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Chapter 1

Introduction

Empirical studies on real-life networks, such as the Internet, the World-Wide
Web, social networks, and various types of technological and biological net-
works, show fascinating similarities. Many of the networks are  !"## $%&#' ,
meaning that typical distances in the network are small, and many of them
have (%$)&*#"$ ')+&))  ),-)./) , meaning that the number of vertices with
degree k falls off as k−τ for some exponent τ > 1. (. . .) Incited by these
empirical findings, random graphs have been proposed to model and/or ex-
plain these phenomena.

M. Deijfen, H. van den Esker, R. van der Hofstad and G. Hooghiemstra; [29]
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7() +!#/),)% 01 # 8%#$( G !" ,() /#;!/4/ A*!,) +!",#*2) =),'))* #*? $#!% 01

>)%,!2)" !* G& '(!2( ') +)*0,) =?

diam(G) = max
v,w∈V

d(v,w)<∞

d(v, w). C:-D-FE

G=")%>) ,(#, ,() +!#/),)% !" # %)#. *4/=)%& =4, ,() ,?$!2#. +!",#*2) !" # %#*+0/

>#%!#=.)-
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 !" #$%&! G '(  !""# $#% ') )*$ %+, -.* /"$-'0"( v, w '+ V -!"$" "1'(- % &%-!

2"-.""+ -!" /"$-'0"( v %+3 w4 5 #$%&! -!%- '( +*- 0*++"0-"3 0%+ %6.%,( 2" 3'/'3"3
'+-* 0*++"0-"3  !&'!"#"$(7 '4"47 3'(8*'+- 0*++"0-"3 (92#$%&!(4 :*$ "1%;&6"7 -!"

$'#!- ;*(- #$%&! '+ :'#9$" <4< 0*+('(-( *) -!$"" 0*++"0-"3 0*;&*+"+-(4

1.4 History

“The origins of graph theory are humble, even frivolous. Whereas many
branches of mathematics were motivated by fundamental problems of cal-
culation, motion, and measurement, the problems which led to the develop-
ment of graph theory were often little more than puzzles, designed to test the
ingenuity rather than to stimulate the imagination. But despite the apparent
triviality of such puzzles, they captured the interest of mathematicians, with
the result that graph theory has become a subject rich in theoretical results of
a surprising variety and depth.”

From ‘Graph Theory/1736-1963’; [13]

=+ -!'( ("0-'*+ ." .'66 #'/" % 2$'") */"$/'". *) -!" !'(-*$, *) $%+3*; (0%6">)$""

#$%&!(4 ?" .'66 0*+('3"$7 '+ 0!$*+*6*#'0%6 *$3"$7 -!" ;*(- '+@9"+-'%6 &"$(*+( '+

-!" !'(-*$,4 ?" (-%$- .'-! -!" $**-( *) #$%&! -!"*$,7 )*9+3"3 2, A"*+!%$3 B96"$4

 !"+7 ." .'66 0*+('3"$ :$'#,"( C%$'+-!,7 .!* &926'(!"3 -!" (!*$- (-*$, -'-6"3

)*+,"( '+ <DED4 =+ -!'( (-*$,7 C%$'+-!, 06%';( -!%- -!" ;*3"$+ .*$63 '( (!$'+F'+#

39" -* -!" "/"$>'+0$"%('+# 0*++"0-"3+"(( *) !9;%+ 2"'+#(4 ?" .'66 0*+-'+9" -!'(

%$#9;"+-7 %+3 ." .'66 "+3 .'-! (0%6">)$"" $%+3*; #$%&!(4

1.4.1 Euler

:$*; % ;%-!";%-'0%6 &*'+- *) /'".7 A"*+!%$3 B96"$G( (*69-'*+ *) -!" -.",/(0#1/

01,%/# '1!02#& '( -* 2" 0*+('3"$"3 -!" H$(- -!"*$"; *) #$%&! -!"*$, IJDK4

 !" CL+'#(2"$# 2$'3#" &$*26"; '( 2%("3 *+ %+ %0-9%6 &6%0" %+3 ('-9%-'*+4  !"

0'-, *) CL+'#(2"$#7 +*. C%6'+'+#$%3 '+ M9(('%7 .%( ('-9%-"3 %- -!" N$"#"6 M'/"$4

=- '+0693"3 -.* 6%$#" '(6%+3( .!'0! ."$" 0*++"0-"3 -* "%0! *-!"$ %+3 -!" ;%'+6%+3

2, ("/"+ 2$'3#"(7 ("" :'#9$" <4E4 =- '( (%'37 -!%- -!" &"*&6" *) CL+'#(2"$# 9("3

-* "+-"$-%'+ -!";("6/"( 2, -$,'+# -* H+3 % $*9-" %$*9+3 -!" 0'-, .!'0! 0$*(("(

"%0! *) -!" ("/"+ 2$'3#"( 89(- *+0" %+3 .!"$" -!" (-%$-'+# &*'+- %+3 -!" "+3&*'+-

0*'+0'3"4 5( -!"'$ %--";&-( ."$" '+ /%'+7 '- .%( 2"6'"/"3 -!%- H+3'+# (90! % $*9-"

'( ';&*(('26"4

=+ <OJP7 B96"$ &$*/"3 -!%- '- '( +*- &*(('26" -* #'/" % $*9-" .!'0! 0$*(("(

"%0! 2$'3#" *+6, *+0" %+3 .!"$" -!" (-%$-'+# &*'+- %+3 -!" "+3&*'+- 0*'+0'3"4 =+

&$*/'+# -!" $"(96-7 B96"$ )*$;96%-"3 -!" &$*26"; '+ -"$;( *) #$%&! -!"*$,7 '4"47

2, %2(-$%0-'+# %66 )"%-9$"( *) -!" &$*26";4  !" 6%+3;%(("( %$" (92(-'-9-"3 2,

/"$-'0"(7 %+3 -!" 2$'3#"( %$" (92(-'-9-"3 2, "3#"( .!'0! 0*++"0- -!" /"$-'0"(4 =+

-!'( .%,7 -!" H$(- #$%&! .%( 3"H+"37 ("" :'#9$" <4E4 Q2("$/" -!%- $"&6%0'+# -!"

2$'3#"( *) CL+'#(2"$# 2, % (';&6" ;%-!";%-'0%6 *28"0-7 '4"47 -!" #$%&!7 '( &"$!%&(

;*$" ';&*$-%+- -!%+ %0-9%66, (*6/'+# -!" &$*26";4

 !" &%&"$ 2, A"*+!%$3 B96"$ *+ -!" ("/"+ 2$'3#"( *) CL+'#(2"$# .%( &926'(!"3

'+ <OJP4 =- '( $"#%$3"3 %( -!" H$(- &%&"$ '+ -!" !'(-*$, *) #$%&! -!"*$,4  !" &%&"$
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Figure 1.2:  ! "#$ %$&" '$ ($$) *! +,-.) "#$ $!+,-/*!+( *%%0(",-"*!+ "#$ 1234 5-5$, 6& 70%$,
-860" "#$ 8,*9+$( 6& :;!*+(8$,+< =#$ 8,*9+$( -,$ %-8$%$9 a, b, c, d, e, f -!9 g<  ! "#$
,*+#" "#$. >6,,$(56!9 "6 "#$ $9+$( a, b, c, d, e, f -!9 g< ?*@*%-,%.) "#$ %-!9@-(($( -,$ -,$
%-8$%$9 A, B, C -!9 D) >6,,$(56!9*!+ "6 "#$ /$,"*>$( A, B, C -!9 D *! "#$ +,-5#<

 !" #$% %&'(!)*&' *++,-.(!.*&' .$% /!/%( 01234

A D

C

B

g

c

f

d

e

a

b

 5" 6 '(!/$ (%/(%-%&.*&' .$%

5(*7'%- 89 :;&*'-5%('4

 !"#$%&'(&!% &)(& &)!'! *% $# +#%%*,*-*&. /#' ( '#0&! 1)*2) 2'#%%!% (-- ,'* 3!% #$-.

#$2! %&('&*$3 ($ !$ *$3 (& &)! %("! +#*$&4 50-!' 3(6! ($ *$&0*&*6! ('30"!$&

&# !7+-(*$ 1). &)!'! *% $# %02) '#0&!4 8$ #' !' &)(& %02) ( '#0&! !7*%&%9 #$!

$!! % &)(& &)! $0",!' #/ ! 3!% &)(& *% *$2* !$& &# ( 6!'&!79 &)! %#:2(--!  !3'!!

#/ 6!'&!79 *% !6!$4 ;)! * !( *% %*"+-!9 !(2) &*"! .#0 !$&!' ( 6!'&!7 <-($ "(%%= ,.

($ ! 3! <,'* 3!= ($  !+('& /'#" *& &)!  !3'!! *% (03"!$&! ,. >4 ;)!'!/#'! (--

&)!  !3'!!% %)#0- ,! !6!$4 8$ ?*30'! @4> 1! %!! &)(& &)!  !3'!! #/ ($. $# ! *%

#  9 &)!'!/#'! $# %02) '#0&! 2($ !7*%&4

1.4.2 Karinthy

8$ &)! +'!6*#0% %!2&*#$9 1!  *%20%%! &)! 6!'. !('-. '##&% #/ 3'(+) &)!#'.4 8$

&)*% &)!%*% 1! ('! *$&!'!%&! *$ +'#+!'&*!% #/ -('3! 3'(+)%9 *4!9 A0!%&*#$% '!-(&! &#

&)!  *("!&!' #' &.+*2(-  *%&($2! #/ 3'(+)% 1)!$ &)! $0",!' #/ 6!'&*2!% 3#!% &#

*$B$*&.4 ;)! B'%& +(+!' &)(& (  '!%%! &)!%! A0!%&*#$%  (&!% ,(2C &# @D>D4 ;)*%

+0,-*2(&*#$ *% $#& ( %2*!$&*B2 +(+!' (& (--9 ,0& ( %)#'& %&#'. &*&-!  !"#$%4 ;)!

(0&)#' ?'*3.!% E('*$&). +0,-*%)! &)*% %&#'. *$ ( 6#-0"! #/ %)#'& %&#'*!% &*&-! 

&'()*+!#$, #% -#.()($+4 ;)! (0&)#' #/  !"#$%  !%2'*,! &)! %/"00123)04 (.(5+ #'

%#6 4(,)((% 37 %(8")"+#3$9 (-&)#03) 1*&)#0& +'##/4 8$  !"#$% E('*$&). ('30! &)(&

&)! 1#'- *% 3!&&*$3 %"(--!'4 F0! &# &!2)$#-#3*2(-  !6!-#+"!$&% *$ 2#""0$*2(&*#$%

($ &'(6!--*$39 %#2*(- $!&1#'C% 3'#1 -('3!' ($ %+($ 3'!(&!'  *%&($2!% *$ &)! %("!

("#0$& #/ &*"!4 G% ( '!%0-&9 E('*$&). ,!-*!6! &)(& ($. &1# *$ *6* 0(-% 2($ ,!

2#$$!2&! &)'#03) (& "#%& B6! (2A0(*$&($2!%4

1.4.3 Erdős and Rényi

H!$!'(--. %+!(C*$39 ( )"$43/ ,)"8! *% ( 3'(+) &)(& *% I2#$%&'02&! J ,. %#"!

I'($ #" +'#2! 0'!J4 8$ +'#,(,*-*&. &)!#'. &)! I'($ #" +'#2! 0'!J *% '!+'!%!$&! 

,. ( +'#,(,*-*&. %+(2! ($ &)! I2#$%&'02&*#$J ,. ( /0$2&*#$ /'#" &)! +'#,(,*-*&.

%+(2! *$&# ( %0*&(,-! /("*-. #/ 3'(+)%4 ;)0%9 &)! &)!#'. #/ '($ #" 3'(+)% *% (
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 !" #$ %&'() *)+#&, '-. (&#/'/!0!*, *)+#&,1 2)+ 3*4., #$ &'-.# %&'()3 /+%'-

' $+5 .+6'.+3 '%#7 !-.+(+-.+-*0, '-. '0 #3* 3! 40*'-+#430,7 /, 3+8+&'0 '4*)#&37

-' +0, 9#&. '-. :)0+-/+6; <=>?7 @!0/+&* <=A?7 B43*!-7 9'%+-7 C+--+, '-. D!#&.'-

<E?7 '-. F&.G3 '-. DH-,! <I=?1 9&# *)+3+ '4*)#&37 F&.G3 '-. DH-,! '&+ 6#-3!.+&+.

*# /+ *)+ $#4-.!-% $'*)+&3 #$ *)+ *)+#&, #$ &'-.# %&'()31 2)+, 5+&+ *)+ J&3* *#

!-*&#.46+  +*)#.3 5)!6) 4-.+&0!+ *)+ (&#/'/!0!3*!6 *&+'* +-* #$ &'-.# %&'()37

5)!0+ *)+ #*)+& '4*)#&3 5+&+  #&+ 6#-6+&-+. 5!*) +-4 +&'*!#- (&#/0+ 31

K- *)+ ('(+& <I=?7 F&.G3 '-. DH-,! !-*&#.46+ *)+ &'-.# %&'() G(n,m)7 5)+&+
n '-. m '&+ (#3!*!8+ !-*+%+&31 K- *)+ G(n,m)  #.+0 ' %&'() !3 6)#3+- 4-!$#& 0,
'* &'-.# $&# *)+ 6#00+6*!#- #$ '00 %&'()3 5!*) n 8+&*!6+3 '-. m +.%+31 B 3+6#-.
 #.+0 #$ !-*+&+3* !3 *)+ &'-.# %&'() G(n, p)7 5)!6) !3 #$*+- &+$+&&+. *# '3 *)+
F&.G3 '-. DH-,! LFDM &'-.# %&'()7 '0*)#4%) *)+ &'-.# %&'() 5'3 !-*&#.46+.

/, @!0/+&* <=A?1 K- *)!3  #.+0 +'6) %&'() 6#-3!3*3 #$ n 8+&*!6+3 '-. +'6) #$ *)+
(

n
2

)

(#33!/0+ +.%+3 #664&3 !-.+(+-.+-*0, 5!*) (&#/'/!0!*, p1 2)+ *5# &'-.# %&'()
 #.+03 '&+ 60#3+0, &+0'*+.7 3++ $#& +"' (0+ <>N7 OP1=? #& <PA7 OQ1Q?1

1.4.4 Milgram

:-*!0 *)+ +"(+&! +-*3 #$ R*'-0+, S!0%&' 7 *)+ 6)'00+-%+ #$ 0!-;!-% *5# !-.!8!.4'03

*# +'6) #*)+& /, '*  #3* J8+ #*)+& !-.!8!.4'03 )'. /++- ' /&'!-*+'3+&1 R*'-0+,

S!0%&' 7 ' $' #43 +"(+&! +-*'0 3#6!'0 (3,6)#0#%!3*7 3*'&*+. *# +"(+&! +-* !- PTAE

'* U'&8'&. :-!8+&3!*, !- V' /&!.%+7 S'33'6)43+**37 :RB7 *# *+3* *)+ ),(#*)+3!3

#$ *)+ 3!" .+%&++3 #$ 3+('&'*!#-1 W!;+ X'&!-*),7 S!0%&' 5'3 !-*&!%4+. /, *)+

!-6&+'3!-% 3#6!'0 !-*+&6#--+6*+.-+33 ' #-% !-.!8!.4'03 #8+& *! +1 U#5+8+&7 !* !3

-#* ;-#5- *#  + 5)+*)+& S!0%&' ;-+5 *)+ 5#&; #$ X'&!-*),1

S!0%&' Y3 +"(+&! +-*3 5+&+ .+3!%-+. *#  +'34&+ *)+ *,(!6'0 -4 /+& #$ !-*+&Z

 +.!'&!+3 /+*5++- *5# &'-.# 0, 3+0+6*+. (+#(0+1 K- #-+ #$ *)+ +"(+&! +-*37 5)!6)

!3 .+36&!/+. !- <NP?7 S!0%&' .+*+& !-+. )#5  '-, !-*+& +.!'&!+3 !* *##; *# 3+-.

' /##;0+* $&# 3+0+6*+. !-.!8!.4'03 !- [+/&'3;' '-. \#3*#- *# ' 3(+6!J6 *'&%+*

!- S'33'6)43+**31 C'&*!6!('-*3 5+&+ '3;+. *# *&, *# %+* *)+ /##;0+* *# *)+ *'&Z

%+* /, ('33!-% *)+ /##;0+* *# 3# +#-+ *)+, ;-+5 (+&3#-'00,7 5)# *)+, /+0!+8+.

+!*)+& ;-+5 *)+ *'&%+*7 #&  !%)* ;-#5 3# +#-+ 5)# .!.1 2)+3+ '6]4'!-*'-6+3

5+&+ '3;+. *# .# *)+ 3' +7 &+(+'*!-% *)+ (&#6+33 4-*!0 *)+ /##;0+* )'. &+'6)+.

*)+ *'&%+*1

B 3!%-!J6'-* (&#/0+ 5'3 *)'* (+#(0+ &+$43+. *# ('&*!6!('*+1 B3 ' 6#-3+Z

]4+-6+7 *)+  '^#&!*, #$ *)+ /##;0+*3 -+8+& &+'6)+. *)+!& .+3*!-'*!#-1 K- *)+ '/#8+

.+36&!/+. +"(+&! +-* QIQ #4* #$ *)+ QTA /##;0+*3 -+8+& &+'6)+. *)+ .+3*!-'*!#-7

3++ <NP?1 U#5+8+&7 A= #$ *)+ /##;0+*3 .!. &+'6) *)+!& *'&%+*7 '-. *)+  +'- -4 /+&

#$ !-*+& +.!'&!+3 /+*5++- *)+ 3*'&*+&3 '-. *)+ *'&%+* 5'3 >1Q1 S!0%&' .+.46*+.

*)'* (+#(0+ !- *)+ :R '&+ 3+('&'*+. /, '/#4* 3!" (+#(0+ #- '8+&'%+1 B0*)#4%)

S!0%&' )! 3+0$ -+8+& 43+. *)+ *+& 3!" .+%&++3 #$ 3+('&'*!#-7 *)+3+ J-.!-%3

'**&!/4*+. *# *)+ 5!.+3(&+'. '66+(*'-6+ #$ 3!" .+%&++3 #$ 3+('&'*!#-1

1.4.5 Watts and Strogatz

2)+ ('(+& #$ _'**3 '-. R*&#%'*` <NQ? 5'3 (&#/'/0, *)+ J&3* ('(+& *# 6# ('&+ -+*Z

5#&;3 $&# .!a+&+-* 36!+-6+3 '-. *# 3)#5 *)'* *)+!& .!' +*+&3 5+&+ 6#-3!.+&'/0,

3 '00+& *)'- *)#3+ #$ &+%40'&0, 6#-3*&46*+. %&'()37 !1+17 0'**!6+3 #& %&!. %&'()37
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 !"# "#$ %&'$ ()'*$+ ,- .$+"!/$% &(0 $01$%2 3( "#$ 4!"$+&")+$5 "#$ $6!%"$(/$ ,- &

%'&44 0!&'$"$+% !% /&44$0 "#$  !"##$%&'#( )*)+,2 7&""% &(0 8"+,1&"9 /,(%!0$+$0

"#$ /,44&*,+&"!,( 1+&:# ,- &/",+% !( -$&")+$0 ;4'%5 "#$ $4$/"+!/&4 :, $+ 1+!0 ,- "#$

 $%"$+( <(!"$0 8"&"$% &(0 "#$ ($)+&4 ($" ,+= ,- "#$  ,+' -. /#)0"1 2

7&""% &(0 8"+,1&"9 !("+,0)/$0 "#$ %,>/&44$0 7&""%>8"+,1&"9 ?78@ +&(0,'

1+&:#5  #!/# 1$($+&"$% #!1#4A /4)%"$+$0 1+&:#%  !"# & +$4&"!.$4A %'&44 0!&'$"$+2

B%%$("!&44A5 "#$ ',0$4 !% & +$ !+!(1 ',0$42 C($ %"&+"%  !"# & ;6$0 %$" ,- .$+"!/$%

,( & /!+/4$ &(0 ,($ /,(($/"% $&/# .$+"$6 ,(4A ", !"% k ($!1#*,+% ,( "#$ +!1#" &(0
", !"% k ($!1#*,+% ,( "#$ 4$-"2 D#$(5  !"# 1!.$( :+,*&*!4!"A5 $01$% &+$ +$ !+$02
D#$ 1+&:#% ,*"&!($0 *A +$ !+!(1 $01$% ,( & /!+/4$ 0, (," +$%$'*4$ +$&4 ($" ,+=%5

&4"#,)1# "#$A %#&+$ %,'$ ,- "#$!+ /#&+&/"$+!%"!/%2 D, ',0$4 +$&4 ($" ,+=%5 !"  &%

0$%!+&*4$ ", 0$;($ ($ -&'!4!$% ,- 1+&:#% ',0$4%2

1.4.6 Barabási and Albert

E% !(0!/&"$0 !( "#$ :+$.!,)% %)*%$/"!,( "#$+$  &% & ($$0 -,+ !("+,0)/!(1 ($ 

+&(0,' ($" ,+=% "#&" *,"# $6:4&!( "#$ %'&44  ,+40 $F$/" &(0 "#$ ,//)++$(/$ ,-

%, /&44$0 :, $+>4& 0$1+$$ 0!%"+!*)"!,(%5  #!/#  $  !44 $6:4&!( (, 2 3( GHH5 HI5 IHJ

!"  &% ,*%$+.$0 "#&" !( '&(A +$&4>4!-$ ($" ,+=% "#$ ()'*$+ ,- (,0$%  !"# 0$1+$$

k !% :+,:,+"!,(&4 ", &( !(.$+%$ :, $+ ,- k2 K,+$ :+$/!%$4A5 !- Nk !% "#$ ()'*$+ ,-
(,0$% !( "#$ ($" ,+= #&.!(1 0$1+$$ k5 "#$(

Nk ≈ Ck−τ ?L2M2L@

 #$+$ C !% & /,(%"&(" &(0 τ > 1 & :&+&'$"$+ ,- "#$ ($" ,+=  #!/# !% /&44$0 "#$
:, $+>4& $6:,($("2 8$$ N!1)+$ L2O ,+ GHH5 D&*4$ 33J -,+ & ',+$ $6"$(%!.$ ,.$+.!$ 

,- $6&':4$% ,- ($" ,+=%  !"# "#$ /,++$%:,(0!(1 :, $+>4& $6:,($("2

Figure 1.3:  !"# $#%&'&()# *#+,!$-. )$!" /012 3%4&# 567 7

Network nodes links τ Brief description

Gnutella 1.026 3.752 1.4 A file sharing network. The users are
the nodes and the upload and down-
load links are the edges.

PIN 2.115 2.240 2.4 Protein Interaction Networks.

Citation 783.339 67.161.198 3.0 Each node is an author, where authors
are connected to one and another if they
have published a paper together.

Actors 449.913 255.516.482 2.3 Each node is an actor, where two actors
are connected if they featured together
in the same moving picture.

Internet 10.697 31.992 2.5 The nodes are (large) routers and the
links are the connection between the
routers.

D#$ :&:$+ *A P&+&*Q%! &(0 E4*$+" GMJ  &% "#$ ;+%" :&:$+ "#&" 1&.$ "#$ /&)%$

,- "#$ $6!%"$(/$ ,- "#$%$ :, $+>4& 0$1+$$ 0!%"+!*)"!,(%2 P&+&*Q%! &(0 E4*$+"

!("+,0)/$0 & +&(0,' 1+&:# ',0$45  #!/# !% (, &0&A% +$-$++$0 ", &% "#$ 2"'"34 5$

6#3)', ?PE@ +&(0,' 1+&:# ',0$42 D#$ PE ',0$4 !(/,+:,+&"$% " , !':,+"&("
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 !"!#$% &'"&!()*+ ,-.&- $#! (#!*!") ." /'*) #!$% "!),'#0*+ "$/!%12  #',)- $"3

(#!4!#!").$% $))$&-/!")5 6" )-! 78 /'3!% "'3!* $#! !")!#." )-! /'3!% '"! 91

'"! $) 3.*&#!)! )./! *)!(*5 8) )./! n $ "!, "'3! !")!#* )-! "!),'#0 $"3 4#'/

)-.* "'3! )-!#! $#! !/$"$)." $ :;!3 "</9!# m ≥ 1 !3 !*5 =-!*! !3 !* $#! )-!"

&'""!&)!3 )' )-! '%3 "'3!* 1, 2, . . . , n − 1 '4 )-! "!),'#0+ ,-!#! )-! $))$&-/!")

(#'9$9.%.).!* $#! )$0!" (#'('#).'"$% )' )-! 3! #!!* '4 )-! '%3 "'3!*5 7$#$9>*. $"3

8%9!#) *-',!3 91 *./<%$).'" )-$) )-! $9'?! *!)@<( %!$3* )' $ #$"3'/  #$(- -$?." 

(',!#@%$, 3! #!! *!A<!"&!*5 8 #. '#'<* (#''4 '4 )-! 4$&) )-$) )-! 78@/'3!% -$*

(',!# %$, 3! #!! *!A<!"&! ,$*  .?!" 91 7'%%'9>* $"3 B.'#3$" CDEF5 =-! */$%%

,'#%3 !G!&) ,$* $%*' (#'?!3 91 7'%%'9>* $"3 B.'#3$"5 =-!1 *-',!3 4'# )-! 78

/'3!% )-$) )-! 3.$/!)!# *&$%!* 4'# m = 1 $* log n+ .5!+ )-! %' $#.)-/ '4 )-! "</9!#

'4 "'3!*5 H'# m > 1+ )-! 3.$/!)!# *&$%!* $* log n/ log logn5

1.5 Scale-free graphs and modeling

“Nature normally hates power laws. In ordinary systems all quantities follow
bell curves, and correlations decay rapidly, obeying exponential laws. But
all that changes if the system is forced to undergo a phase transition. Then
power laws emerge – Nature’s unmistakable sign that chaos is departing in
favor of order.”

Albert-László Barabási

=' *)<31 $ #!$%@%.4! "!),'#0 '"! &'<%3 .3!").41 )-! "'3!* $"3 !3 !* $"3 &'"@

*)#<&) )-! &'##!*('"3."  #$(-5 H'# !;$/(%! )-! 6")!#"!) &'"*.*)* '4 #'<)!#*

I"'3!*J ,-.&- $#! &'""!&)!3 )' !$&- ')-!# 91 ,.#!* I!3 !*J+ '#+ )-! K'#%3@K.3!

K!9 IKKKJ &'"*.*)* '4 ,!9 ($ !* I"'3!*J ,-.&- $#! %."0!3 )' !$&- ')-!# 91

-1(!# %."0* I3.#!&)!3 !3 !*J5 6" (#$&).&! )-.* .* "') ?!#1 <*!4<%+ *."&! )-! "!),'#0*

'4 .")!#!*) $#! %$# ! $"3+ $* $ &'"*!A<!"&!+ )-.* (#'&!3<#! .* ?!#1 )./! &'"*</." 

$"3 )-! $/'<") '4 /!/'#1 )' *)'#! )-! &'##!*('"3."  #$(- .* -< !5 =-!#!4'#!+

.) .* (#$&).&$%%1 ./('**.9%! )'  .?! $ 4<%% 3!*&#.().'" '4 )-! "!),'#05

=-! *'%<).'" .* )' /'3!% $ #!$%@%.4! "!),'#0 <"3!# &'"*.3!#$).'" <*." $ #$"3'/

 #$(-+ ,-!#! #$"3'/ #<%!* 3!*&#.9! -', ?!#).&!* $#! &'""!&)!3 )' '"! $"')-!#5

6" )-.* )-!*.* ,! &'"*.3!#  !"#$%&'$$ ($)*+', + ,-.&- ,.%% 9! !;(%$."!3 ." )-! "!;)

*<9*!&).'"5 K! &%'*! )-.* *!&).'" 91 .")#'3<&." ),' )1(!* '4 #$"3'/  #$(-*5

1.5.1 Scale-free graphs and their properties

=-! #$"3'/  #$(-*+ ,-.&- $#! <*!3 )' /'3!% #!$%@%.4! "!),'#0*+ -$?! ." &'//'"

)-$) )-! 3! #!! 3.*)#.9<).'" 4'%%',* $ (',!# %$,+ .5!5+ )-! (#'9$9.%.)1 )-$) $ ?!#)!;

-$* 3! #!! k .* (#'('#).'"$% )' k−τ + 4'# *'/! &'"*)$") τ > 1+ )-! *'@&$%%!3 -+*$'%

#"* $.-+($()+ $* $%#!$31 /!").'"!3 ." L!&).'" D5M5N5 6) )<#"* '<) )-! $*1/()').&

9!-$?.'# '4 )-! 3! #!! *!A<!"&! .* ."3!(!"3!") '4 )-! *.O! '4 )-!  #$(-+ $"3

3!(!"3* '"%1 '" )-! &'"*)$") τ 5 K! &$%% $  #$(- ,.)- )-.* (#'(!#)1  !"#$%&'$$5

6" )-! %.)!#$)<#!+ ,! '9*!#?! )-$) )-! ,'#3 ($)*+', $"3 /'"-0 $#! <*!3 $*

*1"'"1/*5 K! <*! )-! )!#/."'%' 1 '$"#%#1&$ ($)*+', 4'# $ "!),'#0 !;.*)." ." )-!

#!$% ,'#%35 8* $ &'"*!A<!"&!+ $ *&$%!@4#!! "!),'#0 .* $ *&$%!@4#!!  #$(-5 6" )-.*

)-!*.* ,! (#!4!# )' <*! )-! ,'#3 /'"-0 '?!# )-! ,'#3 ($)*+',5
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Figure 1.4:  ! "#$ %&'"()$* +$ ,$$ "#$ -$.)$$ ,$/($!'$ 01 2 )$23&42"&0! G 01 "#$  !"#$%&'(

)*!" +!,-. +&"# 2500 5$)"&'$, 2!- %2)26$"$) 3* "#&, 60-$3 +&33 7$ &!")0-('$- &! 89:;:9:

<#$ "#$0)$"&'23 %0+$)=32+ $>%0!$!" &, 3: ?7,$)5$* &1 pk ≈ Ck−3
* 10) ,06$ %0,&"&5$ '0!=

,"2!" C* "#$! log pk ≈ log C − 3 log k: <#$)$10)$* +$ $>%$'" "#2" &1 "#$ 523($, pk 2)$

%30""$- 2.2&!," k 0! 2 30.=30. ,'23$* "#$! "#$ %0&!", 3&$* 2%%)0>&62"$3@* 0! 2 ,")2&.#" 3&!$

+&"# ,30%$ −3: <#&, &, &!-$$- "#$ '2,$* 2, ,#0+! 7@ "#$ -0""$- 3&!$: <#$ ,30%$ 01 "#&,

3&!$ 0! "#$ 30.=30. ,'23$ &, −3 2!- "#$ &!"$)'$%" &, 100.3214
* +#&'# &, 07"2&!$- 7@ (,&!.

3$2," ,/(2)$, $,"&62"&0! 0! "#$ 30.=30. -2"2:  ! "#$ )&.#" %&'"()$* +$ ,$$ "#$ 32).$,"

'06%0!$!" 01 "#$ ,&6(32"$- .)2%#:

1

10
−1

10
−2

10
−3

10
−4

pk ↑

10
0

10
1

10
2→ k

 !" #$% &%'(%% )%*+%,-% ./ 0$%

'(!1$ G ., ! 2.'32.' )-!2%4 5$%(%

pk 6) 0$% /(!-06., ./ 7%(06-%) 560$

&%'(%% k8

 9" : 76)+!2 (%1(%)%,0!06., ./ 0$% 2!('%)0 -.;1.,%,0 ./

0$% '(!1$ G8 #$% -.;1.,%,0 -.,)6)0) ./ <=>< 7%(06-%)

!,& <<?@ %&'%)8

 ! "#$%&' ()* + ,+-.' #/ $#0'! 12 /13' /4+.'52&'' !',61&7/ +!8 ,9'#& 41&&'/:1!85

#!$ :16'&5.+6 ';:1!'!,/ +/ 21%!8 -< ';:'&#3'!,+. 8+,+) ='> +./1> #!4.%8'8 ,9'

!%3-'& 12 !18'/ +!8 .#!7/)

?!1,9'& :&1:'&,<> ,9+, #/ /''! #! &'+.5.#2' !',61&7/ #/ ,9' ';#/,'!4' 12  !"#)

=' #8'!,#2< 9%-/ #! $&+:9/ 6#,9 0'&,#4'/ 6#,9 + 9#$9 8'$&'')  2 1!' 318'./ +

!',61&7 -< + /4+.'52&'' &+!813 $&+:9> ,9'! ,9#/ :&1:'&,< #/ + 41!/'@%'!4' 12 ,9'

2+4, ,9+, ,9' 8'$&'' 8#/,&#-%,#1! 21..16/ + :16'& .+6> /#!4' ,9#/ #/ + /7'6'8 +!8

9'+0< ,+#.'8 8#/,&#-%,#1!) A9' /7'6!'// ';:.+#!/ ,9+, 31/, 0'&,#4'/ +&' 12 .16

8'$&''> +!8 ,9' 9'+0< ,+#.!'// ';:.+#!/ ,9' ';#/,'!4' 12 0'&,#4'/ 6#,9 + 0'&< 9#$9

8'$&'' B,9' 9%-/C)

1.5.2 Characteristics of the power-law exponent

=' 8'D!'8 + /4+.'52&'' $&+:9 -< ,9' ';#/,'!4' 12 + :16'&5.+6 ';:1!'!, τ > 1)
A9' 0+.%' 12 ,9' :16'&5.+6 ';:1!'!, 8','&3#!'/ ,9' 49+&+4,'&#/,#4/ 12 ,9' &+!813
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 !"#$% &'#'()*( +( ,$' -"./' +0 τ 1 2' 3."44*05 ,$' 0+..+2*( ,$!'' 3",' +!*'46

,$'  !"! #$ %$&! '&($1 #)$ "! #$ %$&! &!*  !"! #$ +&, &!'$ '&($1 "() ,$' "! #$

+&, &!'$ '&($1 2$*3$ 3+!!'4#+()4 ,+ τ ∈ (1, 2)1 τ ∈ (2, 3) "() τ > 31 !'4#'3,*-'.5%

7$'4' 3",' +!*'4 "!' +0 *(,'!'4,1 4*(3' *, *(8/'(3'4 ,$' #!+#'!,*'4 +0 ,$'  !"#$1

'% %1 ,$' '9*4,'(3' +0 $/:4 +! ,$' 4*;' +0 ,$' ,5#*3". )*4,"(3'%

<'4/.,4 *( ,$' .*,'!",/!' 4$+2 ,$", *0 τ > 31 ,$'( ,$'  !"#$ *4 $+=+ '('+/4 +!

8", *( ,$' 4'(4' ,$", ".. -'!,*3'4 $"-' !+/ $.5 ,$' 4"=' >*() +0 ('* $:+!$++)% ?0

τ ∈ (2, 3)1 ,$'( ,$'!' 2*.. "##'"! -'!,*3'4 2*,$ " $* $ )' !''% 7$'4' -'!,*3'4 "3,

"4 $/:41 "() ,$'*! *=#"3, +( ,$' 3+(('3,*-*,5 3"((+, :' (' .'3,')% ?0 τ ∈ (1, 2)1
,$'( " @(*,' (/=:'! +0 -'!,*3'4 "3, "4 4/#'! $/:4 0+! ".. ,$' +,$'! -'!,*3'41 ,$'

 !"#$ $"4 " 4,"!A4$"#') 4,!/3,/!'1 4'' BCDE%

?, 4$+/.) :' 3.'"! ,$", ,$' #+2'!A."2 '9#+('(, τ )*!'3,.5 *(8/'(3'4 ,$' ,5#A

*3". )*4,"(3'% F+! τ ∈ (1, 2) ,$' ,5#*3". )*4,"(3' *4 :+/()') :5 4+=' 3+(4,"(,1

:'3"/4' +0 ,$' 4,"!A4$"#') 4,!/3,/!'1 4'' BGHE% ?0 τ ∈ (2, 3) ,$'( ,$' $/:4 "3,4 "4

4$+!,3/,4 2$*3$ !'4/.,4 *( ,5#*3". )*4,"(3'4 +0 +!)'! log logn1 4'' BIG1 IJE% ?0 τ > 3
,$'( ,$' ,5#*3". )*4,"(3' *4 +0 +!)'! log n1 :'3"/4' *, ."3>4 $/:41 4'' BIG1 IK1 CDE%

L.,$+/ $ ,$'4' #!+#'!,*'4 "!' +(.5 #!+-'( 0+! 3'!,"*( 0"=*.*'4 +0 !"()+=  !"#$41

2' 3+(M'3,/!' ,$", ,$'4' !'4/.,4 )+ $+.) *(  '('!".1 *%'%1 ,$", ,$'5 +(.5 )'#'() +(

,$' -"./' +0 τ 1 0+! "(5 !"()+=  !"#$ 2$'!' τ *4 2'..A)'@(')%

N:4'!-' ,$", 2' * (+!') ,$' :+/()"!5 3"4'4 τ ∈ {1, 2, 3}% 7$' 3."44*@3",*+(

*( ,$' ,$!'' ":+-' ='(,*+(') 3"4'4 )'#'()4 +( ,$' =+)'.1 2$*3$ *4 *../4,!",') *(

O$"#,'! P :5 ='"(4 +0 '9"=#.'4% ?( ,$*4 3$"#,'!1 2' 3+(4*)'! ,$' 3+(@ /!",*+(

=+)'.1 "() /4*( ,$*4 =+)'. 2'  '('!",' !"()+=  !"#$4 2*,$ τ ∈ (1, 2)% N(' +0

,$' ="*( !'4/.,41 7$'+!'= P%D1 4,",'4 ,$", ,$' ,5#*3". )*4,"(3' *4 3+(3'(,!",') - #)

) .) /,01&1 2 #3 +( ,$' -"./'4 2 "() 31 2$'!' "( 4'Q/'(3' +0 '-'(,4 {Ai}i≥1 +33/!4
2*,$ $* $ #!+:":*.*,5 R !"S *0 ,$' #!+:":*.*,5 +0 ,$' '-'(, An ,'()4 ,+ +(' *0 n
,'()4 ,+ *(@(*,5% ?, *4 4$+2( ,$", 0+! ,$' :+/()"!5 3"4' τ = 11 4'' 7$'+!'= P%G1

,$' ,5#*3". )*4,"(3' *4  !" 3+(3'(,!",') +(.5 +( 21 2$*3$ *=#.*'4 ,$", +(' (+)'

"3,4 "4 " $/: 0+! '-'!5 +,$'! (+)'% ?( T'3,*+( P%K%P ,2+ '9"=#.'4 "!' #!'4'(,')

"() *( :+,$ '9"=#.'4 ,$' !'4/.,*( #+2'!A."2 '9#+('(, *4 τ = 2% ?( +(' '9"=#.'

,$' ,5#*3". )*4,"(3' *4  !" 3+(3'(,!",') +( ,$' -"./'4 2 "() 31 2$*.' *( ,$' +,$'!

'9"=#.' ,$' ,5#*3". )*4,"(3' )!*0,4 "2"5 ,+ +∞ *0 ,$' (/=:'! +0 (+)'4 ,'()4 ,+

*(@(*,5% 7$/41 ,$' 3",' +!*;",*+( +0 ,$' :+/()"!5 3"4'41 τ ∈ {1, 2, 3}1 )'#'()4 +(
,$' /4') =+)'.%

1.5.3 Dynamic verus static random graph models

U+4, ."! ' (',2+!>4 ,$", 2' '(3+/(,'! *( (",/!' "!'  !+2*( +-'! ,*='% ?0 +('

2"(,4 ,+ =+)'. 4/3$ " (',2+!> ,$"( +(' 3"( /4' '*,$'! " (#&# ' +! " *3!&% '

!"()+=  !"#$%

T,",*3 !"()+=  !"#$4 "*= ,+ )'43!*:' " (',2+!> "() *,4 ,+#+.+ 5 ", "  *-'(

,*=' *(4,"(,1 "() *, ,!*'4 ,+ =*=*3 ,$' (',2+!> /()'! 3+(4*)'!",*+(% 7$' V!)W4A

<X(5*  !"#$ *4 "( '9"=#.' +0 " 4,",*3 !"()+=  !"#$1 4'' T'3,*+( D%K%G% N( ,$'

+,$'! $"()1 " )5("=*3". !"()+=  !"#$ "*=4 ,+ '9#."*( $+2 ,$' (',2+!> 3"='

,+ :' "4 *, *4% &5("=*3 !"()+=  !"#$4 +0,'( 0+3/4 +( ,$'  !+2,$ +0 ,$' (',2+!>

/()'! 3+(4*)'!",*+( "4 " 2"5 ,+ '9#."*( ,$' #+2'!A."2 )' !'' 4'Q/'(3'4 :5 ='"(4

+0 /,$4$,$!# &2 &##&')%$!#  !+2,$ !/.'41 2$'!' "))') -'!,*3'4 "() .*(>4 "!' =+!'
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Figure 1.5:  ! "#$ "#%$$ &'(%$) *$ )$$ "#$ "+,-./0 )"%(."(%$ 12 "#$ !$"*1%3 21% "#$  !"! #$

%$&!41 < τ < 256 "! #$ %$&! &!'  !"! #$ (&) &!*$42 < τ < 35 /!7 "! #$ (&) &!*$4τ > 35
./)$8

 !" 1 < τ < 2#  $" 2 < τ < 3#

 %" τ > 3#

 !"# $ %& '# (%%()*#+ %& ,#-%!)#. %*(% ( -#(+$ *(,#  (-/# +#/-##.0 1*# 2(-('3.!4

5 '#-% -(6+&7 !. (6 #8(79 # &: ( +$6(7!) -(6+&7 /-(9*; .## <#)%!&6 =0>0?0

@6 %*#  !%#-(%A-#; %*# B-.% -(6+&7 /-(9*. !6%-&+A)#+ A.#+ %& 7&+# -#( 4 !:#

6#%C&-". (-# .%(%!) &6#.0 D&- #8(79 #; %*# B-.% 9(9#- %*(% +#.)-!'#. %*# E-+F.4

GH6$! -(6+&7 /-(9* !. 9A' !.*#+ !6 =I?I; )0:0 JK>L; C*! # %*# B-.% 9(9#- ('&A%

%*# 2(-('3.!45 '#-% -(6+&7 /-(9* !. 9A' !.*#+ !6 =III; )0:0 J>L0 @6 /#6#-( ;

.%(%!) -(6+&7 /-(9*. (-# :-&7 ( 7(%*#7(%!)( ,!#C9&!6% 7&-# %-()%(' # %*(6

+$6(7!) &6#.0 1*#-#:&-#; .%(%!) -(6+&7 /-(9*. C#-# %*# B-.% -(6+&7 /-(9*. %&

'# .%A+!#+0 M#,#-%*# #..; &,#- %!7# !% '#)(7# ) #(- %*(% .%(%!) -(6+&7 /-(9*. (-#

6&% C#  .A!%(' # %& 7&+# -#( 4 !:# 6#%C&-".0 N$6(7!) -(6+&7 /-(9*. (-# 7&-#

(99-&9-!(%# (. ( )*&!)# %& 7&+# -#( 4 !:# 6#%C&-".; .!6)# .%(%!) -(6+&7 /-(9*.

 ()" %*# ('! !%$ %& 7!6!) %*# /-&C%* &: 6#%C&-"0 O6:&-%A6(%# $; +$6(7!) -(6+&7

/-(9*. (-# 7&-# )&79 #8 (6+ 7&-# +!P)A % %& (6( $Q#0
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1.6 Models for complex networks

“I think I’ve been contacted by someone from just about every field out-
side of English literature. I’ve had letters from mathematicians, physicists,
biochemists, neurophysiologists, epidemiologists, economists, sociologists;
from people in marketing, information systems, civil engineering, and from
a business enterprise that uses the concept of the small world for networking
purposes on the Internet.”

Duncan Watts

 !"# $%" &"'#() *'+& #'+,-* .#'/% *-,"0( %'!" 1""+ 2+$#-,34", 2+ $%" 02$5

"#'$3#"6  7$"+) "'4% +"80& 2+$#-,34", #'+,-* .#'/% $#2"( $- *2*24 ' /#-/"#$&

-7 ' #"'0 +"$8-#96 :+ $%" ;"0, -7 /%&(24() 8" ("" -7$"+ $%'$ ' +"$8-#9 2( *-,"0",

1& ' #'+,-* .#'/%) '+, $%'$ (31("<3"+$0& (-*" /#-/"#$2"( -7 $%" #'+,-* .#'/%

'#" ,"#2!", 3(2+. (2*30'$2-+( -# *"'+5;"0, $%"-#&6  +" -7$"+ ($'#$( 82$% $%" 1"5

%'!2-# -7 $%" ,".#"" ("<3"+4"6 =">$) $%" #"("'#4%"#( 4-+(2,"# $%" ,2'*"$"# -# $%"

">/"4$", !'03" -7 $%" $&/24'0 ,2($'+4"6 ?$ $%2( ($'." $%"(" #"(30$( '#" (-*"$2*"(

/249", 3/ 1& *'$%"*'$242'+( '+, /#-!2,", 82$% #2.-#-3( /#--7(6

1.6.1 Static models for complex networks

:+ $%2( ("4$2-+) 8" 8200 4-+(2,"# (-*" ($'$24 #'+,-* .#'/%(6 @%"(" .#'/%( '2* $-

,"(4#21" +"$8-#9( '+, $%"2# $-/-0-.& '$ ' ;>", $2*" 2+($'+$6

The Watts-Strogatz random graph

A'$$( '+, B$#-.'$C ,";+", ' #'+,-* .#'/%) 8%24% ."+"#'$"( %2.%0& 403($"#",

.#'/%( 82$% ' (*'00 ,2'*"$"#6 D(("+$2'00&) $%"2# *-,"0 2( ' #"82#2+. *-,"0) (""

B"4$2-+ E6F6G6 :$ 2( ,2H430$ $- ,"#2!" #"(30$( #2.-#-3(0& 7#-* $%" ,";+2$2-+ .2!"+

1& A'$$( '+, B$#-.'$C) (2+4" 1-$% $%" -#,"# -7 3/,'$2+. $%" ",."( 2( -7 2*/-#5

$'+4") '( '#" $%" #"($#24$2-+( $%'$ A'$$( '+, B$#-.'$C 2*/-(" 2+ -#,"# $- 9""/

$%" #'+,-* .#'/% (2*/0"6 ="8*'+ '+, A'$$( IJKL 4-+(2,"#", ' !'#2'+$ -7 $%2(

#'+,-* .#'/%) 8%24% 8" 4'00 $%"  !""#$%"&'(!") MABN #'+,-* .#'/%6 A" 8200

4-+(2,"# $%" #'+,-* .#'/% -+ ' 42#40") 82$% .2!"+ /'#'*"$"#( n) k '+, p = p(n)6
@- 4-+($#34$ $%" 2+2$2'0 .#'/%) -+" ,2($#213$"( n !"#$24"( "!"+0& -+ ' 42#40" '+,
4-++"4$( "'4% !"#$"> $- 2$( k +"2.%1-#( $- $%" 0"7$ '+, $- 2$( k +"2.%1-#( $- $%"
#2.%$6 O-# ">'*/0") $%" 0"7$*-($ .#'/% 2+ O2.3#" E6J (%-8( $%" 2+2$2'0 AB .#'/%

7-# $%" /'#'*"$"#( n = 12 '+, k = 26 :+($"', -7 #"82#2+.) 8" ',, ' #'+,-*
+3*1"# -7 (%-#$43$( M",."(N6 P-#" /#"42("0&) $%" +3*1"# -7 (%-#$43$( 2( Q-2((-+

,2($#213$", 82$% *"'+ pkn/2) 8%"#" p ∈ [0, 1]6 @%" 1".2+ '+, "+,5/-2+$( -7 "'4%
(%-#$43$ '#" 4%-("+) 2+,"/"+,"+$0&) '$ #'+,-* 7#-* $%" n !"#$24"( '+, -+" '00-8(
7-# *30$2/0" ",."( '+, ("0750--/(6 O#-* ' *'$%"*'$24'0 !2"8/-2+$) $%2( #'+,-*

.#'/% 2( *-#" $#'4$'10" $%'+ $%" #'+,-* .#'/% ,";+", 1& A'$$( '+, B$#-.'$C6

@%" 1"%'!2-# -7 $%" $&/24'0 ,2($'+4" ,"/"+,( -+ $%" !'03" pkn6 :7 pkn 2( (*'00
4-*/'#", $- 1) $%'$ 2( pkn = o(1)) n → ∞) $%"+ $%" ,2($'+4" (4'0"( 82$% $%"
+3*1"# -7 !"#$24"( nR

Dist(Gn)

n

P→ 1

4k
.
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Figure 1.6:  !"## "#$%&'$(&)*+ ), (!# -$((+ $*. /(")0$(' "$*.)1 0"$2! 3&(! n = 124
k = 2 $*. p ∈ {0.00, 0.15, 0.85}5 5

 !" p = 0.00  #" p = 0.15  $" p = 0.85

 ! "#$ %"#$& #'!() *+ pkn *, -'&.$ /%01'&$( "% 2) n→∞) "#$! "#$ "31*/'- (*,"'!/$
,/'-$, ', log n4

Dist(Gn)

log n

P→ 1

k2p
. 5267628

9$ &$+$& "% :;) <=6>? %& :@? +%& ' 0%&$ *!A($1"# '!'-3,*, %+ "#$ ,/'-*!. B$#'C*%& %+

"#$ (*,"'!/$6

The Erdős-Rényi random graph

 !" #$%&' () *+,&(- .*+/!# 0".+, 1,&"/",&",$2' +,& +2-(#$ #1-%2$+,"(%#2' 0'

#"3"*+2 *"#"+*4!"*#5 #"" 6"4$1(, 7898:8 ;, 7<=<5 >*&?# +,& @A,'1 B:9C 1,$*(&%4"&

$!" G(n,m)5 + *+,&(- .*+/! D1$! n 3"*$14"# +,& m "&."#8  !" *+,&(- .*+/!

G(n,m) 1# $+E", +$ *+,&(- )*(- $!" 4(22"4$1(, () +22 .*+/!# D1$! n 3"*$14"# +,&
m "&."#8 F #"4(,& *+,&(- .*+/! 1# 4+22"& G(n, p)5 D!"*"5 +.+1,5 n 1# $!" ,%-0"*
() 3"*$14"# +,& p 1# $!" /*(0+0121$' $!+$ $!"*" "G1#$# +, "&." 0"$D"", +,' /+1* ()
3"*$14"#8 ;, $!" 21$"*+$%*"5 $!" .*+/! G(n, p) 1# ()$", *")"**"& $( $!" >*&?#H@A,'1
I>@J *+,&(- .*+/!5 +2$!(%.!5 $!" *+,&(- .*+/! D+# 1,$*(&%4"& 0' K120"*$ B9LC8

 !" .*+/! G(n, p) 4(,#1#$# () n 3"*$14"# +,& 0"$D"", "+4! /+1* () 3"*$14"# $!"*" 1#
/(##102' +, "&."5 D!"*" "+4! () $!"

(

n
2

)

/(##102" "&."# (44%*# 1,&"/",&",$2' D1$!

/*(0+0121$' p8
 ( 4(-/+*" $D( &1M"*",$ .*+/!#5 D" ,""& $( 4(-/+*" /*(/"*$1"# () $!" .*+/!#8

N*(/"*$1"# +*" )(* "G+-/2" $!" ,%-0"* () $*1+,.2"#5 $!" 4!*(-+$14 ,%-0"*5 $!"

"G1#$",4" () + 2+*." 4(-/(,",$8 ;,$%1$13"2'5 1$ #""-# 42"+* $!+$ $!" $D( *+,&(-

.*+/!# G(n,m) +,& G(n, p) +*" #1-12+* 1) p = m
(

n
2

)−1
= 2m

(n+1)n 5 #1,4" $!" "G/"4$"&

,%-0"* () "&."# 1, $!" *+,&(- .*+/! G(n, p) 1#
(

n
2

)

p8 ;$ $%*,# (%$ $!+$ 1$ &"/",&#
(, $!" /*(/"*$' %,&"* 4(,#1&"*+$1(,8 O" *")"* $( B=P5 Q789C (* B7L5 QR8RC5 D!"*"

4(,&1$1(,# +*" #$+$"& )(* &1M"*",$ /*(/"*$1"# D!", $!" $D( *+,&(- .*+/!# +*"

#1-12+*5 (* ,($8  !+$ 1#5 D!", (," 4+, *"/2+4" G(n,m) 0' G(n, p) (* $!" ($!"*
D+' +*(%,&8 S*(- + /*(0+0121#$14 31"D/(1,$5 1$ 1# -(*" /2"+#+,$ $( D(*E D1$!

$!" *+,&(- .*+/! G(n, p) $!+, D1$! G(n,m)5 0"4+%#" () $!" 1,&"/",&",4" () $!"
"&."#8
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 ! "#$%! &'() %$*! +,$+!,('!% $- ()! ./ ,012$* 3,0+)4  ! &'## "$1%'2!,

()! 2'%(,'56('$1 $- ()! 2!3,!! %!76!1"!8 ()! (9+'"0# 2'%(01"! 012 ()! 2'0*!(!,4

 ! %(0,( &'() ()! 5!)0:'$, $- ()! 2!3,!! %!76!1"! 2'%(,'56('$14 ;$, p = λ/n8
()! 2!3,!! $- 019 :!,(!< )0% 0 5'1$*'0# 2'%(,'56('$1 &'() +0,0*!(!,% n − 18 ()!
16*5!, $- +$%%'5#! 1!'3)5$,%8 012 p = λ/n4 =!1"!8 ()! 2!3,!! $- 019 :!,(!< '%
0%9*+($('"0##9 >$'%%$1 2'%(,'56(!2 &'() +0,0*!(!, λ 0% n (!12% ($ '1?1'(94

@!-$,! "$1%'2!,'13 ()! (9+'"0# 2'%(01"! $, ()! 2'0*!(!,8 &! ?,%( 2'%"6%% ()!

!<'%(!1"! $- 0 3'01( "$*+$1!1(4  ! 030'1 (0A! p = λ/n4 B- λ ∈ (0, 1)8 ()!1
 !" !:!,9 "$*+$1!1( $- ()! 3,0+) G(n, λ/n) )0% 0( *$%( O(log n) :!,('"!%4 B-
λ > 18 ()!1 G(n, λ/n) "$1(0'1%8  !"8 01 61'76! 3'01( "$*+$1!1( &'() cλn+o(n)8
0 < cλ < 18 :!,('"!%4 C## $()!, "$*+$1!1(% )0:! 0( *$%( O(log n) :!,('"!%4
 ! 1$& (6,1 ($ ()! (9+'"0# 2'%(01"!8 0%%6*'13 λ > 14 D)! (9+'"0# 2'%(01"!8

Dist(G(n, p))8 1$,*0#'E!2 59 log n "$1:!,3!% '1 +,$505'#'(9 ($ ()! ,!"'+,$"0# :0#6!
$- log λ8 '4!48

Dist(G(n, p))

log n

P→ 1

log λ
. FG4H4IJ

D)! +,$$- $- ()'% ,!%6#( "01 5! -$612 '1 KLG8 M!"('$1 I4NO4

M'*'#0,#98 -$, λ > 18 ()! 2'0*!(!,8 Diam(G(n, p))8 %0('%?!%

Diam(G(n, p))

log n

P→ 1

log λ
+

2

| logµλ|
, FG4H4LJ

&)!,! µλ '% ()! 61'76! %$#6('$1 $- µλe
−µλ = λe−λ %6") ()0( µλ < 18 %!! KNIO4

B1(6'(':!#98 ()! %"0#'13 $- ()! (9+'"0# 2'%(01"! 012 ()! 2'0*!(!, "01 5! !<P

+#0'1!2 0% -$##$&Q !0") :!,(!< )0% $1 ()! 0:!,03! (n − 1)p ≈ λ 1!'3)5$,%4 D)6%8
()! 16*5!, $- 1!'3)5$,% 6+ ($ 2'%(01"! k '% 0++,$<'*0(!#9 5$612!2 -,$* 5!#$&
59 $,2!, λk4 M$#:'13 λk = n8 ()0( '% k = logλ n8 3':!% 0 "#6! 05$6( ()! !<+!"(!2
(9+'"0# 2'%(01"! 5!(&!!1 (&$ ,012$*#9 ")$%!1 :!,('"!%4 D)'%8 2$!% 1$( !<+#0'1

()! %!"$12 (!,* '1 FG4H4LJ8 '4!48 2/| logµλ|4 D)'% (!,* 0""$61(% -$, #$13 '%$#0(!2
+0()% &)'") "01 "06%! ()! 2'%(01"! 5!(&!!1 +0,('"6#0, +0', $- :!,('"!% ($ 5! %'31'-P

'"01(#9 #$13!, ()01 ()! 0:!,03! 2'%(01"!4 B1(6'(':!#98 ()! #!13() $- ()! 2'0*!(!, '%

()! #!13() $- ()! 0:!,03! +0() Flog n/ log λJ !<(!12!2 59 (&$ %(,012% !0") )0:'13
#!13() log n/| logµλ|4 ;$, *$,! 2!(0'#%8 &! ,!-!, ($ KNIO4

The configuration model

D)!  !"#$%&'()!" *!+,- FRSJ '% '1(,$26"!2 59 T4R4  $,*0#2 KULO 012 @4 @$##$5V%

KGWO8 '12!+!12!1(#9 $- !0") $()!,4 X':!1 0 +,$505'#'(9 2'%(,'56('$1 F $- 0 ,012$*
:0,'05#! &'() %6++$,( {0, 1, 2, . . .}8 ()! *$2!# 2!%",'5!% 0 &09 ($ "$1%(,6"( 01
612',!"(!2 *6#('3,0+) $1 n :!,('"!%8 &)$%! 2!3,!! 2'%(,'56('$1 )0% +,$505'#'(9
2'%(,'56('$1 F 4  ! 0##$& -$, *6#('+#! !23!% 012 %!#-P#$$+%4

R$1%'2!, 01 '4'424 %!76!1"! {Di}ni=18 &)!,! !0") Di '% 2'%(,'56(!2 0% D8 &'()
P (D ≤ k) = F (k)8 -$, 1$11!30(':! '1(!3!, :0#6!2 k4 D)! :0#6! $- Di8 1 ≤ i ≤ n8
'% ()! 2!3,!! $- :!,(!< vi4 D)! ,012$* 3,0+) '% "$1%(,6"(!2 0% -$##$&Q

• R,!0(! 0 #'%( '1 &)'") ()! #05!# i8 -$, 1 ≤ i ≤ n8 $- !0") :!,(!< 0++!0,%
!<0"(#9 Di ('*!%4 D)! #'%( "$1%'%(% $- Ln #05!#%4
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•  !""#$ %& '%()"* % +%,$+ l1 -'"* &!$ +.#& %() '$*"/$ .& -'"* &!$ +.#&0 1!$(2

%3%.(2 4$ 5!""#$ %& '%()"* % +%,$+ l2 -'"* &!$ +.#& %() '$*"/$ .& -'"* &!$

+.#&0 1!$ +%,$+# l1 %() l2 -"'* % 6%.'0 7$6$%& &!.# 6'"5$##2 8(&.+ %++ +%,$+# .(

&!$ +.#& %'$ 6%.'$)0

• 1%9$ n /$'&.5$# %() :".( &!$ 6%.'# %,"/$ ,; $)3$#0

Figure 1.7:  !"#$%&#'%() G (* '+" ,()-./!#'%() 0(1"$ 2%'+ 3#!#0"'"!4 n = 15 #)1
F (x) = 1− x−1.8

*(! x ≥ 15 5

1 2 3 4 5 6 7 8 9 101112 13 1415

 !" #$% &'!($ G)

1

2

3

4

5

6

7 8

9

10

11

12

13

14
15

 *" #$% &'!($ G+ ,$%'% -$%

.%'-/0%1 !'% (2- 34 ! 0/'05%)

1!$ 5"(#&'85&."( -%.+# .- Ln =
∑n
j=1Dj .# "))2 ,$5%8#$ %-&$' 6%.'.(3 Ln − 1

+%,$+# 4$ $() 4.&! % +.#& "- "($ +%,$+ %() 4$ ($$) %& +$%#& < &" *%9$ % 6%.'0 =$

#"+/$ &!.# 6'",+$* ,; .(5'$%#.(3 Dn ,; >2 .0$02 4$ '$6+%5$ Dn ,; Dn + 10 1!.#
5!%(3$ 4.++ *%9$ !%')+; %(; ).?$'$(5$ .( 4!%& -"++"4#2 %() 4$ 4.++ .3("'$ .& .(

&!$ #$@8$+0

A8' *%.( %##8*6&."( 4.++ ,$ &!%&

xτ−1 [1− F (x)] B>0C0DE

.# #+"4+; /%';.(3 %& .(F(.&; -"' #"*$ 3./$( τ > 10
=$ 5"(#.)$' &!$ ).#&'.,8&."( "- &!$ )$3'$$ #$@8$(5$ %() &!$ &;6.5%+ ).#&%(5$

-"' ).?$'$(& /%+8$# "- τ 0
G; 5"(#&'85&."(2 &!$ )$3'$$ ).#&'.,8&."( "- % /$'&$H vi2 1 ≤ i ≤ n2 $@8%+#

&!$ ).#&'.,8&."( -8(5&."( F "- &!$ '%()"* /%'.%,+$ Di0 G; 6.59.(3 &!$ 4$.3!&

).#&'.,8&."( F 2 4$ 5%( ",&%.( %(; )$3'$$ ).#&'.,8&."(0
1!$ &;6.5%+ ).#&%(5$ )$6$()# #"+$+; "( &!$ &%.+ ,$!%/."' "- &!$ ).#&'.,8&."(

-8(5&."( F 2 4!.5!2 ,; B>0C0DE2 )$&$'*.($# &!$ 6"4$'I+%4 $H6"($(& τ 0 =$ 4.++

5"(#.)$' &!$ 5%#$# τ ∈ (1, 2)2 τ ∈ (2, 3) %() τ > 32 #$6%'%&$+;J

• 1 < τ < 2J 1!$ &;6.5%+ ).#&%(5$ &%9$# "(+; < /%+8$# %# n &$()# &" .(F(.&;0
K(  !%6&$' < 4$ 4.++ 5"(#.)$' &!.# 5%#$ *"'$ .(I)$6&!0 K( &!.# &!$#.# 4$ 4.++

#!"4 &!%& &!$'$ $H.#&# #"*$ 6'",%,.+.&; pF ∈ (0, 1)2 )$6$().(3 "( F 2 #85!
&!%&

lim
n→∞

P (Dist(Gn) = 2) = 1− lim
n→∞

P (Dist(Gn) = 3) = pF , B>0C0LE

#$$ 1!$"'$* <0>0 K(  !%6&$' <2 4$ %+#" 5"(#.)$' &!$ 5%#$ 4!$'$ 4$ 5"().&."(

&!$ )$3'$$# &" ,$ %& *"#& nα -"' #"*$ α > 00 M"' FH$) k ∈ {0, 1, 2, . . .}
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 !" α #$%& '& ' (τ + k)−1 < α < (τ + k − 1)−1( '&) &*+%*$!' %*!,)-.)# '*

k+ 3 /! +-*0 0/1/'2( 3&/1) 4*- α > (τ − 1)−1( '&) &*+%*$!' %*!,)-.)# '* '&)

# 5) 1/5/'  # 4*- '&) $!%*!"/'/*!)" ").-))#( #)) 67898:;8 <&)#) -)#$1'#  -)

'&) %*!')!'# *4 <&)*-)5 =8=8

• 2 < τ < 3> ?! @:9A /' /# #&*3! '& '( $!")- #*5) 5/1" %*!"/'/*!# 4*- F (

Dist(Gn)

log logn

P→ 2

| log(τ − 2)| .

• τ > 3> B)C!) ν  # ν = E[D(D − 1)] /E[D]8 ?4 ν > 1( 3&/%& /5+1/)# '& '

'&)-) /#  !"  ./ !' %*5+*!)!'( '&)! 3) % ! #&*3 '& '

Dist(Gn)

log n

P→ 1

log ν
. 678989;

<&)  0*,) -)#$1' /# +-*,)! /! @:DA8 <&) E)2 /") # 0)&/!" '&/# +-**4  -)

 1#* $#)" /! F& +')- D( 3&)-) 3) ")-/,) '&) G$%'$ '/*!# *4 '&) '2+/% 1 "/#H

' !%) 4*-  !*'&)- - !"*5 .- +& 5*")1( 3&/%& 3/11 0) /!'-*"$%)" /! '&) !)I'

+ - .- +&8

J$-'&)-5*-)( 4*- '&) "/ 5)')-(  #/5/1 -( -)#$1' % ! 0) ./,)!

Diam(Gn)

log n

P→ 1

log ν
+
2− 1{p1=0}− 1{p2=0}

log ν′
, 67898K;

3&)-) pk = F (k)  !" ν′ /# #*5) %*!#' !' ")+)!"/!. *! F @D=A8 <&) #)%*!"

')-5 /! 67898K; /# "$) '* /#*1 ')" + '&#( %*5+ -) '* 67898L;8

The inhomogeneous random graph

?! '&) M-"N#HOP!2/ - !"*5 .- +& G(n, p)( '&) )I/#')!%) *4  ! )".) 0)'3))!  !2

+ /- *4 ,)-'/%)# /# /!")+)!")!' *4  11 '&) *'&)- )".)#8 Q*-) +-)%/#)12( '&) )".)#  -)

")C!)" 02 /!")+)!")!' R)-!*$11/ - !"*5 , -/ 01)# {Xij}1≤i<j≤n( '&)  !!"#$%& '

(%$%"()(( 3/'& P (Xij = 1) = pij  !" pij = p 4*-  11 )".)#8 <&) ),)!' {Xij = 1}
#/.!/C)# '&) +-)#)!%) *4  ! )".) 0)'3))! '&) ,)-'/%)# vi  !" vj 8 J*- %*!,)!/)!%)(
3) #)' Xji = Xij ( 4*- 1 ≤ i < j ≤ n  !" Xii = 0( 4*- 1 ≤ i ≤ n8

?! F& +')- D( 3) .)!)- 1/S) '&)  0*,) ")C!/'/*!( 3&/%& -)#$1'# /! '&) ")C!/'/*!

*4 '&) &'* + ,)') "( -$'. + ,-$#* 6?OT;8 U) *0' /! '&) /!&*5*.)!)*$# - !"*5

.- +& 02 -)+1 %/!. '&) +-*0 0/1/'/)# *4 '&) *%%$+ '/*! #' '$#)# /! '&) MO - !"*5

.- +&8 <* '& ' )!"( 3)  ##*%/ ') 3/'& ) %& ,)-')I vi  3)/.&' Λi( 4*- 1 ≤ i ≤ n8
<&)#) 3)/.&'# % ! 0) ' E)! - !"*5 *- CI)"(  !" 0*'& *+'/*!# & ,) 0))! %*!H

#/")-)" /! '&) 1/')- '$-)8 U)  ##$5) '& ' '&) 3)/.&'# {Λi}ni=1  -) /!")+)!")!'

 !" /")!'/% 112 "/#'-/0$')" 6/8/8"; - !"*5 , -/ 01)#8 <&) *%%$+ '/*! +-*0 0/1/'/)#

3/11 0) ")C!)" %*!"/'/*! 112 *! '&) 3)/.&'#8 B)!*') 02 Ln =
∑n
i=1 Λi '&) '*H

' 1 3)/.&'8 ?! '&) ?OT(  # $#)" /! F& +')- D( 3)  ##$5) '& ' '&) *%%$+ '/*!

+-*0 0/1/'/)#  -) ./,)! 02

pij = f(ΛiΛj/Ln), 1 ≤ i < j ≤ n,



18 Introduction

 !" #!$% &'(%)  *)+,'!) f - #.,'# /')&

f(x) = x+O
(

x2
)

,  !" x ↓ 0.

01#%"(% ,2., ,2% 345 ')(!6(%# 7!*16% ".)7!$)%##8 9"#, ,2% :%'&2,# ! ,2%

(%",'+%# ."% #.$;6%7- .)7 ,2%)- ') ,*")- ,2% !++*;.,'!) #,.,*#%# ."% #.$;6%7<

=# .6"%.7/ $%),'!)%7- !)% +!*67 ')(%#,'&.,% ,2% 345  !" 9>%7 :%'&2,#- #')+% ,2%

!++*;.,'!) #,.,*#%# ."% ,.?%) +!)7','!).66/ !) ,2% :%'&2,#< @2% .7(.),.&% '# ,2.,

,2% "%#*6,# ."% $!"% &%)%".6- 1%+.*#% ! ,%) ,2% "%#*6,#  !" ".)7!$ :%'&2,# +.)

1% +!)+6*7%7  "!$ ,2% !)%# :2%"% ,2% :%'&2,# ."% 9>%7< @2% 7'#.7(.),.&%- '#

,2., !)% 2.# ,! $.?% 7%,.'6%7 .##*$;,'!)# +!)+%")')& ,2% ;"%+'#% #,"*+,*"% ! ,2%

7%,%"$')'#,'+ :%'&2,#- #%% ABCD< @2% *#% ! '<'<7< :%'&2,# '$;6'%# %>+2.)&%1'6',/ ! 

,2% (%",'+%#- :2'+2 '# . )'+% ;"!;%",/ ,! :!"? :',2<

@2% E"7F#G4H)/' ".)7!$ &".;2 '# . #;%+'.6 +.#% ! ,2% 345< I% !1,.') ,2%

E4 ".)7!$ &".;2 G(n, λ/n) 1/ ,.?')& f(x) = x .)7 Λi ≡ λ-  !" 1 ≤ i ≤ n-

:2'+2 '$;6'%# ,2., pij = λ/n-  !" 1 ≤ i < j ≤ n< J*",2%"$!"%- ,2% ".)7!$ &".;2#

'),"!7*+%7 ') ABK- BC- LMD- '<%<- ,2% &%)%".6'N%7 ".)7!$ &".;2 O545P- ,2% %>;%+,%7

7%&"%% ".)7!$ &".;2 .)7 ,2% Q!'##!)'.) ".)7!$ &".;2 OQ45P ."% #;%+'.6 +.#%#

! ,2% 345< @2'# :'66 1% #2!:) ') R%+,'!) S<M<B<

I% )!: +!)#'7%" ,2% 7'#,"'1*,'!) ! ,2% 7%&"%% #%T*%)+% .)7 ,2% ,/;'+.6 7'#G

,.)+%- *)7%" ,2% +!)7','!) ,2., ,2% 9"#, ,:! $!$%),# ! Λ1 7! %>'#,< I% #,.",

:',2 ,2% 7%&"%% #%T*%)+% 7'#,"'1*,'!)<

3 ,2% 9"#, ,:! $!$%),# ! Λ1 %>'#,- ,2%) ,2% 7%&"%% ! . (%",%> ') ,2% 345 '#

.#/$;,!,'+.66/ . $'>%7 Q!'##!) ".)7!$ (."'.16% :',2 $%.) ,2% :%'&2, Λ1< @2'#

+!),".#,# :',2 ,2% +!)9&*".,'!) $!7%6- :2%"% ,2% 7%&"%% 7'#,"'1*,'!) ! . (%",%>

'#- .6:./#- ,2% 7'#,"'1*,'!) ! ,2% ".)7!$ :%'&2, Λ1<
U#')& "%#*6,#  "!$ V2.;,%" S- ,2% #+.6')& ! ,2% ,/;'+.6 7'#,.)+% '# &'(%) 1/

Dist(Gn)

log n

P→ 1

log ν
, OM<W<XP

:2%"%

ν =
E
[

Λ2
]

E[Λ]
, OM<W<YP

.)7 :2%"% :% .##*$% ,2., ν > 1- :2'+2 &*.".),%%# ,2., ,2%"% '#-  !"- . &'.),

+!$;!)%),<

01#%"(% ,2.,- 1/ +!)#,"*+,'!)- ') ,2% VZ ,2% 7%&"%%# ! ,2% (%",'+%# ."% ')7%G

;%)7%),- .)7 ,2% %7&%# ."% )!,- :2%"%.# ') ,2% 345 $!7%6 ;"%+'#%6/ ,2% !;;!#',%

'# ,"*%- '<%<- ') ,2% 345 $!7%6 ,2% %7&%# ."% ')7%;%)7%), .)7 ,2% 7%&"%%# ."% )!,<

@2% 345 '# . #;%+'.6 +.#% ! ,2% ".)7!$ &".;2 '),"!7*+%7 ') AMXD< @2% MB[

;.&%# ;.;%" AMXD *#%# ?%")%6# ,! 7%9)% ,2% +!)#,"*+,'!) ! ,2% &".;2#< 3)#,%.7 ! 

&'(')& ,2%  !"$.6- .)7 6%)&,2/- 7%9)','!) ! ,2'# ".)7!$ &".;2- :% !)6/ $%),'!)

,2., ,2% 345 '# .  !"# $ %!&'- #%% AMX- \MW<SD< @2% "%#*6,# ! AMXD ."% '$;"%##'(%-

,2% .*,2!"# #2!:  !" ,2% (")*' +! )!"%' +.#% ,2., ,2% %>;%+,%7 ,/;'+.6 7'#,.)+%

#+.6%# :',2 log n- #%% ]%$$. MS<K ') AMXD< 3) V2.;,%" S :% %>,%)7 ,2'# "%#*6, 1/

&'(')& ,2% ^*+,*.,'!)# ."!*)7 ,2% $%.) ! ,2% ,/;'+.6 7'#,.)+%<

_%>,- :% #2!: ,2., ,2% 7'#,"'1*,'!) ! ,2% ^*+,*.,'!)# ! ,2% ,/;'+.6 7'#,.)+%

') 345 $!7%6 7!%# )!, +!)(%"&% ,! . 6'$',')& 7'#,"'1*,'!)  !" ,2% (")*' ,'!"
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 !"#$ %&' (#)#*(" +* ',# *&-%#. +/ *+(#"0 1,2" "'!'#-#*' ,!" %##* ).+3#( /+.

',#  +*45&.!'2+* -+(#6 789: !*( ',#.#/+.# ',# .#"&6' 2" *+' *#;0 <#3#.',#6#""$

2' 2" *2 # '+ 266&"'.!'# ',2" ),#*+-#*+* &"2*5 "2-&6!'2+*"0 =#6+; ;# ;266 &"# ',#

 !"##!$"%$ &%$'!( )&%*+ >?@AB$ ;,2 , 2" ! ")# 2!6  !"# +/ ',# C@A0

D"2*5 1,#+.#- 90E 2* F,!)'#. 9$ +*#  !* ",+; ',!'G

 !"!##$"% ,-. Gn /- .+-  !"##!$"%$ &%$'!( )&%*+ !$ n 0-&."1-#2 3##4(- .+%.

1− F (x) ≤ cx1−τ , x > 0, >E0H0EIB

5!& #!(- )"0-$ 1!$#.%$. c > 0 %$' 67-' τ > 38 #41+ .+%.

ν =
E
[

Λ2
]

E[Λ]
> 1. >E0H0EEB

9!& k ≥ 18 :-.

σk = ⌊logν k⌋ and ak = σk − logν k, >E0H0EJB

.+-$ .+-&- -7"#.# &%$'!( 0%&"%/:-# (Ra)a∈(−1,0] #41+ .+%. %# n→∞8

P (Dist(Gn) = σn + l) = P (Ran
= l) + o(1), >E0H0EKB

;+-&- l "# % *!#"."0- "$.-)-&2

Figure 1.8:  ! "#$ %&'"()$ "#$ $*%&)&'+, -().&.+, /(!'"&0!- 0/ "#$ 1)+%# 2&-"+!'$ /0) 3
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L.+- >E0H0EKB 2' /+66+;" ',!' ',# 62-2'2*5 3!.2!%6# (#)#*(" +*6M ',# 3!6&# an0
D"2*5 "2-&6!'2+*" ;# ;266 2*(2 !'# ',!' ',# !%+3# 523#*  +.+66!.M 2" 2*(##( '.&#0

1+ ',2" #*($ ;# )2 N 1 − F (x) = cx1−τ1{x>x0} ;2', τ = 3.5$ c = 2.5981847 !*(

x0 = 0.7437937$ ',#*

ν =
E
[

Λ2
]

E[Λ]
≈ 2.231381,
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 !"#" $!" %&'$#&()$&*+ *, Λ &' -&."+ (/ F 0 1" 2*+'&%"# ,*)# 3456'7  !"#" $!"
+)8("# *, +*%"' &' -&."+ (/ #"'9"2$&.":/ n0 = 50007 n1 = 24.8957 n2 = 123.955
;+% n3 = 617.1810 <('"#." $!;$ ni ≈ 5000ν2i7 0 ≤ i ≤ 37 ;+%

an0
= 0.6117 . . . an1

= 0.6117 . . . an2
= 0.6117 . . . ;+% an3

= 0.6117 . . . .

=!)'7  " ">9"2$ $!;$ $!" %&'$#&()$&*+ *, $!" $/9&2;: %&'$;+2" ,*# $!"'" '&?"'7 )9 $*

; '!&,$7 ;#" $!" ';8"7 '&+2"7 ,*# 0 ≤ i ≤ 37

Rani
= R0.6117... ;+% σni = ⌊logν ni⌋ = ⌊logν(5000ν2i)⌋ = ⌊logν 5000 + 2i⌋,

#"'9"2$&.":/0 =!"'" 2*+2:)'&*+' ;#" &::)'$#;$"% (/ @&-)#" A0B0

1.6.2 Dynamic models for complex networks

C+ $!&' '"2$&*+7  "  &:: %&'2)'' '*8" ">;89:"' *, %/+;8&2 #;+%*8 -#;9!'0 D

%/+;8&2 #;+%*8 -#;9! ;&8' $* ">9:;&+ !* ; +"$ *#E 2;8" $* (" ;' &$ &' (/

8*%":&+- $!" -#* $! *, $!" +"$ *#E0

F*'$ %/+;8&2 #;+%*8 -#;9!' ;#" (;'"% *+ 9#","#"+$&;: ;$$;2!8"+$0 C+ $!"'"

