (GRIN) lens, characterized by its spatially varying refractive index
profile, manipulates the wavefront not only by means of its geometrical properties but
also by exploiting the spatially varying refractive index. Unlike the conventional DLAs,
which relies on the curved surface to manipulate the wave, the varying refractive index
can bend electromagnetic rays with far greater control [1]. One of the most common
GRIN lens is the Luneburg lens [2]. The refractive index n follows the profile law

n =

√
2− ρ2

R2
, (1.1)

where ρ is the radial distance from the lens center and R is the radius of the sphere.
With such a distribution, the refractive index decreases radially from the center to the
outer shell. As a result, electromagnetic rays emanating from any point source located
on the outer surface of the lens are bent within the lens to exit with a planar wavefront
at the opposite end. By duality, parallel rays impinging on the lens are focused in a
point at the opposite side of the lens. There is no reflection on the lens boundary as the
permittivity on the surface is the same as the surrounding one.

Many other examples of GRIN lenses exist besides the Luneburg lens. Since both the
geometrical shape and the refractive index play roles in controlling the wave propagation,
more compact and low profile lenses can also be realized.

1.3 Flat Gradient Index Lenses
One type of GRIN lenses is represented by flat lenses (see Fig. 1.1b ). Flat lenses are
low profile and can be fabricated more easily compared to curved lenses, making them
desirable at mmWave frequencies.

Planar multi-beam thin lens antennas can be realized as transmitarrays [3], meta-
surfaces [4], or Fresnel lenses [5]. However, one of the limitations of these solutions is

2



the narrow frequency bandwidth, due to the phase wrapping along the aperture, which
results in sudden discontinuous jumps in the phase distribution. To overcome this limi-
tation, true-time-delay (TTD) lenses can be used that provide wideband behavior. One
example is the GRIN lens consisting of a dielectric cylinder with a radial gradient of the
refractive index [6]. GRIN lenses are characterized by reflection losses varying across
the lens and large electrical thickness. However, matching layers can be employed to
improve the transmission at the lens-air interface [7]. Moreover, to reduce the thickness
of GRIN lenses one can resort to high permittivity dielectrics [8].

A convenient way to realize high permittivity materials, with refractive indexes that
can be much larger than the ones of commercially available dielectrics, is based on
artificial dielectric layers (ADLs) [9]. These can be realized with a cascade of periodic
arrays composed of sub-wavelength patches (capacitive gratings) to boost the effective
permittivity by providing increased phase shift for a plane wave propagating within
the artificial medium. TTD lens designs based on such periodic structures with sub-
wavelength elements were presented in [10].

1.3.1 Flat GRIN Lenses Design Approaches
Generally, there are different approaches to design GRIN lenses. A common method is
based on transformation optics (TO). TO is a systematic and well-established method
that consists of a coordinate systems transformations of Maxwell’s equations [11, 12].
In order to design a lens with certain properties, a specific coordinate transformation
is applied that results in a corresponding map of the permittivity and permeability
tensors [13].

Another approach was proposed in [14] and uses Field Transformation (FT). This
method is based on a discretization of the lens into unit cells, each with a certain unknown
permittivity ε. The permittivity in each region can be found with a synthesis procedure
that converts a given input field distribution into a desired output field distribution
exiting the lens. An equivalent cascade transmission line model can be used for finding
the correct parameters to have a desired output phase distribution and high transmission.

An alternative approach for designing GRIN lenses is to match the path length of
the wave propagating through different segments of the lens [6, 8, 15]. A closed form
expression of the optical path through the lens was given in [15] and a generalization of
this method to more general cases will be used in this thesis.

1.4 Artificial Dielectric Layers
One of the fundamental tradeoffs in GRIN lenses design is between thickness and band-
width. Thin lenses are convenient in terms of cost and complexity, but typically provide
narrow bandwidths of operation. On the other hand, wideband lenses are bulky and not
easy to integrate with the electronic front-end for mm-wave and terahertz frequency ap-
plications. In this thesis we suggest that artificial dielectric layers (ADLs) can provide a
good tradeoff between bandwidth and compactness, by providing true-time-delay phase

3



shifts (wideband) while keeping the thickness small and thus suitable for integrated
front-ends.

Artificial dielectrics (AD) were introduced in [16]. They have emerged as promis-
ing engineered materials for offering unique electromagnetic properties, such as a sig-
nificantly increased dielectric permittivity, that cannot be found in natural dielectric
materials.

A specific type of artificial dielectric that lends itself to multi-layer implementation,
consists of cascade structures of planar metal layers. This structure is also refer to
artificial dielectric layers (ADLs). The metal layers are composed by periodic sub-
wavelength patches.

The closed-form expressions for the capacitance and impedance of a single layer and
each layer in a multi-layer structure are firstly given in [17, 18]. It is found in [19] that
the maximum refractive index achievable can be increased by introducing the inter layer
shifting, which means the total thickness of the ADL structure can be decreased while
keeping the performance unchanged. These expressions are derived with the higher order
Floquet-mode interactions between layers into considerations. In [20], the analysis on
ADLs is further extended to non-periodic layers. These expressions can be used to find
the effective permittivity of a certain ADL structure by equating the ABCD matrix of
the ADLs with the one of an equivalent material [21] with a relative permittivity εr,eff.

1.5 State of the Art of Flat GRIN Lens
In this section we report and compare several results of the recently proposed GRIN
lenses realized used ADs. The comparisons on the geometry parameters and other
specifications are shown in Table 1.1. It can be noticed that aperture efficiencies lower
than 60% are typically obtained for the existing designs, and the efficiency decreases for
small F/D ratios.

Author [22] [23] [24] [25] [26]
Diameter 4.3λ 3.8λ 3.8λ 0.73λ 6.3λ
Thickness 0.6λ 0.55 λ 0.4λ 0.87λ 0.53λ

F/D 0.28 ∼0.5 0.5 0.2 0.7
Bandwidth (GHz) 7-13 8-12 7-13 8-10 7-13.2

Cx-pol < -17.1 dB < -15 dB < -15 dB ∼ < -26 dB
Scanning (◦) ±32/±35 ±34 ∼ ±45 ∼

Aperture efficiency 46.2% 63% ∼ 23% 51%

Table 1.1: Comparison of state of the art flat lens designs (λ is the wavelength at the highest frequency of
operation).
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1.6 Objective of the Thesis
The objective of this thesis is to propose a general procedure to design artificial dielectric
flat lenses. The artificial dielectrics represent a good compromise between bandwidth and
thickness, allowing for wide bandwidth behaviour, while reducing the overall thickness
of the lens for suitable manufacturing at mm-wave and terahertz frequencies.

The presented approach combines several techniques:

• Closed-form expressions are derived to define the refractive index distribution of the
lens, for several cases: collimating lenses with on-axis feed, collimating lenses with
off-axis feed, lenses converting spherical wavefronts with different wavenumbers,
lenses changing the focal number of a quasi-optical systems, Fresnel zone lenses.

• Once the ideal distribution of refractive index is determined, multiple matching
layers are included to ensure low reflection over wide frequency band. A numerical
ray tracing tool is implemented, to validate the design obtained from the closed-
form expressions and to readjust the performance once the matching layers are
included. This ray tracing has been also implemented in the form of a Matlab tool
with a graphical user interface.

• From the continuous distribution of refractive index of the core lens and the
matching layers, a synthesis procedure is applied to implement the desired per-
mittivity with artificial dielectric layers (ADLs). ADLs are an arrangement of
sub-wavelength metal patches placed within a host medium.

• Finally, CST simulations of the resulting ADL lens are performed as additional
check of the entire procedure.

Based on the proposed method, several designs are made for different applications.
For one of this design, a prototype was also developed and measured. This consists of a
flat lens with an operation bandwidth from 30 to 60 GHz and directivity ranging from 20
to 25 dB. The measured results showed good agreement with the simulated predictions.

1.7 Outline
This thesis consists of five main chapters:

• In Chapter 2, the general equations for finding the permittivity profile of a flat
GRIN lens are reported. The implementation of these equations are validated
by performing the ray-tracing simulations. Example designs are given for each
scenario.

• Chapter 3 describes the procedure of designing a wideband flat collimating lens
prototype. The design for the core layer and matching layer (ML) are discussed.
The procedure for synthesizing the varying permittivity across the aperture with
ADLs is explained, with the unit cell design being shown.
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• Chapter 4 shows the full wave simulation and measurement results of the proto-
type. The scanning performance is also evaluated. Both results are analyzed and
compared. Several types of feeds are simulated with the prototype.

• Two other GRIN lenses are investigated in chapter 5. A flat lens for a core-shell
lens system is designed. Furthermore, a Fresnel zone lens at 7 THz is investigated
and designed. These designs are validated by both the ray tracing and full wave
simulations.

• Chapter 6 concludes this thesis by summarizing the work and giving suggestions
for further study.
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Chapter 2

GRIN Lens Design

2.1 Fermat’s Principle
In optics, Fermat’s Principle is a statement that relates the path of light to the time
it takes to travel. Fermat’s Principle for electromagnetic waves is a generalization of
Fermat’s Principle for light. It states that the path taken by an electromagnetic (EM)
wave, i.e. the optical path, between two points P1 and P2 is the one that minimizes the
time of travel. The optical path length (OPL) is the integral of the local refractive index
n(s) along the optical path:

OPL =

∫ P2

P1

n(s)ds , (2.1)

where s indicates a generic point along the path. This parameter determines the phase
difference as the wave propagates through different media. The refractive index of an
isotropic material equals:

n =
√
εr · µr (2.2)

where εr is the relative permittivity of the material, and µr refers to its relative perme-
ability [27]. In the following parts, we assume all the materials under consideration are
non-magnetic, which means the relative permeability equals 1. Therefore, the refractive
index n is simplified as:

n =
√
εr. (2.3)

When an electromagnetic wave travels a specific optical path length, it reaches its des-
tination with a phase shift that depends on the various media it passes through. The
corresponding phase variation along the integration path is given by:

∆ϕ =
2π

λ0
·OPL . (2.4)

where λ0 is the wavelength in free space.
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2.2 Lens Design Equations
The relative permittivity of a GRIN lens that reshapes the wavefront in different ways
should change as a function of position to compensate for the phase difference accord-
ingly. From (2.4), the phase variations across the lens depend on the optical path length
only at a given frequency.

Figure 2.1: Geometry of the flat lens.

Considering a general scenario shown in Fig. 2.1, the lens with a diameter of D is
illuminated by a point source placed at the focal point, with F as the focal distance.
The media below and above the lens have refractive indexes nin and nout, respectively.
The permittivity distribution inside the lens is simplified to vary only in the radial
direction, i.e. the refractive index for a two dimensional cross section of the lens (xz-
plane) is only function of x and is constant with z inside the lens. An arbitrary ray with
an incident angle θin transmits through the lens from P1(x) to P2(x) and propagates into
the upper medium with transmitted angle θout. We assume that the distance between
a generic point P2(x), where the ray exits the lens, and a desired equi-phase surface is
denoted as L(x). The phase variations from the feed to this equi-phase wavefront for
each ray should be equal to the one of the ray passing through the lens’ center:

ninF + nmaxT + noutL(0) = nin
F

cos θin
+

∫ P2

P1

nds+ noutL(x) . (2.5)

A typical way to solve (2.5) requires imposing a condition for the edge of the lens,
e.g. L(D/2) = 0 (the equi-phase front passes through the top edge of the lens) and
n(D/2) = nmin, which allows to solve for unknowns such as the thickness of the lens T
or the maximum refractive index nmax.
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2.2.1 Closed-form Expression for OPL Integration
Closing the integral

∫ P2

P1
nds is required for solving (2.5). The derivations are based

on [15] and are described in detail in Appendix. A. In this section we report the final
expressions and the main assumptions used for the solution.

