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S UMMARY
Fractionated spacecraft deploy satellites’ functionalities, such as computation, communication, data storage, payload operations and even power generation, onboard several
modules that share those functionalities through a wireless network. With the advent of
such an innovative space architecture, non-traditional attributes such as flexibility, robustness and responsiveness, in addition to cost and mass, are introduced to the implementation of space systems, and the equilibrium in the design may shift considerably.
In order to enable those non-traditional attributes and thus create huge momentum for
fractionated spacecraft, this thesis researches on the autonomous operations of fractionated spacecraft with a focus on cluster reconfiguration. In particular, three aspects have
been studied thoroughly to lay the foundation for its implementation.
First, functional, physical and organizational architectures of a fractionated infrastructure for long-term Earth observation missions have been proposed, which defines
the scenario for our research hereinafter. In the scenario, four fractionated modules are
considered with a reference orbit of 800 km altitude and the fractionated cluster is regarded as a multi-agent system. Second, the relative motion is studied to provide the
knowledge of the modules’ long-term flight behaviour within the passive cluster. Last
but not least, centralized and distributed approaches to the problem of autonomous
cluster reconfiguration are, respectively, developed, both for energy-optimal and timeoptimal reconfigurations. Foregoing researches in all three aspects are detailed in the
following.
To specify the scenario of our research, a fractionated space infrastructure is designed to accept and support multiple modules hosting Earth observation payload. Functional, physical and organizational architectures of this infrastructure are presented respectively. The functional architecture is derived based on the review and analysis of two
long-running Earth observation missions, i.e., Landsat and SPOT. The optimal physical
architecture is obtained by means of an Analytical Hierarchy Process with eight selection
criteria. The organizational architecture is developed by virtue of the multi-agent theory. In the end, a software test-bed using smartphone technology as well as a hardware
test-bed composed of commercial quadrotors is developed to demonstrate the proposed
organizational architecture.
Two conclusions can be drawn from this aspect of research. First, four heterogeneous modules that separately host a high bandwidth downlink component, a data relay
satellite communication component, a mission data processor component and a large
volume data storage component can best serve as a space infrastructure to support longterm EO missions with multiple payloads. Second, a three-layer organizational architecture composed by a planner, an allocator and multiple local controllers can ensure
autonomous operations within a fractionated cluster.
Apart from the organizational architecture, the concrete result of relative motion behaviours within a fractionated cluster is also an essential prerequisite for autonomous
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cluster operations. This is the second aspect of our research. In our study, the relative
motion of modules within a fractionated cluster is considered to be distance-bounded.
This thesis presents closed-form solutions for the problem of long-term satellite relative
motion in the presence of J 2 perturbations, and introduces a design methodology for
long-term passive distance-bounded relative motion. There are two key ingredients of
closed-form solutions. One is the model of relative motion; the other is the Hamiltonian
model and its canonical solution of the J 2 -perturbed absolute motion. The model of relative motion is derived based on the geometrical relationship between two satellites, and
features a kinematic property. To derive the canonical solution, since the Hamiltonian is
fully separable, the Hamilton-Jacobi theory is applied. To design the long-term distancebounded relative motion, the nodal period and the drift of right ascension of the ascending node (RAAN) per nodal period are, respectively, matched non-instantaneously. Even
though the nodal period and the drift of RAAN per nodal period can be obtained via the
canonical solution, action-angle variables are used to obtain the frequency of the system
without finding the complete solution to the perturbed orbital motion.
Three conclusions can be drawn from this second aspect of research. First, the model
of relative motion makes no assumption on the eccentricity of the reference orbit or
on the magnitude of the relative distances. Second, a fully separable Hamiltonian is
found, which takes into account the secular, long-periodic and short-periodic effects of
the J 2 perturbations. The separability of this Hamiltonian ensures the application of
the Hamilton-Jacobi theory and the action-angle variables. Third, the long-term passive distance-bounded relative motion can be established by matching, respectively, the
nodal period and the drift of right ascension of the ascending node per nodal period.
The third aspect of our research is focused on autonomous cluster reconfiguration,
which is one of the most important constituents of cluster operations. We argue that
the distributed implementation of cluster reconfiguration is either demanded or highly
preferred by fractionated spacecraft with potentially a large number of modules. Even
though, the centralized approach is developed first as a counterpart for later comparison by the distributed implementation. Essentially, the centralized method belongs to
the category of the direct simultaneous approach and utilizes the Gauss pseudospectral
method. Energy- and time-optimal reconfiguration problems are addressed and solved,
respectively, for both circular and eccentric reference orbits. In the reconfiguration planning, the non-convex collision avoidance constraints as well as the non-convex final
configuration constraints have been taken into account.
The conclusion drawn from the research on centralized implementation is that the
Gauss pseudospectral method can solve both energy-optimal and minimum-time reconfiguration problems with linear time-invariant as well as linear time-varying dynamics effectively and efficiently.
For the distributed autonomous cluster reconfiguration, the energy- and time-optimal
implementation are developed, respectively. In essence, they are the distributed implementation of direct sequential approaches. However, different methodologies have been
applied. For distributed energy-optimal reconfiguration, primal decomposition is combined with the distributed consensus algorithm to deal with coupling variables, while
dual decomposition is integrated with the incremental subgradient method to tackle
coupling constraints. In order to solve reconfiguration problems with both coupling

S UMMARY

ix

variables and coupling constraints, multi-level primal and dual decompositions are proposed, where both the distributed consensus algorithm and the incremental subgradient method are incorporated to guarantee the distributed implementation. On the other
hand, the time-optimal reconfiguration is approximated as a sequential convex programming problem based on the control parametrization method. Then, a distributed
alternating direction method of multiplier is employed to achieve consensus within the
cluster.
The conclusion drawn from the research on distributed energy-optimal reconfiguration is that the distributed framework developed in this thesis is applicable to reconfiguration problems with linear dynamics equations in the presence of non-convex coupling
variables (e.g. final configuration constraints) as well as non-convex and non-separable
coupling constraints (e.g., collision avoidance constraints). In the end, optimal solutions are obtained. Two conclusions can be drawn from the research on distributed
time-optimal reconfiguration. First, for time-optimal reconfiguration problems, integration of the sequential convex programming with the distributed alternating direction
method of multiplier provides and facilitates a robust and effective distributed implementation that converges to the global minimum. Second, theoretical results exist for
the convergence of the proposed method that is based on the control parametrization
method, the sequential convex programming method, and the distributed alternating
direction method of multipliers.
All above research areas are devoted to studying, exploiting and enabling the nontraditional attributes of fractionated spacecraft. New results have been contributed to
the body of knowledge in all three research aspects. For the development of fractionated space systems, our research will shed light on the cluster design, the autonomous
organization of modules within the cluster, and the design of distributed energy- or timeoptimal reconfiguration. Even though this thesis is focused on the future-oriented enabling technologies for fractionated spacecraft, the developed methodologies are applicable to other distributed space systems such as formation flying. Therefore, our research can be regarded as a step stone for the implementation of future autonomous
distributed space systems.

S AMENVATTING
Bij gefractioneerde ruimtevaartuigen worden de functionaliteiten van een satelliet, zoals
communicatie, data opslag, payload operaties en zelfs de stroomopwekking verspreid
over meerdere modules die deze functionaliteiten delen door middel van een draadloos
netwerk. Met de komst van zo een innovatieve ruimtevaart architectuur, worden naast
kosten en massa ook niet-traditionele attributen zoals flexibiliteit, robuustheid en responsiviteit van groot belang, waardoor het evenwicht in het ontwerp flink verschuift.
Om deze niet-traditionele attributen mogelijk te maken en daarmee een enorme impuls
te creëren voor gefractioneerde ruimtevaartuigen, word in deze scriptie de autonome
werking van gefractioneerde ruimtevaartuigen onderzocht, met focus op de herconfiguratie van clusters. Drie aspecten zijn uitgebreid onderzocht om een fundament te leggen
voor de implementatie.
Ten eerste worden de functionele, fysieke en organisatorische architecturen van gefractioneerde infrastructuren voor lange-termijn aard observatie missies bepaald. Hiermee wordt het scenario voor onze missie gedefinieerd. In dit scenario worden vier gefractioneerde modules beschouwd in een referentie baan met een hoogte van 800 km.
De gefractioneerde cluster wordt beschouwd als een multi-agentsysteem. Ten tweede
wordt de relatieve beweging van de modules bestudeerd om zo kennis te vergaren over
de lange-termijn vluchteigenschappen binnen het passieve cluster. Tot slot worden gecentraliseerde en gedistribueerde benaderingen ontwikkeld om een autonome cluster
herconfiguratie te bewerkstelligen, waarbij gezocht wordt naar zowel een energie-optimale
als een tijdsoptimale oplossing. Voortgaande onderzoeken naar alle drie de aspecten
worden toegelicht in het volgende.
Om het scenario van het onderzoek te specificeren, is een gefractioneerde ruimtevaart infrastructuur ontworpen die ondersteuning biedt voor meerdere modules die een
aardobservatie instrument bevatten. De functionele, fysieke en organisatorische architecturen van deze infrastructuur worden gepresenteerd. De functionele architectuur is
bepaald op basis van een analyse van twee langlopende aardobservatie missies, namelijk
Landsat en SPOT. De optimale fysieke architectuur is bepaald door middel van een Analytisch Hirarchisch Proces met acht selectie criteria. De organisatorische architectuur
is bepaald aan de hand van multi-agent theorie. Uiteindelijk zijn een software testbed
en hardware testbed ontwikkeld, respectievelijk op basis van smartphone technologie
en commercile quadrocopters, om zo de werking van de voorgestelde organisatorische
architectuur aan te tonen.
Twee conclusies kunnen getrokken worden uit dit deel van het onderzoek. Allereerst
is de meest geschikte infrastructuur voor een lange-termijn aardobservatie missie met
meerder instrumenten een infrastructuur die bestaat uit vier heterogene modules. Deze
modules beschikken ieder over een hoge bandbreedte communicatie systeem, een data
relais communicatie systeem, een dataprocessor voor missie gegevens en een opslagsysteem voor veel data. Ten tweede kan een drie-laags organisatorische architectuur,
xi
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bestaande uit een planner, een verdeler en meerdere lokale controllers er voor zorgen
dat autonome operaties mogelijk zijn binnen een gefractioneerde cluster.
Naast de organisatorische architectuur, is een goede kennis van de relatieve bewegingseigenschappen binnen een gefractioneerde cluster van essentieel belang voor autonome cluster operaties. Dit is het tweede onderdeel van het onderzoek. In deze dissertatie wordt een gesloten oplossing gepresenteerd voor het probleem van de relatieve beweging van een satelliet over de lange termijn, wanneer deze beweging wordt benvloed
door J 2 -perturbaties. Daarnaast wordt er een ontwerpmethodologie gentroduceerd voor
passieve, afstandsgebonden relatieve bewegingen over de lange termijn. Er zijn twee belangrijke ingredinten voor deze gesloten oplossingen. Allereerst is er het model van de
relatieve beweging. Daarnaast is er het Hamiltoniaanse model en zijn canonieke oplossing voor de absolute beweging onder de invloed van het J 2 effect. Het model van de
relatieve beweging is afgeleid aan de hand van de geometrische relatie tussen de twee
satellieten en bevat een kinematische eigenschap. Om de canonieke oplossing af te leiden, kan de theorie van Hamilton-Jacobi gebruikt worden, aangezien de Hamiltoniaan
volledig scheidbaar is. Om de langdurige, afstandsgebonden beweging te ontwerpen,
worden de nodale periode en het afdrijven van klimmende knoop per nodale periode
niet-instantaan op elkaar afgestemd. Hoewel de nodale periode en het afdrijven van de
klimmende knoop per nodale periode kunnen worden bepaald met de canonieke oplossing, kan de frequentie van het systeem worden gevonden met actie-hoek variabelen,
zonder dat de volledige oplossing voor de gepertubeerde baanbeweging moet worden
gevonden.
Drie conclusies kunnen getrokken worden uit het tweede deel van het onderzoek. Allereerst worden er in het model van de relatieve beweging geen aannames gemaakt betreffende de excentriciteit van de referentiebaan of de grootte van de relatieve afstanden.
Ten tweede is er een volledig scheidbare Hamiltoniaan gevonden, waarbij rekening gehouden wordt met langperiodieke en kortperiodieke fluctuaties van de J 2 -perturbaties.
Ten derde kan een langdurige, passieve, afstandsgebonden relatieve beweging gerealiseerd worden door de nodale periode en het afdrijven van de stijgende knoop per nodale
periode op elkaar af te stemmen. Het derde deel van ons onderzoek is gericht op de automatische herconfiguratie van clusters –n van de belangrijkste onderdelen van de cluster operaties. We stellen dat bij een gefractioneerd ruimtevaarttuig met potentieel een
groot aantal modules de gedistribueerde implementatie van een cluster gevraagd wordt
of sterk de voorkeur geniet. De gecentraliseerde aanpak is echter wel eerder ontwikkeld
om deze later te kunnen vergelijken met de gedistribueerde implementatie. In essentie
hoort de gecentraliseerde aanpak bij de categorie van de directe simultane benaderingen en wordt de pseudospectrale Gauss methode toegepast. Energie- en tijdsoptimale
herconfiguratie problemen worden geadresseerd en opgelost voor zowel circulaire als
excentrieke referentiebanen. Bij het plannen van de herconfiguratie, worden twee nietconvexe randvoorwaarden in beschouwing genomen, namelijk de randvoorwaarde die
botsingen moet voorkomen en de randvoorwaarde die de uiteindelijke positie van de
modules beschrijft.
De conclusie die getrokken kan worden uit het onderzoek richting de gecentraliseerde implementatie is dat de pseudospectrale Gauss methode op een efficinte en effectieve manier gebruikt kan worden bij het vinden van zowel een energie-optimale als
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de tijdsoptimale herconfiguratie manoeuvres. Dit is mogelijk bij zowel een lineaire tijdsonafhankelijk dynamica als een lineaire tijdsafhankelijke dynamica.
Voor de gedistribueerde autonome cluster herconfiguratie, zijn energie- en tijdsoptimale aanpakken ontwikkeld. In essentie, zijn de aanpakken gedistribueerde implementaties van de directe sequentile benadering. Er zijn echter ook ander methodologien
gebruikt. Voor de gedistribueerde energie-optimale herconfiguratie, wordt primale ontbinding gecombineerd met het gedistribueerde consensus algoritme. Op deze manier
wordt er omgegaan met koppelvariabelen, terwijl de integratie van de duale ontbinding
met de incrementele subgradint methode ervoor zorgt dat aan de koppelvoorwaarden
wordt voldaan.
Om herconfiguratie problemen op te lossen met zowel koppelvariabelen als koppelvoorwaarden, worden meerlaagse primale en duale ontbindingen voorgesteld, waarbij
zowel het gedistribueerde consensus algoritme en de incrementele subgradint methode
worden toegepast om een gedistribueerde implementatie te garanderen. De tijdsoptimale herconfiguratie, aan de andere kant, wordt benaderd als een sequentieel convex
programeerprobleem, gebaseerd op de besturingsparametrisatie methode. Om consensus binnen het cluster te bereiken, wordt een gedistribueerde wisselende-richtingmethode gebruikt voor de multipliers.
De conclusie die getrokken kan worden uit het onderzoek naar gedistribueerde energieoptimale herconfiguraties is dat het gedistribueerde raamwerk, dat voor deze dissertatie
is ontwikkeld, van toepassing is op herconfiguratie problemen met lineaire dynamische
vergelijkingen in de aanwezigheid van niet-convexe koppelvariabelen (zoals randvoorwaarden van de uiteindelijke configuratie) en problemen met niet-convexe en niet deelbare koppelvoorwaarden (zoals randvoorwaarden die botsingen voorkomen). Uiteindelijk zijn er optimale oplossingen gevonden. Twee conclusies kunnen getrokken worden
uit het onderzoek naar gedistribueerde tijdsoptimale herconfiguraties. Allereerst, voor
tijdsoptimale herconfiguratie problemen, wordt een robuuste en effectieve gedistribueerde implementatie bereikt, die convergeert naar een globaal minimum, door de integratie van de sequentile convexe programmering met de gedistribueerde wisselenderichting-methode van de multipliers. Ten tweede bestaan er theoretische resultaten voor
de convergentie van de voorgestelde methode, die gebaseerd zijn op de besturingsparametrisatie methode, de sequentile convexe programmeringsmethode en de gedistribueerde wisselende-richting-methode van de multipliers.
Alle bovenstaande onderzoeksgebieden zijn gericht op het bestuderen, exploiteren
en het mogelijk maken van niet-traditionele attributen van gefractioneerde ruimtevaarttuigen. Nieuwe resultaten zijn toegevoegd aan bestaande kennis in alle drie de aspecten.
Voor de ontwikkeling van gefractioneerde ruimtevaartsystemen, werpt het onderzoek
een licht op het cluster ontwerp, de autonome organisatie van modules binnen het cluster en het ontwerp van gedistribueerde energie- of tijdsoptimale herconfiguratie manoeuvres. Hoewel de dissertatie gefocust is op toekomstgerichte enabling technologie,
zijn de ontwikkelde methodologien ook toepasbaar op andere gedistribueerde ruimtevaartsystemen zoals formatie vliegen. Om die reden kan het onderzoek beschouwd worden als een opstap naar de implementatie van toekomstige gedistribueerde systemen.
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1
I NTRODUCTION
Don’t put all your eggs in one basket.

The recent progress in space technology, especially in the field of miniaturization and formation flying, has greatly promoted the concept of disaggregating valuable yet delicate
functionalities of a traditional huge, monolithic satellite onboard multiple much smaller
or even miniaturized satellites. Such a disaggregation not only diversifies investments and
risk but also embraces non-traditional attributes such as flexibility, robustness and responsiveness. This new form of space systems is named fractionated spacecraft. This chapter introduces fractionated spacecraft from the perspective of distributed space systems
and tries to explain the reason why it exists and may prevail. Then, enabling technologies for this innovative architecture are summarized with a focus on autonomous cluster
operations. After that, three research questions are defined to address the problem of autonomous cluster operation for fractionated spacecraft, which is followed by a survey of
related topics. At the end of this chapter, a brief description of all chapters’ structure is
provided.
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1.1. D ISTRIBUTED S PACE S YSTEMS AND F RACTIONATED S PACE CRAFT
distributed space system consists of multiple satellites collaborating together to
achieve common mission objectives [Gill, 2008; Skinner et al., 1998]. The number
of satellites in distributed space systems may range from two to extremely several thousands. During last decades distributed space systems have been envisioned, designed,
developed, launched and exploited as space assets for a variety of novel applications,
some of which could not even be possibly achieved by single-satellite systems. Compared with traditional monolithic space systems, satellites in distributed space systems
may fly in formations [Persson et al., 2009], constellations such as GPS constellation,
swarms [Hinchey et al., 2005] or fractionated clusters [Chu et al., 2014]. Note that in this
thesis satellites performing rendezvous and docking are not considered as distributed
space systems, since in the end it is a single-satellite system. There are two main lines
lying in the development of distributed space systems: one is payload-wise, i.e., distribution of payload-only functionalities of a single satellite onboard different platforms; the
other is functionality-wise, i.e., distribution of several functionalities of a single satellite
onboard multiple hosts. Examples of the payload disaggregation include satellite constellations, formations and swarms, whereas fractionated spacecraft match the development line of functionality distribution. Payload-wise distribution is mainly motivated
by signal separation, signal space coverage, signal integration and their combinations
[Clement and Barrett, 2004], while motivations for fractionated spacecraft are discussed
later in next section.

A

Before introducing the concept of fractionated spacecraft, it is worth mentioning
modular spacecraft. A modular spacecraft is physically a single system that is composed
by decoupled yet standardized and reconfigurable subsystems [Rodgers et al., 2005]. In
such a system, common subsystem modules can be reused for different missions, but
the unique subsystems need to be provided by means of rendezvous and docking technique. One distinctive benefit of modular spacecraft is that its particular subsystems can
be replaced.
Unlike modular spacecraft where modular subsystems are residing physically in one
platform, fractionated spacecraft is a distributed space system that distributes its functionalities, such as computation, communication, data storage, payload operations and
even power generation, over several independent spacecraft that share those functionalities through a wireless network. Based on this definition, fractionated spacecraft may
be considered as the extension to the combination of modular spacecraft with formation flying. The shared functionality is termed as fractionatable component, or component for short; the spacecraft hosting one or several components is called a module. In
other words, fractionated spacecraft consists of a number of modules, and each module hosts component(s) to become shared resources in the whole system. In addition
to component(s), each module should possess other basic functions to be launched independently, rendezvous with the cluster, communicate with other modules wirelessly,
be removed at the end of life, and meet certain safety requirements such as collision
avoidance. In space, the group of modules flies in a cluster as a virtual spacecraft to
accomplish its defined mission objectives.
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Compared with its monolithic counterpart, there are two main features of fractionated spacecraft. One is the physical decomposition of a single large spacecraft into
several flying modules; the other one is information integration and resource sharing
among modules. It is this physically separated, yet functionally linked characteristics
that renders fractionated spacecraft a promising candidate for the space industry. For
fractionated spacecraft, the failure of a single module may only lead to a partial loss of its
capability, and would not endanger the whole mission. An incremental launch strategy
could be employed to prevent the total loss from a single launch failure. Another benefit
is that payloads could be designed and deployed in a responsive way by taking advantage
of the existing on-orbit infrastructure services. Additionally, the barrier-to-entry for participation is lowered since third parties could also utilize the shared resources to support
their own payloads or get involved in the development of the fractionated spacecraft as
long as the standards, interfaces and communication protocols are compatible.
Compared with formation flying satellites, fractionated spacecraft may be regarded
as a more general distributed space system from the following two perspectives. First,
fractionated spacecraft in general disaggregate several or all satellite functionalities, while
formation flying satellites usually only distribute payload functionalities. Obviously, there
is additional complication for full disaggregation; for example, the system needs to be
designed optimally to host various functional components, and the resources shall be
allocated optimally within the cluster. Second, cluster flight of fractionated spacecraft is
distinguishable from spacecraft formation flying due to the fact that there is no requirement for precise station-keeping. In the cluster, the wireless network shall be maintained
while collision avoidance or safe operational distances between any two modules shall
be kept. Thus, it is a distance-bounded relative motion. However, for formation flying,
the relative position, velocity and possibly the relative attitude shall typically be precisely
controlled within preset boundaries to enable the synthetic use of payload data. Clearly,
formation flying can be employed to establish the distance-bounded relative motion of
a cluster.

1.2. W HY F RACTIONATED S PACECRAFT ?

P

OTENTIAL advantages arising from fractionated spacecraft for the implementation of
space systems are at least fivefold.

1. Relieve limitations of traditional implementation of satellite systems
The traditional implementation of satellite systems suffers from its inherent deficiencies, such as the ten major government/industry space acquisition problems
pointed out by Pete Rustan [Rustan, 2007]; inflexible budgets, requirements creep,
uncertainty about electronic components, new spacecraft for each set of requirements, to name a few, continuously drive the space industry to seek a new way out.
Take the three setbacks suffered by LDCM (Landsat Data Continuity Mission, the
eighth satellite for Landsat Earth observation project) for example [NASA Landsat website, 2012]. First, at the beginning, two study contracts were awarded to
Resource21 and DigitalGlobe. However, in the end DigitalGlobe lost interest and
terminated the contract and the bid of Resource21 was too high for NASA to consider. Second, in 2004, NASA was directed by the OSTP (Office of Science and Tech-
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nology Policy) to fly a Landsat instrument on the new NPOESS satellite. Third, in
late 2005, OSTP directed NASA to acquire a free-flyer spacecraft for LDCM - thus,
superseding the previous direction to fly a Landsat sensor on NPOESS. Partially
due to all those uncertainties, the predetermined date to acquire the first LDCM
imagery in 2007 is postponed until 2013. However, for fractionated spacecraft, an
incremental launch strategy could be employed to build the space asset such that
great flexibility can be obtained and exploited by the project. Furthermore, the
payload can be designed and deployed in such a way that takes advantage of the
existing on-orbit infrastructure services.
2. Diversify investments and risk
The fractionated architecture complies with the guidance of the approach "don’t
put all your eggs in one basket" to diversify investments and risk. For space systems, it is often the case that failures and/or faults may occur during the entire
mission lifetime. In the worst cases, many satellites are even lost directly after
launch or destroyed during launch. For example, from the first to the seventh
Landsat satellite, every satellite more or less suffered from faults or even total failure (Landsat 6 failed to reach the orbit). Since a fractionated system is capable of
accepting new modules as well as de-orbiting malfunctioning modules, the failure
of a single module will only impair parts of its function, and will not lead to a complete mission loss. In addition, the incremental launch strategy prevents the total
loss from a single launch failure.
3. 1+1>2
The fractionation concept provides "1+1>2" benefit, i.e., the whole is greater than
the sum of the parts [D’Errico, 2012], for miniaturized satellites and even for nanosatellites. It is well known that the mass of a satellite is a critical parameter for
its communication and processing capabilities. Thus, miniaturized satellites have
limited performances. However, since resources in the fractionated system can be
shared among the modules, the performance of the whole system consisting of
several miniaturized satellites would be greater than the sum of individual performance. Therefore, more applications can be envisaged for miniaturized satellites.
4. Provide non-traditional attributes
As space technology advances rapidly and space mission objectives expand in
complexity, the non-traditional attributes of space assets rather than the minimization of mass and cost are attracting more and more attention, such as the
proposition of responsive space [Doggrell, 2006]. Fractionated spacecraft provide
multifaceted non-traditional attributes, such as flexibility, robustness and responsiveness. Flexibility refers to the ability to change on demand, which includes a)
scalability to add new modules or scale down the system, b) evolvability to adapt
to more advanced technology, c) adaptability to reconfigure existing functionality with respect to new needs and uncertainty and d) maintainability to replace
the modules that fail or are near the end of life. Robustness refers to the ability
to maintain the nominal mission in the existence of internal and external perturbations, which includes a) reliability to ensure redundancy and qualification, b)
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survivability to function under off-nominal or unanticipated conditions, c) ability of fault-tolerance. Finally, responsiveness refers to the ability to quickly meet
changes of the system.
5. Step stone for other distributed space systems
From the research point of view, all enabling technologies (especially space networking and cluster operations) for fractionated spacecraft lay the foundation for
the implementation of future distributed space systems.

1.3. AUTONOMOUS C LUSTER O PERATIONS
VEN though fractionated spacecraft provides unprecedented system performances
for future space assets, several technical barriers need to be broken down. Along
with networking, wireless communication, wireless power transfer, and distributed computing, cluster operation has been identified as one of the enabling technologies [Brown
et al., 2009]. As the foundation of fractionated spacecraft operating properly in space,
cluster operations include not only the establishment of the virtual spacecraft to guarantee each module to provide services for all modules in the cluster, but also unique
operations that are different from those performed by monolithic spacecraft. Two scenarios can be taken as example, 1) the defensive cluster scatter and re-gather maneuvers to rapidly evade debris-like threats, and 2) cluster upgrade and reconfiguration to
accommodate a new module or remove a non-functioning module. Such cluster operations are challenging since modules that fly in the cluster of fractionated spacecraft operate in an open and dynamic environment, where internal and external changes cannot
be characterized accurately beforehand. Furthermore, the mission goals of fractionated
spacecraft are service-based, the flexibility of which makes cluster operations even more
challenging.

E

To perform cluster operations efficiently and effectively, autonomous cooperation
among modules is required. When modules in fractionated space systems are assigned
more intelligence, the operator intervention from ground station could only focus on
non-routine or anomalous activities. Thus, the cost of operating multiple modules after launch could be reduced. Moreover, the responsiveness of the whole system can be
enhanced to cope with the occurrence of unanticipated events. When modules could
cooperate with each other, not only forming the desired virtual spacecraft but also performing special operations related to fractionated spacecraft would be optimized by taking into account collision avoidance, optimal consumption of resources, maintenance of
wireless link and time constraints. However, it is the combination between onboard autonomy and cooperation among modules that ensures the whole system to accomplish
its missions. Furthermore, scalability is guaranteed if autonomous cooperation exists in
the fractionated spacecraft system [Shankaran et al., 2009].

1.4. R ESEARCH QUESTIONS AND M ETHODOLOGIES

R

ESEARCH questions to be answered and methodologies exploited in this thesis are,
respectively, treated in this section.
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1.4.1. R ESEARCH QUESTIONS
In this thesis, we try to address problems related to autonomous cluster operations of
fractionated spacecraft, in particular the autonomous planning and scheduling of cluster operations. Planning and scheduling of cluster operations shall generate a sequence
of onboard commands to achieve a set of high-level science and engineering goals without violating any constraints while optimizing the utilization of onboard resources.
Traditionally mission planning and scheduling are performed by a mission control
center, where a sequence of commands is generated and then uplinked to the spacecraft
via a ground station. Usually, this command sequence is conservative. However, as the
number of modules grows rapidly in fractionated space systems there are increased demands to achieve autonomous cooperation within the cluster. Meanwhile, there exist
special constraints and uncertainties inherent in cluster flight, which means that flexible as well as responsive commands are needed. To treat those problems, three research
questions have been defined.
Research Question 1: How to autonomously decompose high-level goals into sequences
of cooperative tasks onboard that satisfy temporal, resource, and other constraints? What
are the requirements of the generated cooperative tasks?
After the decomposition of high-level goals, sub-level tasks should be assigned to
certain modules in an optimized way. Basically, there are three options to allocate tasks.
First, each of the tasks could be specifically assigned to particular modules. However,
this puts a lot of workload on the system, and the communication link requirement is
very strong (the allocator should be able to access each module). Second, the list of
tasks could be dispersed in the cluster and then the modules would negotiate among
themselves to identify their own tasks. The problem here is that time may be wasted
during negotiation. And also the negotiation algorithm is very complicated. The third
option would be some method in between. In the field of autonomy and cooperation of
modules in fractionated spacecraft, the following research question related to allocator
has been formulated.
Research Question 2: What is the best way to allocate those cooperative tasks to the modules in the cluster such that minimal inter-module information is required to effect the
cooperation between each other?
Since the resources (propellant, power, memory, CPU capability) onboard each module are limited and uncertainty in inter-module communication exists, the cluster flight
control should be designed delicately. Based on the solutions to research question 1
and 2, a cooperation strategy for cluster flight can be designed. Currently there are two
different cooperation strategies: local cooperation, where a module reacts only to its
neighbors, and global cooperation, where an individual module coordinates its action
with every other individual in the system. Finally, the third research question addresses
the following problem.
Research Question 3: How to design a cooperation strategy for the cluster flight control of
each module to perform the assigned tasks coordinately? How to evaluate and verify the
designed strategy? What’s the performance (optimality, convergence and so on) of the
strategy in the presence of communication delay and interruption?
All those research questions formulated previously are the investigation subject of
this thesis. However, before addressing them, the fractionated cluster shall be mod-
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elled properly to provide the basics such as the dynamics model for further research of
autonomous operations. Furthermore, these questions cannot be answered separately
from each other; they need to be addressed in a unified framework.

1.4.2. M ETHODOLOGIES
Since, in general, the autonomous cluster operation concerns many aspects, all three
research questions are defined in a relatively broad context and are thus abstract . The
first methodology applied in this thesis is to specify our research in only one, yet important, aspect of autonomous cluster operations. As discussed previously, in order to lay
the foundation for fractionated spacecraft, autonomous cluster operations shall be able
to maintain the current cluster, scatter or re-gather modules, or reconfigure the cluster.
Clearly, all those maneuvers can be generated by solving corresponding cluster reconfiguration problems. Note that cluster maintenance may also be regarded as a reconfiguration problem. Hence, our research will be focused on the autonomous reconfiguration
problems of a fractionated cluster. In such a context, all three research questions can be
further specified. Suppose at the moment the fractionated spacecraft is flying in cluster
A, and is required to reconfigure to cluster B. After receiving the reconfiguration goal, the
planner (resulting from research question 1) makes a plan regarding to which locations
in cluster B should be occupied by all the modules. After that, the allocator (resulting
from research question 2) assigns those generated locations to each module. In the end
the onboard local controller (resulting from research question 3) controls each module
to fly to the assigned location. The relationship between those research questions are
shown in Figure 1.1.
RQ1
Planner
List of Tasks

Requirements

Doable?

Achievalbe?

Map between
Tasks and Controllers
RQ2
Allocator

RQ3
Controller
Feasible?

Figure 1.1: Relationship between three research questions in the context of cluster reconfiguration.

For cluster reconfigurations, the resources that can be optimized may be propellant,
time or their combination. Propellant-optimal reconfiguration is performed to extend
the space asset’s lifetime, while time-optimal reconfiguration is required in time-critical
operations scenarios such as to evade a debris-like threat. Thus, the second methodology is applied to further specify our research on propellant- and time-optimal cluster
reconfiguration. Since in the reconfiguration problem modules are coupled in the form
of constrains and/or objectives, a cooperation strategy needs to be designed and it may
be centralized (uses all the other modules’ information and processes only onboard one
module), distributed (only uses neighbours’ information) or hybrid (partially distributed
and partially centralized).
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1.5. S TATE - OF - THE - ART
ELATED topics of this research, i.e., autonomous space systems, satellite relative motion, coordination models and architectures, autonomous planning and task allocation, distributed control, and test-beds for distributed space systems, are reviewed,
respectively, in this section to lay the foundation for this thesis.

R

1.5.1. AUTONOMOUS S PACE S YSTEMS
In the domain of space systems there have already been several attempts of onboard autonomous operation, such as Deep Space One (DS1) mission [Bernard et al., 1999], and
Earth Observing One (EO1) mission[Chien et al., 2004]. The Remote Agent (RA) onboard
DS1 is the first autonomous control system to control a spacecraft without human supervision. RA has an onboard mission manager interpreting mission plans as high-level
goals, a planning and scheduling engine generating a set of actives to achieve high-level
goals, executive expanding actives to a sequence of commands to issue directly to the
proper destination on the spacecraft, as well as executive monitors and a mode identification and reconfiguration engine to ensure the whole procedure goes correctly. The
autonomy software onboard EO1 was developed to improve science return via the satellite’s autonomous detecting and responding to specific events occurring on the Earth.
However, compared to those traditional spacecraft missions, autonomous operations of fractionated spacecraft are more complicated. First, it’s for a group of modules
flying in a cluster rather than just one single satellite, which would impose new constraints on each module such as collision avoidance, balance of propellant consumption, maintenance of wireless link and so on. Second, in the accomplishment of complex
goals each module should cooperate with others to form the virtual spacecraft with required functionality. To achieve that, modules in fractionated spacecraft must communicate with each other, which may suffer from propagation delay or even totally blocking
out for extended period of time.
With respect to autonomous distributed space systems, NASA completed its first autonomous formation flying by using EO1 and Landsat 7 [Folta and Hawkins, 2001]. European first autonomous formation flying was performed onboard PRISMA mission [Persson et al., 2009]. In the context of autonomous distributed space systems rather than
single spacecraft, it is worth mentioning the other extreme, NASA’s ambitious swarmbased projects, i.e., ANTS (Autonomous Nano-Technology Swarm) [Curtis et al., 2000],
that consists of 1000 cooperative spacecraft to explore the asteroid belt. In swarms there
is no central controller directing the whole system and no one member has a global view.
Crucial to achievements of the mission is the autonomic properties and the ability to autonomously change operations to adapt to the dynamic nature of the mission [Hinchey
et al., 2005].
Along with autonomous space systems are the agent-based concept and multi-agent
system (MAS) based technologies. Apart from RA onboard DS1 and EO1 mission, the
development of agents capable of autonomous planning, scheduling, execution and cooperation with other agents has received a lot of interest [Fowell and Ward, 2002; Hallock
et al., 1999; Das et al., 1999]. While aforementioned research is regarding to the autonomy management of a single spacecraft, applications of MAS for distributed space systems are broad as well. An MAS approach to multiple satellite autonomy was presented
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in [Schetter et al., 2003], where several organizations of satellites in a constellation were
proposed. In another paper, the counterpart of [Schetter et al., 2003], those different
organizations were compared with each other [Campbell and Schetter, 2002]. Another
application of MAS in the domain of space systems is the software implementation of
estimation and control algorithms for distributed space systems, such as ObjectAgent
and TeamAgent [Mueller et al., 2001].

1.5.2. M ODELS OF S ATELLITE R ELATIVE M OTION AND C LUSTER F LIGHT
Although cluster flight is a relatively new area of investigation, extensive work has been
done in the related area of satellite relative motion as shown in Table 1.1. In general,
there are two ways to study satellite relative motion: one is numerical and the other is analytical. For numerical methods, the different orbits are integrated separately and then
the subtraction between the integration of two orbits is performed to obtain the relative
motion. Normally the results of numerical methods are used as references to evaluate
the accuracy of analytical methods [Fasano and D’Errico, 2009; Sengupta et al., 2006].
Another application of numerical methods is to search the bounded satellite relative motion via optimization algorithms such as genetic algorithms [Sabatini et al., 2006]. With
respect to the analytical approach, there are mainly three ways. One is based on the
coordinates description, which can be divided into another two categories: one is the
extensions of CW equations and their analytical solutions [CLOHESSY, 1960] by removing the assumption of no eccentricity [Broucke, 2003], Keplerian orbits [Sengupta et al.,
2006],or small separation between two satellites; the other is based on canonical coordinates [Kasdin et al., 2005]. The second analytical way is based on relative orbital elements, which can also be interpreted as coordinate transformation strategy. The coordinate transformation can be performed via the line of ascending nodes of the reference
orbit [Schaub and Alfriend, 2001; Fasano and D’Errico, 2009] or the intersection line of
two orbits [Jiang et al., 2008].The third analytical way to model satellite relative motion
is based on the celestial spherical geometry of the reference satellite [Wertz, 2001; Lee,
2009].
However, the establishment of a cluster for fractionated spacecraft is most concerned
with long-term passive distance-bound relative motion with the consideration of various
perturbations. The most significant perturbations affecting low Earth-orbit satellites are
the Earth oblateness and atmospheric drag. Many works have dealt with modelling relative motion under these perturbations. Linearized equations of J 2 -perturbed relative
motion are obtained by assuming a fixed circular reference orbit in [Ross, 2003]. However, the derived model is only valid for a very short period due to the induced nodal
precession and apsidal rotation by J 2 perturbations. The relative motion between J 2 perturbed satellites is described analytically by Vadali utilizing the unit-sphere approach
[Vadali, 2002]. [Schwarz et al., 2010] derived a linearized relative motion model for satellites moving in nearly circular orbits under J 2 perturbations. By means of a geometric
method, Gim and Alfriend obtained a state transition matrix for the relative motion between satellites flying on elliptic orbits in the presence of J 2 perturbations [Gim and Alfriend, 2003, 2005]. Sengupta derived higher-order models for J 2 -perturbed motion in
[Sengupta et al., 2007]. A nonlinear relative motion model subject to drag and J 2 effects
is derived in [Kechichian, 1997] using the Gauss Variational Equations. D’ Amico et al.
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Table 1.1: Modelling methods of satellite relative motion

Numerical
Methods

Determining relative motion by subtracting satellites’ absolute motion
CW equations
Small separation assumption

Modelling
Methods
of
Satellite
Relative
Motion

Coordinates
Based

Analytical
Methods
Orbital Elements
Based
Or
Coordinate
Transformation
Based
Spherical
Geometry Based

Extensions of CW
equations
Or
Remove three
assumptions of
CW equations

Eccentric
reference
orbit

Canonical
coordinates
based

Circular reference orbit

Perturbations

Nearly circular
Arbitrarily
eccentric
Non-spherical
gravity
Atmospheric
drag
Solar pressure

Eccentric reference orbit

Linearization based on small
differences assumption
Series-expansion Close
based
formation
simplification
Large
formation
Coordinate transformation via the intersection line of
two orbits
Unit sphere
Based on azimuth and elevation description
Coordinate
transformation
via the line of
ascending node

proposed a straightforward representation for formation flying in proximity in terms of
relative eccentricity and inclination e/i vectors. By virtue of this representation, long
periodic and secular changes of relative e/i vectors due to J 2 and differential drag were
derived and J 2 -stable relative orbits were obtained [D’Amico and Montenbruck, 2006].
Even though fractionated spacecraft is still a new concept, the research of passive
distance-bounded cluster flight has already been on its way. Mazal and Gurfil presented
and proved the constraints of initial conditions of modules from the perspective of absolute motion. After that the cluster establishment algorithm was also developed [Mazal
and Gurfil, 2011]. In [Wang and Nakasuka, 2011], the propellant-optimal orbit design of
cluster flight is modeled as an optimal problem in terms of relative e/i vectors, which
was solved by a genetic algorithm.

1.5.3. C OORDINATION M ODELS AND A RCHITECTURES
Coordination in the distributed system of fractionated spacecraft plays such a key role
that forms the glue binding the local behaviors together into an expected global behavior. Normally the achievement of coordination is based on the information/data exchanged in the system. Therefore, how coordination takes place is equal to how infor-
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mation/data is published as well as subscribed amongst the system. In this context, the
coordination models and architectures refer to how the publication and subscription of
information/data are organized and achieved.
According to [Busi et al., 2004], coordination models are distinct along two different dimensions, temporal and referential. Temporally coupled coordination means each
member in the distributed system should be running concurrently for cooperation; referentially coupled means that each member should know the name or identifier of another for cooperation and vice versa. As a result, there is temporally and referentially
coupled coordination, temporally and referentially decoupled coordination, temporally
coupled yet referentially decoupled coordination, as well as temporally decoupled yet
referentially coupled coordination. The most well-known and general coordination model
is temporally and referentially decoupled, where the data is published in shared data
space for subscription; meanwhile, the system is regarded as a publish/subscribe system [Van Steen, 2002; Tam et al., 2004].

1.5.4. AUTONOMOUS P LANNING AND TASK A LLOCATION
Autonomous planning and task allocation for autonomous cooperation of cluster operations can be classified as distributed constraint satisfaction problem (DCSP). A constraint satisfaction problem (CSP) is defined by a set of variables, the domain for each
variable, and constraints imposed on the variables. The role of CSP algorithms is to assign values to each variable of the set such that it is consistent with all the constraints, or
to determine that no such assignment exists. In a distributed CSP (DCSP) each variable
is owned by an individual, which in spite of no global view of the system would communicate with its neighbors that share a constraint to decide the value of its own variable.
Up till now a variety of algorithms have been proposed to address DCSP. They can be
classified into two domains. One is domain-pruning algorithms, such as filtering algorithms and hyper-resolution based consistency algorithms; the other is heuristic search
algorithms, such as asynchronous backtracking algorithm (ABT), asynchronous weakcommitment search algorithm and distributed breakout algorithm. Filtering algorithms
slightly reduce the size of the domain and even fail to eliminate values from the domain
in cases when there is no solution [Waltz, 1971]. Hyper-resolution based consistency algorithms represent the domain and constraints by means of the hyper-resolution rule.
However, due to the fact that there is no guidance it might take a lot of time to get a
solution [Yokoo and Hirayama, 2000]. By comparison, ABT introduces heuristics in the
algorithm by assigning more priority to the variable involved in more constraints [Yokoo,
1994]. Since the priority order in ABT is fixed, the computation and communication load
is uneven. In contrast, asynchronous weak-commitment search algorithm employs dynamic priority to alleviate the problem arising from ABT. Another approach is the distributed breakout algorithm by virtue of hill-climbing method, where quasi-local minimum is introduced to avoid the local minimum problem [Hirayama and Yokoo, 2005].
One step further following DCSP is DCOP (Distributed Constraint Optimization Problem), which focuses not only on finding a solution to DCSP but also on optimizing a
global objective function. Ways to solve DCOP include traditional approaches such as
distributed dynamic programming [Bertsekas, 1982] and learning real-time A (LRTA)
[Korf, 1990], and more recent approaches such as action selection in multi-agent MDP
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(Markov Decision Problem) [Vlassis et al., 2004]. Here Adopt and optAPO is particularly
referenced to. Adopt is based on backtracking method, which is improved remarkably
by setting upper and lower bounds on the cost for all the constraints [Modi et al., 2005].
optAPO is based on hill-climbing method, where a good-list is maintained and updated
to ensure the complete solution to DCOP [Mailler and Lesser, 2004]. In general Adopt is
better when agent-to-agent communications are fast and optAPO is better when communications are slow in comparison with the agent’s processing speed [Vidal and Vidal,
2007].
As shown above, no matter how large the family of solutions to DCSP is, in essence
there lie two lines from CSP to DCSP and even to DCOP. One is backtracking algorithm
(or depth-first), the other is hill-climbing algorithm. The basic idea of backtracking algorithm is that each variable is allocated a priority at first, and then a value is assigned
to each variable in an order according to its priority. Hill-climbing algorithm begins by
assigning all variables with randomly chosen values, and then the assigned values are
changed so as to minimize the constraint violation. Each of them has its corresponding
strengths and weakness. When those algorithms are expected to work for autonomous
cluster operations of fractionated spacecraft modules, the limit of onboard computation,
the capacity of inter-satellite communication link, and real-time requirements should be
taken into account.

1.5.5. D ISTRIBUTED C ONTROL
Research on distributed control dates back to 1970s and since then, the interest has
grown sharply. Distributed control techniques can be found in a broad spectrum of
applications ranging from groups of ground vehicles to distributed space systems. Design methods of distributed control differ from each other in the following assumptions:
(1) the kind of interaction between different subsystems of the same system (dynamics, constraints, objective); (2) the model of the system (linear, nonlinear, constrained,
continuous-time, discrete-time); (3) the model of information exchange between the
systems; and (4) the control design technique used [Shamma, 2007].
Our interests rest on the distributed control of decoupled systems, which can be described as follows. The dynamic system (i.e. fractionated spacecraft) consists of distinct
dynamical subsystems (i.e. modules) that have their own actuation capabilities. The
subsystems are dynamically decoupled but have common objectives and constraints
which make them interact with each other. Typically the interaction is local, i.e. the objective and constraints of a subsystem are the function of only a subset of other subsystems’states. When it comes to space domain, distributed space systems can be regard
as decoupled systems.
There is a large amount of literature on control of distributed space systems. Since
the above four assumptions made by modules in fractionated spacecraft and formation
flying spacecraft share similarities, more attention is paid on the review of formation
flying control. There is also vast literature addressing on the control of spacecraft formation flying, including PD control [Sengupta and Vadali, 2005], LQR control [Starin
et al., 2001], the design method based on linear matrix inequality [Mesbahi and Hadaegh,
2001], nonlinear control [Schaub and Junkins, 2003], Lyapunov control [Gurfil, 2003],
impulsive control [Schaub and Junkins, 2003], and model predictive control (MPC) . It
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is worth mentioning that MPC can be used to generate optimized plans to satisfy formation flying constraints. Apart from the optimization advantage, since MPC is based
on linear programming, control constraints can be incorporated easily; propellant optimal “bang-bang”control rather than continuous thrusting plans that generated by
LQR or Lyapunov controllers can also be achieved. Besides, distributed MPC (DMPC)
controller can be designed for decoupled systems [Keviczky et al., 2008]. In [Keviczky
et al., 2008], the centralized MPC is broken into smaller MPC on each node, the inputs
of which are only based on the states of the node and its neighbors. Furthermore, the
models of neighbors are used to predict their behaviors.
Distributed consensus is a recent addition to the family of multi-vehicle cooperative
control, which could be also applied to the control of deep space formation flying [Ren
and Beard, 2004]. In consensus-based distributed control, the coordination variable is
abstracted as the core to achieve cooperation. In other words, cooperation requires that
the group of vehicles agrees on the instantiations of the coordination variable or that
their differences converge to pre-specified values.

1.5.6. T EST- BEDS FOR D ISTRIBUTED S PACE S YSTEMS
In order to verify and validate the implementation of autonomous cooperation of cluster
operations, a hardware-in-the-loop ground demonstration is required. So far various
test-beds have been developed for demonstration and tests of distributed space systems,
especially for spacecraft formation flying.
A test-bed is needed to simulate the real world challenges that distributed space systems are confronted with, including communication and computation delays, communication dropout, sensor and actuator characteristics, and failure of individual spacecraft. A number of test-beds are listed in Table 1.2. Generally, there are five types of
platforms for the demonstration of distributed space systems. The first one is the microgravity platform, such as SPHERES [Miller et al., 2000]. The second one is the air bearing platform, such as FCT [Scharf et al., 2010], IDES [Chen et al., 2009], LuVex [Ivanov
et al., 2010], HoTDEC [Vladimerou et al., 2006], MVWT [Jin et al., 2004], FFT [Schlotterer
and Theil, 2010], GSFT [Veres et al., 2006] and the one developed in Standford University [Schwartz et al., 2003]. The third one is the quadrotor platform, such as RAVEN
[How et al., 2008] and STARMAC [Hoffmann et al., 2004]. The fourth one is the fixed
wing aircraft platform, such as PennUAV [Bayraktar et al., 2004] and the one developed
in Brigham Young University [Beard et al., 2005]. The last one is the rover platform, such
as COMET [Cruz et al., 2007] and Clodbuster.

1.6. T HESIS O UTLINE
HIS thesis consists of eight chapters. Chapter 1, the current chapter, has introduced
the concept of fractionated spacecraft and the opportunities it offers. Then, its enabling technologies have been analyzed with a focus on autonomous cluster operations.
After that, the research goal of this thesis has been formulated and the state-of-the-art
of related topics has been presented. The remaining chapters are organized as follows.
Chapter 2 presents all basic principles that will be used throughout this thesis. Chapter
3 defines a scenario for our research and develops the functional, physical and organiza-
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Table 1.2: Existing test-beds for distributed space systems

Platform Type

Name

Microgravity

SPHERES
1.FCT
2.FFT
3.IDES
4.GSFT
5.LuVex
6.MVWT
7.HoTDeC
8.N/A
1.RAVEN
2.STARMAC
1.N/A
2.PennUAVs
1.COMET
2.Clodbuster

Air bearing

Quadrotor
Fixed wing
aircraft
Rover

Institute
MIT
JPL
DLR
NUDT
University of Southampton
ZARM
CalTech
University of Illinois
Stanford University
MIT
Stanford University
Brigham Young University
University of Pennsylvania
Oklahoma State University
University of Pennsylvania

Number
of Robots
3
3
2
2
3
2
8
4
3
5
2
N/A
2
10
5

DOF

Controllable DOF

6
6
6
3
5
3
3
3
3
6
6
6
6
3
3

6
6
6
3
5
3
2
3
3
4
4
4
4
2
2

tional architectures for the fractionated spacecraft to be researched on. Chapter 4 studies the long-term flight behaviours of modules in the fractionated cluster. Within the
organizational architecture given in Chapter 3, Chapter 5, 6 and 7 present approaches
to the autonomous cluster reconfiguration that is a very important constituent of autonomous cluster operations. Finally, conclusions, innovations and recommendations
for further research are highlighted in Chapter 8. Detailed descriptions of Chapter 2, 3,
4, 5, 6, 7 are given in the following.
Chapter 2 firstly introduces important concepts from the theory of multi-agent systems. Then, a few elements from graph theory are summarized to describe communication topologies. After that, direct and indirect methods of optimal control problems
are, respectively, introduced, which is followed by the summary of several significant results from convex optimization. At the end of chapter 2, primal and dual decomposition
methods of convex problems are presented, which shed light on the distributed implementation of optimal control.
Chapter 3 exploits the concept of fractionated spacecraft to design a space infrastructure that is able to accept and support multiple Earth Observation payload modules. Functional, physical and organizational architectures of this infrastructure are presented respectively. The functional architecture is derived based on the review and analysis of two long-running Earth observation missions, i.e., Landsat project and SPOT mission. The optimal physical architecture is obtained by means of Analytical Hierarchy
Process with eight selection criteria. The organizational architecture is developed by
virtue of the multi-agent theory. In the end, a software test-bed using smartphone technology as well as a hardware test-bed composed by commercial quadrotors is developed
to demonstrate the proposed organizational architecture.
Chapter 4 studies the relative motion behaviour in a fractionated cluster. At the be-
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ginning, a model of relative motion between two satellites is derived including a model of
the relative motion for small relative orbital elements and the nearly circular chief orbit.
After that, in order to study the characteristics of the parameters in the model of relative
motion, the canonical solutions of the J 2 -perturbed orbital motion are presented, where
the approximated Hamiltonian are derived first and then the standard procedure of the
Hamilton-Jacobi theory is followed to obtain the canonical solutions. Next, the nodal
period and the drift of RAAN per nodal period are derived, which is followed by the design methodology of the long-term distance-bounded relative motion in the presence of
the J 2 perturbation. In the end, analysis of the proposed methodology is presented as
well.
Chapter 5 presents the centralized implementation of both energy- and time-optimal
cluster reconfiguration for both circular and eccentric reference orbits based on the Gauss
pseudospectral method. Firstly, the dynamics of satellite relative motion with respect to
circular and eccentric reference orbits is introduced, respectively, and the final stable
cluster is parameterized. Then reconfiguration problems are formulated as open-loop
energy- and time-optimal control problems, respectively. This is followed by the discussion of transcribing the optimal control problem to the nonlinear programming problem
via the Gauss pseudospectral method. Features of this direct method when applied to reconfiguration problems are detailed as well. Various simulation results are presented at
the end of this chapter.
Chapter 6 develops a distributed implementation of the energy-optimal cluster reconfiguration by means of decomposition. The energy-optimal reconfiguration problem is formulated as an optimal control problem, where the final configuration constraints and collision avoidance constraints are defined, respectively. In this chapter,
the formulated optimal control problem is also transcribed to a nonlinear programming
problem. However, this nonlinear programming problem is transformed into a separable convex optimization. Then, primal decomposition is presented to treat the coupling
variables in the final configuration constraints, where the distributed consensus algorithm is presented as well; dual decomposition is presented to tackle the collision avoidance constraints, where the incremental subgradient method is proposed to achieve the
distributed implementation. After that, the characteristics of primal and dual decomposition as well as their relationship are summarized. Finally, the multi-level primal and
dual decomposition is presented to solve reconfiguration problems with both final configuration constraints and collision avoidance constraints.
Chapter 7 solves the time-optimal reconfiguration problem based on the control
parametrization method and the sequential convex programming technique. First of
all, the general scenario for the minimum-time reconfiguration of spacecraft clusters
is identified and the problem is formulated as a time-optimal control problem. Then,
the time-optimal control problem is approximated as a sequential convex programming
problem and solved in a centralized way, where the local convergence is proven. After
that, its distributed implementation based on D-ADMM is presented, which is followed
by the analysis of an illustrative example.