#;+%*8 -#;9!' *+" 2!**'"' $!" +*%" v 9#*9*#$&*+;: $* &$' %"-#"" dv7 ()$ *+"
2*):% ;:'* 2*+'&%"#  ! "#$ %&' 9#","#"+$&;: ;$$;2!8"+$ (/ 2!**'&+- $!" +*%" v
9#*9*#$&*+;: $* &$' %"-#"" $* '*8" 9* "#7 ,*# ">;89:" dγv ,*# '*8" G>"% γ > 07
'"" HIJ7 KLM0 =!" ;)$!*#' *, HIJM *('"#." $!;$ $!&' -"+"#;:&?;$&*+ 2;++*$ -"+"#;$"

9* "#N:; %&'$#&()$&*+'7 ">2"9$ &, γ = 17 ;+%7 ;' ; 2*+'"O)"+2"7 &, γ 6= 17 $!"+ $!"
#"'):$&+- #;+%*8 -#;9!' ;#" +*$ '2;:"N,#""0

C$  ;' *+2" (":&"."% $!;$ 9#","#"+$&;: ;$$;2!8"+$ &' $!" )+%"#:/&+- 8"2!;+&'87

 !&2! -"+"#;$"' '2;:"N,#"" #;+%*8 -#;9!'0 C+ HAPM ; #;+%*8 -#;9! &' %"G+"%7

 !"#" $!" ;$$;2!8"+$ #):" *, $!" "%-"' &' "''"+$&;::/ ; 8&+&8;:&?;$&*+ 9#*(:"80

=!" ;)$!*#' *, HAPM 9#*." $!;$ $!" #"'):$&+- -#;9!' ;#" '2;:"N,#""7 ;+%7 $!"#",*#"7

'!* $!;$ 9#","#"+$&;: ;$$;2!8"+$ &' +*$ $!" *+:/  ;/ $* *($;&+ '2;:"N,#"" -#;9!'0

The Barabási-Albert random graph

=!" (&'&)*+$",#)%'- QRDS #;+%*8 -#;9! &' &+$#*%)2"% &+ HJM0 =!" %"'2#&9$&*+

-&."+ &+ $!&' 9;9"# &' +*$  "::N%"G+"%7 ()$ &' '!* + &+ %"$;&: &+ HATM0 =!"#",*#"7

 " 9#"'"+$ !"#" $!" %"G+&$&*+ *, $!" RD #;+%*8 -#;9! ;' -&."+ &+ HATM0 =!"

#;+%*8 -#;9! &' %"G+"% (/ $ * 9;#;8"$"#'U n ;+% m7  !"#" n7 ;' )');:7 &' $!"
+)8("# *, ."#$&2"' ;+% m &' $!" +)8("# *, "%-"' "8;+;$&+- ,#*8 ";2! +" :/

;%%"% ."#$">0 1" %"G+" $!" #;+%*8 -#;9! ,*# m = 17 ;+% )'&+- $!&' %"G+&$&*+
 " -&." $!" %"G+&$&*+ ,*# -"+"#;: m > 10 V"$ G(1)

1 (" ; -#;9! 2*+'&'$&+- *, *+"

."#$"> ;+% *+" '":,N:**90 5&."+ $!" -#;9! G(1)

t 7  " 2*+'$#)2$ $!" -#;9! G
(1)

t+1 (/

;%%&+- $!" ."#$"> v(1)

t+1 $*-"$!"#  &$! ; '&+-:" "%-" %&#"2$"% ,#*8 v(1)

t+1 $* w7  !"#"
w &' 2!*'"+ #;+%*8:/  &$! 9#*(;(&:&$&"'

P
(

w = v(1)

s |G(1)

t

)

=

{

d
(1)
t (s)
2t+1 &, 1 ≤ s ≤ t;
1

2t+1 &, s = t+ 1,
QA0W0AJS

 !"#" dt(s)
(1)
&' $!" %"-#"" *, ."#$"> v(1)

s &+ $!" -#;9! G(1)

t 0 <('"#." $!;$ $!" RD

#;+%*8 -#;9! &' ; 9#","#"+$&;: ;$$;2!8"+$ #;+%*8 -#;9!0
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Figure 1.9:  ! "#$ %&'($ )$ *$$ ")+ &(,-#*. /#$ '--$( &(,-# 0* , ($,102,"0+! +3 "#$ 45
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 ! "!#$%&'"% G(m)
n ( )!& m > 1( *+ ,&$% "!#$%&'"% G(1)

mn-  .+# G
(m)
n /$ !0%1/#+2

)&!3 G(1)
mn 04 3+&5/#5 %.+ 6+&%/"+$ /# %.+ 71%%+& 5&18.-  .+ 5&18. G

(m)
n "!#$/$%$ !)

%.+ 6+&%/"+$ {v(m)

i }ni=1 1#2 %.+ 6+&%+9 v(m)

i ( 1 ≤ i ≤ n( /$ !0%1/#+2 04 3+&5/#5 %.+
6+&%/"+$ v(1)

m(i−1)+1, v
(1)

m(i−1)+2, . . . , v
(1)

m(i−1)+m- :# ;/5'&+ <-= %*! &+17/>1%/!#$ !) ?@

&1#2!3 5&18.$ 1&+ 5/6+#-  .+ ,5'&+ 17$! /77'$%&1%+$ %.+ 3+&5/#5 8&!"+2'&+ .!*

G(3)

6 /$ !0%1/#+2 )&!3 G(1)

18-

A!* *+ "!#$/2+& %.+ 2/13+%+&( *.+&+ *+ #+57+"% %.+ 2/&+"%/!# !) %.+ +25+$-

;!& m = 1 %.+ 2/13+%+& $"17+$ 1$ log n( BCDE- ?!77!0F$ 1#2 G/!&21#( B<=(  .+!&+3
<E( $.!* %.1% )!& m ≥ 2  !" %.+ 5&18. G(m)

n /$ "!##+"%+2 1#2 %.1% )!& 1#4 ,9+2

ε > 0(  !"(

(1− ε) log n

log logn
≤ Diam(G(m)

n ) ≤ (1 + ε)
log n

log logn
.

:# %.+ 7/%+&1%'&+( 3!$% 24#13/" &1#2!3 5&18.$ .16+ %.+ ?@ &1#2!3 5&18.

1$ 1 $8+"/17 "1$+( *./". /$ 17$! %&'+ /# %./$ %.+$/$-  .+ H@G:I 3!2+7 1#2 %.+

JH@; 3!2+7 1&+ $'". +91387+$( *./". 1&+ /#%&!2'"+2 /# %./$ %.+$/$ /# K.18%+& L

1#2 K.18%+& M( &+$8+"%/6+74- N1%+& !#( /# %./$ $+"%/!#( 1 0&/+) 2+$"&/8%/!# !) %.+$+

3!2+7$ 1&+ 5/6+#-

The Poissonian random graph; revisited

A!&&!$ 1#2 G+/%%' !0$+&6+2 %.1% /# 71&5+ &+17O7/)+ #+%*!&P$ %.+ #'30+& !) +25+$

Q!/#/#5 %*! 2/$Q!/#% $+%$ !) 6+&%/"+$ 1&+ 188&!9/31%+74 H!/$$!# 2/$%&/0'%+2 5/6+#

%.+/& 2+5&++ $'3$-  ./$ *1$ %.+ $%1&%/#5 8!/#% )!& A!&&!$ 1#2 G+/%%' %! /#%&!2'"+

1 &1#2!3 5&18. /# *./". %.+ #'30+& !) +25+$ Q!/#/#5 %*! 2/$Q!/#% $+%$ !) 6+&%/"+$

/$ H!/$$!# 2/$%&/0'%+2R %.+  !"##!$"%$ &%$'!( )*%+, SHGJT( $++ BC<E-

 .+ HGJ *1$ 17&+124 /#%&!2'"+2 /# U+"%/!# <-V-< 1$ 1 $8+"/17 "1$+ !) %.+

/#.!3!5+#+!'$ &1#2!3 5&18. '$/#5 1 $%1%/" 2+$"&/8%/!# !) %.+ 3!2+7- W!*+6+&(

%.+ HGJ "1# 17$! 0+ 2+$"&/0+2 1$ 1 24#13/" &1#2!3 5&18.-  ./$ 2+$"&/8%/!# */77

0+ 5/6+# #+9%-

;/9 1 8!$/%/6+ /#%+5+& n( *./". /$ %.+ #'30+& !) #!2+$ !) %.+ ,#17 5&18.-
N+% {Λn}ni=1 0+ 1# /-/-2 $+X'+#"+( *.+&+ Λi( )!& 1 ≤ i ≤ n( /$ %.+ *+/5.% !)
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 !" #"$ "% vi &'( ("') " *+ Lt, 1 ≤ t ≤ n,  !"  ! "# $%&'( )-  !" .$&/! Gt0
Lt = Λ1 + Λ2 + · · ·+ Λt1

)&*+ + %,- 2 &$ 34 !  !" .$&/! G1 5)'646 4'. )-  !" #"$ "% v1 &'( & 7)466)'

(46 $4*8 "( '89*"$ )- :))/6 34 ! 9"&' Λ11

./012 &!/ + %,- 2 &$ 34 !  !" .$&/! Gt+1 &6 &' 4("' 45&: 5)/+ )-  !" .$&/!

Gt &'( &((  !" #"$ "% vt+1 34 ! 3"4.! Λt+11 ;)3 3" /"$-)$9  !" -)::)34'.

 3) )/"$& 4)'60

<4=  !"##"#$ %& '!( ()$(*+ "&5! "(." )- Gt+1 46 $"9)#"( 4'("/"'("' :+

34 ! /$)*&*4:4 +

pt+1 = 1− Lt
Lt+1

.

<44= ,))"#$ ()$(*+ 3" &(( '"3 "(."6 *" 3""'  !" #"$ "% vt+1 &'( &::

"%46 4'. ')("6 vn, 1 ≤ n ≤ t+11 >!" '89*"$ )- "(."6 3" &(( *" 3""'

#"$ 45"6 vn &'( vt+1 46 Et+1(n, t+1) &'(  !46 46 & 7)466)' #&$4&*:" 34 !

9"&'

E
[

Et+1(n, t+ 1) | {Λs}t+1s=1

]

=
ΛnΛt+1
Lt+1

.

The preferential attachment model with fitness

>!" ?@ $&'()9 .$&/! 46 & /8$" /$"-"$"' 4&: &  &5!9"' 9)(":, 41"1, #"$ 45"6 34 ! &

!4.! (".$"" &$" /$"-"$$"( )#"$ ) !"$61 @: !)8.!  !" ?@ 9)(": !&6  3) /&$&9" "$6

n &'( m,  !" $"68: 4'. /)3"$A:&3 "%/)'"' )-  !" (".$"" 6"B8"'5" 46 &:3&+6 "B8&:

 ) 31
@6 & 5)'6"B8"'5" )-  !" /$"-"$"' 4&: &  &5!9"' ,  !" (".$""6 )-  !" ):("6 

#"$ 45"6 34:: *"  !" !4.!"6 , 64'5"  !"+ !&(  !" 9)6 )//)$ 8'4 4"6  ) &5B84$" "(."61

;89"$)86 "%&9/:"6 5)'#4'54'.:+ 4'(45& "  !&  !" 5)''"5 4#4 + )- ')("6 4' $"&:A

:4-" '" 3)$C6 ()"6 ') ("/"'( )'  !"4$ &."1 D)$ "%&9/:", 4' 6)54&: '" 3)$C6, ') 

"#"$+*)(+ 9&C"6 -$4"'(6 &  !" 6&9" $& "0 6)9" 4'(4#4(8&:6 &$" *"  "$ 4'  8$'4'.

& $&'()9 9"" 4'. 4' ) & :&6 4'. 6)54&: :4'C  !&' ) !"$61 E'  !" F)$:(AF4(" F"*

6)9" /&."6,  !$)8.! & 5)9*4'& 4)' )- .))( 5)' "' &'( 9&$C" 4'., &5B84$" & :&$."

'89*"$ )- :4'C6 4' & #"$+ 6!)$  49", "&64:+ )#"$ &C4'. 3"*64 "6  !& !&#" *""'

&$)8'( -)$ 985! :)'."$  49", 6"" GHI1

F"  "'(  ) &66)54& "  !"6" (4J"$"'5"6 34 ! 6)9" 4' $4'645 B8&:4 + )-  !" ')("6,

685! &6  !" 6)54&: 6C4::6 )- &' 4'(4#4(8&:, )$  !" 5)' "' )-  !" 3"* /&."1 F" 5&::

 !46  !" 3 /%++ )- & ')(", 3!45! 46 6494:&$ *+ &66)54& 4'. & 3"4.!  ) "&5! #"$ "%

4'  !" $&'()9 .$&/!6 3" !&#" 6""' 4' 2"5 4)' H1K1H1

L' GHMI 41# &,#&2" &5% 3 /%++ 46 4' $)(85"(1 N&5! #"$ "% vi, i ≥ 1, !&6 & 5)$$"A

6/)'(4'. $&'()9 O '"66 ηi,  !" 98: 4/:45& 4#" O '"661 @  49" t+1 & '"3 #"$ "%

vt+1 46 &(("(  )  !" ):( .$&/!, &'( -$)9  !46 #"$ "% "9&'& "6 &' "(."1 >!" "'(A

/)4' )-  !46 "(." 46 5)''"5 "(  ) )'" )-  !" ):( #"$ 45"61 E'" 5!))6"6 #"$ "% vi,
1 ≤ i ≤ t, /$)/)$ 4)'&:  )  !" (".$"" )- #"$ "% vi  49"6 4 6 O '"660 ηidi(t)1 >!46

9)(": 46 "% "'("( 4' GPQI *+ &((4'. "00& &5% 3 /%++, "&5! #"$ "% !&6 &:6) & $&'()9

&((4 4#" O '"66 ζi &'( )'" 5!))6"6 & #"$ "% vi /$)/)$ 4)'&:  ) (".$"" 4' Gt  49"6

 !" 98: 4/:45& 4#" 5)'6 &' /:86  !" &((4 4#" 5)'6 &' 0 ηidi(t) + ξi1
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 ! "# $%"&'($) *$ +,#!-.$/ 01$ '"2$ /"#3 ,4 " #$*(5 "..$. *$6 '"2$ 65

7,,2($8 9&"2-#$ 01"0 *$ +/$"0$ " *$6 '"2$ "6,:0 01$ ;,#." <=> ?@@ &,0,/+5+($8

90 +"# 6$ "/2:$. 01"0 -4 01$ '"2$ /"#3 -! 1-21) 01$# -0 -! &,/$ (-3$(5 01"0 ,01$/

A#$*B *$6 '"2$! *-(( (-#3 0, ,:/ *$6 '"2$) -#!0$". ,4 ,01$/ ,#$!8 9#-0-"((5) 01$

'"2$ /"#3 ,4 ,:/ *$6 '"2$ -! .$0$/&-#$. 65 -0! 3$5*,/.! "#. (-#3! A01$ "..-0-C$

D0#$!!B8 EC$/ 0-&$) ,01$/ *$6 '"2$! *-(( +-0$ ,:0 *$6 '"2$8  ! " +,#!$F:$#+$ 01$

/"#3 ,4 ,:/ *$6 '"2$ -! .$0$/&-#$. 65 01$ *$6 '"2$ -0!$(4 "#. 01$ #:&6$/ ,4 ,01$/

*$6 '"2$! +-0-#2 01-! *$6 '"2$ 0-&$! !,&$ G4"+0,/H A01$ &:(0-'(-+"0-C$ D0#$!!B8

I#4,/0:#"0$(5) 01$ '"'$/! JKL) MNO "/$ #,0 /-2,/,:!8 9# 01-! 01$!-!) *$ +,#!-.$/

0*, /"#.,& 2/"'1! 01"0 :!$ '/$4$/$#0-"( "00"+1&$#0 *-01 D0#$!!8 P1$ D/!0 &,.$(

-! 01$ 7Q = &,.$() "#. 01-! &,.$( -! -#0/,.:+$. -# 01$ #$%0 '"/"2/"'1 "#.

+,#!-.$/$. &,/$ -#R.$'01 -# S1"'0$/ N8 P1-! &,.$( :!$! /"#.,& &:(0-'(-+"0-C$

D0#$!! "#. "..-0-C$ D0#$!!8 P1$ !$+,#. &,.$( -! 01$ Q >9T &,.$(8 9# 01-! &,.$(

01$ &:(0-'(-+"0-C$ D0#$!! -! +,#!0"#0) 6:0 01$ "..-0-C$ D0#$!! -! #,08 P1$ "..-0-C$

D0#$!! -! !,&$ ',!-0-C$ -#0$2$/RC"(:$. /"#.,& C"(:$ A01$ -#-0-"( .$2/$$ ,4 " #,.$B

'(:! !,&$ +,#!0"#08 U$ /$4$/ 0, S1"'0$/ M 4,/ " '/$+-!$ .$D#-0-,# ,4 01$ Q >9T

&,.$(8

The geometric preferential attachment random graph

 ("/2$ #:&6$/ ,4 2/"'1 &,.$(! 1"C$ 6$$# -#0/,.:+$. 0, .$!+/-6$ +,&'($% #$0R

*,/3!) 6:0 ,40$# 01$ :#.$/(5-#2 2$,&$0/5 -! -2#,/$.8 9# 2$#$/"( -0 -! .-V+:(0 0,

2$0 /-2,/,:! /$!:(0! 4,/ '/,'$/0-$! (-3$ 01$ .$2/$$ .-!0/-6:0-,#) 05'-+"( .-!0"#+$!

,/ .-"&$0$/) $C$# -4 ,#$ .-!/$2"/.! 01$ 2$,&$0/58 ;,*$C$/) -# *-/$($!! ".R1,+

#$0*,/3! 01$ 2$,&$0/5 -! ,4 2/$"0 -&',/0"#+$) !-#+$ -# 01$!$ #$0*,/3! #,.$! "/$

!'/$". ,C$/ !,&$ !:/4"+$ "#. #,.$! +"# ,#(5 +,&&:#-+"0$ *-01 #$-216,/! *-01-# "

+$/0"-# /"#2$) .$'$#.-#2 ,# 01$ 2$,&$0/58 P1$  !"#!$%&' (%!)!%!*$&+, +$$+'-#!*$

A7Q B /"#.,& 2/"'1) -#0/,.:+$. -# JWMO) +,:(. 6$ " &,.$( 4,/ *-/$($!! ".R1,+

#$0*,/3!8 X!!$#0-"((5) 01$ &,.$( -! " '/$4$/$#0-"( "00"+1&$#0 &,.$( *-01 D0#$!!)

&:(0-'(-+"0-C$ "#. "..-0-C$8 P1$ &:(0-'(-+"0-C$ D0#$!! .$'$#.! ,# 01$ ',!-0-,# ,4

01$ C$/0-+$!) 6:0 01$ "..-0-C$ +,#!0"#0 -! Y:!0 " D%$. C"(:$8 P1$ /"#.,& 2/"'1!

:!$. -# JWMO ,/ JWWO "/$ /$!0/-+0$. 0, 01$ D#-0$ C"/-"#+$ +"!$) !-#+$ 01$ ',*$/R("*

$%',#$#0 -! "0 ($"!0 M8

9# S1"'0$/ N *$ -#0/,.:+$ " /"#.,& 2/"'1 01"0 :!$! 01$ 7Q /"#.,& 2/"'1

"! " !0"/0-#2 ',-#08 Z5 -#0/,.:+-#2 "..-0-C$ D0#$!!) *$ ,60"-# " /"#.,& 2/"'1

*-01 2$,&$0/-+ '/$4$/$#0-"( "00"+1&$#0 -# *1-+1 01$ ',*$/R("* $%',#$#0 +"# 0"3$

"#5 C"(:$ ("/2$/ 01"# L8
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Chapter 2

Distances in random graphs
with infinite mean degree
sequence
 !"#$ %!&' %"$( )* +,# -.& /!01$,-2 3* /!!4(".51$&, ,#- 6* 7#,5.#1'"

 !"#$%& '()*

 !"#$%&#

8. 1$9-: &,#-!5 4&,;(1 %"$( ,# "*"*-* -.4&.. 1.<9.#=. !0 %("=( $(. $,">

!0 $(. -"1$&"?9$"!# 09#=$"!# F "1 &.49>,&>: +,&:"#4 %"$( .@;!#.#$ τ ∈ [1, 2]*
A# ;,&$"=9>,&2 $(. -.4&..1 (,+. "#B#"$. 5.,#* C9=( &,#-!5 4&,;(1 =,# 1.&+.

,1 5!-.>1 0!& =!5;>.@ #.$%!&'1 %(.&. -.4&.. ;!%.& >,%1 ,&. !?1.&+.-*

D(. 5"#"5,> #95?.& !0 .-4.1 ?.$%..# $%! ,&?"$&,&: #!-.12 ,>1! =,>>.-

$(. 4&,;( -"1$,#=. !& $(. (!;=!9#$2 "1 "#+.1$"4,$.- %(.# $(. 1"E. !0 $(. 4&,;(

$.#-1 $! "#B#"$:* D("1 =(,;$.& "1 ,1 , ;,;.& ;,&$ !0 , 1.<9.> !0 $(&.. ;,;.&1*

D(. !$(.& $%! ;,;.&1 1$9-: $(. =,1. %(.&. τ ∈ (2, 3)2 ,#- τ ∈ (3,∞),
&.1;.=$"+.>:*

D(. 5,"# &.19>$ !0 $("1 ;,;.& "1 $(,$ $(. 4&,;( -"1$,#=. 0!& τ ∈ (1, 2) =!#F
+.&4.1 "# -"1$&"?9$"!# $! , &,#-!5 +,&",?>. %"$( ;&!?,?">"$: 5,11 .@=>91"+.>:

!# $(. ;!"#$1 2 ,#- 3* 8. ,>1! =!#1"-.& $(. =,1. %(.&. %. =!#-"$"!# $(.

-.4&..1 $! ?. ,$ 5!1$ Nα
0!& 1!5. α > 02 %(.&. N "1 $(. 1"E. !0 $(. 4&,;(*

G!& B@.- k ∈ {0, 1, 2, . . .} ,#- α 19=( $(,$ (τ + k)−1 < α < (τ + k − 1)−1
2

$(. (!;=!9#$ =!#+.&4.1 $! k + 3 "# ;&!?,?">"$:2 %(">. 0!& α > (τ − 1)−1
2 $(.

(!;=!9#$ =!#+.&4.1 $! $(. 1,5. >"5"$ ,1 0!& $(. 9#=!#-"$"!#.- -.4&..1* D(.

;&!!01 91. .@$&.5. +,>9. $(.!&:*

2.1 Introduction

+,& -"./0 12 $134%&5 6&"71!8- , -  ""! $"&/ $16-#/&! 9%&  ""&6"#16 #6 ",& 4 -"

/&$ /&: +,&!&  !& 6.3&!1.- &5 34%&- 12 $134%&5 6&"71!8-; -.$,  - $1< .",1!-,#4

 6/ $#" "#16 6&"71!8- 12 -$#&6"#-"-; ",& =1!%/<=#/& =&9  6/ >6"&!6&"; 3&" 91%#$

6&"71!8-; &"$: +,& "141%1?#$ % -"!.$".!& 12 6&"71!8-  @&$"- ",& 4&!21!3 6$& #6
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 !"#$ %$ &"'(#) *"' +%# ,%-$.  !$  "/"0"12 "3 #"-+,0 %$ &"'(# ,4$- #  !$ #/'$,5

"3 +%3"'6, +"% ,%5 5+#$,#$ 7#$$ $)1). 899. :;<=. &!+0$  !$ /$'3"'6,%-$ "3  ',>- +%

?% $'%$ 5$/$%5# !$,@+02 "%  !$  "/"0"12 "3  !$ ?% $'%$ )

A$,#B'$6$% # "% -"6/0$C %$ &"'(# !,@$ #!"&%  !, 6,%2 '$,0 %$ &"'(# !,@$

#+6+0,' /'"/$' +$#) D E'# $C,6/0$ "3 #B-! , 3B%5,6$% ,0 %$ &"'( /'"/$' 2 +#  !$

3,-  !,  2/+-,0 5+# ,%-$# F$ &$$% %"5$# ,'$ #6,00) G!+# +# -,00$5  !$ H#6,00 &"'05I

/!$%"6$%"%. #$$  !$ /+"%$$'+%1 &"'( "3 J,  # 8KK<. ,%5  !$ '$3$'$%-$#  !$'$+%)

?% ?% $'%$ . 3"' $C,6/0$. $L6,+0 6$##,1$# -,%%" B#$ 6"'$  !,% ,  !'$#!"05 "3

/!2#+-,0 0+%(#. ,%5 +3  !$ 5+# ,%-$# +% ?% $'%$ &"B05 F$ 0,'1$.  !$% $L6,+0 #$'@+-$

&"B05 #+6/02 F'$,( 5"&%) G!B#.  !$ 1',/! "3  !$ ?% $'%$ !,# $@"0@$5 +% #B-! ,

&,2  !,  2/+-,0 5+# ,%-$# ,'$ '$0, +@$02 #6,00. $@$%  !"B1!  !$ ?% $'%$ +# ', !$'

0,'1$)

D #$-"%5. 6,2F$ 6"'$ #B'/'+#+%1. /'"/$' 2 "3 6,%2 %$ &"'(# +#  !,  !$ %B6L

F$' "3 %"5$# &+ ! 5$1'$$ n 3,00# "4 ,# ,% +%@$'#$ /"&$' "3 n) G!+# +# -,00$5 ,

H/"&$' 0,& 5$1'$$ #$MB$%-$I) ?% ?% $'%$ .  !$ /"&$' 0,& 5$1'$$ #$MB$%-$ &,# E'# 

"F#$'@$5 +% 8NO<) G!$ "F#$'@, +"%  !, 6,%2 '$,0 %$ &"'(# !,@$  !$ ,F"@$ /'"/L

$' +$# !,# +%-+ $5 , FB'# "3 ,- +@+ 2 +% %$ &"'( 6"5$00+%1) A"# "3  !$ 6"5$0# B#$

',%5"6 1',/!# ,# , &,2  " 6"5$0  !$ B%-$' ,+% 2 ,%5  !$ 0,-( "3 '$1B0,'+ 2 +% '$,0

%$ &"'(#) P$$ 8Q. 99< ,%5  !$ '$3$'$%-$#  !$'$+% 3"' ,% +% '"5B- +"%  " -"6/0$C

%$ &"'(# ,%5 6,%2 $C,6/0$# &!$'$  !$ ,F"@$  &" /'"/$' +$# !"05)

G!$ -B''$% -!,/ $' /'$#$% # , '+1"'"B# 5$'+@, +"% 3"'  !$ ',%5"6 RB- B, +"%#

"3  !$ 1',/! 5+# ,%-$ F$ &$$%  &" ,'F+ ','2 %"5$# 7,0#" -,00$5  !$ !"/-"B% = +% ,

1',/! &+ ! +)+)5) 5$1'$$# !,@+%1  !"! #$ 6$,%) G!$ 6"5$0 &+ ! +)+)5) 5$1'$$# +# ,

@,'+, +"% "3  !$ %&!"'()*# &! +&,$-. &!+-! &,# "'+1+%,002 /'"/"#$5 F2 S$&6,%.

P '"1, T ,%5 J,  # 89;<. &!$'$  !$ 5$1'$$# "'+1+%, $ 3'"6 , 1+@$% 5$ $'6+%+# +-

#$MB$%-$) G!$ "F#$'@$5 /"&$' $C/"%$% # ,'$ +%  !$ ',%1$ 3'"6 τ = 1.5  " τ = 3.2
7#$$ 8Q. G,F0$ ??< "' 899. G,F0$ K)U<=) ?% , /'$@+"B# /,/$' 8QN<.  !$ -,#$ τ > 3
&,# +%@$# +1, $5. &!+0$  !$ -,#$ τ ∈ (2, 3) &,# # B5+$5 +% 8Q9<) V$'$ &$ 3"-B# "%

 !$ -,#$ τ ∈ (1, 2). ,%5 # B52  !$  2/+-,0 5+# ,%-$# F$ &$$% ,'F+ ','2 -"%%$- $5

%"5$#) ?% , 3"' !-"6+%1 /,/$' 8QQ<. &$ &+00 #B'@$2  !$ '$#B0 # 3'"6  !$ 5+4$'$% 

-,#$# 3"' τ . ,%5 +%@$# +1, $  !$ -"%%$- $5 -"6/"%$% # "3  !$ ',%5"6 1',/!#)

G!+# #$- +"% +# "'1,%+T$5 ,# 3"00"&#) ?% P$- +"% W)U)U. &$ # ,' F2 +% '"5B-+%1

 !$ 6"5$0. ,%5 +% P$- +"% W)U)W. &$ # , $ "B' 6,+% '$#B0 #) ?% P$- +"% W)U)K. &$

$C/0,+% !$B'+# +-,002 !"&  !$ '$#B0 # ,'$ "F ,+%$5) *+%,002. &$ 5$#-'+F$ '$0, $5

&"'( +% P$- +"% W)U)N)

2.1.1 The model

X"%#+5$' ,% +)+)5) #$MB$%-$ D1, D2, . . . , DN ) D##B6$  !, LN =
∑N
j=1Dj +# $@$%)

J!$% LN +# "55.  !$% &$ +%-'$,#$ DN F2 1. +)$). &$ '$/0,-$ DN F2 DN + 1) G!+#

-!,%1$ &+00 6,($ !,'502 ,%2 5+4$'$%-$ +% &!, 3"00"&#. ,%5 &$ &+00 +1%"'$ + +%

 !$ #$MB$0)

J$ &+00 -"%# 'B- , 1',/! +% &!+-! %"5$ j !,# 5$1'$$ Dj 3"' ,00 1 ≤ j ≤ N )

J$ &+00 0, $' #/$-+32  !$ 5+# '+FB +"% "3 Dj ) J$ # ,' &+ ! N #$/,', $ %"5$# ,%5

+%-+5$%  " %"5$ j. &$ !,@$ Dj # BF# &!+-! # +00 %$$5  " F$ -"%%$- $5  " FB+05  !$

1',/!)

G!$ # BF# ,'$ %B6F$'$5 +% ,% ,'F+ ','2 "'5$' 3'"6 1  " LN ) J$ -"% +%B$ F2
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 !"#$%&' !" (!&)* "$+ ,(-" -"./ 0%"$ *&+ *1 "$+ LN − 1 (+ !%&%&' -"./-2 3&#+
4!%(+)5 "0* -"./- 1*( !& +)'+ *1 "$+ '(!4$2 6+&#+5 ! -"./ #!& /+ -++& !- "$+

7+1" *( "$+ (%'$" $!71 *1 !& +)'+2 8+ #*&"%&.+ "$+ 4(*#+).(+ *1 (!&)* 79 #$**-%&'

!&) 4!%(%&' "$+ &+:" -"./ !&) -* *&5 .&"%7 !77 -"./- !(+ #*&&+#"+)2

;$+ 4(*/!/%7%"9  !-- 1.&#"%*& !&) "$+ )%-"(%/."%*& 1.&#"%*& *1 "$+ &*)!7 )+'(++

!(+ )+&*"+) /9

P(D1 = j) = fj , j = 1, 2, . . . , !&) F (x) =

⌊x⌋
∑

j=1

fj , <=2>2>?

0$+(+ ⌊x⌋ %- "$+ 7!('+-" %&"+'+( - !77+( "$!& *( +@.!7 "* x2 3.(  !%& !--. 4"%*&
0%77 /+ "$!"

xτ−1 [1− F (x)] <=2>2=?

%- -7*079 A!(9%&' !" %&,&%"9 1*( -* + τ ∈ (1, 2)2 ;$%-  +!&- "$!" "$+ (!&)* 
A!(%!/7+- Dj */+9 ! 4*0+( 7!0 0%"$ %&,&%"+  +!&2

2.1.2 Main results

8+ )+,&+ "$+ '(!4$ )%-"!&#+ HN /+"0++& "$+ &*)+- 1 !&) 2 !- "$+  %&% . 
&. /+( *1 +)'+- "$!" 1*( ! 4!"$ 1(* 1 "* 25 0$+(+5 /9 #*&A+&"%*&5 "$%- )%-"!&#+
+@.!7- ∞ %1 1 !&) 2 !(+ &*" #*&&+#"+)2 3/-+(A+ "$!" "$+ '(!4$ )%-"!&#+ /+"0++&
"0* (!&)* 79 #$*-+& &*)+- %- +@.!7 %& )%-"(%/."%*& "* HN 5 /+#!.-+ "$+ &*)+- !(+

+:#$!&'+!/7+2

B& "$%- #$!4"+(5 0+ 0%77 4(+-+&" "0* -+4!(!"+ "$+*(+ - 1*( "$+ #!-+ τ ∈ (1, 2)2
8+ !7-* #*&-%)+( "$+ /*.&)!(9 #!-+- τ = 1 <;$+*(+ =2C? !&) τ = 2 <D+ !(E
=2>2=?2 B& ;$+*(+ =2>5 0+ "!E+ "$+ -+@.+&#+ D1, D2, . . . , DN *1 %2%2)2 #*4%+- *1 D
0%"$ )%-"(%/."%*& F 5 -!"%-19%&' <=2>2=?5 0%"$ τ ∈ (1, 2)2 ;$+ (+-.7" %- "$!" "$+ '(!4$
)%-"!&#+ *( $*4#*.&" #*&A+('+- %& )%-"(%/."%*& "* ! 7% %" (!&)* A!(%!/7+ 0%"$

 !-- p = pF 5 1−p, *& "$+ A!7.+- 25 35 (+-4+#"%A+792 B& "$%- #$!4"+( "$+ !//(+A%!"%*&
 !"5  +!&- "$!" "$+ %&A*7A+) +A+&" $!44+&- 0%"$ 4(*/!/%7%"9 #*&A+('%&' "* >5 !-

N →∞2

#!$%&$' ()*  !" τ ∈ (1, 2)  ! "#$%$#& '!( )*+ D1, D2, . . . , DN ,* ' -*./*!0* 12

 $ $($ 013 *- 12 D$ 45*!6

lim
N→∞

P(HN = 2) = 1− lim
N→∞

P(HN = 3) = pF ∈ (0, 1).  !"#"$%

&'( )*+,- ./+0( -,.- *'1203*'+ 3(+/((4 2./+(/ -,.' N − 1 *4 ./-*51*.2 *' .

'(-67/8 6*-, N '73(4" 9' :.1-; *' ).'< /(.2 '(-67/84; -,( 3(+/(( *4 =70'3(3

=< . >,<4*1.2 17'4-.'-" ?,(/(:7/(; 6( .247 17'4*3(/ -,( 1.4( 6,(/( -,( 3(+/((4

./( 17'3*-*7'(3 -7 =( 4).22(/ -,.' Nα
; 6,(/( α *4 .' ./=*-/./< >74*-*@( '0)=(/"

&: 170/4(; 6( 1.' 17'3*-*7' 7' -,( 3(+/((4 -7 =( .- )74- M ; 6,(/( M *4 5A(3

.'3 *'3(>('3('- 7' N ; 4*'1( *' -,*4 1.4(; -,( 3(+/((4 ./( 0'*:7/)2< =70'3(3; =0-

-,*4 1.4( *4 -/(.-(3 *' BCDE" ?,(/(:7/(; 6( 17'4*3(/ 1.4(4 6,(/( -,( 3(+/((4 ./(

17'3*-*7'(3 -7 =( .- )74- . +*@(' >76(/ 7: N "

?,( /(402- 6*-, 17'3*-*7'(3 3(+/((4 .>>(./4 *' -,( ?,(7/() !"!" 9- -0/'4

70- -,.- :7/ α > 1/(τ − 1); -,( 17'3*-*7'*'+ ,.4 '7 *'F0('1( *' -,( 4('4( -,.-
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 !" #$%$ &'()*% +'&$',#" $-  !" -'%" '-  !' .*&  !" /(0*()$ $*(") 0'-"1 2!$-

$- (* -* - &'(3"4 -$(0"  !" %'5$%'# )"3&"" $- *. *&)"& N1/(τ−1)
4 -*  !'  !"

0*()$ $*($(3 )*"- (* !$(3 $(  !$- 0'-"1 6*7"+"&4 .*& 85") k ∈ N∪{0} '() α -/0!

 !' 1/(τ + k) < α < 1/(τ + k− 1)4  !" 3&'9! )$- '(0" 0*(+"&3"-  * ' )"3"("&' "

#$%$ &'()*% +'&$',#" 7$ ! %'-- 1 *(  !" +'#/" k + 31 : 7*/#) ," *. $( "&"-  *

"5 "()  !" 9*--$,#" 0*()$ $*($(3 -0!"%"-4 ,/ 7" 7$## (* "#',*&' " ./& !"& *( $ 

$(  !$- 0!'9 "&1

:(  !"  !"*&"% ,"#*74 7" 7&$ " D(N)
.*&  !" &'()*% +'&$',#" D 0*()$ $*(")

*( D < Nα
1 2!/-4

P(D(N) = j) =
fj

P(D < Nα)
, 0 ≤ j < Nα. ;<1=1>?

 !"#$"% &'&  !" τ ∈ (1, 2) !# $%&'&%( )#* +,- D(N)

1 , D(N)

2 , . . . , D(N)

N ., ) /,01,#2,

34 !&!&*& 235!,/ 34 D(N)
&

;$?  36 k ∈ N ∪ {0} )#* α /127 -7)- 1/(τ + k) < α < 1/(τ + k − 1)8

lim
N→∞

P(HN = k + 3) = 1. ;<1=1@?

;$$? 94 α > 1/(τ − 1)8 -7,#

lim
N→∞

P(HN = 2) = 1− lim
N→∞

P(HN = 3) = pF , ;<1=1A?

:7,6, pF ∈ (0, 1) !/ *,;#,* !# <7,36,= %&'&

2!" ,*/()'&B 0'-" τ = 1 '() τ = 2 '&"  &"' ") $( 2!"*&"% <1C '() D"%'&E

<1=1<4 ,"#*71 F" 7$## 9&*+"  !' .*& τ = 14  !" !*90*/( 0*(+"&3"-  *  !" +'#/" 21
G*& τ = 24 7" -!*7 ,B 9&"-"( $(3  7* "5'%9#"-4  !'  !" #$%$ ,"!'+$*& )"9"()-

*(  !" ,"!'+$*& *.  !" -#*7#B +'&B$(3  '$# x[1− F (x)]1

 !"#$"% &'(  36 τ = 1 !# $%&'&%( )#* +,- D1, D2, . . . , DN ., ) /,01,#2, 34 !&!&*&

235!,/ 34 D& <7,#8

lim
N→∞

P(HN = 2) = 1. ;<1=1H?

)"%*$+1 G*& τ = 2 $( ;<1=1<? '() 7$ ! D1, D2, . . . , DN ' -"I/"(0" *.

$1$1)1 0*9$"- *. D4  !" #$%$ ,"!'+$*& *. HN )"9"()- *(  !" -#*7#B +'&B$(3  '$#

x[1 − F (x)], x → ∞1 :( J"0 $*( <1>1<4 7" 9&"-"(  7* "5'%9#"-4 7!"&" 7" !'+"4

)"9"()$(3 *(  !" -#*7#B +'&B$(3 ./(0 $*( x[1−F (x)]4 )$K"&"( #$%$ ,"!'+$*& .*&

HN 1 F" 9&"-"( '( "5'%9#" 7$ ! limN→∞ P(HN ≤ k) = 04 .*& '## 85") $( "3"&-

k4 '- N →∞4 '() ' -"0*() "5'%9#" 7!"&" HN ∈ {2, 3}4 ,!-4 '- N →∞1

2.1.3 Heuristics

F!"( τ ∈ (1, 2)4 7" 0*(-$)"&  7* )$K"&"( 0'-"-1 :( 2!"*&"% <1=4  !" )"3&""- '&"

(* 0*()$ $*(")4 7!$#" $( 2!"*&"% <1< 7" 0*()$ $*( *( "'0! (*)" !'+$(3 ' )"3&""

-%'##"&  !'( Nα
1 F" (*7 3$+" ' !"/&$- $0 "59#'(' $*( *. */& &"-/# -1
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 ! "#$ %&'()$*+ %,%'&+ -./0 .120 "3' 4,+'+ τ ∈ (2, 3) ,!5 τ > 3 3,(' 6''!

"&',"'57  ! "3'+' 4,+'+0 "3' %&$6,6)8)"9 :,++ ;*!4")$! {fj} )!"&$5*4'5 )! <=7>7>?

3,+ , @!)"' :',!0 ,!5 "3' !*:6'& $; !$5'+ $! A&,%3 5)+",!4' n ;&$: !$5' 1
4,! 6' 4$*%8'5 "$ "3' !*:6'& $; )!5)()5*,8+ )! "3' nth A'!'&,")$! $; , 6&,!43)!A

%&$4'++ #)"3 $B+%&)!A 5)+"&)6*")$! {gj} A)('! 69

gj =
j + 1

µ
fj , <=7>7C?

#3'&' µ = E[D1]7 D$& τ ∈ (1, 2)0 ,+ #' ,&' 4*&&'!"89 )!('+")A,")!A0 #' 3,(' µ =∞0

,!5 "3' 6&,!43)!A %&$4'++ *+'5 )! -./0 .12 5$'+ !$" 'E)+"7

F3'! #' 5$ !$" 4$!5)")$! $! Dj 6')!A +:,88'& "3,! Nα
0 "3'! LN )+ "3' )7)757

+*: $; N &,!5$: (,&),68'+ D1, D2, . . . , DN 0 #)"3 )!@!)"' :',!7  " )+ #'88 G!$#!

"3," )! "3)+ 4,+' "3' 6*8G $; "3' 4$!"&)6*")$! "$ LN = N1/(τ−1)+o(1)
4$:'+ ;&$:

,  !"#$ !*:6'& $; !$5'+ #3)43 3,(' A),!" 5'A&''+ <"3' +$H4,88'5 %"&!# !'($)?7 I

6,+)4 ;,4" )! "3' 4$!@A*&,")$! :$5'8 )+ "3," "#$ +'"+ $; +"*6+ $; +)J'+ n ,!5 m
,&' 4$!!'4"'5  !" #3'! nm )+ ," 8',+" $; $&5'& LN 7 K)!4' "3' A),!" !$5'+ 3,('

5'A&'' &$*A389 N1/(τ−1)
0 #3)43 )+ :*43 8,&A'& "3,!

√
LN 0 "3'9 ,&' ,88 ,"",43'5

"$ ',43 $"3'&0 "3*+ ;$&:)!A , 4$:%8'"' A&,%3 $; A),!" !$5'+7 L,43 +"*6 )+  !"

,"",43'5 "$ , A),!" !$5'0 ,!50 "3'&';$&'0 "3' 5)+",!4' 6'"#''! ,!9 "#$ !$5'+ )+0

 !"0 ," :$+" M7  ! ;,4"0 "3)+ 5)+",!4' 'N*,8+ = #3'! "3' "#$ !$5'+ ,&' 4$!!'4"'5

"$ "3' )&*$ A),!" !$5'0 ,!5 )+ M $"3'&#)+'7  ! %,&")4*8,&0 ;$& τ = 10 "3' N*$")'!"

D(N)/LN 4$!('&A'+ "$ 1 )! %&$6,6)8)"90 ,!5 4$!+'N*'!"89 "3' 3$%4$*!" 4$!('&A'+

"$ 20 )! %&$6,6)8)"97

F3'! #' "&*!4,"' "3' 5)+"&)6*")$! ,+ )! <=7>7/?0 #)"3 α > 1/(τ −1)0 #' 3,&589

43,!A' ,!9"3)!A +)!4' #)"3$*" "&*!4,")$!  !" ,88 5'A&''+ ,&' 6'8$# Nα
7 O!

"3' $"3'& 3,!50 ); α < 1/(τ − 1)0 "3'!0 #)"3 "&*!4,")$!0 "3' 8,&A'+" !$5'+ 3,('

5'A&'' $; $&5'& Nα
0 ,!5 LN ∼ N1+α(2−τ)

7 IA,)!0 "3' 6*8G $; "3' "$",8 5'A&''

LN 4$:'+ ;&$: !$5'+ #)"3 5'A&'' $; "3' $&5'& Nα
0 +$ "3," !$# "3'+' ,&' "3'

A),!" !$5'+7 P'!4'0 ;$& 1/τ < α < 1/(τ − 1)0 "3' 8,&A'+" !$5'+ 3,(' 5'A&''+

:*43 8,&A'& "3,!

√
LN 0 ,!5 "3*+0  !"# +")88 4$!+")"*"' , 4$:%8'"' A&,%37 Q3'

!*:6'& $; A),!" !$5'+ 4$!('&A'+ "$ )!@!)"90 ,+ N →∞7 Q3'&';$&'0 "3' %&$6,6)8)"9

"3," "#$ ,&6)"&,&9 !$5'+ ,&' 4$!!'4"'5 "$ "3' )&*$ A),!" !$5' 4$!('&A'+ "$ R7

S$!+'N*'!"890 "3' 3$%4$*!" 'N*,8+ M0  !"7  ; α < 1/τ 0 "3'! "3' A),!" !$5'+ !$

8$!A'& 4$!+")"*"' , 4$:%8'"' A&,%30 +$ "3," "3' 3$%4$*!" 4,! 6' A&',"'& "3,! 37
D$& ,8:$+" '('&9 α < 1/τ, "3' 3$%4$*!" 4$('&A'+ "$ , )"!%+$ (,8*'7 Q3' 6'3,()$&

$; "3' 3$%4$*!" ;$& "3' 4,+'+ "3," α = 1/(τ+k) ;$& k ∈ N∪{0}0 #)88 6' 5'%'!5'!"

$! "3' +8$#89 (,&9)!A ;*!4")$! )! <>7=?0 ,+ )+ "3' 4,+' ;$& τ = 27 F' 5$ 'E%'4"

"3," "3' 3$%4$*!" 4$!('&A'+ "$ ," :$+" = (,8*'+ )! "3'+' 4,+'+7

Q3' %&$$; )! "3)+ 43,%"'& )+ 6,+'5 $! 5'",)8'5 ,+9:%"$")4+ $; "3' +*: $; N )7)757

&,!5$: (,&),68'+ #)"3 )!@!)"' :',!0 ,+ #'88 ,+ $! "3' +4,8)!A $; "3' $&5'& +",")+")4+

$; +*43 &,!5$: (,&),68'+7 Q3' +4,8)!A $; "3'+' $&5'& +",")+")4+ )+ 4&*4),8 )! "3'

5'@!)")$! $; "3' A),!" !$5'+ #3)43 ,&' 5'+4&)6'5 ,6$('7 Q3' ,6$(' 4$!+)5'&,")$!+

,&' "3' 6,+)4 )5', )! "3' %&$$; $; Q3'$&': =7>7  ! "3' %&$$; $; Q3'$&': =7=0 #'

!''5 "$ )!('+")A,"' #3," "3' 4$!5)")$!)!A 5$'+ "$ "3' +4,8)!A $; 6$"3 "3' "$",8

5'A&'' LN 0 ,+ #'88 ,+ "$ "3' 8,&A'+" 5'A&''+7
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2.1.4 Related work

 !" #$%&" '%(") *+ # &#,*#-*%. %/ -!" 0%.123,#-*%. '%(")4 5. -!" 3+3#) 0%.126

3,#-*%. '%(") %." %/-". +-#,-+ /,%' # 2*&".  !"!#$%&%'"%( ("2,"" +"73".0"4 5.

%3, '%(")8 -!" ("2,"" +"73".0" *+ #. *4*4(4 +"73".0" D1, . . . , DN 9*-! (*+-,*$3-*%.

"73#) -% # :%9", )#94  !" ,"#+%. /%, -!*+ 0!%*0" *+ -!#- 9" #," *.-","+-"( *. '%(")+

/%, 9!*0! #)) .%("+ #," ";0!#.2"#$)"8 #.( -!*+ *+ .%- -!" 0#+" 9!". -!" ("2,""+

#," 1;"(4  !" +-3(< %/ -!*+ &#,*#-*%. %/ -!" 0%.123,#-*%. '%(") 9#+ +-#,-"( *.

=>?@ /%, -!" 0#+" τ > 3 #.( +-3(*"( $< A%,,%+ #.( B"*--3 =CD@ *. 0#+" τ ∈ (2, 3)4
E%, # +3,&"< %/ 0%':)"; ."-9%,F+8 :%9", )#9 ("2,"" +"73".0"+ #.( ,#.(%'

2,#:! '%(")+ /%, +30! ."-9%,F+8 +"" =G@ #.( =>>@4  !","8 # !"3,*+-*0 *+ 2*&". 9!<

-!" !%:0%3.- +0#)"+ :,%:%,-*%.#))< -% logN 8 9!*0! *+ %,*2*.#))< /,%' =>?@4  !"

#,23'".- 3+"+ # &#,*#-*%. %/ -!" :%9", )#9 ("2,"" '%(")8 .#'")<8 # '%(") 9!","

#. ";:%.".-*#) 03- %H *+ :,"+".-4 I. ";#':)" %/ +30! # ("2,"" (*+-,*$3-*%. *+

fj = Cj−τe−j/κ JK4L4MN

/%, +%'" κ > 04  !" +*O" %/ κ *.(*0#-"+ 3: -% 9!#- ("2,"" -!" :%9", )#9 +-*)) !%)(+8
#.( 9!"," -!" ";:%.".-*#) 03- %H +-#,-+ -% +"- *.4  !" #$%&" '%(") *+ -,"#-"(

*. =GP@ /%, #.< κ < ∞8 $3-8 /%, κ = ∞8 /#))+ 9*-!*. -!" ,"2*'"+ 9!"," τ ∈ (2, 3)
*. =G>@ #.( 9*-!*. -!" ,"2*'" *. -!*+ 0!#:-", /%, τ ∈ (1, 2)4 5. =>?@8 -!" #3-!%,+
0%.0)3(" -!#- +*.0" -!" )*'*- #+ κ → ∞ (%"+ .%- +""' -% 0%.&",2"8 -!" Q#&",#2"

(*+-#.0" *+ .%- 9")) ("1."( 9!". τ < 3R4 5. -!*+ 0!#:-",8 #+ 9")) #+ *. =G>@8 9"
+!%9 -!#- -!" #&",#2" (*+-#.0" %' 9")) ("1."(8 $3- *- +0#)"+ (*H",".-)< /,%' -!"

0#+" 9!"," τ > 34
5. =GG@8 9" 2*&" # +3,&"< -% -!" ,"+3)-+ /%, -!" !%:0%3.- *. -!" -!,"" (*H",".-

," 2*'"+ τ ∈ (1, 2)8 τ ∈ (2, 3) #.( τ > 34  !","8 9" #)+% :,%&" ,"+3)-+ /%, -!"
0%.."0-*&*-< :,%:",-*"+ %/ -!" ,#.(%' 2,#:! *. -!"+" 0#+"+4  !"+" ,"+3)-+ #++3'"

-!#- -!" ";:"0-"( ("2,"" *+ )#,2", -!#. K4  !*+ *+ #)9#<+ -!" 0#+" 9!". τ ∈ (1, 2)8
#.( +-,%.2", ,"+3)-+ !#&" $"". +!%9. -!","4 S" :,%&" -!#- -!" )#,2"+- 0%.."0-"(

0%':%.".- !#+  !" +*O" N(1 + o(1))4 S!". τ ∈ (1, 32 ) 9" "&". :,%&" -!#- -!"
2,#:! *+  !" 0%.."0-"(4 S!". τ > 3

2 -!*+ *+ .%- -,3"8 #.( 9" *.&"+-*2#-" -!"

+-,30-3," %/ -!" ,"'#*.*.2 Q(3+-R -!#- (%"+ .%- $")%.2 -% -!" )#,2"+- 0%.."0-"(

0%':%.".-4  !" #.#)<+*+ '#F"+ 3+" %/ -!" ,"+3)-+ %$-#*."( *. -!*+ 0!#:-", /%,

τ ∈ (1, 2)4 E%, *.+-#.0"8 *- 9*)) $" 0,30*#) -!#- -!" :,%$#$*)*-< -!#- -9% #,$*-,#,<
.%("+ #," 0%.."0-"( 0%.&",2"+ -% L4

 !"," *+ +3$+-#.-*#) ,")#-"( 9%,F %. -!" 0%.123,#-*%. '%(") /%, -!" 0#+"+

τ ∈ (2, 3) #.( τ > 34 B"/",".0"+ #," *.0)3("( *. -!" :#:", =G>@ /%, -!" 0#+"

τ ∈ (2, 3)8 #.( *. =GP@ /%, τ > 34 S" #2#*. ,"/", -% -!" ,"/",".0"+ *. =GG@ #.( =G8 >>@
/%, '%," ("-#*)+4  !" 2,#:! (*+-#.0" /%, τ ∈ (1, 2)8 -!#- 9" +-3(< !","8 !#+8 -% %3,
$"+- F.%9)"(2"8 .%- $"". +-3(*"( $"/%,"4 T#)3"+ %/ τ ∈ (1, 2) !#&" $"". %$+",&"(
*. ."-9%,F+ %/ "6'#*) '"++#2"+ #.( ."-9%,F+ 9!"," -!" .%("+ 0%.+*+- %/ +%/-9#,"

:#0F#2"+ J+"" =>>8  #$)" 55@N8 /%, 9!*0! %3, 0%.123,#-*%. '%(") 9*-! τ ∈ (1, 2)
0#. :%++*$)< 2*&" # 2%%( '%(")4

5. =K@8 ,#.(%' 2,#:!+ #," 0%.+*(","( 9*-! # ("2,"" +"73".0" -!#- *+ )#!(%'!*+

"73#) -% # :%9", )#98 '"#.*.2 -!#- -!" .3'$", %/ .%("+ 9*-! ("2,"" n *+ :,"0*+")<
:,%:%,-*%.#) -% n−τ 4 I*"))% !" ,*- =K@ +!%9 -!#- -!" )#,2"+- 0%.."0-"( 0%':%.".-

*+ %/ -!" %,(", %/ -!" +*O" %/ -!" 2,#:! 9!". τ < τ0 = 3.47875 . . .8 9!"," τ0 *+ -!"
+%)3-*%. %/ ζ(τ − 2) − 2ζ(τ − 1) = 08 #.( 9!"," ζ *+ -!" B*"'#.. O"-# /3.0-*%.4
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 !"# τ > τ0$ %!" &'()"*% +,##"+%"- +,./,#"#% 0* ,1 *.'&&"( ,(-"( %!'# %!" *02" ,1
%!" )('/! '#- .,(" /("+0*" 3,4#-* '(" )05"# 1,( %!" &'()"*% +,##"+%"- +,./,#"#%6

 !"# τ ∈ (1, 2)$ %!" )('/! 0*  !" +,##"+%"-6 7!" /(,,1* ,1 %!"*" 1'+%* 4*"
+,4/&0#)* 80%! 3('#+!0#) /(,+"**"* '#- *%("#)%!"# /("50,4* ("*4&%* -4" %, 9,&&,:

'#- ;""- <=>$ =?@6 A"" '&*, <B@ 1,( ' !0*%,(: ,1 %!" /(,3&". '#- ("1"("#+"* /("-'%0#)

<=>$ =?@6 A"" <C@ 1,( '# 0#%(,-4+%0,# %, %!" .'%!".'%0+'& ("*4&%* ,1 5'(0,4* .,-"&*

1,( +,./&"D #"%8,(E* F'&*, +'&&"- .'**05" )('/!*G$ '* 8"&& '* ' -"%'0&"- '++,4#%

,1 %!" ("*4&%* 0# <B@6

H -"%'0&"- '++,4#% 1,( ' ("&'%"- .,-"& +'# 3" 1,4#- 0# <B?@ '#- <B=@$ 8!"(" &0#E*

3"%8""# #,-"* i '#- j '(" /("*"#% 80%! /(,3'30&0%: "I4'& %, wiwj -050-"- 3:
∑

l wl
1,( *,." J"D/"+%"- -")("" 5"+%,(K w = (w1, . . . , wN)6 L!4#) '#- M4 <B?@ *!,8 %!'%

8!"# wi 0* /(,/,(%0,#'& %, i
− 1

τ−1
$ %!" '5"(')" -0*%'#+" 3"%8""# /'0(* ,1 #,-"* 0*

/(,/,(%0,#'& logN(1 + o(1)) 8!"# τ > 3$ '#- "I4'& %, 2 log logN
| log(τ−2)| (1 + o(1)) 8!"#

τ ∈ (2, 3)6 N# %!"0( .,-"&$ '&*, τ ∈ (1, 2) 0* /,**03&"$ '#- 0# %!0* +'*"$ *0.0&'(&: %,
τ ∈ (1, 32 ) 0# %!0* +!'/%"($ %!" )('/! 0* +,##"+%"-  !"6
7!" -0O"("#+" 3"%8""# %!0* .,-"& '#- ,4(* 0* %!'% %!" #,-"* '(" #,% "D+!'#)"P

'3&" 0# <B?@$ 34% %!" ,3*"(5"- /!"#,."#' '(" *0.0&'(6 7!0* +'# 3" 4#-"(*%,,- '*

1,&&,8*6 Q0(*%&:$ %!" '+%4'& -")("" 5"+%,( 0# <B?@ *!,4&- 3" +&,*" %, %!" "D/"+%"-

-")("" 5"+%,(6 A"+,#-&:$ 1,( %!" "D/"+%"- -")("" 5"+%,($ 8" +'# +,./4%" %!'% %!"

#4.3"( ,1 #,-"* 1,( 8!0+! %!" -")("" 0* '% &"'*% n "I4'&*

|{i : wi ≥ n}| = |{i : ci− 1
τ−1 ≥ n}| ∝ n−τ+1,

8!"(" %!" /(,/,(%0,#'&0%: +,#*%'#% -"/"#-* ,# N 6 7!4*$ ,#" "D/"+%* %!'% %!"
#4.3"( ,1 #,-"* 80%! -")("" '% &"'*% n -"+("'*"* '* n−τ+1$ *0.0&'(&: '* 0# ,4(
.,-"&6 N# <B=@$ L!4#) '#- M4 *%4-: %!" *02"* ,1 %!" +,##"+%"- +,./,#"#%* 0# %!"

'3,5" .,-"&6 7!" '-5'#%')" ,1 8,(E0#) 80%! %!" J"D/"+%"- -")("" .,-"&K 0* %!'%

-0O"("#% &0#E* '(" /("*"#% 0#-"/"#-"#%&: ,1 "'+! ,%!"($ 8!0+! .'E"* %!0* .,-"&

+&,*"( %, %!" +&'**0+'& ('#-,. )('/! G(p,N)6

2.1.5 Organization of the chapter

7!" .'0# 3,-: ,1 %!" +!'/%"( +,#*0*%* ,1 %!" /(,,1* ,1 7!",(". B6R 0# A"+%0,#

B6B '#- %!" /(,,1 ,1 7!",(". B6B 0# A"+%0,# B6C6 S,%! /(,,1* +,#%'0# ' %"+!#0+'&

&"..' '#- 0# ,(-"( %, .'E" %!" '()4."#% .,(" %('#*/'("#%$ 8" !'5" /,*%/,#"-

%!" /(,,1* ,1 %!"*" &"..'* %, %!" '//"#-0D6 A"+%0,# > +,#%'0#* %!" /(,,1 ,1

7!",(". B6C '#- %8, "D'./&"* 1,( %!" +'*" τ = 26 A"+%0,# B6? +,#%'0#* *0.4&'%0,#
("*4&%*$ +,#+&4*0,#* '#- ,/"# /(,3&".*6

2.2 Proof of Theorem 2.1

N# %!0* *"+%0,#$ 8" /(,5" 7!",(". B6R$ 8!0+! *%'%"* %!'% %!" !,/+,4#% 3"%8""#

%8, '(30%('(: #,-"* !'*  !" ' #,#P%(050'& -0*%(034%0,# ,# 2 '#- 36  " *%'(% 80%!
'# ,4%&0#" ,1 ,4( /(,,16

S"&,8$ 8" 0#%(,-4+" '# "5"#% Aε,N $ *4+! %!'% 8!"# Aε,N ,++4(*$ %!" !,/+,4#%
3"%8""# %8, '(30%('(: #,-"* 0* "0%!"( 2 ,( 36  " %!"# /(,5" %!'% P(Acε,N) < ε$ 1,(
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N ≥ Nε  !"" #"$$% &'( )"*+,-' .+/ 012! ," 3""4 % $+4256%02+3 +7 01" "80/"$"

9%*:" 01"+/"$ 7+/ 01" k *%/;"!0 4";/""!< 7+/ %** k ∈ N'

=" 230/+4:6"

D(1) ≤ D(2) ≤ · · · ≤ D(N),

0+ )" 01" +/4"/ !0%02!026! +7 D1, . . . , DN < !+ 01%0 D(1) = min{D1, . . . , DN}< D(2) 2!

01" !"6+34 !$%**"!0 4";/""< "06' #"0 (uN) )" %3 236/"%!23; !">:"36" !:61 01%0

lim
N→∞

N [1− F (uN)] = 1.  &'&'?-

@0 2! ,"** A3+,3 01%0 01" +/4"/ !0%02!026! +7 01" 4";/""!< %! ,"** %! 01" 0+0%*

4";/""< %/" ;+9"/3"4 )B uN 23 01" 6%!" 01%0 τ ∈ (1, 2)' C1" 7+**+,23; *"$$%

!1+,! 012! 23 4"0%2*' @3 01" *"$$% E1, E2, . . . 2! %3 2'2'4' !">:"36" +7 "8D+3"302%*

/%34+$ 9%/2%)*"! ,201 :320 $"%3 %34 Γj = E1 + E2 + . . . + Ej < 1"36" Γj 1%! %

;%$$% 42!0/2):02+3 ,201 D%/%$"0"/! j %34 1' C1/+:;1+:0 012! 61%D0"/< ">:%*20B

23 42!0/2):02+3 2! 4"3+0"4 )B 01" !B$)+*

d
=< ,1"/"%!

d→ 4"3+0"! 6+39"/;"36" 23

42!0/2):02+3' '

 !""# $%& '()*+!,-!*.! /* 0/12,/342/)* )5 ),0!, 12#2/12/.16

 !" #$% k ∈ N&

(

LN

uN

,
D(N)

uN

, . . . ,
D(N−k+1)

uN

)

d→ (η, ξ1, . . . , ξk) , #' N →∞,  &'&'&-

()*"* (η, ξ1, . . . , ξk) +' # "#$,!- .*/0!" ()+/) /#$ 1* "*2"*'*$0*, 1%

(η, ξ1, . . . , ξk)
d
=





∞
∑

j=1

Γ
−1/(τ−1)
j ,Γ

−1/(τ−1)
1 , . . . ,Γ

−1/(τ−1)
k



 .  &'&'E-

3!"*!.*"&

ξk → 0 +$ 2"!1#1+4+0%& #' k →∞.  &'&'F-

7,))5' G"6%:!" τ−1 ∈ (0, 1)< 01" D/++7 2! % 42/"60 6+3!">:"36" +7 HIE< C1"+/"$

?JK< %34 01" 6+3023:+:! $%DD23; 01"+/"$ H?F< C1"+/"$ ('?K< ,1261 0+;"01"/ B2"*4

01%0 +3 R× R∞< ">:2DD"4 ,201 01" D/+4:60 0+D+*+;B< ," 1%9"

(S#N , Z
(N))

d→ (S#, Z),  &'&'(-

,1"/" S#N = u−1N LN < Z(N) = u−1N (D(N), . . . , D(1), 0, 0, . . .), %34 Zj = Γ
−1/(τ−1)
j <

j ≥ 1'
@7 ," !:)!">:"30*B 0%A" 01" D/+L"602+3 7/+$ R× R∞ 7→ Rk+1< 4"53"4 )B

π(s, z) = (s, z1, . . . , zk),  &'&'I-

2'"'< ," A""D 01" !:$ %34 01" k *%/;"!0 +/4"/ !0%02!026!< 01"3 ," +)0%23  &'&'&-

%34  &'&'E- 7/+$< %;%23< 01" 6+3023:+:! $%DD23; 01"+/"$' .23%**B<  &'&'F- 7+**+,!

)"6%:!" 01" !"/2"!

∑∞
j=1 Zj 6+39"/;"! %*$+!0 !:/"*B' �
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 ! "!!# $%&! '##()(%"'* "%)')(%"+ ," )-($ $!.)(%"/ 0! #!1"! )-!  !"#$ #%&'(

'$ )-! kε *'23!$) "%#!$/ (+!+/ )-%$! "%#!$ 0()- #!32!!$ D(N), . . . , D(N−kε+1), 0-!2!
kε ($ $%&! 45".)(%" %4 ε/ )% 6! .-%$!" 6!*%0+  ! #!1"!

Aε,N = Bε,N ∩ Cε,N ∩ Dε,N , 78+8+9:

0-!2!

7(: Bε,N ($ )-! !;!") )-') )-! $)56$ %4 "%#! < '"# "%#! 8 '2! '))'.-!# !=.*5$(;!*>
)% $)56$ %4 3('") "%#!$?

7((: Cε,N ($ )-! !;!") )-') '"> )0% 3('") "%#!$ '2! '))'.-!# )% !'.- %)-!2? '"#

7(((: Dε,N ($ #!1"!# '$
Dε,N = {D1 ≤ qε, D2 ≤ qε} ,

0-!2! qε = min{n : 1− F (n) < ε/8}+

@-! 2!'$%" 4%2 (")2%#5.("3 )-! '6%;! !;!")$ ($ )-') %" Aε,N / )-! -%A.%5") %2
32'A- #($)'".! ($ !()-!2 2 %2 3+ ,"#!!#/ %" Bε,N / 6%)- "%#! 1 '"# "%#! 2 '2!
'))'.-!# !=.*5$(;!*> )% 3('") "%#!$+ B" )-! !;!") Cε,N / 3('") "%#!$ -';! &5)5'*
32'A- #($)'".! 1+ C!".!/ %" )-! (")!2$!.)(%" Bε,N ∩ Cε,N / )-! -%A.%5") 6!)0!!"
"%#! < '"# "%#! 8 ($ ') &%$) 3+ @-! !;!") Dε,N A2!;!")$ )-') )-! -%A.%5") .'"
6! !D5'* )% 1/ 6!.'5$! )-! A2%6'6(*()> %" )-! (")!2$!.)(%" %4 {HN = 1} 0()- Dε,N
.'" 6! 6%5"#!# 6> q2ε/N → 0 7$!! )-! 12$) A'2) %4 )-! A2%%4 %4 @-!%2!& 8+< 4%2
#!)'(*$:+ B6$!2;! )-') )-! !=A!.)!# "5&6!2 %4 $)56$ %4 "%#! 1 ($ "%) 6%5"#!#/
$(".! )-! !=A!.)')(%" %4 ' 2'"#%& ;'2('6*! 0()- #($)2(65)(%" 78+<+8: !D5'*$ +∞+
E5))("3 )-("3$ )%3!)-!2 0! $!! )-') (4 0! .'" $-%0 )-') Aε,N -'AA!"$  !"/ )-!"
)-! -%A.%5") ($ !()-!2 2 %2 3+ @-! 4'.) )-') Aε,N -'AA!"$  !" ($ )-! .%")!") %4
F!&&' 8+G/ 0-!2! 0! $-%0 )-') P(Acε,N) < ε/ 4%2 N ≥ Nε+ H("'**>/ 0! %6$!2;!
)-') )-! -%A.%5") 6!)0!!" "%#! 1 '"# 2 ($ A2!.($!*> !D5'* )% 2/ (4 ') *!'$) %"!
$)56 %4 "%#! 1 '"# ') *!'$) %"! $)56 %4 "%#! 2 ($ '))'.-!# )% )-! $'&! 3('") "%#!/
'"# !D5'* )% 3 %)-!20($!+
@-! !;!")$ Bε,N '"# Cε,N #!A!"# %" )-! (")!3!2 kε/ 0-(.- 0! 0(** )'I! )%

6! *'23! 4%2 ε $&'**/ '"# 0(** 6! #!1"!# "%0+ @-! .-%(.! %4 )-! ("#!= kε ($
2')-!2 )!.-"(.'*/ '"# #!A!"#$ %" )-! #($)2(65)(%"'* *(&()$ %4 F!&&' 8+J+ K(".!

LN/uN = (D1+D2+. . .+DN)/uN .%";!23!$ (" #($)2(65)(%" )% )-! 2'"#%& ;'2('6*!

η 0()- $5AA%2) (0,∞)/ 0! .'" 1"# aε/ $5.- )-')

P(LN < aεuN) < ε/36, ∀N. 78+8+L:

@-($ 4%**%0$ $(".! .%";!23!".! (" #($)2(65)(%" (&A*(!$ )(3-)"!$$ %4 )-! $!D5!".!

LN/uN 7M<J/ A+ NO:/ $% )-') 0! .'" 1"# ' .*%$!# $56(")!2;'* I ⊂ (0,∞)/ 0()-

P(LN/uN ∈ I) > 1− ε, ∀N.

 ! "!=) #!1"! bε/ 0-(.- ($ 2')-!2 (";%*;!#+ ,) #!A!"#$ %" ε/ )-! D5'")(*! qε/ )-!
;'*5! aε #!1"!# '6%;! '"# )-! ;'*5! %4 τ ∈ (1, 2) '"# 2!'#$

bε =

(

ε2aε
2304qε

)
1

2−τ

, 78+8+N:
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 !"#" $!" %"&'()*# )+$","# 2304 )- $!" %#./'&$ .0 82 *+/ 361 2)3"+ bε4  " $*5" kε
"6'*( $. $!" 7)+)7*( k -'&! $!*$

P(ξk ≥ bε/2) ≤ ε/72. 89191:;<

=$ 0.((. - 0#.7 89191>< $!*$ -'&! * +'7?"# k "@)-$-1 A" !*3" +. /"B+"/ $!"

&.+-$*+$- $!*$  "  )(( '-" )+ $!" %#..04 *+/  " +"@$ &(*)7 $!*$ $!" %#.?*?)()$C .0

Acε,N )- *$ 7.-$ εD

 !""# $%& '()! *++, !-!./ )#0 )1*) 23+4#4151/67

 !" #$%& ε > 0' (&#"# #)*+(+ Nε' +,%& (&$(

P(Acε,N) < ε, N ≥ Nε. 89191::<

E!" %#..0 .0 $!)- ("77* )- #*$!"# $"&!+)&*( *+/ &*+ ?" 0.'+/ )+ *%%"+/)@ 91F1:1

A"  )(( +. &.7%("$" $!" %#..0 .0 E!".#"7 91: -'?G"&$ $. H"77* 91I1

83++9 +9 ()!+3!" $%:% F- -""+ )+ $!" /)-&'--).+ 0.((. )+, $!" )+$#./'&$).+ .0

$!" "3"+$ Aε,N 4 $!)- "3"+$ )7%()"- $!" "3"+$ {HN ≤ 3}4 -. $!*$ P(Acε,N) < ε )+/'&"-
$!*$ $!" "3"+$ {HN ≤ 3} .&&'#-  )$! %#.?*?)()$C *$ ("*-$ 1− ε1

E!" #"7*)+/"# .0 $!" %#..0 &.+-)-$ .0 $ . %*#$-1 =+ $!" B#-$ %*#$  " -!. $!*$

P ({HN = 1} ∩ Aε,N) < ε1 =+ $!" -"&.+/ %*#$  " %#.3" $!*$

lim
N→∞

P (HN = 2) = pF ,

0.# -.7" 0 < pF < 11 J)+&" ε )- *+ *#?)$#*#C %.-)$)3" +'7?"#4 $!" *?.3" -$*$"7"+$-
C)"(/ $!" &.+$"+$ .0 $!" $!".#"71

A" $'#+ $. $!" B#-$ %*#$1 E!" "3"+$ {HN = 1} .&&'#- *- *$ ("*-$ .+" -$'? .0
+./" 1 &.++"&$- $. * -$'? .0 +./" 21 K.# j ≤ D14  " /"+.$" ?C {[1.j] → [2]} $!"
"3"+$ $!*$ jth -$'? .0 +./" 1 &.++"&$- $. * -$'? .0 +./" 21 E!"+4  )$! PN $!"

&.+/)$).+*( %#.?*?)()$C ,)3"+ $!" /",#""- D1, D2, . . . , DN 4

P({HN = 1} ∩ Aε,N) ≤ E





D1
∑

j=1

PN({[1.j]→ [2]} ∩ Aε,N)





≤ E





D1
∑

j=1

D2

LN − 1
1{Aε,N}



 ≤ q2ε
N − 1

< ε, 89191:9<

0.# (*#," "+.',! N 4 -)+&" LN ≥ N 1
A" +"@$ %#.3" $!*$ lim

N→∞
P (HN = 2) = p4 0.# -.7" 0 < p < 11 J)+&" ?C

/"B+)$).+ 0.# *+C ε > 04

max{P(Bcε,N),P(Dcε,N)} ≤ P(Acε,N) ≤ ε,

 " !*3" $!*$

|P(HN = 2)− P ({HN = 2} ∩ Dε,N | Bε,N) | ≤
∣

∣

∣

∣

P(HN = 2)

(

1− 1

P(Bε,N)

)∣

∣

∣

∣

+

∣

∣

∣

∣

P(HN = 2)− P({HN = 2} ∩ Dε,N ∩ Bε,N)
P(Bε,N)

∣

∣

∣

∣

≤2P(B
c
ε,N) + P(Dcε,N)
P(Bε,N)

≤ 3ε

1− ε ,



§2.2 Proof of Theorem 2.1 35

 !"#$%&'( "! N ) #$% N * +,"-!.'( '/%0-1 2# 3- *4$3 .4/.

lim
N→∞

P ({HN = 2} ∩ Dε,N | Bε,N) = r(ε), 56161789

.4-! .4-%- -:"*.* / ;$ <'- '"&".

pF = lim
ε↓0

lim
N→∞

P ({HN = 2} ∩ Dε,N | Bε,N) = lim
N→∞

P (HN = 2) .

=$%-$>-%) "# 3- ,/! <$ !; r(ε) /3/( 0 /!; 1)  !"#$%&'( "! ε) #$% ε *&/'' -!$ 04)

.4-! 3- /'*$ $<./"! .4/. 0 < pF < 11
2! $%;-% .$ ?%$>- .4- -:"*.-!,- $# .4- '"&". "! 56161789 3- ,'/"& .4/.

PN ({HN = 2} ∩ Dε,N | Bε,N)

,/! <- 3%"..-! /* .4- %/."$ $# .3$ ?$'(!$&"/'*) 34-%- -/,4 ?$'(!$&"/' $!'( "!>$'>-*

,$&?$!-!.* $# .4- >-,.$%

(

D(N)

uN

, . . . ,
D(N−kε+1)

uN

,
1

uN

)

. 561617@9

A - .$ 5616169) .4"* >-,.$% ,$!>-%0-* "! ;"*.%"< ."$! .$ (ξ1, . . . , ξkε
, 0)1 B-!,-) <(

.4- ,$!."! $ * &/??"!0 .4-$%-& C7@) D4-$%-& E17) ?1 8FG) 3- 4/>- .4- -:"*.-!,-

$# .4- '"&". 561617891 H- !$3 ?%$>- .4- /<$>- ,'/"&1

2!;--;) .4- 4$?,$ !. <-.3--! !$;-* 1 /!; 2 "* 2  ! <$.4 !$;-* /%- ,$!!-,.-;

.$ .4- */&- 0"/!. !$;-1 I$% /!( 0 ≤ i ≤ D1) 0 ≤ j ≤ D2 /!; 0 ≤ k < kε) '-.
Fi,j,k <- .4- ->-!. .4/. <$.4 .4- ith *. < $# !$;- 7 /!; .4- jth *. < $# !$;- 6 /%-

,$!!-,.-; .$ .4- !$;- 3".4 .4- (N − k)th '/%0-*. ;-0%--1 D4-!) ,$!;"."$!/''( $!

.4- ;-0%--* D1, D2, . . . , DN )

PN ({HN = 2} ∩ Dε,N | Bε,N) = PN





D1
⋃

i=1

D2
⋃

j=1

kε−1
⋃

k=0

Fi,j,k
∣

∣

∣Bε,N



 ,

34-%- .4- %"04.J4/!; *";- ,/! <- 3%"..-! <( .4- "!,' *"$!J-:,' *"$! #$%& '/) /* /

'"!-/% ,$&<"!/."$! $# .-%&*

PN (Fi1,j1,k1 ∩ · · · ∩ Fin,jn,kn
| Bε,N) . 561617E9

2. "* !$. ;"+, '. .$ *-- .4/. .4-*- ?%$</<"'"."-* /%- %/."$* $# ?$'(!$&"/'* $# ,$&J

?$!-!.* $# 561617@91 I$% -:/&?'-)

PN (Fi,j,k | Bε,N) =
D(N−k)(D(N−k) − 1)

(D(N−kε+1) + · · ·+D(N))(D(N−kε+1) + · · ·+D(N) − 1)
, 561617K9

*$ .4/. ;">";"!0 <$.4 .4- ! &-%/.$% /!; .4- ;-!$&"!/.$% $# 561617K9 <( u2N ) 3-
$<./"! .4/. .4- %"04.J4/!; *";- $# 561617K9 "* "!;--; / %/."$ $# .3$ ?$'(!$&"/'*

$# .4- >-,.$% 0">-! "! 561617@91 L"&"'/% /%0 &-!.* 4$'; #$% 0-!-%/' .-%&* $# .4-

#$%& "! 561617E91 B-!,-) PN ({HN = 2} ∩ Dε,N | Bε,N) ".*-'# ,/! <- 3%"..-! /* / %/."$

$# .3$ ?$'(!$&"/'* 34-%- .4- ?$'(!$&"/' "! .4- ;-!$&"!/.$% "* *.%",.'( ?$*".">-1

D4-%-#$%-) .4- '"&". "! 56161789 -:"*.*1



36 Distances in random graphs with infinite mean degree sequence

 ! "#$%%& '()#* r(ε) +,(- 0 $#* 1 )#.+(,-%& .# ε/ +(, $#& ε < 1/20 1.#2! 34!
4(52()#3 '!36!!# #(*!7 1 $#* 2 .7 2/ 8.9!# Bε,N / .+ 34!& $,! '(34 2(##!23!* 3(
34! #(*! 6.34 %$,8!73 *!8,!!/ 34!#

P({HN = 2} ∩ Dε,N | Bε,N) ≥ E[PN (F1,1,0 | Bε,N)] ,
$#* '& :;0;0<=> 6! 4$9!

r(ε) = lim
N→∞

P ({HN = 2} ∩ Dε,N | Bε,N) ≥ lim
N→∞

E

[

D(N)(D(N)−1)

(D(N)+···+D(N−kε+1)−1)2

]

= E

[

(

ξ1
ξ1+···+ξkε

)2
]

≥ E

[

(

ξ1
η

)2
]

.

