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1. Consistentie van het optimalisatie proces is essentieel voor het begrijpen van de fundamentele
eigenschappen van zowel het gestelde optimalisatie probleem als de methode die gebruikt wordt
om deze op te lossen. [Dit proefschrift]
2. Level-set methoden met een helder onderscheid tussen subdomeinen zijn niet erg geschikt om
topologiën te optimaliseren. [Dit proefschrift]
3. Veel op dichtheid gebaseerde level-set methoden voor topologie optimalisatie kunnen gezien
worden als conventionele, op dichtheid gebaseerde methoden met regularizatie technieken. [Dit
proefschrift]
4. Afwezigheid van materiaal als een zwak materiaal opnemen in de eindige elementen discretizatie
van geometrisch niet-lineaire problemen leidt onvermijdelijk tot niet-fysische verplaatsingsvelden
en gerelateerde convergentie problemen. [Dit proefschrift]
5. In “Don’t suppress the wiggles — They’re telling you something!” wordt er beargumenteerd
dat ongewenste oscillerende oplossingen van bepaalde partiële differentiaalvergelijkingen moeten
worden opgelost door de discretizatie nader te onderzoeken in plaats van numerieke artefacten
a priori te onderdrukken [1].
Hetzelfde argument geldt ook voor numerieke artefacten in topologie optimalisatie, waar het
wijst op fundamentele problemen gerelateerd aan de resolutie van het ontwerp versus de modelering.
6. Gedegen onderzoek naar de negatieve resultaten ontbreekt in de vakliteratuur van op level-set
methoden gebaseerde topologie optimalisatie en belemmert de vooruitgang.
7. Er is optimalisatie nodig om de tijd die wordt besteed aan het schrijven van onderzoeksvoorstellen in evenwicht te brengen met de tijd die wordt besteed aan het eigenlijke onderzoek om
de hoeveelheid en kwaliteit van het akademische resultaat te maximaliseren.
8. Akademische uitgeverijen maken gebruik van de hoogst opgeleide en goedkoopste arbeidskrachten.
9. Democratische besluiten zijn per definitie niet de meest intelligente besluiten.
10. De vrijemarkteconomie toepassen op de eerste levensbehoeften leidt tot natuurlijke selectie
(oftewel survival of the fittest).

Bronvermelding
[1] Philip M. Gresho, Robert L. Lee, 1981. Don’t suppress the wiggles — They’re telling you
something! Computers & Fluids 9(2), 223–253.

Deze stellingen worden opponeerbaar en verdedigbaar geacht en zijn als zodanig goedgekeurd door
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Propositions
appended to the thesis
Pushing the Boundaries
by Nico van Dijk, November 23rd , 2012

1. Consistency of the optimization process is essential for understanding the fundamental properties of both the posed optimization problem and the method used to solve the problem. [This
thesis]
2. Level-set methods with a crisp distinction between subdomains are not well suited to optimize
topology. [This thesis]
3. Many density-based level-set methods for topology optimization can be considered conventional
density-based methods with regularization techniques. [This thesis]
4. Including void as weak material in the finite-element discretization of geometrically nonlinear
problems inevitably leads to non-physical displacement fields and related convergence problems.
[This thesis]
5. In “Don’t suppress the wiggles — They’re telling you something!” it is argued that undesired
oscillatory solutions (wiggles) of certain partial differential equations should be remedied by
re-examination of the discretization instead of a priori suppression of numerical artifacts [1].
The same argument applies to numerical artifacts in topology optimization pointing towards
fundamental issues concerning design versus modeling resolution.
6. Thorough investigations of negative results are lacking in literature on level-set-based topology
optimization.
7. Optimization is needed to balance the time spent on writing research proposals against the time
left for the actual research to maximize the amount and quality of academic output.
8. Academic publishers employ the highest educated, yet cheapest workforce.
9. Democratic decisions are by definition not the most intelligent decisions.
10. Applying free-market economy on the first necessities of life leads to natural selection (i.e.
survival of the fittest).
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Chapter

1
I NTRODUCTION

1.1

Optimization

In this thesis different approaches are investigated to perform structural topology optimization for better understanding of, in particular, level-set-based topology optimization
methods and development of several new approaches to improve their capabilities and
performance. In this section, we start with the introduction of the general concept of
improving designs by means of optimization.

1.1.1

Perfection

Throughout history, mankind has been altering its surroundings to suit its needs. We
have been building homes for shelter, roads and vehicles for transportation and all kinds
of tools to aid in altering our surroundings to a even greater extent. Right from the start,
people have always been improving their lives as much as possible.
The desire to improve our surroundings has not been limited to our basic needs.
We are also striving towards beauty, luxury and aesthetic perfection. This has led to
the creation of beautiful buildings, pieces of art and entertaining gadgets. We are even
adapting our appearance and creating better versions of ourselves. We are looking for
perfection.
But what is perfection? Is it the state that we can no longer improve? Or does the
inability to achieve improvement merely reflect the imperfection of the designer himself?
Is perfection subjective? Would not perfection be perfect to everyone? It appears that
perfection is not something that can exist in the real world. As Salvador Dalı́ put it:
“Have no fear of perfection — you will never reach
it.”

Salvador Dalı́

Even if it does not exist, our desire for perfection is a force that drives us to improve
ourselves and the world around us. It is the direction in which we want to go, a goal
that we are constantly trying to achieve, or as Burk Hudson phrased it:

2
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“Perfection is a road, not a destination.”

Burk Hudson

Exactly this process of improving and attempting to reach the very best possible is
called optimization.

1.1.2

Design optimization

Today’s engineering society relies heavily on the increasing capabilities of modern computers. Hardly any product is produced without thorough analyses of its design using
sophisticated and detailed computer models. These models are used to predict performance, identify potential problems and check for inefficient use of resources. In general,
engineers want to use this information in a design optimization to improve the designs
in terms of e.g. performance, requirements and/or costs.
One of the inputs that these computer models need is the geometry of the designs
under consideration. After evaluation of the performance, requirements and/or costs of
a design, the geometry can be adjusted corresponding to the insights of an engineer.
Subsequently, (a model of) the adjusted design can be reevaluated to verify that the
design has indeed been improved. This process can be repeated (typically a couple of
times) until the designer is satisfied. After manufacturing, a prototype can be tested
to validate the predicted performance of the optimized design. In this way, the need of
fabricating and expensive testing of many prototypes is reduced, speeding up the design
process and reducing the time-to-market.
Nowadays, the process of improving a design is becoming more and more automated
to further speed up the design optimization process [27]. In order to do this, the geometry
of a design needs to be parametrized using a number of parameters. These parameters
can then be updated iteratively (typically some tens of times or more) in a completely
automatic optimization to improve a design as much as possible. In the case of continuous
parameters (i.e. lengths, thicknesses, angles), an optimal design has been found when
slight alterations of any of the design parameters reduce the performance, cause violation
of the requirements and/or increase the costs. However, is this the best design possible?

1.1.3

Perfect designs?

Unfortunately, there can be multiple (locally) optimal designs for a given optimization
problem. Excluding some special cases, the only way to find the very best (globally)
optimal design, is to explore all combinations of design parameters, i.e. all possible
designs. However, in practical applications this is often simply impossible or requires too
much computational effort.
For some specific problems, however, we can prove that there is only a single optimal
design. In those cases, we know that it is the global optimum. It can be as simple as
how to equally divide 4 apples between 2 people; each person should receive 2 apples.
More interestingly, we can minimize the material costs of the cable of a crane that needs
to support 150 kg. Such a cable would be able take just 150 kg, but break under a larger
load.
But are these optimal solutions really the best solutions? Maybe one of the apples is
bigger than the others, or one is rotten.... How should we divide the apples then? Or
maybe the material used for the cable mentioned above has some imperfections which
would cause it to break under its ultimate load of 150 kg? We were able to find ‘optimal’
solutions to these problems, because we worked with a simplified version of reality.

1
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1.1.4

3

Engineering optimization

We live in a complex world and in order to perform an optimization we need to simplify
reality. Still, numerical design optimization of real-world problems is very useful and is
being applied effectively in almost all engineering fields [27]. Especially when it is difficult
and unintuitive for engineers to improve designs manually (e.g. multi-disciplinary design
problems), automated design optimization is an essential tool for a successful design
process [5].
Today’s researchers aim at improving the realism of the numerical models that are
used for optimization by refining the description of the geometry and describing physical
phenomena with greater accuracy. The effects of imperfections can be captured in the
description of the numerical model or incorporated in the optimization problem. However, everything comes at a price. As the computer models and optimization problems
are increasingly close to reality, solving the numerical models and optimization problems
become more computationally expensive and challenging to solve.
The capabilities of modern computers are increasing every year. However, depending
on the choice of the design parameterization (how the geometry is described in terms
of the design parameters), the number of potential designs (i.e. different combinations
of design parameters) is usually still too big to explore entirely [5, 34]. Therefore, efficient ways to search for optimal designs are needed. Also the performance, requirements
and/or costs of a design can change erratically as a function of the geometry and complicate the optimization process. Finally, the optimization process may try to exploit
deficiencies that may be present in the numerical model, leading to erroneous predictions of the performance of optimal designs and/or unpractical or even physically not
meaningful results [11, 35].
Therefore, much research aims at improving the design optimization process itself.
This thesis is such an effort to improve the robustness of the numerical model (see
Chapts. 2 and 3) and the convergence behavior of the optimization process (see Chapts. 4
and 5). Maybe we cannot obtain a flawless model of reality, formulate a perfect optimization problem and solve it with the most efficient and effective optimization algorithm,
but this is our goal, the direction in which we want to go.

1.2

Background

There are many different kinds of problems that can be tackled using optimization, ranging from design problems to optimal control, financial and logistic problems, involving
continuous or discrete parameters [27]. In this thesis, we focus exclusively on structural
design optimization and continuous parameters.

1.2.1

Structural optimization

There are different approaches to formulate structural optimization problems leading to
a certain degree of design freedom and corresponding difficulty to solve the optimization
problem. In this subsection, we introduce a general formulation of an optimization
problem and the three main categories of design optimization.
The geometry of the designs under consideration need to be parameterized in some
manner by variables called design variables s in a certain range or set S (also called
design space). We are searching for the optimal design s ∈ S, corresponding to a minimum of the cost function (objective) f (s) and satisfying the requirements (constraints).
These requirements are usually reformulated into inequality constraints g(s) ≤ 0 and/or
equality constraints h(s) = 0. For n inequality constraints and m equality constraints,

4
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(a) The initial design.

(b) Sizing optimization.

(c) Shape optimization.

(d) Topology optimization.

Figure 1.1: Illustration of the different types of optimization and design variables s.
such an optimization problem can be written in the negative-null form as [27],
min f (s)

s∈S

subject to gi (s) ≤ 0,
hj (s) = 0,

i = 1...n

(1.1)

j = 1 . . . m.

We can distinguish three main categories of structural optimization, namely sizing,
shape and topology optimization [27]. Neglecting material choices, the essential difference
between these types of optimization is the choice of the design parameterization, i.e. the
design variables s.
The most basic type of structural numerical optimization is sizing optimization [27].
This type of optimization uses, for example, cross-sectional properties of individual features of the design (e.g. thicknesses and diameters) as the design variables. Therefore,
the layout and shape of the design is fixed and the final result of the optimization process
will resemble that of the initial design. This is illustrated in Fig. 1.1b, where the red
arrows indicate the dimensions, that are used as the design variables s.
More flexibility can be obtained using shape optimization [10]. This type of optimization parameterizes the geometry or shape of a design with curves and/or surfaces
controlled by the design variables. However, the topology or layout is still fixed. This is
illustrated in Fig. 1.1c, where the red dots and tangents indicate the control points and
tangents that can be used as the design variables s in a shape optimization. Due to the
increased design freedom as compared with sizing optimization, an optimization using
this type of design parameterization potentially leads to better designs.
In its most general form, a structural optimization is concerned with the question,
where to put and where not to put (which) material. The third type of optimization tries
to answer this question as generally as possible and offers the most design freedom. This
relatively recent type of optimization is called Topology Optimization (TO) [4, 5]. The
design variables of a TO indicate whether (which) material is located at each point of the
design domain. Using this type of design parameterization not only the sizes and shape
of the design can change, but also the topology or layout can be altered. The concept of
TO is depicted in Fig. 1.1d, where the dots indicating whether there is material are the
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Ω

D
(a) Material domain.

(b) Element densities.

(c) Level-set function.

Figure 1.2: Examples of different types of design parameterization for TO.

design variables s. The number of design variables in a TO is typically very large, up to
millions.

1.2.2

Topology optimization

Different types of design parameterization techniques can be used in TO methods to
describe a design. The most common types of TO methods are either based on a density
distribution or a Level-Set Function (LSF). In this subsection, we will introduce and
shortly discuss these two types.
Density-based TO methods describe a design in terms of a density distribution ε ≤
ρ(X) ≤ 1. which indicates the amount of material at each point X of the design domain.
Here, ε is a lower bound of the density to avoid singular structural problems [5]. Usually,
this method divides the design domain into a large number of finite elements and employs
piecewise constant “element densities” ρe in each of the finite elements as the design
variables. For example, the two-dimensional design in Fig. 1.2a can be described using
a set of element densities such as illustrated in Fig. 1.2b. The black and white elements
indicate ρe = 1 and ρe = ε, respectively, and gray-scale elements indicate intermediate
densities ρe = ε < ρe < 1.
The density field ρ(X) (usually the element densities ρe ) can be varied to describe designs of different shapes and topologies. The density distribution is commonly employed
in the numerical model to scale the local material properties [5]. Designs with intermediate density values ε < ρ < 1 can be accepted in the results of a TO (the homogenization
approach for TO) [4, 17]. In this case, each value of the continuous density distribution
ε ≤ ρ ≤ 1 is associated with a specific volume fraction and microstructure. However,
more commonly “black-and-white” designs are desired. Several approaches are available
to promote designs with only the extreme values of the density distribution ρ = {ε, 1},
such as introducing a penalty term in the objective [16] or penalizing the stiffness of
intermediate densities in the material interpolation [3, 51].
Alternatively, a Level-Set Method (LSM) can be used to solve a TO problem, employing a Level-Set Function (LSF) φ to describe the material domain Ω (i.e. the design)
inside the design domain D as [2, 47],

 φ(X) > c ⇔ X ∈ Ω
φ(X) = c ⇔ X ∈ Γ
(1.2)

φ(X) < c ⇔ X ∈ (D \ Ω),
where c is a constant (usually c = 0) and Γ is the boundary of the material domain. For
instance, the design in Fig. 1.2a can be described by the LSF displayed in Fig. 1.2c.
In contrast to density-based TO methods, a level-set-based design parameterization
tracks the boundaries of the design Γ by the contour φ = c. Level-set-based TO can be
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considered a type of shape optimization with the added potential to handle topological
changes [2]. The ability to generate new holes inside the material domain can be added
using different means, such as topological derivatives (e.g. [1]) and naturally extended
velocity fields (e.g. [24]). It should be noted that many LSMs map the LSF into a density
distribution and are, therefore, closely related to density-based TO methods.

1.2.3

Improving topology optimization

The usefulness of the results of an optimization depends greatly on the accuracy of the
numerical model used to evaluate the performance of the designs under consideration.
Many TO methods (density-based TO methods, phase field methods and density-based
LSMs) involve a design description with a diffuse boundary that leads to inaccurate
predictions of the performance. Moreover, relatively coarse meshes and non-smooth
boundaries (jagged edges) can cause inaccuracy of the numerical model. In some cases,
‘bad’ discretization can even cause convergence problems, e.g. involving fluids [19] and
geometrical nonlinearities [7, 9].
Refining the discretization can reduce the size of the diffuse interface and improves the
accuracy of a numerical model. However, this significantly increases the computational
costs of the analysis and, therefore, also of the optimization process. To eliminate a
diffuse boundary description (intermediate densities) in density-based TO methods, for
example, projection methods have been proposed to obtain (close to) black-and-white
results [33, 46]. Also for level-set-based TO methods, approaches have been developed to
improve the accuracy of the numerical models and avoid convergence problems associated
with a diffuse boundary description, for instance, X-FEM [12, 19, 48]. However, the
accuracy of the numerical models in TO can still be improved and post-processing of the
results is still necessary.
Another issue often encountered in TO methods concerns numerical artifacts [11,
18, 35]. Even when the accuracy of the predicted performance of a design is initially
high, a TO may try to exploit the limitations of the chosen discretization and design
parameterization and introduce numerical artifacts in the designs. In density-based TO
methods checkerboard patterns and one-node connected hinges can arise that are in fact
‘bad’ numerical modeling of the structural stiffness and should, therefore, be avoided
[35]. In the numerical optimization process, the predicted performance may increase due
to these numerical artifacts, but it is no longer accurate (or even physically meaningful).
In density-based TO, checkerboard patterns and one-node connected hinges can be
avoided using filtering techniques [6, 7, 31] or alternative parameterization [30]. Densitybased LSMs for TO usually employ regularization techniques, such as signed-distance
reinitialization and perimeter penalization, that promote smoothness of the structural
boundary and in this way avoid numerical artifacts. However, care has to be taken with
these techniques, as they can lead to convergence difficulties of the optimization process.
The convergence rate of a TO depends on the design parameterization, the optimization strategy and the regularization approaches used. Mesh dependency of solutions and
sub-optimal local optima of the optimization problem (e.g. caused by penalization of
intermediate densities) can be problematic for the convergence behavior [11, 18]. Furthermore, lack of accuracy and numerical consistency of the sensitivity information can
lead to convergence problems in the optimization process. However, specific techniques
can be used to introduce inconsistencies deliberately to avoid convergence to sub-optimal
minima and reduce mesh dependency [35].
The convergence rate also depends on the effectiveness of the optimization algorithm.
For density-based TO, sophisticated mathematical programming methods can be used
such as SQP, MMA [37], CONLIN [14] and Quadratic Approximations [13, 15]. Traditionally, LSMs update the design using a steepest-descent type, pseudo-dynamic process
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based on a sensitivity-based velocity field [2, 47]. Recently, mathematical programming
methods have also gained popularity for level-set-based TO methods [20, 23, 28]. In
particular for LSMs, a established and generally accepted update procedure does not
exist. Moreover, reaching an optimum of the parameterized optimization problem (a
Karush-Kuhn-Tucker point) is difficult.
There are many (level-set-based and density-based) approaches and various open issues in the field of TO. In particular focusing on LSMs, what approach and which techniques are best suited to solve a TO? Are there fundamental difficulties associated with
the usage of LSMs for TO? Moreover, what are the advantages and disadvantages of
LSMs compared to density-based TO methods?

1.3

Contributions in this thesis

The research in this thesis has been initiated with an interest in multi-field or multiphysical design problems, such as problems involving electrostatic-mechanical coupling.
The application of TO on these types of problems can be difficult due to the interaction
of the different physical domains at the interface. For a successful optimization, this
interaction has to be captured accurately by a numerical model (e.g. [29, 50]).
The description of the interface in a LSM appears well-suited for TO of multi-field
or multi-physical design problems. The exact location of the interface is known, and
can be used to implement the interaction between the different domains in a numerical
model. Furthermore, the design of electrostatic actuators, and actuators in general, can
involve large deformations and rotations which need a geometrically nonlinear treatment.
For these combined reasons, we have explored the potential of using LSMs for TO and
investigated the inclusion of geometrical nonlinearities in a TO.
The contributions in this thesis include work in the field of both density-based and
level-set-based TO methods. Three themes can be identified, namely (a) robustness of
numerical models for TO of geometrically nonlinear structures, (b) convergence behavior
and consistency of level-set-based TO methods and (c) mesh dependency, local minima
and numerical artifacts in density-based TO (including density-based LSMs). Each of
these themes will be introduced in the following subsections.

1.3.1

Geometrical nonlinearities in topology optimization

Traditionally, density (intermediate) variables are used to scale the material properties
of individual finite elements [5]. When geometrical nonlinearities are included in the
numerical model, this can lead to convergence problems of the numerical model [7, 9, 49].
In this thesis we investigate different means to improve the robustness of numerical
models used for TO involving geometrically nonlinearities.
The numerical models of a TO using densities inevitably contain stiff and very compliant finite elements, posing the risk that stiff elements compress and crush compliant ones
(see Fig. 1.3). The resulting compressive deformation can be so severe that it exceeds the
range of applicability of the finite element formulation and , even worse, leads to local
instabilities [7, 9, 49]. When a structural analysis does not converge, a TO is terminated
prematurely. Therefore, robust numerical models including geometrically nonlinearities
are necessary. Different solutions have been proposed in literature [8, 9, 25, 26], including
the Element Connectivity Parameterization (ECP) method [49].
Instead of scaling the stiffness of finite elements with the local density, ECP employs
the density distribution adapt the connectivity between finite elements. Depending on
the element density, finite elements are strongly or weakly connected to their neighbors.
In this way, regions with void elements (ρ = ε) effectively behave like void (extremely
compliant) whereas extreme distortions of void elements are avoided.
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(a) Finite element mesh.

(b) Close-up of Fig. 1.3a.

Figure 1.3: Example of a finite element calculation with crushed void elements.

(a) Approximate Heaviside of the LSF displayed in Fig. 1.2c.

(b) Coarse piecewise constant density distribution corresponding to Fig. 1.4a.

Figure 1.4: Illustration of the definition of a density distribution using an approximate
Heaviside function.
ECP was originally proposed for density-based TO methods. In this thesis we demonstrate that ECP can also be used to obtain more robust numerical models for densitybased LSMs (see Chapt. 2). Unfortunately, in some particular cases it appears that also
ECP suffers from convergence problems [21, 22]. Therefore, we propose another method
called Element Deformation Scaling (EDS), compare its performance to the alternatives
and investigate its limits of applicability (see Chapt. 3).

1.3.2

Level-set-methods for topology optimization

The traditional LSMs for TO are based on shape-sensitivity analysis, the Hamilton-Jacobi
(HJ) equation and signed-distance reinitialization procedures [2, 47]. The optimization
process is based on the HJ equation, which is a pseudo-temporal process in which the
velocity of the material boundary is defined using shape-sensitivity analysis. This approach works well when the spatial resolution of the discretization is high enough. However,
when details of the structural domain become of the same length scale as the discretization, numerical errors in the evolution and regularization (e.g. reinitialization) of the
LSF can cause surface loss (i.e. loss of details of the design) [36].
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(a) Exact Heaviside of the LSF displayed in
Fig. 1.2c.

(b) Coarse piecewise constant density distribution corresponding to Fig. 1.5a.

Figure 1.5: Illustration of the definition of a density distribution using an exact Heaviside function.
In the experience of the author, traditional LSMs can experience convergence difficulties when multiple constraints are involved. Furthermore, we observe that important
topological detail can be lost due to the reinitialization procedure. The convergence rate
can be low and oscillations in the optimization process can occur, especially at the final
stage of the optimization process.
In this thesis, we explore alternative ways to perform level-set-based TO, working
towards numerical consistency. In Chapt. 4, we focus on the discrete implementation of
a density-based LSM for TO. This approach employs an approximate Heaviside function
for the definition of an element-wise constant density distribution (see Fig. 1.4) and
discrete sensitivities, i.e. the derivatives of the response functions with respect to the
nodal values of the LSF. A signed-distance reinitialization scheme is still necessary to
control the slope of the LSF (k∇φk = 1), restricting intermediate densities to a band
around the material interface of fixed width.
Subsequently, we propose a completely consistent LSM using mathematical programming in Chapt. 5. We remove the need for reinitialization techniques by adopting an exact
Heaviside formulation for the definition of element-wise constant material fractions, i.e.
element densities (see Fig. 1.5). The proposed LSM for TO is tested in combination with
different regularization approaches, including a consistent implementation of perimeter
penalization.
In the last decade, many papers have been published on LSMs for TO. There are many,
fundamentally different approaches to parameterizing, solving and regularizing level-setbased optimization problems. In Chapt. 7 we present an extensive review of the current
literature concerning structural level-set-based TO methods, including a classification of
the techniques used and clarification of their relation and interdependence.

1.3.3

Mesh dependency, local minima and numerical artifacts in
density-based TO

The design parameterization and regularization techniques used have a big influence on
the final results of density-based TO methods. In particular, penalization of intermediate densities can cause mesh-dependency, convergence to sub-optimal local minima and
numerical artifacts [11, 18, 35]. Furthermore, once these artifacts have emerged, they
seem to be ‘unable to move’.
Density and sensitivity filtering schemes are often used to remove numerical artifacts
from the results of an optimization and regain a measure of mesh independency [6, 7,
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1 Introduction

2 LSM using ECP

4 Discrete LSM

6 Local Minima

7 Review of LSMs

Local minima

5 Explicit LSM
LSM

Geom. nonlinearities

3 EDS

8 Potential of LSM

9 Conclusions

Figure 1.6: Structure of this thesis
32]. Closely related to mesh dependency, they also appear to increase the ability of
parts of the design to change. In this thesis we investigate the effect of penalization of
intermediate densities and density filtering schemes on the smoothness of the response
function (objective and constraints) using a small one-design-variable sample problem
(see Chapt. 6). We show that small details of a design may be unable to move due to
penalization of intermediate densities and that density-filtering techniques reduce this
effect.
In Chapt. 5 it is demonstrated that, not only conventional density-based TO methods,
but also density-based LSMs can suffer from mesh dependency, local minima and numerical artifacts. Proper choices of design parameterization and regularization can reduce or
even eliminate these artifacts. This subject is also visited in the review paper on LSMs
(see Chapt. 7).

1.4

Outline

This PhD thesis is composed mostly of journal and congress papers. Therefore, the
chapters are self-contained, but will inevitably have some redundancy. Three themes
are discussed, namely, (a) robustness of numerical models of geometrically nonlinear
structures, (b) convergence behavior and consistency of level-set-based TO methods and
(c) mesh dependency, local minima and numerical artifacts in density-based TO. The
structure of the thesis, i.e. the chapters and corresponding themes, is shown schematically
in Fig. 1.6.
First, we focus on robustness of geometrically nonlinear analyses in TO. In Chapt. 2,
we combine level-set-based TO with ECP (published in conference proceedings [44] and
later in Structural and Multidisciplinary Optimization [45]). Furthermore, we propose a
new approach for increased robustness of geometrically nonlinear analyses, inspired by
the source of the convergence problems in numerical models of TOs including geometrical nonlinearities (submitted to Structural and Multidisciplinary Optimization [41]) in
Chapt. 3.
Secondly, we propose two new approaches to level-set-based TO emphasizing consistency of the optimization process. In Chapt. 4 we present a LSM using discrete sen-
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sitivities and signed-distance reinitialization (published in conference proceedings [38]).
Subsequently, a completely consistent LSM using mathematical programming is presented in Chapt. 5 (published in conference proceedings [40] and later in International
Journal for Numerical Methods in Engineering [42]).
The third focus of this PhD thesis is mesh dependency, local minima and numerical
artifacts. In Chapt. 6 we investigate the effect of penalization of intermediate densities
and density filtering schemes (i.e. the design parameterization) on the smoothness of the
response functions (published in conference proceedings [39]). Based on the results of the
proposed level-set methods, a detailed discussion on local minima and numerical artifacts
in level-set-based TO and the effect of regularization on these phenomena is presented
in the form of a review paper in Chapt. 7. This chapter contains an extensive overview
and discussion of existing approaches to level-set-based TO (submitted to Structural and
Multidisciplinary Optimization [43]).
In Chapt. 8 we demonstrate the capabilities and discuss fundamental difficulties of
the explicit LSM proposed earlier. Furthermore, we show the potential of the proposed
approaches for future applications in the field of manufacturing tolerant topology optimization and stress constraints.
Finally, conclusions and recommendations related to this PhD research are presented
in Chapt. 9.
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Chapter

2

A L EVEL -S ET-B ASED TOPOLOGY O PTIMIZATION
USING THE E LEMENT C ONNECTIVITY
PARAMETERIZATION M ETHOD

Context
To obtain robust mechanical analyses, the Element Connectivity Parameterization (ECP)
method has been employed in a level-set-based topology optimization. The sensitivities
are based on shape sensitivity analysis and the level-set function is maintained as a
signed-distance function using reinitialization techniques. Furthermore, small steps are
used to evolve the level-set function and minimize the inconsistencies that are caused by
the reinitialization algorithm. This contribution has first been published in the conference
proceedings of the 1st International Conference on Engineering Optimization and later
in Structural and Multidisciplinary Optimization.
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Abstract
This contribution presents a novel and versatile approach to geometrically nonlinear
topology optimization by combining the level-set method with the element connectivity
parameterization method or ECP. The combined advantages of both methods open up
the possibility to treat a wide range of optimization problems involving complex physical
and/or geometrical nonlinearities in a general and elegant manner.
The level-set method features shape optimization on a fixed mesh, leading to intrinsically black-and-white designs. This approach allows a clear description of location and
orientation of the interface, whereas topological changes can still be handled easily.
A popular concept used in conventional level-set methods is to map the level-set
function to volume-fraction design variables for every element of a finite element mesh.
The resulting element density variables are then used to scale the Young’s modulus in
each element using the Ersatz material approach. In this work we employ a modified
material interpolation method, in which the element density variables, based on a perelement integration of a regularized Heaviside operator applied to the level-set function,
are used as element connectivity design variables.
The resulting crisp boundary topology optimization method exploits the advantages
of ECP in the field of complex nonlinearities and eliminates the need for penalization by
the implicit level-set description of the design.
Keywords: Topology optimization, level-set method, element connectivity parameterization method (ECP), geometrical nonlinearities

2.1

Introduction

The level-set method is an approach to topology optimization that uses a flexible implicit
description of the material domain. This structural domain is represented by a level-set
function whose zero-level contour defines the structural boundary [1, 10, 11]. During the
optimization the zero-level contour of the level-set function is displaced in a favorable
direction based on shape sensitivity analysis, while the implicit description of the interface
allows for topological changes of the zero-level contour. This enables topology optimization for crisp boundary designs, where the intermediate densities are restricted to a
small band around the boundary of the structure.
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The general framework of shape optimization gives the level-set method a wide range
of applicability. Also, as opposed to other types of topology optimization, the location of
(or the distance to) the interface can be retrieved as well as the direction of the normal
to this interface [1, 10, 11]. This opens up the possibility of topology optimization of
design problems involving, for instance, design-dependent forces, e.g. pressure loads [1].
Moreover, the structural domain is described by a level-set function which ensures a
well-defined structural domain, which is free from numerical artifacts.
Many variations to the original immersed interface method [8] have been proposed,
e.g. [1, 10, 11]. Parts of these variations and techniques from other fields of optimization can be combined in order to obtain efficient and practical approaches to topology
optimization. The general structure of the level-set method can be divided into three
components; the level-set function parameterization, the level-set function update and
the discretization of the governing equations. The approach to each of these components can be decided upon independently. By changing the appropriate components for
a specific optimization problem an effective new variant of the level-set family can be
obtained.
The level-set method has been extended to the field of nonlinearities, for instance
in [1]. However, physical and geometrical nonlinearities can pose problems for level-setbased as well as density-based topology optimization. In order to deal with these complex
nonlinearities in a general and elegant way, the proposed method in this research employs
an alternative approach to the discretization of the structural analysis. We combine
the level-set method with the Element Connectivity Parametrization method (ECP)
[5, 12–15]. The material domain is now mapped to the finite element mesh employing a
modified material interpolation method, in which the element density variables are used
as element connectivity design variables. This combination allows an easy treatment of
the nonlinearities in a level-set-based topology optimization.
In Sec. 2.2 the general structure of the level-set method is treated. Different approaches that can be chosen for individual parts of this structure are discussed. One
of these choices involves the discretization of the structural problem. The ECP method
that is used as an alternative material interpolation method is treated in Sec. 2.3. The
framework of an optimization with a general objective is formulated using the proposed
combination of the level-set method with ECP in Sec. 2.4. For specific choices of the
general objective we study the formulation of linear compliance minimization and the geometrically nonlinear compliant mechanism design problems. Then, the novel ECP-based
level-set method is validated on the basis of established linear compliance minimization
problems in Sec. 2.5. The effectiveness and numerical robustness of the coupled method
is subsequently demonstrated for geometrically nonlinear compliant mechanism design
problems in Sec. 2.6. This paper ends with conclusions regarding the proposed method.
The detailed derivation of the normal boundary velocity field is documented in App. 2.A.

2.2

Level-set method

As mentioned, the structure of a level-set method can be divided into the level-set function parameterization, the level-set function update (incorporating sensitivity information) and the discretization of the governing equations. Each of these components will
be treated next and the adopted approaches in this reseach will be indicated.

2.2.1

Level-set function parameterization

The choice of the parameterization of the level-set method defines the design space in
which the optimal configuration is sought. The shape of the material domain Ω with
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Figure 2.1: On the left: An example of a level-set function on a two dimensional
domain (the z-axis points downward). On the right: The corresponding zero-level
contour of the level-set function or material domain.

boundary Γ in terms of a level-set function φ(X) is given as,
φ(X) > 0 for X ∈ Ω

(2.1)

φ(X) < 0 for X ∈ D\Ω

(2.2)

φ(X) = 0 for X ∈ Γ,

(2.3)

where D is a large domain fully containing the material domain Ω. An example of a
level-set function and the corresponding material domain are displayed in Fig. 2.1.
A level-set function can be parameterized in terms of any type of basis functions in
terms of the spatial coordinates X and the temporal design parameter t. Generally the
level-set function φ(X, t) can be written as,
X
βi (t)φi (X),
(2.4)
φ(X, t) =
i

where the βi ’s are the parameters and the φi ’s are the basis functions. Linear basis
functions, as commonly used in finite element discretization, can be used leading to a
so called discrete level-set method [1, 10]. However, any other type of basis can be used
such as higher-order basis functions or (overlapping) radial basis functions. The latter
have been used in some of the proposed parameterized level-set methods [11]. In this
paper we interpolate the level-set function with linear basis functions with one level-set
parameter per finite element.

2.2.2

Discretization

In order to perform a structural optimization, the responses of a design and the sensitivities to a design change need to be calculated using a finite element analysis. For
instance, a conforming mesh can be constructed. Such a mesh, with element boundaries
coinciding with the boundary of the material domain, provides an accurate solution to
the structural problem. This conforming mesh has to be reconstructed for each of the
changing designs in the course of the optimization.
On the other hand, one can also opt for a fixed, non-conforming and regular mesh.
Instead of constructing a conforming mesh, the level-set function is translated to a nonconforming mesh using a Heaviside operator on the level-set. Computational expenses
associated with remeshing procedures can then be avoided, but the results of this type of
finite element analysis will be less accurate. This popular and flexible approach is used
in this research.
The level-set method, which is formulated in a shape optimization framework, is used
as a topology optimization method. Shape sensitivities indicate changes of the objective
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Figure 2.2: Element densities of the final design of a linear compliance minimization
problem. The bandwidth h used to compute the element densities, equals 2 times the
diagonal of a finite element.

and constraints due to infinitesimal shape changes. Therefore, the sensitivities may not
predict the changes of the responses accurately when topological changes occur. Pure
shape sensitivities do not perceive possible favorable connections or unfavorable loss of
connections between material regions. This is problematic when the structural problem
is solved on a conforming mesh and void regions are not discretized.
Therefore, and because of the computational cost and implementational effort involved with remeshing procedures, most level-set based topology optimization methods,
including the method proposed in this paper, use a non-conforming fixed mesh.
In order to perform a finite element analysis on a non-conforming mesh, the level-set
function needs to be mapped to a field of element densities ρe . These element densities
are usually averaged values of a Heaviside function H applied on the level-set function φ
per element,
R
Ωe H(φ)dΩ
R
ρe =
,
(2.5)
Ωe dΩ
where Ωe is the material domain of element e. If desired an approximate Heaviside can
be used in Eq. (2.5) provided that the level-set function is required to have the signeddistance property. An exact or many forms of an approximate Heaviside can be chosen,
for instance the third order polynomial used here, given by,

for φ < −h
 H(φ) = ε
(2.6)
H(φ) = a( φ
)3 + b φ
+c
for − h ≥ φ ≥ h
h
h

H(φ) = 1
for φ > h,
where a = 41 (ε − 1), b = 34 (1 − ε), c = 21 (ε + 1), ε > 0 is a lower bound for the
element densities and h is the bandwidth of the approximate Heaviside. When h → 0
Eq. (2.6) reduces to an exact Heaviside for the element densities, which corresponds
to the material volume fraction per element. An exact Heaviside, as used in i.e. [1],
results in the most crisp description of an design when using a non-conforming mesh.
In Fig. 2.2 an example of such an element density field (with a bandwidth h of 2 times
the diagonal of a finite element) has been displayed. The configuration is the result of a
linear compliance minimization benchmark problem.
This approach generates a topology in which intermediate densities ε < ρ < 1 are
restricted to a band around the zero-level contour of the level-set function (even when
an ‘exact’ Heaviside is used). This allows for relaxed topologies as an intermediate shape
between connected and disconnected features in a design.
The densities ρe now indicate which finite elements belong (partially) to the material
domain and which do not. These densities can be used to directly scale the stiffness of
the material, known as the “Ersatz material” approach. The contribution of a single
element to the global equilibrium equations for linear elasticity using the Ersatz material
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Figure 2.3: An example of a ‘naturally’ extended velocity field of the design optimization of a linear compliance minimization problem. The red areas indicate a positive
normal boundary velocity where the material domain will expand and the blue areas
indicate a negative velocity where it will shrink.

approach is given by,
ρe Ke ue = f ext
e ,

(2.7)

where Ke is the original element stiffness matrix, ue are the element degrees of freedom
and f ext
is the force vector associated with element e.
e
As mentioned, this paper presents an alternative procedure where the elements are
(partially) disconnected from their neighbors when they (partially) do not belong to
the material domain. This approach, called the element connectivity parameterization
method (ECP), has the ability to deal with both material and geometrical nonlinearities
in a general and elegant way [13]. The ECP method is treated in more detail in Sec. 2.3.

2.2.3

Level-set function update

The level-set function is updated using a boundary design velocity field derived using
shape sensitivity analysis. This boundary design velocity is derived in a continuum
formulation from the governing equations. The ingredients needed are the structural
displacements, the adjoint displacements that enforce the equilibrium equation and, in
the case of constrained optimization problems possibly other Lagrange multipliers.
The shape sensitivities are based on boundary displacements over an infinitesimal
distance. An infinitesimal boundary displacement in the tangential direction does not
change the shape of the design [1, 10, 11]. Therefore, an infinitesimal shape change only
depends on a displacement in the normal direction. The zero-level contour of the levelset function φ(X, t) = 0 is a function of the spatial coordinates X and a design-time t
tracking the design changes. The level-set function is convected solving the Hamilton-Jacobi transport equation on this velocity field derived from the derivative of this contour
with respect to the pseudo-time parameter t [1],
dφ(X, t)
∂φ
dX
∂φ
0=
=
+ ∇φ ·
=
− k∇φkvn (X),
(2.8)
dt
∂t
dt
∂t
where dX/dt = vn n is the design boundary velocity obtained from shape sensitivity
analysis. The size of the shape change of the domain can be controlled by scaling the
velocity field vn and/or the total pseudo-time t over which Eq. (2.8) is integrated.
The derivation of the design boundary velocity vn involves an expression that is
evaluated at the boundary. In many cases one can improve the performance of the
level-set method by extending this velocity field to a band around the boundary or even
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throughout the whole domain. This can be done by employing a velocity extension
algorithm, extending the normal velocity at the boundary such that it is constant along
the normal to the boundary and/or by including regularization to increase the efficiency
even further [3]. It is also possible to use a ‘natural’ extension; evaluating the expression,
which is valid at the boundary, everywhere throughout the domain. In this research we
use this approach. In Fig. 2.3 an example of a ‘naturally’ extended velocity field is shown
for a linear compliance minimization problem.
The obtained velocity field is used to update the level-set function in a band around
the boundary or on the whole domain. Level-set methods using a regular rectangular
grid often use an upwind scheme to update the level-set function [1, 7, 10]. Upwind
schemes are computationally cheap explicit time integration methods to solve transport
equations. They are commonly used to obtain an initial guess in computational fluid
dynamics. This type of method, including the proposed method in this paper, is usually
referred to as the discrete level-set method.
The result of the upwind procedure slowly approaches a step-like function and destroys
the smoothness of the level-set function. In order to accurately approximate the gradient
of level-set function (related to the normal and the curvature of the boundary) it is
necessary to ensure a sufficiently smooth level-set function or restrict the magnitude of
the norm of the gradient. This is usually done by reinitializing the level-set function to
a signed-distance function [1, 10]. The signed-distance function also facilitates an easy
construction of an approximate Heaviside density field.
Another way to solve the Jacobi-Hamilton equation is translating the global transport equation to a series of ordinary differential equations and solving this system for the
coefficients associated with the basis functions of the level-set function parameterization
[11],
X
∂βi
φi − k
βi ∇φi kvn (X).
(2.9)
0=
∂t
i
By choosing radial basis functions in combination with an exact Heaviside, the smoothness of the level-set function may be retained. Therefore, reinitialization procedures are
not necessary for this kind of level-set update. However, as a consequence the distance
to the boundary is unknown and an approximate Heaviside cannot be employed.
Wang [11] reports that in this step, any type of optimization algorithm can be used
to update the coefficients according to Eq. (2.9) and multiple constraints can be incorporated at the level of the optimizer. A level-set method using this procedure is usually
referred to as the parameterized level-set method.
When the level-set function is updated everywhere in the domain and a reinitialization
scheme is not employed, the ‘natural’ velocity extension has the possibility to create new
holes in the interior of the material domain (but no approximate Heaviside can be used).
In this case the level-set function parameterization should only allow smooth solutions
and non-zero gradients almost everywhere in order to avoid numerical artifacts.
An alternative to create new holes is provided by the definition of topological derivatives. A topological derivative provides information on an infinitesimal variation of an
(objective) functional when a small hole is created somewhere in the material domain,
e.g. [4, 9].
It has been shown that different approaches to each of the separate components of the
level-set method can be chosen to obtain a practical and efficient topology optimization
algorithm. This paper presents ECP as an alternative to the Ersatz material approach
to handle geometrical nonlinearities. The ECP method is treated in the next section.
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Figure 2.4: Severely distorted or inverted void elements can cause instability when
using the Ersatz material approach. However. in the ECP method, disconnected void
elements are able to retain the positive definiteness of the tangent stiffness matrix.
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Figure 2.5: Definition of an ECP patch with an internal element with stiffness Ke and
connecting zero-length springs with stiffness kL .

2.3

Element Connectivity Parameterization method

The common Ersatz material approach in level-set based topology optimization causes
a number of difficulties concerning both the convergence of nonlinear analyses as well
as that of the optimization process. Bruns and Tortorelli [2] and Yoon and Kim [13]
recognized the problem that elements associated with the void region can cause unstable
convergence behavior of the analysis. As can be seen in Fig. 2.4c, elements can be
distorted to such an extent that the tangent stiffness matrix loses positive definiteness.
Difficulties can also arise when physical nonlinearities are involved [5, 14]. Nonlinear
material models require interpolation schemes to relate intermediate densities to appropriate internal forces. For each type of nonlinear behavior different schemes have to be
devised in order to obtain a functional optimization algorithm. For complicated nonlinear models a functioning interpolation scheme is often hard or impossible to find and the
optimization process will have severe convergence problems.
Recently, ECP has been developed as an alternative to the Ersatz material approach
(direct scaling of the stiffness e.g. SIMP) [5, 12–14]. In this new approach all void
elements have the ability to ‘slide’ through each other while retaining their original
stiffness. Therefore, the positive definiteness of the tangent stiffness matrix will remain
unaffected. In Fig. 2.4d it can be seen how ‘void’ elements slide over each other.
In order to obtain this behavior (internal) ECP does not scale the Young’s modulus
of a finite element according to the element densities [12, 15]. Instead, all elements are
disconnected from each other and reconnected to an intermediate displacement field using
linear zero-length springs. Thus, we have created a new finite element patch consisting
of internal and external degrees of freedom, zero-length linear springs and the original
internal element, see Fig. 2.5. It is now possible to disconnect this internal element
from its neighbors by letting the stiffness of the springs kL → 0. On the other hand,
letting kL → ∞ rigidly connects the internal element to the external degrees of freedom.
Scaling the spring stiffnesses kL (ρe ) as a function of ρe , we can now (partially) disconnect
elements from the mesh, simulating the absence of material. In a linear setting, the
contribution of such a single patch (quadrilateral and zero-length linear springs) to the
global system can be written as (see Fig. 2.5),

  out   ext 
kL I
−kL I
ue
fe
=
,
(2.10)
−kL I Ke + kL I
uin
0
e
where Ke is the original element stiffness matrix, I is the identity matrix, uout
are the
e
ext
external degrees of freedom, uin
are the
e are the internal degrees of freedom and f e

26

N.P. van Dijk

external forces. The introduction of the set of internal degrees of freedom uin
e increases
the size of the problem. However, the external degrees of freedom uout
are globally
e
shared degrees of freedom, whereas the internal degrees of freedom uin
e are only internal
degrees of freedom and not shared with other elements. Therefore, the internal stiffness
of the original quadrilateral can be condensed onto the external degrees of freedom in
order to reduce the size of the problem and keep only the external degrees of freedom as
variables,

−1 out
uin
ue
⇒
(2.11)
e = kL Ke + kL I
h

−1 i out
out
ext
2
ue = KC ue = f e .
(2.12)
kL I − kL Ke + kL I
In [15] it is shown that for kL → ∞ the condensed stiffness of the patch goes to the
original stiffness, KC → Ke , and for kL → 0 to zero, KC → 0, as expected. It is
possible to use the link stiffnesses kL as design variables in an optimization. However, the
resulting relation between the overall stiffness |KC | and kL has become highly nonlinear
(though still strictly monotonic), where |·| represents the largest eigenvalue matrix norm.
Realizing that the zero-length spring stiffnesses kL are functions of the element densities
ρe , we can scale this relation such that the resulting condensed matrix KC (kL ) scales
linearly with ρe [5, 15],
|KC (kL (ρe ))| ∝ ρe .

(2.13)

For more detailed information about the exact mathematics the reader is referred to
[5, 15].
Note that the link stiffnesses are bounded, 0 < kL < ∞ as well as the element densities
ε ≤ ρe ≤ 1, to ensure a well-conditioned, positive definite stiffness matrix of the global
problem and ensure that the inversion in Eq. (2.11) can be carried out.
The same treatment can be applied to the nonlinear problem, which is given by,
0 = r(ûout , ûin ) = f ext − f int (ûout , ûin ),

(2.14)

where r, f , f , û
and ûin are the residual, the external and internal force vector
and the assembled external and internal degrees of freedom, respectively.
In each Newton iteration of a nonlinear problem a linear problem has to be solved
[14],


∆ûout
in
in
s+1
K(ûout
,
û
)
= r(ûout
(2.15)
s
s
s , ûs ),
∆ûin
s+1
ext

int

out

where K is the global assembled tangent matrix. The contribution of an individual patch
to this relation, similar to Eqs. (2.11) and (2.12), is given by,



∆uout
kL I
−kL I
s+1
=
in
in
∆us+1
−kL I K(us ) + kL I
 ext  

f
kL (uout
− uin
s
s )
−
,
(2.16)
int
in
out
in
0
f (us ) − kL (us − us )
where the element tangent stiffness matrix K(uin
s ) = Ks and the element internal force
int
vector f int (uin
are functions of the internal displacement uin
s ) = fs
s . The relation
between the link stiffness kL and the element density ρe is obtained from Eq. (2.13) in
the first iteration. The internal displacements only depend on the outer displacements,
therefore we can eliminate ∆uin
s+1 from the global problem by condensation. After
condensation we are left with the following contribution of an individual patch,

−1

in
int
out
∆uin
kL (uout
s+1= Ke,s + kL I
s − us ) − f s + kL ∆us+1
in
out
out
in
⇒ KC (uout
s , us )∆us+1 = r C (us , us ),

(2.17)
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Figure 2.6: Discretization of the level-set function with respect to the finite element
mesh. The level-set contour φ = 0 is given by the red line and the resulting element
densities are indicated by gray-scale coloring.

where,
2
KC =kL I − kL
ext



Ks + kL I

−1

r C =f
−
− uin
s )+

−1

in
int
kL Ks + kL I
.
kL (uout
s − us ) − f s
displacement increments ∆uout
can
be
obtained
s+1

(2.18)

kL (uout
s

(2.19)

Now the external
from a system of
the size of the original problem. After solving for the external displacement increment
in
∆uout
s+1 the internal displacement increment ∆us+1 can be obtained from Eq. (2.17) in
a post processing step.
The structural solution obtained using ECP approaches the solution of the Ersatzmaterial approach in the material domain, and provides more flexibility in the void
regions, particularly useful in areas where void is compressed. Where the Ersatz approach
suffers from loss of positive definiteness of the tangent stiffness matrix due to excessive
compression of void regions, ECP effectively disconnects the nonlinear elements from the
mesh, preventing excessive deformation. For more information on the theoretical aspects
of ECP the reader is referred to [15].
Next, we proceed to the general formulation of the proposed combination of the levelset method and ECP in Sec. 2.4.

2.4

Proposed method

The proposed combination of the level-set method and ECP aims to exploit the advantages of both methods. The usage of a level-set function ensures a clear description of the
material domain. Furthermore, the location of the boundary is available as the zero-level
contour φ(X) = 0 and the outward normal n can be computed from n = −∇φ/k∇φk.
The ECP material interpolation allows including geometrical and physical nonlinearities in an elegant way and improves the stability of the finite element analysis involving
intermediate densities greatly.
Structural optimization problems including compliance minimization problems and
compliant mechanism designs can be generally formulated as follows. The structural
problem is defined on the material domain Ω, having a prescribed traction on the Neumann boundary ΓN and a prescribed displacement on the Dirichlet boundary ΓD . With
the assumption that there are no body forces, the minimization problem with general
objective J(u) with arguments involving a volume term jΩ and a boundary term jΓ , is
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given by,
Z
Z
min J(u) =
jΩ (u)dΩ +
jΓ (u)dΓ
Ω
Γ
Ω
 ∇ · σ(u) = 0 on Ω
σ(u) · n = t on ΓN
subject to

u=0
on ΓD ,

(2.20)

(2.21)

where u is the displacement, σ is the stress, n is the normal to the boundary and t
is the boundary traction vector. An additional volume constraint can be added to the
constraints formulated as,
Z
G(Ω) =
dΩ − Vmax ≤ 0,
(2.22)
Ω

where Vmax is the maximum volume. Considering a non-design-dependent surface traction, we do not allow shape changes on the part of the boundary where t 6= 0. We give
the results of the derivation from the augmented Lagrangian formulation of the problem
above. Details can be found in App. 2.A. The resulting velocity field vn is given by,
vn = − s(jΩ + ∇q : σ(u)
+ ∇ · [jΓ n] + l + αG(Ω))

on Ω,

(2.23)

where s > 0 is a scaling parameter, q is the adjoint displacement, λ and α > 0 are
the Lagrange multiplier estimate and the penalty parameter associated with a possibly
active volume constraint, respectively. When the volume constraint is inactive, both the
Lagrange multiplier estimate λ and the penalty parameter α is set to zero. The adjoint
displacement q can be solved from the set of equations (App. 2.A),

 ∇ · (∂σ/∂∇u : ∇q) − ∂jΩ /∂u = 0 on Ω
∂σ/∂∇u : ∇q · n = −∂jΓ /∂u
on ΓN
(2.24)

q=0
on ΓD ,
where ∂σ/∂∇u is the tangent stiffness around the solution of the structural displacement
u. Solving the adjoint system is exactly equivalent to a Newton iteration in the solving
of the structural equilibrium Eq. (2.21) with different forcing terms.
The Lagrange multiplier estimate λ for an active volume constraint can be obtained
from (App. 2.A),
R
Γ (jΩ + ∇q : σ(u) + ∇ · [jΓ n]) dΓ
R
λ=− 0
,
(2.25)
Γ dΓ
0

where Γ0 = Γ\Γt6=0 .
The level-set method provides a way to use the shape sensitivities given above in
a framework allowing for topological changes. The optimization algorithm using the
combination of the level-set method and ECP starts from the definition of an initial
topology or material domain Ω in terms of an initial level-set function φ(X, 0). In order to
obtain a flexible description of the structural problem, the structural domain is mapped to
a fixed, non-conforming and rectangular finite element mesh using quadrilateral elements.
We interpolate the level-set function with linear basis functions, one level-set grid point
per finite element, as displayed in Fig. 2.6.
The element densities ρe on this mesh are calculated according to Eq. (2.5) with an
approximate Heaviside with a bandwidth of two times the length of the diagonal of a finite
element and a lower bound of ε = 1 · 10−6 . Then the ingredients of the boundary design
velocity field defined by Eq. (2.23), the structural and the adjoint displacement u and q,
respectively, are obtained by solving the structural and the adjoint problem, Eqs. (2.24)
and (2.21), discretized using ECP. In order to obtain a well-conditioned optimization
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Figure 2.7: Initial and evolving element density field during the design optimization of
a linear compliance minimization problem using the level-set method combined with
ECP.

problem, the element densities ρe are used to scale the element link stiffnesses kl,e to
satisfy Eq. (2.13).
The step size s in Eq. (2.23) and the total pseudo-time over which Eq. (2.8) is integrated are determined adaptively such that the shape change lies in a range between
0.5% and 0.75% of the size of domain Ω. The resulting boundary design velocity field
vn is ‘naturally’ extended to the whole domain D and is used by a first-order upwind
scheme to evolve the level-set function in the steepest descent direction. In a next step,
the level-set function is reinitialized to the signed distance function with another upwind
scheme. This is done to retain the accuracy of the normal or gradient of the level-set
function and allow for the definition of a new approximate Heaviside density field. This
procedure is repeated until the material domain does not change anymore and a visually
‘convergence’ is reached.
The proposed method has been implemented for both linear and geometrically nonlinear structural optimization. In Sec. 2.5 two linear compliance minimization benchmark
problems are treated.