The first hypothesis to simplify the problem consists of assuming that the variation
of permittivity (from εr1 to εr2) is linear within the region from x1 to x2 with a slope
a (a > 0) where x1 and x2 are the x-coordinates of the points P1 and P2. Thus, for a
point x in the range [x1, x2], characterized by relative permittivity εr, one can write:

εr − εr2 = a(x2 − x) (2.6)

where a can be expressed as:
a =

εr1 − εr2
x2 − x1

. (2.7)

This assumption allows deriving a closed-form expression for the optical path integral
that can be found as follows:∫ P2

P1

nds = T
(S3

in/3 + 2S3
out/3 + (εr2 − S2

out)Sin − εr2Sout)√
εr2 − S2

out(Sin − Sout)
(2.8)

where Sin = nin sin θin, Sout = nout sin θout, T is the thickness of the GRIN lens and εr2
refers to the relative permittivity at position x2, i.e. εr2 = εr(x2). (2.8) can be also
written in a dual form, as a function of the permittivity and the input point of the ray
at the bottom of the lens εr1 = εr(x1):∫ P2

P1

nds = T
(−2S3

in/3− S3
out/3− (εr1 − S2

in)Sout + εr1Sin)√
εr1 − S2

in(Sin − Sout)
. (2.9)

On can note that the solution depends on both Sin and Sout, which in turns are
functions of θin and θout. Therefore, the design of the GRIN lens varies for different
transmitted wavefront scenarios, which correspond to different θout. The expressions for
the variation slope a can be related to thickness as well, using either of the following
two forms:

a =
2
√
εr2 − S2

out(Sin − Sout)

T
(2.10a)

a =
2
√
εr1 − S2

in(Sin − Sout)

T
. (2.10b)

The general formulas reported here are applied in the following sections to specific lens
configurations.

9



2.3 Collimating Lens Design
The simplest scenario is the collimating lens, where the spherical wave emanating from
the feed is converted into a planar wave exiting the lens. The extra path term L(x)
on both sides of (2.5) vanishes, because the wave has the same phase everywhere when
reaching the exit plane z = T . All transmitted angles θout are equal to 0. This simplifies
(2.8) and (2.9) into: ∫ P2

P1

nds = T

S2
in
3 + εr2√

εr2
(2.11a)

∫ P2

P1

nds = T
(−2

S2
in
3 + εr1)√

εr1 − S2
in

. (2.11b)

It can be observed that (2.11a) and (2.11b) depend on the thickness of lens T , the
incident angle θin, and the relative permittivity εr1/2 at positions where the ray enters
and exits the lens x1/2. (2.5) can be rewritten as:

ninF + nmaxT = nin
F

cos θin
+

∫ P2

P1

nds (2.12)

where the integral is defined from (2.11a) or (2.11b) as a function of θin and εr1/2. To
find the distribution of permittivity, we need to solve (2.12). In this equation, θin is
known in each point and given by tan−1(x1/F ), while εr1/2 are dependent variables.
Therefore, the two unknowns of (2.12) are nmax and T . There are two possible options
to design the lens, by either fixing nmax and finding T , or fixing T and finding the
correspondent nmax. For example, in some designs one could opt to fix the thickness of
the lens to a constrained value, resulting in a specific value of the maximum refractive
index. Alternatively, one could constrain the nmax, e.g. by the specific technology used
to realize the artificial dielectric, which results in a certain thickness.

2.3.1 Fixed nmax

With nmax as a given value, we apply (2.12) to the ray that crosses the lens edge, corre-
sponding to the maximum incident angle θin,max = tan−1[D/(2F )] and to the minimum
permittivity εr,min:

ninF + nmaxT = nin
F

cos θin
+ T

(−2S2
in,max/3 + εr,min)√
εr,min − S2

in,max

(2.13)

where Sin,max = nin sin θin,max. The thickness of the lens can be found by inverting
(2.13), resulting in:

T =

ninF

(
1

cos θin,max
− 1

)
nmax −

3εr,min − 2S2
in,max

3
√
εr,min − Sin,max

. (2.14)
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Figure 2.2: Geometry for the collimating lens case.

Once the value of T is found, one can again apply (2.12) to find all the values of εr1(x)
in any generic lens position x.

2.3.2 Fixed T

In the previous subsection, the edge ray identified with the incident angle θin,max is
intersecting the lens bottom surface at the edge x1 = D/2. This ray is not bent as it
propagates outside the lens. It is then convenient to consider as the last ray, the one
exiting the lens at x2 = D/2, rather than entering at the same x-position. Imposing the
edge ray to exit at x2 = D/2 typically improves the collimating performance of the lens
at the edges. This assumption could not be used in the fixed nmax approach, because it
would result in too many unknowns in equation (2.13). In the current approach, where
the thickness is fixed, we can instead solve the problem assuming x2 = D/2. However,
with this assumption, θin,max becomes an unknown.

For a ray exiting the lens at the upper edge (x2 = D/2), as shown in Fig. 2.2, x1
and x2 are given by:

x1 = F · tan θin,max, x2 =
D

2
(2.15)

From (2.7) and by applying several conditions, such as Snell’s law at x1 and x2, the
radial distance between the input and the output points for an arbitrary ray is:

x2 − x1 =
S2

in − S2
out

a
. (2.16)

(2.10a) becomes:
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D

2
− F · tan θin,max =

T · Sin,max
2
√
εr,min

. (2.17)

This equation can be solved by rewriting it as a 4-th order equation of the variable
Q = sin θin,max:

−B2

4
Q4 +ABQ3 +

(
B2

4
−A2 − F 2

)
Q2 −ABQ+A2 = 0 (2.18)

where A =
D

2
, B =

T
√
εr,min

. By solving this quartic equation and discarding those

nonphysical roots (imposing that θin,max is a real angle), the incident angle of the last
ray can be found, and therefore the total optical path length through the lens edge can
be accurately described. The refractive index at the center nmax can be then calculated
based on (2.12) by substituting εr2 with εr,min and θin with θin,max as the root of the
quartic equation.

With the two cases discussed above, both nmax and T become known values whichever
one is given. Thus far, accurate descriptions of the OPL of the centre and edge paths
are attained. For any other positions on the lens, the permittivity can be solved by
combining (2.11b) and (2.12) with θin = tan−1 (x/F ):

ninF + nmaxT = nin
F

cos θin
+ T

3εr1 − 2S2
in

3
√

εr1 − S2
in

. (2.19)

2.3.3 Examples of Collimating Lens Design
The method is validated by applying ray-tracing simulations on the designed lens. The
steps for ray-tracing simulation within the non-homogeneous medium are introduced
in [28].

(a) F/D=1 (b) F/D=0.5 (c) F/D=0.25

Figure 2.3: Result of ray-tracing simulation for lenses with different F/D ratios.

With the design equations, considering εr,min = εr,in = 12, εr,out = 3, D = 3mm, T =
0.17D, 3 lenses with different F/D ratios were obtained. Fig. 2.3 shows the ray paths
through these lenses computed using the ray-tracing simulations. The output rays are
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(a) (b)

Figure 2.4: (a) Relative permittivity distribution and (b) transmitted angle of three F/D lenses.

nearly parallel and vertical, thus validating the proposed method. Fig. 2.4a shows the
distribution of the relative permittivity for the three F/D ratios, while Fig. 2.4b presents
the values of the transmitted angle for each ray. All considered examples exhibit varia-
tions within±1◦, computed with numerical ray-tracing method using MALTAB’s built-in
ode45() function to solve the system of ordinary differential equations in (B.14) and
(B.15).

2.4 Spherical Wavefront
In some cases, one can design the lens such that the output wavefront is not planar but
still spherical, but with a different radius of curvature or wavenumber. Some examples
of applications for this scenario will be discussed in Chapter 5, referring to double lens
systems.

In this case, the lens is located between two different media and is designed so
that the spherical wavefront is maintained across the two media as if there was no
medium discontinuity. In other words, the transmitted rays should appear as if they
were emanating as straight rays from the same focal point (see Fig. 2.5a).

Since a spherical wavefront is desired on top of the lens, the function L(x) is not zero
across the lens. If a spherical wavefront intersecting the lens upper edge is considered,
i.e. L(D/2) = 0, then L(x) can be expressed as:

L(x) =
F + T

cos θout,max
− F + T

cos θout
(2.20)

where θout,max is defined as in Fig. 2.5a, to be equal to

θout,max = tan−1

(
D

2(F + T )

)
. (2.21)

Unlike the collimating case, the transmitted angle varies for each position and is an
additional unknown of the problem, making the solution more complicate. Therefore,
the mapping between each pair of θin, θout must be found to solve (2.5).

13



For the sake of simplicity, we only consider here the simpler case where the lens
thickness T is fixed while nmax is left unknown. Similar to the steps described in the
collimating case, as shown in Fig. 2.5a:

x1 = F tan θin,max, x2 = (F + T ) tan θout. (2.22)

(2.16) for spherical wavefront can be still expressed in the form given in (2.18), but with
different values of A and B:

A = (F + T ) tan θout − T
Sout

2
√
εr,min − S2

out
; B = T

nin√
εr,min − S2

out
. (2.23a)

By replacing θin, θout, εr2 with θin,max, θout,max, εr,min into the (2.5), nmax can be written
as:

nmax =
1

T

(
ninF

cos θin,max
− nout(

F + T

cos θout,max
− F − T )− ninF +

∫ P2

P1

nds

)
. (2.24)

With nmax known, to find the relative permittivity at any position on the lens with
respect to each θout, the first step is to rewrite εr2 in (2.16) as a function of incident
angle θin:

εr2(θin) = S2
out +

1

4

[
T (Sin + Sout)

(F + T ) tan θout − F tan θin

]2
. (2.25)

Unlike the collimating case, where θout = 0 everywhere, θout is now a function that
depends on radial distance. In order to have the ray refocus on the focal point, the
transmitted angle for the ray exiting lens at x is given by:

θout = tan−1

(
x

F + T

)
. (2.26)

Because we are imposing θout to be given, the angle θin is not known. For every
given θout, the OPL equation varies with θin only. Therefore, the certain θin that makes
(2.5) valid is the incident angle of the ray which exits the lens at θout. This θin can be
calculated by finding numerically the value that minimizes the difference between the
left and right hand side of OPL. From the geometry shown in Fig. 2.5b, for a given θout,
a single value of θin can be found when limiting the search in the range (θout, θ′), where
θ′ = tan−1(x2/F ). In this way, the mapping of θin and θout is found, and therefore εr2
can be determined by substituting (θin, θout) into (2.25).
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(a) (b)

Figure 2.5: (a) Geometry of spherical wavefront lens; (b) definition of range for θin.

2.4.1 Examples of Lens Design
Two lenses with different F/D ratio are designed. Both lenses radiate from silicon (εr =
12) to plastic (εr = 3) and have εr,min = 12. The thickness of both lenses is 0.2D.

(a) F/D = 0.5 (b) F/D = 0.25

Figure 2.6: Examples of lenses maintaining spherical wave across media.

In Fig. 2.6, the white curves indicate the forward paths wave propagation, while the red
curves are the reverse extensions from the transmitted rays. It can be noticed that most
of the red curves converge in the focal point, which is the goal of this design.
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2.5 Other Scenarios
With the equations reported in the previous sections, applications other than collimating
and spherical wavefront can be considered. Here, we report the design methods for three
different types of lenses: scanning lens, focal length transformation lens and Fresnel zone
lens.

2.5.1 Scanning Lens
Conventionally, it is possible to tilt the main beam of a dielectric lens by shifting the
feed. In Fig. 2.7, the results of θout for the collimating lens with various feed shift are
shown.

Figure 2.7: Transmitted angle for feed shifting.

It can be noticed that, with the permittivity distribution optimized for broadside maxi-
mum radiation, the GRIN lens scanning performance is quite limited, and the phase and
the direction of the transmitted rays undergo larger aberrations as the feed is shifted
farther from the center. Nevertheless, a flat lens that transforms the spherical beam into
a planar beam pointing at θscan can be realized. For the scanning GRIN lens, θout = θscan
is valid across the lens. The OPL for an arbitrary position is given by:

nin

√
x21 + F 2 +

∫ P2

P1

nds+ nout

(
D

2
− x2

)
sin θscan . (2.27)

The OPL along the edge path is more important in this scenario as the center path along
which the ray propagates without being bent does not exist anymore. The incident angle
for the edge path θin,max is determined by solving (2.18) with:

A =
D

2
− T

Sout

2
√
εr,min − S2

out
, B = T

nin√
εr,min − S2

out
. (2.28)
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The OPL for other positions can be found by first writing x2 from (2.16) as a function
of incident angle θin:

x2 = T
Sin + Sout

2
√
εr1 − S2

in

+ F tan θin . (2.29)

Combining (2.9), (2.29) and substituting into (2.27), each ray’s OPL through the lens
can be represented. Using numerical solver, such as vpasolve in MATLAB, the solution
for the permittivity distribution can be found by equating the OPL of any ray to the
edge one.