?# 34! (34!, 4$#*/ 2(#*.3.(#$%%& (# Bε,N / 34! 4(52()#3 '!36!!# #(*!7 1 $#* 2
.7 $3 %!$73 3/ 64!# $%% 73)'7 (+ 34! #(*! 1 $,! 2(##!23!* 3( 34! #(*! 6.34 %$,8!73
*!8,!!/ $#* $%% 73)'7 (+ 34! #(*! 2 $,! 2(##!23!* 3( 34! #(*! 6.34 34! (#! ')3
%$,8!73 *!8,!!0 @!#2!/ +(, $#& ε < 1/2 $#* 7.-.%$,%& 3( :;0;0<=>/ 6! 4$9!

r(ε) = lim
N→∞

P ({HN = 2} ∩ Dε,N | Bε,N) ≤ 1− lim
N→∞

P ({HN > 2} ∩ Dε,N | Bε,N)

≤ 1− lim
N→∞

P

(

{HN > 2} ∩ D 1
2
,N | Bε,N

)

≤ 1− lim
N→∞

E

[(

D1
∏

i=0

D(N) − 2i

D(N) + · · ·+D(N−kε+1) −D1

)

×
(

D2
∏

i=0

D(N−1) − 2i

D(N) + · · ·+D(N−kε+1) −D2

)

1{D 1
2

, N
}

]

≤ 1− E

[(

ξ1ξ2
η2

)q 1
2

]

,

'!2$)7!A :.> 34! !9!#3 D 1
2 ,N
.-5%.!7 34$3 '(34 D1 ≤ q 1

2
$#* D2 ≤ q 1

2
/ :..> 34!

!9!#3 Bε,N .-5%.!7 34$3 $%% 73)'7 (+ 34! #(,-$% #(*!7 1 $#* 2 $,! 2(##!23!* 3(
73)'7 (+ 8.$#3 #(*!7/ :...> B!--$ ;0C .-5%.!7

E









q 1
2
∏

i=0

D(N) − 2i

D(N) + · · ·+D(N−kε+1) −D1









q 1
2
∏

i=0

D(N−1) − 2i

D(N) + · · ·+D(N−kε+1) −D2









.7 !D)$% 3(

E

[(

ξ1
ξ1 + · · ·+ ξkε

)q 1
2

(

ξ2
ξ1 + · · ·+ ξkε

)q 1
2

]

.+ N →∞/ $#* :.9> ξ1 + · · ·+ ξkε
≤ η0

E(34 !F5!23$3.(#7

E

[

(

ξ1
η

)2
]

$#* E

[(

ξ1ξ2
η2

)q 1
2

]

, :;0;0<G>

$,! 73,.23%& 5(7.3.9! $#* .#*!5!#*!#3 (+ ε0 @!#2!/ +(, $#& ε < 1/2/ 34! D)$#3.3&
r(ε) .7 '()#*!* $6$& +,(- 0 $#* 1/ 64!,! 34! '()#*7 $,!  !"#$#!"#!% &' ε/ $#*
34)7 0 < pF < 10 H4.7 2(-5%!3!7 34! 5,((+ (+ H4!(,!- ;0< 7)'I!23 3( B!--$ ;0J0
�
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2.3 Proof of Theorem 2.2

 ! "#$%&$' ()(* +$ ,%!-./$& 0#$ #%1,%2!0 .! 0#$ ,%!342&50.%! '%/$6 +.0# /$4&$$-

5! .).)/) -$72$!,$ +.0# 5 0&2!,50$/ /.-0&.820.%! 4.9$! 8: ;()<)=>* +#$&$ D #5-

/.-0&.820.%! F -50.-?:.!4 ;()<)(>) @$ /.-0.!42.-# 0+% ,5-$-A ;.> α < 1/(τ − 1) 5!/

;..> α > 1/(τ − 1)) B.!,$ 15&0 ;..> .- -.'16$& 0% 1&%9$ 0#5! 15&0 ;.>* +$ -05&0 +.0#

15&0 ;..>)

 !""# "# $%&"!&' ()(*++,) @$ #59$ 0% 1&%9$ 0#50 0#$ 6.'.0 /.-0&.820.%! %? HN

.- 5 '.C$/ /.-0&.820.%! +.0# 1&%858.6.0: '5-- pF %! 2 5!/ 1&%858.6.0: '5-- 1−pF

%! 3* +#$&$ pF .- 4.9$! 8: "#$%&$' ()<)

D- 8$?%&$* +$ /$!%0$ 8: D1, D2, . . . , DN 0#$ .).)/) -$72$!,$ +.0#%20 ,%!/.0.%!E

.!4) @$ 8%2!/ 0#$ 1&%858.6.0: 0#50 ?%& 50 6$5-0 %!$ .!/$C i ∈ {1, 2, . . . , N} 0#$

/$4&$$ Di $C,$$/- Nα
* 8:

P

(

N
⋃

i=1

{Di > Nα}
)

≤
N
∑

i=1

P(Di > Nα) = N [1− F (Nα)] ≤ N−ε,

?%& -%'$ 1%-.0.9$ ε* 8$,52-$ α > 1/(τ − 1)) @$ ,5! 0#$&$?%&$ ,%216$ 0#$ .).)/)

-$72$!,$

~D(N) = (D(N)

1 , D(N)

2 , . . . , D(N)

N ) 0% 0#$ -$72$!,$

~D = (D1, D2, . . . , DN)*

+#$&$ 0#$ 1&%858.6.0: %? 5 '.-,%216.!4* .)$)* 5 ,%216.!4 -2,# 0#50

~D(N) 6= ~D, .-

50 '%-0 N−ε. "#$&$?%&$* 0#$ &$-260 %? "#$%&$' ()< ,5&&.$- %9$& 0% ,5-$ ;..> .!

"#$%&$' ()() �

 !""# "# $%&"!&' ()(*+,) "#.- 1&%%? .- '%&$ .!9%69$/) @$ -05&0 +.0# 5! %206.!$

%? 0#$ 1&%%?) F.C

1

τ + k
< α <

1

τ + k − 1
, ;()G)<>

+.0# k ∈ N ∪ {0} 5!/ /$3!$

MN =
N
∑

n=1

D(N)

n . ;()G)(>

F&%' H=<* "#$%&$' <* 1) (I<J* 0#$ $C1$,0$/ 9562$ %? MN .- 4.9$! 8:

E[MN ] =
N

F (Nα)

Nα−1
∑

i=0

P(D > i) = N1+α(2−τ)ℓ(N), ;()G)G>

+#$&$ N 7→ ℓ(N) .- -6%+6: 95&:.!4 50 .!3!.0:)  ! 0#$ -$72$6* +$ +.66 2-$ 0#$ -5'$

ℓ(N)* ?%& /.K$&$!0 -6%+6: 95&:.!4 ?2!,0.%!-* -% 0#50 0#$ 9562$ %? ℓ(N) '5: ,#5!4$

?&%' 6.!$ 0% 6.!$)

F%& 0#$ %206.!$* +$ 5--2'$ 0#50 MN #5- &%24#6: 0#$ -5'$ -.L$ 5- E[MN ] .!

;()G)G>) "#$ 1&%%? ,%!-.-0- %? -#%+.!4 0#50 P(HN ≤ k + 2) = o(1) 5!/ P(HN >
k + 3) = o(1)) @$ +.66 -M$0,# 0#$ 1&%%? %? $5,# %? 0#$-$ &$-260-) "% 1&%9$ 0#50

P(HN ≤ k + 2) = o(1)* !%0$ 0#50 -%. 0#$ /$4&$$- %? !%/$- < 5!/ ( 5&$ 8%2!/$/

8: qε ?%& -%'$ 65&4$ qε) "#$&$?%&$* %! 0#.- $9$!0* 0#$ !2'8$& %? !%/$- 0#50 ,5!

8$ &$5,#$/ ?&%' !%/$ < .! l − 1 -0$1- .- 50 '%-0 qεN
(l−2)α

* 5!/ 0#$ !2'8$& %?

-028- 5005,#$/ 0% !%/$- 50 /.-05!,$ l − 1 .- 50 '%-0 qεN
(l−1)α

) "#$ 1&%858.6.0:

0#50 %!$ %? 0#$-$ -028- .- 5005,#$/ 0% 5 -028 %? !%/$ (* '5M.!4 HN 50 '%-0 l* .- %?
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 !" #$%"$ q2εN
(l−1)α/MN & '( )*&+&+, -.%  !" -//01"% 2#.2". $- 3#. #4 MN 5  !3/

3/ - 1#/ q2εℓ(N)N
(l−3+τ)α−1 = o(1)5 6!"."7"$ α < 1/(l− 3 + τ)& 899:(3.;  !3/

 # l = k + 25 6" /""  !-  !3/ 9$#<-<3:3 ( 3/ o(1) 34 α < 1/(k + τ − 1)&

=# 9$#7"  !- P(HN > k + 3) = o(1)5 6" 0/"  !" .# 3#. #4 ;3-. .#%"/ 3.

- /313:-$ 6-( -/ 3.  !" 9$##4 #4 =!"#$"1 *&>& ?0"  #  !" 2#.%3 3#.3.; #.  !"

%";$""5 @"11- *&A .# :#.;"$ !#:%/5 /#  !- 6" .""%  # -%-9  !" %"B.3 3#. #4 -

;3-. .#%"& C.  !3/ /"2 3#.5 - ;3-. .#%" h 3/ - .#%" 63 ! %";$"" D(N)

h 5 /- 3/4(3.;

 !- 5 4#$ -. -99$#9$3- " 2!#32" #4 β5

Nβ < D(N)

h ≤ Nα. )*&+&A,

D#%"/ 63 ! %";$"" - 1#/ Nβ
63:: <" 2-::"%  !"#$% .#%"/5 -.% 6" 63:: %".# "

<( KN  !"  # -: .01<"$ #4 / 0</ #4  !" .#$1-: .#%"/5 3&"&5

KN =

N
∑

n=1

D(N)

n 1
{D

(N)
n ≤Nβ}

. )*&+&E,

F313:-$:(  # )*&+&+,5 6" /""  !- 

E[KN ] = N1+β(2−τ)ℓ(N). )*&+&G,

=# 1# 37- " #0$ 2!#32" #4 β5 6!32! %"9".%/ #.  !" 7-:0" #4 k5 #</"$7"  !- 

- .#%" 63 ! )- :"-/ , Nβ
/ 0</5 6!32! 2!##/"/ "H2:0/37":( # !"$ &'$ ( .#%"/5 3.

k + 1 / "9/ 2-. $"-2! -99$#H31- ":( N (k+1)β
# !"$ .#%"/& =!" .01<"$ #4 / 0</

#4 N (k+1)β
&'$ ( .#%"/ 3/ <( %"B.3 3#. - :"-/ N (k+2)β

& I".2"5 34 6"  -J" β /02!

 !- MN ∼ N (k+2)β
5 #$ "K037-:". :(5 <( )*&+&+,5 1 + α(2 − τ) ≤ (k + 2)β5  !".

6" <-/32-::( !-7" -:: ;3-. .#%"/ #. 10 0-: %3/ -.2" - 1#/ k + 15 /#  !- ) !"

.#.L;3-. , .#%"/ 1 -.% 25 ;37".  !-  !"( <# ! 2#.."2  # - :"-/ #." ;3-. .#%"5

-$" #. %3/ -.2" - 1#/ k + 3& C.  !" 9$##45 6" 63:: /""  !- 6" 2-. 932J -.( β
/02!  !- 

1 + α(2− τ)
k + 2

< β < α,

6!"$" 6" 0/"  !- 

1+α(2−τ)
k+2 < α5 9$"23/":( 6!". α > 1

τ+k & I-73.;  !3/ 3. 13.%5

6" 2!##/"

β =
1

2

(

1 + α(2− τ)
k + 2

+ α

)

. )*&+&M,

I"$" ".%/  !" #0 :3." #4  !" 9$##4&

N" .#6  0$.  #  !" %"B.3 3#. #4  !" "7". / 3.7#:7"%& =!3/ 9-$ 3/ /313:-$5

<0 .# 3%". 32-:5  #  !" 3. $#%02 3#. #4 Aε,N 3. )*&*&M,5 <"2-0/" ;3-. .#%"/ .#

:#.;"$ -$" #. 10 0-: %3/ -.2" >& N" J""9  !" /-1" .# - 3#. 4#$  !" "7". Bε,N 5

 !" "7".  !-  !" / 0</ #4 .#%" > -.% * -$" -  -2!"% "H2:0/37":(  # / 0</ #4 ;3-. 

.#%"/5 -: !#0;!  !" %"B.3 3#. #4 - ;3-. .#%" !-/ <"". 2!-.;"%& N"  -J"  !3/

/:3;! -<0/" #4 .# - 3#. 4#$ ;$-. "%& =!" "7". Dε,N = {D1 ≤ qε, D2 ≤ qε}5 6!"$"

qε = min{k : 1 − F (k) < ε/8}5 3/ 3%". 32-:  #  !" %"B.3 3#. 3. F"2 3#. * )<":#6

)*&*&M,,& N" %"B."

Gε,N = Bε,N ∩ Dε,N ∩Hε,N , )*&+&O,
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 !"#"

Hε,N =
{

N1+α(2−τ)ℓ(N) ≤MN ≤ N1+α(2−τ)ℓ̄(N)
}

∪ {KN ≤ N1+β(2−τ)ℓ(N)},
$%&'&()

 !"#" ℓ(N), ℓ(N), ℓ̄(N) *#" +,- ,. /*#.012 *3 014103.& 5!" "/"13 Hε,N  0,, "1*6,"

7+ 3- 8-13#-, 3!" 90+3*18" 6"3 ""1 *1. :*0# -; 20*13 1-9"+< *+ +="38!"9 01 3!"

-73,01"&

5!" ;-,,- 012 ,">>* 0+ 3!" 8-713"#:*#3 -; ?">>* %&@ 01 A"830-1 %&%&

 !""# $%& '()! *++, !-!./ )#0 )1*) 23+4#4151/67  !" #$%& ε > 0' (&#"#
#)*+(+ Nε' +,%& (&$(' -!" $.. N ≥ Nε'

P
(

Gcε,N
)

< ε.  !"#"$%&

'() *+,,- ,- .)//0 !"1 23 +04()+ 4)5(62507 068 506 9) -,:68 26 ;**)682< !";"!"

'() +)/0268)+ ,- 4() *+,,- ,- '(),+)/ !"! 23 82=28)8 264, 4>, *0+43? 60/)7@?

4() *+,,-3 ,-

P({HN ≤ k + 2} ∩ Gε,N) < ε/2,  !"#"$$&

068

P({HN > k + 3} ∩ Gε,N) < ε/2.  !"#"$!&

A68))8? 2- >) 5,/926) 4() 3404)/)643  !"#"$$& 068  !"#"$!&? 4()6

P(HN = k + 3) = P({HN = k + 3} ∩ Gε,N) + P
(

{HN = k + 3} ∩ Gcε,N
)

≥ P({HN = k + 3} ∩ Gε,N)− ε
= 1− P({HN > k + 3} ∩ Gε,N)− P({HN < k + 3} ∩ Gε,N)− ε
> 1− 2ε,

068 4() 5,657:32,6 ,- '(),+)/ !"! 2& 23 +)05()8" B) >277 *+,=)  !"#"$$&?  !"#"$!&

26 4>, 7)//03"

 !""# $%& '()! *+,-#./! +, #- 0!#,- k + 3 1. -)! 211* !3!.-4  !" # $!$%
$&'#()*& )$(&'&" k+ #$, α #- )$ ./01023+ 4!" &#56 ε > 0+ (6&"& &7)-(- #$ )$(&'&" Nε+
-856 (6#(

P({HN ≤ k + 2} ∩ Gε,N) < ε/2, N ≥ Nε.

56117" '() 26)C:0724@ ,- 4() 7)//0 23 *+,=)8 9@ 0 5,:6426D 0+D:/)64" B) >277

3(,> 4(04 -,+ )05( l ∈ {1, 2, 3, . . . , k + 2}

P({HN = l} ∩ Gε,N) < N−δl ,  !"#"$#&

-,+ 3,/) δl > 0" E265)

P({HN ≤ k + 2} ∩ Gε,N) ≤
k+2
∑

l=1

P({HN = l} ∩ Gε,N) ≤ (k + 2)N−δ,
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 !"#" δ = min{δ1, . . . , δk+2} > 0$ %!" &'()* +, %!" '"**( ,+''+ - ),  " &!++-" Nε$
-.&! %!(% (k + 2)N−δε ≤ ε/2/
0+ 1#+2" %!(% P({HN = l} ∩ Gε,N) < N−δl

,+# (34 l ≤ k+2$  " 3+%" %!(% +3 Gε,N $
%!" 5"6#""- +, 3+5"- 7 (35 8 (#" 9+.35"5 94 qε/ 0!"#",+#"$ +3 Gε,N (35 .-)36 %!(%
('' 5"6#""- (#" 9+.35"5 94 Nα

$ %!" 3.*9"# +, 3+5"- %!(% &(3 9" #"(&!"5 ,#+*

3+5" 7 )3 l − 1 -%"1- )- (% *+-% qεN
(l−2)α

$ (35 %!" 3.*9"# +, -%.9- )3&)5"3% %+

3+5"- (% 5)-%(3&" l− 1 ,#+* 3+5" 7 )- (% *+-% qεN
(l−1)α

/ :!"3 HN = l$ %!"3 +3"
+, %!"-" -%.9- -!+.'5 9" (%%(&!"5 %+ +3" +, %!" (% *+-% qε -%.9- )3&)5"3% %+ 3+5"
8/

;"3+%" 94 M (l)

N %!" 3.*9"# +, -%.9- %!(% (#" 3+% 1(#% +, (3 "56" )3&)5"3% %+

( 3+5" (% 5)-%(3&" (% *+-% l − 1 ,#+* 3+5" 7/ 0!"3$ &+35)%)+3(''4 +3 M (l)

N (35

%!" ,(&% %!(% 3+5" 8 )- (% 5)-%(3&" (% '"(-% l − 1 ,#+* 3+5" 7$ %!" -%.9- +, 3+5" 8

 )'' 9" &+33"&%"5 %+ +3" +, %!"-" M (l)

N -%.9- .3),+#*'4 (% #(35+*/ <+#" 1#"&)-"'4$

&+35)%)+3(''4 +3 M (l)

N (35 %!" ,(&% %!(% 3+5" 8 )- (% 5)-%(3&" (% '"(-% l − 1 ,#+*
3+5" 7$ %!" "2"3% {HN = l} +&&.#- 1#"&)-"'4  !"3 ( -%.9 +, 3+5" 8 )- 1()#"5  )%!
( -%.9 (%%(&!"5 %+ ( 3+5" (% 5)-%(3&" l − 1 ,#+* 3+5" 7/

:" 3+%" %!(%$ +3 Gε,N $

M (l)

N ≥MN − 2qεN
(l−2)α =MN(1 + o(1)) ≥ ℓ(N)N1+(2−τ)α, =8/>/7?@

 !"3 (l − 2)α < 1 + (2 − τ)α$ )/"/$  !"3 α < 1/(l + τ − 4)/ A)3&" l ≤ k + 2 (35
α < 1/(k + τ − 1)$ %!" '(%%"# )- (' (4- -(%)-B"5/

0!" 1#+9(9)')%4 %!(% +3" +, %!" (% *+-% qε -%.9- +, 3+5" 2 )- 1()#"5  )%!
+3" +, %!" -%.9- (%%(&!"5 %+ 3+5"- (% 5)-%(3&" l − 1 ,#+* 3+5" 7 )-$ +3 Gε,N (35

&+35)%)+3(''4 +3 M (l)

N (35 %!" ,(&% %!(% 3+5" 8 )- (% 5)-%(3&" (% '"(-% l − 1 ,#+*
3+5" 7$ 9+.35"5 ,#+* (9+2" 94

q2εN
(l−1)α

M (l)

N

=
q2εN

(l−1)α

MN

(1 + o(1)) ≤ ℓ(N)N (l−3+τ)α−1 < N−δl , =8/>/7C@

,+# ('' δl < 1− (l−3+ τ)α (35 N -.D&)"3%'4 '(#6"/ E"#"$  " .-" %!" '+ "# 9+.35

+3 MN )3 =8/>/F@/ G11'4)36 %!)- %+ l = k + 2$  !)&! 6)2"- %!"  +#-% 1+--)9'"
2('." +, δl$  " -"" %!(% %!)- 1#+9(9)')%4 )- 9+.35"5 ,#+* (9+2" 94 N−δ ,+# (34
δ < 1− (k+ τ − 1)α/ A)3&" α < 1/(k+ τ − 1)$  " !(2" %!(% 1− (k+ τ − 1)α > 0$
-+ %!(%  " &(3 ('-+ &!++-" δ > 0/ �

:" %.#3 %+ %!" 1#++, =8/>/78@$  !)&!  " ('-+ ,+#*.'(%" (- ( '"**(H

 !""# $%& '()*+#,-! )* #+ ".*+ k + 3 ., +/! 0..1 !2!,+3  !" # $%$$&'(
#)!*& !$)&'&+ k, #$- α #. !$ /0121341  %+ &#56 ε > 0 )6&+& &"!.). #$ !$)&'&+ Nε,
.756 )6#),

P({HN > k + 3} ∩ Gε,N) < ε/2, N ≥ Nε.

I3 %!" 1#++, +, J"**( 8/K$  " 3""5 %!(% %!" 3.*9"# +, 6)(3% 3+5"- #"(&!(9'"

,#+* (3 (#9)%#(#4 6)(3% 3+5" h )3 (% *+-% l -%"1-$ !(- ( '+ "# 9+.35 1#+1+#%)+3('
%+ N lβ

/ :" 5"3+%" 94 Z(l)

h %!" -"% +, ('' 3+5"-  !)&! (#" #"(&!(9'" )3 "L(&%'4 l
-%"1- ,#+* ( 3+5" hH

Z(l)

h = {n = 1, 2, . . . , N : d(h, n) = l} ,+# l ∈ {0, 1, . . .} ,
 !"#" d(h, n) 5"3+%"- %!" 6#(1!M5)-%(3&" 9"% ""3 %!" 3+5"- h (35 n/ 0!" 3.*9"#
+, 6)(3% 3+5"- )3 Z(l)

h )- 5"3+%"5 94 E(l)

h /
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 !""# $%& '()*+,- *. ,-! /0"1!) *. 23#/, /*4!56  !" #$%& ε > 0' α <
1/(τ + k − 1)' l ∈ {0, 1, . . . , k} $() β *+,#( -. /012134'

P

(

N
⋂

h=1

{

(1− ε)lN lβ ≤ E(l)

h < N lα
}

∩ {h +5 *+$(6} ∩ Gε,N
)

> 1−N
k

∑

s=1

e−3ε(1−ε)
sNsβ/16,

7!" 589%+#(6:. :$"*# N 1

7)**. !"# $%%#& '($)* N lα
() E(l)

h +, -&+.+/01 '#2/$,# #/2" )(*# "/, 0#,, -"/)

Nα
,-$', 3# 4+00 %&(.# '5 +)*$2-+() 4+-" &#,%#2- -( l1 -"/- 6(& l ∈ {0, 1, . . . , k}1

/)* k 78#*1

P

(

N
⋃

h=1

{

E(l)

h < (1− ε)lN lβ
}

∩ {h +, 9+/)-} ∩ Gε,N
)

≤ N

l
∑

s=1

e−3ε(1−ε)
sNsβ/16.

:; < =>?

@#)(-#

F (l)

ε,N =

N
⋂

h=1

{

{E(l)

h ≥ (1− ε)lN lβ} ∩ {h +, 9+/)-}
}

, :; < =A?

-"#) +- ,$B2#, -( %&(.# -"/-

P((F (l)

ε,N)
c ∩ F (l−1)

ε,N ∩ Gε,N) ≤ Ne−3ε(1−ε)
lN lβ/16. :; < =C?

D)*##*1 +6 :; < =C? "(0*,1 -"#) :; < =>? 6(00(4,1 '5 -"# +)*$2-+() "5%(-"#,+,1 /,

6(00(4,E

P

(

N
⋃

h=1

{

E(l)

h < (1− ε)lN lβ
}

∩ {h +, 9+/)-} ∩ Gε,N
)

:; < =F?

= P(Gε,N ∩ (F (l)

ε,N)
c) ≤ P(Gε,N ∩ (F (l)

ε,N)
c ∩ F (l−1)

ε,N ) + P(Gε,N ∩ (F (l−1)

ε,N )c)

≤ Ne−3ε(1−ε)
lN lβ/16 +N

l−1
∑

s=1

e−3ε(1−ε)
sNsβ/16.

G(& l = 01 :; < =C? -&+.+/005 "(0*, 3# -"#&#6(&# /,,$H# -"/- :; < =C? +, ./0+* 6(&

l = m− 1 /)* 4# 4+00 %&(.# -"/- :; < =C? "(0*, 6(& l = m 

D) -"+, %/&/9&/%" 4# 4+00 4(&I 2()*+-+()/005 9+.#) -"# *#9&##, D1, . . . , DN  

G(& h / 9+/)- )(*#1 4# 2(),+*#& ()05 AN = E(m−1)

h ⌊Nβ⌋ ,-$', (6 -"# )(*#, +)

Z(m−1)

h  !( '# H(&# %&#2+,#E 4# 2(),+*#& ⌊Nβ⌋ ,-$', (6 #/2" (6 -"# E(m−1)

h 9+/)-

)(*#, +) Z(m−1)

h  3# )$H'#& -"#,# ,-$', '5 i ∈ {1, 2, . . . , AN} /)* ,-$' i 4+00

2())#2- -( / ,-$' (6 / )(*# ni !"#) 4# *#)(-# '5 rN,i1 6(& i ∈ {1, 2, . . . , AN}1
-"# %&('/'+0+-5 -"/- ,-$' i *(#, )(- 2())#2- -( / ,-$' (6 / )(&H/0 )(*# 3#

*#)(-# '5 sN,i -"# %&('/'+0+-5 -"/- ,-$' i *(#, )(- 2())#2- -( / ,-$' (6 / )(*#

+) Z(m−1)

h :/)* -"# -(-/0 )$H'#& (6 ,-$', (6 -"+, ,#- +, /- H(,- Nmα
?1 /)* 7)/0051
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 ! "!#$%! &' tN,i,j %(! )*$&+&,-,%' %(+% .%/& i "$!. #$% 0$##!0% %$ %(! 1,+#% #$"!
hj )*!2,$/.-' .!-!0%!" &' %(! .%/&. j ∈ {1, 2, . . . , i − 1} 34$* !+0( j %(!*! +*! +*!
5$.% D(N)

hj
≤ Nα

$4 ./0( .%/&.67 84 #$#! $4 %(! +&$2! +%%+0(5!#%. (+))!#.9 %(!#

 ! (+2! + 5+%0(  ,%( + #$% )*!2,$/.-' 4$/#" 1,+#% #$"!9 +#"  ! "!#$%! &' qN,i

%(! )*$&+&,-,%' $4 ./0( + 5+%0( $4 .%/& i9 ,7!79

qN,i = 1− rN,i − sN,i −
i−1
∑

j=1

tN,i,j .

:*$5 %(! #/5&!* $4 .%/&. 5!#%,$#!" &!% !!# %(! )+*!#%(!.,.9  ! 0+# &$/#" %(,.

)*$&+&,-,%' 4*$5 &!-$ &'

qN,i ≥ 1− KN

MN

− Nmα

MN

−
i−1
∑

j=1

Nα

MN

. 3;7<7;=6

>,#0!9

i− 1 ≤ E(m−1)

h ⌊Nβ⌋ ≤ Nα(m−1)⌊Nβ⌋ ≤ Nα(m−1)+β ,

+#" KN ≤ N1+β(2−τ)ℓ(N)9 MN > ℓ(N)N1+α(2−τ)
$# Gε,N 9  ! 0+# &$/#" 1− qN,i

$# Gε,N 4*$5 +&$2! &'

1− qN,i ≤
ℓ(N)N1+β(2−τ) +Nαm +Nα(m−1)+β+α

ℓ(N)N1+α(2−τ)
.

:$* ./?0,!#%-' -+*1! N +#" /#,4$*5-' ,# i9  ! (+2! %(+% 1− qN,i < ε/29 &!0+/.!
β < α9 +#" mα+ β ≤ kα+ β < (k + 1)α < 1 + α(2− τ)7

8#%*$"/0! %(! &,#$5,+--' ",.%*,&/%!" *+#"$5 2+*,+&-! YN  ,%( )+*+5!%!*.

BN +#" ε/29  (!*! BN = ⌈(1 − ε)mNmβ⌉7 @# F (m−1)

ε,N 9  ! (+2! %(+% AN =
Em−1h ⌊Nβ⌋ ≥ BN 9 .$ %(+% %(! #/5&!* $4 5,.5+%0(!.  ,-- &! .%$0(+.%,0+--' "$5,A

#+%!" &' YN 7 B! #!!" +% -!+.% (1− ε)BN 5+%0(!.9 .$ %(+%

P({E(m)

h ≥ (1− ε)mNmβ} ∩ {AN ≥ BN} ∩ Gε,N) ≥ P(YN < εBN) . 3;7<7;C6

B!  ,-- #$ /.! %(! D+#.$# ,#!E/+-,%' FGHI9  (,0( .%+%!. %(+% 4$* +#' t > 09

P(|YN − E[YN ] | ≥ t) ≤ 2 exp

(

− t2

2(E[YN ] + t/3)

)

. 3;7<7;;6

>,#0! E[YN ] = εBN/29  ! $&%+,#9  ,%( t = εBN/29

P(YN < εBN) ≤ P(|YN − E[YN ] | > εBN/2) ≤ 2 exp

(

−3εBN

16

)

.

J$5&,#,#1 %(,.  ,%( 3;7<7;C69 +#" .,#0! %(!*! +*! +% 5$.% N 1,+#% #$"!.K

P((F (m)

ε,N )
c ∩ F (m−1)

ε,N ∩ Gε,N) ≤ NP(YN ≤ εBN) ≤ 2N exp

(

−3ε(1− ε)
mNmβ

16

)

.

3;7<7;<6

�



§2.3 Proof of Theorem 2.2 43

 !""# "# $%&&' ()*)  ! "#$%# &'#( $) *+#,')!- .) #(! !/!)# Gε,N 0 !$1( "#+2 *3
#(! )*4!" 1 $)4 2 '" $##$1(!4 #* $ "#+2 *3 "*5! 6'$)# )*4!- 7(! '4!$ '" #* "(*&
#($# +,- #(! 4'"#$)1! 2!#&!!) $)8 #&* 6'$)# )*4!" '" $# 5*"# k+1- 7('" '59,'!"
#($# #(! 6%$9( 4'"#$)1! 2!#&!!) )*4!" : $)4 ;0 ')#!%"!1#!4 &'#( #(! !/!)# Gε,N '"
+,- $# 5*"# k + 30 $)4 (!)1! <!55$ ;-=-

 ! &',, !>#!)4 #(! !/!)# Gε,N #* ')1,+4! #(! 5$') !/!)# ') <!55$ ;-?@

Iε,N = Gε,N ∩ F (k)

ε,N , A;-B-;CD

&(!%! F (k)

ε,N &$" 4!E)!4 ') A;-B-:FD- 7(!)

P({HN > k + 3} ∩ Gε,N) ≤ P({HN > k + 3} ∩ Iε,N) + P
(

Gε,N ∩ (F (k)

ε,N)
c
)

, A;-B-;GD

$)4 #(! "!1*)4 #!%5 *) #(! %'6(# ($)4 "'4! *3 A;-B-;GD 1$) 2! 2*+)4!4 28 ε/4
+"')6 <!55$ ;-?-  ! +"! $" ')4'1$#!4 ') #(! *+#,')! *3 #(! 9%**3 6'/!) $2*/!0

#($#

P({HN > k + 3} ∩ Iε,N)

≤ P





⋃

h1,h2

{h1, h2 $%! 6'$)#} ∩ {d(h1, h2) > k + 1} ∩ Iε,N





≤
∑

h1,h2

P({h1, h2 $%! 6'$)#} ∩ {d(h1, h2) > k + 1} ∩ Iε,N) , A;-B-;HD

&(!%! #(! "+5 '" #$I!) */!% $,, 9$'%" *3 )*4!"0 $)4 &(!%!0 $" 2!3*%!0 d(h1, h2)
4!)*#!" #(! 6%$9(J4'"#$)1! 2!#&!!) h1 $)4 h2- K)4!!40 *) Iε,N 0 #(! )*4!" : $)4
; $%! 1*))!1#!4 #* 6'$)# )*4!"0 "* #($# &(!) HN > k + 30 #(!%! 5+"# 2! 6'$)#
)*4!" h1, h2 $# 5+#+$, 4'"#$)1! $# ,!$"# k + 1-

L,!$%,8 3*% $)8 9$'% *3 )*4!" h1 $)4 h20

{d(h1, h2) > k + 1} ⊆ {d(h1, h2) > k} ,

&('1( '59,'!" #($# 3*% $)8 9$'% *3 )*4!" h1 $)4 h20

PN ({d(h1, h2) > k + 1} ∩ {h1, h2 $%! 6'$)#} ∩ Iε,N)
≤ PN

(

{d(h1, h2) > k + 1} ∩ {h1, h2 $%! 6'$)#} ∩ Iε,N | d(h1, h2) > k
)

.

.) #(! !/!)# {d(h1, h2) > k} ∩ {h1, h2 $%! 6'$)#}0 #(! 6'$)# )*4! h2 '" )*#
$##$1(!4 #* *)! *3 #(! )*4!" $# 4'"#$)1! k 3%*5 #(! )*4! h1- M*%! 9%!1'"!,80
#(! 6'$)# )*4! h2 '" )*# $##$1(!4 #* *)! *3 #(! ∪k−1l=0 Z

(l)

h1
)*4!"-  ! ($/! ,!""

#($) MN −
∑k−1
l=0 E

(l)

h1
Nβ
"#+2" #* 1(**"! 3%*50 $)4 #(! !/!)# {d(h1, h2) > k + 1}

1*)4'#'*)!4 *) {d(h1, h2) > k} '59,'!" #($# )* "#+2" *3 #(! 6'$)# )*4! h2 &',,
$##$1( #* *)! *3 #(! $# ,!$"# E(k)

h1
Nβ
3%!! "#+2" *3 Z(k)

h1
- 7(!%!3*%!0 &! ($/!0 $,5*"#
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 !"#$%&

PN

(

{h1, h2 '"# ()'*+} ∩ {d(h1, h2) > k + 1} ∩ G(N)

ε,N | d(h1, h2) > k
)

≤
D

(N)
h2
−1

∏

i=0

(

1−
E(k)

h1
Nβ

MN −
∑k−1
j=0 E

(j)

h1
Nβ − 2i+ 1

)

1{Iε,N}

≤
(

1−
E(k)

h1
Nβ

MN

)D
(N)
h2

1{Iε,N} ≤
(

1− ε(1− ε)kNβ(k+1)

N1+α(2−τ)ℓ̄(N)

)Nβ

≤ exp

{

−ε(1− ε)
kNβ(k+2)

N1+α(2−τ)ℓ̄(N)

}

≤ exp
{

−ε(1− ε)kN δ
}

, ,-./.-01

23#"# 2# ! #4 +3# )*#5!'$)+% 1 − x ≤ e−x, x ≥ 0& )* +3# 6*# 7!+ $' + )*#5!'$)+%&

'*4 23#"# 0 < δ < β(k + 2) − (1 + α(2 − τ)). 89 2#  !7 +)+!+# +3) !::#" 76!*4

)* +3# ")(3+ 3'*4  )4# 69 ,-./.-;1& +3#* 2# #*4 !: 2)+3

P({HN > k + 3} ∩ Iε,N) ≤ N2 exp
(

−ε(1− ε)kN δ
)

< ε/2.

<3) =6>:$#+# +3# :"669 69 ?#>>' -.@ '*4 3#*=# 69 <3#6"#> -.-. �

2.4 The cases τ = 1 and τ = 2

2.4.1 Proof of Theorem 2.3

8+ ) 2#$$ A*62*&  ## #.(. B/-& @.-.CD& +3'+ 23#* 1−F (x) )  $62$% E'"%)*(& +3# 5!6F

+)#*+ 69 +3# >'G)>!> '*4 +3#  !> 69 N ).).4. "'*46> E'")'7$# 2)+3 4) +")7!+)6*

F & =6*E#"(# +6 1 )* :"67'7)$)+%& ).#.&

D(N)

LN

→ 1, )* :"67'7)$)+%. ,-.C.H1

<3#"#96"#& 2# 67+')* +3'+  !"& 76+3 *64# H '*4 *64# - '"# =6**#=+#4 +6 +3#

*64# 2)+3 >'G)>'$ 4#("##& 23)=3 ()E# +3#  +'+#4 "# !$+.

�

2.4.2 Two examples with τ = 2

8* +3# 96$$62)*( +26 #G'>:$# 2#  362 +3'+ 96" τ = 2& +3# $)>)+ 36:=6!*+ 4) +")F

7!+)6* )  #* )+)E# +6 +3#  $62$% E'"%)*( 9!*=+)6*.

#$%&"'( )* ?#+& 96" x ≥ 2&

1− F (x) = 2(log 2)2

(⌊x⌋)(log⌊x⌋)2 . ,-.C.-1

<3#* 2#  362 +3'+ 96" '$$ k IG#4&

P (HN > k) = 1 + o(1), ' N →∞. ,-.C./1

J# I" + :"6E# ,-.C./1 96" k = 2. J#  362 +3) )* +26  +#: . 8* +3# I" +  +#: 2#

 362 +3'+ 96" '*% ε > 0& +3#"# #G) + vε ∈ N  !=3 +3'+ 2)+3 :"67'7)$)+% '+ $#' +



§2.4 The cases τ = 1 and τ = 2 45

1− ε  !! "#$%&  ' $(&' ")%  ' *#&' 1 +,#* "#$%& 1  "$ 2 - .% $%/,%%&  ' *#&' vε0
1" '-% &%)#"$ &'%2 3% &-#3 '- ' '-%,% %4(&'& Nv ∈ N, &5)- '- ' +#,  "6 N ≥ Nv7
3('- 2,#8 8(!('6  ' !% &' 1− ε7  "6 '3# /(.%" "#$%& 3('- $%/,%%&  ' *#&' vε7  ,%
$(&)#""%)'%$0 9#'- &'%2& '#/%'-%, )!% ,!6 (*2!6 :;0<0=>0

?-% &%)#"$ &'%2 (& &(*(! , '# :;0;0@;>7  "$ (& #*(''%$ -%,%0

?# #8' (" '-% A,&' &'%2 3% )#"&($%, '-% %.%"' Dε,N 7 $%A"%$ 8%!#3 :;0;0B>0

?-%"7 +#,  "6 v ∈ N7 '-% 2,#8 8(!('6 '- ' 3('-(" '-% A,&' qε &'58& #+ "#$% 1 #,

"#$% 2 '-%,% (&  &'58 )#""%)'%$ '#  &'58 #+ "#$% 3('- $%/,%%  ' !% &' v+1 (&  '

*#&'

E

[

2qε
LN

N
∑

i=1

Di1{Di>v}

]

.

1' ,%* ("& '# &-#3 '- ' '-%  8#.% %42%)' '(#" (&  ' *#&' ε/2 +#, &#*% v = vε
! ,/% %"#5/-0 C#, '-(&7 3% "%%$ '- ' '-% A,&' *#*%"' #+ '-% $%/,%% $(&',(85'(#"

+#, '-(& %4 *2!% (& A"('%0 1"$%%$7 +,#* :;0<0;>

E[D1] = 1 +

∞
∑

x=2

2(log 2)2

x(log x)2
≤ 2 +

∫ ∞

2

2(log 2)2

u(log u)2
du = 1 + 2(log 2)2

∫ ∞

log 2

dy

y2
<∞.

:;0<0<>

?-%"7 +,#* '-% D 3 #+ D ,/% E5*8%,&  22!(%$ '# LN = D1+ · · ·+DN 7 3% #8' ("

P (LN ≥ µεN) ≤
ε

12qε
, :;0<0F>

+#, µε > E[D1]0 G5% '# :;0<0<>7 :;0<0F>  "$ '-% H ,I#. ("%J5 !('6

E

[

2qε

LN

∑N
i=1Di1{Di>v}

]

≤ ε
6 + 2qεP

(

2qε
∑N
i=1Di1{Di>v} ≥ εLN

6

)

≤ ε
6 + 2qεP (LN ≥ µε) + 2qεP

(

2qε

N
∑

i=1

Di1{Di>v} ≥
ε

6
µεN

)

≤ ε
3 +

24q2ε
εµε

E
(

Di1{Di>v}

)

≤ ε
2 ,

+#, ! ,/% %"#5/- v7  "$ -%")% 3% - .% '-% &%)#"$ &'%27 &(")% P(Dcε,N) ≤ 2P(D1 >
qε) ≤ ε/40

1"  &(*(! , 3 6 3% ) " &-#3 '- '7 +#,  "6 ε > 07 '-%,% %4(&'& vε ∈ N &5)- '- '

3('- 2,#8 8(!('6  ' !% &' 1− ε  !! "#$%&  ' $(&' ")%  ' *#&' 2 +,#* "#$%& 1  "$ 2
- .% $%/,%%&  ' *#&' vε0 ?-(& &' '%*%"' (*2!(%& '- ' P(HN > 4)→ 10 K(*(! ,!67

3% #8' (" '- ' +#,  "6 ε > 0 '-%,% %4(&'& vε ∈ N &5)- '- ' 3('- 2,#8 8(!('6  '

!% &' 1 − ε  !! "#$%&  ' $(&' ")%  ' *#&' k +,#* "#$%& 1  "$ 2 - .% $%/,%%&  '

*#&' vε7 3-()- (*2!(%& '- ' +#,  "6 A4%$ ("'%/%, k7

lim
N→∞

P(HN > 2k) = 1, :;0<0L>

(0%07 '-% 2,#8 8(!('6 * && #+ HN $,(+'&  3 6 '# +∞  & N →∞0 ?-(& 8%- .(#, #+

HN +#, τ = 27 (& ("  /,%%*%"' 3('- '-% 8%- .(#, #+ HN +#, '-% ) &% τ ∈ (2, 3)7 :&%%
MFLN>7 3-%,% 3% &-#37  *#"/ #'-%, '-("/&7 '(/-'"%&& #+ '-% &%J5%")%

HN −
log logN

| log(τ − 2)| . :;0<0B>
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�

 !"#$%& '(  !"

1− F (x) = c
(log x)log log x−1 log log x

x
, x ≥ x∗, x ∈ N. #$%&%'(

)*!+! x∗ ,- .*/-!0 -1.* "*2" 3/+ x ≥ x∗4 "*! +,5*" -,6! /3 #$%&%'( ,- 2 0/07,0.+!2-,05
310.",/04 206 c ,- -1.* "*2" 1− F (x∗) = 1% 8! ),99 -*/) "*2"

P (HN ∈ {2, 3}) = 1 + o(1), 2- N →∞. #$%&%:(

;*1-4 )! -!! !0",+!9< 6,=!+!0" >!*2?,/+ 2- ,0 "*! @+-" !A2BC9!%

D!@0!  !"#$ 0/6!- 2- 0/6!- ),"* 6!5+!! 2" 9!2-" N
1
2+δ

4 3/+ -/B! δ > 04 "/ >!
6!"!+B,0!6 92"!+ /0% ;*! 0/6!- ),"* 6!5+!! 2" B/-" N

1
2+δ − 1 )! .299 #%&'"(%

D!@0! "*! !?!0" Aε,N 2- ,0 #$%$%E(4 )*!+!4 ,0 "*! 6!@0,",/0 /3 Bε,N 4 )! 1-! "*!

2>/?! 6!@0,",/0 /3 "*! 5,20" 0/6!% F0 GCC!06,A $%G%H4 )! ),99 C+/?! "*! 3/99/),05

9!BB24 )*,.* ,- -,B,92+ "/  !BB2 $%IJ

)&##" '(*+ )%& *"+, ε > 0- $,*&* *.!/$/ Nε- /0+, $,"$ 1%& "(( N ≥ Nε-

P(Acε,N) < ε. #$%&%KL(

8! 0/) ./BC9!"! "*! C+//3 /3 #$%&%H( -1>M!." "/  !BB2 $%KL4 )*,.* ,- -"+2,5*"7

3/+)2+6% N< #$%$%K$(4 )! />"2,0 "*2" P ({HN = 1} ∩ Aε,N) = o(1).O/+!/?!+4 )*!0
Aε,N /..1+-4 299 -"1>- /3 0/6!- K 206 $ 2+! ./00!."!6 "/ 5,20" 0/6!- 61! "/ Bε,N 4
206 "*! 5,20" 0/6!- 3/+B 2 ./BC9!"! 5+2C* 61! "/ Cε,N 4 -/ "*2"

P ({HN > 3} ∩ Aε,N) = 0.

;*,- C+/?!- #$%&%H(% �

2.5 Simulation and conclusions

;/ ,991-"+2"! ;*!/+!B- $%K 206 $%$4 )! *2?! -,B192"!6 /1+ +206/B 5+2C* ),"*

6!5+!! 6,-"+,>1",/0 D = ⌈U− 1
τ−1 ⌉4 )*!+! U ,- 10,3/+B9< 6,-"+,>1"!6 /?!+ (0, 1)%

;*1-4

1− F (x) = P(U−
1

τ−1 > x) = x1−τ , x = 1, 2, 3, . . .

F0 P,51+! $%K4 )! *2?! -,B192"!6 "*! 5+2C* 6,-"20.! /+ */C./10" ),"* τ = 1.8
206 "*! ?291!- /3 N = 103, 104, 105% ;*! *,-"/5+2B ,- ,0 2../+620.! ),"* ;*!/+!B

$%KJ 3/+ ,0.+!2-,05 ?291!- /3 N )! -!! "*2" "*! C+/>2>,9,"< B2-- ,- 6,?,6!6 /?!+

"*! ?291!- HN = 2 206 HN = 34 )*!+! "*! C+/>2>,9,"< P(HN = 2) ./0?!+5!-%
G- 20 ,991-"+2",/0 /3 ;*!/+!B $%$4 )! 252,0 "2Q! τ = 1.84 >1" 0/) ./06,",/0

"*! 6!5+!!- "/ >! 9!-- "*20 N 4 -/ "*2" α = 1% R,0.! ,0 "*,- .2-! (τ − 1)−1 = 5
4 4 )!

!AC!." 3+/B ;*!/+!B $%$ .2-! #,(4 "*2" ,0 "*! 9,B," "*! */C./10" ),99 ./0.!0"+2"!

/0 "*! ?291! HN = 3% ;*,- ,- ,06!!6 "*! .2-! 2- ,- -*/)0 ,0 P,51+! $%$%
S1+ +!-19"- 5,?! ./0?,0.,05 2-<BC"/",. 3/+ "*! */C./10" )*!0 "*! B!20 6!5+!!

,- ,0@0,"!4 1-,05 !A"+!B! ?291! "*!/+<% R/B! 6!"2,9- +!B2,0 /C!0J
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Figure 2.1:  !"#$#%&' "$()&)#'#*+ !&,, -./%*#(/ (- *01 0("%(./* -($ τ = 1.8 &/2 N =
103, 104, 105

3 -($ *01 ./%(/2#*#(/12 214$11,5

 !" #$ !% &'%%!()* $' +',&-$* -&&*. /01 )'2*. ('-01% '0 $3* 4/)-* pF 5 (/%*1

'0 6*,,/ 7898 :* &.*%*0$*1 $2' %-+3 ('-01% !0  7878;<"8 =3*%* ('-01%

+/0 (* '($/!0*1 >.', %!,-)/$!0? $3* ./01', 4/.!/()*% Γ1,Γ2, . . . !0  7878@"8

#$ %3'-)1 (* &'%%!()* $' '($/!0 ,-+3 %3/.&*. -&&*. /01 )'2*. ('-01%5 /01

&'%%!()A *4*0 0-,*.!+/) 4/)-*%5 1*&*01!0? '0 $3* %&*+!B+ 1*?.** 1!%$.!(-$!'0

F 8

 !!" #0 $3* ('-01/.A +/%*% α = 1/(τ +k), k ∈ N∪{0}5 !$ !% 0/$-./) $' +'0C*+$-.*

$3/$ $3* %&*+!B+ )!,!$ (*3/4!'. '> HN 2!)) 1*&*01 '0 $3* %)'2)A 4/.A!0?

>-0+$!'05 /% !% $3* +/%* >'. τ = 2 /01 α > 1
τ−1 = 1 /% 1*%+.!(*1 !0 D*+$!'0

789878

2.A Appendix.

#0 $3* /&&*01!E 2* &.'4* 6*,,/ 78F5 6*,,/ 78G /01 6*,,/ 78;H8 =3* &.''>%

'> 6*,,/ 78G /01 78;H /.* ('$3 /1/&$/$!'0% '> $3* &.''> '> 6*,,/ 78F !0 D*+$!'0

I8; (*)'28
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Figure 2.2:  !"#$#%&' "$()&)#'#*+ !&,, -./%*#(/ (- *01 0("%(./* -($ τ = 1.8 &/2 N =
103, 104, 105, 106, 301$1 *01 214$11, &$1 %(/2#*#(/12 *( )1 '1,, *0&/ N 5 6 1

τ
< α = 1 <

1
τ−1

78

2.A.1 Proof of Lemma 2.5

 ! "#$% %&'"$(! )& *&%"+"& ,&--+ ./0 +!1 "#&! 2$3& + 4*((5/

 !""# $%&&  !" #$%& ε > 0' (&#"# #)*+(+ Nε +,%& (&$(

P(Acε,N) < ε, N ≥ Nε. 6./7/89

'())*% :& %"+*" )$"# +! (;"<$!& (5 "#& 4*((5/ => 6././?9@

P(Acε,N) ≤ P(Bcε,N) + P(Ccε,N) + P(Dcε,N), 6./7/.9

+!1 +! (A3$(;% )+> "( 4*(3& *&%;<" 6./7/89 )(;<1 A& "( %#() "#+" &+'# (5 "#&

"#*&& "&*-% (! "#& *$2#"B#+!1 %$1& (5 6./7/.9 $% %-+<<&* "#+! ε/3/ C#$% 1$*&'"

+44*(+'# $% %(-&)#+" 1$D';<" +!1 $!%"&+1 )& $!"*(1;'& +! +11$"$(!+< &3&!" Eε,N @

)#$'# '(!"*(<% "#& "("+< 1&2*&& LN $! 4+*" 6'9@ "#& 1&2*&& (5 "#& 2$+!" !(1&% $!

4+*" 6A9@ +!1 "#& "("+< 1&2*&& (5 +<< !(*-+< 6!(!B2$+!"9 !(1&% $! 4+*" 6+9E

Eε,N =

{

N−kε
∑

n=1
D(n) ≤ ε

8qε
LN

}

(a)

∩{D(N−kε+1) ≥ cεuN} (b)
∩{LN ≤ dεuN} , (c)

6./7/F9
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 !"#" qε $% &!" ε'()*+&$," -. F )%"/ $+ &!" /"0+$&$-+ -. Dε,N *+/  !"#" cε, dε > 0
*#" /"0+"/ 12

P (ξkε < cε) < ε/24 *+/ P(η > dε) < ε/24,

#"%3"4&$5",26 71%"#5" &!*& cε $% * ,- "# ()*+&$," -. ξkε
8  !"#"*% bε /"0+"/ $+ 9:6:6;<

*+/ 9:6:6=>< $% *+ )33"# ()*+&$," -. ξkε
6 ?)#&!"#@-#"8 dε $% *+ )33"# ()*+&$," -.

η8  !"#"*% aε /"0+"/ $+ 9:6:6A< $% * ,- "# ()*+&$," -. η6 B+&"#%"4&$-+  $&! &!"
*//$&$-+*, "5"+& Eε,N 8 .*4$,$&*&"% &!" 1-)+/$+C -. 1-&! Bcε,N *+/ Ccε,N 6 D!"#".-#"8
 "  #$&"

P(Acε,N) ≤ P(Bcε,N ∩Dε,N ∩Eε,N)+P(Ccε,N ∩Dε,N ∩Eε,N)+P(Dcε,N)+P(Ecε,N), 9:6E6F<

*+/ -)# %&#*&"C2 &- 3#-5" &!" ,"@@* $% &!*&  " %!- &!*& "*4! -. &!" .-)# &"#@%

-+ &!" #$C!&'!*+/ %$/" -. 9:6E6F< $% *& @-%& ε/46

Nodes 1 and 2 are connected to giant nodes only. 7+ Bcε,N ∩ Dε,N *& ,"*%& -+"

-. &!" 2qε %&)1% $% *&&*4!"/ &- * %&)1 -. &!" +-/"% D(1), . . . , D(N−kε)6 G"+4"8 &!"

0#%& &"#@ -+ &!" #$C!& %$/" -. 9:6E6F< %*&$%0"%

P(Bcε,N ∩ Dε,N ∩ Eε,N) ≤ 2qεE

[

1

LN

N−kε
∑

n=1

Dn1{Eε,N}

]

≤ ε/4,

/)" &- 3-$+& (a) -. Eε,N 6

The giant nodes form a complete graph. H" &)#+ &- &!" %"4-+/ &"#@ -. 9:6E6F<6

I"4*,, &!*& Ccε,N $+/)4"% &!*& +- %&)1% -. *& ,"*%& & - C$*+& +-/"% *#" *&&*4!"/ &-

-+" *+-&!"#6 J$+4"  " !*5" *& @-%& N2
3*$#% -. C$*+& +-/"% h1 *+/ h28 &!" $&"@%

(b)8 (c) -. Eε,N $@3,2

P(Ccε,N ∩ Dε,N ∩ Eε,N) ≤ E



N2

⌊Dh1
/2⌋−1
∏

i=0

(

1− Dh2

LN − 2i− 1

)

1{h1,h2 C$*+&}





≤ N2

(

1− cεuN

dεuN

)cεuN/2

≤ N2 exp

(

−c
2
εuN

2dε

)

≤ ε/4,

9:6E6K<

.-# ,*#C" "+-)C! N 8 1"4*)%" uN = N1/(τ−1)+o(1)
6

Nodes 1 and 2 have small degree. D!" &!$#/ &"#@ -+ &!" #$C!&'!*+/ %$/" -.

"()*&$-+ 9:6E6F< $% *& @-%& ε/48 1"4*)%"

P(Dcε,N) ≤ 2P(D1 > qε) ≤ 2ε/8 = ε/4. 9:6E6L<
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The order statistics.  ! "#$%&'( !) #(!&$%!# !*# +%(! !#"$ )' !*# "&,*! (&-#

). /0121341 5+#%"+67

P
(

Ecε,N
)

≤ P

(

N−kε
∑

n=1
D(n) >

ε
8qε
LN

)

(a)

+P (D(N−kε+1) < cεuN) (b)
+P (LN > dεuN) . (c)

/012184

9# :&++ ;)'(#<=#'!+6 (*): !*%! #%;* !#"$ &' !*# %>)?# #@A"#((&)' &( %! $)(! ε/121
B#! aε %'- bε > 0 ># %( &' /0101C4 %'- /0101D47 !*#' :# ;%' -#;)$A)(# !*# E"(!

!#"$ )' !*# "&,*!F*%'- (&-# ). /012184 %(

P

(

N−kε
∑

n=1

D(n) >
ε

8qε
LN

)

≤ P (LN < aεuN) + P

(

N−kε
∑

n=1

D(n) >
ε

8qε
aεuN

)

/0121C4

≤ P (LN < aεuN) + P (D(N−kε+1) > bεuN)

+ P

(

N
∑

i=1

Di1{Di<bεuN} >
ε

8qε
aεuN

)

.

G")$ !*# H%"I)? &'#<=%+&!67

P

(

N
∑

i=1

Di1{Di<bεuN} >
ε

8qε
aεuN

)

≤ 8qεNE
[

D1{D<bεuN}

]

εaεuN

. /0121D4

J&';# 1 − F (x) ?%"&#( "#,=+%"+6 :&!* #@A)'#'! τ − 17 :# *%?#7 >6 K3L7 M*#)"#$

L/>47 A1 0CLN7

E
[

D1{D<bεuN}

]

=

⌊bεuN⌋
∑

k=0

[1− F (k)] ≤ 2(2− τ)bεuN [1− F (bεuN)] , /0121LO4

.)" +%",# #')=,* N 1 P=# !) /0101L47 .)" +%",# #')=,* N 7 :# *%?# %+()

N [1− F (uN)] ≤ 2. /0121LL4

J=>(!&!=!&', /0121LO4 %'- /0121LL4 &' /0121D47 :# )>!%&'

P

(

N
∑

i=1

Di1{Di<bεuN} >
ε

8qε
aεuN

)

≤ 16qεN(2− τ)bεuN [1− F (bεuN)]

εuNaε

≤ 32qε(2− τ)bε [1− F (bεuN)]

εaε [1− F (uN)]
, /0121L04

.)" +%",# #')=,* N 1 G")$ !*# "#,=+%" ?%"&%!&)' ). 1− F (x)7

lim
N→∞

1− F (bεuN)

1− F (uN)
= (bε)

1−τ
.

Q#';# !*# "&,*!F*%'- (&-# ). /0121L04 &( %! $)(!

64qε(2− τ) (bε)2−τ
εaε

≤ ε/36,
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 !" #$%&'()*+, +-".( N / 0, *1( 2(3)'*'!) ! bε ') 45656786 9( )!: #1!: *1-* *1(

#(&!)2 *("; !) *1( "'.1* #'2( ! 456<6=8 '# -* ;!#* ε/366 >')&( D(N−kε+1)/uN

&!)?(".(# ') 2'#*"'0$*'!) *! ξkε / :( 3)2  "!; 45656@A8/

P (D(N−kε+1) > bεuN) ≤ P (ξkε
> bε/2) + ε/72 ≤ ε/36,

 !" +-".( ()!$.1 N 6 >';'+-"+,/ 0, *1( 2(3)'*'!) ! aε/ ') 45656=8/ :( 1-?(

P (LN < aεuN) ≤ ε/36.

B-&1 ! *1( *1"(( *(";# !) *1( "'.1* #'2( ! 456<6=8 '# -* ;!#* ε/36/ #! *1-* *1(

*("; 456<6C84-8 '# -* ;!#* ε/126
D1( $EE(" 0!$)2  !" 456<6C8408/ '6(6/ *1( 0!$)2

P (D(N−kε+1) < cεuN) < ε/12,

'# -) (-#, &!)#(F$()&( ! *1( 2'#*"'0$*'!)-+ &!)?(".()&( ! D(N−kε+1)/uN *! ξkε

-)2 *1( 2(3)'*'!) ! cε6 >';'+-"+,/ :( !0*-') *1( $EE(" 0!$)2  !" *1( *(";

') 456<6C84&8/ '6(6/

P (LN > dεuN) < ε/12,

 "!; *1( &!)?(".()&( ') 2'#*"'0$*'!) ! LN/uN *! η -)2 *1( 2(3)'*'!) ! dε6
D1$# :( 1-?( #1!:) *1-* P(Ecε,N) < ε/46 D1'# &!;E+(*(# *1( E"!! ! G(;;-

56H6 �

2.A.2 Proof of Lemma 2.6

I) *1'# #(&*'!) :( "(#*-*( G(;;- 56J -)2 .'?( - E"!! 6

 !""# $%&$  !" #$%& ε > 0' (&#"# #)*+(+ Nε +,%& (&$( -!" $.. N ≥ Nε'

P(Gcε,N) < ε. 456<6@K8

'())*% L"!; 456K6=8/

P
(

Gcε,N
)

< P
(

Dcε,N
)

+ P
(

Hcε,N
)

+ P
(

Bcε,N ∩Hε,N ∩ Dε,N
)

. 456<6@M8

9( :'++ 0!$)2 (-&1 *("; !) *1( "'.1* 1-)2 #'2( ! 456<6@M8 #(E-"-*(+,6

L"!; 456<6J8/ -)2 0(&-$#( *1( 2(3)'*'!) ! Dε,N '# $)-+*("(2/ *1( 0!$)2

P
(

Dcε,N
)

< ε/4 '# ';;(2'-*(6

L!" P
(

Hcε,N
)

/ :( :'++ #1!: *1-* *1( *!*-+ )$;0(" ! #*$0# MN '# ! *1( !"2("

ℓ(N)N1+α(2−τ)
-)2 *1-* *1( *!*-+ )$;0(" KN ! #*$0# -**-&1(2 *! )!";-+ )!2(#

'# ! !"2(" ℓ(N)N1+β(2−τ)
6 9( #*-"* :'*1 *1( 3"#* #*-*(;()*6 N!$)2

MN =
N
∑

i=1

D(N)

i ≥ 1

2
Nα

N
∑

i=1

1
{D

(N)
i > 1

2N
α}
.

D1( #$; ! ')2'&-*!"# '# 2'#*"'0$*(2 -# - 0')!;'-+ "-)2!; ?-"'-0+( VN :'*1 E-O

"-;(*("# N -)2 Nα(1−τ)ℓ(N)/ 0(&-$#(

P

(

D(N) >
1

2
Nα

)

= Nα(1−τ)ℓ(N).
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 ! "#! $%&#'&(# )&!*"%+),- ./'01%2! .345433667 '& ,8! 9)&'0)%+ 2%&:'0 ;%2)%9+!

VN 7 <),8 !=1!/,%,)'& N
1+α(1−τ)ℓ(N)7 %&: <),8 t = N1+α(1−τ)ℓ(N)/27 ,' '9,%)&>

P(|VN − E[VN ]| ≥ t) ≤ 2 exp

(

− t2

2 (E[VN ] + t/3)

)

= 2 exp

(

− 3

28
ℓ(N)N1+α(1−τ)

)

< ε/8,

?'2 N #"@/)!&,+- +%2A!4 B8!2!?'2!7 <),8 12'9%9)+),- %, +!%#, 1− ε/87 <! 8%;!7 ?'2
%++ δ > 07

MN >
1

2
NαVN ≥ N1+α(2−τ)ℓ(N), .34C4DE6

?'2 N #"@/)!&,+- +%2A! %&: #'0! #+'<+- ;%2-)&A ?"&/,)'& ℓ(N)4
B8! 0!%& :!A2!! E[MN ] )# A);!& 9- .3454564 B8"#7 9- ,8! F%2G'; )&!*"%+),-7

P

(

N
∑

n=1

D(N)

n >
8

ε
ℓ(N)N1+α(2−τ)

)

≤ ε

8
,

#' ,8%, <),8 12'9%9)+),- %, +!%#, 1− ε/87 <! 8%;! ,8%,

MN ≤ N1+α(2−τ)ℓ̄(N), .34C4DH6

?'2 #'0! #+'<+- ;%2-)&A ?"&/,)'& ℓ̄(N)4 I)0)+%2+-7 ,8! 0!%& :!A2!! '? % &'20%+
&':! )#

E
[

D(N)
1{D≤Nβ}

]

=

⌊Nβ⌋
∑

n=1

P(D ≥ n|D < Nα) = Nβ(2−τ)ℓ(N),

#' ,8%, )& !=%/,+- ,8! #%0! <%-7 <! J&: ?2'0 ,8! F%2G'; )&!*"%+),-7 ,8%, <),8

12'9%9)+),- %, +!%#, 1− ε/87

KN ≤ N1+β(2−τ)ℓ(N). .34C4DK6

B8! )&!*"%+),)!# .34C4DE67.34C4DH6 %&: .34C4DK6 ,'A!,8!2 )01+- ,8%,

P
(

Hcε,N
)

≤ 3ε/8.

 ! J&%++- ,"2& ,' P
(

Bcε,N ∩Hε,N
)

4 L2'0 ,8! :!2);%,)'& %9';!7 <! J&: ,8%,7

'& Hε,N 7 ,8! ?2%/,)'& '? ,8! /'&,2)9",)'& '? #,"9# ?2'0 &'20%+ &':!# %&: A)%&,
&':!# )# %, 0'#,

ℓ(N)N1+β(2−τ)

ℓ̄(N)N1+α(2−τ)
=
ℓ(N)

ℓ̄(N)
N (2−τ)(β−α).

I)&/! β < α %&: τ ∈ (1, 2) ,8! %9';! 2%,)' ,!&:# ,' 07 %# N →∞4 B8"# ,8! ,',%+
&"09!2 KN '? #,"9# '? ,8! &'20%+ &':!# )# &!A+)A)9+! <),8 2!#1!/, ,' MN '& ,8!

!;!&, Hε,N 4 B8)# )01+)!# ,8%,7 <),8 12'9%9)+),- %, +!%#, 1−ε/47 !%/8 #,"9 '? &':!#
D %&: 3 )# %,,%/8!: ,' % #,"9 '? % A)%&, &':! '& ,8! !;!&, Hε,N 4 B8!2!?'2!7 <!
8%;! #8'<!:

P
(

Bcε,N ∩Hε,N ∩ Dε,N
)

< ε/4. .34C4DM6

I)&/! 2ε/4 + 3ε/8 < ε7 ,8! +!00% )# 12';!:4 �
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2.A.3 Proof of Lemma 2.10

 ! "#$% %&'"$(! )& *&%"+"& ,&--+ ./01 +!2 3$4& + 5*((6/

 !""# $%&'  !" #$%& ε > 0' (&#"# #)*+(+ Nε +,%& (&$( -!" $.. N ≥ Nε'

P(Acε,N) < ε. 7./8/09:

()**+% ;#& 5*((6 $% + %<$3#" +2+5"+"$(! (6 "#& 5*((6 (6 ,&--+ ./= $! >&'"$(! 8/0/

?& @%& "#+"

P(Acε,N) ≤ P(Bcε,N ∩ Dε,N) + P(Ccε,N) + P(Dcε,N), 7./8/.1:

+!2 A(@!2 &+'# (6 "#& "#*&& "&*-%/ ;#& A(@!2 (! P(Dcε,N) $% $2&!"$'+< "( "#& (!&

$! 7./8/B:C +!2 )$<< A& (-$""&2 #&*&/

?& !&D" %#() "#+" P(Ccε,N) ≤ ε
3 / E$*%" (A%&*4& "#+" %$!'& τ = 2C

P(LN ≥ N1+δ) ≤ ε/6.

F&'+<< "#+" Ccε,N $-5<$&% "#+" !( %"@A% (6 +" <&+%" ")( 3$+!" !(2&% +*& +""+'#&2 "(

(!& +!("#&*/ >$!'& "#&*& +*& +" -(%" N2
5+$*% (6 3$+!" !(2&% h1 +!2 h2C )& '+!

@%& + %$-$<+* A(@!2 +% $! 7./8/=:C "( (A"+$!

P(Ccε,N) ≤ E



N2

⌊Dh1
/2⌋−1

∏

i=0

(

1− Dh2

LN − 2i− 1

)





≤ N2

(

1− N
1
2+δ

N1+δ

)
1
2N

1
2
+δ

+
ε

6
≤ N2e−

1
2N

δ

+
ε

6
≤ ε

3
,

6(* <+*3& &!(@3# N /

?& G!+<<H %#() "#+" P(Bcε,N ∩Dε,N) ≤ ε
3 / ;#& &4&!" Bcε,N (''@*% $6 "#&*& &D$%"%

+ %"@A +" !(2& 1 (* !(2& 2 )#$'# $% '(!!&'"&2 "( + %"@A (6 + !(*-+< !(2&/ E(*

i = 1, 2 +!2 j ≤ DiC <&" {[i.j]→ [n]} 2&!("& "#& &4&!" "#+" "#& jth %"@A (6 "#& ith

!(2& $% '(!!&'"&2 "( + %"@A (6 + !(*-+< !(2&/ ,&" KN 2&!("& "#& "("+< !@-A&*

(6 %"@A% (6 "#& !(*-+< !(2&%/ ;#&!C '<&+*<HC

P(Bcε,N ∩ Dε,N) ≤ 2P



Dε,N ∩
D1
⋃

j=1

{[1.j]→ [n]}





≤ 2E

[

D1
KN

LN

1Dε,N

]

≤ 2qεE

[

KN

LN

]

.

;#&*&6(*&C $" %@I'&% "( 5*(4& "#+" E

[

KN

LN

]

→ 0/ ;#$% $% )#+" )& )$<< 2( $! "#&

*&-+$!2&* (6 "#$% 5*((6/ ?& G*%" A(@!2

LN ≥ D(N) ≥ εNuN , 7./8/.0:

)#&*& uN $% %@'# "#+" 7././0: #(<2%C +!2 εN ↓ 0 )$<< A& 2&"&*-$!&2 <+"&* (!/ ;(

'(-5@"& uN C )& @%& 7./J/K: "( (A"+$!

N [1− F (uN)] = N
ℓ(uN)

uN

= 1 + o(1). 7./8/..:
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 !"#$%&' (%)*&!+!$%, &'$,-

ℓ(uN) =
(log uN)

log log uN−1 log log uN

uN

,

.$"/#'

uN = Ne(log logN)
2−log logN+o(log logN). 012 2134

5&6!7"6)%6"8 '$,(" KN ≤ LN 8

E

[

KN

LN

]

≤ (εNuN)
−1E[KN ] + P(LN ≤ εNuN). 012 2194

:7" '"(%,# !"6) $' o(1) ;%6 +,. εN ↓ 08 +,# ;%6 !7" <6'! !"6)8 =" (%)*&!"

E[KN ] ≤ N

N
1
2
+δ

∑

i=1

[1− F (i)]. 012 21>4

?" ,%= &'" !7+! ;%6 +,. y > x∗8

y
∑

i=x∗

[1− F (i)] = c

y
∑

i=x∗

(log i)log log i−1 log log i

i

≤ c
∫ y

x∗−1
(log x)log log x−1 log log x

x dx

= c
∫ log y

log(x∗−1)(log y)y
log y−1dy ≤ c′e(log log y)

2

+O(1).

012 21@4

 **/.$,- !7$' !% y = N
1
2+δ

8 =" %A!+$,

E[KN ] ≤ c′Ne(log log(N
1
2
+δ))2 +O(N) = Ne(log logN)

2+2 log ( 1
2+δ) log logN+O(1),

012 21B4

'% !7+!8 &'$,- 012 21348

(εNuN)
−1E[KN ] = ε−1N exp

[

(

2 log (
1

2
+ δ) + 1

)

log logN + o(log logN)
]

= o(1),

012 21C4

=7", δ < 1 $' '% ')+// !7+! 2 log ( 12 + δ) + 1 < 0 +,# =" !+D"

εN = exp
[1

2

(

2 log (
1

2
+ δ) + 1

)

log logN
]

→ 0. 012 21E4

:7$' (%)*/"!"' !7" *6%%; !7+! P(Bcε,N ∩Dε,N) = o(1)8 +,# !7&' !7" *6%%; %; F"))+
12G32 �
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Chapter 3

A preferential attachment
model with random initial
degrees
 !"#$ %!&' %"$( )* +,"-.,#/ 0* 12# 3,& 4!.5$23 2#3 6* 4!!7(",85$&2

 !"#$%& '()*

 !"#$%&#

9# $("5 :(2;$,&/ 2 &2#3!8 7&2;( ;&!:,55 {G(t)}t≥1 "5 5$<3",3 2#3 "$5 3,7&,,

5,=<,#:, "5 2#2>?@,3* A,$ {Wt}t≥1 B, 2# "*"*3* 5,=<,#:,* C(, 7&2;( ;&!:,55

"5 3,D#,3 5! $(2$/ 2$ ,2:( "#$,7,& $"8, t/ 2 #,% 1,&$,E %"$( Wt ,37,5 2$$2:(,3

$! "$/ "5 233,3 $! $(, 7&2;(* C(, #,% ,37,5 233,3 2$ $"8, t 2&, $(,#

;&,.,&,#$"2>>? :!##,:$,3 $! !>3,& 1,&$":,5/ "*,*/ :!#3"$"!#2>>? !# G(t − 1)/
$(, ;&!B2B">"$? $(2$ 2 7"1,# ,37, !. 1,&$,E t "5 :!##,:$,3 $! 1,&$,E i "5

;&!;!&$"!#2> $! di(t − 1) + δ/ %(,&, di(t − 1) "5 $(, 3,7&,, !. 1,&$,E i 2$

$"8, t − 1/ "#3,;,#3,#$>? !. $(, !$(,& ,37,5* C(, 82"# &,5<>$ "5 $(2$ $(,

25?8;$!$":2> 3,7&,, 5,=<,#:, .!& $("5 ;&!:,55 "5 2 ;!%,& >2% %"$( ,E;!#,#$

τ = min{τW, τP}/ %(,&, τW "5 $(, ;!%,&F>2% ,E;!#,#$ !. $(, "#"$"2> 3,7&,,5

{Wt}t≥1 2#3 τP $(, ,E;!#,#$ ;&,3":$,3 B? ;<&, ;&,.,&,#$"2> 2$$2:(8,#$*

C("5 &,5<>$ ,E$,#35 ;&,1"!<5 %!&' B? G!!;,& 2#3 H&",@,*

3.1 Introduction

+,-#!#$ % ."/0#&. 12 !& %3%#4& 2&"51!6.7 ./$8  . "8& 92"&!2&"7 "8& :1!%03:#0& :&;7

.1$# % 2&"51!6.7  20 < !#1/. "=-&. 14 "&$821%1>#$ %  20 ;#1%1>#$ % 2&"51!6.7 .815

4 .$#2 "#2> .#,#% !#"#&.? @ 2= 14 "8& 2&"51!6.  !&  !"## $%&#' 7 ,& 2#2> "8 "

"=-#$ % 0#." 2$&. #2 "8& 2&"51!6  !& ., %%7  20 , 2= 14 "8&, 8 <& (%$)&*#"$

')+&))  ),-)./) 7 ,& 2#2> "8 " "8& 2/,;&! 14 <&!"#$&. 5#"8 0&>!&& k 4 %%. 1A  .

k−τ 41! .1,& &B-12&2" τ > 1? C&& 'DE* 41!  2 &B ,-%& 14 "8&.& -8&21,&2 #2 "8&

92"&!2&"7  20 'FG7 F(* 41!  2 &B ,-%& 12 "8& :1!%03:#0& :&;? H%.17 I ;%& J?G #2

'FF* >#<&.  2 1<&!<#&5 14  % !>& 2/,;&! 14 2&"51!6.  20 "8&#! -!1-&!"#&.?
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 !"#$%& '( $)%*% %+,#-#"./ 0!&#!1*2 -.!&3+ 1-.,)* ).4% '%%! ,-3,3*%& $3

+3&%/ .!&53- %6,/.#! $)%*% ,)%!3+%!. 7 *%% 89:; <3- .! #!$-3&="$#3! $3 -.!>

&3+ 1-.,) +3&%/* <3- "3+,/%6 !%$?3-@*A B?3 ,.-$#"=/.- "/.**%* 3< +3&%/* $).$

).4% '%%! *$=&#%& <-3+ . +.$)%+.$#"./ 4#%?,3#!$ .-% C#D 1-.,)* ?)%-% $)% %&1%

,-3'.'#/#$#%* &%,%!& 3! "%-$.#! ?%#1)$* .**3"#.$%& ?#$) $)% 4%-$#"%*2 *%% %A1A

8:E2 F92 FG2 FH2 II;2 .!& C##D *3>".//%& ,-%<%-%!$#./ .$$.")+%!$ +3&%/*2 *%% %A1A

8J2 :I2 FK2 F:2 FE;A B)% 0-*$ "/.** ".! '% 4#%?%& .* 1%!%-./#L.$#3!* 3< $)% "/.**#>

"./ M-&N*>OP!(# 1-.,) .//3?#!1 <3- ,3?%->/.? &%1-%%*A B(,#".//(2 $)% &%1-%% 3< .

4%-$%6 #* &%$%-+#!%& '( #$* ?%#1)$A Q-%<%-%!$#./ .$$.")+%!$ +3&%/* .-%  !"#$%&

#! $)% *%!*% $).$ . !%? 4%-$%6 #* .&&%& $3 $)% 1-.,) .$ %.") #!$%1%- $#+%A M.")

!%? 4%-$%6 "3+%* ?#$) . !=+'%- 3< %&1%* .$$.")%& $3 #$ ?)#") .-% "3!!%"$%& $3

$)% 3/& 4%-$#"%* #! *=") . ?.( $).$ 4%-$#"%* ?#$) )#1) &%1-%% .-% +3-% /#@%/( $3

'% .$$.")%& $3A B)#* ).* '%%! *)3?! $3 /%.& $3 1-.,)* ?#$) ,3?%->/.? &%1-%%

*%R=%!"%*2 .!& $)%*% -%*=/$* .-% %6$%!&%& #! $)% "=--%!$ ").,$%-A

 ! ,-%<%-%!$#./ .$$.")+%!$ +3&%/*2 $)% &%1-%% 3< . 4%-$%6 #!"-%.*%* 34%- $#+%2

#+,/(#!1 $).$ $)% 3/&%*$ 4%-$#"%* $%!& $3 ).4% $)% /.-1%*$ &%1-%%*A  !&%%&2 4%-$#"%*

?#$) /.-1% &%1-%%* .-% $)% +3*$ /#@%/( 4%-$#"%* $3 3'$.#! %4%! /.-1%- &%1-%%*A B)#*

#* *3+%$#+%* ".//%& $)% '%&()*+,)'%&(+' %S%"$A T3&%/* ?)%-% $)% 4%-$%6 &%1-%%*

.-% &%$%-+#!%& '( .**3"#.$%& ?%#1)$*2 3! $)% 3$)%- ).!&2 1#4%* -#*% $3 *3+%$)#!1

?)#") "3=/& '% -%<%--%& $3 .* '%&()-!)-%',( %S%"$ C. 4%-$%6 #* -.'" ?#$) . ?%#1)$

?)#") "3!$-3/* #$* &%1-%%DA  ! -%./#$(2 '3$) $)%*% %S%"$* "3=/& ,/.( . -3/%A

B)% .#+ 3< $)% "=--%!$ ").,$%- #* $3 <3-+=/.$% .!& .!./(L% . +3&%/ $).$

"3+'#!%* $)% -#")>1%$>-#")%- .!& -#")>'(>'#-$) %S%"$*A B)% +3&%/ #* . ,-%<%-%!$#./

.$$.")+%!$ +3&%/ ?)%-% $)% !=+'%- 3< %&1%* .&&%& =,3! $)% .&&#$#3! 3< . !%?

4%-$%6 #* . -.!&3+ 4.-#.'/% .**3"#.$%& $3 $)% 4%-$%6A U3- '3=!&%& #!#$#./ &%1-%%*2

$)% +3&%/ #* #!"/=&%& #! $)% 4%-( 1%!%-./ "/.** 3< ,-%<%-%!$#./ .$$.")+%!$ +3&%/*

$-%.$%& #! 8FE;2 '=$ $)% !34%/$( 3< $)% +3&%/ /#%* #! $).$ $)% #!#$#./ &%1-%%* ".! ).4%

.! .-'#$-.-( &#*$-#'=$#3!A  ! ,.-$#"=/.-2 ?% ".! $.@% $)% ?%#1)$ &#*$-#'=$#3! $3 '%

. ,3?%- /.?2 ?)#") 1#4%* . +3&%/ ?#$) $?3 V"3+,%$#!1W ,3?%- /.?*X $)% ,3?%-

/.? ".=*%& '( $)% ,-%<%-%!$#./ .$$.")+%!$ +%").!#*+ .!& $)% ,3?%- /.? 3< $)%

#!#$#./ &%1-%%*A  ! *=") . *#$=.$#3! #$ #* #!&%%& !3$ "/%.- ?)#") 3< $)% ,3?%- /.?*

?#// &3+#!.$% #! $)% -%*=/$#!1 &%1-%%* 3< $)% 1-.,)A Y=- +.#! -%*=/$ #+,/#%* $).$

$)% +3*$ )%.4(>$.#/%& ,3?%- /.? ?#!*2 $).$ #*2 $)% &%1-%%* #! $)% -%*=/$#!1 1-.,)

?#// <3//3? . ,3?%- /.? ?#$) $)% *.+% %6,3!%!$ .* $)% #!#$#./ &%1-%%* #! ".*% $)#*

#* *+.//%- $).! $)% %6,3!%!$ #!&="%& '( $)% ,-%<%-%!$#./ .$$.")+%!$2 .!& ?#$) .!