1

2
B ASIC P RINCIPLES
A brief introduction to all basic principles that will be used throughout this thesis is presented in this chapter. First of all, important concepts from the theory of multi-agent systems (MAS) are introduced, which include behaviour, interaction, cooperation, and communication. Then, a few elements from graph theory are summarized to describe communication topologies. After that, direct and indirect methods of optimal control problems
are introduced, respectively. In the following, several results of great significance from convex optimization are listed, which is very useful when solving optimal control problems
by means of direct methods. Finally, primal and dual decomposition methods of convex
problems are presented, which shed light on the distributed implementation of optimal
control. For the research of both autonomous cluster operations and distributed optimal
control of fractionated spacecraft, all those building blocks are actually inter-related.
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2.1. M ULTI -A GENT S YSTEMS
HE theory of multi-agent systems (MAS) is selectively reviewed in this section to introduce important concepts that are used in the course of our research. This review
is mainly based on [Weiss, 1999] and [Bellifemine et al., 2007] where interested readers
can find more details. The agent concept is introduced first.

T
2

2.1.1. AUTONOMOUS A GENTS
Even though no single definition of an agent is available, it is commonly recognized to
feature the following characteristics: autonomy, social ability, reactivity and proactivity.
An agent is autonomous because it operates without the direct intervention of humans
and has control over its actions and internal states; an agent is social, because it interacts
(e.g., communicates) with others (humans or other agents) to achieve its goals; an agent
is reactive, because it perceives the environment and responds to the changes occurring
in that environment; and also an agent is proactive, because besides simply responding
to the environmental changes it would also take initiative to respond to those changes.
The environment of agents is typically physical and computational, which might be
open (dynamic) or closed (deterministic). To achieve its goals in the environment, an
agent shall be capable of various behaviours. Generally speaking, those behaviours may
only be executed once or cyclicly. Take a satellite agent for example. Its physical environment is the open (dynamic) flight environment, while the computational environment
is the onboard software. The attitude determination and control behaviour may be considered as one of its cyclic behaviours, whereas the orbit maneuver behaviour can be
regarded as a one-shot behaviour.
The computational environment of an agent is also termed as agent runtime, which
in turn provides the framework to develop agents. When developing agents, there always exist a number of application-independent issues, such as how to allow an agent to
identify itself and how to allow communication between agents. The agent runtime shall
provide standard services to address all those application-independent issues. JADE
(Java Agent DEvelopment framework) is such an agent runtime that complies with FIPA
(Foundation for Intelligent Agents) specifications.
2.1.2. M ULTI - AGENT S YSTEMS
At times, many problems often involve a group of autonomous interacting systems. In
those cases, due to the large number of agents and/or the great complexity of the problem, it is more natural and convenient to deal with all agents collectively, i.e., as MAS.
Since agents perform some activities in a shared environment, coordination must be a
property within MAS. Coordination can be generally categorized as cooperation or competition as shown in Figure 2.1. Cooperation is coordination towards common interest
while competition towards self interest. To achieve cooperation, the contract net protocol approach and the planning approach may be applied. On the other hand, competition among agents can rely on the negotiation technique. Note that the negotiation
technique can also be used by agents to achieve cooperatively a common goal.
In MAS, certain local behaviours of individual agent need to be designed to accomplish a global behaviour of the system via interactions between agents. Those interactions may be direct (e.g., via communication) or indirect (e.g., by acting on the environ-
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Figure 2.1: Coordination within MAS and related approaches

ment). For example, in a distributed space system, the approach of one satellite towards
the collision-zone of another one is an indirect interaction, while the inter-satellite communication between two satellite agents is a direct interaction. Communication is very
vital to MAS because it enables agents to coordinate their behaviours, which will drive
the system towards consensus. However, a communication and interaction protocol
must be designed for MAS. Communication protocols enable agents to exchange and
interpret messages. Interaction protocols allow conversations between agents such as
structured exchanges of messages in the contract and net protocol approach. JADE has
provided all those protocols in accordance with the FIPA specifications of agent communication language. In the JADE runtime, communication between agents is asynchronous. Hence, messages from other agents are just simply posted and stored in the
mailbox of the receiving agent which decides when or whether to pick up the message.
It is worth to mention another important capability provided by MAS, i.e., its support of interoperability among legacy systems. This interoperability may be favored by
the design of fractionated spacecraft and federated space systems. Take fractionated
spacecraft for instance. The barrier-to-entry for participation is lowered since third parties could also utilize the shared resources to support their own payload or get involved
in the development of fractionated spacecraft as long as the standards, interfaces and
communication protocols are compatible.
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2.2. G RAPHS AND C OMMUNICATION T OPOLOGIES
OMMUNICATION topologies or communication networks of MAS can be described
conveniently by virtue of several basic concepts from graph theory. This section
introduces those concepts that are used later in this thesis. A more rigorous description
is given in [Diestel, 2005].

C

2

A graph G = (V × E ) consists of a set of vertices (or nodes) V and a set of edges E =
V × V . The number of vertices in the graph G is usually denoted by N G . The edges of
the graph may be directed or undirected. In an undirected graph, pairs of vertices are
unordered, namely, (i , j ) and ( j , i ) are regarded as the same edge. In directed graphs,
an edge (i , j ) is considered to be directed from vertex i to vertex j , where i is the initial
vertex or tail and j is the terminal vertex or head. Two vertices that compose an edge are
said to be adjacent. In undirected graphs, neighbors of vertex i are Ni = { j |(i , j ) ∈ E }.
For vertex i in a directed graph there are incoming neighbors Ni ,i n = { j |( j , i ) ∈ E } and
outgoing neighbors Ni ,out = { j |(i , j ) ∈ E }. When using graphs to describe MAS, vertices
normally represent agents and edges denote the communication links between agents.
Very often, communication links in MAS depend on the Euclidean distance between two
agents, i.e.,
½

(i , j ) ∈ E ,
(i , j ) ∉ E ,

if
if

di j ≤ δ
di j > δ

,

∀i , j ∈ 1, 2, ..., N G

where d i j is the Euclidean distance between two agents i and j , and δ is a fixed range
threshold determined by the communication capability of each agent. Neighbors of an
agent are defined in the same way as neighbors of vertices in a graph.
A path from vertex a to vertex b is a list of distinct vertices {a, . . . , i , j , . . . , b} such that
(i , j ) ∈ E . The length of the path is the number of edges in the path. A graph is said to be
connected if there exists a path between any two vertices in the graph. A fully connected
or complete graph is an undirected graph where each pair of graph vertices is connected
by an edge.
The adjacency matrix A(G ) ∈ RNG ×NG of graph G is determined by the edges with
entries A i j = 1 if (i , j ) ∈ E and A i j = 0 otherwise. The normalized adjacency matrix A(G )
PN G
of G is defined as Ai j = A i j / j =1
A i j . Then the normalized Laplacian matrix (for short
Laplacian matrix) of graph G is defined as L(G ) = I NG − A(G ), where I NG is the identity
matrix of order N G . The eigenvalues of L(G ) play important roles in the development of
various distributed algorithms that are based on the connected network. For undirected
graphs the eigenvalues of the normalized Laplacian matrix are real, and they are located
between 0 and 2. Thus the eigenvalues of L(G ) can be denoted by 0 = λ1 (G ) ≤ λ2 (G ) ≤
. . . ≤ λNG (G ) ≤ 2. It is well known that λ2 (G ) > 0 is a necessary and sufficient condition
for the connectivity of a graph G .
An example of the undirected graph is shown in Figure 2.2. Its adjacency matrix A
and Laplacian
p matrix L are shownpas follows. The eigenvalues of the Laplacian matrix
are 0 < (7 − 13)/6 < 1 < 5/3 < (7 − 13)/6. Since λ2 > 0, the graph shown in Figure 2.2 is
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Figure 2.2: Example of an undirected graph with five agents
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2.3. I NDIRECT M ETHODS OF O PTIMAL C ONTROL P ROBLEMS
PTIMAL control problems are often solved by indirect methods, direct methods or
dynamic programming (Hamilton-Jacobi-Bellman (HJB) Equation). The family tree
of available methods for optimal control problems is shown in Figure 2.3, where the general pros and cons of all methods are listed as well. Since the HJB equation is a partial
differential equation and thus suffers from "the curse of dimensionality", this thesis focuses in particular on the indirect and direct methods of optimal control problems. Indirect methods are introduced in this section, while direct methods are discussed in next
section. More information on those two topics can be found in [Chachuat, 2007] and
references therein.
An indirect method solves the optimal control problem by seeking solutions to its
necessary conditions of optimality which are derived based on the variational approach
or Pontryagin maximum principle. To find solutions that satisfy the necessary conditions of optimality, many indirect methods adopt iterative procedures to improve their
estimates of solutions. For the purpose of simplicity, only basic principles of indirect
shooting methods are introduced here to solve those optimal control problems with only
terminal equality constraints.
Consider the following problem

O

minimize

J (u, t f ) = φ(t f , x(t f )) +

subject to ẋ(t ) = f (t , x(t ), u(t )),

Z

tf

L(t , x(t ), u(t )) d t

(2.1a)

t0

(2.1b)

x(t 0 ) = x 0 ,

(2.1c)

Ψ (t f , x(t f )) = 0.

(2.1d)

Cons:
and Cons:
Pros and
Pros
solvers;
ODE solvers;
state-of-the-art ODE
Potential state-of-the-art
++ Potential
NLP;
small-scale NLP;
Relatively small-scale
++ Relatively
NLP;
of NLP;
iteration of
each iteration
at each
satisfied at
are satisfied
ODEs are
++ ODEs
systems.
unstable systems.
treat unstable
to treat
Difficult to
-- Difficult

Direct Sequential Approach (or Single
Shooting, or Control Vector
Parameterization Approach):
Only discretize controls of the problem

and
sequential and
direct sequential
both direct
from both
pros from
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Figure 2.3: Family tree of available methods for optimal control problems and related pros and cons
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where the objective is in the Bolza form, the initial time t 0 is given, the final time t f is free,
both the Lagrangian L(t , x(t ), u(t )) and the terminal term φ(t f , x t f ) are continuous, the
dynamics is described in Equation (2.1b), the initial condition is given in Equation (2.1c),
and terminal constraints are imposed by Equation (2.1d). The decision variables of Problem (2.1) are the control u and final time t f . To solve Problem (2.1), the indirect shooting
method attempts to derive solutions to the following Euler-Lagrange equations

λ∗ (t ))
∂H (t , x ∗ (t ), u ∗ (t ),λ


with x ∗ (t 0 ) = x 0 ,
ẋ ∗ (t ) =



∂λ



∂Φ(t ∗f , x(t ∗f ))
λ∗ (t ))
∂H (t , x ∗ (t ), u ∗ (t ),λ
∗
∗ ∗
λ
λ̇
(t
)
=
−
with
λ
(t
)
=
,
f


∂x
∂x




λ

 ∂H (t , x(t ), u(t ),λ (t )) = 0,
∂u

(2.2a)
(2.2b)
(2.2c)

together with the transversal conditions

∗ ∗ ∗

 Ψ (t f , x (t f )) = 0,
∂Φ(t ∗f , x(t ∗f ))


λ∗ (t ∗f )) = 0,
+ H (t ∗f , x ∗ (t ∗f ), u ∗ (t ∗f ),λ
∂t

(2.3a)
(2.3b)

where Φ = φ + ν ∗T Ψ and H = L + λ ∗T f is the Hamiltonian function, λ ∗ and ν ∗ are, respectively, the optimal adjoint variable (or costate variable) and the optimal Lagrange
multiplier corresponding to the terminal equality constraint.
The basic idea of the indirect shooting method is firstly to estimate the adjoint variable λ ∗ (t 0∗ ) at the initial time, the Lagrange multiplier ν ∗ and the final time t ∗f , and then
integrate the Euler-Lagrange equations (2.2). After that, the indirect method calculates
the defect of both the boundary and transversal conditions, and uses this information
to improve the estimates of λ ∗ (t 0∗ ), ν ∗ and t ∗f . A typical iteration scheme to improve the
estimates is the Newton iteration.
For indirect shooting methods, it is more complicated to solve problems with (path
and/or terminal) inequality constraints. To proceed, one has to assume both the sequence of active path constraints and the active terminal constraints. Then the previous
procedure is used to refine the estimates of the adjoint variable, the Lagrange multiplier
and the final time. After that, all the sign conditions of the multiplier need to be checked.
If some sign condition(s) are not satisfied, then previous assumed arcs could not be optimal and a new assumption of active constraints must be made. Such a procedure is
repeated until all the adjoint variables, the Lagrange multiplier and the final time satisfy
the necessary conditions of optimality.

2.4. D IRECT M ETHODS OF O PTIMAL C ONTROL P ROBLEMS
IRECT methods of optimal control problems can avoid the drawbacks of indirect
methods, as summarized in Figure 2.3. A direct method discretizes the control
problem first, and then employs a proper NLP solver for the generated finite-dimensional

D
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optimization problem. Direct methods are able to solve the following general problem:
minimize

2

θ ) = φ(x(t f ),θ
θ)
J (u,θ

θ ),
subject to ẋ(t ) = f (t , x(t ), u(t ),θ

(2.4a)
(2.4b)

θ ), ,
x(t 0 ) = x 0 (θ

(2.4c)

θ ) = 0,
Ψ (x(t f ),θ

(2.4d)

θ ) ¹ 0,
κ (x(t f ),θ

(2.4e)

θ ) ¹ 0,
g (t , x(t ), u(t ),θ

(2.4f)

u(t ) ∈ [u l , u u ],

(2.4g)

θ l ,θ
θ u ],
θ ∈ [θ

(2.4h)

where ¹ is the generalized inequality that represents componentwise inequality, and the
decision variables are u and θ .
Compared with previous formulation of Problem (2.1), above formulation introduces
a parameter vector θ , which is an additional argument of all functions including the initial condition of the state. Moreover, path inequality constraints (2.4f) and terminal inequality constraints (2.4e) are also taken into account. Note that the final time t f is set
fixed in Problem (2.4). However, the generality is still kept since the varying time horizon for free final time can be easily transformed into a fixed time interval and thus the
final time can be treated as an extra system parameter. Note also that the objective in
Problem (2.4) is in the Mayer form instead of the Bolza form. However, the Mayer form
and the Bolza form are theoretically equivalent. All direct methods can be categorized
as direct sequential approach, or direct simultaneous approach, or multiple shooting
approach. They are introduced briefly in the sequel.

2.4.1. D IRECT S EQUENTIAL A PPROACH
The direct sequential approach (also termed as single shooting method or control vector parametrization method) only dicretizes the control variables to transcribe Problem (2.4) into a finite-dimensional NLP, while the ODEs (Ordinary Differential Equations,
i.e., dynamics equations) are embedded in the NLP. To parameterize the control inputs,
the time horizon [t 0 , t f ] is firstly partitioned into n subintervals with
t 0 < t 1 < · · · < t k−1 < t k < · · · < t n = t f .
Then on each subinterval [t k−1 , t k ], the control is approximated as
ωk ),
u(t ) ≈ U k (t ,ω

t k−1 ≤ t ≤ t k ,

(2.5)

where ω k is the approximation parameter. Usually, components of U k are low-order
polynomials of ω k , such as piecewise-constant function, piecewise-linear function or
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piecewise-quadratic function. After parametrization, the original problem becomes
minimize

θ)
φ(x(t n ),θ

(2.6a)

ωk ),θ
θ ),
subject to ẋ(t ) = f (t , x(t ),U k (t ,ω

t k−1 ≤ t ≤ t k , k = 1, 2, . . . , n,

(2.6b)

θ ), ,
x(t 0 ) = x 0 (θ

(2.6c)

θ ) = 0,
Ψ (x(t n ),θ

(2.6d)

θ ) ¹ 0,
κ (x(t n ),θ

(2.6e)

ωk ),θ
θ ) ¹ 0,
g (t , x(t ),U k (t ,ω
ωk,l ,ω
ωk,u ],
ω k ∈ [ω

t k−1 ≤ t ≤ t k , k = 1, 2, . . . , n,

k = 1, 2, . . . , n,

(2.6f)
(2.6g)

θ l ,θ
θ u ],
θ ∈ [θ

(2.6h)

where the decision variables change to θ and ω k , k = 1, 2, . . . , n. Problem (2.6) can be
regarded as a finite optimization problem constrained by an initial value problem with
dynamics equation (2.6b). For given θ and ω k , k = 1, 2, . . . , n, values of both the objective
and constraint functions can be calculated by standard numerical integration methods.
Meanwhile, gradients of both the objective and constraint functions with respect to all
the decision variables can be computed via sensitivity analysis or integration of adjoint
equations. With the inputs of both values and gradients of the objective function as well
as those of constraint functions, a proper NLP solver can be employed to update the
estimates of θ and ω k , k = 1, 2, . . . , n.

2.4.2. D IRECT S IMULTANEOUS A PPROACH
Direct simultaneous approach (also termed as orthogonal collocation approach, or full
discretization approach) discretizes both the control variables and states. On each subinterval [t k−1 , t k ], the state variables are approximated by parameters ξ k as
x(t ) ≈ X k (t ,ξξk ),

t k−1 ≤ t ≤ t k .

(2.7)

Substitution of (2.5) together with (2.7) into the original control problem yields
minimize
subject to

θ)
φ(X n (t n ,ξξn ),θ
∂X k (t k,q ,ξξk )
∂t

(2.8a)

¡
¢
ωk ),θ
θ , t k−1 ≤ t ≤ t k , k = 1, 2, . . . , n,
= f t k,q , X k (t k,q ,U k (t k,q ,ω
(2.8b)

θ ),
X 1 (t 0 ,ξξ1 ) = x 0 (θ

(2.8c)

X k (t k ,ξξk ) = X k−1 (t k ,ξξk−1 ),

(2.8d)

θ ) = 0,
Ψ (X n (t n ,ξξn ),θ

(2.8e)

θ ) ¹ 0,
κ (X n (t n ,ξξn ),θ

(2.8f)

ωk ),θ
θ ) ¹ 0,
g (t k,q , X k (t k,q ,ξξk ),U k (t k,q ,ω
ξ k ∈ [ξξk,l ,ξξk,u ],
ωk ∈ [ω
ωk,l ,ω
ωk,u ],
θ l ,θ
θ u ],
θ ∈ [θ

k = 1, 2, . . . , n,
k = 1, 2, . . . , n,

t k−1 ≤ t ≤ t k , k = 1, 2, . . . , n,

(2.8g)
(2.8h)
(2.8i)
(2.8j)

2
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where t k,q = t k−1 + τq (t k − t k−1 ), k = 1, 2, . . . , n, q = 1, 2, . . . , N are the N collocation points
within each subinterval, and the decision variables are θ , ξ k , k = 1, 2, . . . , n and ω k , k =
1, 2, . . . , n. Since the state variables are continuous, the continuity constraints shown in
Equation (2.8d) must be imposed. Instead of embedding the dynamics equations in
the transcription as shown in (2.6), Problem (2.8) is directly in the form of NLP. Thus,
a proper NLP solver can be adopted to solve the problem.

2.4.3. M ULTIPLE S HOOTING A PPROACH
Multiple shooting approach discretizes control variables on the whole domain but only
discretizes states at the beginning of each stage. Hence, the multiple shooting approach
inherits attractive features from both direct sequential approach and direct simultaneous approach as shown in Figure 2.3. Let new decision variables ξ 0,k , k = 1, 2, . . . , n denote the initial state values on the subinterval [t k−1 , t k ]. Then, by substituting the control
approximation (2.5), the original problem becomes
minimize

θ)
φ(x(t n ),θ

(2.9a)

ωk ),θ
θ ),
subject to ẋ k (t ) = f (t , x k (t ),U k (t ,ω

t k−1 ≤ t ≤ t k , k = 1, 2, . . . , n,

(2.9b)

θ ),
x 1 (t 0 ) = x 0 (θ

(2.9c)

x k (t k−1 ) = ξ 0,k , k = 2, 3, . . . , n,

(2.9d)

θ) = 0
Ψ (x(t n ),θ

(2.9e)

θ) ¹ 0
κ (x(t n ),θ

(2.9f)

ωk ),θ
θ ) ¹ 0,
g (t , x(t ),U k (t ,ω
ωk,l ,ω
ωk,u ],
ω k ∈ [ω

t k−1 ≤ t ≤ t k , k = 1, 2, . . . , n,

k = 1, 2, . . . , n,

ξ 0,k ∈ [ξξ0,k,l ,ξξ0,k,u ],

(2.9g)
(2.9h)

k = 1, 2, . . . , n,

(2.9i)

θ l ,θ
θ u ],
θ ∈ [θ

(2.9j)

where the decision variables are θ , ξ 0,k , k = 1, 2, . . . , n and ω k , k = 1, 2, . . . , n. Note that the
state continuity constraints (2.8d) in Problem (2.8) change to (2.9d). Problem (2.9) can
be solved in the same manner as Problem (2.6), except that multiple sets of differential
equations generated for each subinterval are integrated independently.

2.5. C ONVEX O PTIMIZATION
HIS section summarizes several important definitions and theoretical results from
convex optimization, which plays a crucial role in optimization theory and methods
and thus is of significant importance to the development of NLP solvers employed by
direct methods. More details are given in [Boyd and Vandenberghe, 2009].

T

Definition 2.1. Convex set: A set C ⊆ Rn is convex if the line segment between any two
points in the set is also in the set. Hence, ∀x 1 , x 2 ∈ C with 0 ≤ λ ≤ 1, the point x = λx 1 +
(1 − λ)x 2 is also in the set C .
Definition 2.2. Convex function: A function f : C → R defined on a convex set C is convex if it satisfies the following equality
f (λx 1 + (1 − λ)x 2 ) ≤ λ f (x 1 ) + (1 − λ) f (x 2 ),

∀x 1 , x 2 ∈ C ,

∀λ ∈ [0, 1].

2.5. C ONVEX O PTIMIZATION

27

Example: For the in-plane cluster reconfiguration, the optimal energy consumption of
one satellite flying from its current position to every location in the target cluster is a
function of the phase angle as shown in Figure 2.4. This energy consumption function is
non-convex in the domain [−π, π], but convex in [−1, 1].
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Figure 2.4: Total propellant usage with respect to the reference phase angle without collision avoidance (circular reference orbit)

Definition 2.3. Convex optimization: Suppose C ∈ Rn is a nonempty convex set, and
f : C → R is convex. Then
min f (x)
(2.10)
x∈C

is a convex optimization problem.
Theorem 2.1. Suppose x ∗ is a local minimum of Problem (2.10). Then, x ∗ is also a global
minimum.
The convex set C in Problem (2.10) often denotes the feasible domain generated by
equality and inequality constraints. This leads to an optimization problem in the following standard form
minimize f 0 (x)
subject to f i (x) ≤ 0, i = 1, 2, . . . , n i ,
(2.11)
h j (x) = 0, j = 1, 2, . . . , n e ,
where all functions are convex, and the feasible domain is
©
C = x| f i (x) ≤ 0, h j (x) = 0,

ª
i = 1, 2, . . . , n i , j = 1, 2, . . . , n e .

The Lagrangian of Problem (2.11) is
λ,ν
ν) = f 0 (x) +
L (x,λ

ni
X
i =1

λi f i +

ne
X
j =1

νi h i ,

(2.12)
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where λ ∈ Rni and ν ∈ Rne are, respectively, the Lagrangian multipliers corresponding to
the inequality and equality constraints.
The Lagrange dual function of Problem (2.11) is
!
Ã
ni
ne
X
X
λ,ν
ν) = inf L (x,λ
λ,ν
ν) = inf f 0 (x) +
νi h i .
(2.13)
λi f i +
g (λ
x∈C

x∈C

j =1

i =1

The Lagrange dual problem of Problem (2.11) is
maximize
subject to

λ,ν
ν),
g (λ
λ º 0.

(2.14)

Definition 2.4. Strong duality: Let f ∗ and g ∗ , respectively, be the optimal value of Problem (2.11) and (2.14). If f ∗ = g ∗ , then strong duality holds for Problem (2.11) and (2.14).
Strong duality does not always hold for convex optimization problems. The following
theorem establishes conditions under which strong duality holds beyond convexity of
the problem.
Theorem 2.2. Slater’s condition: If there exists an interior point x ∈ C with f i (x) > 0, i =
1, 2, . . . , n i , then strong duality holds.
For any optimization problem (not necessarily convex), if its objective and constraints
are differentiable and strong duality holds, then any pair of primal and dual optimal valλ∗ ,ν
ν∗ ) must satisfy the following Karush-Kuhn-Tucker (KKT) conditions:
ues (x ∗ ,λ
f i (x ∗ )
h j (x ∗ )
λ∗
∗
λ f (x ∗ )
Pne ∗ i i ∗
Pn i ∗
∗
∗
∇ f 0 (x ) + i =1 λi ∇ f i (x ) + j =1 νi ∇h i (x )

≤
=
º
=
=

0,
0,
0,
0,
0

i = 1, 2, . . . , n i ,
j = 1, 2, . . . , n j ,
(2.15)
i = 1, 2, . . . , n i ,
.

Theorem 2.3. For any convex optimization problem with differentiable objective and
constraint functions in which Slater’s condition holds, the KKT conditions provide necessary and sufficient conditions for global optimality.

2.6. D ECOMPOSITION M ETHODS OF C ONVEX P ROBLEMS
N many applications, convex optimization problems can be transformed to the following form
minimize f 1 (x 1 ) + f 2 (x 2 )
subject to h 1 (x 1 ) + h 2 (x 2 ) ¹ 0,
(2.16)
x 1 ∈ C1, x 2 ∈ C2,
£
¤T
where x T1 x T2 is the vector of decision variables, the function f 1 : Rn → R and f 2 : Rn →
R are convex but not necessarily differentiable, the functions h 1 : Rn → Rnh and h 2 : Rn →
Rnh are also convex, C 1 and C 2 are, respectively, the convex feasible domain of x 1 and x 2 .
Above problem can be regarded as being composed of two subproblems that are coupled
by the general inequality. Special techniques, i.e., primal and dual decomposition, can
be employed to separate those two subproblems. This section only presents the general
idea of decomposition methods; more information is given in [Boyd et al., 2007].

I
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2.6.1. P RIMAL D ECOMPOSITION
By introducing a coupling variable t ∈ Rnh , Problem (2.16) is decomposed into two subproblems
minimize f 1 (x 1 )
subject to h 1 (x 1 ) ¹ t ,
(2.17)
x 1 ∈ C1,
and
minimize
subject to

f 2 (x 2 )
h 2 (x 2 ) ¹ −t ,
x 2 ∈ C2.

(2.18)

Obviously, once t is fixed, Problem (2.17) and (2.18) are decoupled. Thus, solving the
original problem becomes solving two subproblems (2.17) and (2.18) firstly, and then
updating the coupling variable t . For a given t , let Φ1 (t ) and Φ2 (t ) denote, respectively,
the optimal value of Problem (2.17) and (2.18). Then, the original problem is equivalent
to minimize Φ1 (t )+Φ2 (t ). Therefore, t shall be updated to minimize Φ1 (t )+Φ2 (t ). If the
subgradient method is used, then t is updated as follows
α(λ
λ1 −λ
λ2 ),
t = t +α

(2.19)

where α is an appropriate step size, λ1 and λ2 are, respectively, the vector of dual variables corresponding to h 1 (x 1 ) ¹ t in Problem (2.17) and h 2 (x 2 ) ¹ −t in Problem (2.18).

2.6.2. D UAL D ECOMPOSITION
Dual decomposition applies a different strategy to decompose Problem (2.16). Straightforwardly, Problem (2.16) is decoupled when the constraint h 1 (x 1 ) + h 2 (x 2 ) ¹ 0 is absent
from the constraint list, which is true for the dual problem of (2.16).
The partial Lagrangian of Problem (2.16) is
L

λT [h 1 (x 1 ) + h 2 (x 2 )]
= £f 1 (x 1 ) + f 2 (x 2 ) +λ
¤ £
¤
T
λ h 1 (x 1 ) + f 2 (x 2 ) +λ
λT h 2 (x 2 ) .
= f 1 (x 1 ) +λ

(2.20)

where λ is the vector of dual variables corresponding to the general inequality. The Lagrange dual function is then
¡
¢
¡
¢
λT h 2 (x 2 ) .
λ) = inf f 1 (x 1 ) +λ
λT h 1 (x 1 ) + inf f 2 (x 2 ) +λ
(2.21)
g (λ
x 2 ∈C 2
x 1 ∈C 1
{z
} |
{z
}
|
λ)
g 1 (λ

λ)
g 2 (λ

Suppose strong duality holds. Therefore, solving the original problem is equivalent to
λ) + g 2 (λ
λ) over the domain λ º 0. In order to maximize g (λ
λ), if the submaximizing g 1 (λ
λ) and −g 2 (λ
λ) is, respectively,
gradient method is used again, since a subgradient of −g 1 (λ
−h 1 (x ∗1 ) and −h 2 (x ∗2 ), then λ is updated as follows
£
¤
α h 1 (x ∗1 ) + h 2 (x ∗2 ) + ,
λ = λ +α
(2.22)
λ) for a given λ , x ∗2 has a similar
where x ∗1 is the optimal value of x 1 that minimizes g 1 (λ
∗
meaning as x 1 , and [·]+ denotes the projection onto the nonnegative orthant.
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F RACTIONATED S PACE
I NFRASTRUCTURES FOR
L ONG -T ERM E ARTH O BSERVATION
M ISSIONS
The fractionation concept is exploited innovatively to design a space infrastructure that
is able to accept and support multiple Earth Observation (EO) payload modules. Functional, physical and organizational architectures of this infrastructure are presented respectively. To start with, existing EO missions utilizing monolithic spacecraft are reviewed
and analyzed to derive the inherent EO functional requirements. Then these functional
requirements are integrated into an EO scenario based on a reference orbit typical for EO
missions. Next, novel architectures of fractionated spacecraft are reviewed and the intrinsic non-traditional attributes are summarized and classified in such a way to show their
close interrelation with the EO functional requirements. Then four resources components
are identified and designated to establish the EO space infrastructure. Based on those four
components different physical architectures are designed for the specific scenario and then
are evaluated using the Analytical Hierarchy Process with eight selection criteria. Afterwards, the best option has been identified, which consists of four heterogeneous modules
that are assigned to host those four resources components separately. Finally, this physical
architecture is organized by virtue of the Multi-Agent System theory, which fulfills best the
EO non-traditional requirements. From both physical and organizational perspectives,
the developed space infrastructure is able to self-adapt, self-optimize and self-configure to
dynamic changes in various flight conditions. In the end, a test-bed composed by commercial quadrotors is developed to demonstrate the organizational architecture.
Parts of this chapter have been published in Jing Chu, Jian Guo, Eberhard Gill, Functional, physical, and organizational architectures of a fractionated space infrastructure for long-term earth observation missions, Aerospace
and Electronic Systems Magazine, IEEE 29, 12 (2014).
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3. F RACTIONATED S PACE I NFRASTRUCTURES FOR L ONG -T ERM E ARTH O BSERVATION
M ISSIONS

3.1. I NTRODUCTION
RACTIONATED spacecraft is a novel architecture of distributed space systems (DSS),
where its functionalities, such as computation, communication, data storage, payload and even power generation, are distributed over several independent spacecraft
that share those functionalities through a wireless network. It is this physically separated, yet functionally wireless-linked characteristic that makes fractionated spacecraft
unique to other space systems. Compared to traditional monolithic spacecraft, there are
two main features of fractionated spacecraft. One is physical decomposition of the single spacecraft into several modules; the other is functional integration among modules.
Each module in the system hosts one or several components, which may be the functional parts of a satellite such as payload or resource components. In order to perform
functional integration, modules shall maintain a cluster flight, which is distinguishable
from formation flying due to the fact that there is no requirement for precise stationkeeping. However, fractionation for monolithic spacecraft is a challenging proposition.
To succeed, it has to contend with several technical setbacks. Along with networking,
wireless communication, wireless power transfer, and distributed computing, cluster
operation has been identified as one of the enabling technologies [Brown et al., 2009].
Challenges for cluster operations may be internal, for example to avoid collisions among
modules, or external, for example to evade debris-like threats. This chapter exploits the
intrinsic value of fractionated space architectures for Earth Observation (EO) missions
and tackles those challenges that are related to cluster operation.
The idea of fractionated space architecture arose in 1984, when Molette et al. envisaged two platforms to serve as geostationary communication segment [Molette et al.,
1984]. One is a large platform that is assembled on-orbit, the other one is a cluster of
cooperative satellites where the payloads are split over the cluster. Then those two platforms were assessed from both the technical and economical point of view. However,
the term fractionated spacecraft was coined in a series of papers [Brown and Eremenko,
2006a,b; Brown et al., 2006] in 2006 and has been used since then.
Since the concept of fractionated spacecraft is relatively new, at the beginning published work has mainly focused on the assessment of the benefits of fractionation; few
missions as shown in Figure 3.1 have been proposed based on this innovative architecture. In the Phase I of the DARPA System F6 program, LoBosco et al. proposed the
Pleiades fractionated space system architecture, which fractionates resources and payloads, and consists of five 225-kg modules and two 75-kg modules [LoBosco et al., 2008].
This architecture is intended to support a Low-Earth-Orbit (LEO) Earth science mission, which uses three different electro-optical imagers to enhance science value by coregistration of images. Eremenko proposed, respectively, LEO and geostationary Earth
orbit (GEO) scenario for demonstration of fractionated spacecraft [Eremenko, 2010]. In
the LEO scenario there are two infrastructure modules and one payload module; in the
GEO scenario there are two payload modules hosting 3rd party components and one
GEO communications satellite hosting F6 Tech Package. Besides, 3rd party modules, additional payload and infrastructure modules can also be launched into the original system. In order to measure coastal salinity Schwarz et al. presented a fractionated spacecraft approach, where 75 payload modules and 3 resources modules coexist [Schwarz
et al., 2010]. They also argued that this mission can be achieved by means of fraction-
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ated spacecraft while it’s impractical to rely on a monolithic one, which, as a result,
can be considered as one aspect of the true value of fractionation. Howard explored
applications of fractionated spacecraft in the domain of surveillance and remote sensing, taking advantage of the reconstruction of images from multiple payload modules
[Howard, 2010]. Cougnet et al. researched on fractionated spacecraft as a solution to
providing flexibility and responsiveness for a space system [Cougnet et al., 2010]. They
carried out a comparative assessment between the monolithic spacecraft and fractionated ones with respect to four reference missions, for each of which fractionated spacecraft architecture is derived based on combination among four resources components
and payload components.
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Figure 3.1: Existing architecture propositions for fractionated spacecraft

With respect to the assessment of different fractionated architectures, multi-attribute
analysis from a customer-centric perspective were exploited to develop the assessment
model, where non-traditional attributes of maintainability, scalability, flexibility and responsiveness were included in addition to mass and cost [Mathieu and Weigel, 2006]. To
explore the trade space of fractionated spacecraft the software named GT-FAST was developed not only to enumerate all possible architectures but also to analyze and quantify
the cost and benefit of each architecture [Lafleur and Saleh, 2009a], [Lafleur and Saleh,
2009b]. However, both methods are based on value-centric analysis, emphasizing that
the non-traditional attributes of fractionated spacecraft outweigh mass and cost in the
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new space era. Another methodology to conduct the cost and utility comparisons between monolithic and fractionated spacecraft is using failure and Markov models, where
the Monte-Carlo simulations are run and the impact of model parameters is investigated
[Dubos and Saleh, 2011].

3

All the aforementioned research was only concerned with the functional and physical architectures of fractionated spacecraft for various applications. However, in order
to lay the foundation for fractionated spacecraft to operate properly in space, the organizational architecture of the system needs to be addressed as well, for example, to
reduce the workload of the ground station, to reduce operational cost, and to improve
the system’s ability to cope with internal and external uncertainties. This chapter
aims to present the functional, physical and organizational architectures of a fractionated space infrastructure that is able to support long-term EO missions. In history, the
longest continuous EO program is the Landsat spacecraft series of NASA, starting with
Landsat-1 launched in 1972 through the most recent Landsat-8 launched in 2013. Even
though great success has been achieved, there is still plenty of room for further improvement. Apart from the fact that more or less each Landsat satellite suffered from one
failure or another in space, the Landsat program also suffers from the ten major government/industry space acquisition problems as pointed out by Pete Rustan [Rustan, 2007]:
inflexible budgets, requirements creep, uncertainty about electronic components, new
spacecraft for each set of requirements, to name a few. For example, all those problems
suffered by the Landsat-8 project on its way to realization resulted in considerable delays. Fortunately, the intrinsic non-traditional attributes of fractionated space architectures can provide a very promising way out for the traditional implementation of satellite
systems.
The remainder of this chapter is organized as follows. In Section 2 Landsat and
SPOT projects are reviewed and analyzed in order to evaluate the advantages of applying
fractionated spacecraft to EO missions. Then non-traditional attributes of fractionated
spacecraft are summarized, which shows that the performance of EO missions could
be improved by means of fractionation. After that, a scenario of an EO mission is presented. In Section 3 firstly four resources components are derived to meet the functional
requirements of the scenario. Then possible architectures stemming from those four
components are listed in a design option tree (DOT) and assessed. After that, according
to the specific criteria derived from the proposed scenario, the fractionated spacecraft
architecture for further research is selected by using the Analytical Hierarchy Process
(AHP) technology. Section 4 presents the organizational architecture of the fractionated
system, which is based on the theory of multi-agent system. After that, demonstration
of the organizational architecture by means of a quadrotor test-bed is presented. In the
end conclusions are drawn in Section 5.

3.2. S CENARIO S ETTING
HE term scenario setting refers to choices of the application of fractionated spacecraft, and the orbit of the cluster. The derivation of the scenario is based on the
review and analyses of two EO missions: Landsat and SPOT, which we argue that could
take advantage of the non-traditional attributes of the fractionated architecture.
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3.2.1. T WO EO S ATELLITE M ISSIONS
EO has become more and more important due to the dramatic impact modern civilization is having on Earth, the needs to minimize the negative effects, and the opportunities
EO provides to improve social and economic development. However, technically observing Earth from orbit is becoming more and more sophisticated resulting from the higher
and higher performance required by each mission. Take Landsat and SPOT for example.
The Landsat Program is the longest enterprise for the acquisition of Earth images
from space [NASA Landsat website, 2012]. Landsat satellites follow sun-synchronous
orbits that are inclined approximately 8° to the poles. Landsats 1, 2 and 3 orbited at
920 km altitude, 14 times per day. Over a period of 252 orbits, or every 18 days, a satellite
covered every portion of the Earth, except for polar regions above 82° latitude. Landsats
4, 5 and 7 orbit at 705 km altitude with a 16-day repeat interval for global coverage.
SPOT (Satellite Pour l’Observation de la Terre) is a high resolution, optical imaging
EO Satellite system. Until now the system consists of 7 satellites. The SPOT orbit is polar,
sun-synchronous, circular and phased. SPOT’s altitude is about 830 km; the orbit’s
inclination with respect to the equatorial plane is about 98.8°; and the orbital period is
101.5 min.
More information of Landsat and SPOT missions can be found in Table 3.1. Several
points can be summarized below from those two missions.
1. Earth observation from space requires continuity of satellite mission: Landsat and
SPOT satellites were launched in the past, are being developed now and will be
deployed in space in the near future.
2. The design of new spacecraft should consider the evolution of EO missions, such
as measuring Earth’s plant cover is required as a new observation task for SPOT
4.
3. Multiple observation instruments are always carried onboard for EO missions.
4. Enhancement of onboard Earth observation sensors are always required to improve mission performance, such as the thematic mapper (TM) sensor onboard
Landsat 7 undergoes three stages: TM, enhanced TM, and enhanced TM plus.
5. Failures and/or faults may occur during the entire mission lifetime, such as Landsat 6 failed to reach orbit, Landsat 4 went through malfunction shortly after launch,
Landsat 4 suffered from transmitter failure in the middle of mission, and SPOT 1,
2, 3 had problems with stabilization system.
6. Life expectancy of EO missions is long, such as that of Landsat 5 is over 22 years,
SPOT 2 about 20 years, and the LDCM satellite will carry sufficient fuel for 10 years
although the design life is 5 years. SPOT 6 was launched in September, 2012 and is
designed to provide data up to 2023.
In addition to the points listed above, other issues such as de-orbit of the satellite
when it’s out of functioning and the orbit design of EO satellites should also be considered. The next subsection will present the non-traditional attributes of fractionated
spacecraft, which match the points summarized before closely and therefore is adopted
to improve the performances of EO satellite missions.
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Table 3.1: Landsat and SPOT mission details
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3.2.2. N ON - TRADITIONAL ATTRIBUTES OF F RACTIONATED S PACECRAFT
The current approach to designing a satellite relies on mass and cost minimization. Once
the mission is defined, technology is selected several years before the satellite is operational. After launch, the capability of the designed space system will be confined to
the design margin, software uploading and onboard redundancies. In the case such as
Landsat or SPOT mission, another monolithic satellite will be developed and launched
to offer improvements on observation instruments, perform new tasks, or cope with the
failure of former satellite.
Fortunately, thanks to its non-traditional attributes, the concept of fractionated space
architecture can serve as a promising candidate to ameliorate current situations. When
it comes to value centric design, the non-traditional attributes of fractionated spacecraft
play major roles. Those non-traditional attributes existing in fractionated spacecraft system can be classified into flexibility, robustness and responsiveness, which are shown in
Table 3.2.
Table 3.2: Non-traditional attributes of fractionated spacecraft

Flexibility
• Scalability
• Evolvability
• Adaptability
• Maintainability
Robustness
• Reliability
• Survivability
• Fault Tolerance
Responsiveness

Ability to change on demand.
Add new modules or scale down the system.
Adapt to more advanced technology.
Reconfigure existing functionality with respect to new needs
and uncertainty.
Replace the modules that fail or are near the end of life.
Maintain the nominal mission in the existence of internal and
external perturbations.
Redundancy and qualification.
Ability to function under off-nominal or unanticipated conditions.
Ability to tolerant fault.
Ability to meet changes of the system quickly.

Comparing those non-traditional attributes with the points listed in previous subsection, we found that they interweave with each other remarkably well.
1. Fractionated spacecraft can be developed and established in space as an infrastructure to support multiple payload modules and is therefore able to ensure the
continuity and sustainability of EO satellite missions.
2. Scalability and adaptability of fractionated spacecraft can be made use of to guarantee the evolution of EO satellite missions.
3. Since fractionated spacecraft are designed as an infrastructure, multiple payload
modules can be accepted and supported.
4. Evolvability of fractionated spacecraft means enhanced and updated payload modules can be launched into the original space system.

3

38

3. F RACTIONATED S PACE I NFRASTRUCTURES FOR L ONG -T ERM E ARTH O BSERVATION
M ISSIONS
5. Reliability, survivability and capability to tolerant fault can be used to make sure
EO satellites can function well all over the entire lifetime in spite of internal or
external failures.
6. Meanwhile, the space infrastructure composed by fractionated spacecraft modules can provide the long life expectancy service for EO missions.

Besides, maintainability implies that the de-orbiting of non-functioning modules will be
taken into account in the design of the fractionated spacecraft architecture.

3

3.2.3. S CENARIO S ETTING
Based on the insights presented in the former two subsections, the scenario settings of
the space infrastructure are presented in this subsection. Overall the concept of fractionated spacecraft is exploited to develop and establish a space infrastructure, which is
capable of accepting and supporting multiple payload modules used for Earth observation missions. On another side, there are several key technologies mentioned previously
for implementing functionalities of fractionated spacecraft. Cluster operations are chosen as the main topic in this chapter. As the foundation for fractionated spacecraft operating properly in space, cluster operations include not only the establishment of the
virtual spacecraft to guarantee each module to provide services for all modules in the
cluster, but also unique operations that are different from those performed by monolithic spacecraft. Take two scenarios for example: 1) the defensive cluster scatters and
re-gather maneuvers to rapidly evade debris-like threats, and 2) cluster upgrade and
reconfiguration to accommodate a new module or remove a non-functioning module.
More details are shown in Table 3.3. Since the focus is to design a space infrastructure
that can accept payload modules, resources and payload modules are treated separately.
To simplify the scenario while without loss of generality, one payload module is chosen
for the research of cluster scatter and re-gather maneuver, two payload modules for the
research of cluster reconfiguration.
Table 3.3: Scenario settings of the space infrastructure

Scenario Item
Application
Reference Orbit

Research Aspects
Potential Payload Application

Number of Payload Module

Specifications
Infrastructure for Earth observation missions
• Sun synchronous
• Polar/near polar
• Circular
• Altitude: 800 km
Cluster Operations:
• Cluster scatter and re-gather maneuver
• Cluster reconfiguration
Agriculture, cartography, geology, forestry, regional
planning, surveillance, education and national security
One payload module for cluster scatter and regather maneuver, two for cluster reconfiguration.
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3.3. F UNCTIONAL AND P HYSICAL A RCHITECTURES OF THE F RAC TIONATED S PACE I NFRASTRUCTURE
HE design of the functional and physical architecture here refers to the choices of
components and the construction of modules flying in a cluster that comprises the
fractionated spacecraft. In this section the functional and physical architectures of fractionated spacecraft are derived. At the beginning according to the scenario setting, functional requirements are created, based on which four resources components are designated to build the space infrastructure. Then a design option tree that lists various
feasible architectures is made. In the end AHP is applied to evaluate all the candidate
architectures.

T

3.3.1. R ESOURCES C OMPONENTS FOR THE F RACTIONATED S PACE I NFRA STRUCTURE
By analyzing the EO missions Landsat and SPOT, the functional requirements for the
infrastructure can be created as following.

1. The cluster shall be able to accept and support at least two distinct payload modules for Earth observation missions. This can be seen from Table 3.1 that multiple
EO instruments are housed onboard Landsat and SPOT satellites.
2. The cluster shall provide the ability to transmit payload data to multiple sites concurrently. This is due to the newest requirement that LDCM satellite shall allow
international cooperation.
3. The cluster shall be capable of data processing and storage of distinct payload
modules. This is due to the requirement that for some EO missions not all the
data collected by payload modules are transmitted to ground station directly; instead it is stored onboard first, analyzed by onboard science algorithms, and then
transmitted to ground station selectively. In such an autonomous way, the science
return would be maximized [Chien et al., 2004].
In order to meet the functional requirements listed above, four resources components are designated to compose the space infrastructure.
1. Mission data processor (MDP) component is used to process mission data, execute science algorithms to analyze the data collected by multiple payload modules, and perform autonomous Earth observation.
2. Large volume data storage (LVDS) component is used to store large amounts of
data before processing and downlink.
3. High-bandwidth downlink (HBD) component allows for high-volume downlinks
in short periods of time when the Ground Station is available.
4. Data relay satellite communication (DRSC) component, such as Tracking and Data
Relay Satellite (TDRS) and European Data Relay Satellite (EDRS), is used to transmit payload data to the Ground Station that is not available to HBD. This strategy
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is the same as the one exploited by Landsat 4 and 5. Because there was no data
recorders onboard Landsat 4 or 5, TDRS was used to transmit the science data acquired by Landsat 4 or 5 when there was no direct communication link between
the satellite and the ground station. Besides, if required, DRSC component allows
command uploads to be sent at any time of day or night to respond to unforeseen events. And also as observed from the details of Landsat missions shown in
Table 3.1, in the cases of HBD failure, the DRSC component can also serve as a
back-up of the transmitter.

3

Once the resources components have been chosen, modules that host those components could be established. Apart from hosting the component, each module should
possess other functions to be launched independently, rendezvous with the cluster, remove at the end of life, and meet certain safety requirements such as collision avoidance. In this chapter, those basic functions that ensure components to become shared
resources in the cluster are referred to as support infrastructure of a module. The next
subsection will present different modules existing in various fractionated space architectures.

3.3.2. D ESIGN O PTION T REE FOR THE F RACTIONATED S PACECRAFT A RCHITECTURE
Based on the four chosen resources components, there exist 5 different physical architecture designs for the fractionated space infrastructure. The design option tree is shown
in Figure 3.2. The fractionated infrastructure may consist of one module, 2 modules, 3
modules or 4 modules. When it comes to 2 modules, there are also another 2 options.
Space Infrastructure for EO
Missions Employing Fractionated
Spacecraft with 4 Components

1 Module

2 Modules

3 Modules

4 Modules

A

One module hosts 1 component,
the other hosts 3 components

One module hosts 2 components,
the other hosts 2 components

One module hosts 1 component,
the second one hosts 1 component,
the third one hosts 2 component

Each module hosts
one component

B

C

D

E

Figure 3.2: Design option tree for fractionated spacecraft architecture

3.3.3. C RITERIA
In order to evaluate the various architectures in Figure 3.2 and select one as the physical
architecture of the fractionated space infrastructure, criteria are defined in Table 3.4 according to the scenario of establishing the space infrastructure for EO missions; namely,
the proposed EO scenario is the criteria-creator and decision-maker.
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Table 3.4: Criteria for the evaluation of candidate architectures

No.
Cr1
Cr2
Cr3
Cr4
Cr5
Cr6
Cr7
Cr8

Criteria
Mass
Accepting Needed Components
Changing Cluster Configuration
Functional Reconfiguration
Time to Operational Capability
Robust to Failure
Robust to Threat
Responsiveness

Description
Straightforward
Cost of adding components
Straightforward
Potential customers
Minimum number of launches
Straightforward
Straightforward
Ability to meet changes quickly

Mass is the traditional evaluation criterion, where the penalty increases as the number of modules increases. With respect to accepting needed components, there are two
ways to achieve that goal. One is that the needed component could be launched as part
of a module that is a duplicate of one that is already on orbit. The other option is that
a new developed module which hosts the needed component is simply launched. The
first one won’t incur research, development, test, and evaluation costs, while the module in second option may be relatively simple and small. Changing cluster configuration
is introduced from the orbit dynamics point of view to describe the ability to maintain
safety requirements. The criteria functional reconfiguration evaluates the ability of the
fractionated space infrastructure to provide different services for potential customers.
The criteria robust to failure and threat are straightforward. Responsiveness means the
system should respond to the unanticipated situations quickly [Brown and Eremenko,
2006a].