It is worth mentioning that the ray will still be bent even if it is normally incident
into the lens for scanning scenarios. This can be explained with the Eikonal ray equation:

d

ds
(n

dr

ds
) =

∂n

∂r
, (2.30)

where r is the ray trajectory. Under the Cartesian coordinate system, (2.30) can be
decomposed into x, y, and z components. For the 2D GRIN lens under study, the
∂n/∂x is non-zero and thus it can still bent a normal incident ray. In other words,
the ray trajectory will not be straight if the relative permittivity locally has a nonzero
derivative.

Examples of Lens Design

For comparison, the lens re-designed to be optimized for scanning using the same spec-
ifications as the designed collimating lens (F/D = 1) are simulated. The permittivity
distributions and transmitted angles across the lenses are plotted in Fig. 2.9. The solid
curves refer to the relative permittivity and dashed curves represent the transmitted
angles.

(a) θscan = 10◦, 0.1D (b) θscan = 20◦, 0.2D (c) θscan = 30◦, 0.3D

Figure 2.8: Ray tracing simulations for scanning lenses
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Figure 2.9: Permittivity Distribution and θout of each lens

It can be observed that now the transmitted angles are constant, correcting for the
aberration shown earlier in Fig. 2.7.

2.5.2 Focal Length Transformation
In Sec. 2.4, a method to design a lens that converts a spherical wave in a certain medium
into a spherical wave in a different medium, keeping the same focal point. In this sec-
tion, a more general case is studied, which considers a transmitted spherical wave with
a different (virtual) focus. This is equivalent to a quasi-optical system that changes the
focal length. By doing this, it is possible to enlarge or narrow the equivalent subtended
angle (from θin,max of the feed alone to θout,max of the feed-flat lens system). For exam-
ple, the system could feed a larger elliptical or hyper-hemispherical lens. For mmWave
and terahertz frequency, curved lenses are difficult to manufacture due to the required
accuracy of the lens profile. The precision of the manufacturing is higher for shallow
lenses, characterized by large F/D. Therefore, for the application with a secondary
lens, the F -number of the system can be increased to simplify the manufacturing of the
secondary lens. Assuming now the distance between the virtual feed and the actual feed
is ∆z, the new equivalent focal length is:

F ′ =

√
(∆z + F + T )2 +

(
D

2

)2

. (2.31)
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The extra path L(x) in this case can be quantified as:

L(x) = F ′ − T + F +∆z

cos θout
. (2.32)

Still, for the last ray propagating through the upper edge of the lens:

x1 = (F +∆z) tan θout,max, x2 =
D

2
. (2.33a)

The approach to find this θin,max is the same as the previous cases: substituting (2.33)
into (2.16) and a 4-th order function of θin,max similar to (2.18) can be formed with:

A = (F + T +∆z) tan θout,max −
TSout

2
√
εr,min − S2

out
, B =

Tnin√
εr,min − S2

out
. (2.34)

Since the optical path length of the edge ray is well-defined, the nmax is also available from
(2.24). The further steps for finding θin with respect to each θout and the distribution of
εr are identical to the ones described in Sec. 2.4.

Examples of Lens Design

The equations are applied to design lenses with εr,min = 12 and radiating from silicon
(εr=12) to quartz (εr=3.8). The thickness is given as 0.135D. Fig. 2.10a shows the lens
design for reducing the feed ±48◦ illumination beam into a ±20◦ beam. ∆z of this case
is calculated as 0.92D. The corresponding F/D is increased from 0.45 to 1.37.Fig. 2.10b
shows the lens for shaping beams from ±30◦ to ±10◦, resulting in a F/D increasing from
0.87 to 2.58.

(a) ±48◦ to ±20◦ (b) ±30◦ to ±10◦

Figure 2.10: Example of GRIN lenses for transforming focal length.

2.5.3 Fresnel Zone Lens
A Fresnel zone plate lens consists of a flat, circular plate with a series of concentric
circular zones, similar to other types of Fresnel lenses. However, unlike traditional
Fresnel lenses that use alternating transparent and opaque zones, a Fresnel zone plate
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(a) Cross-section of Fresnel zone lens (b) Optical zone lens

Figure 2.11: Fresnel zone lens.

lens uses zones with different thicknesses. The zones of a Fresnel zone plate lens act as
phase-shifting elements for the incident wavefront. Each zone has a specific optical path
length, which causes a phase delay in the transmitted or diffracted waves.

In [29], the equations for each zone’s radii and the corresponding permittivity re-
quired for a multi-dielectric Fresnel zone lens are presented. A set of similar equations
based on GRIN techniques are given in [30]. Fresnel zone lens can also be realized with
the design equations above. Regarding the phase front, the Fresnel zone lens performs
the same as the collimating lens within one zone while the phase difference between
adjacent zones is 2π. Therefore, the design equations are the same as the collimating
lens for the centre zone of a particular zoned lens. The phase difference between the
i-th zone lens and the centre one is ∆ϕ = i · 2π. Designing such lenses is approached by
equating the phase variation through the edge with the summation of OPL through the
i-th zone lens and multiple phase wrappings difference:

ninF + nmaxT = nin
F

cos θin
+

∫ P2

P1

nds+ i
2π

k0
. (2.35)

Examples of Lens Design

Here, we reported an example Fresnel zone design with εr = 8 dielectric as the substrate,
transforming a ±48◦ beam to a ±20◦ beam in silicon. The whole lens can be separated
into four zones, with the ray paths and permittivity distributions shown in Fig. 2.12.
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(a)

(b)

Figure 2.12: (a) Ray tracing simulations and (b) permittivity distribution for the example design.

It can be noticed that several rays are not plotted in Fig. 2.12a. The reason for this
is these ray propagate through the interface of two zones, which brings in the abrupt
variations on permittivity. In these area, the Eikonal equation is not valid and the
Fresnel equation should be used instead. Another example design with specific ADLs
synthesis and full wave simulations is presented in Chap. 5 in detail.

Note that for most of the case studied, the approach of expressing everything with
εr2 (equivalently in x2) is used. For example, in the study of the collimating lens, using
εr1 refers to fixed nmax scenario while writing everything in εr2 corresponds to a fixed
thickness case. Therefore, choosing either parameter as the main independent variable
for lens designing is possible, depending on the available specifications.
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Chapter 3

Flat Lens Prototype Design

To verify the design procedure of the previous chapter, a flat GRIN lens (F/D = 0.67)
with a bandwidth from 30 to 60 GHz is designed with a 6λ (30mm) diameter at the
highest frequency. This lens is designed to transform a spherical wave into a planar
wave in free space.

3.1 Lens Geometry
We chose to use the printed circuit board (PCB) technique as the manufacturing process
to reduce the cost of the prototype. The Rogers RO4003C™ laminate board [31] is a
relatively cheap and common substrate option for PCB prototypes. This material has
a typical dielectric constant of 3.55 and a loss tangent of 0.0027 (@ 10 GHz) and offers
laminates with different thicknesses, varying from 0.203mm to 1.524mm. The minimum
gap width, i.e. the smallest distance between the metal patches, is 130µm, and the
minimum track width is 130µm for PCB process. Based on these technology constraints,
we chose the maximum relative permittivity at the center of the lens to be around 22.
This value is obtained by considering the minimum gap width for the metal layer and the
minimum dielectric thickness (inter-layer distance in the artificial dielectric). Moreover
the period of the patches is kept below 0.25λ at the highest frequency of operation, to
reduce the losses and the dispersion of the artificial dielectric.

Since the GRIN lens to be designed has a fixed permittivity in the z-direction, high
reflection losses are estimated at the interfaces of the lens and free space due to mismatch.
Adding an impedance transformer is the most typical way to match the lens to free space.
The intrinsic impedance of the matching slab is chosen as:

Z =
√
Zcore Zout , (3.1)

where Zcore is the impedance of the lens material and Zout is the characteristic impedance
of material outside the lens (air in this example). The thickness of the matching layer
is a quarter wavelength inside the material at the center frequency.

One disadvantage of using a single quarter-wave matching layer is the narrow band-
width. For wideband operation, a two-section impedance transformer was designed for
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the prototype. The outer matching layer was designed to have a fixed relative permit-
tivity of 2, with a quarter wavelength thickness at the center frequency, constant across
the lens. The thickness of inner matching layer is also constant across the lens, but its
permittivity is varying. For this reason, the inner transformer is not quarter wavelength
everywhere across the lens. Since the maximum transformation ratio appears at the
center of the lens, the inner matching layer has a thickness of quarter wavelength at the
center frequency in the material with εr =

√
εr,max εr,outer. The permittivity of the inner

matching layer varying follows

εr,inner =
√
εr,core εr,outer. (3.2)

With εr,in = 1, εr,out = 1 and εr,min = 3.55, the procedure described in chapter 2
leads to lens having a maximum relative permittivity εr,max = 22 at the center with
a thickness of T = 1.7mm. The minimum relative permittivity of the inner matching
layer is forced to be equal to the hosting medium of the ADL patches. The matching
performances of this 5-section structure are plotted in Fig. 3.1a, assuming that ideal
materials are used. The simulation is based on a transmission line model corresponding
to a plane wave under normal incidence.

The relative permittivity distributions of the core and the inner matching layer are
plotted in Fig. 3.1b. By introducing the matching layers, the transmitted ray will be
over-bent by the lens, as the design equations are not optimized for the extra optical
path length generated by the matching layers. One way to solve this is to shrink the lens
core thickness to compensate for the additional phase shift due to the matching layers.
The complete lens with a thickness of the core reduced to 73% of its original value is
shown to have all transmitted angles falling in the ±1◦ range in Fig. 3.1c.

3.2 Core Unit Cell Design
The different unit cells composing the lens are realized by the artificial dielectric layers
to have varying relative permittivity in the core layer. To ensure the equivalent circuit
model of ADL is valid, the periodicity in three dimensions should be electrically small.
Therefore, the period of the unit cell (periodicity in x and y directions) is selected as
p = 1.2mm, which is less than a quarter wavelength at the highest frequency. Consider-
ing both the fabrication limits and maximum permittivity to achieve, the periodicity in
z-direction dz is 0.304mm. With these geometrical parameters fixed, the relative permit-
tivity as a function of the gap width can be plotted for different frequencies (Fig. 3.2).

The periodicity of the ADL is chosen as p = 1.2mm (0.18λ0) to keep the patches’
size sub-wavelength. This period gives 25 unit cells across the lens aperture. With the
relative permittivity distributions shown in Fig. 3.1b, the curves are first discretized into
piecewise constant distribution equal to the value at the center of each unit cell. The
permittivity of the unit cell required is used to synthesize the equivalent ADL structure
at the center frequency to ensure a relatively stable permittivity across the band. The
minimum gap width, which appears at the center unit cell, is 230µm. The last unit
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Figure 3.1: (a) Reflection coefficients at center and edge of the lens, assuming the ideal materials are used. (b)
The distribution of relative permittivity of core and inner matching layer. (c) The transmitted angle of the
shrank lens. (d) The ray paths through the lens.

cell near the edge is purely dielectric, with no metal inclusions. The unit cell stackup
is symmetric so that two halves of the lens can be realized on the same board and then
assembled together to reduce the manufacturing cost. This symmetry will be elaborated
on in Sec. 3.4 and Fig. 3.8.

3.3 Matching Layer Design and Synthesis
Given the maximum relative permittivity being around 22, a two section impedance
transformer is applied in this design to reduce the reflection losses at the interface be-
tween the lens and free space, both above and below the lens. The inner matching layer
has varying refractive indices across the lens while the outer matching layer has a fixed
relative permittivity of 2, to simplify the manufacturing. Hence, these two sections are
synthesized with different methods.
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Figure 3.2: Realized effective permittivity of the ADL as a function of the gap width for different frequencies.

3.3.1 Inner Matching Layer
The inner matching layer was realized in a similar way as the core. The combined center
unit cell is shown in Fig. 3.3.

(a) (b)

(c)

Figure 3.3: Cross section of (a) the center unit cell, (b) the last unit cell with metal, and (c) the entire lens.

