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Abstract—Transcranial ultrasound has been used to image
the brain since 1942. Currently, it is regaining interest and
full-waveform inversion (FWI) methods are now employed to
reconstruct speed-of-sound profiles of the brain. Many of these
methods require a good starting model. Here, we test the
applicability of contrast source inversion (CSI) as a FWI method
to reconstruct two-dimensional speed-of-sound profiles of the
soft brain tissue enclosed by the skull. The advantage of CSI
is that it can handle large acoustic contrasts without the need
for a good starting model. To test the performance of CSI, we
first compute synthetic data. The resulting pressure field clearly
shows a significant amount of multiple scattering caused by the
skull that acts as a hard acoustic contrast. Next we invert the
resulting synthetic data within the Born approximation as well
as by applying CSI as a FWI method. The results clearly show
that Born inversion can only image the soft brain tissue in
the absence of the skull whereas it generates erroneous results
when the skull is present. On the other hand, with CSI it is
feasible to reconstruct both the skull and the soft brain tissue
accurately. Importantly, as compared to other methods CSI does
not require any a priori information about the contrast, a mask
or a heterogeneous starting model to reconstruct the soft tissue
enclosed by the skull.

Index Terms—transcranial ultrasound, brain, full-waveform
inversion, quantitative imaging, speed-of-sound profile

I. INTRODUCTION

Transcranial ultrasound (US) as a modality to image the
brain is gaining interest as an alternative for expensive MRI
scans or radiation based CT scans. Although started in the
early forties by Dussik [1], it only revived recently by the ap-
plication of full-waveform inversion (FWI) methods to image
the soft tissue in the brain [2]. FWI methods are commonly
used for seismic applications [3]. With transcranial ultrasound,
FWI methods are needed to account for the enormous amount
of multiple scattering due to the presence of the large acoustic
contrasts in the head, i.e. the skull and the various air cavities.
In addition to imaging and inversion, FWI methods are needed
to model the acoustic wavefield when transcranial ultrasound
is used for tumor ablation [4], [5].

The FWI methods used in the past by Guasch et al. either
need a good starting model (e.g. obtained from a CT scan)
or the application of an Adaptive Waveform Inversion (AWI)
method. With AWI, a starting model from the data is con-
structed and successively used as input for their conventional
FWI method [2]. Here we test the applicability of Contrast
Source Inversion (CSI) as a FWI method to reconstruct speed-
of-sound profiles of the brain and the skull [7], [8]. CSI
is known to work well in the absence of a good starting
model, the previously presented switch, or any additional
regularization [6]. To test our FWI method, we first solve the
forward problem using a conjugate gradient method [9], [10].
To investigate the effect of the skull on the resulting pressure
field we model the wave field in the presence and the absence
of the skull. Due to the low frequencies employed, we can
neglect attenuation [10]. Finally, we process our synthetically
recorded wavefields using three different imaging/inversion
methods: SAFT, Born inversion (BI) and CSI [8].

II. THEORY

The two-dimensional acoustic problem of interest is formu-
lated in the temporal Fourier domain with angular frequency
ω using the following integral equation formulation

p(x) = pinc(x) + ω2

∫
D

G(|x − x′|)χ(x′)p(x′)dA(x′), (1)

where p(x) and pinc(x) are the total and incident pressure
fields at the location x respectively, G(|x − x′|) is the Greens
function, and where

χ(x′) =
1

c2(x′)
− 1

c20
, (2)

is the contrast function with c(x′) and c0 being the speed of
sound of the contrast and the embedding respectively. Note
that the contrast is only non-zero in the spatial domain D,
where D is enclosed by the domain S that contains the sources



and the receivers. To compute synthetic measurement data,
integral equation (1) is solved using a conjugate gradient
scheme. To reduce computing time, without losing accuracy,
a reduced implementation of the forward operator is em-
ployed [9], [10].

For imaging and inversion we use three methods: SAFT,
BI and CSI [8]. With BI, integral equation (1) is linearized
by replacing the unknown total pressure field inside the inte-
gral equation with the known incident pressure field pinc(x).
Hence, for BI the employed integral equation reads

p(x) = pinc(x) + ω2

∫
D

G(|x − x′|)χ(x′)pinc(x′)dA(x′). (3)

However, as results will show, the skull will give rise
to a significant amount of multiple scattering that can’t be
neglected. As a result of this, it is necessary to employ a full-
waveform inversion method. In this work, we use CSI. To this
end we formulate integral equation (1) as

psct(x) = ω2

∫
D

G(|x − x′|)w(x′)dA(x′), (4)

where the contrast source w(x′) is defined as

w(x′) = χ(x′)p(x′). (5)

With CSI, the unknown contrast source is updated using an
iterative scheme that minimizes the following cost function E

E = ηS‖psct − LS[w]‖2
S
+ ηD‖χpinc − w + χLD[w]‖2

D
, (6)

where ηS and ηD are normalization terms, and where LD and
LS are integral operators derived from equation (4). After each
update of the contrast source w(x), both the pressure field p(x)
inside D as well as the χ(x) (and hence c(x)) are updated.