3.3.4. P HYSICAL A RCHITECTURE OF THE F RACTIONATED I NFRASTRUCTURE
So far we have set our goal that is employing fractionated spacecraft to establish a space
infrastructure for EO missions, and have selected 8 criteria to achieve that goal. Meanwhile, 5 candidate fractionated spacecraft architectures have been derived to fulfill the
functional requirements of EO missions. Now a decision has to be made which architecture should be chosen as the one for further research. Analytical Hierarchy Process
(AHP) technology is applied to make that decision.
AHP provides a comprehensive and rational framework for structuring a decision
problem, and for evaluating each candidate. There are 3 steps to perform AHP [Bhushan
and Rai, 2004]. First the decision problem at hand should be decomposed into a decision
hierarchy, where the elements are related to any aspect of the problem. Once the hierarchy is built, pairwise comparisons should be conducted at each level of the hierarchy to
derive the priority of each element. The final step is to synthesize all the priorities, and
then make the decision.
The AHP trade-off tool developed by Dutch Space [Mathot, 2008] is used to make
the decision about which fractionated spacecraft architecture is more suitable to accomplish our goal. The decision hierarchy and the results of pairwise comparisons are
shown in Figure 3.3. Details are shown in Table 3.5. The weighting factors in Table 3.5
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are chosen based on the importance of each criterion. The importance of each criterion is determined based on the scenario setting, where the non-traditional attributes
are valued more. According to the AHP method, the pair-comparison between every two
criteria is performed firstly, which leads to the derivation of the weighting factor of each
criterion. For the AHP method, there is a consistency check of the pair-comparison. If
the consistency factor is lower than 0.1, then the comparison is consistent. In our case
the consistency factor is 0.02, which indicates that our comparison is consistent. During
the decision-making process, penalty of being fractionated should be imposed due to
the increase of mass. With respect to accepting new components, the fully fractionated
architecture would be optimal since each single-component module is pre-developed.
When it comes to change cluster configuration, the fewer the number of modules, the
less fuel consumption and the easier to maintain collision avoidance. Regarding to functional reconfiguration, fully fractionated architecture tends to be selected, since there
exists more combination between different modules. With regards to criterion 5 and 7,
the fewer the number of modules, the higher the score. When assessing robustness to
failure, fractionation is preferred, because if the module in architecture A fails, then 4
components would be lost. From the standpoint of responsiveness, fractionated architecture is superior [Brown and Eremenko, 2006a].
Space Infrastructure for EO
Missions Employing Fractionated
Spacecraft with 4 Componets

Goal:

Criteria:

Candidates:

Cr1
0.13

A
0.159

Cr2
0.16

Cr3
0.05

B
0.201

Cr4
0.28

Cr5
0.05

C
0.16

Cr6
0.15

D
0.217

Cr7
0.1

Cr8
0.08

E
0.264

Figure 3.3: Decision hierarchy for fractionated spacecraft architecture with final priorities

Based on the choice of decision criteria defined according to the requirements of
establishing space infrastructure for EO missions, on the judgments of the relative importance of each criterion, and on the judgments of each candidate with respect to each
criterion, the fully fractionated architecture composed of 4 modules shown in Figure 3.4,
with a priority of 0.264, is chosen as the physical architecture to build the space infrastructure.
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ODULES of the fractionated space infrastructure operate in an open and dynamic
environment, where internal or external changes cannot be characterized accu-
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Table 3.5: Results of the Pairwise Comparisons

Cr1 (0.13)
Cr2 (0.16)
Cr3 (0.05)
Cr4 (0.28)
Cr5 (0.05)
Cr6 (0.15)
Cr7 (0.1)
Cr8 (0.08)
Priority

A
0.35
0.05
0.35
0.05
0.35
0.08
0.35
0.12
0.159

B
0.26
0.17
0.23
0.2
0.23
0.15
0.23
0.19
0.201

High Bandwidth
Support
Downlink
Infrastructure
Component

C
0.2
0.12
0.23
0.14
0.23
0.11
0.23
0.16
0.16

D
0.14
0.25
0.15
0.27
0.15
0.23
0.15
0.23
0.217

E
0.06
0.4
0.05
0.34
0.05
0.42
0.05
0.3
0.264

Data Relay Satellite
Support
Communication
Infrastructure
Component

Module 1
Large Volume Data
Support
Storage Component Infrastructure

Module 3
Mission Data
Processor
Component

Module 2

Support
Infrastructure
Module 4

Figure 3.4: Winning physical architecture of the fractionated space infrastructure

rately beforehand. Due to this reason, fractionated spacecraft is a distributed real-time
and embedded (DRE) system. In such systems autonomous operations are preferred to
make the system adapt to changing mission goals and environmental conditions [Shankaran et al., 2009]. However, autonomous operations of each module are insufficient for
fractionated spacecraft; cooperation among modules is also required, as mentioned before not only to make each module become shared resource in the cluster, but also to
perform unique operations related to fractionated spacecraft. Once the modules cooperate with each other, the autonomous operations would be optimized by taking into
account collision avoidance, the balance of propellant consumption, the maintenance
of wireless link, time constraints and so on. Overall, it is the combination between autonomy onboard and cooperation among modules into cluster operations that ensures
the whole system to accomplish required missions efficiently and effectively [Bellifemine et al., 2007].
Note that in this chapter it is assumed that the roles played by the ground station involves mainly monitoring the establishment of the virtue spacecraft and sending commands to the fractionated system such as to reconfigure or to evade a debris threat. Such
commands or downlink of cluster states can be treated as the inputs or outputs of the
fractionated system. Since fractionated spacecraft is also a distributed system, a high
level goal (input of the system) can be achieved through individual local behaviors and
the cooperation between individuals. Therefore, the high level goal needs not to be sent
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to each individual in the system. Instead, the high level goal could be decomposed into
sublevel plans for each individual to execute coordinately. The coordination between
individual modules in the fractionated system can be achieved through the wireless network.
In this context the term organizational architecture refers to the way that organizes
the modules to achieve autonomous operations and cooperation. This section presents
the organizational architecture of the fractionated space infrastructure. First of all, each
module in the fractionated system is modeled as an agent, which is characterized by autonomy, social ability, reactivity and proactivity. Then the organizational architecture is
presented, which consists of three layers: the higher level layer interacting with the environment by taking inputs, the middleware layer coordinating individuals in the system,
and the lower level layer giving outputs to the environment.

3.4.1. M ODELING F RACTIONATED S PACECRAFT AS A M ULTI -A GENT S YS TEM
An agent can be characterized by autonomy, social ability, reactivity and proactivity.
Specifically, each agent in MAS is autonomous, because it operates without the direct
intervention of humans and has control over its actions and internal states; an agent is
social, because it interacts (e.g., communicates) with others (humans or other agents)
to achieve its goals; an agent is reactive, because it perceives the environment and responds to the changes occurring in that environment; and also an agent is proactive,
because besides simply responding to the environmental changes it would also take initiative to respond to those changes [Bellifemine et al., 2007]. Correspondingly, modules
in fractionated spacecraft should possess the same characteristics as those of agents in
MAS. The module is autonomous to operate properly under certain situations without
direct intervention from ground station; it is social to cooperate with others via communication; it is reactive to handle uncertainties such as communication interruption,
communication delay or others; and also it is proactive to perform the expected operations such as reconfiguration for function updating. The top level building blocks of an
agent module is shown in Figure 3.5.
System
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Control
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Figure 3.5: Top level building blocks of software onboard module agent
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When a group of agents behaves by following simple strategies and at the same time
sharing knowledge with each other, a multi-agent system is formed to pursue a desired
global behavior. MAS systems can be characterized as self-organization as well as selfsteering and other control paradigms [Serugendo et al., 2006]. Typically, MAS systems
tend to find the best global solution to their problems without intervention. With respect
to fractionated spacecraft, it is often the case that the system maintains a configuration
or reconfigures in orbit to perform designed operations. Therefore, a variety of global
objectives, such as minimizing and balancing propellant consumption, optimizing network topology, maximizing operational time and so on, should be taken into account.
Apart from that, fractionated spacecraft should relieve the workload of ground stations
and reduce cost after launching multiple satellites. Once MAS technology is adopted by
fractionated spacecraft, the system is able to self-adapt, self-optimize and self-configure
to dynamic changes in local environmental conditions. The correspondence between
fractionated spacecraft and MAS is shown in Figure 3.6.

Multi-agent System (MAS)
Agent 1

Agent 4

Agent 2

Agent 3

Artificial Intelligence

JADE

MAS

Each agent has following properties:
· Autonomy: Without human direct intervention
· Social ability: Communication with each other
· Reactivity: Reaction to the changes of environment
· Proactivity: Taking initiative to achieve a goal

Fractionated Spacecraft
High Bandwidth
Downlink
Component

Large Volume
Data Storage
Component

Network

Data Relay Satellite
Communication
Component

Mission Data
Processor Component

Support

Each module should have following properties: Infrastructure
· Autonomy: Without human direct intervention
· Social ability: Communication with each other
· Reactivity: Handling uncertainties, such as communication
interruption, communication delay or debris-like threat
· Proactivity: Reconfiguration for function update

Figure 3.6: Correspondence between fractionated spacecraft and MAS
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3.4.2. O RGANIZATIONAL A RCHITECTURE
Once the fractionated spacecraft is modeled as an MAS, in order to support heterogeneous components and networks while offering a single-system view, the modules are
organized as three layers: the higher level layer interacting with the environment by taking inputs, the middleware layer coordinating individuals in the system, and the lower
level layer giving outputs to the environment. The organizational architecture of the
fractionated space infrastructure is shown in Figure 3.7.

3
Spacecraft Agent 1

Spacecraft Agent 2

Spacecraft Agent 3

Spacecraft Agent 4

High-Level Layer: Mission (Planner)

Middleware: Allocator

Local Controller 1

Local Controller 2

Local Controller 3

Local Controller 4

Wireless
Network

Figure 3.7: Organizational architecture of the fractionated space infrastructure

In other words the three-layer organizational architecture ensures the modules in
the fractionated space infrastructure to achieve autonomous operations and cooperation. Take the reconfiguration operation for an example. Suppose at the moment the
fractionated spacecraft is flying in cluster A, and is required to reconfigure to cluster B.
After receiving the reconfiguration goal, the planner from the higher level layer makes a
plan regarding to which locations in cluster B should be occupied by all the modules.
After that, the allocator of the middleware layer assigns those generated locations to
each module. In the end the onboard local controller controls each module to fly to
the assigned location. By virtue of such a MAS organizational architecture, the operator
intervention from ground station could only focus on non-routine or anomalous activities, and the cost of operating multiple modules after launch is reduced. Moreover, the
responsiveness of the whole system is enhanced to cope with the occurrence of unanticipated events. Furthermore, when modules could cooperate with each other, not only
forming the desired virtual spacecraft but also performing special operations related to
fractionated spacecraft would be optimized by taking into account collision avoidance,
balance of propellant consumption, maintenance of wireless link and time constraints.
Apart from that, scalability is guaranteed if autonomous cluster flight exists in the fractionated spacecraft system.
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3.5. D EMONSTRATION OF THE MAS O RGANIZATIONAL A RCHI TECTURE
HE proposed organizational architecture for the fractionated space infrastructure is
demonstrated in this section. Software and hardware test-beds have been developed
respectively. The software test-bed is mainly focused on the development of various behaviours for module agents of the fractionated space infrastructure, while the hardware
test-bed builds an MAS quadrotor system that shows the feasibility of the proposed organizational architecture.

T

3.5.1. D EMONSTRATION OF THE MAS O RGANIZATIONAL A RCHITECTURE
VIA S OFTWARE T EST- BED
In this subsection the MAS organizational architecture is demonstrated based on a simulation of cluster reconfiguration. The cluster description is based on the bounded solutions of well-known HCW equations. The original cluster is in the orbital plane of
the reference orbit, and there is no cross-track relative motion. The target cluster is in
the same plane as the original cluster with different magnitudes of relative motion in
both the radial and along-track direction. The demonstration is designed based on the
smartphone technology and the agent development platform—JADE (Java Agent DEvelopment framework). For fractionated spacecraft, each module is modeled as an agent
that has an orbit propagation behavior, a relative motion behavior, an optimal transfer
behavior, and an auction behavior. Those behaviors together with the communication
capability guaranteed by JADE enable the modules to perform the autonomous cluster
reconfiguration.
The architecture of the simulation system is shown in Figure 3.8. As shown in Figure 3.8, there is a PC that hosts the main container, which at the same time holds three
agents, i.e. the ground station (GS) agent performing functionalities of a ground station,
the AMS agent providing management services of the multi-agent system and the DF
agent providing the yellow page service. In the figure there are four module agents in the
fractionated system. Each module agent is hosted by a peripheral container. Two peripheral containers reside on Android smartphones, while the other two on two emulators of
the Android smartphone. All four module agents are connected via WiFi network, and it
is the same case for the connection between ground station and the fractionated spacecraft. For more details of main container, peripheral container, AMS, and DF, please refer
to [Bellifemine et al., 2007]. In a sentence those are the basic elements of the domainindependent infrastructure for developing agent-based applications.
For the cluster reconfiguration, suppose there are four allowable positions in the target cluster. Each module agent utilizes its optimal orbit transfer behavior to calculate
the propellant cost of moving from its current location to those four allowable positions,
respectively [Dai et al., 2013]. After that, each module agent utilizes its auction behavior to determine which position is the optimal one to transfer to. In this demonstration,
the module agents cooperate with each other through the auction behavior. The auction
behavior is developed based on the distributed algorithm presented in [Zavlanos et al.,
2008]. The reconfiguration is shown in Figure 3.9.
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Figure 3.8: Architecture of the simulation system of fractionated spacecraft with 4 modules

3.5.2. D EMONSTRATION OF THE MAS O RGANIZATIONAL A RCHITECTURE
VIA H ARDWARE T EST- BED
The hardware test-bed by means of quadrotors for the demonstration of MAS organizational architecture is shown in Figure 3.10. The system has two main elements: Android
smartphones and the Parrot AR drone 2.0. Each AR drone is commanded by a specific
Android smartphone that runs the JADE agent runtime. In this case, the tailored version
of JADE runtime for Android operating systems is adopted. Moreover, the main container residing on a computer is not needed. In our implementation each smartphone
hosts an agent that can execute distributed algorithms together with other agents, send
commands to and receive telemetry data from its corresponding AR drone. An adhoc
wireless network is established for both the communication among smartphones and
the one between a smartphone and its corresponding AR drone.
The three-layer organizational architecture for the hardware test-bed works as follows. Take the reconfiguration of AR drones in the vertical direction for instance. Note
that the flight performance of AR drones in the vertical direction is quite satisfactory. The
planner firstly specifies the discrete domain of candidate positions for all quadrotors and
defines the utility function for each quadrotor based on its current and target positions.
The planner is defined identically for all agents. Then each smartphone receives telemetry data from the corresponding quadrotor to determine its current position. With the
input of current positions, smartphones run the distributed auction algorithm to allocate a target location from the discrete domain to each quadrotor in such a way that the
overall utility of all quadrotors are maximized. After that, the smartphone sends the target location to its corresponding quadrotor. In the end, the local controller onboard the
quadrotor transfers it from its current position to the assigned target location.

3.6. S UMMARY AND C ONCLUSIONS

49

4

plane of the reference orbit,
relative motion. The target
as the original cluster with
e motion in both the radial
e demonstration is designed
echnology and the agent
(Java Agent DEvelopment
spacecraft, each module is
n orbit propagation behavior,
ptimal transfer behavior, and
behaviors together with the
anteed by JADE enable the
mous cluster reconfiguration.

1
0.8
0.6

x 10

transfer orbit of agent
original cluster
target cluster
transfer orbit of agent
transfer orbit of agent
transfer orbit of agent

1

3
2
4

Agent 40

0.4

Along-track(m)

Agent 4f
0.2
0 Agent 3
0

Agent 1f

Agent 3f

Agent 10

-0.2
-0.4

Agent 2f

on system is shown in Figure
-0.6
is a PC that hosts the main
Agent 20
me holds three agents, i.e. the
-0.8
forming functionalities of a
ent providing management
-1
-4000
-3000
-2000
-1000
0
1000
2000
3000
4000
system and the DF agent
Radial (m)
vice. In the figure there are
onated system. Each module
Figure 8 Cluster Reconfiguration of 4 Module Agents
Figureperipheral
3.9: Cluster reconfiguration of 4 module agents
al container. Two
martphones, while the other
5. SUMMARY
ndroid smartphone. All three
This paper has presented the functional, physical and
via Wi-Fi network,
it is
3.6.and
S UMMARY
AND C ONCLUSIONS
organizational
architectures of the fractionated space
n between ground station and
infrastructure,
is capable
of supporting
multiple EO architectures of
This
chapter
has
presented
thewhich
functional,
physical
and organizational
For more details of main
payloads
to
perform
a
variety
of
observation
missions. multiple EO paythe
fractionated
space
infrastructure,
which
is
capable
of
supporting
AMS, and DF, please refer
Those
comprehensive
architectures
prerequisite
for
loads toof
perform
a variety
of observation
missions. are
Those
comprehensive
architectures
re the basic elements
the
further
research
on
fractionated
spacecraft,
such
as
cluster
ture for developing
agentare prerequisite
for further research on fractionated spacecraft, such as cluster operaoperations.
tions.
Fractionated Spacecraft
The functional
architecture
specifies that
there are
The
functional architecture
specifies
that four
thereresource
are four components, i.e.,
resource components;
high satellite
bandwidth
downlink
high bandwidth downlink
component, i.e.,
data relay
communication
component,
component,
data relayand
satellite
communication
component,
mission
data
processor
component
large
volume
data
storage
component,
to enSmartphone
Android Smartphone
mission data processor component and large volume data
able
the
fractionated
space
infrastructure
to
support
multiple
EO
missions.
The
physical
Peripheral
ipheral
storage component, to enable the fractionated space
Container 2
tainer 1
architecture is derived
by means
of AHP
, and EO
themissions.
winner The
architecture
infrastructure
to support
multiple
physical consists of four
heterogeneous
modules
to
host
aforementioned
four
resource
separately.
architecture is derived by means of AHP, and the components
winner
2 Android Smartphone
Emulators
The organizational
architecture
is designed
in such a way
that each
module is modeled
architecture
consists
of four heterogeneous
modules
to host
Peripheral
Containeras
3,4 an agent and the
aforementioned
four
resource
componentsthrough
separately.
The
fractionated
system
is organized
three
layers; namely, the
architectureThe
is designed
such a way
that higher level layer
planner, allocatororganizational
and local controllers.
plannerin
belonging
to the
each high-level
module is modeled
as an
agent and the
fractionated
decomposes abstract
goals into
cooperative
tasks
that satisfy temporal and
system is organized through three layers; namely, the
resources
constraints.
And
then
the
allocator
from
the
middleware
layer assigns the genhe Simulation System of
planner, allocator and local controllers. The planner
erated tasks to each
module,
which
in
the
end
accomplishes
the
assigned
tasks with the
aft with 4 Modules
belonging to the higher level layer decomposes abstract
onboard
controller
that
belongs
to
the
lower
level
layer.
From
both
the
physical and
high-level
goals
into
cooperative
tasks
that
satisfy
temporal
on, suppose there are four
and
resources
constraints.
And
then
the
allocator
from
the
organizational
perspective,
the
developed
space
infrastructure
is
able
to
self-adapt,
selft cluster. Each module agent
middleware to
layer
assignschanges
the generated
tasks
to environmental
each
dynamic
in various
local
condier behavior tooptimize
calculateand
the self-configure
module,
which
in the end accomplishes
the assigned
tasks
its current location
to those
tions, and
therefore
fulfills
the non-traditional
requirements
of long-term
EO missions.
with the onboard controller that belongs to the lower level
ctively [23]. After
that,
each
Furthermore, demonstrations performed in both the software and hardware test-bed
layer. From both the physical and organizational
tion behavior to determine
show the feasibility
of the MAS
organizational
architecture.
perspective,
thethree-layer
developed space
infrastructure
is able to
one to transfer to. In this
self-adapt,
self-optimize
and
self-configure
to dynamic
nts cooperate with each other
changes in various local environmental conditions, and
. The auction behavior is
therefore fulfills the non traditional requirements of longbuted algorithm presented in
term EO missions.
wn in Figure 8.
Network

Module
gent 1

Module
Agent 2

Module
Agent
3,4

8

3

50

3. F RACTIONATED S PACE I NFRASTRUCTURES FOR L ONG -T ERM E ARTH O BSERVATION
M ISSIONS

3

Command
Telemetry

Command
Telemetry

Command
Telemetry

Command
Telemetry

Formation
Reconfiguraton

Distributed
Algorithms

Figure 3.10: Demonstration of the MAS organizational architecture in the quadrotor test-bed
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C LUSTER F LIGHT AND
D ISTANCE -B OUNDED R ELATIVE
M OTION
This chapter presents closed-form solutions for the problem of long-term satellite relative
motion in the presence of J 2 perturbations, and introduces a design methodology for longterm passive distance-bounded relative motion. There are two key ingredients of closedform solutions. One is the model of relative motion; the other is the Hamiltonian model
and its canonical solution of the J 2 -perturbed absolute motion. In this chapter, the model
of relative motion makes no assumptions on the eccentricity of the reference orbit nor on
the magnitude of the relative distances. Besides, the relative motion model is concise with
straightforward physical insight, and consistent with the Hamiltonian model. The Hamiltonian model takes into account the secular, long-periodic and short-periodic effects of the
J 2 perturbation. It also remains separable in terms of spherical coordinates to ensure the
application of the Hamilton-Jacobi theory to derive the canonical solution. When deriving
the canonical solution, pseudo-circular and pseudo-elliptical orbits are treated separately
and Carlson’s method is employed to calculate elliptic integrals, which takes advantage
of the symmetry of the integrand. These symmetry properties hold physical insights of the
J 2 -perturbed absolute motion. To design the long-term distance-bounded relative motion, the nodal period and the drift of right ascension of the ascending node (RAAN) per
nodal period are, respectively, matched non-instantaneously. Even though the nodal period and the drift of RAAN per nodal period can be obtained via the canonical solution,
action-angle variables are used to obtain the frequency of the system without finding the
complete solution to the perturbed orbital motion.

Parts of this chapter have been published in Jing Chu, Jian Guo, Eberhard Gill, Long-term passive distancebounded relative motion in the presence of J 2 perturbations, Celestial Mechanics and Dynamical Astronomy
121, 4 (2015).
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Non-traditional space mission attributes such as responsiveness, in contrast to traditional attributes such as cost and mass, add a new impetus to the advance of space
systems, in particular to systems of small satellites. Especially, space architectures using fractionated spacecraft hold an immense potential to meet non-traditional requirements [Brown and Eremenko, 2006a]. With modules in the fractionated system being
physically separated, yet functionally linked via wireless networks, the architecture enhances space assets’flexibility, robustness and responsiveness. Requirements on the
fractionated cluster are at least fourfold. First, the wireless network shall be maintained
in the cluster. Second, collision avoidance or safe operational distances between any
two modules in the cluster shall be considered. The first and second requirements imply
that the cluster shall be distance bounded. Third, the cluster shall be scalable and allow
for adding or removing modules. Fourth, the cluster keeping shall ideally be passive to
avoid continuous consumption of onboard propellant even in the presence of perturbations. In order to design the cluster that meets all aforementioned requirements, new
approaches must be developed to accurately predict and analyze the long-term behavior
of the relative motion between two satellites.
To study the long-term behavior of satellites flying in LEO, the orbital motion can no
longer be treated as Keplerian. The most dominant perturbation is the Earth’s oblateness, which is primarily characterized by the J 2 term from the spherical harmonic expansion of the Earth’s gravity field. Reported research on the relative motion of two or
more satellites in the presence of the J 2 perturbation is mainly following either an analytical or a numerical approach. The analytical approach proposed first by [Schaub and
Alfriend, 2001] addressed the problem of J 2 -invariant relative orbits for formation flying.
Taking J 2 perturbations into account for the design of formation flying, the resulting
drifts need to be cancelled to ensure station keeping of the satellites in the formation.
Basically, there are two ways to achieve that. One is to zero the drifts of all the individual
satellites in the formation which, in general, is not possible. The other matches the relative drifts between two individual orbits which is the methodology to design J 2 -invariant
relative orbits. J 2 -invariant relative orbits are designed based on mean orbital elements
and the constraints imposed on the mean relative orbital elements are derived based on
the first-order approximation. It is noted that the energies of the orbits that constitute
J 2 -invariant relative orbits are generally not equal to each other. Instead, the energy difference depends on the semi-major axis, the eccentricity and the inclination [Schaub
and Junkins, 2003].
However, the cluster flight of modules in a fractionated space system is different from
formation flying of multiple satellites, as there is no requirement of the precise station
keeping between two modules. Thus, there is no need to match the drifts between two
individual orbits instantaneously. In addition, when considering the effect caused by
the J 2 perturbation, the long-term passive distance-bound relative motion is most relevant for the establishment of a cluster. In such a context, the first-order approximation
of the J 2 -invariant relative orbits may not be valid anymore. Furthermore, the establishment of the cluster should include the cases where relative distances between two
modules are on the order of tens or even hundreds of kilometers. Therefore, most existing methodologies are not applicable anymore. For example, Schweighart and Sedwick
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had derived a high-fidelity linearized J 2 model for satellite formation flying [Schweighart
and Sedwick, 2002]. In order to linearize the relative motion in the presence of J 2 perturbations, both the J 2 potential and its gradient are approximated by their time averages.
Besides, those averages are taken under the assumption of a constant-radius reference
orbit. Even though a general linearization of the J 2 potential is performed, it is only valid
when the relative distance between two satellites is small. In their research the relative
distance is less than 1km.
To study J 2 -perturbed long-term relative motion, an analytical approach is preferred.
Analytical approaches are also referred to as closed-form solutions, where the solutions
of relative motion are derived based on the integrable solutions of the absolute motion.
The super-integrability of absolute motion in the equatorial plane is used by [Martinuşi and Gurfil, 2011] and by means of elliptic integrals the closed-form solutions were
obtained, which lead to exact periodicity conditions of relative motion. However, for
inclined orbits the dynamics are no longer integrable.
Another closed-form solution of relative motion was obtained under the integrable
approximation of the J 2 perturbation [Lara and Gurfil, 2012]. The intermediary Hamiltonian model of absolute motion is established via canonical polar-nodal variables. However, only the secular term of the J 2 perturbation is taken into account and the resulting drifts are matched instantaneously. In addition, the energies of different orbits in
bounded relative motion are identical, which are different from the general cases of J 2 invariant relative orbits. Their research can be analyzed from a different perspective.
It is well known that if two satellites have the same orbital elements except RAAN, the
difference of RAAN as well as the other five orbital elements remains the same even in
the presence of the J 2 perturbation [Mazal and Gurfil, 2012]. When such a closed-form
solution of the relative motion is used to design bounded relative orbits and only secular effects of the J 2 perturbation are considered, since the derived Hamiltonian does not
contain the argument of perigee explicitly, the argument of perigee can be chosen as the
design parameter for bounded relative motion. However, if the argument of perigee is
explicitly countered for in the Hamiltonian and the instantaneous matching of drifts is
required at the same time, then bounded relative motion can only be achieved through
a difference in RAAN (with the exception of cases involving the critical inclination).
As a counterpart, numerical approaches are also often conducted to study the longterm behavior of J 2 -perturbed relative motion. One numerical method takes advantage
of a genetic strategy which is refined by means of nonlinear programming [Sabatini et al.,
2008]. Since the global optimization technique is used, the computational load is huge
and a physical interpretation of the results is not straightforward. However, the resulting
drifts are not matched instantaneously and only a couple of special inclinations exist for
passive bounded relative motion in the presence of the J 2 perturbation.
Another important numerical approach is based on the Poincarsurface of section
from the dynamical system point of view [Xu et al., 2012]. The J 2 perturbation is fully
included in the Hamiltonian and the resulting drifts are not matched instantaneously.
The Poincarsurface of section is located on the equatorial plane to obtain the nodal period and the drift of RAAN per nodal period numerically. The numerical representation
is ergodic and thus the computational load is inevitably huge. Numerical proof shows
that different orbits can share an identical nodal period and the drift of RAAN per nodal
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period in the presence of the J 2 perturbation. This means that for a given chief orbit
there exists a large number of deputy orbits that can establish a long-term passive relative motion. However, the periodicity of those relative motion has not been studied.

4

The literature review can be summarized as follows which is made mainly based on
[Broucke, 1994] and [Xu et al., 2012]. Satellites’orbits under the J 2 perturbation can be
classified as pseudo-circular or pseudo-elliptical (without consideration of the chaotic
phenomena). For pseudo-circular orbits, the time derivative of the orbit radius is zero,
and the radius differs from different combinations of the obit energy and the polar component of the angular momentum. Moreover, the nodal period and the drift of RAAN
per nodal period of pseudo-circular orbits remain constant in the presence of the J 2 perturbation. However, for pseudo-elliptical orbits both the nodal period and the drift of
RAAN per nodal period change periodically with respect to the orbit period. Therefore,
the mean nodal period and the drift of RAAN per nodal period, rather than the instantaneous one, can be used to establish the long-term passive distance-bounded relative
motion. It is noted that pseudo-circular and pseudo-elliptical orbits can be grouped together if they have the same combination of the orbit energy and the polar component
of the orbit angular momentum. However, in the same group all the orbits don’t share
identical nodal period and the drift of RAAN per nodal period except in the case where
two orbits have the same orbital elements except RAAN. This therefore indicates that
those orbits can’t be employed to establish the long-term distance-bounded relative
motion.
In this chapter an analytical method is presented to find the closed-form solutions
of satellite relative motion in the presence of J 2 perturbations. First, a model of satellite
relative motion is derived based on the geometrical relationship between two satellite
orbits, where no assumption regarding to the magnitude of the relative distance or eccentricity of the reference orbit has been made. In order to design the long-term passive
distance-bounded relative motion in the presence of J 2 perturbations, the parameters
that characterize relative motion need to be studied and analyzed accounting for J 2 perturbations. This leads to a design methodology for the desired relative motion. The
spherical coordinates, i.e., radius, azimuth angle and latitude, are employed to model
the orbital motion in the presence of J 2 perturbations and the Hamilton-Jacobi theory
is exploited to obtain the canonical solutions. The approximated J 2 perturbed gravitational potential is incorporated in the Hamiltonian such that not only the secular, shortperiodic and long-periodic disturbances are accounted for, but also the Hamiltonian is
still separable, which means that canonical solutions exist. Essentially, however, it is the
nodal period and the drift of RAAN per nodal period that play key roles in the design.
Moreover, the periods of the latitude and the azimuth angle correspond to the nodal period and the period of RAAN, respectively. Therefore, the periods of the latitude and the
azimuth angle are of utmost importance as well. As a consequence, the action-angle
variables can be taken advantage of to obtain the frequency of the system without finding the complete solution of the orbital motion that is disturbed by the approximated
gravitational potential. Ultimately, to design the long-term passive distance-bounded
relative motion, the nodal period and the drift of RAAN per nodal period are, respectively, matched non-instantaneously.
This chapter is organized as follows. In section 2, a model of relative motion between
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two satellites is derived including a model of the relative motion for small relative orbital
elements and the nearly circular chief orbit. After that, in order to study the characteristics of the parameters in the model of relative motion, the canonical solutions of the
J 2 -perturbed orbital motion are presented in section 3, where the approximated Hamiltonian are derived first and then the standard procedure of the Hamilton-Jacobi theory
is followed to obtain the canonical solutions. In section 4, the nodal period and the drift
of RAAN per nodal period are derived, followed by the design methodology of the longterm distance-bounded relative motion in the presence of the J 2 perturbation. Finally,
conclusions are drawn and an analysis to future research is provided.

4.2. M ODEL OF THE R ELATIVE M OTION
A model of the relative motion is derived in this section to lay the foundation for the
closed-form solutions. The presented model is derived based on the geometrical relationship between two satellites, and features a kinematic property. Compared with the
model in terms of orbit element differences [Schaub and Junkins, 2003], there is neither linearization nor assumption of small differences between orbit elements required.
Therefore, the derived model is valid for eccentric reference orbits as well as relative distances of large magnitude (on the order of tens or even hundreds of kilometers). The
model of relative motion is also concise, i.e., as simple as possible, to ensure that the
characteristics of the relative motion can be analyzed via the closed-form solution. In
addition, the model of relative motion provides physical insights to the problem.

4.2.1. M ODEL OF R ELATIVE M OTION
The geometric relationship between two satellites, i.e., chief and deputy, is shown in
Figure 1. The subscript C and D stand for the chief and deputy satellite, respectively.
As shown in Figure 1, the orbits of two satellites are projected on a celestial sphere, the
origin of which is the center of the Earth. The ascending nodes of the chief and deputy
satellites are denoted by NC and ND , respectively. The chief’s RAAN is ΩC , while the
one of the deputy is ΩD , and the difference between ΩD and ΩC is defined as 4Ω, i.e.,
4Ω , ΩD − ΩC . Denote by δi the angle between the two orbital planes. The inclination
difference 4i is defined as 4i , i D − i C . The perigee of the chief satellite is marked as
the point PC . One intersection point of those two projected orbits on the surface of the
celestial sphere is I .The arc lengths between I and the ascending nodes NC and ND are
ϕC and ϕD , respectively. The relative angular positions of the chief and deputy satellite
with respect to I are denoted as θC and θD , respectively. The relative angular position
of the deputy with respect to the chief is represented via the azimuth angle, α, and the
elevation angle, δ. The azimuth angle is measured counterclockwise as seen from the
pole of the chief orbit and covers all the values between 0 and 2π. The elevation angle is
restricted to −π/2 to π/2.
The inertial reference© frame {Xª I , YI , ZI }, and the local vertical and local horizontal
(LVLH) reference frame, er , eθ , eh , are defined to describe the absolute orbital motion
and the relative motion, respectively. The inertial reference frame is defined as follows.
The origin, O, is located at the center of the Earth. The axis OX I , points towards the vernal equinox. The axis OZ I , is along the Earth’s rotation axis, perpendicular to the Earth’s

4

satellite. The vector 𝒐𝑟 points radially outward, while the vector 𝒐ℎ is parallel to the orbit
momentum vector of the chief satellite in the orbit normal direction. The vector 𝒐𝜃
completes the right-hand reference frame (positive in the velocity direction of the chief
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Figure 1 Geometric Relationship between two Satellites
Figure 4.1: Geometric relationship between two satellites
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vector er points radially outward, while the vector eh is parallel to the orbit momentum
intersection point 𝐼. The relative position of the deputy with respect to the chief in the
vector of the chief satellite in the orbit normal direction. The vector eθ completes the
LVLH reference frame can be written as the functions of 𝛼 and 𝛿
right-hand reference frame (positive in the velocity direction of the chief spacecraft).
For the derivation of the relative motion model, the relative position vector is firstly
represented in terms of the azimuth and elevation angles, which are then geometrically
interpreted by projecting those two orbits on the celestial sphere. In such a way, the
relative motion is modeled based on the geometric relationship with respect to the intersection point I . The relative position of the deputy with respect to the chief in the
LVLH reference frame can be written as the functions of α and δ

 x = r D cos δ cos α − rC ,
y = r D cos δ sin α,

z = r D sin δ,

(4.1)

where rC and r D are the radius of the chief and deputy satellite, respectively. Based on
the geometric relationship between two satellites, the angles α and δ are expressed as
½

α = arctan(cos δi tan θD ) − θC ,
δ = arcsin(sin δi sin θD ).

(4.2)

6
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Substituting (4.2) into (4.1), the relative motion between the chief and the deputy can be
expressed in the LVLH reference frame based on the geometric relationship.

rD
 x = 2 [(1 + cos δi ) cos(θC − θD ) + (1 − cos δi ) cos(θC + θD )] − rC ,
y = r2D [(1 + cos δi ) sin(θC − θD ) + (1 − cos δi ) sin(θC + θD )] ,

z = r D sin δi sin θD .

(4.3)

Furthermore, the angular distance between the satellites and the intersection point
in equation (4.3) can be related to the orbital elements via
θi = ωi + f i − ϕi = f i − φi ,

i = C , D,

(4.4)

where ω is the argument of the perigee, f is the true anomaly, and φ is the arc length
between the intersection point and the perigee of the satellite, i.e., φ , ϕ−ω. ϕC and ϕD
can be calculated as follows.
½

∆Ω
sin ϕC = sin
sin δi sin i D ,
sin ∆Ω
sin ϕD = sin δi sin i C .

(4.5)

Note that ϕC and ϕD are ill-defined when δi = 0, which indicates that those two orbits
are in the same plane. Such a particular case is not discussed in this chapter. The angle
δi between two orbital planes can be written in terms of the inclinations of two orbits
and 4Ω
cos δi = cos i C cos i D + sin i C sin i D cos ∆Ω.

(4.6)

4.2.2. A PPROXIMATION OF THE M ODEL OF R ELATIVE M OTION
If all the relative orbital elements are small and the chief orbit is near circular [Schaub
and Junkins, 2003], i.e.,

 eC ≈ 0,
fC ≈ MC + 2eC sin MC ,
(4.7)
p

sin δi ≈ ∆i 2 + sin2 i C ∆Ω2 ,
where M is the mean anomaly and e is the eccentricity, then the model of the relative
motion can be approximated as

 x = ∆a − aC ∆e cos(nC t + ξ),
y = aC (cos i C ∆Ω+∆ω+∆M0 ) + 2aC ∆e sin(nC t + ξ),
p

z = aC ∆i 2 + sin2 i c ∆Ω2 sin[(nC t + ξ) + (φC − ξ)],

(4.8)

where a c is the semi-major axis of the chief satellite, ∆a is the difference of the semimajor axis, ∆e is the difference of the eccentricity, n c is the mean angular velocity of
the chief orbit, 4M is the difference of mean anomaly, ξ is the phase angle defined as
ξ = tan−1 (eC ∆M /∆e) . Note that this approximated model of the relative motion is only
valid in the case of unperturbed orbital motion. According to (4.8), the relative motion
can be interpreted as the intersection curve between an elliptical cylinder and a plane as
shown in (4.9).

4
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´2 h
i
 ³
y−aC (cos i C ∆Ω+∆ω+∆M0 ) 2
x−∆a

+
= 1,

−aC ∆e
2aC ∆e



p
y−aC (cos i C ∆Ω+∆ω+∆M0 )

z = 21 ∆i 2 + sin2 i c ∆Ω2 cos(φC − ξ)


aC ∆e
p


.
− ∆i 2 + sin2 i c ∆Ω2 sin(φC − ξ) x−∆a
a ∆e

(4.9)

C

4.3. C ANONICAL SOLUTION
N this section the canonical solution of the J 2 -perturbed orbital motion is derived.
Firstly, the generalized coordinates, i.e., the spherical coordinates, are introduced,
and then the most separable form of the potential based on the spherical coordinates
is given. After that, the approximated separable Hamiltonian of the J 2 -perturbed orbital motion is obtained by applying the most separable form of the potential, which is
followed by the derivation of the canonical solution. Since two polynomials play very
important role in the canonical solution, they are analyzed respectively. To continue,
the elliptic integrals in the canonical solution are calculated via the Carlson’s methods.
In the end, action-angle variables are defined to derive the nodal period and the drift of
RAAN per nodal period.

I

4

4.3.1. G ENERALIZED C OORDINATES AND THE M OST S EPARABLE F ORM OF
THE P OTENTIAL
Consider the orbital motion of a satellite in the central force field of the earth, using
spherical coordinates (r, λ, γ) shown in Figure 4.2 for the generalized coordinates. r
is the radius, λ is the azimuth angle (for example, the longitude), and γ is the latitude.
Denote by Ψi (i = 1, 2, 3) the three orthogonal curves and by s i (i = 1, 2, 3) the arc lengths
corresponding to these curves. Then,

 s1 = r ,
s = r λ cos γ,
 2
s 3 = r γ,

(4.10)


 h 1 = 1,
h = r cos γ,
 2
h3 = r .

(4.11)

Ã
!
3 p2
p γ2
p λ2
1X
1 2
i
T=
=
p +
+
,
2 i =1 h i2 2 r r 2 cos2 γ r 2

(4.12)

and the metric coefficients are

Then the kinetic energy is

where p r , p λ and p γ are the conjugate momenta.
Assume the potential energy is U , then the Hamiltonian is
Ã
!
p γ2
p λ2
¡
¢ 1 2
H r, λ, γ, p r , p λ , p γ =
p +
+
+U .
2 r r 2 cos2 γ r 2

(4.13)

2 i 1 hi
2
r cos 
C
𝑝γ are 4.3.
the
conjugate momenta.
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Figure 4.2: Spherical coordinates

In order to yield the canonical solutions of the Hamiltonian in (4.13), full separation
ntial energy
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2
2
1
U (λ)
p
p
U = U (r ) + 1
U (γ) + 2
.
(4.14)

H  r ,  ,  , pr , p , p  r ( prr sin
 γ 2  2  2 ) U
The most general separable form of the
2 gravitational rpotential
cosin (4.14)
 can ber derived based on the Staeckel conditions [Goldstein, 1980]. It is easy to verify directly by
substitution of (4.14) into (4.13) that the Hamiltonian is completely separable. Furtherthe canonical
of thethenHamiltonian
(13), full s
more, if only the solutions
J perturbation is considered,
the general separable formin
can even
be simplified further.
guaranteed
if 𝑈 has
the
following
form.
The gravitational
potential
including
the J perturbation
is
1

2

3

2

2

2

2

2

2
µ J 2 µR E
+
(3 sin2 γ − 1),
3
r
2r

U ( )
1
U  U (r )  U ( ) 
r
r sin 
U =−

(4.15)

3
where µ is the gravitational constant of the Earth, J 2 is the second-order
zonal harmon2
ics, R E is the Earth’s mean1equatorial radius.
The
first
part
on
the
right
of
equation
(4.15)
2
2
2
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leads to the classic Keplerian orbits, while the second part can be considered as the J 2
perturbation.
Since λ is absent in the gravitational potential shown in equation (4.15) and hence in
the Hamiltonian shown in equation (4.13), λ shall be also cyclic in the most general separable form of the gravitational potential in equation (4.14), which leads to the simplified
separable form of the potential
U = U1 (r ) +

4

1
U2 (γ).
r2

(4.16)

4.3.2. T HE S EPARABLE H AMILTONIAN
Since (4.15) doesn’t have the form (4.16), an approximation of the gravitational potential
is required, which must include the secular effects caused by the J 2 perturbation. The
latitude γ is related to the orbital elements by the relation
sin γ = sin i sin(ω + f ).

(4.17)

Substituting (4.17) into (4.15), U becomes
U =−

2
¤
µ J 2 µR E £
+
3 sin2 i sin2 (ω + f ) − 1 .
3
r
2r

(4.18)

Since r and f are periodic functions of the mean anomaly M , there are three types
of terms on the right side of (4.18). Terms that depend on M are short-period; terms
depending on ω but not on M are long-period, while those depending neither on ω nor
M are secular [Roy, 2004]. According to [Roy, 2004], the secular and short-periodic terms
are identified as follows.
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(4.19)
The secular terms and the first part of the short-periodic terms are combined together to yield
U1 = −

J 2 µR E2
2r 3

(1 −

3
sin2 i ),
2

(4.20)

which is consistent with the full separation form. In other words, if only the secular terms
and the first part of the short-periodic terms are retained in the Hamiltonian, there exist
canonical solutions for the system. By subtracting (4.20) in the J 2 -perturbed potential,
the terms related to remaining short-period and long-period effects are
Uleft =

3J 2 µR E2
2r 3

(sin2 γ −

1
sin2 i ),
2

(4.21)
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which is not consistent with the full separation form in (4.16) due to r cubed in the denominator. In order to make (4.21) consistent with the full separation form, for longterm orbital motion 1/r may be approximated by its time average with respect to the
true anomaly f .
µ ¶
Z
1 2π 1
1
1
1 1
1
=
df =
= ( + ),
(4.22)
2
r aver ag e 2π 0 r
a(1 − e ) 2 r a r p
where r p and r a are the radius at the perigee and apogee, respectively. Then, the approximation of the gravitational potential including the J 2 perturbation is expressed as
"
#
J 2 R E2
3J 2 R E2
3
1
µ
2
2
2
1+
(1 − sin i ) −
(sin γ − sin i ) .
(4.23)
U =−
r
2r 2
2
2r a(1 − e 2 )
2

4

Therefore, the full separable Hamiltonian is
¡
¢
p γ2
p λ2
H r, λ, γ, p r , p λ , p γ = 12 (p r2 + r 2 cos
2γ + r2 )
·
¸
J2 R 2
3J 2 R 2
µ
− r 1 + 2r 2E (1 − 23 sin2 i ) − 2r a(1−eE 2 ) (sin2 γ − 12 sin2 i ) ,
(4.24)
which includes the secular, short-periodic and long-periodic terms. Even though the
Hamiltonian in (4.24) is the same as the one proposed by [Sterne, 1958], the derivation
presented here starts from the most general separable Hamiltonian in spherical coordinates. Moreover, the revealed approximation made in (4.22) plays a key role to analyze
the nodal period and the drift of RAAN per nodal period, and thus certainly has impacts
on the design of the long-term passive distance-bounded relative motion. If only the
secular effects are considered, then in the Hamiltonian both the azimuth angle λ and
the latitude γ are cyclic, which leads to the conservation of the angular momentum and
its polar component (i.e. a constant inclination). Hamiltonians that include only secular terms ignore the effects of the short-periodic and long-periodic terms, such as the
precession of the angular momentum vector, which will ignore the long-periodic change
of the inclination. In addition to (4.20), there are several other ways to include the secular effects caused by the perturbation in the Hamiltonian, such as the first and third
combinations presented in [Garfinkel, 1958]. However, when the secular terms are not
included, there will be an extra term involving 1/r in the perturbing Hamiltonian, which
is consistent with the fully separable form, and therefore should be an avoidable cost for
the separable Hamiltonian.

4.3.3. C ANONICAL S OLUTIONS
The Hamilton-Jacobi theory is exploited to derive the canonical solutions for the Hamiltonian (4.24). Because the Hamiltonian is fully separable, the Hamilton’s characteristic
function has the following form
W = Wr (r ) + Wλ (λ) + Wγ (γ).

(4.25)

The azimuth angle λ, is cyclic in the Hamilton and hence
Wλ (λ) = αλ λ,

(4.26)
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where αλ is a constant of integration. Since the Hamiltonian is not explicit in time, H is
constant and equals to the energy of the system. Then, the Hamilton-Jacobi equation is
"µ
¶
µ
¶2 #
α2λ
1
1 ∂Wr 2
1 ∂Wγ
+U1 (r ) + 2 U2 (γ) = E .
(4.27)
+ 2
+ 2
2
2
∂r
r cos γ r
∂γ
r
By segregating all the terms that depend only on λ, and if another constant of integration related to γ is denoted as αγ , then
µ

∂Wγ

α2λ

¶2

∂γ

+

cos2 γ

+ 2U2 (γ) = α2γ .

(4.28)

Finally, the dependence of W on r is given by

4

µ

∂Wr
∂r

¶2
+

α2γ
r2

+ 2U1 (r ) = 2αr ,

(4.29)

where αr is the third constant that equals to the energy, i.e., αr = E . Combining (4.26),
(4.28) and (4.29), the Hamilton’s characteristic function is
q
Z q
Z
2r 2 αr − 2r 2U1 (r ) − α2γ
dr +
W=
α2γ − α2λ sec2 (γ) − 2U2 (γ)d γ + αλ λ. (4.30)
r
r
γ
In the following the units of length and time
q are non-dimensionalized by the charac-

teristic length R E and the characteristic time R E3 /µ, respectively. Then the gravitational
constant of the earth equals to one. Based on the integration constants defined before,
the conjugate momenta can be written as
q
r

2r 2 αr −2r 2U1 (r )−α2γ
α2γ

∂W


p r = r˙ = ∂r =
= 2αr + 2 r1 + rJ 23 (1 − 32 sin2 i ) − r 2 ,

r



p λ = r 2 λ̇ cos2 γ = ∂W
= αλ ,
q∂λ
(4.31)
∂W

2
2
2
2 (γ) − 2U (γ)

p
=
r
γ̇
=
=
α
−
α
sec
γ
2

γ
∂γ
λ

q



3J 2
1
2
2
= α2γ − α2λ sec2 (γ) − a(1−e
2 ) (sin γ − 2 sin i ).
Then the canonical solution of the Hamilton-Jacobi equation are
R

∂W
βr + t = ∂α
= r dp rr ,


r

R α sec2 (γ)d γ
∂W
βλ = ∂α
= λ − γ λ pγ
,
λ

R αγ d r R αγ d γ


∂W
βγ = ∂αγ = − r r 2 ·p + γ p γ .

(4.32)

r

It is worth noting the physical meanings of the canonical constants. As mentioned
before, αr is the total energy, and βr is a quantity that is minus the time of the passage of
the radius defined in the lower limit of the integral. For example, if the lower limit is the
radius at the perigee, then βr is minus the time of the pericentric passage. The constant
αλ is the polar component of the angular momentum and βλ is the RAAN. If U2 (γ) is
zero, then αγ is the angular momentum and βγ is the inclination [Sterne, 1958].


1 J
3
pr  r  2 r  2  32 (1  sin 2 i)  2
r r
2
r

(33)
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As shown in (33), the motion in the phase plane (𝑟, 𝑟̇ ) is made of closed curves, and thus
r is a periodic function, which is shown in Figure 3.
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Figure 3 Pseudo-Circular and Pseudo-Elliptical Orbit in the Phase Plane
Figure 4.3: Pseudo-circular and pseudo-elliptical orbit in the phase plane

For pseudo circular orbits and the apogee and perigee of the pseudo elliptical orbits, the
time derivative of the radius, namely 𝑝𝑟 , should be zero.

4.3.4. A NALYSIS OF P OLYNOMIALS
One of the striking features of the four integrals in (4.32) is the
fact that the behavior of
2
1 J2
3 the
2 integrand
the integrals depends not
of
of p r
pr sor much
 2 ron
 2thenature
(1

sin
i
)


0 as on the nature(34)
2
r r 3 by2p r in ther phase
and p γ . In other words, the curves represented
plane (r, r˙) and by p γ
in the phase plane (γ, γ̇) determine the behavior of the four integrals in (4.32). The first
polynomial, which is related to p r , is used to classify the orbits under the J 2 perturba14
tion into pseudo-circular and pseudo-elliptical orbits. The second polynomial, which
is related to p γ , is used to derive the maximum declination (inclination) of the satellite
with respect to the equatorial plane. Those two polynomials are studied in this subsection. Note that the chaotic phenomena near the critical inclination [Broucke, 1994] is
not considered in this chapter.
4.3.4.1. P SEUDO - CIRCULAR AND PSEUDO - ELLIPTICAL ORBITS
The first important polynomial is related to p r , which is listed again for further reference.
s
α2γ
1 J2
3
p r = r˙ = 2αr + 2 + 3 (1 − sin2 i ) − 2 .
(4.33)
r r
2
r
As shown in (4.33), the motion in the phase plane (r, r˙) is made of closed curves, and
thus r is a periodic function, which is shown in Figure 4.3.
For pseudo circular orbits and the apogee and perigee of the pseudo elliptical orbits,
the time derivative of the radius, namely p r , should be zero.
s
α2γ
1 J2
3
p r = r˙ = 2αr + 2 + 3 (1 − sin2 i ) − 2 = 0.
(4.34)
r r
2
r
The cubic function derived from (4.34) is
f (r ) = r 3 +

2
1 2 αγ
J2
3
r −
r+
(1 − sin2 i ).
αr
2αr
2αr
2

(4.35)
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Note that f (r ), multiplied by 2αr (negative) and then divided by r 3 to get the radicand in (4.34), shall be negative to make (4.33) and (4.34) well defined.
The related cubic equation is
r3 +

4

2
1 2 αγ
J2
3
r −
r+
(1 − sin2 i ) = 0.
αr
2αr
2αr
2

(4.36)

which, as a cubic equation with real coefficients, has at least one real root. Moreover, for
bounded orbital motion the cubic equation shall have at least two real roots corresponding to the radius at the apogee as well as at the perigee, and thus, based on the nature of
the roots of cubic equations, (4.36) shall have three real roots. The roots of (4.36) can be
calculated as follows [Press, 2007].
First compute
Q=

2 + 3αr α2γ
18α2r

,R =

4 + 9αr α2γ + 27J 2 α2r (1 − 23 sin2 i )
108α3r

.