The reflection coefficient of the combined unit cells, including a second matching
layer above and below with εr = 2 and thickness 1.12mm, are plotted in Fig. 3.4a,
normalized to the impedance of free space. The S-parameters of the unit cells are found
using the ADL equivalent circuits.

For evaluating the deviation between the synthesized ADL lens and the ideal GRIN
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lens, the phase distribution of the field above the lens is plotted for both lenses in
Fig. 3.4b. A similar profile can be recognized for the ideal continuously varying per-
mittivity and the disctretized ADL version, characterized by a stepped profile of the
phase.

As mentioned above, the inner matching layer is constraint to have the same thickness
across the lens, so that it can be realized with a single PCB stackup.
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Figure 3.4: (a) S11 for all unit cells and (b) phase variations of ADL synthesized lens and ideal GRIN lens.

3.3.2 Outer Matching Layer
For the ADL technique with metallic inclusions, a relative permittivity lower than the
host material is not realizable. The possible solutions for the εr = 2 outer matching layer
is to either use directly an existing dielectric material with εr = 2 or add perforations
into an electrically denser material to reduce its effective permittivity.

There are series of polymers having dielectric constant close to 2. For example,
Polytetrafluoroethylene (PTFE) εr = 2.1; Polypropylene (PP) εr = 2.2; Polyethylene
(PE) εr = 2.2; Polystyrene (PS) εr = 2.5; cyclic olefin copolymer (COC) εr = 2.1 and
etc. However, these types of material are not easy to assemble into multi-layer PCB,
because of their thermal and mechanical properties.

Alternatively, one can use the same hosting medium as the lens (εr = 3.55) with
periodic perforations to realize a reduced effective permittivity. Several studies have
been done based on the perforation on a homogeneous dielectric substrate [32–34]. The
analytical formulas of effective medium theory for calculating the effective permittivity
of porous structures are presented in [35]. The basic models for retrieving the effective
permittivity from a mixing structure are described in [36] and will be outlined here.

A group of common rules for 2-D mixtures can be summarized as:

εeff − εe
εeff + εe + v(εeff − εe)

= f
εi − εe

εi + εe + v(εeff − εe)
, (3.3)

where:
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• εeff is the effective permittivity of the mixing structure

• εe is the permittivity of the substrate

• εi is the permittivity of the inclusions

• f is the volume portion of the inclusions in percentage

• v is a dimensionless parameter that leads to different mixing formulas
With v = 0, it gives the Maxwell-Garnett (MG) formula; with v = 1, it gives the
Bruggeman formula; with v = 2, it gives the Coherent Potential formula. These three
formulas are compared in [37] by simulating perforating on two different substrates:
Rogers RO4003 (εr = 3.38) and material with εr = 10. The MG formula better fits the
effective permittivity with the simulation results. This superiority is more noticeable for
substrates with higher permittivity. Therefore, the MG formula is applied in this study.

For the case of an isotropic mixture, a more general MG formula is given [38]:

εeff = εe +

∑3
i=1

fεe(εi − εe)

3[εe +Ni(εi − εe)]

1−
∑3

i=1

fNi(εi − εe)

3[εe +Ni(εi − εe)]

. (3.4)

Under the Cartesian coordinate system, i = x, y, z, and Ni is the depolarization fac-
tor along the corresponding direction. In the International System of Units (SI), the
depolarization factors are positive and satisfy:

Nx +Ny +Nz = 1 . (3.5)

The depolarization factors for different porous shapes and different orientations are
shown in Table 3.1 [39].

Shape Axis N
Sphere any 1/3

Thin Slab normal 1
Thin Slab in plane 0

Long circular cylinder longitudinal 0
Long circular cylinder transverse 1/2

Table 3.1: Depolarization factors.

We consider a perforation axis along the z-direction. From Table 3.1, if the per-
foration axis is parallel to the E-field orientation (TM), the depolarization factor is 0,
while it is 1

2
if the perforation axis is perpendicular to the E-field (TE). The permittivity

tensor for an anisotropic material can be expressed as:

ε =

εxx εxy εxz
εyx εyy εyz
εzx εzy εzz

 (3.6)
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(a) Holes aligned (b) Holes shifted

Figure 3.5: Two different unit cell geometries for the outer matching layer.

With the given choice of the reference system, the permittivity matrix can be written
as diagonal, which simplifies (3.6) as:

ε =

εx 0 0
0 εy 0
0 0 εz

 (3.7)

For a z-direction stratified structure, the permittivity tensor of the structure can be
written as [40]:

ε =

εTE 0 0
0 εTE 0
0 0 εTM

 . (3.8)

Substituting N into εeff, one can have the εeff,TE and εeff,TM for cylindrical perforation:

εeff,TE = εe + 2fεe
εi − εe

εi + εe − f(εi − εe)
(3.9)

εeff,TM = fεi + (1− f)εe . (3.10)

We designed two different circular cylinder porous geometries. One geometry has one
hole in the center of the unit cell cube (holes are aligned). The other one has one hole in
the center with a quarter circle on each corner (see Fig. 3.6). The same substrate (Rogers
RO4003C) is selected as the host material for perforation. Substituting εe = 3.55, εi = 1,
εeff,TE = 2 into (3.9), the volume portion of air f = 0.49 can be determined, meaning
almost half of the original substrate in the unit cell need to be removed. Since the
holes are drilled through the substrate, the volume ratio can be simplified as the area
ratio. For the geometry where holes are aligned, f = 0.49 corresponds to 0.4mm hole
radius (from f = πr2/p2). For the other geometry, r = 0.28mm holes will give εr,eff = 2
(f = 2πr2/p2).

We then simulated the fore-mentioned two geometries with thee calculated perfo-
ration size. For both cases, we consider an original unit cell of size 1mm by 1mm by
1.12mm. These two models are simulated in CST Microwave Studio assuming broadside
incidence, with Floquet boundary conditions (Fig. 3.6).
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(a) (b)

Figure 3.6: CST models of the two considered perforated unit cells.

The εeff of the structure can be extracted from the simulated S-parameters. The idea
for finding the equivalent permittivity of the unit cell is to equate the phase variation
from port 1 to port 2 through the structure under simulation with the one through a
sample material with εr = εr,eff with the same height. Therefore, εr,eff can be written
as:

εr,eff =

(
̸ S21

k0h

)2

. (3.11)

The effective permittivity extracted using (3.11) is plotted in Fig. 3.7a. It can be
noticed that both geometries have a equivalent permittivity around 2 across the band.
Therefore, the design procedure based on MG formula is verified. In Fig. 3.7, the varia-
tions of permittivity versus the hole size are plotted.

(a) (b) (c)

Figure 3.7: (a) Effective permittivity variation across the band. Effective permittivity versus perforation diameter
of (b) aligned holes (c) shifted holes.

From Fig. 3.5, the minimum width of the dielectric grid is slightly larger for the
aligned case. With raligned = 0.4mm and rshifted = 0.28mm, the minimum width of
the dielectric trace can be calculated as 0.2mm and 0.14mm, respectively. Thus, the
first unit cell design is selected to realize the εr = 2 matching layer due to its better
mechanical robustness, compared to the shifted design.
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3.4 Detailed Design
The total stackup of the PCB flat lens is shown in Fig. 3.8. To reduce the cost of
manufacturing, the prototype has a symmetrical structure in the z-direction. Hence, the
complete 8-layer PCB can be separated into two 4-layer boards. The spacing between
layers is realized by a RO4003C laminate with 203µm thickness and a RO4450F bondply
[41] (εr = 3.52) with 101µm thickness.

A spacer, one single layer of RO4003C Laminate with a thickness of 305µm, is applied
to have the same thickness without any bondply. The outer matching layer is realized by
cylindrical perforations, drilled into two layers of RO4003C with a thickness of 508µm
connected by one layer of 101µm RO4450F bondply to approach the quarter wavelength
thickness (1.2mm).

Figure 3.8: Prototype stack-up.

The lens is designed in a cylindrical shape with a diameter of 32mm so that the metal
would not be too close to the substrate edge. Four holes for mounting screws are placed
symmetrically. To satisfy the manufacturing rules, given that the minimum patch size
to manufacture is 130µm, all the patches smaller than 65µm are removed while others
are replaced by square patches with a side length of 130µm. The patches are made of
copper with NiAu surface finishing. The thickness of the metal is 35µm and 18µm for
the outer and inner layers respectively. Fig. 3.9 displays the layout for each part of the
prototype.
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(a) (b) (c)

Figure 3.9: The schematic of (a) the core layer with metal, (b) the matching layer with perforations, and (c)
the spacer between two multi-layer PCBs.

A metal plate with a 30mm diameter circular window, which is made of 316 stainless
steel with 1mm thickness, is used as the lens holder.
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Chapter 4

Prototype Simulations and Measurements

In this chapter, the validations of the designed prototype are reported by means of
full-wave simulations and the measurements on the prototype. The simulation results
include both the ones illuminated by standard open-ended waveguide and the alternative
feeds. The actual far-field radiation patterns of the prototype is obtained by measuring
the near field scanning and transformed to far field based on the equivalent theorem and
free space Green’s function. The gain of the lens is measured using the three antenna
methods based on Friis equation.

4.1 Full-Wave Simulations
4.1.1 Efficiencies
To characterize the lens performance, a series of efficiencies can be calculated for analysis:

Spill-over efficiency ηso is a measure of how much power from the feed is intercepted
by the lens. It is calculated from the pattern of the feed:

ηso =

∫ 2π
0

∫ θ0
0 Ufeed(θ, ϕ) sin θ dθ dϕ∫ 2π

0

∫ π
0 Ufeed(θ, ϕ) sin θ dθ dϕ

, (4.1)

where θ0 is the subtended angle of the lens and Ufeed is the radiation intensity from the
feed. For this prototype, the subtended angle is: θ0 = tan−1[D/(2F )] ≈ 37◦.

Taper efficiency ηt is an indicator of how uniform the equivalent aperture field is.
This efficiency can be calculated as following:

ηt =
1

A

|
∫∫

A E⃗adA|2∫∫
A |E⃗a|2dA

, (4.2)

where A is the physical size of the lens, E⃗a is the electric field on the aperture in the
near field of the lens. It can be also regarded as a parameter quantifying how much the
lens area is effectively used for radiating. Hence, the taper efficiency is also given as:

ηt =
Aeff
A

=
D

Dmax
, (4.3)
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where D is the realized directivity and Dmax is the theoretical achievable maximum
directivity for a given physical size (Dmax = 4πA/λ2). The taper efficiency can be
decomposed into the amplitude taper loss (ATL) and the phase error loss (PEL), with:

ATL =

(∫∫
A |E⃗a| dA

)2

A
∫∫

|E⃗a|2 dA
(4.4a)

PEL =
|
∫∫

A E⃗a dA|2(∫∫
|E⃗a| dA

)2 , (4.4b)

where the last equation is only valid for broadside, while a slightly different formula has
to be used for scanning, with additional terms.

Ohmic efficiency ηohmic is calculated as follows:

ηohmic = 1−
Ploss,diel + Ploss,metal

Paccηso
(4.5)

where Ploss,diel and Ploss,metal are the power lost in dielectric and metal, respectively,
while Pacc refers to the power accepted by the lens. These values can be found from
full-wave simulations.

Aperture efficiency ηap is a measure of how effectively an antenna collects or
radiates electromagnetic energy within a certain solid angle. It is given by

ηap = ηso ηt =
Gλ2

4πAeff
, (4.6)

where Aem is the maximum effective area of the aperture. A higher aperture efficiency
implies that the antenna is better at capturing or radiating energy.

4.1.2 Open-Ended Waveguide Feeds
The lens is simulated with three different standard open ended waveguides illumination.
The basic specifications of the waveguides are shown in Table 4.1. Clearly, none of the

WG Name Frequency fcut-off
next mode Dimension (mm)

WR28 26.5 - 40 GHz 42.154 GHz 7.112 * 3.556
WR22 33 - 50 GHz 52.692 GHz 5.69 * 2.84
WR15 50 - 75 GHz 79.75 GHz 3.76 * 1.88

Table 4.1: Open-ended waveguide used in simulations and measurements.

waveguide in Table 4.1 can cover the entire prototype design bandwidth. Hence, the
selection of waveguide depends on the simulation bands. From 30-40 GHz, the lens is
simulated with the WR28. The WR22 is used to illuminate the lens through the band 40-
50 GHz in the simulations. For higher frequency (50-60 GHz), WR15 is simulated with
the lens. The pattern of each waveguide at their respective center simulation frequency
are shown in Fig. 4.1a.
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4.1.3 Broadside Simulated Performance
We first simulated the broadside pattern by placing the waveguide aligned with the lens
axis with a distance F = 20mm from the waveguide open end to the bottom of the lens.