III. RESULTS

To test the presented imaging and inversion methods for
transcranial ultrasound we compute synthetic measurement
data for the two head models shown in figure 1. The two-
dimensional models are derived from a MRI scan and only
show variations in the speed of sound [11]. The differences
between the two models is the absence or the presence of
the skull; with the first model the skull is replaced by water
whereas with the second model the skull is left intact. This
adaption of the model is done to investigate the effect of the
skull on the resulting pressure field as well on the imaging
and inversion results.

Less sources (Nsrc = 32) than receivers (Nrec = 256) are
used to scan the model. It has been shown previously that this
will lead to a significant reduction in computational load and
inversion time - without hardly any loss in convergence rate -
when FWI is employed [12].

The employed source wavelet for the probing wave field
is shown in figure 2; a Gaussian modulated pulse with a
center frequency f0 = 0.1 MHz. Although the bandwidth
of the signal is representative for medical ultrasound, its
center frequency is relatively low. This is done to avoid cycle
skipping as well as to be able to handle the large acoustic
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Fig. 1. Speed-of-sound profile in the absence (top) and the presence (bottom)
of a skull. The two-dimensional model is surrounded by 32 sources (red
circles) and 256 receivers (white dots).

contrast during the inversion. The 110 frequency components
used for the inversion are indicated by the red dots. Due to
the low center frequency of the employed source wavelet,
attenuation by absorption can be neglected [10]. To reduce the
computing time required to solve the forward problem, we use
a reduced forward operator formulation without any loss on
accuracy [9]. Finally, space and time are discretised using step
sizes of Δx = 1.5 mm and Δt = 2.5 μs respectively.

To test the effect of the skull on the resulting wave field, the
forward problem is solved twice: first in the absence of skull
(the skull is replaced by water) and second in the presence of
the skull. Snapshots of the resulting wave field for both cases
at t = (60.0, 122.5, 185.0, 247.5, 310.0, 372.5, 435.0) μs are
shown in figure 3. These results clearly show that the skull has
an enormous effect on the pressure field. The snapshots clearly
show that a vast amount of multiple scattering is generated by
the skull; i.e. in the absence of the skull there is hardly any
wave field visible after 310 μs, whereas in the presence of a
skull the scattered field remains clearly visible in all remaining
snapshots. Although not clearly visible in the presented results,
animations of the computed wave fields show that the skull
act as a kind of “wave guide” for the acoustic field.

The resulting profiles obtained with imaging (SAFT) and
inversion (BI and CSI) are shown in figure 4. Due to the
low frequencies employed, SAFT fails for both cases. BI does
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Fig. 2. Source wavelet in time (left) and frequency (right) domain. The red
dots indicate the frequency components used for inversion.

succeed in making an accurate reconstruction of the soft tissue
in the absence of the skull but not in its presence. In the
latter case, BI is capable of imaging the skull itself but it
fails to reconstruct the soft tissue enclosed by the skull. In
addition, all multiple scattering present in the data for the
second case is projected at the location of the receivers as
this type of scattering is not taken into account with the
employed formalism. Only CSI succeeds in reconstructing the
head model and in particular the soft brain tissue; both in the
absence and in the presence of the skull. The results clearly
show that with CSI an accurate speed-of-sound profile can be
reconstructed with correct values for the various soft tissues
enclosed by the skull.

IV. CONCLUSION

The presence of a vast amount of multiple scattering -
caused by the skull and clearly visible in the data - prohibits
the applicability of SAFT or Born inversion based methods for
transcranial ultrasound. Here we show that Contrast Source
Inversion as a full-waveform-inversion (FWI) method can be
successfully used to process synthetic transcranial ultrasound
data. The resulting image shows an accurate reconstruction of
the speed-of-sound profile of the head in which the skull and
the structure of the soft brain tissues are clearly visible. Im-
portantly, this excellent reconstruction is obtained without the
use of any a priori information; i.e. no mask or heterogeneous
starting model has been used during inversion.
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