%6,3!%!$ &%$%-+#!%& '( $)% ,-%<%-%!$#./ .$$.")+%!$ #! ".*% $)#* #* *+.//%-A

B)% ,-33< 3< 3=- +.#! -%*=/$ -%R=#-%* 0!#$% +3+%!$ 3< 3-&%- 1 + ε <3- $)%

#!#$#./ &%1-%%*A Z3?%4%-2 ?% '%/#%4% $).$ $)% "3!"/=*#3! #* $-=% ./*3 #! $)% #!0!#$%

+%.! ".*%A T3-% *,%"#0".//(2 ?% "3![%"$=-% $).$2 ?)%! $)% &#*$-#'=$#3! 3< $)%

#!#$#./ &%1-%%* #* . ,3?%- /.? ?#$) #!0!#$% +%.!2 $)% &%1-%% *%R=%!"% #! $)% 1-.,)

?#// 3'%( . ,3?%- /.? ?#$) $)% *.+% %6,3!%!$ .* $)% 3!% 3< $)% #!#$#./ &%1-%%*A

 !&%%&2 $)% ,3?%- /.? 3< $)% #!#$#./ &%1-%%* ?#// ./?.(* '% $)% V*$-3!1%*$W #! $)#*

".*%2 *#!"% ,-%<%-%!$#./ .$$.")+%!$ +%").!#*+* 3!/( *%%+ $3 '% .'/% $3 ,-3&="%

,3?%- /.?* ?#$) 0!#$% +%.!A  ! -%./#$(2 ,3?%- /.?* ?#$) #!0!#$% +%.! .-% !3$

=!"3++3!2 *%% %A1A 8HH2 B.'/% 9A:; <3- *3+% %6.+,/%*2 .!& )%!"% #$ #* &%*#-.'/% $3

0!& . +3&%/ $).$ ".! ".,$=-% $)#*A \% ).4% !3$ '%%! .'/% $3 1#4% . <=// ,-33< <3-

$)% #!0!#$% +%.! ".*%2 '=$ ?% ,-%*%!$ ,.-$#./ -%*=/$* #! ]%"$#3! 9A:AFA
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3.1.1 Definition of the model

 !" #$%"& '!(' )" *$+,-%". -, %",*.-/"% /0 ( 1.(2! 2.$*",, {G(t)}t≥13  $ %"4+" -'5
&"' {Wi}i≥1 /" (+ -+%"2"+%"+' -%"+'-*(&&0 %-,'.-/6'"% 7-3-3%38 ,"96"+*" $: 2$,-'-;"
-+'"1".<;(&6"% .(+%$# ;(.-(/&", (+% &"' G(1) /" ( 1.(2! *$+,-,'-+1 $: ')$ ;".'-*",
v0 (+% v1 )-'! W1 "%1", =$-+-+1 '!"#3 >$. t ≥ 25 '!" 1.(2! G(t) -, *$+,'.6*'"%
:.$# G(t − 1) -+ ,6*! ( )(0 '!(' ( ;".'"? vt5 )-'! (,,$*-('"% )"-1!' Wt5 -,

(%%"% '$ '!" 1.(2! G(t − 1)5 (+% '!" "%1" ,"' -, 62%('"% /0 (%%-+1 Wt "%1",

/"')""+ '!" ;".'"? vt (+% '!" ;".'-*", {v0, v1, . . . , vt−1}3  !6,5 Wt -, '!"  !"#$%

&"&'&!( #)* )) $: ;".'"? vt3 @.-'" d0(s), . . . , dt−1(s) :$. '!" %"1."", $: '!" ;".'-*",
{v0, v1, . . . , vt−1} (' '-#" s ≥ t − 13  !" "+%2$-+', $: '!" Wt "%1", "#(+('-+1

:.$# ;".'"? vt (." *!$,"+ -+%"2"+%"+'&0 7)-'! ."2&(*"#"+'8 :.$# {v0, . . . , vt−1}5
(+% '!" 2.$/(/-&-'0 '!(' vi -, *!$,"+ (, '!" "+%2$-+' $: ( 4?"% "%1" -, "96(& '$

di(t− 1) + δ
∑t−1
j=0(dj(t− 1) + δ)

=
di(t− 1) + δ

2Lt−1 + tδ
, 0 ≤ i ≤ t− 1, 7A3B3B8

)!"." Lt =
∑t
i=1Wi5 (+% δ -, ( 4?"% 2(.(#"'". $: '!" #$%"&3 @.-'" SW :$.

'!" ,622$.' $: '!" %-,'.-/6'-$+ $: '!" -+-'-(& %"1."",3  $ "+,6." '!(' '!" (/$;"

"?2.",,-$+ %"4+", ( 2.$/(/-&-'05 )" ."96-." '!('

δ +min{x : x ∈ SW} > 0. 7A3B3C8

 !-, #$%"& )-&& /" .":".."% '$ (, '!" DEFGH<#$%"& 7D.":"."+'-(& E''(*!#"+' )-'!

F(+%$# G+-'-(& H"1."",83 I$'" '!('5 )!"+ Wi ≡ 1 (+% δ = 05 )" ."'.-";" '!"
$.-1-+(& 2.":"."+'-(& (''(*!#"+' #$%"& :.$# J(.(/K,-<E&/".' LMN3

 !"#$% &'( @" ,!(&& 1-;" ,2"*-(& (''"+'-$+ '$ '!" *(," )!"." P(Wi = m) = 1
:$. ,$#" -+'"1". m ≥ 15 ,-+*" -' '6.+, $6' '!(' ,!(.2". "..$. /$6+%, (." 2$,,-/&"
-+ '!-, *(,"3  !"," ,!(.2". /$6+%, (." +""%"% -+ LOAN5 )!"." '!" %-(#"'". -+

2.":"."+'-(& (''(*!#"+' #$%"&, -, ,'6%-"%3

3.1.2 Main result

P6. #(-+ .",6&' *$+*".+, '!" %"1."" ,"96"+*" -+ '!" 1.(2! G(t)3  $ :$.#6&('"
-'5 &"' Nk(t) /" '!" +6#/". $: ;".'-*", )-'! %"1."" k -+ G(t) (+% %"4+" pk(t) =
Nk(t)/(t+ 1) (, '!" :.(*'-$+ $: ;".'-*", )-'! %"1."" k3 >6.'!".#$."5 &"' {rk}k≥1
/" '!" 2.$/(/-&-'-", (,,$*-('"% )-'! '!" )"-1!' %-,'.-/6'-$+5 '!(' -,5

rk = P(W1 = k), k ≥ 1. 7A3B3A8

>-+(&&05 (,,6#" '!(' '!" )"-1!', !(;" 4+-'" #"(+ µ > 0 (+% %"4+" θ = 2 + δ/µ3
@" (." -+'".",'"% -+ '!" &-#-'-+1 %-,'.-/6'-$+ $: pk(t) (, t→∞3  !-, %-,'.-/6'-$+5
%"+$'"% /0 {pk}k≥15 -, $/'(-+"% (, '!" ,$&6'-$+ $: '!" ."*6.."+*" ."&('-$+

pk =
k − 1 + δ

θ
pk−1 −

k + δ

θ
pk + rk. 7A3B3M8

F$61!&05 '!-, ."&('-$+ -, %".-;"% /0 (+(&0Q-+1 !$) '!" +6#/". $: ;".'-*", )-'!

%"1."" k -, *!(+1"% 62$+ '!" (%%-'-$+ $: ( +") ;".'"?R ,"" "313 LCSN :$. ,$#"
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 !"#$%&$' !()*+,+&$-,. /0 $&!#+&$-,1 $& '+, 2! %!!, & +& & ! #!'"#%$-, $% %-*3!4 20

pk =
θ

k + δ + θ

k−1
∑

i=0

rk−i

i
∏

j=1

k − j + δ

k − j + δ + θ
, k ≥ 1, 56.7.89

: !#! & ! !;)&0 )#-4"'&1 +#$%$,< : !, i = 01 $% 4!=,!4 &- 2! !>"+* &- -,!. ?$,'!

{pk}k≥1 %+&$%=!% 56.7.@9 :$& p0 = 01 :!  +3! & +&

∑∞
k=1 pk =

∑∞
k=1 rk = 1.

A!,'!1 {pk}k≥1 4!=,!% + )#-2+2$*$&0 4$%&#$2"&$-,. B"# ;+$, #!%"*& %&+&!% & +& & !

*$;$&$,< 4!<#!! 4$%&#$2"&$-, $, & ! CDEFGH;-4!* $% <$3!, 20 {pk}k≥1.

 !"#$"% &'(  ! "#$ %&%"%'( )$*+$$, {Wi}i≥1 #'-$ .&%"$ /0/$&" 0! 0+)$+ 1 + ε
!0+ ,0/$ ε > 01 "#$& "#$+$ $2%,", ' 30&,"'&" γ ∈ (0, 12 ) ,43# "#'"

lim
t→∞

P

(

max
k≥1

|pk(t)− pk| ≥ t−γ
)

= 0,

5#$+$ {pk}k≥1 %, )$.&$) %& 67898:;8 <#$& rm = 1 !0+ ,0/$ %&"$*$+ m ≥ 11 "#$&

t−γ 3'& =$ +$>('3$) =? C
√

log t
t !0+ ,0/$ ,4@3%$&"(? ('+*$ 30&,"'&" C8

I- +,+*0J! & ! 4$%&#$2"&$-, {pk}k≥11 =#%& '-,%$4!# & ! '+%! : !, & ! $,$&$+* 4!<#!!%
+#! +*;-%& %"#!*0 '-,%&+,&1 & +& $%1 : !, rm = 1 K-# %-;! )-%$&$3! $,&!<!# m. I !,

rj = 0 K-# +** j 6= m1 +,4 56.7.89 #!4"'!% &-

pk =

{

θΓ(k+δ)Γ(m+δ+θ)
Γ(m+δ)Γ(k+1+δ+θ)  !" k ≥ m;

0  !" k < m,

#$%"% Γ(·) &%'!(%) ($% *+,,+- .'/(0!'1 23 4(0"50'*6)  !",.5+7 #% $+8% ($+(

Γ(s + a)/Γ(s) ∼ sa +) s → ∞7 +'&  "!, ($0) 0(  !55!#) ($+( pk ∼ ck−(1+θ)  !"

)!,% /!')(+'( c > 01 9%'/%7 ($% &%*"%% )%:.%'/% !;%3) + <!#%" 5+# #0($ %=<!'%'(

1 + θ = 3 + δ/m1 >!(% ($+(7 ;3 /$!!)0'* δ > −m +<<"!<"0+(%537 +'3 8+5.% ! ($%

%=<!'%'( 5+"*%" ($+' ? /+' ;% !;(+0'%&1 @!" !($%" /$!0/%) ! {rk}k≥17 ($% ;%$+80!"

! {pk}k≥1 0) 5%)) ("+')<+"%'(1 A$%  !55!#0'* <"!<!)0(0!' +))%"() ($+(7 0 {rk}k≥1 0)

+ <!#%" 5+#7 ($%' {pk}k≥1 0) + <!#%" 5+# +) #%551 B( +5)! *08%) ($% + !"%,%'(0!'%&

/$+"+/(%"0C+(0!' ! ($% %=<!'%'( +) ($% ,0'0,., ! ($% %=<!'%'( ! ($% rk6) +'&

+' %=<!'%'( 0'&./%& ;3 ($% <"% %"%'(0+5 +((+/$,%'( ,%/$+'0),1

 !"#"$%&%"' ()(  !!"#$ %&'% rk = P(W1 = k) = k−τWL(k) ()* !)#$ τW > 2 '+,
!)#$ ("+-%.)+ k 7→ L(k) /&.-& .! !0)/01 2'*1.+3 '% .+4+.%15 6&$+ pk = k−τ L̂(k)
()* !)#$ !0)/01 2'*1.+3 ("+-%.)+ k 7→ L̂(k) '+, /.%& 7)/$*80'/ $97)+$+% τ 3.2$+
:1

τ = min{τW, τP}, DE1F1GH

/&$*$ τP .! %&$ 7)/$*80'/ $97)+$+% )( %&$ 7"*$ 7*$($*$+%.'0 '%%'-&#$+% #),$0 3.2$+
:1 τP = 3 + δ/µ5
;&$+ rk ,$-'1! ('!%$* %&'+ ' 7)/$* 0'/< %&$+ =>5?5@A *$#'.+! %*"$ /.%& %&$ -)+8
2$+%.)+ %&'% τW =∞5

>!# +)).,% ($+( ($% ,%+' ! ($% 0'0(0+5 &%*"%%) {Wi}i≥1 0) 0'I'0(%1 J!"% )<%/0 -

0/+5537 ).<<!)% ($+( {rk}k≥1 0) + <!#%" 5+# #0($ %=<!'%'( τW ∈ [1, 2]1 A$%'7 #%

/!'K%/(."% ($+( ($% ,+0' "%).5( +;!8% "%,+0') (".%1
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 !"#$%&'($ )*+  !"# {rk}k≥1 $% & '()"* +&) ,$%-*$./-$(# )$-! "0'(#"#- τW ∈
[1, 2]1 -!"# -!" ,"2*"" %"3/"#4" $# -!" 56789:;(,"+ (."<% & '()"* +&) )$-! -!"
%&;" "0'(#"#- τW=

 !"#$%&!'%()*+ ,( -'!!#% .&/%( 0$#1( 2#!3(-%&$( 4565 7#,(1($+ ,( 89')) 0$#1(

' 8)/:9%)* ,(';($ 1($8/#! #" /%5 <# %9/8 (!=+ ,$/%( N≥k(t) "#$ %9( !&>?($ #" 1($%/-(8

,/%9 =(:$(( )'$:($ %9'! #$ (.&') %# k '% %/>( t+ %9'% /8+ N≥k(t) =
∑t
i=0 1{di(t)≥k}+

'!= )(% p≥k(t) = N≥k(t)/(t+ 1)5 @/!-( di(t) ≥Wi+ #?1/#&8)*

E[p≥k(t)] =
E[N≥k(t)]

t+ 1
≥ E[

∑t
i=1 1{Wi≥k}]

t+ 1

= P(W1 ≥ k)
t

t+ 1
= P(W1 ≥ k)(1 + o(1)), A45B5CD

%9'% /8+ %9( (E0(-%(= =(:$(( 8(.&(!-( /! %9( FGHIJK>#=() /8 '),'*8 ?#&!=(= "$#>

?()#, ?* %9( ,(/:9% =/8%$/?&%/#!5 I! #$=($ %# 0$#1( ' $()'%(= &00($ ?#&!=+ ,(

8%'$% ?* /!1(8%/:'%/!: %9( (E0(-%'%/#! #" %9( =(:$((85

,-$!($. )*/ >/''(%" -!&-

∑

k>x rk = P(W1 > x) = x1−τWL(x)1 )!"*" τW ∈
(1, 2) &#, x 7→ L(x) $% %+()+< ?&*<$#2 &- $#@#$-<= A!"#1 B(* "?"*< s < τW − 11
-!"*" "0$%-% & 4(#%-&#- C > 0 &#, & %+()+< ?&*<$#2 B/#4-$(# x 7→ l(x) %/4! -!&-1
B(* i ∈ {0, . . . , t}1

E[di(t)
s] ≤ C

( t

i ∨ 1
)s/(τW−1)( l(t)

l(i)

)s

,

)!"*" x ∨ y = max{x, y}=

G8 ' -#!8(.&(!-( #" <9(#$(> 45L + ,( #?%'/!M

 !(!001(2 )*3 8B

∑

k>x rk = P(W1 > x) = x1−τWL(x)1 )!"*" τW ∈ (1, 2) &#,
x 7→ L(x) $% & %+()+< ?&*<$#2 B/#4-$(# &- $#@#$-<1 -!"#1 B(* "?"*< s < τW−11 -!"*"
"0$%-% &# M C$#,"'"#,"#- (B tD %/4! -!&-

E[p≥k(t)] ≤Mk−s.

4(!!5* N#$ s < τW− 1+ /% "#))#,8 "$#> <9(#$(> 45L '!= O'$;#1P8 /!(.&')/%* %9'%

E[p≥k(t)] =
1

t+ 1

t
∑

i=0

P(di(t) ≥ k) =
1

t+ 1

t
∑

i=0

P(di(t)
s ≥ ks)

≤ 1

t+ 1

t
∑

i=0

k−sE[di(t)
s] ≤ k−s

C

t+ 1

t
∑

i=0

( t

i ∨ 1
)s/(τW−1)( l(t)

l(i)

)s

≤Mk−s,

A45B5QD

8/!-(+ "#$ s < τ − 1 '!= &8/!: R6B+ <9(#$(> S+ 05 SQ4T+ %9($( (E/8%8 ' -#!8%'!%

c > 0 8&-9 %9'%

t
∑

i=0

(i ∨ 1)−s/(τW−1)l(i)−s = ct
1− s

τW−1 l(t)−s(1 + o(1)). �
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 !"#$%$%&  !'!(()'* +,- .$/0 1+,2,34 *$5(67 /0)/8 .05% /05 .5$&0/ 6$7/'$#9/$!%

$7 ) :!.5' (). .$/0 5;:!%5%/ τW ∈ (1, 2)8 /05 !%(* :!77$#(5 :!.5' (). <!' /05

65&'557 0)7 5;:!%5%/ 5=9)( /! τW, >0$7 7/)/5"5%/ $7 !#?$!97(* %!/ )7 7/'!%& )7
>05!'5" +,@8 #9/ $/ 6!57 !A5' B!%?$%B$%& 5?$65%B5 <!'  !%C5B/9'5 +,D, E5 :'!?5

>05!'5" +,F $% G5B/$!% +,+,

3.1.3 Related work

H5<!'5 :'!B556$%& .$/0 /05 :'!!<78 .5 6$7B977 0!. /05 :'!!< !< !9' ")$% '579(/

$7 '5()/56 /! !/05' :'!!<7 !< 7$"$()' '579(/7 $% /05 ($/5')/9'5 )%6 657B'$#5 7!"5

'5()/56 .!'I,

J$'/9)((* )(( :'!!<7 !< )7*":/!/$B :!.5' ().7 $% :'5<5'5%/$)( )//)B0"5%/ "!65(7

B!%7$7/ !< /.! 7/5:7K !%5 7/5: .05'5 $/ $7 :'!?56 /0)/ /05 65&'55 75=95%B5 $7 B!%L

B5%/')/56 )'!9%6 $/7 "5)%8 )%6 !%5 .05'5 /05 "5)% 65&'55 75=95%B5 $7 $65%/$M56,

N% /0$7 B0):/5'8 /0575 /.! '579(/7 )'5 <!'"9()/56 $% O'!:!7$/$!%7 +,3 )%6 +,P #5(!.8

'57:5B/$?5(*, Q!' #!9%656 79::!'/ !< Wi8 /05 B!%B5%/')/$!% '579(/ )%6 $/7 :'!!<

)'5 $65%/$B)( $% )(( :'!!<7, >! 0)%6(5 /05 B)75 .05'5 Wi 0)7 9%#!9%656 79::!'/8

.5 ")I5 975 !< )% )66$/$!%)( B!9:($%& )'&9"5%/, >05 ")$% 6$A5'5%B57 0!.5?5'

)'$75 $% /05 7/)/5"5%/ )%6 :'!!< !< /05 :)'/ .05'5 /05 5;:5B/56 65&'55 75=95%B5

$7 B0)')B/5'$R56, N% !9' O'!:!7$/$!% +,P8 ) 7/'!%&5' '579(/ $7 :'!?56 /0)% /05 !%57

<!' δ = 0 )::5)'$%& $% S@2T <!' /05 M;56 %9"#5' !< 56&57 B)758 )%6 $% SFUT )%6
S@PT <!' /05 ')%6!" %9"#5' !< 56&57 B)75 .$/0 #!9%656 79::!'/ )%6 5;:!%5%/$)(

"!"5%/7 '57:5B/$?5(*, V!'5 :'5B$75(*8 O'!:!7$/$!% +,P $7 ?)($6 <!' ) .$65' ')%&5

!< k ?)(957 )%6 /05 5''!' /5'" $7 7")((5', >05 "!65( $% S@PT W .0$B0 $7 "9B0 "!'5

&5%5')( /0)% /05 "!65( 6$7B97756 05'5 W )%6 /05 "!65( $% SFUT $%6556 )(7! )((!.

<!' ) ')%6!" $,$,6, %9"#5' !< 56&57 {Wi}i≥1, X!.5?5'8 )7 "5%/$!%568 /05'5 Wi

$7 )779"56 /! 0)?5 #!9%656 79::!'/ )%6 5;:!%5%/$)( "!"5%/ '57:5B/$?5(*8 )%6

05%B58 $% /0!75 "!65(78 /05 B!":5/$/$!% !< /05 5;:!%5%/7 $% 1+,2,-4 6! %!/ )'$75,

Y '5()/56 "!65( '5()/56 .0$B0 )(7! /'$57 /! B!"#$%5 /05 '$B0L&5/L'$B05' )%6

/05 '$B0L#*L#$'/0 5A5B/ $7 /05 7!LB)((56  !"#$$ %&'#(8 <!'"9()/56 #* H)')#Z7$ )%6

H$)%B!%$ S228 2@T8 )%6 ()/5' &5%5')($R56 #* ['&\% )%6 ]!6&5'7 S+FT, >05'5 /05

?5'/$B57 )'5 5=9$::56 .$/0 .5$&0/78 '5<5''56 /! )7  !"#$$#$8 .0$B0 65/5'"$%5 /05$'

)#$($/* /! B!":5/5 <!' 56&57, >05 %9"#5' !< 56&57 5")%)/$%& <'!" 5)B0 ?5'/5;

0!.5?5' $7 M;56, ]5B5%/(*8 /05 65&'55 75=95%B5 $% /0$7 "!65( 0)7 #55% )%)(*R56 $%

S@@T, ]579(/7 7$"$()' /! !9'7 <!' ?)'$!97 !/05' ')%6!" &'):0 :'!B57757 .05'5 ) M;56

%9"#5' !< 56&57 $7 5")%)/57 <'!" 5)B0 ?5'/5; B)% #5 <!9%6 $% SDUT, Q9'/05'"!'58 $%

S23T8 ) ')*#+!#' :'5<5'5%/$)( )//)B0"5%/ "!65( $7 $%?57/$&)/568 )%6 $/ $7 :'!?56 /0)/

/05 65&'557 !#5* ) :!.5' (). 7$"$()' /! /05 !%5 $% S@2T, N% S+T8 /05 5''!' #!9%6 $%

!9' B!%B5%/')/$!% '579(/ 1O'!:!7$/$!% +,34 $7 :'!?56 <!' m = 1 <!' 75?5')( "!65(7,
Q!' '5()/56 '5<5'5%B578 755 SDUT )%6 S3UT, Q$%)((*8 .5 "5%/$!% S-^T8 .05'5 ) &'):0

:'!B577 $7 7/96$56 $% .0$B08 B!%6$/$!%)((* !% G(t)8 56&57 /! 6$A5'5%/ ?5'/$B57 )'5
)6656 )"'#,#"'#"!(- .$/0 :'!#)#$($/* :'!:!'/$!%)( /! /05 65&'55 !< /05 ?5'/5;, N%

/0$7 B)758 )7 $% S@2T8 /05 :!.5'L(). 5;:!%5%/ B)% !%(* /)I5 /05 ?)(95 τ = 38 #9/ $/
B)% #5 5;:5B/56 /0)/ #* $%B!':!')/$%& )% )66$/$?5 δL/5'" )7 $% 1+,2,248 /05 "!65(

B)% #5 &5%5')($R56 /! τ ≥ 3, X!.5?5'8 7$%B5 δ < 0 $7 %!/ )((!.56 $% /0$7 "!65(
1#* /05 $%65:5%65%B5 !< /05 56&57 /! 6$A5'5%/ ?5'/$B578 /05 65&'55 !< )%* ?5'/5;

$7 R5'! .$/0 :!7$/$?5 :'!#)#$($/*48 .5 5;:5B/ /0)/ τ < 3 $7 %!/ :!77$#(5,
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3.2 Proof of Theorem 3.2 and Proposition 3.3

 ! "#$% %&'"$(!) *& +,(-& .#&(,&/ 012 3!4 5,(+(%$"$(! 0101 6& %"3," 78 +,(-$!9

5,(+(%$"$(! 010) %$!'& "#& +,((: (: .#&(,&/ 012 /3;&% <%& (: $"1

3.2.1 Proof of Proposition 3.3

=&'3>> "#& 4&?!$"$(! @01A1BC (: pk1 D%%</& "#3" {rk}k≥1 $% 3 +(*&, >3* 4$%",$E

7<"$(! *$"# &F+(!&!" τW > 2) "#3" $%) 3%%</& "#3" rk = L(k)k−τW , :(, %(/&

%>(*>8 -3,8$!9 :<!'"$(! k 7→ L(k)1 6& *3!" "( %#(* "#3" "#&! pk $% 3 +(*&, >3*

4$%",$7<"$(! 3% *&>>) /(,& +,&'$%&>8) *& *3!" "( %#(* "#3" pk = L̂(k)k−τ ) *#&,&

τ = min{τW, 1+ θ} 3!4 k 7→ L̂(k) $% 393$! 3 %>(*>8 -3,8$!9 :<!'"$(!1 .( "#$% &!4)

?,%" !("& "#3" "#& &F+,&%%$(! :(, pk '3! 7& ,&*,$""&! $! "&,/% (: 93//3E:<!'"$(!%

3%

pk =
θ · Γ(k + δ)

Γ(k + δ + 1 + θ)

k
∑

m=1

Γ(m+ δ + θ)

Γ(m+ δ)
rm. @0121AC

G8 H"$,>$!9I% :(,/<>3) *& #3-& "#3"

Γ(k + δ)

Γ(k + δ + 1 + θ)
= k−(1+θ)

(

1 +O
(

k−1
))

, k →∞, @01212C

3!4

Γ(m+ δ + θ)

Γ(m+ δ)
= mθ

(

1 +O
(

m−1
))

, m→∞. @01210C

J<,"#&,/(,&) 78 "#& 3%%</+"$(!) rm = L(m)m−τW 1  " :(>>(*% "#3"

k
∑

m=1

Γ(m+ δ + θ)

Γ(m+ δ)
rm @0121KC

$% '(!-&,9&!" 3% k → ∞ $: θ − τW < −1) "#3" $%) $: τW > 1 + θ1 J(, %<'# -3><&%

(: τW) "#& 4$%",$7<"$(! pk $% #&!'& 3 +(*&, >3* *$"# &F+(!&!" τP = 1 + θ1 6#&!

θ − τW ≥ −1) "#3" $%) *#&! τW ≤ τP) "#& %&,$&% $! @0121KC 4$-&,9&% 3!4) 78 LKA)

M&//3) +1 2NOP) $" '3! 7& %&&! "#3"

k 7→
k

∑

m=1

Γ(m+ δ + θ)

Γ(m+ δ)
rm

-3,$&% ,&9<>3,>8 *$"# &F+(!&!" θ− τW+11 Q(/7$!$!9 "#$% *$"# @01212C 8$&>4% "#3"

pk @'(/+3,& @0121ACC -3,$&% ,&9<>3,>8 *$"# &F+(!&!" τW) 3% 4&%$,&41 �

3.2.2 Proof of Theorem 3.2

D% /&!"$(!&4 $! H&'"$(! 01A10) "#& +,((: (: .#&(,&/ 012 '(!%$%"% (: "*( +3,"%R $!

"#& ?,%" +3,") *& +,(-& "#3" "#& 4&9,&& %&S<&!'& $% '(!'&!",3"&4 3,(<!4 $"% /&3!)

3!4 $! "#& %&'(!4 +3,") "#& /&3! 4&9,&& %&S<&!'& $% $4&!"$?&41 .#&%& ,&%<>"% 3,&

+,(-&4 $! "*( %&+3,3"& +,(+(%$"$(!% T 5,(+(%$"$(! 01U 3!4 01N T *#$'# 3,& +,(-&4

$! H&'"$(! 01210 3!4 0121K ,&%+&'"$-&>81

.#& ,&%<>" (! "#& '(!'&!",3"$(! (: "#& 4&9,&& %&S<&!'& $% 3% :(>>(*%R
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 !"#"$%&%"' ()*  ! "#$ %&%"%'( )$*+$$, {Wi}i≥1 %& "#$ -./ 0123)$( #'4$ 5&%"$

232$&" 3! 3+)$+ 1 + ε6 !3+ ,32$ ε > 06 "#$& "#$+$ $7%,", ' 83&,"'&" α ∈ ( 12 , 1)
,98# "#'"

lim
t→∞

P

(

max
k≥1

∣

∣

∣
Nk(t)− E[Nk(t)]

∣

∣

∣
≥ tα

)

= 0.

:#$& rm = 1 !3+ ,32$ m ≥ 16 "#$& tα 8'& ;$ +$<('8$) ;= C
√
t log t !3+ ,32$

,9>8%$&"(= ('+*$ C?  )$&"%8'( 83&8$&"+'"%3& $,"%2'"$, #3() !3+ N≥k(t)?

 ! "#$ %&' ()'*%(+,-%(#* #" %&' .'-* )'/$'' !'01'*,'2 %&' "#33#4(*/ 5$#5#!(%(#*

!-6! %&-% %&' '75',%') *1.8'$ #" 9'$%(,'! 4(%& )'/$'' k (! ,3#!' %# (t + 1)pk "#$
3-$/' t: ;#$' 5$',(!'362 (% -!!'$%! %&-% %&' )(<'$'*,' 8'%4''* E[Nk(t)] -*) (t+1)pk
(! 8#1*)')2 1*("#$.36 (* k2 86 - ,#*!%-*% %(.'! tβ 2 "#$ !#.' β ∈ [0, 1):

 !"#"$%&%"' ()+ .,,92$ "#'" "#$ %&%"%'( )$*+$$, {Wi}i≥1 %& "#$ -./ 0123)$(

#'4$ 5&%"$ 232$&" 3! 3+)$+ 1 + ε !3+ ,32$ ε > 06 '&) ($" {pk}k≥1 ;$ )$5&$) ',

%& @A?B?CD? E#$& "#$+$ $7%," 83&,"'&", c > 0 '&) β ∈ [0, 1) ,98# "#'"

max
k≥1

|E[Nk(t)]− (t+ 1)pk| ≤ ctβ . =>:?:@A

:#$& rm = 1 !3+ ,32$ m ≥ 16 "#$& "#$ ';34$ $,"%2'"$ #3(), F%"# β = 0?

B(%& C$#5#!(%(#*! >:D -*) >:E -% &-*) (% (! *#% &-$) %# 5$#9' F&'#$'. >:?G

 !"", ", -./"!/0 ()12 H#.8(*(*/ =>:?:@A 4(%& %&' %$(-*/3' (*'01-3(%62 (% "#33#4!

%&-%

P

(

max
k≥1

∣

∣Nk(t)− (t+ 1)pk
∣

∣ ≥ ctβ + tα
)

≤ P

(

max
k≥1

∣

∣Nk(t)− E[Nk(t)]
∣

∣ ≥ tα
)

.

I6 C$#5#!(%(#* >:D2 %&' $(/&% !()' %'*)! %# J -! t → ∞ -*) &'*,'2 !(*,' pk(t) =
Nk(t)/(t+ 1)2 4' &-9' %&-%

lim
t→∞

P

(

max
k≥1

|pk(t)− pk| ≥
ctβ + tα

t+ 1

)

= 0.

F&' %&'#$'. "#33#4! "$#. %&(! 86 5(,K(*/ 0 < γ < 1−max{α, β}: L#%' %&-%2 !(*,'
0 ≤ β < 1 -*) 1

2 < α < 12 4' &-9' 0 < γ < 1
2 : F&' 5$##" "#$ rm = 1 (! -*-3#/#1!:

�

3.2.3 Proof of Proposition 3.7

F&(! 5$##" (! -* -)-5%(#* #" - .-$%(*/-3' -$/1.'*%2 4&(,& +$!% -55'-$') (* M?NO2

-*) &-! 8''* 1!') "#$ -33 5$##"! #" 5#4'$P3-4 )'/$'' !'01'*,'! !(*,': F&' ()'- (!

%# '75$'!! %&' )(<'$'*,' Nk(t) − E[Nk(t)] (* %'$.! #" - Q##8 .-$%(*/-3':  "%'$
8#1*)(*/ %&' .-$%(*/-3' )(<'$'*,'!2 4&(,& -$' 8#1*)') (* %'$.! #" %&' $-*)#.

*1.8'$ #" ')/'! {Wi}i≥12 %&'  R1.-PS#'<)(*/ (*'01-3(%6 ,-* 8' -553(') %# ,#*P
,31)' %&-% %&' 5$#8-8(3(%6 #" #8!'$9(*/ 3-$/' )'9(-%(#*! (! !1(%-836 !.-332 -% 3'-!%

4&'* %&' (*(%(-3 *1.8'$ #" ')/'! &-! 8#1*)') !155#$%: B&'* %&' (*(%(-3 )'/$''!

{Wi}i≥1 -$' 1*8#1*)')2 -* '7%$- ,#153(*/ !%'5 (! $'01($'): F&' -$/1.'*% "#$
N≥k(t) (! ()'*%(,-32 !# 4' "#,1! #* Nk(t):
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 ! "#$%# &' ()*)+( $+ $%(,-!+# ./!+ Wi ≤ ta 01% $22 i ≤ t $+3 "1-! a ∈ (0, 12 )4
5)%"# +1#! #/$#

Nk(t) ≤
1

k

∞
∑

l=k

lNl(t) ≤
1

k

∞
∑

l=1

lNl(t) =
Lt
k
. 674849:

;/,"< E[Nk(t)] ≤ µt/k4 51% α ∈ ( 12 , 1)< 2!# η > 0 &! ",=/ #/$# η + α > 1 6#/!
=/1)=! 10 α .)22 &! ">!=)?!3 )+ -1%! 3!#$)2 &!21.:4 ;/!+< 01% $+' k > tη< #/! !*!+#
|Nk(t) − E[Nk(t)] | ≥ tα )->2)!" #/$# Nk(t) ≥ tα< $+3 /!+=! #/$# Lt ≥ kNk(t) >
tη+α4 @# 01221." 0%1- A112!B" )+!C,$2)#' #/$#

P

(

max
k≥1

|Nk(t)− E[Nk(t)] | ≥ tα
)

=$+ &! &1,+3!3 0%1- $&1*! &'

tη
∑

k=1

P

(

|Nk(t)− E[Nk(t)] | ≥ tα
)

+ P(Lt > tη+α).

D)+=! η + α > 1 $+3 Lt/t → µ $2-1"# ",%!2'< #/! !*!+# Lt > tη+α /$" "-$22
>%1&$&)2)#'4 ;1 !"#)-$#! #/! >%1&$&)2)#' P (|Nk(t)− E[Nk(t)] | ≥ tα)< )+#%13,=!

Mn = E[Nk(t)|G(n)] , n = 0, . . . , t,

./!%! G(0) )" 3!?+!3 $" #/! !->#' (%$>/4 D)+=! E[Mn] <∞< #/! >%1=!"" )" $ E11&
-$%#)+($2! .)#/ %!">!=# #1 {G(n)}tn=04 5,%#/!%-1%!< .! /$*! #/$# Mt = Nk(t)
$+3 M0 = E[Nk(t)]< "1 #/$#

Nk(t)− E[Nk(t)] =Mt −M0.

F2"1< =1+3)#)1+$22' 1+ #/! )+)#)$2 3!(%!!" {Wi}ti=1< #/! )+=%!-!+#" "$#)"0' |Mn −
Mn−1| ≤ 2Wn4 ;1 "!! #/)"< +1#! #/$# #/! $33)#)1+$2 )+01%-$#)1+ =1+#$)+!3 )+

G(n) =1->$%!3 #1 G(n− 1) =1+")"#" )+ /1. #/! Wn !3(!" !-$+$#)+( 0%1- vn $%!
$##$=/!34 ;/)" =$+ $G!=# #/! 3!(%!!" 10 $# -1"# 2Wn *!%#)=!"4 A' #/! $"",->#)1+

#/$# Wi ≤ ta 01% $22 i = 1, . . . , t< .! 1&#$)+ #/$# |Mn −Mn−1| ≤ 2ta4 H1-&)+)+(
$22 #/)"< )# 01221." 0%1- #/! FI,-$JK1!G3)+( )+!C,$2)#' L "!! !4(4 MNO< D!=#)1+ P848Q

L #/$#< =1+3)#)1+$22' 1+ Wi ≤ ta 01% $22 i = 1, . . . , t<

P

(

|Nk(t)− E[Nk(t)] | ≥ tα
)

≤ 2 exp

{

− t2α

8
∑t
i=1 t

2a

}

= 2 exp
{

−t2α−1−2a/8
}

,

"1 #/$# .! !+3 ,> .)#/ #/! !"#)-$#!< $($)+ =1+3)#)1+$22' 1+ Wi ≤ ta 01% $22
i = 1, . . . , t<

P

(

max
k≥1

|Nk(t)− E[Nk(t)] | ≥ tα
)

≤ 2tη exp
{

−t2α−1−2a/8
}

+ P(Lt > tη+α).

67484O:

D)+=! a < 1/2< #/! $&1*! !R>1+!+#)$2 #!+3" #1 S 01% $+' α < 1 "$#)"0')+( #/$#
α > a + 1/24  /!+ #/! )+)#)$2 3!(%!!" $%!  !"#$%$< #/! $&1*! $%(,-!+# =$+

&! $3$>#!3 #1 ')!23 #/$# #/! >%1&$&)2)#' #/$# maxk≥1 |Nk(t) − E[Nk(t)] | !R=!!3"
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C
√
t log t  ! o(1) "#$ !#%& C > 0 !'() &*+,- ,.$/&0 1& #% + +2& 3&+. ,! #" +2 !

.$/'%&*+0

1& )#*),'3& +2.+ 4$#5#! + #* 607 2.! 8&&* 5$#9&3 "#$ .,, /$.52! G(t) !.+ !"- */

+2.+ Wi ≤ ta "#$ .$8 +$.$- a ∈ (0, 1/2)0 :.+'$.,,-; +2 ! .!!'%5+ #* %.- *#+ 8&

+$'&0 12&* +2&  * + ., 3&/$&&! .$& 8#'*3&3; +2& .!!'%5+ #*  ! +$'&; &9&* < +2 ta

$&5,.)&3 8- m; 8'+ <& .$&  *+&$&!+&3  * /$.52! 2.9 */  * + ., 3&/$&&! < +2 =* +&

(1+ε)>%#%&*+!0 1& *&?+ &?+&*3 +2& 5$##" +# +2 ! !&++ */ 8- . )#'5, */ .$/'%&*+0

@ ? a ∈ (0, 12 ); .$8 +$.$-; .*3 3&=*&; "#$ i = 1, 2, . . . , t .*3 1 ≤ s ≤ t;

W ′
i =Wi ∧ ta, L′s =

s
∑

i=1

W ′
i , A60B0CD

<2&$& x ∧ y = min{x, y}0 E2&*; +2& .8#9& .$/'%&*+ !2#<! +2.+ +2& 4FGHI>

%#3&, < +2  * + ., 3&/$&&! {W ′
i}ti=1 !.+ !=&! +2& ),. %  * 4$#5#! + #* 6070 I&*#+&

+2& /$.52 5$#)&!! < +2  * + ., 3&/$&&! {W ′
i}ti=1 8- {G′(i)}ti=1 .*3  +! 3&/$&&! 8-

d′i(s), i ≤ s ≤ t0 1& *#< 5$&!&*+ . )#'5, */ 8&+<&&* {G(i)}ti=1 .*3 {G′(i)}ti=10
I&=*& +2& .++.)2%&*+ 5$#8.8 , + &!  * {G(i)}ti=1 .*3 {G′(i)}ti=1 8-

pi(s) =
di(s− 1) + δ

2Ls−1 + δs
, p′i(s) =

d′i(s− 1) + δ

2L′s−1 + δs
. A60B0JD

K8!&$9& +2.+ p′i(s)  ! 5$#5&$,- 3&=*&3 ! *)& d′i(s−1)+δ ≥W ′
i+δ =Wi∧ta+δ ≥ 0;

"#$ ta ≥ min{x : x ∈ SW}; <2 )2  ! +$'& "#$ t *#+ +## !%.,,0

1& *'%8&$ +2& &3/&! 8- !.- */ +2.+ +2& &3/& (s, l)  ! +2& lth &3/& #" 9&$+&?

s; <2&$& 1 ≤ l ≤ Ws0 E2& . %  ! +# )#'5,& .,, &3/&!  * !')2 . <.- +2.+ %#!+

&3/&! 2.9& +2& !.%& !+.$+ */ .*3 &*3 9&$+&?  * G .*3 G′0 @#$ +2 !; <& !2.,,

!5, + +2& !&+ #" &3/&!  *+# +<# ),.!!&!; +2&  !""#  $!%%& "'!(%#) #)*# ; .*3 +2&

+, "'!(%#) #)*# 0 E2& !'))&!!"',,- )#'5,&3 &3/&! < ,, 2.9& .*  3&*+ )., !+.$+ */

.*3 &*3 9&$+&?  * 8#+2 G .*3  * G′; <2 ,& +2& % !)#'5,&3 &3/&! < ,, & +2&$ #*,-

&? !+  * G A<2&* l > W ′
s "#$ &3/& (s, l)D #$ < ,, 2.9& +2& !.%& !+.$+ */ 9&$+&?;

8'+ . 3 L&$&*+ &*3 9&$+&?  * G .*3  * G′ A<2&* l ≤W ′
s "#$ &3/& (s, l)D0 1& !2.,,

3&*#+& +2& !&+ #" % !)#'5,&3 &3/&! < +2 *'%8&$ (s, l) < +2 s ≤ t 8- U(t)0 1& *#<

&?5,. * <2&* .* &3/&  ! % !)#'5,&30 @#$ .*- W ′
s < l ≤Ws; +2& &3/& < +2 *'%8&$

(s, l)  ! % !)#'5,&30 H* +2& /$.52 G(s); <& .++.)2 +2& &3/& +# . 9&$+&? i < +2

5$#8.8 , +- pi(s); <2 ,&  * G′(s); +2 ! &3/&  ! .8!&*+0 @#$ 1 ≤ l ≤ W ′
s; +2& &3/&

< +2 *'%8&$ (s, l)  * -'./ /$.52!  ! .++.)2&3 +# i; <2&$& i = 0, 1, . . . , s − 1, < +2

5$#8.8 , +- mi(s) = pi(s)∧p′i(s)0 K8!&$9& +2.+

∑s−1
i=0 pi(s) =

∑s−1
i=0 p

′
i(s) = 1; 8'+

∑s−1
i=0 mi(s) ≤ 10 @#$ &.)2 &3/& < +2 *'%8&$ (s, l) < +2 1 ≤ l ≤ W ′

s; <& +.M& '0#

+$ .,;  *3&5&*3&*+ #" .,, $.*3#%*&!!  *9#,9&3; < +2 5$#8.8 , +- 9&)+#$

(m0(s),m1(s), . . . ,ms−1(s), ν(s)), A60B0NOD

<2&$& ν(s) = 1 −∑s−1
i=0 mi(s)0 H" +2& +$ ., &*3!  * )&,, i; <2 )2 2.55&*! < +2

5$#8.8 , +- mi(s); +2&* <& .++.)2 +2& &3/& (s, l) +# 9&$+&? i  * 8#+2 G(s) .*3 G′(s);
.*3 +2& &3/& (s, l)  ! )#'5,&3 !'))&!!"',,-0 H" +2& +$ ., &*3!  * )&,, s; <2 )2 2.55&*!

< +2 5$#8.8 , +- ν(s); +2&* +2& &3/& (s, l)  ! % !)#'5,&3; !# +2.+ (s, l) ∈ U(s)0
E2&*;  * +2& /$.52! G(s) .*3 G′(s); $&!5&)+ 9&,-; <& .++.)2 +2& &3/& (s, l) +#
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 !"#!$ 0, 1, . . . , s− 1 %&&'"()*+ #' #,' -."#/!"0 )*(!1!*(!*# #")%23 ,)#/ 1"'4%4)2)#5

 !&#'"3

1

ν(s)
(p0(s)−m0(s), . . . , ps−1(s)−ms−1(s)), 67898::;

%*(

1

ν(s)
(p′0(s)−m0(s), . . . , p

′
s−1(s)−ms−1(s)),

"!31!&#) !25 6*'#! #/%# 3)*&! mi(s) = pi(s)∧p′i(s)0 #/!3! ("%,3 %"! )*(!!( ()<!"!*#

%838;8 ="'> #/)3 (!?*)#)'*0 ,! &'*&2.(! #/%# #/! 1"'4%4)2)#5 '- %##%&/)*+ %*5 !(+!

'-  !"#!$ s #'  !"#!$ i )* #/! +"%1/ G /%3 >%"+)*%2 1"'4%4)2)#5

mi(s) + ν(s)
pi(s)−mi(s)

ν(s)
= pi(s), 67898:9;

%3 "!@.)"!(8 A)>)2%"250 #/)3 >%"+)*%2 1"'4%4)2)#5 !@.%23 p′i(s) )* G′0 3' #/%# #/!

+"%1/3 G %*( G′ /% ! #/! &'""!&# >%"+)*%2 ()3#")4.#)'*38 B! *'#! #/%# !%&/

>)3&'.12!( !(+! )* U(s) &"!%#!3 % ()<!"!*&! )* (!+"!!3 '- %# >'3# 9 )* G(s) %*(
G′(s)0 3' #/%#

s
∑

i=1

|di(s)− d′i(s)| ≤ 2|U(s)|. 67898:7;

C*(!!(0 ,/!* l > W ′
s0 #/! !(+! (s, l) )3 %43!*# )* G

′(s) %*( 1"!3!*# )* G(s)0 3' #/%#
#/! 3.> '- %43'2.#! ()<!"!*&! )* (!+"!!3 )3 )*&"!%3!( 45 %# >'3# 90 ,/)2! )- l ≤W ′

s

%*( (s, l) ∈ U(s)0 #/!* '*25 #/! !*(  !"#)&!3 '- #/! !(+! (s, l) %"! ()<!"!*# )* G(s)
%*( G′(s)0 3' #/%# #/! 3.> '- %43'2.#! ()<!"!*&! )* (!+"!!3 )3 %+%)* )*&"!%3!( 45

%# >'3# 98

="'> #/! %4' ! &'*3#".&#)'* ,! +!#

E[|U(s)|] = E[|U(s− 1)|] + 2E[Ws −W ′
s] + E[Rs], 67898:D;

,/!"! Rs )3 #/! #'#%2 *.>4!" '- >)3&'.12!( !(+!3 (.")*+ #/! %##%&/>!*# '- #/!

!(+!3 ,)#/ *.>4!"3 (s, l) %*( l ≤W ′
s8 ="'> 67898::;0 ,! '4 )'.325 '4#%)*

E[Rs] = E[E[Rs|Ws]] = E[W ′
sν(s)] = E[W ′

s]E[ν(s)], 67898:E;

4!&%.3! W ′
s )3 )*(!1!*(!*# '- mi(s), i = 0, 1, . . . , s− 10 %*( /!*&! '- ν(s)8

C* '"(!" #' 4'.*( E[Rs]0 ,! '43!" ! #/%#

ν(s) = 1−
s−1
∑

i=0

mi(s) =

s−1
∑

i=0

[pi(s)− (pi(s) ∧ p′i(s))] =
1

2

s
∑

i=0

|pi(s)− p′i(s)|.

B! 4'.*(

|pi(s)− p′i(s)| =
∣

∣

∣

di(s− 1) + δ

2Ls−1 + δs
− d′i(s− 1) + δ

2L′s−1 + δs

∣

∣

∣

≤ |di(s− 1)− d′i(s− 1)|
2Ls−1 + δs

+
2(Ls−1 − L′s−1)(d′i(s− 1) + δ)

(2Ls−1 + δs)(2L′s−1 + δs)
,

67898:F;
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 !"#$%! L′s−1 ≤ Ls−1& '()* +,&-&./0 1! ) 2#34 25! 6)77)1348 $99!(  )$4: 6)(

ν(s);

ν(s) =
1

2

s−1
∑

i=0

|pi(s)− p′i(s)| ≤
1

2

s−1
∑

i=0

|di(s− 1)− d′i(s− 1)|
2Ls−1 + δs

+
1

2

s−1
∑

i=0

2(Ls−1 − L′s−1)(d′i(s− 1) + δ)

(2Ls−1 + δs)(2L′s−1 + δs)

≤ |U(s− 1)|
2Ls−1 + δs

+
Ls−1 − L′s−1
2Ls−1 + δs

, +,&-&.<0

 = +,&-&.,0& >5! 6)77)1348 7!**#  )$4:% 25! !?9!"2!: @#7$! )6 |U(t)|;

 !""# $%&  !"#" "$%&' ()*&'+*'& K > 0 +*, b ∈ (0, 1) &-(! '!+' .)# +// t ∈ N0

E[|U(t)|] ≤ Ktb. +,&-&.A0

'())*+ B! 9()@! C!**# ,&D  = 34:$"23)4& B! %2#(2 1325 %)*! 9(!9#(#23)4% 6)(

25! 34:$"23)4 %2!9& E @3)$%7=F E[W ′
s] ≤ E[Ws] = µ #4:F 6()* 25! !?3%2!4"! )6 25!

1 + ε *)*!42 )6 WsF 1! ) 2#34;

E[Ws −W ′
s] = E[(Ws − ta)1{Ws>ta}] ≤ t−aεE[W 1+ε

s ] ≤ Ct−aε. +,&-&.D0

G!")4:7=F 6()* 25! %2()48 7#1 )6 7#(8! 4$* !(% Ls/s → µF #&%& H%348 253% 34

")* 34#23)4 1325 +,&-&.<0F 1! I4: 25#2F 2#J348 ζ > 0 %$"5 25#2 2(1 − ζ)µ + δ =
(1 + ζ)µ > 1F 153"5 3% 9)%%3 7! %34"! 2µ+ δ > µF

E[ν(s)] ≤ E[|U(s− 1)|]
(s− 1)(1 + ζ)µ

+
2E[Ls−1 − L′s−1]

s− 1
+ P

(

Ls−1 ≤ (1− ζ)µ(s− 1)
)

=
E[|U(s− 1)|]
(s− 1)(1 + ζ)µ

+ 2E[Ws−1 −W ′
s−1] + P

(

Ls−1 ≤ (1− ζ)µ(s− 1)
)

.

+,&-&-K0

B! #(! 4)1 (!#:= 2) 9()@! +,&-&.A0& E @3)$%7=F 6)( #4= I432! %!2 )6 4#2$(#7

4$* !(% tF 25! 34!L$#732= +,&-&.A0 5)7:%  = *#J348 K %$M"3!427= 7#(8!& >53%

34323#73N!% 25! 34:$"23)4 5=9)25!%3%F #4: 1! *#= #%%$*! 34 25! 34:$"23)4 %2!9

25#2 t 3% 7#(8!& G) #%%$*! +,&-&.A0 6)( s−1 < tF 1325 s 7#(8! #4: 1! 1377 %5)1 25#2

+,&-&.A0 5)7:% 6)( s& '()* +,&-&.O0F +,&-&.P0F +,&-&.D0F +,&-&-K0 #4: 25! 34:$"23)4

5=9)25!%3%F 32 6)77)1% 25#2

E[|U(s)|] ≤ E[|U(s− 1)|] + 2E[Ws −W ′
s] + E[Rs]

≤ K(s− 1)b + 2C(1 + µ)t−aε +
K(s− 1)b

(1 + ζ)(s− 1)

+ µP(Ls−1 ≤ (1− ζ)µ(s− 1))

= Ksb
{

(1− 1/s)b +
2C(1 + µ)

Ksb+aε
+

(1− 1/s)b

(1 + ζ)(s− 1)

}

+ µP(Ls−1 ≤ (1− ζ)µ(s− 1)).
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 !"#$"%$ &"%'( $()*"!*+# !(,-#*./(0 "#$ !-( 1",! !-"! Lt *0 " 0/2 +1 t *3*3$3  ! "
 #$%&'(# %"#$+2 )"%*"4&(0 0-+5 !-"! s 7→ P(Ls−1 ≤ (1 − ζ)µ(s − 1)) ,+#)(%'(0
!+ 6 (78+#(#!*"&&9 1"0! 1+% "#9 ζ > 0: 0+ !-"! 5( +4!"*# !-( %(./*%($ 4+/#$ Ksb

5-(#()(% s *0 0/;,*(#!&9 &"%'( "#$

(1− 1/s)b +
2C(1 + µ)

Ksb+aε
+

(1− 1/s)b

(1 + ζ)(s− 1)
< 1.

<-*0 ,"# 4( (0!"4&*0-($ 5-(# b+ aε ≥ 1: 49 !"=*#' s "#$ K 0/;,*(#!&9 &"%'(3 �

>( #+5 ,+28&(!( !-( 8%++1 +1 ?%+8+0*!*+# @3A3 <-( BC/2"DE+(1$*#' "%'/2(#!

8%+)(0 !-"! N ′k(t): !-( #/24(% +1 )(%!*,(0 5*!- $('%(( k *#G
′(t): 0"!*0F(0 !-( 4+/#$

*# ?%+8+0*!*+# @3A: *3(3: !-"! G%(,"&& G@3H3AII

P

(

max
k≥1

|N ′k(t)− E[N ′k(t)] | ≥ tα
)

≤ 2tη exp
{

−t2α−1−2a/8
}

+ P(L′t > tη+α),

G@3H3HJI

1+% α ∈ ( 12 , 1) "#$ η > 0 0/,- !-"! α + η > 1 "#$ a ∈ (0, 12 )3 K+%(+)(%: 5( -")(

1+% ()(%9 k ≥ 1: !-"!
|Nk(t)−N ′k(t)| ≤ |U(t)|, G@3H3HHI

0*#,( ()(%9 2*0,+/8&*#' ,"# ,-"#'( !-( $('%(( +1 "! 2+0! +#( )(%!(73 L9 G@3H3HHI

"#$ G@3H3JMI: !-(%( *0 " b ∈ (0, 1) 0/,- !-"!

∣

∣

∣
E[Nk(t)]− E[N ′k(t)]

∣

∣

∣
≤ E[|U(t)|] ≤ Ktb. G@3H3H@I

B&0+: 49 !-( K"%=+) *#(./"&*!9: G@3H3HHI "#$ G@3H3JMI: 1+% ()(%9 α ∈ (b, 1): 5( -")(
!-"!

P

(

max
k≥1

|Nk(t)−N ′k(t)| > tα
)

≤ P
(

|U(t)| > tα
)

≤ t−αE[|U(t)|] = o(1). G@3H3HNI

O+5 F7 α ∈ (b ∨ (a+ 1
2 ), 1): 5-(%( x ∨ y = max{x, y}: "#$ $(,+28+0(

max
k≥1

∣

∣Nk(t)− E[Nk(t)]
∣

∣ ≤ max
k≥1

∣

∣N ′k(t)− E[N ′k(t)]
∣

∣+max
k≥1

∣

∣E[Nk(t)]− E[N ′k(t)]
∣

∣

+max
k≥1

∣

∣Nk(t)−N ′k(t)
∣

∣. G@3H3HPI

<-( F%0! !(%2 +# !-( %*'-! -"#$ 0*$( *0 4+/#$($ 49 tα 5*!- -*'- 8%+4"4*&*!9

49 G@3H3HJI: !-( 0(,+#$ !(%2 *0: 1+% t 0/;,*(#!&9 &"%'( "#$ 5*!- 8%+4"4*&*!9 +#(:

4+/#$($ 49 tα 49 G@3H3H@I 5-*&( !-( !-*%$ !(%2 *0 4+/#$($ 49 tα 5*!- -*'- 8%+4D

"4*&*!9 49 G@3H3HNI3 <-*0 ,+28&(!(0 !-( 8%++13 �

3.2.4 Proof of Proposition 3.8

Q+% k ≥ 1: &(!
N̄k(t) = E[Nk(t)|{Wi}ti=1] G@3H3HRI

$(#+!( !-( (78(,!($ #/24(% +1 )(%!*,(0 5*!- $('%(( k "! !*2( t '*)(# !-( *#*!*"&

$('%((0 W1, . . . ,Wt, "#$ $(F#(

εk(t) = N̄k(t)− (t+ 1)pk, k ≥ 1. G@3H3HAI
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 !"#$ %#& Q = {Qk}k≥1 ' "()*(+,( #% &('! +*-.(&"$ /(0+( 12( "*3&(-*- +#&- #%

Q '" ‖Q‖ = supk≥1 |Qk|4 5"6+7 126" +#1'16#+$ "6+,( E[N̄k(t)] = E[Nk(t)]$ 8( 2'9(
1# "2#8 12'1 12(&( '&( ,#+"1'+1" c > 0 '+/ β ∈ [0, 1) "*,2 12'1

‖E[ε(t)] ‖ = sup
k≥1

|E[N̄k(t)]− (t+ 1)pk| ≤ ctβ , %#& t = 0, 1, . . . , :;4<4<=>

82(&( ε(t) = {εk(t)}∞k=14 ?2( 3!'+ 1# /# 126" 6" 1# %#&-*!'1( ' &(,*&"6#+ %#& ε(t)$
'+/ 12(+ 1# *"( 6+/*,16#+ 6+ t 1# ("1'.!6"2 :;4<4<=>4 ?2( &(,*&"6#+ %#& ε(t) 6"
#.1'6+(/ .@ ,#-.6+6+7 ' &(,*&"6#+ %#& N̄(t) = {N̄k(t)}k≥1$ 12'1 86!! .( /(&69(/
.(!#8$ '+/ 12( &(,*&"6#+ %#& pk 6+ :;4A4B>4 ?2( 2'&/ 8#&C 12(+ 6" 1# .#*+/ 12(
(&&#& 1(&-" 6+ 126" &(,*&"6#+D "(( E(--' ;4AF .(!#84

E(1 *" "1'&1 .@ /(&696+7 ' &(,*&"6#+ %#& N̄(t)4 ?# 126" (+/$ %#& ' &('!G9'!*(/
"()*(+,( Q = {Qk}k≥0$ 8612 Q0 = 0$ 6+1&#/*,( 12( #3(&'1#& Tt$ /(0+(/ '"

(TtQ)k =

(

1− k + δ

2Lt−1 + tδ

)

Qk +
k − 1 + δ

2Lt−1 + tδ
Qk−1, k ≥ 1. :;4<4<H>

I2(+ '33!6(/ 1# N̄(t − 1)$ 12( #3(&'1#& Tt /(",&6.(" 12( (J(,1 #% 12( '//616#+
#% ' "6+7!( (/7( (-'+'16+7 %&#- 12( 9(&1(K vt$ 12( 9(&1(K vt 61"(!% .(6+7 (K,!*/(/
%&#- 12( /(7&(( "()*(+,(4 L+/((/$ 12(&( '&( #+ 12( '9(&'7( N̄k−1(t − 1) 9(&16,("
8612 /(7&(( k − 1 '1 16-( t − 1 '+/ ' +(8 (/7( 6" ,#++(,1(/ 1# "*,2 ' 9(&1(K

8612 3&#.'.6!61@ (k − 1 + δ)/(2Lt−1 + tδ)4  %1(& 126" ,#++(,16#+ 6" -'/($ 12(
9(&1(K 86!! 2'9( /(7&(( k4 M6-6!'&!@$ 12(&( '&( #+ 12( '9(&'7( N̄k(t − 1) 9(&16,("
8612 /(7&(( k '1 16-( t − 14 M*,2 ' 9(&1(K 6" 261 .@ ' +(8 (/7( 8612 3&#.'.6!61@
(k + δ)/(2Lt−1 + tδ)$ '+/ 86!! 12(+ 2'9( /(7&(( k + 14 ?2( (K3(,1(/ +*-.(& #%
9(&16,(" 8612 /(7&(( k '%1(& 12( '//616#+ #% #+( (/7( 6" 2(+,( 769(+ .@ 12( #3(&'1#&
6+ :;4<4<H> '33!6(/ 1# N̄(t)4

I&61( Tnt %#& 12( nG%#!/ '33!6,'16#+ #% Tt$ '+/ /(0+( T
′
t = TWt

t 4 ?2(+ T ′t
/(",&6.(" 12( ,2'+7( 6+ 12( (K3(,1(/ /(7&(( "()*(+,( N̄(t) 82(+ '!! 12( Wt (/7("

(-'+'16+7 %&#- 9(&1(K vt 2'9( .((+ ,#++(,1(/$ 67+#&6+7 9(&1(K vt 61"(!%4 N(+,($
N̄(t) "'16"0("

N̄k(t) = (T ′tN̄(t− 1))k + 1{Wt=k}, k ≥ 1. :;4<4;F>

L+1&#/*,( ' "(,#+/ #3(&'1#& S #+ "()*(+,(" #% &('! +*-.(&" Q = {Qk}k≥0$
8612 Q0 = 0$ .@ :,#-3'&( 1# :;4A4B>>

(SQ)k =
k − 1 + δ

θ
Qk−1 −

k + δ

θ
Qk, k ≥ 1, :;4<4;A>

82(&( θ = 2 + δ/µ '+/ µ 6" 12( (K3(,1'16#+ #% W14

?2( &(,*&"6#+ :;4A4B> 6" 769(+ .@ pk = (Sp)k+rk$ 8612 6+616'! ,#+/616#+ p0 = 04
L1 6" "#!9(/ .@ p = {pk}k≥1$ '" /(0+(/ 6+ :;4A4O>4 P."(&9( 12'1

(t+ 1)pk = tpk + (Sp)k + rk = t(T ′tp)k + rk − κk(t), k ≥ 1,:;4<4;<>

82(&(

κk(t) = t(T ′tp)k − (Sp)k − tpk. :;4<4;;>
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 !"#$%$%& '()*)*+,- '()*)(., /%0 '()*)(*,- /%0 12$%& 345 6$%5/7$38 !9 T ′t - $3 9!66!:2
34/3 ε(t) = {εk(t)}k≥1 2/3$2;52 345 75<172$!%

εk(t) = (T ′tε(t− 1))k + 1{Wt=k} − rk + κk(t), '()*)(=,

$%0550-

εk(t) = N̄k(t)− (t+ 1)pk

= (T ′tN̄(t− 1))k + 1{Wt=k} − t(T ′tp)k − rk + κk(t)

= (T ′tε(t− 1))k + 1{Wt=k} − rk + κk(t).

>!: :5 05;%5 kt = ηt, :4575 η ∈ (µ, 2µ + δ)) ?$%<5- #8 '()@)*,- δ > −min{x :
x ∈ SW} ≥ −µ- 345 $%357A/6 (µ, 2µ + δ) 6= ∅) B62!- #8 345 6/: !9 6/7&5 %1"#572-

Lt ≤ kt, /2 t→∞- :$34 4$&4 C7!#/#$6$38) D173457- :5 05;%5 ε̃k(t) = εk(t)1{k≤kt}

/%0 %!35 34/3- 9!7 k ≤ kt- 345 25E15%<5 {ε̃k(t)}k≥1 2/3$2;52

ε̃k(t) = 1{k≤kt}(T
′
tε(t− 1))k + 1{Wt=k} − rk + κ̃k(t), '()*)(F,

:4575 κ̃k(t) = κk(t)1{k≤kt}) G3 9!66!:2 97!" E
[

1{Wt=k}

]

= rk /%0 345 37$/%&65
$%5E1/6$38 34/3

‖E[ε(t)] ‖ ≤ ‖E[ε(t)− ε̃(t)] ‖+ ‖E[ε̃(t)] ‖
≤ ‖E[ε(t)− ε̃(t)] ‖+ ‖E

[

1(−∞,kt](·)T ′tε(t− 1)
]

‖+ ‖E[κ̃(t)] ‖, '()*)(H,

:4575 1(−∞,kt](k) = 1{k≤kt}) G%5E1/6$38 '()*)(H, $2 345 I58 $%&750$5%3 $% 345 C7!!9

!9 J7!C!2$3$!% ()K) L5 :$66 057$A5 345 9!66!:$%& #!1%02 9!7 345 357"2 $% '()*)(H,)

 !""# $%&'  !"#" $#" %&'()$')( Cε̃* C
(1)
ε * C

(2)
ε $'+ Cκ̃* ,'+"-"'+"') &. t* (/%!

)!$) .&# t (/0%,"')12 1$#3" $'+ (&4" β ∈ [0, 1)*

'/, ‖E[ε(t)− ε̃(t)] ‖ ≤ Cε̃

t1−β *

'#, ‖E
[

1(−∞,kt](·)T ′tε(t− 1)
]

‖ ≤
(

1− C(1)
ε

t

)

‖E[ε(t− 1)] ‖+ C(2)
ε

t1−β *

'<, ‖E[κ̃(t)] ‖ ≤ Cκ̃

t1−β 5

6!"' rm = 1 .&# (&4" ,')"3"# m ≥ 1* )!"' )!" $7&8" 7&/'+( !&1+ 9,)! β = 05

M$A5% 34525 #!1%02- J7!C!2$3$!% ()K $2 5/2$68 523/#6$2450)

()**+ *+ ()*,*-./.*0 $%12 N5</66 34/3 :5 :/%3 3! 523/#6$24 '()*)*K,) L5 24/66

C7!A5 34$2 #8 $%01<3$!% !% t) D$O t0 ∈ N) L5 23/73 #8 A57$98$%& 345 $%01<3$!%

48C!3452$2 9!7 t ≤ t0- 3412 $%$3$/6$P$%& 345 $%01<3$!% 48C!3452$2) D!7 /%8 t ≤ t0-
:5 4/A5

‖E[ε(t)] ‖ ≤ sup
k≥1

E
[

N̄k(t)
]

+ (t0 + 1) sup
k≥1

pk ≤ 2(t0 + 1), '()*)(+,

2$%<5 34575 /75 C75<$2568 t0 + 1 A573$<52 /3 3$"5 t0 /%0 pk ≤ 1) Q4$2 $%$3$/6$P52 345
$%01<3$!% 48C!3452$2- :45% c $2 2! 6/7&5 34/3 2(t0 + 1) ≤ ctβ0 ) >5O3- :5 /0A/%<5
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 !" #$%&' #($ !)*( !"+#+, -++&."  !/ 01,2,234 !(5%+ /  #." t − 1 /$% /**5)

6"../ 1,78  ( 01,2,194  ( :"  !/ 

‖E[ε(t)] ‖ ≤ ‖E[ε(t)− ε̃(t)] ‖+ ‖E
[

1(−∞,kt](·)T ′tε(t− 1)
]

‖+ ‖E[κ̃(t)] ‖

≤ Cε̃
t1−β

+

(

1− C(1)
ε

t

)

c(t− 1)β +
C(2)
ε

t1−β
+

Cκ̃
t1−β

≤ ctβ − c · C(1)
ε − (C(2)

ε + Cε̃ + Cκ̃)

t1−β
,

/+ 5($: /+ 1− C(1)
ε

t ≥ 0; <!#'! #+ "=&#>/5"$  ( t ≥ C(1)
ε , ?@ <"  !"$ '!((+" c 5/A:" +(

 !/ c ·C(1)
ε ≥ C(2)

ε +Cε +Cκ̃ /$% c ≥ 2(t0 +1)t−β0 0A"'/55 01,2,1B44 /$% t0 ≥ C(1)
ε ;

 !"$ <" !/>"  !/ ‖E[ε(t)] ‖ ≤ ctβ ; /$% 01,2,234 @(55(<+ C) #$%&' #($ #$ t, �

? A"./#$+  ( *A(>" 6"../ 1,78, D" +!/55 *A(>" 6"../ 1,78 0/4E0'4 ($" C)

($"; + /A #$: <# ! 0/4,

Proof of Lemma 3.10(a): D" !/>" ‖E[ε(t)− ε̃(t)] ‖ ≤ E[‖ε(t)− ε̃(t)‖]; /$%; &+#$:
 !" %"F$# #($ (@ ε̃(t); <" :"  !/ 

‖ε(t)− ε̃(t)‖ = sup
k>kt

∣

∣N̄k(t)− (t+ 1)pk
∣

∣ ≤ sup
k>kt

N̄k(t) + (t+ 1) sup
k>kt

pk.

G!" ./H#./5 *(++#C5" %":A"" (@ / >"A "H /  #." t #+ Lt; #.*5)#$:  !/ 

sup
k>kt

N̄k(t) = 0, <!"$ Lt ≤ kt.

G!" 5/  "A #+  A&" /5.(+ +&A"5) <!"$ rm = 1 @(A +(." #$ ":"A m; <!"$ t #+

+&I'#"$ 5) 5/A:"; +#$'" @(A t 5/A:" Lt = mt ≤ ηt = kt; <!"A" η ∈ (m, 2m + δ);
C)  !" @/'  !/ µ = m /$% δ > −m, J$  !" ( !"A !/$%; C) 01,2,94; <# ! Nk(t)
A"*5/'"% C) N̄k(t) <" F$% N̄k(t) ≤ Lt

kt
@(A k ≥ kt; /$% <" (C /#$  !/ 

E[ sup
k>kt

N̄k(t)] ≤ (kt)
−1E[Lt1{Lt>kt}]. 01,2,134

D# ! kt = ηt @(A +(." η ∈ (µ, 2µ+ δ); <" !/>"  !/ 

E[Lt1{Lt>kt}] ≤ k−εt E[L1+εt 1{Lt>kt}]

≤ k−εt E[|Lt − µt|1+ε] + (µt)1+εk−εt P(Lt > kt),

/$%; C)  !" K/AL(> #$"=&/5# )

P(Lt > kt) ≤ P

(

|Lt − µt|1+ε > (kt − µt)1+ε
)

≤ (kt − µt)−(1+ε)E[|Lt − µt|1+ε].

M(.C#$#$:  !"  <( 5/  "A A"+&5 +; <" (C /#$

E[Lt1{Lt>kt}] ≤ k−εt

(

1 +
( µ

η − µ
)1+ε)

E[|Lt − µt|1+ε]. 01,2,1N4

G( C(&$%  !" 5/+ "H*"' / #($; <" <#55 &+" / '($+"=&"$'" (@  !" K/A'#$L#"<#'OE

P):.&$% #$"=&/5# ); +"" ",: QR3; M(A(55/A) 3,2 #$ S1T; <!#'! A&$+ /+ @(55(<+, 6" 
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q ∈ [1, 2] !"# $%&&'$( )*!) {Xi}i≥1 +$ !" +,+,#, $(-%(".( /+)* E[X1] = 0 !"#

E[|X1|q] <∞, 0*(" )*(1( (2+$)$ ! .'"$)!") cq #(&("#+"3 '"45 '" q $%.* )*!)

E

[∣

∣

∣

t
∑

i=1

Xi

∣

∣

∣

q]

≤ cqtE[|X1
q|] . 67,8,9:;

<&&45+"3 67,8,9:; /+)* q = 1 + ε /( '=)!+"

E[ sup
k>kt

N̄k(t)] ≤ k
−(1+ε)
t

(

1 +
( µ

η − µ
)1+ε)

E[|Lt − µt|1+ε] ≤ c1+εt
−ε. 67,8,9>;

?%1)*(1@'1( $+".( =5 A1'&'$+)+'" 7,7 /( *!B( pk ≤ ck−γ  C'1 $'@( γ > 2 6$((

!4$' 67,>,D;; /( *!B( )*!) supk>kt
pk ≤ ct−γ C'1 $'@( .'"$)!") c, E) C'44'/$ )*!)

(t+ 1) sup
k>kt

pk ≤ Cp
tγ−1

,

!"# $+".( γ > 2 &!1) 6!; +$ ($)!=4+$*(# /+)* Cε̃ = c1+ε+Cp !"# 1−β = (ε∧γ)−1,
�

Proof of Lemma 3.10(b): F'B+"3 '" )' 6=; /( /+44 $)!1) =5 $*'/+"3 )*!) C'1 t
$%G.+(")45 4!13( 

‖E
[

1(−∞,kt](·)Ttε(t− 1)
]

‖ ≤
(

1− C(1)
ε

t

)

‖E
[

1(−∞,kt](·)ε(t− 1))
]

‖+ C(3)
ε

t1−β
,

67,8,98;

/*+.* +$ 6=; /*(" /( .'"#+)+'" '" Wt = 1, H( $*!44 (2)("# )*( &1''C )' )*( .!$(

/*(1( Wt ≥ 1 !) ! 4!)(1 $)!3(, 0' &1'B( 67,8,98; /( $*!44 &1'B( ! 1(4!)(# ='%"# 

/*+.* !4$' &1'B($ %$(C%4 +" )*( (2)("$+'" )' Wt ≥ 1, E"#((# /( $*!44 &1'B( C'1

!"5 1(!4IB!4%(# $(-%(".( Q = {Qk}k≥0 $!)+$C5+"3 6+; Q0 = 0 !"# 6++;

sup
k≥1

|k + δ||Qk| ≤ CQLt−1, 67,8,97;

)*!) )*(1( (2+$)$ ! β ∈ (0, 1) 6+"#(&("#(") 'C Q; !"# ! .'"$)!") c > 0 $%.* )*!)

C'1 t $%G.+(")45 4!13( 

‖E
[

1(−∞,kt](·)TtQ
]

‖ ≤
(

1− C(1)
ε

t

)

‖E
[

1(−∞,kt](·)Q
]

‖+ cCQ

t1−β
. 67,8,99;

J(1( /( $)1($$ )*!) Q .!" =(  !"#$% C'1 (2!@&4( /( $*!44 !&&45 67,8,99; )'

ε(t− 1) +" '1#(1 )' #(1+B( 67,8,98;,

E" '1#(1 )' &1'B( 67,8,99; /( 1(.!44 )*!)

E[(TtQ)k] = E

[(

1− k + δ

2Lt−1 + tδ

)

Qk +
k − 1 + δ

2Lt−1 + tδ
Qk−1

]

, k ≥ 1. 67,8,9K;

E" ='%"#+"3 )*+$ (2&(.)!)+'" /( /+44 (".'%")(1 ! &1'=4(@ +" )*!) Qk /*+.* +$

!44'/(# )' =( 1!"#'@ !"# Lt−1 !1( "') +"#(&("#(") 6C'1 (2!@&4( /*(" Q =
ε(t − 1);, 0' 3() !1'%"# )*+$ /( !## !"# $%=)1!.) )*( (2&1($$+'" '" )*( 1+3*)
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 !"# $%#& '() *%) ) & +!"#,- .(!")%)%&$ +&/0!1&# '2 ) &%+ &3/&1)!)%,"$4 ) !) %$4

5,+ k ≥ 14 *& *+%)&

E[(TtQ)k] =

(

1− k + δ

2µ(t− 1) + tδ

)

E[Qk] +
k − 1 + δ

2µ(t− 1) + tδ
E[Qk−1] 67898:;<

+ (k + δ)E

[

Qk
2Lt−1 − 2µ(t− 1)

(2Lt−1 + tδ)(2µ(t− 1) + tδ)

]

 !"#"$%&

+ (k + δ − 1)E

[

Qk−1
2µ(t− 1)− 2Lt−1

(2Lt−1 + tδ)(2µ(t− 1) + tδ)

]

.  !"#"$'&

()*+ *,-*. /,+0 rm = 1 1)2 3)4+ 50*+6+2 m ≥ 1. *,+0 Lt = µt = mt" 7+08+ *,+

*+243 50  !"#"$%. !"#"$'& -2+ 9)*, +:;-< *) =+2). -0> )0<?  !"#"$@& 8)0*259;*+3" A+

B23* >+-< /5*,  !"#"$@&" C93+2D+ *,-* k ≤ kt = ηt. /5*, η ∈ (µ, 2µ + δ). 54E<5+3

*,-* k ≤ (2µ+ δ)(t− 1) 1)2 t 3;F85+0*<? <-26+. -0> ,+08+

1− k + δ

2µ(t− 1) + tδ
≥ 0.  !"#"$G&

H* 1)<<)/3 *,-*. 1)2 t 3;F85+0*<? <-26+.

sup
k≤kt

∣

∣

∣

∣

(

1− k + δ

2µ(t− 1) + tδ

)

E[Qk] +
k − 1 + δ

2µ(t− 1) + tδ
E[Qk−1]

∣

∣

∣

∣

 !"#"IJ&

≤
(

1− 1

2µ(t− 1) + tδ

)

‖E
[

1(−∞,kt](·)Q
]

‖

≤
(

1− C(1)
ε

t

)

‖E
[

1(−∞,kt](·)Q
]

‖,

1)2 3)4+ 8)03*-0* C(1)
ε " K,53 E2)D+3  !"#"$$& L /5*, CQ = 0 L /,+0 *,+ 0;49+2 )1

+>6+3 53 -"3" 8)03*-0* 3508+  !"#"$%. !"#"$'& -2+ =+2)" H* 2+4-503 *) 9);0> *,+ *+243

 !"#"$%. !"#"$'& 50 *,+ 8-3+ /,+2+ *,+ 0;49+2 )1 +>6+3 53 0)* -"3" 8)03*-0*" A+

/5<< E2)D+ *,-* *,+ 3;E2+4;4 )D+2 k )1 *,+ -93)<;*+ D-<;+3 )1 9)*, *,+3+ *+243

-2+ 9);0>+> 9? 8)03*-0*3 >5D5>+> 9? t1−β 1)2 3)4+ β ∈ [0, 1)" M*-2*506 /5*,

 !"#"$%&. 9? ;3506 *,+ -33;4E*5)0  55& 50  !"#"$!&. -3 /+<< -3 2Lt−1+ δt ≥ Lt−1 1)2

t 3;F85+0*<? <-26+. 5* 1)<<)/3 *,-*

sup
k≥1

∣

∣

∣

∣

(k + δ)E

[

Qk
2Lt−1 − 2µ(t− 1)

(2Lt−1 + tδ)(2µ(t− 1) + tδ)

]∣

∣

∣

∣

≤ cCQ

t
E[|Lt−1 − µ(t− 1)|] .