(4.37)

If R 2 < Q 3 , then equation (4.36) has three distinct real roots, which corresponds to
the case where the orbit is pseudo-elliptical and two of the roots are the radius of the
apogee and perigee, respectively. If R 2 = Q 3 , then equation (4.36) has a multiple root,
which corresponds to the case where the orbit is pseudo-circular and the multiple root
is its radius. If R 2 > Q 3 , equation (4.36) has one real root and two complex conjugate
roots, which should not be the case for the bounded orbital motion. The comparison
between R 2 and Q 3 can be achieved by evaluating the value of αr α2γ when 1 − 1.5sin2 i is
positive, negative or equals to zero. For Keplerian orbits with units such that µ equals to
one, the value of αr α2γ is
−

1
1
1 − e2
≤ αr α2γ = −
× a(1 − e 2 ) = −
< 0.
2
2a
2

(4.38)

Note that αr α2γ meets the lower bound when the Keplerian orbits are circular. However, when the orbits are perturbed by J 2 as defined in (4.24), the lower bound of αr α2γ is
slightly less than −0.5 if 1 − 1.5sin2 i < 0, and slightly greater than −0.5 if 1 − 1.5sin2 i > 0,
and equals to −0.5 if 1 − 1.5sin2 i = 0. The reason is that the osculating semi-major axis
is defined in terms of the energy without the perturbing part of the gravitational potential, but αr is the total energy that is different from the energy of the osculating orbit.
Therefore, αr does not equal to 1/−2a all the time; instead, it depends on the value of
1 − 1.5sin2 i as well. For J 2 perturbed orbits, the lower bound of αr α2γ are met by pseudo
circular orbits. The comparison between R 2 and Q 3 is shown in Table 4.1. In Table 4.1
r 1 , r 2 and r 3 are the roots of equation (4.36).When comparing R2 with Q3 , the following
expression (4.39), instead of (4.37), is employed.
0

Q 3 = 46656α6r ×Q 3 = (4 + 6αr α2γ )3 ,
0
R 2 = 46656α6r × R 2 = [8 + 18αr α2γ + 54J 2 α2r (1 − 1.5 sin2 i )]2 .
0

0

(4.39)

As an example, the relationship between R 2 and Q 3 is shown in Figure 4.4 when
1 − 1.5sin2 i = 0. Note that c 1 , c 2 and c 3 in Table 4.1 are very small positive numbers,

1.5sin2 𝑖 = 0. Note that 𝑐1, 𝑐2 and 𝑐3 in Table 1 are very small positive numbers, which
can be calculated based on the horizontal coordinates of the intersection points of curves
𝑄′3 and 𝑅′2 .SOLUTION
For example, when 𝑖 = 50.7831° and 𝛼𝑟 = −0.4, 𝑐1 = 0.00003451 and 65
4.3. of
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𝑐2 = 0.01173245; when 𝑖 = 60° and 𝛼𝑟 = −0.4, 𝑐3 = 0.0000433.
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Figure 4.4: Relationship between R 2 and Q 3 for 1 − 23 si n 2 i = 0

Table 1 Orbit Classification based on 𝒊, 𝜶𝒓 and 𝜶𝟐𝜸
𝟐

2

Radius

3

𝛼𝑟 𝜶𝛾 on the horizontal
Cases
Obit Type of the intersection points
𝑅 verse 𝑄 coordinates
which can
be calculated based
Apogee
Perigee
◦
03
0 2 𝛼 𝜶𝟐 = −1/2
2
3
Pseudo-circular
𝑅 i==𝑄50.7831
and αr = 𝑟−0.4,
of curves
3 of 2Q and R . 𝑟For
𝑟2 0.00003451
= 𝑟3
𝛾 example, when
2 = 𝑟3c 1 =
◦
1 − ∙ sin 𝑖 = 0
− 1⁄2 <
𝛼𝑟 60
𝜶𝟐𝛾 <and
0 αr =
𝑅2−0.4,
< 𝑄3 c 3 Pseudo-elliptical
𝑟3
𝑟2
and c 2 =2 0.01173245; when
i=
= 0.0000433.
𝛼𝑟 𝜶𝟐𝛾 = −1/2 − 𝑐1
Pseudo-circular 𝑟2 = 𝑟3 𝑟2 = 𝑟3
𝑅2 = 𝑄3
3
− Orbit
∙ sin2Classification
𝑖>0
2
Table14.1:
based
i ,𝟐𝛾α<
− 1⁄2 −
𝑐1 <on
𝛼𝑟 𝜶
−𝑐2 αγ 𝑅2 < 𝑄3
r and
Pseudo-elliptical
2
𝑟3
𝑟2
3
𝛼𝑟 𝜶𝟐𝛾 = − 1⁄2 + 𝑐3
Pseudo-circular 𝑟2 = 𝑟3 𝑟2 = 𝑟3
𝑅2 = 𝑄3
1 − ∙ sin2 𝑖 < 0
2

Cases
1 − 32 ·sin2 i = 0
1 − 32 ·sin2 i > 0
1 − 32 ·sin2 i < 0

αr α2γ

R 2 v.s. Q 3

Obit Type

αr α2γ = −1/2
−1/2 < αr α2γ < 0
αr α2γ = −1/2 − c 1
−1/2 − c 1 < αr α2γ < −c 2
αr α2γ = −1/2 + c 3
−1/2 + c 3 < αr α2γ < 0

R2 = Q3
R2 < Q3
R2 = Q3
R2 < Q3
R2 = Q3
R2 < Q3

Pseudo-circular
Pseudo-elliptical
Pseudo-circular
Pseudo-elliptical
Pseudo-circular
Pseudo-elliptical

Radius
Apogee 16
Perigee
r2 = r3
r2 = r3
r3
r2
r2 = r3
r2 = r3
r3
r2
r2 = r3
r2 = r3
r3
r2

After computing Q and R, all three roots can be computed via the parameter θ
q
θ = arccos(R/ Q 3 ).
(4.40)
Then the three roots of equation (4.36) are
p

θ
1

 r 1 = −2pQ cos( 3 ) − 3αr ,
θ−2π
r 2 = −2 Q cos( 3 ) − 3α1 r ,
p


1
r 3 = −2 Q cos( θ+2π
3 ) − 3αr .

(4.41)

Note that r 1 ≤ r 2 ≤ r 3 . Besides, based on the convexity and concavity as well as the
characteristics of those two local extremes of f (r ), the first root r 1 is negative when 1 −
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1.5sin2 i < 0, and vice versa. When θ = 0, i.e., R 2 = Q 3 , the orbits are pseudo-circular and
the radii are
v
u
u 2 + 3αr α2γ
p
1
1
r2 = r3 = Q −
=t
−
.
(4.42)
3αr
3αr
18α2r

4

When R 2 < Q 3 , the orbits are pseudo-elliptical and the radius at the perigee and
apogee are r 2 and r 3 , respectively. The semimajor axis and the eccentricity of the pseudoelliptical orbit are
r3 − r2
r3 + r2
, e=
.
(4.43)
a=
2
r3 + r2
It should be pointed out that since f (r ) shall be negative, the integration region of
those two integrals related to r in (4.32) shall be limited to the region below the horizontal axis, i.e. r 2 ≤ r ≤ r 3 .
4.3.4.2. M AXIMUM DECLINATION WITH RESPECT TO THE EQUATORIAL PLANE
The second important polynomial is related to p γ , i.e.,
s
3J 2
1
(sin2 γ − sin2 i ).
p γ = α2γ − α2λ sec2 (γ) −
a(1 − e 2 )
2

(4.44)

Note that γ is the latitude of the satellite, i.e., − π2 ≤ γ ≤ π2 , and thus cos γ is always
not negative. The second polynomial can be written by the substitution x = sin γ

g (x) =

3J 2
3J 2
3J 2
1
x 4 − [α2γ +
(1 + sin2 i )]x 2 + α2γ − α2λ +
sin2 i . (4.45)
2
2
a(1 − e )
a(1 − e )
2
2a(1 − e 2 )

Assume that x 12 and x 22 are the roots of the following quadratic equation
3J 2
3J 2
1
3J 2
x 4 − [α2γ +
(1 + sin2 i )]x 2 + α2γ − α2λ +
sin2 i = 0.
a(1 − e 2 )
a(1 − e 2 )
2
2a(1 − e 2 )

(4.46)

To show that 0≤ x21 ≤ 1, x22 ≥ 1 and x21 < x22 , note that
3J 2
2
g (0) = α2γ − α2λ + 2a(1−e
2 ) sin i ≥ 0,
2
g (1) = −αλ ≤ 0.

(4.47)

Therefore, x shall oscillate between the bounds ±x 1 , i.e., −asinx 1 ≤ γ ≤ asinx 1 , to make
the radicand in (4.44) well defined, i.e.,
s
(x 12 − x 2 )(x 22 − x 2 )
3J 2
.
(4.48)
pγ =
a(1 − e 2 )
1 − x2
Thus, the sine value of the positive maximum declination of the perturbed satellite
orbit is x 1 .Note that when γ reaches its maximum, γ̇ equals to zero and γ equals to the inclination. Therefore, p γ in (4.31) can be simplified to the equation that can be exploited
to derive the inclination.
3J 2
3J 2
x 14 − [α2γ +
]x 2 + α2γ − α2λ = 0.
2
2a(1 − e )
2a(1 − e 2 ) 1

(4.49)
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4.3.5. C ALCULATION OF E LLIPTIC I NTEGRALS
The four elliptic integrals in (4.32) can be interpreted as cubic cases and solved by using
Carlson’s method [Carlson, 1977], [Carlson, 1987], [Carlson, 1988], [Carlson, 1989]. There
are three main reasons for this approach. The first one is that Carlson’s functions allow
arbitrary ranges of integration and arbitrary positions of the branch points of the integrand with respect to the interval of integration. Thus, unlike other standard methods
which require one of the limits of the integration be a zero of the polynomial, Carlson’s
method is suitable for computing the parameters in (4.3). The second reason is that the
zeros of f (r ) in (4.35) and g (x) in (4.45) are determined a priori and embrace straightforward physical meanings. The symmetry of the zeros can be taken advantage of by the
Carlson’s method, which, in contrast, is concealed in other methods such as Legendre’s
notation. Last but not the least, the symmetry of the method allows the expansion of
the elliptic integral in a series of elementary symmetric functions that gives high precision with relatively few terms and provides the most efficient method of computing the
incomplete integral of the third kind [Olver, 2010], which gives a substantial edge to implement the method in this chapter onboard a satellite. Since p r equals zero, for pseudo
circular orbits the two integrals related to r are not valid any more. Thus, in this subsection following the introduction of Carlson’s method, the calculation of elliptical integrals
is divided into the cases of pseudo circular and pseudo elliptical orbits.
4.3.5.1. C ARLSON ’ S METHOD OF ELLIPTIC INTEGRALS
Denote elliptic integrals in cubic cases as
Z
[p]m,n = [p 1 , ..., p 4 ]m,n =

4
nY
m i =1

(a i + b i t )p i /2 d t ,

(4.50)

where p i ’s are nonzero integers. The upper and lower limits of the integration are n
and m, respectively. The integrand is real and the integral shall be well defined. If both
limits of the integration are zeros of the integrand, the integral is complete; otherwise,
it is incomplete. According to Carlson’s method, the elliptic integrals in (4.50) may be
expressed in terms of the following symmetric and homogeneous R-functions
1
R F (x, y, z) =
2
R J (x, y, z, w) =

3
2

∞

Z
0

∞

Z
0

[(t + x)(t + y)(t + z)]−1/2 d t ,

[(t + x)(t + y)(t + z)]−1/2 (t + w)−1 d t ,

(4.51)

(4.52)

and their two special cases
R D (x, y, z) = R J (x, y, z, z),

(4.53)

RC (x, y) = R F (x, y, y).

(4.54)

The functions R F , R D and R J replace Legendre’s integrals of the first, second, and
third kinds, respectively, while RC includes the inverse circular and inverse hyperbolic
functions. Generally, the R-functions can be calculated based on the duplication theorem. Take R F as an example.

4
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µ
R F (x, y, z) = R F
with
λ=

p

¶
x +λ y +λ z +λ
,
,
,
4
4
4

p
p
x y + xz + y z.

(4.55)

(4.56)

Equation (4.55) is iterated until the arguments of R F are nearly equal, then the following equation can be made use of
R F (x, x, x) = x −1/2 .

(4.57)

It is worth noting that typically only two or three iterations are required and the error
deceases by a factor of 46 = 4096 for each iteration [Press, 2007].

4

4.3.5.2. P SEUDO CIRCULAR ORBITS
For pseudo circular orbits, the Hamiltonian is reduced to
Ã
!
·
¸
p γ2
p λ2
¡
¢ 1
1
J2
2
HC r, λ, γ, p r , p λ , p γ =
−
1 − 2 (3 sin γ − 1) .
+
2 r 2 cos2 γ r 2
r
2r

(4.58)

Note that r is constant and there is no approximation of the gravitational potential
in (4.58). Since p r equals zero, W (r ) in (4.25) is a constant. However, due to the fact
that only the partial derivatives of W are involved in the solution, the constant W (r ) is
irrelevant. Then the characteristic function of pseudo circular orbits becomes
Z q
W=
[α2γ − α2λ sec2 (γ) − 2U2 (γ)]d γ + αλ λ.
(4.59)
γ

1. Solution of βλ
Even though a(1 − e 2 ) can be replaced by r for pseudo-circular orbits, a(1 − e 2 ) is still
retained in the following equations. For pseudo-circular orbits, the solution of βλ is
Z
Z
αλ d x
αλ sec2 (γ)d γ
∂W
= λ−
= λ−
.
(4.60)
q
3J
∂αλ
p
2
2
x (1 − x 2 )
γ
2 )(x 2 − x 2 )
γ
(x
−
x
2
1
2
a(1−e )
If the specified domain [m, n] of the integral in (4.60) satisfies 0 ≤ m < n ≤ x 1 , then
by the substitution z = x 2 the integral can be reduced to an elliptic integral
q
αλ
a(1−e 2 ) R n 2 −1/2 2
∂W
(x 1 − z)−1/2 (x 22 − z)−1/2 (1 − z)−1 d z
m2 z
∂αλ = λ − 2 q 3J 2
(4.61)
2
α
)
= λ − 2λ a(1−e
[−1,
−1,
−1,
−2]
2 ,n 2 ,
m
3J 2
which is an elliptic integral of the cubic case. The complete integral is
R x1
αλ d x
∂W
r
∂α = λ − 2 0
λ

3J 2
(x 2 −x 2 )(x 22 −x 2 )
a(1−e 2 ) 1
2
a(1−e )

(1−x 2 )

= λ − 2αλ

q

3J 2

£
¤
R F (0, x 22 − x 12 , x 22 ) + 13 x 12 x 22 R J (0, x 22 − x 12 , x 22 , x 22 − x 12 x 22 ) .
(4.62)
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If the specified domain [m, n] of the integral in (4.60) satisfies −x 1 ≤ m < n ≤ 0, then
the integral reduces to
αλ
a(1−e 2 ) R n 2 −1/2 2
(x 1 − z)−1/2 (x 22 − z)−1/2 (1 − z)−1 d z
m2 z
2 q 3J 2
2)
α
= λ + 2λ a(1−e
3J 2 [−1, −1, −1, −2]m 2 ,n 2 .

∂W
∂αλ

q

= λ+

(4.63)

If the specified domain [m, n] of the integral in (4.60) satisfies −x 1 ≤ m ≤ 0 < n ≤ x 1 ,
then the integral reduces to
q
R0
2)
α
−1/2 2
= λ − 2λ a(1−e
(x 1 − z)−1/2 (x 22 − z)−1/2 (1 − z)−1 d z
3J 2 (− m 2 (z)
R n 2 −1/2 2
+ 0 z
(x − z)−1/2 (x 22 − z)−1/2 (1 − z)−1 d z)
q 1
αλ
a(1−e 2 )
= λ− 2
3J 2 (−[−1, −1, −1, −2]m 2 ,0 + [−1, −1, −1, −2]0,n 2 ).

∂W
∂αλ

(4.64)

4

2. Solution of βγ

∂W
∂αγ

=

R

γ

αγ d γ
pγ

= αγ

q

= αγ

q

a(1−e 2 ) R
−1/2
(x 1 + x)−1/2 (x 2 − x)−1/2 (x 2 + x)−1/2 d x
x (x 1 − x)
3J 2

a(1−e 2 )
3J 2 [−1, −1, −1, −1],

(4.65)
which is an elliptic integral of the first kind defined by Carlson. For the complete integral
with the interval [−x 1 , x 1 ], it follows

∂W
= αγ
∂αγ

s

a(1 − e 2 )
[−1, −1, −1, −1]−x1 ,x1 = 2αγ
3J 2

s

¢
a(1 − e 2 ) ¡
R F 0, (x 1 + x 2 )2 , (x 2 − x 1 )2 .
3J 2
(4.66)

4.3.5.3. P SEUDO ELLIPTICAL ORBITS
1. Solution of βr + t
∂W
∂αr

=

dr
r pr

R

=

r 3/2 d r

R

r

q

2αr r 3 +2r 2 −α2γ r +J 2 (1− 32 sin2 i )
R
−1/2
−1/2
= (−2αr )
(r − r 2 )−1/2 (r − r 1 )−1/2 r −1/2 r 2 d r
r (r 3 − r )

= (−2αr )−1/2 [−1, −1, −1, −1, 4].
(4.67)
It is an elliptic integral of the third kind. Note that, instead of using the integral
[3, −1, −1, −1], [−1, −1, −1, −1, 4] is employed to avoid the singularity of the integration
when exploiting Carlson’s method. For the complete integral within the interval [r 2 , r 3 ],
βr + t becomes
∂W
∂αr

= (−2αr )−1/2 [−1, −1, −1, −1, 4]r 2 ,r 3
n
o
0
= − 21 (−2αr )−1/2 (r 1 + r 2 + r 3 )I 3 + r 1 r 2 I 2 + [(r 3 − r 2 )(r 3 − r 1 ) − 2r 32 ]I 1 ,

(4.68)
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where

 I 1 = 2R F (0, r 3 (r 2 − r 1 ), r 2 (r 3 − r 1 )),
I 2 = 2 (r 3 − r 2 )(r 3 − r 1 )R D (0, r 3 (r 2 − r 1 ), r 2 (r 3 − r 1 )),
 0 32
I 3 = 3 r 3 (r 3 − r 2 )(r 3 − r 1 )R J (0, r 3 (r 2 − r 1 ), r 2 (r 3 − r 1 ), r 3 (r 3 − r 1 )).

(4.69)

2. Solution of βλ
The solution of βλ for pseudo-elliptical has been given in (4.60), (4.61), (4.62), (4.63)
and (4.64).
3. Solution of βγ

4

∂W
∂αγ

R αγ d γ
R −1/2
αγ d r
−1/2
(r − r 1 )−1/2 (r − r 2 )−1/2 (r 3 − r )−1/2 d r
r r 2 ·p r + γ p γ = −αγ (−2αr )
rr
q
R
2)
−1/2
(x 1 + x)−1/2 (x 2 − x)−1/2 (x 2 + x)−1/2 d x
+ αγ a(1−e
x (x 1 − x)
3J 2
q
2)
= −αγ (−2αr )−1/2 [−1, −1, −1, −1] + αγ a(1−e
3J 2 [−1, −1, −1, −1].

=−

R

(4.70)
The complete integrals of the two individual parts in (4.70) are of the first cases, and
can be calculated as follows
Z
−

r3
r2

αγ d r
r 2 · pr

= −2αγ (−2αr )−1/2 R F (0, r 3 (r 2 − r 1 ), r 2 (r 3 − r 1 )) ,

(4.71)

and
Z

sin−1 x 1
− sin−1 x 1

αγ d γ
pγ

s
= 2αγ

¢
a(1 − e 2 ) ¡
R F 0, (x 1 + x 2 )2 , (x 2 − x 1 )2 .
3J 2

(4.72)

4.3.6. A CTION -A NGLE VARIABLES
Essentially, the nodal period and the drift of RAAN per nodal period play key roles for the
design of distance-bounded relative motion. Since the Hamiltonian is fully separable,
the action-angle variables can be taken advantage of to obtain the frequencies of the
system without finding the complete solution of the orbital motion that is disturbed by
the approximated gravitational potential.
The action variables are defined as
r

H
H ∂W

α2γ


2αr + 2 r1 + rJ 23 (1 − 32 sin2 i ) − r 2 d r ,
 J r = ∂r d r =
H
H
(4.73)
J λ = ∂W
αλ d λ,

∂λ d λ = q

H
H

3J 2
 J = ∂W d γ =
1
2
2
α2γ − α2λ sec2 (γ) − a(1−e
γ
2 ) (sin γ − 2 sin i )d γ,
∂γ
and the angle variables are defined as

∂W

 w r = ∂r = p r ,
w λ = ∂W
∂λ = p λ ,

 w = ∂W = p .
γ
γ
∂γ

(4.74)
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Once the Hamiltonian is determined as a function of the action variables
H = H (J r , J λ , J γ )

(4.75)

the frequencies of the system can be derived as the derivatives of H with respect to the
action variables.

∂H (J r ,J λ ,J γ )

,
ν =

∂J r
 r
∂H (J r ,J λ ,J γ )
νλ =
,
∂J λ


∂H (J r ,J λ ,J γ )

.
νγ =
∂J γ

(4.76)

4.3.6.1. A NOMALISTIC , NODAL AND SIDEREAL PERIODS
Instead of performing the contour integration in (4.73) and then deriving the Hamiltonian in terms of the action variables, the Jacobian matrix and its inverse are taken advantage of to derive the anomalistic, sidereal and nodal periods.
The second integral in (4.73) is simple
J λ = 2παλ = 2πp λ .

(4.77)

Then the Jacobian matrix of the action variables with respect to αr , αλ and αγ can be
written as
 δJ r
δJ r
δJ r  



 

δαr
δαλ
δαγ
Jr
αr
A 0 B
 δJ λ
 αr
δJ
δJ
λ
λ
  αλ  =  0 2π 0   αλ  .
 J λ  =  δα
(4.78)
δαλ
δαγ 

r
δJ
δJ
δJ
γ
γ
γ
Jγ
αγ
0 C D
αγ
δαr

δαλ

δαγ

where
n
o
0
A = −(−2αr )−1/2 (r 1 + r 2 + r 3 )I 3 + r 1 r 2 I 2 + [(r 3 − r 2 )(r 3 − r 1 ) − 2r 32 ]I 1 ,
B = −2αγ (−2αr )−1/2 I 1 ,
s
C = −4αλ

·
¸
¡
¢ 1 2 2 ¡
¢
a(1 − e 2 )
2
2 2
2
2 2 2
2 2
R F 0, x 2 − x 1 , x 2 + x 1 x 2 R J 0, x 2 − x 1 , x 2 , x 2 − x 1 x 2 ,
3J 2
3
s
¢
a(1 − e 2 ) ¡
D = 4αγ
R F 0, (x 1 + x 2 )2 , (x 2 − x 1 )2 ,
3J 2

(4.79)
(4.80)
(4.81)

(4.82)

and I 30 , I 2 and I 1 are given in (4.69). Compared with the canonical solutions shown in
subsection 4.3.5, A is twice of the complete solution of βr + t , B is associated with the
former part of the solution of βγ , C is related to the solution of βλ , and D corresponds
to the latter part of the solution of βγ . For pseudo-circular orbits, because r 2 and r 3 are
multiple roots, both I 30 and I 2 equal to zero. Hence, A and B can be further simplified
1
2πr
A= p
,
p
−2αr 1 − r 1

(4.83)

4
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−2αγ
π
.
B=p
p
−2αr r 1 − r 1

(4.84)

The Jacobian matrix is inverted to yield the anomalistic, sidereal and nodal frequencies

∂αr
1

 νr = ∂J r = A ,

BC
r
νλ = ∂α
(4.85)
∂J λ = 2πAD ,


∂α
 νγ = r = − B .
∂J γ

AD

The anomalistic, sidereal and nodal periods are therefore

 P r = A,
P = 2πAD
BC ,
 λ
P γ = − AD
B .

4

(4.86)

Note that since 2π is not included in the definition of the action variables, the conventional angular velocities of the anomalistic, sidereal and nodal motion are
n i = 2πνi ,

i = r, λ, γ.

(4.87)

As shown in (4.86), when the approximated J 2 perturbation in (4.23) is taken into
account, the orbital motion is non-degenerate, which is different from the completely
degenerate Keplerian orbit motion. The anomalistic period depends on the energy of
the orbit and three roots of the cubic function (4.36). Both the sidereal and nodal periods
are associated with the anomalistic period and the roots of the equation (4.46).
4.3.6.2. D RIFT OF RAAN PER NODAL PERIOD
The drift of RAAN per nodal period D Ω can be calculated based on the sidereal frequency
and the nodal period as follows.
D Ω = 2πνλ P γ − 2π = −C − 2π.

(4.88)

Furthermore, thanks to the standard form of (4.81), (4.88) can be expressed by the
series expansion
!
Ã
Ã !
∞ · (2n)! ¸2 x 2 n
∞ (2n)!x 2n X
n
X
a(1 − e 2 ) X
(2m)!
1
1
− 2π.
+
2n
2n
2m (m)!x 2m
3J 2
x 22
n=0 2 (n)!
n=0 2 (n)! m=0 2
2
(4.89)
Finally, as key ingredients to the design of the long-term distance-bounded relative motion, the nodal period and the drift of RAAN per nodal period are listed in (4.90) for future reference. Note that the nodal period depends on both the solution of βr + t and βγ ,
while the drift of RAAN per nodal period depends only on βλ . Therefore, the matched
P γ constrains both the anomalistic and nodal motion, while the matched D Ω constrains
the sidereal motion.
½
P γ = − AD
B ,
(4.90)
D Ω = −C − 2π.
2αλ π
DΩ =
x2

s
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In this section, a methodology to design the long-term distance-bounded relative motion is presented, i.e., to find the orbits with matched nodal period as well as matched
drift of RAAN per nodal period. In essence this requires to match the nodal period P γ
and the drift of RAAN D Ω , the characteristics of P γ and D Ω are presented first by expressing P γ as a function of D Ω . In such a way, the intersection points between two
different curves represent the matched cases, which can be exploited to design the longterm distance-bounded relative motion. Subsequently, an algorithm for generating the
long-term distance-bounded relative motion is presented. Finally, one design example
of the long-term distance-bounded relative motion is shown as verification.

4.4.1. N ODAL P ERIOD P γ AND D RIFT OF RAAN PER N ODAL P ERIOD D Ω
As shown in Table 4.1 for a given inclination i and orbit energy αr , there is only one
choice of αγ to generate a pseudo-circular orbit. Hence, the pair (αr , αγ ) corresponds
to a pseudo-circular orbit with radius r and inclination i . For pseudo-circular orbits with
the same inclination, a higher orbit energy leads to a longer nodal period and a slightly
slower drift of RAAN per nodal period, which is shown in Figure 4.5 by the dashed curves
from the bottom to the up, such as AB. For pseudo-circular orbits with the same orbital
energy, a larger inclination angle results in a slightly longer nodal period and slower drift
of RAAN per nodal period, which is shown in Figure 4.5 by the dashed curves from the
left to the right, such as CD. The dashed curves from the right to the left together with
those from the bottom to the top form a reference grid to design the long-term distancebounded relative motion, which can also be used as the search domain to match the
nodal period and the drift of RAAN per nodal period. Note that since the Hamiltonian of
the pseudo-circular orbits in equation (4.58) takes into account the full J 2 perturbation,
there is no approximation made to derive both the nodal periods and the drift of RAAN
per nodal periods of pseudo-circular orbits. Note also that since the time derivative of
the radius of pseudo-circular orbits equals to zero, the time average of the radius in equation (4.22) is the radius itself, which is the essential reason why there is no approximation
in (4.24) for pseudo-circular orbits.
Pseudo-elliptical orbits can be categorized based on the pseudo-circular orbits. As
discussed before, the pair (αr , αγ , i ) defines a pseudo-circular orbit uniquely, and then
(αr , i ) together with different αγ ’s defines different pseudo-elliptical orbits with different
eccentricities. For example, the solid curve EF in Figure 4.5 defines a group of pseudoelliptical orbits associated with the pseudo-circular orbit (αr = −0.3995, i = 50.6◦ ). The
point F denotes the pseudo-circular orbit, and as αγ decreases, the nodal period increases slightly while the drift of RAAN per nodal period becomes faster. The point E
denotes the pseudo-elliptical orbit with eccentricity of 0.196. As shown in Figure 4.5,
there are in total four groups of pseudo-elliptical orbits denoted by four solid curves,
and for each pseudo-elliptical orbit both the nodal period and the drift of RAAN per
nodal period are constant. However, it is worth mentioning that when the J 2 perturbation is fully taken into account to derive the nodal period and the drift of RAAN per
nodal period of the pseudo-elliptical orbit, P γ and D Ω is periodic rather than constant
with respect to the orbital resolutions. In [Xu et al., 2012], the periodic nodal periods and
the drifts of RAAN per nodal period are averaged, respectively, to represent P γ and D Ω
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4.2 Long-term distance-bounded relative motion
r 1 , r 2 , and r 3 , are calculated. Subsequently, the algorithm of establishing the orbit with
In this subsection
a methodology
matched
P γ and D Ω
is presented.is presented to establish the long-term distance-bounded
relative motion. First of all, in order to calculate the nodal period and the drift of RAAN
per nodal
period, the initialFROM
states
(𝑟, 𝜆, 𝛾, COORDINATES
𝑟̇ , 𝑟𝜆̇, 𝑟𝛾̇ ) areTO
transformed
toCONSTANTS
canonical
4.4.2.1.
T RANSFORMATION
SPHERICAL
CANONICAL
constants
(𝛼𝑟 ,to
𝛼𝜆transform
, 𝛼𝛾 ), and all
other necessary
complementary
as 𝑟1 , 𝑟2 ,in
The
algorithm
spherical
coordinates
to canonicalparameters,
constants such
is presented
and 𝑟3 , are4.1.
calculated.
Subsequently,
the algorithm
of establishing
the orbit with
matched
Algorithm
In the algorithm
the spherical
coordinates
are transformed
first
to oscu𝑃𝛾 and
𝐷𝛺 is elements
presented. to obtain the starting value of a, e, and i . Then the algorithm
lating
orbital
iterates to obtain the final canonical constants (αr , αλ , αγ ) and complementary parameters. The algorithm converges very fast, typically with less than three iterations.
Algorithm 4.1 Transform Spherical Coordinates to Canonical Constants

28

Input: Spherical coordinates (r, λ, γ, r˙, r λ̇, r γ̇)
1: Calculate (p r , p λ , p γ ), and αλ = p λ
2: Transform (r, λ, γ, r˙, r λ̇, r γ̇) to osculating orbital elements (a, e, i, Ω, ω, f)
3: repeat
4:
Calculate αγ from the third equation of (4.31)
5:
Calculate αr from the first equation of (4.31)
6:
Solve the equation (4.36) to obtain r 1 , r 2 , r 3
7:
Solve the equation (4.49) to obtain x 1 , x 2
8:
Update a, e by using equations (4.43)
9:
Update i by i = asinx 1
10: until prescribed accuracy achieved
Output: (αr , αλ , αγ ), r 1 , r 2 , r 3, x 1 , x 2 , a, e, i

4.4.2.2. M ATCHING N ODAL P ERIOD AND THE D RIFT OF RAAN PER N ODAL P ERIOD
Given the initial spherical coordinates, the nodal period and the drift of RAAN per nodal
period of the orbit can be matched based on the following algorithm in Algorithm 4.2.
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Algorithm 4.2 Matching Nodal Period and the Drift of RAAN per Nodal Period

4

Input: Spherical coordinates (r, λ, γ, r˙, r λ̇, r γ̇)
1: Calculate (αr , αλ , αγ ), r 1 , r 2 , r 3, x 1 , x 2 , a, e, i based on Algorithm 4.1
2: Calculate the nodal period and the drift of RAAN per nodal period based on the equations (4.79), (4.80), (4.81), (4.82), and (4.90)
3: Calculate the canonical constant αcγ of the pseudo-circular orbit of energy αr at the
inclination of i based on the equations (4.39) and (4.40) to ensure that θ = 0
4: Create the reference grid based on the pseudo-circular orbit (αr , αcγ , i ) in the plane
of Nodal period and the drift of RAAN per nodal period
4.1. Generate various αr i ’s
4.2. For each αr i , vary i to generate the pseudo-circular orbits from the left to the
right
4.3. For each i vary αr to generate the pseudo-circular orbits from the bottom to the
top
5: Establish a database of nodal period and the drift of RAAN per nodal period for
pseudo-circular orbits
6: Establish a database of nodal period and the drift of RAAN per nodal period for
pseudo-elliptical orbits
7: Based on the nodal period and the drift of RAAN per nodal period of the input orbit find the matched orbits. If the input orbit is pseudo-circular, only search the
database of pseudo-elliptical orbits. If the input orbit is pseudo-elliptical, search
both the database of pseudo-elliptical and pseudo-circular orbits.
Output: the matched orbits (αr , αλ , αγ ), r 1 , r 2 , r 3, x 1 , x 2 , a, e, i

of pseudo-elliptical orbits. If the input orbit is pseudo-elliptical, search both the
database of pseudo-elliptical and pseudo-circular orbits.
9. Output
matched
orbits R(𝛼
), 𝑟1 , 𝑟2 , 𝑟3, 𝑥1 , 𝑥2 , 𝑎, 𝑒, 𝑖
𝑟 , 𝛼𝜆 , 𝛼
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4.4.4. A NALYSIS OF THE P ROPOSED M ETHODOLOGY
4.4.4.1. E FFECTS OF THE ATMOSPHERIC DRAG
The atmospheric drag does play a role on the orbital motion of a satellite. The secular
perturbations caused by the atmospheric drag mainly affect the semimajor axis and the
eccentricity of the orbit. Neither RAAN nor the inclination of the orbital plane is affected
by the atmospheric drag. The change of the orbital period due to the atmospheric drag
for circular orbits is approximately [Wertz and Larson, 1999]
∆P =

4

−6π2C D Aρa 2
,
mV

(4.91)

where P is the orbital period, C D is the drag coefficient, ρ is the air density, a is the semimajor axis, V , A, and m are the satellite’s velocity, effective area, and mass, respectively.
This chapter studies the relative motion between modules of fractionated spacecraft.
Suppose the fractionated architecture is exploited to establish a space infrastructure
which supports various Earth observation payloads as discussed in Chapter 3. The orbit
altitude of most Earth observation missions is around 800 km. Thus, our following analysis is related to the orbits of 800 km altitude. This chapter focuses on the establishment
of distance-bounded relative motion, which is achieved by matching the nodal period
and the drift of RAAN per nodal period, respectively. Therefore, the nodal period and
the drift of RAAN per nodal period are of most importance. Roughly speaking, the atmospheric drag has no effect on the drift of RAAN, and for the circular orbit with 800 km
altitude the change of orbital period is approximately −3 × 10−5 s according to (4.91). To
compare, the change of the period due to J 2 perturbations can be calculated as follows
[Wertz and Larson, 1999].

∆P = ·

2π ×
2
3 J 2 RE
2 p2

3
2

q

±
a3 µ
2

(1 − sin

i )(1 − e 2 )1/2

¸.

(4.92)

For the circular orbit of the same altitude with i = 0 and e = 0 the change of period
due to J 2 perturbations is approximately −8 s, which is on the order of 105 higher than
the change of period caused by the atmospheric drag. On the other hand, the propellant
cost to maintain the 800 km altitude in the presence of the atmospheric drag is roughly
0.863 m/s/year [Wertz and Larson, 1999]. Therefore, it is reasonable to assume that the
altitude is maintained in the presence of atmospheric drag, and hence the methodology
presented in this chapter to achieve distance-bounded relative motion is still applicable.
Apart from the establishment of distance-bounded relative motion, this chapter also
presents the closed-form solutions of the J 2 -perturbed relative motion, which is based
on an approximated separable Hamiltonian. Our research only focuses on the impacts
of the J 2 perturbation on the distance-bounded relative motion. The atmospheric drag
is not included in the Hamiltonian, because if the atmospheric drag is considered then
the Hamiltonian won’t keep the separable form, and thus the analytical solutions cannot be derived. In the literature the use of two separate theories (one for the atmospheric
drag and one for gravitational field perturbations) is typical to derive the analytical solutions. However, it is very interesting to develop an analytical theory that embodies both
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4.5. S UMMARY AND C ONCLUSIONS
HE long-term distance-bounded relative motion of satellites in the presence of J 2
perturbations is studied in this chapter. The presented method allows to find the
closed-form solutions analytically. There are two key ingredients of the closed-form solutions. One is the model of the satellite relative motion; the other is the Hamiltonian
model and its canonical solutions of the J 2 -perturbed absolute motion. The model of relative motion is based on the geometric relationship between two satellites, and makes
neither assumption on the eccentricity of the reference orbit nor on the magnitude of
the relative distances. Besides, the first principle model is concise with straightforward
physical insights, and consistent with the Hamiltonian model.
With respect to the J 2 -perturbed orbital motion, a Hamiltonian model is developed,
which accounts for the secular, long period and short period effects of the J 2 perturbation, such that it remains separable in terms of the spherical coordinates. This ensures
the application of the Hamilton-Jacobi theory and the action-angle variables. The only
approximation made in the Hamiltonian is that one item of the orbit radius in the J 2 perturbed gravitational potential is approximated by its time average with respect to the
true anomaly, which seems appropriate for the research of the long-term orbital motion. The consequences of the approximation are that for pseudo-elliptical orbits both
the nodal period and the drift of RAAN per nodal period remain constant rather than
periodic. However, this approximation has no impact on the pseudo-circular orbits.
The canonical solutions of the system are found using Carlson’s method, which provides
straightforward physical insights for both the pseudo-circular and pseudo-elliptical orbits. It turns out that huge momentum for the design of distance-bounded relative motion can really be gained by the analytical classification of pseudo-circular and pseudoelliptical orbits.
One important contribution of this chapter is to derive the analytical expression of
the nodal period and the drift of RAAN per nodal period by means of the action-angle
variables. The methodology even can be applied without finding the complete solution
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toward a more complete analytical understanding of the long-term orbital motion in the
presence of the J 2 perturbations, as well as the design of the long-term passive distancebounded relative motion.

4

5
C ENTRALIZED O PTIMAL
R ECONFIGURATION OF
S PACECRAFT C LUSTERS
Cluster reconfiguration is one of the enabling technologies to ensure non-traditional attributes of fractionated spacecraft. This chapter addresses energy- and time-optimal reconfiguration problems for both circular and eccentric reference orbits. Typical local and
coupling constraints have been taken into account. Particularly, focus is given to two coupling constraints: final configuration constraints and collision avoidance constraints. For
final configuration constraints a parametrization method is applied to ensure that the
reconfiguration problem can be solved as only one optimization problem, rather than
a large number of optimization problems resulting from the traditional discretization
method. A generalized formulation is proposed for non-convex collision avoidance constraints, which are then convexified via linearization and convex restriction technology.
This method provides the affine approximation as a special case. After incorporating
above constraints, the reconfiguration problem is formulated as an open-loop optimal
control problem, which is solved via the Gauss pseudospectral method (GPM). By virtue of
elegant features of GPM, those solutions can serve as a counterpart and stepping stone for
a distributed implementation of reconfiguration algorithms. Various simulations demonstrate that minimum-energy/time cluster reconfiguration problems with collision avoidance for circular and eccentric reference orbits can be solved effectively and efficiently using GPM.
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5.1. I NTRODUCTION
OR more than one decade distributed space systems (DSSs) have been envisioned,
designed, developed, launched and exploited as space assets for a variety of novel
applications, some of which could not even be possibly achieved by single-satellite systems. Meanwhile, with the advent of miniaturized satellites and as the underlying miniaturization technology gets more and more mature and space-proved, DSS could gain a
huge momentum using small satellites, for example, to render the entire mission more
cost-effective. Compared with traditional monolithic space systems, DSS consists of
multiple smaller satellites flying in formations [Persson et al., 2009], constellations [Schetter et al., 2003], swarms [Hinchey et al., 2005] or fractionated clusters [Chu et al., 2014].
Those distributed space assets embrace non-traditional attributes as pointed out in Chapter 3, such as evolvability, adaptability and so on.
Take fractionated spacecraft as an example. Fractionated spacecraft deploys its functionalities, such as computation, communication, data storage, payload and even power
generation, onboard several spacecraft that share those functionalities through a wireless network. The spacecraft hosting one or several shared functionalities is called a
module. For such a fractionated system, new modules with more advanced technology
may be added to the original system to enhance future value, which allows evolvability
for future changing needs. Besides, existing functionalities can be re-organized to meet
new mission requirements, which exhibits adaptability. Furthermore, maintainability is
realized by replacing modules that fail or are near the end of life with new modules instead of discontinuities in mission operations or even putting the whole mission at risk.
Apart from the aforementioned evolvability, adaptability and maintainability, fractionated spacecraft shall allow survivability and responsiveness to evade debris-like threats.
Apparently, any of the above non-traditional attributes requires the original configuration to change accordingly. Thus, the cluster reconfiguration capability is of paramount
importance and is crucial for fractionated spacecraft.
This chapter studies the general reconfiguration problem of spacecraft clusters. In
order to minimize the propellant usage, a passive cluster (passive is later on omitted for
notational convenience) is traditionally designed using the stable solutions of the autonomous system that describes the relative motion between satellites. Given n satellites
in a cluster, the reconfiguration problem is defined as the design of open-loop optimal
controls to transfer those n satellites from their current locations to n new locations in
the target cluster. Generally speaking, an open-loop optimal control is only valid for a
particular initial state value and thus in practice it is rarely applied directly due to various uncertainties (such as model uncertainty, navigation uncertainty, and environmental disturbances). However, it can integrate very well with our three-layer organizational
architecture presented in Section 3.4. In such an organizational architecture, the openloop optimal control plays the role of both planner and allocator to assign each satellite
a target location. Then, the local controller can be tailored to cope with all aforementioned uncertainties.
Often, open-loop control is required to be propellant-optimal to minimize the global
propellant expenditure or time-optimal, for example, to rapidly evade a debris-like threat.
Besides, certain constraints need to be satisfied. First, local constraints of each spacecraft, such as dynamic constraints, control input constraints, obstacle avoidance con-
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straints [Richards et al., 2002], and plume avoidance for obstacles [Richards et al., 2002],
need to be considered. Note that the formulation of dynamic constraints normally depends on the type of reference orbit, i.e., circular or eccentric. Second, coupling constraints with other satellites need to be taken into account as well, such as collision
avoidance constraints, network topology constraints [Dai et al., 2013], final configuration constraints [Richards et al., 2002], [Campbell, 2003]. In this chapter, final configuration constraints refer to the search domain of n new allowable locations in the target
cluster. When coupling constraints are not accounted for in the design, then minimizing
the overall cost can be decoupled into n local optimization problems. It is well known
that all the constraints can be classified as convex or non-convex constraints, while nonconvex constraints post more challenges. In this chapter, both propellant-optimal and
time-optimal reconfiguration problems are studied for circular and eccentric reference
orbits, respectively, where local constraints as well as coupling constraints are taken into
account. In particular, collision avoidance constraints are included to demonstrate how
to deal with non-convex polynomial constraints. Final configuration constraints are
coped with in a more general yet efficient way than most existing works.
While several existing approaches treat selected aspects mentioned above, no general or efficient solutions of the combination of those problems have been published
yet. Campbell [Campbell, 2003] have developed planning algorithms for the minimumtime/fuel reconfiguration problem based on the indirect method. However, collision
avoidance is not addressed within the core planning algorithm. Thus, collision avoidance maneuvers are not generated optimally. Besides, the control sequences are assumed beforehand, and only thrust in the along-track direction is considered for inplane reconfiguration problems. Furthermore, the final configuration constraints are
discretized to optimally select and assign n new locations, which is computationally intensive. For example, using a discretization level of 1 degree, 360 optimal problems need
to be solved.
The reconfiguration problem in [Richards et al., 2002] is solved using mixed-integer
linear programming (MILP), where collision avoidance constraints, plume impingement
constraints, obstacle-related constraints and final configuration constraints are included.
However, only dynamic constraints with respect to circular reference orbits are considered; the discretization method is also used to handle final configuration constraints. In
addition, the collision avoidance constraints are formulated as MILP constraints rather
than general non-convex constraints. One disadvantage is that the scalability is exponentially poor with the number of satellites due to the non-deterministic polynomial
time (NP)-complete characteristic [Açıkmese et al., 2006] of MILPs.
Apart from those two cited works, there is still a large field of research related to
reconfiguration problems. Even so, the objective is only propellant-optimal [Açıkmese
et al., 2006], [Wu et al., 2009] or time-optimal rather than both that are studied, the dynamic constraints are mainly with respect to circular reference orbits except [Zanon and
Campbell, 2006], the final reconfiguration constraints are discretized [Tillerson et al.,
2002] or treated by genetic algorithms [Yang et al., 2002a]. The collision avoidance constraints are not considered as general non-convex constraints [Mueller et al., 2013], [Morgan et al., 2014], or not even addressed [Tillerson et al., 2002], [Huntington and Rao,
2008].
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Once the reconfiguration problem is formulated as an open-loop optimal control
problem and various constraints are taken into account, numerical means are commonly adopted to solve the problem. These means can be mainly classified into the following categories: direct methods, indirect methods and evolutionary algorithms. Introduction of direct and indirect methods, their relations and their corresponding strengths
and weaknesses can be found in the comprehensive survey [Betts, 1998]. In another
thorough and more recent survey [Conway, 2012] evolutionary algorithms, existing software packages, and new collocation methods such as pseudospectral methods are also
addressed. Besides, advantages and disadvantages of direct methods, indirect methods
and evolutionary algorithms have been presented in detail.

5

From an implementation point of view, the reconfiguration problem can be solved
in a centralized [Richards et al., 2002; Wu et al., 2009; Huntington and Rao, 2008], distributed [Morgan et al., 2014] or hybrid [Tillerson et al., 2002; Yang et al., 2002b] way
(partially centralized and partially distributed). For future DSSs with a large number of
satellites it is either necessary or at least highly desirable to autonomously solve the reconfiguration problem in a distributed and cooperative way onboard spacecraft. Since
the distributed approach may suffer from problems of local optimization, the centralized implementation is preferred to serve as a counterpart and a stepping stone leading
to the distributed implementation. Namely, open-loop optimal controls for n satellites
are firstly generated via direct methods, indirect methods or evolutionary algorithms in
a centralized way, and then this implementation is reformulated and decomposed into n
connected sub-problems. In such a way, the distributed implementation can be traced,
compared and improved, and the performance can be guaranteed.
However, since coupling constraints of the reconfiguration problem mainly include
path constraints (for example, collision avoidance constraints) and terminal constraints
(for example, final configuration constraints), stringent difficulties are posed for indirect
methods [Conway, 2012]. Meanwhile, the two point boundary value problem (TPBVP)
resulting from indirect methods is difficult to be transformed to a distributed optimization problem. For evolutionary algorithms, the solution might not be accurate enough, a
penalty function is needed to include constraints, and optimality cannot be guaranteed
via necessary conditions [Conway, 2012]. Furthermore, evolutionary algorithms lack
physical insights regarding to reconfiguration problems. Therefore, it is neither straightforward nor easy to transform evolutionary algorithms to a distributed implementation.
With respect to direct methods, the open-loop optimal control problem is transcribed
to a nonlinear programming (NLP) problem, which can be relatively easily transformed
to a distributed optimization problem (particularly when the resulting NLP is convex and
also separable), for example, by alternating direction method of multipliers [Boyd et al.,
2011]. Most distributed implementation builds upon the NLP’s primal and/or dual solution. When the Gauss pseudospectral method (GPM) is employed, both the primal
and dual solutions can be obtained with very high accuracy, and moreover, the satisfied
Karush–Kuhn–Tucker (KKT) conditions are equivalent to the first-order optimality conditions of the optimal control problem [Huntington and Rao, 2008], [Benson et al., 2006].
This can be taken advantage of to set the GPM method as a comparison counterpart for
the distributed implementation. Hence, direct methods using GPM help to achieve the
distributed implementation within much less effort but with a higher efficacy. In Chap-
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ters 6 and 7, the distributed implementation will be presented, while in this chapter we
only focus on the centralized implementation.
The purpose of this chapter is therefore to develop a centralized optimal control for
the reconfiguration of spacecraft clusters. This research shall also pave the way for the
design of distributed optimal reconfiguration algorithms. To achieve this goal, direct
methods by means of GPM are utilized. Furthermore, since for reconfiguration problems with local and coupling constraints the resulting NLP problems are quite sparse
and the scale is large, large-scale sparse NLP solvers such as SNOPT [Gill et al., 2002] are
used. When formulating the problem, minimum-energy/time reconfiguration is studied for circular and eccentric reference orbits, respectively. Control input constraints are
considered in the radial, along-track and cross-track directions. The collision avoidance
constraints are formulated as non-convex constraints, which are dealt with via the linearization and convex restriction technology. Rather than being discretized along the
final cluster, the final configuration constraints are formulated into a single NLP optimization procedure to encompass the whole search space, where the final cluster is
parameterized and those parameters are incorporated as decision variables of the NLP
problem.
The remainder of this chapter is organized as follows. Firstly, the dynamics of satellite relative motion with respect to circular and eccentric reference orbits is introduced,
respectively, and the final stable cluster is parameterized. Then reconfiguration problems are formulated as open-loop energy- and time-optimal control problems, respectively. This is followed by the discussion of transcribing the optimal control problem
to the NLP problem via GPM. In section 4 features of this direct method when applied
to reconfiguration problems are detailed as well. The next section presents simulation
results. In the end, conclusions are drawn.

5.2. R ELATIVE DYNAMICS OF S PACECRAFT C LUSTERS
N this section the relative dynamics of spacecraft clusters with respect to circular and
eccentric reference orbits are introduced, respectively. Those dynamics are later included as the local dynamic constraints in the reconfiguration problem. The stable solutions of the relative dynamic equations are used to design the thrust-free initial and
target cluster. The parameterized target cluster, which is formulated as final configuration constraints later on, is used to constitute the whole search space of allowable new
locations for n satellites.

I

5.2.1. C LUSTER DYNAMICS
The relative motion of a satellite with respect to a reference
orbit
©
ª is commonly described
in the local-vertical/local-horizontal (LVLH) frame e r , e θ , e h defined as follows. The
origin of the frame is centred on the centre of mass (CM) of the reference satellite. The
vector e r points radially outward, while the vector e h is parallel to the orbit momentum
vector of the reference satellite in the orbit normal direction. The vector e θ completes the
right-hand reference frame (positive in the velocity direction of the reference satellite).
Suppose the relative position vector is r = xe r + ye θ + ze h and control inputs u 1 , u 2 , and
u 3 along each axis are considered (no perturbations). Then the dynamic equations of
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relative motion are given by [Schaub and Junkins, 2003]

2
2
3
 ẍ − 2θ̇ ẏ − θ̈y − θ̇ x − µ/r 0 = −µ(x + r 0 )/r + u 1
2
3
ÿ + 2θ̇ ẋ + θ̈x − θ̇ y = −µy/r + u 2

z̈ = −µz/r 3 + u 3

(5.1)

where µ is the gravitational coefficient of the Earth, θ is the true anomaly of the reference
satellite, r 0 is the radius of£the reference satellite,
¤1/2 and r is the radius of the satellite in the
cluster calculated by r = (r 0 + x)2 + y 2 + z 2
. With the assumption that the relative
distance d = kr k is much smaller than r 0 , Equation (5.1) can be linearized around the
reference orbit to obtain the Tschauner–Hempel (TH) equations

2
3
 ẍ − 2θ̇ ẏ − θ̈y − (θ̇ + 2µ/r 0 )x = u 1
2
3
(5.2)
ÿ + 2θ̇ ẋ + θ̈x − (θ̇ − µ/r 0 )y = u 2 .

z̈ + µz/r 03 = u 3

5

If the
¡ reference
¢1/2 satellite is on a circular orbit, then θ̈ = 0 and θ̇ becomes the mean motion
n = µ/a 3
, where a is the semimajor axis and for circular orbits, a = r 0 . Then, the TH
equations simplify into the Hill–Clohessy–Wiltshire (HCW) equations

2
 ẍ − 2n ẏ − 3n x = u 1
ÿ + 2n ẋ = u 2
.
(5.3)

z̈ + n 2 z = u 3
Equation (5.3) represents the dynamics of spacecraft clusters with respect to circular reference orbits. For clusters in eccentric reference orbit, in order to derive the homogeneous solutions it is often the case to choose the true anomaly θ instead of time t as
the independent variable. Differentiating with respect to θ rather than t , equation (5.2)
becomes [Inalhan et al., 2002]
±
±
±
± 2 2
 00
0
c)x ρ −±2y 0 + 2s±y ρ = (1 − e 2 )3 u
 x − 2sx ρ − (3 +
1 (ρ n)
±
±
y 00 + 2x 0 − 2sx ρ ±− 2s y 0± ρ − c y ρ = (1 −±e 2 )3 u 2 (ρ 2 n)2
(5.4)

z 00 − 2sz 0 ρ + z ρ = (1 − e 2 )3 u 3 (ρ 2 n)2
where the differentiation of (·) with respect to θ is denoted by (·)0 , e is the eccentricity of
the reference orbit, s = esin θ , c = ecos θ and ρ = 1 + ecos θ .
Equations (5.3) and (5.4) can be rewritten compactly as general state-space models.
For circular reference orbits the state-space model is
ẋ = Ax + B u
where the state x is the vector of relative position and velocity
control vector of accelerations is u = [u 1 u 2 u 3 ]T , and
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(5.5)
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(5.6)
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For clusters with eccentric reference orbits the state-space model is
x 0 = A(θ)x + B (θ)u

(5.7)

where the state x is the vector of relative position and its differentiation with respect to
£
¤T
θ x = x y z x 0 y 0 z 0 , the control vector is u = [u 1 u 2 u 3 ]T , and
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(5.8)
Note that the state-space model in Equation (5.5) is linear time invariant (LTI) with
a constant system matrix A, whereas the system in Equation (5.7) is linear time variant (LTV) with a θ-dependent A matrix. For clusters with respect to eccentric reference
orbits, the control matrix B is also θ-dependent. For the corresponding autonomous
systems of (5.5) and (5.7), the in-plane and cross-track relative motion are decoupled.
In this chapter low-thrust high-specific-impulse electric propulsion systems are considered. Thus the mass can be assumed to be constant. Therefore, for the systems of (5.5)
and (5.7) with control inputs the in-plane and cross-track relative motion are decoupled
as well.
Remark: Very often, the continuous systems in Equations (5.5) and (5.7) are discretized
with a zero-order hold at a sampling period T to approximate the reconfiguration trajectory. Typically, the sampling period T is chosen to be small to ensure a high accuracy of
the discretization (for example, 1000 sampling points per orbit period) [Tillerson et al.,
2002]. However, this results in very high computational cost, because a large number
of inputs and constraints is incurred for the reconfiguration problem. On the contrary,
GPM utilizes the Gauss collocation method to approximate and discretize the continuous system (5.5) or (5.7), where in general only tens of collocation points need to be defined [Huntington and Rao, 2008]. Meanwhile, the same conclusion holds for the other
two collocation methods: Radau methods [Garg et al., 2011] and Lobatto methods [Wu
et al., 2009].