2.5

Compliance minimization

The objective of a linear
compliance minimization problem (in absence of a body force)
R
is given by J(u) = Γ u · tdΓ. We set a volume constraint of 50% of the total domain,
Z
G(Ω) =
dΩ − 12 VD ≤ 0,
(2.26)
Ω

where VD is the volume of the total domain D containing the material domain Ω.
For linear elasticity the constitutive relation is given by σ(u) = C : (u), where C
is the fourth-order stiffness tensor and (u) = 12 (∇u + ∇uT ) is the linear strain tensor.
The system of equations for the adjoint displacement now reduces to (see App. 2.A),

 ∇ · (∂σ/∂∇u : ∇q) = ∇ · (C : ∇q) = 0 on Ω
C : ∇q · n = −t
on ΓN
(2.27)

q=0
on ΓD .
Because of the symmetry of C we can write,

 ∇ · (C : 21 (∇q + ∇q T )) = ∇ · (C : (q)) = 0
C : ∇q · n = C : (q) · n = −t

q=0

on Ω
on ΓN
on ΓD .

(2.28)
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Figure 2.8: Initial configuration and the evolving ‘naturally’ extended velocity field
during the design optimization of a linear compliance minimization problem using the
level-set method combined with ECP.

Figure 2.9: Objective and constraint history (in % of the total domain D) of the design
optimization of the second linear compliance minimization problem using the level-set
method combined with ECP.
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Figure 2.10: Plot of the element densities of the initial and optimized deformed configuration of the geometrically nonlinear compliant force inverter using the level-set
method combined with ECP. A close-up is shown in the next figure.

Comparing, the structural displacement is solved from,

 ∇ · σ(u) = ∇ · (C : (u)) = 0
σ(u) · n = C : (u) · n = t

u=0

on Ω
on ΓN
on ΓD ,

(2.29)

so for linear elasticity we have q = −u, associated with the self-adjoint linear compliance
minimization problem. This system is cast into a weak form and solved in a finite
element analysis as described above. When the volume constraint is active, the Lagrange
multiplier estimate λ is obtained from,
R
R
Γ ∇q : σ(u)dΓ
Γ (u) : C : (u)dΓ
R
λ=− 0 R
= 0
,
(2.30)
Γ dΓ
Γ dΓ
0

0

because t = 0 on Γ0 . A smooth transition from constraint activity to non-activity has
been implemented to improve the convergence of the optimization problem. The design
velocity is now given by,
vn = −s (∇q : σ(u) + l + αG(Ω))
= s ((u) : σ(u) − l − αG(Ω))
where α =
Ae .

1
A
10 e

on Ω,

(2.31)

is a volume penalty parameter, chosen as a fraction of the element area

One of the most common benchmark problems for topology optimization is the compliance minimization of a cantilever beam supported at one end and loaded at the bottom
of the other end in the vertical direction. This benchmark problem has been solved using
a domain of 2 x 1 meshed with (80+2) x (40+4) elements; on the free edges of the domain
(upper, lower and right side) a row of two elements was added. The Young’s modulus
and Poisson’s ratio are 1000 and 0.3, respectively, and the applied force is 1. As can be
seen in Fig. 2.7, the classical result is obtained using the level-set method in combination
with ECP.
Also a problem involving a cantilever loaded vertically at the center of one its end has
been solved. This time the domain of 3 x 1 is meshed with (180+2) x (60+4) elements.
The Young’s modulus, Poisson’s ratio and the force remain the same. The results of
this benchmark problem are shown in Fig. 2.8. The convergence behavior of this second
optimization, displayed in Fig. 2.9, is rather smooth.
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Figure 2.11: Close-up of the element densities in the optimized deformed configuration
of the geometrically nonlinear compliant force inverter using the level-set method
combined with ECP.

Figure 2.12: Objective history and volume fraction history of the geometrically nonlinear compliant force inverter design optimization.

Figure 2.13: Design evolution of the ‘naturally’ extended velocity field of the geometrically nonlinear compliant force inverter design optimization problem. The red areas
have a positive design velocity in the direction of the outward normal to the boundary
and the blue areas a negative one.
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Figure 2.14: Plot of element densities of the initial configuration of a compliant gripper
design problem and the opaque image of the optimal structural domain obtained using
the level set method combined with ECP.

2.6

Compliant mechanisms

To demonstrate the effectiveness of the proposed combination of the level-set method
and ECP we present two types of complaint mechanism design benchmark problems.
Both a compliant force inverter and a compliant gripper have been optimized. The
optimized displacement at an internal point of the material domain can be expressed as
L(X) · u where L(X) is an operator selecting the part of the structure with the desired
displacement. The objective of the optimization problem is now given by,
Z
L · udΩ.
(2.32)
J(u) =
Ω

The adjoint displacement can be now solved from the set of equations (see App. 2.A),

 ∇ · (∂σ/∂∇u : ∇q) − L = 0 on Ω
∂σ/∂∇u : ∇q · n = 0
on ΓN
(2.33)

q=0
on ΓD ,
where ∂σ/∂∇u is the tangent stiffness around the solution of the structural displacement
u. In this nonlinear setting the adjoint can be found relatively cheaply by solving a linear
problem involving the tangent stiffness ∂σ/∂∇u. The resulting velocity field vn for this
type of problems is given by,
vn = − s (L · u + ∇q : σ(u) + α)

on Ω,

(2.34)

where α is a very small volume penalty parameter to eliminate unnecessary material (as
if the term in the integral of Eq. (2.32) were [L · u + α]).
The compliant force inverter is meshed with 125 x 125 elements in a 1 x 1 domain.
The Young’s modulus equals 1000, the Poison’s ratio equals 0.3 and the total applied
force equals 1. The boundary conditions and the initial and the optimal configuration,
very similar to the one obtained in [6], are shown in Fig. 2.10. A distributed spring with
a stiffness of half the Young’s modulus times the height of the structure is attached to
the structure to represent the stiffness of an attached structure. The optimum that is
reached depends on the choice of the initial configuration, as is well known for levelset methods [1, 10, 11]. In Fig. 2.12 the objective history is plotted of the force inverter
optimization problem. A smooth convergence is obtained, but many additional iterations
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Figure 2.15: Plot of the evolving element densities of a compliant gripper design
problem using the level-set method combined with ECP.

are necessary to eliminate the unnecessary material.
The second benchmark is a compliant gripper design problem solved with the same
parameters as the compliant force inverter. The boundary conditions and the initial and
optimal configuration are displayed on the left in Fig. 2.14. Depending on the initial
configuration, the optimal gripping configuration, very similar to the solution obtained
in [1], is also obtained.
However, some problems involving the level-set formulation are observed. The optimized structures include thin hinge-like parts, which are sometimes lost at a certain
moment in the optimization history. This surface-loss may be attributed to the usage
of upwind schemes and an under-resolved interpolation of the level-set function [11]. In
some cases the compliant force inverter problem encountered a stability point in the
structural analysis. Though the analysis is able to cope with this stability point, it causes large differences between the structural and adjoint displacements in two subsequent
iterations of the optimization. Then oscillations around this stability point may hinder
further convergence of the optimization process. However, these issues are unrelated
to the proposed combination and may be solved by adding requirements to the design
problem.

2.7

Conclusions

The components of a level-set method can be chosen from a variety of different approaches to obtain an efficient and practical new variant in the level-set method family.
This work combines the element connectivity parameterization method (ECP) material
interpolation has been used in a level-set framework.
The resulting topology optimization method exploits the crisp boundary, and manufacturability of the optimum designs of the level-set method and combines this with
the advantages of ECP in the field of complex nonlinearities. The effectiveness has been
demonstrated on some benchmark problems commonly used in compliance minimization and compliant mechanism design optimization. Some issues concerning the level-set
method remain unsolved including the dependence of the final result on the initial configuration. However, this combination of methods offers a new perspective on a general
approach to deal with nonlinearities in topology optimization ensuring a crisp boundary
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Figure 2.16: The level-set function of the optimal configuration of a complaint gripper
design problem using the level-set method combined with ECP.

design.

2.A

Appendix

The derivation of the ‘naturally’ extended velocity field and Lagrange multiplier estimate
is given here.

Structural minimization problem
The structural minimization problem on a domain Ω with Dirichlet and Neumann boundary ΓN and ΓD with general objective J(u) was given by,
Z
Z
min J(u) =
jΩ (u)dΩ +
jΓ (u)dΓ
(2.35)
Ω
Γ
Ω
 ∇ · σ(u) + b = 0 on Ω
σ(u) · n = t
on ΓN
subject to
(2.36)

u=0
on ΓD ,
where u is the displacement, σ is the stress, b is the body force vector, n is the normal
to the boundary and t is the boundary traction vector. An additional volume constraint
can be added to the constraints formulated as,
Z
G(Ω) =
dΩ − Vmax ≤ 0,
(2.37)
Ω

where Vmax is the maximum volume. We formulate a Lagrangian called L for this
minimization problem, by varying Eq. (2.36) with a test function q and a variational
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problem as,
Z
L(u, q, λ, Ω) =

Z
jΩ (u)dΩ +
jΓ (u)dΓ
Ω
Γ
Z
Z
(∇q : σ(u) − q · b)dΩ −
q · tdΓ
+
Ω
Γ
Z

+λ
dΩ − Vmax ,

(2.38)

Ω

where u ∈ {H 1 (Ω) | u = 0 on ΓD } is the structural displacement and q ∈ {H 1 (Ω) | q =
0 on ΓD } is the Lagrange multiplier field for the equilibrium equation or adjoint displacement, λ is the Lagrange multiplier estimate for the volume constraint and Ω and Γ are
the domain and boundary of the current structural domain, respectively. The variation
of the Lagrangian can be written as,
∂L =∂u L + ∂q L + ∂λ L + ∂Ω L.

(2.39)

∂L(u? , q ? , λ? , Ω? )

A stationary point of the Lagrangian
= 0 indicates a local minimum
of the objective satisfying the constraints. Due to the Lagrange multipliers this point
will be a saddle point. When we are not at a stationary point, (u, q, λ, Ω), we ensure
that the first three terms in Eq. (2.39) disappear in order to satisfy the constraints. The
terms that are unbounded from below have now been eliminated from Eq. (2.39) and we
obtain,
Lk+1 = Lk + ∂L = Lk + ∂Ω L,

(2.40)

from which we can choose a steepest descent direction for ∂Ω such that the last term
in this equation is negative. But first the unbounded terms are eliminated by solving a
structural and an adjoint problem.

Adjoint displacement
The condition ∂u L = 0 ∀∂u gives,
Z
0 = ∂u L =
[∂u jΩ (u) + ∇q : ∂u σ(u)] dΩ
Ω
Z
+
∂u jΓ (u)dΓ
ΓN

Z 


∂jΩ
∂σ
−∇·(
: ∇q ) · ∂udΩ
∂∇u
Ω ∂u


Z
∂σ
∂jΓ
+
∂u ·
: ∇q · n +
dΓ,
∂∇u
∂u
ΓN

=··· =

(2.41)

in which integration by parts, the divergence theorem and ∂u = 0 on ΓD have been
used. The term ∂σ/∂∇u is the tangent operator around the solution u, ∂σ/∂∇u =
∂σ/∂(u) : ∂(u)/∂∇u, where  is the nonlinear strain. From Eq. (2.41) a strong set
of equations for q can be derived,

 ∇ · (∂σ/∂∇u : ∇q) − ∂jΩ /∂u = 0 on Ω
∂σ/∂∇u : ∇q · n = −∂jΓ /∂u
on ΓN
(2.42)

q=0
on ΓD ,
where the last boundary condition is added because of the condition q ∈ {H 1 (Ω) | q =
0 on ΓD }.
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Structural displacement
The condition ∂q L = 0 ∀∂q yields,
Z
Z
0 = ∂q L =
[∂q ∇q : σ(u) − ∂q · b] dΩ −
Ω

∂q · tdΓ

ΓN

Z
=··· =

−∂q · [∇ · σ(u) + b] dΩ
Ω

Z
∂q · [σ(u) · n − t] dΓ,

+

(2.43)

ΓN

in which again integration by parts, the divergence theorem and now the fact that ∂q = 0
on ΓD has been used. From this equation the strong set of equations for u is deduced,

 ∇ · σ(u) + b = 0 on Ω
σ(u) · n = t
on ΓN
(2.44)

u=0
on ΓD ,
where the last condition also comes from the Dirichlet condition u ∈ {H 1 (Ω) | u =
0 on ΓD }. In principle for all choices of Ω ∈ D the conditions ∂q L = 0 ∀∂q and
∂u L = 0 ∀∂u can be satisfied exactly because q and u are solved directly from the
systems Eqs. (2.42) and (2.44).

Volume constraint
Finally, the condition ∂l L = 0 ∀∂l simply results in,
Z
dΩ − Vmax = 0 if l > 0.

(2.45)

Ω

This requirement directly restricts the feasible domains Ω and can in practice not be
satisfied exactly. At a local minimum (u? , q ? , λ? , Ω? ) of our minimization problem, the
variation of the Lagrangian with respect to a domain variation ∂Ω L = 0 ∀∂Ω is satisfied.
From this condition the Lagrange multiplier λ can then be obtained. When we are at any
other point (u, q, λ, Ω) we can obtain a Lagrange multiplier estimate for instance from
the least-squares satisfaction of this condition ∂Ω L ≈ 0 ∀∂Ω, as discussed in Sec. 2.A.

Domain variation
We proceed to look further into the term ∂Ω L, originating directly from a variation of
the domain Ω. According to Allaire et al. [1] the changing material domain Ωθ can be
described by an advection of the original domain Ω by a vector field θ(X),
Ωθ = {X + θ(X)| X ∈ Ω} .

(2.46)

H 1 (Ω)

The variation of an arbitrary functional a ∈
due to an infinitesimal shape change
of the domain Ω depends on the changes of the boundary only. For a general functional,
called a(Ω), defined as,
Z
Z
a(Ω) =
aΩ (X)dΩ +
aΓ (X)dΓ
Γ
ZΩ
Z
=
aΩ dΩ +
∇ · [aΓ n]dΩ,
(2.47)
Ω

Ω

the variation ∂Ω a at Ω is defined as,
Z
Z
aΩ θ · ndΓ +
(∇ · [aΓ n]) θ · ndΓ.
∂Ω a =
Γ

Γ

(2.48)
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An infinitesimal shape change only depends on the convection in the direction normal to
the boundary. Therefore we can define θ = θn n and θ ·n = θn without loss of generality.
We end up with the relation,
Z
Z
(2.49)
aΩ θn dΓ + (∇ · [aΓ n])θn dΓ.
∂Ω a =
Γ

Γ

Using this we can formulate the variation of the Lagrangian due to a domain change
∂Ω L = ∂θn L as,
Z
∂Ω L = (jΩ + ∇q : σ(u) − q · b
Γ

+ ∇ · [(jΓ − q · t)n] + l)θn dΓ.

(2.50)

Considering a non-design-dependent surface traction and no body force, we impose θn =
0 on the part of the boundary where t 6= 0 and set b = 0. Defining Γ0 = Γ\Γt6=0 ,
Eq. (2.50) reduces to,
Z
∂Ω L =
(jΩ + ∇q : σ(u) + ∇ · [jΓ n] + l) θn dΓ.
(2.51)
Γ0

Lagrange multiplier estimate
The stationarity condition of the Lagrangian ∂Ω L = 0, valid for any feasible boundary
displacement θn gives a relation for the Lagrange multiplier λ,
jΩ + ∇q : σ(u) + ∇ · [jΓ n] + λ = 0

on Γ0 .

(2.52)

For a given design with u and q the total error  in terms of the Lagrange multiplier
estimate λ is given by,
Z
Z
(λ) =
(jΩ + ∇q : σ(u) + ∇ · [jΓ n]) dΓ + λ
dΓ
Γ0

Z
=

Γ0

f˜dΓ + λ

Z

Γ0

dΓ.

(2.53)

Γ0

Setting the derivative of the least-squares problem,
Z
2
Z
min 2 =
f˜dΓ + 2λ
λ

Γ0

+ λ2

Γ0

Z

2
dΓ ,

f˜dΓ ·

Z
dΓ
Γ0

(2.54)

Γ0

with respect to the Lagrange multiplier estimate λ equal to zero, gives the relation,
R
Γ (jΩ + ∇q : σ(u) + ∇ · [jΓ n]) dΓ
R
λ=− 0
.
(2.55)
Γ dΓ
0

This Lagrange multiplier estimate is calculated when the constraint is active or otherwise
set to zero. When the constraint is active, the calculated Lagrange multiplier estimate
should be larger than zero, λ > 0.

Steepest descent direction
The steepest descent direction can be derived from Eq. (2.51). However, the active
volume constraint cannot be satisfied exactly due to finite design changes and the Lagrange multiplier estimate λ only obstructs the optimization to deviate further from the
feasible design space. Therefore, we can still end up with an infeasible solution.
In order to eliminate this problem, we penalize an infeasible solution to this system by
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formulating an augmented Lagrangian Lα as,
Z
Z
Lα (u, q, λ, Ω) =
jΩ (u)dΩ +
jΓ (u)dΓ
Ω
Γ
Z
Z
(∇q : σ(u) − q · b)dΩ −
q · tdΓ
+
Ω
Γ
Z

+λ
dΩ − Vmax
Ω

2
Z
α
dΩ − Vmax ,
(2.56)
+
2
Ω
where α > 0 is a penalty parameter of arbitrary magnitude that should be zero when
the volume constraint is inactive.
The Lagrange multiplier estimate λ is still solved from Eq. (2.55). The term ∂Ω Lα
now becomes,
Z
∂Ω Lα =
(jΩ + ∇q : σ(u) + ∇ · [jΓ n]
Γ0

+ λ + αG(Ω))θn dΓ.

(2.57)

An appropriate choice for θn ensures that ∂Ω Lα < 0. The steepest descent choice gives,
θn = − s(jΩ + ∇q : σ(u) + ∇ · [jΓ n]
+ λ + αG(Ω))

on Γ0 ,

(2.58)

where s > 0 defines the magnitude of the shape change. We can now define the normal
design boundary velocity field vn on the whole domain as,
vn = − s(jΩ + ∇q : σ(u) + ∇ · [jΓ n]
+ λ + αG(Ω))

on Ω.

(2.59)
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R OBUST G EOMETRICALLY N ONLINEAR
A NALYSES USING E LEMENT D EFORMATION
S CALING

Context
The Element Connectivity Parameterization (ECP) method can also experience convergence problems. Thorough investigation of the ECP method resulted in the formulation
of an alternative approach. We analyze the source of the convergence problems of the
conventional Material Scaling (MS) approach and propose the alternative Element Deformation Scaling (EDS). We demonstrate that the improved robustness of the structural
analyses using a set of new box-shaped benchmark problems. This paper has been submitted to Structural and Multidisciplinary Optimization.
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Abstract
Geometrically nonlinear structural analyses in conventional density-based Topology Optimization (TO) may fail due to excessive deformation, concerning in particular compression in low stiffness parts (void) of the domain. This limits the application of TO in the
field of realistic large deflection mechanisms, actuators and multi-stable structures.
This paper investigates the source of the instabilities that may be encountered using
the conventional strategy to scale the stiffness of finite elements using the density (e.g.
SIMP). Based on the findings, we propose a new design interpolation, called Element
Deformation Scaling (EDS), to obtain more robust structural analyses for geometrically
nonlinear TO. Instead of scaling the stiffness, EDS scales the local internal displacements,
and therefore, the deformation, in a low-density finite element. This ensures that, even
for extremely deformed finite elements, the internal displacements remain in the range
of applicability of the material model and finite element description.
The effectiveness of the proposed method is compared with the conventional approach
(e.g. SIMP) and the Element Connectivity Parameterization (ECP) method using several
numerical experiments using path-following techniques. Furthermore, the limits of EDS
(and ECP) are discussed. The proposed method, EDS, is demonstrated to lead to more
robust structural analyses than the other approaches.
Keywords: Topology optimization, robust analyses, geometrical nonlinearities, material
interpolation, design interpolation, Element Deformation Scaling (EDS)

3.1

Introduction

These days, Topology Optimization (TO) is a very useful tool in the conceptual design
phase. It allows the designer to perform a very flexible design optimization in an early
stage of the design process, creating a design concept in terms of a general material
distribution (solid vs. void) [8]. For this reason, there is a growing need for increasingly
powerful TO procedures including problems involving geometrical nonlinearities [18].
In this area, the availability of robust analyses for the entire range of possible designs
is a crucial and challenging problem. Crucial, because without a converged analysis the
optimization process stops prematurely. Challenging, because so far no adequate solution
for this problem exists. In particular, the application of TO in the field of geometrically
nonlinear structures and structural instabilities is difficult.

3
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In the past decade, a large number of different TO methods have been proposed.
The most popular approach describes a design using a set of piecewise constant element
densities ε ≤ ρe ≤ 1, where ε is a lower bound to avoid singular structural problems.
These element densities indicate the amount of (porous) material (or the material volume
fraction) in each finite element of a usually fixed regular grid [6, 7, 33]. The majority
of level-set-based TO methods translate the level-set function to a fixed finite element
mesh using element densities as intermediate variables (e.g. [2, 28]). The application of
element densities in gradient-based TO methods has been very successful because of its
simplicity and effectiveness [8].
A numerical model of a design can be constructed using a conforming discretization. This approach discretizes only the material part of the design domain, but can be
numerically expensive due to remeshing, especially in three dimensions. Furthermore,
topological changes can be difficult to handle and the implementation can be difficult.
As an intermediate solution, an X-FEM approach can provide more accurate descriptions
of the material-void interface and avoid remeshing procedures [5, 27]. However, to the
knowledge of the authors, X-FEM approaches have not yet been applied on TO including
large deformations.
Most TO methods (e.g. the homogenization approach [1, 6, 7, 26] and SIMP [6, 24, 33])
use the element densities ρe to scale the material properties (i.e. the stiffness) in each
finite element. In fact, there are many types of material interpolation schemes (e.g.
RAMP [25]) and density filtering techniques (e.g. [9]) that result in some effective factor
f = f (ρe ) that is used to scale the material properties of each finite element. To avoid
confusion, we call these approaches Material Scaling (MS). Also the Ersatz material
approach ([2, 28]) used in level-set based methods is an example of MS.
For linear structural analyses, this approach is very successful. However, when extending MS to the geometrically nonlinear regime, problems can be encountered causing
the analyses to fail to converge due to instable behavior of the structure and excessive
deformation in compressed void areas (e.g. [9, 11, 29]).
The design itself can exhibit (global) unstable behavior (e.g. multi-stable structures,
buckling, limit-load behavior), which needs to be captured by the mechanical analysis
in a TO. In this case, generalized displacement control and, more generally applicable,
path-following techniques are more appropriate to solve the structural equilibrium than
force control [12]. The application of these techniques will be required to apply TO on
(potentially) instable structures.
Convergence problems can also be caused by excessive deformation of finite elements,
in particular due to compression in low stiffness areas [29]. A structural analysis in a
TO typically includes large stiffness differences. Therefore, it is inevitable that relatively
stiff areas can crush, i.e. excessively deform, neighboring compliant areas. Instabilities
can arise in excessively deformed finite elements. This situation can cause divergence of
the structural analysis and cannot be resolved by reducing the size of the displacement
increments or an appropriate selection of the solution method. Because of the extent
of the deformations (elements can even be turned inside out), it is difficult to discuss
what behavior would be physically meaningful. At least, the influence of these distorted
elements should be small on the response and avoid spoiling convergence properties.
Problems are concentrated in low-stiffness elements under compression and can arise
particularly (but not exclusively) in compressive load cases.
To solve these problems a number of different approaches have been proposed. Buhl
et al. [11] suggest a relaxation of the convergence tolerance for the degrees of freedom of
elements which exhibit unstable behavior. Although this method is easy to implement,
it reduces the accuracy of the analysis and, therefore, affects the sensitivities.
Another possibility is to remove some or all of the void elements which may give rise
to problems [9, 10]. As an additional advantage this method also reduces the overall size
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F = 2

F = 3

(a) Load case of the c-shaped benchmark problem.

(b) Exact FEM solution of the cshaped benchmark problem.

Figure 3.1: The load case and reference solution of the c-shaped benchmark problem
proposed by Yoon and Kim [29].

of the structural problem. When applying this procedure, sensitivities for the removed
void elements can no longer be calculated. This may not be a big issue when problems
occur only in void elements. However, instabilities can also arise in low-stiffness areas
which are not void (yet). Moreover, removing elements from the structural analysis can
result in a singular structural problem when in the course of the optimization process
other (material) elements are disconnected from the main structural domain.
Other researchers have investigated approaches trying to control the amount of nonlinearity in the finite elements. Pajot and Maute [22] proposed a method where the
element densities are used to interpolate between a linear strain definition for void elements and a nonlinear Green-Lagrange strain definition for material elements. However,
they conclude that such an interpolation would need to be tuned for different types of
problems to obtain good convergence of the Newton scheme.
Also remeshing techniques can be used to avoid excessive mesh distortions [19, 20].
However, remeshing techniques can be computationally expensive, especially in three
dimensions. Furthermore, remeshing will introduce numerical noise in the response due
to the changing discretization. For these reasons, remeshing techniques are not popular
in combination with geometrical nonlinearities and many authors still resort to simple
techniques such as element deletion.
Meshless methods can be employed as an alternative to finite-element-based discretization techniques [13]. These methods do not involve fixed connectivities of finite
elements and, therefore, do not suffer from mesh distortion. However, meshless methods are computationally more expensive than finite-element-based methods and the
incorporation of boundary conditions can be more involved.
All of the previous methods are still based on scaling the material properties (MS).
Instead of using MS, Yoon and Kim [29] introduced an alternative design interpolation
method called the Element Connectivity Parameterization (ECP). Rather than scaling
the stiffness of void elements, this approach aims at disconnecting void elements from
their neighbors. This is done by introducing one-dimensional zero-length linear springs
between the degrees of freedom of neighboring finite elements. Instead of controlling the
stiffness of the finite elements, in ECP the stiffness of the zero-length links are used to
interpolate a design [29].
ECP has been applied successfully on a number of different types of TO problems
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F = 2

F = 3

(a) Load case of the c-shaped benchmark problem.

(b) Converged displacement field at
Iteration 13.

Figure 3.2: The load case and result of the c-shaped benchmark problem with void
elements solved using MS, force control and a small void density ε = 10−9 .

[18, 30, 31]. However, recently problems have been identified concerning instabilities in
the ECP formulation [17, 18]. At severe deformations, local instabilities can cause the
Newton scheme to fail to converge.
For robust geometrically nonlinear structural analyses for TO, this paper proposes
a new design interpolation method called Element Deformation Scaling (EDS) capable
of dealing with the extreme deformations that can arise. Furthermore, to effectively
use gradient-based optimization techniques, the behavior (i.e. internal forces due to a
certain displacement field) of an element changes monotonically and continuously with
its element density. The robustness of structural analyses is studied using path-following
techniques. Moreover, we aim to identify the exact source of the problems encountered
when using MS and why EDS works as a rigorous alternative.
This paper starts with a summary of the MS approach and investigates its problems in
geometrically nonlinear analyses in Sec. 3.2. In Sec. 3.3, the new design interpolation EDS
is introduced, including a required extraction of the rigid-body displacements from the
displacements of a finite element. The effectiveness of EDS is tested and compared to MS
and an alternative design interpolation ECP using different types of benchmark problems
and different types of structural solution procedures in Sec. 3.4. The conclusions and
recommendations can be found in Sec. 3.5. Finally, a number of appendices are added
including more details concerning the displacement decomposition in two dimensions
(App. 3.A) and in three dimensions (App. 3.B) and an example of a MATLAB code to
implement the EDS in a TO code using quadrilaterals (App. 3.C).

3.2

Material Scaling (MS) and geometrical nonlinearities

In this section the most common design interpolation Material Scaling (MS) and the
problems that can be encountered in the geometrically nonlinear regime are discussed.
When including geometrical nonlinearities in structural analyses of a TO, we typically use the nonlinear Green-Lagrange strain definition for the internal force calculations.
Density-based TO methods map the design to a finite element mesh using element densities ε ≤ ρ ≤ 1. The discretized static equilibrium is given by the following nonlinear
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set of equations,
r(u, ρ) = f int (u, ρ) − f ext = 0,

(3.1)

where r(u, ρ) is the (global) residual force vector that depends on the nodal displacements denoted by u and the density variables ρ. The internal forces (the forces at the
degrees of freedom due to internal stresses) are denoted by f int (u, ρ) and f ext are the
external forces. For simplicity we assume that the external forces f ext do not depend
on the displacement u (i.e. no follower forces). From Eq. (3.1) follows the Newton
equation,
K(u, ρ)∆u = −r(u, ρ),

(3.2)

int

where K = ∂f /∂u is the (global) tangent stiffness matrix and ∆u is the displacement
increment. The global residual
force vector follows from the contributions of the individP
ual elements r(u, ρ) = e r e (ue , ρe ). The type of design interpolation determines how
the element residual r e (ue , ρe ) depends on the displacement ue and element density ρe .
Using MS, Eqs. (3.1) and (3.2) can be constructed from the element contributions
defined as,
ext
r e (ue , ρe ) = ρe f int
e (ue ) − f e ,

(3.3)

ρe Ke (ue )∆ue = −r e (ue , ρe ),

(3.4)

where the f int
e (ue ) and Ke (ue ) are the internal forces and tangent stiffness matrix of
the original (full material) element. Instead of the element density ρe , any other scaling
factor f = f (ρe ) can be used in Eqs. (3.3) and (3.4). In this work, without loss of
generality, we write the scaling factor simply as f = ρe . The iterative solution scheme
can be embedded in a setting in which load and/or displacements are prescribed. Given
the geometrically nonlinear nature, generalized displacement control or arc-length control
are best suited.
MS works well for linear problems and problems that do not exhibit much compression
in the more compliant elements, but in a general geometrically nonlinear setting this
approach may fail. Even when the optimal design of a TO problem does not have any
compressed void elements, this situation may occur at any intermediate stage of the TO.
To illustrate the difficulties that can be encountered, Yoon and Kim [29] proposed a
benchmark problem.
This benchmark problem treats a c-shaped structure that is subjected to two forces,
see Fig. 3.1a. This structure can be modeled using only the material elements to obtain
the displacement field as shown in Fig. 3.1b. Here, we do not focus on the accuracy of
the finite element solution due to the coarse discretization and we regard the solution in
Fig. 3.1b as the exact solution.
When the same structure is modeled in a TO, the interior is modeled with a compliant
material, see Fig. 3.2a. The finite elements containing this compliant material are crushed
and even inverted to accommodate a displacement field that resembles the reference
solution in Fig. 3.1b. In Fig. 3.2b the displacement field is shown obtained for a very
small void density ρe = 10−9 (for the precise settings of the solution procedure, see “c,
full force” in Tab. 3.3 in Sec. 3.4.1). We see that elements are inverted, folded back to
accommodate the large displacement of the structural member.
Following [29], the c-shaped benchmark problem in Fig. 3.2 was solved applying the
entire load on the structure at once and without any restriction on the size of the displacement increments ∆u (in general not a good idea). For this small problem and the
specific settings used in this example (see “c, full force” in Tab. 3.3), we happen to find
a converged solution after 13 iterations.
The displacement increments before convergence are extremely wild (see Figs. 3.3a
and 3.3b). Remarkably, when smaller increments are used we can no longer solve the
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(a) Unconverged displacement field
at Iteration 5.

(b) Unconverged displacement field
at Iteration 9.

Figure 3.3: Extreme element deformations of the c-shaped benchmark problem from
Fig. 3.2 using MS, force control and a small void density ε = 10−9 .

benchmark problem. Even if we employ more advanced solution procedures, such as
path-following techniques, then for numerous tests the authors were not able to obtain
convergence using MS. Apparently, the unlimited size of the displacement increment ∆u
gives the iteration process the opportunity to ‘jump’ over difficult parts of the equilibrium
path. Solving the structural analysis with such extreme finite element distortions is in
general not possible.
Also for ECP, the application of load control with small load increments or a more
advanced path-following technique makes severe convergence problems for the c-shaped
benchmark problem apparent. We will later demonstrate this, solving the same benchmark problem using ECP in Sec. 3.4.3.

3.3

Element Deformation Scaling (EDS)

To obtain robust geometrically nonlinear analyses in TO, we propose a new design interpolation called Element Deformation Scaling (EDS), which is able to handle inverting
elements. First, the general idea behind this approach is introduced in Sec. 3.3.1, leading
to the formulation of EDS in Sec. 3.3.2. In Sec. 3.3.3, the limits of the proposed method
are discussed.

3.3.1

Inspiration

The definition of the Green-Lagrange strain E associated with geometrical nonlinearities
depends nonlinearly on the displacement u. This definition is based on the deformation
gradient and is only physically meaningful when a body is not turned inside out, associated with negative volume [15]. Therefore, a large deformation finite element description
is only physically meaningful for non-inverted elements.
In a density-based TO using MS, low-density elements are modeled as a compliant
material. In a finite element analysis this can cause stiff elements to compress or even
invert compliant elements (see previous section). In this case, the calculated strain E,
stresses S and the internal forces f int in the compliant material are no longer physically
meaningful. Here we will show that even before inversion, the element already starts to
exhibit unrealistic and undesirable behavior. In a TO we are not primarily interested in
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u1

L, C
u2 = 0

Figure 3.4: Load case: compression of a one-dimensional truss.

a realistic solution to the compliant-stiff material problem. However, we need to avoid
convergence problems that are associated with the unrealistic behavior.
To illustrate what happens when a geometrically nonlinear element (almost) inverts,
we first study a simple one-dimensional problem. We consider the behavior of a truss
subjected to compression (and eventually inversion) as illustrated in Fig. 3.4. The internal
forces of the truss only depend on the displacement of the left end, i.e. f int = f int (u1 ).
The qualitative observations that will be made here, are also valid for two- or threedimensional finite elements under inversion.
Using the one-dimensional Green-Lagrange strain Ex = ∂u/∂x + 21 (∂u/∂x)2 , linear
basis functions for the interpolation of the displacement,
 

 u1
x
x
u(x) = 1 − L
(3.5)
L
u2
and linear elastic material behavior, the Second Piola-Kirchhoff stress Sx in the one-dimensional truss is given by,

  
u1 2
u1
−
,
(3.6)
Sx = C 21
L
L
where L and C are the length and the stiffness of the truss. In Fig. 3.5a the compressive
stress Sx is plotted and we can see softening behavior upon initial compression. The
compressive stress levels increase monotonically (in absolute sense) until the extremum
at u1 = L, where the entire element is compressed to a single point. Upon further
deformation, the element inverts and we are clearly outside of the range of applicability
of the linear elastic material model (and finite element formulation). Note that at u1 =
2L, the truss is not rotated but inverted, since rotation is not possible in one spatial
dimension. Computationally, we see that the compressive stress levels drop again to
disappear at u1 = 2L.
The linear strain-displacement matrix BL (ue ) is a function of the displacement ue .
It relates a variation of the nodal displacements δue to the corresponding variation of
the strain δEx as [3],
δEx = BL (ue )δue .

(3.7)

The internal forces of this one-dimensional example are defined as f int = BL (ue )T Sx
[3]. For this one-dimensional truss the force at the left end f1int becomes (positive to the
right),


 u 2
C 1  u1 3
u1
1
f1int =
− 32
+
.
(3.8)
2
L
L
L
L
√
int at u = (1 − 1 3)L ≈ 0.423L, well before the
The internal force has a maximum fmax
1
3
element is compressed to a single point, see Fig. 3.5b.
We observe that we are using the finite element model outside of its range of applicability. It is reasonable to assume that a truss with linear elastic material behavior would
always have positive stiffness against compressive deformation. Therefore, the realism of
the finite element description has been lost already at the maximum of the internal force
int at u = 0.423L, after which the stiffness of the finite element becomes negative,
fmax
1
∂f1int /∂u1 < 0, see the red part of the curve in Fig. 3.5b. After inversion, u1 > L, the
internal force even switches sign, f1int < 0.

3

51

Element Deformation Scaling

u1 = 0
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(a) The Second Piola-Kirchhoff stress Sx .

f1int L
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(b) The (internal) nodal force f1int ; the red part of the curve indicates
negative stiffness ∂f1int /∂u1 < 0.

Figure 3.5: The stress Sx and nodal force f1int as a function of compressive displacement u1 corresponding to the one-dimensional truss of Fig. 3.4.
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ρe = 0.2
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Figure 3.6: The effect of MS and EDS on the nodal force f1int . The blue curve is the
original nodal force of a full material element and the red and green curve are the
nodal forces of MS and EDS, respectively, for an element density ρe = 0.2.

This behavior is caused by the combination of nonlinear strain definition and the
corresponding strain-displacement matrix BL (ue ) of the finite element formulation. It is
traced back to the deformation gradient and the interpolation of the displacement field.
Therefore, similar behavior can be expected for other nonlinear strain definitions and
displacement interpolations. The realism of the behavior itself is not the real issue, since
inversion mainly happens for void elements. However, when load levels in an element
int , the negative stiffness of the finite element can cause
exceed the maximum load fmax
problems for a solution algorithm.
Using MS as the design interpolation method, the stiffness and therefore the internal
forces of a low-density element are scaled down, see Fig. 3.6. Therefore, also the maximum
int → ρ f int . For low-density elements, the load levels can easily
load is scaled down fmax
e max
int due to the neighboring stiffer elements. In
exceed the scaled maximum load ρe fmax
this case, these elements are crushed and can exhibit snap-through behavior (due to the
negative stiffness), causing serious problems for solution algorithms.
Not only the structural analysis can run into problems, also the optimization itself
can be affected. The behavior of an excessively deformed finite element is no longer
realistic. This behavior can have an influence on the performance of a design under
consideration by the TO and is, therefore, reflected in the corresponding sensitivities.
Although this effect may not be very pronounced at system level, it cannot be ruled out
that unrealistic behavior of excessively deformed finite elements can adversely affect the
optimization process in sensitive cases.
These observations also hold for two- and three-dimensional elements. In a structural analysis, we would like to stay in the range of applicability of the finite element
discretization for all elements. Inspired by the observations in this subsection, we formulate an alternative design interpolation method, Element Deformation Scaling (EDS).
Instead of scaling the magnitude of the internal forces, the general idea of the EDS design
interpolation is to prevent excessive deformation of finite elements by scaling the nodal
displacements (depending on the element density ρe ).
In this one-dimensional example, we can define a new local inner displacement uin
1 ,
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uout
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Figure 3.7: The EDS patch defines the inner displacements as a function of the outer
in
out
displacements and the element density uin
e = ue (ue , ρe ) .
which is a scaled version of the global, original displacements uout
≡ u1 as,
1
out
uin
1 = ρe u1 ,

(3.9)

following the nomenclature used in ECP [32]. Instead of the original displacement uout
1 ,
the EDS formulation uses the scaled inner displacement uin
1 for the internal force calculation in Eq. (3.8).
In Fig. 3.6 the effect of using EDS on the internal force f1int is shown. Instead of
int → ρ f int at u = 0.423L (using MS), EDS
scaling down the maximum force fmax
e max
1
keeps the maximum force at the same level, but shifts this extremum to a larger outer
displacement u1 = 0.423L/ρe . This has the added advantage that the behavior of lowerdensity elements will become less nonlinear, simplifying the solution process. The same
principle can be used for more complicated and realistic finite elements in two and three
dimensions.

3.3.2

EDS formulation

In this section the Element Deformation Scaling (EDS) formulation is introduced. First,
an EDS patch is defined replacing each finite element, following the nomenclature used
in ECP [32]. This EDS patch contains two sets of nodal degrees of freedom; the global
outer nodal displacements uout
and the local inner nodal displacements uin
e
e . For a fournoded quadrilateral, this is illustrated in Fig. 3.7. The inner nodal displacements are a
scaled counterpart of the global outer displacements depending on the element density,
in
out
uin
e = ue (ue , ρe ), and are used for the strain, stress and internal force calculation.
Using the EDS approach, the residual nodal forces of the EDS patch r e are defined
as,
int
in
ext
r e (uin
e ) = f e (ue ) − f e ,

(3.10)

in
f int
e (ue )

where
are the internal nodal forces calculated using the original finite element
subroutine with the inner displacements uin
e as the input.
The next step is to find a suitable relation between the inner and outer displacements.
For a void element, we want to reduce the internal deformation, i.e. the part of the outer
displacements that deforms the finite element. For an outer displacement field uout
e
without rotation, we could use a linear scaling,
out
uin
e = ρe ue .

(3.11)

Such an example for a quadrilateral is shown in Fig. 3.8.
However, unlike the case of a one-dimensional truss, we cannot use Eq. (3.11) in the
presence of finite rigid-body rotations. Using Eq. (3.11) for a pure rotational outer nodal
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ρe = 1

ρe =

1
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ρe → 0

out
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2 = u2
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2 → 0

1 out
uin
2 = 2 u2

Figure 3.8: Linear scaling of a displacement field without rotation. The thin black
dashed lines indicate the undeformed EDS patch, the thick black dashed lines indicate
the deformed EDS patch and the blue lines indicate the deformed internal finite
element for different values of the element density ρe .

ρe = 1

out
uin
1 = u1

ρe =
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uin
1 = 2 u1

1
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ρe → 0
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Figure 3.9: Linear scaling of a pure rotational displacement field. The thin black
dashed lines indicate the undeformed EDS patch, the thick black dashed lines indicate
the deformed EDS patch and the blue lines indicate the deformed internal finite
element for different values of the element density ρe . For intermediate densities, such
as ρe = 21 , linear scaling of rigid-body rotation results in compression of the internal
finite element.
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displacement field uout
would lead to artificial compressive internal forces for elements
e
with intermediate density. For a quadrilateral this situation is illustrated in Fig. 3.9.
For intermediate element densities, such as ρe = 12 , scaling a rigid-body rotation linearly
results in a compressed internal element, see Fig. 3.9.
To avoid scaling rigid-body nodal displacements, the outer nodal displacements uout
e
will be split into two components as,
uout
= v e + we .
e

(3.12)

where v e is the rigid-body part of the displacements that does not generate internal forces
f int (v e ) = 0 and includes the rotation. The other part of the outer displacements, we
will call the deformation part we which includes the part of the displacements that does
generate internal forces f int (we ) 6= 0 (unless we = 0).
Using this decomposition, we avoid scaling the rigid-body displacements v e by defining the inner displacements uin
e as,
uin
e = v e + ρe w e .

(3.13)

Using this equation, full material elements, ρe = 1, will generate the full amount of
int
in
out
internal forces, f int
e (ue ) = f e (ue ), and void elements, ρe → 0, will not generate
in ) → 0, see Fig. 3.8. Elements with intermediate densities
internal forces at all, f int
(u
e
e
will retain their rigid-body nodal displacements but deform less, leading to lower levels
int
int
out
of internal forces kf e (uin
e )k < kf e (ue )k.
This behavior is similar to ECP, where zero-length springs connect the inner degrees
out
of freedom uin
e to the outer degrees of freedom ue , see [32]. These linear springs allow
the inner element to follow rigid-body outer displacements, but reduce the deformation
of the internal element because they absorb part of the deformation instead. However,
there are fundamental differences between ECP and EDS. As opposed to ECP, EDS does
not involve additional internal equilibrium equations. Rather the internal displacements
out
uin
e are an explicit function of the outer displacements ue . Furthermore, EDS can be
seen as an alternative generalization of MS, because for geometrically linear problems
EDS reduces to MS.
Using Eq. (3.13), the contribution of an EDS patch to the tangent stiffness follows
from,
Ke

∂uin
e
∆uout
= −r e ,
e
∂uout
e

(3.14)

int
where Ke (uin
/∂uin
e ) = ∂f
e is the element stiffness matrix from the original finite
element subroutine with the inner displacements uin
e as an input.
in
out
To evaluate Eq. (3.14), the inner displacements uin
e and their derivatives ∂ue /∂ue
need to be computed. However, the rigid-body displacements v e of a deformable body,
and therefore the decomposition of the outer displacements uout
= v e + we , are not
e
uniquely defined. In this paper a specific choice has been made that works well.

All possible rigid-body nodal displacements of an undeformed finite element with displacement-based degrees of freedom can be parameterized using the initial geometry. In
general, they are comprised of a translation t and a rotation r. We can parameterize
all possible rigid-body nodal displacements for a displacement-based finite element as
v e = t + r. For a two-dimensional finite element this becomes,
v e (tx , ty , θ) = t(tx , ty ) + r(θ),

(3.15)

where the parameters tx , ty and the angle θ determine the magnitude of the rigid-body
displacements.
Using this parameterization, we can define the rigid-body displacements v e using the
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(a) Outer displacement field uout
e
of the c-shaped benchmark problem
using EDS.

(b) Inner displacement field uin
e of
the c-shaped benchmark problem
using EDS.

Figure 3.10: Outer and inner displacements of the c-shaped benchmark problem solved
using EDS. The density in the void domain is very small ε = 10−9 .

following minimization problem,
min kuout
− v e (t, r)k2 = min kwe (t, r)k2 ,
e
t,r

t,r

(3.16)

leading to the smallest possible deformation displacements kwe k. For a two-dimensional
finite element this can be written as,
min kuout
− v e (tx , ty , θ)k2 .
e

tx ,ty ,θ

(3.17)

This minimization problem results in a linear system which we can solve for the
parameters associated with the rigid-body translation and rotation. This gives us the
rigid-body displacements v e , the deformation displacements we and their derivatives
with respect to the outer displacements ∂v e /∂uout
and ∂we /∂uout
e
e , respectively. A
detailed discussion on how to calculate this decomposition of the outer displacements
uout
for a two-dimensional quadrilateral is treated in App. 3.A. In three dimensions a
e
similar approach can be used to calculate the displacement decomposition, which requires
eigenvector sensitivity analysis. This procedure is included in App. 3.B.
This completes the formulation of EDS. In Fig. 3.10, the outer and inner displacements
are shown of the c-shaped benchmark problem solved using EDS and a void density of
ε = 10−9 . As expected, the internal elements of the void are virtually undeformed
(similar as using ECP). A more detailed study of the c-shaped benchmark problem is
presented in Sec. 3.4.
The implementation in MATLAB of EDS and the displacement decomposition in two
dimensions is included in the paper in App. 3.C. It is also possible to extend EDS to three
dimensions and to different finite element formulations. The displacement decomposition
in three dimensions can be found in this paper in App. 3.B.

3.3.3

Behavior under extreme deformation

Using EDS, we are able to avoid using the linear elastic material model and finite element
formulation outside of the range of applicability. However, there are other limitations for
the stable behavior of void elements using EDS that concern the displacement decomposition. We emphasize that these limitations are not related to the particular choice of
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(a) “Load Case 1”: Compression of a quadrilateral.

w1

(b) Two solutions of the four solutions to
Eq. (3.18) corresponding to the outer displacements uout = 2h.
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(c) One solution, θ = 180 , to Eq. (3.18) corresponding to the outer
displacements uout = 3h.

Figure 3.11: “Load Case 1”: Configurations of the internal element resulting from
the displacement decomposition when inverting a quadrilateral element. The blue lines
indicate the translated and rotated undeformed element (i.e. v) and the red arrows
indicate the deformation displacements w.
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the displacement used in this paper and cannot be avoided by different choices.
Using Eq. (3.16) the separation of the outer displacements uout
into the rigid-body
e
part v e and the deformation part we is always uniquely defined for moderately deformed
(non-inverted) elements. However, EDS is meant for low-density elements that can be
severely deformed or even inverted. In this section, we explore the limits of the displacement decomposition. There are two aspects that deserve attention: singular and
sensitive configurations.
Firstly, the decomposition defined by the minimization Eq. (3.16) can have more
than one solution. It can be verified that the rigid-body translations are always uniquely
defined as the average of the nodal displacements in each individual spatial direction.
However, this is not the case for rigid-body rotations following from Eq. (3.16)1 . In the
two-dimensional case and without rigid-body translation, the rigid-body rotation r(θ) is
determined from,
we := min kwe (θ)k2 = min kuout
− r(θ)k2 .
e
θ

θ

(3.18)

When a finite element is inverted, there are some configurations of the outer displacements uout
for which Eq. (3.18) has multiple solutions.
e
This can be illustrated by the following example, referred to as “Load Case 1”. As
displayed in Fig. 3.11a, a quadrilateral is deformed by moving its left nodes to the right,
T
uout
= uout 1 0 0 0 0 0 1 0
.
(3.19)
e
The displacement field in Eq. (3.19) includes no rotation, so we expect the rigid-body
rotation angle to be zero θ = 0◦ . The rigid-body displacements v e of the displacement
decomposition indeed includes no rotation until the element is completely inverted uout =
2h. At this point, we find a unique rigid-body translation of h to the right, but multiple
rigid-body rotations solving Eq. (3.18). There are four possibilities, namely θ = 0◦ ,
θ = ±90◦ and θ = 180◦ , all leading to the minimum deformation displacements, kwe k2 =
4h2 . Two of these solutions θ = {0◦ , 180◦ } have been visualized in Fig. 3.11b.
There are more singular configurations similar to the one discussed here. For example,
in the case of a two-dimensional quadrilateral, we found that displacement fields uout
e
without rotation satisfying the rule,
X̂

T

uout
e

= −1,
(3.20)
X̂ X̂
all lead to a singular minimization problem, where X̂ are the reference coordinates of
the nodes from the center of the element. Moreover, all rotated versions of these cases
are again also singular configurations. Some examples of these configurations have been
shown in Fig. 3.12. Exactly at these limit cases the calculation of the derivatives of
the displacement decomposition ∂v e /∂uout
and ∂we /∂uout
breaks down. However,
e
e
numerically it is extremely unlikely to encounter one of these singular points.
Returning to “Load Case 1”, upon further deformation uout > 2h, Eq. (3.18) again
has only one solution; the internal element is rotated to θ = 180◦ , see Fig. 3.11c. At the
outer displacement uout = 2h, the rigid-body rotation resulting from the displacement
◦
decomposition, and therefore also the internal force vector f int
e , jumps from θ = 0 to
θ = 180◦ , see Fig. 3.13a. The new rotation θ = 180◦ is not erroneous, since the same
configuration of the outer displacements uout
could have been reached by rotating the
e
outer element 180◦ and then inverting it vertically (combined with horizontal stretching).
This is illustrated in Fig. 3.13b. From State A (θ = 0◦ ), State B (θ = 180◦ ) can be
reached by passing the discontinuity or going around it. Therefore, both configurations
are equally valid.
T

1
It is also possible to choose, for instance, the average of the rotations of the sides of a finite
element. However, any choice for the rotation leads to similar problems as the ones discussed here.
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(d)

(c)

uout

Figure 3.12: Some singular configurations
for the √
displacement decomposition using
√
EDS. (a) uout = 2h, (b) uout = 12 2h, (c) uout = 2h and (d) uout = 2h.
Similar cases involving a compressive displacement field like Eq. (3.19) without rotation, will always encounter such a discontinuity. However, when the outer displacements
include rotation, these singular configurations are avoided. Yet even when these discontinuities are avoided, the rotation θ changes very suddenly in their neighborhood. This
leads to a high sensitivity of the rigid-body rotation with respect to the outer displacements ∂θ/∂uout
in the neighborhood of these singular configurations, see Fig. 3.13b.
e
To demonstrate this effect we slightly alter “Load Case 1”. The resulting “Load
Case 2” is defined as,
T
uout
= uout 1.01 0 0 0 0 0 1 0
.
(3.21)
e
Fig. 3.13a shows the rotation θ as a function of the outer displacement uout for “Load
Case 2” which does not encounter a discontinuity. However, the calculated rigid-body
rotation θ of the internal element changes very rapidly near the discontinuity of “Load
Case 2” at uout = 2h, see Fig. 3.13b. This indicates that the rotation θ, and therefore
out
also the internal force vector f int
e , is very sensitive to the outer displacements ue . The
discontinuity and sensitivity of the rigid-body rotation θ(uout
e ) and the corresponding
out
internal forces f int
e (ue ) can lead to convergence problems for the structural solution
procedure.
The instabilities in ECP reported in [17, 18] may also be attributed to this phenomenon. Using ECP, similar rotational instabilities of internal elements has been observed by the authors. The zero-length linear springs inside an ECP patch pull the
internal element into an equilibrium configuration. In similar configurations to the ones
presented here, the stable equilibrium position of the inner element of ECP changes suddenly. For ECP, this can result in the convergence problems of the internal equilibrium
equations of individual patches. The EDS formulation, on the other hand, provides an
explicit relation between the inner and outer displacements.
We would like to stress that, in general, the displacement decomposition works very
well. The issues mentioned in this subsection are not encountered until almost full
inversion, i.e. until we are in the neighborhood of one of the singular cases. In three
dimensions, similar observations have been made. Using EDS allows void patches to
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(a) Calculated rigid-body rotation θ as a function of the outer displacement uout .

(b) An illustration of the type
of discontinuity in the internal
forces f int (uin (uout )).

Figure 3.13: The discontinuity or sudden change of the internal rigid-body rotation
θ(uout ) and the resulting internal forces f int (uin (uout )) of the singular case “Load
Case 1” and the almost singular case “Load Case 2”.

deform in a stable manner to almost full inversion without any problems, which is a very
significant improvement over MS.

3.4

Results and discussion

In this section, the results of the Element Deformation Scaling (EDS) method are presented and compared to Material Scaling (MS) and Element Connectivity Parameterization (ECP), using a number of different benchmark problems. First the analysis techniques used to solve the benchmark problems are treated in Sec. 3.4.1. The results of two
new box-shaped benchmark problems are used to demonstrate the robustness of EDS in
Sec. 3.4.2. However, there are limits to the range of applicability/stability of EDS (and
ECP) which were treated in Sec. 3.3.3. In Sec. 3.4.3, we revisit the c-shaped benchmark
using EDS, ECP and MS. In particular, the application of path-following techniques
makes some convergence issues apparent related to low-stiffness finite elements.