(a) (b)

(c) (d)

Figure 4.1: The simulation results of (a) the normalized patterns for three waveguides in the E- and H-planes (b)
far field patterns in the E- and H-plane; (c) transmitted phase of the lens illuminated by WR22 at 45 GHz, where
the lens aperture is shown as dashed line and (d) the calculated efficiencies across the band.

The radiation patterns and the phase on top of the lens at 45 GHz are plotted
in Fig. 4.1b and Fig. 4.1c, respectively. A flat phase front can be observed from the
plot, within the lens aperture, indicated by the dashed circle. Following the formulas
in subsection 4.1.1, the efficiencies are calculated and presented in Fig. 4.1d. It can be
noted that most of the losses are due to spillover, because of the large pattern from
the open-ended waveguide. While this feed is not efficient to illuminate the lens under
investigation, it is selected to demonstrate the properties of the lens and the validity of
the design. Alternative feed solutions with improved spillover efficiency will be briefly
discussed later in Sec. 4.4. The discontinuities in the curve are due to the change of
feeding waveguides, which have different physical sizes and primary patterns.
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Scan Simulated Performance

The scanning performance of the lens is also evaluated by having lateral shifts on the
feed. The optimal shift is not on a line but on a curved surface. In [42], the scanning
curve for a parabolic reflector is given as a paraboloid that has a curvature radius half
that of the parabolic antenna based on the Petzval surface:

∆z =
∆x2

2F
, (4.7)

where ∆x/∆z represents the displacement to the focal point and F is the focal length
of the system. The scan curve for a Fresnel zone lens is given in [43] and appears to be
a circle:

∆x2 +∆z2 = F 2. (4.8)
Both curves are simulated numerically for the designed lens (shown in Fig. 4.2) and they
appear to be very similar for the considered F/D. Thus, the circular curve is selected for

Figure 4.2: Comparison between two scan curves.

the simulations as it can be easily implemented in the CAD of the commercial software
CST microwave studio. The full-wave simulations shows that the main beam can be
pointed to an angle θ if the feed is rotated by 1.2θ and tilted facing the lens center along
the scan curve. With the main beam pointing towards 10◦, 20◦, 30◦. The scanning
patterns at the center frequency are plotted in Fig. 4.3.

Figure 4.3: Simulated patterns for scanning in the E- and H-planes.
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The full-wave simulated E-field are displayed in Fig. 4.4.

(a) (b) (c)

Figure 4.4: The 2D E-field for scanning to (a) 10◦ (b) 20◦ (c) 30◦.

4.2 Prototype and Measurement
The prototype of the 30-60 GHz flat lens is manufactured following the architecture
shown in Fig. 3.8 and the layout shown in Fig. 3.9. This prototype aims to demonstrate
the wide bandwidth characteristic due to the application of ADLs and validate the
analysis and design procedures. The photographs of the prototype’s core layer, matching
layer and the complete assembled lens are shown in Fig. 4.5.

(a) (b) (c)

Figure 4.5: Prototype pictures of (a) the core layer with metal (b) the outer matching layer with perforations
to achieve εr = 2 (c) the assembled prototype (the metal plate is for demonstration only, not the real size).

4.2.1 Measurement Setup
We used a vector network analyzer (VNA) and two identical open-ended waveguides to
characterize the lens. The lens was measured using WR28 from 30-40 GHz and WR15
from 50-60 GHz, while no measurements are available from 40 to 50 GHz. A holder for
supporting the feeding waveguide and the lens was designed and 3D printed (as seen in
Fig. 4.6a). The flange of the waveguide was screwed to this holder. The lens was placed
on top of a 160mm by 160mm by 1mm stainless steel plate with a circular window in
the center with diameter D = 30mm. This plate was located 20mm (focal length) away
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from the waveguide’s open end. The metal plate was designed relatively large w.r.t. the
lens to provide a good shielding performance and hence a clean pattern can be acquired.
Four plastic screws were used to keep good alignment between the metal plate and the
3D printed holder. The feeding waveguide and the probe waveguide were connected to
the two ports of the VNA using a coaxial-to-waveguide adaptor and a coaxial cable. The
probe was mounted on the 3-axis computer numerical control (CNC) machine vertically
to realize the near field scanning (as shown in Fig. 4.6b). Multiple absorbers were used
to reduce the scattering and reflections within the measurement setup.

(a)

(b)

Figure 4.6: Measurement setup.

4.2.2 Radiation Pattern Measurement
The far field radiation patterns were obtained through near-field (NF) to far-field (FF)
transformation. To measure the radiation patterns of the prototype across the designed
band, two different open end waveguides were used. From 30-40 GHz, an area of 18×18
cm was scanned at a distance 3 cm over the lens using WR28 waveguides. For the higher
frequency band (50-60 GHz), WR15 waveguides were used to scan an area of 12×12 cm
at a distance of 2 cm from the top of the lens.

The near field was sampled with grid distance ∆x = ∆y < λ/2 at the highest
frequency: the scanning step was chosen as 3mm and 2mm for two measuring bands,
respectively.

The FF electric field in the direction identified by the angles θ, ϕ can be found from
the near field measurements as follows:

−→
E ff (θ, ϕ) = jk0 cos θG̃(θ, ϕ)

−→
M eq(θ, ϕ)

e−jk0r

2πr
(4.9)

where −→
M eq is the Fourier transform of the equivalent current distribution on top of the

lens (related to the measured aperture field), the function G̃ is the spectral domain
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dyadic Green’s function of free space, k0 is the wave number and r is radial distance of
the observation sphere.

The equivalent current distribution can be derived from the measured S21 parameters
by applying the equivalence theorem. This 2D distribution consists of both x and y-
components, in order to find both co-polar (Co) and and cross-polar (Cx) components
of the radiated field. From the near field results plotted in Fig. 4.7 for broadside, the
main component is 25 dB higher than the orthogonal one, which will result in low Cx in
the radiation patterns.

(a) (b)

Figure 4.7: Two dimensional near field scan results for (a) Co-pol and (b) Cx-pol at 30 GHz.

In Fig. 4.8, the broadside patterns from simulations and measurements are plotted
together for comparison. The measured results present good agreement with the simula-
tion results near the main beam. The side lobe level of the measured results are slightly
higher than the one from simulations. The Cx-pol is also shown in the figure, but only
for diagonal plane, since it is much lower for the main planes.

For all the measurements evaluating the scanning performance, only the Co-pol com-
ponent was measured since only the main planes are considered.
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(a) (b)

(c) (d)

Figure 4.8: Measured broadside patterns in comparison with simulated results at (a) 30 GHz (b) 40 GHz (c) 50
GHz (d) 60 GHz. The solid curves represents the measured results and dashed ones are for simulations.

The measured scan patterns of the lens are shown in Fig. 4.9, normalized to the
broadside directivity, to quantify the scan loss. A scan loss following the ideal cosine
profile can be observed. A squint of the scan beams can be observed with respect to
the nominal pointing angle. This was observed to be due to an alignment error of the
waveguide feed with respect to the lens.
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(a) (b)

(c) (d)

Figure 4.9: Measured results for different scan angles and frequencies.

4.3 Gain Measurement
The realized gain of the flat lens prototype is measured following the procedure discussed
in [44]. The open ended waveguide was used instead of the standard gain horn to estimate
the gain.

The time-gating technique was applied to eliminate the effect of possible multiple
reflections. The measured gain for the open ended waveguides is shown in Fig. 4.10(a)
and (b), for the two measured bands, respectively (blue curves). The gain provided in
the probe data sheet (green curves) are also plotted for comparison. It can be clearly
see that the measured gain is lower than the provided value, especially for the high
frequency band. It has to be noted, however, that the measured gain also include the
losses of coaxial-to-waveguide adaptor that is not calibrated. To verify this assumption, a
measurement of two waveguides, connected back-to-back with their open ends touching,
was performed. By adding the losses calculated with this measurements to the gain (red
curves in Fig. 4.10), the gain specified by the provider is reconstructed.
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(a) (b)

Figure 4.10: The comparisons of measured gains with typical values of (a) WR28 from 30 GHz to 40 GHz and
(b) WR15 from 50 GHz to 60 GHz.

4.3.1 Alignment
The broadside measured pattern, for the high frequency band, was squinted by about
4 degrees with respect to the boresight direction. The patterns plotted in Fig. 4.9
are corrected for this tilt. A more in depth discussion is reported in this section. A
misalignment of the feed with respect to the lens due to the deformation of the holder
was observed. Because of the weight of the cable connected on one side of the adaptor, the
waveguide is slightly tilted with respect to the nominal on-axis placement. Simulations
of the tilt angles were performed, showing that even 1◦ tilt of the waveguide results in
a 4◦ shift in the main beam and a drop to up to 0.8 dB in the broadside directivity.
This is due to the fact that the waveguide is very long (10cm) and it is attached to the
holder at its base, thus a small tilt results in a significant shift of the waveguide open
end (10cm× tan(1◦) = 1.7mm).

To reduce the error, the drop of the directivity was evaluated by comparing simula-
tions with and without tilt. The pattern is corrected for a certain misalignment by:

S12corr(x, y) = S12meas(x, y)e
−jk0x sin θtilt,xe−jk0y sin θtilt,y . (4.10)

where θtilt,x and θtilt,y are tilt angles in the two main planes, corresponding to a
certain shift of the feed along x and y. For example, the original measured transmitted
phase at 60 GHz is plotted in Fig. 4.11a. A linear phase shift in both x and y directions
can be seen clearly. If a correction with θtilt,x = −2◦ along x and θtilt,y = 2◦ along y
is applied, the flat phase distribution is re-obtained, as the results shown in Fig. 4.11b.
The corresponding position of the lens is indicated in dashed curve.
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(a) (b)

(c)

Figure 4.11: (a) The original measured transmitted phase, (b) the measured transmitted phase with misalignment
correction at 60 GHz and (c) the directivity decreasing of 1◦ tilting simulations.

The drop of directivity was evaluated from full-wave simulation results. The maxi-
mum directivity difference between the well-aligned system and the one with tilted feed
varies from 0.4 dB (50 GHz) to 0.8 dB (60 GHz).

4.3.2 Limited Distance in the Setup
Secondly, limited by the structure of the CNC machine, the maximum separation dis-
tance between two waveguides is 28.8mm. The far field condition is R > 2D2/λ is no
longer verified when the frequency is higher than 48 GHz. To estimate the effect of this
approximation, we calculated the field radiated by a uniform current distribution with
the same size of the lens, at the distance used in the measurements. We then compared
the beamwdith obtained using the far-field approximation with the result from the gen-
eral radiation integral valid also in the near field. A small difference in gain is estimated
to be up to 0.15 dB at the highest frequency.
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Figure 4.12: Measured and simulated directivity and gain.

4.3.3 Metal Surface Roughness
Another part of the deviations comes from the roughness of the metal, that was originally
not included in the lens simulations. Although in the simulations, the losses of the
dielectric material and the metal are considered, the metal was simulated as infinitely
thin pure copper slab with a conductivity of σ = 5.97×107 S/m to reduce the simulation’s
complexity. In practice, the metal has a certain thickness (18µm for inner layers, 36
µm for outer layers) and specific surface roughness. This difference was re-evaluated by
comparing the simulations of one unit cell, consisting of zero thickness pure copper metal
layers, with the one having the realistic thicknesses with the surface roughness as 0.0028
mm (specified in the PCB datasheet). The additional loss due to surface roughness was
estimated to be around 0.3 dB for the center unit cell, but will be lower for all the other
unit cell which contain less metal.

4.3.4 Comparison Between Measurements and Simulations
With all the corrections being made for the measurements, the final plots for the mea-
sured and simulated directivity and gain are plotted in Fig. 4.12. Since different waveg-
uides are used for the measurements in two sub-bands, a drop between the two measured
gain can be observed. This can be explained by the reduce of the spill-over efficiency
when switching to the waveguide with smaller physical aperture (WR15). It can be noted
that the measured curves are in fair agreement with the simulations for both directivity
and gain.