5.2.2. C LUSTER D ESCRIPTION
Based on the homogenous solutions of equations (5.5) and (5.7), stable thrust-free clusters can be described by certain parameters. Clusters with circular reference orbits are
described by [Campbell, 2003]


x(t ) = (R/2) cos(nt + α)




y(t ) = −R sin(nt + α)



z(t ) = R z cos(nt + αz )
(5.9)
 ẋ(t ) = −(R/2)n sin(nt + α)




ẏ(t ) = −Rn cos(nt + α)



ż(t ) = −R z n sin(nt + αz )
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where R and α are the amplitude and phase angle of the in-plane motion, respectively,
while R z and αz are those of the cross-track motion. For clusters with respect to eccentric reference orbits, the homogeneous solutions of Equation (5.7) are given by [Inalhan
et al., 2002]
± 2

2
x(θ)

± = sin θ[d 1 e + 2d 2 e H (θ)] − cos
± θ(d 2 e ρ + d 3 )
±
y(θ) = d 1 + d 4 ρ + 2d 2 e H (θ) + d 3 sin±θ(1 + d 4 ρ) +
cos θ[d 1 e + 2d 2 e 2 H (θ)] d 5 sin θ ρ
±

z(θ) = d 5 sin θ ρ + d 6 cos θ ρ
(5.10)
Rθ
where d i (i = 1, . . . , 6) are integration constants, and H (θ) , θ0 cos θ /ρd θ. For periodic
clusters, d 2 = 0. Without loss of generality, in this chapter the relative motion that is
symmetric about the origin in the along-track direction is considered, i.e., y (0) = −y(π).
For such a relative motion, d 1 = 0 and d 4 = 0. If a delay in the true anomaly is introduced
[Campbell, 2003], then the motion of clusters with respect to eccentric reference orbits
can be written in a form analogous to equation (5.9),

x(θ) = (R/2) cos(θ + α)



cos(θ+α)


y(θ) = −R 1+(e/2)

1+e cos(θ+α) sin(θ + α)


cos(θ+αz )


z(θ) = R z 1+e

cos(θ+αz )


0
x
(θ)
=
−(R/2)
sin(θ + α)
h
(5.11)
e sin2 (θ+α)
e[1+(e/2) cos(θ+α)] sin2 (θ+α)

0

y
(θ)
=
R
−

2
2(1+e cos(θ+α))
(1+e
cos(θ+α))

i


cos(θ+α)


cos(θ + α)
− 1+(e/2)

1+e
cos(θ+α)

h
i


sin(θ+αz )

z ) cos(θ+αz )
z 0 (θ) = R z e sin(θ+α
− 1+e
cos(θ+αz )
(1+e cos(θ+α ))2
z

where R and α are the amplitude and phase delay of the in-plane relative motion, respectively, while R z and αz are those of the cross-track relative motion. Note that the
relative velocity is derived with respect to θ rather than t .
The design of clusters, i.e., the choices for the free parameters in Equations (5.9) and
(5.11), is driven by mission requirements. Often in the literature, the geometry of the
relative motion is given and only the relative phasing between spacecraft is constrained
[Richards et al., 2002], [Campbell, 2003]. For example, four satellites would be required
to fly evenly in an in-plane cluster with an amplitude of 250 m with respect to a circular
reference orbit. In such a case, the cluster geometry is a 250 m ×125 m ellipse in the orbital plane of the reference satellite and the relative phase angle between neighbouring
satellites is 90°. However, the reference phase angle (i.e., the phase angle of certain satellite in the cluster) is not specified, which shall be optimally determined, for example, in
the reconfiguration problem as final reconfiguration constraints. Therefore, Equations
(5.9) and (5.11) constitute the entire search space of the optimal final configuration.

5.3. P ROBLEM F ORMULATION
N this section the energy-optimal/time-optimal reconfiguration problem of spacecraft clusters is formulated. First, the general scenario is defined. Then the reconfiguration problem is formulated as optimal control problem. Finally, the collision avoidance constraints are approximated via the linearization and convex restriction method,
which then become convex constraints.
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5.3.1. G ENERAL S CENARIO
Consider n satellites flying in a cluster described by Equation (5.9) or (5.11). Thus the initial states are also determined using Equation (5.9) or (5.11). Consider that for the change
of mission requirements or the environment those n satellites shall be reconfigured into
a new cluster that satisfies a set of predefined geometry constraints. Those geometry
constraints have specified the reference orbit and the amplitudes of the in-plane and
cross-track relative motion. However, the phase angles (in-plane and cross-track) after
reconfiguration are unknown (i.e., each point in the target cluster is an allowable location); only the relative phase angles between neighbouring satellites are defined. Thus,
the phase angles of each satellite can be calculated by undetermined reference phase
angles plus the given corresponding relative phase angles. The energy-optimal reconfiguration shall be completed in a prescribed amount of time with as little propellant usage
as possible, while the time-optimal reconfiguration shall be accomplished as quickly as
possible. In the course of reconfiguration, the states of satellites must be consistent with
the relative dynamics. Control inputs shall satisfy local control input constraints and the
collision between satellites must be avoided.

5

5.3.2. F ORMULATION AS O PTIMAL C ONTROL P ROBLEM
The minimum-propellant reconfiguration problem is formulated as the following energyoptimal control problem. The objective is to minimize the cost
Z
n
1 tf X
uT ui d t
(5.12)
J pr opel l ant =
2 t0 i =1 i
subject to the dynamic constraints
ẋ i = A i x i +B i u i ,

i = 1, 2, ..., n,

the collision avoidance constraints
©
ªT
©
ª
C [x i (t ) − x j (t )] P i−1
j C [x i (t ) − x j (t )] ≥ 1,
the control input constraints
¯
¯
¯u i , j (t )¯ ≤ U ,

i = 1, 2, ..., n,

i > j,

(5.13)

i , j = 1, 2, ..., n,

∀t ∈ [t 0 , t f ],
(5.14)

∀t ∈ [t 0 , t f ],

(5.15)

j = 1, 2, 3,

the initial boundary conditions
x i (t 0 ) = x i 0 ,

i = 1, 2, ..., n,

and the final configuration constraints

 x i (t f ) = x i f (αi , αzi )
α = α + ∆αi , − π ≤ α ≤ π
 i
αzi = αz + ∆αzi , − π ≤ αz ≤ π

(5.16)

i = 1, 2, ..., n

(5.17)

where x i ∈ R 6 , u i ∈ R 3 , α ∈ R, αz ∈ R and t ∈ R are, respectively, the i th satellite’s state
vector (relative position and velocity), control vector, reference phase angle of the inplane motion, reference phase angle of the cross-track motion and time. Furthermore,
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t 0 and t f are the initial and final time, respectively, n is the total number of satellites in
the cluster, A i and B i are, respectively, the system and control matrix of the relative dynamics of the i th satellite, C is the coefficient matrix C = [I 3×3 03×3 ] that extracts relative
position components, P i j is a symmetric and positive definite matrix defined between
i th and j th satellite, u i , j is the j th component of the i th satellite’s control vector, U is
the maximum control magnitude, x i 0 is the given initial state of i th satellite, x i f is the
final state, αi and αzi are i th satellite’s in-plane and cross-track phase angle.
Note that the final time t f is given. The final state x i f of i th satellite is only a function of αi and αzi , which are calculated by the respective reference phase angle (α, αz )
plus corresponding given relative phase angle (4αi , 4αzi ). Note also that the collision
avoidance constraints (5.14) define the collision-free zone for the i th satellite outside
the ellipsoid with the centre at the j th satellite. The matrix P i j determines how far the
prohibited zone extends in every direction
p from the j th satellite; the lengths of the semiaxes along those directions are given by λk (k = 1, 2, 3), where λk is the kth eigenvalue
of P i j . The prohibited zone for the j th satellite is a sphere of radius r if P i j = r 2 I 3×3 ,
where I 3×3 is the 3 × 3 identity matrix.
For the minimum-time reconfiguration, the formulation only differs from the previous formulation in the objective and the final configuration constraints. The objective is
to minimize the final time t f
Z tf
J t i me =
dt
(5.18)
t0

subject to the constraints (5.13), (5.14), (5.15), (5.16) and the final configuration constraints

 x i (t f ) = x i f (t f , αi , αzi )
α = α + ∆αi , − π ≤ α ≤ π
i = 1, 2, ..., n
(5.19)
 i
αzi = αz + ∆αzi , − π ≤ αz ≤ π
where the i th satellite’s final state is the function of its phase angles αi and αzi as well as
the final time t f .
Even though previous formulations use time t as the independent variable, they can
be easily adapted to the formulation based on the true anomaly θ. Therefore, the dynamic constraints (5.13) of each satellite become (5.5) for circular reference orbits, and
(5.7) for eccentric reference orbits. The constraints (5.13) are not convex, and thus, in
the next subsection they are discretized by means of GPM and become convex constraints. The collision avoidance constraints (5.14) are formulated in the general nonconvex form. Later on, the linearization and convex restriction method is exploited to
approximate (5.14), which then also become convex. The control input constraints, and
initial boundary conditions are convex constraints. Final configuration constraints contain trigonometric functions, and thus are non-convex. However, those simple trigonometric functions can be easily linearized at the reference phase angles and become affine
constraints. As mentioned before, (5.13), (5.15) and (5.16) are local constraints, whereas
(5.14), (5.17) and (5.19) are coupling constraints.
The target cluster, characterized by final configuration constraints, is parameterized
by reference phase angles α and αz , which are later incorporated as decision variables in
GPM. For most existing work, the search domain of the target locations is discretized to
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generate N À n allowable locations, and α and αz take corresponding values of each location to constitute the entire search space. Therefore, the original optimal control problem turns into N optimal control problems. Compared to the discretization method, the
parameterization method used in this chapter keeps the optimal control problem as a
single problem, and thus its efficiency is much higher.

5.3.3. C OLLISION AVOIDANCE C ONSTRAINTS
The collision avoidance constraints of Equation (5.14) define the collision-free zone outside the ellipsoid with the centre at the j th satellite. Suppose C x 1 6= C x 2 are two positions in the collision-free zone. The line passing through C x 1 and C x 2 may intersect
with the ellipsoid, which indicates that collision avoidance constraints are not convex.
In order to convexify collision avoidance constraints, most existing works use separating planes to approximate the ellipsoid and impose collision avoidance constraints in
an affine form [Açıkmese et al., 2006], [Mueller et al., 2013], [Morgan et al., 2014]. In
this chapter, the linearization and convex restriction method [d’Aspremont and Boyd,
2003] is used, which approximates the collision avoidance constraints by quadratic constraints. Meanwhile, the affine form is shown to be a special form of the quadratic constraints.
For notational convenience, the functional dependence on t is omitted in the sequel.
Let
¡ 4x i j ¢be the relative position vector between the i th and j th satellite, i.e., 4x i j =
C x i − x j . Then the collision avoidance constraints become
∆x Tij (−P i−1
j )∆x i j + 1 ≤ 0,

i > j,

i , j = 1, 2, ..., n.

(5.20)

Since −P i−1
is negative semi-definite, above constraints are non-convex. The matrix
j
−P i−1
can be decomposed into its positive and negative parts
j
− P i−1
j = P+ − P− ,

P + , P − º0

(5.21)

where P + and P − are positive semi-definite matrices, and the curled inequality symbol
denotes generalized inequality. Substitution of (5.21) into (5.20) yields
∆x Tij P + ∆x i j + 1 ≤ ∆x Tij P − ∆x i j .

(5.22)

Note that both sides of (5.22) are now convex quadratic functions. The right-hand side
is linearized around 4x i j ,0 to obtain
∆x Tij P + ∆x i j + 1 ≤ 2∆x Tij ,0 P − ∆x i j − ∆x Tij ,0 P − ∆x i j ,0

(5.23)

Since the right-hand side is an affine lower bound of 4x Tij P − 4x i j , (5.23) is an approximation of collision avoidance constraints. In the approximation, the resulting constraints are convex and more conservative than original collision avoidance constraints.
Hence, the approximated collision-free zone is a convex subset of the original collisionfree zone. In such a way, a convex restriction is formed by only linearizing the concave
parts of original collision avoidance constraints.
Note that (5.23) is a quadratic approximation. However, for some applications collision avoidance constraints in the affine form is much more appreciated, for example, in
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the distributed implementation of the reconfiguration algorithms with collision avoidance. If P + = 03×3 , then the affine approximation is obtained
2∆x Tij ,0 P − ∆x i j − ∆x Tij ,0 P − ∆x i j ,0 ≥ 1

(5.24)

Furthermore, for a spherical prohibited zone with P i j = r 2 I 3×3 , the affine approximation
becomes
r 2 + ∆x Tij ,0 ∆x i j ,0
°
°
T
≥ r °∆x i j ,0 °
∆x i j ,0 ∆x i j ≥
(5.25)
2
where k · k denotes the Euclidean norm. The approximation in (5.25) can be interpreted
as follows
°
°°
°
°
° °
°
°
°
∆x Tij ,0 ∆x i j = °∆x i j ,0 ° °∆x i j ° cos ≥ r °∆x i j ,0 ° ⇒ °∆x i j ° cos ϑ ≥ r ⇒ °∆x i j ° ≥ r (5.26)

5

whereϑ is the angle between the vector 4x i j and 4x i j ,0 . The last inequality in (5.26)
indicates that the distance between the i th and j th satellite is no less than the safety
radius r . Therefore, the affine approximation (for example, the approximated collision
avoidance constraints in [Morgan et al., 2014]) is a special case of the quadratic approximation.
It is worth pointing out that the solution of optimal control problems with approximated collision avoidance constraints can be improved by means of iteration. For a
chosen 4x i j ,0 , feasible reconfiguration trajectories are generated by taking constraints
(5.23) into account. Then those trajectories are chosen to be the new 4x i j ,0 and the
procedure is repeated until a pre-defined tolerance is achieved.
The aforementioned linearization and convex restriction method can be also applied to any polynomial constraints, since generally all polynomial constraints can be
turned into non-convex quadratic constraints by adding new variables [d’Aspremont
and Boyd, 2003].

5.4. GPM FOR M INIMUM -E NERGY /T IME C LUSTER R ECON FIGURATION WITH C OLLISION AVOIDANCE
As elaborated previously, the Gauss pseudospectral method is used to solve the energyoptimal and time-optimal control problems. GPM is a global orthogonal collocation
method. In a GPM method the state is approximated using a global Lagrange polynomial and the global orthogonal collocation is performed at Legendre-Gauss (LG) points
including neither of the endpoints. The general characteristics of GPM are summarized as follows by comparing with other methods [Rao, 2009]. Compared with standard collocation methods, the quadrature approximation of a definite integral in the
objective or constraints is extremely more accurate for GPM. Compared with methods
using local orthogonal collocation, GPM has less variables since local orthogonal collocation enforces compatibility constraints at the interface of each subinterval. Compared with methods employing Chebyshev polynomials rather than Lagrange polynomials, GPM has less complicated collocation conditions because of its isolation property.
Compared with Legendary pseudospectral methods (LPM), GPM generates full-rank and
non-square rather than singular differentiation matrices; furthermore, the satisfied KKT
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conditions are exactly equivalent to the first-order optimality conditions of the optimal
control problem.
There are two main steps of GPM for solving pre-formulated optimal control problems [Rao et al., 2010]. One is the discretization of the continuous optimal control problem to a finite-dimensional optimization problem; the other is the mapping of the finitedimensional problem to a standard NLP and solving the NLP. Those two aspects are discussed in the following two subsections, respectively.

5.4.1. D ISCRETIZATION
To discretize the continuous optimal control problem, the GPM first computes the LG
points, and then Lagrange interpolating polynomials are defined. Subsequently, the
state and control are approximated, respectively, using Lagrange interpolating polynomials. Finally, the objective and all the constraints are approximated via the discretized
states and controls at corresponding LG points. Note that the following discretization
uses time t as the independent variable. However, it can be adapted easily for the use of
θ as the independent variable.
Typically, for an orthogonal method, the discretization is performed
£
¤in the time interval τ ∈ [−1, 1]. Then in order to apply GPM, the time interval t ∈ t 0 , t f of the optimal
control problem shall be transformed to τ ∈ [−1, 1] via the affine relationship
t=

t f − t0
2

t f + t0

τ+

2

.

(5.27)

LG points denoted by (τ1 , τ2 , . . . , τN ) are then chosen in the interval τ ∈ [−1, 1] as the
roots of the N th-degree Legendre polynomial
PN =

¤
dN £ 2
(τ − 1)N .
N
N
2 N! dτ
1

(5.28)

For each LG point there is a corresponding Gauss weight w i
wi =

2

i = 1, 2, ..., N

0 2
(1 − τ2i )(P N
)

(5.29)

which will be used in the Gauss quadrature to approximate the definite integral. LG
points together with τ0 = −1 and τN +1 = 1 comprise the whole set of discretization points
(τ0 , τ1 , . . . , τN , τN +1 ) for the continuous optimal control problem. Then, a different basis of Lagrange interpolating polynomials can be formulated based on different selections of discretization points. For example, with the choice of (τ0 , τ1 , . . . , τN ) the basis of
N + 1 Lagrange interpolating polynomials is
L ix (τ) =

N
Y

τ − τj

j =0, j 6=i

τi − τ j

,

i = 0, 1, ..., N .

(5.30)

i = 1, 2, ..., N .

(5.31)

Another basis with the choice of (τ1 , τ2 , . . . , τN ) is
L ui (τ) =

N
Y

τ − τj

j =1, j 6=i

τi − τ j

,

5
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Both L ix (τ) and L ui (τ) satisfy the so-called isolation property
L ki (τ j ) =

½

1,
0,

i=j
,
i 6= j

k = x, u.

(5.32)

It has been previously pointed out that it is this isolation property that makes the collocation conditions of GPM less complicated. Using the basis of L ix (τ) the state x l (τ) is
approximated by X l (τ) via
x l (τ) ≈ X l (τ) =

N
X
i =0

X l (τi )L ix (τ),

l = 1, 2, ..., n.

(5.33)

l = 1, 2, ..., n.

(5.34)

The control is approximated by means of L ui (τ)
u l (τ) ≈ U l (τ) =

N
X
i =1

5

U l (τi )L ui (τ),

Note that the state is approximated using a basis of N +1 Lagrange interpolating polynomials, whereas the control is using a basis of N Lagrange interpolating polynomials.
The objective in (5.12) is then approximated as
J pr opel l ant ≈

N X
n
t f − t0 X

4

i =1 j =1

w i U Tj (τi )U j (τi ).

(5.35)

For time-optimal reconfiguration the objective is expressed as
J t i me = t f − t 0 .

(5.36)

In order to approximate the dynamic constraints, the following two expressions are
needed
t f − t0
d xi
=
(5.37)
(A i x i +B i u i ) , i = 1, 2, ..., n,
dτ
2
and
QN
N
X
j =0, j 6=i ,m τk − τ j
D ki = L̇ i (τk ) =
.
(5.38)
QN
m=0
j =0, j 6=i τi − τ j
Differentiating Equation (5.33) with respect to τ and then substituting (5.37) and (5.38),
the dynamic constraints (5.13) are transcribed into algebraic constraints
N
X

D ki X l (τi ) −

i =0

t f − t0
2

[A l (τk )x l (τk )+B i (τk )u i (τk )] = 0,

k = 1, 2, ..., N , l = 1, 2, ..., n,

(5.39)
where D ∈ R N ×N +1 is the differentiation matrix. Note that D is a rectangular full-rank
matrix because the differentiation of Equation (5.33) is only collocated at N LG points.
The final state of each satellite can be obtained in terms of its discretized state and control via the Gauss quadrature
X i f = X i0 +

N
t f − t0 X

2

j =1

£
¤
w j A i (τ j )X i (τ j )+B i (τ j )U i (τ j ) ,

i = 1, 2, ..., n.

(5.40)
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The collision avoidance constraints can be discretized as
©
ªT
©
ª
C [X i (τk ) − X j (τk )] P i−1
i > j , i , j = 1, 2, ..., n, k = 1, ..., N .
j C [X i (τk ) − X j (τk )] ≥ 1,
(5.41)
For the minimum-energy/time cluster reconfiguration, the given initial and target locations shall satisfy the collision avoidance constraints. The quadratic convex approximation of the collision avoidance constraints are discretized as follows
∆x Tij (τk )P + ∆x i j (τk ) + 1 ≤ 2∆x Tij ,0 (τk )P − ∆x i j (τk ) − ∆x Tij ,0 (τk )P − ∆x i j ,0 (τk )
i > j , i , j = 1, 2, ..., n, k = 1, 2, ..., N

(5.42)

Discretizing the affine approximation for the spherical prohibited zone leads to
°
°
∆x Tij ,0 (τk )∆x i j (τk ) ≥ r °∆x i j ,0 (τk )° , i > j , i , j = 1, 2, ..., n, k = 1, 2, ..., N

(5.43)

and control input constraints are discretized at the LG points
¯
¯
¯Ui , j (τk )¯ ≤ U , i = 1, 2, ..., n, j = 1, 2, 3, k = 1, 2, ..., N .

(5.44)

5

Next, the initial boundary condition is written as
X i (τ0 ) = x i 0 ,

i = 1, 2, ..., n.

(5.45)

For the energy-optimal cluster reconfiguration, the final configuration constraints
are expressed as

 X i (τN +1 ) = x i f (αi , αzi )
α = α + ∆αi , − π ≤ α ≤ π
i = 1, 2, ..., n
(5.46)
 i
αzi = αz + ∆αzi , − π ≤ αz ≤ π
Whereas the final configuration constraints of the time-optimal cluster reconfiguration
are

 X i (τN +1 ) = x i f (t f , αi , αzi )
α = α + ∆αi , − π ≤ α ≤ π
i = 1, 2, ..., n
(5.47)
 i
αzi = αz + ∆αzi , − π ≤ αz ≤ π
Therefore, the previously defined energy-optimal cluster reconfiguration problem is
discretized to minimize the objective (5.35) subject to (5.39), (5.40), (5.41), (5.44), (5.45)
and (5.46), while the time-optimal cluster reconfiguration problem is discretized to minimize the objective (5.36) subject to (5.39), (5.40), (5.41), (5.44), (5.45) and (5.47).

5.4.2. NLP F ORMULATION AND S OLVER
The discretized cluster reconfiguration problem can be rewritten as the following standard NLP [Rao et al., 2010]. Minimize the cost function
f (Z )

(5.48)

subject to the algebraic equality constraints
c E (Z ) = 0

(5.49)
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and the inequality constraints
c I ,min ≤ c I (Z ) ≤ c I ,max

5

(5.50)

where the vector Z ∈ R n z contains all the decision variables, the functions c E (Z ) and
c I (Z ) are, respectively, defined by the mappings c E (Z ) : R n z → R ne and c I (Z ) : R n z →
R ni , c I ,min ∈ R ni and c I ,max ∈ R ni are, respectively, the lower and upper bound vector
of the inequality constraints. Finally, n z , n e , and n i are the dimensions of the decision
variables, equality constraints and inequality constraints. For the energy-optimal cluster
reconfiguration, the decision variables consist of the discretized states of n satellites at
LG points [X 1 (τ1 ) , . . . , X 1 (τN ) , . . . , X n (τ1 ) , . . . , X n (τN )], the discretized control vectors
[U 1 (τ1 ) , . . . , U 1 (τN ) , . . . , U n (τ1 ) , . . . , U n (τN )], the phase angle of the in-plane relative
motion α and the phase angle of the cross-track relative motion αz . For the time-optimal
cluster reconfiguration there is one more decision variable t f . Equality constraints include (5.39), (5.40), (5.45), (5.46), and (5.47), while inequality constraints is composed by
(5.41) and (5.44).
For the standard NLP formulation of cluster reconfiguration problems, a large percentage of the derivatives of the objectives and constraints with respect to decision variables are zero, i.e., the resulting NLPs are sparse. Besides, the resulting NLPs are largescale with thousands of variables and constraints. Extensive research has been done
to solve large-scale sparse NLPs versatilely and robustly. Especially, solvers based on
SQP (sequential quadratic programming) [Gill et al., 2002], [Betts and Frank, 1994] and
interior-point methods [Wächter, 2002] have a wide variety of successful applications.
In this chapter the large-scale sparse NLP solver SNOPT [Gill et al., 2002] is used, which
is an SQP algorithm and can be implemented in MATLAB. SNOPT is very effective and
well-suited for NLPs where the functions and derivatives are expensive to calculate [Gill
et al., 2006].

5.5. S IMULATION R ESULTS
In this section the developed methodology is applied to the energy- and time-optimal
cluster reconfiguration with collision avoidance of four satellites both for circular and
eccentric reference orbits. The circular reference orbit is chosen as
[a = 7178 km i = 35° Ω = 0° e = 0, ω = 0°, θ = 0°] ,
where a is the semimajor axis, i is the inclination, Ω is the right ascension of the ascending node, e is the eccentricity, ω is the argument of perigee, and θ is the true anomaly.
The eccentric reference orbit is
[a = 7178 km i = 35° Ω = 0° e = 0.3, ω = 0°, θ = 0°] .
First, the comparison between the parametrization and discretization method of the final configuration constraint is carried out, where the energy-optimal cluster reconfiguration with the circular reference orbit is taken as an example and the collision avoidance
constraints are neglected to simplify the NLP.
Then, simulations of minimum-energy/time cluster reconfiguration with collision
avoidance constraints are presented, both for circular and eccentric reference orbits.

5.5. S IMULATION R ESULTS

99

Minimum-energy/time cluster reconfigurations without collision avoidance are simulated firstly for comparison. The quadratic and affine convex approximation of the collision avoidance constraints are compared for energy-optimal reconfiguration with respect to the circular reference orbit. It is found that since iteration is taken advantage
of, there is not much difference between the simulation results using the quadratic and
affine convex approximation. Therefore, only simulations with the quadratic approximation of collision avoidance constraints are presented for other cases. In all the simulations the mass of every satellite is 50 kg, and the maximum amplitude of the thrust
along each direction is 0.05 N.

5.5.1. PARAMETRIZATION VS . D ISCRETIZATION M ETHOD
The comparison between the parametrization and discretization method of the final
configuration constraint is performed via the energy-optimal cluster reconfiguration for
the circular reference orbit. The four satellites are initially distributed uniformly with 90°
relative phase angle in an in-plane cluster with no cross-track relative motion. The amplitude of the in-plane relative motion is 250 m, and the phase angle of satellite 1 is 0°.
The cluster is now required to reconfigure, in one orbital period of the reference orbit,
to an in-plane cluster with an amplitude of 300 m and the relative phase angle remains
the same, i.e., 4α2 = 90°, 4α3 = 180° and 4α4 = 270°. However, the phase angle of
satellite 1, i.e., α, needs to be determined in the energy-optimal way. In order to find
all optimal locations in the target cluster, the discretization method generates allowable
locations in the target cluster for satellite 1 with the discretization level of one degree.
Then 360 optimal problems need to be solved and the total propellant usages need to be
compared for all 360 solutions to search four allowable locations with the least energy
usage. The total energy usage of all satellites with respect to the reference phase angle is
shown in Figure 5.1. It shows that those four locations with satellite 1’s phase angle being
0°are energy-optimal. In all the simulations 60 LG points are used and the input of the
system is normalized with respect to the maximum amplitude of the thrust. The minimum total energy used in the discretization method is 0.1222. When the parametrization
method is applied, only one optimal problem needs to be solved and the optimal phase
angle for satellite 1 is found to be 1.1839 × 10−5 rad. The minimum energy used in the
parametrization method is also 0.1222. Compared with the discretization method, the
parametrization method uses much less computational resource. The initial and final
cluster are shown in Figure 5.2, where the reconfiguration trajectories are presented as
well. The relative distance between all four satellites are shown in Figure 5.3. Note that in
Figure 5.3 the relative distances between satellite 1 and 4 are the same as those between
satellite 2 and 3. The same case holds for the satellite pairs 3&4 and 1&2.
5.5.2. E NERGY-/T IME -O PTIMAL C LUSTER R ECONFIGURATION WITH C OL LISION AVOIDANCE WITH R ESPECT TO C IRCULAR R EFERENCE O RBIT
In this subsection collision avoidance constraints are taken into account in the cluster
reconfiguration with respect to the circular reference orbit. The scenario is simply chosen as the same as in the previous simulation in subsection 5.5.1, and the prohibited
zone for each satellite is defined as a sphere. The radius of the safety sphere is set as
200 m for the energy-optimal reconfiguration and 100 m for the time-optimal reconfigu-

5

100

5. C ENTRALIZED O PTIMAL R ECONFIGURATION OF S PACECRAFT C LUSTERS
300

15

Along−Track (m)

Total energy usage

200

10

5

100

satellite 1
satellite 2
satellite 3
satellite 4

0

initial cluster
final cluster

−100
−200

0

−3

−2

−1

0

1

2

−300
−300

3

−200

−100

In−plane reference phase angle [rad]

Figure 5.1: Total propellant usage with respect to the
reference phase angle without collision avoidance
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Figure 5.4: Energy-optimal reconfiguration trajectory with quadratic approximation of collision
avoidance constraints (circular reference orbit)

ration. As shown in Figure 5.3, apart from satellite pairs 1&3 and 2&4, all other satellite
pairs do not satisfy collision avoidance constraints. In the simulations of energy-optimal
reconfiguration collision avoidance constraints are approximated by the quadratic or
affine convex constraints. The energy-optimal cluster reconfiguration with the quadratic
convex approximation is shown in Figure 5.4 with the initial and final cluster presented
as well. Compared with the previous simulation, the optimal phase angle of satellite 1
changes to −0.2694 rad, and the overall energy usage is 2.5341. The relative distances
between all 4 satellites are shown in Figure 5, and all the relative distances are no less
than 200 m. By comparing Figure 2 and Figure 4, the optimal strategy to satisfy collision avoidance constraints is to increase the reconfiguration radiuses of both satellite 2
and 4. This optimal strategy is consistent with the results shown in Figure 3, where only
the satellite pairs 1&3 and 2&4 satisfy the collision avoidance constraints. The energyoptimal cluster reconfiguration with the affine convex approximation is shown in Figure
6, and the relative distances are shown in Figure 7. The optimal phase angle of satellite
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1 becomes -0.2699rad, and the total energy usage is 2.5364. Since the results generated
with both quadratic and affine approximation are improved by means of iteration, the
differences are small and can be neglected. Therefore, only simulations with quadratic
convex approximation of collision avoidance constraints are presented in the sequel.
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Figure 5.5: Relative distances during energyoptimal reconfiguration between all 4 satellites
with quadratic approximation of collision avoidance constraints (circular reference orbit)
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Figure 5.6: Energy-optimal reconfiguration trajectory with affine approximation of collision avoidance constraints (circular reference orbit)

The time-optimal cluster reconfiguration problem with collision avoidance differs
from the energy-optimal problem due to the extra decision variable t f . If collision avoidance constraints are not taken into account, the time-optimal reconfiguration is shown
in Figure 5.8, and the relative distances between all four satellites are shown in Figure 5.9. The optimal phase angle of satellite 1 is π rad, and the optimal transfer time
t f is 1236.9 s. By comparing Figure 5.8 with Figure 5.2, for time-optimal reconfiguration satellites fly directly to the target locations rather than take a detour. As shown in
Figure 5.9, the relative distances between satellites during the time-optimal reconfiguration is much smaller than those during the energy-optimal reconfiguration. Therefore,
it is reasonable to set the safety sphere with a smaller radius for the time-optimal reconfiguration. In our simulation the radius of the safety sphere is set as 100 m for the
time-optimal reconfiguration. The time-optimal reconfiguration with collision avoidance with respect to the circular reference orbit is shown in Figure 5.10, and the relative
distances are shown in Figure 5.11. When collision avoidance constraints are included,
the optimal phase angle of satellite 1 changes to 2.748 rad, and t f turns into 1413.2 s. As
shown in Figure 5.10, the strategy here to avoid collision is also to increase the reconfiguration radiuses of satellite 2 and 4. In addition, it is well known that time-optimal control
problems are challenging, and the control profile is bang-bang. Figure 5.12 shows the
bang-bang control of satellite 4 during the time-optimal reconfiguration as an example,
which also demonstrates that GPM can solve time-optimal control problems successfully.
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Figure 5.10: Time-optimal reconfiguration trajectory with quadratic approximation of collision
avoidance constraints (circular reference orbit)

5.5.3. E NERGY-/T IME -O PTIMAL C LUSTER R ECONFIGURATION WITH C OL LISION AVOIDANCE WITH R ESPECT TO E CCENTRIC R EFERENCE O R BIT
When the cluster reconfiguration is performed with respect to an eccentric reference orbit, the system dynamics are LTV and the control input matrices are time-varying. Therefore, the associated optimal control problems are more complicated. This subsection
presents simulation results of energy-optimal as well as time-optimal cluster reconfigurations with respect to the eccentric reference orbit, and also illustrates the capability
of GPM solving more complex problems. Note that in our simulations the eccentricity of the reference orbit is 0.3. This differs from other research results [Campbell, 2003],
which have obtained a reliably converging solution only for the eccentricity up to e ≤ 0.2.
The simulation scenario is set as follows. The four satellites are initially distributed uniformly in an in-plane cluster with R = 250 m and α1 = 0°, and there is no cross-track
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Figure 5.12: Scaled control inputs of satellite 4 during time-optimal reconfiguration (circular reference
orbit)

relative motion. The target cluster is tilted with cross-track relative motion and its size
is increased. The amplitude of the final in-plane relative motion is R = 500 m, while the
one of the cross-track relative motion is 100 m. Those four satellites need to be allocated
uniformly in the target cluster with unknown reference phase angle, i.e., the phase angel
α1 of satellite 1 shall be determined optimally. In our simulations the phase angles of the
cross-track relative motion are set as the same as those of the in-plane relative motion.
The prohibited zone for each satellite is set as a sphere. The radius of the safety sphere is
also set as 200 m for the energy-optimal reconfiguration and 100 m for the time-optimal
reconfiguration. However, in order to show the bang-bang control profile more clearly,
the radius of the safety sphere for time-optimal reconfiguration is tuned as 200 m.
The energy-optimal cluster reconfiguration with no collision avoidance constraints
is shown in Figure 5.13, and the relative distances are shown in Figure 5.14. The optimal
phase angle of satellite 1 is 0.8647 rad, and the total energy usage is 0.087. Compared
with the reconfiguration shown in Figure 5.2 and Figure 5.3, the energy-optimal reconfiguration with respect to the eccentric reference orbit is less symmetric, which indicates
different strategies may be exploited to avoid collision. As shown in Figure 5.14, satellite
pairs 3&4 and 1&4 violate the collision avoidance constraints. When collision avoidance
is required, the energy-optimal reconfiguration with respect to the eccentric reference
orbit is shown in Figure 5.15, and the relative distances between all four satellites are
shown in Figure 5.20. The optimal phase angle of satellite 1 changes to 0.7952 rad, and
the total energy usage becomes 0.2525. The collision avoidance strategy is mainly to
increase the reconfiguration radius of satellite 4, which is in consistence with the information presented in Figure 5.14.
The time-optimal cluster reconfiguration with no collision avoidance constraints is
shown in Figure 5.17, and the relative distances are shown in Figure 5.18. The optimal phase angle of satellite 1 is 3.093 rad, and the optimal elapse of the true anomaly
of the reference orbit is 2.110 515 8 rad. Compared with Figure 5.8 and Figure 5.9, the
time-optimal reconfiguration with respect to the eccentric reference orbit is also less
symmetric, but more symmetric than the energy-optimal reconfiguration. When the
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safety radius is set as 100 m, the time-optimal reconfiguration is shown in Figure 5.19,
and the relative distances are shown in Figure 5.20. The optimal phase angle of satellite 1 is 3.039 rad, and the optimal elapse of the true anomaly of the reference orbit is
2.110 512 7 rad. However, in this case the control input does not appear as bang-bang
control as shown Figure 5.21. Based on many simulations, it is observed that when applying GPM the appearance of the control inputs of the time-optimal reconfiguration
depends on the thrust, the size of the target cluster and the radius of the safety sphere.
When the radius of the safety sphere is set as 200 m, the reconfiguration is shown in Figure 5.22, and the relative distances are shown in Figure 5.23. The optimal phase angle of
satellite 1 is 3.093 rad, and the optimal elapse of the true anomaly of the reference orbit
is 2.110517 rad. The bang-bang control of satellite 4 is shown in Figure 5.24.
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5.6. C ONCLUSIONS
We have solved the energy-optimal and time-optimal reconfiguration problems for spacecraft clusters in general orbits including complex constraints like collision avoidance
constraints. The Gauss pseudospectral method (GPM) is taken advantage of as an overall method to solve those problems. Cluster reconfiguration problems depend on the
dynamics of the system; the more complicated the dynamics, the more complicated
the reconfiguration problems. This chapter shows that GPM can solve reconfiguration
problems with linear time invariant (LTI) as well as linear time varying (LTV) dynamics
effectively and efficiently. Inherent in our approach is the transformation of the reconfiguration problem to a convex optimization problem. The motivation is twofold. One
is that convex optimization problems can be solved efficiently and a global optimization is found. Second, most algorithms of convex optimization problems can be implemented in a distributed way. For future distributed space systems this is either necessary
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6
D ISTRIBUTED E NERGY-O PTIMAL
R ECONFIGURATION OF
S PACECRAFT C LUSTERS WITH
C OLLISION AVOIDANCE
For clusters with many satellites it is either necessary or highly demanded to develop distributed reconfiguration algorithms. In direct methods reconfiguration problems are formulated as optimization problems with differentiable or non-differentiable objectives in
the presence of coupling variables and/or coupling constraints. This chapter presents a
distributed framework to solve reconfiguration problems based on primal and dual decomposition, where subgradient methods are adopted to include reconfiguration cases
with non-differentiable objectives. Two typical constraints are considered: final configuration constraints representing coupling variables and collision avoidance constraints
representing coupling constraints, both of which are non-convex. General schemes are
proposed to convexify those constraints via the linearization and convex restriction technology. Then final configuration constraints are tackled by primal decomposition, while
collision avoidance constraints by dual decomposition. Since standard decomposition
methods prevent the distributed implementation due to the existence of master problems,
primal decomposition is combined with the distributed consensus algorithm and dual
decomposition is integrated with the incremental subgradient method. In order to solve
reconfiguration problems with both coupling variables and coupling constraints, multilevel primal and dual decompositions are proposed, where both the distributed consensus
algorithm and the incremental subgradient method are incorporated to guarantee the distributed implementation.
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6.1. I NTRODUCTION
ENTRALIZED implementation of energy-/time-optimal cluster reconfiguration has
been achieved in Chapter 5. The distributed implementation of energy-optimal reconfiguration is presented in this chapter, while time-optimal reconfiguration in next
chapter. In this chapter cluster reconfiguration also refers to the translation of satellites
from their current cluster geometry to a target cluster without violating any constraints,
such as collision avoidance constraints and final configuration constraints.
As discussed previously, reconfiguration problems are often formulated as openloop optimal control problems, which are then commonly solved by direct or indirect
methods [Betts, 1998; Conway, 2012]. Direct methods transcribe the optimal control
problem into a parameter optimization problem [Benson et al., 2006], while indirect
methods use the analytical necessary conditions derived from the calculus of variations
[Thevenet and Epenoy, 2008]. For reconfiguration problems with path constraints (for
example, collision avoidance constraints) and/or terminal constraints (for example, final configuration constraints), indirect methods become inadequate as the solution of
the two point boundary value problem (TPBVP) that constitutes the first-order necessary conditions for optimality gets quite difficult [Conway, 2012; Thevenet and Epenoy,
2008]. On the contrary, direct methods are more promising because the reconfiguration problem is directly transcribed into a parameter optimization problem, which can
be solved by a well-known nonlinear programming (NLP) solver [Betts, 1998; Conway,
2012].
However, reconfiguration problems still post stringent challenges to direct methods,
especially for DSSs with a large number of satellites, in at least the following five aspects.
First, the size and complexity of the reconfiguration problem increase dramatically with
respect to the number of satellites in the cluster, because for each satellite the history
of independent variable (e.g. time) is discretized into finite points, where both states
and decision variables (e.g. control) exist. Second, the objective of the reconfiguration
problem may be non-differentiable, for example, objectives including the l 1 -norm of
control vectors. Thus, ordinary gradient methods are not applicable anymore. Third,
there may be non-convex constraints, such as collision avoidance constraints and final
configuration constraints, which are long-recognized difficulties for optimization problems. For large-scale reconfiguration problems, decomposition is a general approach
to break the original problem into several much smaller subproblems. The fourth and
fifth challenges are related to the decomposition of reconfiguration problems. Fourth,
constraints of the reconfiguration problem may be non-separable, for example, collision avoidance constraints, which prevents the decomposition. Last but not the least,
coupling commonly exists between subproblems which complicates the reconfiguration
problem. There are two types of coupling: coupling variables such as final configuration
constraints and coupling constraints such as collision avoidance constraints. Note that
coupling may be convex or non-convex, separable or non-separable. Note also that reconfiguration problems with both coupling variables and coupling constraints are much
more complicated than problems with only one of these.
From an implementation point of view, the cluster reconfiguration problem, i.e., the
NLP problem resulting from direct methods, can be solved in a centralized [Richards
et al., 2002; Wu et al., 2009; Huntington and Rao, 2008], distributed [Morgan et al., 2014]
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or hybrid [Tillerson et al., 2002; Yang et al., 2002b] way (partially centralized and partially distributed). For the centralized implementation, although a global optimization
is theoretically achievable, the assumptions that all the information of satellites and their
environment can be transmitted to a single point for processing and keeps unchanged
during processing are too restrictive [Dias and Stentz, 2000]. Besides, since computation
is exponential in complexity, the centralized approach is not efficient for clusters larger
than a few satellites, and thus the scalability is rather poor [Dias and Stentz, 2000]. Another weakness of the centralized approach is that it will fail in case of a single point failure of the central processing node [Dias and Stentz, 2000]. A hybrid approach distributes
a portion of the computational load among satellites and collects all the results onboard
one node to achieve global objectives. Compared with the centralized approach, the hybrid approach requires less computation and communication resources. However, in a
hybrid approach, the communication topology is still strictly restricted, the computational load is still uneven, scalability is still poor, and the single-point-of-failure problem
still remains.
The distributed approach avoids above problems that arise in the centralized and hybrid approach. In the distributed implementation, little computation is required since
subproblems are solved locally by each satellite; little communication is required since
only coupling information is sent to neighbors; and response to unknown or changing
environment is improved since the environment is sensed and responded locally. Moreover, robustness and scalability of the system are guaranteed. For future DSSs with a
large number of satellites, in order to even better enable the non-traditional attributes
and due to the explosion in size and complexity, it is either necessary or at least highly
desirable to autonomously solve the reconfiguration problem in a distributed yet cooperative way.
The purpose of this chapter is therefore to develop distributed algorithms for reconfiguration problems of spacecraft clusters. Generally speaking, going from the reconfiguration problem to a distributed algorithm there are primarily three steps [Palomar
and Chiang, 2007]: 1) problem formulation, 2) decomposition into subproblems, and
3) solutions of all subproblems and then distributed algorithms for the reconfiguration
problem. In all three steps, step 2 bridges the gap between step 1 and 3, while step 1, i.e.,
problem formulation, lays the foundation for the whole framework and shall be suitable for decomposition. As mentioned before, the reconfiguration problem is usually
formulated as an optimal control problem, which can then be solved by direct or indirect methods. However, indirect methods transform the original problem into a TPBVP,
which is normally very difficult to decompose. Hence, step 1 shall be performed based
on a direct method. For step 2, there are mainly two techniques: primal decomposition
decomposing the primal problem and dual decomposition decomposing the Lagrangian
of the problem [Palomar and Chiang, 2007]. Furthermore, decomposition can be carried
out based on the types of constraints. For coupling variables, since when they are fixed
the primal problem is separable, a primal decomposition is appropriate [Palomar and
Chiang, 2007]. Coupling constraints can be relaxed in the problem’s Lagrangian such
that the problem is decoupled, and thus a dual decomposition is suitable [Palomar and
Chiang, 2007]. Once the original problem separates into subproblems, step 3 requires
them to be solved cooperatively in a distributed way. However, standard primal and dual
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decomposition needs a master problem to collect information from and then broadcast
some updated information to all subproblems [Boyd et al., 2007, 2011], which prevents
the distributed implementation.
This chapter proposes a distributed framework to solve complex cluster reconfiguration problems and to address aforementioned five challenges. In this framework
subgradient methods are adopted to include general reconfiguration cases with nondifferentiable objectives. The reconfiguration problem is first formulated as an optimal
control problem, and then transcribed into an NLP based on a direct method. Two typical constraints are of great concern: final configuration constraints representing coupling variables and collision avoidance constraints representing coupling constraints,
both of which are non-convex. Besides, collision avoidance constraints are non-separable.
The linearization and convex restriction technology is employed to convexify all these
constraints, and the collision avoidance constraints are approximated by affine constraints that are separable. Then the NLP problem becomes separable and convex, which
are proper for primal and/or dual decomposition. In order to relieve the need of a master
problem, primal decomposition is combined with the distributed consensus algorithm
[Nedic and Ozdaglar, 2009] and dual decomposition is integrated with the incremental
subgradient method [Bertsekas, 2011]. The distributed consensus algorithm iterates linearly on the coupling variable based on the graph topology, while the incremental subgradient method updates incrementally the dual variable based on the graph topology.
For more complex reconfiguration problems with both coupling variables and coupling
constraints, the multi-level primal and dual decomposition is applied [Palomar and Chiang, 2007], where both the distributed consensus algorithm and the incremental subgradient method are incorporated to guarantee the distributed implementation.
The remainder of this chapter is organized as follows. In section 2, the energy-optimal
reconfiguration problem is formulated as an optimal control problem, where the final
configuration constraints and collision avoidance constraints are defined, respectively.
In section 3, the optimal control problem is transcribed to a NLP problem. This is followed by the approximated transformation of the NLP to a separable convex optimization. In section 4, primal decomposition is presented to treat the coupling variables in
the final configuration constraints, where the distributed consensus algorithm is presented as well. In section 5, dual decomposition is presented to tackle the collision
avoidance constraints, where the incremental subgradient method is proposed to achieve
the distributed implementation. In section 6, the characteristics of primal and dual decomposition as well as their relationship are summarized. After that, the multi-level primal and dual decomposition is presented to solve reconfiguration problems with both
final configuration constraints and collision avoidance constraints. Finally, conclusions
are drawn.

6.2. P ROBLEM F ORMULATION
N this section, the energy-optimal reconfiguration of a spacecraft cluster in a circular reference orbit is formulated as an optimal control problem. This formulation is
the starting point for introducing the distributed framework. Even though the relative
dynamics for circular reference orbits are simple, this starting point paves the way for a
complete description of all the key elements and can be extended easily to more com-
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plicated relative dynamics. Before the formulation, a general scenario of the reconfiguration problem is introduced firstly.

6.2.1. G ENERAL S CENARIO
A passive cluster (passive is later on omitted for notational convenience) is normally established for DSSs that can maintain the designed geometry without using any valuable
onboard propellant. Passive clusters are traditionally designed based on the stable solutions of the autonomous system that describes the relative motion between satellites.
The relative motion of a satellite with respect to a reference orbit is commonly described
in the local-vertical/local-horizontal (LVLH) frame {e r , e θ , e h } defined as follows. The
origin of the frame is centred on the centre of mass (CM) of the reference satellite. The
vector e r points radially outward, while the vector e h is parallel to the orbit momentum
vector of the reference satellite in the orbit normal direction. The vector e θ completes
the right-hand reference frame (positive in the velocity direction of the reference satellite). In this chapter the stable thrust-free cluster is derived based on the homogeneous
solutions of the well-known Hill-Clohessy-Wiltshire (HCW) equations, and is described
by the state vector of relative position and velocity, i.e., x = [x, y, z, ẋ, ẏ, ż]T , as [Campbell,
2003]


x(t ) = (R/2) cos(n 0 t + α)



 y(t ) = −R sin(n 0 t + α)



z(t ) = R z cos(n 0 t + αz )
(6.1)
 ẋ(t ) = − (R/2) n 0 sin(n 0 t + α)




ẏ(t ) = −Rn 0 cos(n 0 t + α)



ż(t ) = −R z n 0 sin(n 0 t + αz )
where R and α are the amplitude and phase angle of the in-plane relative motion, respectively, while R z and αz are those of the cross-track relative motion, respectively. In
addition, t is the independent time variable, and n 0 is the mean motion of the reference
orbit.
Consider n satellites flying in a cluster described by Equation (6.1), which implicitly
determines the initial and final states. Suppose that for the change of mission requirements those n satellites need to reconfigure into a new cluster that satisfies a set of predefined geometry constraints. Those geometry constraints have specified the reference
orbit, i.e., n 0 , and the amplitudes of the in-plane and cross-track relative motion, i.e.,
R and R z . However, the phase angles α and αz after reconfiguration are unknown (i.e.,
each point in the target cluster is an allowable location); only the relative phase angles
between neighbouring satellites are defined. Thus, the phase angles of each satellite
can be calculated by unknown reference phase angles plus the given corresponding relative phase angles. For example, as shown in Figure 6.1 four satellites initially fly evenly
with relative phase angle of 90°in an in-plane cluster and are required to reconfigure to
cluster 2 with a larger amplitude. In the target cluster, relative phase angles remain the
same and the phase angle of satellite #1 is chosen as the reference. Then phase angles
of other satellites can be determined accordingly, e.g., α2 = α1 + ∆α2 . It is thus only the
reference phase angle that shall be optimized. In addition to the optimal decision of the
reference phase angle, the energy-optimal reconfiguration shall be completed in a prescribed amount of time with as little propellant usage as possible, during the course of
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Figure 6.1: An example of cluster reconfiguration

which the states of satellites must be consistent with the relative dynamics, control inputs shall satisfy local control input constraints and the collision between satellites must
be avoided.

6

6.2.2. F ORMULATION AS O PTIMAL C ONTROL P ROBLEM
The energy-optimal reconfiguration of spacecraft cluster in a circular reference orbit is
formulated as the following optimal control problem. The objective is to minimize the
propellant usage
Z
n
1 tf X
J=
uT ui d t
(6.2)
2 t0 i =1 i
subject to the dynamics constraints describing the relative motion in a circular reference
orbit
ẋ i (t ) = Ax i (t ) + B u i (t ), i = 1, 2, . . . , n,
(6.3)
the collision avoidance constraints
© £
¤ªT −1 © £
¤ª
£
¤
C x i (t ) − x j (t )
P i j (t ) C x i (t ) − x j (t ) ≥ 1, i < j , i , j = 1, 2, . . . , n, ∀t ∈ t 0 , t f ,
(6.4)
the control input constraints
¯
¯
¯u i j (t )¯ ≤ U , i = 1, 2, . . . , n,

£
¤
j = 1, 2, 3, ∀t ∈ t 0 , t f ,

(6.5)

the initial boundary conditions
x i (t 0 ) = x i 0 ,

i = 1, 2, . . . , n,

(6.6)

and the final configuration constraints

 x i (t f ) = x i f (αi , αzi ),
α = α + ∆αi ,
 i
αzi = αz + ∆αzi ,

− π ≤ α ≤ π,
− π ≤ αz ≤ π,

i = 1, 2, . . . , n

(6.7)
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where x i ∈ R6 , u i ∈ R3 , α ∈ R, αz ∈ R and t ∈ R are respectively, the i th satellite’s state
vector (relative position and velocity), control vector, reference phase angle of the inplane motion, reference phase angle of the cross-track motion and time. Furthermore, t 0
and t f are the initial and final time, respectively, n is the total number of satellites in the
cluster, A and B are, respectively, the system and control matrix of the relative dynamics,
C is the coefficient matrix C = [I 3×3 03×3 ] that extracts relative position components,
P i j is a symmetric and positive definite matrix defined between i th and j th satellite,
u i j is the j th component of the i th satellite’s control vector, U is the maximum control
magnitude, x i 0 is the given initial state of i th satellite, x i f is the final state, and αi and
αzi are i th satellite’s in-plane and cross-track phase angle, respectively. Note that for
clusters in a circular reference orbit the system matrix as well as the control matrix is the
same for all satellites and can be found in [Campbell, 2003]. Note also that the maximum
control magnitude along each axis is assumed to be the same.

The initial time t 0 is, without loss of generality, chosen as 0. The initial boundary conditions shall comply with Equation (6.1) and satisfy the collision avoidance constraints.
The final time t f is given and the geometrical shape of the target cluster is pre-defined
for the energy-optimal control problem. Hence, as shown in Equation (6.1), the final
state x i f of i th satellite is only a function of αi and αzi , which are calculated by the respective reference phase angle (α, αz ) plus the corresponding given relative phase angle
(∆αi , ∆αzi ). Equation (6.7) characterizes the target cluster and defines n allowable locations in the final configuration constraints. In most existing works, the search domain
of the target locations is discretized [Campbell, 2003; Richards et al., 2002] rather than
parameterized by α and αz to generate allowable locations. Thus, the original optimal
control problem turns into K (K À n) optimal problems, and the optimal assignment of
allowable locations is based on the comparison of all those solutions. On the flip side,
the parametrization method used in this chapter keeps the optimal control problem as
a single problem, and the parameters α and αz are incorporated into the decision variables.