3.4.1

Analysis techniques

All problems considered here use bilinear plane-stress quadrilaterals and a linear elastic material model with Young’s modulus E = 100 and Poisson’s ratio ν = 0.3. In
this subsection the force-controlled solution procedure, the path-following technique the
corresponding settings are explained. For the path-following techniques, we employ the
efficient normal-flow path-following technique [23]. The specific parameters used for each
of the cases are listed in the corresponding subsections (Tab. 3.1 and 3.3).
In the predictor and corrector steps of both types of solution procedures, the load
and displacement increments ∆λ and ∆u are scaled when needed to satisfy,
max (|∆λ|) ≤ ∆λmax ,

(3.22)

max (|∆ui |) ≤ ∆umax ,

(3.23)

where ∆umax is the maximum displacement increment.
For all outer iterations except the final one we obtain convergence when the normalized
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residual satisfies,
krk
f ext

≤ t,

(3.24)

where t is an intermediate convergence tolerance to accelerate the solution process. We
also impose a maximum number of corrector iterations lmax after which the step is
1
∆λ0 . The last outer
restarted with a smaller load increment ∆λ0 according to ∆λ0 = 10
step of the Newton process is always force-controlled because we want to arrive exactly
at λ = 1. In this step, we use the more strict final convergence tolerance t? in Eq. (3.24).
When after a maximum total number of iterations kmax no convergence is found, then
the program is terminated without convergence.
After intermediate convergence of a load step, the size of the load increment of the
new predictor step ∆λ0 is determined using the Crisfield rule [12],

1
mdes 2
∆λ0 = ∆λconv
,
(3.25)
mconv
where ∆λconv is the total load increment of the last converged step, mdes is the desired
number of corrector iterations, which is in this paper mdes = 3, and mconv are the
number of corrector iterations needed in the last converged iteration.
For the path-following technique, the sign of the new load increment ∆λ0 is determined using [4],
if ∆uconv T ∆u0 > 0, ∆λ0 = |∆λ0 |
else, ∆λ0 = −|∆λ0 |

(3.26)

end if,
where ∆uconv is the total displacement increment of the last converged step and ∆u0 is
the displacement increment of the new predictor step. This ensures that the displacement
increment of the predictor step is in the same direction as total displacement increment
of the last converged step.
However, this rudimentary rule (and also other rules that have been tested) cannot
guarantee that the algorithm always traces the equilibrium path in the right direction.
In some cases its direction on the equilibrium path is reversed and the algorithm traces
its way back to the unloaded configuration λ = 0 and even further to λ < 0. When this
happens and the load factor becomes negative λ ≤ 0, we terminate the algorithm.
In the numerical studies a comparison is made between EDS and ECP. Internal ECP
has been implemented following [32]. For the comparison, the element densities ρe ∈
[ ε, 1 ] are translated to link stiffnesses kL using,
ε2 + (1 − 2ε) ρe
,
1 − ε − ε2 − (1 − 2ε) ρe
where k · k indicates the maximum eigenvalue matrix norm.
kL = kKe k

3.4.2

(3.27)

Box-shaped benchmark problems

In this paper, we propose a new set of benchmark problems that are inspired by situations
that can occur in realistic TO problems involving geometrical nonlinearities. These
benchmark problems involve coarse meshes and are solely intended as numerical test
problems. They are designed to demonstrate much void deformation and geometrical
nonlinear behavior while avoiding too much deformation in the void areas (see Sec. 3.4.3).
The first new benchmark problem, “Box 1”, is a hollow box-shaped structure and
leads to compression of the void interior see Fig. 3.14. Only half of the structure is modeled. A distributed load acts on the middle of the box, crushing the empty space beneath
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(a) Discretization and load case.

(b) Exact FEM solution.

Figure 3.14: The first box-shaped benchmark problem “Box 1”.
it. The second benchmark problem, “Box 2”, is a similar structure with four stiffeners
and leads to compression of the void between the buckled stiffeners, see Fig. 3.16. The
reinforcements of this structure buckle due to the vertical distributed load on the middle
of the box.
When these structures are modeled in a TO setting, the empty spaces are modeled
using void elements. The exact finite element solutions of “Box 1” and “Box 2” can
be approximated accurately with EDS and a void density ε = 10−9 , see Fig. 3.15b
and 3.17b, respectively. For each of the two benchmark problems a version with a refined
discretization is also available, see Fig. 3.18 and 3.19.
Different types of analyses have been used to solve the benchmark problems, see
Tab. 3.1. The analyses indicated with “full force” have been solved using a forcecontrolled solution procedure, where the entire load has been applied to the structure
in one step (∆λ = 1) and the size of the displacement increments is unrestricted. This
is unrealistic for practical applications and can easily lead to divergence of the analysis,
but is added for demonstration purposes (and was used by Yoon and Kim [29]). The
analyses denoted as “force” have been solved using a force-controlled solution procedure
with a maximum load increment and a further restriction on the maximum size of the
displacement increments (see Tab. 3.1). The analyses using a path following technique
are indicated with “path” and also involve restrictions on the maximum load and displacement increments. The analyses indicated with “ref.” concern benchmark problems
with mesh refinement.
To test the robustness of each of the different types of structural analyses, the proposed
benchmark problems are solved for a different densities from the range ε ∈ [10−9 , 10−2 ].
We compare the performance of the solution procedures using EDS, ECP and MS by
looking at the number of iterations needed for convergence n and the percentage of the
analyses that converged “% conv.”. Some analyses using the path-following technique
have not converged because the algorithm reversed its direction on the equilibrium path
eventually leading to a negative loadfactor λ < 0. The type of structural analyses arising
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(a) Discretization and load case.

−9
.
(b) Inner displacement field uin
e of “Box 1, path” using ε = 10

Figure 3.15: The first box-shaped benchmark problem “Box 1” using EDS.

Ftotal =
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(a) Load case of the second box-shaped
benchmark problem.

(b) Exact FEM solution of the second
box-shaped benchmark problem.

Figure 3.16: The load case and reference solution of the second box-shaped benchmark
problem “Box 2”.
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(b) Inner displacement field uin
e of the
benchmark problem “Box 2, path” using
−9
EDS and void density ε = 10
.

(a) The box-shaped benchmark problem
“Box 2”.

Figure 3.17: The discretization and load case for the second box-shaped benchmark
problem “Box 2”.

Load case∗

Case
“box
“box
“box
“box
“box
“box
“box
“box
“box
“box

1, full force”
1, force”
1 ref., force”
1, path”
1 ref., path”
2, full force”
2, force”
2 ref., force”
2, path”
2 ref., path”

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

3.15a
3.15a
3.18
3.15a
3.18
3.17a
3.17a
3.19
3.17a
3.19

∆λmax

∆umax

lmax

kmax

t

t?

1.0
0.1
0.1
0.1
0.1
1.0
0.1
0.1
0.1
0.1

∞
√
0.5 2
√
0.25 2
√
0.5 2
√
0.25 2
∞
√
0.5 2
√
0.25 2
√
0.5 2
√
0.25 2

∞
15
15
15
15
∞
15
15
15
15

250
250
250
250
250
250
250
250
250
250

10−4
10−4
10−4
10−4

10−6
10−6
10−6
10−6
10−6
10−6
10−6
10−6
10−6
10−6

10−4
10−4
10−4
10−4

Table 3.1: Overview of the settings used to solve the box-shaped benchmark problems
(see Sec. 3.4.1). ∗ For the definition of the load cases see the respective figures.
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Figure 3.18: The refined first box-shaped benchmark problem “Box 1 ref.”.
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Figure 3.19: The refined box-shaped benchmark problem “Box 2”.
Case
“box
“box
“box
“box
“box
“box
“box
“box
“box
“box

1, full force”
1, force”
1 ref., force”
1, path”
1 ref., path”
2, full force”
2, force”
2 ref., force”
2, path”
2 ref., path”

EDS

n
ECP

MS

52.5
47.9
56.9
30.7
34.2
8.9
61.9
73.9
37.4
65.1

32.1
50.3
60.1
46.6
35.3
12.5
61.4
73.1
61.2
79.3

51.2
149.4
31.0
26.3
26.0
27.7
110.8
171.0
-

EDS

% conv.
ECP

98.6
100.0
100.0
98.6
100.0
100.0
100.0
100.0
97.2
93.3

100.0
100.0
100.0
63.4
46.7
100.0
100.0
100.0
76.1
80.0

MS
97.2
42.3
13.3
11.3
13.3
98.6
63.4
0.0
8.5
0.0

EDS

% λ < 0
ECP
MS

1.4
0.0

35.2
46.7

67.6
66.7

2.8
6.7

19.7
13.3

40.8
46.7

Table 3.2: Overview of the performance of the solution procedures for the box-shaped
benchmark problems defined in Tab. 3.1 using EDS, ECP and MS (n is the average
number of iterations needed of the converged analyses, “% conv.” is the percentage
of the analyses that converged and % λ < 0 is the percentage of the analyses that
resulted in path reversal).

in density-based TO appear to be particularly prone to this phenomenon. The percentage
of the analyses that resulted in path reversal is indicated with %λ < 0. The results of
the analyses have been listed in Tab. 3.2.
From the results of the benchmark problems it can be clearly seen that in most cases
both EDS and ECP perform better than MS. Furthermore, for almost all cases EDS
has an equal or better performance than ECP. EDS converges for close to 100% of the
void densities, for all benchmark problems and all settings of the solution procedures.
Moreover, on average, EDS needs fewer iterations for convergence than ECP. Next, a
number of observations will be treated in more detail.
The structural analyses of a TO typically involve finite element models containing
thousands of degrees of freedom. Therefore, the benchmark problems become more
realistic when the discretization is refined. Using MS very few analyses of the benchmark
problems with refined discretization (the cases indicated with “ref.”) still converge. On
the other hand EDS works particularly well for these cases, see e.g. the results of “box
1 ref., path” in Fig. 3.20.
For most types of solution procedures and benchmark problems, the analyses using
both EDS as well as ECP are converging in approximately the same number of iterations over the entire range of void densities ε (see the results of e.g. “box 1, force”
in Fig. 3.21). This indicates the continuity and smoothness of the internal forces of the
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Figure 3.20: The number of iterations n needed for convergence of “box 1 ref., path”
versus a range of void densities ε. The circles • indicate convergence and the triangles
H indicate no convergence.
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Figure 3.21: The number of iterations n needed for convergence of “box 1, force”
versus a range of void densities ε. The circles • indicate convergence and the triangles
H indicate no convergence. Some data points overlap.
finite elements as a function of the densities of the design interpolation. The structural
analyses using EDS seem to have a slightly more regular convergence behavior than using
ECP. For instance for “box 1, path” EDS still has approximately the same number of
iterations for the entire range of void densities ε, see Fig. 3.22.
Only in “box 1, full force” the convergence behavior using EDS (as well as ECP
and MS) does not show a plateau of near constant values, see Fig. 3.23. This erratic
convergence behavior may be caused by the large overshoot of the displacements in the
first iteration due to full load increment ∆λ = 1 and unlimited displacement increments,
see Fig. 3.24. Some of the void elements are excessively deformed beyond full inversion,
similarly to the load cases treated in Sec. 3.3.3. When after the first iteration the displacements are being reduced again, the sensitive inner displacements with respect to the
global outer displacements may be the cause of the convergence problems. Note that for
the benchmark problem “box 2, full force” there is not such a large overshoot and EDS
has the best performance of the three tested design interpolation schemes even though
the large load increment ∆λ = 1 and unlimited size of the displacement increments.
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Figure 3.22: The number of iterations n needed for convergence of “box 1, path”
versus a range of void densities ε. The circles • indicate convergence and the triangles
H indicate no convergence. Some data points overlap.
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Figure 3.23: The number of iterations n needed for convergence of “box 1, full force”
versus a range of void densities ε. The circles • indicate convergence and the triangles
H indicate no convergence.
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Figure 3.24: The unconverged outer displacement field uout
of the benchmark problem
e
“Box 1, full force” using EDS and void density ε = 10−9 after one iteration.

It is remarkable that when using the path-following technique many analyses suffer
from path reversal for all design interpolation methods. It appears that the degrees of
freedom in the compliant areas of the finite element model make the algorithm particularly prone to this phenomenon. When the extent of the deformation of void elements
exceeds the range of applicability/stability of EDS and ECP (in “box 1, full force”)
this effect becomes even more pronounced.

3.4.3

C-shaped benchmark problems

Also for the c-shaped benchmark problem introduced in Sec. 3.2, void elements are
excessively deformed beyond full inversion. Therefore, we may expect similar problems
for this benchmark problem. We test a coarse and a refined version of the c-shaped
benchmark problem, see Fig. 3.25a and Fig. 3.25b, respectively. The same types of
analyses are used as before (see Tab. 3.3 for the settings) for a range of void densities
ε ∈ [10−9 , 10−2 ].
The results listed in Tab. 3.4 confirms that the c-shaped benchmark problem is more
difficult to solve than the box-shaped benchmark problems. For all design interpolation
methods the percentage of converged analyses is lower than before. Still for EDS a higher
percentage of the analyses converge than for both ECP and MS. Some observations can
be made.
The force-controlled analyses display better convergence behavior than the pathfollowing technique. Especially, “c, full force” stands out with 100% convergence for
all design interpolation methods. However, when we look at Fig. 3.26, we see that the
number of iterations necessary for convergence changes much for every void density ε.
In fact, instead of improving the convergence behavior, imposing a limit on the maximum load and displacement increments deteriorates the convergence behavior. Upon
inspection, we found that both the force-controlled and the path-following solution procedure have trouble finding an equilibrium configuration somewhere halfway the solution
process (∆λ ≈ 0.5) depending on the void density ε. It seems that the analyses with a
full load increment ∆λ = 1 can avoid problems to a certain extent by ‘jumping’ over the
difficult parts in the equilibrium path.
In particular when the discretization is refined, it is very difficult to find a converged
solution using both force-controlled and path-following solution procedures and any de-
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(a) The c-shaped benchmark problem.

(b) The refined c-shaped benchmark
problem with distributed loads.

Figure 3.25: The discretization and load case for the c-shaped benchmark problem.
Case

Load case∗

“c, full force”
“c, force”
“c ref., force”
“c, path”
“c ref., path”

Fig.
Fig.
Fig.
Fig.
Fig.

3.25a
3.25a
3.25b
3.25a
3.25b

∆λmax

∆umax

lmax

kmax

t

t?

1.0
0.1
0.1
0.1
0.1

∞
√
0.5 2
√
0.25 2
√
0.5 2
√
0.25 2

∞
15
15
15
15

250
250
500
250
500

10−4
10−4
10−4
10−4

10−6
10−6
10−6
10−6
10−6

Table 3.3: Overview of the settings used to solve the c-shaped benchmark problems,
see Sec. 3.4.1. ∗ For the definition of the load cases see the respective figures.

sign interpolation method. In “c ref., force” and “c ref., path” only analyses using
EDS (and one analysis using ECP) converge to the final solution.
Upon inspection of individual deformed void elements, it can be shown that the
deformations pass the limit configurations described in Sec. 3.3.3. Therefore, there are
sudden changes of the internal rotation and, consequently, sudden changes of the internal
forces for both EDS and ECP. This leads to the observed convergence problems. Still,
EDS performs better than ECP and far better than MS, see Tab. 3.4. Using EDS
the analysis converges for more void density values and on average less iterations are
necessary.
Also for the c-shaped benchmark problem, many unconverged analyses using a path-

Case
“c, full force”
“c, force”
“c ref., force”
“c, path”
“c ref., path”

EDS

n
ECP

MS

30.7
115.2
229.7
105.7
220.0

44.9
110.3
219.1
70.0
-

43.9
174.1
307.7
-

EDS
100.0
84.5
73.3
42.3
13.3

% conv.
ECP
MS
100.0
64.8
53.3
2.8
0.0

100.0
70.4
66.7
0.0
0.0

EDS

39.4
73.3

% λ < 0
ECP
MS

49.3
73.3

49.3
73.3

Table 3.4: Overview of the performance of the solution procedures for the c-shaped
benchmark problems defined in Tab. 3.3 using EDS, ECP and MS (n is the average
number of iterations needed of the converged analyses, “% conv.” is the percentage
of the analyses that converged and % λ < 0 is the percentage of the analyses that
resulted in path reversal).
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Figure 3.26: The number of iterations n needed for convergence of “c, full force”
versus a range of void densities ε.
following technique were terminated due to path reversal, see Tab. 3.4. It appears that
the c-shaped benchmark problem is specifically prone to such path reversal for all methods. This may be caused by the extent of the deformation in some of the void elements.
For both EDS and ECP this is related to the sudden changes in internal rotation upon extreme deformation (see Sec. 3.3.3). For MS path reversal may be caused by the changing
behavior of an inverted finite element (see Sec. 3.3.1). Future research on other schemes
than Eq. (3.26) (see e.g. [14]) may be needed to deal with these path reversal problems.
However, on the basis of some preliminary tests it seems that structural analyses of a
density-based TO remain prone to path reversal.
We can conclude that the c-shaped benchmark problem is more suitable to demonstrate the limitations of EDS and ECP. The deformations in the void elements of this
problem are outside of the range of applicability/stability of both design interpolation
methods. It should be attempted to avoid the situations where these problems occur
using limitations on the displacement and load increments (as is good practice already).
Even though this example is outside of the range of applicability/stability, EDS still
performs better than ECP and MS. EDS avoids the need of solving internal equilibrium
equations of each finite element by providing an explicit relation between the inner and
in
out
outer displacements uin
e = ue (ue , ρe ).

3.5

Conclusions and recommendations

Density-based Topology Optimization (TO) problems typically contain stiff regions that
can compress neighboring compliant areas. When including geometrical nonlinearities
in a TO, excessively compressed finite elements can cause the structural analyses to fail
when using the conventional Material Scaling (MS). The source of the problems can be
traced back to the behavior of the finite elements under compression.
Extreme deformation can occur that is outside of the range of applicability of the linear
elastic material model and finite element description. This behavior affects the relation
between the effective stiffness and the element density and can cause the finite element
to exhibit snap-through behavior resulting in convergence problems of the structural
analysis.
We show that the method proposed in this paper, Element Deformation Scaling
(EDS), avoids excessive deformation of finite elements by scaling the internal element
displacements of void elements. In order to do this, we need to separate the outer finite

3

Element Deformation Scaling

71

element displacements into a rigid-body part, that is retained, and a deformation part,
that can be scaled.
Using a new set of box-shaped benchmark problems, the improved performance of
EDS over the conventional MS approach and the alternative Element Connectivity Parameterization (ECP) method is demonstrated. On average EDS converges in more cases
and in fewer iterations. Furthermore, EDS does not involve additional degrees of freedom
needed in ECP nor additional terms in the residual forces. Moreover, EDS reduces to
MS for linear problems and can be seen as an extension of MS into the nonlinear regime.
The displacement decomposition of EDS has some limitations as is demonstrated by
the c-shaped benchmark problem. Upon extreme deformation (more than full inversion
of a finite element), the configuration of the inner element can rapidly change. Therefore the internal forces can become very sensitive to changes in the outer displacement
field. Though EDS and ECP have a different definition of the inner displacements, both
methods experience problems due to this effect. However, for the tested cases EDS performs significantly better than ECP. For best performance, limits on displacement and
load increments should be imposed.
The proposed method EDS leads to more robust structural analyses for density-based
TO. It features compliant, void-like behavior in the void regions, and stiff behavior in the
material regions and provides a monotonic and continuous relation between the effective
stiffness and the density of an element for a large range of deformations. Beyond full
inversion of finite elements, analyses using both EDS as well as ECP and MS may still
suffer from convergence problems.
An implementation of EDS is included in the paper in App. 3.C. It is also possible
to extend EDS to three dimensions and to different finite element formulations. The
displacement decomposition in three dimensions can be found in this paper in App. 3.B.

3.A

Displacement decomposition in two dimensions

For a pure displacement-based finite element, in this case a two-dimensional quadrilateral,
the rigid-body displacement part v of a given displacement vector uout can be calculated
as follows. The translations tx (tx ) and ty (ty ) in Eq. (3.15) of an undeformed element
can be parameterized by,
T
tx (tx ) = T x tx = 1 0 1 0 1 0 1 0
tx
(3.28)
T
ty (ty ) = T y ty = 0 1 0 1 0 1 0 1
ty ,
(3.29)
which are orthogonal to each other for all tx and ty .
The rigid-body rotational displacements r(θ) are given by,
r(θ) = R(θ)X̂ − X̂ = [R(θ) − I] X̂,
where R(θ) is the element rotation matrix given by,


R
∅




R
 with R = cos(θ) − sin(θ) .
R(θ) = 


R
sin(θ) cos(θ)
∅
R

(3.30)

(3.31)

The vector X̂ gives the reference coordinates of the nodes from the center of the element,
which can be obtained by,
X
TαT X
X̂ = X −
T α,
(3.32)
TαT Tα
α={x,y}
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where X are the original reference coordinates. This definition is chosen such that the
rotation is orthogonal to the translations for all tx , ty and θ.
Because of orthogonality of the individual rigid-body displacements we can separate
the minimization of Eq. (3.16) for each of the parameters tx , ty and θ. First we perform
the minimization with respect to the rigid-body translation as,
min kuout − tx − ty k2 .

(3.33)

tx ,ty

The reader verifies that the minimum is given by
T

tα =

uout T α
.
TαT Tα

(3.34)

Subsequently, the minimization with respect to the rotation parameter θ can be written as,

min k uout − tx − ty − rk2 .
(3.35)
θ

Using Eq. (3.30) and introducing a new vector Ŷ = X̂+uout −tx −ty , we can reformulate
the minimization Eq. (3.35) as,
min
θ

4
X

i

i

kŶ − R(θ)X̂ k2 .

(3.36)

i=1

where the superscript i indicates the components of the nodal displacements belonging to
the ith node. The vector Ŷ equals the nodal displacement vector excluding the rigid-body
translation. Expanding the expression Eq. (3.36) and using R T R = I, we obtain,
min
θ

4
X

i

kŶ k2 − 2 Ŷ

iT

i

i

R(θ)X̂ + kX̂ k2 .

(3.37)

i=1

Only the middle term of Eq. (3.37) depends on the rotation θ. Ignoring the other
terms, the minimization can be solved in terms of the trigonometric functions sin(θ) and
cos(θ) from,
min (−c1 cos(θ) − c2 sin(θ)) ,
θ

(3.38)

where
c1 = 2

4
X

Ŷ

iT



iT



i=1

c2 = 2

4
X

Ŷ

i=1

1 0
0 1



0 −1
1 0

X̂

i



(3.39)
i

X̂ .

(3.40)

Setting the derivative of Eq. (3.38) with respect to the rotation θ to zero, the minimum
satisfies,
c1 sin(θ) − c2 cos(θ) = 0,

(3.41)

If the minimization problem Eq. (3.38) has a unique solution, we can write this solution in terms of the sine and cosine rather than the angle θ as,
c2
c1
sin(θ) = q
and cos(θ) = q
.
(3.42)
2
2
2
c1 + c2
c1 + c22
which can be used directly in Eq. (3.31).
We also need the derivatives of this decomposition with respect to the outer displace-
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ment field, ∂v/∂uout and ∂w/∂uout ,
∂tx
∂ty
∂r
∂v
=
+
+
∂uout
∂uout
∂uout
∂uout
∂w
∂v
=I−
.
∂uout
∂uout
For the translations we obtain from Eq. (3.34),

(3.43)
(3.44)

Tα TαT
∂tα
=
,
(3.45)
out
∂u
TαT Tα
for α = {x, y}. Taking the derivative of Eq. (3.30) to the outer displacements uout gives
us for the rotation,
∂R
∂θ
∂r
=
X̂
.
(3.46)
∂uout
∂θ
∂uout
The derivative of the rotation matrix R can be found from Eq. (3.31). The derivative of
the rotation with respect to the outer displacement ∂θ/∂uout is obtained from Eq. (3.41)
as,
∂θ
∂c2 /∂uout cos(θ) − ∂c1 /∂uout sin(θ)
=
.
(3.47)
out
∂u
c1 cos(θ) + c2 sin(θ)
The terms ∂c1 /∂uout and ∂c2 /∂uout can be found by differentiating Eq. (3.40),


i
4
X
∂c1
∂ Ŷ
1 0
iT
X̂
=
2
,
(3.48)
0 1 ∂uout
∂uout
i=1


i
4
X
∂c2
∂ Ŷ
0 −1
iT
= −2
,
(3.49)
X̂
out
out
1 0
∂u
∂u
i=1

where the derivative of Ŷ = X̂ + uout − tx − ty with respect to uout is given by,
X
∂ Ŷ
∂tα
=I−
.
(3.50)
∂uout
∂uout
α={x,y}

3.B

Displacement decomposition in three dimensions

The decomposition of the outer displacements uout into rigid-body displacements v and
the left-over deformation displacements w in three dimensions starts similarly to the
decomposition in two dimensions. The possible rigid-body translations of node i in three
dimensions are given by,
T
tix (tx ) = T ix tx = 1 0 0
tx
(3.51)
T
i
i
ty (ty ) = T y ty = 0 1 0
ty
(3.52)
T
i
i
tz (tz ) = T z tz = 0 0 1
tz ,
(3.53)
which are orthogonal to each other for all possible translations,
8
X

tiα (tα )

T

tiβ (tβ ) = 0,

∀(tα , tβ ),

(3.54)

i=1

where α, β = {x, y, z} and α 6= β.
We consider rotations described by a quaternion rather than Euler angles to avoid
their well-known non-uniqueness problem. A quaternion describes a rotation over an
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angle θ with axis e as,


 

q0
cos(θ)
qx  ex sin(θ)
 

q=
qy  = ey sin(θ) .
qz
ez sin(θ)

(3.55)

where the rotation axis is normalized kek2 = 1, implying kqk2 = 1.
The rigid-body rotational displacements of node i over an angle and rotation axis
characterized by the quaternion q (independent of the translations) are given by,
i

i

i

r i (q) = R(q)X̂ − X̂ = [R(q) − I] X̂ ,

(3.56)

where the rotation matrix R(q) is given by,
R(q) =
 2

q0 + qx2 − qy2 − qz2
2qx qy − 2q0 qz
2qx qz + 2q0 qy
2
2
2
2
 2qx qy + 2q0 qz
q0 − qx + qy − qz
2qy qz − 2q0 qx 
2qx qz − 2q0 qy
2qy qz + 2q0 qx
q02 − qx2 − qy2 + qz2

(3.57)

The vector X̂ denotes the reference coordinates of all of the nodes from the center of the
element obtained by,
X
TαT X
T α,
(3.58)
X̂ = X −
TαT Tα
α={x,y,z}
where X are the original reference coordinates. Like in the two-dimensional case, the
rotation is orthogonal to the translations for all tx , ty , tz and q. The three-dimensional
version of the minimization Eq. (3.16) results in exactly the same rigid-body translations
as the two-dimensional case, see Eq. (3.34), where now α = {x, y, z}.
For an eight-noded displacement-based finite element in three dimensions, the minimization with respect to the rotation q appears similar to Eq. (3.37) in two dimensions,
min
q

8
X

i

kŶ k2 − 2 Ŷ

iT

i

i

R(q)X̂ + kX̂ k2 ,

(3.59)

i=1

where Ŷ = X̂ + uout − tx − ty − tz . Separating all the individual components of the
quaternion q0 , qx qy and qz and neglecting the terms that do not depend on the rotation,
this minimization problem can be written as the following constrained maximization
problem,
max q T Aq,

s.t. kqk2 = 1.

q

where A =

P8

i=1

(3.60)

Ai and the matrices Ai are given by the symmetric coefficient matrix,

i

A =
 i

(3.61)
i

i

Ẑ 11 +Ẑ 22 +Ẑ 33





i

i

i

i

i

Ẑ 23 −Ẑ 32

Ẑ 11 −Ẑ 22 −Ẑ 33

−Ẑ 13 +Ẑ 31

Ẑ 12 +Ẑ 21

−Ẑ 11 +Ẑ 22 −Ẑ 33

Ẑ 12 −Ẑ 21

Ẑ 13 +Ẑ 31

Ẑ 23 +Ẑ 32

i

i

i



symm.

i

i

i

i

i

i

i

i

i

i

i

i

i

i

i





(3.62)

−Ẑ 11 −Ẑ 22 +Ẑ 33

i

where we have defined Ẑ kl = X̂ k Ŷ l for space reduction. If there is only one solution to
the eigenvalue problem corresponding to Eq. (3.60), this solution is given by [16],
q = vi ,

(3.63)

where v i is the eigenvector belonging to the largest eigenvalue λi of the coefficient matrix
A.
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The derivative of the translational and rotational displacements with respect to the
outer displacements are needed for the tangent stiffness. For the translation we have the
same result as in the two-dimensional case, Eq. (3.45) where now α = {x, y, z}.
For the rotational rigid-body displacements we take the derivative of Eq. (3.56) to
obtain,
∂r i
∂R i ∂q
=
X̂
,
(3.64)
∂uout
∂q
∂uout
where the derivative ∂R/∂q can be derived from Eq. (3.57). For the derivative of the
rotation with respect to the outer displacements ∂q/∂uout eigenvector sensitivity analysis
is required.
Taking the derivative of the eigenvalue problem and normalization, [A − λi I] q = 0
and kqk2 = 1, respectively, with respect to the outer displacements uout allows the
formulation of the eigenvector and eigenvalue derivatives,



 
∂q
∂A
−
q
 A − λi I −q  



  ∂uout  =  ∂uout 

(3.65)
  ∂λ  


− qT
0
0
∂uout
In this equation the derivative of the coefficient matrix with respect to the outer displacement ∂A/∂uout is given by,
i
8
X
∂A
∂A ∂ Ŷ
=
,
i ∂uout
∂uout
i=1 ∂ Ŷ

where ∂A/∂ Ŷ

i

(3.66)

can be derived directly from the definition of the coefficient matrix A in
i

Eq. (3.62) and ∂ Ŷ /∂uout is the same as in the two-dimensional case, Eq. (3.50) with
α = {x, y, z}. It is also possible to solve for the eigenvector derivative using Nelson’s
formula [21].
For singular configurations (see Sec. 3.3.3), we find multiple eigenvalues for Eq. (3.60)
and the eigenvector derivative Eq. (3.65) becomes singular.

3.C

Implementation in two dimensions

In this appendix, the MATLAB code for a TO using EDS in two dimensions is included. The displacement decomposition is performed by “[t,dtdue,r,drdue,w,dwdue]
= Displ EDS(xe,ue)”, where xe is a 8x1 vector containing the undeformed coordinates of
the finite element X and ue is the corresponding outer displacement vector uout
e .
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

function [t,dtdue,r,drdue,w,dwdue] = ...
Displ EDS(xe,ue)
% INDEPENDENT OF U
% translation
dtdue = .25*[1 0 1 0 1 0 1 0;
0 1 0 1 0 1 0 1;
1 0 1 0 1 0 1 0;
0 1 0 1 0 1 0 1;
1 0 1 0 1 0 1 0;
0 1 0 1 0 1 0 1;
1 0 1 0 1 0 1 0;
0 1 0 1 0 1 0 1];
% rotation (constant 2 is arbitrary)
dyhatdue = eye(8,8)-dtdue;
% undeformed coordinates from center
xhat = dyhatdue*xe;
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24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
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dc1dyhat = 2*xhat';
dc2dyhat = zeros(1,8);
for i = 1:4
ind = (i-1)*2+[1 2];
dc2dyhat(ind) = 2*...
[-xhat(ind(2)) xhat(ind(1))];
end
dc1due = dc1dyhat*dyhatdue;
dc2due = dc2dyhat*dyhatdue;
% DEPENDENT OF U
% translation
t = dtdue*ue;
% deformed coordinates from center
yhat = xhat+ue-t;
% rotation
c1 = dc1dyhat*yhat;
c2 = dc2dyhat*yhat;
tmp = 1/sqrt(c1ˆ2+c2ˆ2);
sinus = c2*tmp;
cosin = c1*tmp;
R = [cosin -sinus; sinus cosin];
dRdtheta = [-sinus -cosin; cosin -sinus];
dthetadue = (dc2due*cosin-dc1due*sinus)/...
(c1*cosin+c2*sinus);
r = zeros(8,1);
drdue = zeros(8,8);
for i = 1:4
ind = (i-1)*2+[1 2];
r(ind) = (R-eye(2,2))*xhat(ind);
drdue(ind,:) = dRdtheta*...
xhat(ind)*dthetadue;
end
% deformation displacements
w = ue-t-r;
dwdue = eye(8,8)-dtdue-drdue;

The outputs of this function are the rigid-body translation tx and tx , (combined
in t), the rotation r (r), the deformation diplacements we (w) and the corresponding
derivatives of these vectors with respect to the outer displacements uout .
The function “[Kc,Fe] = Quad EDS(xe,C,ue,dens)” is used to compute the element
contributions KC (following notation used in ECP for condensed stiffness matrix) and
f int
to the global stiffness matrix K and residual force vector r. In this function C is
e
the 3x3 linear stiffness tensor, relating the Green-Lagrange strain to the Second PiolaKirchhoff stress, and dens is the effective density ρe .
1
2
3
4
5
6
7
8

function [Kc,Fe] = Quad EDS(xe,C,ue,dens)
[t,dtdue,r,drdue,w,dwdue] = ...
Displ EDS(xe,ue);
uin = t+r+dens*w;
duindue = dtdue+drdue+dens*dwdue;
[Ke,Fe] = Quad(xe,C,uin);
Kc = Ke*duindue;

The outputs of this function are the patch’ stiffness matrix KC (Kc) and the patch
internal forces f int
e (Fe). In this case the function Quad is a geometrically nonlinear finite
element subroutine for a basic bilinear quadrilateral.
“Sens = QuadSens EDS(xe,C,ue,qe,dens)” is used to solve the element sensitivities
corresponding to a response function depending on the outer displacement r(uout
e ), where
qe is the corresponding adjoint displacement vector q.
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3
4
5
6
7
8
9
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function Sens = ...
QuadSens EDS(xe,C,ue,qe,dens)
[t,dtdue,r,drdue,w,dwdue] = ...
Displ EDS(xe,ue);
uin = t+r+dens*w;
duinddens = dwdue;
[Ke,Fe] = Quad(xe,C,uin);
Sens = qe'*Ke*duinddens;

The output Sens is the derivative of the response function with respect to the element
density ∂r/∂ρe , but only through the global displacement u as,
∂r
∂r ∂u
=
.
(3.67)
∂ρe
∂u ∂ρe
For further information on the adjoint displacement q see, for instance, [8].
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Chapter

4

A D ISCRETE F ORMULATION OF A D ISCRETE
L EVEL - SET M ETHOD

Context
A discrete level-set method was proposed at the 8th World Congress on Structural
and Multidisciplinary Optimization to reduce the inconsistencies of variational shapesensitivity-based Level-Set Methods (LSMs). This approach employs numerically consistent discrete sensitivities to update the Level-Set Function (LSF). However, a signeddistance reinitialization procedure is still necessary due to the approximate Heaviside
formulation of the element-wise constant density distribution. By taking small steps
in the update procedure we attempt to minimize the effect of the reinitialization on
the optimization process. We demonstrate that this method is able to treat multiple
constraints.
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Abstract
Level-set based topology optimization approaches are gaining popularity due to their
clear design description and potential for more natural treatment of multi-physics problems involving interfaces between physical domains. However, algorithms published in
the literature can be highly sensitive to the exact formulation and implementation used.
In particular, a good definition of the design velocity, the driving force behind a level-set
based optimization, is essential for proper functionality of the method.
In literature it is often unclear what exact implementation is used to describe the
velocity field. Furthermore, the inconsistencies between the dependency of the objectives
and constraints on the discrete level-set nodal values on one hand and the usage of shape
sensitivities on the other hand can pose a problem. Also, the treatment of multiple
constraints is not commonly included, which largely limits the effectiveness and usefulness
of the level-set method.
To overcome these problems, this paper proposes a clear definition and implementation of the discrete level-set method. This particular implementation limits the inconsistencies by relating the design velocity to the sensitivities of the discrete system
with respect to the discrete level-set nodal values. Numerical examples demonstrate the
effectiveness of the approach and its ability to treat multiple constraints in a satisfactory
way.
Keywords: Discrete level-set method, multiple constraints, boundary velocity, discrete
sensitivities.

4.1

Introduction

In modern engineering, computational mechanics has become an indispensable part of
the design process. It is used to evaluate the safety and performance of a wide variety
of designs ranging from tall buildings [9] to aircraft [18] and spacecraft [17]. Its use has
also been extended to the automatic optimization of designs in an early stage of the
design process. One of the most flexible optimization methods used today is topology
optimization. In contrast to size and shape optimization, topology optimization can
generate any topology and thus has the most freedom in finding the optimal distribution
of material in order to reach a certain predefined objective.
Since [6], many methods have been developed in order to perform topology optimization, such as homogenization methods [1, 6, 7, 21, 30], SIMP [23, 26] and evolutionary
algorithms [10, 35]. An optimal design found by an optimization method is only as
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good as the numerical model used to evaluate its performance. Many of these methods
suffer from unwanted and unphysical results due to the relaxation of the optimization
problem, which is necessary to render the problem mathematically well-posed. Results
can contain numerical artifacts such as gray areas, checkerboard patterns and numerical
hinges [8, 13, 28]. And though many of these difficulties have been eliminated with various work-arounds [27, 28], level-set methods have been proposed as an alternative that
inherently results in well-defined designs [3, 12, 22, 24, 25, 33, 34].

4.1.1

Level-set methods

Level-set methods describe the structural domain implicitly by a smooth level-set function
(see Sec. 4.2.2) of which the zero-level contour of the level-set function indicates the
boundary of the design. In this way, any design described by the level-set function is
always crisp, smooth and well-defined. The functionality of level-set methods can be
contributed to two properties of the level-set function. The zero-level contour of the
level-set function needs to be sufficiently smooth in order to avoid numerical artifacts.
For the same reason, and also to avoid convergence problems, the norm of the gradient
of the level-set function near the zero-level contour needs to be of moderate value. In
this case that means not too flat nor too steep, for instance the norm of the gradient in
the order of 1 [3, 33].
Level-set methods have recently gained much popularity in the recent past, because of
the inherently crisp designs that result. They methods are considered shape optimization
methods with the potential to handle topological changes. Shape sensitivities are based
on infinitesimal changes of the boundary in the normal direction [3] which cannot induce
topological changes. Therefore, topological changes merely occur because of the finite
stepsize taken in each optimization step. The most basic level-set methods restricts the
optimization process to changes of the boundary only and therefore inhibit the nucleation
of holes in the interior of a design.
A boundary velocity field is derived from shape sensitivity analysis in a continuum
formulation, before the discretization step of the problem [3, 33]. This velocity field
is then used in combination with a Hamilton-Jacobi transport equation to update the
level-set function [3, 33].
Level-set methods can be divided into either discrete [3, 33] or parameterized level-set
methods [20, 34]. Discrete level-set methods typically interpolate the level-set function
using bilinear or cubic interpolation schemes on a rectangular grid. Parameterized levelset methods typically interpolate the level-set function using inherently smooth functions,
such as radial basis functions. Here we focus on the discrete level-set method being
the most basic level-set approach. Discrete level-set methods typically integrate the
Hamilton-Jacobi equation using upwind schemes [3, 33] (explicit schemes for transport
in fluid mechanics on a regular fixed mesh). Often regularization of the velocity field is
employed to increase the regularity of the update [11].
However, the updates can still endanger the smoothness of the level-set function and
its gradients. It is also useful to augment the optimization problem with a perimeter (or
curvature) penalty, which increases the regularity of the problem [19, 33]. In some cases
this can be sufficient to maintain a regular level-set function [19]. Otherwise, one can
choose a special discretization of the level-set function, unable to degenerate to ensure
a smooth level-set function, as in parameterized level-set methods [34]. Or one can use
regularization to ensure a smooth level-set function, as in discrete level-set approaches
[3]. Discrete level-set methods often reinitialize the level-set function to a signed-distance
function to ensure a well-defined gradient and a smooth function around the zero-level
contour [3, 33].
When no reinitialization is required to maintain a regular level-set function, it is
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possible to generate holes using a natural velocity extension [19, 20, 34]. A common
alternative to add topological detail to the solution are topological derivatives, indicating
the effect of including a infinitely small hole in the domain [2, 15, 16, 29]. It is even
possible to use an extension of the topological derivative to remove and add material to
the design [4].
The implicit definition of a level-set function needs to be transferred to a finite element
model in order to perform a structural analysis of a design. It is possible to construct a
conforming mesh and retain the black-and-white description of the design [22]. However,
most methods use a regular fixed mesh. One can use methods such as XFEM [5, 14] to
obtain an accurate description, but most methods define an intermediate field of element
densities defined as the material fraction contained in an element. Then a material
interpolation scheme uses these densities to scale the internal forces; for instance the
Ersatz material interpolation scales the Young’s modulus [3, 33]. Other types of material
interpolations are also possible [32].

4.1.2

Motivation

To increase the common use of level-set methods, this paper intends to present a clear
implementation of a new discrete level-set method treating multiple constraints. The
mathematical background of level-set methods has been rigorously developed [3, 22, 25].
However, the actual performance of a level-set method greatly depends on the exact
implementation. And particularly the exact implementation of the velocity field is often
omitted in literature.
There is no established formulation incorporating multiple constraints into the definition of the design velocity. Level-set methods are primarily used to solve unconstrained
problems. A volume constraint is often treated using a so-called fixed Lagrange multiplier (in fact a penalty term in the objective). How to include an arbitrary number of
general constraints remains unclear, which largely limits the effectiveness and usefulness
of the method.
Some references do include multiple constraints using Lagrange multipliers [20, 22, 36].
It is possible to update the Lagrange multipliers associated with these constraints adaptively, e.g. [5]. Another way of treating multiple constraints is using a gradient projection
method to solve for approximations of the Lagrange multipliers [22, 36]. An important
consideration is that inconsistencies between the shape gradients and the actual performance can result in inaccurate multipliers.
Moreover, the level-set discretization forms the basis for the design variables in a levelset method. The material interpolation determines the dependency of the objective and
the constraints on the discrete level-set function. Therefore, the discrete sensitivities of
the objective and constraints with respect to the level-set nodal values can be calculated.
Not only can these sensitivities be used as an alternative to the velocity field update [5],
but they are also valid for topological changes. It will still be necessary to take care of
maintaining the smoothness of the level-set function [3, 33].
Therefore, this paper proposes a clear definition and implementation of the discrete
level-set method. This particular implementation limits the inconsistencies by relating
the design velocity to the sensitivities of the discrete system to the discrete level-set nodal
values.

4.1.3

Contents

First, a general structural optimization problem is formulated in a level-set framework in
Sec. 4.2. The derivation of the boundary velocity field from shape sensitivities is given
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Figure 4.1: Boundary definitions of the structural problem (left) and the design problem (right). D is the design domain, Ω the material domain and ΓN and ΓD the
Dirichlet and the Neumann boundaries, respectively. Γj , Γg and Γt is the part of the
boundary where the objective j(u), the displacement constraint g(u) and the surface
traction t is non-zero, respectively. The other parts of the boundary form the design
boundary Γd .

and discussed in Sec. 4.3. This leads to the new proposed method following an alternative derivation using discrete sensitivities which will be presented in Sec. 4.4. Sec. 4.5
contains the results of the method including examples treating different constraints. The
conclusions can be found in Sec. 4.6 followed by Apps. 4.A and 4.B which include the
derivation of the shape and discrete sensitivities, respectively.

4.2

Level-set problem formulation

The general level-set formulation of structural optimization problems is treated in this
section.

4.2.1

Minimization problem

In this paper we consider compliance minimization and mechanism design problems. For
the sake of simplicity we only include surface forces that are non-design dependent. The
problem consists of finding an optimal shape and topology of the material domain Ω for
a given objective and constraints. This type of problem can be generally expressed as
the minimization,
Z
min J(u) =
j(u(X))dΓ,
(4.1)
Ω

Γj

where Γ is the boundary of the material domain Ω, j(u(X)) is a function of the displacement u of the structure and Γj is the part of the boundary where j(u(X)) 6= 0,
see Fig. 4.1. A displacement constraint takes the same form,
Z
G(u) =
g(u(X))dΓ − umax ≤ 0,
(4.2)
Γg

where g(u(X)) is a function of the displacement u, umax is the maximum displacement
allowed and Γg is the part of the boundary where g(u(X)) 6= 0. Furthermore, a volume
constraint can be expressed as
Z
H(Ω) =
dΩ − Vmax ≤ 0,
(4.3)
Ω
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Figure 4.2: An example of a level-set function. The material domain is given by the
part of the domain where the level-set function is greater than zero. This particular
function is the result of the unconstrained compliance minimization problem treated
in Sec. 4.5.1.

where Vmax is the maximum volume of the design. An arbitrary number of displacement
constraints can be added, but for convenience only one is included. Finally, the structural
displacement u is related to the choice of the material domain Ω by the equilibrium
constraint. In the strong form this reads,

 ∇ · σ(u) = 0 = 0 on Ω
σ(u) · n − t = 0
on ΓN
(4.4)

u=0
on ΓD ,
where σ(u) is the stress tensor and t is a traction vector. The boundary consists of a
Neumann part ΓN where the traction t is prescribed and a Dirichlet part ΓD where the
displacement u is zero. The Neumann part contains a part where the traction t 6= 0,
called Γt , see Fig. 4.1.
Now we want to solve the minimization problem Eq. (4.1), satisfying the inequality
constraints Eqs. (4.2) and (4.3) and the equality constraint Eq. (4.4) by changing the
boundary Γ of the material domain Ω. Boundary changes are allowed only on the design
boundary Γd := {X ∈ Γ \ (Γj ∪ Γg ∪ Γt )}. This means that the parts of the boundary
where the forces act t 6= 0 and where the objective and constraints are defined, j(u) 6= 0
and g(u) 6= 0, respectively, always remain part of the boundary, see Fig. 4.1.

4.2.2

Material domain

A level-set method describes the material domain Ω implicitly using a the level-set function φ(X), see Fig. 4.2. The material domain Ω is fully contained in a larger domain D,
Ω ⊆ D. The level-set function φ(X) is defined on the entire domain D as,
φ(X) ≥ 0∀ X ∈ Ω

(4.5)

φ(X) = 0∀ X ∈ Γ

(4.6)

φ(X) < 0∀ X ∈ D \ Ω,

(4.7)

where Γ is the boundary of the material domain Ω. An example of a level-set function
is shown in Fig. 4.2.
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4.3

Shape-sensitivity-based level-set methods

Following the derivation of [3] we derive the velocity field based on shape-sensitivity
analysis.

4.3.1

Design velocity field

Introducing a temporal parameter, the design time t that tracks design changes in the
optimization process, we can implicitly parameterize the boundary of the material domain
Γ(t) by
φ(t) = 0

(4.8)

If the gradient is well-defined on the boundary, we can write the derivative of Eq. (4.8)
with respect to the design time t as,
∂X
∂φ
+ ∇φ ·
= 0, ,
(4.9)
∂t
∂t
where ∂X/∂t is a vector field of the change of the boundary.
We require that the material domain Ω is a smooth domain (has no sharp corners).
For a discrete level-set method, which defines the level-set function on a fixed rectangular
mesh, this implies that one has to use at least a cubic interpolation of the level-set nodal
values.
Then an infinitesimal shape change of a domain only depends on the change of
the boundary in the normal direction [3] and we can describe the boundary change
as ∂X/∂t = vn, where v is a scalar normal velocity field and n is the outward normal of
the boundary. A variation of the level-set function at the boundary leads to a variation
of the material domain. The outward normal n is related to the level-set function as
n = −∇φ/k∇φk. Now Eq. (4.9) becomes the well-known Hamilton-Jacobi equation,
∂φ
− k∇φkv = 0,
(4.10)
∂t
relating the local changes of the level-set function values ∂φ/∂t to a normal velocity field
v. This relation can be used everywhere on the domain to update the level-set function
according to the steepest descent direction defined in Sec. 4.3.2.

4.3.2

Shape derivative

From this minimization problem a Lagrangian L is constructed introducing Lagrange
multipliers for all the constraints (see App. 4.A),
L(u, λ, µ, q, Ω) =J(u) + λG(u) + µH(Ω)
Z
Z
+
∇q : σ(u)dΩ −
Ω

q · tdΓ,

(4.11)

ΓN

where u = 0 on ΓD and λ, µ and q are the Lagrange multipliers for the displacement,
volume and equilibrium constraint, respectively. The displacement and volume constraint
are inequality constraints, implying that for the solution λ, µ ≥ 0 and λG(u), µH(Ω) = 0.
The (linear or nonlinear) equilibrium constraint is an equality constraint, which implies
that for the solution q 6= 0. The active inequality constraints are treated as equality
constraints and not taken into account when they become inactive.
The variation of (∂L/∂Ω)∂Ω is given by the change of L by the infinitesimal advection
of the current domain Ω by the vector field v in outward-normal direction n [3]. The
changing domain Ω(t) as function of the design time t can be described as,
Ω(t) = {X + vn · t | X ∈ Ω(0)}.

(4.12)
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Using this definition, the variation of the Lagrangian (∂L/∂Ω)∂Ω, derived in App. 4.A,
is given by,
∂L
∂Lj
∂Lg
∂H
∂Ω =
∂Ω + λ
∂Ω + µ
∂Ω,
(4.13)
∂Ω
∂Ω
∂Ω
∂Ω
where (∂Lj /∂Ω)∂Ω, (∂Lg /∂Ω)∂Ω and (∂H/∂Ω)∂Ω are the variations of the objective
J, the displacement constraint G and the volume constraint H, respectively. These are
given by,
Z
∂Lj
(∇q j : σ(u))vdΓ
(4.14)
∂Ω =
∂Ω
Γd
Z
∂Lg
(∇q g : σ(u))vdΓ
(4.15)
∂Ω =
∂Ω
Γd
Z
∂H
∂Ω =
(1)vdΓ,
(4.16)
∂Ω
Γd
where v is a variation of the material domain Ω in the outward normal direction and q j
and q g are the adjoints associated with the objective J and the displacement constraint
G, respectively. Combining Eqs. (4.13)–(4.16), we can now construct the steepest descent
boundary variation by choosing
v = −(∇q j : σ(u) + λ∇q g : σ(u) + µ).

(4.17)

If we make sure that we have a continuous solution for q j , q g and σ(u) in the entire
domain D, then the right-hand side of Eq. (4.17) is defined everywhere in D. Therefore,
we can use the steepest-descent velocity field v not only at the boundary Γd , but everywhere in the large domain D. Note that the normal variation of the material domain
v = 0 on Γ \ Γd .

4.3.3

Multiple constraints

When treating multiple constraints, the Lagrange multipliers need to be approximated
accurately to stay on the active constraint surface during the update step. This can be
done by a gradient projection algorithm using the shape derivatives in Eqs. (4.14)–(4.16)
as in [22]. However, implementing this gradient projection involves approximating the
boundary integrals. In the experience of the author the resulting Lagrange multipliers
can become inaccurate.
But even if the Lagrange multipliers are very accurate, the optimization process will
still deviate into the infeasible domain due to finite shape changes. Therefore, it is
also necessary to include a mechanism by which the optimization can return to the
feasible domain. For instance, implementing return mapping onto the feasible domain (for
instance by using the violated constraint as the objective and the objective as constraint)
[36]. Another option is using a variation of the augmented Lagrangian method by adding
a small penalty to an infeasible solution (see Sec. 4.4.3). In order for this to work the
Lagrange multipliers need to be sufficiently accurate.

4.3.4

Evolution and regularization

Discrete level-set methods describe the level-set function using a fixed and regular mesh.
On this mesh the Hamilton-Jacobi equation Eq. (4.10) is integrated to update the levelset function. This is commonly done by transporting the level-set function using an
explicit upwind schemes [3, 33].
In order to maintain a smooth level-set function and gradients that are of moderate
value, we need to regularize the level-set function periodically. This can be done by
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Figure 4.3: Flow chart of a level-set method using the shape sensitivities vs. discrete
sensitivities

reinitializing the level-set function to a signed distance function using another upwind
scheme [3, 33]. It should be noted, that the reinitialization changes the objective and the
constraints. After updating the level-set function in the update step the contour of the
level-set function may become non-smooth. Therefore, in that case the reinitialization
should alter the zero-level contour a little to retain the required smoothness of the levelset function. This in turn may change the objective and the constraints. In essence,
the reinitialization interferes with the steepest-descent direction in the level-set update
step. This is also the reason why reinitialization using an upwind scheme typically is not
continued until convergence. A first order reinitialization scheme run until convergence
will round and alter the design more than desired. Therefore, it may also be desirable
to add a curvature penalty to the design objective to naturally ensure a more smooth
solution, e.g. [33, 36].

4.3.5

Discussion

In a shape-sensitivity-based level-set method the velocity field is derived from the continuous optimization formulation. This velocity field needs to be discretized and is used to
update the level-set function. The performance of a design is evaluated after a discretization step of the governing equations. It is necessary to choose the discretization of the
velocity and the governing equations consistently. However, because of the possibility of
topological changes and because of the interpolation on a fixed mesh it is inevitable that
there will be inconsistencies between the two, see Fig. 4.3.
It is not obvious how to discretize the velocity field in Eq. (4.17). For instance it is
possible to evaluate Eq. (4.17) at the appropriate locations of the level-set basis functions.
Or one can integrate over each finite element and average the velocity per element.
Should one use the original internal forces or the scaled internal forces according to the
material interpolation? For specific choices of this discretization of the velocity field
we can even obtain the density sensitivities corresponding to the normal density-based
topology optimization. Clearly, the choice of discretization has a large influence on the
performance and convergence of the optimization.
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However, the nodal values of the level-set discretization are the design variables in
a level-set method. Therefore, there exists a determinate relation between the design
variables and the objective and constraints. Because of this relation, we can calculate
the sensitivities of the objective and constraints with respect to the design variables. A
gradient projection of these sensitivities yields very accurate Lagrange multipliers for a
direct update, see Sec. 4.4.2.
Moreover, these sensitivities are also valid for topological changes, since they indicate
how the material interpolation depends on the level-set discretization. However, these
sensitivities do not take the regularity requirements of the level-set function into account.
And the sensitivities are only non-zero in elements that are on the boundary of the
structure, which may limit the boundary changes in one iteration step of the optimization.
In the next section this new way of updating the level-set function is explained in more
detail.

4.4

Discrete level-set method

Instead of shape sensitivities we can also use discrete sensitivities with respect to the
level-set nodal values.