The breakdown of the different causes of losses earlier presented in Fig. 4.1d high-
lights that the main difference between gain and directivity is the spillover losses of
the waveguide feed. Thus, the good agreement between measured and simulated gain
confirms that only a minor contribution of the losses come from Ohmic and reflection
losses.

In the following section, more suitable feeds with higher spillover efficiency are briefly
discussed.
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4.4 Alternative Feeds
From the simulation results with waveguides, it can be seen that although the taper
efficiencies are high, the aperture efficiencies are relative low due to the very wide primary
patterns. Also, the pattern varies a lot across the bandwidth, resulting in the unstable
secondary patterns. Therefore, the performance of the system can be improved with a
better feed design. This feed is supposed to have most of its power intercepted by the
lens and have frequency independent patterns in the band 30-60 GHz. While the design
of an optimized feed was not the focus of this work, a basic study of different feeds was
carried out. Two feeds were considered: a conical horn and a 4 by 4 connected slot array.

4.4.1 Conical Horn
A conical horn antenna consists of a cylindrical waveguide and a flared transition is
considered, as shown in Fig. 4.14a. The geometrical parameters are chosen to have a
maximum -10 dB taper across the lens aperture at the center frequency. The primary
patterns of this conical horn are plotted in Fig. 4.13a. Due to the circular aperture of
the conical horn, its primary patterns have a good symmetry for E- and H-plane. This
symmetry is largely maintained on the secondary patterns (Fig. 4.13b).

(a)

(b)

Figure 4.13: (a) The primary patterns of the conical horn. (b) The secondary patterns of lens illuminated by the
horn.
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(a)

(b)

Figure 4.14: (a) Conical horn feed (b) 4 by 4 connected array.

4.4.2 4x4 Connected Array
A connected array antenna was used in [45] to realized a wideband reflector feed.
Frequency-independent patterns were obtained from the array by feeding the elements
with a quadratic phase distribution and an amplitude taper. The quadratic phase cre-
ates a virtual focus at a certain distance from the array, keeping the beamwidth of the
primary pattern less dispersive with the frequency. If the quadratic phase is obtained
with true-time delay lines, the position of the virtual focus does not change with the
frequency. The amplitude taper was used to reduce oscillations in the patterns. The
same idea is used here for a small array of 4 by 4 elements, to illuminate the lens under
consideration.

The 16-port connected array shown in Fig. 4.14b is designed and simulated. Each
port of the array is stimulated with different amplitude and phase. The matrix for the
amplitude taper and phase delay for the excitation is generated by the production of
the excitation array along the x- and y-directions. To find the optimal set of excitation
parameters, an optimization process is implemented by minimizing the cost function,
which is defined as the difference at three difference frequency (30, 45 and 60 GHz)
for both E- and H- planes with an ideal frequency independent Gaussian beam. The
amplitude and phase excitations are defined as follows:

amp =


AxAy Ay Ay AxAy

Ax 1 1 Ax

Ax 1 1 Ax

AxAy Ay Ay AxAy



phase =


−(Lx + Ly)k0 −Lyk0 −Lyk0 −(Lx + Ly)k0

−Lxk0 0 0 −Lxk0
−Lxk0 0 0 −Lxk0

−(Lx + Ly)k0 −Lyk0 −Lyk0 −(Lx + Ly)k0


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where Ax, Ay are the amplitude taper parameters of excitation and Lx, Ly refer to the
extra feeding length of the true-time-delay lines used for the quadratic phase implemen-
tation. In this work, the optimized feeding parameters are defined by Ax = Ay = 0.6
and Lx = Ly = 0.8mm.

(a)

(b)

Figure 4.15: (a) The primary patterns and (b) secondary patterns of E and H plane for lens illuminated by the
4x4 connected array

The primary patterns from the connected array feed are shown in Fig. 4.15a. It can
be noticed that the directivity of these patterns for an octave bandwidth varies of about
4 dB, which is 2 dB less than the conical horn. The secondary patterns for the connected
array feed are plotted in Fig. 4.15b.

The extracted efficiencies for the two alternative feed discussed above can be seen in
Fig. 4.16. It can be observed that both feed concepts provide higher efficiency compared
to the open-ended waveguide, mainly due to the reduced spillover. The horn reaches
higher total efficiency at frequency above 40 GHz, but it is slightly worse at 30 GHz be-
cause of the larger primary pattern. The connected array provides more stable efficiency
across the octave bandwidth, higher the 60%.

The phase center is an imaginary point where the incoming signal are focused or the
origin of the EM wave propagates spherically outwards. The feed should be placed to
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ensure its phase center is located at the focal point. Generally, the aperture center is
regarded as the phase center of waveguides. However, the phase center of a horn antenna
is somewhere in between the throat to the aperture and is frequency dependent. It is
fair to note that the implementation of the amplitude and phase distribution for the
connected array would require a feeding network that would generate additional Ohmic
losses. The design of a low-loss feed network based on parallel plate waveguides goes
beyond the scope of this thesis and is left for a follow-up study.

Figure 4.16: Efficiencies for the conical horn and 4x4 connected array, where the dashed curves represent ηso;
dotted curves stand for ηt; solid curves refer to ηap.
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Chapter 5

Other GRIN Lens Designs

Despite the focus of this thesis was on the design and experimental validation of a
collimating flat lens, some other GRIN lenses following the design equations in Chap. 2
have been investigated and synthesized with the ADL structure. Two different examples
of lens designs are illustrated in this chapter by means of simulations: a flat core lens
transferring spherical waves across different media and a flat Fresnel zone lens.

5.1 Flat Lens for 140-170 GHz Core-Shell Lens System
The core-shell lens is an optical system consisting of a smaller core lens surrounded by a
larger shell lens with different optical properties. The core lens is co-designed together
with the feed to control the primary pattern illuminating the larger lens.

Such a system with a bandwidth of 140-170 GHz is presented in [46], where the
core lens functions as a transition between different media. It has a spherical shape for
reducing the influences on the patterns, with a matching layer on top of it to reduce
the reflections. The main idea in [46] is depicted in Fig. 5.1a and consists in placing a
small high permittivity lens in the vicinity of the feed to exploit the leaky wave nature of
the feed and to enhance the feed radiation performance. However, the high permittivity
material would not be suitable for the large dielectric lens that is used to achieve high
directivity. Such a material would have high cost and high reflections at the top interface.
For this reason a transition between the electrically dense material of the small lens
(εr = 12) and a lower permittivity (εr = 2.3) for the larger lens is realized. The
large lens is then made of low-loss and low-cost plastic material, which is convenient for
mmWave applications.

One limitation of the design proposed in [46] is that the interface between the core
lens and the shell lens is curved, which increases the manufacturing complexity, since
the two curved surfaces need to be very accurate to avoid air gaps. Moreover, also
the matching layers needs to be curved and accurately manufactured to avoid air gaps
between the matching layer and the plastic lens. The original core lens has a diameter
of 3.91mm and F = 2.75mm. At the interface between the core lens (εr = 12) and
the larger plastic lens (εr = 2.3), a matching layer with relative permittivity of 5.2 is
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considered. The lens is manufactured as a spherical surface above a slab with thickness
1.34mm.

(a) (b)

Figure 5.1: (a) Geometry of original core-shell lens and (b) geometry of flat-core shell lens.

5.1.1 Lens Design
Here, a flat GRIN lens is proposed to replace the spherical lens for the mentioned appli-
cation. For the design we assume εr,host = 7, εr,in = 12, and εr,out = 2.3. The maximum
permittivity is set to be around:

εr,max ≈
ε2r,host
εr,out

, (5.1)

so that part of the host material can also be used as a quarter-wavelength matching
layer at the center frequency above the lens. An analysis of the minimum thickness of
the slab below the GRIN lens was performed. Because this slab is now flat, it can be
realized as a flat silicon slab. It was observed that the slab’s thickness could be reduced
to 0.7mm or even 0.5mm without significant loss of performance, while simplifying the
GRIN lens design. Therefore, the new focal length decreases to 2.1mm. The diameter
of the flat lens is 3.64mm to have a similar subtended angle as the original design.
The results shown in Fig. 5.2a is the lens designed followed the procedure presented in
Chap. 2. This lens has a maximum permittivity εr,max = 22 and a thickness of 0.87mm.
Considering the manufacturing limitations, the thickness of the lens core was adjusted
to be integer multiple of the minimum internal layer thickness, where Low Temperature
Co-fired Ceramic (LTCC) was considered as suitable fabrication technology.

Fig. 5.2b shows the ray tracing on the fine tuned designed with εrmax = 22 and
Tcore = 0.7mm. The thickness of the matching layer is adjusted to 0.17mm. An example
elliptical shell antenna with a diameter of 15λ0 is designed using the geometrical optics
/ Fourier optics (GO/FO) tool developed in [47], and simulated with the adjusted flat
lens. The ray tracing simulation of the whole system is displayed in Fig. 5.2c.
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(a) (b) (c)

Figure 5.2: Ray tracing simulations for flat core lens of (a) initial design, (b) adjusted design and (c) design with
the outer shell lens.

5.1.2 ADL Synthesis
The ADL has to be designed to achieve the maximum permittivity of the core εr,max = 22.
The period of the ADL patches p = 0.28mm = 0.14λ0, where λ0 is the wavelength in
free space. Fig. 5.3a shows the effective permittivity realized as a function of internal
layer distance at the center frequency with fixed p. Fig. 5.3b represents how dispersive
the ADL is, by plotting the variations of effective permittivity across the band. The
distance between layers is selected as 0.1mm so that the ADL structure can have an
appropriate permittivity and also avoid being too dispersive from 140 to 170 GHz.

(a) (b)

Figure 5.3: (a) Maximum relative permittivity realizable and (b) variation of permittivity across the band.

The lens designed as continuous varying permittivity distribution can be divided
into 13 unit cells given the period. The permittivity sampled at the center of these
unit cells can be mapped to the gap width needed for the ADL structure to synthesize
this permittivity value. The sampled permittivity and the mapping with gap width are
shown in Fig. 5.4
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(a) (b)

Figure 5.4: (a) GRIN lens core permittivity discretization and (b) cross-section of the ADL realized GRIN lens.

With this lookup table established, seven different unit cells (symmetrical design) are
designed. To verify whether the design is well-matched through the band as expected,
the S11 of the center unit cell is plotted in Fig. 5.5a based on the equivalent circuits of
ADL. This unit cell is chosen due to its largest dielectric contrast and transformer ratio
of the matching layer (from εr = 22 to εr = 7).

(a) (b)

Figure 5.5: Reflection coefficients S11 of (a) the center unit cell and (b) all unit cells.

The reflection coefficients of all unit cells are also plotted in Fig. 5.5b. It is noticeable
that the reflection coefficients are all below -10 dB across the target band. The 3D lens is
built by combining all these unit cells and relating each unit cell with its radial distance
to the lens center. The final flat core lens has seven metal layers (the structure is shown
in Fig. 5.6).
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Figure 5.6: Flat core lens structure.

Each metal layer has the maximum shift with respect to the adjacent layer to decrease
the total thickness. The cross-section of the ADL-implemented lens is shown in Fig. 5.4b.

5.1.3 Simulation Results
The radiation patterns of the complete flat-core shell lens antenna were simulated in CST
Microwave Studio. The comparisons between the far field patterns for both E- and H-
planes at three frequency points of the curved original design and the flat ADL-realized
design are plotted in Fig. 5.7. The patterns are calculated considering a semi-infinite
medium above the flat lens with the same permittivity of the large shell lens. It can be
observed that the flat lens design has radiation patterns very close to the original design
through the band, for both E and H plane.

Also, the patterns are relatively stable in terms of beamwidth for all frequencies, as
shown in Fig. 5.8a. This property results in an efficient and wideband illumination of
the larger plastic lens. The map of the E-field magnitude at 155 GHz on a vertical plane
crossing the lens is plotted in Fig. 5.8b. It can be observed that both the input and
output fields from the lens behave like spherical waves, but with different wavenumbers.
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Figure 5.7: Pattern Comparisons.

(a) (b)

Figure 5.8: (a) Far field patterns of flat core lens and (b) simulated E field at 155 GHz.