The collision avoidance constraints defined in Equation (6.4) specify the collisionfree zone for the i th satellite outside an ellipsoid with the centre at the j th satellite. The
matrix P i j determines how far the prohibited zone extends in every direction from the
p
j th satellite; the lengths of the semi-axes along those directions are given by λl (l =
1, 2, 3), where λl is the l th eigenvalue of P i j . The prohibited zone for the j th satellite is a
sphere of radius r if P i j = r 2 I 3×3 . Suppose C x 1i 6= C x 2i are two positions in the collisionfree zone of j th satellite. The line passing through C x 1i and C x 2i may intersect with the
ellipsoid, which indicates that collision avoidance constraints are not convex. Compared
with the formulation in [Açıkmese et al., 2006; Morgan et al., 2014; Mueller et al., 2013],
the collision avoidance constraints in this chapter are formulated as general non-convex
constraints, which will be used in the next section to demonstrate the general scheme of
convexifying non-convex polynomial constraints.

6

6. D ISTRIBUTED E NERGY-O PTIMAL R ECONFIGURATION OF S PACECRAFT C LUSTERS WITH
116
C OLLISION AVOIDANCE

6.3. S EPARABLE C ONVEX F ORMULATION OF E NERGY-O PTIMAL
R ECONFIGURATION P ROBLEM
S elaborated before, the formulation of the energy-optimal reconfiguration problem
shall lay the foundation for the distributed implementation and be suitable for decomposition. However, in the previous formulation only the initial boundary conditions
are convex constraints; the dynamics constraints in Equation (6.3) are non-convex, the
collision avoidance constraints in Equation (6.4) are neither separable nor convex, and
the final configuration constraints contain trigonometric functions as shown in Equation (6.1) and thus are non-convex. In this section the optimal control problem of cluster
reconfiguration is firstly transcribed into an NLP using a direct method. After that, the
NLP formulation is convexified and becomes separable, which is then ready for decomposition.

A

6.3.1. NLP F ORMULATION OF E NERGY-O PTIMAL R ECONFIGURATION P ROB -

6

LEM
Broadly speaking, for a direct method transcribing an optimal control problem into an
NLP there are two fundamental parts: 1) integrating functions and solving differential
equations, 2) solving a system of nonlinear algebraic equations [Rao, 2009]. Note that in
a single problem the objective shall be integrated using the same numerical method as
the one for solving differential equations [Rao, 2009]. In this chapter, the second part of
the transcription is absent for the energy-optimal reconfiguration problem of spacecraft
cluster in a circular reference orbit. Therefore, only one method is needed to solve dynamics equations in Equation (6.3) and integrate the objective in Equation (6.2). To this
end, since the continuous dynamic system is linear time invariant with a constant system and control matrix, the zero-order-hold approach with a time-step ∆t is used such
that
∀t ∈ [t k , t k+1 ) , k = 0, 1, . . . , N − 1, i = 1, 2, . . . , n
(6.8)
u i (t ) = u ki ,

where k indexes the sample point, N is the number of time intervals, N = round(t f /∆t ),
and u ki denotes the input vector of the i th satellite at the kth time step. Note that the
round operation rounds the argument to the nearest integer. Then the objective in Equation (6.2) becomes
´T
n NX
−1 ³
n
X
X
1
1
u ki u ki = ∆t
(6.9)
J ≈ ∆t
(U i )T U i
2 i =1 k=0
2 i =1
h¡ ¢
¡
¢ T iT
¡ 1 ¢T
where U i ∈ R3N ×1 , and U i = u 0i T
. Apparently, above objec· · · u iN −1
ui
tive is separable and convex.
The differential equations in Equation (6.3) can be solved based on the discretized
dynamics. Using the zero-order hold, the continuous dynamical system is discretized as
x k+1
= A d x ki + B d u ki ,
i

k = 0, 1, . . . , N − 1,

i = 1, 2, . . . , n

(6.10)

where A d and B d denote the discrete-time state-space matrices, and are calculated as
follows
Z ∆t
A d = e A∆t ,
Bd =
e A∆τ B d τ.
(6.11)
0
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Applying Equation (6.10) recursively from k = 0 to k = N − 1, the states of i th satellite at
all time steps can be obtained
X i = H x i 0 +GU i ,
h¡

i = 1, 2, . . . , n
(6.12)
i
¡ N ¢T T
, G ∈ R6N ×3N , and H ∈ R6N ×6 . Maxi

¢
¡ 2 ¢T
where X i ∈ R6N ×1 , X i = x 1i T
xi
···
trices G and H are calculated, respectively, as

 
Bd
Ad

 A2 
 A B
 d
 d d

H =
 ..  , and G = 
..

 . 

.
A dN
A dN −1 B d

0
Bd
..
.
A dN −2 B d

···
..
.
..
.
···


0
.. 
. 

.

0
Bd

(6.13)

Thus, the dynamics constraints shown in Equation (6.3) are approximated as Equation
(6.12). The final state of i th satellite is extracted from Equation (6.12) for later use
x i (t f ) = x iN = A dN x i 0 + B̂U i ,
i = 1, 2, . . . , n
(6.14)
¤
£
where B̂ ∈ R6×3N , and B̂ = A dN −1 B d A dN −2 B d · · · A d B d .
Now that the objective has been integrated and the differential equations have been
solved, the optimal control problem can be transcribed into an NLP. The collision avoidance constraints are approximated as follows
n h
ioT ³ ´−1 n h
io
C x ki − x kj
P ikj
C x ki − x kj ≥ 1, i < j , i , j = 1, 2, . . . , n, k = 1, 2, . . . , N − 1 (6.15)
where P ikj is the matrix P i j defined at the kth time step. Note that both initial and final
states are not taken into account in the collision avoidance constraints since they already
satisfy the constraints. In the light of Equation (6.8), the control input constraints are
approximated as
¯ ¯
¯U j ¯ ≤ U , j = 1, 2, . . . , 3N
(6.16)
where U j is the j th component of the collocated vector U i of all satellites’ control inputs.
Substituting Equation (6.14) into Equation (6.7), the final configuration constraints become
A dN x i 0 + B̂U i = x i f (α, αz ),

−π ≤ α ≤ π, −π ≤ αz ≤ π, i = 1, 2, . . . , n.

(6.17)

At this stage the NLP can be written as
minimize
subject to

(6.9)
(6.12), (6.15), (6.16), (6.6), (6.17).

(6.18)

The decision variables of above NLP are the control vectors of all satellites and the inplane and cross-track reference phase angle. Once the control vectors are optimized,
the states of each satellite can be obtained via (6.12). So far the optimal control problem
has been transcribed into problem (6.18). However, problem (6.18) is neither convex nor
separable due to the non-separable and non-convex collision avoidance constraints and
the non-convex final configuration constraints. In the following subsection a general
scheme is proposed to convexify problem (6.18).

6
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6.3.2. T OWARDS D ECOMPOSITION
In this subsection problem (6.18) is convexified to be ready for decomposition. Collision avoidance constraints are the main difficulties towards decomposition. The collision avoidance constraints of Equation (6.15) define the collision-free zone outside the
ellipsoid with the centre at the j th satellite. In order to convexify collision avoidance
constraints, most existing works use separating planes to approximate the ellipsoid and
impose collision avoidance constraints in an affine form [Açıkmese et al., 2006; Morgan et al., 2014; Mueller et al., 2013]. In this chapter, the collision avoidance constraints
are approximated as convex quadratic constraints using the linearization and convex restriction method, which produces the affine form as a special form that can be taken
advantage of to make collision avoidance constraints separable.
Let ∆x kij be the relative position vector between the i th and j th satellite at the kth
´
³
time step, i.e., ∆x kij = C x ki − x kj . Then the collision avoidance constraint between the
i th and j th satellite at time step k becomes
³
´T ³
´−1
∆x kij
−P ikj
∆x kij + 1 ≤ 0,

6

k = 1, 2, . . . , N − 1, i < j , i , j = 1, 2, . . . , n.

(6.19)

³
´−1
is negative semi-definite, above constraints are non-convex. The matrix
Since −P ikj
³
´−1
k
can be decomposed into its positive and negative parts
−P i j
³
´−1
= P +k − P −k ,
−P ikj

P +k , P −k º 0

(6.20)

where both P +k and P −k are positive semi-definite matrices, and the curled inequality
symbol denotes generalized inequality. Substitution of (6.20) into (6.19) yields
³
´T
³
´T
∆x kij P +k ∆x kij + 1 ≤ ∆x kij P −k ∆x kij ,

k = 1, 2, . . . , N − 1, i < j , i , j = 1, 2, . . . , n. (6.21)

The right-hand side of inequality (6.21) is linearized around the reference ∆x kij ,0 to obtain
³
´
³
´
³
´
∆x kij

T

P +k ∆x kij + 1 ≤ 2 ∆x kij ,0

T

P −k ∆x kij − ∆x kij ,0

T

P −k ∆x kij ,0 .

(6.22)

³
´T
Since the right-hand side is an affine lower bound of ∆x kij P −k ∆x kij , Equation (6.22) is
an approximation of collision avoidance constraints. In this approximation, the derived
constraints are convex and more conservative than the original collision avoidance constraints. Hence, the approximated collision-free zone is a convex subset of the original
collision-free zone. In such a way, a convex restriction is formed by only linearizing the
concave parts of original collision avoidance constraints. It is worth mentioning that the
aforementioned linearization and convex restriction method can be also applied to any
polynomial constraints, since generally all polynomial constraints can be turned into
non-convex quadratic constraints by adding new variables [d’Aspremont and Boyd,
2003].
However, Equation (6.22) is quadratic and thus not straightforward for decomposition. If P +k = 03×3 , then a separable affine approximation of the collision avoidance
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constraints can be acquired
³
´T
³
´T
2 ∆x kij ,0 P −k ∆x kij − ∆x kij ,0 P −k ∆x kij ,0 ≥ 1.
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(6.23)

Furthermore, for a spherical prohibited zone with P ikj = r 2 I 3×3 , the affine approximation
becomes
³
´T
°
°
³
´T
r 2 + ∆x kij ,0 ∆x kij ,0
°
°
≥ r °∆x kij ,0 °
(6.24)
∆x kij ,0 ∆x kij ≥
2
where k · k denotes the Euclidean norm. The approximation in Equation (6.24) can be
interpreted as follows
°
°°
°
°
°
°
°
°
°
³
´T
°
°°
°
°
°
°
°
°
°
∆x kij ,0 ∆x kij = °∆x kij ,0 ° °∆x kij ° cos ϑ ≥ r °∆x kij ,0 ° =⇒ °∆x kij ° cos ϑ ≥ r =⇒ °∆x kij ° ≥ r
(6.25)
where ϑ is the angle between the vector ∆x kij ,0 and ∆x kij . The last inequality in (6.25) indicates that the distance between the i th and j th satellite is no less than the safety radius r .
Therefore, the affine approximation (for example, the approximated collision avoidance
constraints in [Morgan et al., 2014]) is a special case of the quadratic approximation.
The affine constraints shown in Equation (6.23) can be converted to the constraints
imposed directly on the control vectors by incorporating Equation (6.12). Take the spherical collision-free zone for instance. The collision avoidance constraints are re-written
from (6.24) as
°
°
³
´T
°
°
∆x kij ,0 ∆x kij ≥ r °∆x kij ,0 ° , k = 1, 2, . . . , N − 1, i < j , i , j = 1, 2, . . . , n
(6.26)
where

³
´
∆x kij = C x ki − x kj ,

i < j , i , j = 1, 2, . . . , n.

(6.27)

For given reference relative position vectors ∆x kij ,0 (k = 1, 2, . . . , N −1), let ∆X i j ,0 ∈ R3(N −1)×1
be the total vector of reference position vectors, i.e.,
∆X Tij ,0 =

h³

∆x 1i j ,0

´T

³
´T
∆x 2i j ,0

···

³
´ T iT
−1
,
∆x iNj ,0

i < j , i , j = 1, 2, . . . , n.

(6.28)

Then the vector of reference relative distances D i j ∈ R(N −1)×1 can be computed as
q ¡
¢
(6.29)
D i j = Λ ∆X i j ,0 . ∗ ∆X i j ,0 , i < j , i , j = 1, 2, . . . , n
where Λ ∈ R(N −1)×3(N −1) is defined as Λ = diag(11×3 ) with 1 being the vector of all ones,
and operator ".*" multiplies two vectors element by element. By incorporating the Equation (6.12), the collision avoidance constraints between i th and j th satellite can be expressed as
£
¡
¢¤
M i j Ĉ (H x i 0 +GU i ) − Ĉ H x j 0 +GU j º r D i j , i < j , i , j = 1, 2, . . . , n
(6.30)
µ³
´T
³
´T ¶
´T ³
N −1
(N −1)×3(N −1)
1
2
where M i j ∈ R
is defined as M i j = diag ∆x i j ,0 , ∆x i j ,0 , . . . , ∆x i j ,0
and Ĉ ∈ R3(N −1)×6(N −1) is Ĉ = diag(C ). Note that since final states of both satellites are not
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taken into account in the collision avoidance constraints, neither U i nor U j includes the
control vector at the (N −1)th time step. Besides, both G and H shall change accordingly.
After some algebraic manipulation, above equation (6.30) can be simplified as
¢
¡
(6.31)
A i j U j −U i ¹ B i j , i < j , i , j = 1, 2, . . . , n
where A i j ∈ R(N −1)×3(N −1) is computed as
A i j = M i j ĈG,

i < j , i , j = 1, 2, . . . , n,

and B i j ∈ R(N −1)×1 is computed as
¡
¢
B i j = M i j Ĉ H x i 0 − x j 0 − r D i j ,

i < j , i , j = 1, 2, . . . , n.

(6.32)

(6.33)

Up until now, the collision avoidance constraints have been converted to separable affine constraints. Regarding the final configuration constraints, since only simple trigonometric functions are involved, convexification of Equation (6.17) can be performed via Taylor expansion
α0 ) + ∇x i f (α
α0 ) (α
α −α
α0 ) ,
A dN x i 0 + B̂U i = x i f (α

6

i = 1, 2, . . . , n.

(6.34)

£
¤T
where α ∈ R2×1 is the vector of reference phase angles, α = α αz , α 0 ∈ R2×1 is the ref£
¤T
erence point of Taylor expansion and α 0 = α0 αz,0 . Note that constraints shown in
(6.31) are coupling constraints, while those shown in (6.34) involve the vector α of coupling variables. At this moment problem (6.18) is approximated as a separable convex
problem with coupling variables and coupling constraints
minimize
subject to

(6.9)
(6.31), (6.16), (6.6), (6.34).

(6.35)

Above problem is an approximation of problem (6.18), and thus an approximation
of the original optimal control problem. However, the solutions can be improved by
means of iteration. For given ∆X i j ,0 , α0 and αz,0 , Problem (6.35) is solved first to generate optimal decision variables (i.e., control vectors, in-plane and cross-track reference
phase angle), and optimal reconfiguration trajectories are computed by substituting the
control vectors into Equation (6.12). Then, those trajectories are used to compute the
new ∆X i j ,0 , while the optimal values of α and αz are chosen to be new α0 and αz,0 ,
respectively. This procedure is repeated until a pre-defined tolerance or iteration limit
is achieved. In such a way, the original optimal control problem is approximated by
a sequence of convex optimization problems, which is the so-called sequential convex
programming (SCP). This methodology serves as the main idea of our centralized implementation to solve problem (6.18), whose results represent the optimal solutions and
will be compared with by subsequent distributed implementations.

6.4. P RIMAL D ECOMPOSITION AND D ISTRIBUTED C ONSENSUS
A LGORITHMS
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REVIOUSLY , the energy-optimal reconfiguration of spacecraft cluster in a circular reference orbit has been formulated as a separable convex optimization problem with
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coupling variables and coupling constraints. As elaborated before, different methods
shall be employed to handle coupling variables and coupling constraints, respectively. In
this section, primal decomposition is performed to deal with coupling variables, whereas
dual decomposition is presented in next section to tackle coupling constraints. However, standard primal decomposition requires a master problem to collect subgradient
information from all satellites, and then distribute the updated coupling variables to all
satellites. This hybrid architecture, however, prevents the distributed implementation of
reconfiguration algorithms. To circumvent that, we use, instead, distributed consensus
algorithms to facilitate the distributed implementation based on primal decomposition.

6.4.1. P RIMAL D ECOMPOSITION
The energy-optimal reconfiguration problem with final configuration constraints has
the form
minimize
subject to

J = 12 ∆t

n
P
i =1

(U i )T U i

|Ui | ≤ U , i = 1, 2, . . . , 3N ,
α0 ) + ∇x i f (α
α0 ) (α
α −α
α0 ) , i = 1, 2, . . . , n,
A N x + B̂U i = x i f (α
· d ¸i 0
· ¸
−π
π
¹α ¹
.
−π
π

(6.36)

where the decision variables are U i , (i = 1, 2, . . . , n) and α . Apparently, if the vector α ,
i.e., variables α and αz , were fixed, then problem (6.36) would decouple. This observation suggests the utilization of primal decomposition, which separates the optimization
problem in (6.36) into n subproblems and one master problem. For a given vector α ,
there is one subproblem per satellite i
minimize

J i = 21 ∆t (U i )T U i

subject to

|Ui | ≤ U , i = 1, 2, . . . , 3N ,
α0 ) + ∇x i f (α
α0 ) (α
α −α
α0 ) .
A dN x i 0 + B̂U i = x i f (α

Ui

(6.37)

α) denote the optimal objective value of Problem (6.37) for a given α . The master
Let J i? (α
problem in charge of updating α for the whole cluster is expressed as
minimize
α

subject to

n
P

α)
J i? (α
·i ¸
· ¸
−π
π
¹α ¹
.
−π
π

(6.38)

α) is
Since the objective as well as all constraints in problem (6.37) are convex, J i? (α
convex from convex optimization theory [Boyd and Vandenberghe, 2009], which then
makes problem (6.38) a convex optimization problem. In addition to the convexity, in
the master problem and all subproblems, the in-plane and cross-track relative motion
can be solved independently since they are decoupled for clusters described by HCW
equations. Evidently, problem (6.37) is a quadratic programming problem, and can be
solved by a variety of well-known methods, such as gradient methods and interior point
methods [Boyd and Vandenberghe, 2009]. The choice of a method solving the master
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6

problem depends on the differentiability of the objective. When it is differentiable, gradient or quasi-Newton methods are applicable; when it is non-differentiable, subgradient,
cutting-plane or ellipsoid methods are adequate [Boyd et al., 2007]. Besides, since both α
and αz are one dimensional, a simple bisection method can be employed. In this chapter
for the purpose of developing a general framework, the projected subgradient method is
chosen to include reconfiguration problems with non-differentiable functions.
α) at α
Suppose strong duality holds for problem (6.37). Then the subgradient of J i? (α
can be calculated based on the optimal dual variable associated with the final configuraα) at any other
tion constraint in problem (6.37). To see this, we consider the value of J i? (α̂
α with the assumption that α is the current given vector of the in-plane and cross-track
α̂
reference phase angle
µ
? α
J i (α̂ ) = sup inf 21 ∆t (U i )T U i
λ i |Ui |≤U
³
´¶
α −α
α0 )
λi (α̂
α)T A dN x i 0 + B̂U i − x i f (α
α0 ) − ∇x i f (α
α0 ) (α̂
+λ
µ
≥
inf 1 ∆t (U i )T U i
|Ui |≤U 2
´¶
³
λi (α
α)T A dN x i 0 + B̂U i − x i f (α
α −α
α0 )
α0 ) − ∇x i f (α
α0 ) (α̂
+λ
µ
(6.39)
=
inf 12 ∆t (U i )T U i
|Ui |≤U
³
´¶
α −α
α +α
α −α
α0 )
λi (α
α)T A dN x i 0 + B̂U i − x i f (α
α0 ) − ∇x i f (α
α0 ) (α̂
+λ
µ
³
λi (α
α)T A dN x i 0 + B̂U i − x i f (α
α0 )
=
inf 12 ∆t (U i )T U i +λ
|Ui |≤U
´¶
α0 ) (α
α −α
α0 ) −λ
λi (α
α)T ∇x i f (α
α0 )(α̂
α −α
α)
−∇x i f (α
=

α) −λ
λi (α
α)T ∇x i f (α
α0 )(α̂
α −α
α).
J i? (α

α) ∈ R6×1 is the dual variable associated with the final configuration constraint
where λ i (α
with a given α . The first equality is derived from the assumption that strong duality
holds, i.e., the optimal duality gap is zero. The inequality follows directly from the definition of supremum. The following two equalities are straightforward. The last equality
α). Since α̂
α is chosen arbitrarily, relationships in (6.39)
results from the definition of J i? (α
α in the domain. Therefore, based on the definition, a subgradient of
hold for all vectors α̂
α) at α is
J i? (α
α) = −∇x i f (α
α0 )T λ i (α
αi ).
s i (α
(6.40)
Then the global subgradient of the master problem in (6.38) is
α) =
s(α

n
X

α).
s i (α

(6.41)

i =1

Using the projected subgradient method to solve the master problem, the primal
decomposition algorithm for problem (6.36) can be described as shown in Algorithm 6.1.
There are two loops in the above algorithm: the outer loop represents the sequence
of L convex programming problems, and the inner loop solves the l th instance of the
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Algorithm 6.1 Primal decomposition for energy-optimal reconfiguration in circular reference orbit with final configuration constraints
Input: ∆t , t f , U , A dN , x i 0 , B̂ , α 10 , α 1 , l = 1, k = 1, K , L, i = 1, 2, . . . , n.
1: while l ≤ L do
2:
repeat
3:
For given α l0 and α k , each satellite solves its subproblem (6.37) to find an optimal U ki and the subgradient s ki ;
4:
Each satellite transmits its s ki to the central node;
¸
·
n
P
αk ,α
αl0 )
, k = 1, 2, . . . , K ;
s ki (α
5:
Central node updates α : α k+1 = α k − ρ Tk
i =1

[−π,π]

Central node broadcasts the updated α k+1 to all satellites.
7:
until k = K .
8:
α l0+1 = α K +1 , l = 1, 2, . . . , L.
9: end while
Output: U i (i = 1, 2, . . . , n), and α .
6:

convex programming problem. In the input of Algorithm 6.1, α 10 is the initial definition
of the reference point of Taylor expansion, α 1 is the initial guess of the vector of in-plane
and cross-track reference phase angle, l and k are the iteration counter of outer and inner loops, respectively, and K and L are the iteration limit of the outer and inner loops,
respectively. In Step 5 of the algorithm, [·][−π,π] denotes the projection operation of the
update onto the feasible set [−π, π], and ρ k ∈ R2×2 is the diagonal matrix at the kth iteration with step sizes defined by the diagonal elements. There are many different types of
step size rules for the step matrix ρ k , such as constant step size, square summable but
not summable, and nonsummable diminishing [Boyd et al., 2003]. For example, under
the rule of square summable but not summable, a typical example is ρ i i = a i /(b i + k),
where a i > 0, b i ≥ 0, and i = 1, 2. It is worth mentioning that the step matrix is determined beforehand without any knowledge of any data computed during the algorithm,
which is very different from the step size rules for standard decent methods. In the projected subgradient method, for properly chosen step matrices the distance between the
current solution α k and the optimal solution α ? decreases. However, the difference between α k and α ? converges very slowly. For this reason, no formal stopping criterion is
used to end the iteration. Instead, only iteration limits are specified [Boyd et al., 2003].

6.4.2. E XAMPLE OF P RIMAL D ECOMPOSITION
How primal decomposition deals with final configuration constraints is illustrated using
an in-plane energy-optimal reconfiguration of four satellites. The radius of the reference
circular orbit is 7178 km, i.e., n 0 = 0.001038s−1 . Those four satellites are initially flying
uniformly with 90°relative phase angle in an in-plane cluster with no cross-track relative
motion. The amplitude of the in-plane relative motion is 250 m, and the phase angle of
satellite #1 is 0°. The cluster is now required to reconfigure, in one orbital period of the
reference orbit, to another in-plane cluster with an amplitude of 300 m and the relative
phase angle remains the same, i.e., ∆α2 = 90°, ∆α3 = 180°, and ∆α4 = 270°. However,

6
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Figure 6.5: Subgradients of the master problem and
all satellites for primal decomposition

the phase angle of satellite #1 in the target cluster needs to be determined optimally. In
this chapter, low-thrust high-specific-impulse electric propulsion systems are considered. Thus, the mass can be assumed to be constant. In following simulations the mass
of every satellite is 50 kg, and the maximum amplitude of the thrust along each direction is 0.05 N. The control accelerations are normalized with respect to the maximum
amplitude of the thrust.
In this example α 10 and α 1 are set arbitrarily to be [3 rad, 0]T and [π/2 rad, 0]T , respectively, and ∆t = 1 s. The iteration limits K and L are both 10, i.e., there are 100 iterations in
total. The step matrix is defined under the rule of square summable but not summable
with a i = 1 and b i = 0. Step 3 in Algorithm 6.1 is performed using the freely available
software CVX [Grant and Boyd, 2008, 2014]. The energy-optimal in-plane reconfiguration is shown in Figure 6.2, which also shows the initial and final cluster. The in-plane
reference phase angle during the iteration is shown in Figure 6.3, which converges to
8.6 × 10−4 rad. In the centralized implementation, the optimal reference phase angle of
in-plane relative motion is 7.9 × 10−4 rad. The total energy consumed by all four satellites
is shown in Figure 6.4, where it is compared with the energy consumption computed by
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the centralized method. In both cases, the total energy consumed is 0.1224. Based on
Figure 6.4, it is interesting to point out that during iterations, the subgradient method
may not improve the objective value, which makes it essentially different from a gradient
method. However, the result eventually converges. The subgradient of the master problem is shown in Figure 6.5 which converges to zero. Convergence is achieved around the
50th iteration.

6.4.3. D ISTRIBUTED I MPLEMENTATION OF P RIMAL D ECOMPOSITION
The standard implementation of primal decomposition is hybrid, i.e., partially distributed
and partially centralized. As shown in the inner loop of Algorithm 6.1, all subproblems
are distributively solved; however, those subproblems are coordinated by the master
problem by means of collecting subgradients from and broadcasting the updated α to all
satellites. This hybrid implementation requires a very restrictive communication topology. As elaborated before, a distributed implementation is preferred to relieve such restriction for future DSSs with a large number of satellites.
Before describing the distributed implementation, a few elements of graph theory
are introduced to model the communication and information exchange between satellites. The communication topology within the cluster can be denoted by a directed graph
G = (V, E ), where the vertex set V = {1, 2, . . . , n} is the set of satellites in the cluster, and the
set of edges E ⊆ V × V represents the communication links between satellites. If there is
an ordered edge (i , j ) ∈ E , then satellite i is a neighbour of satellite j , i.e., i ∈ N j , where
N j is the neighbour set of satellite j . Due to the directionality of the communication
topology, i ∈ N j indicates that only satellite j can obtain information from satellite i
but the reverse is not true. The n × n adjacency matrix A of graph G is determined by
the edges of G with entries Ai i = 1, Ai j = 1 if (i , j ) ∈ E and Ai j = 0 otherwise. Note
that self-loop is allowed, i.e., Ai i = 1, in the definition of the adjacency matrix. The
weight matrix Â is obtained by normalizing the transpose of the adjacency matrix of G
P
i.e., Âi j = (AT )i j / nj=1 (AT )i j . An example of the communication topology is shown in
Figure 6.6 for four satellites. The adjacency matrix and weight matrix are, respectively
1
 0
A=
 0
1


1
1
0
0

0
1
1
0


0
0 
,
1 
1

1/2
 0
Â = 
 0
1/2


1/2
1/2
0
0

0
1/2
1/2
0


0
0 
.
1/2 
1/2

The distributed implementation is developed based on the communication topology G . Since all subproblems are solvable in parallel, the distributed implementation
shall be in charge of solving the master problem shown in Equation (6.38). As the master problem has the form of minimizing a sum of convex objective functions, the distributed consensus algorithm is effective and efficient [Nedic and Ozdaglar, 2009]. In
the distributed consensus algorithm each satellite firstly generates its local version of the
optimal vector α by solving its subproblem. After that, it incorporates received values of
neighbours’ optimal vectors under a certain rule, and then updates the incorporated α
via the subgradient method. The distributed implementation of primal decomposition
based on the distributed consensus algorithm is described in Algorithm 6.2.
In Algorithm 6.2 there are two loops similar to those in Algorithm 6.1. However, both
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Figure 6.6: An example of communication topology

6

Algorithm 6.2 Distributed implementation of primal decomposition based on the distributed consensus algorithm
Input: ∆t , t f , U , A dN , x i 0 , B̂ , Â, α 1i 0 , α 1i , l = 1, k = 1, K , L.
1: // The following algorithm is executed onboard each satellite.
2: while l ≤ L do
3:
repeat
4:
// Information exchange with neighbours.
5:
Transmit the coupling vector α ki to satellite j if i ∈ N j , i.e., Â j i ≥ 0;
6:
Receive α kj from satellite j if j ∈ Ni , otherwise set α kj = 02×1 for j ∉ Ni , and save
it as α ki, j ;
7:

Construct the vector α ki1 of in-plane reference phase angles, α ki1 =
iT
h
α ki,1 (1) α ki,2 (1) · · · α ki,n (1)
and the vector α ki2 of cross-track reference
h
iT
angles, α ki2 = α ki,1 (2) α ki,2 (2) · · · α ki,n (2) ,respectively;

8:

//Solve subproblem.
For given α li 0 and α ki , each satellite solves its subproblem (6.37) to find an optimal U ki and the subgradient s ki ;
//Update
i
h£ α i .
¤T
α k+1
=
.
(ÂT )i α ki1 (ÂT )i α ki2 − ρ Tk s ki
i

9:
10:
11:

until k = K .
13:
α li +1
= α Ki +1 .
0
14: end while
Output: U i and α i .
12:

[−π,π]
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inner and outer loops in Algorithm 6.2 are executed onboard every satellite, while the
outer loop and the update part of α in the inner loop in Algorithm 6.1 are performed
onboard the central node. Compared with Algorithm 6.1, in the distributed implementation each satellite has to maintain its own calculation of the vector α . Therefore, in
the input of Algorithm 6.2, the vector α10 and α1 in Algorithm 6.1 are replaced in Algorithm 6.2 by their local version α1i 0 and α1i , respectively. Besides, the weight matrix
denoting the communication topology of the cluster is in the input list to model communication links and information exchange rules between satellites. As shown in Step 5
of Algorithm 6.2, if Â j i ≥ 0, then i ∈ N j . The weight matrix Â is also used by satellite
i as the weight rules to incorporate its calculation of the vector α with those received
from its neighbours, as shown in Step 11. Another difference of Algorithm 6.2 from Algorithm 6.1 is that two new vectors α ki1 and α ki2 are created and maintained by each satellite, as shown in Step 7, to collect, respectively, the in-plane and cross-track reference
phase angles from all satellites with neighbours assigned with received values and zero
otherwise. Those two vectors are incorporated separately under the weight rule specified by the weight matrix and then collocated again, as shown in Step 11, to update the
local version of the decision vector α . Since the subgradient method is also used in the
distributed implementation, the step matrix ρ k can be determined under the same rule
as in Algorithm 6.1.
However, a connectivity assumption needs to be made for the convergence of Algorithm 6.2 [Nedic and Ozdaglar, 2009]. In this chapter, a fixed communication topology is
considered. Then the connectivity assumption states that the communication topology
of the cluster, i.e., the graph G , is strongly connected. Under this assumption, the weight
matrix is stochastic, and Âi i ≥ η and Âi j ≥ η with 0 < η < 1. Thus, the assumption of
weight rules in [Nedic and Ozdaglar, 2009] is satisfied by the weight matrix. Therefore,
Algorithm 6.2 converges to the optimal solution of the master problem shown in Equation (6.38). For the convergence proof please refer to [Nedic and Ozdaglar, 2009].

6.4.4. E XAMPLE OF D ISTRIBUTED I MPLEMENTATION OF P RIMAL D ECOM POSITION
The in-plane reconfiguration problem in 6.4.2 is solved again in this subsection based
on primal decomposition, but the implementation is distributed by taking advantage
of the distributed consensus algorithm. The communication topology is shown in Figure 6.6. For this example the inputs of Algorithm 6.2 are set as follows. The sample time
∆t = 1 s, the initial reference of Taylor expansion for four satellites are 0, π/2 rad, π rad
and 1.5π rad, respectively, and the initial guess of the in-plane reference phase angles
are 0, 1 rad, 2 rad and 3 rad, respectively. For each satellite, the iteration limits K and
L are both 10, the step matrix is identical for all satellites and defined under the rule
of square summable but not summable with a i = 1 and b i = 0. The distributed algorithm is also implemented via the software CVX. The energy-optimal in-plane reconfiguration resulted from the distributed implementation is shown in Figure 6.7, which is
almost the same as Figure 6.2. The in-plane reference phase angles of all satellites in the
distributed implementation are shown in Figure 6.8, which converge to 8.7 × 10−4 rad,
8.87 × 10−4 rad, 8.7 × 10−4 rad, and 8.87 × 10−4 rad, respectively. At the beginning of the
iteration, since the in-plane reference phase angle of satellite #4 becomes greater than

6

In−plane reference phase angles[rad]
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and all satellites for distributed implementation of
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π rad, the projection operation in Step 11 is performed and appears as the line parallel to
the horizontal axis shown in Figure 6.8. The total energy consumed by all four satellites
in the distributed implementation is shown in Figure 6.9, where it is also compared with
the energy consumption computed by the centralized method. In the distributed implementation of primal decomposition, the total energy consumed is 0.1223. The subgradient of the master problem is shown in Figure 6.10 and converges to zero, which manifests
that the convergence is achieved around the 60th iteration.

6.5. D UAL D ECOMPOSITION AND I NCREMENTAL S UBGRADIENT
M ETHOD
OUPLING constraints, i.e., collision avoidance constraints, are treated in this section.
In contrast to coupling variables, since coupling constraints can be relaxed in the
(partial) Lagrangian of the original problem, dual decomposition is appropriate. In such
a way, the original problem is addressed by solving the dual problem. Assume strong

C
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duality holds. Then the solution to the dual problem is equivalent to the primal one.
However, in order to solve the dual problem, standard dual decomposition requires a
central node to receive subgradient information from all satellites, then update the dual
variable and finally distribute the latest dual variable to all satellites. It is the existence
of this central node that prevents the application of standard dual decomposition to reconfiguration problems of future DSSs with a large number of satellites. Therefore, a
distributed implementation is also preferred to solve the master dual problem. In this
chapter the incremental subgradient method is employed, which updates incrementally
the dual variable based on a given communication topology.

6.5.1. D UAL D ECOMPOSITION
The energy-optimal reconfiguration problem with collision avoidance constraints and
final boundary constraints has the following form
minimize
subject to

n
P

J = 12 ∆t

i =1

(U i )T U i

|Ui | ≤ U , i = 1, 2, . . . , 3(N − 1),
A dN x¡ i 0 + B̂U i¢ = x i f , i = 1, 2, . . . , n,
A i j U j −U i ¹ B i j , i < j , i , j = 1, 2, . . . , n.

(6.42)

where x i f is the given state of satellite i in the target cluster which satisfies the collision
avoidance constraints. Note that in problem (6.42) U i ’s are the only decision variables,
and since the final states in the target cluster are not taken into account in the collision
avoidance constraints, U i ∈ R3×(N −1) . The partial Lagrangian denoted by L of problem (6.42) is
L

1
2 ∆t

=
=

n
P

"i =1

n
P
i =1

(U i )T U i +

n P
P
i =1 j >i

£
¡
¢
¤
ν i j A i j U j −U i − B i j
#

1
T
2 ∆t (U i ) U i

−

νi j Ai j U i + B i j +
¡

P
j >i

¢

P
j <i

(6.43)

ν ji A jiU i .

where ν i j ∈ R(N −1)×1 is the dual variable corresponding to collision avoidance constraints
between satellite i and j . For fixed dual variables, the partial Lagrangian is decoupled.
The dual function can be obtained by solving the following subproblem
minimize

J = 21 ∆t (U i )T U i −

subject to

|Ui | ≤ U , i = 1, 2, . . . , 3(N − 1),
A dN x i 0 + B̂U i = x i f .

Ui

Let ν ∈ R(N −1)
constraints. Then
£
ν12 )T
ν = (ν

n(n−1)
×1
2

···

P
j >i

¡
¢ P
νi j Ai j U i + B i j + ν j i A j i U i
j <i

(6.44)

be the dual variable corresponding to all collision avoidance
ν i j )T
(ν

···

ν(n−1)n )T
(ν

¤T

,

i < j , i , j = 1, 2, . . . , n.

(6.45)

ν) as the optimal value of the subproblem (6.44) for a given ν . Since probWe define g i (ν
ν) is also convex. With the assumption that strong
lem (6.44) is convex, the function g i (ν

6
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duality holds, problem (6.42) is equivalent to
maximize
ν

subject to

ν) =
g (ν
ν º 0.

n
P
i =1

ν)
g i (ν

(6.46)

Again the subgradient method is chosen as the general approach to solving problem (6.46),
ν). Since g i (ν
ν) is the
which only requires the knowledge of a subgradient for each −g i (ν
ν) can be computed as follows
optimal solution of problem (6.44), a subgradient of −g i (ν

νi j ) = A i j U i + B i j , j > i
 s i (ν
ν j i ) = −A j i U i ,
ν) =
s i (ν
j <i
s i (ν
(6.47)

ν pq ) = 0,
s i (ν
p 6= i , and q 6= i
ν) related to problem (6.46) is
Then the global subgradient −g (ν
ν) =
s(ν

n
X

ν).
s i (ν

(6.48)

i =1

If the projected subgradient method is used to solve problem (6.46) with the subgradient knowledge in equation (6.48), then the dual decomposition algorithm for problem (6.42) can be described as follows.

6

Algorithm 6.3 Dual decomposition for energy-optimal reconfiguration in circular reference orbit with collision avoidance constraints
α), A 1i j , A 1j i , B 1i j , ν 1 , l = 1, k = 1, K , L, i < j , i , j =
Input: ∆t , t f , U , A dN , x i 0 , B̂ , x i f (α
1, 2, . . . , n.
1: while l ≤ L do
2:
repeat
3:
For given A li j , A lj i , B li j and ν k , each satellite solves its subproblem (6.37) to find
4:
5:

an optimal U ki and the subgradient s ki ;
Each satellite transmits its s ki to the central node;
·
¸
n
P
%Tk
νk ) , k = 1, 2, . . . , K ;
Central node updates ν : ν k+1 = ν k −%
s ki (ν
i =1

6:
7:
8:
9:

+

Central node broadcasts the updated ν k+1 to all satellites.
until k = K .
Each satellite transmits U Ki to the central node.
Central node updates A li j , and B li j according to Equation (6.32) and (6.33).

Central node broadcasts the updated A li +1
, and B li +1
to all satellites.
j
j
11: end while
α): s i (α
α) = −∇x i f (α
α)T λ K and transmits it to the central
12: Each satellite computes s i (α
node.
α) according to Equation (6.41).
13: Central node computes the global subgradient s(α
α).
Output: U i (i = 1, 2, . . . , n) and s(α

10:

There are still two loops in Algorithm 6.3: the outer loop represents the SCP part and
improves the solution of the approximated reconfiguration problem with affine collision
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Figure 6.12: Total energy consumed by four satellites in the dual decomposition

avoidance constraints; the inner loop solves the dual problem for a given ν , A i j , and B i j .
n(n−1)

In Step 5, %k ∈ R(N −1) 2 ×1 is the step vector for the subgradient method at the kth iteration of the inner loop and can be chosen under the same rules as those for ρ k . The
operation [·]+ in the same step denotes the projection onto the nonnegative orthant. In
Algorithm 6.3 the central node not only updates and then broadcasts the dual variable
to all satellites, but also generates and then distributes the model of collision avoidance
constraints to all satellites as shown in Steps 9 and 10. The output of Algorithm 6.3 inα), which will be used later by the multi-level decomposition algorithm. In
cludes s(α
α), s i (α
α) shall be computed first as shown in Step 12, where λ K refers
order to obtain s(α
to the vector of dual variables corresponding to the final configuration constraints at the
K th iteration of the Lth instance of SCP.

6.5.2. E XAMPLE OF D UAL D ECOMPOSITION
An in-plane cluster reconfiguration of four satellites with collision avoidance is taken
as an example to show the effectiveness of the dual decomposition. The initial boundary condition, the original and target clusters as well as relative phase angles in both
original and target clusters are the same as previous examples. The in-plane reference
phase angle in the target cluster, i.e., the phase angle of satellite #1, is set as 0. The initial reference trajectories for linearization and convex restriction are generated without
taking collision avoidance constraints into account. The simulation is also performed
in CVX with ∆t = 40 s, ν 1 = 0, K = 10 and L = 10. A spherical collision-free zone of radius of 200 m is considered for each satellite in the cluster. The energy-optimal in-plane
reconfiguration with collision avoidance is shown in Figure 6.11. The total propellant
consumed during the iterations is shown in Figure 6.12. The relative distances without
and with collision avoidance constraints are shown in Figure 6.13 and 6.14, respectively.
As shown in Figure 6.12, the algorithm converges to the optimal value 3 generated by the
centralized implementation at around the 50th iteration. By comparing Figure 6.11 and
6.2 as well as Figure 6.13 and 6.14, the derived optimal strategy of avoiding collision is to
increase the reconfiguration radiuses of both satellite #2 and #4.

6
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6.5.3. D ISTRIBUTED I MPLEMENTATION OF D UAL D ECOMPOSITION

6

In standard dual decomposition, the original reconfiguration problem with collision avoidance is solved by decomposing its dual problem into n subproblems as shown in Equation (6.44) and one master problem as shown in Equation (6.46). Because all subproblems can be addressed by each satellite in parallel, the distributed implementation shall
solve the master problem distributively. Compared with Problem (6.38), the dual master
problem also has the form of optimizing the sum of convex objective functions. Thus, in
principle the distributed consensus algorithm can also be used to solve the dual problem. However, the explosion of the dimension of dual variables corresponding to collision avoidance constraints imposes a rather heavy burden on the communication links
between satellites. For n satellites and N sample points, the dimension of dual variable
is N n(n − 1)/2. Hence, each satellite shall store, manipulate, maintain and transmit the
variable with such a large dimension. In this chapter the dual problem is approached
to by virtue of the incremental subgradient method, where each satellite only needs to
deal with its own portion of dual variables with the dimension of N (n − 1). For example,
for a cluster of four satellites with 1000 sampling points of the reconfiguration trajectory,
the dimension of dual variables is 6000 in the distributed consensus algorithm, while
3000 for each satellite in the incremental subgradient method. Clearly, the dimension is
considerably reduced.
The distributed implementation of dual decomposition based on the incremental
subgradient method is shown in Algorithm 6.4. Compared with Algorithm 6.3, Algorithm 6.4 also has two loops with similar functions. The outer loop represents SCP and
updates the collision avoidance model, whereas the inner loop solves the l th instance in
the sequence of the approximated reconfiguration problems with the current collision
avoidance model. However, those two loops are performed onboard each satellite, i.e.,
the implementation is distributed. In this distributed algorithm every satellite creates
two databases: the vector of dual variables ν defined in Equation (6.45) to receive dual
£
¤T
variables from neighbours, and the control vector U defined as U T = U T1 U T2 · · · U Tn
to receive control vectors from neighbours. Note that only updated elements in the
databases are transmitted by neighbours as shown in Steps 11 and 14. Besides, each
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iT
³ ´T
¡ ¢T h³ ´T
satellite establishes its own portion of ν, i.e., νki
= ν kji (i > j ) ν kij (i < j ) . It
is only this portion instead of the whole part of the dual vector that is updated and manipulated onboard each satellite as shown in Step 9. Therefore, the dimension of the
subgradient vector s ki as well as the step vector % ki is R(N −1)n(n−1)×1 . Apart from the optiα), which will be used in the
mal control vector, the output of Algorithm 6.4 includes s i (α
sequel by the distributed algorithm of multi-level decomposition. In Step 19, λ K refers
to the vector of dual variables corresponding to the final configuration constraints at the
K th iteration of the Lth instance of SCP.
In the incremental subgradient method the dual master problem is solved incrementally within the cluster. In the inner loop, each satellite only updates its own portion of ν
based on the latest database, and then passes updated elements in its database to neighbours. Obviously, the convergence of the incremental subgradient method depends on
the communication topology of the cluster. In order to make Algorithm 6.4 converge,
the communication topology can be cyclic [Nedic and Bertsekas, 2001] as shown in Figure 6.6, randomized with independent and identically distributed random variables chosen from the set {1, 2, . . . , n} [Johansson et al., 2009] or Markovian [Nedic and Bertsekas,
2001; Johansson, 2008]. In this chapter only a cyclic communication topology is considered, and the step rule is square summable but not summable, which is diminishing.
The convergence analysis can be found in [Nedic and Bertsekas, 2001; Johansson, 2008;
Bertsekas, 2011].

6.5.4. E XAMPLE OF D ISTRIBUTED I MPLEMENTATION OF D UAL D ECOMPO SITION
In this subsection Algorithm 6.4 is demonstrated by solving the same problem in 6.5.2.
CVX is also used to implement this algorithm. The settings of the simulation are ∆t =
40 s, ν 1 = 0, K = 20 and L = 20. The reconfiguration trajectories are similar to those
shown in Figure 6.11. The total propellant consumed during the iterations is shown in
Figure 6.15. The relative distances in the distributed implementation are shown in Figure 6.16. Since K = 20 and L = 20, there are 20 sequences of convex programming performed to improve the solution resulting from approximated affine collision avoidance
constraints, and 20 iterations, i.e., 5 incremental cycles, in every instance of SCP to solve
the dual problem. In total there are 400 iterations. As shown in Figure 6.15, the solution, i.e., 3.02, after 10th SCP converges to the optimal value, i.e., 3, generated by the
centralized implementation.

6.6. I NTERCHANGEABILITY BETWEEN P RIMAL AND D UAL D E COMPOSITION
REVIOUSLY , coupling variables and coupling constraints are treated separately. When
both of them are taken into account in a single problem, the difficulty increases
and basically standard decompositions are repeatedly applied to the problem, i.e., by
means of multi-level decompositions, to find optimal solutions. The interchangeability between primal and dual decomposition provides greater flexibility for choosing architectures of the multi-level decomposition. In this section, the interchangeability is

P

6
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Algorithm 6.4 Distributed implementation of dual decomposition for energy-optimal
reconfiguration in circular reference orbit with collision avoidance constraints

6

Input: ∆t , t f , U , A dN , x i 0 , B̂ , x i f , Â, A 1i j , A 1j i , B 1i j , ν 1 , l = 1, k = 1, K , L, i < j , i , j =
1, 2, . . . , n.
1: // The following algorithm is executed onboard each satellite.
2: Establish databases of ν and U ;
3: Establish its portion ν k
of ν ;
i
4: while l ≤ L do
5:
repeat
6:
// Information exchange with neighbours.
7:
Receive dual variables from satellite j if j ∈ Ni , and update the database of ν
and its own portion ν ki ;
8:
For given A li j , A lj i , B li j , and νki , each satellite solves its subproblem (6.37) to
find an optimal U ki and the subgradient s ki ;
i
h
νki ) ;
%Ti,k s ki (ν
= ν ki −%
9:
Update ν i : ν k+1
i
+
10:
Update the database of ν ;
11:
Transmit the updated elements in the database of ν to satellite # j if i ∈ N j ;
12:
if k=K then
13:
Receive U Kj from satellite j if j ∈ Ni , and update the database of U ;
14:
Transmit the updated elements in the database of U to satellite j if i ∈ N j ;
15:
end if
16:
until k = K .
17:
Update A li j and B li j according to Equation (6.32) and (6.33).
18: end while
αi ): s i (α
αi ) = −∇x i f (α
α i )T λ K
19: Compute s i (α
αi ).
Output: U i and s i (α
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with collision avoidance constraints in the distributed implementation of dual decomposition

presented, while the multi-level decomposition is discussed in next section.
Primal and dual decomposition are interchangeable with the help of auxiliary variables. The basic idea is to transform coupling variables to coupling constraints or vice
versa by introducing auxiliary variables. In the primal decomposition of reconfiguration
problems with final configuration constraints, problem (6.36) was decomposed into n
subproblems (6.37) and one master problem (6.38). However, problem (6.36) can also
be solved via a dual decomposition by introducing the vector β i of auxiliary variables
J = 12 ∆t

minimize
subject to

n
P
i =1

(U i )T U i

|Ui | ≤ U , i = 1, 2, . . . , 3N ,
¡
¢
α0 ) + ∇x i f (α
α0 ) β i −α
α0 , i = 1, 2, . . . , n,
A N x + B̂U i = x i f (α
· d ¸i 0
· ¸
−π
π
¹ βi ¹
, i = 1, 2, . . . , n,
−π
π
β i = β j , i 6= j , i , j = 1, 2, . . . , n.

(6.49)

In such a way, the coupling variable α is transformed to a set of n coupling constraints,
i.e., consistency constraints β i = β j , which can then be addressed using a dual decomposition.
Regarding to problem (6.42) with collision avoidance constraints, the coupling between satellites was relaxed in its partial Lagrangian and then addressed by dual decomposition. Thus, the original problem was also decoupled into n subproblems (6.44) and
one master problem (6.46). Again, by introducing auxiliary variables y i j , problem (6.42)
can be reformulated as the problem with coupling variables
minimize
subject to

J = 21 ∆t

n
P
i =1

(U i )T U i

|Ui | ≤ U , i = 1, 2, . . . , 3(N − 1),
A dN x i 0 + B̂U i = x i f , i = 1, 2, . . . , n,
A i j U j ¹ −y i j , i < j , i , j = 1, 2, . . . , n,
−A i j U i − B i j ¹ −y i j , i < j , i , j = 1, 2, . . . , n

(6.50)

6
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In such a way, the coupling constraints A i j U j −U i ¹ B i j between satellites i and j are
transformed to the coupling variable y i j . Clearly, if y i j is fixed, then problem 6.50 can
be decomposed into parallel subproblems, i.e., primal decomposition can be applied.

6.7. M ULTI - LEVEL P RIMAL AND D UAL D ECOMPOSITION AND
D ISTRIBUTED I MPLEMENTATION
ORE challenging reconfiguration problems with both coupling variables, i.e., final
configuration constraints, and coupling constraints, i.e., collision avoidance constraints, are tackled in this section by means of multi-level primal and dual decomposition. In a multi-level decomposition, primal decomposition may be first applied with
respect to coupling variables to derive one master problem and subproblems, which
constitutes the first level decomposition. Then, because the primal master problem has
coupling constraints, dual decomposition is performed to obtain a secondary master
problem and n subproblems, which composes the second level decomposition. Above
multi-level decomposition has the architecture of primal-dual decomposition. Straightforwardly, an alternative architecture of the multi-level decomposition would be dualprimal, i.e., first taking a dual decomposition with respect to coupling constraints and
then a primal one on coupling variables. Moreover, since primal and dual decomposition are interchangeable, there exist more alternative architectures of multi-level decomposition. For example, a dual decomposition can be performed on the coupling
variables firstly and then another dual decomposition can be taken regarding to coupling constraints. In such a way, both coupling variables and coupling constraints are
relaxed in the Lagrangian of the original problem.

M

6

No matter what architecture the multi-level decomposition is, the lower level master
problem must be solved on a faster timescale than the one on a higher level when iterative algorithms (e.g., the subgradient methods) are employed to solve problems on every
level. In other words, solutions of all problems at a lower level must converge before
the iteration in a master problem on the higher level starts. Otherwise, convergence and
stability will not be guaranteed [Palomar and Chiang, 2007].

6.7.1. T WO -L EVEL P RIMAL -D UAL D ECOMPOSITION
N this chapter only the primal-dual architecture is considered to develop algorithms
for solving reconfiguration problems with both final configuration constraints and
collision avoidance constraints. Algorithms implemented under other alternative architectures can be developed in the same manner. For future reference, problem (6.35) is
re-written as follows

I

minimize
subject to

J = 21 ∆t

n
P
i =1

(U i )T U i

|Ui | ≤ U , i = 1, 2, . . . , 3N ,
α0 ) + ∇x i f (α
α0 ) (α
α −α
α0 ) , i = 1, 2, . . . , n,
A N x + B̂U i = x i f (α
· d ¸i 0
· ¸
−π
π
¹α ¹
,
−π¡
¢π
A i j U j −U i ¹ B i j , i < j , i , j = 1, 2, . . . , n.