4.4.1

Discretization

The discrete level-set method uses a level-set function interpolation on a fixed rectangular
mesh. In this case we use bilinear basis functions, called Ni , as commonly used in finite
element discretization,
X
Ni (X)Φi ,
(4.18)
φ(X) ≈ Φ(X) =
i

where the nodal values Φi describe the entire level-set function. In the same way, we
define
X
u(X) ≈U(X) =
Ni (X)Ui
(4.19)
i

q(X) ≈Q(X) =

X

Ni (X)Qi ,

(4.20)

i

where Ui and Qi are the nodal values of the displacement and Lagrange multiplier of the
equilibrium constraint, respectively. The level-set function describes the material domain
and therefore these nodal values are in fact the design variables in this level-set method.
In order to perform the structural analysis and solve the adjoint systems, we need to
put our problem in a discrete form. In order to do that we define the intermediate field
of element densities ε ≤ ρe ≤ 1, where ε > 0 a lower bound, as
R
Ωe H(Φ)dΩ
R
,
(4.21)
ρe (Φ) =
Ωe dΩ
where H(Φ) is the Heaviside function. It is convenient to use an approximate Heaviside
to facilitate the calculation involving the derivatives of Eq. (4.21). In this case we use
the third order polynomial,

for Φ < −h

 H(Φ) = ε
h
i
3 − 3Φ + 2 + 1
H(Φ) = 41 (ε − 1) ( Φ
)
for
−h≥Φ≥h
(4.22)
h
h


H(Φ) = 1
for Φ > h,
where h is the bandwidth of the approximate Heaviside. These element densities ρe
will be used in the material interpolation to scale the Young’s modulus in each element
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according to the Ersatz material interpolation method. Using this, we can formulate our
approximation of the optimization problem. The objective can be written as,
min J(u) ≈ min J(U) = JT U,
u

U

(4.23)

where J is a vector selecting the degrees of freedom we are interested in. Similarly the
displacement constraint becomes,
G(u) ≈ G(U) = GT U − umax ,

(4.24)

and the volume constraint is now a function of the design variables Φ,
H(Ω) ≈ H(Φ) = HT ρ(Φ) − Vmax ,

(4.25)

where H is a vector summing all the element densities ρ to obtain the total volume of
the structure. The discrete form of the equilibrium constraint is reformulated to,
R(U, ρ(Φ)) = Fint (U, ρ(Φ)) − Fext ,

(4.26)

where R is the residual, obtained after standard finite element reformulation of the weak
form of Eq. (4.4). We now have all the relations between the design variables Φ and the
objective and constraints. Then we discretize the Lagrangian from Eq. (4.11) as


L ≈ L(U, Λ, M, Q, Φ) =JT U + Λ GT U − umax


+ M HT ρ(Φ) − Vmax
+ QT R(U, ρ(Φ)).

4.4.2

(4.27)

Discrete sensitivities

The sensitivities of the Lagrangian ∂L/∂Φ are given by (see App. 4.B),
∂L
∂J
∂G
∂H
=
+Λ
+M
∂Φ ∂Φ
∂Φ
∂Φ


∂J
∂G
∂H ∂ρ
=
+Λ
+M
,
(4.28)
∂ρ
∂ρ
∂ρ ∂Φ
where ∂J/∂Φ, ∂G/∂Φ and ∂H/∂Φ the discrete sensitivities of the objective and constraints. The derivative of the element densities ρ with respect to the level-set nodal
values Φ results from taking the derivative of Eq. (4.21),
R
∂ρe
Ωe δ(Φ)Ni dΩ
R
=
,
(4.29)
∂Φi
Ωe dΩ
where δ(Φ) is the Dirac function corresponding to the approximate Heaviside function
H(Φ). This derivative is only non-zero if the basis function Ni belongs to one of the
nodes of the element e. This fraction of integrals is approximated as the average of, in
this case, 20 x 20 sample points X s of δ(Φ(X s ))Ni (X s ) over each element.

4.4.3

Multiple constraints

We can now construct a steepest-descent direction for the optimization problem using
a gradient projection of the objective gradient ∂J/∂Φ onto the (active) constraint surface normal to ∂G/∂Φ and ∂H/∂Φ which will give us approximations of the Lagrange
multipliers Λ and M ,


∂G
∂L
∂H
∂L
Λ, M such that
⊥
and
⊥
.
(4.30)
∂Φ
∂Φ
∂Φ
∂Φ
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In order to do this we can write the least-squares satisfaction of ∂L/∂Φ = 0 as,
 
 ∂G ∂H  Λ 2
∂J
min
+ ∂Φ
,
∂Φ
M
Λ,M ∂Φ

(4.31)

which is well-defined if the objective and constraint gradients are independent. This
leads to a system which we can solve,
 
 ∂G ∂H T ∂J
 ∂G ∂H T  ∂G ∂H  Λ
= − ∂Φ
.
(4.32)
∂Φ ∂Φ
∂Φ ∂Φ
∂Φ
M
∂Φ
In the actual implementation a penalty of αG(u) and αH(u) for the displacement and
the volume constraint, respectively, are added to the Lagrange multipliers Λ and M
when the particular constraint is violated, where α > 0 is a small penalty parameter.
This implies that scaling of the constraints with respect to the objective and the penalty
parameter becomes important for the convergence behavior.

4.4.4

Update and regularization

The level-set function can now be updated according to,
Φk+1 = Φk − t

∂L
∂Φ
,
∂L
k
k ∂Φ

(4.33)

where t is a small scaling parameter. The total change of the level-set function should
be small to avoid losing too much smoothness. And after an update step, the level-set
function needs to be smoothed again. It is convenient to divide the total explicit update
1
step t into small update steps of, for instance, ti = 20
hx where hx is the smallest side of
a finite element. After each small step we can do 1 reinitialization step with a first-order
1
upwind scheme with a maximum step size of 20
hx (see for instance [3] for more details
on upwind schemes). This procedure ensures keeping a smooth level-set function.
Due to the small bandwidth of the Heaviside in Eq. (4.22) the sensitivities are non-zero
only in a bandwidth of one element around the boundary. Therefore, shape changes are
limited to the size of one finite element. This can be resolved by recomputing Eq. (4.28)
after updating the partial derivatives in Eq. (4.29), which has not been done in this
research.

4.5

Results

For all problems shown, the Young’s modulus equals 1, the Poisson’s ratio 0.3. The
1
approximate Heaviside has a bandwidth of h = 10
d, where d is the diagonal of a finite
element and the lower density bound ε in Eq. (4.22) equals 0.001. The examples shown
next all use a linear strain definition. It is of course possible to use the Green-Lagrange
strain to incorporate geometrical nonlinearities. The unconstrained optimization problems are solved using a fixed total step size t = hx , where hx is the smallest side of a
finite element. For the constrained optimization problems, the fixed total step size is
set to t = 12 hx in order to limit oscillations caused by the inequality constraints. All
problems are solved on a design domain D measuring 20 x 10 discretized with 100 x 50
quadrilateral elements. For the alternative augmented Lagrangian approach mentioned
in Sec. 4.4.3 a small additional penalty α = .0001 has been used in order to return slowly
to the feasible domain.
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Figure 4.4: Deformed initial and resulting designs of the compliance minimization
problems. The deformed result of the unconstrained problem treated in Sec. 4.5.1 after
100 iterations is displayed on the bottom left. The deformed result of the constrained
problem treated in Sec. 4.5.2 after 300 iterations is displayed on the bottom right.

Figure 4.5: Optimization history of the objective and constraint functions of the
compliance minimization problems. The history of the unconstrained problem from
Sec. 4.5.2 is displayed on the left and the history of the constrained problem from
Sec. 4.5.2 on the right. The values have been normalized by dividing them by the
maximum absolute value of the objective and constraints.
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Figure 4.6: Deformed initial and resulting designs of the force inverter problems in the
2 load cases involved. Load case 1 is forced from the left and load case 2 from the right.
The objective is to maximize the mean desired displacements udes = udes1 + udes2
and penalizes the mean input displacements uinp = uinp1 + uinp2 . The deformed
result of load case 1 of the unconstrained problem treated in Sec. 4.5.1 after 300
iterations is displayed on the bottom left. The deformed result of load case 2 of
the constrained problem treated in Sec. 4.5.2 after 300 iterations is displayed on the
bottom right.

4.5.1

Unconstrained optimization

The first demonstration of the effectiveness of the proposed method is an unconstrained
optimization problem treating a compliance minimization benchmark problem. We
search for the stiffest design with the boundary conditions as in Fig. 4.4. In order
to obtain an unconstrained optimization problem a volume penalization, i.e. a fixed
Lagrange multiplier,
needs to be added to the objective. For this example the volume
P
1
penalty 100N
ρe is added to the objective FT
ext U where Ne is the number of finite
e
e
elements.
The results of this example are displayed in Figs. 4.4 and 4.5. A smooth convergence
is obtained even though a fixed step is taken and no line search is performed. The final
result with approximately 50% material is very similar to results reported in literature.
The second problem is an unconstrained optimization solving a force-inverter benchmark problem. This time the objective is combined of two load cases, see Fig. 4.6. To
avoid some problems concerning the formation of thin hinges, springs with a total stiffness of k = 1 are added to simulate the stiffness of an attached structure. We formulate
a combined objective of the performances of the design from both directions. We maximize the mean desired displacement udes = udes1 + udes2 and penalize the mean input
1
. This penalty is added to avoid
displacement uinp = uinp1 +uinp2 using a penalty of 20
a local minimum disconnecting the output
part
from
the
rest of the structure. On top
P
1
of that a volume penalization 100N
e ρe takes care of removing inefficient material.
e

The results of this example are displayed in Figs. 4.6–4.5. Again a reasonably smooth
convergence is obtained even though a fixed step is taken. The final result has a material
fraction of approximately 40%.
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Figure 4.7: Optimization history of the objective and constraint functions of the force
inverter problems. The history of the unconstrained problem from Sec. 4.5.1 is displayed on the left and the history of the constrained problem from Sec. 4.5.2 on the
right. The values have been normalized by dividing them by the maximum absolute
value of the objective and constraints.

4.5.2

Constrained optimization

It is also possible to add a volume constraint to the optimization problem and exactly
solve for the Lagrange multiplier, rather than using a fixed volume penalty. A compliance
minimization benchmark problem has been solved using a volume constraint of 30%
material.
As can be expected the convergence behavior is less smooth, see Fig. 4.5. It is wellknown that for the treatment of topology optimization an appropriate constraint handling
strategy is very important for the convergence of the optimization process. The optimization results in the well-known benchmark solution, see Fig. 4.4 to this type of compliance
minimization problems.
A convincing example of a constrained optimization is the following force inverter
benchmark problem. The same objective is used as in the force inverter problem of
Sec. 4.5.1 (see Fig. 4.6). To the optimization problem three constraints are added: A
volume constraint of 30% material and two input displacement constraints involving
uinp1 and uinp2 . These mean input displacements are constrained to be less than 0.4.
The optimization ends in a configuration with all three constraints active. The convergence is again less smooth, which can be expected when no further constraint handling
of move limit strategy is used. The result may not be fully converged because of small
oscillations. It is well known that, especially in the case of mechanism design, the performance is extremely sensitive to density changes in some of the elements and should be
treated by adding a move limit, as used in for instance the method of moving asymptotes
(MMA) [31]. The method proposed in this paper may also be used in the context of
other subproblem strategies. However, the level-set regularization may complicate the
implementation of such an approach.
The result is an unconventional structure with two instead of one members in the
middle of the domain. The result satisfies the constraints, but may be a local minimum.
Better constraint handling, the introduction of move limits or decreasing the fixed step
size may improve convergence behavior. However, the current method is able to treat
the multiple constraints in a satisfactory manner.
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Conclusions

The functionality of level-set methods can be contributed to the implicit material description by a sufficiently smooth level-set function which is not too flat or too steep;
which has gradients of moderate value.
Discrete level-set methods presented in literature are usually based on shape-sensitivity analyses. Common use of these methods is limited because of unclearness concerning
the implementation of the shape gradients. The effectiveness of a discrete level-set method and the successful treatment of multiple constraints depends on the consistency
between the shape sensitivities and the discrete dependency of the model on the level-set
discretization.
To limit these inconsistencies, a new level-set method has been proposed which uses
the discrete sensitivities of the objective and constraints with respect to the design variables; the level-set nodal values. The implementation of this method follows in a straightforward way from the discretization of the level-set function. Regularization in the form
of a signed-distance reinitialization is employed in order to ensure a smooth level-set
function. Using this approach and a gradient projection algorithm enables the treatment
of multiple constraints in a satisfactory fashion.
The effectiveness of this approach has been shown in multiple examples using constraints. However, to improve convergence, it is well-known that it is necessary to employ
a more sophisticated constraint handling and move limit strategy.
An extension including a subproblem strategy can be a useful follow-up of this work.
Finally, the incorporation of a curvature penalty may reduce the need for regularization
of the level-set function, and therefore increase the consistency of the approach.

4.A

Shape optimization

In this appendix the shape derivatives of the objective and constraints are derived.

Lagrangian
Augmenting the minimization problem Eq. (4.1) with the constraints by introducing
Lagrange multipliers, we can construct the Lagrangian L to the constrained optimization
problem (assuming all constraints are active),
L(u, λ, µ, q, Ω) =J(u) + λG(u) + µH(Ω)
Z
−
q · (∇ · σ(u))dΩ,

(4.34)

Ω

where σ(u) · n − t = 0 on ΓN , u = 0 on ΓD and λ, µ and q are the Lagrange multipliers
for the displacement, volume and equilibrium constraint, respectively. After standard
procedures (using the divergence theorem, the boundary conditions and the symmetry
of the stress tensor), we obtain the weak form of the equilibrium constraint,
L(u, λ, µ, q, Ω) =J(u) + λG(u) + µH(Ω)
Z
Z
+
∇(q) : σ(u)dΩ −
Ω

q · tdΓ.

(4.35)

ΓN

A stationary point of this Lagrangian L indicates a (local) feasible optimum of minimization problem,
∂L
∂L
∂L
∂L
∂L
∂L =
∂u +
∂λ +
∂µ +
∂q +
∂Ω = 0
∂u
∂λ
∂µ
∂q
∂Ω
∀ admissible ∂u, ∂λ, ∂µ, ∂q, ∂Ω.

(4.36)
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This implies that all partial derivatives of the Lagrangian are zero. At any other point
L(u, λ, µ, q, Ω) satisfying the constraints, the partial derivatives to the displacement
u and the Lagrange multipliers λ, µ and q will still equal zero. Therefore, we have
∂L = (∂L/∂Ω)∂Ω and −∂L will be a steepest-descent direction of the minimization
problem on the constraint surface.

Partial derivatives
The partial derivatives of the Lagrangian with respect to the Lagrange multipliers, i.e.
∂L/∂λ = 0, ∂L/∂µ = 0 and ∂L/∂q = 0, result in the displacement constraint Eq. (4.2),
the volume constraint Eq. (4.3) and the equilibrium constraint Eq. (4.4), respectively.
In order to obtain the Lagrange multiplier q associated with the equilibrium constraint, also called the adjoint displacement, we take the derivative of the Lagrangian to
the displacement ∂L/∂u = 0. After some standard variational procedures, this results
in the strong form of the well-known linear adjoint problem,

on Ω
 ∇ · (∂σ/∂(u) : ∇q) = 0
(∂σ/∂(u) : ∇q) · n + ∂j/∂u + λ∂g/∂u = 0 on ΓN
(4.37)

q=0
on ΓD ,
where ∂σ/∂(u) is the tangent stiffness to the displacement u and (u) is the linear
or nonlinear strain. The tangent stiffness does not depend on the Lagrange multiplier q
and therefore, this is a linear problem. This equation still includes an unknown Lagrange
multiplier for the displacement constraint λ and is therefore unsolvable.
However, since this is a linear problem instead we can define q = q j + λq g and solve
for the adjoint displacements q j and q g associated with the objective J(u) and the
displacement constraint G(u), respectively. Now we solve the adjoint displacement q j
associated with the objective from


 ∇ · ∂σ/∂(u) : ∇q
 j = 0 on Ω
∂σ/∂(u) : ∇q j · n + ∂j/∂u = 0 on ΓN
(4.38)

q j = 0 on ΓD ,
the adjoint displacement q g associated with the displacement constraint from


 ∇ · ∂σ/∂(u) : ∇q
 g = 0 on Ω
∂σ/∂(u) : ∇q g · n + ∂g/∂u = 0 on ΓN

q g = 0 on ΓD .

(4.39)

This is equivalent to constructing new Lagrangian functionals Lj , Lg associated with the
objective J and the constraint G, respectively, as,
Z
Lj (u, q j , Ω) =J(u) +
(q j ) : σ(u)dΩ−
Ω
Z
q j · tdΓ
(4.40)
ΓN

Z
Lg (u, q g , Ω) =G(u) +
(q g ) : σ(u)dΩ−
Ω
Z
q g · tdΓ,

(4.41)

ΓN

and taking the variation of these functionals to the displacement ∂Lj /∂u and ∂Lg /∂u
to solve for the adjoints associated with the objective and the displacement constraint
individually. For a linear equilibrium constraint and a compliance minimization objective,
this functional is self-adjoint and q j = −u.
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The partial derivative of the Lagrangian to the domain ∂L/∂Ω will be treated in the
next section.

Shape derivatives
For a general smooth functional a(Ω) and smooth domain Ω,
Z
Z
a(Ω) =
aΩ (X)dΩ +
aΓ (X)dΓ,
Ω

(4.42)

Γ

we can write the variation (∂a/∂Ω)∂Ω in terms of a normal boundary variation v as [3],
Z
Z
∂a
(∇ · [aΓ n]) vdΓ.
(4.43)
aΩ vdΓ +
∂Ω =
∂Ω
Γ
Γ
We only allow shape changes on the part of the boundary Γd , where no forces act, t = 0,
and where we are not interested in the displacements, j(u) = 0 and g(u) = 0. Using
this and Eq. (4.43), we can write the variation (∂L/∂Ω)∂Ω as
Z
∂L
∂Ω =
(∇q : σ(u) + µ)vdΓ
∂Ω
Γ
Z d
=
(∇q j : σ(u) + λ∇q g : σ(u) + µ)vdΓ
Γd

∂Lg
∂H
∂Lj
∂Ω + λ
∂Ω + µ
∂Ω.
(4.44)
=
∂Ω
∂Ω
∂Ω
where the variations (∂Lj /∂Ω)∂Ω, (∂Lg /∂Ω)∂Ω and (∂H/∂Ω)∂Ω are the parts of the
shape derivative associated with the objective, the displacement constraint and the volume constraint, respectively. These are given by,
Z
∂Lj
(∇q j : σ(u))vdΓ
(4.45)
∂Ω =
∂Ω
Γd
Z
∂Lg
(∇q g : σ(u))vdΓ
(4.46)
∂Ω =
∂Ω
Γd
Z
∂H
∂Ω =
(1)vdΓ.
(4.47)
∂Ω
Γd
These can also be derived from the functionals defined in Eq. (4.40), (4.41) and (4.3). The
Lagrange multipliers λ and µ can be determined using a gradient projection procedure
[22].

4.B

Discrete optimization

In this appendix the sensitivities of the objective and constraints with respect to the
level-set nodal values are derived.

Lagrangian
The discrete version of the Lagrangian L taken from Eq. (4.27) as


L(U, Λ, M, Q, Φ) = JT U + Λ GT U − umax


+ M HT ρ(Φ) − Vmax
+ QT R(U, ρ(Φ)).
The partial derivatives are treated in the next section.

(4.48)
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Partial derivatives
The partial derivatives to the Lagrange multipliers ∂L/∂Λ = 0, ∂L/∂M = 0 and
∂L/∂Q = 0 result in the displacement constraint Eq. (4.24), the volume constraint
Eq. (4.25) and the equilibrium constraint Eq. (4.26), respectively.
The partial derivative of the discrete Lagrangian with respect to the displacement
field ∂L/∂U = 0 leads to the discrete adjoint system,




∂R
∂R
∂R
+ JT + ΛGT = QT
+ JT + Λ QT
+ GT = 0,
(4.49)
QT
j
g
∂U
∂U
∂U
where ∂R/∂U is the discrete tangent stiffness matrix. The tangent stiffness ∂R/∂U is
independent of Q, so this problem is linear. Therefore the Lagrange multiplier Q can be
spit into parts Qj and Qg associated with the objective and displacement constraint as
Q = Qj + ΛGg . Again, it is also possible to construct discrete functionals Lj and Lg
as,
Lj (U, Qj , Φ) =JT U + QT
j R(U, ρ(Φ))

(4.50)

Lg (U, Qg , Φ) =GT U + QT
g R(U, ρ(Φ)),

(4.51)

and come up with the adjoints Qj and Qg from the partial derivatives ∂Lj /∂U = 0 and
∂Lg /∂U = 0, respectively.
The partial derivative ∂L/∂Φ is treated in the next section.

Discrete sensitivities
The sensitivities of the Lagrangian ∂L/∂Φ can be written as,
∂R ∂ρ
∂ρ
∂L/∂Φ = QT
+ M HT
∂ρ ∂Φ
∂Φ
∂R ∂ρ
∂ρ
∂R ∂ρ
+ ΛQT
+ M HT
= QT
g
j
∂ρ ∂Φ
∂ρ ∂Φ
∂Φ
∂Lj
∂Lg
∂H
+Λ
+M
,
(4.52)
=
∂Φ
∂Φ
∂Φ
where ∂Lj /∂Φ, ∂Lg /∂Φ and ∂H/∂Φ the sensitivities of the objective and constraints.
These are in fact equivalent to the total derivatives of the objective and constraints to
the design variables and are given by,
∂Lj
∂J
∂R ∂ρ
=
= QT
(4.53)
j
∂Φ
∂Φ
∂ρ ∂Φ
∂Lg
∂G
∂R ∂ρ
=
= QT
(4.54)
g
∂Φ
∂Φ
∂ρ ∂Φ
∂H
∂ρ
= HT
.
(4.55)
∂Φ
∂Φ
Also in this case the Lagrange multipliers Λ and M can be calculated using a gradient
projection procedure [22].
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Chapter

5

A C ONSISTENT E XPLICIT L EVEL - SET- BASED
TOPOLOGY O PTIMIZATION

Context
To completely eliminate inconsistencies from the Level-Set Method (LSM), a level-setbased topology optimization based on an exact Heaviside formulation is proposed at the
9th World Congress on Structural and Multidisciplinary Optimization. Because of the
exact Heaviside, the level-set function does not need to have a constant slope at the
boundary to control the width of the diffuse interface and reinitialization is not necessary. Analytical sensitivities of the densities with respect to the level-set nodal values are
used in a steepest-descent method. However, we identify that local minima are present
and numerical artifacts similar to conventional density-based methods can be obtained.
Consistent regularization approaches can be used to eliminate these artifacts. Afterwards, this paper has been published in International Journal for Numerical Methods in
Engineering.
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Abstract
This paper presents a level-set-based topology optimization method based on numerically consistent sensitivity analysis. The proposed method uses a direct steepest-descent
update of the design variables in a level-set method; the level-set nodal values. An exact
Heaviside formulation is used to relate the level-set function to element densities. The
level-set function is not required to be a signed-distance function and reinitialization is
not necessary. Using this approach, level-set-based topology optimization problems can
be solved consistently and multiple constraints treated simultaneously.
The proposed method leads to more insight in the nature of level-set-based topology
optimization problems. The level-set-based design parametrization can describe gray areas and numerical hinges. Consistency causes results to contain these numerical artifacts.
We demonstrate that alternative parameterizations, level-set-based or density-based regularization can be used to avoid artifacts in the final results.
The effectiveness of the proposed method is demonstrated using several benchmark
problems. The capability to treat multiple constraints shows the potential of the method.
Furthermore, due to the consistency, the optimizer can run into local minima; a fundamental difficulty of level-set-based topology optimization. More advanced optimization
strategies and more efficient optimizers may increase the performance in the future.
Keywords: Topology optimization, level-set method, consistency, sensitivity analysis, exact Heaviside, regularization

5.1
5.1.1

Introduction
Topology optimization

Topology optimization methods have become increasingly popular during the last decade.
They offer flexible design optimization of structures in an early stage of the design process
[7]. Topology optimization has been successfully applied to a large range of design problems, including problems in the field of geometrical nonlinearities, nonlinear materials,
electro-mechanics, fluid-structure interaction, optics and acoustics. In general, topology
optimization is concerned with finding the optimal layout or material distribution of a
design to perform a specific task. There are different approaches to solve such a topology
optimization problem. Density-based methods, such as the homogenization approach for
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topology optimization [5] and SIMP [4], relax the integer topology optimization problem using continuous material densities. The other major type of topology optimization
approaches are level-set-based topology optimization methods [1, 20, 25, 34].
Level-set methods for topology optimization use an implicit description to parametrize
the material domain; a level-set function [24]. This implicit function is positive inside
the material domain, negative outside the material domain. The structural boundary is
located exactly where this level-set function equals zero. Originally, level-set methods
were used to model interface flow phenomena [29] and in image processing [19]. In the field
of structural optimization level-set methods have been developed as a shape optimization
method with the potential to change the topology. Often they have been presented as an
alternative to density-based topology optimization methods, avoiding numerical artifacts
that can arise in these approaches, such as checker-boarding and intermediate density
areas [27].
Many level-set methods use the Ersatz material definition to map the level-set-based
design on a fixed finite element mesh, for instance [1, 20, 34]. The design domain is divided
into a large number of finite elements. Using this Ersatz material approach, the stiffness
of each finite element is scaled with the material fraction inside this finite element. This is
similar to the design interpolation used in density-based topology optimization methods.
The difference is that the material fraction or element density is now determined by the
level-set function.

5.1.2

Design evolution

In a level-set-based topology optimization method, the level-set function is usually updated using information obtained from shape sensitivity analysis [1, 20, 34]. The relation
between the changes of the material domain (i.e. the design) and the level-set function is
characterized by the Hamilton-Jacobi equation [24]. The optimization process is usually
viewed as a process in which the boundary of a design evolves in ‘time’ in the steepestdescent direction of the optimization problem, also referred to as steepest-descent flow.
In this context shape sensitivities are often referred to as ‘boundary velocities’.
Most level-set-based topology optimization methods are based on shape-sensitivity
analysis. This sensitivity information is only meaningful for changes of the boundary of
the material domain, i.e. the zero-level contour of the level-set function. Most level-set
methods do not use the shape sensitivities directly to update the design. Instead, they
extend the shape sensitivities or velocity field to the entire design domain to update
the level-set function everywhere [1, 20, 34]. The velocity field will have an influence
on the shape of the design only where the level-set function is close to zero, i.e. in the
neighborhood of the boundaries. The most common extensions are the normal [38] and
the natural [17] velocity extension. A normal velocity extension uses only the shape
sensitivities at the boundary and does not allow for the creation of new holes. Existing
holes are able to merge or collapse. Naturally extended velocity fields resemble the
density-based sensitivities and their application can result in the creation of new holes
when the level-set function is not maintained as a signed-distance function [17].
Some level-set methods have included means of generating holes, other than a natural velocity extension. A mechanism of nucleating holes can be incorporated in the
optimization process by introducing the concept of a topological derivative [11, 28]. Another approach updates the level-set updates solely on topological derivative information
rather than on shape sensitivity [2, 36]. Both the naturally extended velocity field and
the topological gradient are similar to density-based sensitivities.
Level-set-based topology optimization methods can use different types of parameterization of the level-set function. ‘Discrete’ level-set methods discretize the level-set
function on a fixed rectangular Eulerian mesh [1, 34]. They typically use upwind sche-
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mes to integrate the Hamilton-Jacobi equation. Many other level-set methods use radial
basis functions to interpolate the level-set function, for instance [17, 35]. “Parametric”
level-set methods transfer the Hamilton-Jacobi equation to a set of ODE’s to solve for
the coefficients associated with radial basis functions. It is also possible to write the
level-set evolution as a reaction-diffusion equation and use the topological gradient as a
driving force in the optimization [36]. Finally, “explicit” level-set methods use the sensitivities of the response functions to the nodal values of the level-set function directly in
the optimization algorithm [14, 23]. Regardless of which method is employed to update
the design variables, the Hamilton-Jacobi equation essentially characterizes the changing
material domain as a function of the changing level-set function.

5.1.3

Regularization techniques

Often regularization techniques are employed in level-set-based topology optimization to
maintain the level-set function and/or improve the convergence behavior of the optimization. From the field of shape optimization, it is known that shape sensitivities can give
rise to very localized boundary changes, especially when much detail is allowed by the
design parametrization, see for instance [15]. Because of these localized boundary changes, shape optimization may result in sub-optimal local minima. Therefore, the actual
design changes or the shape sensitivities are often smoothed and/or filtered. In levelset-based topology optimization methods the boundary velocity is also often smoothed
to increase the performance of the optimization method [1, 33]. A suitable smoothing
approach guarantees a feasible direction of improvement for the optimization problem.
There are different approaches to map the level-set function to a finite element grid.
One of the most common approaches is the Ersatz material approach applying an exact
Heaviside to the level-set function to obtain the material fraction or element density in
each finite element, which is used to scale the stiffness [1]. The naturally extended velocity
field is defined in the entire design domain. Using an exact Heaviside function, the value of
this velocity changes abruptly at the boundary of the material domain. To obtain a more
smooth velocity field, it is also possible to use a smooth Heaviside approximation [34].
The element density can be defined as the average of the approximate Heaviside function
on the corresponding element. This involves the integration of this approximate Heaviside
over the volume of the finite element. Another option is to use the function value of the
approximate Heaviside at the center of the element [23]. This can be interpreted as a
type of reduced integration. The definition of an approximate Heaviside function is also
used to approximate boundary integrals used in e.g. the sensitivities [3].
The convergence properties of a level-set-based topology optimization method can
deteriorate when a level-set function becomes too steep or flat. Therefore, level-set
function reinitialization is often employed to maintain the level-set function as a signeddistance function [1, 34].
Another type of regularization uses the perimeter of the zero-level contour. It is
known that in many structural optimization problems (e.g. compliance minimization)
the theoretical optimal structure has infinitely many details [22]. To regularize the optimization problem we can impose a constraint on the perimeter. Using this regularization,
the optimal structure has a finite level of detail. In practice, some level-set methods use
this concept to introduce a perimeter penalty into the optimization problem [33]. When
such a regularization is extended to the entire domain it results in curvature diffusion.
Other types of regularization include level-set gradient penalization [36] and even density
filters [18] and density penalization [13].
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Optimizers, consistency and convergence

The most popular technique to solve level-set-based topology optimization problems is
a steepest-descent type of approach [1, 34]. For density-based topology optimization
methods, more efficient sequential approximate optimization methods are available like
the Method of Moving Asymptotes (MMA) [30] and Quadratic Approximations [12].
These methods use a sequence of convex sub-problems that approximate the response
functions to efficiently solve the optimization problem. They also include a move-limit
strategy which can be very important to suppress oscillating design variables. These
methods work well when the response functions are a function of element densities. The
behavior of the response functions as a function of level-set design variables can be very
different, because of the nonlinear relation between the level-set function and the material
domain. The usage of MMA as an optimizer for level-set-based topology optimization
has been reported in a number of publications [14, 16, 17, 23]. Especially ‘explicit’ levelset methods are suitable for incorporation in such mathematical programming schemes
because of the explicit sensitivities [14, 23].
Efficient optimizers often need accurate sensitivity information. Various combinations
of all of the techniques mentioned in the previous subsection are included in level-set
methods to obtain an efficient and fast optimization process. However, care needs to be
taken when implementing these techniques. Without care they can also cause problems
and hinder the optimization process. Similar to the application of filtering techniques
in density-based topology optimization [6], the application of velocity extensions, an
approximated Heaviside function and the Ersatz material interpolation can result in
numerical inconsistencies when these steps are not taken into account in the derivation
of the sensitivities. Here we stress the importance of the numerical consistency, i.e. the
degree to which the sensitivities match the exact derivatives of the numerical model with
respect to the design variables. Inconsistencies will result in differences between the
expected performance and the actual performance after a small design change. Level-set
function regularization techniques can also result in inconsistencies, this time between
the desired design change and the actual design change. For instance, reinitialization
that (slightly) alters the zero-level contour of the level-set function, or reinitialization in
combination with an approximate Heaviside function changes the design and will result
in inconsistencies when not taken into account in the sensitivity calculations. For more
information about inconsistencies the reader is referred to [31].
These inconsistencies do not always result in problems for the optimization process.
In fact, they can help the optimization to avoid local minima [6]. An example of this
is the sensitivity (mesh-independency) filter in the density-based topology optimization
[26]. However, it is important to have a measure of control over the inconsistencies that
are introduced in the optimization process. Preferably one should start from a consistent
base before deliberately introducing inconsistencies. Also this type of approach will not
result in optimal designs satisfying optimality conditions. In particular problems can
arise in constrained optimization problems.
Some authors have included several constraints in their level-set-based formulation,
for instance [17, 32, 37]. However, still many level-set methods formulate the optimization
problems as unconstrained problems. For instance, a volume constraint is often included
in the objective function using a fixed ‘Lagrange multiplier’, i.e. a penalty parameter
[1, 34]. In general, an optimization problem can include multiple constraints including
constraints on the geometry, but also on deformations and the performance. Not all
constraints are suited for incorporation in the optimization problem using a penalty
formulation. This does not allow control over the final constraint value unless the penalty parameters are chosen very large. Especially in the case of multiple constraints,
this may cause difficulties in the optimization process. In fact, the result is often very

108

N.P. van Dijk

sensitive to the value of the penalty parameters. Therefore, it is desirable to be able
to treat level-set-based topology optimization problems using constrained optimization
methods.
In order to treat multiple constraints we require accurate sensitivity fields. Accurate
sensitivities give a first-order approximation of the response functions as a function of
a design change (i.e. that are only nonzero on the boundary). Inconsistencies in a
constrained optimization problem result in an inaccurate approximation of the constraint
surface, meaning the optimizer is unable to determine accurately how the constraints will
change when a step is taken in the direction of the objective. Therefore, a consistent levelset method is needed to solve constrained topology optimization problems. Moreover,
consistency will open up the possibility to apply more sophisticated and higher-order
optimization methods on level-set-based topology optimization problems.

5.1.5

Proposed method

In this paper we propose a new consistent explicit level-set method to treat structural
topology optimization problems including multiple constraints. Instead of using an approximate Heaviside function relating the level-set function to the material fractions in
each element, we use an exact Heaviside function. This means that in each element, the
exact material fraction is calculated analytically. The consistent derivative of the material fraction with respect to the level-set nodal values is derived analytically. Rather than
solving the Hamilton-Jacobi equation the level-set function can be updated explicitly and
no reinitialization of the level-set function is needed. Furthermore, the perimeter of the
zero-level contour of the level-set function and its derivative can be calculated exactly.
The proposed method can be seen as a density-based topology optimization in which
the element densities are controlled by the level-set function. It is closely related to the
class of “discrete” level-set methods proposed by [1, 34] because of the similar design parameterization. The consistent level-set formulation allows us to gain more understanding about this type of method and lays the groundwork for fundamental improvements.
This approach also opens up interesting possibilities as techniques originally developed
for density-based methods may now be integrated into a level-set-based framework. Using the proposed level-set method, the consistency allows the effect of different types
of regularization approaches to be investigated in more detail. The explicit nature of
the proposed method is well suited for established mathematical programming methods,
showing great promise for improving the efficiency of level-set-based topology optimization methods.
In Sec. 5.2 the level-set design parametrization is introduced. The relation between
the element densities and the level-set function and its derivative is formulated in Sec. 5.3.
In Sec. 5.4 the topology optimization problems are formulated using the proposed exact
Heaviside formulation. An iterative level-set update procedure and preconditioning are
employed to increase the efficiency of the optimization process. These are also addressed
in this section. We demonstrate the effectiveness of the proposed method using different
examples including multiple constraints in Sec. 5.5. These results lead to a deeper understanding of the effects that the level-set formulation has on optimization problems.
The effect of some regularization methods are included in Sec. 5.6. Finally, the conclusions and recommendations can be found in Sec. 5.7. Some detailed calculations and the
implementation of the proposed method in MATLAB are included in Apps. 5.A and 5.B,
respectively.

5

109

A Consistent Level-set Method

5.2
5.2.1

Design parametrization
Level-set-based shape representation

Topology optimization is concerned with finding the optimal shape and topology of the
material domain Ω inside a larger design domain D. In a level-set method the material
domain is described by the level-set function φ(X) as,

 φ(X) > 0 ⇔ X ∈ Ω
φ(X) = 0 ⇔ X ∈ Γ
(5.1)

φ(X) < 0 ⇔ X ∈ (D \ Ω),
where Γ is the boundary of the material domain.
In order to analyze a design during a topology optimization, the material domain Ω
needs to be mapped to a finite element mesh. Most topology optimization methods use
material-fraction intermediate variables or element densities ρe [4, 5], with ε ≤ ρe ≤ 1,
where ε is a lower bound to avoid a singular structural problem. Also many level-set-based
topology optimization methods use element densities ρe (φ) which are now a function of
the level-set function [1, 34].
In this paper the element densities ρe are defined as the average value of the exact
Heaviside H(φ) over the volume/area of the corresponding elements. This results in the
definition,
R
D H(φ)dVX
ρe = ε + (1 − ε) eR
,
(5.2)
De dVX
where H(φ) is the Heaviside function of the level-set function and De is the domain of an
element. In Fig. 5.1 the relation between the element densities ρe , the exact Heaviside
function H(φ) and the level-set function φ is illustrated.
It is also possible to use an approximated Heaviside function H̃(φ) in Eq. (5.2), e.g.
[34]. Using an approximate Heaviside function the band of intermediate densities can
become very large if the level-set function becomes very flat. To avoid this, the level-set
function φ can be maintained to be a signed-distance function (e.g. [34]), or another
means can be adopted to have some measure of control of the gradient of the level-set
function (e.g. [14]). However, in this paper we use an exact Heaviside function H(φ).
This exact Heaviside is defined as,

H(φ) = 1 ⇔ φ ≥ 0
(5.3)
H(φ) = 0 ⇔ φ < 0.
The implementation of such an exact Heaviside H(φ) will be discussed in Sec. 5.3.

5.2.2

Design interpolation

The element densities ρe corresponding to the level-set function φ are used to simulate
the presence of material in each element. The most common way to do this is to scale the
material properties in each element [4, 5]. We will refer to this as the Material Scaling
(MS) method. Both the SIMP method [4] and the Ersatz material approach [1] are
examples of this method.
In this paper we want to focus on the use of an exact Heaviside H(φ) in a discrete
level-set method. Therefore, we limit ourselves to linear structural problems. The finite
element discretization of a design characterized by the element densities ρe results in the
global linear system,
Ku = f ,

(5.4)

where K is the global linear stiffness matrix depending on the element densities ρe , u is
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φ>0

φ>0

φ=0

φ=0

φ<0

φ<0

(a) An example of a level-set function φ.

(b) An altered level-set function φ.

H=1

H=1
H=0

H=0

(c) The Heaviside function H(φ) corresponding to Fig. 5.1a.

ρe

(e) The element density distribution ρe corresponding to Fig. 5.1a.

(d) The altered Heaviside function H(φ) corresponding to Fig. 5.1b.

ρe

(f) The altered element density distribution ρe
corresponding to Fig. 5.1b.

Figure 5.1: The relation between a level-set function φ, the corresponding Heaviside
function H(φ) and the element density distribution ρe .
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Ωe
Γe
δΩn
De

Figure 5.2: The material domain Ωe and variation δΩn in a finite element.

the displacement vector and f is the external force vector assumed independent of the
displacement. Using MS, the global stiffness matrix K can be written as the sum of all
element contributions Ke ,
X
K=
ρe (φ)Ke .
(5.5)
e

The structural displacement u can now be obtained from Eq. (5.4).
In this way the structural behavior of a design, the stresses and the displacements, is
implicitly parametrized by the level-set function φ.

5.3

Exact Heaviside

As mentioned, in this paper we use an exact Heaviside function H(φ) to relate the levelset function φ to the element densities ρe . The element design domain De can contain
a part of the material domain Ωe and corresponding material boundary Γe , see Fig. 5.2.
Therefore, we can rewrite the numerator in Eq. (5.2) as an integral over the material
part of the finite element Ωe as,
R
Ω dVX
ρe (φ) = ε + (1 − ε) R e
.
(5.6)
De dVX
To obtain consistent sensitivities of the response functions in a topology optimization
the term ∂ρe /∂φ needs to be calculated. A variation of the material domain inside an
element in the direction of the outward normal is indicated with δΩn . Starting from
Eq. (5.6) we can write the variation of the element density δρe in terms of a variation of
the material domain normal to the boundary δΩn (see Fig. 5.2) as,
Z
1−ε
δρe = R
δΩn dSX ,
(5.7)
De dVX Γe
where Γe is the boundary of the material domain inside the finite element. The parameterization of the level-set function φ determines the possible shape of the normal variation
of the material domain δΩn . Therefore, we introduce a general parameterization of the
level-set function φ,
X
φ(X) =
Ni (X)φi ,
(5.8)
i

where Ni (X) are the shape functions.
On the material boundary Γe , the normal variation of the material domain δΩn is
related to the variation of the level-set function φ according to k∇X φkδΩn = δφ, [20,
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N2 δφ2

δΩn

k∇X φk

δφ2
φ2

φ1
Figure 5.3: One-dimensional variation of the level-set function δφ2 and the material
domain δΩn using linear basis functions.
Eq. 10] 1 . Substituting Eq. (5.8) in this relation gives the normal variation of the material
domain δΩn in terms of the variation of the nodal variables δφi ,
X Ni δφi
δΩn =
.
(5.9)
k∇X φk
i
This relation is illustrated in Fig. 5.3 for linear basis functions in one dimension.
Substituting Eq. (5.9) in Eq. (5.7), finally yields the derivative of the element density
with respect to a level-set nodal value ∂ρe /∂φi as,
Z
∂ρe
1−ε
Ni
= R
dSX .
(5.10)
∂φi
De dVX Γe k∇X φk
The perimeter of the element material boundary Pe can be written as,
Z
Pe =
dSX .

(5.11)

Γe

To calculate the integrals in Eq. (5.6), (5.10) and (5.11) exactly, we need to parametrize
the material domain and boundary Ωe and Γe , respectively.
The shape of the zero-level contour of the level-set function and therefore the material
domain depends on the type of parameterization in Eq. (5.8). Here, we will restrict
ourselves to two-dimensional problems for demonstration purposes. The finite element
equations are solved using quadrilateral elements. The level-set function is discretized
on the same mesh.
If we use bilinear shape functions (Fig. 5.4a), the zero-level contours of the level-set
function can be difficult to parametrize. Instead, we use piecewise linear shape functions
that resemble the bilinear ones (Fig. 5.4b). Exactly in the middle of the element the
shape function equals N3 = 41 . All possible zero-level contours of a level-set function
discretized with this type of shape functions are a set of straight lines as illustrated in
Fig. 5.5. In fact this parameterization is similar to using triangular elements for the
level-set description.
Using these piecewise-linear shape functions Ni we are able to evaluate the integrals
in Eq. (5.6) and Eq. (5.10). In two dimensions the volume and surface integrals become
1
Comparing with the usual representation [1, 34], the normal domain variation δΩn and level-set
function variation δφ in this relation correspond with the normal velocity field vn and the pseudo-time
derivative ∂φ/∂t, respectively.
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N3 = 1

N3 = 1

4

4

3

1

2

(a) Bilinear shape function N3 .

3

1

2

(b) Piecewise linear shape function
N3 .

Figure 5.4: The shape of a bilinear shape function and a piecewise linear version that
approximates the same shape on a quadrilateral element.

Figure 5.5: Using piecewise-linear shape functions the zero-level contour is a set of
straight lines.

surface and line integrals, respectively. In order to calculate these integrals we need to
parametrize the zero-level contour within each element.
More details about these calculations are included in App. 5.A. The actual implementation of this entire procedure in MATLAB, including the derivative of the perimeter, is
included in App. 5.B.

5.4
5.4.1

The proposed method
Topology optimization problem

The topology optimization problem can now be constructed. The goal of the optimization
is to find a feasible design with optimal performance using the discrete level-set function
φ as design variables. A common topology optimization problem includes a generalized
displacement objective fu (u), the equilibrium constraint hu,ρ (u, ρ) (see Eq. (5.4)), a
volume constraint gρ (ρ) with maximum volume fraction Vmax and a displacement constraint gu (u) with maximum displacement umax . This topology optimization problem
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ρ
u
OPTIMIZER

FEM
ANALYSIS

∂u
∂ρ
dr
dρ

RESPONSE
FUNCTIONS

r

∂r
∂u
∂r
∂ρ

Figure 5.6: The structure of the design parametrization and sensitivities in a densitybased topology optimization.

can be written as the following minimization problem,
min fu (u) = Lf T u
φ

subject to hu,ρ (u, ρ) = K(ρ)u − f ext = 0
1 X
gρ (ρ) =
ρe − Vmax ≤ 0
Ne e
gu (u) = Lg T u − umax ≤ 0,

(5.12)
(5.13)
(5.14)
(5.15)

where Lf and Lg are vectors selecting the appropriate displacements and Ne is the
number of elements. The element densities ρ are a function of only the level-set function
φ according to Eq. (5.2) and the displacements u are related to the element densities
ρ according to equilibrium constraint Eq. (5.13). Constraint functions that are directly
a function of the level-set function can be added to the optimization problem (e.g. a
perimeter constraint).
The structure of the proposed level-set-based topology optimization method is very
similar to that of a density-based method. In a density-based topology optimization,
see Fig. 5.6, the densities ρ are related to the displacement u through a FEM analysis,
solving Eq. (5.4). Then the function value of an arbitrary response function r(ρ, u(ρ))
can be determined. The derivatives of this response function ∂r/∂ρ and ∂r/∂u are used
to calculate the sensitivities as,
X ∂r ∂uj
dr
∂r
=
+
.
(5.16)
dρe
∂ρe
∂uj ∂ρe
j
Rather than actually calculating the derivative ∂ui /∂ρe , topology optimization methods
use an adjoint method to obtain the second term in Eq. (5.16) [7].
The structure of the proposed level-set-based topology optimization can be seen as
an extension of the density-based method, where now the element densities ρ are a
function of the level-set function φ, see Fig. 5.7. Using the chain rule, the level-set-based
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φ
ρ
OPTIMIZER

DENSITY
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OPTIMIZATION
(Fig. 5.6)
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∂ρ
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Figure 5.7: The structure of the design parametrization and sensitivities in the proposed level-set-based topology optimization.

sensitivities of an arbitrary response function r(φ, ρ(φ), u(ρ(φ))) are defined as,


X ∂r
X ∂r ∂uj ∂ρe
∂r
dr


=
+
+
,
(5.17)
dφi
∂φi
∂ρe
∂uj ∂ρe ∂φi
e
j
where the term between brackets are the sensitivities of a density-based topology optimization method, see Eq. (5.16). Using this level-set-based design interpolation and these
consistent sensitivities we can solve the topology optimization problem Eqs. (5.13)–(5.15).
However, the transition from density design variables ρ to level-set design variables φ
results in a number of issues that will be addressed in the next section.

5.4.2

Update scheme

In an explicit level-set method the discrete sensitivities are used in the optimization
process to update the design variables directly. However, the relation between the element
densities ρ and the level-set function φ is very nonlinear. This can be illustrated by
looking at a one-dimensional element with nodal level-set values φ1 and φ2 , see Fig. 5.8.
For simplicity we set ε = 0. If φ1 = φ2 = 0, then the element density ρe is undefined.
If both φ1 ≥ 0 and φ2 ≥ 0, we have ρe = 1. If both φ1 ≤ 0 and φ2 ≤ 0, then ρe = 0.
Finally, when φ1 and φ2 are of opposite sign we can write the element density as,

φ1


if φ1 > φ2
 ρe =
φ1 − φ2
(5.18)
−φ
2


if φ2 > φ1 .
 ρe =
φ1 − φ2
The contour plot of this relation is plotted in Fig. 5.8. When we want to increase the
density ρe , we see that the derivatives ∇φ ρe constantly change. It can also be noted that
after many level-set updates the level-set nodal values will drift to large absolute values.
It is relatively expensive to obtain the density sensitivities from Eq. (5.16). Therefore,
it makes sense to take multiple small steps ∆φ to obtain a larger cumulative change in
element density ∆ρ in a topology optimization.
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ρe

∇φ ρe
ρe = 1

φ2

ρe

ρe = 0

φ1

ρe = c

(b) Contour plot of the element density ρe .

(a) One-dimensional
element.

Figure 5.8: One-dimensional illustration of the relation between the density ρe and
level-set nodal values φ1 and φ2 .
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Figure 5.9: Multiple level-set updates ∆φk accumulate to the total density change
∆ρ in each iteration of the topology optimization.
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We use the costly density sensitivities most efficiently by extrapolating the response
functions as,
X  ∂r 0

ρe (φ) − ρ0e ,
(5.19)
r̃(ρ(φ)) = r0 +
∂ρe
e
where r0 , (∂r/∂ρe )0 and ρ0e are the response function value, density derivative and densities, respectively, at the beginning of the level-set update. Using this cheap analytical
extrapolation of the response functions, we update the level-set function multiple times
as illustrated in Fig. 5.9 until a desired cumulative maximum density change |∆ρ|des . For
the level-set update ∆φk+1 we calculate the extrapolated response value r̃, the level-set
sensitivities dr̃/dφ derived from Eq. (5.19), the current values of the densities ρ(φk ) and
their derivatives ∂ρ/∂φ(φk ).
Eq. (5.19) is a linear extrapolation of the response functions and can be seen as a
surrogate model. It is also possible to use other types of extrapolations. For instance
the diagonal approximations used for density design variables in MMA [30] or Quadratic
Approximations [12] can be used instead. However, in this work the approximate response
functions are only used to take a number of efficient level-set update steps based on the
same density sensitivities.
The consistent derivatives of the response functions with respect to the level-set nodal
values can be used in any type of optimizer. Some preliminary tests show promising results combining the proposed method with MMA. However, in this paper the sensitivities
are used to update the level-set function directly using a steepest-descent approach. The
steepest-descent direction is defined as,
!
df˜
s=−
+ G̃λ̃ ,
(5.20)
dφ
where f˜ is the approximated objective function, G̃ is a matrix containing the gradients
of the active approximated constraints dg̃i /dφ and λ̃ is a vector with the corresponding
Lagrange multipliers λ̃i . These multipliers can be found using a constraint projection
method [20],
 T 
T df˜
G̃ G̃ λ̃ = G̃
.
(5.21)
dφ
The steepest-descent direction is constructed tangential to the constraint surface.
Therefore, we add a small penalty in case of a violation of the constraints. This results
in the augmented Lagrange multipliers λ̂i ,
λ̂i = λ̃i + α max(g̃i , 0),

(5.22)

where α > 0 is a penalty parameter. These augmented multipliers λ̂ are used in the
steepest-descent calculation, Eq. (5.20), instead of the normal multipliers λ̃.
The level-set function can be updated directly using the steepest-descent direction
s,
s
∆φk = β
,
(5.23)
max (s)
where β controls the step size. The step size β should be small enough to ensure an
accurate prediction of the responses by the sensitivities. We require that β ≤ ∆φmax ,
where ∆φmax is a chosen value. Similarly, we want to limit the size of the density changes
|∆ρk | in each small level-set update step k. Therefore, we also choose a β such that the
linear approximation of the density changes ∆ρk satisfies,


max |∂ρ/∂φ · ∆φk | ≤ ∆ρmax ,
(5.24)
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Γe

∂V
∂Ωe

Γe
∂V
∂Ωe

(a) Point-wise shape sensitivity of the
volume ∂V /∂Ω is uniform along the
boundary Γ.

(b) Shape sensitivity of the volume per finite element ∂V /∂Ωe scales with the size
of the element boundary Γe .

Figure 5.10: Comparison of the point-wise and per-element shape sensitivity of the
volume.

where ∆ρmax is a chosen value.
This procedure can be compared to the CFL restriction on the step size when solving
the Hamilton-Jacobi equation for a velocity field.

5.4.3

Preconditioned steepest-descent method

The consistent steepest-descent update from Eq. (5.20) can result in very localized density
updates because of the nonlinear relation between the densities ρ and the level-set nodal
values φ. To illustrate this, we consider an example like Fig. 5.10a. The densities are
closely related to the volume of the material. If we want to maximize the volume of
this material domain, the point-wise shape sensitivity is uniform along the boundary Γe .
However, a steepest-descent update of the equivalent discretized level-set based version of
this problem will not result in a uniform boundary displacement. This can be attributed
to three contributing factors.
Firstly, when the domain is divided into finite elements, the shape sensitivity per
element ∂V /∂Ωe is no longer uniform, see Fig. 5.10b. Displacing the boundary inside
elements that contain a large part of the material boundary has a greater impact on the
volume than displacing the boundary inside elements with a small part of the material
boundary. This is reflected in the sensitivities.
Secondly, the size of the gradient of level-set function has an influence on the steepestdescent direction of the optimization problem. Fig. 5.11 illustrates that a change of a
nodal value of the level-set function can result in a small displacement of the boundary
when the level-set function is steep. When the level-set function is flat, this change
results in a much larger displacement of the boundary.
The third contributing factor is the proximity of the material boundary to a node
of the level-set function or, more accurately, the magnitude of the corresponding shape
function Ni on the material boundary. When the material boundary is close to a level-set
node, changing this nodal value will result in a large displacement of the boundary, see
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δφ1
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k∇φk
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Figure 5.11: A normal variation of the material domain δΩn depends on the size of
the gradient k∇φk.
δφ1
δΩn
δφ1
N1 δφ1
N1 δφ1

δΩn
Figure 5.12: A normal variation of the material domain δΩn depends on the function
value of the shape function Ni of corresponding nodal value φi .
Fig. 5.12. On the other hand if the material boundary is far away from a node of the
level-set function, a change of this nodal value will have a small effect on the material
boundary. Because of these factors, the derivative ∂ρ/∂φ can contain elements of very
different magnitude and the steepest-descent direction of the optimization can result in
localized density changes.
A preconditioning of the optimization problem is employed to obtain a more uniform
level-set increment and increase the effectiveness of the steepest-descent update. Let us
consider an unconstrained level-set-based optimization problem,
min f (φ).
φ

(5.25)

The steepest-descent direction s of the unpreconditioned optimization problem Eq. (5.25)
is given by,
∂f
.
(5.26)
s=−
∂φ
This steepest-descent direction is used to update the level-set nodal values, ∆φ = s.
We can write a first-order approximation of the density changes ∆ρe after the level-set
update as,
X ∂ρe
∆ρe =
· si .
(5.27)
∂φi
i
When the density changes of different elements ∆ρe from Eq. (5.27) are of a very different
magnitude, this can indicate a badly conditioned optimization problem, caused by the
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three effects described above.
Using the preconditioned steepest-descent method (e.g. [9]) the optimization problem
is reformulated into the preconditioned optimization problem,
min f (Pφ̂),

(5.28)

φ̂

where φ = Pφ̂, P is the preconditioning matrix and φ̂ are preconditioned design variables. As long as the preconditioning matrix is positive definite, then there is a one-to-one
relation between the original design variables and the preconditioned design variables and
the preconditioned optimization problem has the same minima as the original optimization problem. The preconditioner P can be updated in every iteration, as is common in
other variable metric methods such as Quasi-Newton methods [21].
The effectiveness of such a preconditioning depends heavily on the choice of preconditioner. Usually the preconditioner is chosen based on (approximated) Hessian information. However, in this level-set-based topology optimization method this information
is not available. Instead, we define P as a diagonal preconditioner based on a prediction
of the changing element densities. The effectiveness of this heuristic preconditioning will
be demonstrated in the numerical examples in Sec. 5.5.
Using the chain-rule, the steepest-descent direction ŝ of the preconditioned optimization problem Eq. (5.28) is,
∂f ∂φ
.
(5.29)
ŝ = −
∂φ ∂ φ̂
When this steepest-descent direction is used to update the preconditioned design variables, ∆φ̂ = ŝ and because ∂φ/∂ φ̂ = P is a diagonal matrix, the first-order approximation of the density changes ∆ρe becomes,
X ∂ρe
X ∂ρe ∂φi
2
∆ρe =
∆φ̂i =
· Pii
si .
(5.30)
∂φ
∂φi
i ∂ φ̂i
i
i
In order to obtain more uniform density changes for steepest-descent-based level-set
function updates, we can tune the diagonal elements of the preconditioner Pii . For a
specific steepest-descent direction s, we do not want to have large differences between
the magnitude of the density changes of each element, i.e. for all elements |∆ρe | ≈ c1 ,
where c1 is some arbitrary value. To obtain such a balanced density update we can solve
a minimization problem,
min k(P)k,
P

(5.31)

where  is a vector containing the element contributions e ,
e (P) =

(∆ρe (P))2 − c21
.
c22

(5.32)

In this equation the term ∆ρe (P) is given by Eq. (5.30) and the factor c2 is introduced
to scale the element contributions e to obtain a well-conditioned minimization problem.
Here, we choose c1 as the mean and c2 as the maximum absolute density change |∆ρe |
before the preconditioning. Solving this minimization problem requires additional computational effort. Better or less costly preconditioners may increase the efficiency of the
steepest-descent algorithm even further.
The same procedure is also used for constrained optimization problems. The initial steepest-descent direction before the application of the preconditioner is used in
Eq. (5.30). After the calculation of the diagonal preconditioner, the multipliers λ̂j should
be recalculated using the numerically consistent sensitivities of the response function to
the preconditioned design variables dr/dφ̂. Since the Lagrange multipliers λ̂j change
the steepest-descent direction, this procedure may fail to improve the convergence be-
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Benchmark
problem
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

5.13
5.15
5.16
5.17
5.18
5.19

Scale factors response functions
Obj.
Con. 1
Con. 2
Con. 3
1
1
1
1
1
1

10
10
1
10
10

1
10
10

10
10

α

|∆ρ|des

Prec.