K) 9);0> *,+ <-**+2 +NE+8*-*5)0. /+ 8)4950+  !"#"$J& 1)2 q = 1 + ε. /5*, 7O<>+23

50+:;-<5*?. *) )9*-50

E[|Lt − µt|] ≤
(

E

[

|Lt − µt|1+ε
])1/(1+ε)

≤
(

c1+εtE
[

|W1 − µ|1+ε
])1/(1+ε)

≤ ct1/(1+ε),  !"#"IP&

3508+ Wi ,-D+ B05*+ 4)4+0* )1 )2>+2 1 + ε 9? -33;4E*5)0. /,+2+. /5*,);* <)33 )1

6+0+2-<5*?. /+ 8-0 -33;4+ *,-* ε ≤ 1" 7+08+. /+ ,-D+ 3,)/0 *,-* *,+ 3;E2+4;4

)D+2 k )1 *,+ -93)<;*+ D-<;+ )1  !"#"$%& 53 9);0>+> 12)4 -9)D+ 9? - 8)03*-0*
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 !"! # $% t1−β & '(#)# β = 1/(1+ ε)* +(,- -(# .,/# !. -)0# 12) -(# -#)/ 34*5*678

9,: $# .##: ,:,;2<20.;%* +(!. 92/=;#-#. -(# =)221 21 34*5*668*

+2 =)2"# 34*5*658& '# :2-# -(,-& $% 92:"#:-!2:& ε0(t− 1) = 0& .2 -(,- '# 2:;%

:## -2 =)2"# -(,- supk≥1 |k + δ||εk(t − 1)| ≤ cLt−1* >2) -(!.& :2-# 1)2/ 34*5*?8&

-(# $20: pk ≤ ck−γ , γ > 2, ,: 1)2/ -(# ;2'#) $20: Lt ≥ t -(,-

sup
k≥1

|k + δ||εk(t− 1)| ≤
∑

k≥1

(k + |δ|)|εk(t− 1)|

≤
∑

k≥1

(k + |δ|)N̄k(t− 1) + t
∑

k≥1

(k + |δ|)pk

≤ Lt−1 + |δ|(t− 1) + t
∑

k≥1

(k + |δ|)pk ≤ cLt−1, 34*5*@58

12) .2/# 92:.-,:- c* +(!. 92/=;#-#. -(# =)221 21 34*5*658*

+2 92/=;#-# -(# =)221 21 A#//, 4*BC3$8& '# D).- .(2' -(,- 34*5*668 !/=;!#.&

12) #"#)% 1 ≤ n ≤ t& ,: ,;; k ≥ 1&

E
[

1{k≤kt}

(

Tnt ε(t− 1)
)

k

]

≤
(

1− C(1)
ε

t

)

‖E
[

1(−∞,kt](·)ε(t− 1)
]

‖+ nC(3)
ε

t1−β
.

34*5*@48

+2 .## 34*5*@48& '# 0.# !: 09-!2: 2: n* E# :2-# -(,- 34*5*@48 12) n = 1 !. =)#9!.#;%
#F0,; -2 34*5*658& ,: -(!. !:!-!,;!G#. -(# !: 09-!2: (%=2-(#.!.* +2 , ",:9# -(#

!: 09-!2: (%=2-(#.!.& '# :2-# -(,-

1{k≤kt}

(

Tnt ε(t− 1)
)

k
= 1{k≤kt}Tt

(

Q(n− 1)
)

k
, 34*5*@68

'(#)# Qk(n− 1) = 1{k≤kt}

(

Tn−1t ε(t− 1)
)

k
* E# '!.( -2 0.# 34*5*668& ,: '# D).-

9(#9H -(# ,..0/=-!2:. 3!I!!8* J%  #D:!-!2:& Q0(n − 1) = 0& '(!9( #.-,$;!.(#. 3!8*

>2) ,..0/=-!2: 3!!8& '# :## -2  2 .2/# /2)# '2)H* K992) !:< -2 34*5*5L8& ,: 

0.!:< -(,- 2Lt−1 + tδ > Lt−1 ≥ t− 1& 12) t .0M9!#:-;% ;,)<#&

∞
∑

k=1

(k + |δ|)(TtQ)k ≤
(

1 +
1

t

) ∞
∑

k=1

(k + |δ|)Qk,

,: (#:9#& $% !: 09-!2:&

∞
∑

k=1

(k + |δ|)(Tn−1t Q)k ≤
(

1 +
1

t

)n−1 ∞
∑

k=1

(k + |δ|)Qk.

N0$.-!-0-!:< Qk = εk(t− 1) ,: 0.!:< |εk(t− 1)| ≤ Nk(t− 1) + tpk& %!#; .

∑

k≤kt

(k + |δ|)(Tn−1t N(t− 1))k + t
∑

k≤kt

(k + |δ|)(Tn−1t p)k

≤
(

1 +
1

t

)n−1 ∞
∑

k=1

(k + |δ|)Nk(t− 1) +

(

1 +
1

t

)n−1

t

∞
∑

k=1

(k + |δ|)pk

≤
(

1 +
1

t

)n−1

· cLt−1, 34*5*@@8
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 !!"#$%&' (" )*+,+-,.+ /0%&' (12 %&234 5%(6 1+x ≤ ex, x ≥ 07 ("'2(12# 8%(1 n ≤ t7
(1%0 %& (4#& 6%25$07

sup
k≥1

|k + δ||Qk(n− 1)| ≤ ecLt−1, )*+,+-9.

81%!1 %:;5%20  004:;(%"& )%%.+

<6 (12 %&$4!(%"& 16;"(120%07 82 1 =2 (1 (7 >"# k ≤ kt7

E[Qk(n− 1)] ≤
(

1− C(1)
ε

t

)

‖E
[

1(−∞,kt](·)ε(t− 1)
]

‖+ (n− 1)C(3)
ε

t1−β
, )*+,+-?.

0" (1 ( 82 "@( %&7 >#": )*+,+AA.7 8%(1 Q = 1(−∞,kt](·)Ttε(t− 1)7

E
[

1{k≤kt}

(

Tnt ε(t− 1)
)

k

]

≤
(

1− C(1)
ε

t

)

‖E
[

1(−∞,kt](·)ε(t− 1)
]

‖

+
(n− 1)C(3)

ε + cCQ

t1−β
, )*+,+-B.

81%!1  $= &!20 (12 %&$4!(%"& 16;"(120%0 812& C(3)
ε > cCQ+

<6 )*+,+-B.7 82 "@( %& (1 (7 >"# Wt ≤ t7

E
[

1{k≤kt}

(

T ′tε(t− 1)
)

k

∣

∣Wt

]

≤
(

1− C(1)
ε

t

)

‖E[ε(t− 1)|Wt] ‖+
WtC

(3)
ε

t1−β

=

(

1− C(1)
ε

t

)

‖E[ε(t− 1)] ‖+ WtC
(3)
ε

t1−β
,

812#2 82 402 (1 ( ε(t − 1) %0 %&$2;2&$2&( "> Wt+ C& (12 ! 02 (1 ( Wt > t7 82
@"4&$7 0%:%5 #56  0 %& )*+,+-,.7

sup
k≤kt

|
(

T ′tε(t− 1)
)

k
| ≤ cLt, )*+,+-D.

0" (1 (

E
[

1{k≤kt}

(

T ′tε(t− 1)
)

k

∣

∣Wt

]

≤
(

1− C(1)
ε

t

)

‖E[ε(t− 1)] ‖+ WtC
(3)
ε

t1−β

+ cE[Lt1{Wt>t}

∣

∣Wt].

E12 @"4&$ %& )@. >"55"80 >#": (1%0 @6 ( F%&' 2G;2!( (%"&0 "& @"(1 0%$207 40%&'

E[Lt1{Wt>t}] = µ(t−1)P(Wt > t)+E[Wt1{Wt>t}] ≤
( µ

tε
+
1

tε

)

E[W 1+ε
t ], )*+,+9H.

 >(2# 81%!1 82 402 (1 ( β = 1/(1 + ε) ≥ 1− ε  &$ !1""02 (12 !"&0( &(0  ;;#";#%I

 (256+ E1%0 !":;52(20 (12 ;#""> "> J2:: *+KH)@.+ �

Proof of Lemma 3.10(c): L"# ; #( )!. "> (12 52:: 7 #2! 55 (1 (

κ̃k(t) = κk(t)1{k≤kt} 8%(1 κk(t) = t((T ′t − I)p)k − (Sp)k, )*+,+9K.
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 !"#" Tt $% &"'("& $( )*+,+,-./ T
′
t = TWt

t / S $% &"'("& $( )*+,+*0./ 1(&  !"#" I
&"(23"% 3!" $&"(3$34 25"#132#+ 6(  !13 72882 %/  "  $88 1%%9:" 3!13 k ≤ kt/ %2
3!13 κ̃k(t) = κk(t)+ ;" %31#3 <4 5#2=$(> 1 3#$=$18 <29(& 2( κk(t)+ ?4 )*+,+*@./  "
!1=" 3!13

κk(t) = εk(t)− (T ′tε(t− 1))k − 1{Wt=k} + rk, )*+,+A,.

 !"#" supk≥1 |εk(t)| ≤ cLt <4 )*+,+B,. 1(& sup1≤k≤kt
|(T ′tε(t − 1))k| ≤ cLt <4

)*+,+B-./ %2 3!13 !"(C"

sup
k≤kt

|κk(t)| ≤ CηLt )*+,+A*.

72# %2:" Cη )#"C188 3!13 kt = ηt  !"#" η ∈ (µ, 2µ+ δ).+ D2# x ∈ [0, 1] 1(& w ∈ N/

 " &"(23"

fk(x;w) =
(

(I + x(Tt − I))wp
)

k
.

E!"( κk(t) = κk(t;Wt)/  !"#"

κk(t;w) = t[fk(1;w)− fk(0;w)]− (Sp)k, )*+,+A@.

1(& x 7→ fk(x;w) $% 1 5284(2:$18 $( x 27 &">#"" w+ ?4 1 E1482# "F51(%$2( 1#29(&
x = 1/

fk(1;w) = pk + w
(

(Tt − I)p
)

k
+
1

2
f ′′k (xk;w), )*+,+AB.

72# %2:" xk ∈ (0, 1)/ 1(&/ %$(C" I + x(Tt − I) 1(& Tt − I C2::93"/

f ′′k (x;w) = w(w − 1)
(

(I + x(Tt − I))w−2(Tt − I)2p
)

k
.

;" ("F3 C81$: 3!13/ 2( 3!" "="(3 {kt ≤ 2Lt−1 + (t− 1)δ}/

sup
k≤kt

∣

∣

∣

(

(I + x(Tt − I))Q
)

k

∣

∣

∣ ≤ sup
k≤kt

|Qk|.

6(&""&/ I + x(Tt − I) = (1 − x)I + xTt 1(& x ∈ [0, 1]/ %2 3!13 3!" C81$: 72882 %

 !"( supk≤kt
|(TtQ)k| ≤ supk≤kt

|Qk|+ E!" 8133"# $% 3!" C1%"/ %$(C"/ 2( 3!" "="(3
3!13 k + δ ≤ 2Lt−1 + tδ/ 1(& 1#>9$(> 1% $( )*+,+BG./  " !1="

sup
k≤kt

|(TtQ)k| ≤ sup
k≤kt

[(

1− k + δ

2Lt−1 + tδ

)

|Qk|+
k − 1 + δ

2Lt−1 + tδ
|Qk−1|

]

≤
(

1− 1

2Lt−1 + tδ

)

sup
k≤kt

|Qk|.

H$(C" k ≤ kt/ 3!" $("I918$34 k+ δ ≤ 2Lt−1+ tδ 72882 %  !"( kt ≤ 2Lt−1+(t−1)δ+
J% 1 #"%983/ 2( 3!" "="(3 {kt ≤ 2Lt−1 + (t− 1)δ}/  " !1=" 3!13

max
x∈[0,1]

sup
k≤kt

|f ′′k (x;w)| ≤ w(w − 1) sup
k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣. )*+,+AA.

K2 #"C188 3!" &"'($3$2( )*+,+*0. 27 3!" 25"#132# S/ 1(& (23" 3!13/ 72# 1(4 %"I9"(C"
Q = {Qk}∞k=1/  " C1(  #$3"

((Tt − I)Q)k =
θ

(2Lt−1 + tδ)
(SQ)k =

1

tµ
(SQ)k + (RtQ)k, )*+,+AL.
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 !"#" $!" #"%&'()"# *+"#&$*# Rt ', )"-(") &,

(RtQ)k =

(

k + δ

2tµ+ tδ
− k + δ

2Lt−1 + tδ

)

Qk +

(

k − 1 + δ

2Lt−1 + tδ
− k − 1 + δ

2tµ+ tδ

)

Qk−1.

./010234

5*%6'('(7 ./0102849 ./0102:49 ./010224 &() ./0102;49 *( $!" "<"($ {kt ≤ 2Lt−1 +
(t− 1)δ} &() =('>*#%?@ >*# k ≤ kt9  " *6$&'( $!&$

κk(t;w) ≤
(

w

µ
− 1

)

(Sp)k + wt sup
k≤kt

|(Rtp)k|+
1

2
w(w − 1)t sup

k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣,

./0102A4

$*7"$!"#  '$! & ,'%'?&# ?* "# 6*=()  '$! %'(=, ,'7(, '( >#*($ *> $!" ?&,$ $ * $"#%,0

B()"")9

κk(t;w) = t[fk(1;w)− fk(0;w)]− (Sp)k

= tw
(

(Tt − I)p
)

k
+
1

2
tf ′′k (xk;w)− (Sp)k

=
wt

µt
(Sp)k + wt(Rp)k − (Sp)k +

1

2
tf ′′k (xk;w),

&() ./0102A4 >*??* , >#*% $!', ')"($'$@ &() ./0102240

C'$! ./0102A4 &$ !&()9  " &#" (* #"&)@ $* D*%+?"$" $!" +#**> *> .D40 C"

,$&#$ 6@ $#"&$'(7 $!" D&,"  !"#" rm = 1 >*# ,*%" '($"7"# m ≥ 10 B( $!', D&,"9  '$!
w = Wt = m = µ9  " !&<" $!&$ (wµ − 1)(Sp)k ≡ 00 E=#$!"#%*#"9 $!" '("F=&?'$@

kt ≤ 2Lt−1 + (t− 1)δ ', $#=" &?%*,$ ,=#"?@  !"( t ', ,=GD'"($?@ ?&#7"0 H"(D"9  "
&#" )*(" '>  " D&( 6*=() $!" ?&,$ $ * $"#%, '( ./0102A4  '$! w =Wt0 I* )* $!',9

(*$" $!&$9 6@ $!" )"-('$'*( ./0101A4 *> Tt &() $!" >&D$ $!&$ 2Lt−1 + tδ ≥ kt = ηt,
 '$! η > µ9

sup
k≥1

∣

∣

∣

(

(Tt − I)Q
)

k

∣

∣

∣ ≤ 2

ηt
sup
k≥1

(k + |δ|)|Qk|. ./010;J4

K++?@'(7 ./010;J4 $ 'D" @'"?), $!&$

∣

∣

∣

(

(Tt − I)2p
)

k

∣

∣

∣ ≤ 4

η2t2
sup
k≥1

(k + |δ|)2pk,

&()9 ,'(D" 6@ L#*+*,'$'*( /0/9 pk ≤ ck−γ >*# ,*%" γ > 29 $!"#" ', & D*(,$&($ C̃p
,=D! $!&$

sup
k≥1

(k + |δ|)2pk ≤ C̃p. ./010;M4

E'(&??@9 ,'(D" Lt = mt9  " !&<" $!&$

∣

∣(Rtp)k
∣

∣ ≤ 2

m(t− 1)t
sup
k≥1

(k + |δ|)pk ≤
2C̃p

m(t− 1)t
.

N=%%&#'O'(79  " &##'<" &$ $!" ,$&$"%"($ $!&$ $!"#" "P',$, cm,δ ,=D! $!&$

sup
k≤kt

|κk(t;m)| ≤
cm,δ
t
,
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 !"#! $%&'() *!( #+,"- ". /#0  "*! β = 0  !(. rm = 11

2( .& -&'( *& %,.3&- "."*",+ 3(4%(()1 5&% ,.6 a ∈ (0, 1)7  ( #,. )$+"*

κk(t) = κk(t)1{Wt≤ta} + κk(t)1{Wt>ta}. /8191:90

;. *!( ('(.* {kt ≤ 2Lt−1 + (t − 1)δ}7 *!( <%)* *(%- &= /8191:90 #,. >( >&?.3(3

>6 *!( %"4!* )"3( &= /8191@A07 "1(17

κk(t)1{Wt≤ta} ≤
(

(Wt/µ− 1)(Sp)k + tWt sup
k≤kt

|(Rtp)k|

+
Wt(Wt − 1)

2
t sup
k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣

)

1{Wt≤ta},

 "*! , )"-"+,% +& (% >&?.3  !(%( *!( +,)* * & *(%-) !,'( , -".?) )"4.1 5%&-

/8191@807  ( &>*,". *!( ?$$(% >&?.3

κk(t)1{Wt>ta} ≤ CηLt1{Wt>ta}.

B&->".".4 *!()( * & ?$$(% >&?.3)  "*! /8191:907 ,.3 ,33".4 *!( *(%- (Wt/µ−
1)(Sp)k1{Wt>ta} *& *!( %"4!* )"3(7 6"(+3) *!,* &. *!( ('(.* *!,* {kt ≤ 2Lt−1 +
(t− 1)δ}7

κk(t) ≤
(

Wt

µ
− 1

)

(Sp)k + tWt1{Wt≤ta} sup
k≤kt

|(Rtp)k| /8191:80

+ tW 2
t 1{Wt≤ta} sup

k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣+ 1{Wt>ta}CηLt,

,.3 )"-"+,%+6  ( 4(* ,) , +& (% >&?.37 ?)".4 |Wt/µ− 1| ≤Wt7

κk(t) ≥
(

Wt

µ
− 1

)

(Sp)k − tWt1{Wt≤ta} sup
k≤kt

|(Rtp)k| /8191:C0

− tW 2
t 1{Wt≤ta} sup

k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣− 1{Wt>ta} (CsWt + CηLt) ,

 !(%(  ( ?)(3 *!,* supk≥1 |(Sp)k| ≤ Cs1 2( ?)( /8191:80 ,.3 /8191:C0 &. {kt ≤
2Lt−1 + (t− 1)δ}7 ,.3 /8191@80 &. *!( ('(.* {kt > 2Lt−1 + (t− 1)δ} *& ,%%"'( ,*

κk(t) ≤
(

Wt

µ
− 1

)

(Sp)k + tWt1{Wt≤ta} sup
k≤kt

|(Rtp)k| /8191:D0

+ tW 2
t 1{Wt≤ta} sup

k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣

+
(

1{Wt>ta} + 1{kt>2Lt−1+(t−1)δ}

)

((Cs + Cη)Wt + CηLt−1) ,

 "*! , )"-"+,% +& (% >&?.3  !(%( *!( +,)* *!%(( *(%-) !,'( , -".?) )"4.1 2( .& 

*,E( (F$(#*,*"&.) &. >&*! )"3() &= /8191:D0 ,.3 *,E( ,3',.*,4( &= *!( (G?,+"*6

E[Wt/µ] = 1 ,.3 *!( $%&$(%*6 *!,* (Sp)k ") 3(*(%-".")*"#7 )& *!,* *!( <%)* *(%-
&. *!( %"4!* )"3( 3%&$) &?*1 H&%(&'(%7 ?)".4 *!,* Wt ,.3 Lt−1 ,%( ".3($(.3(.*7
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 ! "#$$  ! %& % kt > 2Lt−1 + (t− 1)δ '()$'#! %& % Lt−1 ≤ kt* "#  ++',#  %

|E[κk(t)] | ≤ E

[

1{Wt>ta}

(

(Cs + Cη)Wt + Cηµt
)]

-./0/123

+
(

Cηkt + (Cs + Cη)µ
)

P(kt > 2Lt−1 + (t− 1)δ) -./0/113

+ tE
[

sup
k≤kt

|(Rtp)k|
]

E

[

Wt1{Wt>ta}

]

-./0/143

+ tE[W 2
t 1{Wt≤ta}]E

[

sup
k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣

]

. -./0/153

6# 78" 98:7; # <& 8= %&#!# =8:+ %#+(! 87# 9> 87#/ ?8 98:7; -./0/123* "# :!#

%& % Wt & ! @7'%# (1 + ε)A(8(#7%* %8 89% '7 %& %

E
[

1{Wt>ta}Wt

]

= E
[

1{Wt>ta}W
−ε
t W 1+ε

t

]

≤ t−aεE
[

W 1+ε
t

]

= O(t−aε),

 7;*

tE
[

1{Wt>ta}

]

= tP
(

W 1+ε
t > ta(1+ε)

)

≤ t1−a(1+ε)E
[

W 1+ε
t

]

= O(t1−a(1+ε)),

"&'<& 98:7;! -./0/123  !

E

[

1{Wt>ta}

(

(Cs + Cη)Wt + Cηµt
)]

= O(tb), -./0/4B3

"'%& b = max{−aε, 1− a(1 + ε)}/
?8 98:7; -./0/113* "# :!# %& % "&#7 kt > 2Lt−1 + (t − 1)δ* %&#7 Lt−1 <

1
2 (ηt− δ(t− 1)) = 1

2 (η − δ)(t− 1) + 1
2η/ C8"* !'7<# η ∈ (µ, 2µ+ δ)* "# & ,# %& %

1
2 (η−δ) < µ/ D% 7; +; $ +E# ;#,' %'87 %&#8+>  7; %&# = <% %& % %&# '7'%' $ ;#E+##!

Wi  +# 787A7#E %',# E',# %& % %&# )+89 9'$'%> %& % Lt−1 < σ(t − 1)* "'%& σ < µ*
'! #F)87#7%' $$> !( $$ '7 t/ G!  +#!:$%* "# 89% '7 %& %

(

Cηkt + (Cs + Cη)µ
)

P

(

kt > 2Lt−1 + (t− 1)δ
)

= O(t−1). -./0/4H3

?8 98:7; -./0/143* "# :!# %& % 2Lt−1 + tδ ≥ Lt−1 ≥ t− 1 ≥ t/2*  7;  $!8 :!#

-./0/1H3* %8 89% '7 %& %

E

[

sup
k≤kt

|(Rtp)k|
]

≤ c

t2
E|Lt−1 − tµ| sup

k≥1
(k + |δ|)pk ≤

c

t2
E|Lt−1 − tµ|.

?&:!*

tE
[

sup
k≤kt

|(Rtp)k|
]

E

[

Wt1{Wt>ta}

]

≤ c

t
E|Lt−1 − tµ| · t−aε ≤ O

(

t−aε−ε/(1+ε)
)

,

-./0/403

"&#+# %&# @7 $ 98:7; =8$$8"! =+8( -./0/IH3/

J'7 $$>* %8 98:7; -./0/153* 78%# %& %

E[W 2
t 1{Wt≤ta}] = E[W 1−ε

t W 1+ε
t 1{Wt≤ta}] ≤ ta(1−ε)E[W 1+ε

t ] = O
(

ta(1−ε)
)

,

 7;* 9> -./0/053  7; %&# = <% %& % 2Lt−1 + tδ ≥ ηt =8+ !8(# η > 0* "# & ,#

E

[

sup
k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣

]

≤ c

t2
sup
k≥1

(k + |δ|)2pk. -./0/4.3
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 !"# $%&'# () (!% *)+,' (!&(

tE[W 2
t 1{Wt≤ta}]E

[

sup
k≤kt

∣

∣

(

(Tt − I)2p
)

k

∣

∣

]

≤ O
(

ta(1−ε)−1
)

. -./0/123

4)5*",",6 (!% *)+,'# ", -./0/1738 -./0/1938 -./0/103 &,' -./0/123 :)5;$%(%# (!%

;<))= )= ;&<( -:3 )= >%55& ./978 =)< &,? a #+:! (!&( 1/(ε+ 1) < a < 1/ �

3.3 Proof of Theorem 3.5

@, (!"# #%:("),8 A% A<"(% F (x) = P(W1 ≤ x)8 &,' &##+5% (!&( 1−F (x) = x1−τL(x)
=)< #)5% #$)A$? B&<?",6 =+,:("), x 7→ L(x)/  !<)+6!)+( (!"# #%:("),8 A% A<"(%
τ = τW/

C<)5 -./9/93 "( "# "55%'"&(% (!&(

di(t) = di(t− 1) +Xi,t, =)< i = 0, 1, 2, . . . , t− 1, -././93

A!%<%8 :),'"("),&$$? ), di(t−1) &,' {Wj}tj=18 (!% '"#(<"*+("), )= Xi,t "# *",)5"&$

A"(! ;&<&5%(%<# Wt &,' #+::%## ;<)*&*"$"(?

qi(t) =
di(t− 1) + δ

2Lt−1 + tδ
. -././03

D%,:%8 =)< t > i8

E
[

(di(t) + δ)
s |{Wj}tj=1

]

= E[E
[

(di(t− 1) + δ +Xi,t)
s |di(t− 1), {Wj}tj=1

]

|{Wj}tj=1]
≤ E

[(

di(t− 1) + δ + E
[

Xi,t|di(t− 1), {Wj}tj=1
])s]

, -././.3

A!%<% A% !&B% +#%' (!% E%,#%, ",%F+&$"(? E[(a + X)s] ≤ (a + E[X])s8 A!":!
=)$$)A# =<)5 :),:&B"(? )= t 7→ (a + t)s =)< 0 < s < 1/ G%H(8 A% #+*#("(+(%

E
[

Xi,t|di(t− 1), {Wj}tj=1
]

=Wtqi(t) &,' +#% (!% ",%F+&$"(? 2Lt−1+tδ ≥ Lt−1+δ8
() )*(&", (!&(

E
[

(di(t) + δ)
s |{Wj}tj=1

]

≤ E
[

(di(t− 1) + δ)s|{Wj}tj=1
]

(

1 +
Wt

2Lt−1 + tδ

)s

≤ E
[

(di(t− 1) + δ)s|{Wj}tj=1
]

(

Lt + δ

Lt−1 + δ

)s

.

 !+#8 *? ",'+:("),8 &,' *%:&+#% di(i) =Wi8 A% 6%( (!&(8 =)< &$$ t > i ≥ 18

E
[

(di(t) + δ)
s |{Wj}tj=1

]

≤ (Wi + δ)s
t

∏

n=i+1

(

Ln + δ

Ln−1 + δ

)s

= (Wi + δ)s
(

Lt + δ

Li + δ

)s

. -././23

 !% :&#% i = 0 :&, *% (<%&(%' *? (d0(t) + δ)
s
= (d1(t) + δ)

s
8 A!":! "# "55%'"&(%

=<)5 (!% '%I,"("), )= G(1)/  !+#8

E[(di(t) + δ)
s
] ≤ E

[

(Wi + δ)s
(

Lt + δ

Li + δ

)s]

. -././J3
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 !"#! f(Wi) = (Wi + δ)s $#%

g(Wi) =

(

Lt + δ

Li + δ

)s

=

(

1 +
Wi+1 +Wi+2 + · · ·+Wt

W1 +W2 + . . .+Wi + δ

)s

,

$#% #&'()! '*$' +*!# +! )&#%('(&# &# $,, Wj , 1 ≤ j ≤ t- !.)!/' Wi- '*!# '*! 0$/

Wi 7→ f(Wi) (1 (#)2!$1(#3 (# ('1 $2340!#'- +*!2!$1 Wi 7→ g(Wi) (1 %!)2!$1(#35
6*(1 (0/,(!1 '*$'-

E[f(Wi)g(Wi)] ≤ E[f(Wi)]E[g(Wi)]. 785859:

;!#)!-

E[(di(t) + δ)s] ≤ E[(Wi + δ)s]E

[(

Lt + δ

Li + δ

)s]

≤ E[(Wi + δ)s]E [(Lt + δ)s]E
[

(Li + δ)−s
]

, 78585<:

+*!2! (# '*! "#$, 1'!/ +! *$=! $//,(!% '*! (#!>4$,('? 785859: &#)! 0&2!5

@&2 i, t→∞-

E
[

(Li + δ)−s
]

= (1 + o(1))E
[

L−si
]

, E [(Lt + δ)s] = (1 + o(1))E [Lst ] . 78585A:

6*! 0&0!#' &B &2%!2 s &B Wi + δ )$# C! C&4#%!% C?

E[(Wi + δ)s] ≤ E

[

W s
i

(

1 +
|δ|
Wi

)s]

≤ (1 + |δ|)sE[W s
i ] = (1 + |δ|)sE[W s

1 ] ,

78585D:

1(#)! Wi ≥ 15 E&0C(#(#3 78585<:- 78585A: $#% 78585D: 3(=!1 B&2 i 14F)(!#',? ,$23!
$#% t > i-

E[(di(t) + δ)s] ≤ (1 + |δ|)sE[W s
1 ]E

[

L−si
]

E [Lst ] (1 + o(1)). 78585GH:

I! +(,, C&4#% !$)* &B '*! '!201 E[W s
1 ]- E [Lst ] $#% E

[

L−si
]

1!/$2$'!,?5

J=(%!#',?- E[W s
1 ] )$# C! C&4#%!% C? 1&0! )&#1'$#'- 1(#)! $,, 0&0!#'1 10$,,!2

'*$# τ − 1 $2! "#('!5 I! +(,, 1*&+ '*$'- B&2 1&0! )&#1'$#' Cs-

E[Lst ] ≤ Cst
s/(τ−1)l(t)s 78585GG:

$#%- '*$'- B&2 i 14F)(!#',? ,$23!-

E
[

L−si
]

≤ Csi
−s/(τ−1)l(i)−s. 78585GK:

I! +(,, "21' 1*&+ ),$(0 78585GK: $#% '*!# 78585GG:5 @&2 ),$(0 78585GK:- +!

%!"#! '*! #&20(#3 1!>4!#)! {an}n≥1 C?

an = sup
{

x : 1− F (x) ≥ n−1
}

, 78585G8:

1& '*$' (' (1 (00!%($'! '*$' an = n1/(τ−1)l(n)- +*!2! n 7→ l(n) (1 1,&+,? =$2?(#35
I! 41! '*$' Li ≥W(i) = max1≤j≤iWj - 1& '*$'

E
[

L−si
]

≤ E
[

W−s
(i)

]

= −E [(−Y(i))
s] , 78585GL:
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 !"#" Yj = −W−1
j $%& Y(i) = max1≤j≤i Yj ' ()"$#)*+ Yj ∈ [−1, 0]+ ,- .!$.

E[(−Y1)s] < ∞' /),-+ aiY(i) = −ai/W(i) 0-%1"#2", 3% &3,.#345.3-% .- .!" #$%6

&-7 1$#3$4)" −E−1/(τW−1)+  !"#" E 3, "89-%"%.3$)  3.! 7"$% :+ ,- 3. ;-))- ,

;#-7 <=>+ ?!"-#"7 @':A .!$. $, i→∞,

E [(ai/Li)
s] ≤ −E [(−aiY(i))

s]→ E[E−1/(τ−1)] <∞, B>'>':CD

 !30! 9#-1", .!" 0)$37 B>'>':@D'

E" %- .5#% .- 0)$37 B>'>'::D' ?!" &3,05,,3-% -% 9$2" CFC $%& (-#-))$#* :

-; <CGA *3")&,+ ;-# s < τ − 1+ E[Lst ] = E[|Lt|s] ≤ 2s/2λs(t)+ ;-# ,-7" ;5%0.3-% λs(t)
&"9"%&3%2 -% s+ t $%& F ' H,3%2 .!" &3,05,,3-% -% 9$2" CFI -; <CGA+  " !$1" .!$.
λs(t) ≤ Cst

s/(τ−1)M∗(t1/(τ−1))s+  !"#" M∗( · ) 3, $ ,)- )* 1$#*3%2 ;5%0.3-%' E3.!
,-7" 7-#" "J-#.+ 3. 0$% 4" ,!- % .!$.  " 0$% #"9)$0" M∗(t1/(τ−1)) 4* l(t)+  !30!
231", B>'>'::D'

(-743%3%2 B>'>':GD+ B>'>'::D $%& B>'>':@D+  " -4.$3%

E[(di(t) + δ)
s
] ≤ C

( t

i ∨ 1
)s/(τ−1)( l(t)

l(i)

)s

. B>'>':FD

K3%$))*+  " %-." .!$.+ ,3%0" di(t) ≥ min{x : x ∈ SW} ≡ δ + ν  !"#" ν > 0+ $%&
5,3%2 B>':'@D+  " 0$% 4-5%& E[di(t)

s] ≤ (1 ∨ ν−1)sE[(di(t) + δ)
s
]+  !30! .-2".!"#

 3.! B>'>':FD ",.$4)3,!", .!" 9#--; -; ?!"-#"7 >'C' �
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9$#. 4* .!" R".!"#)$%&, S#2$%3,$.3-% ;-# T03"%.3U0 Q","$#0! BRESD' E" .!$%L

N' N"%3,-1 ;-# 9-3%.3%2 5, .- #";"#"%0" <CGA'
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Chapter 4

Universality for the distance in
finite variance random graphs
 !"#$ %!&' %"$( )* +,# -.& /!01$,- ,#- 2* /!!3(".41$&,

 !"#$%& '()*

 !"#$%&#

5(. ,1647$!$"8 9.(,+"!& !0 $(. 3&,7( -"1$,#8. 9.$%..# $%! :#"0!&4;6 8(!<

1.# #!-.1 "# $(. 8!#=3:&,$"!# 4!-.; "1 3.#.&,;">.- $! , %"-. 8;,11 !0 &,#-!4

3&,7(1? %(.&. $(. -.3&..1 (,+. =#"$. +,&",#8.* @4!#3 !$(.&1? $("1 8;,11

8!#$,"#1 $(. A!"11!#",# &,#-!4 3&,7( ,#- $(. 3.#.&,;">.- &,#-!4 3&,7(

B"#8;:-"#3 $(. 8;,11"8,; C&-D1<)E#6" 3&,7(F*

G. 7&!+. $(,$ $(. 3&,7( -"1$,#8. 3&!%1 ;"'. log
ν

N ? %(.# $(. 9,1. !0

$(. ;!3,&"$(4 .H:,;1 ν = E
[

Λ2
]

/E[Λ]? %(.&. Λ "1 , 7!1"$"+. &,#-!4 +,&",9;.

%"$( P(Λ > x) ≤ cx1−τ
? 0!& 1!4. 8!#1$,#$ c ,#- τ > 3* I# ,--"$"!#? $(.

&,#-!4 J:8$:,$"!#1 ,&!:#- $("1 ,1647$!$"8 4.,# log
ν

N ,&. 8(,&,8$.&">.-

,#- 1(!%# $! 9. :#"0!&4;6 9!:#-.-*

5(. 7&!!0 !0 $("1 &.1:;$ :1.1 $(,$ $(. 3&,7( -"1$,#8. !0 ,;; 4.49.&1 !0

$(. 8;,11 8,# 9. 8!:7;.- 1:88.110:;;6 $! $(. 3&,7( -"1$,#8. "# $(. A!"11!#",#

&,#-!4 3&,7(*

4.1 Introduction

+ !#,-. / /&!. 0.&& &1213 '4)3 563 673 893 )4*: ."-;< /!,/&!"#&. ,= ! >;,? 2! /@.

A#"@  2#B&> ;&2!&& .&C-&>$&1 D?,>2 .-$@ /!,/&!"#&.  . $,>>&$"#B#"<3 $%-."&!

.#E&  >; ;# ?&"&!3 "@& 2! /@ ;#." >$& F&"A&&> "A, ->#=,!?%< $@,.&> >,;&. #.  >

#?/,!" >" ,>&1 G,! "A, $,>>&$"&; >,;&. "@& 2! /@ ;#." >$& #. ;&H>&;  . "@&

?#>#?-? >-?F&! ,= &;2&. ,=  / "@ "@ " $,>>&$". "@&.& >,;&.1 I= "@& >,;&.  !&

>," $,>>&$"&;3 "@&> "@& 2! /@ ;#." >$& #. /-" &C- % ", #>H>#"<1

G,! "@& $,>H2-! "#,> ?,;&% 0.&& J&$"#,> 417 =,!  ;&H>#"#,>:  ;#." >$& !&.-%"

 //& !&; #> '67*3 A@&> "@& ;#."!#F-"#,> ,= "@& #1#1;1 ;&2!&&. D(C)
. "#.H&.

P(D(C) > x) ≤ cx1−τ , 071414:
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 !" #!$% &!'#()'( c* )++ x ≥ 0* )', -.(/ τ > 30 1% 2#% (/% #23%"#&".3( (C)
(! ,.4%"%'(.)(% 5%(-%%' $!,%+#0 6/% "%#2+( .' 789: #()(%# (/)( -.(/ 3"!5)5.+.(;

&!'<%"=.'= (! 1 > !"?* (/% (;3.&)+ ,.#()'&% 5%(-%%' '!,%# .' (/% =.)'( &!$3!'%'(

/)#*  !"

ν̃ =
E[D(C)(D(C) − 1)]

E[D(C)]
> 1, >90@0A?

5!2',%, B2&(2)(.!'# )"!2', logν̃ N 0 6/% &!',.(.!' ν̃ > 1 &!""%#3!',# (! (/%

#23%"&".(.&)+ &)#% ! )' )##!&.)(%, 5")'&/.'= 3"!&%##0

C' (/.# &/)3(%" -% %D(%', (/% )5!<% ,.#()'&% "%#2+( (! ) -.,% &+)## ! ")',!$

=")3/ $!,%+#0 E!,%+# -/.&/  )++ .' (/.# &+)## )"% (/% =%'%")+.F%, ")',!$ =")3/

>GHG?* (/% %D3%&(%, ,%="%% ")',!$ =")3/ >IJHG? )', (/% K!.##!'.)' ")',!$

=")3/ >KHG?0 L++ (/"%% $!,%+# -.++ 5% .'("!,2&%, .' $!"% ,%().+ 5%+!-0

6/% $%(/!, ! 3"!! .# &!23+.'=0 C( .# #/!-' (/)( (/% ,.#()'&% "%#2+( /!+,#  !"

)++ $!,%+# .' (/% =%'%")+ &+)## . )', !'+; . (/% "%#2+( /!+,#  !" (/% KHG >M%&(.!'

A?0 C' M%&(.!' 9 -% 3"!<% (/% ,.#()'&% "%#2+(  !" (/% K!.##!'.)' ")',!$ =")3/0

6/.# 3"!! .# 3)")++%+ (! (/)( .' 789:  !" (/% &!'N=2")(.!' $!,%+0 C' (/.# &/)3(%"

-% .'&+2,%,  2++ 3"!! # ! (/% )2D.+.)"; +%$$)# &!'().'%, .' M%&(.!' 90O* #.'&%

,%().+# ! (/%#% 3"!! # )"% ,.4%"%'(  "!$ (/!#% .' 789:0

4.1.1 Model definition

6/% =")3/ $!,%+# &!'#.,%"%, /%"% )"%  !"!#$  !"#$%&  #'()(* +,'+ +,# (- .#/

!0 (!"#% )% 12#"3 4,# */'5, GN ,'% N (!"#%& (- .#/#" 1, 2, . . . , N 3 6%%!7)'+#"
8)+, +,# (!"#% )% ' %#9-#(7# {Λi}Ni=1 !0 5!%)+):# )3)3"3 /'("! :'/)'.$#%& 8)+,

")%+/).-+)!( FΛ(x) = P(Λ ≤ x)3 ;# 7'$$ Λi +,#  !"! #$% !0 (!"# i3 <( '$$ */'5,%
.#$!8 (!"#% 8)+, ' $'/*# 7'5'7)+= 8)$$ !.+')( ' ,)*, "#*/##& 8,#/#'% (!"#% 8)+,

% '$$ 7'5'7)+= ,':# !($= ' $) )+#" (- .#/ !0 #"*#%3 >-/+,#/ !/#& 8# "#1(#

LN = Λ1 + Λ2 + · · ·+ ΛN , ?@3A3BC

)3#3& LN )% +,# +!+'$ 7'5'7)+= !0 '$$ (!"#% !0 +,# */'5, GN 3

4,# .)('/= /'("! :'/)'.$#% {Xij}1≤i≤j≤N & '/# "#1(#" .= %#++)(* Xij = 1& )0
+,#/# )% ' 7!((#7+)!(& )3#3& !(# !/  !/# #"*#%& .#+8##( (!"# i '(" (!"# j )( +,#
*/'5, GN & !+,#/8)%# 8# %#+ Xij = 03 <0 i > j& +,#( .= 7!(:#(+)!( Xji = Xij 3 ;#

7'$$ Xij +,#  &''( $#&' )!*#!+,( '(" pij = PN(Xij = 1) +,#  &''( $#&' "*&+!+#,#$%&

8,#/# PN( · ) )% +,# 7!(")+)!('$ ")%+/).-+)!( *):#( +,# 7'5'7)+)#% {Λi}Ni=13 4,#
*/'5, GN !.#=% +,# 0!$$!8)(* +8! '%%- 5+)!(%D

 !D E!(")+)!('$$= !( +,# 7'5'7)+)#%& +,# 7!((#7+)!( :'/)'.$#% {Xij}1≤i<j≤N & '/#
)("#5#("#(+3

 "D 4,# 7!((#7+)!( 5/!.'.)$)+= pij & 0!/ 1 ≤ i < j ≤ N & 7'( .# 8/)++#( '%
pij = h(ΛiΛj/LN)& 0!/ %! # 0-(7+)!( h : [0, 1]→ [0, 1]& %'+)%0=)(*

h(x)− x = O
(

x2
)

, 0!/ x ↓ 0. ?@3A3@C

4,# 7-//#(+ 7,'5+#/ 5/#%#(+% ' "#/):'+)!( 0!/ +,# F-7+-'+)!(% !0 +,# */'5,

")%+'(7# )( +,# */'5, GN 8)+, 1()+# :'/)'(7# "#*/##%& +,'+ )%& 8# '%%- # +,'+
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 !" #!$% &'%( τ > 3 )*( #!$% +!#,-,.% /!*#-)*- c0 -1% /)+)/,-2 (,#-",34-,!*

FΛ(x) = P(Λ ≤ x) #)-,#&%#5

1− FΛ(x) ≤ cx1−τ 0  !" )66 x ≥ 0. 789:9;<

=1% ! -%* 4#%( /!*(,-,!* -1)- 1 − FΛ(x) = x1−γL(x)0  !" #!$% γ > 30 >,-1 L(x)
) #6!>62 .)"2,*?  4*/-,!* ,# /!.%"%( 32 (4.1.5)0 3%/)4#% 32 @!--%"A# =1%!"%$ B8:0

C%$$) D0 +9 DEEF0 )*2 #6!>62 .)"2,*?  4*/-,!* L(x) /)* 3% 3!4*(%(  "!$ )3!.%

)*( 3%6!> 32 )* )"3,-")"2 #$)66 +!>%" ! x0 #! -1)- (4.1.5) 1!6(#  !" )*2 τ 0 >,-1

3 < τ < γ9

4.1.2 Three special cases

G% ?,.% -1"%% %')$+6%# ! ")*(!$ ?")+1 $!(%6#0 >1,/1 #)-,# 2 )##4$+-,!*#  !

)*(  "0 )*( 1%*/%  )66 ,* -1% /6)## ! $!(%6# /!*#,(%"%( 1%"%9

=1% &"#- %')$+6% ,# -1% @!,##!*,)* ")*(!$ ?")+1 7@HI<0 >1,/1 >)# ,*-"!J

(4/%( 32 K!""!# )*( H%,--4 ,* BE:F9 =1% #%/!*( )*( -1,"( %')$+6% )"% .)",)*-# ! 

")*(!$ ?")+1 $!(%6#  !4*( ,* -1% 6,-%")-4"%9 =1% #%/!*( ")*(!$ ?")+1 $!(%60

>1,/1 >% /)66 -1% %'+%/-%( (%?"%% ")*(!$ ?")+1 7LMHI<0 ,# ) .)",)*- ! ) ")*(!$

?")+1 $!(%6 ,*-"!(4/%( 32 N14*? )*( C4 ,* BD;0 DOF9 P*#-%)( ! &'%( >%,?1-# >%

/!*#,(%" -1% $!(%6 >,-1 ,9,9(9 >%,?1-# {Λi}Ni=19 =1% -1,"( )*( 6)#- %')$+6% ,# -1%

?%*%")6,Q%( ")*(!$ ?")+1 7IHI<0 >1,/1 >)# ,*-"!(4/%( 32 R",--!*0 M%,S %* )*(

T)"-,*JCU BDVF9

G% *!> (%&*% -1% -1"%% $!(%6# )*( .%", 2 -1)- -1%2 #)-,# 2 -1% /!*(,-,!*#  !

)*(  " 9

• #$% &'())'*(+* ,+*-'. /0+,$1 P* BE:F -1% @!,##!*,)* ")*(!$ ?")+1

,# ,*-"!(4/%(9 =1% $),*  %)-4"% ! #4/1 ) ?")+1 G(P)

N ,# -1)-0 /!*(,-,!*)662

!* -1% /)+)/,-,%#0 -1% *4$3%" ! %(?%# 3%->%%* )*2 +)," ! *!(%# i )*( j
,# ) @!,##!* ")*(!$ .)",)36%9 =1% $!(%6 ,* BE:F ,# ,*-"!(4/%( )# ) ?"!>-1

$!(%60 34- )# ) /!*#%W4%*/% ! BE:0 @"!+!#,-,!* D9:F0 ,- /)* 3%  !"$46)-%( )#

) #-)-,/ $!(%60 )*( >% >,66 (! #!9 X-)"- >,-1 -1% ?")+1 G(P)

N /!*#,#-,*? ! N
*!(%# )*( /)+)/,-,%# {Λi}Ni=19 =1% *4$3%" ! %(?%# 3%->%%* ->! (,Y%"%*-

*!(%# i )*( j ,# ?,.%* 32 )* ,*(%+%*(%*- @!,##!* ")*(!$ .)",)36% E(P)

ij >,-1

 !"#$% +)")$%-%"

ΛiΛj/LN . 789:9O<

=1% /!**%/-,!* .)",)36%# )"% -1%* X(P)

ij = 1
{E

(P)
ij >0}

0 #! -1)-0  !" 1 ≤ i ≤
j ≤ N 0 -1% /!**%/-,!* +"!3)3,6,-,%# )"% ?,.%* 32

p(P)

ij = PN

(

X(P)

ij = 1
)

= PN

(

E(P)

ij > 0
)

= 1− exp

(

−ΛiΛj
LN

)

= h(P)(ΛiΛj/LN),

>1%"% h(P)(x) = 1−e−x9 Z3.,!4#620 h(P)(x)−x = O
(

x2
)

 !" x ↓ 09 X,*/%0 32

(%&*,-,!*0 -1% ")*(!$ .)",)36%# {X(P)

ij }1≤i<j≤N )"% ,*(%+%*(%*- ?,.%* -1%

/)+)/,-,%#0 >% /!*/64(% -1)- -1% )##4$+-,!*#  ! )*(  " )"% #)-,#&%(9

• #$% %2,%34%- -%/0%% 0+*-'. /0+,$1 P* BD;0 DOF ) ")*(!$ ?")+1 $!(%6

,# ,*-"!(4/%( #-)"-,*?  "!$ ) #%W4%*/% ! (%-%"$,*,#-,/ >%,?1-# {wi}Ni=19 G%
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 !"# $ "$%!$&' () '*!+ %$&,(-  %$.* -(,#/0 1*#%# 1# %#./$2# '*# ,#'#%-!&3

!+'!2 1#! *'+ 45 '*# +#67#&2# {Λi}Ni=18 9# 2(&+'%72' '*# :;<= G(E)

N $+

)(//(1+8 >#' {X(E)

ij }1≤i≤j≤N 4# $ +#67#&2# () !&,#.#&,#&' ?#%&(7//! %$&,(-

"$%!$4/#+ 1!'* +722#++ .%(4$4!/!'5

p(E)

ij = PN

(

X(E)

ij = 1
)

= (ΛiΛj/LN) ∧ 1, )(% 1 ≤ i ≤ j ≤ N,

1*#%# x ∧ y ,#&('#+ '*# -!&!-7- () x $&, y8 @*!+ -!&!-7- !+ '( #&+7%#

'*$' '*# %#+7/' !+ $ .%(4$4!/!'58

A++7-.'!(&  ! !+ +$'!+B#,0 $+ 45 ,#B&!'!(& '*# 2(&&#2'!(& "$%!$4/#+ 2(&,!3

'!(&$//5 (& '*# 2$.$2!'!#+ $%# !&,#.#&,#&' ?#%&(7//! "$%!$4/#+0 $&, $++7-.3

'!(&  " !+ $/+( +$'!+B#, !) 1# .!2C h(E)(x) = x ∧ 18
D) 1# $++7-# '*$' #$% ΛiΛj/LN < 1 )(% $// 1 ≤ i ≤ j ≤ N 0 1*!2* !+ '*#

2$+# )(% τ > 30 '*#& '*# #E.#2'#, ,# %## () $ &(,# i !+  !"#& 45 Λi0 $+

EN





N
∑

j=1

X(E)

ij



 =

N
∑

j=1

ΛiΛj/LN = Λi,

1*#%# 1# 7+#, '*# &('$'!(& EN[ · ] $+ '*# 2(&,!'!(&$/ #E.#2'$'!(& 7&,#% '*#

.%(4$4!/!'5 -#$+7%# PN( · )8
@*# :%,F+3<G&5! %$&,(-  %$.*0 7+7$//5 ,#&('#, 45 G(N, p)0 !+ $ +.#2!$/

2$+# () '*# :;<=8 D& '*#  %$.* G(N, p)0 $& #, # 4#'1##& $ .$!% () &(,#+ !+

.%#+#&' 1!'* .%(4$4!/!'5 p ∈ [0, 1]0 !&,#.#&,#&'/5 () '*# ('*#% #, #+8 9*#&

p = λ/N )(% +(-# 2(&+'$&' λ > 00 '*#& 1# (4'$!& '*#  %$.* G(N,λ/N) )%(-
'*# :;<= 45 .!2C!& Λi = λ )(% $// i0 +!&2# '*#& p(E)

ij = ΛiΛj/LN = λ/N = p0
)(% $// 1 ≤ i < j ≤ N 8

• &$' (')'*+,-.'/ *+)/01 (*+%$2 @*# =<= -(,#/ !+ $& $,$.'#, "#%+!(&

() '*# :;<= -(,#/0 +## '*# .%#"!(7+ #E$-./#8 9# ,#B&# G(G)

N 1!'* N
&(,#+ $+ )(//(1+8 @*# +#67#&2# () 2(&&#2'!(& "$%!$4/#+0 !+0 2(&,!'!(&$//5 (&

'*# 2$.$2!'!#+0 $ $!&  !"#& 45 $ +#67#&2# () !&,#.#&,#&' ?#%&(7//! %$&,(-

"$%!$4/#+ {X(G)

ij }1≤i<j≤N 1!'*

PN

(

X(G)

ij = 1
)

= p(G)

ij =
ΛiΛj/LN

1 + ΛiΛj/LN

.

D& HIJK '*# #, # .%(4$4!/!'!#+ $%#  !"#& 45 p(G)

ij = (ΛiΛj/N)/(1 + ΛiΛj/N)0

+( '*$' 1# *$"# %#./$2#, Λi/N
1/2

$&, Λj/N
1/2

45 Λi/L
1/2
N $&, Λj/L

1/2
N 0

%#+.#2'!"#/58 @*!+ -$C#+ *$%,/5 $&5 ,!L#%#&2# +!&2# 45 '*# +'%(& /$1 ()

/$% # &7-4#%+ LN/N → E[Λ]8

A $!&0 '*# $++7-.'!(&+  ! $&,  " $%# +$'!+B#,8 @( +$'!+)5 $++7-.'!(&  "

1# .!2C h(G)(x) = x/(1 + x) = x+O
(

x2
)

8

4.1.3 Main results

?#)(%# 1# 2$& +'$'# '*# -$!& %#+7/'0 1# !&'%(,72# $ +.#2!B2 ,#/$5#, 4%$&2*!& 

.%(2#++ M?NO0 1*!2* 1# &##, !& '*# )(%-7/$'!(& () '*# -$!& '*#(%#-+8 9# ,#B&#
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 !" #$%&"'' {Zl}l≥0 (' ( )* ' ($ +,- .$%/ Z0 = 10 1!"$" +,  !" 2$' -","$( +%,

 !" %3'#$+,- 4+' $+56 +%, +' "76(8  %

fn =

∫ ∞

0

e−x
xn

n!
dFΛ(x) = E

[

e−Λ
Λn

n!

]

, n ≥ 0, 9:;<;=>

1!"$"(' +,  !" '"&%,4 (,4 .6$ !"$ -","$( +%,'  !" %3'#$+,- +' &!%'", +, (&&%$4(,&"

 %

gn =
(n+ 1)fn+1

µ
=
1

µ
E

[

e−Λ
Λn+1

n!

]

, n ≥ 0. 9:;<;?>

@"$" µ +'  !" "A#"& "4 ,6/5"$ %. %3'#$+,- +,  !" 2$' -","$( +%,B

µ =
∞
∑

n=1

nfn = E

[

∞
∑

n=1

ne−Λ
Λn

n!

]

= E

[

Λ
∞
∑

n=0

P(Poi(Λ) = n)

]

= E[Λ] , 9:;<;C>

(,4 1" !(D" 6'"4  !" ,% ( +%, Poi(λ)0 .%$ λ > 00  % 4",% " ( *%+''%, $(,4%/

D($+(58" 1+ ! #($(/" "$ λ; E+/+8($8F0  !" "A#"& "4 ,6/5"$ %. %3'#$+,- +,  !"

'"&%,4 (,4 .6$ !"$ -","$( +%,' +' -+D", 5F ν =
∑∞
n=1 ngn0 1+&! "A#(,4'  %

ν =
1

µ
E

[

∞
∑

n=1

n(n+ 1)e−Λ
Λn+1

(n+ 1)!

]

=
1

µ
E

[

Λ2
∞
∑

n=0

P(Poi(Λ) = n)

]

=
E
[

Λ2
]

µ
.

9:;<;<G>

H" 4"2,"  !" -$(#! 4+' (,&" %$ !%#&%6, HN 5" 1"",  1% 4+3"$", $(,4%/8F

&!%'", ,%4"' A1 (,4 A2 +,  !" -$(#! GN ('  !" /+,+/6/ ,6/5"$ %. "4-"'  !( 

.%$/ ( #( ! .$%/  !" ,%4" A1  % ,%4" A2 1!"$"0 5F &%,D", +%,0  !" 4+' (,&"

"76(8' ∞ +.  !" ,%4"' A1 (,4 A2 ($" ,% &%,,"& "4;

 !"#$"% &'( )*+,-.,/.0#12 #3 .!" 4$/5! 602./1-"7

 !" τ > 3 !# (4.1.5)$ %&&'() *+%* ν > 1 %#, *+%* %&&'(-*!.#& 8( %#, 89 %/)
&%*!&0),1  ./ k ≥ 1$ 2)* σk = ⌊logν k⌋ %#, ak = σk − logν k1 3+)/) )"!&*& /%#,.(
4%/!%52)& (Ra)a∈(−1,0] &'6+ *+%*$ %& N →∞$

P(HN = σN + l |HN <∞) = P(RaN
= l) + o(1). 9:;<;<<>

H" +4", +.F  !" $(,4%/ D($+(58"' (Ra)a∈(−1,0] +, I!"%$"/ :;J 5"8%1; )".%$"

4%+,- '%0 1" ' ( " ( &%,'"76",&" %. I!"%$"/ :;<B

:#$#++/$; &'9 ):#1-"1.$/.0#1 #3 .!" 4$/5! 602./1-"7 7#,)/ *+) 8!4)# %&9

&'(-*!.#& .: 3+)./)( ;1<$

• =!*+ -/.5%5!2!*> 1− o(1) %#, 6.#,!*!.#%22> .# HN <∞$ *+) /%#,.( 4%/!%52)

HN !& !# 5)*=))# (1± ε) logν N :./ %#> ε > 0?

• 6.#,!*!.#%22> .# HN < ∞$ *+) &)@')#6) .: /%#,.( 4%/!%52)& HN − logν N
:./(& % *!8+* &)@')#6)$ !1)1$

lim
K→∞

lim sup
N→∞

P
(

|HN − logν N | ≤ K
∣

∣HN <∞
)

= 1. 9:;<;<K>
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 ! "#! $ %&'&( )!#"%( *)+' ,)$-./&-0 1)+.!## (/!+)2 (+ &3!-(&*2 (/! %&'&(&-0

)$-3+' 4$)&$,%!# (Ra)a∈(−1,0]5 6( &# 7!%% 8-+7-9 #!! :;<9 15 =;;>9 (/$( (/! 1)+.!##

{Zl/µν
l−1}l≥1 &# $ '$)(&-0$%! 7&(/ "-&*+)'%2 ,+"-3!3 !?1!.($(&+- $-3 .+-#!@

A"!-(%2 .+-4!)0!# $%'+#( #")!%2 (+ $ %&'&( WB

lim
l→∞

Zl

µνl−1
=W, $5#5 C;5<5<DE

F!( W (1)
$-3 W (2)

,! (7+ &-3!1!-3!-( .+1&!# +* W &- (4.1.13)9 (/!- 7! .$-
&3!-(&*2 (/! %&'&( )$-3+' 4$)&$,%!# (Ra)a∈(−1,0] $# *+%%+7#B

 !"#$"% &'(  !"#$ %&# '(()*+%,-!( -. /&#-$#* 012 '!" .-$ a ∈ (−1, 0]3

P(Ra > j) = E
[

exp
{

−κνa+jW (1)W (2)
}

|W (1)W (2) > 0
]

,

4&#$# κ = µ(ν − 1)−11

4.1.4 Relations with the configuration model

G/! .+-H0")$(&+- '+3!% CIJE $11!$)!3 &- (/! .+-(!?( +* )$-3+' )!0"%$) 0)$1/#

$# !$)%2 $# <KLM C#!! :K9 NM>E5 O!)! 7! .+-#&3!) (/! IJ $# &-()+3".!3 &- :N;>5 P($)(

7&(/ $- &5&535 #!A"!-.! {D(C)

i }Ni=1 +* 1+#&(&4! &-(!0!) 4$%"!3 )$-3+' 4$)&$,%!# 9
7/!)! D(C)

i 7&%% 3!-+(! (/! 3!0)!! +* -+3! i5 G+ ,"&%( $ 0)$1/ &( &# '$-3$(+)2 (/$(
D(C)

1 +D(C)

2 + . . .+D(C)

N &# !4!-9 #+ &* D(C)

1 +D(C)

2 + . . .+D(C)

N &# +33 7! &-.)!$#!

D(C)

N ,2 +-!9 7/&./ 7&%% /$4! %&((%! !Q!.(5  ! ,"&%3 (/! 0)$1/ '+3!% ,2 $(($./&-0

D(C)

i #(",# +) /$%* !30!# (+ -+3! i $-3 1$&) (/! #(",# $( )$-3+'9 #+ (/$( (7+ /$%*
!30!# 7&%% *+)' +-! !30!5

6- :N;>9 (/! $"(/+)# 1)+4! $ 4!)#&+- +* G/!+)!' ;5<@;5D *+) (/! .+-H0")$(&+-

'+3!%5 G/! G/!+)!'# ;5<@;5D /+%3 4!),$(&' *+) (/! .+-H0")$(&+- '+3!% 7&(/ +-%2

(7+ ./$-0!#B

<5 R!1%$.! (/! .+-3&(&+- ν > 1 &- G/!+)!' ;5< ,2 (/! .+-3&(&+- ν̃ > 19 3!H-!3
&- C;5<5=E5

=5 R!1%$.! (/! +Q#1)&-0 3&#()&,"(&+-# +* (/! ST {Zl}l≥09 ,2

C$E

f̃n = P(D(C) = n), n ≥ 1,

C,E

g̃n =
(n+ 1)f̃n+1
∑∞
m=1mf̃m

, n ≥ 0.

U-! 7+-3!)# 7/2 $ )!#"%( %&8! (/! G/!+)!'# <5<@<5D9 /+%3# ()"! *+) (/! .%$##

+* '+3!%# &-()+3".!3 &- P!.(&+- <5<9 !#1!.&$%%2 &* +-! )!$%&V!# (/$( &- (/! IJ (/!

3!0)!!# $)! ,!"#+#!"#!%9 $-3 (/! !30!# $)! -+(9 7/!)!$# *+) &-#($-.! &- (/! WRW

C$-3 &- (/! +(/!) (7+ !?$'1%!#E 1)!.&#!%2 (/! +11+#&(! &# ()"!9 &5!59 &- (/! WRW

(/! !30!# $)! &-3!1!-3!-( $-3 (/! 3!0)!!# $)! -+(5 G+ "-3!)#($-3 $( %!$#( $( $-

&-("&(&4! %!4!% 7/2 (/! 3&#($-.! )!#"%( /+%3# ()"!9 7! .+'1$)! (/! .+-H0")$(&+-

'+3!% 7&(/ (/! 0!-!)$%&V!3 )$-3+' 0)$1/5
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 ! "#$%&'("&)#$ &*+ ,+-'++ %+.(+$"+ D(C)

1 , D(C)

2 , . . . , D(C)

N #/ &*+ 01 )% 2$ )3)3,3

%+.(+$"+4 2$, "#$,)&)#$255! #$ D = {D(C)

1 = d1, D
(C)

2 = d2, . . . , D
(C)

N = dN}4
&*+ -'26* "#$7-('2&)#$ )% ($)/#'8 #9+' 255 "#$7-('2&)#$% %2&)%/!)$- D4 :+"2(%+
&*+ 62)')$- )% 2& '2$,#83 ;+$"+ )/ <+ "#$,)&)#$ #$ :#&* &*+ +9+$& D 2$, &*+

+9+$& S = {&*+ '+%(5&)$- -'26* *2% $# %+5/=5##6% 2$, $# 8(5&)65+ +,-+%}4 &*+$ &*+
01 '+$,+'% 2 %)865+ -'26*4 <*)"* )% 6)">+, ($)/#'85! /'#8 255 6#%%):5+  !"#$%

"#$7-('2&)#$% <)&* ,+-'++ %+.(+$"+ %2&)%/!)$- D3 ?)$"+ /#'N →∞ &*+ 6'#:2:)5)&!

#/ &*+ +9+$& S "#$9+'-+% &# exp(−ν/2−ν2/4) > 0 @%++ ABC4 63 DBEF4 )& /#55#<% /'#8
ADG4 H*+#'+8 I3IE &*2& 6'#6+'&)+% &*2& *#5,  !" )$ &*+ 01 25%# *#5,  !" )$

&*+ "#$,)&)#$+, %)865+ -'26*3 ;+$"+ 2 6'#6+'&! 2% &)-*&$+%% #/ &*+ -'26* ,)%&2$"+

H (C)

N )$ &*+ 01 )% )$*+')&+, :! &*+ "#$,)&)#$+, %)865+ -'26*4 <)&* &*+ %28+ ,+-'++

%+.(+$"+3 H*)% %(--+%&% &*2& 25%# &*+ 5)8)&)$- ,)%&'):(&)#$ #/ &*+ J("&(2&)#$% #/

&*+ -'26* ,)%&2$"+ )$ &*+ 01 "#$,)&)#$+, #$ S )% &*+ %28+ 2% &*+ #$+ )$ &*+ 01
2% ),+$&)7+, )$ ADKE3 L ,)'+"& 6'##/ #/ &*)% "52)8 )% 8)%%)$-3

M$ &*+ #&*+' *2$, &*+ NON <)&* -)9+$ ,+-'++ %+.(+$"+ d1, d2, . . . , dN )% 25%#

($)/#'8 #9+' 255 6#%%):5+ @%)865+F "#$7-('2&)#$%3 1#'+#9+' APQ4 H*+#'+8 Q3BE

%*#<% &*2& &*+ ,+-'++ %+.(+$"+ D(G)

1 , D(G)

2 , . . . , D(G)

N #/ &*+ NON )% 2%!86&#&)"255!

)$,+6+$,+$& <)&* 82'-)$25 ,)%&'):(&)#$ 2 8)R+, S#)%%#$ ,)%&'):(&)#$T

P(D(G) = k) =

∫ ∞

0

e−x
xk

k!
dFΛ(x), k = 0, 1, 2 . . . , @K3B3BKF

<*+'+ FΛ )% &*+ "262")&! ,)%&'):(&)#$3 ;+$"+ %&2'&)$- /'#8 D(G)

1 , D(G)

2 , . . . , D(G)

N 2%

2$ )3)3,3 %+.(+$"+ <)&* "#88#$ ,)%&'):(&)#$ -)9+$ :! @K3B3BKF4 &*+ @"#$,)&)#$+,F

01 <)&* &*+%+ ,+-'++% )% "5#%+ &# &*+ NON4 2& 5+2%& )$ 2$ 2%!86&#&)" %+$%+4 %#

&*2& #$+ +R6+"&% &*2& &*+ 2%!86&#&)" J("&(2&)#$% #/ &*+ -'26* ,)%&2$"+ #/ &*+ 01

25%# *#5, /#' &*+ -+$+'25)U+, '2$,#8 -'26*3 L5%# $#&+ /'#8 &*+ 8)R+, S#)%%#$

,)%&'):(&)#$ @K3B3BKF4 &*2&

ν̃ =
E[D(C)(D(C) − 1)]

E[D(C)]
=

E
[

Λ2
]

E[Λ]
,

<*)"* )% +.(25 &# ν4 2""#',)$- &# @K3B3IF 2$, @K3B3BVF3 L% %2), +2'5)+'4 2 6'##/ #/
&*)% )$&()&)9+ '+2%#$)$- )% 8)%%)$-4 2$, #(' 8+&*#, #/ 6'##/ )% :! "#(65)$- +2"*

'2$,#8 -'26* %2&)%/!)$- #$ 2$, #% &# &*+ S#)%%#$ '2$,#8 -'26* @SONF4 2$,

:! -)9)$- 2 %+62'2&+ 6'##/ #/ H*+#'+8 B3B=B3Q /#' &*+ SON3

W+ 7$)%* &*)% %+"&)#$ :! -)9)$- 2$ #9+'9)+< #/ ,)X+'+$& ,)%&2$"+ '+%(5&% )$

'2$,#8 -'26*%3 Y+& τ ,+$#&+ &*+ +R6#$+$& #/ &*+ 6'#:2:)5)&! 82%% /($"&)#$ #/
&*+ ,+-'++ ,)%&'):(&)#$3 Z$ &*)% "*26&+' 2$, )$ APD4 DKE &*+ "2%+ τ > 3 )% %&(,)+,3
O+%(5&% /#' 2 < τ < 3 /#' 92')#(% 8#,+5% 266+2'+, )$ APD4 DC4 [B4 [VE3 H!6)"255! )$
&*2& "2%+4 &*+ ,)%&2$"+ J("&(2&+% 2'#($, 2 "#$%&2$& &)8+% 2 log logN/| log(τ −2)|3
\#' 1 < τ < 24 &*+'+ +R)%&% 2 %(:%+& #/ $#,+% <)&* 2 *)-* ,+-'++4 "255+, &*+ &'(%

@%++ AQGEF3 H*+ "#'+ /#'8% 2 "#865+&+ -'26* 2$, 258#%& +9+'! $#,+ )% 2&&2"*+, &#

&*+ "#'+ 2$,4 &*(%4 &*+ -'26* ,)%&2$"+ )%  !" 2& 8#%& 33

4.1.5 Organization of the chapter

H*+ "#(65)$- 2'-(8+$& &*2& &)+% &*+ J("&(2&)#$% #/ &*+ -'26* ,)%&2$"+ H (P)

N )$

&*+ SON &# &*+ J("&(2&)#$% #/ &*+ -'26* ,)%&2$"+ )$ '2$,#8 -'26*% %2&)%/!)$-
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 !!"#$%&'(!  !  ()  " &! %*+ %+) &( ,+-%&'( ./0/ 1( ,+-%&'( . 2+ !3'2 %3 % %3+

4"-%" %&'(! '5 %3+ 6* $3 )&!% (-+ H (P)

N &! 6&7+( 89 :3+'*+# ./;/ :3+ )+*&7 %&'(

'5 %3+ 4"-%" %&'(! '5 %3+ 6* $3 )&!% (-+ H (P)

N &! !&#&< * %' %3+ )+*&7 %&'( '5 %3+

4"-%" %&'(! '5 %3+ 6* $3 )&!% (-+ H (C)

N &( %3+ -'(=6"* %&'( #')+<> !++ ?@.A/ :3+

$*''5 &( ?@.A &! #'*+ -'#$<&- %+) %3 ( %3+ $*''5 $*+!+(%+) 3+*+ 5'* %3+ BCD #')+<>

# &(<9 8+- "!+ &( %3+ < %%+* %3+ +E$ (!&'( '5  6&7+( (')+ F+/6/ %3+ (')+! '(  

6&7+( )&!% (-+G - ( 8+ )+!-*&8+) 89 #+ (! '5 %3+ !' - <<+) C+&%%"HI'**'! $*'-+!!>

 # *J+) 8* (-3&(6 $*'-+!!/ :3&! 8* (-3&(6 $*'-+!! 2&<< 8+ &(%*')"-+) &( ,+-%&'(

./K/

1( %3&! $ $+* 5"<< $*''5! '5 %3+  "E&<& *9 $*'$'!&%&'(!  () <+## ! &(%*')"-+)

&( ,+-%&'(! ./K  () ./.  *+ $*+!+(%+) &( %3+  $$+()&E/ :3+!+ $*''5! 2+*+ '#&%%+)

&( ?KLA/

4.2 Coupling

1( %3&! !+-%&'( 2+ )+('%+ 89 GN %3+ BCD  () 89 G′N !'#+ '%3+* * ()'# 6* $3

! %&!59&(6 %3+  !!"#$%&'(!  !  ()  "> 6&7+( &( ,+-%&'( ./;/;/ M+ ("#8+* %3+

(')+! '5 8'%3 GN  () G′N 5*'# 1 %' N  () 2+  !!&6( %3+ - $ -&%9 Λi> 5'* 1 ≤
i ≤ N > %' (')+ i &( + -3 6* $3/ M+ )+('%+ 89 HN  () H ′N %3+ 6* $3 )&!% (-+

8+%2++( %2' * ()'#<9 -3'!+( (')+! A1  () A2> !"-3 %3 % A1 6= A2> &( GN  ()

G′N > *+!$+-%&7+<9/ M+ 2&<< !3'2 %3 % 5'* N →∞>

P(HN 6= H ′N) = o(1). F./0/;G

:3+  8'7+ &#$<&+! %3 % #$% %3+ -'"$<&(6 '5 %3+ 6* $3 )&!% (-+! &! !"--+!!5"</

:3+*+5'*+> 6&7+( %3+ !"--+!5"< -'"$<&(6 F./0/;G> &% &! !"N-&+(% %' !3'2 :3+'*+#

./; 5'* %3+ BCD/

4.2.1 Coupling of GN and G
′
N

M+ (+E% )+!-*&8+ %3+ -'"$<&(6 '5 %3+ -'((+-%&'( 7 *& 8<+! '5 %3+ 6* $3! GN  ()

G′N / O -< !!&- < -'"$<&(6 &! "!+)> !++ +/6/ ?PQA/ R+('%+ 89 {Xij}1≤i<j≤N  ()

{X ′ij}1≤i<j≤N %3+ -'((+-%&'( 7 *& 8<+! '5 %3+ 6* $3! GN  () G′N >  ()> !&#&< *<9>

)+('%+ %3+ -'((+-%&'( $*'8 8&<&%&+! 89 {pij}1≤i<j≤N  () {p′ij}1≤i<j≤N / S'* %3+

-'"$<&(6 2+ &(%*')"-+ &()+$+()+(% * ()'# 7 *& 8<+! {Kij}1≤i<j≤N / ,+% p
ij
=

min{pij , p′ij}  () pij = max{pij , p′ij}>  () )+=(+ * ()'# 7 *& 8<+! X̂ij  () X̂ ′ij
2&%3

PN

(

X̂ij = 1, X̂ ′ij = 1,Kij = 0
)

= p
ij
,

PN

(

X̂ij = 1, X̂ ′ij = 0,Kij = 1
)

= pij − pij ,

PN

(

X̂ij = 0, X̂ ′ij = 1,Kij = 1
)

= pij − pij ,

PN

(

X̂ij = 0, X̂ ′ij = 0,Kij = 0
)

= 1− pij ,

23+*+ !  << '%3+* -'#8&( %&'(! 3 7+ $*'8 8&<&%9 Q/ :3+( %3+ < 2! '5 X̂ij  () X̂
′
ij

 *+ %3+ ! #+  ! %3+ < 2! '5 Xij  () X ′ij > *+!$+-%&7+<9/ S"*%3+*#'*+> Kij  !!"#+!
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 !" #$%&" 1 '( ! )*+,$,(%( - |pij − p′ij |. $/0 (1 0 + !"*'(1"2 3+ "  !$ '" 0+ $,&1"

 !" /+ $ (+/ (/  !" $,+#" 0(1)%$-2 4" 1!+&%0 *")%$5"  !" )*+,$,(%( - 6"$1&*" PN (/

 !" $,+#" 0(1)%$- ,- 1+6" + !"* )*+,$,(%( - 6"$1&*" QN . ,"5$&1"  !" )*+,$,(%( -

1)$5" (1 0"7/"0 ,-  !" 8*$)!1 GN $/0 G′N . (/1 "$0 +9 +/%-  !" 8*$)! GN 2 :(/5"  !"

8*$)!1. 5+/0( (+/"0 +/  !" 5$)$5( ("1. $*" 5+/1 *&5 "0 (/0")"/0"/ %- 9*+6 "$5!

+ !"*.  !(1 $,&1" +9 /+ $ (+/ (1 /+ $ )*+,%"62

;+/1(0"*  !" /+0"1 i $/0 j. 1 ≤ i < j ≤ N . (/  !" 8*$)!1 GN $/0 G′N
1(6&% $/"+&1%-2 <!"/  !" "#"/ {Kij = 0} = {X̂ij = X̂ ′ij} 5+**"1)+/01  +  !"

"#"/  !$ (/ ,+ ! 8*$)!1  !"*" "=(1 1 $ 5+//"5 (+/ ," '""/ /+0"1 i $/0 j. +*  !$ 

(/ ,+ ! 8*$)!1  !"*" (1 /+ 5+//"5 (+/ ," '""/ /+0"1 i $/0 j2 <!" "#"/ {Kij =

1} = {X̂ij 6= X̂ ′ij} 5+**"1)+/01 '( !  !" "#"/  !$  !"*" "=(1 1 $ 5+//"5 (+/ (/ +/"

+9  !" 8*$)!1. ,& /+ (/  !" + !"* +/"2 4" 5$%%  !" "#"/ {Kij = 1} $  !" #$%&

," '""/  !" /+0"1 i $/0 j2
>11&6) (+/  ! (6)%("1  !$ 9+* 1+6" 5+/1 $/ C ′ > 0.

PN(Kij = 1) =
∣

∣pij − p′ij
∣

∣ ≤ |pij − ΛiΛj/LN |+
∣

∣p′ij − ΛiΛj/LN

∣

∣ ≤ C ′
Λ2iΛ

2
j

L2N
,

?@2A2AB

9+* $%% 1 ≤ i < j ≤ N 2 <!" /&6,"* +9 6(16$ 5!"1 0&"  + $%%  !" /+0"1 (/5(0"/ 

 + /+0" i. 1 ≤ i ≤ N . (1 8(#"/ ,-

Ki =
∑

j 6=i

Kij . ?@2A2CB

D,#(+&1%-. '" 5$//+ 5+&)%" $%%  !" 5+//"5 (+/1 (/  !" 8*$)!1 GN $/0 G′N
1&55"119&%%-. ,&  !"  + $% /&6,"* +9 6(16$ 5!"1 0&"  + $%%  !" /+0"1 5$/ ,"

,+&/0"0 9*+6 $,+#" ,- $/- )+1( (#" )+'"* +9 N 2 E"9+*" )*+#(/8  !(1. '" (/ *+0&5"

$ %"66$2 F/ ( 1 1 $ "6"/ '" &1"  !" "#"/ 

Sq,α0
=
{

|SN,q − E[Λq]| ≤ N−α0
}

, ?@2A2@B

'!"*" ε, q > 0. $/0 '!"*"  !" *$/0+6 #$*($,%" SN,q (1 0"7/"0 $1

SN,q =
1

N

N
∑

i=1

Λqi . ?@2A2GB

"#$$% &'& '() *#%& +,*- q ∈ (0, τ − 1). $&*)* *,!"$ %(/"$#/$" α0, β0 > 0 "0%&
$&#$

P
(

Scq,α0

)

≤ N−β0 . ?@2A2HB

()**+2 <!" )*++9 (1 0"9"**"0  + :"5 (+/ @2>2I2 �

>1 $ 5+/1"J&"/5" +9 K"66$ @2@. $/0 1(/5" τ > 3.  !"*" "=(1 )+1( (#" 5+/1 $/ 1

S $/0 S 1&5!  !$ ,-.

S ≤ SN,q ≤ S, ?@2A2LB
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 !" q = 1, 2 #$% N &'()*+$,-. -#"/+0

1*)2 α0, β0 > 03 '&*$/ 4+55# 6063 &')7 ,7#, P
(

Scq,α0

)

≤ N−β0
 !" q = 1, 20 8$

,7+ +9+$, S1,α0 ∩ S2,α0 3 '&*$/ :60;0;<3 :60;0=<3 (4.2.5) #$% (4.2.7)3 >+ ?!'$%  !"

,7+ ,!,#- +@A+),+% $'5?+" ! 5*&5#,)7+& %'+ ,! # &*$/-+ $!%+ ?.

EN[Ki] =
∑

j 6=i

EN[Kij ] =
∑

j 6=i

PN(Kij = 1) ≤ CΛ2i
L2N

N
∑

j=1

Λ2j

=
CΛ2i
N

SN,2

S2
N,1

≤ CSS−2Λ2iN
−1 ≤ CΛ2iN

−1, :60;0B<

>7+"+ C *& # )!$&,#$, ,7#, 5#. )7#$/+  "!5 -*$+ ,! -*$+0 C7'&3  !" ,7+ ,!,#-

$'5?+" ! 5*&5#,)7+& *& ?!'$%+%  "!5 #?!9+ ?. Nγ
3  !" #$. γ > 03 &*$)+

P

(

N
∑

i=1

Ki > Nγ

)

≤ N−γE

[

N
∑

i=1

EN[Ki]1S1,α0
∩S2,α0

]

+ P
(

Sc1,α0
∪ Sc2,α0

)

≤ CN−γ +O
(

N−β0
)

.

D+ &++ ,7#, ,7+ "*/7, 7#$% /!+& ,! E+"! * N /!+& ,! *$F$*,.3 >7*)7 *5A-*+& ,7#,

 !" ,7+ ,!,#- $'5?+" ! 5*&5#,)7+& *& ?!'$%+%  "!5 #?!9+ ?. Nγ
 !" #$. γ > 00

G+F$+ ,7+ +9+$, AN #&

AN =
N
⋂

i=1

{

Ki1{Λi>cN} = 0
}

=

{

N
∑

i=1

Ki1{Λi>cN} = 0

}

, :60;0H<

>7+"+ cN = N ξ
 !" +#)7 ξ > 00 C7+$3 !$ ,7+ +9+$, AN 3 #-- $!%+& >*,7 )#A#)*,.