(6.51)
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The basic idea of the two-level primal-dual decomposition for problem (6.51) is that for
a given vector α the original problem becomes problem (6.42) that can be solved by dual
decomposition. Then, on a higher level the coupling vector α can be updated based on
the solution of dual decomposition. Note that when α is fixed, the final configuration
constraints without linearization are also convex. Therefore, the form of final configuration constraints shown in problem (6.42), instead of problem (6.51), is adopted. The
multi-level decomposition algorithm is presented as follows.
Algorithm 6.5 Two-level primal-dual decomposition for energy-optimal reconfiguration
in circular reference orbit with both final configuration constraints and collision avoidance constraints
Input: ∆t , t f , U , A dN , x i 0 , B̂ , α 1 , A 1i j , A 1j i , B 1i j , ν 1 , l = 1, k = 1, m = 1, K , L, M , i <
j , i , j = 1, 2, . . . , n.
1: while m ≤ M do
α).
2:
For given α m solve Problem (6.42)
£ via Algorithm
¤ 6.3 and get the output s(α
α) [−π,π] , and broadcasts it to all satel3:
Central node updates α : α m+1 = α m − ρ Tm s(α
lites.
4: end while
Output: U i (i = 1, 2, . . . , n), and α .
There are three loops in Algorithm 6.5. The outer loop resembles the inner loop in
Algorithm 6.1, while the first and second inner loop have the similar functionalities as
the outer and inner loop in Algorithm 6.3, respectively. Note that because linearization of
the final configuration constraints is unnecessary, there is no extra loop in Algorithm 6.5
that has the same tasks as those of the outer loop in Algorithm 6.1. Algorithm 6.5 can
be demonstrated by solving the reconfiguration problem shown in 6.4.2 with additional
collision avoidance constraints defined in 6.5.2.
The reconfiguration algorithm based on two-level primal-dual decomposition is again
implemented in the software CVX. The simulation settings are the following: time step
∆t = 40 s, ν 1 = 0, K = 6, L = 3 and M = 80. Then, there are in total 3 × 6 × 80 = 1440 iterations and 3 × 80 = 240 instances of SCPs. A spherical collision-free zone of radius of
200 m is also considered for each satellite in the cluster. The initial reference trajectories
required by the model of collision avoidance constraints are generated by solving the
reconfiguration problem without taking into account collision avoidance constraints.
The reconfiguration trajectories taking into account both final constraints and collision
avoidance constraints are shown in Figure 6.17. The relative distances are shown in Figure 6.18. The total energy consumed by all four satellites is shown in Figure 6.19. Note
that only the energy consumed in each instance of SCPs is recorded. As shown in Figure 6.19, the total consumed energy converges to 2.544, which is the same as the solution
obtained by the centralized implementation. The in-plane reference angle calculated
during iterations are shown in Figure 6.20. The optimal in-plane reference phase angle becomes −0.2697 rad when collision avoidance plays a role. Comparing the results
shown in Figure 6.12 with those in Figure 6.19, reconfiguration trajectories with in-plane
reference phase angle of −0.2697 rad require less energy than those with in-plane reference phase angle of 0.
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Figure 6.19: Total energy consumed by all four satellites during reconfiguration with both final configuration constraints and collision avoidance constraints

50

100
Sample point

150

Figure 6.18: Relative distances between satellites
with both final constraints and collision avoidance
constraints

In−plane reference phase angle[rad]

−200

Figure 6.17: Reconfiguration trajectories with both
final configuration constraints and collision avoidance constraints

6

500

200

−150
−200
−400

600

sate 1&2
sate 1&3
sate 1&4
sate 2&3
sate 2&4
sate 3&4

−0.14
two−level primal−dual decomposition
centralized implementation

−0.16
−0.18
−0.2
−0.22
−0.24
−0.26
−0.28
−0.3
0

20

40
Iteration

60

80

Figure 6.20: In-plane reference phase angle of reconfiguration with both final configuration constraints and collision avoidance constraints

6.7.2. D ISTRIBUTED I MPLEMENTATION OF T WO -L EVEL P RIMAL -D UAL D E COMPOSITION
Algorithm 6.5 requires a central node to perform not only those tasks done by the central node in Algorithm 6.3, but also those executed by the central node in Algorithm 6.1.
Hence, it is a hybrid implementation, and its distributed counterpart is also preferred
for future DSSs with a large number of satellites. The distributed implementation of twolevel primal-dual decomposition can be developed based on the integration between the
distributed consensus algorithm and the incremental subgradient algorithm. Onboard
each satellite, the distributed consensus algorithm is in charge of updating the vector
of reference phase angles, while the incremental subgradient algorithm solves the problem with coupling constraints at the lower level. The distributed algorithm is described
as follows in Algorithm 6.6. Algorithm 6.6 can also be demonstrated by solving the reconfiguration problem shown in 6.4.2 with additional collision avoidance constraints
defined in 6.5.2. The simulation is initialized by executing Algorithm 6.2. Therefore,
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Figure 6.21: Total energy consumed by all four satellites during reconfiguration with both final configuration constraints and collision avoidance constraints in the distributed implementation
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the in-plane reference phase angle of each satellite is 0. Other parameters are set as
follows: ∆t = 40 s, ν 1 = 0, K = 10, L = 1 and M = 200. Note that L = 1 indicates that
solutions resulting from the affine approximation of collision avoidance constraints are
not improved by performing SCPs. In such a way, the computation load is reduced considerably. Meanwhile, the simulation results are still closely matched to those generated
by Algorithm 6.5. Since the simulation results of reconfiguration trajectories as well as
relative distances between satellites are very similar to those shown in Figures 6.17 and
6.18, they are omitted. The total energy consumed by all four satellites in the distributed
implementation of two-level primal-dual decomposition is shown in Figure 6.21, which
converges to 2.576. The in-plane reference phase angles of all four satellites are shown
in Figure 6.22.

Algorithm 6.6 Distributed implementation of two-level primal-dual decomposition for
energy-optimal reconfiguration in circular reference orbit with both final configuration
constraints and collision avoidance constraints
Input: ∆t , t f , U , A dN , x i 0 , B̂ , α 1i , A 1i j , A 1j i , B 1i j , ν 1 , l = 1, k = 1, m = 1, K , L, M , i <
j , i , j = 1, 2, . . . , n.
1: // The following algorithm is executed onboard each satellite.
2: while m ≤ M do
¡ ¢
;
3:
For a given α m
execute
Algorithm 6.4, and get the output s i α m
i¡
i
¢
4:
For a given s i α m
execute
Steps
5,
6,
7,
and
11
of
Algorithm
6.2,
and get the upi
dated coupling variable α m+1
;
i
5: end while
Output: U i and α i .
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6.8. S UMMARY AND C ONCLUSIONS
N this chapter, a general framework is presented for developing distributed reconfiguration algorithms of future distributed space systems with many satellites. This framework is applicable to reconfiguration problems with non-convex coupling variables (e.g.
final configuration constraints) as well as non-convex and non-separable coupling constraints (e.g., collision avoidance constraints). The proposed framework follows those
three steps within the general methodology of developing a distributed algorithm, i.e.,
problem formulation, decomposition of original problem into multiple subproblems,
and development of distributed algorithms solving all subproblems and then the original problem. There are five key elements in our framework. First, the reconfiguration
problem shall be formulated as a nonlinear programming (NLP) problem via a direct
method. Second, the NLP problem shall be reformulated or approximated as a separable convex optimization problem that is suitable for decomposition. Third, primal and
dual decomposition by means of subgradient methods shall be taken to handle coupling variables and coupling constraints, respectively. Fourth, distributed algorithms,
such as distributed consensus algorithms and incremental subgradient methods, shall
be employed to solve the master problem in standard primal and dual decomposition
to achieve the distributed implementation. Fifth, multi-level primal and dual decomposition incorporating distributed algorithms shall be performed to develop distributed
algorithms for cluster reconfiguration with both coupling variables and coupling constraints. Since this framework lays its foundation upon convex optimization, the approximated NLP can be solved efficiently, the convergence analysis can be easily performed
and a global optimization can be found. Furthermore, due to the adoption of subgradient methods, this framework is competent for solving reconfiguration problems with
non-smooth functions, such as objectives with l 1 norm of control vectors.

I

6

Within the first element of this framework, i.e., NLP resulting from the direct method,
we present a general non-convex formulation of collision avoidance constraints, which
is then convexified and separated by virtute of the linearization and convex restriction
technique. This technique embraces a broad spectrum of applications to any polynomial constraints. Meanwhile, final configuration constraints are convexified simply via
Taylor expansion. In the end, the reconfiguration problem is approximated as a separable convex problem, the solution of which is improved by solving a sequence of convex
problems. After applying primal and dual decomposition to the separable convex problem, it is the master problem inheriting from the standard method that prevents the
distributed implementation. In this chapter we make use of the distributed consensus
algorithm to solve the master problem in primal decomposition, which only requires a
connected communication topology. On the other side, incremental subgradient methods are employed to solve the master problem in dual decomposition, which considerably reduces the dimension of variables that need to be processed onboard each satellite.
This incremental subgradient method is feasible under a cyclic, randomized or Markovian communication topology. Since the cluster described by HCW equations has an elliptic shape, the assumption of cyclic communication topology in this chapter is reasonable. To solve reconfiguration problems with both final configuration constraints and
collision avoidance constraints, multi-level primal and dual decomposition is proposed,
and various architectures can be designed due to the interchangeability between primal

6.8. S UMMARY AND C ONCLUSIONS

141

and dual decomposition. For the distributed implementation, both the distributed consensus algorithm and incremental subgradient methods can be incorporated judiciously
with the multi-level decomposition. Various simulations have demonstrated the effectiveness, by showing at which iteration the convergence is achieved, and optimality, by
comparing results with the corresponding centralized implementation, of all reconfiguration algorithms that are developed based on primal and dual decomposition.
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7
D ISTRIBUTED T IME -O PTIMAL
R ECONFIGURATION OF
S PACECRAFT C LUSTERS
Time-optimal reconfiguration satisfying various constraints is often resorted to by spacecraft clusters, for example, to evade a debris-like threat; meanwhile, a distributed implementation is highly demanded by future clusters with many satellites. This chapter
addresses such a reconfiguration problem with final configuration constraints that are
functions of reference phase angles. To begin, a general approach is proposed to solve the
minimum-time control problem based on the control parametrization method, where a
piecewise-constant approximation scheme is applied to the control vector. Such an approximation is consistent with the bang-bang characteristic of the minimum-time control. Then, gradients of the objective as well as those of final configuration constraints
with respect to parameterized control vectors, final time and reference phase angles are
derived by means of sensitivity analysis, which furnish the Jacobian matrix for the firstorder linearization of the original problem. Thus, the time-optimal reconfiguration problem can be solved efficiently via a sequential convex programming. For the distributed
implementation, a distributed alternating direction method of multiplier is employed to
achieve consensus on final time and reference phase angles within the cluster. An example
problem is solved for illustration and compared with the global optimization technique,
the solution converges to the global minimum.

143

144

7. D ISTRIBUTED T IME -O PTIMAL R ECONFIGURATION OF S PACECRAFT C LUSTERS

7.1. I NTRODUCTION
NDER certain time-critical circumstances, spacecraft clusters need to reconfigure
in the shortest possible time. For example, when there is a debris-like threat, the
cluster shall evade it as quickly as possible. This is a minimum-time reconfiguration
situation which can be planned by solving a time-optimal control problem. In the timeoptimal control problem the spacecraft shall be transferred from its current position to
the target location in minimum time. In a general scenario, the target location is constrained rather than specified. For instance, the target locations of all spacecraft in the
safe cluster configuration, which is in the collision-free zone of the debris-like threat,
shall be able to establish a connected communication topology to guarantee subsequent cooperative operations within the cluster. Those constraints imposed on the target locations are termed as final configuration constraints. As elaborated previously in
Chapter 6, for future clusters with a large number of satellites, reconfiguration planning
prefers a distributed implementation. In this chapter, such a distributed time-optimal
reconfiguration problem of spacecraft clusters with final configuration constraints is addressed as a constrained time-optimal control problem.
Time-optimal control in the presence of various constraints has long been recognized as very challenging tasks, especially the derivation of closed-form solutions. Besides, the distributed implementation makes it more complicated. As a special type of
optimal control problem, direct or indirect methods [Betts, 1998; Conway, 2012] or their
combination [Bai et al., 2009] may be used to compute time-optimal solutions. In most
applications with bounded control inputs, when the Hamiltonian is linear in the control input and the solution is not singular, a general result based on Pontryagin’s minimum principle is that the time-optimal control policy is bang-bang, where the control switches between the upper and lower control bound. Thus, the control function is
piece-wise constant instead of continuous. It is this non-differentiable control with unknown switching times that makes indirect methods less competitive [Bai et al., 2009]. In
addition to that, the indirect method suffers from its high sensitivity to the initial guess
[Bai et al., 2009; Betts, 1998; Conway, 2012] and great difficulties in being transformed
into a distributed implementation as discussed in Chapter 6. Therefore, direct methods
shall be employed to generate the distributed planning for the time-optimal reconfiguration.
However, the methodology based on direct methods developed in Chapter 6 for the
distributed energy-optimal reconfiguration is not applicable any more due to the following two main reasons. First, since the final time is not fixed, simple expressions of
final states in the time-optimal reconfiguration can not be derived explicitly even from
HCW equations, which causes troubles in the convexification of final configuration constraints. Second, for the distributed implementation, the final time is a coupling variable
but also the objective. When applying primal decomposition, once the coupling variable
(i.e., final time) is assumed, the original problem becomes a feasibility problem which
lacks optimality. Hence, a more robust and effective distributed implementation needs
to be devised.
The aim of this chapter is, therefore, twofold: one is to solve the time-optimal control problem by a direct method that shall not depend on the solutions of relative motion
and in the meantime, shall be suitable for a distributed implementation; the other is to
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develop a robust and effective distributed implementation of the time-optimal control.
Extensive research has been devoted to solving time-optimal control problems by means
of direct methods, but very little on the distributed implementation and on how to bridge
the gap between them. In direct methods, the infinite-dimensional time-optimal control
problem is reduced to an NLP by parameterizing only the control or both the state and
control variables. The former method is studied in Chapter 6 and this chapter, while the
latter is the subject of Chapter 5. After parametrization of the control vector, the resulting
NLP may be solved by standard algorithms based on sequential quadratic programming
(SQP) [Lee et al., 1997; Lin et al., 2015] or interior-point methods [Malisani et al., 2014].
However, since SQP uses the Hessian matrix or its approximation to maintain the positive definiteness, which are often dense and thus non-separable for large-scale systems
[Gill et al., 2002], it is not suitable for the distributed implementation. On the other hand,
neither are interior-point methods suitable for the distributed implementation, because
penalty functions introduced to the original objective are normally non-separable.
In addition to parameterizing the control vector directly, the bang-bang characteristic of time-optimal control can be taken advantage of to transform the original problem
into a switching time computation problem [Kaya and Noakes, 1996, 2003]. However,
such a methodology only outperforms for systems with a single control input, and the
extension to multiple inputs are not readily available [Lucas and Kaya, 2001]. The timeoptimal control problem for linear discrete-time systems can also be solved numerically
based on sparse optimization, the formulation of which may be suitable for a distributed
implementation [Bako et al., 2011]. Nevertheless, the target locations in the sparse optimization method are strictly restricted to be the origin and the extension to other points
is not possible. Another approach to minimum-time control problems is presented in
[Harris and Açıkmeşe, 2014] to solve rendezvous problems of multiple spacecraft, where
the simple bisection method is used to find the minimum time. However, non-bangbang controls are generated and shall be eliminated repeatedly. Moreover, its extension
to a distributed implementation is not straightforward.
This chapter presents a general method, which is also suitable for the distributed
implementation, to solve the time-optimal control problem and thus the time-optimal
reconfiguration problem of spacecraft clusters. In our study, the final configuration constraints of the reconfiguration problem are described with respect to reference phase
angles as shown in Chapter 6. The proposed method lays its foundation on the control parametrization method and sequential convex programming (SCP). In the control
parametrization scheme, the time domain with unknown final time is mapped, via an
affine transformation, to a fixed time interval which is then divided into a finite number
of subintervals, and within each subinterval the control is approximated by a piecewiseconstant parameter. Such an approximation is consistent with the bang-bang characteristic of time-optimal control. After control parametrization, the decision variables
consist of those piecewise-constant control parameters, the final time and the reference
phase angles.
To approximate the original problem as a SCP, the gradient of the objective as well as
those of final configuration constraints with respect to each decision variable is required.
Generally speaking, there are three methods for computing those gradients: the finite
differences approach, the sensitivity approach, and the adjoint approach [Chachuat,
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2007]. Each approach has its own advantages and disadvantages. The finite differences
approach is simple but suffers from its low accuracy and high computational load when
there is a large number of decision variables [Chachuat, 2007]; the sensitivity approach
only relies on the integration of differential equations forward in time but its size grows
proportionally to the number of states and decision variables [Chachuat, 2007]; the adjoint approach is insensitive to the number of decision variables but it suffers from great
complexities when the costate system may be discontinuous and/or a possible interpolation scheme needs to be designed in order to integrate the adjoint equations backward in time [Chachuat, 2007; Loxton et al., 2008]. For time-optimal control problems
with distributed implementation, the sensitivity approach is chosen due to its higher
accuracy than the finite differences approach and its much less complexity than the
adjoint approach. Furthermore, the distributed implementation prevents the sensitivity approach from being computationally intractable. After relevant gradient equations
are derived, the original problem is approximated by its first-order linearization as a
SCP that can be solved efficiently by the freely available software CVX [Grant and Boyd,
2008, 2014]. In this chapter, solutions are compared with those obtained by SQP and
interior-point methods, and moreover, the global optimization technique based on multiple starting points.

7

Once the time-optimal control problem is approximated as a SCP, those steps presented in Chapter 6 can be, in principle, followed directly to develop the distributed
implementation. For the minimum-time reconfiguration with final configuration constraints, only coupling variables exist: the final time and reference phase angles. Therefore, primal decomposition may be applied. However, as mentioned earlier, the final
time also plays the role of an objective. Thus, when it is assigned a value in each iteration of the primal decomposition, the optimization problem becomes a feasibility
problem that only finds a feasible solution rather than an optimal one. As a result, primal decomposition fails to find the optimal solution. This chapter employs a distributed
alternating direction method of multipliers (D-ADMM) [Mota et al., 2013] to accomplish
the distributed implementation. Since D-ADMM is based on the augmented Lagrangian,
the aforementioned problem is avoided. It is worth mentioning that collision avoidance
constraints (after convexification) can be easily considered in the problem by making
use of the interchangeability between coupling variables and coupling constraints as
discussed in Section 6.6. However, since the study in this chapter is more focused on
the time-optimal aspect and the simulation results show that collision is not likely to
happen, collision avoidance constraints are ignored for simplicity.

The rest of this chapter is organized as follows. Section 2 defines the general scenario for the minimum-time reconfiguration of spacecraft clusters and formulates the
reconfiguration as a time-optimal control problem. In section 3, the time-optimal control problem is approximated as a SCP and solved in a centralized way, where the local
convergence is proven as well. Section 4 presents the distributed implementation based
on D-ADMM, which is followed by an illustration and analysis of an example. Finally,
conclusions are drawn.
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N this section the minimum-time reconfiguration is firstly described within a general scenario. In the following, it is formulated as a time-optimal control problem.
Note that in this chapter the circular reference orbit is only introduced as an example
to define the final periodic relative motion, and thus describe the final configuration
constraints. Therefore, the presented method is also applicable for more general final
configuration constraints such as those defined with respect to eccentric reference orbits. Unlike the method presented in Chapter 6, the derivation of gradient equations in
the sequel does not rely at all on any solutions of relative dynamics equations. Therefore,
the general nonlinear relative dynamics are considered in the problem formulation and
for later derivation of gradient equations.

I

7.2.1. S CENARIO OF M INIMUM - TIME R ECONFIGURATION
Suppose n satellites are originally flying in a passive cluster. Now, due to the change of
mission requirements or flight conditions (internal or external), those n satellites need
to reconfigure in minimum time to another cluster that satisfies new mission requirements or can cope with internal or external changes. Three representative time-critical
scenarios are identified as follows. The first scenario is related to the change of mission
requirements. Assume a fractionated spacecraft that is performing Earth observation
and surveillance operations. When a severe disaster, such as an earthquake, forest fire,
airplane crash, and ships missing at sea, happened or is happening, it shall reconfigure
as soon as possible to the most effective cluster that can best observe the disaster and
keep it under surveillance. In a second scenario, there is the change of internal flight
conditions, suppose a fractionated spacecraft is performing a critical mission and one
of its modules fails. In such a case, another module with similar functions in a nearby
cluster together with the remaining modules in the operational cluster shall reconfigure
as quickly as possible to a new cluster to continue with the critical mission. The third
scenario involves the external changes, and here the fractionated cluster shall, for example, evade a debris-like threat as rapidly as possible by reconfiguring to a safe cluster that
is in the collision-free zone of the threat.
In all aforementioned scenarios, cooperative operations still preserve between modules after the reconfiguration in the target cluster, which requires at least a connected
communication topology. Meanwhile, mission requirements may impose constraints
on the final locations of modules in the target cluster. Consequently, the terminal states
of the reconfiguration are generally constrained by final configuration constraints rather
than fixed. Moreover, for a passive target cluster, those constraints can normally be expressed explicitly via certain parameters. In consistence with the research in Chapter 6,
the passive cluster with respect to a circular reference orbit is adopted to define the final configuration constraints for the minimum-time configuration. As shown in Equation (6.1), the final configuration constraints are functions of the in-plane and crosstrack reference phase angles. However, as mentioned before, the reconfiguration is allowed to be subject to nonlinear relative dynamics. Apart from relative dynamics and
final configuration constraints, the minimum-time reconfiguration shall also respect
initial configuration constraints and local control input constraints. In the following
subsection, the minimum-time reconfiguration is formulated as a time-optimal control

7

148

7. D ISTRIBUTED T IME -O PTIMAL R ECONFIGURATION OF S PACECRAFT C LUSTERS

problem.

7.2.2. F ORMULATION AS T IME - OPTIMAL C ONTROL P ROBLEM
When the minimum-time reconfiguration is formulated as a time-optimal control problem, the objective, for a given initial time, is to minimize the final time
J = t f − t0

(7.1)

subject to the nonlinear relative dynamics
ẋ i (t ) = f i (t , x i , u i ),

i = 1, 2, . . . , n,

(7.2)

the control input constraints
¯
¯
¯u i j (t )¯ ≤ U ,

i = 1, 2, . . . , n,

j = 1, 2, 3,

£
¤
∀t ∈ t 0 , t f ,

(7.3)

the final time constraints
tf l ≤ tf ≤ tf u,

(7.4)

the initial boundary conditions
x i (t 0 ) = x i 0 ,

i = 1, 2, . . . , n,

(7.5)

and the final configuration constraints

7


 x i (t f ) = x i f (t f , αi , αzi ),
α = α + ∆αi ,
 i
αzi = αz + ∆αzi ,

− π ≤ α ≤ π,
− π ≤ αz ≤ π,

i = 1, 2, . . . , n,

(7.6)

where x i ∈ R6 , u i ∈ R3 , α ∈ R, αz ∈ R and t ∈ R are, respectively, the i th satellite’s state
vector (relative position and velocity), control vector, reference phase angle of the inplane motion, reference phase angle of the cross-track motion and time. Furthermore,
t 0 and t f are, respectively, the initial and final time, t f l and t f u are, respectively, the lower
and upper bound of the final time and satisfy t f l < t f u , n is the total number of satellites
in the cluster, f i : R×R6 ×R3 → R6 is a given differentiable function of time, i th satellite’s
state and control vectors, u i j is the j th component of the i th satellite’s control vector, U
is the maximum control magnitude, x i 0 is the given initial state of i th satellite, x i f is the
final state, and αi and αzi are, respectively, i th satellite’s in-plane and cross-track phase
angle. For above time-optimal control problem, the decision variables include the final
time t f , the control inputs u i , i = 1, 2, . . . , n,, and the reference phase angles α and αz .
Note that the maximum control magnitude along each axis for all satellites is assumed to
be the same. Note also that αi and αzi are calculated by the respective reference phase
angle (α, αz ) plus the corresponding given relative phase angle (∆αi , ∆αzi ) as shown in
Figure 6.1.
Compared with the formulation of the energy-optimal reconfiguration in Chapter 6,
there are two key differences in the formulation of the time-optimal reconfiguration.
One is the nonlinear relative dynamics in Equation (7.2), and the other is the arguments
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of the final states in the final configuration constraints (7.6). The nonlinear relative dynamics prevent the usage of explicit solutions of relative motion, which excludes the possibility of applying the method developed in Chapter 6. For the final states in the timeoptimal reconfiguration, since the final time is free, there is an additional argument of
x i f , i.e., t f . Extra complexity is induced due to the triple roles (i.e., objective, constraint
argument and decision variable) played by the final time. In particular, due to the coexistence of t f in both the objective and final configuration constraints, a trust region must
be maintained on the decision variable t f for the global convergence of a SCP method.
Moreover, as explained previously, the objective composed only by the coupling decision variable t f eliminates the possibility of applying primal decomposition to the distributed implementation. On the other side, however, the formulation of both energyoptimal and time-optimal reconfiguration shares a common feature. Specifically, the
search domain of the allowable locations is parameterized by the decision variables α
and αz rather than being discretized as in [Campbell, 2003]. The inclusion of parameters α and αz into the manifold of terminal states in the time-optimal control problem
also makes our formulation more general than [Lin et al., 2015].

7.3. C ENTRALIZED O PTIMAL C ONTROL OF M INIMUM - TIME R E CONFIGURATION
HE time-optimal control problem with final configuration constraints is solved in
this section in a centralized way that lays the foundation for later distributed implementation. First, the control parametrization method is presented, where the scheme
of piecewise-constant control approximation is used. Then, the gradients of the objective and final configuration constraints are determined, which is followed by the SCP
approximation of the time-optimal control problem. After that, the convergence results
are summarized. Finally, this method is illustrated by an example and its comparison
with the SQP method, interior-point method and global optimization technique is presented as well.

T

7.3.1. C ONTROL PARAMETRIZATION
To solve the problem formulated in Section 7.2, the standard control parametrization
scheme is applied to approximate the control as a piecewise-constant function. However, the varying time horizon [t 0 , t f ] needs to be transformed to a fixed time interval.
Without loss of generality, let t 0 = 0. Then a monotonic affine transformation from
t ∈ [t 0 , t f ] to τ ∈ [0, 1] can be defined as follows

t = (t f − t 0 )τ + t 0 = t f τ.

(7.7)
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On the new time horizon [0, 1], the time-optimal control problem becomes
minimize

J = tf

(7.8a)

subject to x 0i (τ) = t f f i (τ, t f , x i , u i ), i = 1, 2, . . . , n,
¯
¯
¯u i j (τ)¯ ≤ U , i = 1, 2, . . . , n, j = 1, 2, 3, ∀τ ∈ [0, 1],

(7.8b)
(7.8c)

tf l ≤ tf ≤ tf u,

(7.8d)

x i (0) = x i 0 , i = 1, 2, . . . , n,

 x i (1) = x i f (t f , αi , αzi ),
α = α + ∆αi ,
 i
αzi = αz + ∆αzi ,

(7.8e)
− π ≤ α ≤ π,
− π ≤ αz ≤ π,

i = 1, 2, . . . , n,

(7.8f)

where ()0 denotes the differentiation with respect to the new independent variable τ and
()0 ≡

7

d ()
d ()
= tf
.
dτ
dt

(7.9)

After transforming the time horizon, the relative dynamics shown in Equation (7.8b)
becomes dependent on the unknown final time. It is this dependence that makes the
derivation of explicit solutions for relative motion, even for the linear relative dynamics, more complicated or even impossible. Thus, it further suggests a new methodology,
apart from the one for the energy-optimal control, that shall be devised for the timeoptimal control.
Let the time interval [0, 1] be partitioned into N equal subintervals with time instants
satisfying
0 = τ0 < τ1 < τ2 < · · · < τN −1 < τN = 1.
Then, in the scheme of control parametrization with piecewise-constant functions, the
control vector u i is approximated as follows
u i (τ) ≈ u iN (τ) = σ ki ,

τ ∈ [τk−1 , τk ),

k = 1, 2 . . . , N ,

(7.10)

where u iN (τ) is the piecewise-constant approximation with N subintervals, and σ ki ∈ R3
is the approximation vector of the control within the kth subinterval. Furthermore, with
the introduction of the characteristic function χ[τk−1 ,τk ) (τ) ∈ R defined by
χ[τk−1 ,τk ) (τ) =

½

1,
0,

if τ ∈ [τk−1 , τk ),
otherwise,

the piecewise-constant control u iN can be written compactly as
σi ) =
u iN (τ|σ

N
X
k=1

σki χ[τk−1 ,τk ) (τ),

τ ∈ [0, 1],

(7.11)

h¡ ¢
¡ 2 ¢T
¡ ¢T iT
where σ i ∈ R3N and σ i = σ 1i T
. Note that even though the parσi
· · · σ iN
tition time instants, i.e., τ0 , τ1 , . . . , τN , are the same for each component of the control,
all subsequent results still remain valid if a different set of partition points is applied to
each control component.
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After control parametrization, the time-optimal control problem (7.8) can be reformulated. By substitution of Equation (7.11) into Equation (7.8b) the dynamic system
becomes
σi ),
x 0i (τ) = t f f i (τ, t f , x i ,σ

τ ∈ [0, 1],

i = 1, 2, . . . , n,

(7.12)

with the initial conditions shown in Equation (7.8e). Similarly, the control constraints
shown in Equation (7.8c) turn into the bound constraints on σ i , i.e.,
¯ ¯
¯ k¯
¯σi j ¯ ≤ U ,

i = 1, 2, . . . , n,

j = 1, 2, 3,

k = 1, 2 . . . , N ,

(7.13)

where σkij is the j th component of σ ki .
Let T denote the set of all final times that satisfy (7.8d). For satellite i , denote Ξi
σi ) ∈ T × Ξi , one
as the set of all σ i that respect (7.13). For each satellite, given a (t f ,σ
can solve Equation (7.12) using the initial conditions shown in Equation (7.8e) to obtain
x i (τ). Essentially, it is an initial value problem (IVP), for which computational methods
are well developed. Most schemes can be classified as either one-step such as RungeKutta (RK) methods or multi-step such as the Adams-Bashforth method for non-stiff
problems and the backward differentiation formula (BDF) method for stiff problems [Chachuat,
2007]. Another way to solve the IVP is based on collocation methods [Rao, 2009] which
approximates the state in each subinterval via a piecewise polynomial. As soon as the
solution of relative motion is computed, the final configuration constraints can be reformulated as follows
σi ) = x i f (t f , α, αz ),
x i (1|t f ,σ

−π ≤ α, αz ≤ π,

i = 1, 2, . . . , n,

(7.14)

where x i (1) is the solution of the i th satellite’s final states under piecewise-constant control parametrization with N subintervals and, clearly, it is a function of t f and σ i .
Until now, Problem (7.8) can be re-written in a simpler form that is more convenient
to deal with the final configuration constraints:
minimize
subject to

J = tf
¯ ¯
¯ k¯
¯σi j ¯ ≤ U ,

(7.15a)
i = 1, 2, . . . , n,

j = 1, 2, 3,

k = 1, 2 . . . , N ,

tf l ≤ tf ≤ tf u,
σi ) = x i f (t f , α, αz ),
x i (1|t f ,σ

(7.15b)
(7.15c)

−π ≤ α, αz ≤ π,

i = 1, 2, . . . , n.

(7.15d)

Problem (7.15) can be viewed as a non-linear optimization problem where the decision variables are the final time t f , the in-plane reference phase angle α, the cross-track
reference phase angle αz , and the piecewise-constant control parametrization σ i , i =
1, 2, . . . , n. In the following, the decision vector of Problem (7.15) is denoted by ξ ∈ R3nN +3
¤T
£
and ξ = σ T1 σ T2 · · · σ Tn t f α αz . Hence, NLP techniques such as SQP, interiorpoint methods or SCP may be applied. As discussed previously, SCP is adopted in this
chapter to facilitate the distributed implementation. However, relevant gradients are required, the equations of which are derived in next subsection.
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7.3.2. G RADIENT C OMPUTATION
As elaborated previously in the Introduction section, the sensitivity approach is used to
derive gradients of the objective and final configuration constraints with respect to ξ .
Note that those gradients are normally termed as sensitivity variables in the literature
[Chachuat, 2007]. For Problem (7.15), the objective in (7.15a) is an explicit function of
the decision vector, and its gradient is
∂t f
∂ξξ

£
= 01×3nN

1

¤
01×2 .

(7.16)

However, since final configuration constraints are implicit functions of ξ , the computation of gradients is more complicated. Furthermore, complexity also comes from the
fact that the continuous dependence of the solution of Equation (7.12) on t f and σ i , i =
1, 2, . . . , n, must be established before deriving those gradients. First, we provide the definition of the continuous dependence [Chachuat, 2007].
σ0i ), defined on [0, 1],
Definition 7.1. Continuous dependence on t f and σ i : Let x i (τ|t 0f ,σ
be a solution of Equation (7.12) with the initial conditions shown in Equation (7.8e).
σ0i ) is said to have a continuous dependence on t f and σ i , if ∀ε > 0, there
Then, x i (τ|t 0f ,σ
T
T
σi ∈ Br σ (σ
σ0i ) Ξi , Equation (7.12)
is r t f > 0 and r σ > 0 such that ∀t f ∈ Br t (t 0f ) T and ∀σ
f
σi ) that satisfies
has a unique solution x i (τ|t f ,σ

7

σi ) − x i (τ|t 0f ,σ
σ0i )k < ²,
kx i (τ|t f ,σ

∀τ ∈ [0, 1].

In the above definition, BR (·) defines a ball centered at (·) and of radius R. Then, the
continuity of the solution of Equation (7.12) in terms of the final time and control vector
is guaranteed by the following theorem [Chachuat, 2007].
Theorem 7.1. Let X ⊂ R6 be an open connected set and σ 0i ∈ Ξi , t 0f ∈ T . Suppose that
σi ) is piecewise
σi ) and locally Lipschitz on [0, 1]× T ×
f i (τ,¡t f , x i ,σ
continuous in (τ, t f , x i ,σ
T ¢
σ0i ) Ξi for some r σ > 0. Assume a solution of Equation (7.12) with the initial
X × Br σ (σ
σ0i ). Then, x i (τ|t 0f ,σ
σ0i )
conditions shown in Equation (7.8e) exists and let it be x i (τ|t 0f ,σ
depends continuously on t f and σi .
σi , and the
Now, the state sensitivity with respect to the control vector, i.e., ∂x i (1)/∂σ
final time, i.e., ∂x i (1)/∂t f , may be derived, respectively. It is easier to obtain the differentiation of the final state with respect to the final time. For each satellite, integration of
Equation (7.12) over the time domain [0, τ] yields
σi ) = x i 0 +
x i (τ|t f ,σ

τ

Z
0

σi ),σ
σi ) d s.
t f f i (s, t f , x i (s|t f ,σ

(7.17)

Then, applying the Leibniz rule in conjunction with the chain rule to the differentiation
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under the integral sign gives
σi )
∂x i (τ|t f ,σ
∂t f

τ

Z
=

0

σi ),σ
σi ) d s
f i (s, t f , x i (s|t f ,σ
τ

Z
+

0
τ

Z
+

tf
tf

0

σi ),σ
σi )
∂ f i (s, t f , x i (s|t f ,σ
∂t f

ds

σi ),σ
σi ) ∂x i (s|t f ,σ
σi )
∂ f i (s, t f , x i (s|t f ,σ
σi )
∂x i (s|t f ,σ

∂t f

d s.

(7.18)

where ∂x i 0 /∂t f = 06×1 since x i 0 is a given constant vector. By differentiating Equation (7.18) with respect to τ, the auxiliary equations for computing ∂x i (τ)/∂t f are obtained as
µ

σi )
∂x i (τ|t f ,σ
∂t f

¶0

σi ),σ
σi )
f i (τ, t f , x i (τ|t f ,σ

=

+t f
+t f

σi ),σ
σi )
∂ f i (τ, t f , x i (τ|t f ,σ
∂t f
σi )
σi ),σ
σi ) ∂x i (τ|t f ,σ
∂ f i (τ, t f , x i (τ|t f ,σ
σi )
∂x i (τ|t f ,σ

∂t f

,

(7.19)

with the initial value
σi )
∂x i (0|t f ,σ
∂t f

= 06×1 .

(7.20)

Thus, solving the IVP shown in Equations (7.19) and (7.20) over the time domain
[0, 1] furnishes the computation of ∂x i (1)/∂t f . The simplicity when deriving the auxiliary
equations in (7.19) results from the characteristic that the system in Equation (7.12) is
sensitive to the final time on the whole time domain. However, this is not the case for
the piecewise-constant control vector σ i . In fact, its component σ ki only has effects on
σi
the system within and after the kth subinterval. Therefore, the derivation of ∂x i (1)/∂σ
shall start from the sensitivity analysis within the kth subinterval.
σi ) ∈ T × Ξi , Equation (7.12) can be integrated to
For each satellite i , given a (t f ,σ
compute the state for any τ ∈ [τk−1 , τk )
σi ) = x i (τk−1 |t f ,σ
σi ) +
x i (τ|t f ,σ

Z

τ
τk−1

σi ),σ
σki ) d s.
t f f i (s, t f , x i (s|t f ,σ

(7.21)

σi ) with respect to σ li , l = 1, . . . , k − 1, is
The differentiation of x i (τ|t f ,σ
σi )
∂x i (τ|t f ,σ
σli
∂σ

=

σi )
∂x(τk−1 |t f ,σ
σli
∂σ

Z
+

τ
τk−1

tf

σi ),σ
σki ) ∂x i (s|t f ,σ
∂ f i (s, t f , x i (s|t f ,σ
σi )
σi )
∂x i (s|t f ,σ

σli
∂σ

d s (7.22)
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For σ ki , the partial derivative is
σi )
∂x i (τ|t f ,σ

=

σki
∂σ

σi )
∂x(τk−1 |t f ,σ
σki
∂σ
Z
+

τk−1

Z
+

τ

tf

τ
τk−1

tf

σi ),σ
σki ) ∂x i (s|t f ,σ
∂ f i (s, t f , x i (s|t f ,σ
σi )
σi )
∂x i (s|t f ,σ
σi ),σ
σki )
∂ f i (s, t f , x i (s|t f ,σ
σki
∂σ

σki
∂σ

ds

d s.

(7.23)

Furthermore, for σ li , l = k + 1, . . . , N , obviously, we have
σi )
∂x i (τ|t f ,σ
σli
∂σ

= 06×3 .

(7.24)

σi )/∂σ
σi on the time domain
Then, the auxiliary equations for computing ∂x i (τ|t f ,σ
[τk−1 , τk ) can be obtained by differentiating Equations (7.22), (7.23) and (7.24) with respect to τ

Ã

7

σi )
∂x i (τ|t f ,σ
σli
∂σ

!0
=

σi ),σ
σki ) ∂x i (τ|t f ,σ
σi )
∂ f i (τ,t f ,x i (τ|t f ,σ
,
σi )
∂x i (τ|t f ,σ
σli
∂σ
k
σi ),σ
σki )
σi ),σ
σi ) ∂x i (τ|t f ,σ
σi )
∂ f i (τ,t f ,x i (τ|t f ,σ
∂ f (τ,t f ,x i (τ|t f ,σ
+
t
,
t f i ∂x (τ|t ,σ
f
k
k
σ
i
i)
σ
σ
f
∂σ
∂σ



t


 f





i

l < k,
l = k,

i

l > k.
(7.25)

0,

σi )/∂σ
σi , Equation (7.25) needs to be solved over the
In order to calculate ∂x i (1|t f ,σ
whole time domain [0, 1] with the initial condition
σi )
∂x i (0|t f ,σ
σi
∂σ

= 06×3N .

(7.26)

On the basis of equations listed above, an algorithm for computing the objective and
the deviation of final configuration constraints as well as relevant gradients is developed
as shown in Algorithm 7.1. In the algorithm, the RK method is chosen to solve the derived IVPs only because of its efficiency and accuracy in solving later example problems
rather than a rigid requirement. Hence, more appropriate methods can be employed to
solve specific stiff or non-stiff problems. Note that during the integration of both Equation (7.19) and (7.25), the state information from solving Equation (7.12) is required.
Since the state and auxiliary equations are solved simultaneously, a local control error
can be used on both the state and the sensitivity variables [Chachuat, 2007]. In Algorithm 7.1 the deviation of satellite i ’s final configuration constraints ∆i ∈ R6×1 is calculated as well for later use by the SCP approximation.
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Algorithm 7.1 Computation of objective, deviation of final configuration constraints and
relevant gradients
σi ) ∈ T × Ξi , i = 1, 2, . . . , n.
Input: x i 0 , N , α, αz , (t f ,σ
1: Solve the system of differential equations shown in (7.12) together with those
σi ), ∂x i (1|t f ,σ
σi )/∂t f and
auxiliary equations (7.19) and (7.25) to obtain x i (1|t f ,σ
σi )/∂σ
σi by means of the RK method with initial conditions shown in (7.8e),
∂x i (1|t f ,σ
(7.20) and (7.26).
σi ) with respect to σ j , j 6= i , are 0, i.e.,
2: Gradients of x i (1|t f ,σ
σi )
∂x i (1|t f ,σ
σj
∂σ

= 06×3N ,

i 6= j ,

i , j = 1, 2, . . . , n.

(7.27)

3:

Gradients of the final state with respect to both reference angles α and αz are just
06×1 , i.e.,
σi ) ∂x i (1|t f ,σ
σi )
∂x i (1|t f ,σ
=
= 06×1 .
(7.28)
∂α
∂αz

4:

The deviation of final configuration constraints are calculated by
σi ) = x i (1|t f ,σ
σi ) − x i f (t f , α, αz ).
∆i (t f ,σ

σi ),
Output: x i (τ|t f ,σ
1, 2, . . . , n.

σi ) ∂x i (1|t f ,σ
σi ) ∂x i (1|t f ,σ
σi )
∂x i (1) ∂x i (1|t f ,σ
,
,
,
σi
∂t f ,
∂σ
∂α
∂αz

(7.29)

σi ), τ ∈ [0, 1], i =
∆i (t f ,σ

7.3.3. S EQUENTIAL C ONVEX P ROGRAMMING
Once gradients of the objective and final configuration constraints are available, NLP
techniques such as SQP or the interior-point method are normally used in the literature
to solve Problem (7.15). However, as explained previously in the Introduction section,
neither SQP nor interior-point methods are suitable for the distributed implementation.
In this chapter, the SCP technique is adopted to pave the way for later distributed implementation.
The basic idea of SCP is to solve Problem (7.15) by iteratively solving a sequence of
the convex approximation of the original problem. In Problem (7.15), only the final configuration constraints need to be approximated, and since its gradients with respect to
the decision vector are available, the first-order Taylor expansion can be exploited for the
approximation. Then, for the kth sequence Problem (7.15) is approximated by the fol£
¤T
lowing Problem (7.30) with the decision vector ξ = σ T1 σ T2 · · · σ Tn t f α αz .
Obviously, Problem (7.30) is a convex optimization problem. Note that in Problem (7.30),
all partial derivatives together with the deviation
of final configuration
constraints ∆i are
©
ª
σi ,k ) . In Problem (7.30), in
computed by Algorithm 7.1 with inputs x i 0 , αk , αz,k , (t f ,k ,σ
order to ensure the global convergence for arbitrary initial guesses, a trust region shall be
maintained over ξ . However, since only the final time in the decision vector appears in
both the objective and affine equality constraints, the trust region only needs to be imposed around the current point of the final time as shown in Equation (7.30e). In other
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Algorithm 7.2 SCP algorithm for solving time-optimal control problem
Input: x i 0 , N , α1 , αz,1 , (t f ,1 , σ i ,1 ) ∈ T × Ξi , i = 1, 2, . . . , n, ρ 1 , k = 1.
1: repeat
2:

For given x i 0 , αk , αz,k , t f ,k and σ i ,k , compute

σi ,k ) ∂x i (1|t f ,k ,σ
σi ,k )
∂x i (1|t f ,k ,σ
,
σi
∂t f
∂σ

and

σi ,k ) by using Algorithm 7.1.
∆i (t f ,k ,σ
3:
Solve Problem (7.30) to obtain a solution ξ k by means of CVX.
4:
k=k+1.
ξk −ξξk−1 k ≤ ε.
5: until kξ
Output: ξ

words, the radius of the trust region for other components of ξ is positive infinitate.
minimize J = t f
(7.30a)
µ
¶
σi ,k )
σi ,k ) ∂x i f
∂x i (1|t f ,k ,σ
∂x i f
∂x i (1|t f ,k ,σ
σi −σ
σi ,k ) −
subject to
−
(t f − t f ,k ) +
(σ
(α − αk )
σi
∂t f
∂t f
∂σ
∂α
∂x i f
σi ,k ) = 0, i = 1, 2, . . . , n,
−
(αz − αz,k ) + ∆i (t f ,k ,σ
∂α
¯ ¯z
¯ l ¯
¯σi j ¯ ≤ U , i = 1, 2, . . . , n, j = 1, 2, 3, l = 1, 2 . . . , N ,

7

(7.30b)
(7.30c)

tf l ≤ tf ≤ tf u,
¯
¯
¯t f − t f ,k ¯ < ρ k ,

(7.30d)

− π ≤ α ≤ π,

(7.30f)

− π ≤ αz ≤ π.

(7.30g)

(7.30e)

Up to now, the algorithm for solving the time-optimal control problem based on
the control parametrization and SCP technique can be developed. As shown in Algorithm 7.2, Step 2 uses the control parametrization method, while Step 3 the SCP method.
In the SCP framework, a sequence {ξξk }k≥1 is generated until a predetermined tolerance
level ε > 0 is achieved. In the algorithm, Problem (7.30) is solved by the open source
software CVX Grant and Boyd [2014], where the Lagrangian multipliers corresponding
to the final configuration constraints can be obtained as well. As soon as the final time
and the time-optimal controls are computed, Equation (7.8b) are integrated to generate
the reconfiguration trajectory. The convergence analysis of the algorithm is shown in
next subsection.

7.3.4. C ONVERGENCE R ESULTS
The convergence analysis consists of two parts: one is related to solving Problem (7.8) by
solving its approximation Problem (7.15), i.e., the control parametrization method; the
other corresponds to solving Problem (7.15) by virtue of the SCP method, i.e., solving a
sequence of Problems (7.30). The convergence results of the former part are shown using
the following two theorems, the proofs of which are similar to those in Chapter 6 of [Teo
et al., 1991]. Roughly speaking, Theorem 7.2 states that solutions of Problem (7.15) will
eventually converge to the optimal value of Problem (7.8) as the partition of the time do-
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main increases to infinity, while Theorem 7.3 states that once solutions of Problem (7.15)
converge, they converge to the optimal value of Problem (7.8), which indicates that a
large number of partitions may be avoidable.
h³
iT
´T ³
´T
³
´T
,∗
Theorem 7.2. Let ξ N ,∗ = σ 1N ,∗
be
σ 2N ,∗
· · · σ nN ,∗
t N ,∗ αN ,∗ αN
z
f

an optimal decision vector of Problem (7.15) resulting from N equal subintervals of the
time domain [0, 1]. Suppose that the original problem (7.8) has an optimal decision vech¡ ¢
iT
¡ ∗ ¢T
¡ ¢T
T
σ2
· · · σ ∗n
t ∗f α∗ α∗z . Then,
tor ξ ∗ = σ ∗1
lim ξ N ,∗ = ξ ∗ .

N →+∞

N ,∗
∗
Theorem
© N7.3.
ª Let N , ξ , and ξ be defined as in Theorem 7.2. Suppose that the se,∗ ∞
ξ
quence ξ
N =1 converges to an optimal decision vector ξ̄ almost everywhere in [0, 1].
Then ξ̄ξ is an optimal decision vector for Problem (7.8).

The convergence proof of the second part, i.e., convergence of the SCP method,
is more complicated. It is well known that SCP is a local optimization method, and
thus, only the local convergence needs to be proven. Meanwhile, since the trust region
method is used to ensure the global convergence, there is no need to consider it in the
proof of local convergence. The proof consists of three steps: 1) proof of the equivalence between a local optimal value of Problem (7.15) and the optimal solution of Problem (7.30); 2) proof of the local solvability of Problem (7.30) around this optimal value
of Problem (7.15); 3) proof of the local convergence of the solution sequence of Problem (7.30) to this optimal value. The proof presented in this chapter is mainly based
on the strong regularity condition for generalized equations [Robinson, 1980] and the
research presented in [Dinh, 2012; Dinh and Diehl, 2010].
Before the proof, Problems (7.15) and (7.30) are re-stated more compactly in the first
place for the purpose of simplicity, and then preliminaries, i.e., KKT condition, generalized equation, and strong regularity, for the proof are introduced.
Problem (7.15) is re-written as
minimize

J = cT ξ

subject to g (ξξ) = 0,

(7.31a)
ξ ∈ Ω,

(7.31b)

£
¤T
£
¤T
where c = 01×3nN 1 0 0 , g (ξξ) = ∆T1 ∆T2 · · · ∆Tn and
©
ª
Ω = ξ | σ i ∈ Ξi , t f ∈ T , −π ≤ α ≤ π, −π ≤ αz ≤ π, i = 1, 2, . . . , n .
Then Problem (7.30) becomes
minimize

J = cT ξ

subject to g (ξξk ) + ∇g (ξξk )(ξξ −ξξk ) = 0,

(7.32a)
ξ ∈ Ω,

(7.32b)

where ∇g (ξξk ) is the Jacobian matrix of g at ξ k . Note that since the trust region method is
not taken into account, the domain of ξ remains the same as Ω for Problem (7.32). Note
also that Problem (7.32) is the SCP approximation of Problem (7.31).
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Remark: Even though the objective in Problem (7.31) appears linearly, it is still a general formulation of NLP problems with a convex domain Ω, and thus the following proof
is valid, without loss of generality, for all NLP problems under certain assumptions. Indeed, when the objective is a nonlinear convex function, the epigraph reformulation can
be used to transform the problem to the one with a linear objective [Boyd and Vandenberghe, 2009]. For example, by introducing a slack variable s, the following problem with
a nonlinear convex objective f (ξξ) : R3nN +3 → R
minimize

J = f (ξξ)

subject to g (ξξ) = 0,

ξ ∈ Ω,

can be transformed to the problem:
minimize

J =s

subject to

f (ξξ) ≤ s,

g (ξξ) = 0,

ξ ∈ Ω.

Obviously, those two problems are equivalent, i.e., (ξξ, s) is optimal for the new problem
if and only if ξ is optimal for the original problem and s = f (ξξ). However, the objective of
£
¤T
the new problem is a linear function of its decision variable ξ T s .
The partial Lagrangian of Problem (7.31) is
λT g (ξξ),
L = c T ξ +λ

7

(7.33)

where λ ∈ R6n is the Lagrangian multiplier corresponding to the constraint g (ξξ) = 0. The
KKT condition associated with Problem (7.31) is
½
0 ∈ c + ∇g (ξξ)T λ + NΩ (ξξ),
(7.34)
0 = g (ξξ),
where the notation NΩ is the normal cone operator defined as
NΩ (ξξ) :=

ª
u ∈ R3nN +3 | u T (ξξ − v ) ≥ 0, v ∈ Ω ,
;,

½ ©

if ξ ∈ Ω,
otherwise.