1
1
1
1
1000
1000

0.5
0.5
0.5
0.25
0.25
0.25

n
n
y/n
y
y
y

Table 5.1: The scale factors used for the response function of the benchmark problems.
havior. However, from numerical examples we have seen that it can significantly reduce
the number of required iterations.

5.5

Results

To demonstrate the effectiveness of the proposed consistent level-set method a number
of benchmark problems are included. All of the problems in this section are solved on
a 80x40 domain discretized with 80x40 plane-stress quadrilaterals using bilinear shape
functions for the displacement u and four Gauss integration points. We use linear elasticity with a Young’s modulus E = 100 and Poisson’s ratio ν = 0.3. The lower bound of
the element densities is ε = 10−6 . The step size β of the level-set update ∆φk is deter1
mined by the maximum predicted density change, set to ∆ρmax = 40
, and the maximum
1
level-set change, ∆φmax = 10 d, where d is the length of the diagonal of an element.
The scaling of the response functions is important for the optimization process. Therefore, the specific settings for the benchmark problems treated in this section are listed in
Tab. 5.1. Also the desired cumulative maximum density change |∆ρ|des per iteration of
the optimization process and whether preconditioning was used are listed in this table.
When a constraint function has a value greater than gi (φ) ≥ −10−2 , it is considered
active and receives a positive Lagrange multiplier λ̃i > 0. This multiplier is augmented
with the penalty αgi (φ) if the constraint function is positive gi (φ) > 0. The value of
the penalty parameter α is also listed in Tab. 5.1. The initial structure is generated
by calculating the signed-distance function with respect to the boundary of the design
domain and a number of holes in the initial design. During the optimization process,
the level-set function is updated according to the sensitivities and will no longer be a
signed-distance function.
Per FEM analysis, the level-set function is updated several times to obtain a desired
cumulative density change |∆ρ|des . To this end we monitor the maximum density change
max (∆ρ) each time the level-set function is updated. Based on the derivative ∂ρ/∂φ
we aim to take 10 level-set updates to obtain this desired design change |∆ρ|des . The
actual number of steps can be different due to the maximum density step size ∆ρmax ,
the maximum level-set function step size ∆φmax and the fact that the prediction ∂ρ/∂φ
may be inaccurate for a finite level-set update.
For simplicity the optimization process uses a constant step size |∆ρ|des in this paper.
This research is aimed at showing the potential of the proposed consistent formulation.
In a later stage the optimization strategy can be improved using adaptive step sizes,
move limits, line searches and checking KKT conditions. Also higher-order optimization
methods may be employed to benefit from the consistent formulation.
First, two compliance minimization problems are treated. Multiple constraints are
added to a mass minimization problem. Furthermore, two compliant mechanism design
problems are solved using three constraints which are all active in the final design. After
these benchmark problems the influence of level-set-based regularization, density-based
regularization and alternative parametrization is investigated.
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Figure 5.13: Compliance minimization using a volume constraint.

5.5.1

Compliance minimization

The first problem is a compliance minimization problem including a volume constraint.
A vertical distributed load of in total F = 1 is imposed on the middle right side of the
design domain. The relative volume is constrained to be less than 40%, Vmax = 0.4.
The initial density distribution and load case are displayed in Fig. 5.13a. The volume
constraint is accurately met during the topology optimization. The response history in
Fig. 5.13c shows no decrease in objective function after approximately 100 iterations.
The final result is very similar to the well-known result of this benchmark problem, for
instance in [7].
In the corners of the converged design we observe some elements with intermediate
density values, see Fig. 5.13b. This configuration is not prohibited by the level-set parameterization used here. Therefore, the numerical performance is increased by creating
‘gray’ areas. The presence of these gray areas with numerically superior performance
demonstrates the consistency of the approach. A design with large areas of intermediate
density would have a better numerical performance. However, in the proposed level-setbased topology optimization densities can only change on the boundary of the structure.
There is no mechanism to create intermediate densities in the void or solid material
domain. Therefore, it is not possible to fill the entire design domain with intermediate
densities.
The level-set surface of the final result is shown in Fig. 5.14. The zero-level contour
of the final result is shown later in Fig. 5.20b. Note that the gray areas are due to the
mapping of small ‘islands’ of material on a fixed finite element grid. The structure itself
remains defined by a crisp level-set contour.
When we take the same problem and move the load to the bottom right corner of the
design domain, we obtain a different solution. In Fig. 5.15 the results of this topology
optimization are displayed. It appears that this optimization ended in a sub-optimal
design, because the final structure has an additional member as compared to the usual
result, see for instance [7]. In fact, from numerical practice we observe that the level-set
design interpolation can gives rise to additional local optima. In some cases it appears
that a reduction in the complexity that would eventually lead to a structure with a better
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Figure 5.14: The level-set surface of the benchmark problem of Fig. 5.13.
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Figure 5.15: Compliance minimization using a volume constraint ending in a suboptimal local minimum.

performance can first cause the objective to increase. And therefore a topological change
does not occur. In this case the extra member grows thinner and thinner. However, as
soon as a part of the member disappears it reappears in the next iteration. In fact, the
design parametrization is unable to describe a member that smoothly becomes thinner
and finally disappears.
The effect of the preconditioning that was introduced in Sec. 5.4.3 can be demonstrated using an unconstrained version of the benchmark problem of Fig. 5.13. A penalty of the size of 2 times the relative volume is added to the objective. This problem
is now solved with and without preconditioning. The difference in convergence speed is
significant. As can be seen in Fig. 5.16, the design without preconditioning converges
somewhere around 100 iterations. The case with preconditioning only needs 20 iterations
to obtain the same objective value. Therefore, in the following three problems we employ
preconditioning to solve the level-set-based topology optimization more efficiently.
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Figure 5.16: Comparison between an unconstrained compliance minimization with
and without preconditioning.

5.5.2

Mass minimization

To demonstrate that the proposed method is able to handle multiple constraints, the next
problem includes two constraints. It is a mass minimization including two compliance
constraints, related to two load cases. The first one involves a vertical force at the lower
right corner of the design domain F1 = 1. The second load case concerns a horizontal
load at the upper right corner F2 = 5. The mean displacement in the direction of both
of these loads F1 and F2 is constrained to be less than 0.8, umax = 0.8. In Fig. 5.17 the
result and response history of this benchmark problem are shown. Both the constraints
are accurately satisfied at the end of the topology optimization. Again a large amount of
gray elements are present in the converged design, as no measures are included to suppress
them. These gray elements are the result of small ‘islands’ of material smaller than the
finite element size. This is visible in the zero-level contour of the level-set function that
will be shown later in Fig. 5.23a. Some options to eliminate these numerical artifacts
will be discussed in Sec. 5.6.

5.5.3

Compliant mechanism design

The proposed method is also well-suited to solve compliant mechanism design optimization problems including multiple constraints. Fig. 5.18 shows the results of a force inverter
design optimization problem. This problem involves three constraints to demonstrate the
constraint handling capability of the proposed method. Only half of the structure is modeled using the symmetry of the design problem. The structure is loaded horizontally at
the center of the left side of the design domain. The objective is to maximize the output
displacement given by the horizontal displacement at the center of the right side of the
design domain, but in the opposite direction, see the green arrows in Fig. 5.18a. The first
constraint is an input compliance constraint. In a separate load case the displacement
due to the input force is calculated when the output side is fixed uout = 0. Also the
output compliance is constrained. This involves another load case, in which the force is
moved to the output side (green arrows) and the displacement on the input side is fixed
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Figure 5.17: Mass minimization using two compliance constraints.
uin = 0. The mean displacement in the direction of these input and output forces is
constrained to be less than 0.4, umax = 0.4. On top of that there is a constraint on the
relative volume Vmax = 0.3.
The results show that the proposed method is able to deal with three constraints at
the same time. All three constraints are active and satisfied at the end of the optimization, see Fig. 5.18c. The small grayish members in the final design give the structure
enough stiffness to satisfy the compliance constraints, see Fig. 5.18b. As in the previous
benchmark problem Fig. 5.15 it appears that this example also has difficulties in removing or merging thin members. The response functions of this optimization problem
depend heavily on only a small number of level-set nodal values. Therefore, oscillations
can occur in these design variables that slow the optimization process. For other initial
material distributions or optimization settings the process may suffer more from these
oscillations. This is also the reason that the penalty factor for the calculation of the
augmented multipliers has been increased to α = 1000, see Tab. 5.1.
This benchmark problem demonstrates that the level-set-based topology optimization
problem itself can be very difficult to solve. The local nature of the design changes in a
level-set method causes the optimization problem to be very non-convex. For this reason
it is easy to end up in local minima or run into oscillations of the design variables. This
is the essential nature of the topology optimization formulated using a level-set-based
design parametrization such as the one presented here. Nevertheless, the insight that we
can gain from these results can help us to find fundamental solutions dealing with the nonconvexity or adapting the design interpolation to increase the convexity. Oscillations can
be prevented by a proper move-limit strategy on the design variables. And more efficient
optimizers may further increase the efficiency with which we can solve the optimization
problem. Still, the proposed method is able to treat three active constraints at the same
time. This demonstrates the potential of the proposed consistent level-set method.
The last benchmark problem treats a compliant gripper design optimization problem.
A vertical force is applied on the left upper corner of the design domain, see Fig. 5.19a.
The objective is again to maximize the output displacement given by the vertical displacement of the jaws of the gripper (green arrows). This benchmark problem includes
the same constraints as the force inverter problem. The mean displacement in the di-
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Figure 5.18: Force inverter design optimization using three constraints.

rection of the input and output forces is constrained to be less than 0.2, umax = 0.2.
The relative volume constraint is set to Vmax = 0.3. We use the symmetry of the design
problem to model only half of the structure.
The response history of this problem is displayed in Fig. 5.19c. At the end, when
the optimization process is stopped, the constraints are active and satisfied. However,
the behavior of the response functions is very oscillatory because the performance of
the design depends very much on the level-set nodal values controlling the amount of
material in the thin hinge-like areas. This causes oscillations in the optimization process.
It is also interesting to see the presence of numerical hinges in the final result, see
Fig. 5.19b. The proposed level-set-based topology optimization method can in principle
describe the same density distribution as density-based topology optimization methods
including gray areas and numerical hinges. Therefore, the consistent level-set method
leads to results that contain these numerical artifacts. The duality between density-based
and level-set-based design parametrization was also reported in [3].
The capability to treat multiple constraints demonstrates the potential of the proposed
consistent formulation. Extensions of the current level-set-based design interpolation to
include move limits, adaptive step sizes and conservative design updates will further
increase the performance of the topology optimization process and avoid oscillatory behavior. Numerical hinges may be prevented by adaptations of the design interpolation
of which some will be discussed in the next section.

5.6

Avoiding numerical artifacts

Even though the level-set nodal values control the element densities, gray areas and point
hinges can still be formed. And they should be formed because of their numerical superior
performance. When we want to avoid these numerical artifacts and obtain an optimal
design from an engineer’s point of view, it is necessary to adapt the topology optimization
problem. Three categories of adaptations can change the resulting optimal designs: levelset-based regularization, density-based regularization and alternative parameterizations.
These methods can be integrated in the proposed level-set method without compromising

5

127

A Consistent Level-set Method

(a) Initial design
F = 1

response function

F = 1
objective
input compl. constraint
output compl. constraint
volume constraint

1
0.5
0

−0.5
−1
−1.5
−2
−2.5

0

50

100

150

200

250

300

350

400

# iterations

(b) Final design

(c) Response history

Figure 5.19: Gripper design optimization using three constraints.

the consistency of the approach.

5.6.1

Level-set-based regularization

A common element in level-set-based topology optimization is perimeter regularization
(e.g. [33]). The analytical solution to a compliance minimization problem has infinitely
many members and can be regularized by adding a perimeter penalty to the problem.
Using the proposed method we are able to calculate the exact perimeter and its derivative
with respect to the level-set design variables.
Without the perimeter regularization, the results of the compliance minimization
problem in Fig. 5.13 have some gray areas because of ‘islands’ of material. Its initial and
final zero-level contours of the level-set function are displayed in Figs. 5.20a and 5.20b.
Now we add a perimeter penalty to the objective of
X
γ
Pe (φ),
(5.33)
e

where γ is the penalty factor. The effect of adding this penalty is demonstrated in
Fig. 5.20. Using a small perimeter penalty of γ = 10−4 times the perimeter of the
structure leads to the result in Fig. 5.20c. A medium penalty of γ = 10−3 results in
more rounded holes and a smaller perimeter, see Fig. 5.20d. However, a large penalty of
γ = 10−2 does not result in fewer details as can be seen in Fig. 5.20e.
The effect of the perimeter penalty during the optimization process can be explained.
The only way to reduce the perimeter is to shrink holes, or to reduce the outer dimensions
of a structure. A perimeter penalty does not lead to ‘breaking’ members, even though
this would result in a smaller perimeter in the end. For this reason perimeter penalization
or constraints may be too restrictive in a topology optimization. It may be better to use
perimeter penalization in a continuation type of approach. Furthermore, the final results
heavily depend on the size of the perimeter penalty as can be seen in Fig. 5.20.
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(a) Initial configuration

(b) No perimeter penalty

(c) Small perimeter penalty
of γ = 10−4

(d) Medium perimeter penalty of γ = 10−3

(e) Large perimeter penalty
of γ = 10−2

Figure 5.20: The effect of perimeter penalization on the zero-level contours of the final
result of the benchmark problem from Fig. 5.13.
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(a) Initial configuration

(b) Without penalization or
filter

(c) Penalization p = 3 and
filter with small bandwidth
R = 2h

(d) Penalization p
=
3
and filter with medium bandwidth R = 3h

(e) Penalization p = 3 and filter with large bandwidth R =
4h

Figure 5.21: The effect of SIMP with density filter on the density distributions of the
final result of the benchmark problem from Fig. 5.13.

5.6.2

Density-based regularization

It is also interesting to explore the solution that is most common in density-based topology optimization. Penalization of intermediate densities is the most popular approach to
eliminate gray areas [4]. This approach alone leads to checkerboard patterns and is often
complemented with a filtering scheme [8, 10]. In Figs. 5.21a and 5.21b the initial and
final density distributions of the benchmark problem from Fig. 5.13 are displayed without penalization or filter. Here we use penalization of p = 3 and a consistent linear-hat
density filter [10]. Using a small filter radius of R = 2h, where h is the size of a finite element, results in the density distribution in Fig. 5.21c. A medium radius R = 3h leads to
a similar design, see Fig. 5.21d. The large radius R = 4h does lead to a reduction in the
complexity of the solution, see Fig. 5.21e. The application of SIMP in combination with
a density filter indeed has a regularizing effect on the optimization problem, but sacrifices the relatively crisp design interpolation (only intermediate densities for elements on
the boundary) that is one of the big advantages of level-set-based topology optimization
methods.

5.6.3

Application of regularization

When we apply these regularization techniques to the benchmark problem in Fig. 5.15,
similar observations can be made. Without regularization the zero-level contour of the
level-set function of the final structure has a sub-optimal extra member, see Fig. 5.22a.
Using a medium perimeter penalization (penalty factor 10−3 ) removes the gray areas but
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(a) No regularization
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Figure 5.22: The effect of two regularization approaches on the zero-level contour of
the final results of the benchmark problem in Fig. 5.15.

(a) No regularization

(b) Perimeter
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filter with small bandwidth
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Figure 5.23: The effect of two regularization approaches on the zero-level contour of
the final results of the benchmark problem in Fig. 5.17.

leaves the extra member in one piece. SIMP with density filter (R = 2) does remove the
extra member and leads to an additional reduction in the number of members. It is also
interesting to note that the zero-level contour of the final result aligns with the element
boundaries due to the penalization, see Fig. 5.22c.
The same regularization techniques are also tested on the mass minimization benchmark problem in Fig. 5.17. Without regularization the final material distribution contains
many gray elements. This is the result of many small ‘islands’ of material as can be seen
in Fig. 5.23a. Using a medium perimeter penalization (penalty factor 10−3 ) this is no
longer the optimal design. Many small holes slowly disappear and the final configuration
in Fig. 5.23b contains only one hole. The SIMP approach with density filter (R = 2)
retains the number of members. Again the zero-level contour of the final result aligns
with the element boundaries due to the penalization, see Fig. 5.22c.

5.6.4

Adjusting parametrization

The fact that the proposed level-set formulation allows gray areas and numerical hinges
is caused by the level of detail that parameterization of the level-set function allows. We
can also reduce the number of design variables to make sure that gray areas are no longer
possible due to the design parametrization. One way of doing this is to control the levelset nodal values by another level-set function with fewer design variables, for instance
using radial basis functions. When the size of the radial basis functions is large enough,
small details cannot be described by the level-set function. Therefore, large gray areas
and nodal hinges cannot be described by this parameterization of the level-set function.
As an illustration, the benchmark problem from Fig. 5.13 was solved using radial
basis functions for the level-set parameterization. A new level-set function discretized
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Figure 5.24: Solving the benchmark problem from Fig. 5.13 using radial basis functions.

with radial basis functions determines the nodal values of the original level-set function
on the corners of the finite elements used for the calculation of the element densities. The
basis functions are locally supported (overlapping) Gaussians with a radius of 4 spaced
2 apart. Only the height of the basis functions are used as design variables.
The results of this benchmark problem are displayed in Fig. 5.24. We observe that also
a change of level-set parametrization can affect the results of a level-set-based topology
optimization. In general it makes sense to separate the parameterization of the level-set
function from the discretization of the physics to avoid numerical artifacts and control
the level of detail in the design. Also problems with distortion of the level-set function
can be tackled in this way.

5.7

Conclusions and recommendations

In this paper we proposed a new level-set-based topology optimization method based
on an exact Heaviside formulation. Using this level-set function the exact material fractions per element, the element densities, are calculated. Furthermore, the numerically
consistent derivatives of these element densities with respect to the nodal values of the
level-set function can be obtained analytically. In order to perform these calculations
the level-set function is discretized using piecewise-linear basis functions. Moreover, the
exact perimeter of the zero-level contour of the level-set function and its derivative are
also expressed in terms of the nodal values of the level-set function. The implementation
of this approach is included in the paper.
As a consequence of the consistent formulation, we are able to update the level-set
function using accurate sensitivities. This enables the treatment of multiple constraints
in a level-set-based topology optimization framework. Rather than using upwind schemes
to solve a Hamilton-Jacobi type of equation, the level-set design variables are updated
directly using a preconditioned steepest-descent approach. Furthermore, responses that
only depend on the level-set function, such as the perimeter, can also be included consistently into the optimization problem. The effectiveness of this approach has been
demonstrated using several benchmark problems including multiple constraints.
Not only does the proposed consistent method form an excellent basis for further
development of level-set methods for topology optimization, it also leads to more insight
in the nature of level-set-based topology optimization problems using the Ersatz material
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approach.
The level-set method offers the advantage of a well-defined material domain and
boundary, which is an important property in various applications. However, without additional mechanisms to generate new holes, its ability to change the topology is limited.
Our method shows, that when using consistent sensitivities and a gradient-based optimizer, level-set-based optimization problems can get stuck in sub-optimal local minima.
In addition, the process may converge to solutions that exploit numerical artifacts
due to the employed Ersatz material approach, which closely resembles the analysis used
in conventional density-based topology optimization (e.g. SIMP).
Measures previously developed for topology optimization to overcome these problems (perimeter constraint, penalization, filtering, etc.) can be easily combined with the
proposed level-set-based formulation. We distinguish three categories of regularization:
level-set-based regularization, density-based regularization and alternative parameterizations. The presented numerical examples illustrate the effectiveness of these measures.
Using these regularization methods, however, also their shortcomings are inherited.
The main aim of this paper is to present an exact Heaviside formulation for level-set
based topology optimization and its exact sensitivities, and to emphasize the importance
of consistency. The employed optimization process itself leaves room for further improvement, and it was shown that by a proper preconditioning of the steepest-descent approach
the convergence rate could be increased significantly. The present formulation, with its
consistent sensitivities, can be combined with sequential approximate optimization methods. Preliminary tests combining the proposed method with MMA show promising
results.
Sophisticated move-limit strategies should be used to limit oscillations of design variables and solve level-set-based topology optimization problems more efficiently than
steepest-descent type of approaches. Furthermore, the effect of a level-set nodal value
on the material boundary strongly depends on the gradient of the level-set function and
on neighboring nodal values. This effect may be taken into account by sequential approximate optimization methods when used for level-set methods. Also approximated or
exact second-order information may increase the performance of optimizers for level-set
methods and open up possibilities for higher-order optimization schemes.
Furthermore, the effect of different types of regularization should be studied thoroughly in a consistent approach. And finally, different types of level-set function parametrization can be investigated to obtain designs that are inherently free of numerical
artifacts. Especially the influence of regularization and design parametrization on local
minima is not yet reported for level-set methods.

5.A

Calculations

Writing the integrals into isoparametric coordinates using the mapping X = X(ξ) the
area of a complete element becomes,
Z
Z
dSX =
det J dSξ ,
(5.34)
De

De

where is J = ∂X/∂ξ is the Jacobian of the transformation. The area of the material
domain of the element equals,
Z
Z
dSX =
det J dSξ ,
(5.35)
Ωe

Ωe
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Figure 5.25: The zero-level contour has at most one straight line per triangle.

and the line integral over the material boundary corresponding to the derivative ∂ρe /∂φi
can be calculated as,
Z
Z
Ni
Ni
det J
dlX =
dlξ .
(5.36)
k∇
φk
∇
X
Γe
Γe
ξφ
To evaluate these integrals, the square isoparametric domain (ξ, η) ∈ [−1, 1] is divided
into four triangles as shown in Fig. 5.25, such that each of these triangles can contain at
most one cut. The integrals Eqs. (5.34)–(5.36) can then be split into the contributions
of each triangle.
In each element the density and derivatives are fully determined by the four level-set
nodal values at its corners denoted by φe . The nodal values of the level-set function on
the corners of the lower triangle φT can be obtained as,


1 0 0 0

φT = Tφe = 0 1 0 0  φe .
(5.37)
1
4

1
4

1
4

1
4

In the same way we can obtain the reference coordinates of the corners of the triangle
from the coordinates of the quadrilateral X T = TX e , where X e is the 4x2 matrix
containing the reference coordinates of the quadrilateral.
To calculate the contribution of each triangle to the area of the material domain, we
need to parametrize the zero-level contour of the level-set function. Using the level-set
nodal values φT we can determine the exact location of the intersections of the zero-level
contour of the level-set function and the edges of each triangle, ξp and ξq (if they are
present). This zero-level contour is always a straight line. We parametrize this line as,

ξs (s) = ξp + ξq − ξp s,
(5.38)
where s ∈ [0, 1]. We choose ξq such that ηq ≥ ηp .
Subsequently, the triangle itself is divided into four parts, A1 , A2 , A3 and A4 , see
Fig. 5.26. Each of these areas can be calculated analytically using the parametrization
in Eq. (5.38). Also the contributions of this triangle to the derivative ∂ρe /∂φi and the
element perimeter Pe , the length of the cut in Eq. (5.38), can be calculated analytically.
To calculate all of the contributions of each triangle to the integrals Eqs. (5.34)–(5.36),
the Jacobian J = ∂X/∂ξ needs to be calculated. For the triangle shown in Fig. 5.26
with isoparametric coordinates ξ = (−1, −1), (1, −1) and (0, 0), the linear isoparametric
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ξ3 = (0, 0)
A4
ξq

A2
A3
ξp
A1
ξ1 = (−1, −1)

ξ2 = (1, −1)

Figure 5.26: Each triangle is divided into four parts for integration.

shape functions are given by,
N1 (ξ, η) = − 12 (ξ + η)
N2 (ξ, η) =

1
2

(5.39)

(ξ − η)

(5.40)

N3 (ξ, η) = 1 + η.

(5.41)

The derivatives of the shape functions ∂N /∂ξ are constant and can be assembled in a
matrix H as,

 1
− 2 − 12
(5.42)
H = ∂N /∂ξ =  12 − 21  .
0
1
Using this matrix we can calculate the Jacobian matrix J as,
J = H T XT .

(5.43)

Since the Jacobian is constant in each triangle and the area of the triangle in isoparametric
coordinates equals 1, the contribution of the lower triangle to the design area, Eq. (5.34),
is given by,
Z
det J dVξ = det J,
(5.44)
DT

where DT is the design domain of the triangle. This is in fact just the area of the
triangle in the reference coordinates X. The gradient of the level-set function ∇ξ φ is
also constant in each triangle and given by,
∇ξ φ = H T φT .

(5.45)

The areas of the four parts of the triangle, see Fig. 5.26, depend on the location of
the zero-level contour of the level-set function. They can be calculated analytically. For
instance, the area A2 can be calculated as,
Z η=ηq Z ξ=ξs (s)
A2 = det J
dξdη
η=ηp

Z

ξ=η

η=ηq

= det J

Z

s=1

(−η) dη +
η=ηp

ξs (s)|
s=0

!
∂ξs
|ds .
∂s

(5.46)

The material area of the entire triangle, Eq. (5.35), can now be calculated by adding the
appropriate areas Ak , see Fig. 5.26. If φ1 + φ2 > 0, then A1 belongs to the material
area. If φ3 > 0, then A4 belongs to the material area. And finally if ∂φ/∂ξ > 0, then A3
belongs to the material area, otherwise A2 .
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The contribution of a triangle to the line integral Eq. (5.36), can be calculated in a
similar way. Using the parametrization Eq. (5.38), the contribution to the line integral
corresponding with the derivative ∂ρe /∂φ1 is given by,
Z
N1
dlξ
det J
∇ξ φ
ΓT
Z
det J
=
− 1 (ξ + η) dlξ
∇ξ φ Γ T 2


Z s=1
det J
∂ξs /∂s
ds,
(5.47)
=
− 12 (ξs (s) + ηs (s))
∂ηs /∂s
∇ξ φ s=0
where ΓT is the material boundary inside the triangle.
The perimeter within an element Pe can also be constructed from the contributions
of each triangle. The contribution of a triangle in isoparametric coordinates is given by,


Z
Z s=1
∂ξs /∂s
ds.
(5.48)
J
dlX =
∂ηs /∂s
ΓT
s=0
The derivative of this quantity is obtained via the derivative of the intersections ξp and
ξp with respect to the element level-set nodal values φT . The further derivation of this
derivative is left up to the reader.

5.B

MATLAB implementation

In this appendix the MATLAB code is included of the exact Heaviside implementation,
which was added to the paper as supplementary electronic material. For each triangle the
size of the material domain MatT, the design domain DesT, the perimeter PerT and their
derivatives are calculated using “Exact HeavisideT(NodesT,LevsetT)”, where NodesT are
the nodes of the triangle in reference coordinates X T and LevsetT are the level-set nodal
values of the triangle φT .
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

function [MatT,dMatT,PerT,dPerT,DesT] = ...
Exact HeavisideT(NodesT,LevsetT)
indT = [1 2 3 1 2]; % for cycling through the indices of triangle
NodesT0 = [-1 -1; 1 -1; 0 0]; % isoparametric nodes triangle
dN = [-.5, .5, 0; -.5, -.5, 1]; % derivatives of shape functions
J = dN*NodesT; % Jacobian inside triangle
DesT = det(J); % design area triangle
MatT = 0; dMatT = zeros(1,3); PerT = 0; dPerT = zeros(1,3);
if min(LevsetT) > 0 % triangle completely inside mat. domain
MatT = DesT;
elseif max(LevsetT) < 0 % triangle completely outside mat. domain
MatT = 0;
else % zero-level cut goes through triangle
if sum(abs(LevsetT)) == 0 % all nodes triangle zero?
error('flat level-set function in triangle')
end
% isoparametric nodes cut
NodesC = zeros(4,1); dNodesC = zeros(4,3);
n = 0; % number of cuts
cornercut = 0; % cuts through corner?
for k = 1:3 % first check for cuts through the corners
if LevsetT(indT(k)) == 0
n = n+1; cornercut = cornercut+1;
NodesC(2*(n-1)+[1 2]) = NodesT0(indT(k),:)';
end
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end
for k = 1:3 % then check for cuts through the edges
if LevsetT(indT(k))*LevsetT(indT(k+1)) < 0
n = n+1;
x = LevsetT(indT(k))/(LevsetT(indT(k))-LevsetT(indT(k+1)));
dx = zeros(1,3);
dx(indT([k k+1])) = [-LevsetT(indT(k+1)) LevsetT(indT(k))]...
/(LevsetT(indT(k))-LevsetT(indT(k+1)))ˆ2;
NodesC(2*(n-1)+[1 2]) = ...
(NodesT0(indT(k+1),:)'-NodesT0(indT(k),:)')*x...
+NodesT0(indT(k),:)';
dNodesC(2*(n-1)+[1 2],:) = ...
(NodesT0(indT(k+1),:)'-NodesT0(indT(k),:)')*dx;
end
end
if n == 2 % complete cut found
% Parameterize cut
% xi = a(1)+a(3)*s; eta = a(2)+a(4)*s; s = 0:1
if NodesC(2) > NodesC(4) % s = 1 for highest cut node
imax = 1; imin = 2;
else
imax = 2; imin = 1;
end
a = zeros(4,1); a(1:2) = NodesC(2*(imin-1)+[1 2]);
a(3:4) = NodesC(2*(imax-1)+[1 2])-NodesC(2*(imin-1)+[1 2]);
GradLevsetT = dN*LevsetT; % gradient of levelset function
A = 0; % calculate mat. area in isoparametric coordinates xi
MinC = min(NodesC(2*([1 2]-1)+2));
MaxC = max(NodesC(2*([1 2]-1)+2));
if LevsetT(1)+LevsetT(2) > 0, A = A+1-MinCˆ2; end
if GradLevsetT(1) < 0
A = A+.5*(MinCˆ2-MaxCˆ2)+a(4)*(a(1)+.5*a(3));
else
A = A+.5*(MinCˆ2-MaxCˆ2)-a(4)*(a(1)+.5*a(3));
end
if LevsetT(3) > 0, A = A+MaxCˆ2; end
MatT = DesT*A; % mat. area in reference coordinates X
dMatT = DesT*[-.5*(a(1)+a(2))-.25*(a(3)+a(4)),...
.5*(a(1)-a(2))+.25*(a(3)-a(4)),...
(1+a(2))+.5*a(4)]*sqrt(a(3)ˆ2+a(4)ˆ2)/...
norm(GradLevsetT);
% vector of cut in reference coordinates X
PerVec = J*(NodesC(3:4)-NodesC(1:2));
dPerVec = J*(dNodesC(3:4,:)-dNodesC(1:2,:));
PerT = sqrt(PerVec'*PerVec); % perimeter of the triangle
if PerT > 0, dPerT = PerVec'*dPerVec/PerT; end
if cornercut == 2
dMatT = .5*dMatT; % if cut completely on edge,
PerT = .5*PerT;
% sensitivity is counted twice...
dPerT = .5*dPerT;
end
else % not a complete cut found
if sum(LevsetT) > 0
MatT = DesT;
end
end
end

The contributions of each triangle calculated with the previous function are combined into the element density Dens (ρe ) and the perimeter Per (Pe ) and their respective
derivatives using the following function “Exact HeavisideQ(NodesQ,LevsetQ,MinDens)”,
where NodesQ are the nodes of the quadrilateral element in reference coordinates X e and
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LevsetT are the level-set nodal values of the quadrilateral element φe and MinDens is the
lower bound of the element density ε.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

function [Dens,dDens,Per,dPer] = ...
Exact HeavisideQ(NodesQ,LevsetQ,MinDens)
indQ = [1 2 3 4 1]; % for cycling through the indices of quad
MatQ = zeros(1,1,4); dMatQ = zeros(1,4,4);
PerQ = zeros(1,4); dPerQ = zeros(4,4); DesQ = zeros(1,4);
for j = 1:4
dTdQ = zeros(3,4); % relation between quad and triangle
dTdQ(1,indQ(j)) = 1; dTdQ(2,indQ(j+1)) = 1; dTdQ(3,:) = .25;
LevsetT = dTdQ*LevsetQ; % levset triangle
NodesT = dTdQ*NodesQ; % nodes triangle
[MatT,dMatT,PerT,dPerT,DesT] = ...
Exact HeavisideT1(NodesT,LevsetT);
MatQ(1,1,j) = MatT; dMatQ(1,:,j) = dMatT*dTdQ; % mat. domain quad
PerQ(1,j) = PerT; dPerQ(:,j) = dPerT*dTdQ; % perimeter quad
DesQ(j) = DesT; % design domain quad
end
Dens = MinDens+(1-MinDens)*sum(MatQ,3)/sum(DesQ); % density
dDens = (1-MinDens)*sum(dMatQ,3)/sum(DesQ);
Per = sum(PerQ,2); dPer = sum(dPerQ,2); % perimeter
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6

A S TUDY OF D ENSITY- BASED D ESIGN
PARAMETERIZATION

Context
The effect of penalization of intermediate densities and density filtering was observed
to have an effect on the convergence of density-based topology optimization methods to
local minima. In this paper, which was presented at the 2nd International Conference on
Engineering Optimization, we investigate the influence of penalization of intermediate
densities and density filtering on the smoothness of the response functions by studying
a one-parameter optimization problem.
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Abstract
In the past decade, SIMP-based topology optimization methods have become increasingly
popular. They offer the designer the possibility to perform design optimization in an
early stage of the design process for a wide range of applications. The specific design
parameterization used in SIMP is the result of many attempts to eliminate numerical
artifacts in the results of topology optimization problems. However, any choice of design
parameterization also influences the shape of the response functions. For a gradientbased optimization method it is important to obtain a smooth and, if possible, convex
response. This research aims to point out relevant consequences of using the SIMP design
parameterization in combination with density filters on the response functions.
In this contribution we show the effects of the power of the penalization and the size
of the density filter on the response functions. The introduction of penalization has two
effects. Firstly, increasing penalization introduces an increasingly strong immobility of
the boundary of the structure. Secondly, the introduction of a density filter is not only
useful to avoid checkerboard patterns, control minimum member size and achieve meshindependence, but it also reduces the immobilizing effect that penalization has on the
mobility of the boundary of the structure. This effect and its dependence on the power of
the penalization and the size of the density filter are illustrated using several elementary
numerical examples involving compliance minimization. The results are expected to be
relevant for any type of structural topology optimization.
Keywords: Topology optimization, design parameterization, penalization, density filter,
local minima

6.1

Introduction

These days, topology optimization is a very useful tool in the conceptual design phase.
It allows the designer to perform a very flexible design optimization in an early stage of
the design process, creating a design concept in terms of a general material distribution
(solid vs. void). However, throughout the history of topology optimization one of the
biggest challenges has been to come up with a design parameterization that leads to
physically optimal designs [9, 10, 20]. In this case physically optimal means the optimal
design that is desired by the engineer.
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Topology optimization problems can contain an extremely large number of design
variables. Therefore, it is difficult to explore the entire design space. In order to enable to
use of gradient-based solvers the integer-based (black-and-white) topology optimization
problem can be relaxed to a formulation based on artificial element densities [3]. Densitybased topology optimization methods use the material fraction per finite element, called
element densities, as design parameterization. These element densities are then used to
scale the stiffness of the corresponding finite elements.
The results of compliance minimization problems using this design parameterization
include large areas with intermediate densities. These intermediate densities can be
interpreted as material with a porous microstructure [2, 5, 10]. However, these optimal
solution can be impossible to fabricate because of this microstructure. Therefore, even
though this is numerically optimal, from a designer’s point of view this is an unwanted
effect. Therefore, new types of design parameterization were formulated that somehow
penalize intermediate values of the element densities [2, 7, 21, 24, 25]. The most popular
design parameterization, Solid Isotropic Material with Penalization (SIMP), replaces the
linear relation between the element densities and the stiffness of the finite element with
an exponential one [2, 25]. The cost of having an intermediate stiffness in a finite element
is now relatively high compared to full material elements.
Even after introducing penalization, the resulting optimal designs contain yet another
type of numerical artifact related to the finite element discretization; checkerboard patterns [9, 14, 20]. These patterns are not a physically sound representation of a design,
but from a numerical point of view optimal. In order to eliminate these artifacts from
the results of the topology optimization a large number of adjustments have been proposed [10, 20]. For instance, sensitivity (mesh-independence) filtering [18] prevents the
topology optimization from arriving in a checkerboard configuration. Other methods include perimeter-control [13, 15], slope-constrained density fields [16], an adjusted mixed
formulation [14], level-set-based topology optimization [1, 23] and others [9, 17, 19]. One
of the most popular solutions to avoid these checkerboard patterns is the usage of density
filters [6, 8]. When the stiffness in an element is determined based on a weighted average
of the element densities in its neighborhood, checkerboard patterns can no longer emerge.
In parallel, gradient-based methods have been developed especially for topology optimization. Due to the large number of design variables it is very expensive to calculate
and store second order information of the response functions. However, it is possible
to approximate the second order information of the response functions using available
knowledge about the physics involved. These algorithms include the Method of Moving
Asymptotes (MMA) [22], COnvex LINearization method (CONLIN) [11] and Quadratic
Approximations [12]. Using these fast optimization algorithms and the successful combination of penalization and density filters, a wide range of topology optimization problems
can be solved.
Summarizing, the development of topology optimization methods has been focused
mainly on two subjects:

 Solve problems efficiently with a gradient-based algorithm
 Find a design parameterization that enables us to find the physically optimal solution
Therefore, it is interesting to see what consequences the design parameterization has
in relation to a gradient-based solution. We do not want to introduce artificial local
optima into the problem. This paper aims to illustrate the effect that the penalization
and filtering schemes have on the shape of the response functions.
In Sec. 6.2 the formulation which is used in this paper is presented. The different
effects of the penalization and the density filters are compared in Sec. 6.3. Finally this
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paper ends with the conclusions and recommendations in Sec. 6.4.

6.2

Topology optimization framework

The most common design parameterization used to formulate a topology optimization
today is SIMP [2, 25]. In this section we provide the framework that we use in this paper
for the numerical examples. To parametrize the structural domain of a possible design,
element densities ρe are formulated indicating whether a finite element is (partly) part
of the structural domain. These element densities are used to scale the stiffness tensor
in each element Ce simulating material and void,
Ce = ρpe C,

(6.1)

where C is the original stiffness tensor of full material and the exponent p is the penalization used to make intermediate densities unfavorable in terms of stiffness. This formulation is a slightly altered version of the conventional exponential relation [4, 5, 10]. The
bounds of the ‘effective’ element density ρpe are chosen such that the structural problem
does not become singular,
ε ≤ ρpe ≤ 1

(6.2)

where ε = 10−6 is the lower bound. A common penalization exponent for compliance
minimization is p = 3 (for compliant mechanism design this is often p = 4) [4, 5, 10].
This parameterization is augmented with a filtering strategy to avoid numerical artifacts in the optimal solution. Instead of the element density ρe , we now use the filtered
element density ρ̃ in Eq. (6.1). This filtered element density ρ̃ is the weighted mean of
the element densities in the neighborhood Ne of the element [8, 19]. This neighborhood
is defined as,
Ne := {i | kxi − xe k ≤ r} ,

(6.3)

where r is the filter radius. The definition of a filtered element density ρ̃ is given by,
P
i∈N w(xi , xe )ρi
ρ̃ = P e
,
(6.4)
i∈Ne w(xi , xe )
where w(xi , xe ) is a weighting function. In this paper a linear weighting function is used
which is defined as,
w(xi , xe ) = r − kxi − xe k.

(6.5)

This design parameterization should make sure that the optimal distribution of material is also physically optimal; the optimal design that is desired by the engineer. Using
this framework we can investigate the shape and convexity of the response function used
in compliance minimization problems.

6.3

Comparison

Both penalization and as well as filtering have an effect on the shape of the response
functions. In this paper we will focus on the effect on compliance minimization, but it
is expected that the effects on any type of structural topology optimization problem will
be similar.
Two similar illustrative structures, see Fig. 6.1, are used to demonstrate the type of
effect that penalization and filtering have on an objective function; a relatively slender
and thick structure. Both cases deal with an H-shaped structure which is forced to the
right by a distributed load. The left side of the H-shape is clamped and the right side
can only slide in horizontal direction. We are looking for the position of the horizontal
member h which gives the minimum compliance of these structures. The height of
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Figure 6.1: The loading conditions of the slender and the thick H-shaped structure
with d = 1 (one element). The deformations of the slender structure are relatively
larger than those of the thick structure.

the structure and the thickness of the horizontal member are denoted by H and d,
respectively.
The 2D finite element computation is performed using square quadrilaterals. The
20x45 design domain is meshed with 20x45 finite elements. The structure is modeled
using plane-stress linear elasticity with a Young’s modulus of E = 100 and Poissons’s
ratio of ν = 0.3.
We are interested in the shape of the objective as a function of the location of the
horizontal member in vertical direction f (h) when the amount of material is kept constant
(d = constant). Physically, we can expect both structures to have a smooth response
with respect to the location of the horizontal member. The (bending and tensional)
stiffness of this member does not depend on the location of the structural member. The
physical optimum can be found when the horizontal member is situated exactly in the
middle of the structure.
However, the computational stiffness of the rod does depend on the position of the
horizontal member relative to the discretized mesh and the design interpolation. Therefore, any local minima that may be found in the response of the discretized system is
therefore artificial; either due to the discretization and/or the design parameterization.
These examples will show what happens to the compliance when a small member of a
structure is moving through the mesh under a volume constraint. Ideally we would like
to see a smooth response, that will enable the gradient-based solver to find the physical
optimum.

6.3.1

Without penalization or filtering

First we observe the behavior of the structures without penalization or filtering. The
objectives corresponding to these two structures with d = 1 (one element) have different
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Figure 6.2: The slender and thick structures with d = 1 (one element) and no penalization, p = 1, or filtering, R = 0, have a relatively steep and flat objective, respectively.

shapes, see Fig. 6.2. The structure is symmetric in the vertical direction. Therefore only
half of the graph is shown, h/H ≤ .5.
The deformation of the slender structure depends much on the position of the horizontal member. When the horizontal member is placed eccentric, bending will induce
large displacements and a high compliance, see Fig. 6.1. Therefore, the compliance of the
slender structure depends strongly on the position of the horizontal member h. It also
depends on the bending stiffness of the horizontal member, especially when it is placed
eccentrically. A position of the member with respect to the mesh which is such that the
material is divided over multiple elements is favorable for its bending stiffness. Because
of this the objective shows local minima for small values of h/H in Fig. 6.2.
The thick structure has a lot of intrinsic bending stiffness due to the thick right vertical member. This part of the structure offers resistance against the bending deformation
and the resulting displacements will be smaller. Therefore, the compliance of the thick
structure depends weakly on the position of the horizontal member h, see Fig. 6.1. Furthermore, the tensional stiffness of the rod is now more important than the bending
stiffness. Therefore, a position of the member with respect to the mesh which divides the
material over multiple elements is no longer very favorable for the compliance. Therefore,
the objective does not show clear local minima on the left side of Fig. 6.2.
Because of the wiggles, we see that even without penalization the shape of the objective can depend on the discretization and the design interpolation. In this case the
compliance minimization favors intermediate densities because of its relatively high bending stiffness, as observed in standard benchmark problems. From Fig. 6.2 it is clear that
a topology optimization may get stuck in a computational local optimum far from the
physical global optimum.
However, the current example treats a rod moving through a finite element mesh. In
a density-based topology optimization there is more freedom for the design to change in
a diffusion-like manner. Still it is important to realize that a small member is unable to
move through the mesh as a whole. To eliminate the preference for intermediate densities, the usual approach is to penalize these intermediate densities using an exponential
relation between the element density and the element stiffness.
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Figure 6.3: The compliance of the slender structure as a function of the position of the
horizontal member f (h) with different penalization exponents p = {1, 1.25, 1.5, 2, 3}.
The thickness of the horizontal member d = 1 is exactly the height of one finite element.

6.3.2

Effect of penalization

When we include penalization, the stiffness of the intermediate densities becomes relatively low. In Fig. 6.3 the compliance of the slender structure with d = 1 (one element)
is plotted as a function of the position of the horizontal member f (h) for different penalization exponents p = {1, 1.25, 1.5, 2, 3}. In Fig. 6.4 a close-up is shown.
For all positions where the horizontal member is discretized with full densities, the
performance f (h) does not depend on the penalization exponent p, since 1p = 1. In
between, the compliance f (h) increases with increasing penalization exponent p. Without
penalization p = 1, intermediate densities were favorable for a low compliance and with
the usual penalization p = 3 [REF] the intermediate densities are unfavorable. In both
cases the objective contains very apparent local minima.
Somewhere between these two extremes 1 < p < 3 the objective becomes more or less
smooth. However, for none of the choices of the penalization exponent p the objective
becomes convex. Near the physical optimal solution the objective becomes more flat and
the wiggles always result in other local minima.
Another observation is that this effect on the objective becomes more apparent for
smaller member sizes d. When we take a look at the same graph for a horizontal member
with twice the thickness d = 2 (two elements), the wiggles have become visibly smaller,
especially for a high penalization p = 3, see Fig. 6.5. Of course, the magnitude of the
wiggles depend on the type of structural problem. It also depends on the number of
densities that are changing from full material to intermediate densities as the member
moves through the mesh.
In a topology optimization, a configuration with a small member would be stuck in
a local optimum. Since the intermediate densities are penalized, there is no way for
material to move more freely. In general, the application of only penalization leads to
new numerical artifacts, such as checkerboard patterns. The addition of filtering to
the design interpolation solves this problem, but also has an effect on the shape of the
response functions.
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Figure 6.4: Close-up of part of Fig. 6.3. Penalization changes the objective for the
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Figure 6.5: The compliance of the slender structure as a function of the position of the
horizontal member f (h) with different penalization exponents p = {1, 1.25, 1.5, 2, 3}.
The thickness of the horizontal member d = 2 is now exactly the height of two finite
elements.

6

149

A Study of Design Parameterization

R= 0

R = 1.5

R = 3.5

R = 5.5

Figure 6.6: The densities after filtering, ρ̃, of the slender structure with different filter
radii r = {0, 1.5, 2.5, 5.5}. The thickness of the horizontal member d = 2 is exactly
the height of two finite elements.

6.3.3

Effect of filtering

The application of a filtering scheme ensures that there will always be a band of intermediate densities, independent of the member size. Increasing the filter radii r will
increasingly blur the structure and increase the number of intermediate densities in the
structural analysis, see Fig. 6.6.
Of course, this affects the shape of the objective function. In Fig. 6.7 the compliance
of the slender structure using a penalization exponent p = 3 is plotted as a function
of the position of the horizontal member f (h) for different radii of a linear filtering
scheme r = {0, 1.5, 2.5, 3.5, 4.5, 5.5}. Not only does the filter solve the problem
of numerical artifacts, but it also smooths the objective function f (h). Of course the
compliance is generally higher when we increase the filter size r; more elements will have
an intermediate density which is penalized in terms of stiffness because of the penalization
exponent p = 3.
As stated before, the wiggles generally depend on the number of changing intermediate
densities and the number of material elements. With a large filter radius r, the amount of
intermediate elements now stays more or less constant as the member moves through the
mesh. Therefore, the number of elements with a relatively bad or good performance does
not change as much as before. The resulting smooth behavior of the response function
will have a good effect on the convergence of a gradient-based solver. The numerical
optimum is now useful for a designer because it is close to the physical optimum.
When we look at the compliance of the slender structure with a horizontal member
size d = 2 of the height of two finite elements, the effect of the filtering is even more
apparent, see Fig. 6.8. The bottom line indicating the compliance without any filtering
R = 0 has some relatively large wiggles. But even the smallest filter size r = 1.5 already
takes care of most of these wiggles. A gradient-based algorithm would have no trouble
finding the desired physical optimal solution to the topology optimization problem.
It is also interesting to take a look at the shape of the objective function when we
apply filtering to the non-penalized formulation p = 1. In Fig. 6.9 the compliance
f (h) is displayed of the slender structure with a horizontal member size d = 1 (one
element) for different filter radii r = {0, 1.5, 2.5, 3.5}. The line on the top of the
graph indicating the compliance without filtering still has many wiggles. Also for this
case the application of a linear filter has a smoothing effect on the objective function.
A difference though, is that in this case the filtering actually improves the performance,
since the increased number of intermediate elements perform relatively well. However,
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Figure 6.7: The compliance of the slender structure as a function of the position of the
horizontal member f (h) with penalization exponent p = 3 with different filter radii
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Figure 6.8: The compliance of the slender structure as a function of the position of the
horizontal member f (h) with penalization exponent p = 3 with different filter radii
r = {0, 1.5, 2.5, 3.5, 4.5, 5.5}. The thickness of the horizontal member d = 2 is
exactly the height of two finite elements.

6

151

A Study of Design Parameterization

0.4

R=
R=
R=
R=

Objective f

0.3

0
1.5
2.5
3.5

0.2

0.1

0
0.1

0.2

0.3

0.4

0.5

Relative location of horizontal member h/H
Figure 6.9: The compliance of the slender structure as a function of the position
of the horizontal member f (h) without penalization p = 1 with different filter radii
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this design interpolation is not very useful in a topology optimization, because it would
result in large areas of intermediate densities. Intermediate densities are still favored
with respect to their relatively high bending stiffness.
In general the combined effect of penalization rand filtering reduces the number of
local optima that may be created because of the design interpolation and discretization.
These procedures have been proposed to obtain computational optimal designs that are
as close as possible to the desired physical optimal solution. However, not only the end
result of the topology optimization is influenced, but also the smoothness of the objective
function which leads to this end result.
Finally, it is stressed that the number of local minima introduced by the design
interpolation depends on the relative size of the wiggles with respect to the objective. In
Fig. 6.10, the compliance of the thick structure with a horizontal member size d = 1 with a
penalization exponent of p = 3 is displayed for different filter radii r = {0, 1.5, 2.5, 3.5}.
There is not much bending because of the high bending stiffness of the thick vertical
right member. Therefore the compliance is less sensitive to the exact location of the
horizontal member h. However, it is sensitive to the effective stiffness due to the relative
position of the member in the mesh. The effective stiffness is reduced when a large part
of the material of the member is discretized with intermediate densities. Still the wiggles
are reduced when the filter radius r is increased but relative to the ‘physical’ objective
these oscillations remain large. In this case a gradient based algorithm may get stuck in
an artificial local minimum irrespective of the filter radius r.