/"+#,+" ,7#$ cN #"+ &'))+&& '--. )!'A-+%0

#$%%& '()  !" #$%& ξ > 0 '&#"# #()*'* $ %!+*'$+' θ > 0 *,%& '&$'

PN(AcN) = O
(

N−θ
)

. :60;0IJ<

*+,,-0 K*@ α0 > 0 #& *$ 4+55# 6060 8$ ,7+ +9+$, S1,α0 ∩ S2,α0 3 >+ ?!'$%

PN(AcN) '&*$/ L!!-+M& *$+N'#-*,.3 ,7+ O#"2!9 *$+N'#-*,. #$% (4.2.8)3 >7*)7 .*+-%&

PN(AcN) ≤
N
∑

i=1

PN

(

Ki1{Λi>cN} > 0
)

≤
N
∑

i=1

EN[Ki]1{Λi>cN} ≤
C

N

N
∑

i=1

Λ2i1{Λi>cN}.

C7+"+ !"+3

P(AcN ∩ S1,α0 ∩ S2,α0) = E
[

PN(AcN)1S1,α0
∩S2,α0

]

≤ C

N

N
∑

i=1

E
[

Λ2i1{Λi>cN}

]

= CE
[

Λ21{Λ>cN}

]

,

 !" &!5+ )!$&,#$, C > 00 P&*$/ *$,+/"#,*!$ ?. A#",& #$% 1 − FΛ(x) ≤ cx1−τ >+

7#9+ ,7#, E
[

Λ21{Λ>cN}

]

*& +N'#- ,!

= −w2[1− FΛ(w)]
∣

∣

∞

w=cN
+ 2

∫ ∞

cN

w[1− FΛ(w)]dw = O
(

N−(τ−3)ξ
)

, :60;0II<



§4.2 Coupling 93

 !"#$

w2[1− FΛ(w)]
∣

∣

cN

w=∞
≤ c2N [1− FΛ(cN)] = O

(

N−(τ−3)ξ
)

%"&

∫ ∞

cN

w[1− FΛ(w)]dw ≤ c

∫ ∞

cN

w2−τdw = O
(

N−(τ−3)ξ
)

.

'(! )!$*& 

P(AcN) ≤ P(AcN ∩ S1,α0 ∩ S2,α0) + P
(

Sc1,α0

)

+ P
(

Sc2,α0

)

= O
(

N−θ
)

+,-  ,.$ θ = min{β0, (τ − 3)ξ} > 0/ �

4.2.2 Couple the graph distances of GN and G
′
N

0" 1(!  23 $#1!," 4$ #,25*$ 1($ 6-%5( &! 1%"#$ ,+ 1($ 789 4!1( %") -%"&,.

6-%5(  %1! +)!"6 %  2.51!,"  ! %"&  "/

#$%&'%( )*+  !" GN #! $ %&' $() *!" $() G′N #! $ +$(),- .+$/0 1$"21342(.

$115-/"2,(  ! $()  "6  !" HN $() H ′N #! "0! .+$/0 )21"$(7!1 #!"8!!( "8,

)29!+!(" 5(23,+-*4 70,1!( (,)!1 A1 $() A2 2(: +!1/!7"2;!*4: "0! .+$/01 GN $()

G′N 6 <0!(
P(HN 6= H ′N) = o(1). :;/</=<>

'($ %3,?$ 1($,-$. !.5*!$ 1(%1@ ,$- @ 1($ #,25*!"6 ,+ 1($ 6-%5( &! 1%"#$ HN

%"& H ′N !  2##$  +2*/

0" ,-&$- 1, 5-,?$ '($,-$. ;/A@ 4$ 2 $ 1($ +,**,4!"6 5-,5, !1!,"/ 0" !1 

 1%1$.$"1@ 4$ #," !&$- 1($ "$!6(3,-(,,&  ($** ,+ % 2"!+,-.*) #(, $" ",&$ A ∈
{1, 2, . . . , N}@ !/$/@ %** ",&$ ," % BC$& 6-%5( &! 1%"#$ ,+ ",&$ A/ D,-$ 5-$#! $*)@

∂N0 = {A} %"& ∂Nl = {1 ≤ j ≤ N : d(A, j) = l}, :;/</=E>

4($-$ d(i, j) &$",1$ 1($ 6-%5( &! 1%"#$ 3$14$$" ",&$ i %"& j@ !/$/@ 1($ .!"!.2.

"2.3$- ,+ $&6$ !" % 5%1( 3$14$$" 1($ ",&$ i %"& j/ F2-1($-.,-$@ &$B"$ 1($  $1

,+ ",&$ -$%#(%3*$ !" %1 ., 1 j  1$5 +-,. -,,1 A 3)

Nl = {1 ≤ j ≤ N : d(A, j) ≤ l} =
l
⋃

k=0

∂Nk. :;/</=;>

.'&-&/010&2 )*3 =,+ N 15>72!("*4 *$+.!: l ∈ N: 1,-! 7,(1"$(" C ′ > 0: $()
!;!+4 b ∈ (0, 1):

P(HN 6= H ′N) ≤ P(AcN) + P(HN > 2l) + 2lP
(

|Nl−1| > N b
)

+ 2C ′S−2lN−(1−b)c4N .
:;/</=G>

H$+,-$ 6!?!"6 % 5-,,+@ 4$  (,4 1(%1 '($,-$. ;/A ! % #," $I2$"#$ ,+ 7-,5, !J

1!," ;/K/
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 !""# "# $%&"!&' ()*)  ! "#$$% &'() *# +%,# -+%-) ./0 τ > 3) P(AcN) ≤ N−θ'
1# 23 l = lN = ⌊( 12 + η) logν N⌋' 4+#5) .0/$ 6/0/77%0! &'8) %997:#; -/ -+# <=>

$/;#7) *# /?-%:5 -+%- P(HN > 2l) = o(1)' 4+# -+:0; -#0$ :5 -+# 0:@+- +%5; A:;#

/. (4.2.15) B%5 ?# ?/C5;#; CA:5@ -+# ./77/*:5@ 7#$$%D

+&'', ()-  !" {Nl}l≥0 #! "$! %!&'$&#(! )!") *+ & ,-.+*%/(0 '$*)!- -*1! A .-

"$! 234 GN 5 6$!- +*% η, δ ∈ (−1/2, 1/2) &-1 &(( l ≤ (1/2+η) logν N 7 "$!%! !8.)")
& '*-)"&-" β1 > 0 ),'$ "$&"

P

(

|Nl| > N1/2+δ
)

= O
(

(logν N)N
−min{δ−η,β1}

)

. E&'8'FGH

 !""#' I## -+# 90//. /. "#$$% &'FJ' �

1# 5/* 90/,# -+%- %77 -#0$A :5 -+# 0:@+- +%5; /. E&'8'F(H %0# o(1) ./0 %5
%990/90:%-# B+/:B# /. b' "#$$% &'J :$97:#A -+%- 2lP

(

|Nl| > N b
)

= o(1) ./0
A/$# %990/90:%-#7! B+/A#5 b > 1

2 ' 4+#5) 90/,:;#; -+%- b < 1) *# A## -+%-

2C ′S−2lN b−1c4N = 2C ′S−2lN4ξ+b−1 = o(1)) *+#0# *# AC?A-:-C-# cN = N ξ
) %5;

9:BK:5@ ξ ∈ (0, (1− b)/4)' L#5B#) ?! <0/9/A:-:/5 &'M) P(HN 6= H ′N) = o(1)) *+:B+
:A 90#B:A#7! -+# B/5-#5- /. 4+#/0#$ &'G' �

 !""# "#  !"."/010"2 ()3) 1# CA# -+%-

P(HN 6= H ′N) ≤ P(AcN) + P(HN > 2l) + P({HN ≤ 2l} ∩ AN ∩ {HN 6= H ′N}) .
E&'8'FMH

"#- N (i)

l %5; N ′(i)l ) ./0 i = 1, 2) ?# -+# C5:/5 /. 5#:@+?/0+//; A+#77A /. -+# 5/;#A
Ai :5 GN %5; G′N ) 0#A9#B-:,#7!' N/*) *# CA# -+# .%B- -+%- :. HN ≤ 2l %5; :.
HN 6= H ′N ) -+#5 N (1)

l 6= N ′(1)l %5;O/0 N (2)

l 6= N ′(2)l '  ! -+# #3B+%5@#%?:7:-! /. -+#

5/;#A) *# +%,#

P({HN ≤ 2l} ∩ AN ∩ {HN 6= H ′N}) ≤ 2P({Nl 6= N ′l } ∩ AN) , E&'8'FJH

*+#0# Nl %5; N ′l %0# -+# 5#:@+?/0+//; A+#77A /. % C5:./0$7! B+/A#5 5/;# A :5

0#A9#B-:,#7! GN %5; G′N ' P. Nl 6= N ′l ) -+#5 -+#0# $CA- ?# % k ∈ {1, . . . , l} ./0
*+:B+ Nk 6= N ′k) ?C- Nk−1 = N ′k−1' 4+CA)

P({HN ≤ 2l} ∩ AN ∩ {HN 6= H ′N})

≤ 2

l
∑

k=1

P
(

{Nk 6= N ′k} ∩ {Nk−1 = N ′k−1} ∩ AN

)

. E&'8'FQH

P5 -C05) -+# #,#5- {Nk 6= N ′k}∩{Nk−1 = N ′k−1} :$97:#A -+%- /5# /. -+# #;@#A .0/$
∂Nk−1 $CA- ?# $:AB/C97#;) -+CA Kij = 1 ./0 A/$# i ∈ ∂Nk−1 %5; j ∈ N c

k−1) *+#0#

N c
k−1 = {1, 2, . . . , N}\Nk−1' 4+# #,#5- AN :$97:#A -+%- Λi,Λj ≤ cN ' 4+#0#./0#)

*# ?/C5;

PN

(

{Nk 6= N ′k} ∩ {Nk−1 = N ′k−1} ∩ AN

)

≤ PN

(

|Nk−1| > N b
)

+
∑

i,j

PN

(

{i ∈ ∂Nk−1, j ∈ N c
k−1,Kij = 1} ∩ {|Nk−1| ≤ N b}

)

1{Λi,Λj≤cN}.

E&'8'8RH
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 !"#$ %&'() PN $ "*&+( i ∈ N c
k−1 ,&' j ∈ ∂Nk−1$ -.( (/(&- {Kij = 1} *"

*&'(0(&'(&- #1 Nk−1 ,&'$ -.()(1#)($ 1)#2 ∂Nk−1 ," ∂Nk−1 ⊂ Nk−13 4.( ('5(
6(-7((& -.( &#'(" i ,&' j 0#*&-" #%- #1 Nk−1$ 7.*!( Nk−1 *" '(-()2*&(' 68 -.(
#++%0,-*#& "-,-%" #1 ('5(" -.,- ,)( 6(-7((& &#'(" *& Nk−2 #) 0#*&-*&5 #%- #1
∂Nk−23 4.%"$ 7( +,& )(0!,+( (,+. -()2 *& -.( "%2 #1 (4.2.20) 68

PN(Kij = 1)PN

(

{i ∈ ∂Nk−1, j ∈ N c
k−1} ∩ {|Nk−1| ≤ N b}

)

1{Λi,Λj≤cN}. 9:3;3;<=

>*&+( 68 (4.2.2) ,&' (4.2.7)$ 7( .,/(

PN(Kij = 1)1{Λi,Λj≤cN} = EN[Kij ]1{Λi,Λj≤cN}

≤ C ′
Λ2iΛ

2
j

L2N
1{Λi,Λj≤cN} ≤ C ′S−2c4NN

−2, 9:3;3;;=

7( +,& 6#%&' -.( )*5.- .,&' "*'( #1 (4.2.20) 1)#2 ,6#/( 68

PN

(

|Nk−1| > N b
)

+ C ′S−2c4NN
−2
∑

i,j

PN

(

{i ∈ ∂Nk−1, j ∈ N c
k−1} ∩ {|Nk−1| ≤ N b}

)

.

?*&,!!8$ 7( 6#%&' -.( "%2 #& -.( )*5.- "*'( 68

NEN

[

|∂Nk−1|1{|Nk−1|≤Nb}

]

≤ N1+b.

 !"#"$%#"& '" ()* +%,*- ")(! ."#/ 0* .!" 1,/ %$ 23454678& '0.! P #"9:)("- +; PN &

PN

(

{Nk 6= N ′k} ∩ {Nk−1 = N ′k−1} ∩ AN

)

≤ PN

(

|Nk−1| > N b
)

+ C ′S−2c4NN
−1+b.

<0*("& $%# k ≤ l& '" !)=" .!). PN

(

|Nk−1| > N b
)

≤ PN

(

|Nl−1| > N b
)

& +; 1,//0*>

%="# k = 1, . . . , l 0* 23454678& '" )##0=" ).

PN({HN ≤ 2l} ∩ AN ∩ {HN 6= H ′N}) ≤ 2lPN

(

|Nl−1| > N b
)

+ C ′S−2lc4NN
−(1−b),

'!0(! 0* .,#* 0/9:0"1

P({HN ≤ 2l} ∩ AN ∩ {HN 6= H ′N}) ≤ 2lP
(

|Nl−1| > N b
)

+ C ′S−2lc4NN
−(1−b).

 !"#"$%#"& '" ()* +%,*- P(HN 6= H ′N)& 1"" 234546?8 +;

P(AcN) + P(HN > 2l) + 2lP
(

|Nl−1| > N b
)

+ C ′S−2lc4NN
−(1−b),

'!0(! 01 9#"(01":; .!" (:)0/ 234546@84 �

4.3 The Poissonian random graph model

 !" 9#%%$ %$ .!" A,(.,).0%*1 %$ .!" >#)9! -01.)*(" 0* .!" (%*B>,#).0%* /%-": 0*

C@3D 01 -%*" 0* ) *,/+"# %$ 1."914 E*" %$ .!" /%1. 0/9%#.)*. 1."91 01 .!" (%,9:0*>

%$ .!" "F9)*10%* %$ .!" *"0>!+%#!%%- 1!"::1 %$ ) *%-" .% ) GH4 I%# .!" HJK& '"

$%::%' .!" 1)/" 1.#).">; )1 0* C@3D& ):.!%,>! .!" -".)0:1 -0L"# 1,+1.)*.0)::;4

 !" B#1. 1."9 01 .% 0*.#%-,(" .!" NRM9#%("11& '!0(! 01 ) /)#N"- GH4  !" NRM
9#%("11 ')1 0*.#%-,("- +; O%##%1 )*- J"0.., 0* C?6D4 P" ()* .!0* .!" NRM9#%("11
0* 1,(! ) '); .!). .!" #"1,:.0*> 9#%("11& .!" NRM9#%("11& ()* +" (%,9:"- .% .!"
"F9)*10%* %$ .!" *"0>!+%#!%%- 1!"::1 %$ ) #)*-%/:; (!%1"* *%-" 0* .!" HJK4

I0*)::;& '" 0*.#%-,(" ()9)(0.0"1 $%# .!" NRM9#%("11 )*- .!" NRM9#%("114
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4.3.1 The NR-process and its thinned version

 !" NR#$%&'"(( )( * +*%,"- -".*/"- 01 -"2&3"- 4/ {Zl,M l}l≥05 6!"%" Zl -"2&3"(

3!" 27+4"% &8 )2-)9)-7*.( &8 :"2"%*3)&2 l5 *2- 6!"%" 3!" 9"'3&%

M l = (Ml,1,Ml,2, . . . ,Ml,Zl
) ∈ {1, 2, . . . , N}Zl ,

-"2&3"( 3!" +*%,( &8 3!" )2-)9)-7*.( )2 :"2"%*3)&2 l; <" 2&6 :)9" * +&%" $%"')("
-"=2)3)&2 &8 3!" NR#$%&'"(( *2- -"('%)4" )3( '&22"'3)&2 6)3! GN 5 3!" 1>?; <"

-"=2" Z0 = 1 *2- 3*," M0,1 72)8&%+./ 8%&+ 3!" ("3 {1, 2, . . . , N}5 '&%%"($&2-)2:
3& 3!" '!&)'" &8 A15 6!)'! )( 72)8&%+./ &9"% *.. 3!" 2&-"(;  !" &@($%)2: &8 *2
)2-)9)-7*. 6)3! +*%, m ∈ {1, 2, . . . , N} )( *( 8&..&6(A 3!" 3&3*. 27+4"% &8 '!).-%"2
!*( * 1&)((&2 -)(3%)473)&2 6)3! $*%*+"3"% Λm5 &8 6!)'!5 8&% "*'! i ∈ {1, 2, . . . , N}5
* 1&)((&2 -)(3%)473"- 27+4"% 6)3! $*%*+"3"%

ΛiΛm
LN

, BC;D;EF

4"*%( +*%, i5 )2-"$"2-"23./ &8 3!" &3!"% )2-)9)-7*.(; G)2'"

N
∑

i=1

ΛiΛm
LN

=
Λm
LN

N
∑

i=1

Λi = Λm,

*2- (7+( &8 )2-"$"2-"23 1&)((&2 %*2-&+ 9*%)*4."( *%" *:*)2 1&)((&2)*25 6" +*/

3*," 3!" 27+4"% &8 '!).-%"2 6)3! -)@"%"23 +*%,( +737*../ )2-"$"2-"23; H( *

%"(7.3 &8 3!)( -"=2)3)&25 3!" +*%,( &8 3!" '!).-%"2 &8 *2 )2-)9)-7*. )2 {Zl,M l}l≥0
'*2 4" (""2 *( )2-"$"2-"23 %"*.)I*3)&2( &8 * %*2-&+ 9*%)*4." M 5 6)3! -)(3%)473)&2

PN(M = m) =
Λm
LN

, 1 ≤ m ≤ N, BC;D;JF

*2-5 '&2("K7"23./5

EN[ΛM ] =

N
∑

m=1

ΛmPN(ΛM = Λm) =

N
∑

m=1

ΛmPN(M = m) =
1

LN

N
∑

m=1

Λ2m. BC;D;DF

L&% 3!" -"=2)3)&2 &8 3!" NR#$%&'"(( 6" (3*%3 6)3! * '&$/ &8 3!" NR#$%&'"((
{Zl,M l}l≥05 *2- %"-7'" 3!)( $%&'"(( :"2"%*3)&2 4/ :"2"%*3)&25 );";5 )2 3!" &%-"%

M0,1,M1,1, . . .M1,Z1
,M2,1, . . . BC;D;CF

4/ -)('*%-)2: "*'! )2-)9)-7*. *2- *.. )3( -"('"2-*23( 6!&(" +*%, !*( *$$"*%"-

4"8&%";  !" $%&'"(( &43*)2"- )2 3!)( 6*/ )( '*.."- 3!" NR#$%&'"(( *2- )( -"2&3"-
4/ 3!" ("K7"2'" {Z

l
,M

l
}l≥0; M2" &8 3!" +*)2 %"(7.3( &8 NOEP )( 1%&$&()3)&2 D;E5

473 8&% '&+$."3"2"(( 6" *.(& *-- 3!" $%&&8;A

 !"#"$%&%"' ()*  !" {Zl,M l}l≥0 #! "$! NR%&'()!** +,- .!" M l #! "$! *!" (/

0+'1* 2, "$! l−th 3!,!'+"2(,4 "$!, "$! *!56!,)! (/ *!"* {M
l
}l≥0 $+* "$! *+0!

-2*"'2#6"2(, +* "$! *!56!,)! {∂Nl}l≥0 327!, #8 (4.2.13)9
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 !""# !" #$%&""' () *+',&-*%+ .) '"/+*-*%+ A1 0+' M
0,1
=M0,1 102" -1"

304" '*3-$*(,-*%+ 5- *3 &6"0$ -10- -1" NR7#$%&"33 {Z
l
,M

l
}l≥0 &0+ (" 8"+"$0-"'

3*4,6-0+"%,36) 9*-1 {Zl,M l}l≥0: () '"6"-*+8 "0&1 +"9 *+'*2*',06 91%3" 40$; 103

06$"0') (""+ 3""+ 9*-1%,- 6"--*+8 *- $"#$%',&" <"- ,3 '% -1*3: 0+' 033,4" -10-

8"+"$0-*%+ k 103 (""+ =,66) 8"+"$0-"' 0+' *3 *'"+-*&06 *+ (%-1 #$%&"33"3: 0+' -10-

-1" 304" 1%6'3 =%$ -1" &1*6'$"+ %= -1" /$3- i+1 4"4("$3 %= -1" k−th 8"+"$0-*%+ 5-

+%9 3,>&"3 -% 31%9 -10- 9" %(-0*+ 0 3*4*60$6) '*3-$*(,-"' $"3,6- =%$ -1" &1*6'$"+

%= -1" (i+ 1)−th 4"4("$ %= -1" k−th 8"+"$0-*%+ 

?*$3- 9" &%+3*'"$ -1" +"*81(%$1%%' "@#0+3*%+ #$%&"33 {∂Nl}l≥0 A"$" 9" +""'

%+6) -% &%+3*'"$ 2"$-*&"3 -10- 102" +%- )"- (""+ $"0&1"' !*-1 #$%(0(*6*-)

1− exp

(

−
ΛMk,i+1

Λj

LN

)

-1"$" *3 0- 6"03- %+" "'8" ("-9""+ 3,&1 2"$-"@ vj 0+' -1" #$"3"+- 2"$-"@ B%$"%2"$:

-1" +,4("$3 %= "'8"3 -% '*C"$"+- 2"$-*&"3 0$" *+'"#"+'"+-6): () 033,4#-*%+ 5+ -1"

($0+&1*+8 #$%&"33: %+ -1" %-1"$ 10+': =%$ "0&1 j = 1, 2, . . . , N -1" &%$$"3#%+'*+8

*+'*2*',06 #$%',&"3 0 D%*33%+ +,4("$ %= %C3#$*+8 "0&1 ("0$*+8 40$; j: 91"$" -1"

#0$04"-"$ *3 8*2"+ () ΛMk,i+1
Λj/LN  ?%$ '*C"$"+- 206,"3 %= j: -1"3" +,4("$3 0$"

*+'"#"+'"+- E1" #$,+*+8 -1"+ $"4%2"3 066 2"$-*&"3 91%3" 40$; 9"$" 8"+"$0-"'

*+ #$"2*%,36) 3-"#3: 0+' 063% 066 +"96) 8"+"$0-"' ',#6*&0-"3 F6"0$6) -1" 3"- %=

$"40*+*+8 40$;3 *3 '*3-$*(,-"' *+ -1" 304" 90) 03 -1" 0(%2"7'"3&$*("' 3"- %= +"9

+"*81(%$3 *+ -1" +"*81(%$1%%' "@#0+3*%+ �

G3 0 &%+3"H,"+&" %= -1" #$"2*%,3 #$%#%3*-*%+: 9" &0+ &%,#6" -1" NR7#$%&"33

-% -1" +"*81(%$1%%' 31"663 %= 0 ,+*=%$46) &1%3"+ +%'" A ∈ {1, 2, . . . , N}: * " : 066

+%'"3 %+ 0 /@"' 8$0#1 '*3-0+&" %= A: 3"" (4.2.13) 0+' +%-" -10- A ∼M0,1 E1,3:

,3*+8 -1" 0(%2" #$%#%3*-*%+: 9" &0+ &%,#6" -1" "@#0+3*%+ %= -1" +"*81(%$1%%'

31"663 0+' -1" NR7#$%&"33 *+ 3,&1 0 90) -10-

M
l
= ∂Nl 0+' Z

l
= |∂Nl|, l ≥ 0. IJ K LM

?,$-1"$4%$": 9" 3"" -10- 0+ *+'*2*',06 9*-1 40$; m: 1 ≤ m ≤ N : *+ -1" NR7

#$%&"33 *3 *'"+-*/"' 9*-1 +%'" m *+ -1" 8$0#1 GN : 91%3" &0#0&*-) *3 8*2"+ ()

Λm 

!" 9*66 +%9 31%9 -10- -1" %C3#$*+8 '*3-$*(,-*%+ %= -1" .D {Zl}l≥0 &%+2"$8"3

03 N → ∞ -% -1" %C3#$*+8 '*3-$*(,-*%+ %= {Zl}l≥0: *+-$%',&"' *+ N"&-*%+ J O K 

E1" %C3#$*+8 '*3-$*(,-*%+ f (N)
%= Z1: * " : -1" /$3- 8"+"$0-*%+ %= {Zl}l≥0: *3 8*2"+

()

f (N)

n = PN(Poi(ΛA) = n) =

N
∑

m=1

PN

(

Poi(ΛA) = n
∣

∣A = m
)

PN(A = m)

=
1

N

N
∑

m=1

e−Λm
Λnm
n!
, IJ K PM

=%$ n ≥ 0 Q"&066 -10- *+'*2*',063 *+ -1" 3"&%+' 0+' =,$-1"$ 8"+"$0-*%+3 102" 0

$0+'%4 40$; '*3-$*(,-"' 03 M : 8*2"+ () (4.3.2) A"+&": *= 9" '"+%-" -1" %C3#$*+8
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 !"#$!%&#!'( ') #*+ "+,'( -( )&$#*+$ .+(+$-#!'(" %/ g(N)
n 0 #*+( 1+ '%#-!(

g(N)

n = PN(Poi(ΛM ) = n) =

N
∑

m=1

PN

(

Poi(ΛM ) = n
∣

∣M = m
)

PN(M = m) 2345467

=

N
∑

m=1

e−Λm
Λnm
n!

Λm
LN

=
1

LN

N
∑

m=1

e−Λm
Λn+1m

n!
, 2345487

)'$ n ≥ 04 9&$#*+$:'$+0 1+ ,-( $+;-#+ g(N)
n -( f (N)

n %/

g(N)

n =
1

LN

N
∑

m=1

e−Λm
Λn+1m

n!
=
(n+ 1)

LN/N

1

N

N
∑

m=1

e−Λm
Λn+1m

(n+ 1)!
=
(n+ 1)f (N)

n+1

LN/N
.

23454<7

=%"+$>+ #*-# {f (N)
n }n≥0 !" #*+ ->+$-.+ '>+$ ?'!""'( @$'%-%!;!#!+"0 1*+$+-" (4.3.9)

"*'1" #*-# {g(N)
n }n≥0 ,':+" )$': "!A+ %!-"+ "-:@;!(. ') {f (N)

n+1}n≥04 B!(,+ #*+

"+C&+(,+ {Λm}Nm=1 !" !4!4 4 #*+ "#$'(. ;-1 ') ;-$.+ (&:%+$ "#-#+" #*-# )'$ N →∞
#*+ ;!:!#  !"#$!%&#!'(" ') f (N)

-( g(N)
-$+ .!>+( %/

f (N)

n =
1

N

N
∑

m=1

e−Λm
Λnm
n!
→ E

[

e−Λ
Λn

n!

]

= fn, n ≥ 0, 23454DE7

-( 0 -" - ,'("+C&+(,+0

g(N)

n =
(n+ 1)f (N)

n+1

LN/N
→ (n+ 1)fn+1

µ
= gn, n ≥ 0. 23454DD7

F( ++ 0 -,,'$ !(. #' (4.1.7) -( (4.1.8) #*+ ;!:!#  !"#$!%&#!'(" -$+ +C&-; #' #*+

'G"@$!(.  !"#$!%&#!'(" ') #*+  +;-/+ H? {Zl}l≥0 !(#$' &,+ !( B+,#!'( 34D454

4.3.2 Coupling the thinned NR-process with a delayed BP

F( #*!" "&%"+,#!'( 1+ 1!;; !(#$' &,+ - ,'&@;!(. %+#1++( #*+ NRI@$',+"" 1!#* #*+

 +;-/+ H? {Zl}l≥00 1*!,* !"  +J(+ %/ 234D467 -( 234D487 !( B+,#!'( 34D454 K*!"

,'&@;!(. !" &"+ !( #*+ @$'') ') K*+'$+: 34D -( 345 )'$ #*+ ?LM0 #' +N@$+"" #*+

@$'%-%!;!#/  !"#$!%&#!'( ') HN !( #+$:" ') #*+ H? {Zl}l≥04
F(#$' &,+ #*+ ,-@-,!#/ ') #*+ lI#* .+(+$-#!'( ') #*+ NRI@$',+"" {Zl,M l}l≥0

-( #*+ NRI@$',+"" {Zl,M l}l≥0 -"0 $+"@+,#!>+;/0

Cl+1 =

Zl
∑

i=1

Λ
(

Ml,i

)

-( C
l+1

=

Zl
∑

i=1

Λ
(

M
l,i

)

, l ≥ 0. 23454DO7

P"!(. #*+ ,'&@;!(. .!>+( %/ 23454Q70 1+ ,-( $+1$!#+ #*+ ,-@-,!#/ Cl+1 -"

Cl+1 =
∑

i∈∂Nl

Λi. 23454D57

9'$ #*+ @$'') ') K*+'$+: 34D -( 3450 !( #*+ ,-"+ ') #*+ ?LM0 1+ (++ #' ,'(#$';

#*+  !G+$+(,+ %+#1++( Cl -( C
l
)'$ JN+ l4 9'$ #*!" 1+ 1!;; &"+ #*+ )';;'1!(.

@$'@'"!#!'(R
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 !"#"$%&%"' ()*+  !"#" "$%&' ()*&'+*'& α2, β2 > 0, &-(! '!+' .)# +// 0 < η < α2
+*0 +// l ≤ (1/2 + η) logν N ,

P

(

l
∑

k=1

(Ck − Ck) > N1/2−α2

)

≤ N−β2 .  !"#"$!%

 !""," &'( )*++, -. /(,(**(/ 0+ 1(20-+3 !"4"#" �

53 +*/(* 0+ )*+6( &'(+*(7 !"$ 83/ &'(+*(7 !"# 9( 9-:: ;*+9 09+ NR<)*+2(..(.

{Z(i)

l ,M
(i)

l }l≥0= ,+* i = 1, 2" &'( *++0 +, {Z(i)

l ,M
(i)

l }l≥0 .08*0. ,*+7 8 >3-,+*7:?

2'+.(3 3+/( +* 78*@ Ai ∈ {1, 2, . . . , N}" &'(.( 09+ 3+/(. 8*( /-A(*(30 -.# =

B(28>.(

P(A1 = A2) =
1

N
.

C?  !"#"D% 0'( NR<)*+2(.. 283 B( 2+>):(/ 0+ 0'( 3(-;'B+*'++/ (E)83.-+3 .'(::.

{N (1)

l }l≥0 83/ {N (2)

l }l≥0" 53 0'( ,+::+9-3; :(778 9( 2+7)>0( 0'( /-.0*-B>0-+3 +,

0'( 3>7B(* +, (/;(. B(09((3 09+ .'(::. 9-0' /-A(*(30 .>B-3/(2(.= -"("= N (1)

k 83/

N (2)

l "

/0112 ()** 1)*&%0"# '!" *"%2!3)#!))0 "$4+*&%)* &!"//& {N (1)

l } +*0 {N (2)

l }5
 !"* ()*0%'%)*+//6 )* N (1)

k +*0 N (2)

l +*0 2%7"* '!+' N (1)

k ∩ N (2)

l = ∅ '!" *-89
3"# ). "02"& 3"':""* '!" *)0"& %* N (1)

k +*0 N (2)

l , .)# ;$"0 4)&%'%7" %*'"2"#& k +*0
l, %& 0%&'#%3-'"0 +& + <)%&&)* #+*0)8 7+#%+3/" :%'! 8"+*

C(1)

k+1C
(2)

l+1

LN

.  !"#"$D%

 !""," F+3/-0-+3(/ +3 N (1)

k = N (2)

l 83/ N (1)

k ∩ N (2)

l = ∅= 0'( 3>7B(* +, (/;(.

B(09((3 N (1)

k 83/ N (2)

l -. ;-6(3 B?

∑

i∈∂N
(1)
k

∑

j∈∂N
(2)
l

E(P)

ij ,  !"#"$G%

9'(*( E(P)

ij 8*( -3/()(3/(30 H+-..+3 *83/+7 68*-8B:(. 9-0' 7(83 ΛiΛj/LN = .((

(4.1.6)" 1>7. +, -3/()(3/(30 H+-..+3 *83/+7 68*-8B:(. 8*( 8;8-3 H+-..+3-83= 0'>.

(4.3.16) -. 8 H+-..+3 *83/+7 68*-8B:( 9-0' 7(83 0'( (E)(20(/ 68:>( +, (4.3.16)I

∑

i∈∂N
(1)
k

∑

j∈∂N
(2)
l

ΛiΛj
LN

=
1

LN







∑

i∈∂N
(1)
k

Λi













∑

i∈∂N
(2)
l

Λj






=
C(1)

k+1
C(2)

l+1

LN

,

9'(*( 9( '86( >.(/ (4.3.13) -3 0'( :8.0 .0()" �

&'( ,>*0'(* )*++, +, &'(+*(7. !"$<!"# 2*>2-8::? *(:-(. +3 0'( ,+::+9-3; 0(2'3-28:

2:8-7I

 !"#"$%&%"' ()*3  !"#" "$%&' ()*&'+*'& α3, β3, η > 0 &-(! '!+' .)# +// l ≤ (1 +
2η) logν N , +& N →∞,

P

( 1

N

∣

∣

∣

l+1
∑

k=2

Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋ −
l+1
∑

k=2

C(1)

⌈k/2⌉
C(2)

⌊k/2⌋

∣

∣

∣ > N−α3

)

= O
(

N−β3
)

.  !"#"$J%
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 !""# !"# $%&&' () *#'#%%#* +& ,#-+(&. / 0 / �

1. +"# .#2+ )#-+(&. 3# 3(44 5)# +"() $%&$&)(+(&. (. -&67(.8+(&. 3(+" 9#668

/ :: +& %#$48-# )56) &;#% -8$8-(+(#)< 3"(-" *& *#$#.* &. N < 7= )56) &;#% )(>#)

&' 8 ?@< 3"(-" *& .&+ *#$#.* &. N 8.=6&%# 

4.4 Proof of Theorem 4.1 and 4.3 for the PRG

1. +"() )#-+(&.< 3# A(;# +"# $%&&' &' !"#&%#6 / : 8.* / B '&% +"# @CD 6&*#4 

E)(.A +"# -&5$4(.A %#)54+ (. @%&$&)(+(&. / F 3# &7+8(. !"#&%#6 / : 8.* / B '&%

844 %8.*&6 A%8$") )8+()'=(.A +"# 8))56$+(&.) $% 8.* $& 0) (. +"# $%#;(&5)

)#-+(&.< 3# *#.&+# 7= GN 8 @CD 

G# A%&3 +3& NRH$%&-#))#) I8-" NRH$%&-#)) )+8%+) '%&6 8 5.('&%64= -"&)#.

.&*# Ai ∈ {1, 2, . . . , N}< i = 1, 2< )5-" +"8+ A1 6= A2< '()  

*+,) %- ./)!,00123 P(HN > l) 12 45)541+1,06 G# "8;# HN > 1 (J K(' 8.* &.4=

('L +"#%# 8%# .& #*A#) 7#+3##. +"# .&*#) A1 8.* A2< 3"(-" () #M5(;84#.+ +& +"# '8-+

+"8+ XA1A2
= 0 D(;#. +"# -8$8-(+(#) C(1)

1 8.* C(2)

1 < +"# .567#% &' #*A#) 7#+3##.

+"# .&*#) A1 8.* A2 "8)< 8--&%*(.A +& 9#668 / ::< 8 @&())&. *()+%(75+(&. 3(+"

6#8.

C(1)

1
C(2)

1

LN

. K/ / :L

?= +8N(.A #2$#-+8+(&.)

P(HN > 1) = E[PN(XA1A2
= 0)] = E

[

exp

{

−C
(1)

1
C(2)

1

LN

}]

. K/ / OL

G# .#2+ (.)$#-+ +"# -8$8-(+= &' +"# P%)+ A#.#%8+(&. &' Z(1)

1
A(;#. 7= C(1)

2
 D(;#.

C(1)

2
8.* C(2)

1
< +"8+ () +"# +&+84 -8$8-(+= &' +"# .&*#) (. Z(1)

1
8.* +"# -8$8-(+= &'

.&*# A2< 3# 8A8(. "8;# 8 @&())&. .567#% &' #*A#) 7#+3##. .&*# A2 8.* +"# .&*#)

(. Z(1)

1 < "&3#;#%< +"() +(6# 3(+" $8%86#+#%

C(1)

2 C(2)

1

LN

. K/ / BL

1. &%*#% +& -&6$5+# +"# )5%;(;84 $%&787(4(+= P(HN > l) 3# .##* 6&%# .&+8+(&. 

G# 3%(+# Q
(l1,l2)

C '&% +"# -&.*(+(&.84 $%&787(4(+(#) A(;#. {C(1)

k }l1k=1 8.* {C(2)

k }l2k=1 
G# '5%+"#% 3%(+# E

(l1,l2)

C '&% +"# #2$#-+8+(&. 3(+" %#)$#-+ +& Q
(l1,l2)

C  Q&% l2 = 0< 3#

&.4= -&.*(+(&. &. {C(1)

k
}l1k=1 9#668 / :: (6$4(#) +"8+

Q
(k,l)

C (HN > k + l − 1|HN > k + l − 2) = exp

{

−C
(1)

k
C(2)

l

LN

}

.

1.*##*< +"# #;#.+ {HN > k+ l−2} (6$4(#) +"8+ N (1)

k ∩N (2)

l = ∅ !"#. '%&6 K/ / :L
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 !" #$%  &'(% )# #%*%!#+

P(HN > 2) = E
[

Q
(1,1)

C (HN > 1)Q
(1,1)

C (HN > 2|HN > 1)
]

= E
[

Q
(1,1)

C (HN > 1)E
(1,1)

C

[

Q(2,1)

C (HN > 2|HN > 1)
]]

= E
[

E
(1,1)

C

[

Q
(1,1)

C (HN > 1)Q
(2,1)

C (HN > 2|HN > 1)
]]

= E

[

exp

{

−C
(1)

1
C(2)

1

LN

}

· exp
{

−C
(1)

2
C(2)

1

LN

}]

= E

[

exp

{

−
∑3
k=2 C

(1)

⌈k/2⌉
C(2)

⌊k/2⌋

LN

}]

.

,- .!"/0#.'! 1% '&# .!  ) .! 234+ 5%** 4678+

P(HN > l) = E

[

exp

{

−
∑l+1
k=2 C

(1)

⌈k/2⌉
C(2)

⌊k/2⌋

LN

}]

. 946464:

;'#% #$ # (4.4.4) .)  ! %</ =.#-+ 1$.=% .! 2348  ! %>>'> !%%"%" #' &% # ?%!  ='!@6

 !"# $% &'(#)*+, -*!. !." /0 -*!. '12#3*+, 4*2!3*5(!*'+ {gn}6 A! #$.)

)#%B 1% >%B= 0% C(1)

l
 !" C(2)

l
&- Z(1)

l  !" Z(2)

l #

$%& ' () '*'!+ B,  !"  !- +.% !%!!'/ +0*' & !"%1 * &0 23'4 V  !" W ,

∣

∣E
[

e−V
]

− E
[

e−W
]∣

∣ ≤
∣

∣E
[

(e−V − e−W )1B
]∣

∣+
∣

∣E
[

(e−V − e−W )1Bc

]∣

∣

≤
∣

∣E
[

(e−V − e−W )1B
]∣

∣+ P(Bc) .

5%. + 6'

B =
{

1

N

∣

∣

∣

l+1
∑

k=2

Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋ −
l+1
∑

k=2

C(1)

⌈k/2⌉
C(2)

⌊k/2⌋

∣

∣

∣ ≤ N−α3

}

,

 !" +)' & !"%1 * &0 23'4 V  !" W  4

V =
1

N

l+1
∑

k=2

Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋, W =
1

N

l+1
∑

k=2

C(1)

⌈k/2⌉
C(2)

⌊k/2⌋
.

7)'! 8%& l ≤ (1+ 2η) logν N +)' 9&%:%40+0%! ;#<= 01:30'4 +) + P(Bc) = O
(

N−β3
)

,

.)'&' 4 %! +)' '*'!+ B .' ) *' |V −W | ≤ N−α3
# >'!(', ?40!/ +) + e−v−e−w =

O(v − w) .)'! v, w  &' 41 33,  !" +) + e−v ≤ 1, v ≥ 0, .' %2+ 0!

∣

∣E
[

e−V
]

− E
[

e−W
]∣

∣ ≤ O
(

N−α3
)

P(B) + P(Bc) = O
(

N−α3
)

+O
(

N−β3
)

. @;#;#AB

C+ 04 !%. (3' & 8&%1  !"# <, +)'  2%*' &'4?3+  !" D'11 ;#;, .)'&' .' + 6' q = 1,
+) + 8%& 4%1' β > 0  !"  33 l ≤ (1 + 2η) logν N ,

P(HN > l) = E

[

exp

{

−
∑l+1
k=2Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋

µN

}]

+O
(

N−β
)

. @;#;#EB
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 !"# $% &'()*(!+,- ,. !/" )+0+! #,+-!12  !"# $%&' '$() "*+ $%( !(#,&*-(! ".

$%( )!"". ". "/! #,&* $%("!(# &' &-(*$&0,112 $" $%( )!"". ". 3%("!(# 454 &* 67895 3"

1($ $%( )!"". :( '(1.;0"*$,&*(-+ <( =*&'% $%( #,&* 1&*( ". $%( ,!>/#(*$5 ?$,!$&*>

.!"# @8585AB <( !()1,0( l :2 σN + l ,*- ,''/#( $%,$ σN + l ≤ (1 + 2η) logν N +
<%(!(+ ,' :(."!(+ σN = ⌊logν N⌋+ $" ":$,&*

P(HN > σN + l) = E

[

exp

{

−
∑σN+l+1
k=2 Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋

µN

}]

+O
(

N−β
)

. @8585CB

D( <!&$( N = νlogν N = νσN−aN , <%(!( <( !(0,11 $%,$ aN = ⌊logν N⌋ − logν N 5
3%(*

∑σN+l+1
k=2 Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋

µN
= µνaN+l

∑σN+l+1
k=2 Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋

µ2νσN+l
.

E* $%( ,:"F( (G)!(''&"*+ $%( .,0$"! νaN
)!(F(*$' )!")(! 0"*F(!>(*0(5

D&$%"/$ $%( .,0$"! µνaN+l
+ <( ":$,&* .!"# H))(*-&G H8 ". 6789 $%,$+ <&$%

)!":,:&1&$2 1+

lim
N→∞

∑σN+l+1
k=2 Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋

µ2νσN+l
=
W (1)W (2)

ν − 1
, @8585IB

D( *"< /'( $%( ')((- ". 0"*F(!>(*0( !('/1$ ". 6A9+ <%&0% <,' ./!$%(! -(F(1")(- &*

?(0$&"* J ". 6789 ,*- <%&0% !(,-' $%,$ $%(!( (G&'$' , )"'&$&F( β '/0% $%,$K

P(|W −Wk| > (logN)−α) = O
(

N−β
)

, k ≤ ⌊1
2
logν N⌋. @8585LB

."! (,0% )"'&$&F( α5 M"#:&*&*> @8585CB ,*- @8585LB <( ":$,&* $%,$ ."! (,0% α > 0
,*- ."! l ≤ 2η logν N +

P(HN > σN + l) = E
[

exp{−κνaN+lW1W2}
]

+O
(

(logN)−α
)

. @85854NB

 !"# @85854NB "*( 0,* =*,112 -(!&F( ,' &* 6789+ $%,$+ ,'2#)$"$&0,112 ,' N →∞+ $%(
)!":,:&1&$2 P(HN <∞) &' (O/&F,1(*$ $" $%( )!":,:&1&$2 q2 = P(W1W2 > 0)+ <%(!(
q &' $%( '/!F&F,1 )!":,:&1&$2 ". $%( :!,*0%&*> )!"0('' {Zl}l≥0+ '" $%,$ @85854NB
&*-/0(' ."! l ≤ 2η logν N +

P(HN ≤ σN + l|HN <∞) = E
[

1− exp{−κνaN+lW1W2}|W1W2 > 0
]

+ o(1).
@858544B

4.A Appendix

4.A.1 Proof of Lemma 4.4

E* $%&' '(0$&"* <( )!"F( P(##, 8585  "! 0"*F(*&(*0( <( !('$,$( $%( 1(##, %(!(

,' P(##, 854Q5 R(0,11 $%( -(=*&$&"* ". $%( (F(*$ Sq,α0
>&F(* &* (4.2.4)5

3"00( 425$  !" #$%& '(#) q ∈ (0, τ − 1)* +&#"# #(,-+ %!.-+$.+- α0, β0 > 0 -/%&
+&$+

P
(

Scq,α0

)

≤ N−β0 . @85H54B
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 !""# !"# q < (τ − 1)/2$ %& '(%)( )*+, E[Λ2q] < ∞$ ', +%-./0 *../0

1(,20)(,34+ %&,56*/%708

P
(

Scq,α0

)

≤ N2α0
9*#(SN,q) = N2α0−1

9*#(Λq) = O(N2α0−1), :; < =>

+" ,*)( 0 < α0 <
1
2 *&? β0 = −1 + 2α0 '%// ?" 7(, @"2 

!"# q ∈ [(τ − 1)/2, τ − 1)$ 7(, .#""A %+ -"#, %&3"/3,? B%&), E[Λ2q1 ] < ∞
&" /"&C,# ("/?+$ ', (*3, 7" )67 "D 7(, /*#C, 3*/6,+ "A SN,q E*F, δ +6)( 7(*7

1
2 < δ < (τ − 1)/(2q) ≤ 1$ *&? ?,G&, A"# r = 2qδ$ 7(, ,3,&7

Gr = {SN,r ≤ Nα0}.

B%&), r = 2qδ < τ − 1 %-./%,+ E[Λr] <∞$ 7(, H*#F"3 %&,56*/%70 0%,/?+

P(Gcr) ≤ N−α0E[SN,r] = N−α0E[Λr] = O
(

N−α0
)

. :; < I>

J, */+" 6+, H%&F"'+F%4+ K&,56*/%70$ LMN$ := NN =;>$ .*C, IOP$ %-./0%&C 7(*7 A"#

,*)( s ∈ [0, 1]$
(

N
∑

i=1

Λi

)s

≤
N
∑

i=1

Λsi . :; < ;>

<../0%&C 2"7( :; < I> *&? :; < ;>$ ', *##%3, *7

P
(

Scq,α0

)

≤ P

(

{(SN,q − E[Λq])
2
> N−2α0} ∩ Gr

)

+ P(Gcr)

≤ N2α0−2E

[

N
∑

i=1

Λ2qi 1Gr

]

+ P(Gcr)

≤ N2α0−2E





(

N
∑

i=1

Λ2qδi

)1/δ

1Gr



+ P(Gcr)

= N2α0−2N (1+α0)/δE

[

(

N−α0SN,2qδ

)1/δ
1G2qδ

]

+ P(Gcr)

= O
(

N−min{−2α0+2−(1+α0)/δ,α0}
)

.

1"&+,56,&7/0$ A"# q ∈ [(τ − 1)/2, τ − 1) ', )*& 7*F, β0 = min{α0, 2− 2α0 − (1 +
α0)/δ}$ *&? β0 > 0 .#"3%?,? 7(*7 ', )(""+, 0 < α0 < (2δ − 1)/(2δ + 1) 

4.A.2 Coupling of {Zi}i≥0 and {Zi}i≥0

J, '%// )"6./, 7(, ?,/*0,? QR {Zi}i≥0 7" 7(, ?,/*0,? QR {Zi}i≥0 '%7( /*' f
%& 7(, G#+7 C,&,#*7%"& *&? /*' g %& 7(, +,)"&? *&? A6#7(,# C,&,#*7%"&+$ 6+%&C *

)/*++%)*/ )"6./%&C *#C6-,&7$ +,, LSOP 

J, C%3, ,*)( %&?%3%?6*/ "A {Zi}i≥0 *& %&?,.,&?,&7 %&?%)*7"#$ '(%)( %+ N '%7(

.#"2*2%/%70

q0,N =
1

2

∞
∑

n=0

|f (N)

n − fn| ,
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 ! "#$ %&'" ($!$&)" *! )!+ , "# -&*.). / "0

q1,N =
1

2

∞
∑

n=0

|g(N)

n − gn| ,

 ! "#$ '$1*!+ )!+ 23&"#$& ($!$&)" *!'4 5#$! "# '  !+ 1)"*&  ' 6 2*& ) 1$&") !

 !+ 7 +3)/8 "#$! "#$ *9'-& !( *2 "# '  !+ 7 +3)/  ' '311$''23//0 1*3-/$+4 5#$!8 *!

"#$ *"#$& #)!+8 "#$  !+ 1)"*&  ' :8 "#$! )! $&&*& #)' *113&&$+8 )!+ "#$ 1*3-/ !(  '

!*" '311$''23/4 ;! "# ' 1)'$8 "#$ /), *2 "#$ *9'-& !( *2 {Zi}i≥0  ' + 9$&$!" 2&*< "#$

*!$  ! {Zi}i≥08 )!+ ,$ &$1*&+ )! $&&*&4 =#$ 2*//*, !( -&*-*' " *! ( 7$' .*3!+'

*! "#$ -&*.). / "0 "#)" "#$  !"#$% 7)& )./$' q0,N )!+ q1,N )&$ /)&($& "#)! N "* )

1$&") ! !$()" 7$ -*,$&>

 !"#"$%&%"' ()*( &$ '!() τ > 3* +)' ' ',-.+ ($".+!"+. α1 > 0 !"# β1 > 0 ./()

+)!+

P

(

∞
∑

n=0

(n+ 1) |g(N)

n − gn| ≥ N−α1

)

≤ N−β1 . ?@4A4BC

0$".'1/'"+23*

P
(

max{q0,N , q1,N} ≥ N−α1
)

≤ N−β1 . ?@4A4DC

E' !( F&*-*' " *! @4:@ ,$ , // &$!+$& ) 1*3-/ !( .$",$$! "#$ '3<'

∑l
k=1 Zk

)!+

∑l
k=1Zk4

;! "#$ -&**2 *2 "# ' -&*-*' " *! ,$ !$$+ )! )++ " *!)/ /$<<) 2&*< )!)/0' '4

G$1)// "#$ +$%! " *! *2 fn  ! ?@4:4HC4

+,--. ()*/ &-, τ > 3* +)'" 4$ s = 0, 1, 2 !"# δ = min{(τ − 3)/4, 1/4}* +)' '

',-.+. ! ($".+!"+ m0 > 0 ./() +)!+ 4$ !22 m ≥ m0*

∞
∑

n=m

(n+ 1)sfn+1 ≤ m−δ. ?@4A4HC

5$ +$2$& "#$ -&**2 *2 I$<<) @4:B "* "#$ $!+ *2 "# ' '$1" *!4

J$2*&$ ,$ ( 7$ "#$ -&**2 *2 F&*-*' " *! @4:@8 ,$  !"&*+31$ "#$ 23!1" *!

tn(x) =
xn

n!
e−x, x > 0. ?@4A4KC

E' !( "# ' 23!1" *! ,$ 1)! &$,& "$ ?@4L4DC )!+ ?@4L4KC )'>

f (N)

n =
1

N

N
∑

i=1

tn (Λi) )!+ g(N)

n =
n+ 1

LN

N
∑

i=1

tn+1 (Λi) . ?@4A4MC

 !""0 "0  !"#"$%&%"' ()*() =#$ -&**2  ' .)'$+ *! "#$ -&**2 *2 NB@8 F&*-*' " *!

L4@O4 P*& 0 < u < 18 v > 0 )!+ α0 ∈ (0, 1/2) ,$ +$%!$ B = B1 ∩ B2 ∩ B3 ∩ B48
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 !"#"

B1 = B1(α0) =
{∣

∣

∣

∣

LN

µN
− 1

∣

∣

∣

∣

≤ N−α0

}

,

B2 = B2(u, v) =
{

1

N

N
∑

i=1

∞
∑

n=Nu

(n+ 1)2tn+1(Λi) ≤ N−v

}

,

B3 = B3(u, v) =
{

1

N

Nu
∑

n=0

(n+ 1)2

∣

∣

∣

∣

∣

N
∑

i=1

(tn+1 (Λi)− fn+1)
∣

∣

∣

∣

∣

≤ N−v

}

,

B4 = B4(α0) =
{

1

N

∣

∣

∣

∣

∣

N
∑

i=1

(t0(Λi)− f0)
∣

∣

∣

∣

∣

≤ N−α0

}

.

$!" %#"&'(" )*+,"( -. α0, u */0 v  '++ 1" &!-("/ +*2"# '/ 2!" %#--.3 $!" (2#*2"45
-. 2!" %#--. '( *( .-++- (3 6"  '++ (!- 2!*2

P(Bc) ≤ N−β1 , 78393:;<

.-# (-=" β1 > 0> */0 2!*2 -/ 2!" ")"/2 B>
∞
∑

n=0

(n+ 1) |g(N)

n − gn| = O
(

N−α1
)

, 78393::<

.-# (-=" α1 > 03
6" (2*#2 15 %#-)'/4 78393::<3 6" 1-,/0

q1,N =

∞
∑

n=0

(n+1)|g(N)

n −gn| ≤
∞
∑

n=0

(n+1)|g(N)

n −Nµ
LN

gn|+(ν+1)
∣

∣

Nµ

LN

−1
∣

∣, 78393:?<

,('/4 ν =
∑∞
n=0 ngn3 @/ B1> 2!" ("&-/0 2"#= -/ 2!" #'4!2A!*/0 ('0" -. 78393:?<

'( 1-,/0"0 15 O(N−α0)3 $!" B#(2 2"#= -/ 2!" #'4!2A!*/0 ('0" -. (4.A.12) &*/ 1"
#" #'22"/ 15 (4.3.9)> (4.A.8)> (4.A.9) */0 783:3C<> #"(%"&2')"+5> *(

∞
∑

n=0

(n+ 1)|g(N)

n − Nµ

LN

gn| =
1

LN

∞
∑

n=0

(n+ 1)2
∣

∣

N
∑

i=1

(

tn+1(Λi)− fn+1
)∣

∣.

D-/("E,"/2+5> 2!" B#(2 2"#= -/ 2!" #'4!2A!*/0 ('0" -. (4.A.12) &*/ 1" 1-,/0"0
-/ B1> .-# N (,F&'"/2+5 +*#4"> 15

∞
∑

n=0

(n+ 1)|g(N)

n − Nµ

LN

gn| ≤
2

µN

∞
∑

n=0

(n+ 1)2
∣

∣

N
∑

i=1

(

tn+1(Λi)− fn+1
)∣

∣.

6" /"G2 (%+'2 2!" (,= -)"# n '/2- n < Nu
*/0 n ≥ Nu

3 @/ B3> 2!" &-/2#'1,2'-/
.#-= n < Nu

'( *2 =-(2

2
µN

−v
>  !"#"*(  " &*/ 1-,/0 2!" &-/2#'1,2'-/ .#-=

n ≥ Nu
-/ B2 15

2

µN

∞
∑

n=Nu

(n+ 1)2
N
∑

i=1

(tn+1(Λi) + fn+1) ≤
2

µ
N−v +

2

µ

∞
∑

n=Nu

(n+ 1)2fn+1.
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 !" τ > 3# $%& '($$&" $&") *+ ,!-./&/ ,0 N−uδ ,0 1&))( 23453 6%-+# 7& !,$(*.
$%& 8'(*) *. 923:344; <!" &(8%

0 < α1 < min {α0, uδ, v} . 923:34=;

6! +%!7 (4.A.10)# *$ *+ +->8*&.$ $! +%!7 $%($

P(Bc1) + P(Bc2) + P(Bc3) + P(Bc4) ≤ N−β1 , 923:342;

<!" +!)& β1 > 03 ?& 7*'' @"!A& $%($ P(Bci ) ≤ N−ai
# 7%&"& a1, a2, . . . , a4 /&@&./

!. α0, δ, u (./ v3 1($&" 7& 7*'' +%!7 $%($ 7& 8(. $(B& α0, δ, u (./ v +-8% $%($
923:34=; *+ +($*+C&/ (./ a1, a2, a3, a4 > 03

1&))( 234= +$($&+ $%($ P(Bc1) = O
(

N−β0
)

# $%-+ a1 = β03 ?& ,!-./ P(Bc2) ,0
-+*.D $%& E("B!A *.&F-('*$0 (./ 1&))( 2345G

P(Bc2) ≤ Nv
∞
∑

n=Nu

(n+ 1)2E[tn+1(Λ)] = Nv
∞
∑

n=Nu

(n+ 1)2fn+1 ≤ Nv−uδ = N−a2 ,

<!" +!)& 8!.+$(.$ δ > 0 (./ 7& $(B& a2 = uδ − v (./ N +->8*&.$'0 '("D&3

H&<!"& 7& ,!-./ P(Bc3) <"!) (,!A&# 7& C"+$ .!$& $%($

E

[

(

N
∑

i=1

[tn+1 (Λi)− fn+1])2
]

= I("

(

N
∑

i=1

tn+1 (Λi)

)

≤ NE

[

tn+1 (Λ)
2
]

≤ N,

923:345;

7%&"& 7& -+&/ *. $%& '(+$ +$&@ $%($ tn+1 (x) *+ ( @"!,(,*'*$03 J. $%& +&F-&.8& !<
*.&F-('*$*&+ ,&'!7# 7%*8% D*A&+ $%& ,!-./ <!" P(Bc3)# 7& -+& $%& E("B!A *.&F-('K
*$0# L(-8%0KM8%7("N *. $%& <!")

∑Nu

n=0 bn ≤ (
∑Nu

n=0 1
2
∑Nu

n=0 b
2
n)

1
2
# $%& O&.+&.

*.&F-('*$0 (@@'*&/ $! $%& 8!.8(A& <-.8$*!. x 7→ √
x (./ (4.A.15)# "&+@&8$*A&'0# $!

!,$(*.

P(Bc3) ≤ Nv−1E
[

Nu
∑

n=0

(n+ 1)2
∣

∣

N
∑

i=1

(

tn+1(Λi)− fn+1
)∣

∣

]

≤ Nv−1(Nu + 1)
1
2 E











Nu
∑

n=0

(n+ 1)4

(

N
∑

i=1

(

tn+1(Λi)− fn+1
)

)2




1/2






≤ 2Nv+u/2−1



E





Nu
∑

n=0

(n+ 1)4

(

N
∑

i=1

(

tn+1(Λi)− fn+1
)

)2








1/2

≤ 2Nv+u/2−1
(

Nu
∑

n=0

(n+ 1)4N
)1/2

≤ 2Nv+3u−1/2 = O
(

N−a3
)

,

<!" a3 = 1/2− v − 3u3
 *.(''0# 7& ,!-./ $%& <!-"$% $&") !< 923:342; -+*.D $%& L%&,08%&A *.&F-('*$0

P(Bc4) ≤ N2u−2
I("

(

N
∑

i=1

t0(Λi)

)

= N2u−1
I("(t0(Λ)) ≤ N2u−1 = N−u4 ,
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 !"#" a4 = 2u− 1$ %"&'()" t0(Λ) ≤ 1$ ') *+ *) ' ,#-%'%*.*+/0

1" 2- 3"#*4/ +!'+  " &'2 &!--)" α0, δ, u '25 v *2 )(&! '  '/ +!'+ %-+! α1
'25 β1 &'2 %" +'6"2 ,-)*+*3"0 7"&'.. +!'+

a1 = β0, a2 = uδ − v, a3 = 1/2− 3u− v, '25 a4 = 2u− 1. 890:0;<=

>!" &-2)+'2+ δ > 0 4-..- ) 4#-? @"??' 90;A$  " ,*&6 0 < α0 < 1/2 '25 ()"
@"??' 90;B +- C25 ' ,-)*+*3" β0$ +!"2 C2'../  " &!--)" u = 1/12 '25 v )(&! +!'+
0 < v < min{1/4, δ/12}0 >!" #"'5"# "')*./ 3"#*C") +!'+ +!")" &-25*+*-2) *?,./
+!'+ +!" &-2)+'2+) a1, a2, a3 '25 a4 '#" ,-)*+*3"$ )- +!'+ β1 "D('. +- +!" ?*2*?(?
-4 +!")" 4-(# D('2+*+*") 5-") +!" E-%0 F-# α1  " &'2 +'6" '2/ 3'.(" +!'+ )'+*)C")
890:0;B=0 >!*) &-?,."+") +!" ,#--4 -4 890:0;B=0

G2 -#5"# +- )!- 890:0<= *+ *) )(H&*"2+ +- )!- +!'+ P(q0,N ≥ N−α1) ≤ N−β1
$

*0"0$

P

(

∞
∑

n=0

(n+ 1) |f (N)

n − fn| ≥ N−α1

)

≤ N−β1 , 890:0;I=

%"&'()"  " '.#"'5/ !'3" )!- 2 +!'+ P(q1,N ≥ N−α1) ≤ N−β1
0

J2 +!" "3"2+ B4  " !'3" +!'+

∣

∣f (N)

0 − f0
∣

∣ =
1

N

∣

∣

∣

∣

∣

N
∑

i=1

(t0(Λi)− f0)
∣

∣

∣

∣

∣

≤ N−α0 .

>!()$ ()*2K +!" "3"2+ B$ +!"$ 2- ,#-3"2$ %-(25 890:0;;=$ LN/N < 2µ 4-# N
)(H&*"2+./ .'#K"$ '25 +!" 4'&+ α1 ≤ α0  " !'3" +!'+

q0,N =

∞
∑

n=0

(n+ 1) |f (N)

n − fn| ≤
∣

∣f (N)

0 − f0
∣

∣+ 2

∞
∑

n=0

(n+ 1)
∣

∣f (N)

n+1 − fn+1
∣

∣

≤
∣

∣f (N)

0 − f0
∣

∣+ 2
LN

N

∞
∑

n=0

∣

∣g(N)

n+1 − gn+1
∣

∣+ 2
LN

N

∞
∑

n=0

gn

∣

∣

∣

∣

LN

N
− µ

∣

∣

∣

∣

≤
∣

∣f (N)

0 − f0
∣

∣+ 4µ
∞
∑

n=0

∣

∣g(N)

n+1 − gn+1
∣

∣+ 4µ

∣

∣

∣

∣

LN

N
− µ

∣

∣

∣

∣

= O
(

N−min{α1,α0}
)

,

'25 #"?'#6 +!'+ min{α1, α0} = α1 �

1" &.-)" +!*) )"&+*-2  *+! +!" ,#--4 -4 @"??' 90;A0

 !""# "# $%&&' ()*+) G+ *) )(H&*"2+ +- &-2)*5"# -2./ +!" &')" s = 2$ %"&'()"

∞
∑

n=m

(n+ 1)sfn+1 ≤
∞
∑

n=m

(n+ 1)2fn+1$ 4-# s = 0, 1, 2.

7"&'.. +!'+  " 5"2-+" %/ Poi(λ) ' L-*))-2 #'25-? 3'#*'%."  *+! ?"'2 λ0 >!"2$
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 !"#$ (4.1.7) %& '(# )* #+ ,-& ."$-, !"+& */ ,-& ()*0& &1 (,"*# )2

E

[

∞
∑

n=m

(n+ 1)2e−Λ
Λn+1

(n+ 1)!

]

= E

[

Λ2
∞
∑

n=m

e−Λ
Λn−1

(n− 1)!
(1 + 1/n)

]

≤ 2E
[

Λ2P(Poi(Λ) ≥ m|Λ)
]

≤ 2E
[

Λ21{Λ≥mw}

]

+ 2m2wE
[

P(Poi(Λ) ≥ m|Λ)1{Λ<mw}

]

, 34565789

/*. &('- w ∈ (0, 1)5 :!"#$ 345;5779< %-&.& %& .&=>('& cN )2 mw
< %& )* #+ ,-&

?.!, ,&.@ *# ,-& ."$-, -(#+ !"+& )2 Cmw(3−τ)
< /*. !*@& '*#!,(#, C5 A* )* #+

,-& !&'*#+ ,&.@ *# ,-& ."$-, -(#+ !"+& */ (4.A.18) %&  !& ,-(, '*#+","*#&+ *#

,-& &0&#, {Λ < mw}

P(Poi(Λ) ≥ m|Λ) ≤ m−1E[Poi(Λ) |Λ] = m−1Λ ≤ mw−1.

A-&.&/*.&< %& )* #+ ,-& !&'*#+ ,&.@ *# ,-& ."$-, -(#+ !"+& */ (4.A.18) )2 2m3w−1
5

A- !< ="'B w = 1/4 (#+ 0 < δ < min{(τ − 3)/4, 1/4}< ,-&#
∞
∑

n=m

(n+ 1)2fn+1 ≤ Cmw(3−τ) + 2m3w−1 ≤ m−δ.

�

4.A.3 Proof of Proposition 4.10.

C# ,-"! =(., */ ,-& (==&#+"D %& $"0& ,-& @("# .&! >, *# ,-& '* =>"#$ )&,%&&# ,-&

'(=('","&! */ ,-& NRE=.*'&!! (#+ ,-*!& */ ,-& NRE=.*'&!!5 F*. '*#0&#"&#'& %&

.&!,(,& G.*=*!","*# 457H (!I

 !"#"$%&%"' ()*+  !"#" "$%&' ()*&'+*'& α2, β2 > 0, &-(! '!+' .)# +// 0 < η < α2
+*0 +// l ≤ (1/2 + η) logν N ,

P

(

l
∑

k=1

(Ck − Ck) > N1/2−α2

)

≤ N−β2 . 345657J9

K&/*.& %& $* ,* ,-& (', (> =.**/ */ G.*=*!","*# 45657J< %& &D=>("# %-&.& ,-&

+"L&.&#'& )&,%&&# Ck (#+ Ck !,&@! /.*@< (#+ %& $"0& ( * ,>"#& */ ,-& =.**/5

A-& +"L&.&#'& )&,%&&# Ck (#+ C
k
!,&@! /.*@ "#+"0"+ (>!< %-*!& @(.B -(!

(==&(.&+ =.&0"* !>2 (#+ %-"'- "! '*#!&1 &#,>2 +"!'(.+&+ ,*$&,-&. %",- (>> ",!

+&!'&#+(#,!5 M(>> ! '- (# "#+"0"+ (> ( 0-1/%(+'"5 A* !-*% ,-& '>("@ 345657J9 %&

#&&+ !*@& @*.& +&,(">! */ ,-& ,-"##"#$ =.*'&+ .& */ ,-& NRE=.*'&!! {Zl,M l}l≥05
N& .&>()&> ,-& @(.B! */ ,-& NRE=.*'&!!

M0,1,M1,1, . . . ,M1,Z1
,M2,1, . . . ,

$"0&# "# O&',"*# 45P57< (!

M0,M1,M2, . . . ,MZ1
,MZ1+1

, . . . 34565;H9
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 ! "#$%&'&(%) M0 &* + ,+%"(- .+,&+/0# 1%&2(,-0! 34(*#% 2,(- {1, 2, . . . , N} +%"
'4# -+,5* Mv) 2(, v > 0) +,# &%"#6#%"#%' 3(6&#* (2 '4# ,+%"(- .+,&+/0# M 7&.#%

/! (4.3.2)8 9%',("13# '4# ,+%"(- .+,&+/0# Yv) *134 '4+' Yv = 1 &2Mv &* + "160&3+'#

+%" Yv = 0 ('4#,:&*#) *( '4+'

Yv = 1∪v−1
w=0{Mw=Mv}

, ;<8=8>?@

+%" "#%('# /! s(v)) v ≥ 0) '4# 7#%#,+'&(% (2 &%"&.&"1+0 v &% '4# NRA6,(3#**8 B#'
C16l /# '4# *#' (2 +00 '4# "160&3+'#* &% '4# $,*' l 7#%#,+'&(%* (2 '4# NRA6,(3#**)
*( '4+'

C16l = {v ≥ 1 : Yv = 1 +%" s(v) ≤ l} , l ≥ 0.

D(%*&"#, '4# *1/',## :&'4 ,((' '4# "160&3+'# d) d ∈ C16l8 E4# NRA6,(3#** &* +
-+,5#"  F) '4#,#2(,# '4# *1/',## :&'4 ,((' d &* +0*( + -+,5#"  F +%" :# "#%('#
'4&* *1/',## /! {Z(d)

l ,M (d)

l }l≥08 E4# (G*6,&%7 "&*',&/1'&(% (2 {Z(d)

l }l≥0 &* &% '4#
$,*' 7#%#,+'&(% 7&.#% /!

f̂ (d)

n = PN(Poi(Λ(Md)) = n|Yd = 1) , n ≥ 0, ;<8=8>>@

+%" &% '4# *#3(%" +%" 21,'4#, 7#%#,+'&(%* /! {g(N)
n }n≥0) "#$%#" &% ;<8H8I@8 J#K'

:# "#*3,&/# {M (d)

l }l≥08 E4# 3+6+3&'! (2 + "160&3+'# "#6#%"* (% '4# 6,#.&(1* *##%
-+,5*8 E4# "&*',&/1'&(% (2 '4# -+,5 (2 + "160&3+'# d &* 7&.#% /!

PN(M = m|Yd = 1) ) 2(, m = 1, 2, . . . , N 8 ;<8=8>H@

L1,'4#,-(,#) '4# -+,5* (2 #+34 &%"&.&"1+0 (2 '4# 6,(7#%! (2 d +,#) /! 3(%*',13'&(%)
&%"#6#%"#%' 3(6&#* (2 '4# ,+%"(- .+,&+/0# M ) *## ;<8H8>@8 E4# .#3'(,

M
(d)

l = (M (d)

l,1 ,M
(d)

l,2 , . . . ,M
(d)

l,Z
(d)
l

)

"#%('#* '4# -+,5* (2 '4# &%"&.&"1+0* &% 7#%#,+'&(% k (2 '4# *1/',## :&'4 ,((' d8
M*&%7 '4# +/(.# "#$%&'&(%* :# *#' M

(d)
0 = (M (d)

0,1 )) :4#,# M
(d)
0,1 &* +% &%"#6#%"#%'

3(6! (2 '4# -+,5 7&.#% /! ;<8=8>H@) +%" +00 '4# ('4#, -+,5* +,# &%"#6#%"#%' 3(6&#*

(2 '4# ,+%"(- .+,&+/0# M ) *## ;<8H8>@8

 ! 3(%*',13'&(%)

l
∑

k=0

(Zk − Zk
) ≤

∑

d∈ !"l

l−s(d)
∑

k=0

Z(d)

k = |C16l|+
∑

d∈ !"l

l−s(d)
∑

i=1

Z(d)

k , ;<8=8><@

+%") *&-&0+,0!)

l
∑

k=0

(Ck − Ck
) ≤

∑

d∈ !"l

Λ(M (d)

0,1 ) +
∑

d∈ !"l

l−s(d)
∑

k=1

Z
(d)
k

∑

m=1

Λ
(

M (d)

k,m

)

. ;<8=8>N@

O166(*# :# 3+% $%" +% #.#%' D) :&'4 P(Dc) ≤ N−β2
) *134 '4+' '4# #.#%' D)

:4&34 :# :&00 &%',("13# 0+'#, (%) #%*1,#* '4+' '4#,# +,# 2#: -&*-+'34#* /#':##%

'4# NRA6,(3#** +%" NRA6,(3#**8 E4#% '4# P+,5(. &%#Q1+0&'!) !&#0"*R

P

(

l
∑

k=1

(Ck − Ck) > N1/2−α2

)

≤ N−1/2+α2E

[

l
∑

k=1

(Ck − Ck)1D

]

+N−β2 .

 !"#"$%&
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 !!"#$%&' (" )*+ +,-. %( %/ /01!%2&( (" /3"4 (35( (32#2 26%/(/ 5 272&( D 4%(3

P(Dc) < N−β2
/0!3 (35(

E

[

l
∑

k=1

(Ck − Ck)1D

]

= O
(

N1/2−α2−β2

)

. )*+ +,8.

92 4%:: /3"4 ;2:"4 (35( 42 !5& ;"0&$ (32 !5<5!%(= "> 25!3 $0<:%!5(2 ;= Nγ
>"#

/"?2 0 < γ < 1/2 "& (32 272&( D+ @3%/ %/ 5 72#= !#0$2 ;"0&$A ;0( %( %/ /01!%2&(+
B0#(32#?"#2A 5/ (32 ?5#C/ %& (32 /2!"&$ 5&$ >0#(32# '2&2#5(%"&/ "> 5 $0<:%!5(2 5#2

%&$2<2&$2&( !"<%2/ "> (32 #5&$"? 75#%5;:2 M A 42 !5& ;"0&$ E[ΛM1D] ;= SS
−1
A

432#2 42 #2!5:: )*+,+8. >"# (32 $2D&%(%"& "> S 5&$ S+ @32& (32 26<2!(2$ 75:02 ">
)*+ +,E. ;2!"?2/

E

[

l
∑

k=1

(Ck − Ck)1D

]

≤ NγE[|F0<l|1D] + SS−1E





∑

d∈ !"l

l−s(d)
∑

k=1

Z(d)

k 1D



 ,

)*+ +,G.

H/%&' 506%:%5#= :2??5/ 42 4%:: /3"4 (35(

E[|F0<l|1D] = O
(

N1/2−ε−γ
)

5&$ E





∑

d∈ !"l

l−s(d)
∑

k=1

Z(d)

i 1D



 = O
(

N1/2−ε
)

)*+ +,I.

>"# /"?2 ε > 0+ J"?;%&%&' )*+ +,G. 5&$ )*+ +,I. =%2:$/ )*+ +,8.+ 92 2&$ (32
"0(:%&2 4%(3 5 :%/( "> 5:: /(5(2?2&(/ (35( 42 4%:: <#"72A 43%!3 ("'2(32# %?<:= (32

/(5(2?2&( %& K#"<"/%(%"& *+ +LI+ @32 :%/( !"&/%/(/ "> (32 >"::"4%&' /(2</M

L+ F2D&2 D 5&$ /3"4 (35( P(Dc) ≤ N−β2
A

,+ N3"4 (35( max1≤m≤N Λm < Nγ
A  !"A 5&$ (35( E[ΛM1D] ≤ SS−1A

O+ N3"4 (32 (4" /(5(2?2&(/ %& )*+ +,I.+

92 /(5#( 4%(3 N(2< ,+ F2D&2 Λ(N)

N 5/

Λ(N)

N = max
1≤i≤N

Λi.

@32&A

#$%%& '()*  !" #$#"% γ > 0&

P(Λ(N)

N ≥ Nγ) = O
(

N1−(τ−1)γ
)

.

+,--.+ P"":2Q/ %&2R05:%(= =%2:$/M

P(Λ(N)

N ≥ Nγ) ≤
N
∑

i=1

P(Λi ≥ Nγ) ≤ cN1−(τ−1)γ .
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 !"# $%&'% ()% %*%'( C +,

C = C1 ∩ C2 ∩ C3, -./0/123

")%4%

C1 = C1(α0) =
{

|SN,1 − µ| ≤ N−α0
}

∩
{

|SN,2 − ν| ≤ N−α0
}

, -./0/153

C2 = C2(γ) = {Λ(N)

N ≤ Nγ} , -./0/163

C3 = C3(α1) =
{

∞
∑

n=1

n |fn − f (N)

n | ≤ N−α1

}

∩
{

∞
∑

n=1

n |gn − g(N)

n |
}

, -./0/113

")%4% γ ∈ (1/(τ − 1), 1/2)# α0 +'$ α1 +4% (+7%' ,89) ()+( :4!;!,<(<!' ./. +'$
:4!;!,<(<!' ./5. )!=$# 4%,;%9(<*%=>/ ?)%'# +99!4$<'@ (! A%BB+ ./5C +'$ ()% +D!4%

B%'(<!'%$ ;4!;!,<(<!',# "% )+*%

P(Cc) ≤ P(Cc1) + P(Cc2) + P(Cc3) = O
(

N−β0
)

+O
(

N1−(τ−1)γ
)

+O
(

N−β1
)

,

-./0/1.3

")%4% "% 9+' 4%;=+9% ()% 4<@)( )+'$ ,<$% E> O(N−ε) "<() ε = min{β0, (τ − 1)γ −
1, β1} > 0/ F' ()% %*%'( C <( D!==!", D4!B -./6/C3 ()+(  !"

EN[ΛM1C ] =
1

LN

N
∑

m=1

Λ2m1C =
SN,2

SN,1
1C ≤ SS−1. -./0/1G3

H%'9%# <D ()% %*%'( D# ")<9) "<== E% $%&'%$ =+(%4# 9!'(+<', C# ()%' I(%; 6 )!=$,/
?! 9!'(4!= ()% ,<J% !D ()% ,%( K8;l "% "<== 8,% ()% D!==!"<'@ ("! =%BB+,L

#$%%& '()*  !" η, δ ∈ (−1/2, 1/2) #$% #&& l ≤ (1/2 + η) logν N ' #$% ()*+ β1
,)-.$ )$ /012134'

P

(

l
∑

k=0

Zk > N1/2+δ

)

= O
(

(logν N)N
−min{δ−η,β1}

)

,

#$%' 5!$6.78.$*&9' ): {Nl}l≥0 #". *+. ".#5+#;&. 6.*6 !: #$ 8$):!"<&9 5+!6.$ $!%.
A )$ *+. ,"#=+ GN ' *+.$

P

(

|Nl| > N1/2+δ
)

= O
(

(logν N)N
−min{δ−η,β1}

)

.

+,--.( M% )+*% D!4 l ≤ (1/2 + η) logν N #

P

({

l
∑

k=0

Zk > N1/2+δ

}

∩ C3
)

≤ N−1/2−δ
k

∑

k=0

E
[

Zk1C3

]

≤ (l + 1)N−1/2−δ max
1≤k≤l

E
[

Zk1C3

]

. -./0/1N3
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 !"

µN =

∞
∑

n=1

nf (N)

n #$% νN =

∞
∑

n=1

ng(N)

n , &'()(*+,

"-!$. /0 %!1$2"23$. 4! -#5! EN

[

Zk1C3

]

= µNν
k−1
N 1C3 637 !#8- k ≥ 1( 9:7"-!7;37!.

3$ "-! !5!$" C3 4! -#5!

ν−1max {ν, νN} = 1 + ν−1max

{

0,

∞
∑

n=0

n (gn − g(N)

n )

}

= 1 +O
(

N−α1
)

&'()(*<,

#$%. =2;2>#7>0.

µ−1max {µ, µN} = 1 +O
(

N−α1
)

. &'()(*?,

@-:=. 3$ C3. #$% 637 k ≤ l ≤ (1/2 + η) logν N .