5.1.4 LTCC Realization
LTCC (low temperature co-fired ceramic) is an advanced technology used in the elec-
tronics and telecommunications industry for manufacturing multi-layered ceramic cir-
cuits and components. LTCC technology offers several advantages over traditional meth-
ods, making it popular for various applications. The key features and advantages of
LTCC technology include:

• High Frequency Capability: LTCC materials offer excellent electrical proper-
ties at high frequencies, making them ideal for RF circuits and devices. They have
low dielectric losses, high Q factor, and good signal propagation characteristics,
allowing for efficient RF signal transmission and reception.

• Miniaturization and Integration: LTCC enables the miniaturization of RF
components and circuits due to its multi-layer capability. By stacking multiple
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layers of conductive and dielectric materials, complex RF structures can be de-
signed and integrated into compact packages, saving space and improving overall
system performance [48].

• Wide Frequency Range: LTCC technology supports a wide range of operating
frequencies, from a few megahertz to sub terahertz, making it suitable for various
RF applications across different industries.

The typical dielectric constant for LTCC substrate materials range from 6 to 10. The
minimum thickness of internal layer reach until 25µm and can have a multi-layer struc-
ture of up to 40 stacks.

The DuPont™ Green Tape ™ 951 is a low-temperature cofired ceramic tape that
can offer the corresponding layer thickness and a dielectric constant around 7 [49]. Part
of the physical and electrical properties of these lamination substrate boards are shown
in Table 5.1. The designed lens can be realized with the structure below Fig. 5.9

Figure 5.9: Flat core lens stackup design based on LTCC.

Tape
Product

Unfired
Thickness

X,Y
Shrinkage

Surface
Roughness εr Loss Tangent

951C2 50 ± 3 µm 13.0 ± 0.2 %

<0.34 µm

7.8 ± 0.2
(@ 3 GHz)
7.5 ± 0.2

(@ 10 GHz)

0.006
(@ 3 GHz)

951PT 114 ± 8 µm
12.7 ± 0.3 %951P2 165 ± 11 µm

951PX 254 ± 13 µm

Table 5.1: DuPont™ green tape ™ 951 specifications.

5.2 Flat Fresnel Zoned Lens at 7 THz
In some applications at very high frequency (7 THz), the frequency band of operation
can be given up to gain in terms of reduced cost and complexity. For example, THz
superconducting detectors operating at this frequency do not require a large bandwidth,
but would benefit enormously by a more accurate process to manufacture the lenses. A
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flat lens could be realized with Electron beam processing, that is much more accurate
in terms of alignment and precision with respect to curved lens surfaces.

One way to limit the complexity is by limiting the number of metal layers of the
GRIN lens. This results in a lens that is no longer true time delay, but implements a
Fresnel zone lens with 2π phase jumps at the interface with the adjacent zone lens, as
shown in Fig. 5.10a. Therefore, the size of each zone lens is determined by the phase
to compensate. To have the flat equi-phase plane, the phase needed to be compensated
with respect to the radial distance x can be expressed as:

∆φ = k0 nin
(√

F 2 + x2 − F
)
, (5.2)

where k0nin represents the wavenumber in the lower medium. If one considers a lens
with F/D = 1 with silicon (εr = 12) below, the phase variation versus the incident angle
is plotted in Fig. 5.10b.

(a) (b)

Figure 5.10: (a) A graphic illustration of Fresnel zone lens. (b) Phase variation on the lens with respect to incident
angle.

However, this come at the cost of a narrow bandwidth because the point at which
the phase wraps is frequency dependent, meaning that at other frequencies this jump
happens at the different position and a phase error is introduced.

5.2.1 Lens Design
The position where the phase is wrapped is the boundary between two lens zones. If the
focal length of such scenario is 175 µm, the diameter of the center lens is 125 µm and
25 µm for the first zone lens. The flat Fresnel zone lens is assumed to located between
silicon and free space, with a thin layer of parylene (εr = 2.62) as the matching layer
between the lens and free space. The lens is designed to operate at 7 THz with SiC or
SiNx (εr ≈ 8) as the host material for ADL patches. The centre lens is identical as a
collimating lens. The operation bandwidth of this lens is quite narrow due to the phase
wrapping. The thickness of the lens will be 15 µm if εr,max = 35 for the center lens.
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To avoid too much energy being reflected due to mismatch, a quarter-wavelength
impedance transformer is designed for matching silicon to core lens. This defines the
thickness as 2.4µm and εr,max as 20.5 of the lower matching layer. For matching the
lens core to the parylene thin film and free space, a two section impedance transformer
is applied. The structure of the lens is shown in Fig. 5.11. The total thickness of the
lens to design is 20.1µm.

Figure 5.11: Zone lens structure.

Different from previous designs, the distribution of permittivity (shown in Fig. 5.12a)
is not continuous at the boundaries between the center lens and first zone lens, the
ray tracing simulations are carried out on the center and zone lenses separately. The
combination paths of ray is shown in Fig. 5.12b.

(a) (b)

Figure 5.12: (a) Distribution of permittivity. (b) Ray tracing simulations.

5.2.2 ADL Synthesis and Simulation Results
Taking into account for the need for high maximum permittivity and the compact size, we
chose the period of the ADL as pADL = 5µm and the interlayer distance as dz = 2.5µm.
This gives a minimum 0.5µm gap width between patches, that can be realized with
electron-beam lithography. The whole lens is discretized into 35 unit cells and 7 layers.
The top view of the central row of each layer is shown in Fig. 5.13.
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(a)

(b)

(c)

Figure 5.13: The top view of the central row of metal patches for the (a) matching layer (b) non-shifted core layer
(c) shifted core layer of the Fresnel zone lens.

To make simulation faster, only a slice of the lens is simulated (2D geometry) assum-
ing a periodic boundaries in the other dimension. A waveguide feed, with an aperture
size of 22µm by 5µm offering 48◦ of -10 dB beamwidth and 91.5% of spillover efficiency
is used to illuminate the lens. In Fig. 5.14a, the full-wave simulated phase variation
cross the lens is plotted. A flat phase front can be observed on the transmitted side of
the lens.

(a)

(b)

Figure 5.14: (a) Phase distribution and (b) far-field pattern simulated at 7 THz with periodical boundary condi-
tions.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion
In this work, artificial dielectric flat lenses were investigated, including different aspects
of analysis, design, and experiments.

Design equations for different type GRIN lenses were derived, to achieve transmitted
wavefronts with arbitrary linear or quadratic phase profiles. The method provided is
semi-analytical, based on closed form expressions of the optical path through the GRIN
lenses, and analytical or numerical solutions for all the lens parameters, to find the
refractive index distribution.

Once the desired refractive index profile is obtained, ray tracing is used to validate
the design and fine-tune the lens to include matching layers. Finally the synthesis of
artificial dielectric layers (ADLs) that implement the desired permittivity distribution is
performed, based on techniques that were available in the group from prior work.

To verify the design procedure, a wideband (30-60 GHz) collimating GRIN lens in
free space based on ADLs is designed. The lens is designed to have a diameter of 6λ0,
with an overall thickness of 1λ0 at the highest frequency and an F/D equal to 0.67. The
continuous varying permittivity profile is discretized and realized by ADLs. Two sections
of impedance transformer are applied to match the center permittivity εr,max = 22 to
free space. The simulated S11 based on the transmission line model shows reflection
coefficients lower than −10 dB across the aperture. The outer matching layer, which
has a lower permittivity than the host material, is realized by perforations to achieve
an effective permittivity of 2. The lens design was validated with extensive simulations,
showing wide bandwidth and high efficiency.

The lens was tested with a simple feed (open end waveguide) to demonstrate the
intrinsic performance on the lens. The simulation results showed the effective spherical
to planar phase front conversion, with a taper efficiency > 90%, low Cx-pol (around
−20 dB normalized to Co-pol maximum), low side lobe (less than −15 dB) and high
directivity (max 25.5 dB). With the choice of the waveguide feed, high spillover losses are
obtained but two possible feeds were briefly investigated, that could achieve an overall
aperture efficiency around 60% across the entire band.
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Based on this design, a prototype was manufactured and measured with two different
open-ended waveguides in two sub-bands. The radiation patterns were measured by near
field to far field transformation. Broadside and three scanning patterns were measured.
The misalignment between the feed and the lens due to the deformation of the 3D printed
holder is corrected by adding a corresponding phase shift to the measured aperture field
and compensating for the directivity drop estimated with from-full wave simulations
(with and without tilt). The gain of the prototype is also measured, showing good
agreement with simulations.

Different GRIN lens designs were also carried out, manipulating the wave in different
ways. A flat lens is designed to replace the curved core lens of a core-shell antenna in
sub-THz band (140-170 GHz). Both ray tracing and full-wave simulation were presented.
They demonstrated the implementation method achieves almost identical performance
as the original design, based on a curve lens. As another application example, a flat
Fresnel zone lens operating at 7 THz, which compensates for the phase difference of
the incident field by phase wrapping, is designed and simulated. Although the abrupt
changes of the track width introduce some errors because of the broken periodicity of
the ADL patches, a flat phase front can be observed in the full wave simulation results.

The presented design method is based on simple MATLAB codes and was imple-
mented in a graphical user interface (GUI) to aid different designs in the future.

6.2 Future Work
One of the aspects that was briefly discussed but can be further investigated is the
design of the feed. A wideband lens design is useful only if combined with a feed that
can illuminate the lens efficiently across this wide bandwidth. The design of an optimized
feed could be the scope of a follow up study, to improve the aperture efficiency above 60%.
An optimal feed should ensure frequency invariant patterns with flat-top characteristics
and stable phase center with the frequency range.

Possible solutions for wideband feeds can be realized with conical corrugated horn
antennas [50] or double-ridge horn [51] (see Fig. 6.1a and Fig. 6.1b). Also a small array
with quadratic phase illumination could be further investigated for the same purpose [45].
Other wideband feed based on small lenses could be used, such as the connected-array-
fed hyper-hemispherical lens introduced in [52], which achieved stable patterns for a
3:1 band (see Fig. 6.1c), or the hemispherical lens fed with corrugated waveguide feed
proposed in [53] as shown in Fig. 6.1d.
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(a) (b)

(c) (d)

Figure 6.1: (a) Cross section of the corrugated conical horn antenna (Image credit: GrabCAD Community). (b)
3D-printed double-ridges horn. (c) Connected-array-fed hyper-hemispherical lens. (d) Hemispherical lens fed with
corrugated waveguide.

Secondly, more studies can be made on the design equations, especially for the case
with the matching layers. One can also take the ray paths and phase variations within the
matching layers into the total phase variations to optimize the design with specific type
of matching layers. Therefore, instead of shrinking the core thickness, a more rigorous
design including the matching layers can be realized to optimize the performance.

Moreover, with the given closed-form expressions for the optical path integration
inside the GRIN lens, more applications based on GRIN lens can be explored to shape
the transmitted wave. A better algorithm for finding the mappings between the incident
and transmitted angles for different scenarios could be found, especially for the area near
the lens center and edges that are more critical for the ray tracing.

The measurement setup for the prototype can also be improved by applying better
methods to ensure the alignment and avoid unwanted inaccuracies. A more stable and
adjustable holder could be used to mitigate this problem. A more accurate evaluation
of gain can be realized by using the standard gain horn antennas instead of the open-
ended waveguides. Cleaner pattern measurements would be possible if the prototype is
measured in an anechoic chamber, with absence of reflections from the environment.

Last but not least, more efforts can be made to improve the GUI’s performance. The
execution speed of the GUI is relative slow, especially for the optimization part, which
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finds the best set of parameters for additional phase shift to compensate the deviations
due to the presence of matching layers. The data can be better assigned for slicing so
that the parallel computations can be applied (or implement the equations optimized for
matching layer, which is also the possible future works). It might be interesting to find a
better way for retrieving the permittivity distribution to avoid doing interpolations after
solving the design equations at certain sampled points, which is the present approach.
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Appendix A

Steps for Finding Optical Path Integration

The following derivations are based on the work of [15], but are extended for more general
applicability to different GRIN lens designs.