6.4

Conclusions & recommendations

It is important that a structural topology optimization yields computational optima
that are close to the desired physical optima. Not only does penalization and density
filtering help finding the desired optima, but it also smooths any wiggles that may appear
in the response functions due to the design parameterization on a finite element mesh.
Especially filtering techniques will have a positive effect on the convergence of a gradient-
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Figure 6.10: The compliance of the thick structure as a function of the position of the
horizontal member f (h) with penalization exponent p = 3 with different filter radii
r = {0, 1.5, 2.5, 3.5}. The thickness of the horizontal member d = 1 is exactly the
height of a finite element.

based topology optimization method.
In order to eliminate numerical artifacts, the design parameterization is often altered
to include the penalization of intermediate densities. Without penalization, intermediate
densities are favored, and with penalization whole densities are favored in compliance
minimization. This introduces mesh dependent wiggles and even additional local minima
in the response functions of the topology optimization. The inclusion of filters in the
design interpolation has a smoothing effect on the response functions. Therefore, the
popularity of the combination of penalization and filtering is not surprising.
However, in general the design interpolation may always have an influence on the
shape of the response functions. Especially in flat regions of the response functions the
design interpolation may introduce artificial local minima. This effect is worst when
some members of the design are small.
However, in an actual topology optimization the design may have more freedom to
change than in the examples treated in this paper. However, especially in the final stage
of a topology optimization this effect will be apparent. It is important to be aware of the
influences that the formulation of the design parameterization may have on the response
functions.
Furthermore, another way of eliminating the numerical artifacts is sensitivity filtering.
This results in an inconsistent topology optimization problem. However, both the structural analysis and the sensitivities come from different numerical versions of the same
physical problem. The success of this method may lie in fact that the inconsistencies
are able to jump these artificial local minima. However, this will also result in problems
finding a physical optimal solution to the optimization problem.
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7

L EVEL - SET M ETHODS IN S TRUCTURAL
TOPOLOGY O PTIMIZATION : A R EVIEW

Context
A large number of Level-Set Methods (LSMs) involve a series of mappings, regularization
techniques and specialized update procedures. Often, it not clear to which extent these
methods and the individual techniques solve an arbitrary optimization problem. In this
paper, we present a review of the differences and commonalities of level-set methods and
discuss the main issues that are identified. This paper has been submitted to Structural
and Multidisciplinary Optimization.
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Abstract
This review paper provides an overview of the different level-set methods for structural
topology optimization. A level-set-function-based topology optimization can be categorized with respect to the level-set-function parameterization, the geometry mapping, the
physical/mechanical model, the information and the procedure to update the design and
the applied regularization. Different approaches for each of these interlinked components
are outlined and compared. Based on this categorization, the convergence behavior of the
optimization process is discussed, as well as control over the slope and smoothness of the
level-set function, hole nucleation and the relation of level-set methods to other topology
optimization methods. The importance of numerical consistency for understanding and
studying the behavior of proposed methods is highlighted. This review concludes with
recommendations for future research.
Keywords: Review, topology optimization, level-set method, geometry mapping, regularization

7.1
7.1.1

Introduction
Structural topology optimization

In the past three decades Topology Optimization (TO) has become a powerful and increasingly popular tool for designers and engineers in the early stages of the design process
[17]. The aim of TO is to find the geometry of a design in terms of shape and topology to
perform a specific task optimally, ranging from discrete grid-like structures to continuum
structures (generalized shape optimization), see for instance [42, 117, 118]. In contrast
to size and shape optimization, TO does not require a close-to-optimal initial design and
is able to generate optimal geometries when intuitive design approaches fail, e.g. due to
complex interdependencies between design parameters and the structural response [17].
The most common TO approaches are density-based, such as homogenization, e.g. [3,
15, 65, 139], and SIMP [14, 180] methods. In these density-based methods the geometry
is described via a material distribution of two or more phases, of which usually one
represents “no material” (i.e. the void phase). The material distribution is typically
discretized using element-wise constant or nodal shape functions [42, 133]. The other
major type of TO approaches uses an implicit description of interfaces to parametrize
the geometry: level-set-based TO methods [9, 106, 107, 123, 124, 155].
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Level-set Methods (LSMs) for structural TO define the interfaces between material
phases implicitly by iso-contours of a Level-set Function (LSF) [9, 126, 155]. This implicit
function allows a crisp description of the interfaces. Depending on the representation of
the interface in the (numerical) mechanical model, this can improve the accuracy with
which the mechanical response is captured in the vicinity of the interfaces and avoid
ambiguities of intermediate material phases when using a density-based approach. As
opposed to explicit boundary descriptions (e.g. spline-based), level-set-based TO methods
allow for convenient handling of topological changes. Additionally, the results of most
level-set-based TO methods do not involve mesh-dependent oscillations of the interface
geometry (e.g. staircasing) which are often encountered in density-based TO methods.
Many formulations and implementations of LSMs for TO have been proposed in the
last decade. The fundamental commonalities and differences of the different flavors of
LSMs are often not clear. Therefore, this paper provides an overview and classification of
the techniques used and aims to clarify their relation and interdependence. Furthermore,
we identify several issues that need to be addressed in future research.

7.1.2

LSMs for structural topology and shape optimization

In structural optimization the two-phase material-void problem is the most simple and
most frequently treated case. Given an LSF φ, LSMs commonly define the material
domain Ω, the void domain D \ Ω and the material interface Γ inside the design domain
D as,

 φ(X) > c ⇔ X ∈ Ω (material)
φ(X) = c ⇔ X ∈ Γ (interface)
(7.1)

φ(X) < c ⇔ X ∈ (D \ Ω) (void),
where c is a constant (usually c = 0) and X is a point in the design domain [9, 110, 126,
155].1 From here on, we only consider c = 0. Changing the LSF alters the shape and
possibly the topology of the material domain Ω. For a two-dimensional design, examples
of the LSF φ and corresponding material domain Ω before and after a design update are
shown in Fig. 7.1.
Level-set-based TO methods are closely related to shape optimization methods. Many
approaches exploit shape-sensitivity analysis and only alter the boundaries of the design
(e.g. [9, 155]). However, rather than representing the geometry explicitly using e.g. splines, level-set-based methods use an implicit description that allows for easy treatment of
topological changes. Thus, holes can merge and new connections can be formed. Other
techniques, such as topological derivatives, can be incorporated to nucleate new holes in
the interior of the material domain (e.g. [5, 177]).
Similar to density-based methods, LSMs also require regularization techniques to obtain a well-posed optimization problem (e.g. [10]), remove numerical artifacts (e.g. [145]),
improve the convergence behavior (e.g. [155]) and avoid convergence to sub-optimal local minima (e.g. [145]). Regularization techniques are also often employed to control the
geometrical properties of the resulting designs (e.g. [171]).
This review focuses on LSMs for structural topology and shape optimization. For
brevity, we only provide the most essential references. We focus on methods that use
an implicit function to identify two or more material phases within the design domain.
This includes approaches that map the geometry to a mechanical model using a density
distribution (i.e. the Ersatz approach [9, 155]), but excludes works that use the density
distribution directly as optimization variables (e.g. phase field approaches [19, 156]). We
consider LSMs that update the level-set field via the solution of evolution equations,
mathematical programming and other methods.
1

Some LSMs reverse the sign in Eq. (7.1) (e.g. [158]).
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Figure 7.1: An example of the LSF φ and corresponding material domain Ω before
and after a design update.

7.1.3

Development of level-set methods

The concept of LSMs was developed by Osher and Sethian [109] around 1988 to model
moving interfaces. Originally, LSMs were mostly used to model the evolution of interfaces
in multi-phase flows (e.g. [109, 125, 138]) and in image segmentation (e.g. [96, 97, 108]).
The concept of using a level-set-based description of the geometry for TO was suggested
as early as 1998 by Haber and Bendsøe [62]. Several researchers started working on
level-set-based TO almost simultaneously [36, 126].
Sethian and Wiegmann [126] proposed a level-set-based algorithm that coupled the
idea of (evolutionary) structural optimization (see, for instance, the work of Huang and
Xie [69] and Xie and Steven [167]) with the LSM [109, 123]. Their mechanical model was
based on finite differences incorporating only the material part of the domain. The LSF
was adapted to move the interfaces and introduce holes based on an evolutionary stress
criterion.
De Ruiter and Van Keulen [36] experimented with an approach based on Radial Basis
Functions (RBFs) and genetic algorithms. Later they investigated an approach that was
based on parameter sensitivity information [37] and topological derivatives [38].
Later, Allaire et al. [8, 9], Osher and Santosa [110] and Wang et al. [155] cast the idea
of level-set-based structural optimization into the shape-sensitivity-based optimization
framework which remains the most popular approach today.
A mechanism to create new holes inside the structure was first proposed by Eschenauer
et al. [41] and Schumacher [122]. In their research, shape optimization was augmented
with a hole-positioning criterion to insert a new hole in the material domain. This idea
has been further developed into the mathematical concept of topological derivatives [25,
49, 134]. Allaire et al. [5], Burger et al. [23] and Yulin and Xiaoming [177] incorporated
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topological derivatives in a shape-sensitivity-based level-set formulation.
Initially, the most common type of approach in level-set-based structural optimization propagated the LSF solving a Hamilton-Jacobi (HJ)-type equation [9, 110, 155].
This approach requires the integration of a pseudo-time-dependent PDE to evolve the
LSF, similar to the applications of LSMs in multiphase flow simulation and image segmentation. An overview of this type of LSMs has been compiled by Burger and Osher
[24]. Gradually, the use of established mathematical programming algorithms (e.g. MMA
[140]) has become more popular for level-set-based TO increasing the efficiency of the
optimization process and constraint handling properties [90, 99, 111, 145, 158].

7.1.4

Applications

Starting from two-dimensional compliance minimization and compliant mechanism design optimization, level-set-based topology optimization has been applied to an increasing variety of problems involving different types of design criteria and physics in two and
three dimensions. Here we give a concise overview of typical applications.
Level-set-based topology optimization problems have been solved in three dimensions
[6, 9, 34, 171, 181], involving geometric nonlinearities [9, 78, 86, 146] and shell structures
[112]. Instead of material-void optimization, design optimization of multiple materials
can be performed using a level-set approach [87, 151, 152, 178, 186].
LSMs have been used to solve eigenvalue (free vibration) problems [6, 34, 110, 171, 172]
and contact problems [102] benefiting from the crisp level-set-based description of the
material domain. Because the interfaces are implicitly tracked in an LSM, problems
involving design-dependent loads (e.g. pressure) can be treated [9, 82, 170].
Stress minimization has been tackled using a “black-and-white” implementation of
the material domain [7] and an X-FEM approach [76, 95, 99, 148, 165]. Different means
have been investigated to control the complexity and/or length scale of the geometry [31,
85, 160, 171]. Also robustness of designs involving uncertainties have been investigated
for level-set-based TO methods by Chen and Chen [29], Chen et al. [30] and De Gournay
et al. [35].
Furthermore, the LSM has been applied to other types of physical problems, such
as problems involving fluids [12, 28, 40, 77, 114, 181], on thermal [58, 70, 74, 99, 166,
170, 187], electro-mechanical [87], electro-thermo-mechanical [88], electro-magnetic [73,
81, 127, 183] and optical problems [45, 66, 71]. For many of these applications a levelset-based approach is advantageous because of the crispness of the interface description.
As the above compilation of applications illustrates, LSMs have been successfully
applied to a broad range of design problems. However, various issues important for the
applicability of LSMs to engineering design problems have not been solved yet, such as
length-scale control, manufacturing constraints and fast and stable convergence behavior.
In addition, today’s LSMs greatly differ in the formulation of the optimization problems,
the parameterization of the LSF, the mapping of the level-set-based geometry onto the
structural model, and the strategy for solving the optimization problem. So far, the
fundamental similarities and differences as well as the advantages and disadvantages of
the different LSMs have not been clearly analyzed.

7.1.5

Structure of LSMs for TO

Level-set-based TO hinges upon three major parts, namely the LSF parameterization,
the mechanical model and the optimization strategy, see Fig. 7.2.
The parameters of the LSF parameterization are the optimization variables of a levelset-based TO (e.g. local polynomial shape functions or RBFs). The mechanical model
includes the geometry mapping and the discretized structural model. The geometry
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LSF parameterization (Sec. 7.2)

Regularization? (Sec. 7.6)

Mechanical model

Geometry mapping (Sec. 7.3)

Regularization? (Sec. 7.6)

Structural model

Optimization

Regularization? (Sec. 7.6)

Sensitivities (Sec. 7.4)

Update procedure (Sec. 7.5)

Figure 7.2: The components of a level-set-based TO method and corresponding sections.

mapping projects the geometry described by the discretized LSF onto the structural
model that predicts the performance of a candidate design. Both the type of geometry
mapping as well as the structural model influence the predicted behavior of a candidate
design. For instance, the geometry mapping can be based on a material distribution
(Ersatz material), X-FEM or a conforming mesh. The structural model can involve, for
instance, linear elasticity, geometrically nonlinearities or plasticity. A discussion of the
various types of structural models is outside the scope of this review.
The desired performance and requirements of a design problem are formulated via the
objective and constraints of the optimization problem and evaluated using the mechanical
model. The strategy to solve this optimization problem includes the choice of update
procedure (e.g. HJ solvers or mathematical programming) and the type of information
used in the update procedure. This information, for instance, shape-sensitivity analysis,
topological derivatives or discrete derivatives is referred to as the update information.
To regularize ill-posedness of the optimization problem, influence the resulting designs
and/or improve the convergence behavior of the optimization process, regularization can
be employed in each of the different components of a level-set-based TO method, such
as perimeter penalization or sensitivity smoothening.
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P

i

NiRBF si

φi

φ

φ=c

φi = ψi (X i )
P
φ = i NiLIN φi
ψ

si
NiRBF

Figure 7.3: An example of a one-dimensional LSF φ discretized with linear shape
functions of which the nodal values φi depend on an auxiliary field ψ. The auxiliary
field ψ is discretized with RBFs and controlled by the optimization variables si .

7.1.6

Contents

A large number of approaches have been used for level-set-based TO. Therefore, this
paper starts with a concise overview of the specific options available for each of the
components of an LSM: the parameterization of the LSF (Sec. 7.2), the geometry mapping (Sec. 7.3), the update information (Sec. 7.4), the update procedure (Sec. 7.5) and
regularization (Sec. 7.6).
In Sec. 7.7, key issues that deserve attention are discussed: the convergence rate of
an LSM, control over the LSF, hole nucleation and the relation of LSMs to other types
of TO methods. Finally, in Sec. 7.8 we present our view on the promise of LSMs, the
main challenges and provide recommendations for future research.

7.2

LSF parameterization

The LSF φ is discretized in space and parametrized in terms of the optimization variables
of the optimization s (e.g. nodal values or coefficients of RBFs). In its most general form
this can be written as,
φ = φ(X, ψ(X, s)),

(7.2)

where X are the spatial coordinate and ψ is an auxiliary field that may be used for the
definition of a filtering scheme or other special types of LSF parameterization. The LSF
φ depends on this auxiliary field ψ, which is controlled by the independent optimization
variables s.
An example of the definition of a one-dimensional LSF using an auxiliary field ψ is
illustrated
in Fig. 7.3. The auxiliary field can be parametrized using, for instance, RBFs
P
ψ = i NiRBF si . On the other hand, the one-dimensional
LSF can be discretized using
P
LIN φ . The nodal values of the
linear basis functions on a structured grid φ =
i
i Ni
LSF now depend on the auxiliary field as φi = ψi (X i ). In this manner the LSF φ is
discretized on a structured grid but controlled using the optimization variables si and
RBFs (e.g. [77, 145]). The application of any type of filtering scheme on the LSF can
also be regarded as using an auxiliary field.
In the simplest case, this auxiliary field is not necessary φ = φ(X, s) and the nodal
values of the discretized LSF can be directly treated as the optimization variables. In
the following we consider parameterization methods of the auxiliary field ψ.
The choice of parameterization determines the kind of shapes (design freedom) and
the level of detailedness (smallest features) of the zero-level contours of the LSF and
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(c) Global basis functions.

Figure 7.4: Examples of different support sizes of basis functions. The black dots
indicate how many basis functions are non-zero at an arbitrary location.

may restrict the design space to prevent numerical artifacts caused by the spatial resolution of the discretized structural model. The choice of parameterization of the LSF
directly influences the nature of the optimization problem, i.e. the nonlinearity and/or
monotonicity of the responses and the dimensionality of the optimization problem, and
therefore also the potential effort needed to solve the optimization problem.
On the other hand, the accuracy of the predicted responses is directly related to
the spatial resolution of the discretized structural model. Therefore, it is beneficial
to decouple the parameterization of the LSF from the discretization of the structural
model [103, 114]. By decoupling the design and physical resolution, the discretization
of the structural model can be refined to meet a required accuracy while keeping the
optimization process efficient. In practice they are often coinciding for implementational
convenience, which can easily lead to artifacts as a result of the interplay between the
discretization of the design and the structural model.
The magnitude of the spatial gradient (“steepness”) of the LSF along the material
boundary determines the sensitivity of the shape of a design to changes of the LSF
and, therefore, has an effect on the convergence rate of an LSM (see Sec. 7.7.1). The
steepness of the LSF is also important for the crispness of the interface using densitybased geometry mapping (see Sec. 7.3.3). Therefore, some control over the slope of the
LSF in the vicinity of its zero-level contour is often desired [9, 155]. For instance, many
authors (e.g. Allaire et al. [9] and Wang et al. [155]) employ reinitialization algorithms
(i.e. regularization, see Sec. 7.6.1) to maintain the LSF as a signed-distance function, i.e.
k∇φk = 1.
We can distinguish between four different aspects of the LSF parameterization: the
support size of the basis functions, the type of interpolation and the shape of basis
functions. It is also possible to describe the LSF as a combination of parametrized LSFs
corresponding to geometric shapes. These aspects and their implications are discussed
in the next subsections.

7.2.1

Support size of basis functions

The support size of a basis function is the size of the region where it is non-zero. We
distinguish three types of support sizes: local, mid-range and global.
Local basis functions Local basis functions are non-zero in a (small) finite part of
the design domain with minimal overlap. In TO, this type of interpolation is usually
FEM-based. Only the basis functions inside a single finite element can interact and in
each location of the design domain only the nearest basis functions are non-zero, see
Fig. 7.4a.
This type of interpolation is used by many authors such as Allaire et al. [9], Amstutz
and Andrä [12] and Belytschko et al. [13]. Since changing a nodal value cannot displace
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φ=0

φ=0

(a) An LSF φ.

Ω
Γ
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(c) The material domain Ω corresponding to Fig. 7.5a with
big features.

(b) An altered LSF φ.

Ω

D

Γ
(d)
The
altered
material
domain Ω corresponding to
Fig. 7.5b with a small feature.

Figure 7.5: An LSF φ of just two Gaussian basis functions with a large support size
and the corresponding material domain Ω.

the material interface by more than the size of a single finite element, a large number of
iterations may be required to move the boundary substantially.
Mid-range basis functions Basis functions of the mid-range type are still only nonzero in a finite part of the design domain (compact). However, the basis functions overlap
and in each location in the design domain more basis functions are non-zero , see Fig. 7.4b.
For instance, Luo et al. [90] investigated this type of interpolation with varying amount
of overlap. This results in more basis functions having an influence on moving the
boundary of the material domain. Compactly supported RBFs are an example of this
type of interpolation. Because more optimization variables have an influence on the
material boundary, a faster rate of design change may be achieved.
Global functions Global basis functions are non-zero (almost) everywhere in the design domain and, therefore, all basis functions overlap, see Fig. 7.4c.
De Ruiter and Van Keulen [39], Gomes and Suleman [50], Pingen et al. [114] and Wang
and Wang [158] have employed this kind of basis functions. In this case all optimization
variables have an influence on the whole material boundary. This type of interpolation
may lead to a fast rate of design change, but requires additional memory and computational effort, for instance due to a dense collocation matrix [161]. Furthermore, it can
be more difficult to find appropriate step sizes for updating the optimization variables
as the cumulative effect of all optimization variables may lead to large changes of the
material domain.
Depending on their general shape, the support size of the basis functions strongly influences the maximum level of detail of the material domain. For instance, two large and
relatively flat Gaussian basis functions cannot describe a small spatial variations in the

166

N.P. van Dijk

∆si

(a) Scaling
tions.

basis

∆si

(b)
Translating
functions.

func-

basis

Figure 7.6: Examples of different types of interpolation.

LSF. However, they cannot entirely prevent a small feature of the zero-level contour of
the LSF (i.e. the design), see Fig. 7.5.
How many optimization variables exert an influence on the movement of a specific
part of the boundary depends on the support size and spacing of the associated basis
functions. Only optimization variables that have an influence on the boundary have nonzero (consistent) sensitivity information. In a sensitivity-based optimization process,
larger support sizes may, therefore, lead to faster movement of the boundary and faster
design evolution in the optimization process. Filtering of the LSF is another option to
extend the influence of individual optimization variables.

7.2.2

Optimization variables

The parameterization of the LSF is defined as a function of the optimization variables.
The functional form of this relationship has an influence on the possible variations of the
geometry and can even give some control over the size of the gradient of the LSF on the
structural boundary, which is important for the numerical stability of the optimization.
When an auxiliary field is used in the LSF parameterization, this discussion should be
applied to the auxiliary field ψ.
The LSF is usually defined as the sum of the basis functions φi as,
n
X
φ(X, s) =
φi (X, si ).
(7.3)
i

There are different ways in which the basis functions φi can depend on the optimization
variables s.
Scaling basis functions The most common way to parametrize the LSF is to use a
nodal value to scale the basis function as,
φi (X, si ) = si Ni (X).

(7.4)

This approach, visualized in Fig. 7.6a, is employed in the majority of LSMs. Without
upper and lower bounds, this type of interpolation does not give any control over the
gradient of the LSF.
Translating basis functions Xing et al. [168] proposed to use the location of the
basis function as the optimization variables, see Fig. 7.6b. A basis function can be
moved through the design domain as,
φi (X, X i ) = Ni (X − si ),

(7.5)
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(a) A bilinear basis function.

(b) An RBF.

(c) A spectral basis function.

(d) Two combined geometric
shapes.

Figure 7.7: Different types of basis functions in two dimensions.

where for each basis function one optimization variable si is needed for each spatial
dimension. This approach is also adopted by Ho et al. [68], investigating a combination
with the partition of unity method to reduce computational costs.
This type of approach gives a measure of control over the length scale of the resulting
designs and gradient of the LSF. However, the spatial distribution of the basis functions
changes during the design optimization, which can lead to a low design resolution in
underpopulated parts of the design domain. Also, swapping two basis functions has no
effect on the shape of the design resulting in a loss of uniqueness of the optimization
problem and convergence issues.

7.2.3

Type of basis functions

The shape of the basis functions φi (X, si ) has an influence on the smoothness of the
LSF and therefore the material domain.
FEM basis functions The most common choice of parameterization of the LSF is
based on finite-element basis functions (compact) on a fixed mesh [9, 12, 13, 145, 155].
On two-dimensional domains often bilinear interpolation is used on rectangular finite
elements for the interpolation of both the displacements and the LSF, see Fig. 7.7a [155].
It is also possible to use (piecewise) linear interpolations on rectangular [145] or triangular
elements [83, 169]. The extension of these kinds of basis functions to three dimensions is
straightforward.
Depending on the type of FEM basis function, the gradient of the LSF can change
discontinuously between finite elements (if the LSF is C 0 continuous). In this case, the
zero-level contour of the LSF has a non-smooth boundary (sharp corners), which may be
disadvantageous for certain applications.
The use of structured and, in particular, uniform meshes provides computational
advantages and allows for simplified numerical schemes, for example approximations
of the curvature of the LSF using finite-differencing stencils [155]. Furthermore, finite
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difference schemes are also often employed in the so-called upwinding schemes that can
be used to update the LSF (see Sec. 7.5.1) or reinitialize the LSF (see Sec. 7.6.1).
Radial Basis Functions (RBFs) Many authors employed RBFs to describe the LSF
(see Fig. 7.7b), such as De Ruiter and Van Keulen [39], Kreissl et al. [77], Luo et al.
[89], Wang and Wang [158] and Wei and Wang [163].
Multi-quadratic splines were used by several authors (e.g. [77, 158]). Luo et al. [89]
employed compactly supported polynomial RBFs with varying support radii. De Ruiter
and Van Keulen [39] implemented global Gaussian RBFs in their work. Alternatively,
inverse multiquadratic splines were adopted in the work of Xing et al. [168].
The smoothness of the RBFs ensures that the LSF is inherently smooth, and, therefore, contours of the LSF are usually smooth as well (except in some limit cases, see e.g.
Fig. 7.5). Using RBFs implies overlapping basis functions (RBFs often have a global
support size) and a continuous spatial gradient of the LSF over the design domain (as
opposed to FEM basis functions). An LSF parameterization based on RBFs is usually
decoupled from the discretization of the structural model.
Spectral parameterization Gomes and Suleman [50] use a spectral parameterization
of the LSF, i.e. a Fourier series. The coefficients of the Fourier series are the optimization
variables in the level-set-based TO (see Fig. 7.7c).
A spectral LSF parameterization may be particularly advantageous for optimization
of periodic structures. At a sufficiently coarse design resolution, small details cannot
be described by this type of parameterization. The non-local nature of the spectral
parameterization has the potential advantage of fast design evolution. However, the nonlocality may also pose problems as the limited design resolution can result in artifacts
such as undulation of structural boundaries [50].

7.2.4

Parametrized geometric shapes

A different way to parametrize the LSF is to use a combination of parametrized geometric
shapes [148] (e.g. radius of a circular hole, see Fig. 7.7d). For each geometric shape an
LSF is constructed (e.g. signed-distance function) to serve as (global) basis functions
φi . The LSF can now be defined using max and/or min operators performing Boolean
operations of the individual shapes described by the separate basis functions φi , for
instance,
φ(X, s) = max φi (X, si ).
i

(7.6)

Van Miegroet and Duysinx [148] used this approach involving circles and ellipses to
minimize stresses in designs using a level-set approach. The same approach can also
be adopted using the basis functions described in the previous subsection (the signeddistance function to a circular hole is in fact a cone-type RBF).
This form of parameterization can be practical for certain applications since one can
choose the parameterization such that results are manufacturable and only few optimization variables are needed. However, by using relatively few optimization variables the
design freedom is reduced and potentially good designs may be eliminated from the design
space. A further drawback of this maximum formulation is that it is not differentiable
with respect to the optimization variables s.
To overcome this drawback, Kreissl et al. [77] and Pingen et al. [114] employ an
approximate maximum formulation. For instance, using the p-norm approximation of
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Figure 7.8: Example of an approximate maximum formulation.

the maximum Eq. (7.6) becomes,
"
φ(X, s) =

n
X

#1/p
p

(φi (X, si ) + c)

− c,

(7.7)

i

where the constant c is added to avoid negative contributions between the round brackets
[114]. This is also possible using the Kreisselmeier-Steinhauser (KS) function [75, 77].
An advantage of this approach is that the gradient of the LSF at the boundary of the
material domain can be controlled, see Fig. 7.8.

7.2.5

Bounds and initialization

Additionally, upper and lower bounds for the optimization variables may be set. This
limits the design space and can provide upper limits for the magnitude of the gradient of
the LSF. However, such additional bounds need to be accounted for in the optimization
strategy [77].
When a nonlinear relation is chosen between the LSF and the optimization variables,
it is not trivial to find initial optimization variables that lead to an appropriate initial
material domain. Using nonlinear least-squares fitting, close approximations to a desired
initial configuration can be found.

7.3

Geometry mapping

An important part of the formulation of a level-set-based TO is the mapping of the
geometry to a mechanical model. In this section we discuss the options for the geometry mapping which effects the accuracy of the structural response, in particular near
the interface, and strongly influences the final result of the optimization process. It is
emphasized that numerical artifacts can be the result of the geometry mapping. A popular approach is to translate the LSF into a density distribution similar to density-based
optimization methods (e.g. [9, 155]). Alternatively, the geometry mapping can be based
on a discrete description of the material and void domain not involving any intermediate
states (e.g. [13, 41]).
The level-set-based geometry description, Eq. (7.1), is used to formulate volume integrals (e.g. of the weak form of the governing equations) over the material domain in
terms of the Heaviside function H(φ) as,
Z
Z
f dV =
f H(φ)dV,
(7.8)
Ω

D
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(a) Conforming: Only the
material domain is discretized.

(b)
Immersed
Boundary
Technique: Boundary conditions are enforced locally at
the interface.

(c) Density-based: In each finite element an element density indicates the amount of
material.

Figure 7.9: Examples of different types of geometry mapping corresponding to the
topology depicted in Fig. 7.1c.

where the Heaviside function H(φ) is defined as,

0 for φ < 0
H(φ) =
1 for φ ≥ 0,

(7.9)

and the zero-level contour of the LSF φ = 0 is used for the definition of the material
domain Ω.
Similarly, integrals over the material boundary can be formulated in terms of the
Dirac delta function δ(φ) as,
Z
Z
gdS =
gδ(φ)k∇φkdV.
(7.10)
Γ

D

where δ(φ) is the one-dimensional Dirac delta function defined by,

+∞ for φ = 0
δ(φ) =
0
for φ 6= 0,

(7.11)

and,
Z

∞

δ(φ)dφ = 1.

(7.12)

−∞

There are three different approaches that can be used to solve Eqs. (7.8) and (7.10), see
Fig. 7.9. The discretization can be aligned with the material domain using a conforming
discretization or Immersed Boundary Techniques (IBTs). Alternatively density-based
methods can be used to approximate Eqs. (7.8) and (7.10) usually on a fixed regular
mesh.

7.3.1

Conforming discretization

Conforming discretization (Fig. 7.9a) differs from shape optimization methods (e.g. [18,
41, 80, 121]) in that shape changes are governed by the evolution of an LSF. This type
of discretization provides an accurate model of the performance of a candidate design,
in particular along the interfaces. The crisp boundary description is particularly useful
for problems require a sharp interface treatment and/or have convergence problems for
intermediate states when density-based methods are used. It can also be needed for
accurate local structural responses that essential for e.g. stress constraints.
Ha and Cho [59, 60] solved nonlinear structural analyses on unstructured conforming
meshes and translated the sensitivity information to a fixed structured level-set grid.
Abe et al. [2] also discretize the LSF on a fixed structured mesh, but employed boundary
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elements to discretize the structural design in their work. Yamasaki et al. [174] used a
mesh deformation approach to obtain a conforming mesh for the numerical analysis in
each step of the optimization process. Also Allaire et al. [4] proposed to use a type of
mesh evolution that results in a conforming discretization.
A conforming discretization provides a good representation of the interfaces in the
structural model. However, noise is introduced in the optimization process due to the
changing discretization, similar as in classical shape optimization methods [121]. Furthermore, the mesh generation step in each iteration of the optimization process can
be an additional computational burden. Some of the added costs may be compensated
by the savings in computation time due to efficient discretization of only the material
domain, especially in the case of slim or sparse designs. However, in this case subregions
may disconnect from the rest of the material domain leading to an irreversible step in
the optimization process and resulting in singular structural analyses.

7.3.2

Immersed Boundary Techniques

Several Immersed Boundary Techniques (IBTs) have been proposed to obtain an accurate representation of the physical response along the interface while avoiding remeshing
techniques. In such an approach the discretization of the design domain is still fixed, but
additionally the actual location of the structural boundary is used in the structural model, see Fig. 7.9b. This provides a crisp “black-and-white” description of the structural
model.
The eXtended Finite Element Method (X-FEM) is able to describe the behavior of
the structural boundary accurately using local enrichments of elements cut by the zerolevel contour of the LSF [46]. Boundary conditions are enforced locally at the material
interface using different types of immersed boundary techniques [46]. Volume integrals
such as Eq. (7.8) can be evaluated accurately using sub-domains that are locally aligned
with the zero-level contour of the LSF. This is in particular useful for problems that
involve structural models that do not allow a diffuse treatment of the structural boundary,
i.e. where a diffuse interface would result in convergence problems.
Belytschko et al. [13] use an X-FEM approach to obtain accurate displacement fields
modeling the void phase as a compliant material. For the sensitivity information of the
response functions they resort to an approximate Dirac delta function (see Sec. 7.4). XFEM has been used by Maute et al. [99] for phonon transport problems of heterogeneous
materials, allowing the modeling of phonon scattering at the material interfaces. Kreissl
and Maute [76] use an LSM and X-FEM to optimize flow problems described by the
incompressible Navier-Stokes equations. The no-slip condition at the fluid-solid interface
is enforced via a stabilized Lagrange multiplier formulation.
In the work of Van Miegroet and Duysinx [148] the displacement fields are calculated
using X-FEM for an accurate assessment of the stresses at the boundary. Instead of
the full enrichment of the finite elements, they perform the integration for the element
stiffness only over the material part of the finite element. Indeed, when the void is not
modeled as a compliant material (i.e. eliminated from the structural analysis) and no
external forces act on the emerging boundaries, X-FEM reduces to only performing the
stiffness integration over the material part of a finite element [148, 149]. Wei et al. [165]
report that, even when the void is included as a compliant material, the results of XFEM with and without enrichment are almost equivalent for purely structural solid-void
problems. This is not the case for multi-phase problems or two-phase problems with
comparable stiffnesses of the two phases [99].
Boundary conditions can also be enforced locally on the interface using finite difference
methods [77, 126]. Sethian and Wiegmann [126] used jump conditions to account for
the discontinuity in the displacement field in a finite difference approximation of the
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structural equilibrium. Kreissl et al. [77] locally enforce boundary conditions of the
Lattice Boltzmann Method by extrapolating the fluid state in the fluid domain onto the
boundary defined by the zero-level contour of the LSF.
A geometry mapping using IBTs allows the enforcement of boundary conditions directly along the interface and does not rely on material interpolation schemes. Therefore,
the interface in the structural model is not blurred but strictly “black-and-white”. Since
the different domains are unambiguously mapped to the analysis model, artificial local
minima of the optimization problem caused by material interpolation schemes may be
avoided.
To employ an IBT for the numerical model of a design optimization problem, specialized code is needed. The implementation of IBTs can be difficult and time consuming.
Moreover, noise can be introduced in the structural response due to the discretization
of the IBT. Van Miegroet and Duysinx [148] report noise and an ill-conditioning of the
discretization of the mechanical model in case of small intersections of finite elements.
This can lead to overestimation of stresses when the material fraction of an element
relative to its size becomes small.
Furthermore, the optimization process can lead to non-smooth boundaries exploiting
particular bad discretization of IBTs that causes ill-conditioning of the structural model.
In order to avoid this problem Kreissl et al. [77] employ a filtering approach for smoothing
the LSF.

7.3.3

Density-based mapping

The most common type of discretization of the geometry is a Eulerian approach referred
to as density-based. During the optimization, the discretization of the design domain of
the structural model is kept fixed and the material domain can ‘flow’ through the mesh
(due to design updates). In this fixed discretization the geometry is described by an
intermediate density field ρ(X), indicating the amount of material at each point of the
design domain [17].
The density distribution 0 < ε ≤ ρ(X) ≤ 1 is used to represent solid material (ρ = 1)
or void (ρ = ε), where ε is a lower bound to avoid singular structural problems, similar to
conventional density-based TO methods [14, 42, 118, 180]. The general idea is to replace
the Heaviside function in Eq. (7.8) with a density distribution ρ(φ) and to approximate
Eq. (7.8) as,
Z
Z
f H(φ)dV ≈
f ρ(φ)dV.
(7.13)
D

D

The density field is a function of the LSF: ρ = ρ(φ). A crisp (“black-and-white”)
representation of the geometry is obtained when an exact Heaviside H(φ) is used. For
instance, a point-wise density distribution can be defined as,
ρ(φ) = ε + (1 − ε)H(φ).

(7.14)

To avoid problems with differentiation, the exact Heaviside function H(φ) in Eq. (7.14)
is often replaced with an smooth approximation of the Heaviside function H̃(φ), such as
a piecewise polynomial,

for φ < −h

 0  3
 
3 φ
1
H̃(φ) = − 41 φ
(7.15)
+
+
for − h ≤ φ ≤ h
h
4 h
2


1
for φ > h,
where h is the bandwidth. This results in a smeared representation of the geometry,
involving intermediate densities ε < ρ < 1 near the boundary of the material domain.
Alternatively, approximate Heaviside functions based on polynomials [72, 83, 146, 155]
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H̃ = 1

H = 1

H̃ = 0

H = 0

(a) The exact Heaviside function H(φ) corresponding to
Fig. 7.1a.

(b) An approximate Heaviside
function H̃(φ) corresponding
to Fig. 7.1a.

ρe

ρe = 1

ρe = 1

ρe

ρe = ε

ρe = ε

(c)
Element
densities
ρe
corresponding to the exact
Heaviside function H(φ) of
Fig. 7.10a.

(d) Element densities ρe corresponding to the approximate
Heaviside function H̃(φ) of
Fig. 7.10b.

Figure 7.10: Examples of an exact and approximate Heaviside function and corresponding element-wise constant density distributions ρe of the LSF of Fig. 7.1a.
or trigonometric functions [13, 61, 84, 114] have been used. Examples of the exact
and an approximate Heaviside function corresponding to the same LSF are depicted in
Figs. 7.10b and 7.10a, respectively.
Similarly, boundary integrals can be approximated using a corresponding approximate
Dirac delta function δ̃(φ) ≡ ∂ H̃/∂φ in Eq. (7.10) [13, 56, 58, 88, 89, 110].
Most density-based LSMs use either element-wise constant material fractions or a
direct point-wise mapping of the LSF into a density distribution.
Material-fraction approach Element-wise constant material fractions (element densities) 0 < ε ≤ ρe ≤ 1 can be used to describe the density distribution, see Fig. 7.9c.
This simplifies Eq. (7.13) to,
Z
X Z
f dV ≈
ρe
f dV,
(7.16)
Ω

e

De

where De is the design domain of a single finite element. Often density-based LSMs
involve a structured regular grid of finite elements [9, 155], but other types of finite
element discretization are also possible, e.g. [39, 82, 83].
The element densities can be defined as the average value of the Heaviside function
in each finite element [9, 39],
R
D H(φ)dV
ρe = ε + (1 − ε) eR
,
(7.17)
De dV
where the quotient in Eq. (7.17) is exactly the material fraction. In Fig. 7.10c an example of an element-wise constant density distribution is shown using an exact Heaviside
formulation.
With some exceptions (e.g. [146]), usually the exact Heaviside function H(φ) is used
in Eq. (7.17) to obtain the material fraction inside a finite element [9, 39, 145]. Even
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though the application of an exact Heaviside function H(φ) does not involve intermediate
densities ε < ρ < 1, intermediate element densities ε < ρe < 1 are present due to the
element-wise constant discretization of the density field and only for elements which are
cut by the zero-level contour of the LSF φ = 0. The only way to create larger regions
with intermediate densities are ‘islands’ of material smaller than the resolution of the
finite element discretization [145].
Eq. (7.17) can be evaluated either analytically or numerically. For an exact Heaviside
formulation and depending on the parameterization of the LSF, Eq. (7.17) may be calculated analytically. This approach was adopted by Allaire et al. [9] (personal communication), Van Dijk et al. [145] and De Ruiter and Van Keulen [39]. In the two-dimensional
case, the material fractions were determined on a triangular sub-mesh. De Ruiter and
Van Keulen [39] used a semi-analytical approach to evaluate the sensitivities. A closedform expression of the derivative of Eq. (7.17) to the nodal values of the LSF is presented
in [145].
The integral in Eq. (7.17) can also be evaluated numerically,
Pn
j=1 wj H(φ(X j ))
Pn
,
(7.18)
ρe = ε + (1 − ε)
j=1 wj
where wj are the weight factors of the numerical integration. However, for an exact
Heaviside formulation, this type of numerical integration requires locally a large number
of integration points X j within each element cut by the zero-level contour of the LSF
to accurately capture the discontinuity of the exact Heaviside function H(φ). Element
densities defined by Eq. (7.18) are not differentiable with respect to the LSF.
Alternatively, Eq. (7.17) can also be integrated accurately using sub-domains aligned
with the interface, similar to X-FEM (see Sec. 7.3.2). This approach would result in a
differentiable definition of the element densities that may be calculated using a semianalytical approach.
When an approximate Heaviside formulation is used in Eq. (7.18), also a large number
of closely spaced integration points are needed to capture the strong nonlinear behavior
of the approximate Heaviside function H̃(φ) [146]. However, the derivative of Eq. (7.18)
is now well-defined, because of the differentiable approximate Heaviside function H̃(φ),
and can be calculated as,
n
∂ρe
1−ε X
∂φ(X j )
wj δ̃(φ(X j ))
= Pn
,
(7.19)
∂si
∂si
j=1 wj j=1
where δ̃(φ) is the corresponding approximate Dirac delta function and ∂φ(X j )/∂si depends on the parameterization of the LSF.
Direct approach Alternatively, the density distribution can be defined by directly
mapping the LSF into a density distribution. With some exceptions (e.g. [27, 110]), this
approach is usually combined with an approximate Heaviside formulation [72, 82, 83, 91,
114]. For instance the mapping,
ρ(φ) = ε + (1 − ε)H̃(φ),

(7.20)

can be used [72, 114].
A point-wise mapped density distribution can be used directly in the weak form of
the governing equations to solve integrals such as Eq. (7.13). In this case, Eq. (7.20) is
used in the integration points to approximate Eq. (7.13). In this manner, Liu et al. [83]
based their implementation on an approximate Heaviside formulation and a continuous
density distribution. Similarly, Luo et al. [91] and Zhou and Zou [179] employ a meshless
method for the structural analysis, where the density is used at the integration points of
the background integration cells.
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However, it is difficult to solve integrals such as Eq. (7.13) accurately due to the strong
nonlinearity of the approximate Heaviside function. Therefore, Liu and Korvink [82] used
a mesh deformation technique to refine the discretization at the structural boundary to
improve the accuracy of the mechanical model.
In its most simple form, the point-wise mapping Eq. (7.20) is used to control an
element-wise constant density distribution (element densities), e.g. as,
ρe = (1 − ε)H̃(φ(X e )),

(7.21)

where X e is the center of a finite element e [114]. In this case the derivative of the
element density ρe can be consistently derived as,
∂φ(X e )
∂ρe
= (1 − ε)δ̃(φ(X e ))
.
(7.22)
∂si
∂si
This approach is easy to implement in an explicit LSM [114].
An approximate Heaviside formulation uses information of the LSF from beyond the
zero-level contour and, therefore, loses some of the crispness of a level-set-based design
description. A direct mapping of the LSF into a density distribution using an approximate Heaviside is closely related to conventional density-based TO and, in particular, to
projection methods using smoothed Heaviside filters [53–55, 130, 150], see also Sec. 7.7.4.
Without measures to control the slope of the LSF near the interface (such as maintaining
a signed-distance LSF), the LSF can become flat leading to regions with intermediate
density.
When the simple direct mapping Eq. (7.21) is used in combination with an exact
Heaviside formulation, an integer density distribution2 is obtained. The element densities
can only assume their extreme values ρe = ε and ρe = 1 depending on the sign of the
LSF in the single integration point of the elements. This approach is adopted by Challis
[27] in her MATLAB implementation of an LSM for structural optimization. A drawback
of this approach is that the integer density distribution is not differentiable with respect
to the LSF. For this reason, a formulation using an approximate Heaviside function is
often adopted. However, sensitivity information of level-set-based TO can also be derived
from the continuum or variational problem instead of direct differentiation of the density
distribution [9, 27, 110]. This subject is discussed further in Sec. 7.4.
Similar to using Eq. (7.13) for the structural equilibrium equations, the density distribution ρ is often used to represent the material phases by scaling material properties (e.g. the Young’s modulus), such as in the Ersatz material approach [9, 155] and
SIMP [14, 180]. Other material interpolation schemes have been devised for conventional density-based TO methods, including RAMP [136], ECP [176] and EDS [144]),
that can be used in level-set-based TO methods. A good choice of the relation between
the local density and the structural model is not trivial and depends on the type of
structural model used and the characteristics of the considered optimization problem
(e.g. [16, 100, 141]).
The use of an element-wise constant density distribution (either using the material
fraction approach or the simple direct mapping) can result in non-smooth interfaces
and/or regions of intermediate density ε < ρ < 1, see Fig. 7.9c. This may have an
negative effect on the accuracy of local quantities near the interface (e.g. stresses [165])
and boundary conditions at the interface (e.g. for fluid flows [77]), leading sometimes to
physically unrealistic results and/or convergence problems of the analysis. Furthermore,
a highly refined discretization may be needed to model curved surfaces with sufficient
accuracy. The disadvantages associated with a density-based geometry mapping are
2
Strictly speaking, we can no longer call it a density distribution since it does not involve any
intermediate densities ε < ρ < 1.
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shared with conventional density-based TO methods. However, depending on the update
procedure, the regions with intermediate density in a level-set-based approach are often
confined to the boundaries of a design and their size can be controlled.
Using an approximate Heaviside formulation results in a band of intermediate (element) densities ε ≤ ρ ≤ 1 where the LSF has intermediate values −h < φ < h, see
Fig. 7.10d. The size of the band of intermediate densities depends on the bandwidth h
of the approximate Heaviside function and the local steepness of the LSF in the neighborhood of the boundary. For a signed-distance LSF the bandwidth h can be directly
related to the size of the band of intermediate densities.
For a small bandwidth (depending on the steepness of the LSF), the intermediate
values of the LSF −h < φ < h can be contained within one element. In this case,
integrals over the material domain and boundary may be approximated with reasonable
accuracy by replacing the Heaviside function H(φ) and Dirac delta function δ(φ) in
Eqs. (7.8) and (7.10) with their approximate counterparts H̃(φ) and δ̃(φ), respectively.
A large bandwidth blurs the structural boundary but can have a smoothening effect on
the structural responses and sensitivity fields (see Sec. 7.6).
Without any restriction on the gradient of the LSF the application of an approximate
Heaviside function can lead to gray areas in TO (consider for instance the case φ = 0, and
therefore H̃ ≈ 21 for a large area). Therefore, this type of approach is usually combined
with a procedure to control the gradient of the LSF near the interface. This can be a
reinitialization scheme to maintain the LSF as a signed-distance function (see Sec. 7.6.1)
or a specific choice of LSF parameterization (see Sec. 7.2). Intermediate densities may
also be suppressed through penalization (see Sec. 7.6.2).
Using an approximate Heaviside function, changes of the LSF within the bandwidth
−h < φ < h have a direct effect on the densities and the structural response. Unless
this is prevented by regularization techniques, new holes can nucleate in gradient-based
LSMs where the LSF is within this bandwidth (see Sec. 7.4).

7.4

Update information

The LSF parameterization, the geometry mapping and the structural model control the
behavior of the candidate designs as a function of the optimization variables s. In this
section, we discuss the different types of update information used in level-set-based TO
methods.
Using an LSM, design changes are primarily governed by shape changes and are,
therefore, mostly based on shape-sensitivity analysis. We distinguish between variational and parameter shape sensitivities (Secs. 7.4.1 and 7.4.2, respectively). Sensitivity
information can also be obtained using material parameter sensitivities, i.e. direct differentiation of the mechanical model (Sec. 7.4.3). To increase the topological detail of
designs, topological derivatives (Sec. 7.4.4) are also often employed, see Fig. 7.11. In
some cases the design updates are not based on sensitivity information but on heuristic
criteria (Sec. 7.4.5). Certain types of sensitivities are often used in conjunction with
specific update procedures.
In general, a response function (i.e. objective or constraint) in a structural optimization depends on the shape and topology of the material domain Ω and a state variable
such as the displacement u. To clarify the discussion in this section, we define a general
response function R as,
Z
Z
R(Ω, u(Ω)) =
rΩ (u)dV +
rΓ (u)dS.
(7.23)
Ω

Γ

For example, the integrands for the compliance of a structure without body forces can
be written as rΩ = 0 and rΓ = t · u, where t is the external load on the boundary.
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Figure 7.11: Boundary, topological and parameter variations.

The response function R depends explicitly on the material domain Ω via the integration domains Ω and Γ and implicitly via the state variable u. The state variable is
a function of the material domain u = u(Ω), because the state equations (equilibrium)
are defined over the material domain Ω. In the sensitivity analysis of TO methods, the
dependence of the response function R on the state variable u is typically incorporated
using an adjoint approach, instead of direct differentiation of the state equation [17].
In this section, we focus on the direct dependency of the response function R on the
material domain Ω, assuming a generic form of the state equations. Apart of the volume
and boundary integrals in Eq. (7.23), a response function R can also involve explicit
expressions involving the LSF (e.g. penalization of the norm of the gradient of the LSF,
see Sec. 7.6.1). However, this does not change the line of reasoning presented in this
section.

7.4.1

Variational shape sensitivities

Most LSMs base the evolution of the LSF on shape-sensitivity information [9, 28, 84,
85, 102, 110, 155, 158]. Shape-sensitivity analysis is concerned with the sensitivity of a
response function to changes of the shape of the material domain, see Fig. 7.11a. Only
infinitesimal changes of the boundary in the normal direction to the boundary cause shape
changes of the material domain [9]. Therefore, shape sensitivities are only a function of
normal boundary variations indicated with δΩn , see Fig. 7.11a.
In the implementation of shape sensitivity analysis we distinguish between variational
and parametrized (also called discrete) shape sensitivities. Rather than first discretizing the governing equations of the optimization problem, variational shape sensitivities
are derived from the variational expression of the optimization problem and the state
equations. Subsequently, the sensitivity equation in variational form is discretized independently from the responses [147]. Variational shape sensitivity fields are exclusively
used in update procedures based on the Hamilton-Jacobi (HJ) (see Sec. 7.5.1). More
information on the formal derivation of shape sensitivities can be found in the review
by Burger and Osher [24]. On the other hand, parameter shape sensitivities relate the
shape sensitivity directly to the independent optimization variables s, based on the discretized LSF and mechanical model. They are often used in update procedures based on
mathematical programming (see Sec. 7.5.2).
A first-order variation of the response function δR can be related to the normal
variation of the boundary δΩn . This results in an equation of the form,
Z
δR =
dS R δΩn dS,
(7.24)
Γ
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where dS R is called the shape gradient of the response function R that depends on
the definition of the response function (i.e. rΩ (u) and rΓ (u)). For example, in the
case of the compliance (without body forces), the shape gradient can be written as
dS R = −(u) : C : (u) on the homogeneous Neumann boundaries (no boundary load
t = 0) of the structure (for a derivation see [9]).
Similar as in shape optimization [33], the process of changing the shape of the material
domain Ω in level-set-based TO is often viewed as a pseudo-dynamic process where the
material domain is evolving in pseudo time τ representing the design iterations (see
Sec. 7.5.1). The ‘deformation’ of the material domain at pseudo time τ = 0 can be
represented by a normal ‘design’ velocity field vn as [33],
X τ = X + τ vn n,

(7.25)

where n is the normal vector to the boundary. Based on Eq. (7.24), we can construct
a normal velocity field vn that describes the motion of a point on the boundary Γ in
the optimization process. This is usually done replacing the variation of the boundary
δΩn in Eq. (7.24) with the normal velocity field vn and choosing it such that a descentdirection of the optimization problem is obtained [9]. As the boundary is described by
the zero-level contour of the LSF, the velocity field vn is used to alter the LSF along the
boundary Γ.
In shape optimization, the velocity field vn needs to be extended in the interior of the
material domain Ω to maintain the regularity of the finite element mesh distribution as
much as possible. For velocity-based LSMs the velocity field needs to be defined at least
on a band around the interface to maintain the regularity of the LSF near its zero-level
contour [9, 110, 123].
However, there is no unique way to define the velocity vn in the interior of the material
domain Ω [33]. Different kinds of velocity field extensions have been proposed for different
purposes: the normal, the natural and Helmholtz velocity extension. The velocity field
vn should be constructed to drive the optimization process towards an optimum and
vanish on the boundary Γ when the optimality conditions are satisfied. Due to the
implementation velocity extensions can be closely related to sensitivity regularization
(see Sec. 7.6.3).
Normal velocity extension The velocity field can be extended from the material
boundary to be constant in the normal direction [116, 126, 152, 153, 162, 177, 187].
Analogously to maintaining a regular mesh in shape optimization, the goal of such a
velocity extension in LSMs is to maintain a smooth LSF. To extend the velocity from
the boundary into the design domain an additional PDE needs to be solved. When the
LSF is a signed-distance function, theoretically a normal velocity extension maintains
this property [126]. Therefore, shape-sensitivity-based LSMs using a normal velocity
extension cannot create new holes in the interior of the material domain. In practice,
the LSF deviates from the signed-distance function due to the discretization and finite
updates of the LSF.
Natural velocity extension For LSMs that model the void phase as a weak material, the shape gradient dS R often involves quantities that are defined not only on the
boundary Γ but everywhere in the design domain D (e.g. −(u) : C : (u) for compliance). In this case, a velocity field based on the shape gradient dS R can be evaluated
everywhere in the design domain D. This is referred to as a natural velocity extension
[7, 9, 28, 66, 78, 85, 110, 155]. This type of velocity extension does not require solving
an additional PDE. When the LSF in the interior of the material domain is allowed to
move independently of the boundary (e.g. no signed-distance reinitialization), then the
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application of a natural velocity extension can lead to the nucleation of new holes in the
interior of the material domain [85].
Hilbertian velocity extension De Gournay [34] proposed a Hilbertian velocity extension. This extension regularizes the velocity and is based on a Hilbertian structure. It
allows treatment of problems that are not differentiable but whose directional derivatives
do exist. A semi-definite programming problem needs to be solved for the construction
of the velocity field. No new holes can be generated with this extension.
Helmholtz extension Yamasaki et al. [174] use a velocity extension based on the
Helmholtz equation following the approach of Lazarov and Sigmund [79]. This type of
procedure uses the velocity field on the boundary and smooths these values over the design
domain. The Helmholtz PDE can be easily solved using a finite element discretization.
Since this type of velocity extension relates the velocity to the shape sensitivity on the
boundary new holes cannot be generated.
Shape-sensitivities does not provide information on topological changes. However, using
a velocity field based on variational shape sensitivities for the update of the LSF can
lead to a reduction of topological complexity (e.g. merging and disappearing holes). In
this case, improvement of the design in terms of performance and/or feasibility is not
guaranteed. In fact, topological changes only occur accidentally due to the finite step
size of the level-set updating algorithm.
Using a natural velocity extension holes may appear inside the material domain,
depending on the update procedure (see Sec. 7.5.1) and the applied regularization (see
Sec. 7.6) [85]. However, the shape gradient is constructed for boundary changes and not
for hole nucleation inside the material domain. The creation of holes is accidental and
does not guarantee improving the design.
However, in practice these topological changes do often result in increased performance
and/or feasibility. Extended velocity fields are commonly used in LSMs in combination
with a density-based geometry mapping. For this type of approach naturally extended
velocity fields can be similar to the sensitivity fields used in density-based TO methods.
This subject is further discussed in Sec. 7.7.4. The level of similarity depends on the
discretization of the velocity field and the exact definition of the design parameterization.
The variational shape sensitivities used in LSMs are not necessarily numerically consistent with the mechanical model. These inconsistencies can have either positive or
negative effects on the optimization process. This subject is treated in more detail in
Sec. 7.7.1.