EN

[

Zk

]

= µNν
k−1
N ≤ µνl−1

(

1 +O
(

N−α1
))l

= O
(

N1/2+η
)

, &'()('A,

@-! #/35! 02!>%=.

max
1≤k≤l

E
[

Zk1C3

]

= max
1≤k≤l

E
[

EN

[

Zk1C3

]]

= O
(

N1/2+η
)

. &'()('B,

@-!7!637!. 26 4! =:/="2":"! (4.A.41) 2$ (4.A.36). "-!$ 4! !$% :C 42"-

P

({

l
∑

k=0

Zk > N1/2+δ

}

∩ C3
)

≤ (l + 1)N−1/2−δO
(

N1/2+η
)

,

#$= 3/=!75! "-#" "-! 37%!7 36 "-! 72D-" -#$% =2%! 2= O
(

(logν N)N
η−δ

)

( E3;/2$2$D

"-2= 42"- F73C3=2"23$ '(B' 02!>%= "-! ;#2$ ="#"!;!$" 36 "-! >!;;#( 92$#>>0. :=2$D

"-! 83:C>2$D &'(*(G,.

P

(

|Nl| > N1/2+δ
)

= P

(

l
∑

k=0

Z
k
> N1/2+δ

)

≤ P

(

l
∑

k=0

Zk > N1/2+δ

)

= O
(

(logν N)N
η−δ

)

.

�

 !""# $%&'  !"#" "$%&'& ( )*+&'(+' ε > 0, &-)! '!(' .*# "()! δ ∈ (−1/2, 1/2),
u ≥ 0 (+/ v ≤ N1/2+δ

,

P

(

v
∑

w=1

Yw ≥ Nu

)

= O
(

N−min{u−2δ,ε}
)

. &'()('H,
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 !""#$  !"# $%& '&()*$*") "+ Yv, -&& (4.A.21), .)' /""0&1- *)&23.0*$4,

PN(Yv = 1|Mv = m) = PN

(

∪v−1w=0 {Mv = m}
)

≤
v−1
∑

w=0

PN(Mv = m) =
1

N
+ (v − 1)

Λm
LN

.

5%&!&+"!&, 3-*)6 789:9;< .)' v ≤ N1/2+δ
, =& %.>&, ") $%& &>&)$ C, $%.$

PN(Yv = 1) =
1

N

N
∑

m=1

Λm
LN

+ (v − 1)
N
∑

m=1

Λ2m
L2N

=
1

N
+
v − 1

N

SN,2

S2
N,1

≤ 1

N
+ SS−2N δ−1/2 = O

(

N δ−1/2
)

.

 !"# $%& ?.!@"> *)&23.0*$4, =& %&)A& '&'3A&, ") $%& &>&)$ C, $%.$

PN

(

v
∑

w=1

Yw ≥ Nu

)

≤ N−u
v

∑

w=1

PN(Yw = 1) ≤ vO
(

N δ−1/2−u
)

= O
(

N2δ−u
)

.

5%3-,

P

({

v
∑

w=1

Yw ≥ Nu

}

∩ C
)

= E

[

PN

(

v
∑

w=1

Yw ≥ Nu

)

1C

]

+ P(Cc)

= O
(

N−min{u−2δ,ε}
)

,

=%*A% *#B0*&- $%& A0.*# (4.A.42)9 �

 !""# "#  !"%"&'('") *$+,$ C&()& $%& &>&)$ D = D1 ∩ D2 ∩ D3 ∩ C, =%&!&

D1 =
{

C3B⌊(1/2−2η) logν N⌋
= ∅
}

, 789D98E<

D2 =
{∣

∣

∣C3B⌊(1/2+η) logν N⌋

∣

∣

∣ ≤ N5η
}

, 789D988<

D3 =
⋂

d∈ !"⌊(1/2+η) logν N⌋

{

Z(d)

1 < Nθ
}

789D98F<

.)' θ = 6η + γ9
D- G$&B : %.- H&&) -%"=) .H">&, *$ !&#.*)- $" B!">& P(Dc) ≤ N−β2

, =*$% D
.- '&()&' .H">& 7G$&B I<, .)' $%& $=" -$.$&#&)$- *) 789D9:J< 7G$&B E<9

K& -$.!$ =*$% $%& (!-$ -$.$&#&)$ *) 789D9:J<9 K& %.>&,

E[|C3Bl|1D] ≤ E

[

|C3B⌊(1/2+η) logν N⌋
|1D
]

≤ N5η ≤ N1/2−ε−γ , 789D98L<

H4 A%""-*)6 η .)' ε -#.00 .)' γ ∈ (1/(τ − 1), 1/2) .BB!"B!*.$&049
5%& -&A")' -$.$&#&)$ *) 789D9:J< B!"A&&'- *) $%& +"00"=*)6 =.49 M) $%& &>&)$

D1∩D2 '3B0*A.$&- '" )"$ .BB&.! *) $%& (!-$ (1/2−2η) logν N 6&)&!.$*")-, *#B04*)6

$%.$,

max
d∈ !"l

(l − s(d)) ≤ l − (1/2− 2η) logν N ≤ 3η logν N. 789D98;<
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 !"#$

E





∑

d∈ !"l

l−s(d)
∑

k=1

Z(d)

k 1D



 ≤ E





∑

d∈ !"l

⌊3η logν N⌋
∑

k=1

Z(d)

k 1D



 . %&'('&)*

 !+ ,-.!/ !012 #-2+ -# /!+ +34+5/+2 #-6+ 78 /!+ 4,7.+19 78 /!+ 2"4:-50/+# 012 -/#

7;#4,-1.'  !+ /7/0: 5!-:2,+1 78 0:: /!+ 2"4:-50/+# 71 D3 -# <7"12+2 8,7= 0<7>+

<9 /!+ /!+ /7/0: 1"=<+, 78 2"4:-50/+# /-=+# Nθ
' ?-15+ 71 D2 /!+ /7/0: 1"=<+, 78

2"4:-50/+# -# <7"12+2 8,7= 0<7>+ <9 N5η
$ /!+,+87,+ /!+ /7/0: 1"=<+, 78 5!-:2,+1

78 0:: /!+ 2"4:-50/+# -# <7"12+2 8,7= 0<7>+ <9 N5η+θ
71 D2 ∩ D3' @",/!+,=7,+$

/!+ 7;#4,-1. 2-#/,-<"/-71 78 +05! 5!-:2 78 0 2"4:-50/+ -# 01 -12+4+12+1/ 5749 78

{Ẑl}l≥0$ A!+,+ {Ẑl}l≥0 -# 0 BC A-/! Ẑ0 = 1 012 A!+,+ +05! -12->-2"0: !0#
7;#4,-1. 2-#/,-<"/-71 {g(N)

n }n≥0' ?-15+$ /!+ =0,D 78 0 5!-:2 78 0 2"4:-50/+ -# <9
2+E1-/-71 01 -12+4+12+1/ 5749 78 /!+ ,0127= >0,-0<:+ M '

 !+,+87,+$ %&'('&)* 501 <+ <7"12+2 <9

E





∑

d∈ !"l

l−s(d)
∑

k=1

Z(d)

k 1D



 ≤ N5η+θ +N5η+θE





⌊3η logν N⌋
∑

k=1

Ẑk1C





F1 C A+ <7"12 ∑⌊3η logν N⌋
k=1 Ẑk <9

⌊3η(logν N)⌋
∑

k=1

Ẑk ≤ 3η(logν N)ν
3η logν N
N = O

(

(logν N)N
3η
)

= O
(

N4η
)

,

57=40,+ A-/! %&'('&G* 012 %&'('&H*'  !"#$ A+ <7"12 %&'('&)* <9

E





∑

d∈ !"l

l−s(d)
∑

k=1

Z(d)

k 1D



 ≤ N5η+θ +N5η+θO
(

N4η
)

= O
(

Nθ+9η
)

= O
(

N15η+γ
)

,

A!-5! -# =7,+ /!01 #"I5-+1/ 87, /!+ #+5712 #/0/+=+1/ 78 %&'('JK*$ #-15+ γ < 1/2
012 A+ 501 4-5D η 0,<-/,0,-:9 #=0::'  !-# 57=4:+/+# /!+ 4,778 78 ?/+4 L'

M+ 571/-1"+ A-/! /!+ 4,778 78 ?/+4 H' @7, /!-#$ A+ <7"12

P(Dc) ≤ P(Dc1) + P(Dc2) + P(Dc3 ∩ D2 ∩ C). %&'('&K*

M+ 17A <7"12 /!+#+ /+,=# 71+ <9 71+' @7, P(Dc1)$ A+ "#+ N+==0# &'H) 012 &'HK
/7 7</0-1

P(Dc1) ≤ P



Dc1 ∩







⌊(1/2−2η) logν N⌋
∑

k=0

Zk < N1/2−η









+O
(

(logν N)N
−min{η,β1}

)

≤ P





⌊N1/2−η⌋
∑

w=1

Yw > 0



+O
(

N−min{η/2,β1/2}
)

= O
(

N−min{η/2,β1/2,ε}
)

%&'('OG*
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 !"# $%&%' (')#

P(Dc2) ≤ P



Dc2 ∩







⌊(1/2+η) logν N⌋
∑

k=0

Zk < N1/2+2η









+O
(

(logν N)N
−min{η,β1}

)

≤ P





⌊N1/2+2η⌋
∑

w=1

Yw > N5η



+O
(

N−min{η/2,β1/2}
)

= O
(

N−min{η/2,β1/2,ε}
)

. *+,-,./0

12 324!" P(Dc3 ∩ D2 ∩ C)# 56 7($8 324!" PN(Dc3 ∩ D2) 2! 896 6:6!8 C, ;$%!<

896 = (>2: %!6?4 '%8)  !" @22'6A$ %!6?4 '%8) 56 9 :6# 2! C# 89 8

PN(Dc3 ∩ D2) ≤ N−θEN





∑

d∈ !"⌊(1/2+η) logν N⌋

Z(d)

1 1D2



 = N−θEN





∑

d∈ !"k

Z(d)

1 1D2



 ,

*+,-,.B0

596(6 56# C2( D2!:6!%6!D6# $68 k = ⌊(1/2 + η) logν N⌋, EC 56 D2!"%8%2! 2! 896

$6?46!D6$ {Λi}Ni=1  !" {Mv}v≥0# (6D '' *+,-,BF0# 896! Z(d)

1 # C2( d ∈ G4Hk# %$  !

%!"6H6!"6!8 I2%$$2! ( !"2& : (% 3'6 5%89 &6 ! Λ(Md), 194$# D2!"%8%2!6" 2! 896

$6?46!D6$ {Λi}Ni=1  !" {Mv}v≥0# 896 $4&
∑

d∈ !"k
Z(d)

1 %$ "%$8(%3486"  $  I2%$$2!

( !"2& : (% 3'6 5%89 &6 !

∑

d∈ !"k
Md, J9%D9 %! 84(! D ! 36 $82D9 $8%D '')

324!"6" C(2&  32:6 3)  I2%$$2! ( !"2& : (% 3'6 5%89 &6 ! |G4Hk|Nγ
2! 896

6:6!8 C# 36D 4$6 Λ(Md) ≤ Λ(N)

N ≤ Nγ
C2(  '' d ∈ G4Hk, K%!D6 D2  !" G4Hk  (6

&6 $4( 3'6 5%89 (6$H6D8 82 {Mv}v≥0# 896(6C2(6 896  32:6 )%6'"$

EN





∑

d∈ !"k

Z(d)

1 1D2



 = EN





∑

d∈ !"k

EN

[

Poi
(

Z(d)

1

)∣

∣ {Mv}v≥0
]

1D2





= EN



EN



Poi





∑

d∈ !"k

Z(d)

1





∣

∣

∣

∣

∣

∣

{Mv}v≥0



1D2





≤ EN[EN[Poi(|G4Hk|Nγ)| {Mv}v≥0]1D2
]

≤ EN

[

EN

[

Poi
(

N5η+γ
)∣

∣ {Mv}v≥0
]]

= EN

[

Poi
(

N5η+γ
)]

= N5η+γ . *+,-,.L0

194$# 56 324!" *+,-,.B0 3)

PN(Dc3 ∩ D2) ≤ N−θEN





∑

d∈ !"⌊(1/2+η) logν N⌋

Z(d)

1 1D2



 ≤ N−θ+5η+γ = N−η.

*+,-,.+0

M6!D6#

P(D23 ∩ D2 ∩ C) = E[1CPN(Dc3 ∩ D2)] = O
(

N−min{η/2,β1/2,ε}
)

*+,-,..0
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 !"# $! %%&# '& ()*+*,-.# ()*+*,/.# ()*+*,,.  !" ()*+*)0.#

P(Dc) = O
(

N−min{η/2,β1/2,ε}
)

,

12342 56789: ;<95 /  !" <2969=769 <29 56757:3<37!* �

4.A.4 Proof of Proposition 4.12

>! <23: :94<37! 19 56789 ?6757:3<37! )*/@# 12342 19 69:< <9 2969 =76 47!89!39!49

 : ?6757:3<37! )*@-*

 !"#"$%&%"' ()*+  !"#" "$%&' ()*&'+*'& α3, β3, η > 0 &,(! '!+' -)# +.. l ≤ (1 +
2η) logν N / +& N →∞/

P

( 1

N

∣

∣

∣

l+1
∑

k=2

Z(1)

⌈k/2⌉Z(2)

⌊k/2⌋ −
l+1
∑

k=2

C(1)

⌈k/2⌉C
(2)

⌊k/2⌋

∣

∣

∣ > N−α3

)

= O
(

N−β3
)

. ()*+*,A.

B9 :< 6< 13<2  ! 7C<%3!9 7= <29 5677=* D9$!9

T1 =
1

N

l+1
∑

k=2

Z(2)

⌊k/2⌋

∣

∣Z(1)

⌈k/2⌉ − C(1)

⌈k/2⌉

∣

∣

 !" T2 =
1

N

l+1
∑

k=2

C(1)

⌈k/2⌉

∣

∣Z(2)

⌊k/2⌋ − C(2)

⌊k/2⌋

∣

∣.

()*+*,E.

F7 :271 (4.A.56)# 3< :CG49: <7 56789 <2 < =76  !  5567563 <9 427:9! 989!< H#

P

(

T11H >
1

2
N−α3

)

= O
(

N−β3
)

 !" P

(

T21H >
1

2
N−α3

)

= O
(

N−β3
)

,

()*+*,H.

 !" <2 < P(Hc) = O
(

N−ξ
)

=76 :7I9 ξ > 0* B9 4277:9 <29 989!< H :C42 <2 < 7!

<23: 989!<# =76 9 42 k ≤ l ≤ (1 + 2η) logν N #

E
[

Z(2)

⌊k/2⌋1H

]

= O
(

N1/2+2η
)

, E
[∣

∣Z(1)

⌈k/2⌉ − C(1)

⌈k/2⌉

∣

∣1H

]

= O
(

N1/2−u
)

,

()*+*,0.

E
[

C(1)

⌈k/2⌉
1H

]

= O
(

N1/2+2η
)

 !" E
[∣

∣Z(2)

⌊k/2⌋ − C(2)

⌊k/2⌋

∣

∣1H

]

= O
(

N1/2−u
)

,

()*+*A-.

=76 :7I9 u, α3, η > 0 :C42 <2 <

α3 < u− 2η. ()*+*A/.

F29 4% 3I: (4.A.59)# (4.A.60)  !" (4.A.61) 3I5%39: (4.A.58)* F23: 3: :<6 3J2<=76K

1 6" =67I <29 L 6M78 3!9NC %3<&# <29 3!"959!"9!49 7= Z(1)
'9<199! Z(2)

 !" <29

 ::743 <9" 4 5 43<39:  !" <29 3!9NC %3<& l ≤ (1 + 2η) logν N * B9 %9 89 3< <7 <29

69 "96 <7 8963=& <23:*



§4.A Appendix 117

 !"#$%& '( ")'*+!, (4.A.59) %!& (4.A.60)- +# +" "./0+$!# #' ")'* #)%# #)$1$

$2+"#" 0'!"#%!#" α3, η, u > 0 "%#+"(3+!, (4.A.61) %!& ".0) #)%# ('1 $%0) k ≤ l ≤
(1/2 + η) logν N -

E[|Zk − Ck
|1H] = O

(

N1/2−u
)

, E[Zk1H] = O
(

N1/2+2η
)

%!&

E[Ck1H] = O
(

N1/2+2η
)

, 4567689:

*)+0) "+;<=+>$" #)$ !'#%#+'! 0'!"+&$1%?=36

@$ 0)''"$ #)$ $A$!# H %" H = H1 ∩H2 ∩H3 ∩H4 ∩ C- *)$1$

H1 =

{

l
∑

k=1

(Ck − Ck
) ≤ N1/2−α2

}

, 456768B:

H2,k =
{

∣

∣Ck − EN[ΛM ]Zk−1

∣

∣ < N1/2−δ
}

, H2 = ∩lk=1H2,k, 4567685:

H3,k =
{

|Zk − νZk−1| < N1/2−δ
}

, H3 = ∩lk=1H3,k, 456768C:

H4 =
{

|EN[ΛM ]− ν| ≤ N−δ
}

, 4567688:

%!& #)$ $A$!# C +" ,+A$! ?3 (4.A.30)6 D$!0$- ('1 #)$ <1''( '( E1'<'"+#+'! 569F

+# "./0$" #' ")'* #)$ #)1$$ 0=%+;" +! (4.A.62) *+#) u − 2η > 0- %!& #)%# ('1

"';$ ξ > 0 *$ )%A$ #)%# P(Hc) = O
(

N−ξ
)

6 G'1 #)$ =%##$1 "#%#$;$!#- *$ ."$

#)$ ('=='*+!, =$;;%6  ! #)+" =$;;% *$ &$!'#$ ?3 dN % 1%!&'; A%1+%?=$ *+#)

&+"#1+?.#+'! {g(N)
n }n≥0 ,+A$! ?3 (4.3.8)6

 !""# $%&'  !" #$#"% γ > 0& '!" {Λi}Ni=1& ()*+ ,+-, C !**)"(&
.-"N(ΛM ) = O(Nγ) -/0 .-"N(dN) = O(Nγ) , 456768H:

1+#"# .-"N( · ) 2( ,+# $-"2-/*# )/0#" PN( · )3
I)$ <1''( '( #)+" =$;;% +" &$($11$& #' #)$ $!& '( #)+" "$0#+'!6 7=#)'.,) +# "$$;"

#)%# *$ 0%! #%J$ %!3 γ > 0- #)+" *+== !'# ?$ #)$ 0%"$ +! #)$ <1''( '( E1'<'"+#+'!

569F6 @$ !$$& #)%# #)$ $A$!# C )%<<$!" ()* - *)+0) +" #)$ 0%"$ *)$! γ >
1/(τ − 1)6

+,--. -. +,-*-/010-2 $%&3 K'!"+&$1 #)$ >1"# 0=%+; ,+A$! ?3 (4.A.62)6 L"+!,

#)$ #1+%!,=$ +!$M.%=+#3 *$ %11+A$ %#

E[|Ck −Zk|1H] ≤ E
[∣

∣Ck − Ck

∣

∣1H

]

+ E
[∣

∣Ck − EN[ΛM ]Zk−1

∣

∣1H

]

+ E
[∣

∣Zk−1(EN[ΛM ]− ν)
∣

∣1H

]

+ νE
[∣

∣Zk−1 −Zk−1

∣

∣1H

]

+ E[|νZk−1 −Zk|1H] ,
456768N:

I)$ >1"#- "$0'!& %!& #)$ =%"# #$1; '! #)$ 1+,)# )%!& '( (4.A.68)- *$ ?'.!& ?3

N1/2−min {δ,α2}
."+!, #)$ $A$!#" H1- H2 %!& H3- 1$"<$0#+A$=36 @$ ?'.!& #)$ #)+1&

#$1; '( (4.A.68) ."+!, #)$ $A$!# H4 %!& 456765F:- *)+0) ,+A$"

E
[∣

∣Zk−1(EN[ΛM ]− ν)
∣

∣1H4∩C

]

≤ N−δE
[∣

∣Zk−11C

∣

∣

]

= O
(

N1/2+2η−δ
)

. 456768O:
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 !"#$$%& '( "(() *+ ,+-") *.( /+-0*. *(01 +/ 234546784 9" *.( (:("* C3 *.(
/+$$+'!"; !"(<-#$!*% .+$)= /+0 (#>. k ≤ l 2>+1?#0( '!*. @A3& 254B438 #") 254B4BA8C8&

EN

[∣

∣Zk −Zk

∣

∣

]

≤ max {ν − αN , νN − αN}
l

∑

k=1

EN

[

Zk

]

(max {ν, νN})l−k , 23454DE8

'.(0(

αN =
∞
∑

n=0

nmin{gn, g(N)

n }

#") νN != ;!:(" ,% 23454FD84 G( ,+-") *.( =-1 !" (4.A.70)& -=!"; (4.A.40)& '.!>.
!1?$!(=

l
∑

k=1

EN

[

Zk

]

(max {ν, νN})l−k =
l

∑

k=1

µNν
m−1
N (max {ν, νN})l−k

≤ lmax {µ, µN} (max {ν, νN})l−1

≤ l
(

1 +O
(

N−α1
))lO

(

N1/2+η
)

≤ N1/2+2η

23454DB8

/+0 N =-H>!("*$% $#0;(4 9" *.( (:("* C3 '( .#:(

max {ν − αN , νN − αN} ≤
∞
∑

n=1

n |gn − g(N)

n | ≤ N−α1 . 23454DI8

J+1,!"!"; 23454DE8& (4.A.71) #") (4.A.72)& '( +,*#!" *.#*& +" C3&

EN

[∣

∣Zk −Zk

∣

∣

]

= O
(

N1/2+2η−α1

)

.

K.-=& #$$ *+;(*.(0& *.( $(/* =!)( +/ (4.A.68) =#*!=L(=

E[|C
k
−Zk|1H] = O

(

N1/2−min {δ,α2,δ−2η,α1−2η}
)

. 23454DF8

K.!= ;!:(= # ,+-") /+0 *.( 0!;.* .#") +/ (4.A.62) '!*.

u = min {δ, α2, δ − 2η, α1 − 2η}.

K.( =(>+") >$#!1 +/ (4.A.62) != (:!)("*& ,(>#-=( k ≤ l ≤ (1/2 + η) logν N #")

*.(0(/+0(

E[Zk1H] ≤ E[Zk] = µνk−1 ≤ µνl−1 = O
(

N1/2+η
)

. 23454D38

 !"#$$%& *.( *.!0) >$#!1 +/ (4.A.62) /+$$+'= /0+1 -=!"; !" *-0" C
k
≤ Ck&

E[Ck1H] ≤ E
[

Ck1H

]

= E





Zk−1
∑

v=1

Λ
(

Mk−1,v

)

1H



 .
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 !" #$ %&'()* +!),(%(!)&- ./0.+%&%(!) "(%1 2.30.+% %! Zi−1 &), %1. +&0&+(%(.34

". !#%&()

EN





Zk−1
∑

v=1

Λ
(

Mk−1,v

)

1H

∣

∣

∣

∣

∣

∣

Zk−1



 =

Zk−1
∑

v=1

EN

[

Λ
(

Mk−1,v

)

1H

∣

∣Zk−1

]

≤
Zk−1
∑

v=1

EN

[

Λ
(

Mk−1,v

)

1C

∣

∣Zk−1

]

= Zk−1EN[ΛM1C ] ≤ SSZk−11C

3! %1&% 5678769: (;0-(.3 %1&%

E[Ck1H] ≤ E



EN





Zk−1
∑

v=1

Λ
(

Mk−1,v

)

1H

∣

∣

∣

∣

∣

∣

Zk−1







 ≤ SSE
[

Zk−11C

]

= O
(

N1/2+2η
)

.

<1=34 ". 1&>. 31!") %1. +-&(;3 *(>.) #$ (4.A.62) (? ". 2.3%2(+% η %! 0 < η <
min{α1, α2}/2 ,=. %! (4.A.73)7 <! 3&%(3?$ +!),(%(!) (4.A.61)4 ". 2.3%2(+% η %!

0 < η < min{α1/4, α2/2, δ/2}, 56787@A:

&), 0(+' α3 = (u−2η)/27 <1.) α3 > 0 &), +!),(%(!) (4.A.61) (3 3&%(3B.,4 #.+&=3.

u− 2η < α3 = (u− 2η)/2 = min{α1 − 4η, α2 − 2η, δ − 2η}/2 > 0,

?!2 .&+1 0 < δ < 1/2 &), ?!2 .&+1 η *(>.) #$ (4.A.75)7
C. B)(31 %1. 02!!? #$ 31!"()* %1&% P(Hc) = O

(

N−ξ
)

?!2 3!;. ξ > 07 C.
#!=), P(Hc) #$

P(Hc) ≤ P(Hc1) + P(Hc2 ∩ C) + P(Hc3 ∩ C) + P(Hc4 ∩ C) + P(Cc) . 56787@D:

<1. -&3% %.2; ". #!=), #$ (4.A.34)4 "1(+1 3%&%.3 P(Cc) = O(N−ε) ?!2 3!;. ε > 07
C. #!=), P(Hc1) =3()* E2!0!3(%(!) 67FD4

P(Hc1) = O
(

N−β2
)

. 56787@@:

 ./%4 ". "(-- #!=), P(Hc2 ∩ C) &), P(Hc3 ∩ C) ?2!; &#!>.7 C. "(-- 31!" %1&% #$

=3()* %1. G1.#$+1.> ().H=&-(%$ %1&%

PN

(

Hc2,k ∩ C
)

= O
(

N−1/2+2δ+γ+2η
)

4 ?!2 k ≤ l ≤ (1/2 + η) logν N 7 56787@I:

<1.) #$ J!!-.K3 ().H=&-(%$ ". 1&>.4

P(Hc2) ≤ P

(

l
⋃

k=0

Hc2,k ∩ C
)

+ P(Cc) ≤
l

∑

k=0

E
[

PN

(

Hc2,k ∩ C
)]

+ P(Cc)

≤ lN−1/2+2δ+γ+2η + P(Cc) = O
(

(logν N)N
−min{1/2−2δ−γ−2η,η/2,ε}

)

.

56787@L:
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 !" k# 1 ≤ k ≤ l ≤ (1/2 + η) logν N # $%& &'%()' *+ Vv = Λ
(

Mk−1,v

)

− EN[ΛM ]

,(- v = 1, 2, . . . , Zk−1. /' 0$1' )0$) EN[Vv] = 0# $%& 2(%&!)!(%$33+ (% )0' 4$-56

Λ1, . . . ,ΛN )0' 6'78'%2' {Vv}Zk−1
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∑
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∣
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∑
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A%)%@ 0@;. B( C ! $79B <7 <

P
(
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)

= O
(

(logν N)N
−min{1/2−2δ−γ−2η,η/2}

)

,

B7(! B( 0(D@ C( Zk−1 :; Zk−1. $(< Vn = Xk−1,n − EN[dN ]. B7(0( Xk−1,n %$  !
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E$%!& <7 < / 0N(dN) %$ C9!$< !< #!"(0 PN . '()) *+-3  !" 1*+2+F*5 B( 7 >( <7 <

9! CG
EN[Zk−1/ 0N(dN)] = / 0N(dN)EN[Zk−1] = O

(
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.
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 !" #$%&" '(")*+, -%./#0" 1(2! 34565789,

P(Hc3) = O
(

(logν N)N
−min{1/2−2δ−γ−2η,η/2,ε}

)

. 34565:;9

 % $%<=* P(Hc4) 1" 1()) <+" 2!#2 EN[ΛM ] = SN,2/SN,1, 1!"0" SN,q =
1
N

∑N
i=1 Λ

q
i ,

q = 1, 25 >%2(-" 2!#2 %= S1,α0
∩ S2,α0

, 0"-#)) 345?549, 2!#2

(

1−O
(

N−α0
))

≤ SN,1

E[Λ]
≤

(

1 +O
(

N−α0
))

#=*

(

1−O
(

N−α0
))

≤ SN,2

E[Λ2]
≤

(

1 +O
(

N−α0
))

,

1!(-! '(")*+, 2%@"2!"0 1(2! ν = E
[

Λ2
]

/E[Λ]

(

1−O
(

N−α0
))

ν ≤ SN,2

SN,1
≤

(

1 +O
(

N−α0
))

ν. 34565:?9

 !<+, <+(=@ A"..# 454, 2!" B#0C%& (="D<#)(2' #=* (4.A.82) 1" !#&"

P(Hc4) ≤ P(Hc4 ∩ S1,α0 ∩ S2,α0 ∩ C) + P
(

Sc1,α0
∩ C

)

+ P
(

Sc2,α0
∩ C

)

+ P(C)
≤ N δE

[

|EN[ΛM ]− ν|1S1,α0
∩S2,α0

∩C

]

+O
(

N−min{β0,ε}
)

= N δE
[

|SN,2/SN,1 − ν|1S1,α0
∩S2,α0

∩C

]

+O
(

N−min{β0,ε}
)

= O
(

N δ−α0
)

+O
(

N−min{β0,ε}
)

= O
(

N−min{α0−δ,β0,ε}
)

. 34565:E9

F' A"..# 454 1" -#= /(-C α0 > δ/2 #=* β0 > 0 G%0 #)) δ < 1/25
H%.$(=(=@ 34565779, 34565789, 34565:;9 #=* 34565:E9 1(2! 345657I9 @(&"+

P(Hc) = O
(

N−ξ
)

,

1!"0" ξ = min{(1/2 − 2δ − γ − 2η)/2, β2, η/2, β0, ε, α − δ}5 J".".$"0 2!#2 γ (+
0"+20(-2"* 2%

1
τ−1 < γ < 1/2, 2!#2 δ (+ 0"+20(-2"* 2% 0 < δ < 1/2 #=* η (+ 0"+20(-2"*

$' (4.A.75)5 K%, /(-C η, δ > 0 +<-! 2!#2 2δ + η < 1/2 − γ, $"-#<+" 1" -#= /(-C
δ > 0 #=* η > 0 #0$(20#0' +.#)), 2!"= ξ > 05 �

 !""# "# $%&&' ()*+ H%=+(*"0 2!" L0+2 -)#(. %G (4.A.67)5  !" &#0(#=-" %G #
0#=*%. &#0(#$)" (+ $%<=*"* G0%. #$%&" $' (2+ +"-%=* .%."=25  !"0"G%0", <+(=@

345E5?9, A"..# 45;7 #=* 345?579, %= C

M#0N(ΛM ) ≤ EN

[

Λ2M
]
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1
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N
∑
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N
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N
∑
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N
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−1
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 !" N #$%&'()*+, +-".(/ 0( *$") *! *1( #(&!)2 &+-'3 ! (4.A.67)/ 4#'). (4.3.8)
5( 6!$)2 (4.A.67) !) C  "!3 -6!7( 6,

8-"N(dN)1C ≤
∞
∑

n=1

n2g(N)
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∞
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n=1

n2

SN,1N
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∑
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e−Λm
Λn+1m
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1C .
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N
∑
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N
∑
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∑
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Chapter 5

A geometric preferential
attachment model with fitness

 !"#$%& '()*

 !"#$%&#

 ! "#$%& ' (')%*+ ,('-. Gn/ 0.12. 2*+31)!" '"-!2#" *4 ,!*+!#(12 (')5

%*+ ,('-." ')% -(!4!(!)#1'6 '##'2.+!)#7 8.! (!"$6#1), (')%*+ ,('-." .'9!

-*0!(56'0 %!,(!! "!:$!)2!" 01#. ;)1#! +!') ')% -*""136& 1);)1#! 9'(1')2!7

<) -'(#12$6'(/ #.! -*0!(56'0 !=-*)!)# 2') 3! ')& 9'6$! 6'(,!( #.') >7

8.! 9!(#12!" *4 Gn '(! n "!:$!)#1'66& ,!)!('#!% 9!(#12!" 2.*"!) '# (')5
%*+ 1) #.! $)1# "-.!(! 1) R

3
7 ? )!06& '%%!% 9!(#!= .'" m !%,!" '##'2.!%

#* 1# ')% #.! !)%-*1)#" *4 #.!"! !%,!" '(! 2*))!2#!% #* *6% 9!(#12!" *( #* #.!

'%%!% 9!(#!= 1#"!647 8.! 9!(#12!" '(! 2.*"!) 01#. -(*3'3161#& -(*-*(#1*)'6

#* #.!1( 2$((!)# %!,(!! -6$" "*+! 1)1#1'6 '##('2#19!)!"" ')% +$6#1-61!% 3& '

4$)2#1*)/ %!-!)%1), *) #.! ,!*+!#(&7

5.1 Introduction

+!&,&!&-"# %  "" $./&-" /01&%2  !& 3!0302&1 45 6 ! 472#  -1 8%4&!" '9*  2 /01&%2

,0! % !:&;2$ %& -&"<0!=2 %#=& ".& >-"&!-&"? &%&$"!#$ % -&"<0!=2? "&%&3.0-& -&"<0!=2?

 -1 &@&- $0/3%&A 4#0%0:#$ % -&"<0!=2B C.&2& -&"<0!=2 :!0< #- "#/&? 4&$ D2&? ,0!

&A /3%&? -&< !0D"&!2? "! -2,0!/ .0D2&2? 2<#"$.40 !12 0! 3!0"&#-2  !&  11&1 "0

".& -&"<0!=B C.& 4&. @#0! $ - 4& /01&%&1 45 /& -2 0,  ! -10/ :! 3. 3!0$&22B

8 ! -10/ :! 3. 3!0$&22 #2  2"0$. 2"#$ 3!0$&22 ". " 1&2$!#4&2  ! -10/ :! 3.

&@0%@#-: <#". "#/&B 8" & $. "#/& 2"&3? ".& ! -10/ :! 3. #2 D31 "&1 D2#-:  :#@&-

 !"# $% & $'()? <.#$. <#%% 4& 23&$#E&1 % "&!B

>- %#"&! "D!&  -D/4&! 0, 1#F&!&-" !D%&2 0, :!0<".  !& &A3%0!&1B G0! &A /3%&?

& $. "#/& 2"&3 <&  11 0! !&/0@& &1:&2H@&!"#$&2 'IJ*? 0!? /0!&  1@ -$&1? $035

3 !"2 0, ".& :! 3. ')K*B GD!".&!/0!&? ".&!& #2 ,!&&10/ #- ".& $.0#$& .0< "0 $0--&$"

&-130#-"2 0, -&<%5  11&1 &1:&2B L02"%5? 0-& ! -10/%5 $.002&2 ".& &-130#-" 0@&!

".& @&!"#$&2? 0! 3!030!"#0- % "0 ".& 1&:!&&B 8-0".&! 3022#4#%#"5 #2 "0  22#:- "0

& $. @&!"&A  *(+#,,B >- 'IM? (N* -../(/0# *(+#,, #2 &A3%0!&1 <.&!& 0-& $.002&2
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 !" "!#$"%&' #" #() *)+!))  ',- -".) /!&%*".0 1&',)2 3% 4567 89:  !"#$%"$&'#$()

*#+),, $- ); '"!)* <()!) )&=( 1)!#); (&- & !&%*". >#%)-- &%* "%) =(""-)- & 1)!#);

 !" "!#$"%&' #" #() *)+!)) #$.)- #() >#%)--2 3% #($- =(& #)! <) ,-) & ="%-#&%#

&**$#$1) >#%)-- &%* & 1&!$&%# "? .,'#$ '$=&#$1) >#%)--7 *) )%*$%+ "% #() *$-#&%=)

@)#<))% 1)!#$=)-2

A&%B '&!+) %)#<"!C- "? $%#)!)-# (&1)  "<)!D'&< *)+!)) -)E,)%=)-7 @B <($=( <)

.)&% #(&# #() %,.@)! "? 1)!#$=)- <$#( *)+!)) k ?&''- "F &- k−τ ?"! -".) ); "%)%#

τ > 12 G()  &!&.)#)! τ $- =&'')* #()  "<)!D'&< ); "%)%#2 H) )%*$%+ "% #() 1&',)

"? τ <) ='&--$?B #() ?"''"<$%+ #(!)) =&#)+"!$)-I #() $+*+$#)  )'+ &',)7 #-) *+$#)

 )'+ '+. $+*+$#) ('/$'+&) &',)7 &%* #() *+$#) ('/$'+&) &',)7 <($=( ="!!)- "%*-

#" τ ∈ (1, 2)7 τ ∈ (2, 3) &%* τ > 37 !)- )=#$1)'B2

G()-) =&#)+"!$)- &!) "? $%#)!)-#7 @)=&,-) #() @)(&1$"! "? #() #B $=&' *$-#&%=)

$- *)#)!.$%)* @B #()  "<)!D'&< ); "%)%# τ 2 J)-,'#- $% #() '$#)!&#,!) -("< #(&# $?

τ ∈ (1, 2) #() #B $=&' *$-#&%=) $- @",%*)* @B -".) ="%-#&%#7 $? τ ∈ (2, 3) #() #B $=&'
*$-#&%=) $- ="%=)%#!&#)* &!",%* log log n &%* $? τ > 3 $# $- ="%=)%#!&#)* &!",%*

log n7 <()!) n $- #() %,.@)! "? 1)!#$=)- "? #() +!& (7 -)) 45K7 657 6L7 6M7 89:2

N '&!+) %,.@)! "? +!& ( ."*)'- (&1) @))% $%#!"*,=)* #" *)-=!$@) =". ');

%)#<"!C-7 @,# "?#)% #() ,%*)!'B$%+ +)".)#!B $- $+%"!)*2 3% +)%)!&' $# $- *$O=,'#

#" +)# !$+"!",- !)-,'#- ?"!  !" )!#$)- '$C) #() *)+!)) *$-#!$@,#$"%7 #B $=&' *$-#&%=)-

"! *$&.)#)!7 )1)% $? "%) *$-!)+&!*- #() +)".)#!B2 P"<)1)!7 $% <$!)')-- &*D("=

%)#<"!C- #() +)".)#!B $- "? +!)&# $. "!#&%=)7 -$%=) $% #()-) %)#<"!C- %"*)- &!)

- !)&* "1)! -".) -,!?&=) &%* %"*)- =&% "%'B ="..,%$=&#) <$#( %)$+(@"!- <$#($%

& =)!#&$% !&%+)7 *) )%*$%+ "% #() +)".)#!B2

3% #($- =(& #)! <) <$'' !)'B "% #() +)".)#!$=  !)?)!)%#$&' &##&=(.)%# /QRN0

."*)' $%#!"*,=)* $% 4L5: &%* );#)%*)* $% 4LL: @B #() -&.) &,#("!-2 G() QRN

."*)' $- & 1&!$&%# "? #() <)'' C%"<% S&!&@T-$DN'@)!# /SN0 ."*)'2 3% #() SN

."*)' %)< 1)!#$=)- &!) &**)* #" #() +!& ( "%) &# & #$.)2 U&=( %)< 1)!#); $-

="%%)=#)* #" m "? #() );$-#$%+ 1)!#$=)-7 <()!) <) =(""-) #" ="%%)=# #" &% "'*

1)!#);  !" "!#$"%&' #" $#- *)+!))2 3% #() QRN ."*)' )&=( 1)!#); (&- &  "-$#$"%

"% & -,!?&=)7 &%* <) =(""-) #" ="%%)=# #" &% "'* 1)!#);  !" "!#$"%&' #" $#- *)+!))

#$.)- & %"%D="%-#&%# .,'#$ '$=&#$1) 1&',)2 G($- .,'#$ '$=&#$1) 1&',) *) )%*- "%

#() *$-#&%=) "? #() "'* 1)!#); &%* #() %)<'B &**)* 1)!#);2 V"! $%-#&%=)7 ')#

#() .,'#$ '$=&#$1) ="%-#&%# @) 9 $? #() 1)!#$=)- &!) &# *$-#&%=) &# ."-# rn7 &%*
"#()!<$-) W)!"2 G() '&##)! &##&=(.)%# !,') )--)%#$&''B *)-=!$@)- #() ="%-#!,=#$"%

"? & -$. '$>)* <$!)')-- &*D("= %)#<"!C2

5.1.1 Definition of the model

3% #($- -)=#$"% <) <$'' $%#!"*,=) #() Q)".)#!$= R!)?)!)%#$&' N##&=(.)%# ."*)'

<$#( >#%)-- /QRNV02 G() QRNV ."*)' $- *)-=!$@)* @B & !&%*". +!& (  !"=)--

{Gσ}nσ=07 <($=( <) <$'' -#,*B ?"! '&!+) 1&',)- "? n2 V"! 0 ≤ σ ≤ n7 )&=( 1)!#);

"? #() +!& ( Gσ = (Vσ, Eσ) $-  "-$#$"%)* "% #() - ()!) S ⊂ R3
2 G() !&*$,- "?

#() - ()!) S $- #&C)% )E,&' #" 1/(2
√
π)7 -" #(&#7 ="%1)%$)%#'B7 N!)&(S) = 12 G()

1)!#$=)- "? #() +!& ( Gσ &!) +$1)% @B Vσ = {1, 2, . . . , σ} &%* Eσ $- #() -)# "? )*+)-2
G()  "-$#$"% "? 1)!#); v ∈ Vσ $% #() +!& ( Gσ $- +$1)% @B xv ∈ S &%* #() *)+!))

&# #$.) σ $- +$1)% @B dσ(v)2

G" *)-=!$@) #() QRNV !&%*". +!& ( ="%-$-#$%+ "? n 1)!#$=)- <) %))* 5  &D
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 !"#$# % !&' ! ()&*$+,& Fn : [0, π] → R+- ./# 0 %$ 1! !"#$# ,( $/# ",'#2 +%

m = m(n) > 03 4/+*/ +% $/# &)"5# ,( #'6#% !''#' +& #7# 8 $+"# %$#1- ./#

%#*,&' 1! !"#$# +% α ≥ 03 4/+*/ +% ! "#!%) # ,( $/# 5+!% $,4! ' %#2(92,,1%- ./#

$/+ ' ,&# +% δ > −m3 4/+*/ +% $/# +&+$+!2 !$$ !*$+7#&#%% ,( ! 7# $#:- ./# 7!2)#

Fn(u)3 u ∈ [0, π]3 +% !& +&'+*!$, ,( $/# !$$ !*$+,& 5#$4##& $4, 7# $+*#% !$ '+%$!&*#
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*,&%$ )*$ $/# 6 !1/ Gσ+1 58 */,,%+&6 7# $#: xσ+1 )&+(, "28 !$  !&'," +& S !&'

!'' +$ $, Gσ 4+$/ m '+ #*$#' #'6#% #"!&!$+&6 ( ," $/# 7# $#: xσ+1- >#$3 (, 

σ = 1, 2, . . . , n− 13

Tσ,n(u) =

σ
∑

v=1

(dσ(v) + δ)Fn(|xv − u|), ?@-A-AB

4/# # |xv − u| ∈ [0, π] +% $/# '+%$!&*# ( ," u $, u0 ,& $/# 6#,'#%+* $/ ,)6/

$/# 1,+&$% u !&' u0- C) $/# ", #3 2#$ $/# #&'1,+&$% ,( $/# m #"!&!$+&6 #'6#%

5# 6+7#& 58 $/# 7# $+*#% v(1)

σ+1, . . . , v
(m)

σ+1- D&$)+$+7#283 4# 4,)2' 2+E# $, */,,%# $/#

#&'1,+&$% !$  !&'," ?4+$/  #12!*#"#&$B ( ," Vσ3 %)*/ $/!$ v ∈ Vσ +% */,%#& 4+$/
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Pσ+
(

v(i)

σ+1 = v
)

=
(dσ(v) + δ)Fn(|xv − xσ+1|)

Tσ,n(xσ+1)
,

4/# # Pσ+( · ) = P( · |Gσ, xσ+1)- F,4#7# 3 $/# !5,7# 6+7#&  )2# ,( 6 ,4$/ +% &,$

4#229'#0&#'- ., %## $/+%3 *,&%+'# $/# %+"12+0#' ",'#2 (, 4+ #2#%% !'9/,* &#$9

4, E%3 +-#-3 Fn(x) = 1{x≤rn}- ./#&3 (, !&8 σ3 $/# # +% ! 1,%+$+7# 1 ,5!5+2+$8 $/!$

$/# # ! # &, 7# $+*#% 4+$/+&  #!*/ ,( $/# &#428 !''#' 7# $#: xσ+1 !&' $/# #(, #

Tσ,n(xσ+1) = 0-
., ,7# *,"# $/+% 1 ,52#" 4# *,)2' !'' %#2(92,,1% +( Tσ,n(xσ+1) = 0 , +(

Tσ,n(xσ+1) +% %"!22- =# 4+22 +&$ ,')*# ! 7! +!&$ ,( $/# !5,7# ",'#23 4/+*/ +%

5!%#' ,& $/# GH< ",'#2 +&$ ,')*#' +& IJJKL

 !"#$ %& '(%)*+ &%( α > 0,

• -./*/0"  !"# ?σ = 0BL ., +&+$+!2+M# $/# 1 ,*#%%3 4# %$! $ 4+$/ G0 5#+&6 $/#

#"1$8 6 !1/-

• 1(%)*+  !"# ?!$ $+"# σ+1BL =# */,,%# 7# $#: xσ+1 )&+(, "28 !$  !&',"

+& S !&' !'' +$ $, Gσ 4+$/ m '+ #*$#' #'6#% #"!&!$+&6 ( ," $/# 7# $#:

xσ+1- >#$ $/# #&'1,+&$% ,( $/# m #"!&!$+&6 #'6#% 6+7#& 58 $/# 7# $+*#%

v(1)

σ+1, . . . , v
(m)

σ+1- =# */,,%# $/# #&'1,+&$% !$  !&'," ?4+$/  #12!*#"#&$B

( ," Vσ3 %)*/ $/!$ v ∈ Vσ +% */,%#& 4+$/ 1 ,5!5+2+$8

Pσ+
(

v(i)

σ+1 = v
)

=
(dσ(v) + δ)Fn(|xv − xσ+1|)

max{Tσ,n(xσ+1), αE[Tσ,n(xσ+1)] /2}
, ?@-A-NB

!&'

Pσ+
(

v(i)

σ+1 = σ + 1
)

= 1− Tσ,n(xσ+1)

max{Tσ,n(xσ+1), αE[Tσ,n(xσ+1)] /2}
, ?@-A-OB
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 !" i ∈ {1, 2, . . . ,m}#

$%& '(!)& *+)&, "',-!. *"'/% .!-&0 +1 2&00 -&3,&-4 1+,5& 6%& -&,!.+,'6!"

+1 '02'71 16"+5607 /!1+6+)&# 8,-&&-4 6%&  !00!2+,* 0&..' 5'0590'6&1 6%& )'09& ! 

E[Tσ,n(xσ+1)] 2%+5% +1 16"+5607 /!1+6+)&#

 !""# $%&  !" #$% &'() *!+$, v ∈ S-
∫

S

Fn(|v − u|) du = In, :;#<#=>

./("(

In = I(Fn) =
1

2

∫ π

x=0

Fn(x) sinxdx.

01 # 2!$1(34($2(- +5 U +1 # "#$)!67% 2/!1($ *!+$, 5"!6 S- ,/($

E[Tσ,n(U)] = In(2m+ δ)σ. :;#<#;>

'())*# ?+"16 ,!6& 6%'6 In -!&1 ,!6 -&/&,- !, v -9& 6! "!6'6+!, +,)'"+',5&#

$%914 2+6%!96 0!11 ! *&,&"'0+674 2& 5', '119.& 6%'6 v +1 '6 6%& ,!"6% /!0& ! 

6%& 1/%&"&# @1+,* 1/%&"+5'0 5!!"-+,'6&14 2& 3,- du = r20 sin θ dθ dϕ4 2%&"& r0 =
1/(2

√
π)4 ',- |v − u| = θ4 1! 6%'6A

∫

S

Fn(|v − u|) du =
∫ 2π

ϕ=0

∫ π

θ=0

r20Fn(θ) sin θ dθ dϕ = 2πr20

∫ π

0

Fn(θ) sin θ dθ = In.

?!" 6%& 1&5!,- 50'+. 2& 5'0590'6& 6%& &B/&56&- )'09& ! Tσ,n(U)4 :;#<#<>4 5!,-+C

6+!,'0 !, 6%& *"'/% GσA

E[Tσ,n(U) |Gσ] =
σ

∑

v=1

(dσ(v) + δ)E[Fn(|xv − U |) |Gσ]

= In

σ
∑

v=1

(dσ(v) + δ) = In(2m+ δ)σ,

2%&"& 2& '//07 :;#<#=> !, E[Fn(|xv − U |) |Gσ]4 1+,5& v ≤ σ ',-4 6%&"& !"&4

E[Fn(|xv − U |) |Gσ] =
∫

S

Fn(|xv − u|)du = In. :;#<#D>

E&,5&4 E[Tσ,n(U)] = E[E[Tσ,n(U) |Gσ]] = In(2m+ δ)σ# �

F& 91& 6%& '(("&)+'6+!,14  !" u ∈ S4

Mσ,n(u) = max{Tσ,n(u), αΘInσ} ',- Aσ,n(u) = Fn(|u− xσ+1|), :;#<#G>

2%&"&

Θ = Θ(δ,m) = (2m+ δ)/2. :;#<#H>

I1 ' 5!,1&J9&,5&4 2& 5', "&2"+6& 6%& '66'5%.&,6 "90&1 '1

Pσ+
(

v(i)

σ+1 = v
)

=
(dσ(v) + δ)Aσ,n(xv)

Mσ,n(xσ+1)
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 !"

Pσ+
(

v(i)

σ+1 = σ + 1
)

= 1− Tσ,n(xσ+1)

Mσ,n(xσ+1)
, #$%&%'(

)*+ i ∈ {1, 2, . . . ,m}%
 !"#$% &'(  ! "#$ %&'($ )$*+,-."-'! /$ %)) )-,$+"$) $)0$* "' "#$ 0,%.# %!)

"#$,$1',$ /$ +'!*",2+" % )-,$+"$) 0,%.#3 4', 52$*"-'!* %&'2" "#$ +'!!$+"$)!$**

%!) )-%6$"$, '1 "#$ 0,%.# /$ -0!',$ "#$ )-,$+"-'! '1 "#$ $)0$*7 &2" /$ !$$) "#$

)-,$+"-'! '1 "#$ $)0$* -! "#$ .,''1* '1 "#$ 6%-! ,$*28"*3

 !"#$% &')  ! "#-* +#%."$, /$ /-88 -882*",%"$ "#$ "#$',$6* 2*-!0 "#$ +%!'!-+%8

12!+"-'!*

F (0)

n (u) ≡ 1, F (1)

n (u) = 1{|u|≤rn} %!) F (2)

n (u) =
1

max{n−ψ, u}β , #$%&%&,(

/#$,$ rn ≥ nε−1/27 ε < 1/27 ψ < 1/2 %!) β ∈ (0, 2) ∪ (2,∞)3 9#$ +%!'!-+%8

12!+"-'! F (0)
n -6.8-$* "#%" "#$ ($,"-+$* %,$ +#'*$! .,'.',"-'!%8 "' "#$ )$0,$$7 %!)7

12,"#$,6',$7 "#$ 0$'6$",: -* -0!',$)7 "#$ 6')$8 -* "#$! $52-(%8$!" "' "#$ ;<= >

6')$87 *$$ ?@AB ', C$+"-'! D3E3@3 9#$ 12!+"-'! F (1)
n -6.8-$* "#%" % !$/ ($,"$F +%!

'!8: +'!!$+" "' ($,"-+$* %" )-*"%!+$ %" 6'*" rn3 4-!%88:7 +%!'!-+%8 12!+"-'! F (2)
n

-6.8-$* "#%" ($,"-+$* %,$ +#'*$! .,'.',"-'!%8 "' "#$ )$0,$$7 %!)7 -! +'!",%*" "'

F (0)
n 7 /-88 .,$1$, ($,"-+$* +8'*$ "' "#$ !$/ ($,"$F7 *-!+$ F (2)

n -* !'!G-!+,$%*-!0 %*

% 12!+"-'! -! u3 H$" I(i)
n = In(F

(i)
n )7 "#$! -! ?IIB -" -* *#'/! "#%" '!$ +%! "%J$

I(1)
n ∼ r2n/47 I

(2)
n = O(1) -1 β ∈ (0, 2)7 %!) I(2)

n ∼ nδ(β−2)

2(β−2) -1 β > 23

5.1.2 Heuristics and main results

-./!0 123 +3.451. *) 67789 :2/;2 /.  .<3;/ 5 ; .3 *) *4+ =*"35 :23! δ = 09 1*03123+
:/12 123 +3.451. *) 123 >?@AB =*"359 /!1+*"4;3" /! 6C'89 :3 :/55 <+3"/;1 2*: 123

<*:3+D5 : 3E<*!3!1 *) 123 "30+33 .3F43!;3 :/55 G32 H3%

I*!./"3+ 123 >?@AB + !"*= 0+ <2 <+*;3.. {G′σ}σ≥0  . /!1+*"4;3" /! 123

< <3+ 6C'8 :/12 ;*!.1 !1 :3/021. 3F4 5 1* m% J*+ 12/. .<3;/ 5 ; .39 :3 0/H3  G+/3)

"3.;+/<1/*! *) 123 =*"35%

K23 ;*!.1+4;1/*! *) 123 >?@AB 0+ <2 G′σ = (V ′σ, E
′
σ) "3<3!". *! 123 0+ <2

G′σ−1% K23 +453 *) 0+*:12 /.  . )*55*:L  ""  H3+13E 1* 123 0+ <2 G′σ−1  !"

)+*= 12/. H3+13E 3= ! 13. m 3"03.% K23 3!"<*/!1. *) 123.3 m 3"03.  +3 ;2*.3!

/!"3<3!"3!15M #:/12 +3<5 ;3=3!1( )+*= 123 H3+1/;3. *) G′σ−1% K23 <+*G G/5/1M 12 1

H3+13E v ∈ V ′σ−1 /. ;2*.3! /. <+*<*+1/*! 5 1* 123 "30+33 *) H3+13E v <54. δ9 =*+3

.<3;/N; 55ML

P(;2**.3 H3+13E v |G′σ) =
dσ(v) + δ

(2m+ δ)σ
. #$%&%&&(

A) α ≤ 29 δ > −m  !" Fn = F (0)
n 9 123! 123 O>?J =*"35 ;*/!;/"3. :/12 123

>?@AB =*"35 :23+3 123 :3/021 *) 3 ;2 H3+13E /. .31 1* m% P*13 12 19 )*+ 123

;2*.3! < + =313+.9

Aσ,n(xv) = F (0)

n (|xv − xσ+1|) = 1, I(0)

n =
1

2

∫ π

x=0

sin(x) dx = 1,
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 !"

αΘI(0)

n σ ≤ 2Θσ = (2m+ δ)σ =
∑

v∈Vσ

(dσ(v) + δ) = T (0)

σ,n(xσ+1),

#$%& M (0)
σ,n(xσ+1) = T (0)

σ,n(xσ+1) = (2m + δ)σ' ($)*)+,*)- #$) ).% #/,!& 01'2'34

#%*!& /!#, 01'2'224- &/!5)

Pσ+
(

v(1)

σ+1 = v
)

= Pσ+(5$,,&) 6)*#)7 v) =
(dσ(v) + δ)Aσ,n(xv)

M (0)
σ,n(xσ+1)

=
dσ(v) + δ

(2m+ δ)σ
.

8%*#$)*9,*)- !,#) #$ # +,* #$)&) : * 9)#)*& #$)*)  *) !, &);+<;,,:&- &/!5)

Pσ+
(

v(1)

σ+1 = σ + 1
)

= 1− T (0)
σ,n(xσ+1)

M (0)
σ,n(xσ+1)

= 1− M (0)
σ,n(xσ+1)

M (0)
σ,n(xσ+1)

= 0.

8,* #$) =>?@A 9,");- B) C!,B #$ # #$) :,B)*<; B )7:,!)!# /& 3+ δ/m- #$%&

B) )7:)5# #$ # #$) :,B)*<; B )7:,!)!# /! ,%* 9,"); /& 3 + δ/m /+ α ≤ 2  !"

Fn = F (0)
n ' 8,* α > 2- δ = 0  !" Fn & #/&+D/!E &,9) 9/;" 5,!"/#/,!- &)) 01'2'2F4-

B) C!,B +*,9 GHHI #$ # #$) :,B)*<; B )7:,!)!# /& 1 + α- B$/5$ /& /!"):)!")!# ,+

Fn'
J) B/;; &$,B /! #$/& 5$ :#)* #$ # #$) :,B)*<; B )7:,!)!# /& E/6)! KD 1 +

α(1+δ/2m)- B$/5$ E)!)* ;/L)& #$) #B, 9)!#/,!)" : :)*& GHM- HHI' N,*) :*)5/&);D-

;)# Nk(σ) ")!,#) #$) !%9K)* ,+ 6)*#/5)& ,+ ")E*)) k /! Gσ  !" ;)# N̄k(σ) K) /#&

)7:)5# #/,!' J) B/;; &$,B #$ #O

 !"#$"% &'( )*"!+,-#$ #. /!" 0"1$"" 2"34"56"7  !""#$% &'(& α > 2) δ >
−m = m(n) (*+ ,* (++,&,#* &'(& -#. n→∞)

∫ π

x=0

Fn(x)
2 sinxdx = O

(

nθI2n
)

, 01'2'2F4

/'%.% θ < 1 ,$ ( 0#*$&(*&1 2'%* &'%.% %3,$&$ ( 0#*$&(*& γ1 > 0 $!0' &'(& -#. (44

k = k(n) ≥ m)

N̄k(n) = neφk(m,α,δ)
(m

k

)1+α(1+δ/2m)

+O(n1−γ1), 01'2'2M4

/'%.% φk(m,α, δ) = O(1) &%*+$ &# ( 0#*$&(*& φ∞(m,α, δ) ($ k →∞1

5!.&'%.6#.%) -#. %(0' ǫ > 0 (*+ n $!70,%*&48 4(.9%) &'% .(*+#6 :(.,(;4%$

Nk(n) $(&,$-8 &'% -#44#/,*9 0#*0%*&.(&,#* ,*%<!(4,&8

P

(

|Nk(n)− N̄k(n)| ≥ I2nn
max{1/2,2/α}+ǫ

)

≤ e−n
ǫ

. 01'2'2H4

8"%+$9 &': =#&% &'(& &'% "#/%.>4(/ %3"#*%*& ,* 01'2'2M4 +#%$ *#& +%"%*+ #*

&'% 0'#,0% #- &'% -!*0&,#* Fn1 ?% /,44 $%% ,* &'% ".##-) &'(& Fn 6(*,-%$&$ ,&$%4-

#*48 ,* &'% %..#. &%.6$1

@44 &'% 9,:%* 0(*#*,0(4 -!*0&,#*$ ,* A%6(.B C1D +# $(&,$-8 &'% 0#*+,&,#* 9,:%*

;8 01'2'2F4E ,& $'#!4+ ;% %:,+%*& &'(& -#. F (0)
n &'% 0#*$&(*&$ In (*+ θ (.% 9,:%* ;8

I(0)
n = 1 (*+ θ(0) = 0) .%$"%0&,:%481 5!.&'%.6#.%) -.#6 A%6(.B C1D ,& -#44#/$ &'(&

/% 0(* &(B% θ(1) = 0 -#. F (1)
n (*+ θ(2) = 0 -#. F (2)

n ,- β ∈ (0, 2) (*+ θ(2) = 2ψ ,-

β > 21
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 !"#$! %! &#'()*!$ +,! &#''!&+)-)+. /'* *)/0!+!$ #" Gn1 %! 23/&! (#0! /**)4
+)#'/3 $!(+$)&+)#'( #' +,! "5'&+)#' Fn6 7,!(! $!(+$)&+)#'( /$! '!&!((/$. +# !'* 52
%)+, / 8$/2, %,)&, )( %)+, ,)8, 2$#9/9)3)+. &#''!&+!*6 :!!2 )' 0)'* +,! "5'&+)#'

F (1)
n (u) = 1{|u|≤rn}1 +,!' )+ (,#53* 9! &3!/$ +,/+ rn (,#53* '#+ *!&$!/(! +## "/(+1
#+,!$%)(! %! !'* 52 %)+, / *)(&#''!&+!* 8$/2,6

;!+ ρn = ρ(µ, n) 9! (5&, +,/+

µIn =
1

2

∫ ρn

x=0

Fn(x) sinxdx,

"#$ (#0! µ ∈ (0, 1]6
<! %)33 &/33 Fn  !""#$!%&'!( ="#$ (#0! -/35! #" µ> )" +,!$! !?)(+ &#'(+/'+( N 1

L /'* c3 (5&, +,/+ "#$ /33 n ≥ N @

 !"# Fn )( 0#'#+#'! '#'4)'&$!/()'8A

 !$# nρ2n ≥ L log n1 "#$ (#0! &#'(+/'+ LA

 !%# ρ2nFn(2ρn) ≥ c3In1 "#$ (#0! &#'(+/'+ c3 %,)&, )( 9#5'*!* "$#0 9!3#%6

&'()*+ ,-, )* +,,- .%!  /0( 123//.%4 52 62!( 5*2.!&( /7 1 !""#$!%&'!(48 ). 52

9!*!0&"": &;;!<.!( .%&. & 123//.% 76*;.5/*4 52 & 76*;.5/* .%&. %&2 (!05'&.5'!2 /7

&"" /0(!028 =%!0!7/0!>  ! 0!70&5* 70/3 625*9 .%!  /0( 123//.%4> &*( 62! .%!  /0(

1 !""#$!%&'!(4 5*2.!&(8

 !"#$! (+/+)'8 +,! +,!#$!01 %! %)33 8)-! /' )'+5)+)-! 0!/')'8 #" ρn6 7#

+,/+ !'*1 &#'()*!$ +,! "5'&+)#' F (1)
n (u) = 1{u<rn} /'* 5(! +,! "/&+ +,/+ )" rn =

O
(

n−1/2−ε
)

"#$ (#0! ε > 01 +,!' +,! 3)0)+)'8 8$/2, )( '#+ &#''!&+!*1 (!! BCDE6 F+
(,#53* 9! )'+5)+)-!3. &3!/$ +,/+ )' +,! 3)0)+1 !/&, '!%3. /**!* -!$+!? xn (,#53*
&#''!&+ +# /+ 3!/(+ #'! #+,!$ -!$+!?6 7,5(1 +,!$! (,#53* 9! /+ 3!/(+ #'! -!$+!?

%)+,)' *)(+/'&! rn #" xn6 G+ +)0! n +,!$! /$! n − 1 -!$+)&!( /'* +,! 2$#9/9)3)+.
+,/+ /+ 3!/(+ #'! #" +,!(! -!$+)&!( )( /+ *)(+/'&! /+ 0#(+ rn #" -!$+!? xn1 *!'#+!*
9. pc(n, rn)1 )( /+ 0#(+ C(n − 1)r2n "#$ (#0! &#'(+/'+ C6 H' +,! #+,!$ ,/'*1
%! (!! +,/+ )" rn = O

(

n−1/2−ε
)

+,!' pc(n, rn) = O
(

n−2ε
)

+!'*( +# I!$# "#$ 3/$8!

n1 /'*1 /( / &#'(!J5!'&!1 )' +,! 3)0)+ +,! 8$/2, )( '#+ &#''!&+!*6 F"1 /( )( #5$
/((502+)#'1 rn > nε−1/21 +,!' pc(n, rn)→∞6

7,! -/35! #" ρn )( +,! K8!'!$/3)I!* $/*)5(L )'*)&/+)'8 +,! $!3!-/'+ $/*)5( "#$
+,! 0#*!36 7,! &#'*)+)#' +,/+ pc(n, rn)→∞ )( $!23/&!* 9. nρ2n > L log n6 7,!'1
)'+5)+)-!3.1 &#'*)+)#' !$ )023)!( +,/+ "#$ 8!'!$/3 Fn +,! -/35! pc(n, ρn)1 *#!( '#+
+!'* +# I!$# /'* )023)!( +,/+ +,! 3)0)+)'8 8$/2, )( &#''!&+!*6 7,! &#'*)+)#'(

!" /'* !% /$! +!&,')&/3)+)!(1 &#09)'!* +,!. !'(5$! +,/+ +,! K/$!/L *5! +# +,!

$/*)5( ρn )( (5M&)!'+3. 3/$8!@ &#'*)+)#' !" (+/+!( +,/+ Fn )( 0#'#+#'! '#'4
)'&$!/()'8 /'* &#09)'!* %)+, !% #'! &/' (,#% +,/+ +,! K/$!/L %)+,)' $/*)5( 2ρn
)( (2ρn)

2Fn(2ρn)1 %,)&, )( /+ 3!/(+ 4c3In6

./'0*'( ,-$ )7 α ≥ 2 &*( Fn 52  !""#$!%&'!(> m ≥ K log n> &*( K 52 & 26?#

;5!*.": "&09! ;/*2.&*.> .%!*  5.% %59% <0/$&$5"5.:

• Gn 52 ;/**!;.!(@

• Gn %&2 (5&3!.!0 O(log n/ρn)8
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 !"#$% &'(  !! "#$ %&'(')%&! *+'%")(', &-$ .$!!/0$#&1$23 4" ,#(+!2 0$ $1)2$'"

"#&" ('$ %&' "&5$ *(- F (0)
n 6 µ

(0) = 17 ρ(0)
n = 1 &'2 c(0)3 = 1 *(- F (0)

n 3 8(- F
(1)
n (u) ('$

%&' "&5$ *(- $9&:;!$ µ(1) ∼ 1/4 &'2 ρ(1)
n = rn/2 &'2 c

(1)

3 ∼ 13 8)'&!!<7 F (2)
n ), &!,(

.$!!/0$#&1$27 .$ -$*$- "( =>>? *(- "#$ ;-$%),$ 1&!+$, (* ρ(2)
n , µ

(2)
&'2 c(2)3 3

 ! !"# $%&' ( )'(*+!* *!),-& ." &'! #%(/!&!*0 '.$!1!* $!0 (-).0 "!!# )&*."2!*

*!)&*%3&%.") ." &'! 4,"3&%." Fn5  ! $%-- 3(-- Fn "&:$ %4 &'!*! !6%)&) )&*%3&-7 +.)%&%1!
3.")&("&) C1 ("# C2 ),3' &'(&

)*+, Fn(x) ≥ C1 4.* 0 ≤ x ≤ π8

)*-, In ≤ C25

*.!/$!" &'0 4* α ≥ 27 δ > −m &'2 Fn ), "&:$ &'2 m ≥ K log n7 &'2 K
,+@%)$'"!< !&-A$7 "#$' .)"# #)A# ;-(0&0)!)"<

• Gn ), %(''$%"$2B

• Gn #&, 2)&:$"$- O(logm n)3

 !"#$% &'1 4" ,#(+!2 0$ $1)2$'" "#&" "#$ *+'%")(' F (0)
n ), "&:$7 ,)'%$ ('$ %&'

"&5$ C1 = C2 = 13 4* β ∈ (0, 2) "#$' .$ &!,( #&1$ "#&" F (2)
n ), "&:$7 ,)'%$

F (2)

n (x) ≥ π−β , *(- 0 ≤ x ≤ π7 &'2 I(2)

n =
1

2

∫ π

x=0

x−β sinxdx ≤ π2−β

2(2− β) .

 !"#$% &'2 4* .$ %(',)2$- "#$ %('CA+-&")(' :(2$! DEFG7 ,$$ H$%")(' I3J3K7 =I>7

IL? (- "#$ M(),,(')&' -&'2(: A-&;# DMNOG7 ,$$ =KP7 PJ?7 "#$' "#$ "<;)%&! 2),"&'%$

2$;$'2, (' "#$ ;(.$-/!&. $9;('$'"3 4* "#$ ;(.$-/!&. $9;('$'" ), !&-A$- "#&' 37
"#$' "#$ "<;)%&! 2),"&'%$ ), (* O(log n)7 .#$-$ n ), "#$ '+:0$- (* 1$-")%$, )' "#$
A-&;#7 &'2 )* "#$ ;(.$-/!&. $9;('$'" ), 0$".$$' Q &'2 K "#$' "#$ "<;)%&! 2),"&'%$

), (* O(log logn)3 4" ), '(" %!$&- )* "#), #(!2, *(- "#$ OM 8 :(2$!3 R#$(-$: I3Q

('!< ,"&"$, &' +;;$- 0(+'2 (' "#$ 2)&:$"$-7 )'2$;$'2$'" (* δ3
4* Fn = F (0)

n ≡ 1 &'2 δ ∈ (−m, 0) "#$' "#$ &+"#(-, (* =IK? ,#(. "#&" "#$ 2)&:/
$"$- )' "#$ A-&;# Gn S+%"+&"$, &-(+'2 log log n3 4* Fn(u) = F (1)

n (u) = 1{|u|≤rn}7

"#$'7 )'"+)")1$!<7 "#$ 2)&:$"$- 2$;$'2, ('!< (' rn7 ,)'%$ rn 2$"$-:)'$, "#$ :&9/
):&! !$'A"# (* &' $2A$7 &'2 .$ %('T$%"+-$ "#&" "#$ 2)&:$"$- ), &" !$&," (* (-2$-

log n3

5.1.3 Related work

9" &'%) )!3&%." $! 3.")%#!* *("#./ 2*(+' /.#!-)0 $'%3' (*! *!-(&!# &. &'! :!.;

/!&*%3 <*!4!*!"&%(- =&&(3'/!"& /.#!- $%&' >&"!)) ?:<=@A5

=) /!"&%."!# !(*-%!* &'! /.#!- %) *!-(&!# &. &'! =-B!*&;C(*DB()% ?C=A /.#!-5

9" &'! C=;/.#!- &'! +.$!*;-($ !6+."!"& τ %) -%/%&!# &. &'! 1(-,! 30 $'%3' $()
+*.1!" B7 C.--.BD) ("# E%.*#("5

F..+!* ("# @*%!G! %"&*.#,3!# %" HIJK ( 1!*7 2!"!*(- /.#!- +*!4!*!"&%(- (&&(3';

/!"& /.#!-5 9" &'%) /.#!- %& %) B.&' +.))%B-! &. %"&*.#,3! "!$ 1!*&%3!) (& !(3'

&%/! )&!+ .* &. %"&*.#,3! "!$ !#2!) B!&$!!" .-# 1!*&%3!)5 L,! &. &'! $!%2'&) $%&'
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 !"#! $%&$' () *!$ +$ ,$-*"#$' .-$ .**.#!$% *( (/% ,$-*"#$' .+% *!$ .%%"+& ()

$%&$' 0$* $$+ (/% ,$-*"#$'1 *!$ 2( $-3/. $42(+$+* τ #.+ (0*."+ .+5 ,./6$ τ > 27

8+ 9:;< *!$ .6*!(-' (,$-#(=$ *!$ -$'*-"#*"(+ τ ≥ 3 "+ . %">$-$+*  .51 05 #!(('3
"+& *!$ $+%2("+* () .+ $%&$ 2-(2(-*"(+./ *( *!$ "+3%$&-$$ () . ,$-*$4 2/6' '(=$

"+"*"./ .**-.#*"(+ A > 07 ?!"' "' "%$+*"#./ 05 #!(('"+& *!$ $+%2("+* () .+ $%&$
2-(2(-*"(+./ *( *!$ %$&-$$ () . ,$-*$4 2/6' '(=$ .=(6+* δ = A −m > −m1 .'
%(+$ "+ *!$ @AB8C =(%$/ D#)7 9EF<G7 ?!$ 2( $-3/. $42(+$+* "+ 9:;< "' &",$+ 05

τ = 3 + δ/m7 H(*$ *!.* )(- δ = 0  $ (0*."+ *!$ IA =(%$/7 ?!$ .6*!(-' () 9EF<

'!( =(-$ -"&(-(6'/5 '(=$ () *!$ -$'6/*' "+ 9:;<7

I(*! "+ 9EJ< .+% "+ 9EF< "* "' .//( $% *( .%% . -.+%(= +6=0$- () $%&$' W 1  "*!

*!$ "+*-(%6#*"(+ () . +$ ,$-*$47 8+ #.'$ *!$ =$.+ () W "' K+"*$ *!$ 2( $-3/. 

$42(+$+* "' &",$+ 05 τ = 3 + δ/E[W ]7 L$+#$1 ") P(W = m) = 1 )(- '(=$ "+*$&$-
m ≥ 1 *!$+  $ '$$ *!.* τ = 3 + δ/m ≥ 21 '"+#$  $ #.+ #!(('$ )(- δ .+5 ,./6$ "+
(−m, 0)7

8+ 9M:1 MM< *!$ .6*!(-' .%% &$(=$*-5 *( *!$ IA =(%$/1  !"#! #(--$'2(+%' *(

*!$ N@AO =(%$/1 "+*-(%6#$% .0(,$1  "*! δ = 07 C6$ *( . *$#!+"#./ %"P#6/*5
*!$ =(%$/ !.' .+ .%%"*"(+./ 2.-.=$*$-1 #.//$% α > 27 A' . #(+'$Q6$+#$ () *!"'
-$'*-"#*"(+ *!$5 (+/5 (0*."+ 2( $-3/. $42(+$+*' &-$.*$- *!.+ 31 '"+#$ *!$ 2( $-3
/. $42(+$+* "' &",$+ 05 τ = α+ 17

I5 #(=0"+"+& *!$ N@A .+% @AB8C =(%$/1  $ (0*."+ *!$ N@AO =(%$/1 "+3

*-(%6#$% "+ *!"' #!.2*$-7 C6$ *( *!$ .%%"*"(+./ 2.-.=$*$- δ1 "* "' "+ *!"' =(%$/
2(''"0/$ *( (0*."+ .+5 2( $-3/. $42(+$+* τ 0"&&$- *!.+ 27

5.1.4 Overview of the chapter

?!$ -$=."+%$- () *!"' #!.2*$- "' %","%$% "+*( *!-$$ '$#*"(+'7 8+ R$#*"(+ S7E  $  "//

%$-",$ . -$#6--$+#$ -$/.*"(+ )(- *!$ $42$#*$% +6=0$- () ,$-*"#$' () . &",$+ %$&-$$7

8+ R$#*"(+ S7:  $  "// 2-$'$+* . #(62/"+& 0$* $$+ *!$ &-.2! 2-(#$'' .+% .+ 6-+

'#!$=$1  !"#!  "// 0$ 6'$% "+ R$#*"(+ S7M *( '!( *!.* *!$ +6=0$- () ,$-*"#$'  "*!

. &",$+ %$&-$$ "' #(+#$+*-.*$% .-(6+% "*' =$.+7

5.2 Recurrence relation for the expected degree se-

quence

8+ *!"' '$#*"(+  $  "// $'*.0/"'! . -$#6--$+#$ -$/.*"(+ )(- N̄k(σ) = E[Nk(σ)]1 *!$
$42$#*$% +6=0$- () ,$-*"#$'  "*! %$&-$$ k .* *"=$ σ1  !"#! "' #/."= DS7T7T:G ()

?!$(-$= S7T7 O-(= *!"' -$#6--$+#$ -$/.*"(+1  $  "// '!( *!.*

N̄k(σ) ∼ σpk,

 !$-$ pk ∼ k−(1+α(1+δ/2m))1 .' k → ∞7 ?!$ 2-(() () #/."= DS7T7T:G %$2$+%' (+

. /$==.1  !"#! "' #-6#"./ )(- *!$ 2-(()7 ?!"' /$==. '*.*$' *!.* )(- '6P#"$+*/5

/.-&$ n *!$ ,./6$ Mσ,n(xσ+1) "' $Q6./ *( αΘInσ1  "*! !"&! 2-(0.0"/"*57 ?!"'

"' . #(+'$Q6$+#$ () *!$ ).#* *!.* Tσ,n(xσ+1) "' #(+#$+*-.*$% .-(6+% "*' =$.+
E[Tσ,n(xσ+1)] = 2ΘInσ < αΘInσ1 '$$ DS7T7SG .+% DS7T7UG1  !"#! "' *!$ #(+*$+* ()
*!$ +$4* /$==.7
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 !""# $%&  ! α > 2" δ > −m #$% σ = 0, 1, 2, . . . , n" &'($

P

(

|Tσ,n(xσ+1)− E[Tσ,n(xσ+1)]| > ΘIn

(

σ2/α + σ1/2 log σ
)

log n
)

= O
(

n−2
)

.

 !" #$%%& %& '!() *"++, () -"&"$$"- '% ."/'(%0 123242

5" 6(** ,**%6 '!,' m -"#"0-) %0 n7 '!8) m = m(n)7 ,) ,*$",-9 #%(0'"- %8'
#$":(%8)*92 ;0 ")',<*()!(0= '!" $"/8$$"0/" $"*,'(%0 &%$ N̄k(σ)7 6" 6(** $"*9 %0 '!"
-"$(:,'(%0 &%$ δ = 0 (0 >337 ."/'(%0 ?24@2

A' ",/! '(+"7 6" ,-- , 0"6 :"$'"B &$%+ 6!(/! m "-=") ,$" "+,0,'(0=7 ,0- &%$

",/! %& '!")" m "+,0,'(0= "-=") 6" 0""- '% /!%%)" , :"$'"BC"0-#%(0'2  !" D$)'

#%))(<(*('9 &%$ , :"$'"B '% !,:" -"=$"" k ,' '(+" σ+1 () '!,' '!" -"=$"" ,' '(+" σ
6,) "E8,* '% k ,0- '!,' 0%0" %& '!" m "0-#%(0')7 "+,0,'(0= &$%+ xσ+17 ,'',/!")
'% '!" :"$'"B2 F8$'!"$+%$"7 (=0%$(0= &%$ '!" +%+"0' '!" "G"/' %& )"*"/'(0= '!"

),+" :"$'"B '6(/" %$ +%$"7 '!" :"$'"B /%8*- ,*)% !,:" -"=$"" k− 1 ,' '(+" σ ,0-
!,:(0= %0" "0-#%(0' ,'',/!"- '% (' ,' '(+" σ + 12 F(0,**97 (' () ,*)% #%))(<*" '!,'
'!" 0"6*9 ,--"- :"$'"B xσ+1 !,) -"=$"" k2  !" '%',* 08+<"$ %& :"$'"BC"0-#%(0')
6('! -"=$"" k () -()'$(<8'"- ,) Bin (m, pk(σ))7 6!"$"

pk(σ) =
∑

v∈Dk(σ)

(k + δ)Aσ,n(xv)

Mσ,n(xσ+1)
, H12I24J

,0- Dk(σ) ⊂ Vσ () '!" )"' %& :"$'(/") 6('! -"=$"" k (0 '!" =$,#! Gσ2 .(+(*,$*97
'!" 08+<"$ %& :"$'"BC"0-#%(0') 6('! -"=$"" k − 1 () -()'$(<8'"- ,)

Bin (m, pk−1(σ)) .