To find the distribution of permittivity across the lens, a closed-form expression for
the integration term is needed. with reference to Fig. A.1, considering a small section
of arc ds on the ray’s trajectory within the lens, according to Pythagoras theorem, one
can write:

ds =
√
dx2 + dz2 =

√
1 +

(
dz

dx

)2

dx . (A.1)

Therefore, the original integration along the arc can be transformed into the inte-
gration on x under Cartesian coordinate system:∫ P2

P1

nds =

∫ x2

x1

n

√
1 +

(
dz

dx

)2

dx . (A.2)

It can be noticed that, inside the lens, since the refractive index only varies in a
continuous manner along x, the Snell’s law is verified at every vertical interface between
infinitesimal regions. This can be expressed as

n(x) cosϕ = Constant (A.3)

(A.3) is valid for every position inside the lens, including both upper and lower
boundaries. Therefore, the value of this constant can be found by applying (A.3) on the
boundaries (at the points P1 and P2):

n1 cosϕ1 = n2 cosϕ2 (A.4)

where n1 and n2 denote the refractive index at x1 and x2 respectively. Similarly, the
Snell’s Law can be applied on these positions for the horizontal interfaces:

n1 sinϕ1 = nin sin θin (A.5a)
n2 sinϕ2 = nout sin θout . (A.5b)
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Figure A.1: Optical path inside the lens.

Combining (A.3) and (A.5):

n2
1 cos

2 ϕ1 = n2
1(1− sin2 ϕ1) = εr1 − n2

in sin
2 θin (A.6a)

n2
2 cos

2 ϕ2 = n2
2(1− sin2 ϕ2) = εr2 − n2

out sin
2 θout . (A.6b)

From the trigonometric equations, (A.3) can be written as:

n cosϕ = n cotϕ sinϕ = n
cotϕ√

1 + cot2 ϕ
. (A.7)

The cotangent of the angle inside the lens can be related with the slope of the path by:

dz

dx
= tan

(π
2
− ϕ

)
= cotϕ (A.8)

Thus,

n

dz

dx√
1 +

(
dz

dx

)2
= n2 cosϕ2 . (A.9)

By applying some algebraic steps, (A.9) can be rewritten as:

dz

dx
=

n2 cosϕ2√
n2 − n2

2 cos
2 ϕ2

. (A.10)

Substituting (A.6b) and (A.10) into (A.2), we can write∫ P2

P1

nds =

∫ x2

x1

n2√
n2 − (εr2 − n2

outsin
2θout)

dx . (A.11)
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To close this integral, it is assumed that the relative permittivity changes linearly in the
region between x1 and x2 with a slope a (a > 0):

εr − εr2 = a(x2 − x) (A.12)

where a can be expressed as:
a =

εr1 − εr2
x2 − x1

. (A.13)

Using (A.6), a can also be expressed as

a =
n2

in sin
2 θin − n2

out sin
2 θout

x2 − x1
. (A.14)

(A.2) can be closed using commercial mathematics software. The closed-form expression
for the integration is:∫ x2

x1

nds = 2
S3

in/3 + 2S3
out/3 + (εr2 − S2

out)Sin − εr2Sout
a

(A.15)

where Sin = nin sin θin, Sout = nout sin θout. Similarly, substituting (A.5a), (A.6a) into
(A.2), a dual expression of (A.15) as function of εr1 is obtained:∫ x2

x1

nds = 2
−2S3

in/3− S3
out/3 + (S2

in − εr1)Sout + εr1Sin
a

. (A.16)

The integration contains both a and εr1 or εr2 as unknowns. To solve this, another
set of equations is needed. Supposing that the thickness of the GRIN lens is T , then the
integration along z-direction is:

T =

∫ T

0
dz =

∫ x2

x1

dz

dx
dx

(A.10)
=

∫ x2

x1

n2 cosϕ2√
n2 − n2

2 cos
2 ϕ2

dx (A.17)

This analytical integral expression can also be closed using commercial mathematics
software and gives:

T =
2
√

εr2 − S2
out(Sin − Sout)

a
. (A.18)

Similarly, if the equations with εr1 are used, the dual expression for (A.18) is obtained:

T =
2
√

εr1 − S2
in(Sin − Sout)

a
. (A.19)

Combining (A.15) with (A.18) and (A.16) with (A.19), the complete closed-form expres-
sion for the optical path inside the lens are found:∫ P2

P1

nds = T
S3

in/3 + 2S3
out/3 + (εr2 − S2

out)Sin − εr2Sout√
εr2 − S2

out(Sin − Sout)
(A.20a)∫ P2

P1

nds = T
−2S3

in/3− S3
out/3− (εr1 − S2

in)Sout + εr1Sin√
εr1 − S2

in(Sin − Sout)
. (A.20b)
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Appendix B

Derivation of the Eikonal Equation

The step-by-step derivations of the Eikonal equation and the ray equation are presented
in [28]. Here, another approach is outlined.

B.1 Eikonal Equation from Wave Equation
For a source-free, isotropic, linear, homogeneous region, the wave equation (Helmholtz
equation) is given as [54]:

(∇2 + ω2εµ) E(r) = 0 . (B.1)

where E(r) is a scalar field, ω is the angular frequency, r is the position vector, ε and
µ are the permittivity and permeability of the medium. The general solution for this
equation can be written as:

E(r) = E0(r)e
−jk̄·r = E0(r)e

−jk0n(r)k̂·r (B.2)

where k = kk̂ is the wave vector, k̂ is the unit vector along the propagation direction,
E0(r) is the complex vector amplitudes, k0 is the wavenumber in free-space and n is
medium’s refractive index which can be written as the root of the production of its
relative permittivity εr and permeability µr: n =

√
εr µr. Defining S(r) = n(r)(k̂ · r),

where S(r) refers to the concept ’eikonal’, one can write the general solution as

E(r) = E0(r)e
−jk0S(r). (B.3)

Substituting E(r) into (B.1):

k20

(
k2

k20
−∇S(r) · ∇S(r)

)
E0(r)− jk0

(
2∇S(r) · ∇E0 + E0∇2S(r)

)
+∇2E0 = 0 , (B.4)

divided by k20:(
k2

k20
−∇S(r) · ∇S(r)

)
E0(r)−

j

k0

(
2∇S(r) · ∇E0 + E0∇2S(r)

)
+

∇2E0

k20
= 0 . (B.5)
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Figure B.1: A small arc on the ray trajectory.

If the GO approximations (λ0 → 0,k0 → ∞) are applied, the last term of (B.5) vanishes
as a high-order small value. To have this equation equals to 0, it is equivalent to have
both its real and imaginary part equal to 0. The real part is dependent on E0(r), which
is not 0 all the time. Therefore, it can be derived that:

k2

k20
−∇S(r) · ∇S(r) = 0 (B.6)

⇒ (∇S(r))2 = n2 (B.7)

This expression is called as the scalar Eikonal equation. Noting that here S(r) is a scalar
function of r and ∇S(r) is a vector, so the square on both side can not be canceled but

|∇S(r)| = |n| (B.8)

is valid. With the Eikonal equation, it is possible to find the ray trace by finding S using
Eikonal equation first, then force S to be constant for finding a certain equi-wavefront.
The normal vector of the phase front represents the direction of ray propagation.

B.2 Ray Equation from Eikonal Equation
It is possible to derive a function that describe the ray path directly based on Eikonal
equation. Considering a small arc section dS on the ray path function S(r) (shown as
Fig. B.1), dr is a vector tangent to dS with length approximately equals to ds. The unit
vector τ is given by:

τ =
dr

ds
(B.9)

τ is normal to the equi-phase plane so

τ ∥ ∇S(r) (B.10)
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This vector stands for the direction of ray. Therefore, combining (B.8):

∇S(r) = |∇S(r)|τ = n
dr

ds
(B.11)

The differentiate along s can be written as:

d

ds
= Σi

dxi
ds

∂

∂xi
=

dr

ds
· ∇ (B.12)

Taking the derivative on (B.7):

2∇S(r) · ∇∇S(r) = 2n∇n → (n
dr

ds
· ∇)∇S(r) = n∇n (B.13)

Substitute (B.11) into (B.13):

n
d

ds
(∇S(r)) = n∇n (B.14)

Combining (B.13) with (B.14) and cancel out the refractive index on both side:

d

ds
(n

dr

ds
) = ∇n (B.15)

The explicit forms for the Eikonal equation ((B.7)) and the ray equation ((B.15)) under
the Cartesian coordinate system can be found in [28]. This ordinary differential equation
set with six sub-equations and six unknowns (the x, y, z positions and the tangential
direction of ray trajectory in x−, y−, z− directions)
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Appendix C

Graphic User Interface for GRIN lens
design and ray tracing simulation

A graphic user interface (GUI) based on MATLAB is designed applying the equations
reported in Chap. 2. The layout of the GUI is shown in Fig. C.1.

Figure C.1: Layout of the GUI

1. Geometry panel The design parameters for the GRIN lens’s core can be spec-
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ified in this panel.

• εr,min is the minimum relative permittivity of the lens.
• εr,in is the relative permittivity of the medium below the lens.
• εr,max is the maximum relative permittivity of the core. This variable is not

editable when Fixed T is checked and is calculated automatically.
• εr,out is the relative permittivity of the medium above the lens.
• Thickness is the thickness of the core. This value is editable if Fixed T is

checked and can be input with the unit mm and µm.
• Fixed T is the check box to enable the design following a fixed thickness.
• Diameter is the diameter of the GRIN lens in either mm or µm.
• Focal length is the focal length of the lens in mm or µm.
• Frequency is the center frequency of the design band. This value is used to

calculate the thickness of the quarter wavelength impedance transformer in
the Matching layer panel. The frequency can be given in Hz, MHz, GHz
or THz.

• Shrink is the shrink factor of the core thickness. This is the parameter for
optimizing the transmitted phase when the matching layers are introduced.

• Matching layer is the check box to enable the Matching layer panel.

2. Settings panel In this panel, some basic settings for the GRIN lens design and
ray tracing simulations can be made.

• Phase Front is where the scenario is chosen.
• InitialStep, AbsTol, RelTol are the initial step size, absolute error toler-

ance and the relative error tolerance of the ode solver. More infomation can
be found in odeset.

• Scan angle is the scan angle for the GRIN lens under Scan mode in degree.
• Xshift is the lateral shift of the feed on the horizontal focal plane. This

parameter is normalized to the diameter.
• N sample is the sample points for finding the permittivity profile.
• No. Rays is the number of rays to simulate across the lens.
• Plot Adjust is the extra shift on plot to avoid plotting the ray transmitted

through lens’ side edges.
• Reverse only is the check box for plotting the reverse lines only for spher-

ical mode.
• Axis equal is the check box for plotting with equal axis.
• Plot is the button that takes the data from the geometry panel and the

setting panel to perform the ray tracing simulations.
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3. Matching layer panel The matching layers can be designed if the Matching
Layer check box is checked. The number of matching layers above (Nupper) and
below (Nlower) the lens can be arbitrarily chosen. For the matching layer closest
to the core, i.e. the first upper / lower matching layer can be defined as either
Varying or Constant under Type. If the varying matching layer is chosen, its
permittivity is given as the production of he adjacent media’s refractive index.
For other matching layers, only the Constant can be chosen and the respective
permittivity and thickness of the layer can be given. If the thickness is not specified,
or NaN, the thickness will be automatically calculated as the quarter wavelength
of the slab (for varying layer, the thickness follows the quarter wavelength of the
center permittivity).

4. Plot panel This panel is consisted of two plots. The first plot is the relative per-
mittivity distribution versus the radial distance. The other plot is the transmitted
angle in the upper medium w.r.t. the radial distance.

5. Ray tracing panel The ray paths and the color map for permittivity distribution
are plotted on this panel.

6. Compensation panel This panel is designed to compensate the phase variation
due to the matching layer. An extra quadratic phase can be added to the original
refractive index nold. The range of the second order parameters can be defined
in A Range while the zeroth order parameter of the compensation is specified in
B Range. The sample points for these ranges can be input in A Points and B
Points. The optimization process aims to minimize the cost function, which is
defined as:

Cost =
N∑
i=1

|θi,out − θscan|, (C.1)

where θi,out is the transmitted angle of the i-th ray and N is the number of sampled
rays specified in Ray Sample.

7. Output panel The maximum incident angle θmax, the total thickness of the lens
H and the thickness of the core CoreT are calculated and output in this panel.

8. Permittivity sampling panel To have a look of the permittivity at the center of
each unit cell, the permittivity for the core and varying matching layers, with an
extra input ADL Period. Noting that the permittivity is sampled from −D/2 +
p/2 to D/2− p/2.
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