7.4.2

Parameter shape sensitivities

In the derivation of parameter (or parametrized) shape sensitivities, the LSF is first discretized and subsequently the shape sensitivities are related directly to the optimization
variables s [13, 68, 82, 83, 90, 145, 165].
Variations of an optimization variable δsi are directly related to a boundary variation
δΩ, see Fig. 7.11a. The boundary of the material domain Γ is characterized by the zerolevel contour
P of the LSF φ = 0. Substituting the most common parameterization of the
LSF φ = i Ni si and taking the variation of the contour, we obtain,
X
Ni δsi + ∇φ · δΩ = 0,
(7.26)
i
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where δΩ is the vectorial variation of the boundary. Using Eq. (7.1), the outward normal
to the boundary is given by,
−∇φ
.
(7.27)
n=
k∇φk
Due to the inner product in Eq. (7.26), we observe that variations of the optimization
variables δsi only lead to variations of the boundary in the normal direction δΩn n.
Substituting δΩn n for the boundary variation δΩ in Eq. (7.26) and using Eq. (7.27), we
can write the normal boundary variation δΩn in terms of variations of the optimization
variables δsi as,
X Ni δsi
δΩn =
.
(7.28)
k∇φk
i
Ho et al. [68], Liu and Korvink [82], Luo et al. [90], Van Dijk et al. [145] and Wei
et al. [165] use this relation to link the shape sensitivities of the form Eq. (7.24) to
the individual optimization variables of the parameterization of the LSF. Substituting
Eq. (7.28) in Eq. (7.24) we obtain the parametrized or discrete shape sensitivities ∂R/∂si
as,
Z
∂R
Ni
dS R
=
dS.
(7.29)
∂si
k∇φk
Γ
Depending on the geometry mapping, the evaluation of this boundary integral can be
difficult, because the boundary is not explicitly parametrized. For the special case of a
piecewise linear interpolation of the LSF and piecewise constant shape gradient, Van Dijk
et al. [145] evaluate this boundary integral analytically. The boundary integrals can also
be calculated using numerical quadrature [90]. Similarly, Makhija and Maute [95] and
Maute et al. [99] evaluate this boundary integral in an X-FEM-based approach using
numerical integration, where the boundaries of the integration sub-domains are aligned
with the zero-level contour of the LSF [95]. In this manner, parameter shape sensitivity
analysis can be implemented consistently with the discretized optimization problem and is
particularly well suited for use with mathematical programming methods (see Sec. 7.5.2).
Alternatively, Eq. (7.29) can be approximated by replacing the boundary integral
with a volume integral using an approximate Dirac delta function (see Eq. (7.10) in
Sec. 7.3.3) [13, 86, 88, 89]. Approximations of Eq. (7.29) reduce the accuracy of the
design sensitivities. This may lead to oscillations in the optimization process and a
decreased performance of mathematical programming methods (see Sec. 7.7.1).
Rather than evaluating a boundary integral of the form Eq. (7.29), a semi-analytical
approach was adopted in the works of [39, 148]. For a small number of optimization
variables even global finite differencing can be used to obtain the sensitivities of the
response functions with respect to the optimization variables [149].
The magnitude of the gradients of the response function in Eq. (7.29) heavily depends
on the norm of the spatial gradients of the LSF. For a flat LSF the sensitivities only
provide accurate predictions of the response functions for small variations of the LSF.
This can cause scaling problems and ill-conditioning of the optimization process that
may adversely affect the performance of mathematical programming schemes. To avoid
these problems additional requirements can be imposed on the LSF (see Sec. 7.7.1).

7.4.3

Material parameter sensitivities

For a density-based geometry mapping employing the simple direct mapping of the LSF
to an element density field using an approximate Heaviside formulation (Eq. (7.21)), the
sensitivity of a response function R with respect to an optimization variable si can be
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obtained by the chain rule [72, 77, 114],
X ∂R ∂ρe
∂R
=
,
∂si
∂ρe ∂si
e
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(7.30)

where the term ∂ρe /∂si involves the approximate Heaviside H̃(φ).
Here the concept of shape sensitivity is not necessary due to the direct mapping of the
LSF into a density distribution. The sensitivities ∂R/∂si are similar to the sensitivities
used in density-based TO methods using a Heaviside projection scheme [54, 150]. A
significant difference is that the sensitivities are only non-zero near the material interfaces.

7.4.4

Topological derivatives

Shape sensitivities only provide information to alter the boundary of the material domain. For the interior of the material domain, topological sensitivities can be employed,
providing information on changes of response functions due to the perforation of the
material domain by an infinitesimal hole [25, 41, 49, 122, 134], see Fig. 7.11b. The topological gradient dT R is defined as the change of a response function R due to the
insertion of a (void) sphere B as its radius goes to zero,
R(Ω \ B(r)) − R(Ω)
dT R = lim
,
(7.31)
r↓0
|B(r)|
if this limit exists [49, 134]. In this equation | · | is a measure of volume.
A topological derivative depends on the shape of the hole B, the boundary conditions
imposed on the boundary of the hole ΓB and the spatial dimensions [49, 134, 135].
Furthermore, different expressions have been obtained for the topological derivative of
the same response functions [25, 49, 134, 135] (see Sec. 7.7.4).
To include a mechanism to nucleate holes in the interior of the material domain, several researchers utilized topological gradient information in LSMs based on shape sensitivities [5, 23, 28, 47, 48, 102, 177]. The topological derivative was used to periodically insert
a new a hole in a separate step of the optimization process [5, 28, 47, 48, 102, 177]. Alternatively, Burger et al. [23] include an additional term in the HJ equation (see Sec. 7.5.1)
based on the topological derivative such that new holes can continuously nucleate in the
interior of the material domain. The rate of convergence of the optimization process
depends on these hole generation mechanisms [5]. More iterations are necessary because
whenever a new hole is formed, essentially a new optimization problem is generated.
It is also possible to use exclusively topological gradient information to drive the
LSF. Iso-contours of the topological gradient field, based on a material removal rate,
were used to define the material domain by Céa et al. [25], Garreau et al. [49] and Norato
et al. [104]. These approaches can be viewed as LSMs where the LSF is defined as the
topological derivative field itself. When the topological gradient field becomes stationary,
an optimum has been reached. Céa et al. [25] and Garreau et al. [49] formulate this
strategy as an irreversible approach where (material) elements are only removed . Norato
et al. [104] use a slightly different approach based on a density distribution allowing the
addition of material to some degree. Bi-directional LSMs based on topological derivatives
were devised by Amstutz and Andrä [12] and He et al. [66].
The expressions for topological derivatives can have strong similarities with shape
sensitivities [25] and density sensitivities [11]. More information on this subject can be
found in Sec. 7.7.4. Furthermore, it seems there is still a lack of clarity on the derivation
of topological derivatives. More research is necessary for clarification and discussion of
the relation between topological derivatives, shape sensitivities and density derivatives.
Topological derivatives are a form of continuum or variational derivatives and as such
may lead to inconsistencies in the optimization process [147]. More information on this
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subject can be found in Sec. 7.7.1.

7.4.5

Non-sensitivity information

Relatively few LSMs base an update of the LSF on non-sensitivity information. One of
the first LSM, proposed by Sethian and Wiegmann [126], was an evolutionary approach
involving a heuristic stress-based update criterion. In their approach a normal boundary
velocity was defined based on the Von Mises stress at the boundary (see Sec. 7.4.1). New
holes could be introduced in the interior of the structure using iso-contours of the stress
field.

7.5

Update procedure

In most LSMs design sensitivities are used to update the LSF. The associated update
procedure, including techniques such as move limits and constraint handling, strongly influences the efficiency and convergence rate of the optimization process and even the final
result. In some cases regularization techniques are integrated in the update procedure of
the LSF. We distinguish between two major classes of update strategies. The first class
treats the optimization process as a quasi-temporal process in which the boundaries of
the material domain are advanced based on a velocity field (Sec. 7.5.1). The second class
of methods are based on mathematical programming (Secs. 7.5.2–7.5.4). In this section
the different types of update procedures are discussed.

7.5.1

Hamilton-Jacobi equation

Traditionally, the evolution of the LSF in the optimization process is governed by the
Hamilton-Jacobi (HJ) equation. In level-set-based TO, this partial differential equation
describes the motion of the material interface due to a design velocity field v. In its
original form, the HJ equation is first-order and models convection only,
∂φ
+ ∇φ · v = 0,
(7.32)
∂τ
where τ denotes a pseudo time that represents the iterations in the optimization process.
At the optimum the velocity field vanishes and the LSF stagnates. As the normal to the
zero-level contour is related to the gradient of the LSF by Eq. (7.27) (depending on the
definition of the material domain Eq. (7.1)), the HJ equation Eq. (7.32) can be simplified
as follows [107],
∂φ
− vn k∇φk = 0,
(7.33)
∂τ
where vn = v · n denotes the normal velocity field. Subsequently, we focus on the HJ
equation in form of Eq. (7.33) as this formulation is predominantly used in the context
of TO. For a more mathematical discussion, we refer the reader to the survey by Burger
and Osher [24] and the text books by Osher and Fedkiw [107] and Sethian [123, 124].
While the goal of the HJ equation is to describe the evolution of the material interface,
i.e. the zero level set, the velocity field vn in Eq. (7.33) needs to be defined over the entire
design domain or at least in a band around the interfaces [24]. The velocity vn on the
boundary is typically derived from variational shape sensitivity analysis (see Sec. 7.4.1).
Approaches for expanding the velocity field into the domain are also summarized in
Sec. 7.4.1.
For a given velocity field, the numerical solution of Eq. (7.32) or (7.33) requires
some form of stabilization to avoid node-to-node oscillations and to limit the magnitude
of the spatial gradients of the LSF [123, 124]. In general, such stabilization schemes
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introduce numerical diffusion and smoothen the LSF. Furthermore, the LSF is typically
re-initialized to a signed-distance function (see Sec. 7.6.1) to avoid that the LSF becomes
too flat or too steep, both of which may lead to convergence issues [9]. Also, the original
formulation of the HJ equation can be augmented by explicitly adding diffusive and
reaction terms, see below.
From an optimization point of view, the time-discretized HJ equation Eq. (7.32) can be
interpreted as an unconstrained primal method, advancing the LSF values in the direction
n by updating the LSF values with local step size ∆φ = vn k∇φk∆τ . In particular,
when the LSF remains a signed-distance function throughout the optimization process
(k∇φk = 1), the relation to primal methods is clear: ∆φ = vn ∆τ [2, 172]. However,
adding diffusion and reaction terms and numerical stabilization techniques introduce a
form of intrinsic regularization, thus rendering the HJ equation an interesting alternative
to conventional optimization methods. Subsequently, we discuss various formulations of
the resulting convection-diffusion equations and numerical schemes for solving the HJ
equation.
Generalized HJ equation In addition to the convective term, diffusive and reaction
terms have been introduced in Eq. (7.33) to stabilize numerical solution, regularize the
LSF and nucleate new holes,
∂φ
− vn k∇φk − D(φ) − R(φ) = 0,
(7.34)
∂τ
where D represents a diffusive operator and R is a reaction term acting on the LSF
values. Note that when diffusion is included in the generalized HJ equation, Eq. (7.34)
becomes a fully nonlinear second-order differential equation and is, strictly speaking, no
longer a HJ equation [24, 107].
Diffusion Adding diffusion in general eases the numerical treatment of the HJ equation, smooths the LSF and reduces the dependency of the optimization results on the
discretization of the LSF. For a broader discussion of LSF regularization methods the
reader is referred to Sec. 7.6.1. If the diffusion term dominates over the convective term
in Eq. (7.34), stabilization methods are typically not needed when solving numerical the
generalized HJ equations.
Linear isotropic diffusion was proposed, for example, by Liu et al. [83] and Liu and
Korvink [82],
D = ciso ∇ · (∇φ) ,

(7.35)

where ciso is a scalar diffusion coefficient that controls the strength of the diffusion. This
approach is also referred to as Tikhonov regularization [143], see Sec. 7.6.1.
The concept of linear isotropic diffusion can be expanded onto linear anisotropic
diffusion, replacing the scalar diffusion coefficient with a diffusion tensor C. In the
context of level-set-based TO, Lim et al. [81], Otomori et al. [111] and Yamada et al. [171]
introduce such an energy term into a diffusion-reaction evolution equation to regularize
the level-set function. Introducing anisotropic diffusion leads to different length-scales in
different spatial directions [171].
Alternatively to linear diffusion, diffusion in streamline direction can be added to
control the mean curvature of the LSF, e.g. [9, 31, 84, 116, 153, 155, 164],


∇φ
D = csld ∇ ·
,
(7.36)
k∇φk
where csld is yet another diffusion coefficient. As the gradient of the LSF ∇φ is related
to the normal n by Eq. (7.27), this can be written as D = −∇ · n and is also referred to
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as mean curvature flow (see Sec. 7.6.1) [24, 107]. Isotropic and streamline diffusion can
be combined [40].
Reaction The reaction term in the generalized HJ equation can be used to introduce
source and sink terms within the solid domain to nucleate new holes. Burger et al.
[23], Challis [27], Challis and Guest [28] and He et al. [66] included reaction terms derived
from the topological derivative (see Sec. 7.4.4).
Departing from the original concept of the HJ equations, Lim et al. [81], Otomori et al.
[111] and Yamada et al. [171] omitted the convective term and only use a reaction term
to drive the evolution of the LSF. As the reaction term exists on the entire design domain
and the concept of shape derivatives is not used, this approach is no longer considered
an LSM in the traditional sense (see also Sec. 7.7.4).
Solution Methods To update the LSF, either the original HJ equation Eq. (7.33)
or generalized form Eq. (7.34) needs to be discretized in space and pseudo time and
the resulting discrete system must be solved numerically. The numerical treatment of
the HJ equation is non-trivial due to stability issues. In the case that the convective
term is dominant, node-to-node oscillations may occur. This phenomenon is well known
from convective problems, for example in computational fluid dynamics, and affects all
discretization methods, such as finite difference, finite volumes, and finite elements [20,
67]. These spurious node-to-node oscillations can be suppressed by introducing numerical
dissipation in streamline direction using upwinding. Advancing the LSF in pseudo time
with explicit schemes, stability conditions limiting the maximum step size in dependency
of the mesh size need to be obeyed in addition [107].
Depending on the discretization method, upwinding can be realized in various forms
(e.g. [92–94]. Many authors have used efficient finite-difference upwinding schemes for
structured grids [7, 9, 28, 66, 110, 155, 157]. More general upwinding schemes need to
be applied for unstructured grids, typically used for arbitrarily shaped design domains
[26]. Alternatively, Xing et al. [169] used a streamline diffusion finite element method
(SDFEM) to solve the HJ equation on structured and unstructured meshes.
The semi-discrete form of the HJ equation can be advanced in pseudo time using explicit (e.g. [9, 155]), semi-implicit (e.g. [84, 101]) or fully implicit time marching schemes
(but leading to large numerical costs). Due to their algorithmic simplicity, explicit methods, such as an Euler forward scheme, are frequently used [7, 9, 28, 66, 110, 155, 157]. In
this case, however, the maximum time step ∆τ is limited by the Courant-Friedrichs-Lewy
(CFL) condition [107]. For an LSF discretized on a structured grid the CFL conditions
require that the time step satisfies,
∆τ max(vn ) ≤ h,

(7.37)

where h is the grid spacing. As the accuracy of explicit methods is generally poor one
should make sure that ∆τ max(vn )  h. In this case, multiple time steps are necessary
to achieve reasonable shape changes.
To relax the CFL condition but avoid the numerical complexity and computational
costs of an implicit scheme, the HJ equation can be advanced in time by semi-implicit
methods using an operator splitting approach. Operator splitting can be applied to either
the different terms of the HJ equation Eq. (7.34), solving a sequence of convection and
diffusion-reaction equations, or to the individual spatial dimensions, solving multiple
one-dimensional problems [98, 175]. The latter approach was adopted by Luo et al.
[84], Mohamadian and Shojaee [101] and Wei and Wang [164] using an Additive Operator
Splitting (AOS) scheme to solve a diffusion dominated generalized HJ equation.
Using a semi-Lagrangrian approach [137], Allaire et al. [4] solve a linear advection
equation Eq. (7.32) by the method of characteristics [115].
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Constraints and velocity fields The main purpose of the velocity field in the HJ
equation is to advect the zero-level iso-contour of the LSF toward the optimum geometry
while maintaining a regular LSF in the entire design domain. In the absence of design
constraints, the extended design sensitivity fields can be used directly to construct the
HJ velocity field. In the presence of design constraints, the constrained optimization
problem needs to be transformed into an unconstrained one, via penalty or augmented
Lagrange multiplier formulations. This may significantly hamper the convergence of the
optimization process, in particular in the presence of a large number of constraints.
Often penalty formulations are used to reformulate the constrained optimization problem into an unconstrained one [9, 12, 30, 155]. The associated penalty factors are often
referred to as fixed Lagrange multipliers [9, 155]. This approach does not enforce constraints exactly and results depend on the chosen penalty factors.
In an augmented Lagrangian formulation, the Lagrange multipliers are adapted iteratively based on the constraint value [13, 27, 39, 90] or using a constraint projection
method [2, 28, 83, 110, 145, 152, 178]. Furthermore, constraint violation can be dealt with
using a separate return mapping [110, 116] or by augmenting the Lagrange multipliers
with a penalty term, meeting the constraints exactly [145, 177, 185].
Regularization In the case of the original HJ equation Eq. (7.33) only the numerical diffusion due to the stabilization techniques smooths the LSF. Introducing additional diffusive terms allows an additional control over the smoothness of the LSF
(see Sec. 7.6.1). However, the appropriate strength of the diffusive terms relative to the
convection is problem dependent. While increasing diffusion tends to generate smooth
geometries and suppresses sharp corners, in particular isotropic diffusion may lead to
overly flat LSFs and may require frequent reinitialization. Therefore, the diffusion coefficients in Eqs. (7.35) and (7.36) need to be chosen carefully (see also Sec. 7.6.1). If
diffusion is added mainly to stabilize equations, the diffusion coefficients are derived
from numerical stability criteria. In addition, as the influence of diffusive terms on update scheme increases, the influence of the sensitivity information on the velocity field is
reduced, affecting the convergence of the optimization process (see also Sec. 7.7.1).
Discussion of HJ update strategies Updating the LSF via the original or generalized HJ equation provides an interesting approach to integrate regularization methods
and hole nucleation into the optimization scheme. However, the overall approach is
rather complex and requires tuning a large number of algorithmic steps for particular
optimization problems.

7.5.2

Mathematical programming

A broad range of mathematical programming methods have been applied to densitybased TO, such as Sequential Quadratic Programming (SQP), the Method of Moving
Asymptotes (MMA [21, 140]), CONvex LINearization approximations (CONLIN [43])
and Quadratic Approximations ([52]). Recently, the use of mathematical programming
has gained popularity in the level-set-based TO field as well [90, 99, 111, 145, 158].
The most basic gradient-based mathematical programming approach is the (constrained)
steepest descent method (SDM). This type of approach has been used in the work of
Van Dijk et al. [145].
However, more sophisticated approaches should be preferred. Haber [61] employ
SQP and Van Miegroet and Duysinx [148] use CONLIN to significantly improve the
convergence rate. The vast majority of authors using mathematical programming to solve
level-set-based TO problems employ MMA [45, 77, 86, 88, 89, 99, 103, 114, 149]. Most
LSMs combine MMA with an RBF-based parameterization of the LSF, e.g. [77, 89, 103].
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However, MMA can also be applied to a FEM-based parameterization [99] and geometric
shapes [149].
Mathematical programming requires sensitivities of the objective and constraints with
respect to the optimization variables s (see Sec. 7.4.2). Similar to density-based TO,
numerically consistent sensitivities, i.e. the exact derivatives of the numerically obtained
objective and constraints with respect to the optimization variables, are in general most
effective (see Sec. 7.7.1). For instance, Pingen et al. [114] and Van Miegroet et al. [149]
use MMA in combination with parameter sensitivities. However, numerically inconsistent
sensitivity as a result of regularization (see Sec. 7.6.3) or approximations can also lead
to good results (see Sec. 7.7.1). For instance, Luo et al. [89] use approximated sensitivity
information in combination with MMA to solve compliant mechanism design problems.
Sophisticated step size selection, constraint handling and move limit strategies are
included in advanced mathematical programming methods. Their implementations have
been optimized for speed and efficiency and can be used to solve optimization problems
efficiently. In particular, MMA is efficient in suppressing oscillations in the optimization
process using an adaptive move limit strategy.

7.5.3

Optimality Criteria method

The Optimality Criteria (OC) method is a fixed-point approach to continuum design
problems, where the optimality conditions of a (single-constraint) optimization problem
are used to update the optimization variables [17]. This method has been used extensively
in density-based TO [15, 17, 119, 120, 180]. It can also be used in a level-set-based
approach [13, 25, 49, 90, 104].
For a single volume-constrained optimization problem the optimality conditions can
be written as,
δf + λδg = 0,

(7.38)

where λ ≥ 0 is the Lagrange multiplier associated with the volume constraint and δf
and δg are variations of the objective and the volume constraint, respectively. Using
Eq. (7.38) an update rule can be devised to improve the objective while satisfying the
volume constraint exactly. The Lagrange multiplier λ is (iteratively) chosen such that
the new design exactly satisfies the volume constraint. Furthermore, the update rule can
involve a move limit and numerical damping to improve the convergence behavior [17]
and can be related to sequential approximate optimization with quadratic intervening
variables [51].
Belytschko et al. [13] use the discrete derivatives of the response functions to the
level-set nodal values ∂f /∂s and ∂g/∂s via an approximate Heaviside formulation in an
OC approach with numerical damping. They use bisection to find an appropriate value
for the Lagrange multiplier λ associated with the volume constraint. Luo et al. [90] use
a similar approach where the LSF is discretized by RBFs.
Céa et al. [25] and Garreau et al. [49] use the topological gradient field as the LSF
in an evolutionary method based on optimality conditions. Based on a material-removal
rate, the volume is decreased in every iteration of the optimization process until a desired
volume. The iso-contour of the topological derivative field corresponding to a required
volume is used for the definition of the material domain. Similarly, Céa et al. [25], Garreau
et al. [49] and Norato et al. [104] use the topological gradient field in an approach where
the material domain can also expand.
The OC method is an efficient way to update the optimization variables. The algorithm is constructed making use of the regularity/monotonicity of the objective and
constraint, thus mostly avoiding oscillations of the optimization variables. Therefore,
this approach may not work as well for objectives other than the compliance.
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Global search and gradient-free methods

De Ruiter and Van Keulen [39] explored a Genetic Algorithm (GA) to find optimal
solutions in terms of the coefficients of RBFs. Global search algorithms such as GA can
be applicable when there are relatively few optimization variables [131]. In this case they
can be used to search for a global solution avoiding local minima. However, most levelset-based TO methods involve a large number of optimization variables which makes
global search algorithms too computationally expensive.
Gomes and Suleman [50] apply a derivative-free trust-region method to a level-setbased TO method using a spectral approximation of the LSF. While this approach converges to (local) minima, it also is computationally expensive, especially when a large
number of optimization variables is involved.

7.6

Regularization

Regularization is often added to LSMs to obtain a well-posed optimization problem,
remove numerical artifacts from the final results, improve the convergence behavior and
avoid convergence to local minima with poor performance. Furthermore, regularization
techniques are often employed to control geometrical properties of the resulting designs
(e.g. boundary smoothness, feature size and topological complexity). Below we describe
the goals of typical regularization techniques. Note most of these techniques result in
multiple regularization effects and, therefore, serve multiple goals.
Establishing uniqueness of the LSF In an LSM, the shape and topology of a design
only depends on the zero-level contour of the LSF. Therefore, the LSF in the interior
of the material domain and the gradient of the LSF on the boundary of the optimal
design are not uniquely defined [61]. This issue is particularly important because the
gradient of the LSF along the zero-level contour has a large influence on the convergence
rate of the optimization process (see Sec. 7.7.1). Non-uniqueness of the LSF can result
in convergence problems for the optimization process [9]. Several techniques exist to
regularize the LSF to establish uniqueness.
Well-posedness of the optimization problem The theoretical optimal design of
an optimization problem can have infinitely small geometrical features. In practice, this
is restricted by the discretization, i.e. smaller details emerge as the discretization is
refined, leading to strongly mesh-dependent solutions to the optimization problem [17].
Well-posedness can be obtained by restricting the amount of geometrical detail using
regularization and choosing an appropriate design parameterization.
Suppressing numerical artifacts and local minima Another reason to employ regularization are numerical artifacts due to insufficiencies in the finite element discretization, e.g. over-predicting local stiffness in particular layouts. In principle, density-based
LSMs can lead to the same artifacts as are encountered in density-based TO methods.
Gray areas can be represented by many small islands of material or the use of an approximate Heaviside, and also one-node connections of the material domain are possible
[145]. A wide variety of regularization techniques is available to eliminate or reduce the
appearance of numerical artifacts in the final results of a level-set-based TO.
Geometry control The final results of level-set-based TO methods may be unpractical
from an engineering point of view. Often a designer wants to control certain geometrical
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properties, such as the smoothness of boundaries, the topological complexity and the
length-scale using regularization [31, 171].
As outlined in Fig. 7.2 of the introduction, we distinguish between different types of
regularization techniques, depending on where in the optimization procedure they are applied: LSF regularization (Sec. 7.6.1), regularization of the geometry mapping (Sec. 7.6.2)
and sensitivity regularization (Sec. 7.6.3). Also the choice of design parameterization can
have the effect of regularization (Sec. 7.6.4).

7.6.1

LSF regularization

The most common types of regularization in LSMs operate directly on the LSF. Many
different LSF regularization types have been proposed.

Signed-distance function regularization The convergence rate of an LSM can deteriorate when the spatial gradient of the LSF becomes non-uniform along the zero-level
contour [9, 107, 123]. To avoid this problem and establish uniqueness of the LSF for a
given design, many LSMs maintain the LSF as a signed-distance function (k∇φk = 1
everywhere) [9, 28, 31, 153, 155, 172, 177, 181, 187].
To reinitialize an LSF while approximately preserving the zero-level contour, the
following PDE can be solved [107, 123],
∂φ
+ sign(φ0 )(∇φ − 1) = 0
(7.39)
∂τ
φ0 (X) = φ(X, τ = 0).
(7.40)
To stabilize the numerical solution of this convective equation, upwinding schemes
are most often used [9, 28, 31, 153, 155]. Alternatively, Xing et al. [169] solve the
reinitialization equation using a FEM-based approach adding diffusion to stabilize the
numerical results. The signed-distance function to the zero-level contour of the LSF can
also be explicitly recalculated [2, 172].
A signed-distance reinitialization procedure usually slightly moves (i.e. smooths) the
zero-level contour of the LSF [64, 107]. This typically causes inconsistencies in the
optimization process (see Sec. 7.7.1). It is not possible, in general, to retain the exact
location of the discretized contour for curved boundaries and have k∇φk = 1 everywhere.
Hartmann et al. [64] propose constrained reinitialization procedures solving the leastsquares solution to the signed-distance function while keeping the location of the zerolevel contour of the LSF constant.
When the LSF is maintained as a signed-distance function, holes in the interior of
the material domain cannot emerge. To allow the nucleation of holes using topological
gradient information, Challis and Guest [28] and Challis [27] only periodically reinitialize
the LSF. Alternatively, holes can also be inserted in a separate step of the optimization
process (see Sec. 7.4.4) [5, 47, 48].

Perimeter regularization Perimeter regularization was introduced for density-based
methods by Haber et al. [63], Petersson [113] to obtain a well-posed optimization problem and convergent solutions with respect to mesh refinement. In level-set-based TO,
many approaches also use perimeter regularization for well-posedness of the optimization
problem, avoiding numerical artifacts and smoothing of the LSF. Moreover, it also serves
as stabilization of the convective HJ equation (see Sec. 7.5.1). Perimeter regularization
is closely related to mean curvature flow of the LSF [9].
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The perimeter of the material domain Ω is defined as,
Z
P (Ω) =
dS.

(7.41)

Γ

To have control over the perimeter, it is possible to add a perimeter constraint to the
optimization problem [99]. However, a perimeter constraint puts heavy restrictions on
potential designs, can cause the optimization to lead to sub-optimal local minima and is
usually not of real interest as a design requirement. Therefore, it is usually incorporated
in the optimization problem using a penalty formulation. The selection of an appropriate
penalty factor is problem dependent.
Maute et al. [99] use a perimeter constraint that can be evaluated on the aligned
sub-domains of an X-FEM approach. Similarly, Van Dijk et al. [145] compute the exact
perimeter and its discrete derivative with respect to the nodal values of the LSF using
a parameterization of the zero-level contour of the LSF. The perimeter is approximated
by Yamasaki et al. [173] using an integral of the form of Eq. (7.10) in combination with
an approximate Dirac function δ̃(φ) and deriving the corresponding sensitivities. All of
these regularization techniques control the actual perimeter and only smooth the zerolevel contour of the LSF, not leading to a flat LSF.
Instead of computing (an approximation of) the perimeter and deriving its sensitivities, perimeter penalization can be included when solving the HJ equation (see Sec. 7.5.1)
using a naturally extended velocity field (see Sec. 7.4.1) [9, 154]. The shape derivative
of the perimeter P (Ω) is given by the following expression [9],
Z
∇ · n δΩn dS,
(7.42)
δP =
Γ

where ∇ · n is the mean curvature of the boundary. The naturally extended velocity field
based on (the negative of) Eq. (7.42), i.e. the mean curvature, can be written in terms
of the LSF (see Eq. (7.27)) as,


∇φ
vn = ∇ ·
.
(7.43)
k∇φk
Mean curvature flow is used by [9, 31, 84, 101, 128, 153, 153, 177, 184]. Often mean
curvature flow is included for easier numerical treatment of the HJ equation (see also
Sec. 7.5.1) and smoothing of the LSF [84, 154]. It is a form of nonlinear and anisotropic
diffusion, promoting a minimal perimeter. Therefore, it also smooths the zero-level contour, but does not (necessarily) lead to a flat LSF. Perimeter penalization in this form
does not only affect the perimeter but smooths the entire LSF.
Tikhonov regularization As an alternative to perimeter regularization, Tikhonov
regularization ([22, 143]), i.e. penalization of the gradient of the LSF k∇φk, is often
introduced in the optimization process for the same reasons as stated above [154, 171].
In its most general form, an energy associated with the gradient of the LSF can be defined
as,
Z
1
Πdiff ∼
∇φT C∇φ dV,
(7.44)
2
D

where C is a positive definite (diffusion) tensor.
Energy terms such as Eq. (7.44) are frequently introduced for a broad range of optimization and inverse problems via a penalty term in the formulation of the objective
function for regularization purposes. Also in phase-field methods it is used, where it
corresponds to the interface energy [171] and similar approaches are common in fluid
mechanics [61].
Using integration by parts and assuming Neumann boundary conditions for the LSF
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on the boundary of the design domain (∂φ/∂n = 0), the derivative of Eq. (7.44) with
respect to the LSF results in a diffusive term,
Z
δΠdiff =
−∇ · (C∇φ) δφ dV.
(7.45)
D

In particular, when C is replaced with a scalar diffusion coefficient ciso , the shape gradient
of Eq. (7.44) becomes isotropic diffusion −ciso ∇2 φ [57].
This type of approach has been employed by Burger [22], Haber [61], Lim et al.
[81], Liu and Korvink [82], Liu et al. [83], Otomori et al. [111] and Yamada et al. [171].
Also, Park and Youn [112] use diffusion to smooth the LSF in a separate step of the
optimization process.
Liu et al. [83] and Liu and Korvink [82] introduce diffusion explicitly in their FEMLAB
implementation of the LSM to introduce artificial dissipation for stabilization of the HJ
equation. Isotropic diffusion smooths the LSF, but can also lead to a flat LSF, which in
turn affects the convergence behavior of the optimization process (see Sec. 7.7.1).
Penalization of intermediate LSF values Similar to penalization of intermediate
densities in density-based TO methods, distinct values of the LSF (e.g. φ = −c or φ = c)
can be promoted in level-set-based TO methods using penalization [87, 101, 164]. This
type of approach is commonly used in LSMs derived from image segmentation techniques
and phase-field methods [24] and is useful to avoid flatness of the LSF near the zero-level
contour. Also the COMSOL implementation of moving interfaces combines penalization
of intermediate LSF values with different kinds of diffusion [1].
Luo et al. [87], Mohamadian and Shojaee [101] and Wei and Wang [164] propose an
additional constraint or penalty to the optimization process to maintain a piecewise-constant (or binary) LSF. This piecewise-constant LSF constraint or penalty also reduces
the size of the region where the LSF has intermediate values usually associated with
intermediate phases/density.
Penalization of intermediate LSF values promotes a large gradient of the LSF near the
zero-level contour. To mitigate this effect, it is often used in conjunction with diffusion;
both techniques together determine the slope of the LSF near the zero-level contour/size
of the region with intermediate density [24]. However, the strength of the penalization of
intermediate LSF values and diffusion needed is problem-dependent and can be difficult
to determine.

7.6.2

Regularization of the geometry mapping

For density-based LSMs, the relation between the LSF and the material domain can
also be adapted to regularize the optimization problem. The boundary of the material
domain can be blurred to eliminate numerical artifacts, obtain a well-posed optimization
problem and obtain a smooth structural displacement field. Furthermore, large regions
with intermediate densities can be discouraged. This can also improve the convergence
behavior of the optimization process.
Blurring the boundary The boundaries of the material domain in density-based
LSMs involve intermediate densities, even when an exact Heaviside formulation is employed (see Sec. 7.3.3). The use of an approximate Heaviside function increases the size
of the region over which the boundaries is blurred depending on its bandwidth. The
blurred boundary description spatially smooths the structural response and, thus, also
the sensitivities [90]. This can significantly improve the convergence of the optimization
process, at the cost of the crispness of the level-set-based design description.
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Luo et al. [90] and Van Dijk et al. [145] obtain the same effect using a density filter
in their density-based LSMs. Using a blurred boundary, hinge connections and checkerboard patterns are avoided in the density-based description of the material domain.
Norato et al. [103] use a filtering technique in the geometry mapping to avoid issues
with non-differentiability of the volume fraction for certain configurations of the design
parameterization.
Density penalization Similar to density-based TO methods, penalization of intermediate densities can be employed in density-based LSMs to avoid large regions with
intermediate densities [56, 72, 145]. However, in most LSMs large areas of intermediate
density are eliminated by other types of regularization (e.g. signed distance reinitialization) rather than using density penalization. When densities are used as intermediate
variables in a TO, in principle all regularization techniques proposed for density-based
TO methods can be adopted in a level-set-based TO method.

7.6.3

Sensitivity regularization

In density-based TO methods, sensitivity filtering was proposed by Sigmund [129] to
avoid mesh-dependent solutions. Similarly, sensitivity information can be altered in levelset-based TO methods to obtain smooth designs and reduce the likelihood to converge
prematurely to local minima. Velocity extensions, extra- and interpolation of velocity
fields can have a smoothing effect. Explicit filtering techniques, including spatial filters
and point-wise mappings/scaling of sensitivities, can be employed to further smooth the
sensitivity field.
Velocity extension The application of velocity extensions, such as the Helmholtz
[174] and the Hilbertian [34] extension, has a regularizing effect on the velocity. Velocity
extensions can conserve consistency of the sensitivity field when the design velocity on
the boundary of the material domain is preserved with respect to the particular scalar
product (needed for calculation of Lagrange multipliers of constraints) that is used in
the optimization process.
Sensitivity extrapolation Allaire et al. [9] employ an approach evaluating the expression for the velocity at the center of finite elements and extrapolating it to the nodes
of finite elements (personal communication). Also Amstutz and Andrä [12] and Ha and
Cho [59] use extrapolation of the sensitivity values. In the work of Abe et al. [2], Ha and
Cho [59] and Ha and Cho [60] a conforming mesh is used for the structural analysis. The
sensitivity information calculated on this mesh is redistributed to the fixed regular grid
of the LSF.
Sensitivity smoothing Explicit smoothing procedures of the design velocity are often
employed in level-set-based TO methods that are based on variational shape-sensitivity
analysis [27, 28, 153, 158, 159, 174]. For instance, Challis and Guest [28] and Challis [27]
use a spatial filtering technique to smooth the sensitivity fields before the design update.
Sensitivity scaling and clipping Alternatively, one can use a local, point wise
mapping/scaling of the velocity, also called nonlinear velocity mapping, e.g. vn (X) =
arctan(vn (X)), to soften peak sensitivities and enhance the regularity of the sensitivity
field [116, 162, 177]. For example, Rong and Liang [116] and Yulin and Xiaoming [177]
use a nonlinear velocity mapping and maintain the orthogonality of the steepest-descent
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direction with the gradient of active constraints. Liu et al. [83] cut off peak values of the
sensitivity of a compliance response function to improve the convergence behavior.
Regularized sensitivity fields can improve the convergence behavior of the optimization
process, help avoiding numerical artifacts and local minima and lead to smooth boundaries. However, altering of sensitivities often leads to numerically inconsistent sensitivities which may affect the convergence, in particular close to an optimum (see Sec. 7.7.1).
When altering the sensitivities, one needs to ensure that the update procedure indeed
improves the design.

7.6.4

LSF parameterization

The resolution of the LSF parameterization has a direct effect on the design resolution
and feature size [44, 89, 104]. The LSF parameterization can also be chosen such that
small features, checkerboard patterns and/or areas of intermediate densities cannot be
described to a certain degree [145].
A parameterization may be chosen such that large variations of the gradient of the LSF
on the boundary are less likely, improving the convergence behavior of the optimization
process (see Sec. 7.7.1). For example, this is accomplished by Kreissl et al. [77] and
Pingen et al. [114] using an approximate maximum formulation for the parameterization
of the LSF (see Sec. 7.2.4).
To avoid non-smooth boundaries and limit the amount of spatial variations of the
LSF it is also possible to apply filtering schemes. Abe et al. [2] and Maute et al. [99]
use a filtering scheme to smooth the LSF. Kawamoto et al. [72] use a filtering technique
based on the Helmholtz equation to smoothen the LSF (for density-based TO the same
filtering technique can be used [79]). To avoid inconsistencies in the optimization process,
the filtering scheme should be taken into account in the derivation of the sensitivity
information.
It is in general a good idea to choose a parameterization of the LSF independent of
the discretization of the structural model and such that the optimization problem can be
solved most efficiently. Also designs can be come overly smooth when the design freedom
is restricted too much, as Luo et al. [89] have shown in a study comparing different
support sizes of RBFs.

7.7

Discussion

The application of the LSM for TO has the advantage of a clear and crisp definition of
the material domain. Furthermore, regularization techniques that are used in LSMs can
lead to mesh-independent results with smooth boundaries. Most forms of LSMs can be
interpreted as shape optimization methods with the potential to change the topological
complexity. This offers the designer control over the topological complexity of the final
designs by choosing an appropriate initial design.
One of the main challenges is the convergence rate of the level-set-based optimization process which depends on many factors. As discussed below, for good convergence
behavior and satisfactory results, it is important to control the slope and smoothness of
the LSF both near the boundary and in the rest of the design domain.
Next, we elaborate on the main aspects that influence the convergence rate of an LSM
(Sec. 7.7.1), different means to control the LSF (Sec. 7.7.2) and resulting designs and
the nucleation of holes in an LSM (Sec. 7.7.3). Furthermore, we discuss the similarities
between, in particular, density-based LSMs and other types of TO (Sec. 7.7.4).
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Figure 7.12: A boundary variation due to a variation of the LSF depends on the spatial
gradient of the LSF on the interface.

7.7.1

Convergence rate of an LSM

The convergence rate of an LSM depends on the choices for its different components
discussed earlier: the LSF parameterization, the geometry mapping, the formulation
of the optimization problem, the update information, the update procedure and the
regularization. Key issues for the convergence rate are the convexity and the nonlinearity
of the optimization problem and the choice of sensitivities and regularization.
Convexity and nonlinearity The convexity of the optimization problem is a measure
for how difficult it is to solve, related to the occurrence of local minima and is determined
by the optimization problem at hand (i.e. the objective and constraints). This is often a
given property. For instance, compliance minimization problems are usually easy to solve
(due to the monotonicity of the corresponding objective and constraints) and compliant
mechanism design problems more difficult. Also the design parameterization (i.e. the
optimization variables) has an influence on the convexity of the optimization problem.
If possible, it should be chosen to preserve or increase the convexity.
Closely related to the convexity, also the degree of nonlinearity of the optimization
problem can complicate finding the solution of a particular optimization problem. Not
only the LSF parameterization, but also the geometry mapping and the discretization
of the structural model influence the degree of nonlinearity of the optimization problem.
For example, the density sensitivities of the compliance have a uniform sign, whereas this
is no longer the case for the same problem in an LSM using parameter shape sensitivities,
indicating a higher degree of nonlinearity.
There is a nonlinear relation between variations of the LSF and geometrical changes
that depends on the spatial gradient of the LSF on the interface [114, 145]. Therefore, the
gradient of the LSF on the material interface is an important source of the nonlinearity
of level-set-based TO problems. For a given variation of the LSF, a steep LSF results in
little boundary displacement whereas a flat LSF leads to a large boundary displacement,
see Fig. 7.12.
This dependency is reflected in parametrized shape sensitivities (see Eq. (7.29)) and
can lead to convergence problems in the optimization process due to two effects [114, 145].
Firstly, for a flat LSF the sensitivity information only provides accurate predictions of
changes of the response functions for very small variations of the LSF and, therefore,
the problem becomes highly nonlinear. Secondly, strong variations of the slope of the
LSF along the zero-level contour cause ill-conditioning of the optimization process. For
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Figure 7.13: Consistency of sensitivities.
HJ-based LSMs, the magnitude of the spatial gradient of the LSF affects the explicit
time integration schemes where the local step size is determined as ∆φ = vn k∇φk∆τ
(see Sec. 7.5.1). Therefore, the slope of the LSF also influences the step size limited by
the CFL criterion [9]. For these reasons, it is preferred to have a uniform gradient of
the LSF on the interface, e.g. k∇φk ≈ 1. Measures to control the slope of the LSF are
discussed in Sec. 7.7.2.
A high degree of nonlinearity and non-convexity can lead the optimization process
to be prone to local minima. A thorough investigation of local minima arising in standard level-set-based optimization problems (even for compliance minimization) is not yet
available. In LSMs without hole nucleation mechanisms the results are highly dependent
on the initial configuration; a clear sign of nonconvexity. Seeding an initial design with a
large number of holes or inclusions may lead to numerical issues and does not necessarily mitigate the dependency of the final result on the initial guess. LSMs allowing hole
nucleation as well as conventional density-based methods suffer less from this problem.
Introducing a proper parameterization of the LSF and filtering schemes for the LSF
(see Sec. 7.6.4) can improve the convergence rate of a level-set-based TO by altering the
design space, and therefore, the convexity and nonlinearity. Filtering increases the radius
of influence of individual optimization variables. However, care has to be taken to ensure
that designs do not become overly smooth and/or lose essential topological detail.
Sensitivities and regularization The convergence rate of the optimization process
also depends heavily on the sensitivities and regularization techniques that are used. An
important aspect is the consistency of the optimization process.
Numerically consistent sensitivities can be obtained by differentiation of the discretized responses with respect to the optimization variables [147], see Fig. 7.13. Alternatively,
variational or continuum sensitivities are obtained by differentiation the continuum version of the structural model. When response functions and their variational sensitivities
are discretized independently, there can be a discrepancy between the discretized variational sensitivities and the exact derivatives of the discretized system, i.e. inconsistencies
[147]. The consistency of sensitivities can be validated using rigorous finite difference
testing.
Sources of inconsistencies can be (a) variational sensitivities (shape sensitivities or
topological derivatives), (b) approximations involved in the evaluation of the sensitivity
information, (c) interpolation/extrapolation of sensitivity fields and (d) regularization
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techniques. For instance, adding diffusion, signed-distance reinitialization (see Sec. 7.6.1)
and sensitivity smoothing (see Sec. 7.6.3) introduce inconsistencies when these are not
accounted for in the sensitivity analysis.
Numerically consistent sensitivities accurately predict the local behavior of the applied numerical model, yet they do not necessarily lead to the best search direction.
This depends on the problem at hand and on whether the goal of the optimization is to
find the solution to the discretized problem or the underlying continuum problem [132].
Consistency is essential when one is interested in finding a Karush-Kuhn-Tucker (KKT)
point of the discretized optimization problem. It is also important for studying and
understanding the fundamental difficulties of solving a particular optimization problem.
It can be crucial for the treatment of multiple constraints to accurately describe the
constraint surface and avoid oscillations in the optimization process. Moreover, it is preferred to start from a consistent framework when adding inconsistencies for regularization
purposes [145].
On the other hand, numerical artifacts and convergence to local minima with poor
performance can be avoided by the usage of inconsistent sensitivity information [129].
Solutions to level-set-based TO problems are dependent on the initial design and can
be stuck in local minima [145]. Guided by inconsistent sensitivity information, the optimization process can sometimes escape from local minima. Also, a measure of mesh
independency can be obtained using sensitivity smoothing (see Sec. 7.6.3) and diffusion
of the LSF (see Sec. 7.6.1).

7.7.2

Control of the LSF

In an LSM, control of the LSF is important for the convergence behavior of the optimization process and the shape of the final designs. The most important aspects are
controlling the slope and the smoothness of the LSF.
Controlling the slope The slope of the level-set function k∇φk on the interface is
not only important for the convergence rate of the optimization process (see Sec. 7.7.1),
but, in case of density-based LSMs, also for the crispness of the material interface. For
density-based LSMs using an approximate Heaviside function, even elements that are
not intersected by the material interface may have intermediate densities (e.g. [155], see
Sec. 7.3.3). For these methods a flat LSF near the zero-level contour leads to areas of
intermediate density. For a constant width of the blurred interface, a uniform gradient
of the LSF is required along the boundary of the design.
To control the slope of the LSF, different regularization techniques are popular in
level-set-based TO methods (see Sec. 7.6.1). A reinitialization procedure is often used
to maintain the LSF as a signed-distance function, ensuring k∇φk = 1 (e.g. [9, 155]).
Introducing diffusion into the LSF (e.g. [82]) reduces the magnitude of the gradient of the
LSF and penalization of intermediate LSF values (e.g. [101]) can avoid the occurrence of
areas with a flat LSF near the zero-level contour.
The LSF parameterization can be chosen such that excessive differences of the gradient
of the LSF along the interface are avoided. The usage of parametrized geometric shapes
has the potential to produce spatial gradients of the LSF of equal magnitude (e.g. [114],
see Sec. 7.2.4). Also introducing bounds for the LSF can limit the non-uniformity of the
gradient of the LSF.
Control of the smoothness The smoothness of the LSF and, in particular, of its zerolevel contour determines the level of geometrical detail and smoothness of the boundaries
of the designs. Controlling the smoothness can also prevent numerical artifacts, reduce
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mesh dependency of solutions (see Sec. 7.6) and/or stabilize numerical calculations (see
Sec. 7.5.1).
The smoothness of the LSF can be enhanced using different kinds of diffusion (e.g.
[9, 154], see Sec. 7.6.1). The appropriate strength of smoothing the LSF is problem
dependent. Introducing too much smoothing can cause overly smooth designs and the
loss of important details of a design.
The exact influence that regularization has on the resulting designs is not known
a priori. Therefore, the designer does not have full control over the effect that regularization has on the geometry of the final designs. Moreover, when the regularization
and the design objective/requirements are mixed together (e.g. using perimeter penalization/constraints), it can become unclear what optimization problem is solved.

7.7.3

Hole nucleation

The ability for LSMs to nucleate holes in the interior of the material domain can be
accomplished using topological derivatives and, to a lesser degree, using a natural velocity
extension or an approximate-Heaviside-based density formulation.
Topological derivative Topological derivatives can be used to insert holes in a separate step of the optimization process (e.g. [5, 177], see Sec. 7.4.4). In this manner,
the addition of topological complexity is the result of sensitivity information. However,
whenever a new hole is formed, essentially a new optimization problem is generated. To
avoid convergence problems the frequency with which a hole is inserted should be chosen
carefully.
Alternatively, topological derivatives can be used continuously as a reaction term in
the HJ equation (e.g. [23, 28], see Sec. 7.5.1). While this approach leads to a more elegant
procedure, introducing a finite sized hole also leads to discrete and non-differentiable step
in the optimization process, potentially affecting the converge rate (see Sec. 7.7.1).
Natural velocity extension HJ-based LSMs are also able to generate holes when
using a natural velocity extension (e.g. [85], see Sec. 7.7.4). Even though this nucleation
is accidental, it often leads to improvement of the performance due to the similarity
between naturally extended velocity fields and density sensitivities (see Sec. 7.7.4). Again,
introducing a finite sized hole may affect the converge of the optimization process.
Approximate Heaviside Density-based LSMs that are based on an approximate
Heaviside formulation can also generate new holes along the structural boundary due
to the local behavior as a density-based TO method.

7.7.4

Relation to other TO methods

In literature, density-based and level-set-based TO methods are often treated as fundamentally different methods. However, both methods share several commonalities. Also
phase field approaches for TO have strong similarities with level-set-based TO methods
[24, 182]. For a more detailed explanation of the relation between phase-field methods
and LSMs we refer to the survey of LSMs by Burger and Osher [24]. In this section
we point out some similarities between density-based LSMs, density-based TO methods
and phase-field methods, focusing on the geometry mapping, update information, update
procedure and regularization.
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Geometry mapping Mechanical models based on a density distribution are used in
density-based TO methods, density-based LSMs and phase-field methods. The main
difference concerns the parameterization of the density distribution. In density-based
TO and phase-field methods the parameters controlling the density distribution itself
are used as the optimization variables, whereas in level-set-based TO methods an LSF is
used and the density distribution is used as a set of intermediate variables.
Density-based LSMs map the LSF into a density distribution using an exact or approximate Heaviside function. Using an exact Heaviside formulation, only elements that
are intersected by the zero-level contour of the LSF are assigned intermediate density
values. This type of approach can still create similar numerical artifacts as density-based
TO methods in the absence of regularization techniques [145].
For an approximate Heaviside formulation, all densities in the smeared interface layer
(−h ≤ φ ≤ h) can be altered and, therefore, the level-set-based optimization locally
behaves as a density-based TO method. Without regularization this may lead to areas
of intermediate densities ε < ρe < 1. Methods that directly map an LSF value into an
element density (see Sec. 7.3.3) can be regarded as a type of density-based TO approach,
mapping the optimization variables from the density variables ε ≤ ρe ≤ 1 to the new
variables −∞ ≤ si ≤ ∞ (i.e. nodal values of the LSF), where the side bounds of the densities are incorporated through the approximate Heaviside formulation. Also Heaviside
projection methods used in density-based TO methods [54, 150] have much in common
with LSMs, compare the work of Lazarov and Sigmund [79] and Kawamoto et al. [72].
Usually, density-based LSMs use a relatively small bandwidth (in the order of the
finite-element spacing). However, large or even infinitely large bandwidths (e.g. formulations using and arctangent function [50, 61]) can be used, leading to similar behavior
as density-based TO methods.
For density-based LSMs (in particular using an approximate Heaviside function), the
presence of (intermediate) densities allows for changing the topology in the same way
as density-based TO methods. The drawback is that all potential problems of densitybased TO are also inherited. Therefore, regularization approaches are used to retain the
shape-optimization character of LSMs.
Update information There are strong similarities between a naturally extended velocity field, topological derivatives and density sensitivities. To illustrate this, we compare the expressions for the compliance of a structure using the Ersatz material approach
(scaling the stiffness of a finite element with the element density ρe ), assuming a linear
elastic response and neglecting body forces and design-dependent loads.
Naturally extended velocity field A naturally extended normal velocity field
is based on the variational shape gradient dS R. Using the same notation as before,
the shape gradient dS R on the homogeneous Neumann boundary corresponding to the
compliance is given by,
dS R = −(u) : C : (u),

(7.46)

which is the negative of the local strain energy density [9, Eq. 24].
Van Dijk et al. [146] directly discretize Eq. (7.46) as,
dS Re = − ue T Ke ue ,
Re

(7.47)

where the scalar dS
is the per-element value of the shape gradient, Ke is the original element stiffness matrix of a (full material) element and ue is the discrete element
displacement vector.
Alternatively, one can represent the stiffness of an intersected element via an effective
stiffness tensor (or Young’s modulus) which a function of the geometry C = C(Ω) and,
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therefore, of the density ρe . Allaire et al. [9] discretize the per-element shape gradient
dS Re as,
dS Re = − ue T (ρe Ke ) ue .

(7.48)

The element-wise shape gradient dS Re is then extrapolated to the nodes of finite elements
(personal communication). These two choices of the representation of the naturally
extended normal velocity field lead to different optimization results. De Gournay [34]
identifies that using Eq. (7.48) for the velocity definition makes it “very difficult for the
shape to increase its volume.” Often, the precise implementation of the velocity fields is
unfortunately omitted and it remains unclear what formulation is used.
Density derivative Alternatively, the same density-based mechanical model can be
used in density-based TO methods, scaling the element stiffness with penalized element
density ρpe , where p is the penalization exponent [14, 180]. Density-based TO methods
use the discrete derivatives of the compliance with respect to the densities ρe ,

∂R
= − ue T p ρp−1
Ke u e ,
(7.49)
e
∂ρe
to update the optimization variables. Without penalization (p = 1), Eq. (7.49) is equivalent to Eq. (7.47). With a penalization exponent of p = 2, Eq. (7.49) is exactly twice
the value of Eq. (7.48). For compliance, we observe that shape-sensitivity-based velocity
fields closely resemble density sensitivities depending on the choice of discretization.
Topological derivative In particular cases such as the compliance, topological
derivatives are also similar to shape and density sensitivity fields as recognized earlier by
Guo et al. [56]. The expression of the topological derivative of a response function can be
derived from shape sensitivity analysis [23, 25, 66, 105]. The topological derivative has
the opposite sign of the corresponding shape derivative, because it concerns the removal
of material. Assuming traction-free boundary conditions for the new hole, Céa et al. [25]
derives the topological derivative of the compliance as [25, p.719]3 ,
dT R = 2 (u) : C : (u),

(7.50)

which is proportional to the shape sensitivity field in Eq. (7.46). It should be noted that
other expressions have been found by Garreau et al. [49] and Sokolowski and Żochowski
[135].
For clarity and reproducibility, it is important for authors to discuss the discretization
of sensitivity fields. We observe that there are strong similarities between naturally
extended normal velocity fields, topological derivatives and density sensitivities of the
compliance. For an arbitrary response function this does not need to be the case. Further
investigations on this subject are needed to shed light on the interdependence of the
different types of sensitivity information for different types of response functions.
Update procedure Originally the HJ equation was used to evolve the LSF, see
Sec. 7.5.1. This approach is fundamentally different from density-based methods as
it restricts geometry changes to the vicinity of the material interfaces. Most conventional density-based methods employ mature and efficient mathematical programming
algorithms. Recently, these algorithms have also been adopted in level-set-based TO
methods. HJ-based LSMs that only use a reaction term in the HJ equation (defined
3
Céa et al. [25] use a different definition of the topological derivative resulting in an additional
minus sign.
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everywhere in the design domain, e.g. [171]) are again close to using a density-based TO
method.
Regularization The regularization techniques used in LSMs are related to those used
in density-based TO methods and phase field approaches. Originally density-based LSMs
used signed-distance reinitialization techniques to maintain the regularity of the LSF
(e.g. [9, 155], see Sec. 7.6.1). Consistent filtering techniques (e.g. [90]) and penalization
of intermediate densities (e.g. [56]) used in density-based TO methods have also been
applied to LSMs to control the geometry of the final result. Furthermore, regularization
techniques originally developed for the interfacial dynamics in phase field methods have
also been adopted in LSMs [101, 184] to obtain a finite width of the interface layer Burger
and Osher [24].
Perimeter penalization for density-based methods is formulated as penalization of the
gradient of the density distribution (e.g. [63]) and is directly related to penalization of
the gradient of the LSF. The concepts of interfacial energy (e.g. [171]) and piecewise
constant functions (e.g. [101]) have been derived from phase field approaches. Also the
same filtering techniques can be used for level-set and density fields such as the Helmholtz
filter [72, 79].
Density-based methods, LSMs and phase-field methods employ (combinations of) the
same or similar regularization techniques and the classification, as such, can be ambiguous. For instance, both Choi et al. [32] and Takezawa et al. [142] employ the same
regularization for density-based TO as Yamada et al. [171] for level-set-based TO.
Whether a density or an LSF is used as the primary optimization variable, the dependency of the density field on the optimization variable can be similar. Therefore,
the boundaries between density-based TO methods and LSMs are vanishing. The remaining difference between density-based TO and the LSMs is the update procedure,
where most LSMs restrict the geometry changes to the vicinity of material interfaces and
density-based TO alter the design in the entire design domain. Enhancing LSMs with
hole nucleation features further blurs the difference between TO approaches.