;& '!" 0"6*9 ,--"- :"$'"B xσ+1 "0-) 8# 6('! -"=$"" k7 '!"0 '!() :"$'"B !,)
k − m )"*&C*%%#)2  !" 08+<"$ %& )"*&C*%%#)7 dσ+1(σ + 1) − m7 () -()'$(<8'"- ,)
Bin (m, pσ,self)7 6!"$"

pσ,self = 1− Tσ,n(xσ+1)/Mσ,n(xσ+1). H12I2IJ

F%$ k ≥ m7 '!() *",-) '%

E[Nk(σ + 1)|Gσ, xσ+1] = Nk(σ)−mpk(σ) +mpk−1(σ)

+ E[1{dσ+1(σ+1)=k} |Gσ, xσ+1] +O(mηk(Gσ, xσ+1)) ,
H12I2?J

6!"$" ηk(Gσ, xσ+1) -"0%'") '!" #$%<,<(*('97 /%0-('(%0,**9 %0 Gσ7 '!,' '!" ),+"
:"$'"BC"0-#%(0' () /!%)"0 ,' *",)' '6(/" ,0- ,' +%)' k '(+")2

 ,K(0= "B#"/','(%0) %0 <%'! )(-") %& H12I2?J7 6" %<',(0

N̄k(σ + 1) = N̄k(σ)−mE





∑

v∈Dk(σ)

(k + δ)Aσ,n(xv)

Mσ,n(xσ+1)





+mE





∑

v∈Dk−1(σ)

(k − 1 + δ)Aσ,n(xv)

Mσ,n(xσ+1)





+ P(dσ+1(σ + 1)−m = k −m) +O(mE[ηk(Gσ, xσ+1)]) . H12I23J
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 !"

Bσ = {|Tσ,n(xσ+1)− 2ΘInσ| < C1ΘInσ
γ log n} , #$%&%$'

()!*!

max{2/α, θ} < γ < 1, #$%&%+'

,-. C1 /0 012! 0345/!-"67 6,*8! 51-0",-"% 9:

σ ≥ t0 = t0(n) = (log n)2/(1−γ),

")!- Bσ /2;6/!0 ")," :1* 0345/!-"67 6,*8! n<

Tσ,n(xσ+1) ≤ 2ΘInσ + C1ΘInσ
γ log n = 2ΘInσ

(

1 +O
(

log−1 n
))

≤ αΘInσ,

0/-5! α > 2< ,-.< )!-5!< (/") )/8) ;*1=,=/6/"7

Mσ,n(xσ+1) = max{Tσ,n(xσ+1), αΘInσ} = αΘInσ. #$%&%>'

?!@"< (! 51-0/.!* !,5) "!*2 1- ")! */8)" ),-. 0/.! 1: #$%&%A' 0!;,*,"!67< :1*

σ = 1, 2, . . . , n% B1* ")! C*0" "(1 "!*20 1- ")! */8)" ),-. 0/.! 1: #$%&%A' (! (/66
30! ")," pk(σ) /0 , ;*1=,=/6/"7 ,-. ")," P(Bcn) = O

(

n−2
)

< :1* σ > t0< 0!!  !22,
$%D< ()/5) 7/!6.0

E[pk(σ)] = E[pk(σ) | Bn]P(Bn) + E[pk(σ) | Bcn]P(Bcn) = E[pk(σ) | Bn] +O
(

n−2
)

.
#$%&%E'

F601< 30/-8 ")," Nk(σ) ≤ σ<

E[Nk(σ) | Bn] =
E[Nk(σ)]− E[Nk(σ) | Bcn]

P(Bn)
= N̄k(σ) +O

(

σn−2
)

. #$%&%D'

B1* σ 0345/!-"67 6,*8!< 30/-8 #$%G%A'< #$%G%>'< #$%&%G' ,-. #$%&%D'<

E[pk(σ) | Bn] =
k + δ

αΘInσ
E





∑

v∈Dk(σ)

Aσ,n(xv)

∣

∣

∣

∣

∣

∣

Bn





=
k + δ

αΘInσ
E





∑

v∈Dk(σ)

∫

S

Fn(|xv − u|) du

∣

∣

∣

∣

∣

∣

Bn





=
(k + δ)E[Nk(σ) | Bn]

αΘσ
=
(k + δ)N̄k(σ)

αΘσ
+O

(

kn−2
)

. #$%&%GH'

I12=/-/-8 #$%&%E' ,-. #$%&%GH'< (! 1=",/-

E[pk(σ)] = E





∑

v∈Dk(σ)

(k + δ)Aσ,n(xv)

Mσ,n(xσ+1)



 =
(k + δ)N̄k(σ)

αΘσ
+O

(

kn−2
)

, #$%&%GG'

:1* σ ≥ t0 = t0(n) = (logn)2/(1−γ)% J)! ,=1K! 0","!2!-" *!2,/-0 "*3! ()!- (!
*!;6,5! k =7 k − 1%
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 !" #$% #$&"' #%"( !) #$% "&*$# $+)' !, -./0/123 !45%"6% #$+#

P(dσ+1(xσ+1) = k |Gσ, xσ+1) = P(Bin(m, p) = k −m |Gσ, xσ+1)

=

(

m

k

)

pk−mσ,self(1− pσ,self)2m−k. -./0/702

845%"6% #$+# !) Bn3 95&)* :%((+ ./;3 -./0/02 +)' -./0/<23

1− pσ,self =
Tσ,n(xσ+1)

Mσ,n
=
2ΘInσ +ΘInO

(

(σ2/α + σ1/2 log σ) logn
)

αΘInσ

=
2

α
+O

(

(σ2/α−1 + σ1/2−1 log σ) logn
)

=
2

α
+O

(

σγ−1 log n
)

, -./0/7=2

>$%"% γ &5 *&6%) 4? -./0/@2/ A$%"%,!"%3 B!(4&)&)* -./0/702 +)' -./0/7=23 >% !4#+&)

P(dσ+1(xσ+1)−m = k −m | Bn)

=

(

m

k −m

)

E

[

pk−mσ,self(1− pσ,self)2m−k
∣

∣

∣ Bn
]

=

(

m

k −m

)(

1− 2

α

)k−m(

2

α

)2k−m
(

1 +O
(

mσγ−1 log n
))

=

(

m

k −m

)(

1− 2

α

)k−m(

2

α

)2k−m

+O
(

mσγ−1 log n
)

.

C# ,!DD!>5 ,"!( :%((+ ./; #$+#

P(dσ+1(xσ+1) = k) = P(dσ+1(xσ+1)−m = k −m | Bn)P(Bn) +O(P(Bcn))

=

(

m

k −m

)(

1− 2

α

)k−m(

2

α

)2k−m

+O
(

mσγ−1 log n
)

. -./0/712

 !" #$% ,!9"#$ +)' E)+D #%"( !) #$% "&*$# $+)' 5&'% !, -./0/123 >% 95%

ηk(Gσ, xσ+1) = O



min







k
∑

i=m

∑

v∈Di(σ)

(i+ |δ|)2Aσ,n(xv)2
Mσ,n(xσ+1)2

, 1









 ,

>$&B$ *%)%"+D&F%5 GH9+#&!) -.2 &) I11J/ K5&)* 5&(&D+" +"*9(%)#5 #$+# D%' #!

-./0/7723 !)% B+) 5$!> ,!"

σ > t1 = t1(n) = n(γ+θ)/2γ +)' k ≤ k0 = k0(n) = n(γ−θ)/4, -./0/7.2

#$+#

E[mηk(Gσ, xσ+1)] = O
(

k2nθ

mσ

)

= O
(

σγ−1
)

. -./0/7@2
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 !"#$%$!$%&' ()*+*,,-. ()*+*,/- 0&1 ()*+*,2- %& ()*+*/-. 34 4&1 !5 3%$6 $64

789983%&' :4;!::4&;4 :490$%8&<

N̄k(σ + 1) = N̄k(σ)−
m

αΘ
(k + δ)Nk(σ)/σ +

m

αΘ
(k − 1 + δ)N̄k−1(σ)/σ

+ 1{m≤k≤2m}

(

m

k −m

)

(

1− 2α−1
)k−m (

2α−1
)2k−m

+O
(

mσγ−1 log(n)
)

, ()*+*,=-

78: k ≥ m 0&1 N̄m−1(σ) = 0 78: 099 σ ≥ 0* >64 0"8?4 :4;!::4&;4 :490$%8& 1454&1#

8& σ 0&1 k* @8&#%14: $64 9%A%$%&' ;0#4. %*4*. σ →∞. 0&1 0##!A4 $60$ 78: 40;6 k
$64 9%A%$

N̄k(σ)/σ → pk ()*+*,B-

4C%#$#* D7 $6%# %# %&1441 $64 ;0#4. $64& %& $64 9%A%$ $64 :4;!::4&;4 :490$%8& ()*+*,=-

E%491#<

pk =
m

αΘ
(k − 1 + δ)pk−1 −

m

αΘ
(k + δ)pk

+ 1{m≤k≤2m}

(

m

k −m

)

(

1− 2α−1
)k−m (

2α−1
)2k−m

,

364:4 k ≥ m 0&1 pm−1 = 0* FE %&1!;$%8&. 34 $64& 8"$0%&. 78: k > 2m.

pk =
m
αΘ (k − 1 + δ)

1 + m
αΘ (k + δ)

pk−1 =
k − 1 + δ

k + δ + αΘ
m

pk−1 =
Γ(m+ 1 + δ + αΘ

m )Γ(k + δ)

Γ(m+ δ)Γ(k + 1 + δ + αΘ
m )

p2m.

G#%&' $60$ Γ(t+ a)/Γ(t) ∼ ta 78: a ∈ [0, 1) 0&1 t 90:'4. 34 ;0& :43:%$4 $64 0"8?4

4H!0$%8& 0# 789983<

pk = φk(m,α, δ)
(m

k

)1+ m
αΘ

= φk(m,α, δ)
(m

k

)1+α(1+δ/2m)

,

364:4 φk(m,α, δ) = Ξ(1) $4&1# $8 $64 ;8&#$0&$ φ∞(m,α, δ) 1454&1%&' 8&9E 8&

m,α 0&1 δ 0# k → ∞* I%&099E. 789983%&' $64 5:887 %& J//. 7:8A 4H!0$%8& (,)- !5

$8 $64 4&1 87 $64 5:887K. 36%;6 #683# $60$ $64:4 4C%#$# 0 ;8&#$0&$ M %&1454&14&$

7:8A n. #!;6 $60$

|N̄k(σ)− pkσ| ≤M(n1−(γ−θ)/4 + σγ log n), ()*+*,L-

78: 099 0 ≤ σ ≤ n 0&1 m ≤ k ≤ k0(n)* >6!#. $64 0##!A5$%8& ()*+*,B- %# #0$%#M41*

FE 5%;N%&' γ1 > 0 #!O;%4&$9E #A099. 34 ;0& :4590;4 $64 :%'6$ 60&1 87 ()*+*,L- "E

n1−γ1 . 0&1 8&4 8"$0%&# $64 ;90%A ()*,*,P-*

5.3 Coupling

D& $6%# #4;$%8& 34 A0N4 5:450:0$%8&# 78: $64 5:887# 87 Q4AA0 )*L 0&1 $64 ;8&;4&R

$:0$%8& :4#!9$ %& >648:4A )*,. #44 ()*,*,/-* D& $6%# #4;$%8& 34 $0N4 τ ∈ {1, . . . , n}
MC41 0&1 34 ;8&#%14: $64 ':056 5:8;4## !5 $8 $%A4 τ − 1 :4#!9$%&' %& $64 ':056
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Gτ−1 !" "#$% τ &% '(()* "+%  !"#$% &'(), -%% .%/"#01 2 3 3, "&#/% 01 Gτ−1,
#14%(%14%1")* 05 %'/+ 0"+%6, &+#/+ 6%-7)"- #1 "+% 86'(+- Gτ '14 Ĝτ  9+% #4%' #- "0

/0$('6% "+% 86'(+- Gτ '14 Ĝτ 0:%6 "#$% ;* /01-#4%6#18 Gσ '14 Ĝσ 506 τ ≤ σ ≤ n 

90 "+#- %14, &% &#)) #1"6047/% "&0 761 (60/%--%- {Us}s≥τ '14 {Us}s≥τ  9+% 761-

/01-#-" 05 &%#8+"%4 '14 17$;%6%4 ;'))- <1-"%'4 05 /+00-#18 ' :%6"%=>%14(0#1"

v ∈ Vσ+1 '" "#$% σ + 1 ;* ?2 3 @A '14 ?2 3 BA, &% &#)) 46'& ?&#"+ 6%()'/%$%1"A

' ;')) (60(06"#01') "0 #"- &%#8+" '14 "+%1 "+% :%6"%=>%14(0#1" #- 8#:%1 ;* "+%

17$;%6 01 "+% ;')) 

C%=" &% 4%-/6#;% ;6#%D* +0& &% 7-% "+% 761- "08%"+%6 &#"+ 860&"+ 05 "+%

86'(+- Gσ '14 Ĝσ, 506 σ ≥ τ  E06 "+% 86'(+- Gσ '14 Ĝσ &% 4%F1% "+% 761- Uσ
'14 Ûσ 9+%1 &% 46'& ;'))- 560$ "+%-% 761- '14 7-#18 "+% 17$;%6- 01 "+% 46'&1

;'))-, &% /01-"67/" "+% 86'(+- Gσ+1 '14 Ĝσ+1, &+#/+ &#)) ;% %=()'#1%4 #1 1%="

-%/"#01 9+#- (60/%-- /'1 ;% 6%(%'"%4 71"#) &% %14 7( &#"+ "+% 6'140$ 86'(+-

Gn '14 Ĝn 506 -0$% n ≥ σ 

9+% /07()#18 ;%"&%%1 "+% 761- &#)) ;% #1"6047/%4 #1 5076 -"%(- 9+% F6-" -"%(

#- "0 #1"6047/% 506 '1* σ ≥ τ "&0 761- .%/014)*, &% &#)) #1"6047/% ' (60;';#)#-"#/

/07()#18 ;%"&%%1 "+% "&0 761 (60/%--%- 9+#64)*, &% &#)) 4%-/6#;% "+% /07()#18

;%"&%%1 "+% 86'(+ (60/%--%- Gσ, Ĝσ '14 "+% "&0 761 (60/%--%- E#1'))*, &%

/01-#4%6 "+% :%6"%=>%14(0#1"- v(i)
σ '14 v̂(i)

σ , 506 i = 1, 2, . . . ,m, #1 "+% 86'(+- Gσ
'14 Ĝσ, 6%-(%/"#:%)*, '14 &% &#)) /')/7)'"% "+% (60;';#)#"* "+'" v(i)

σ 6= v̂(i)
σ  

5.3.1 The two urns

<1 "+#- -%/"#01 &% 4%-/6#;% "+% /01"%1"- 05 "+% 761- /066%-(014#18 "0 "+% 86'(+-

Gσ '14 Ĝσ, 506 σ = τ, τ + 1, . . . , n, '14 &% 8#:% '1 ')"%61'"#:% &'* 05 /+00-#18

"+% :%6"%=>%14(0#1"- 7-#18 "+% 761- 

E#= "&0 86'(+ (60/%--%- {Gs} '14 {Ĝs} -7/+ "+'" "+% 86'(+- 7( "0 "#$%

τ − 1 '6% #4%1"#/'), # % , Gs = Ĝs 506 s = 0, 1, 2 . . . , τ − 1, '14 "+'" xs = x̂s, 506

s = τ + 1, τ + 2, . . . , n 9+7-, "+% (0#1"- xτ '14 x̂τ '6% -'$()%4 #14%(%14%1" 05

%'/+ 0"+%6, '14 "+%6%506% "+%* &#)) 4#G%6 560$ %'/+ 0"+%6, '14, '- ' /01-%H7%1/%,

')-0, "+% %48% -%"- Es '14 Ês, 506 s = τ, τ +1, . . . , σ, &#)) ;% 4#G%6%1" E#1'))*, &%

'--7$%, &#"+07" )0-- 05 8%1%6')#"*, "+'" Tσ,n(xσ+1) ≤ T̂σ,n(xσ+1) 

C%=", &% &#)) 4%-/6#;% "+% /01"%1"- 05 "+% 761- Uσ '14 Ûσ 8#:%1 "+% 86'(+- Gσ
'14 Ĝσ, '14 "+% 1%&)* '44%4 :%6"%= xσ+1 I% &#)) 7-% "+% 50))0&#18 ';;6%:#'"#01-J

Tσ,n = Tσ,n(xσ+1) '14 Mσ,n =Mσ,n(xσ+1). ?2 B 3A

E76"+%6$06%, #5 e #- '1 %48%, "+%1 &% 4%10"% ;*  !(e) "+% %14(0#1" 05 "+% %48% 

9+7-, #5 %48% e #- '44%4 '" "#$% t, %$'1'"#18 560$ "+% :%6"%= t, (0#1"- "0 ' :%6"%=

s ∈ Vt "+%1  !(e) = s 

*"+$)+$, "- $%) '!+,.

• E06 %'/+ %48% e ∈ Eσ, -7/+ "+'"  !(e) 6= τ , "+%6% #- ' &+#"% ;')) #1

Uσ 05 &%#8+" Aσ,n(x
 !(e)) '14 17$;%6%4  !(e) .#$#)'6)*, 506 %'/+ %48%

#1 e ∈ Êσ, -7/+ "+'"  !(e) 6= τ , "+%6% #- ' &+#"% ;')) #1 Ûσ 05 &%#8+"

Aσ,n(x̂
 !(e)) = Aσ,n(x

 !(e)) '14 17$;%6%4  !(e) K;-%6:% "+'" x̂
 !(e) =

x
 !(e) -#1/%  !(e) 6= τ  
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•  !" #$%& '#"(#) v ∈ Vσ\{τ} (&#"# *+ $ "#, -$.. */ #$%& !0 (&# 1"/+ Uσ $/,
Ûσ !0 2#*3&( (m+ δ)Aσ,n(xv) $/, /14-#"#, v5

•  !" (&# '#"(#) τ (&#"# *+ */ Uσ $ 61"6.# -$.. !0 2#*3&( (dσ(τ)+δ)Aσ,n(xτ ) $/,
/14-#" τ 7 $/, */ Ûσ (&#"# *+ $/ !"$/3# -$.. !0 2#*3&( (d̂σ(τ) + δ)Aσ,n(x̂τ )
$/, /14-#"#, τ 5

•  !" (&# '#"(#) σ+1 #$%& !0 (&# 1"/+ Uσ $/, Ûσ %!/($*/ $ 3"##/ -$.. !0 2#*3&(
(αΘInσ−T̂σ,n)+7 2&#"# (·)+ = max{0, ·}7 $/, /14-#"#, σ+15  1"(&#"4!"#7
2# $,, !/.8 (! Uσ $ -.1# -$.. !0 2#*3&( ((αΘInσ−Tσ,n)+−(αΘInσ−T̂σ,n)+)+
$/, /14-#"#, σ + 15

 !"#$% &'()  !" #$#%& '"()!# $* #!" '!(#" %+, -", .%&&/ (+ Uσ %-" )(0"+ .1
∑

e∈Eσ

Aσ,n(x
 !(e))1{ !(e) 6=τ} %+,

∑

v∈Vσ\{τ}

(m+ δ)Aσ,n(xv),

-"/2"3#(0"&14 %+, #!" '"()!# $* #!" 25-2&" .%&& (+ Uσ 3%+ ." -"'-(##"+ %/

(dσ(τ) + δ)Aσ,n(xτ ) =
∑

e∈Eσ

Aσ,n(x
 !(e))1{ !(e)=τ}+ (m+ δ)Aσ,n(xτ ).

 !"-"*$-"4 #!" #$#%& '"()!# $* #!" '!(#"4 -", %+, 25-2&" .%&&/ (+ Uσ (/ "65%& #$7
∑

e∈Eσ

Aσ,n(x
 !(e)) +

∑

v∈Vσ

(m+ δ)Aσ,n(xv) =
∑

v∈Vσ

(dσ(v) + δ)Aσ,n(xv) = Tσ,n.

85-#!"-9$-"4 *-$9 9:5;5<=4 %+, /$9" "%/1 3%&35&%#($+4 #!" #$#%& '"()!# $* %&& #!"

.%&&/ (+ Uσ (/ Mσ,n: ;(9(&%-&14 #!" #$#%& '"()!# $* #!" '!(#"4 -", %+, $-%+)" .%&&/

(+ #!" 5-+ Ûσ (/ T̂σ,n %+, #!" #$#%& '"()!# $* %&& #!" .%&&/ (+ Ûσ (/4 2-"3(/"&1 M̂σ,n:

>&# 2#*3&( !0 $ -$.. ,#6#/,+ !/ (&# (*4# σ7 (&# %!.!" !0 (&# -$.. $/, (&# /14-#"
!/ (&# -$..5 ?#( b -# $ -$.. */ Uσ !" Ûσ7 (&#/ 2# ,#@/# (&# 2#*3&( 01/%(*!/ wσ
$+

wσ(b) =







































Aσ,n(xξ(b)) *0 b *+ 2&*(#,

(m+ δ)Aσ,n(xξ(b)) *0 b *+ "#,,

(dσ(xτ ) + δ)Aσ,n(xτ ) *0 b *+ 61"6.#,

(d̂σ(x̂τ ) + δ)Aσ,n(x̂τ ) *0 b *+ !"$/3#,

(αΘInσ − T̂σ,n)+ *0 b *+ 3"##/,

((αΘInσ − Tσ,n)+ − (αΘInσ − T̂σ,n)+)+ *0 b *+ -.1#,

9:5A5B=

2&#"# ξ(b) *+ (&# /14-#" !/ (&# -$..5 C-+#"'# (&$( (&# /14-#" $/, (&# %!.!"

(!3#(&#" ,#(#"4*/# (&# 2#*3&( !0 $ -$..5

D# *,#/(*08 $ +#( B ⊂ Uσ !" B ⊂ Ûσ !0 ,*+(*/%( -$..+ -8 (&# +#( !0 6$*"+ (c, k)7
2&#"# c ,#/!(#+ (&# %!.!" $/, k (&# /14-#" !0 (&# -$..5  !" $/8 +#( B !0 ,*+(*/%(

-$..+7 ,#@/#

‖B‖σ =
∑

b∈B

wσ(b).
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 ! "#$$ %&'" ()! *'$$+ {b(i)
σ }mi=1 "#() &!,$'-!.!/( 0&1. ()! 2&/ Uσ ,&1,1&(#1/'$

(1 ()! "!#3)(4 5!( {b̂(i)
σ }mi=1 *! ()! +!62!/-! 10 *'$$+ %&'"/ 0&1. Ûσ7 ()!/ #( #+

!'+8 (1 +)1" ()'(

P
(

ξ(b(1)σ+1) = v |Uσ
)

= P
(

v(1)

σ+1 = v |Gσ, xσ+1
)

9:4;4;<

'/% P

(

ξ(b̂(1)σ+1) = v | Ûσ
)

= P

(

v̂(1)

σ+1 = v | Ĝσ, x̂σ+1
)

7 01& v ∈ Vσ+14 =+ '/ !>'.,$!
"! "#$$ +)1" 9:4;4;< 01& v ∈ Vσ+1\{τ, σ + 1}4 ?*+!&@! ()'( #/ ()#+ -'+! ()! $!0(
)'/% +#%! 10 9:4;4;< -1&&!+,1/%+ (1 ()! ,&1*'*#$#(8 10 ()! !@!/( ()'( "! %&'" ()!

&!% *'$$ /2.*!&!% v 1& 1/! 10 ()! dσ(v)−m ")#(! *'$$+7 ()2+

P
(

ξ(b(1)σ+1) = v |Uσ
)

=
(m+ δ)Aσ,n(xv) + (dσ(v)−m)Aσ,n(xv)

‖Uσ‖σ
=
(dσ(v) + δ)Aσ,n(xv)

‖Uσ‖σ
= P

(

v(1)

σ+1 = v |Gσ, xσ+1
)

,

*8 9:4A4B<7 +#/-! ‖Uσ‖σ =Mσ,n 9+!! C!.'&D :4AE<4

5.3.2 The joint distribution of drawing balls

F/ ()#+ +!-(#1/ "! %!+-&#*! )1" "! +#.2$('/!12+$8 %&'" ()! *'$$+ 0&1. ()! 2&/+

Uσ '/% Ûσ4 =+ *!01&!7 "! "#$$ '++2.! ()'( Tσ,n ≤ T̂σ,n7 1&7 !62#@'$!/($87 ‖Uσ‖σ ≤
‖Ûσ‖σ7 +!! C!.'&D :4AE4 F/ ()! $'+( ,'&( 10 ()#+ +!-(#1/ "! -'$-2$'(! ()! ,&1*'*#$#(8
10 ()! !@!/( {b(i)

σ 6= b̂(i)
σ }7 01& i = 1, 2, . . . ,m7 '/% τ ≤ σ ≤ n7 #4!47 ()! !@!/( ()'(

()! ("1 *'$$+ b(i)
σ '/% b̂

(i)
σ #/ ()! i

th
%&'" %1 /1( '3&!! 1/ /2.*!& 1& -1$1&7 ")#-)

"! -'$$ '  !" #$%&4

G!H/! ()! 01$$1"#/3 +!(+

Rσ = Uσ\Ûσ, Cσ = Uσ ∩ Ûσ '/% Lσ = Ûσ\Uσ,
")!&!7 '+ *!01&!7 "! -1.,'&! ()! *'$$+ *8 -1$1& '/% /2.*!&4

 !"#$% &'(( '( %)*"$+,%$!)*- Lσ )*.( %)*$#!*" /&!$0 #*1 )+#*20 3#.."- Cσ %)*4
$#!*" )*.( /&!$0- +01 #*1 2+00* 3#.."- #*1 Rσ %)*$#!*" )*.( /&!$0- 5,+5.0 #*1 3.,0
3#.."6 7,+$&0+ )+0- %)*%0+*!*2 $&0 /0!2&$"- /0 &#80 $&0 9)..)/!*2 +0.#$!)*"

‖Cσ‖σ + ‖Rσ‖σ = ‖Uσ‖σ #*1 ‖Cσ‖σ + ‖Lσ‖σ = ‖Ûσ‖σ. 9:4;4I<

J!>(7 "! 3#@! ()! K1#/( %#+(&#*2(#1/ 10 %&'"#/3 *'$$+ 0&1. ()! 2&/+ Uσ '/% Ûσ4

)*! +,-./ 0-1/$-23/-,.4 G&'"7 "#() &!,$'-!.!/(7 m *'$$+ b(1)σ+1, . . . , b
(m)

σ+1 0&1.

Uσ4 L1& -1/@!/#!/-! "! "&#(! b
(i) = b(i)

σ+1 01& i = 1, . . . ,m4 L1& !'-) i7 "! %!H/!

b̂(i) = b̂(i)

σ+1 *8

• F0 b(i) ∈ Cσ ()!/7 "#() ,&1*'*#$#(8
‖Uσ‖σ
‖Ûσ‖σ

, 9:4;4:<

"! +!( b̂(i) = b(i)
7 1()!&"#+! "! -)11+! b̂(i)

0&1. Lσ7 #4!47 "! -)11+! b ∈ Lσ
"#() ,&1*'*#$#(8 w(b)/‖Lσ‖σM 1*+!&@! ()'( ()! 621(#!/( #/ 9:4;4:< #+ *12/%!%
*8 A7 *!-'2+!7 '+ &!.'&D!% !'&$#!&7 ‖Uσ‖σ ≤ ‖Ûσ‖σ4
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•  ! b(i) ∈ Rσ" #$%& '% ($))*% b̂(i)
!+), Lσ" -.%." ($))*% b ∈ Lσ '-#$ /+)010-2-#3

wσ(b)/‖Lσ‖σ.

 !" #$%&'($) *'+,%'-.,'/(+0 4%# P̂τ #$% ,%1*5+% 5&6%+ #$% 10)7% ()5/2-&8

'$%+% '% *#1+# !+), #$% 9:%6 8+1/$* Gτ 1&6 Ĝτ " -.%." P̂τ( · ) = P

(

· |Gτ , Ĝτ
)

.

;5+#$%+,)+%" 6%9&%" !)+ σ ≥ τ "

P̂τσ( · ) = P̂τ
(

· |Gσ, Ĝσ
)

1&6 P̂τσ+( · ) = P̂τ
(

· |Gσ, Ĝσ, xσ+1
)

. <=.>.?@

A0*%+7% #$1#" !)+ σ ≥ τ "

P̂τ
(

· |Uσ, Ûσ
)

= P̂τ
(

· |Gσ, Ĝσ, xσ+1
)

= P̂τσ( · |xσ+1) = P̂τσ+( · ) .

B% '-22 *$)' #$1# 5&6%+ #$% ()5/2-&8

P̂τσ+(b
(1) = b) =

wσ(b)

‖Uσ‖σ
= P(b(1) = b |Uσ) <=.>.C@

1&6

P̂τσ+

(

b̂(1) = b
)

=
wσ(b)

‖Ûσ‖σ
= P

(

b̂(1) = b | Ûσ
)

, <=.>.D@

!)+ b ∈ Uσ 1&6 b ∈ Ûσ" +%*/%(#-7%23. E$% (21-, <=.>.C@ -* #+5% 03 ()&*#+5(#-)&.

;)+ #$% (21-, <=.>.D@" -! b ∈ Ûσ" #$%& #$-* -,/2-%* #$1# b ∈ Cσ )+ b ∈ Lσ" 05# &)#

-& 0)#$. ;-+*#23" 1**5,% b ∈ Cσ" #$%&

P̂τσ+

(

b̂(1) = b
)

= P̂τσ+

(

b̂(1) = b(1)|b(1) = b
)

P̂τσ+(b
(1) = b) =

‖Uσ‖σ
‖Ûσ‖σ

wσ(b)

‖Uσ‖σ
=

wσ(b)

‖Ûσ‖σ
.

F%()&623" -! b ∈ Lσ" #$%&

P̂τσ+

(

b̂(1) = b
)

= P̂τσ+

(

b̂(1) = b|b(1) ∈ Cσ
)

P̂τσ+(b
(1) ∈ Cσ)

+ P̂τσ+

(

b̂(1) = b|b(1) ∈ Rσ
)

P̂τσ+(b
(1) ∈ Rσ)

=
wσ(b)

‖Lσ‖σ

(

1− ‖Uσ‖σ
‖Ûσ‖σ

)

· ‖Cσ‖σ‖Uσ‖σ
+
wσ(b)

‖Lσ‖σ
· ‖Rσ‖σ‖Uσ‖σ

=
wσ(b)

(

(‖Cσ‖σ + ‖Rσ‖σ) ‖Ûσ‖σ − ‖Uσ‖σ‖Cσ‖σ
)

‖Lσ‖σ‖Uσ‖σ‖Ûσ‖σ
=

wσ(b)

‖Ûσ‖σ
,

'$%+% '% 5*%6 -& #$% 21*# *#%/ #$% +%21#-)&* 8-7%& 03 <=.>.G@. H%&(%" 181-&" #$%

(21-, <=.>.D@ -* #+5%.
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5.3.3 The joint growth rule between coupled graphs

 !" τ ∈ {1, 2, . . . , n}# $% &'()*'# $+, -)+%!,'* ./' 0*$1/ 1*)-'%% {Gs}τ−1s=0 2 3'.

{Ĝs}τ−1s=0 &' $+ !,'+.!-$4 -)15 )( {Gs}τ−1s=0 # $+, -/))%' $. .!6' τ ./' 1)%!.!)+ xτ
$+, x̂τ !+ Gτ $+, Ĝτ # *'%1'-.!7'45# $. *$+,)6 !+ S# !+,'1'+,'+.45 )( '$-/ )./'*2
8%!+0 ./' 9*+%# :' :!44 ,'%-*!&' ./' 0*):./ )( ./' 0*$1/% Gσ $+, Ĝσ )7'* .!6'2

;. .!6' τ :' $1145 ./'  !"#$% &'()# !+,'1'+,'+.45# )+ ./' 0*$1/% Gτ−1
$+, Ĝτ−12 </'+ $. .!6' σ + 1# ()* σ ≥ τ # 4'. xσ+1 *$+,)645 -/)%'+ (*)6 S
$+, %'. x̂σ+1 = xσ+12 3'. Uσ $+, Ûσ ./' 9*+% -)**'%1)+, .) (Gσ, xσ+1) $+,
(Ĝσ, x̂σ+1)# *'%1'-.!7'452 =).' ./$. ./!% !% 1*'-!%'45 ./' %'..!+0 $% ,'%-*!&', !+

>'-.!)+ ?2@2A $+,# $% $ -)+%'B9'+-'# :' -$+ 9%' ./' *'%94.% )( >'-.!)+ ?2@2C2 D*$:

:!./ *'14$-'6'+. m &$44%# {b(i)σ+1}mi=1# (*)6 Uσ# ./'+ ./' 7'*.'"E'+,1)!+.% )( xσ+1

$*' 0!7'+ {ξ(b(i)σ+1)}mi=12 F'# $4%)# ,*$: :!./ *'14$-'6'+. m &$44%# {b̂(i)σ+1}mi=1# (*)6
Ûσ# $+, -)+%.*9-. Ĝσ+1 !+ ./' %$6' :$52

5.3.4 The probability of a mismatch

</' '7'+. )( $ 6!%6$.-/ )( 7'*.'"E'+,1)!+.% !+ ./' 0*$1/% Gσ $+, Ĝσ# σ ≥ τ #
-$+ &' '"1*'%%', !+ .'*6% )( ,*$:!+0 &$44% (*)6 ./' 9*+% Uσ $+, Ûσ# %!+-'

{

v(1)

σ+1 6= v̂(1)

σ+1

}

=
{

ξ(b(1)σ+1) 6= ξ(b̂(1)σ+1)
}

⊂
{

b(1)σ+1 6= b̂(1)σ+1

}

. G?2@2HI

</9%# :' :!44 -)+-'+.*$.' )+ ./' 1*)&$&!4!.5 )( $ 6!%6$.-/ &'.:''+ ./' ,*$:+

&$44% (*)6 ./' 9*+%2 F!./)9. 4)%% )( 0'+'*$4!.5# :' $%%96', ./$. ‖Uσ‖σ ≤ ‖Ûσ‖σ
)*# 'B9!7$4'+.45# Tσ,n ≤ T̂σ,n2 8%!+0 ./' J)!+. ,!%.*!&9.!)+ )( ./' 9*+%# %'' >'-.!)+
?2@2C# $+, G?2@2KI# :' )&.$!+

P̂τσ+

(

b(1)σ+1 6= b̂(1)σ+1

)

= 1−
∑

b∈Cσ

P̂τσ+

(

b̂(1)σ+1 = b(1)σ+1|b(1)σ+1 = b
)

P̂τσ+

(

b(1)σ+1 = b
)

= 1−
∑

b∈Cσ

‖Uσ‖σ
‖Ûσ‖σ

· w(b)

‖Uσ‖σ
= 1− ‖Cσ‖σ

‖Ûσ‖σ
=
‖Lσ‖σ
‖Ûσ‖σ

. G?2@2ALI

M5 G?2A2NI $+, O'6$*P ?2AL# :' -$+ &)9+, ./' ,'+)6!+$.)* )+ ./' *!0/. /$+,

%!,' )( G?2@2ALI (*)6 &'4): &5

‖Ûσ‖σ ≥ ‖Uσ‖σ =Mσ,n ≥ αΘInσ.

='".# :' -)+%!,'* ./' +96'*$.)* )+ ./' *!0/. /$+, %!,' )( G?2@2ALI2 </' %'.

Lσ )+45 -)+.$!+% :/!.' &$44% $+, ./' )*$+0' &$44# %'' O'6$*P ?2AA2 </'*'()*'#

-)61$*' G?2@2CI# ./' .).$4 :'!0/. )( Lσ -$+ &' :*!..'+ $%

‖Lσ‖σ =
∑

h∈Eσ

Aσ,n(xh) + (d̂σ(τ) + δ)Aσ,n(x̂τ ),

:/'*'

Eσ = ∪e∈Eσ\Êσ
{e :  !(e) 6= τ}. G?2@2AAI

</9%# ./' 1*)&$&!4!.5 )( $ 6!%6$.-/ &'.:''+ &$44% !% &)9+,', (*)6 $&)7' &5

P̂τσ+

(

b(1)σ+1 6= b̂(1)σ+1

)

≤
∑

h∈Eσ
Aσ,n(xh) + (d̂σ(τ) + δ)Aσ,n(x̂τ )

αΘInσ
G?2@2ACI



§5.4 Proof of the main results 141

 !"#$% &'()  ! Tσ,n > T̂σ,n" #$%& '# ($)*+, -% .+%/0 #$/# )&% ./& '&#%0.$/&1% #$%

0)+%( )! Gσ /&, Ĝσ '& 2%.#')& 345" 6$'.$ '78+'%( #$/# !)0 #$'( ./(%

P̂τσ+

(

b(1)σ+1 6= b̂(1)σ+1

)

=
‖Rσ‖σ
‖Uσ‖σ

≤
∑

h∈Êσ
Aσ,n(xh) + (dσ(τ) + δ)Aσ,n(xτ )

αΘInσ
,  !"#"$#%

6$%0% Êσ = ∪e∈Êσ\Eσ
{e :  !(e) 6= τ}4

5.4 Proof of the main results

&' ()*+ +,-(*.' /, /*00 12.3, (), 45*' 2,+60(+7 *", 8),.2,4 !"$7 !"9 5': !"#" 8),

:*54,(,2 2,+60(+7 8),.2,4 !"9 5': !"#7 -5' ;, 12.3,: 504.+( *44,:*5(,0< 6+*'=

(), 12..>+ *' ?@@A7 ;6( ()*+ *+ '.( (26, >.2 8),.2,4 !"$" 8), 12..> .> 8),.2,4 !"$

2,0*,+ .' B,445 !"C 5': ()*+ (5D,+ 4.2, ,E.2("

8)*+ +,-(*.' *+ :*3*:,: *'(. # 152(+F *' (), G2+( 152( /, /*00 =*3, (), 12..> .>

B,445 !"C7 (),'7 *' (), +,-.': 152(7 /, /*00 =*3, (), 12..> .> (), 45*' 2,+60(+7 5':

*' (), 05+( 152( /, +)./ 5 ;.6': .' (), '64;,2 .> ,H1,-(,: 4*+45(-),+7 /)*-)

*+ ',-,++52< >.2 (), 12..> .> B,445 !"C" I,>.2, :.*'= +.7 /, /*00 -.'+*:,2 (),

'64;,2 .> 4*+45(-),+ ;,(/,,' Gσ 5': Ĝσ7 >.2 σ ≥ τ ≥ 17 /),2, 5 1,2(62;5(*.'

*+ 45:, 5( (*4, τ 5+ :,G',: *' J,-(*.' !"#"#"

K( ,5-) .> (), (*4,+ s = τ, τ + 1, . . . , σ − 17 /, +5410,  /*() 2,105-,4,'(% m
;500+ >2.4 ,5-) .> (), 62'+ Us 5': Ûs 6':,2 (), -.610*'= 5+ *'(2.:6-,: *' J,-(*.'

!"#" K>(,2 m :25/+ /, ,': 61 /*() (), ;500+ {b(i)
s }mi=1 5': {b̂(i)

s }mi=1" &> (), (/.

;500+ b(i)
s 5': b̂(i)

s *' (), ith :25/ :. '.( 5=2,, .' '64;,2 .2 -.0.27 (),'7 5+ ;,>.2,7

/, -500 (), :25/ 5 4*+45(-)7 *","7 {b(i)
s 6= b̂(i)

s }" B,( ∆τ
σ7 >.2 σ ≥ τ 7 (), (.(50

'64;,2 .> 4*+45(-),+ ;,(/,,' (), 62'+ Uσ 5': Ûσ7 (),'

∆τ
σ =

σ
∑

s=τ

m
∑

i=1

1{b(i)
s 6=b̂(i)

s }.  !"@"$%

L62(),24.2,7 >.2 u ∈ S 5': σ ≥ τ :,G',

∆τ
σ(u) =

σ
∑

s=τ

m
∑

i=1

∣

∣

∣Fn(|xξ(b(i)
s )
− u|)− Fn(|xξ(b̂(i)

s )
− u|)

∣

∣

∣ .  !"@"9%

M,H(7 /, /*00 2,05(, (), ,H1,-(,: 3506,+ .>  !"@"$% 5':  !"@"9%" L*H 5'< y ∈ S 5':

0,( U ;, 25':.40< -).+,' *' S7 (),'

E

[∣

∣

∣Fn(|xξ(b(i)
s )
− U |)− Fn(|xξ(b̂(i)

s )
− U |)

∣

∣

∣

]

≤ E

[(

Fn(|xξ(b(i)
s )
− U |) + Fn(|xξ(b̂(i)

s )
− U |)

)

1{b(i)
s 6=b̂(i)

s }
]

= E

[

2

∫

S

Fn(|y − u|) du1{b(i)
s 6=b̂(i)

s }
]

= 2InE
[

1{b(i)
s 6=b̂(i)

s }
]

,

/),2, /, 6+,:  !"$"@%" 8)6+7

E[∆τ
σ(U)] ≤ 2In

σ
∑

s=τ

m
∑

i=1

E
[

1{b(i)
s 6=b̂(i)

s }
]

= 2InE[∆τ
σ] .  !"@"#%
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 !" #"$% &"''( )*+#,- %!" #+')". */ "$0"1%", '2-'(%1!"- )"%3""# %!"

4.(0!- Gσ (#, Ĝσ5

 !""# $%&'  !"#$ %&# '(!")%)(!* (+ ,&#($#- ./01 2#% σ ≥ τ ≥ 1 3!" U $3!4

"(-25 '&(*#! )! S1 %&#! +($ *(-# '(!*%3!% C > 01

E[∆τ
σ(U)] ≤ CmIn

(σ

τ

)
1

αΘ/m

log σ, 6758589

3!"1 3* 3 '(!*#67#!'#1

E[∆τ
σ(U)] ≤ CmIn

(σ

τ

)
2
α

,

*)!'# (Θ/m)−1 < 2/

 !" 0.**/ */ %!" ()*:" &"''( 2- ,"/"..", %* ;"1%2*# 7585<5

(!"#)* $%&+ 8($ %&# 9$((+ (+ %&# -3)! $#*72%1 :# !##" %&3% %&# !7-;#$ (+ -)*4

-3%'&#* )* (+ o(σ)1 :&)'& )-92)#* %&3% %&# #<9(!#!% )! 6758589 *&(72" ;# *-322#$

%&3! 01 )/#/1 m/αΘ < 1/ 8($ α > 2 3!" δ > −m %&)* )* )!"##" %&# '3*#=

m

Θ
≤ 2m

m+ (m+ δ)
<

2

m
≤ 2,

%&7* m/αΘ < 1/
>+ δ = 01 :&)'& )* 9$#')*#25 %&# -("#2 )!%$("7'#" )! ?@@A1 %&#! %&# '(!")%)(!

*)-92)B#* %( 1/α < 11 :&)'& )* 3 :#3C#$ '(!")%)(! %&3! %&# '(!")%)(! 7*#" )! ?@@A=
2/α < 1/ D#E#$%&#2#**1 :# '3!!(% F#% $)" (+ %&# '(!")%)(! α > 21 ;#'37*# :# !##"
%&3% %&# #E#!% Bσ (''7$* :)%& &)F& 9$(;3;)2)%51 *## 675=579/

5.4.1 Proof of Lemma 5.9

 ! "#$% %&'"$(! )& )$** +,(-& .&//0 123 4%$!5 "#& 674/089(&:;$!5 $!&<40*$"=>

)#$'# +,(-$;&% &?+(!&!"$0* @(4!;% A(, "#& "0$*% (A 0 %+&'$0* '*0%% (A /0,"$!50*&%B

 !""# $%&$  !" {Xτ}τ≥0 #! $ %$&"'()$*! +&,-!.. /'"0 "0! +&,+!&"1 "0$"2 /'"0
+&,#$#'*'"1 32 "0!&! !4'.". $ .!56!(-! ,7 +,.'"'8! -,(."$(". {eτ}τ≥1 .6-0 "0$"

|Xτ−1 −Xτ | ≤ eτ ,

7,& $** τ ≥ 19 :0!(2 7,& !8!&1 λ > 02

P(|Xσ −X0| ≥ λ) ≤ 2 exp

{

− λ2

4
∑σ
τ=1 e

2
τ

}

.

C(, 0 +,((A (A "#$% *&//0> )& ,&A&, "( D1EF2

G& )$** 0++*= .&//0 12H1 @= "0I$!5 0 J((@8"=+& /0,"$!50*&

Xτ = E[Tσ,n(xσ+1) |Gτ ] ,

A(, 0 ≤ τ ≤ σ + 12 K=> '(!-&!"$(!> )& *&" G0 @& "#& &/+"= 5,0+#> "#&!

X0 = E[Tσ,n(xσ+1)] = 2ΘInσ 0!; Xσ+1 = Tσ,n(xσ+1).
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 ! "#$% !&'" (!") s *" #++ # ,"* -".!"/ #,+ m "+0"(1 ("" !%"  !"#$% &'()

&, 2"$!&3, 456561 $#77 !%&( #, #$!&3,5 8" $#77 #, #$!&3, A  !!"#$ %&" &9 !%" #$!&3,

$#, :" #))7&"+ *&!% )3(&!&-" ).3:#:&7&!;5 <=.!%".'3."1 +",3!" :; A(G) !%" ("! 39
#77  !!"#$ %&"  !$'()* !%#! $#, :" #))7&"+ 3, !%" 0.#)% G5

>7"#.7;1 93. 1 ≤ τ ≤ σ + 11

|Xτ−1 −Xτ | = |E[Tσ,n(xσ+1)|Gτ−1]− E[Tσ,n(xσ+1)|Gτ ]|
≤ sup
Gτ−1

sup
A,Â∈A(Gτ−1)

∣

∣

∣
E[Tσ,n(xσ+1)|Gτ−1(A)]− E

[

Tσ,n(xσ+1)|Gτ−1(Â)
]∣

∣

∣
,

?45@54A

*%"." !%" B.(! (=)."'=' &( !#C", 3-". #77 )3((&:7" 0.#)%( Gτ−11 #,+ !%" 0.#)%(
Gτ−1(A) #,+ Gτ−1(A) #." 3:!#&,"+ :; #))7;&,0 !%" #$!&3, A #,+ Â 3, !%" 0.#)%
Gτ−11 ."()"$!&-"7;5

D"/!1 *" B/ !%" 0.#)% Gτ−1 #,+ 7"! Gτ = Gτ−1(A) #,+ Ĝτ = Gτ−1(Â)1 !%",

7"! P̂τ !%" ).3:#:&7&!; '"#(=." #( &,!.3+=$"+ &, 2"$!&3, 45E *%"." *" (!#.! *&!%

!%" 0.#)%( Gτ #,+ Ĝτ 1 !%",

sup
A,Â∈A(Gτ−1)

∣

∣

∣E[Tσ,n(xσ+1)|Gτ−1(A)]− E

[

T̂σ,n(xσ+1)|Ĝτ−1(Â)
]∣

∣

∣

= sup
A,Â∈A(Gτ−1)

∣

∣

∣
Êτ

[

Tσ,n(xσ+1)− T̂σ,n(xσ+1)
]∣

∣

∣
?45@5FA

G(&,0 !%" !.&#,07" &,"H=#7&!;1 !%" #:3-" &')7&"(1 =,+". !%" $3=)7&,01

eτ ≤ sup
Gτ−1

sup
A,Â∈A(Gτ−1)

Êτ
[∣

∣

∣
Tσ,n(xσ+1)− T̂σ,n(xσ+1)

∣

∣

∣

]

. ?45@5IA

8" $7#&' !%#!1 &,+")",+",!7; 39 Gτ−1, A #,+ Â1 #,+1 93. σ ≥ τ 1

Êτ
[∣

∣

∣Tσ,n(xσ+1)− T̂σ,n(xσ+1)
∣

∣

∣

]

≤ C̃mIn(σ/τ)
2/α, ?45@5JA

*%"." !%" ).339 39 !%&( $7#&' &( +"9".."+ !3 !%" ",+ 39 !%&( ("$!&3,5 K%=(1 =(&,0

?45@5IA #,+ ?45@5JA1

σ
∑

τ=1

e2τ ≤ C̃2m2I2nσ
4/α

σ
∑

τ=1

τ−4/α = O
(

m2I2n(σ
4/α + σ log σ)

)

.

K3 (%3* !%" #:3-"1 7"! β = 4/α1 !%", β ∈ (0, 2)5 L9 β ∈ (1, 2)1 !%", ∑σ
τ=1 τ

−β <
∞1 #,+1 &9 β ∈ (0, 1]1 !%",

σβ
σ

∑

τ=1

τ−β ≤ σβ +

σ
∑

τ=2

(τ/σ)−β ≤ σβ + σ

∫ σ

x=1

x−1 dx = σβ + σ log σ.

<.3' M"''# 4564 *" !%", 3:!#&, 93. (3'" $3,(!#,! C11

P(|Tσ,n(xσ+1)− E[Tσ,n(xσ+1)] | ≥ λ) ≤ 2e−2 log n,



144 A geometric preferential attachment model with fitness

 !" λ = C1mIn(σ
2/α + σ1/2 log σ)(log n)1/2# $%&%&'%" ()*( Θ = (2m + δ)/2+

()%"% !"% ', (*-./0 n 1234.%/(5, 5*"0%+ 6% 4*/ "%75*4% C1m(log n)
1/2

', Θ logn+

6).4) .1+ 7"%4.1%5,+ ()% 1(*(%&%/( ! 8%&&* 9#:+ 0.;%/ ()% 45*.& <9#=#>?# �

 !""# "# $%&'( <9#=#>?) @%/!(% ', d−σ (v) ()% ./AB%0"%% ! ()% ;%"(%C v *( (.&%

σ+ */B !'1%";% ()*(

dσ(v) = d−σ (v) +m, <9#=#:?

1./4% %*4) ;%"(%C )*1 ', 4!/1("24(.!/ m %B0%1 7!./(./0 !2(6*"B (! !()%" ;%"(.4%1

!" .(1%5 # D2"()%"&!"%+ 6% B%/!(% ', y(i)
s ()% 7!1.(.!/ ! ()% ith ;%"(%CA%/B7!./(

*( (.&% s+ ()21

y(i)

s = x
v
(i)
s
. <9#=#EF?

G, 4!/1("24(.!/ ! Gτ */B Ĝτ + 6% 4*/ *775, ()% 4!275./0 ./("!B24%B ./ H%4(.!/

9#I#I# $%6".(% Tσ,n(xσ+1)+ 1%% <9#E#E? */B <9#E#J?+ 21./0 <9#=#:?+ <9#=#EF?+ */B ()%

4!275./0+ *1

Tσ,n(xσ+1) =

σ
∑

v=1

dσ(v)Aσ,n(xv) + δ

σ
∑

v=1

Aσ,n(xv)

=

σ
∑

v=1

d−σ (v)Aσ,n(xv) + (m+ δ)

σ
∑

v=1

Aσ,n(xv)

=

σ
∑

s=1

m
∑

i=1

Aσ,n(y
(i)

s ) + (m+ δ)

σ
∑

v=1

Aσ,n(xv)

=
σ

∑

s=1

m
∑

i=1

Aσ,n(xξ(b(i)
s )
) + (m+ δ)

σ
∑

v=1

Aσ,n(xv).

K7 (! */B ./452B./0 (.&% τ − 1 '!() 0"*7)1 *"% .B%/(.4*5+ ()21 ()% *'1!52(%

B.L%"%/4% ∣

∣

∣
Tσ,n(xσ+1)− T̂σ,n(xσ+1)

∣

∣

∣
,

%M2*51

∣

∣

∣

∣

∣

σ
∑

s=τ

m
∑

i=1

(

Aσ,n(xξ(b(i)
s )
)−Aσ,n(xξ(b̂(i)

s )
)
)

+ (m+ δ) (Aσ,n(xτ )−Aσ,n(x̂τ ))
∣

∣

∣

∣

∣

.

K1./0 ()% (".*/05% ./%M2*5.(, */B <9#=#N?+ 6% !'(*./

∣

∣

∣Tσ,n(xσ+1)− T̂σ,n(xσ+1)
∣

∣

∣ ≤ ∆τ
σ(xσ+1) + (m+ δ) (Aσ,n(xτ ) +Aσ,n(x̂τ )) .

O*-./0 %C7%4(*(.!/1+ 2/B%" Êτ + !/ '!() 1.B%1 ! ()% *'!;% B.175*,+ */B 21./0

<9#E#P?+ <9#E#J? */B <9#=#I?+ ,.%5B1+  !" 1 ≤ τ ≤ σ+

Êτ
[

|Tσ,n(xσ+1)− T̂σ,n(xσ+1)|
]

≤ 2In(Ê
τ[∆σ] + (m+ δ)), <9#=#EE?

*/B  !" τ = σ + 1,

Êτ
[

|Tσ,n(xσ+1)− T̂σ,n(xσ+1)|
]

= 0,
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 !"#$ Gσ = Ĝσ% &''()!"* +$,,- .%/0 1" 2.%3%//4 5"-(() 6$ 7(8 !"

Êτ
[

|Tσ,n(xσ+1)− T̂σ,n(xσ+1)|
]

≤ C̃mIn(σ/τ)
2/α,

916  1,$ #1" 8-"8 C̃% :;! ! '6$#! $() 8;$ #(-!, 2.%3%<4% �

5.4.2 Proofs of the main results

=" 8;!  $#8!1" >$  ;1> 8;$ ,-!" 6$ 7(8 % :;$ '6119 19 :;$16$, .%/ ! -(,1 8

 !,!(-6 81 8;$ '6119 19 +$,,- .%?% :;$ @!-,$8$6 6$ 7(8 A !%$A :;$16$, .%B -"@ .%0

>!(( C$ '61D$@ C) -@-'8!"* 8;$ '6119 !" E33F%

 !""# "# $%&"!&' ()*+ :;$ 56 8 '-68 19 :;$16$, .%/A !%$%A #(-!, 2.%/%/04A ;- 

C$$" '61D$@ !" G$#8!1" .%B% H16 8;$  $#1"@ '-68A !%$%A #(-!, 2.%/%/34A >$ "1> *!D$ -

'6119A >;!#; !  !,!(-6 81 8;$ '6119 19 +$,,- .%?% :;$6$916$A >$ 91((1> 8;$ '6119

19 8;$ '6$D!17 G$#8!1" .%3%/A >;$6$ >$ "1> #;11 $ Xτ = E[Nk(n) |Gτ ] !" 8$-@ 19

Xτ = E[Tσ,n(U) |Gτ ]% G!,!(-6 81 2.%3%.4A >$ ;-D$ 8;-8

|E[Nk(n)|Gτ−1]− E[Nk(n)|Gτ ]|
≤ sup
Gτ−1

sup
A,Â∈A(Gτ−1)

∣

∣

∣E[Nk(n)|Gτ−1(A)]− E

[

Nk(n)|Gτ−1(Â)
]∣

∣

∣ .

I !"* 8;$ #17'(!"*A >$ #-" C17"@ 8;$ 6!*;8 ;-"@  !@$ !" 8;$ -C1D$ @! '(-) C)

8>!#$ 8;$ "7,C$6 19 ,! ,-8#;$ A  !"#$ $-#; ,! ,-8#; #-" !"J7$"#$ -8 ,1 8 8>1

$@*$ % :;7 A

|E[Nk(n)|Gτ−1]− E[Nk(n)|Gτ ]| ≤ 2Êτ[∆τ
n] .

:;$6$916$A >$ #-" 8-K$ eτ = 2Êτ[∆τ
n] -"@ >$A -*-!"A #-" -''() +$,,- .%/.A - 

@1"$ !" 8;$ '6$D!17  $#8!1"A >;!#; '61D$ #(-!, 2.%/%/34 -"@ ;$"#$ :;$16$, .%/%

�

 !""# "# $%&"!&' (),+ :;$ '6119 ! -(,1 8 !@$"8!#-( 81 8;$ '6119 19 E33A :;$L

16$, BF% :1 -''() 8;! '6119 916 *$"$6-( δ > −mA >$ 1"() "$$@ 81 6$'(-#$ 8;$

#1" 8-"8 c3 !" E33F C) c∗3A >;$6$ c∗3 = c3/2 -"@ c3 ! 8;$ #1" 8-"8 19 #1"@!8!1" -.A

 $$ G$#8!1" .%/%B% :;! >!(( C$ $M'(-!"$@ !" ,16$ @$8-!( "1>%

N!#K µ -"@ ρn = ρn(µ, Fn)  7#; 8;-8 Fn ! >$((LC$;-D$@ 916 µA  $$ #1"@!8!1" 

-*A -, -"@ -.A  $$ G$#8!1" .%/%B% H!M u ∈ S -"@ @$"18$ C) Aρn
8;$  ';$6!#-(

#-' >!8; #$"8$6 u -"@ 6-@!7 ρnA 8;$" 8;$6$ $M! 8 '1 !8!D$ #1" 8-"8 c1 -"@ c2A
!"@$'$"@$"8 19 ρnA  7#; 8;-8

Aρn =

∫

{w∈S : |w−u|≤ρn}

dw ∈ [c1ρ2n, c2ρ2n], 2.%3%/B4

>;!#; !  ;1>" !" E33F% H768;$6,16$A !" E33F 8;$ -78;16 #1" !@$6 8;$ *6-'; -8

#$68-!" 8!,$  8$' tsA >;$6$ s ! - '1 !8!D$ !"8$*$6A  7#; 8;-8 8;$ -6$- 19 8;$

 ';$6!#-( #-' ! *!D$" C)

s/2 ≤ Aρn
ts ≤ 3s/2. 2.%3%/04
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 ! "#$ %&''( '( )**+ ,#$'&$- ./+ "#$ $00$!"123 0"$% 10 "#$ 0"2"$-$!" "#2" "#$ %&'45

24131"6 "#2" vts 7#''0$0 8$&"$9 v ∈ Vts + 200:-1!; "#2" |xts − xv| ≤ 2ρn+ 10 2" 3$20"

2c1c3
αs + 1<$<+

P
(

v(1)

ts = v |Gts−1
)

≥ 2c1c3
αs

.

 ! ':& -'=$3 "#10 10 0"133 "&:$+ >#$! >$ &$%327$ c3 46 c∗3 = c3/2+ 01!7$+ :01!; "#$

200:-%"1'!0 !+ " 2!= #+ ?@<*<A.B 2!= ?@<*<ACB+

P
(

v(1)

ts = v |Gts−1
)

≥ (dts(v) + δ)Fn(|xts − xv|)
αΘInts

≥ (m+ δ)Fn(2ρn)

αΘInts

≥ 2(m+ δ)Aρn
Fn(2ρn)

αΘIns
≥ 2(m+ δ)c1ρ

2
nFn(2ρn)

αΘIns

≥ 2(m+ δ)c1c3
αΘs

=
(m+ δ)

Θ

2c1c3
αs

>
1

2

2c1c3
αs

=
2c1c

∗
3

αs
,

>#$&$ >$ :0$= "#2" (m + δ)/Θ = 1 + δ/(2m + δ) > 1/2 ('& −m < δ ≤ 0 2!=

(m + δ)/Θ ≥ 1 > 1/2 ('& δ > 0<  ( >$ &$%327$ "#$ 7'!0"2!" c3 46 c∗3 1! "#$ %&''(

'( ,#$'&$- .+ "#$! "#$ %&''( '( )**/ #'3=0 >1"#':" (:&"#$& -'=1D72"1'!0< �

$%&&' &' ()*&%*+ ,-#. E'& δ = 0 "#$ %&''( 10 ;18$! 46 "#$ %&''( '( ,#$'&$-

C 1! )**/< ,#$ 7'!0"2!" λ = C1/C2 1! "#$ %&''( '( )**+ ,#$'&$- C/ 0#':3= 4$

&$%327$= 46 λ = (C1 + δ)/2C2+ "#$! "#$ %&''( #'3=0 8$&42"1-< �

5.4.3 Bounding the expected number of mismatches

 ! "#10 0$7"1'! >$ >133 %&'8$ F$--2 @<AC<  ! "#$ %&''( '( "#$ 3$--2+ >$ &$36 '!

">' 7321-0+ >#17# >133 4$ 0"2"$= !'>< ,#$ D&0" 7321- 4':!=0 ('& 2!6 8$&"$9 2!=

233 "1-$ 0"$%0 "#$ $9%$7"$= =$;&$$G

E[dv(σ) + δ] ≤ mC
(σ

v

)a

, ?@<*<A*B

>#$&$ C 10 0'-$ 7'!0"2!" 2!=

a = m/αΘ. ?@<*<A@B

,#$ 0$7'!= 7321- 10 2 "$7#!1723 '!$+ >#17# 4':!=0 "#$ $9%$7"2"1'! '(

Qσ =
∑

h∈Eσ

Aσ,n(xh)1{Tσ,n≤T̂σ,n}+
∑

h∈Êσ

Aσ,n(x̂h)1{Tσ,n>T̂σ,n} ?@<*<AHB

(&'- 24'8$< I'&$ %&$710$36+ ('& 2!6 σ ≥ τ +

E[Qσ] ≤ In

(

E[∆τ
σ] + E[dσ(τ) + δ] + E

[

d̂σ(τ) + δ
]

+ 2Θ
)

. ?@<*<AJB

K$9"+ >$ >133 200:-$ "#2" "#$ 7321-0 ?@<*<A*B 2!= ?@<*<AJB =' #'3= 2!= >$ >133

0#'> "#2" F$--2 @<AC ('33'>0 (&'- "#$0$ ">' 7321-0< L("$& "#$ %&''( '( F$--2

@<AC+ >$ >133 %&'8$ 4'"# 7321-0 0$%2&2"$36<
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)!/&)-,0!12 3!4%!3 .-

∆τ
σ+1 = ∆τ

σ +

m
∑

i=1

1
{

b
(i)
σ+1 6=b̂

(i)
σ+1

}

,

.%3# "$!)!+*)!#

Êτ
[

∆τ
σ+1

]

= Êτ[∆τ
σ] +mP̂τ

(

b(1)σ+1 6= b̂(1)σ+1

)

, 567879:;

-,%/! <! 3).< "$! (.11- <,"$ )!=1./!'!%"7

>*'(,%,%? 567@79A; .%3 567@79@;# 2,!13-

P̂τσ+

(

b(1)σ+1 6= b̂(1)σ+1

)

≤ Qσ + (dσ(τ) + δ)Aσ,n(xτ ) + (d̂σ(τ) + δ)Aσ,n(x̂τ )

αΘInσ
. 567879B;

C(-!)0! +)*' 567978; "$."

Êτσ[dσ(τ)Aσ,n(xτ )] = dσ(τ)Ê
τ
σ[F (|xτ − xσ+1)]

= dσ(τ)

∫

S

F (|xτ − u|)du = dσ(τ)In,

.%3# $!%/!

Êτ[(dσ(τ) + δ)Aσ,n(xτ )] = Êτ[dσ(τ) + δ] In.

D,',1.)12# Êτ
[

(d̂σ(τ) + δ)Aσ,n(x̂τ )
]

= Êτ
[

d̂σ(τ) + δ
]

In7

E$&-# ".F,%? !G=!/".",*%- *% (*"$ -,3!- *+ 567879B; )!-&1"- ,%

P

(

b(1)σ+1 6= b̂(1)σ+1

)

≤
E[Qσ] + (E[dσ(τ) + δ] In) + (E

[

d̂σ(τ) + δ
]

In)

αΘInσ
, 56787AH;

D&(-","&",%? 5678798; .%3 567879I; ,% 56787AH;# 2,!13-

P

(

b(1)σ+1 6= b̂(1)σ+1

)

≤ E[∆τ
σ] + (2Θ + 4mC(σ/τ)a)

αΘσ
,

+*) -*'! -&J/,!%"12 1.)?! /*%-".%" C > 07 E$!)!+*)!# <! /.% (*&%3 "$! ),?$"

$.%3 -,3! *+ !K&.",*% 567879:; (2#

E
[

∆τ
σ+1

]

≤ E[∆τ
σ]

(

1 +
a

σ

)

+
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αΘσ
= E[∆σ]

(

1 +
a

σ

)

+
1 + 8C(σ/τ)a

σ
,

<$!)! <! &-!3 "$." a = m/αΘ 5678796;# 1/α ≤ 1/2 .%3 m/Θ ≤ 27 L,%.112# (2
".F,%? "$! /*%-".%" C 1.)?!)# <! /.% )!=1./! "$! .(*0! ,%!K&.1,"2 (2

E
[

∆τ
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]
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(

1 +
a

σ

)

+ Cτ−aσa−1.

M! <,11 %*< =)*0! .% &==!) (*&%3 +*) E
[

∆τ
σ+1

]

7 E* "$,- !%3# <! /*%-,3!) "$!

-*1&",*% *+ "$! )!/&))!%/! )!1.",*% q(σ+1) = q(σ)(1+a/σ)+ b(σ)# +*) σ > τ # <,"$
,%,",.1 /*%3,",*% q(τ) = c7 E$! -*1&",*% ,- ?,0!% (2

q(σ) =
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Γ(σ)

σ−1
∑

s=τ

b(s)Γ(s+ 1)

Γ(s+ 1 + a)
+ c

Γ(σ + a)Γ(τ)

Γ(σ)Γ(τ + a)
.
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*!",

E[∆τ
σ] ≤ q(σ) =
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Γ(σ)
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∑

s=τ

b(s)Γ(s+ 1)

Γ(s+ 1 + a)
≤ Cτ−a

Γ(σ + a)

Γ(σ)

σ−1
∑

s=τ

Γ(s+ a)

Γ(s+ 1 + a)
.

 !" ')--#*+%, 2#, $" $%),3"3 04%- #$%&" $5 log σ/ *!"4"0%4"/ 0%4 '%-" 2%,'*#,*
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E[∆τ
σ] ≤ C

(σ

τ

)a

log σ.

 !+' .4%&"' 678989: #,3 !",2" ;"--# 78<=/ >+&", *!" 2(#+-' 67898<9: #,3 67898<?:8

�

 !""# "# 67898<9:$ @%*" *!#*/ '"" 678<8?: #,3 678<8A:/
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.
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s 6=ŷ(i)

s }+ 2(m+ δ)

)

.

B9$0 $75$ ()*+*,A. %C;1%0#

σ
∑

s=τ

m
∑

i=1

1{y(i)
s 6=ŷ(i)
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Samenvatting

Uit onderzoek blijkt dat complexe netwerken, zoals het Internet, het World-Wide
Web, sociale netwerken en andere technologische en biologische netwerken fasci-
nerende overeenkomsten hebben. Een complex netwerk is te representeren door
een graaf: een verzameling van knopen die onderling zijn verbonden met kan-
ten. Het Internet wordt mogelijk gemaakt door routers die onderling verbonden
zijn door kabels. De bijbehorende graaf wordt verkregen door de routers te ver-
vangen door knopen en de kabels door kanten.

Veel complexe netwerken zijn “kleine werelden” (small worlds): de afstand
tussen twee willekeurige gekozen knopen is klein. Verder blijkt dat de verdeling
van de graad van een knoop een machtswet volgt: het aantal knopen met graad
k is proportioneel met k−τ voor een exponent τ > 1. Zulk een netwerk wordt
een schalingsvrij (scale-free) netwerk genoemd.

Aangezien de netwerken groot en complex zijn is het onmogelijk om voor
zulke netwerken de corresponderende grafen exact te construeren. Dit kost te
veel tijd en de benodigde opslag capaciteit is enorm. In de literatuur zijn vele
modellen geı̈ntroduceerd om complexe netwerken te simuleren door middel van
stochastische grafen. Stochastische grafen beschrijven niet de precieze structuur
van een complex netwerk, maar proberen juist de kenmerken van een complex
netwerk na te bootsen.

In dit proefschrift wordt er onderscheid gemaakt in twee soorten stochasti-
sche grafen: de statische en de dynamische stochastische graaf. In een statische
graaf start men met een vast aantal knopen waarbij er stochastisch kanten wor-
den toegevoegd tussen de knopen. De resulterende grafen kun je interpreteren
als het nemen van een foto van een complex netwerk op een vast tijdstip. Aan
de andere kant tracht men met een dynamische random netwerk juist de groei
van het complexe netwerk over de tijd te imiteren. Men start met een gegeven
graaf en daarna voegt men één voor één nieuwe knopen toe aan de bestaande
graaf. Deze knopen worden verbonden met de bestaande knopen. Als bestaan-
de knopen met een hoge graad worden geprefereerd boven de rest, dan zal in de
limiet de verdeling van de graad van een knoop een machtswet hebben. Dit groei
mechanisme wordt “voorkeurs aanhaken” (preferential attachment) genoemd.

In dit proefschrift worden de volgende twee statische modellen bestudeerd:
het configuratie model (CM) en de inhomogene stochastische graaf. Verder
worden er twee dynamische modellen geı̈ntroduceerd: de preferential attach-
ment random graaf met initiële stochastische graden, welke afgekort wordt tot
PARID model, en de geometrische preferential attachment graaf met initiële
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aantrekkingskracht, welke afgekort wordt tot het GPAF model. In dit proef-
schrift wordt de verdeling van de graad van een knoop, de typische afstand, dat
is de graaf afstand tussen twee willekeurige knopen, en de diameter, dat is de
maximale afstand tussen elk paar van knopen, in de verschillende modellen be-
studeerd. De typische afstand, en ook de diameter, wordt in veel gevallen slechts
beı̈nvloed door de exponent τ van de machtswet. Als τ > 3 dan zijn de resul-
terende grafen homogeen. Daarmee wordt bedoeld dat de structuur rond een
knoop invariant is voor de positie van de knoop in de graaf. Als τ ∈ (2, 3), dan
zijn er knopen waarvan de graad hoog is ten opzichte van alle andere knopen in
een graaf. Zo’n knoop fungeert als lokaal middelpunt of hub. Als τ ∈ (1, 2), dan
zijn er een eindig aantal knopen die als hub fungeren voor alle andere knopen
in een graaf. Deze hubs beinvloeden de de typische afstanden en de diameter,
omdat ze als shortcuts fungeren.

Het configuratie model is het eerste statische stochastische graaf model dat
in dit proefschrift behandeld wordt. Een realisatie van het configuratie model
bestaat uit een vast aantal knopen, waarbij elke knoop een stochastisch aantal
half-kanten heeft. De graaf wordt geconstrueerd door steeds twee willekeurige
half-kanten te verbinden tot een kant. Merk op dat het aantal half-kanten even
moet zijn, anders blijft er aan het eind van het combineren een half-kant over. In
dit proefschrift is de verdeling van het aantal half-kanten per knoop identiek en
onafhankelijk verdeeld, waarbij de verdeling een oneindige verwachting heeft.
Als het aantal knopen naar oneindig gaat, dan blijkt dat de afstand tussen twee
willekeurige knopen 2 of 3. Het is mogelijk dat het aantal half-kanten van één en-
kele knoop het aantal knopen overtreft. Dit is voor de meeste complexe netwer-
ken niet realistisch. Denk bijvoorbeeld aan het Internet. Daarom wordt er ook
gekeken naar de volgende beperking: als er n knopen zijn, dan is het maximale
aantal half-kanten per knoop maximaal nα met α een gekozen waarde tussen 0
en 1. Het blijkt dat onder deze beperking de afstand tussen twee willekeurige
knopen constant is en deze constante hangt af van de gekozen α.

De tweede statische stochastische graaf die behandeld wordt in dit proef-
schrift is de inhomogene stochastische graaf. In dit model ligt het aantal knopen
vast. Elke knoop krijgt een gewicht, welk stochastisch is. Het aantal kanten tus-
sen een tweetal knopen v enw is stochastisch en hangt alleen af van de gewichten
van de knopen v en w. Het klassieke voorbeeld is de Erdős and Rényi stochas-
tische graaf, welke wordt verkregen door elke knoop een identiek gewicht mee
te geven. Tussen elk tweetal knopen is er maximaal één kant, en elke van de
(

n
2

)

mogelijke kanten is aanwezig met kans p onafhankelijk van elkaar. In dit
proefschrift worden de asymptotische fluctuaties van de typische afstand in de
Poisson stochastische graaf, een model uit de literatuur, bestudeerd. De resulta-
ten gelden echter ook voor de IRG, hetgeen bewezen wordt door middel van een
koppeling.

Het PARID model is het eerste dynamische model wat in het proefschrift
wordt geı̈ntroduceerd. Het model wordt beschreven door een groeiproces. Initi-
eel bestaat de graaf uit twee knopen, welke verbonden zijn door een willekeurig
aantal kanten. Op elk discreet tijdstip wordt er een nieuwe knoop toegevoegd
met een willekeurig aantal kanten. Elk kant wordt verbonden met een knoop
uit de oude graaf, waarbij de kans dat een knoop met graad k wordt gekozen is
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proportioneel aan k + δ, waarbij δ een constante is. De δ is de initiële aantrek-
kingskracht van een knoop. In dit proefschrift wordt de verdeling van de graad
van een knoop afgeleid: een machtswet, waarbij de exponent elke waarde groter
dan 2 kan aannemen.

Het tweede dynamische model is het GPAF model. Een stochastische graaf
die ook de onderliggende geografische structuur van een complex netwerk in
acht neemt. In vele modellen wordt deze structuur vergeten, maar er zijn com-
plexe netwerken waar dit wel degelijk van belang is. In bijvoorbeeld een wireless
ad-hoc netwerk, een netwerk van mobiele routers die wireless communiceren,
kan de onderliggende structuur niet genegeerd worden. In zo’n ad-hoc netwerk
zijn de routers verspreid over een gebied, en routers kunnen alleen met andere
routers communiceren die in de buurt staan. In dit proefschrift wordt een variant
op een geometrische stochastische graaf uit de literatuur gepresenteerd. Door de
introductie van initiële aantrekkingskracht, zoals in het PARID model, wordt er
een stochastische graaf verkregen waarbij de exponent van de machtswet elke
waarde groter dan 2 kan aannemen. In het oorspronkelijke model is de onder-
grens voor de exponent 3.
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Summary

Empirical studies on real-life networks, such as the Internet, the World-Wide
Web, social networks, and various types of technological and biological net-
works, show fascinating similarities. Many of these networks are small worlds,
meaning that typical distances in the network are small, and many of them have
power-law degree sequences, meaning that the number of nodes with degree k
falls off as k−τ for some exponent τ > 1. Such a network is called a scale-free
network.

In the literature many models are introduced to model real-life networks. The
structure or topology of the network is modeled by a random graph consisting
of nodes which are connected by edges. For example, the Internet consists of
routers (nodes) which are connected to each other by wires (edges). One way
to construct a random graph is to start with a fixed number of nodes and ran-
domly add edges between pairs of nodes. The resulting graph is a snap-shot of
the network at a given time instant. Using a growth model is a second way to
construct a random graph. In such a model one starts with a given graph, and
at each discrete time step a new node is added to the graph, from this node em-
anates a number of edges. The end-point of each edge is connected to one of the
old nodes, where nodes with a high number of edges are preferred. This is called
preferential attachment, and it is believed that preferential attachment is one of
the underlying mechanisms, which generates scale-free random graphs.

In this thesis two types of random graphs are considered: static random
graphs and dynamic random graphs. A static random graph aims to describe
a network and its topology at a given time instant, and, on the other hand, a
dynamical random graph aims to explain how the network came to be as it is.
Dynamic random graphs often focus on the growth of the network under con-
sideration as a way to explain the power-law degree sequences.

In this thesis two static random graphs are studied which produce power-
law degree sequences: the configuration model (CM) and the inhomogeneous
random graph (IRG). Furthermore, two dynamic random graphs are introduced:
the preferential attachment model with random initial degrees (PARID) and
the geometric preferential attachment model with fitness (GPAF). In this thesis
the degree sequence, the typical distance (the asymptotic behavior of the graph
distance between two uniformly chosen nodes), and the diameter for each of the
models is considered. For example, the typical distance is solely influenced by
the power-law exponent τ . If τ > 3, then the graph is homogeneous or flat in the
sense that all nodes have roughly the same kind of neighborhood. If τ ∈ (2, 3),
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then nodes with a high degree will appear. These nodes act as hubs, and their
impact on the connectivity cannot be neglected. If τ ∈ (1, 2), then a finite number
of nodes act as super hubs for all the other nodes, the graph has a star-shaped
structure. The hubs directly influences the typical distance, since they are used
as short-cuts.

The first static random graph considered in this thesis is the configuration
model. In this random graph the number of nodes is fixed, where from each
node emanates a random number of stubs or half-edges. The random graph
is constructed by connecting randomly pairs of stubs, where two different stubs
combined give precisely one edge. Observe that the total number of stubs should
be even, otherwise there will be one free stub in the end. In the thesis it is as-
sumed that the expected number of stubs of each node is infinite. The distance
between two randomly chosen nodes is either 2 or 3 as the number of nodes goes
to infinity. It is possible that the number of stubs of a single node exceeds the
number of available nodes, since its expectation is infinite. In real-life networks
this not very likely. Consider for example the Internet, where connections be-
tween routers are identified with edges. Therefore, the same model is considered
with the following restriction: if the total nodes is n, then the number of stubs of
a single node is at most nα, where α is some fixed value between 0 and 1. Under
this restriction, it is shown, in the limiting case, that the distance between two
randomly chosen nodes is with high probability a constant, which depends only
on the value of α.

The inhomogeneous random graph (IRG) is the second static random graph
that is considered in this thesis. The IRG consists of a fixed number of nodes,
where each node has a random weight. The number of edges between each pair
of nodes v and w is random and it only depends on the weights of the nodes
v and w. The classical example is the Erdős and Rényi random graph, where
each node has the same deterministic weight. In this model the number of edges
between pairs of nodes is at most one, and each of the

(

n
2

)

possible edges occurs
independently with probability p. The asymptotically fluctuations of the typical
distance is derived for the Poissonian random graph, a known random graph in
the literature, and using a probabilistic coupling these results are extended to the
IRG.

The first dynamic random graph introduced in the thesis is the PARID model,
which is essentially a preferential attachment model. Initially, the graph is given
by two nodes which are connected by a random number of edges. Then at each
discrete time step a new node with a random number of stubs is added. Each
stub is randomly connected to one of the old nodes by forming an edge, where
nodes with a high number of outgoing edges are preferred. More precisely, an
old node is chosen proportional to its degree plus some given additive fitness δ.
By repeating this process, a graph of any size can be constructed. In this thesis the
degree distribution of the PARID random graph is described, i.e., the distribution
of the number of edges of a node, as the number of nodes goes to infinity. The
power-law exponent can take any value bigger than 2.

Most random graphs ignore the underlying geometry of the network, which
can be unrealistic. In for example wireless ad-hoc networks the geometry is of
great importance, since in these networks nodes are spread over some surface
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and nodes can only communicate with neighbors within a certain range, depend-
ing on the geometry. In this thesis a geometric preferential attachment model
from the literature is used, which produces power-law degree sequences with
exponents which can take any value bigger than 3. By extending this random
graph one obtains the GPAF model, which is the second dynamic model intro-
duced in this thesis. By introducing additive fitness, as done in the PARID model,
it is shown that in the GPAF model the power-law exponent can take any value
bigger than 2.
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