7.8

Conclusions and recommendations

The goal of this review paper was to provide an overview of level-set-based TO in the
last decade, as well as to categorize the various approaches and highlight their relations
and interdependence. Here, we summarize the most important features and challenges
of LSMs, and conclude with recommendations for future research.
Conclusions The application of the LSM for TO allows for a clear and crisp definition of the geometry by iso-contours of the LSF. This crispness may be retained in the
mechanical model depending on the type of geometry mapping. A crisp description of
the boundary is essential for the application of TO to problems where the accuracy of
the structural response along the interface is important. LSMs are also a promising alternative to density-based TO when the optimization process has a strong tendency to
lead to intermediate states or when intermediate states lead to convergence problems in
the structural analysis.
Most types of LSMs can be interpreted as a generalized form of shape optimization
with the potential to change the topological complexity. Using an LSM, the parameterization of the shape of a design is straight-forward and is capable of handling topological
changes. To enhance the topology of designs, mechanisms for hole nucleation may be
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added to LSMs using topological derivatives or natural extended velocity fields (resembling the sensitivity fields of density-based TO methods). Density-based LSMs that use
an approximate Heaviside formulation locally behave like density-based TO methods
where the LSF is within the bandwidth of the approximate Heaviside. This property
may also be employed to generate new holes, but comes at the cost of loss of crispness
of the mechanical model.
Challenges Level-set-based TO methods suffer from local minima and dependency
of the final result on the initial guess. This property is a consequence of the shape
optimization character of LSMs. Seeding an initial design with a large number of holes or
inclusions may lead to numerical issues and does not necessarily mitigate the dependency
of the final result on the initial guess.
The results of level-set-based TO methods often rely heavily on regularization techniques. To suppress numerical artifacts in density-based LSMs, regularization techniques
such as sensitivity smoothing, diffusion and signed-distance reinitialization need to be
applied. Furthermore, regularization is needed to improve the convergence of the optimization process and attempt to avoid convergence to inferior local minima.
The construction of sensitivity fields, the type of update procedure and regularization
can result in inconsistencies in the optimization process. Numerical consistency does
not necessarily lead to the best search direction. However, consistency is essential to
find a KKT point of the discretized optimization problem. Furthermore, it is important
for understanding the mathematical properties of a particular optimization problem, the
potential of a proposed approach and its fundamental problems. Inconsistencies may be
introduced in a later stage for specific purposes, such as regularization, and in a controlled
manner.
The treatment of constraints can be difficult in a steepest-descent type LSMs, in
particular the ones based on the HJ equation. A shift of LSMs towards mathematical
programming methods is observed to solve optimization problems more efficiently and
avoid oscillations. This approach often introduces regularization into the formulation of
the optimization problems while HJ-based update procedures typically include regularization techniques implicitly.
One of the main challenges of level-set-based TO is the convergence behavior, apparent
by oscillations in the optimization process and/or slow design evolution. The convergence
is typically improved by controlling the slope and the smoothness of the LSF along the
material interfaces. Control of the LSF can be obtained using regularization techniques
and a smart choice of LSF parameterization.
Recommendations Future research on LSMs should devote particular attention to
identifying and systematically analyzing the influence of all the different components of
LSMs. This is in particular important when the update procedures involve regularization,
and for complex discretization of the mechanical model and parameterization of the LSF.
The convergence behavior and numerical cost of LSMs should be clearly analyzed with
well established benchmark problems, isolating different contributing factors.
Owing to the complexity of LSMs, we recommend to clearly present all components
LSMs or refer to appropriate references where the components are described in sufficient
detail. This includes the LSF parameterization, geometry mapping, structural model,
update information, update procedure, and regularization techniques. For the LSM
research community, the important task lies ahead to compare the different formulations
and numerical techniques used in these components to other LSMs as well as to densitybased and phase field TO methods. All information needs to be presented in sufficient
detail to allow other researchers to reproduce the optimization methods and results. We
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encourage researchers in the field to provide access to the codes used to generate the
published results4 .
As this overview has shown, the boundaries between level-set and density-based topology optimization methods have blurred in the past decade. We feel that developing a
unified understanding that encompasses all TO approaches will enhance future research
and progress in TO. In particular for density-based LSMs, the relations to techniques
used in density-based TO and phase-field methods need to be clearly identified and the
performance compared. The field of TO can be seen as a single field of research and
much can be gained by drawing parallels and exchanging techniques among the different
TO approaches.

Acknowledgements
The authors would like to acknowledge the support of the National Science Foundation
under grant EFRI-1038305 and the Dutch MicroNed programme. The opinions and
conclusions presented in this paper are those of the authors and do not necessarily reflect
the views of the sponsoring organization. We are grateful for the willingness of Professor
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Chapter

8

T HE P OTENTIAL OF E XPLICIT L EVEL - SET- BASED
TOPOLOGY O PTIMIZATION

8.1

Introduction

In this chapter, the potential of the explicit level-set method presented in Chapt. 5 is
demonstrated.
The main advantage of the Level-Set Method (LSM) for Topology Optimization (TO)
is the crisp definition of the material domain. This crispness can be retained in the
implementation of a LSM using conforming discretizations (e.g. [1, 12, 15]) and immersed
boundary methods, such as X-FEM (e.g. [19, 24, 33]). Also, the explicit density-based
LSM using an exact Heaviside formulation, as proposed by Van Dijk et al. [32], provides
a (relatively) crisp definition of the material domain. The intermediate densities are
confined to elements that are on the structural boundary.
In this chapter, we exploit this property for (a) a two-stage optimization process where
the level-set method is used to produce crisp designs from the results of a density-based
topology optimization, (b) the treatment of stress constraints and (c) manufacturing
tolerant topology optimization. The effectiveness of the proposed approach is demonstrated using two compliant mechanism design benchmark problems. Furthermore, we
will combine the explicit LSM with Element Deformation Scaling (see Chapt. 3) for
robust optimization of geometrically nonlinear compliant mechanisms.
In conventional level-set-based TO methods, the Level-Set Function (LSF) is evolved
solving a convective Hamilton-Jacobi equation based on a normal velocity field derived
from shape sensitivity analysis (e.g. [3, 37]). Alternatively, the explicit LSM employs
consistent sensitivities and mathematical programming in the optimization process [20,
32]. Here, we employ the Method of Moving Asymptotes (MMA) [29] to update the LSF.
For smoothness of the LSF and, therefore, of the boundaries of a design, different kinds
of regularization can be employed, such as signed-distance regularization (e.g. [3, 37]),
perimeter penalization (e.g. [3, 32, 35]) and Tikhonov regularization (e.g. [16, 36, 38]).
However, in this chapter, we only use a filtering technique for smoothing the LSF that
can be consistently taken into account in the sensitivity analysis (see Sec. 8.3).
The results in this chapter are intended as a proof of concept. As such, we include
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Figure 8.1: Load cases of the force inverter and micro-gripper problem. The red
arrows, dashes and circles indicate the loads, fixed and symmetry boundary conditions,
respectively, and the green arrows indicate the desired output displacement.

only a limited number of benchmark problems and do not explore all possible settings of
parameters in the optimization process.
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Benchmark problems

Two compliant mechanism benchmark problems are used for demonstration purposes: a
force inverter and micro-gripper (see Fig. 8.1). An 80x40 design domain is discretized
using 160x80 quadrilateral finite elements, integrated using 4-point Gauss quadrature.
Unless otherwise stated, geometrical linear behavior and linear elasticity is assumed using
a Young’s modulus E = 100 and Poisson’s ratio ν = 0.3.
To insure stiffness at the input and output port, each of the compliant mechanism
problems is formulated using two load cases: an input load case with a load at the input
port f in (Figs. 8.1a and 8.1c) and an output load case with a load at the output port f out
(Figs. 8.1b and 8.1d). The external loads and fixed boundary conditions are indicated
in red. The external loads are distributed over the external boundary. Only half of the
structure is modeled using symmetry boundary conditions, indicated with red circles.
Both the force inverter as well as the micro-gripper problem are posed as follows. We
maximize the mean output displacement (indicated with green arrows in Fig. 8.1) and set
constraints on the mean input and output displacement corresponding to the two load
cases. Because the mean input and output displacement are exactly in the direction as
the input and output loads, the input and output displacement constraints are formulated
as input and output compliance constraints. To remove unnecessary material, a volume
penalty is added to the objective function. Non-design material elements are located
near the input port, output port and fixed boundary.
Denoting the displacements with u and the design variables with s (these can be
element densities or the LSF nodal values), both optimization problems can be written
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in negative-null form as,
min − Lout

T

s

uin (s) + α

X

ρe (s),

e

subject to f in
f

T

uin (s) − cin
max ≤ 0,

out T

u

out

(s) −

cout
max

(8.1)

≤ 0,

where α is the volume penalty factor, ρe are the element densities, cmax is the maximum
compliance (or maximum mean displacement) and the superscripts in and out indicate
the input and output load cases, respectively.
The displacements depend on the design variables via the density distribution and
the equilibrium equations u = u(ρ(s)) following [32]. Note that the external loads
of the output load case are exactly the direction in which we want to maximize the
displacements in the input load case and, therefore, we can write f out = Lout .
Throughout this chapter, the maximum input and output compliances have been set
out
to cin
max = cmax = 2. Furthermore, all response functions (also later on) have been scaled
with a factor 10 for the optimization process to be in the range required by MMA. Based
on numerical tests, the penalty factor of the volume penalty is taken as α = 2.

8.3

MMA and LSF filtering

In this section we couple the LSM with MMA and discuss the need to maintain the
regularity of the LSF, in this case, by means of filtering.
The explicit LSM proposed by Van Dijk et al. [32] provides consistent sensitivities of
response functions with respect to the nodal values of the LSF. This type of sensitivity
information is well suited for use in combination with mathematical programming. To
illustrate this, we combine our LSM with the Method of Moving Asymptotes (MMA)
[29].
The material domain Ω and boundary Γ in the design domain D is defined using a
LSF φ as,

 φ(X) > 0 ⇔ X ∈ Ω (material),
φ(X) = 0 ⇔ X ∈ Γ (interface),
(8.2)

φ(X) < 0 ⇔ X ∈ (D \ Ω) (void).
Following Van Dijk et al. [32], the LSF φ is discretized as,
X
φ=
Ni φi ,

(8.3)

i

where Ni are piece-wise linear shape functions (see [32]) and φi are the nodal values of
the LSF, which are the design variables of the optimization problem.
In each element, the nodal values φi are used to calculate the corresponding material
fraction and element density ρe = ρe (φ). A lower bound ε is introduced to avoid singular
structural problems such that the element densities are in the range ε ≤ ρe ≤ 1. Here
we select ε = 10−6 .
We set upper and lower bounds for the LSF φmin ≤ φi ≤ φmax , where φmin = −3.5
1
and φmax = 3.5, and use a move limit |∆φi | < ∆φmax , where ∆φmax = 20
(φmax −
φmin ). This move limit is implemented as the maximum distance of the lower and upper
asymptotes from the current value of the design variables in MMA. Using the LSM, we
do not need to penalize intermediate densities, so we set the penalization exponent to
one, p = 1.
Without regularization techniques, a difficulty of this approach is the potential irregularity of the LSF. The discretized LSF is C 0 continuous by definition of Eq. (8.3).
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Figure 8.2: Results (densities) of the benchmark problems without filtering of the
LSF.
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Figure 8.3: Results (densities) of the benchmark problems with filtering of the LSF.

However, a highly irregular LSF can lead to numerical artifacts and, more importantly,
to problems in the optimization process [32]. In fact, the design resolution is too large
for the resolution of the finite element discretization of the mechanical model.
In Fig. 8.2, the results of the two benchmark problems are displayed when the nodal
values φi are used directly as the design variables. The initial designs are displayed in
Figs. 8.2a and 8.2e. On the right side, the deformed designs corresponding to the input
and output load case are shown found after 200 iterations.
For both benchmark problems, we observe that (a) the topology has more or less been
preserved as compared with the initial design and (b) there have been mostly localized
shape changes creating thin compliant hinges. This emphasizes that the results of levelset-based TO are strongly dependent on the initial designs and prone to local minima.
Furthermore, the results of the optimization have not converged yet. This can be
concluded from the irregular shape of the final designs away from the compliant hinges
and observed from the fact that the objectives are still slowly decreasing in the response
histories Figs. 8.2c and 8.2g. Furthermore, severe convergence problems arise in particular for the micro-gripper problem (see Fig. 8.2g) related to topological changes. The
sensitivities near the compliant hinges are large compared to those in the rest of the
design domain and they are sensitive to changes of the design, i.e. the optimization is
badly conditioned. The convergence rate can be increased using a preconditioning aimed
at obtaining uniform changes of the densities [32].
However, other regularization techniques can be used to avoid these problems by
smoothing the LSF. Smoothness of the LSF can be obtained by introducing different
kinds of regularization into optimization process, such as signed-distance reinitialization
(e.g. [3]), curvature diffusion (e.g. [37]) or isotropic diffusion (e.g. [22]). Consistent perimeter penalization or constraint is another option to restrict the design resolution [32].
However, the appropriate strength of the perimeter penalization is problem dependent
and the perimeter itself is not a design requirement.
Instead of above techniques described in the previous paragraph, here we introduce
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(a) Without filtering.

(b) With filtering.

Figure 8.4: The final LSFs with and without filtering of the LSF.

a filter in the LSF parameterization to avoid any inconsistencies in the optimization
process, (similar to density filters [7, 26]). We define the LSF φ using a linear “ top-hat”
filter on an auxiliary function ψ 1 . A nodal value of the filtered LSF φi is now the average
of the nodal values of the auxiliary function ψi in a neighborhood Ni of the node,
P
j∈N ψj
φi = P i
,
(8.4)
j∈Ni 1
where r is the radius of the filter and the neighborhood Ni is defined as,
Ni := {j | kxj − xi k ≤ r} ,
ith

(8.5)

where xi is the location of the
node. Now the new design variables ψi have a nonlocal effect on the filtered LSF. This filtering technique smooths the LSF and significantly
improves the convergence behavior of the optimization process.
Since the design variables are now the nodal values of the auxiliary function ψi , the
upper and lower bounds are set as ψmin ≤ ψi ≤ ψmax . Using these bounds in combination
with the top-hat filter, one can verify that the slope of the LSF has a maximum value,
ψmax − ψmin
k∇φk ≤
.
(8.6)
2r
Here we choose ψmin = −3.5, ψmax = 3.5 and r = 3.5 leading to k∇φk ≤ 1. Introduction
of such a filter only leads to a certain smoothness of the LSF, but unlike density filtering
the crispness of the structural boundary is retained.
In Fig. 8.3 the results of the two benchmark problems are displayed using the linear
top-hat filter. The filter leads to more global changes of the LSF, significantly speeding up
the convergence rate. The improved smoothness of the LSF is visualized in Fig. 8.4. As
no minimal length-scale is ensured, thin compliant hinges that are essential for the performance of the compliant mechanisms are still present. Sensitive changes of the design
related to topological changes can still cause severe convergence problems as observed in
Figs. 8.3a and 8.3c.
In fact, the optimizer allows large design updates and improvements can be made
using a more conservative optimization approach. For instance, the Globally Convergent
version of MMA (GCMMA) [30] may be employed to accept a new design only when
it is an improvement. In this case, consistency of the optimization process is essential
to guarantee that an improved design can be found based on the sensitivity information. Moreover, a Karush-Kuhn-Tucker (KKT) point of the parameterized optimization
1

Further motivation for this particular choice can be found in Sec. 8.6.
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Figure 8.5: Results (densities) of the benchmark problems using conventional
density-based TO (input load case).
problem can only be found with consistent sensitivities.
Density-based LSMs, similar to the one used here, are relatively slow as compared
to conventional density-based methods, since the structural boundary needs to move
through the finite element mesh, one element at a time. Also, topological changes can
be more difficult due to the crisp material description, in particular when they lead
to large changes in the objective and/or constraints. Conventional density methods
(and some LSMs with a less crisp material description) are able to change the topology
through an intermediate topological state (a region with intermediate densities). In the
level-set-based approach used here, topological reduction is only possible by removing
a one-element connection (one element with intermediate density), making topological
changes more sudden for the optimization process.
For the benchmark problems used in this chapter, no numerical artifacts are apparent
in the final results. However, using the explicit LSM can result in gray areas (for compliance minimization) due to many small ‘islands’ of material and one-node connected
hinges [32]. These artifacts are also eliminated by using a filtering technique.
Compliant hinges that are thin with respect to the finite element discretization lead to
bad (over-)predictions of the stiffness. Also, we do not desire (too) thin compliant hinges
in compliant mechanisms from a practical point of view: (a) they lead to stress concentrations and (b) are sensitive to manufacturing errors. The input and output compliance
constraints aid in preventing thin compliant hinges. To limit stress concentrations and
incorporate the effect of manufacturing errors in a topology optimization, the explicit
LSM offers interesting possibilities (see Secs. 8.5 and 8.6).
Without hole nucleation mechanisms using topological derivatives (e.g. [2]) or naturally extended velocity fields (e.g. [23]), the level-set-based optimization process is essentially a type of shape optimization with the potential of changing the topology. Due
to the local nature of the design changes, the LSM is prone to local minima and the
optimization process can be slow [32].
To improve the results, we propose a two-stage approach to TO in the next section.
In the following sections all results are obtained using the linear top-hat filter for the
LSF.

8.4

1

Two-stage topology optimization

Density-based TO methods generally have good convergence behavior and are less prone
to local minima. On the other hand, they require penalization of intermediate densities to
avoid areas with intermediate density and density filters to avoid checkerboard patterns
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Figure 8.6: Results (LSF and densities) using two-stage TO.
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Figure 8.7: Density distribution before and after mapping from density to level-setbased design in iteration 30.

and one-node connected hinges [5]. These techniques lead to a blurred representation of
the geometry. Recently, Heaviside projection methods have been proposed by Guest [14]
and Wang et al. [34] to obtain “black-and-white” results and avoid numerical artifacts.
The results of the same benchmark problems using such a density-based approach
are included in Fig. 8.5. For these results, the filtered density ρ̃ is a function of the
unfiltered density ρ as ρ̃ = ρ̃(ρ). We employ the same filter as was used for the LSF (see
Eq. (8.4)), with r = 3.5. Note that this filter radius is larger than typically used, in order
to demonstrate the boundary-blurring effect of density filtering. The stiffness of a finite
element is scaled with ρ˜e p , where we use a penalization exponent p = 3. Additionally,
we set upper and lower bounds for the (unfiltered) element densities ε ≤ ρe ≤ 1, where
ε = 0.01 such that εp = 10−6 , and choose an appropriate move limit ∆ρmax = 0.2 for
MMA, implemented in the same manner as earlier.
To keep the advantages of density-based TO but reduce the amount of intermediate
densities, different approaches have been proposed often involving continuation strategies [13, 14, 26, 34]. These strategies slowly push the density distribution to its extremes
ρ = {ε, 1}, as too sudden enforcing black-and-white designs leads to convergence problems and mesh-dependency of the solutions. Alternatively, level-set-based designs using
an exact Heaviside formulation have a crisp definition of the material domain involving
intermediate densities only on the boundaries [3, 32]. As suggested by Belytschko et al.
[4], it is possible to switch from a density-based to a level-set-based design parameterization. Such a two-stage approach to TO is an interesting combination offering the
advantages of both worlds.
The idea is to map the density distribution ρ to a LSF, or rather to the auxiliary
function ψ, such that the contour of the filtered density contour ρ̃ = 21 ε+ 12 will correspond
to the zero-level contour of the LSF φ = 0. Note that the filtered density is a function of
unfiltered density ρ̃ = ρ̃(ρ) and the LSF is a function of the auxiliary function φ = φ(ψ)
using the same top-hat filter and the same bandwidth. In practice, the mapping is
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accomplished using,
2ρ − 3ε − 1
.
(8.7)
ε+1
Though not strictly necessary, we increase the unfiltered density slightly to avoid the loss
of members, ρe = min(ρe + 0.05, 1). In order to use the mapping, we then extrapolate
the (unfiltered) element densities ρe to the nodes of the finite element grid. Now, we can
use Eq. (8.7) to obtain a ψ that after filtering leads to the desired LSF φ. Note that
Eq. (8.7) is not correct when ψmax 6= −ψmin .
The results of the benchmark problems using this two-stage approach can be found in
Fig. 8.6. After 30 iterations with a conventional density-based method using the settings
previously mentioned, we use Eq. (8.7) to map the density distribution to a LSF. The
filtered density distribution before and after the mapping are shown in Fig. 8.7. To
avoid changing the optimization problem, we retain the penalization of intermediate
densities p = 3 when switching to the level-set-based TO. However, intermediate density
penalization can reduce the mobility of the boundaries in the optimization process.
The first observation is the excellent convergence behavior of the TOs (see Figs. 8.6c
and 8.6g). Not surprisingly, the shape of the results in Figs. 8.6b and 8.6f closely resembles the results of the conventional density-based approach. For comparison, we included
the results obtained using only level-set-based TO (see Figs. 8.6d and 8.6h) starting from
the same initial design as previously (but with p = 3). The differences between the twostage and level-set-based TO highlight the dependency of the final designs on the initial
guess.
The two-stage approach leads to better performance than using only level-set-based
TO (for these particular initial designs). The designs are described in a crisp manner
due to the level-set-based design interpolation, but retain the mobility of the boundaries
in the optimization process.
It may be advantageous to switch back to a conventional density-based TO, e.g. to
allow for the creation of new holes. In a similar manner as Eq. (8.7), the LSF ψ can be
mapped to the unfiltered density field ρ such that the zero-contour of the LSF φ = 0
will coincide with the contour of the filtered density field ρ̃ = 21 ε + 12 . Moreover, one
can monitor the density sensitivities (already available) to predict when switching to a
density-based TO would be advantageous.
ψ = ψmax

The penalization of intermediate densities leads to slightly thicker compliant hinges
in the final designs (compare e.g. Figs. 8.3b and 8.6d). However, to avoid stress concentrations, it is still necessary to introduce stress constraints in the TO. This is the subject
of the next section.

8.5

Stress constraints

A level-set-based design parameterization has potential related to the crisp nature of
the discretized geometry, for instance for treatment of multi-physical problems. This
property can also be exploited for the treatment of stress constraints.
The treatment of stress constraints in density-based TO is difficult due to the nonuniquely defined stress for intermediate densities and the local nature of stress [21].
In particular the first issue is difficult as the stress interpolation severely affects the
results of density-based TO. An explicit level-set-based design parameterization offers an
interesting alternative as intermediate densities are confined to the boundary.
In a density-based TO the (consistent) local stress in an integration point σ i at
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Figure 8.8: Results (densities and stresses) of the benchmark problems including
stress constraints using only level-set-based TO.

224

N.P. van Dijk

location X i in a finite element e is given by,
σ i (X i , ue ) = ρ˜e p C : (X i , ue ),

(8.8)

where ue is the element displacement vector, C is the stiffness tensor and  is the linear
(or nonlinear) strain tensor. We formulate the local stress constraints in each element
as,
kσ i kVM − σmax ≤ 0,

(8.9)

where k · kVM indicates the Von Mises stress measure. The maximum Von Mises stress
in the examples is set to σmax = 2.
However, using the stress in the integration points of a finite element σ i , all stress
constraints can be satisfied by decreasing the density. This observation has led to the
development of the concept of micro-stress: a definition of stress that mimics the stresses
in porous layered materials leading to finite stresses for zero density [11]. However,
using the micro-stress in Eq. (8.9) leads to problems in the optimization process and the
occurrence of singular optima [18]. To alleviate these problems the constraint can be
relaxed [10, 11, 21]. Here we relax the constraints defining the local stress constraints as
[6, 11],
kσ i kVM
− σmax ≤ 0,
(8.10)
ρ˜e q
where q < p is a relaxation parameter. This ensures that the stiffness of an element goes
down more rapidly than the stress when decreasing the density.
For density-based TO, a small difference between the penalization of intermediate
densities p and the relaxation parameter q leads to convergence problems, whereas a
relatively large difference leads to intermediate densities or even void designs (depending
on additional performance requirements in the optimization problem). Using a level-set
method the intermediate densities are confined to the boundary and as such we can
use a large difference between p and q and still avoid void designs. In our numerical
experiments, we set q = 1 leading to p − q = 2.
The large number of local stress constraints can be replaced with a single (or several)
constraints using constraint aggregation (e.g. [21]). Here, we employ one aggregated
constraint, incorporating the stress constraints for all integration points for each load
case, using the differentiable P -norm,
"
#1
X X  kσ i kVM P P
− σmax ≤ 0,
(8.11)
ρ˜e q
e
i
where P is a parameter controlling the accuracy of the maximum approximation and
corresponding nonlinearity of the constraint. This formulation is a conservative approximation of the maximum. In the numerical experiments, we choose the moderately high
value P = 8, leading to maximum stresses well below the desired σmax . For each load
case, one aggregated stress constraint is constructed, i.e. an input and output stress
constraint.
The results of the two benchmark problems using only the LSM are displayed in
Fig. 8.8. In these results the relaxed stresses have been displayed. In both cases both
the input and output stress constraints are active at the final stage of the optimization
process. The input and output constraints are inactive, most probably because the conservative stress constraints become active before the peak stress σmax is reached. In
particular for the micro-gripper, problems with the topological connection (in the center
of the design domain) seem to hinder the convergence rate (see Fig. 8.8e). Furthermore, only limited topological changes have occurred. However, the stress constraints
are satisfied and the results look quite promising.
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Figure 8.9: Results (LSF and densities) including stress constraints using twostage TO.
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To obtain a better initial design for the level-set-based TO, the two-stage approach can
be adopted including stress constraints. In Fig. 8.9, the results of this approach can be
found. Again, the performance of the results final designs using the two-stage approach is
much better than using only the LSM. Interestingly, the differences between the results
with and without stress constraints are quite large (compare Figs. 8.9b and 8.9f with
Figs. 8.9d and 8.9h). The performance has dropped significantly due to the additional
stress constraints and the overall volume of the structures has decreased.
These differences are also apparent when comparing the stresses of the final designs
with and without stress constraints in Fig. 8.10. The stress concentrations associated
with the compliant hinges in the original designs of both load cases (left side of Fig. 8.10)
have completely disappeared in the new designs (right side of Fig. 8.10). Furthermore,
thin compliant hinges have relocated to low-stress areas of the structure. It appears that
it is more effective to create smaller structures that are more compliant and uniformly
stressed than only increasing the thickness of the compliant hinges in the original designs.
Due to the confinement of intermediate densities to the boundaries of the designs, the
LSM is well suited for the treatment of stress constraints. In particular for the elements
that are inside the material domain, stresses can only be decreased by adapting the
shape of the design. However, the maximum stresses are most likely to appear at the
structural boundaries, exactly where there are still intermediate densities. Therefore,
further investigation is needed to confirm the usefulness of the LSM for stress constraints
for other problems.
To improve the convergence behavior further, other techniques used for stress constraints in density-based TO can be included, such as block-constraint aggregation and
adaptive stress normalization [21]. In particular, larger problems are expected to be
challenging when introducing stress constraints. Using the proposed approach, it appears
that topological changes are less likely to occur due to local minima in the level-set-based
optimization process.
Similar to the treatment of stress constraints, the crisp design parameterization of
the proposed level-set-based and/or two-stage approach may be used for multi-physical
problems, such as electrostatic-structural interaction and fluid-structure interaction. So
far, topology optimization in this area is usually accomplished using conventional densitybased TO approaches that need a volume-wise discretization of boundary phenomena and
have difficulties obtaining crisp final designs.
The crisp design parameterization in combination with the LSF filtering technique
can also be used to formulate and solve manufacturing tolerant TO problems.

8.6

Manufacturing tolerance

For density-based TO methods, manufacturing tolerant topology optimization(also referred to as TO under geometric uncertainty/including etching constraints) has been
achieved by Sigmund [27] using dilation and erosion operators on the density field directly. Alternatively, Chen and Chen [9] use a level-set-based approach that maps the
shape sensitivities of perturbed designs back to the nominal design to include geometrical
uncertainties in a topology optimization.
Using the explicit LSM, we can exploit the property that the slope of the LSF is
bounded k∇φk ≤ c (due to the filtering technique and upper and lower bounds of the
auxiliary function ψ) for manufacturing tolerant topology optimization. In particular for
the settings chosen here, we have k∇φk ≤ 1. If we can make sure that k∇φk = 1, we
can construct eroded and dilated versions of a nominal design, similar to the work of
Jang et al. [17]. Using this approach, we avoid dilation/erosion operators and specialized
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sensitivity maps.
The nominal design is determined by the zero-level contour of the LSF φ = 0. Assuming k∇φk = 1, dilated and eroded versions of the design can be constructed from
other contours of the LSF φ = ∓α. Since we know that k∇φk ≤ 1, the dilated or eroded
versions are at least grown or shrunk by a distance ∆X = ±α in the (outward) normal
direction, respectively. Here, we only include the nominal design φ = 0 and an eroded
design φ = α, where we set α = 1. This is illustrated in Fig. 8.11.
To make sure that the difference between the final nominal and eroded design is
exactly ∆X = α, we have to formulate the optimization problem such that it leads to
k∇φk = 1 on the whole boundary. This can be accomplished by defining the objective of
the manufacturing tolerant optimization problem f (ψ) as the performance of the worst
(nominal or eroded) design, similar to [27]:
f (ψ) = max(fnom (ψ), fero (ψ)),

(8.12)

where fnom and fero are the objective of the nominal and the eroded designs, respectively.
In most cases, this objective function leads to a situation where the worst-case design can
be improved by minimizing the difference ∆X between the two designs, i.e. to ∆X = α.
In practice, we prefer to work with a differentiable approximation of the maximum
operator in Eq. (8.12). To this end, we employ another P -norm approximation,
h
i1/P
f (ψ) = (fnom (ψ) + c)P + (fero (ψ) + c)P
− c,
(8.13)
this time involving the offset value c to account for negative values of the objectives fnom
and fero . Here, we use the settings P = 10 and c = 10.
The effectiveness of this approach is demonstrated by the results of the two benchmark problems using only level-set-based TO (Fig. 8.12) and the two-stage approach
(Fig. 8.13). For all cases good convergence behavior is observed. Only for the microgripper using the LSM (see Fig. 8.12g), it appears that MMA is sometimes too aggressive
and a more conservative optimizer would be preferred.
As expected, the final designs of the manufacturing tolerant TO have thicker members. The optimization process is guided by the performance of the nominal designs
(worse than the performance of the eroded designs) and the active input and output
compliance constraints of the eroded designs. In order to improve the performance, the
more compliant parts of the structures are lengthened. The two-stage TO delivers better
results and we observe that some reduction of topological detail did not occur using the
level-set-based TO as compared with the two-stage approach.
The approximate maximum formulation of the objective Eq. (8.13) works as intended
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Figure 8.12: Results (LSF and densities) of the benchmark problems using level-setbased, manufacturing tolerant TO (α = 1).
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Figure 8.13: Results (LSF and densities) of the benchmark problems using two-stage,
manufacturing tolerant TO (α = 1).
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(a) The auxiliary function goes to its extremes
ψi = {ψmin , ψmax }....
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(b) .... to ensure maximum slope of the LSF
k∇φk = 1.

Figure 8.14: The final auxiliary function and filtered LSF corresponding to the force
inverter problem using manufacturing tolerant and two-stage TO in Fig. 8.13.
and the LSF becomes as steep as possible (k∇φk = 1). To obtain a steep LSF, the nodal
values of the auxiliary function will go to their extremes ψi = {ψmin , ψmax } to ensure
that the distance between the boundaries of the nominal and the eroded design is indeed
∆X = α (see Fig. 8.14).
It is also possible to solve manufacturing tolerant TO with stress constraints, see
Fig. 8.15. The results of the corresponding two benchmark problems using two-stage TO
are consistent with earlier observations. Note that these benchmark problems now involve
a total number of nine response functions: the objective, four compliance constraints and
four aggregated stress constraints.
The proposed LSM can also be employed in the geometrically nonlinear regime.

8.7

Geometrically nonlinearities

The application of the explicit LSM can be extended to problems involving large displacements and rotations. For these kinds of structures, geometrical nonlinearities need
to be included in the structural analyses. For compliant mechanism design problems,
nonlinear analyses are essential to accurately predict the performance of a design in a
TO (e.g. [25]).
Density-based designs in a TO typically include stiffness differences of several orders
of magnitude. When the element densities are used to scale the stiffness of finite elements
in a geometrically nonlinear setting, the large stiffness differences can cause structural
analyses to suffer from convergence problems if they converge at all (e.g. [7, 8, 39]).
The convergence problems can be attributed to excessive deformation of low stiffness
elements.
As an alternative, Element Deformation Scaling (EDS) was proposed by Van Dijk
et al. [31] for robust analyses of geometrically nonlinear structures. Using EDS, a set of
local internal and global outer displacements are defined for each finite element. Instead
of scaling the stiffness of a low-density element, EDS effectively scales the local internal
displacements (excluding rigid-body displacements). This ensures that, for extremely
deformed finite elements, the internal displacements remain in the range of applicability
of the material model and finite element description [31].
A geometrically nonlinear structural analysis is typically solved using force control
and path-following techniques. Another interesting option is available for the structural
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Figure 8.15: Eroded final designs (α = 1) using two-stage, manufacturing tolerant TO including stress constraints: (a)–(d) force inverter and (e)–(h) microgripper.
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Figure 8.16: Results of the benchmark problems including geometrical nonlinearities using only level-set-based TO.
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analysis of density-based TO problems by realizing that the structural equilibrium is in
fact a function of element densities: A density-controlled solution procedure.
In a geometrically nonlinear analysis the residual r is a function of the displacement
u, the external load, i.e. load factor λ, and the density distribution ρ̃,
r = f int (u, ρ̃) − λf ext ,
int

(8.14)

ext

where f
and f
are the internal and external load vectors, respectively. The converged displacement field uconv and density distribution ρ̃conv of the previous iteration
of the TO is known. In the update step of the optimization process a new density
distribution ρ̃new is obtained.
Instead of slowly incrementing the load factor until λ = 1, we can use the densities in
an incremental solution procedure. We define the density as,
ρ̃(µ) = ρ̃conv + µ(ρ̃new − ρ̃conv ),

(8.15)

where µ is a density factor that can be incremented up to µ = 1. Setting the load factor
to λ = 1, we can derive the variation of Eq. (8.14) as,
∂r
(ρ̃
− ρ̃conv )δµ = f ext − f int (u, ρ̃(µ)),
(8.16)
Kδu +
∂ ρ̃ new
where K is the global stiffness matrix. The derivation of the derivative of the residual with
respect to the density distribution ∂r/∂ρ is straightforward for both the conventional
design interpolation and EDS. Eq. (8.16) can be used as the basis for a path-following
type of density solver.
Here, we adopt a simpler density-control solution procedure, where we choose a fixed
density increment ∆µ in each iteration and obtain the displacement increment ∆u from
the Newton-Raphson equations,
K∆u = f ext − f int (u, ρ̃(µ + ∆µ)).

(8.17)

Eq. (8.17) can be used in the predictor and corrector steps for each increment of the
density factor ∆µ to finally find the converged displacement field unew corresponding to
the density factor µ = 1. This procedure is related to the one-shot approach to topology
optimization [28].
In this work, we first attempt to solve the geometrically nonlinear analyses using the
density control as it converges fast (when it converges). When this procedure fails, we
first resort to normal force-controlled analyses. And as a last resort, we employ a pathfollowing techniques. Details on the used force-controlled analyses and path-following
techniques can be found in [31].
The results of TOs including geometrical nonlinearities using only a level-set-based approach are displayed in Fig. 8.16. Again, the topology optimization process experiences
difficulties when encountering topological changes. Large oscillations in the optimization history are present and a more conservative optimizer would be more appropriate.
Moreover, the micro-gripper problem was terminated prematurely (iteration 180) when
the structural analysis of the output load case failed to converge due to the loss of a
connection visible in Fig. 8.16f.
Using the two-stage TO, we observe good convergence behavior, see Fig. 8.17. The
differences between the linear and nonlinear final designs of the compliant mechanisms
are relatively small. This is most probably due to the strict input and output compliance
constraints used throughout this chapter. Surprisingly, the performance of the force
inverter using only the LSM is slightly better than using the two-stage approach (compare
Figs. 8.16b and 8.17b). This leads to believe that also this solution is in fact a sub-optimal
local minimum and the mobility of the boundaries may be hindered by the penalization
of intermediate densities p = 3.
Also stress constraints can be treated in a geometrically nonlinear setting. Results
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Figure 8.17: Results of the benchmark problems including geometrical nonlinearities using two-stage TO.
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Figure 8.18: Results of the benchmark problems including geometrical nonlinearities and stress constraints using two-stage TO.
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of the proposed two-stage TO including geometrical nonlinearities and stress constraints
can be found in Fig. 8.18. Again the results are quite similar to the final designs of the
linear TO.

8.8

Conclusions and recommendations

One of the main advantages of a level-set-based design parameterization is the crispness of
the description of the material domain. This advantage is retained in the implementation
of the explicit Level-Set Method (LSM) used in this chapter and exploited for a twostage Topology Optimization (TO), stress constraints and manufacturing tolerant TO.
In addition, optimization involving geometrical nonlinear analysis is considered.

8.8.1

Conclusions

Very good convergence behavior of the optimization process is obtained by combining
the LSM with the Method of Moving Asymptotes (MMA). For the success of this combination, it is essential to use consistent sensitivity information. Furthermore, consistency
of the optimization process is crucial to find an optimum, i.e. a Karush-Kuhn-Tucker
point, of the parameterized optimization problem. Furthermore, additional move limits
have been introduced to avoid excessive changes of the Level-Set Function (LSF).
Without regularization techniques, a difficulty of the exact-Heaviside-based LSM is
the potential non-smoothness of the LSF, leading to numerical artifacts and problems
in the optimization process. In order to conserve consistency, we employ a filtering
technique on the LSF using a linear top-hat filter. In combination with the upper and
lower bounds, this filter ensures smoothness of the LSF and provides an upper limit on
the magnitude of its slope.
The benchmark problems throughout this chapter show that the LSM is prone to
local minima. Furthermore, the mobility of the boundaries in the optimization process
may be limited due to the constraints of the optimization, penalization of intermediate
densities and other parameters. In particular, topological changes of the material domain can be problematic, because of the limited availability of an intermediate state of
the topology that is available in conventional density-based TO (only elements on the
structural boundary have intermediate densities).
In this chapter, we proposed a two-stage approach where the advantages of conventional density-based and level-set-based TO are combined. The density-based approach
is used to find a good topology that still involves a blurred representation of the geometry. Subsequently, the density distribution can be mapped into a LSF to continue the
optimization using a crisp design description. In contrast to projection methods, this
approach does not require a continuation approach.
The proposed two-stage approach is well suited for including stress constraints. The
crisp description of the design reduces problems with the interpolation of stresses as
a function of the density because intermediate densities are confined to the structural
boundaries. For elements that are inside the material domain, stresses can only be
decreased by adapting the shape of the design. The results demonstrate that compliant
mechanism designs can be obtained without stress concentrations.
The limit on the magnitude of the slope of the LSF can be used to tackle manufacturing tolerant TO. Different contours of the LSF provide the basis for descriptions of
dilated and eroded designs. In order for this to work, the optimization problem needs to
be formulated such that the optimization process leads to a steep LSF.
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Recommendations

The approaches presented in this chapter may be able to improve the results of multiphysical TO problems where crisp design parameterization is important, similar to the
treatment of stress constraints. We suggest that design problems involving fluid-structure
interaction, MEMS compliant actuator design involving electrostatic-structural coupling,
and possibly mechanism design problems involving self-contact are among the problems
that may especially benefit from this method.
MMA allows (large) design updates that reduce the performance, leading to oscillations in the optimization process. To ensure a converging optimization process, a more
conservative optimizer is preferred to only accept updated designs with improved performance. To guarantee that an improved design can be found, consistent sensitivity
information is crucial.
Adaptive stress normalization can be employed to remove the conservatism of the
aggregated stress constraints. Also block aggregation of stress constraints can be included
in the present formulation. In particular, larger problems are expected to be challenging
and have not been considered in this work.
The effect of intermediate density penalization, the filter size and other settings on
the performance and results of the optimization process requires investigation. Using the
best possible settings may improve the mobility of the boundaries in the level-set-based
optimization process.
The optimization process of the LSM presented here is completely consistent. The
application of sensitivity filtering techniques and other types of inconsistent regularization
(e.g. diffusion of the LSF) may have a favorable effect on some of the problems concerning
local minima and topological changes.
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Chapter

9

C ONCLUSIONS AND R ECOMMENDATIONS

In this thesis we have focused on improving and understanding, in particular, densitybased level-set methods for topology optimization. The contributions in this thesis push
the boundaries of level-set-based topology optimization aiming for robust and accurate
numerical modeling of designs, on one hand, and good convergence behavior of the optimization process, on the other.

9.1

Geometrical nonlinearities

Robustness of the numerical models for the entire range of possible designs is crucial
for gradient-based Topology Optimization (TO). Density-based TO problems typically
contain stiff regions that can deform neighboring compliant areas excessively. When
including geometrical nonlinearities in a TO, excessively deformed finite elements can
cause the structural analyses to fail when using the conventional Material Scaling (MS)
approach (i.e. scaling the stiffness of a finite element). Extreme deformations can occur
that are outside the range of applicability of the linear elastic material model and finite
element description.
As an alternative to the MS approach, the Element Connectivity Parameterization
(ECP) method was proposed for density-based TO. In this thesis we have shown that
ECP can also be used in combination with a density-based Level-Set Method (LSM) for
increased robustness of structural analyses. Moreover, we have proposed a new method,
Element Deformation Scaling (EDS), that successfully avoids excessive deformation of
finite elements by scaling the internal displacements of void elements. The superior
performance of EDS, as compared with MS and ECP, has been demonstrated using a set
of new box-shaped benchmark problems. EDS leads to more robust structural analyses
for density-based TO. However, analyses using both EDS as well as ECP (and MS) may
still suffer from convergence problems beyond full inversion of finite elements. This is
caused by a sudden change of the internal displacements in this range of deformation.
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Level-set methods

The application of the LSM for TO has the advantage of a clear and crisp definition of
the material domain in terms of a contour of the Level-Set Function (LSF). This crispness
can be retained in the mechanical model depending on the type of geometry mapping.
Furthermore, it is essential when the accuracy of the numerical model of the interface is
of importance.
Furthermore, LSMs often lead to smooth and mesh-independent final designs. These
results rely heavily on many kinds of regularization techniques. In particular, the absence of numerical artifacts in density-based LSMs can be attributed to regularization
techniques such as sensitivity smoothing, diffusion and signed-distance reinitialization.
Most types of LSMs can be interpreted as a type of shape optimization with the
potential to change (usually reduce) the topology, offering the designer control over the
topological complexity of the final designs. On the other hand, the dependency of the
final result on the initial design remains a real challenge for level-set-based TO and finding
appropriate initial designs can be difficult. Seeding an initial design with a large number
of holes may lead to numerical issues and does not necessarily resolve the dependency of
the final result on the initial guess. To enhance the topology of designs, mechanisms for
hole nucleation can be added to LSMs using topological derivatives and natural extended
velocity fields (resembling the sensitivity fields of density-based TO methods).
One of the main challenges of level-set-based TO is the convergence behavior, apparent by oscillations in the optimization process and/or slow design evolution. The
convergence rate may be improved by controlling the slope and the smoothness of the
LSF along the material interfaces. Control of the LSF can be obtained using regularization techniques and a smart choice of LSF parameterization. Furthermore, the definition
and implementation of sensitivity information plays a major role. We have emphasized in
particular the effect of inconsistencies in the optimization process that can be the result of
the choice of sensitivities, update procedure and regularization techniques. Consistency
is essential to find an optimal solution to the discretized optimization problem.
In this thesis, we have proposed a LSM based on an exact Heaviside formulation, only
involving intermediate states in elements that are on the boundary of the design. This
approach is completely consistent and employs mathematical programming in the optimization process (the steepest-descent method and the method of moving asymptotes).
Good convergence behavior was obtained using a consistent, linear “top-hat” filter for
the definition of the LSF. However, the level-set-based optimization process remains very
prone to local minima and, therefore, the results depend on the initial guesses.

9.3

Recommendations

We have observed an overlap between LSMs, phase-field methods and density-based TO
methods. Many of these different approaches to TO share features such as a density
distribution, similar sensitivity fields and regularization techniques. For future research
much can be gained by drawing parallels and exchanging techniques between the different
TO approaches.
As an example, we have shown the potential of a two-stage approach where the
advantages of conventional density-based and level-set-based TO are combined. The
density-based approach can be used to find a good topology, but lacks a crisp representation of the geometry. Subsequently, the density distribution can be mapped into a
LSF to continue the optimization using a crisp design description. The usefulness of this
combination can be explored further.
The crisp description of a level-set-based design parameterization can also be used
to avoid problems with the intermediate states in the optimization process. We have
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demonstrated that the LSM can be used to include stress constraints in compliant mechanism design problems. We expect that this approach will also be successful for other
types of optimization problems that need a relatively crisp design discretization.
Using a linear “top-hat” filter for the definition of the LSF restricts the maximum
slope of the LSF. This property offers the possibility to formulate manufacturing tolerant
TO problems. We have shown that different contours of the LSF provide the basis for
descriptions of dilated and eroded designs. Further research is needed to demonstrate
the effectiveness of this appproach.
The effect of different types of (inconsistent) regularization techniques can be systematically analyzed using the consistent basis of the LSM presented in this thesis. For
instance, sensitivity filtering techniques and different types of diffusion of the LSF may
improve the convergence behavior and / or alleviate problems concerning local minima
and topological changes.

S UMMARY

Pushing the Boundaries
Level-set Methods and Geometrical Nonlinearities
in Structural Topology Optimization
This thesis aims at understanding and improving topology optimization techniques
focusing on density-based level-set methods and geometrical nonlinearities. Central in
this work are the numerical modeling of the mechanical response of a design and the
consistency of the optimization process itself.
Concerning the first topic, we investigate different means to improve the robustness of
density-based numerical models including geometrical nonlinearities. The conventional
approach (scaling the local material properties) can result in convergence problems due to
excessive deformation in low-stiffness finite elements. To avoid excessive deformation, we
combine the element connectivity parameterization method (adapting the connectivity
between finite elements) with level-set-based topology optimization. Furthermore, we
achieve greater robustness of analysis method using a second and improved approach
called element deformation scaling. This approach eliminates the need for solving internal
equilibrium equations (needed for the element connectivity parameterization method) via
an explicit relation between the local internal and global external displacement field.
The second focus of this thesis is on the optimization process of level-set-based topology optimization, and in particular its numerical consistency. We observe that signeddistance reinitialization of the level-set function affects the shape of a design in the
optimization process. To minimize this effect, we propose a discrete level-set method
that is based on an approximate Heaviside function and focusing on the implementation.
Furthermore, we also propose a level-set-based topology optimization method using an
exact Heaviside function and mathematical programming that effectively eliminates the
need for reinitialization. We demonstrate that our density-based level-set method is
closely related to conventional density-based topology optimization methods, while offering the advantage of more control over the geometrical complexity. On the other hand,
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we confirm that the dependence of the final result on the initial design which remains one
of the big challenges for level-set-based topology optimization. The potential of the proposed level-set method is shown by applying it on problems with stress constraints and
geometrical nonlinearities and performing manufacturing tolerant topology optimization.
Finally, this thesis offers a review of level-set methods for structural topology optimization to identify and discuss the different approaches that are available in literature.
We can distinguish between level-set methods by examination of their design parameterization, sensitivities, update procedures and regularization techniques. A level-set-based
design parameterization offers the advantage of a crisp distinction between subdomains.
For this reason, X-FEM approaches and conforming discretizations are an interesting
option to retain the crisp nature of the level-set-based description of the design. Many
level-set methods are combined with density-based numerical models and are, therefore,
closely related to conventional density-based topology optimization methods. In particular, recently proposed projection methods have much in common with a level-set-based
design description. The results of level-set-based TO methods often rely heavily on
regularization techniques that introduce inconsistencies in the optimization process. Numerical consistency does not necessarily lead to the best search direction, but is essential
to find a Karush-Kuhn-Tucker point of the discretized optimization problem.

Summary
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S AMENVATTING

Grenzen verleggen
Level-set Methoden en Geometrische Nietlineariteiten
in Structurele Topologie Optimalisatie
Dit proefschift heeft als doel topologie optimalisatie technieken te verbeteren en hierin
meer inzicht te verschaffen. De focus ligt hierbij op level-set methodes die gebaseerd zijn
op een dichtheidsveld en op geometrische nietlineariteiten. Centraal in dit schrijven staan
de numerieke modelering van de mechanische respons van een ontwerp en de consistentie
van het optimalisatie proces.
Wat betreft het eerste onderwerp, onderzoeken we verschillende manieren om de robuustheid van numeriek modellen, die gebaseerde zijn op dichtheden en rekening houden
met geometrische nietlineariteiten, te verbeteren. De conventionele aanpak (schalen van
de materiaal eigenschappen) kan resulteren in convergentieproblemen door overmatige
vervormingen van eindige elementen met weinig stijfheid. Om overmatige vervormingen te voorkomen, combineren we de element connectivity parameterization methode
(aanpassen van de connectiviteit tussen eindige elementen) met topologie optimisatie
gebaseerd op de level-set methode. Verder bewerkstelligen we meer robuustheid van de
analyse methode in een tweede, verbeterde aanpak genaamd element deformation scaling.
In deze aanpak is het niet meer nodig interne evenwichtsvergelijken op te lossen (nodig
bij de element connectivity parameterization methode) door middel van een expliciete
relatie tussen het lokale interne en globale externe verplaatsingsveld.
De tweede focus van dit proefschrift ligt op het optimalisatie proces van level-set methodes voor topologie optimalisatie en in het specifiek op haar numerieke consistentie. We
observeren dat re-initialisatie van de level-set functie tot een getekende afstandsfunctie,
de vorm van een ontwerp in het optimalisatie proces kan aantasten. Om dit effect te minimaliseren stellen we een discrete level-set methode voor, die gebruik maakt van een benaderde Heaviside functie en waarbij we ons richten op de implementatie. Verder stellen
we ook een level-set methode voor die gebaseerd is op een exacte Heaviside functie en
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wiskundig programmeren, waardoor re-initialisatie niet meer benodigd is. We tonen aan
dat onze methode nauw gerelateerd is aan conventionele op dichtheid gebaseerde topologie optimisatie methoden, maar meer controle biedt over de geometrische complexiteit.
Daarentegen bevestigen we dat de resultaten erg afhangen van de initiële ontwerpen,
wat nog steeds één van de grootste uitdagingen is voor op level-set gebaseerde topologie
optimalisatie. Het potentieel van de voorgestelde level-set methode wordt aangetoond
door hem toe te passen op problemen met spanningsbeperkingen en geometrische nietlineariteiten en door maakbaarheidstolerante topologie optimisatie uit te voeren.
Tot slot biedt dit proefschrift een review van level-set methoden voor structurele
topologie optimalisatie om de verschillende beschikbare aanpakken te identificeren en
te bespreken. We kunnen differentiëren tussen level-set methoden door te kijken naar
de ontwerpparametrisatie, sensitiviteiten, update procedures en regularisatie methoden.
Doormiddel van een level-set functie kan eenduidig onderscheid gemaakt worden tussen
subdomeinen. X-FEM aanpakken en conformerende discretisaties zijn interessante opties
om de heldere beschrijving van een parametrisatie gebaseerd op een level-set functie te
behouden. Veel level-set methodes worden gecombineerd met numerieke modellen die gebruik maken van een dichtheidsveld en zijn, daardoor, nauw gerelateerd aan conventionele
topologie optimalisatie methoden gebaseerd op dichtheden. In het bijzonder hebben de
recentelijk voorgestelde projectie methoden veel gemeenschappelijk met een level-set ontwerp beschrijving. De resultaten van level-set methoden voor topologie optimalisatie
zijn vaak erg afhankelijk van regularisatie technieken die inconsistenties introduceren in
het optimisatie proces. Numerieke consistentie leidt niet altijd tot de beste zoekrichting, maar is wel essentieel voor het vinden van een Karush-Kuhn-Tucker punt van het
gediscretiseerde optimisatie probleem.
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