(7.35)

Note that NΩ (ξξ) is essentially the set of all vectors that are normal to Ω at the point ξ .
Therefore, the inclusion in the KKT condition (7.34) incorporates the constraint ξ ∈ Ω.
Further, the KKT condition can be expressed in the form of a generalized equation as
follows
0 ∈ F (z) + NΩb (z),
(7.36)
£ T T ¤T
where z = ξ λ
,
·
¸
c + ∇g (ξξ)T λ
F (z) =
,
(7.37)
g (ξξ)
£
¤
b = Ω × R6n . A solution z ∗ = ξ ∗T λ ∗T T of the generalized equation (7.36) is called
and Ω
a KKT point. In the absence of convexity, the KKT point could be a global optimum
(minimum or even maximum), a local optimum (minimum or even maximum), or a
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saddle point. However, if the second order sufficient optimality condition holds at z ∗ ,
then it is a local minimum.
Similarly, the KKT condition of Problem (7.32) in the kth iteration is
¢
¡
0 ∈ Fb z|ξξk + NΩb (z),
where

(7.38)

¸
c + ∇g (ξξk )T λ
.
(7.39)
g (ξξk ) + ∇g (ξξk )(ξξ −ξξk )
h
iT
Since Problem (7.32) is convex, its KKT point ẑ ∗ = ξ̂ ∗T λ̂ ∗T
is the global minimum if
the Slater condition holds, namely,
¢
¡
Fb z|ξξk =

·

©
ª
relint Ω ∩ ξ | g (ξξk ) + ∇g (ξξk )(ξξ −ξξk ) = 0 6= ;,
where relint Ω denotes the relative interior of the set Ω. Once the KKT conditions are
regarded as generalized equations, great advantages based on the concept of strong regularity can be taken of to prove the local convergence of the SCP method. Generally
speaking, strong regularity is a condition that ensures a generalized equation such as
(7.36) or (7.38) to have locally unique solutions that feature good continuity properties
(i.e., Lipschitzian). Obviously, such a feature of strong regularity connects very tightly to
the last two steps of the convergence proof for the SCP method. Definition of the strong
regularity for the generalized equation (7.36) at point z ∗ is shown as follows.
£
¤T
Definition 7.2. Strong regularity of (7.36) at point z ∗ : Let z ∗ = ξ ∗T λ ∗T be a solution
of (7.36), and define the set-valued mapping
T := F (z ∗ ) + F 0 (z ∗ )(z − z ∗ ) + NΩb (z)

(7.40)

b Generalized equation (7.36) is said to be strongly regular with Lipschitz
for all z ∈ Ω.
constant γ at z ∗ if there exists neighbourhoods Br 0 (0) of the origin and Br z ∗ (z ∗ ) of z ∗
T
δ) = T −1 (δ
δ|z ∗ ) Br z ∗ (z ∗ ) is a single-valued function and Lipssuch that the mapping z(δ
chitzian in Br 0 (0) with γ, i.e.,
δ1 ) − z(δ
δ2 )k ≤ γ kδ
δ1 −δ
δ2 k ,
kz(δ

δ1 ,δ
δ2 ∈ Br 0 (0).
∀δ

(7.41)

Since the strong regularity condition necessitates the local solvability of the generalized equation that can formulate the KKT condition of NLP, it shall have a direct link
with NLP. Such a link helps to interpret the concept of strong regularity in the context of
£
¤T
time-optimal reconfiguration. For δ = δo T δg T in Br 0 (0), according to Definition 7.2,
there is
δ ∈ F (z ∗ ) + F 0 (z ∗ )(z − z ∗ ) + NΩb (z),
which corresponds to the KKT condition of the following optimization problem
¢T
¡
¢
1¡
ξ −ξξ∗ ∇ξ2 L (z ∗ ) ξ −ξξ∗ ,
2
subject to g (ξξ∗ ) + ∇g (ξξ∗ )(ξξ −ξξ∗ ) = δ g , ξ ∈ Ω.

minimize

δ o )T ξ +
J = (c −δ

(7.42a)
(7.42b)
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Therefore, (7.36) is strongly regular at point z ∗ if and only if Problem (7.42) has a unique
δ) ∈ Br z ∗ (z ∗ ) that is Lipschitzian in Br 0 (0) with constant γ. In Problem (7.42),
KKT point z(δ
δ o and δ g can be regarded as perturbations. From the perspective of time-optimal reconfiguration, as long as the target cluster is achievable by taking into account various
constraints as shown in Problem (7.15), it is straightforward that the minimum time as
well as the relevant control of reconfiguration to the neighbourhood of the time-optimal
location will be unique and their values will not change sharply compared with the optimal one. Hence, the strong regularity complies with the physics of the problem. Note
that the Hessian of the partial Lagrangian L exists for the time-optimal reconfiguration problem, because the second order partial derivatives of L exist [Kaya and Noakes,
1996] and can be computed by differentiating Equations (7.18), (7.22), (7.23), (7.24) and
(7.28) with respect to ξ .
In addition to above interpretation, the strong regularity condition is equivalent to
the strong second order sufficient condition if the linear independence constraint qualification holds for the constraint (7.31b) [Dontchev and Rockafellar, 1996]. As a result, if
Problem (7.31), i.e., the generalized equation (7.36), is strongly regular at point z ∗ , then
z ∗ is a local minimum. Moreover, this local minimum is also the KKT point of the SCP
Problem (7.32) in the iteration where ξ k = ξ ∗ . Such an observation furnishes the first
step for the the convergence proof of the SCP method by the following lemma.
£
¤T
Lemma 7.1. z ∗ = ξ∗T λ∗T
is a KKT point of Problem (7.31) if and only if it is a KKT
point of Problem (7.32) in the iteration where ξ k = ξ ∗ .

7

∗
Proof. It is easy to see that
¡ z∗ ¢ is a solution of the generalized equation (7.36) if and only
if it is a solution of 0 ∈ Fb z|ξξ + NΩb (z).

In order to proceed to the second step of the convergence proof, i.e., the local solvability of Problem (7.32), another important point regarding to strong regularity needs
to be made via the following lemma.
Lemma 7.2. Suppose that Problem (7.31) is strongly regular at its KKT point z ∗ , and there
exists a constant 0 < κ < 1/γ such that the Hessian matrix of its partial Lagrangian satisfies
k∇2 L (z ∗ )k ≤ κ. Then Problem (7.32), i.e., the generalized equation (7.38), is also strongly
regular at point z ∗ .
Before proving above lemma, the reasonability of the assumption that k∇2 L (z ∗ )k ≤
κ needs to be verified firstly. Since ∇2 L (z) is a function of both the Lagrangian multiplier and the second order derivatives of g , the assumption k∇2 L (z ∗ )k ≤ κ indicates that
either the function g is weakly nonlinear to have second order derivatives of small magnitude or the magnitude of the Lagrangian multiplier corresponding to z ∗ is sufficiently
small. Furthermore, since the optimal Lagrangian multiplier is exactly the local sensitivity of the optimal objective value with respect to the constraint perturbation [Boyd
and Vandenberghe, 2009], the sufficiently small magnitude of the Lagrangian multiplier
implies that Problem (7.31) depends weakly on the perturbations of the constraint g ,
which, as elaborated before, is the case for the time-optimal reconfiguration. Therefore,
the assumption that k∇2 L (z ∗ )k ≤ κ is reasonable.
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Proof. Lemma 7.2 can be proven based on the definition of strong regularity. According
to Lemma 7.1, z ∗ is also a KKT point of Problem (7.32) in the iteration where ξ k = ξ ∗ .
Then in the iteration where ξ k = ξ ∗ , since the generalized equation (7.38) is linear, it can
be written as
¡ ¢
0¡ ¢
0 ∈ Fb z ∗ + Fb z ∗ (z − z ∗ ) + NΩb (z),
(7.43)
where
0¡ ¢
Fb z ∗ =

·

0
∇g (ξξ∗ )

¸
∇g (ξξ∗ )T
.
0

(7.44)

As a result, the set-valued mapping for (7.38) at z ∗ can be defined as follows
¡ ¢
0¡ ¢
Tb := Fb z ∗ + Fb z ∗ (z − z ∗ ) + NΩb (z).

(7.45)

Further, define the inverse mapping
´−1
³
0
,
M z ∗ := Fb (z ∗ ) + NΩb

(7.46)

0
υ ∗ = Fb (z ∗ )z ∗ − Fb(z ∗ ).

(7.47)

and define

Then, according to the definition of strong regularity, to prove the strong regularity of
(7.38) at z ∗ becomes to prove the mapping M z ∗ is single-valued and Lipschitzian in the
υ∗ ) with r v > 0.
neighborhood Br v (υ
A. Single-valued
υ∗ )
This is proven by contradiction [Dinh, 2012]. Suppose that for a given υ ∈ Br v (υ
∗
there are at least two points z 1 , z 2 ∈ Br z ∗ (z ) with r z ∗ > 0 satisfying, respectively,
(

0
ν ∈ Fb (z ∗ )z 1 + NΩb (z 1 ),
0

∗

ν ∈ Fb (z )z 2 + NΩb (z 2 ).

(7.48a)
(7.48b)

while kz 1 − z 2 k 6= 0. Since z 1 , z 2 ∈ Br z ∗ (z ∗ ) and Problem (7.31) is strongly regular at its
KKT point z ∗ , according to Definition 7.2, there are
(

δ 1 ∈ F (z ∗ ) + F 0 (z ∗ )(z 1 − z ∗ ) + NΩb (z 1 ),
∗

0

∗

∗

δ 2 ∈ F (z ) + F (z )(z 2 − z ) + NΩb (z 2 ),

(7.49a)
(7.49b)

and
δ1 −δ
δ2 k.
kz 1 − z 2 k ≤ γkδ

(7.50)

By eliminating the normal cone operator in both (7.48) and (7.49) and then substituting
Equation (7.47), the following relationships are obtained
h
i

0
 δ 1 = υ −υ
υ∗ + F 0 (z ∗ ) − Fb (z ∗ ) (z 1 − z ∗ )
h
i
0
 δ = υ −υ
υ∗ + F 0 (z ∗ ) − Fb (z ∗ ) (z 2 − z ∗ ),
2

(7.51a)
(7.51b)
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which leads to
°h
° °
°
i
0
0
°
° °
°
δ1 −δ
δ2 k = ° F 0 (z ∗ ) − Fb (z ∗ ) (z 1 − z 2 )° ≤ °F 0 (z ∗ ) − Fb (z ∗ )° kz 1 − z 2 k
kδ
°
°
= °∇2 L (z ∗ )° kz 1 − z 2 k ≤ κkz 1 − z 2 k,

(7.52)

where the last inequality exploits the assumption k∇2 L (z ∗ )k ≤ κ.
However, since γκ < 1, substitution of inequality (7.52) into (7.50) yields the contradiction
kz 1 − z 2 k < kz 1 − z 2 k.
(7.53)
Hence, the inverse mapping M z ∗ is single-valued.
B. Lipschitzian
υ2 ∈ Br v (υ
υ∗ ), let z 1 = M z ∗ (υ
υ1 ) and z 2 = M z ∗ (υ
υ2 ). Then,
For υ 1 ,υ
δ1 −δ
δ2 k
kz 1 − z 2 k ≤ γkδ
°h
°
i
0
°
°
υ1 −υ
υ2 k + γ ° F 0 (z ∗ ) − Fb (z ∗ ) (z 1 − z 2 )°
≤ γkυ

(7.54)

υ1 −υ
υ2 k + γκkz 1 − z 2 k.
≤ γkυ
Rearranging the last inequality in (7.54) yields
υ1 ) − M z ∗ (υ
υ2 )k = kz 1 − z 2 k ≤
kM z ∗ (υ

γ
υ1 −υ
υ2 k,
kυ
1 − γκ

(7.55)

which shows the Lipschitzian continuity of the mapping M z ∗ .

7

Once the strong regularity of Problem (7.32) is established, the theorem derived in
[Robinson, 1980] can be applied directly to prove its local solvability that is stated in the
following lemma.
Lemma 7.3. Problem (7.32), i.e., the generalized equation (7.38), is uniquely solvable in
the neighborhood Br z ∗ (z ∗ ).
After proving that Problem (7.32) is uniquely solvable in the neighborhood of the
optimal solution of Problem (7.31), i.e., Lemma 7.1 and Lemma 7.3, it is ready to move to
the final step of the proof, i.e., the convergence of the solution sequence of (7.38) to z ∗ .
The main convergence result of the SCP method is stated in the following lemma that
states the contraction property of the solution sequence.
0
Lemma 7.4. Suppose that the Jacobian matrix Fb (z) is Lipschitzian in the neighborhood
Br z ∗ (z ∗ ) with constant γ̂ ≥ 0, i.e.,
0

0

kFb (z) − Fb (z ∗ )k ≤ γ̂,

∀z ∈ Br z ∗ (z ∗ ).

(7.56)

Then for a starting point z 0 that is sufficiently close to the optimal solution z ∗ , the sequence {z k } generated by the SCP method satisfies
kz k+1 − z ∗ k ≤ ζkz k − z ∗ k,
where ζ ∈ (0, 1).

(7.57)
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Proof. Based on the definition of the inverse mapping M z k , the KKT condition for the
kth iteration of Problem (7.32) can be equivalently written as
³
´
0
z k+1 = M z k Fb (z k )z k − Fb(z k ) .
(7.58)
0
Note that in above equation, Fb (z k )z k − Fb(z k ) is the argument of the inverse mapping
∗
M z k . The KKT point z can also be expressed via the inverse mapping M z k as
³
´
0
z ∗ = M z k Fb (z k )z ∗ + NΩb (z ∗ ) ,
(7.59)

which is derived based on the definition of M z k . Eliminating the normal cone operator
in above equation by using (7.36) yields
³
´
0
z ∗ = M z k Fb (z k )z ∗ − F (z ∗ ) .
(7.60)
Then,
°
´
´°
³
³
0
0
°
°
kz k+1 − z ∗ k = °M z k Fb (z k )z k − Fb(z k ) − M z k Fb (z k )z ∗ − F (z ∗ ) °
³
´ ³
´°
γ °
0
° b0
°
≤
° F (z k )z k − Fb(z k ) − Fb (z k )z ∗ − F (z ∗ ) °
1 − γκ
°
γ °
° b0
°
=
°F (z k )(z k − z ∗ ) + Fb(z ∗ ) − Fb(z k )°
1 − γκ
°Z 1 h
°
i
°
¢
γ °
0¡
0
∗
∗
°
b
b
=
F z k + s(z − z k ) − F (z k ) (z k − z ) d s °
°
1 − γκ ° 0
¶
µ
γγ̂
kz k − z ∗ k kz k − z ∗ k,
≤
2(1 − γκ)

(7.61)

7

where the first line is straightforward, the inequality in the second line is based on (7.55),
the third line makes use of the relationship Fb(z ∗ ) = F (z ∗ ), the forth line applies the
mean-value theorem, and the last line exploits the Lipschitzian assumption of the Ja0
cobian matrix Fb (z).
In order to achieve the contraction of the solution sequence {z k }, the starting point
z 0 ∈ Br z ∗ (z ∗ ), i.e., r z ∗ , needs to be chosen properly. For the first iteration, it follows from
(7.61) that
γγ̂
kz 1 − z ∗ k ≤
kz 0 − z ∗ k2
(7.62)
2(1 − γκ)
To ensure kz 1 − z ∗ k ≤ r z ∗ , let r z ∗ < 2(1 − γκ)/γγ̂. Then, by induction, we have
kz k+1 − z ∗ k ≤ r z ∗ .

(7.63)

As a result, (7.61) becomes
kz k+1 − z ∗ k ≤

γγ̂r z ∗
kz k − z ∗ k.
2(1 − γκ)

(7.64)

Therefore, r z ∗ can be chosen sufficiently small such that ζ = γγ̂r z ∗ /2(1 − γκ) ∈ (0, 1).
Thus, the contraction property of the SCP method shown in (7.57) has been proven.
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7.3.5. A N E XAMPLE OF C ENTRALIZED I MPLEMENTATION FOR T IME - OPTIMAL
R ECONFIGURATION

7

In this subsection, the developed algorithm 7.2 is applied to solve an example problem of
time-optimal reconfiguration, and the simulation results are compared with those computed by the SQP method, the interior method and the global optimization method using multiple starting points. For the purpose of comparison to the energy-optimal reconfiguration studied in Chapter 6, the in-plane reconfiguration of four satellites with
respect to the same circular reference orbit with a radius of 7178 km is chosen as the
simulation scenario. Therefore, the relative motion is described by HCW equations, i.e.,
Equation (7.2) becomes Equation (6.3). During the reconfiguration, control inputs are
also provided by low-thrust high-specific-impulse electric propulsion systems, and thus,
the masses of all satellites can be considered as constant.
As in Chapter 6, the mass of every satellite is 50 kg, and the maximum amplitude of
the thrust along each direction is 0.05 N. For the time-optimal reconfiguration, the initial and final cluster are set up in the same way as in Chapter 6. Namely, four satellites
are initially flying uniformly with 90° relative phase angle in the in-plane cluster with no
cross-track relative motion. The amplitude of the in-plane relative motion is 250 m. The
phase angle of satellite #1 is defined as the reference phase angle, and is 0° in the initial
cluster. The cluster is now required to reconfigure in minimum time to another in-plane
cluster with an amplitude of 300 m and the relative phase angle shall remain the same,
i.e., ∆α2 = 90°, ∆α3 = 180°, and ∆α4 = 270°. However, the phase angle of satellite #1,
i.e., the reference phase angle, in the target cluster needs to be determined optimally. In
addition, there are extra simulation settings that are unique to time-optimal reconfiguration problems and are related to the final time t f . Specifically, the lower bound of t f
is set as 0, while the upper bound is one orbital period of the reference orbit. Moreover,
based on trial and error simulations the trust region of t f has a radius of 100 s. Note that
in all the following simulations the control accelerations are normalized with respect to
the maximum amplitude of the thrust.
Other inputs of the SCP algorithm are given as follows. There are in total N = 20
subintervals, and the initial control inputs are set identically as [1 − 1 0]T for all subintervals. The initial guess of the final time is half of the orbital period of the reference orbit. The starting point of the in-plane reference phase angle is α = 0. The time-optimal
reconfiguration is shown in Figure 7.1, the control inputs of each satellite are shown in
Figure 7.2, and the changing histories of the in-plane reference phase angle and final
time are shown in Figure 7.3 and Figure 7.4, respectively. In the implementation, the final time as well as the in-plane reference phase angle is updated based on all satellites’
information. Hence, it is a centralized implementation. As shown in Figures 7.3 and 7.4,
the simulation results converge after 30 iterations. Based on the simulation results, it
will take 391.7 s for all four satellites to reconfigure to the target cluster, where the phase
angle of satellite #1 is 0.1062 rad. As shown clearly in Figure 7.1, there won’t be any collision during the time-optimal reconfiguration. Note that the control inputs have the
bang-bang appearance. Compared with the energy-optimal reconfiguration shown in
Figure 6.2, the time-optimal reconfiguration travels much less distance.
Since the gradient equations of the objective and final configuration constraints are
available, SQP and the interior-point method can be adopted to solve the time-optimal
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Figure 7.1: Time-optimal in-plane reconfiguration
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SCP iterations
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Figure 7.4: Final time during SCP iterations

reconfiguration problem as well. Due to the fact that those gradients have sparse pattern,
the SNOPT solver is employed, which is an SQP algorithm for large-scale constrained
optimization. On the other hand, the interior-point method is implemented directly by
means of the fmincon function provided by MATLAB. If previous simulation inputs are
again used for both SQP and the interior-point method, similar results as obtained by the
SCP method are achieved. However, it takes 187 iterations for the interior-point method
to converge, while 9 iterations and 734 minor iterations for SNOPT.
Furthermore, in addition to the comparison of the SCP method with other local optimization methods, the global optimization technique using multiple starting points
is employed to search thoroughly for a global minimum. Our implementation is based
on the MultiStart solver of MATLAB, which uses uniformly distributed starting points to
find multiple local minima. For above time optimal reconfiguration, there are in total 20
random starting points generated within the bound of the decision variable ξ . For each
starting point the MultiStart solver uses the interior-point method to solve the optimization problem. In the end, three starting points fail to converge to feasible solutions, while
other 17 points lead to three different local minima of the final time, i.e., 391.7 s, 1189.6 s
and 1237.5 s, with corresponding in-plane reference phase angle 0.1062 rad, −2.8340 rad

7
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Figure 7.5: Time-optimal in-plane reconfiguration
corresponding to t f = 1189.6 s
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Figure 7.8: Control inputs of four satellites during time-optimal reconfiguration corresponding to
t f = 1237.5 s

and π rad. The reconfiguration trajectories as well as control inputs of all four satellites corresponding to the other two local minima are shown, respectively, in Figures 7.5,
7.6, 7.7, and 7.8. Compared with trajectories shown in Figures 7.5 and 7.7, satellites fly
more "directly" towards their target locations in the global time-optimal reconfiguration
as shown in Figure 7.1. For the local minimum t f = 1237.5 s, the control inputs do not
feature the bang-bang characteristic. It is also worth mentioning that when those starting points that lead to t f = 1189.6 s or t f = 1237.5 s in the global optimization method
are used by the SCP method, the simulation results still converge to t f = 391.702 s and
α = 0.1062 rad. However, SQP and the interior-point method fail to converge to the
global optimum. Therefore, in our simulation the SCP method has superior convergence. Moreover, in each sequence, the SCP method actually only requires to execute
linear programming tasks, which can be solved two to three orders of magnitude faster
if a custom rather than standard algorithm were used [Mattingley and Boyd, 2012]. As a
consequence, the developed SCP method can be considered for the onboard implementation.
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PART from the methodology developed in Chapter 6 for energy-optimal reconfiguration, a new approach to the distributed implementation for time-optimal reconfiguration of multiple satellites is required. In this section, the decomposition framework
developed in Chapter 6 is applied firstly to show its inadequacy and the unique challenge
of the distributed implementation for time-optimal reconfiguration. Then, to succeed,
ADMM is proposed to contend with such a challenge. However, the standard ADMM is
a hybrid method. Therefore, finally, the distributed implementation of ADMM that only
uses neighbours’ information [Mota et al., 2013] is employed to achieve our goal.

A

7.4.1. P RIMAL D ECOMPOSITION OF T IME -O PTIMAL R ECONFIGURATION
The distributed implementation shall be based on the SCP approximation of the timeoptimal reconfiguration problem, i.e., Problem (7.30). In this problem, there are only
coupling variables; therefore, primal decomposition is, in principle, applicable. To apply
primal decomposition, Problem (7.30) is written equivalently as the following problem:

minimize J =

n
X

tf i

(7.65a)

i =1

µ
subject to

σi ,k )
∂x i (1|t f i ,k ,σ
∂t f

−

∂x i f
∂α

−

(αi − αi ,k ) −

∂x i f

¶
(t f i − t f i ,k ) +

∂t f
∂x i f
∂αz

σi ,k )
∂x i (1|t f i ,k ,σ
σi
∂σ

7

σi −σ
σi ,k )
(σ

σi ,k ) = 0,
(αzi − αzi ,k ) + ∆i (t f i ,k ,σ

i = 1, 2, . . . , n,
(7.65b)

¯ ¯
¯ l ¯
¯σi j ¯ ≤ U ,

i = 1, 2, . . . , n,

j = 1, 2, 3,

l = 1, 2 . . . , N ,

t f l ≤ t f i ≤ t f u , i = 1, 2, . . . , n,
¯
¯
¯t f i − t f i ,k ¯ < ρ i k , i = 1, 2, . . . , n,
− π ≤ αi ≤ π,
− π ≤ αzi ≤ π,

i = 1, 2, . . . , n,
i = 1, 2, . . . , n,

[t f i αi αzi ]T = [t f α αz ]T ,

i = 1, 2, . . . , n,

(7.65c)
(7.65d)
(7.65e)
(7.65f)
(7.65g)
(7.65h)

where Equation (7.65h) is the consistency constraint. Problem (7.65) can be interpreted
as follows. There are in total n subsystems. Subsystem i has local decision variable σ i ,
coupling variables t f i , αi and αzi , primal variables t f , α and αz , and local constraints
(7.65b), (7.65c), (7.65d), (7.65f), and (7.65g). If the primal variables are fixed, then Problem (7.65) is separable. However, since the final time is also the objective, once it be-
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comes a constant (i.e., fixed), the i th subproblem turns into a feasibility problem
minimize 0
(7.66a)
µ
¶
σi ,k ) ∂x i f
σi ,k )
∂x i (1|t f i ,k ,σ
∂x i (1|t f i ,k ,σ
σi −σ
σi ,k )
subject to
−
(t f i − t f i ,k ) +
(σ
σi
∂t f
∂t f
∂σ
∂x i f
∂x i f
σi ,k ) = 0,
−
(αi − αi ,k ) −
(αzi − αzi ,k ) + ∆i (t f i ,k ,σ
∂α
∂αz
¯ ¯
¯ l ¯
¯σi j ¯ ≤ U , j = 1, 2, 3, l = 1, 2 . . . , N .

(7.66b)
(7.66c)

For such a feasibility problem, only feasible solutions are found; thus, there is no guarantee for the optimality. Therefore, the standard primal decomposition is no longer applicable to the time-optimal reconfiguration problem. In order to remove this setback
caused by final time, augmented Lagrangian methods may be explored to achieve a more
robust and effective optimization by adding extra terms to the objective. However, on the
other hand, the augmented Lagrangian method shall be suitable for the distributed implementation. In this chapter the communication-efficient D-ADMM algorithm, which
is a distributed variant of ADMM, is exploited to accomplish the distributed implementation of time-optimal reconfiguration. In next subsection, ADMM is introduced firstly.

7.4.2. ADMM
ADMM iterations for Problem (7.65) can be derived from the following augmented partial Lagrangian [Boyd et al., 2011]

7

Lρ =

n £
X
i =1

¤
λTi (εεi −εε) + ρ/2kεεi −εεk22 ,
t f i +λ

(7.67)

where ρ > 0 is the penalty parameter, λ i is the Lagrangian multiplier corresponding to
the consistency constraint (7.65h), ε i = [t f i αi αzi ]T and ε = [t f α αz ]T are defined to
lighten the notation. The resulting ADMM algorithm then consists of the following iterations [Boyd et al., 2011]:
iT
o
h
n
λTi,k (εεi −εεk ) + ρ/2kεεi −εεk k22 ,
σ Ti,k+1 ε Ti,k+1 = argmin t f i +λ

(7.68a)

σTi ε Ti ]T ∈Ωi
[σ

¶
n µ
1
1X
ε i ,k+1 + λ i ,k ,
n i =1
ρ

(7.68b)

λ i ,k+1 = λ i ,k + ρ(εεi ,k+1 −εεk+1 ),

(7.68c)

ε k+1 =

where λ i ,k is the corresponding Lagrangian multiplier (or dual variable) in the kth iteration, and Ωi is the local domain of i th satellite’s decision variables σ i and ε i and
consists of (7.65b), (7.65c), (7.65d), (7.65e), (7.65f) and (7.65g). Obviously, the domain
Ωi is convex. Note that during above iterations a central satellite is required to collect both ε i ,k+1 and λ i ,k from all satellites to update the vector of primal variables as
shown in Equation (7.68b), and then broadcast that update to all satellites as shown in
Equation (7.68c). Hence, it is a hybrid method, i.e., partially centralized and partially
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Figure 7.9: Color groups of four satellites in a fully connected undirected communication topology

distributed. For the distributed implementation, the distributed variant of ADMM, i.e.,
D-ADMM, is employed in this chapter due to its communication efficiency [Mota et al.,
2013].

7.4.3. D ISTRIBUTED ADMM
In order to apply the D-ADMM algorithm, Problem (7.65) is reformulated as follows

minimize

J=

n
X

7
tf i

(7.69a)

i =1

subject to ε i = ε j , ∀(i , j ) ∈ E , i , j = 1, 2, . . . , n,
£ T T ¤T
σi εi
∈ Ωi , i = 1, 2, . . . , n,

(7.69b)
(7.69c)

where E denotes the edge set of the communication topology. In above reformulation,
Equation (7.69b) replaces the consistency constraints (7.65h). Assume that the communication network is fully connected. Then, the local coupling variables across the network are enforced to be equal by the constraint (7.69b). In fact, Equation (7.69b) only
imposes constraints on neighbours, which implies that decoupling between a satellite
and those that are not its neighbours could be explored to achieve the distributed implementation. As a result, how to divide the nodes of the network into proper groups
becomes the key issue. D-ADMM applies a coloring scheme to partition the nodes into
different color groups in such a way that no adjacent nodes have the same color. For example, the communication topology shown in Figure 6.6 can be divided into two groups:
white and black, as shown in Figure 7.9.
Assume that a coloring scheme of the communication topology is available for the
cluster. Then those satellites in the same color group are decoupled, and their local de-
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cision variables are updated as follows
(

ρ X
kεεi −εε j ,k k22
−εε j ,k ) +
tf i +
2 j ∈Ni
j ∈Ni
σTi ε Ti ]T ∈Ωi
[σ
)
(
´
X ³ T
ρ
2
T
= argmin
λ i j ,k − ρεε j ,k ε i + n i N kεεi k2 ,
tf i +
2
j ∈Ni
σT ε T ]T ∈Ω
[σ

h
iT
σ Ti,k+1 ε Ti,k+1 = argmin

i

i

X

)

λ Tij ,k (εεi

(7.70)

i

where λ i j ,k corresponds to the Lagrange multiplier of the constraint ε i = ε j ,k at the kth
iteration, and n i N is the number of satellite i ’s neighbours. Note that if local decision
variables of satellite j ∈ Ni are updated prior to those of satellite i , then ε j ,k is naturally
replaced by ε j ,k+1 [Mota et al., 2013]. After all satellites finish updating their local decision variables and then receiving those updated information from their neighbours,
the Lagrangian multiplier corresponds to satellite i and its neighbour satellite j ∈ Ni is
updated as follows
λ i j ,k+1 = λ i j ,k + ρ(εεi ,k+1 −εε j ,k+1 ).

(7.71)

Straightforwardly, iterations shown in Equations (7.70) and (7.71) only use neighbours’ information, and no central node is required. There are only two assumptions
needed for the convergence of those two iterations. One is a fully connected communication topology; the other is an available coloring scheme. A convergence proof is given
in [Mota et al., 2013].

7

7.4.4. A N E XAMPLE OF D ISTRIBUTED I MPLEMENTATION FOR T IME - OPTIMAL
R ECONFIGURATION
In this subsection, the example problem of time-optimal reconfiguration shown in 7.3.5
is solved by D-ADMM. The communication topology and the coloring scheme for the
simulation is shown in Figure 7.9. When integrating the SCP method with D-ADMM,
there are two alternatives. One is to apply D-ADMM in each sequence of the SCP method;
the other is to apply D-ADMM only after the convergence of the SCP method. Results of
the final time and reference in-plane phase angle for the former option are shown, respectively, in Figures 7.10 and 7.11 where the final time converges to 393.8 s and the inplane reference angle converges to 0.1040 rad, while Figures 7.12 and 7.13 for the latter
one where the final time converges to 392.08 s and the in-plane reference angle converges to 0.1065 rad. For both options, the reconfiguration trajectories and control inputs of all four satellites are similar to those shown in Figures 7.1 and 7.2, respectively.
When applying D-ADMM in each sequence of the SCP method, the penalty parameter
ρ = 106 , and there are 20 SCP sequences and for each sequence there are 30 iterations
of D-ADMM. When applying D-ADMM after the convergence of the SCP method, the
penalty parameter ρ = 10 and there are 10 D-ADMM iterations and in each D-ADMM
iteration there are 20 iterations of SCP. Note that for the former case, much more iterations are needed, and in the simulation the initial guess of the final time is set as 413 s to
reduce the number of iteration steps. However, this former integration is very useful for
taking into account path constraints such as collision avoidance constraints.
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7.5. S UMMARY AND C ONCLUSIONS
HIS chapter accomplishes the distributed implementation of time-optimal reconfiguration for future distributed space systems with many satellites. Applications
include various time-critical mission scenarios such as evading a debris-like threat. The
presented framework lays its foundation on the control parametrization method, the sequential convex programming (SCP) method, and the distributed alternating direction
method of multipliers (D-ADMM). This framework can be regarded, from the following
two perspectives, as a complementary to the one developed in Chapter 6. First, it is suitable for a broader class of optimal control problems where the states of the dynamic
system can not be expressed explicitly with respect to the independent variable due to
the nonlinearity and/or existence of parameters such as free final time in the dynamics
equations. Second, a more effective and robust distributed implementation is integrated
with the direct method for optimal control problems, which, even though it is specifically
proposed to address the issue caused by the incompetency of primal decomposition developed in Chapter 6, can be applied to optimal control problems with objectives that are
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not under assumptions of strict convexity or fitness. Furthermore, since the direct methods used in both Chapter 6 and Chapter 7 can be categorized as direct single-shooting
approaches, the framework presented in this chapter together with the one in Chapter 6
furnishes a complete methodology for the distributed implementation of general direct
single-shooting approaches.
Within the framework, an innovative approach to the time-optimal control problems
is devised based on SCP and the control parametrization method. The solved timeoptimal control problem features a general characteristic that the manifold of terminal states includes parameters to be optimized. Compared with other local optimization
methods, i.e., SQP and the interior-point method, and the global optimization technique
using multiple starting points, our method requires less iterations and yet converges to
the global optimum. Moreover, it exhibits a better convergence performance in the sense
that it can still converge to the global optimum even if those initial starting points that
lead to the failure of the other two local optimization methods are used for the simulation. In addition, the local convergence of our method is guaranteed theoretically under
mild and reasonable conditions. Most importantly, however, SCP brings great flexibility to achieve the distributed implementation. For time-optimal reconfiguration problems, integration of SCP with D-ADMM provides and facilitates a robust and effective
distributed implementation that converges to the global minimum.

7

8
C ONCLUSIONS AND
R ECOMMENDATIONS
Fractionated spacecraft, a non-traditional architecture for satellites, adds a new impetus
to the research of distributed space systems. With the work presented in this thesis, we have
extended the wealth of methodologies as well as results in the field of distributed space systems especially for relative motion and distributed autonomous control. The main goal of
this thesis is to achieve autonomous cluster operations of fractionated spacecraft with a
focus on autonomous cluster reconfiguration. We have studied the relative motion of a
fractionated cluster in the presence of J 2 perturbations, provided an organizational architecture to facilitate its autonomy, and developed distributed algorithms for planning,
respectively, its energy-optimal and time-optimal reconfiguration. Even though our research is devoted to cluster reconfiguration, it can be readily adapted to other cluster operations such as resources allocation. Furthermore, our research is also widely applicable to other distributed space systems. This chapter summarizes the presented research,
highlights our innovations as well as conclusions, and gives recommendations for further
research.
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8.1. S UMMARY
RACTIONATED spacecraft deploy satellite functionalities, such as computation, communication, data storage, payload operations and even power generation, onboard
several modules that share those functionalities through a wireless network. With the
advent of such an innovative space architecture, non-traditional attributes such as flexibility, robustness and responsiveness, in addition to cost and mass, are introduced to
the implementation of space systems, and the equilibrium in the design of those architectures may shift considerably. In order to enable those non-traditional attributes and
thus create huge momentum for the design of fractionated spacecraft, this thesis performs research on the autonomous operations of fractionated spacecraft with a focus on
cluster reconfiguration. In particular, three aspects have been studied thoroughly to lay
the foundation for its implementation.
First, functional, physical and organizational architectures of a fractionated infrastructure for long-term Earth observation missions have been proposed, which define
the scenario for our research hereinafter. In the scenario, four fractionated modules
are considered with a circular reference orbit of 800 km altitude and the fractionated
cluster is regarded as a multi-agent system. Second, the relative motion of those modules is studied to provide the knowledge of modules’ long-term flight behaviours within
the passive cluster. Last but not the least, centralized and distributed approaches to
the problem of autonomous cluster reconfiguration are, respectively, developed, where
both the energy-optimal and time-optimal reconfiguration are considered. Foregoing
researches in all three aspects are detailed in the following.
To specify the scenario of our research, the fractionation concept is exploited innovatively to design a space infrastructure that is able to accept and support multiple modules hosting Earth observation payload. Functional, physical and organizational architectures of this infrastructure are presented, respectively. The functional architecture is
derived based on the review and analysis of two long-running Earth observation missions, i.e., Landsat and SPOT. The optimal physical architecture is obtained by means
of Analytical Hierarchy Process with eight selection criteria. The organizational architecture is developed by virtue of the multi-agent theory. Finally, a software test-bed
using smartphone technology as well as a hardware test-bed composed of commercial
quadrotors is developed to demonstrate the proposed organizational architecture.
Apart from the organizational architecture, concrete results of relative motion behaviours within a fractionated cluster are also an essential prerequisite for autonomous
cluster operations. In our study, relative motion within a fractionated cluster is considered as distance-bounded relative motion. This thesis presents closed-form solutions
for the problem of long-term satellite relative motion in the presence of J 2 perturbations,
and introduces a design methodology for long-term passive distance-bounded relative
motion. There are two key ingredients of closed-form solutions. One is the model of
relative motion; the other is the Hamiltonian model and its canonical solution of the J 2 perturbed absolute motion. The model of relative motion is derived based on the geometrical relationship between two satellites and features a kinematic property. To derive
the canonical solution, since the Hamiltonian is fully separable, the Hamilton-Jacobi
theory is applied. To design the long-term distance-bounded relative motion, the nodal
period and the drift of right ascension of the ascending node (RAAN) per nodal period

F

8

8.2. I NNOVATIONS AND C ONCLUSIONS

175

are, respectively, matched non-instantaneously. Even though the nodal period and the
drift of RAAN per nodal period can be obtained via the canonical solution, action-angle
variables are used to obtain the frequency of the system without finding the complete
solution to the perturbed orbital motion.
The third aspect of our research is focused on autonomous cluster reconfiguration,
which is one of the most important constituents of cluster operations. We argue that the
distributed implementation of cluster reconfiguration is either demanded or highly preferred by fractionated spacecraft with potentially a large number of modules. Despite of
this, the centralized approach is developed first as a counterpart for later comparison to
the distributed implementation. Essentially, the centralized method belongs to the category of the direct simultaneous approach and utilizes the Gauss pseudospectral method.
Energy- and time-optimal reconfiguration problems are addressed, respectively, for both
circular and eccentric reference orbits. In the reconfiguration planning, the non-convex
collision avoidance constraints as well as the non-convex final configuration constraints
have been taken into account.
With respect to the distributed autonomous cluster reconfiguration, the energy- and
time-optimal implementation are developed, respectively. In essence, they can be regarded as the distributed implementation of direct sequential approaches. However,
different methodologies have been applied. For distributed energy-optimal reconfigurations, primal decomposition is combined with the distributed consensus algorithm
to deal with coupling variables, while dual decomposition is integrated with the incremental subgradient method to tackle coupling constraints. In order to solve reconfiguration problems with both coupling variables and coupling constraints, multi-level primal
and dual decompositions are proposed, where both the distributed consensus algorithm
and the incremental subgradient method are incorporated to guarantee the distributed
implementation. In contrast, the time-optimal reconfiguration is approximated as a sequential convex programming problem based on the control parametrization method.
Finally, a distributed alternating direction method of multiplier is employed to achieve
consensus within the cluster.

8.2. I NNOVATIONS AND C ONCLUSIONS

I

NNOVATIONS and conclusions in all three aspects of the research performed for this
thesis are listed in the following.

1. Functional, physical and organizational architectures of a fractionated infrastructure
(a) Conclusions
i. Four heterogeneous modules that separately host high bandwidth downlink component, data relay satellite communication component, mission data processor component and large volume data storage component can best serve as a space infrastructure to support long-term EO
missions with multiple payload modules.
ii. The three-layer organizational architecture composed by a planner, an

8
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allocator and multiple local controllers can ensure autonomous operations within a fractionated cluster.
(b) Innovations
i. A remarkably good interweave between non-traditional attributes of fractionated spacecraft and requirements of long-term EO missions has been
explored to design a fractionated space infrastructure, which in the long
run can support multiple modules hosting EO payloads.
ii. A hardware test-bed has been developed based on the smartphone technology, multi-agent theory and low-cost commercial quadrotors to demonstrate the proposed organizational architecture.

2. Relative motion in a fractionated cluster
(a) Conclusions
i. The model of relative motion makes no assumption on the eccentricity
of the reference orbit or on the magnitude of the relative distances.
ii. A fully separable Hamiltonian is found, which takes into account the secular, long-periodic and short-periodic effects of J 2 perturbations. The
separability of this Hamiltonian ensures the application of the HamiltonJacobi theory and the action-angle variables.
iii. The long-term passive distance-bounded relative motion can be established by matching, respectively, the nodal period and the drift of right
ascension of the ascending node per nodal period.
(b) Innovations

8

i. Canonical solutions of the system has been found using Carlson’s method,
which provides straightforward physical insights for both the pseudocircular and pseudo-elliptical orbits.
ii. Analytical expressions of the nodal period and the drift of RAAN per
nodal period have been derived by means of the action-angle variables.
3. Centralized optimal cluster reconfiguration

(a) Conclusions
i. The Gauss pseudospectral method can solve both energy-optimal and
minimum-time reconfiguration problems with linear time-invariant as
well as linear time-varying dynamics effectively and efficiently.
(b) Innovations
i. The energy- and time-optimal reconfiguration problems with complex
collision avoidance constraints for both circular and eccentric reference
orbits have been solved by a single method.

8.2. I NNOVATIONS AND C ONCLUSIONS

177

4. Distributed energy-optimal cluster reconfiguration

(a) Conclusions
i. The distributed framework developed in this thesis is applicable to reconfiguration problems with linear dynamics equations in the presence
of non-convex coupling variables (e.g. final configuration constraints)
as well as non-convex and non-separable coupling constraints (e.g., collision avoidance constraints). In the end, optimal solutions have been
obtained.
(b) Innovations
i. Primal decomposition, dual decomposition and multi-level primal and
dual decomposition are employed to solve cluster reconfiguration problems. Furthermore, for the distributed implementation, primal decomposition is combined with distributed consensus algorithm, dual decomposition is integrated with the incremental subgradient method, and both
the distributed consensus algorithm and the incremental subgradient
method are incorporated into the multi-level primal and dual decomposition.
5. Distributed time-optimal cluster reconfiguration

(a) Conclusions
i. For time-optimal reconfiguration problems, integration of the sequential convex programming with the distributed alternating direction method
of multiplier provides and facilitates a robust and effective distributed
implementation that converges to the global minimum.
ii. Theoretical results exist for the convergence of the proposed method
that is based on the control parametrization method, the sequential convex programming method, and the distributed alternating direction method
of multipliers.
(b) Innovations
i. Time-optimal control problems, which have a general characteristic that
the manifold of terminal states includes parameters to be optimized, are
solved based on the control parametrization method and the sequential
convex programming.
ii. A distributed implementation of time-optimal reconfiguration has been
developed.
iii. Local convergence of the sequential convex programming method has
been proven by means of generalized equation and strong regularity of
the problem.
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8.3. R ECOMMENDATIONS FOR F URTHER R ESEARCH
HE performed research for this thesis has led to several insightful conclusions that
can deepen our understanding towards autonomous operations of fractionated spacecraft. Moreover, recommendations for future research can also be highlighted in the
following to further accumulate and enrich the knowledge of autonomous distributed
space systems.

T

1. Design of local controllers
The proposed three-layer organizational architecture consists of a planner, an allocator and multiple local controllers. Design methodologies have been developed
in this thesis for both the planner and the allocator, while the local controllers
are only assumed to be able to transfer modules from their current positions to
the assigned locations. However, complications, mainly due to internal or external uncertainties, exist in the design of local controllers. Take collision avoidance
for example. Even though collision avoidance has been taken into account in the
planner, if a local controller was not designed properly in the presence of navigation uncertainties (e.g. due to sensor noises), model uncertainties (e.g. due to
disturbances such as J 2 and atmospheric drag in the dynamics model) and actuator uncertainties, then the module would still fly into the collision-zone of another
module because of the poor performance of the local controller. There are basically two ways to design the local controller. One is to use neighbours’ real-time
information (state or output) to design a feedback controller; the other is to design
a relatively simple local controller just to track the reference trajectories generated
by the planner which has taken various uncertainties into account. Another design
method may combine the previous two techniques. Further research needs to be
performed to evaluate which implementation strategy is the most advantageous.

8

2. Integration of planner, allocator and local controller
Ideally, in the three-layer organizational architecture, results of the planner and allocator are the input for local controllers, and there is no other interaction among
them. However, in the presence of external and internal uncertainties, the integration of the planner, allocator and local controllers is more complicated. Again, take
collision avoidance as an example. In the course of reconfiguration, when there is
an unexpected potential collision, the planner and allocator will be required to
execute again. However, to which extent (e.g., locally or globally) the re-planning
and re-allocating shall be performed to satisfy all the constraints while minimize
the global cost within the whole fractionated cluster is still open. Furthermore,
test-beds (software and/or hardware) shall be developed to verify, validate and
demonstrate, under various circumstances, the performance of the integration of
the planner, allocator and local controllers.
3. Alternative organizational architecture
In our research, the three-layer organizational architecture is essentially based on
the idea of open-loop control. Alternative architectures may be developed to compare and then improve our architecture. Generally speaking, using closed-form
control as a starting point may also be exploited to design the architecture. In such

8.3. R ECOMMENDATIONS FOR F URTHER R ESEARCH

179

an architecture, the original system may be regarded or approximated as a decomposable system. Then, for example, controller synthesis methods can be employed
to design feedback (state or output) H 2 and H ∞ controllers for both discrete and
continuous systems [Massioni, 2010]. One step further, the organizational architecture based on closed loop control can be generalized to the self-organization
and emergence behaviour of multi-agent systems, i.e., local simple interactive behaviours can lead to an emergent complex behaviour at the system level. However,
for given top-level desired behaviours, there is no systematic way to formulate the
corresponding local-level behaviours and interactions.
4. Relative dynamics based on the full separable Hamiltonian
The fully separable Hamiltonian exploited in this thesis can be used to derive relative dynamics for distributed space systems, especially for studying their longterm behaviours. This separable Hamiltonian appears to be the only one that depends on the latitude. Thus, theoretical results may be found to complement the
existing research in the field of relative dynamics between satellites. The derivation of relative dynamics from the Hamiltonian can simply rely on the Taylor expansion as shown in [Guibout and Scheeres, 2004]. More interestingly, such relative dynamics can be combined directly with the generating functions resulted
from Hamilton–Jacobi theory (also studied in this thesis) to plan maneuvers for
formation reconfiguration [Guibout and Scheeres, 2004], [Park et al., 2006].
5. J 2 ’s effect on the relative motion
Apart from the secular effects caused by J 2 perturbations, the presented Hamiltonian also takes into account long-periodic and short-periodic effects. Therefore,
relative dynamics derived from this Hamiltonian will provide more comprehensive understanding and analytical analysis of J 2 ’s effects on the relative motion
between satellites. In the literature, only the secular effects on the relative motion have been studied extensively; very little research is performed on either the
short-periodic or long-periodic effects.
6. From perturbed orbital dynamics to the performance evaluation of distributed
algorithms for distributed space systems
For future distributed space systems, autonomous operations are key enabling
technologies which depend heavily on various distributed algorithms. It is foreseen that the special dynamics environment of distributed space systems has impacts on the performance of distributed algorithms, and thus sheds light on the
design of distributed algorithms. The contribution of this further research may
be at least threefold. First, the long-term passive orbital motion in the presence
of perturbations will be studied in a general context. Second, the relative geometry between satellites in distributed space systems will be studied in consistent
with the long-term orbital motion, and the communication topology within distributed space systems will be established after that. Third, the link between the
performance of distributed algorithms for distributed space systems and the communication topology is unveiled, and thus renders the whole design of distributed
algorithms more efficient. We believe that this recommended research will constitute a starting point towards a more complete understanding of problems involv-
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ing various performance analysis of distributed algorithms in the given dynamics
environment, as well as other aspects of designing the distributed algorithm to
meet the performance requirements.

7. Extension of the distributed implementation to other direct methods for optimal control problems
In essence, the distributed algorithms developed in this thesis for both energyoptimal and time-optimal cluster reconfiguration are the distributed implementation of direct sequential approach. For cluster reconfiguration, the system is stable, and thus the direct sequential approach is applicable and effective. However,
for unstable systems, the direct simultaneous approach or the multiple shooting
approach shall be employed. It is expected that primal and dual decomposition as
well as multi-level primal and dual decomposition developed in Chapter 6 may be
applied to the distributed implementation of direct simultaneous approach (probably with necessary adaptation), while the distributed implementation based on
sequential convex programming developed in Chapter 7 may be applied to the
multiple shooting approach (probably with necessary adaptation).

8

8. Connectivity constraints
As shown in Chapters 6 and 7, connectivity of the communication topology is of
paramount importance to the convergence of distributed algorithms. In our research, it is simply assumed that the connectivity holds for all the developed algorithms. On the other hand, connected communication topology shall be also
maintained during the reconfiguration to ensure other cooperation between modules. However, connectivity of the communication topology may be broken in the
course of reconfiguration, since various uncertainties exist in the dynamic and
open environment. Therefore, it is preferred to impose communication connectivity as constraints in the optimal-control problem. The connection between two
modules is typically determined by their relative distance. If the distance is less
than the threshold of connection range, they are connected; otherwise, disconnected. Such a model is discrete. For fractionated spacecraft, the communication
link between modules can also be modelled as a continuous function since the
efficacy of information exchange drops off continuously as the relative distance
increases [Dai et al., 2013]. However, such a continuous function normally contains a coupling variable (relative distance) and is non-convex.
9. Incorporation of more complicated dynamics into the planner and allocator
In this thesis, the planner and allocator are developed in the configuration space,
and test cases only involve the linearized relative dynamics (i.e. HCW or TH equations). However, more general research of relative dynamics can be performed in
the phase space as well to consider more complicated dynamics environments.
Therefore, it would be more convenient and advantageous to develop the planner and allocator in the phase space. A few attempts can be found in the literature
[Guibout and Scheeres, 2004], [Park et al., 2006]. However, constraints are not supported in their research.
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10. Development of customized code for onboard implementation
In our research, a standard convex optimization solver is employed to solve optimal reconfiguration problems of fractionated spacecraft. For onboard implementation, a customized solver is preferred for reducing considerably onboard computational load. For example, to solve linear programming problems, a customized
solver is two to three orders of magnitude faster than a standard one [Mattingley
and Boyd, 2012].

8

R EFERENCES
Behçet Açıkmese, Daniel P Scharf, Emmanuell A Murray, and Fred Y Hadaegh. A convex
guidance algorithm for formation reconfiguration. In Proceedings of the AIAA Guidance, Navigation, and Control Conference and Exhibit, 2006.
Xiaoli Bai, James D Turner, and John L Junkins. Bang-bang control design by combing
pseudospectral method with a novel homotopy algorithm. In AIAA Guidance, Navigation, and Control Conference, Chicago, Illinois, 2009.
Laurent Bako, Dulin Chen, and Stèphane Lecoeuche. A numerical solution to the
minimum-time control problem for linear discrete-time systems. arXiv preprint
arXiv:1109.3772, 2011.
Selcuk Bayraktar, Georgios E Fainekos, and George J Pappas. Experimental cooperative
control of fixed-wing unmanned aerial vehicles. In Decision and Control, 2004. CDC.
43rd IEEE Conference on, volume 4, pages 4292–4298. IEEE, 2004.
Randal W Beard, Derek Kingston, Morgan Quigley, Deryl Snyder, Reed Christiansen, Walt
Johnson, Timothy McLain, and Michael Goodrich. Autonomous vehicle technologies
for small fixed-wing uavs. Journal of Aerospace Computing, Information, and Communication, 2(1):92–108, 2005.
Fabio Luigi Bellifemine, Giovanni Caire, and Dominic Greenwood. Developing multiagent systems with JADE, volume 7. John Wiley & Sons, 2007.
David A Benson, Geoffrey T Huntington, Tom P Thorvaldsen, and Anil V Rao. Direct
trajectory optimization and costate estimation via an orthogonal collocation method.
Journal of Guidance, Control, and Dynamics, 29(6):1435–1440, 2006.
Douglas Bernard, Richard Doyle, Ed Riedel, Nicolas Rouquette, Jay Wyatt, Mike Lowry,
and Pandurang Nayak. Autonomy and software technology on nasa’s deep space one.
Intelligent Systems and their Applications, IEEE, 14(3):10–15, 1999.
Dimitri P Bertsekas. Distributed dynamic programming. Automatic Control, IEEE Transactions on, 27(3):610–616, 1982.
Dimitri P Bertsekas. Incremental gradient, subgradient, and proximal methods for convex optimization: a survey. Optimization for Machine Learning, 2010:1–38, 2011.
John T Betts. Survey of numerical methods for trajectory optimization. Journal of guidance, control, and dynamics, 21(2):193–207, 1998.
John T Betts and Paul D Frank. A sparse nonlinear optimization algorithm. Journal of
Optimization Theory and Applications, 82(3):519–541, 1994.
183

184

R EFERENCES

Navneet Bhushan and Kanwal Rai. Strategic decision making: applying the analytic hierarchy process. Springer Science & Business Media, 2004.
Stephen Boyd and Lieven Vandenberghe. Convex optimization. Cambridge university
press, 2009.
Stephen Boyd, Lin Xiao, and Almir Mutapcic. Subgradient methods. lecture notes of
EE392o, Stanford University, Autumn Quarter, 2004, 2003.
Stephen Boyd, Lin Xiao, Almir Mutapcic, and Jacob Mattingley. Notes on decomposition
methods. Notes for EE364B, Stanford University, 2007.
Stephen Boyd, Neal Parikh, Eric Chu, Borja Peleato, and Jonathan Eckstein. Distributed
optimization and statistical learning via the alternating direction method of multipliers. Foundations and Trends® in Machine Learning, 3(1):1–122, 2011.
RA Broucke. Numerical integration of periodic orbits in the main problem of artificial
satellite theory. Celestial Mechanics and Dynamical Astronomy, 58(2):99–123, 1994.
Roger A Broucke. Solution of the elliptic rendezvous problem with the time as independent variable. Journal of Guidance, Control, and Dynamics, 26(4):615–621, 2003.
Owen Brown and Paul Eremenko. Fractionated space architectures: a vision for responsive space. Technical report, DTIC Document, 2006a.
Owen Brown and Paul Eremenko. The value proposition for fractionated space architectures. Technical report, DTIC Document, 2006b.
Owen Brown, Paul Eremenko, and Christopher Roberts. Cost-benefit analysis of a notional fractionated satcom architecture. In Proc. of the 24th AIAA International Communications Satellite Systems Conference, AIAA-2006-5328, San Diego, CA, 2006.
Owen Brown, Paul Eremenko, and Matt Bille. Fractionated space architectures: tracing
the path to reality. 2009.
Nadia Busi, Alberto Montresor, and Gianluigi Zavattaro. Data-driven coordination in
peer-to-peer information systems. International Journal of Cooperative Information
Systems, 13(01):63–89, 2004.
Mark Campbell and Thomas Schetter. Comparison of multiple agent-based organizations for satellite constellations. Journal of spacecraft and rockets, 39(2):274–283, 2002.
Mark E Campbell. Planning algorithm for multiple satellite clusters. Journal of Guidance,
Control, and Dynamics, 26(5):770–780, 2003.
BC Carlson. Elliptic integrals of the first kind. SIAM Journal on Mathematical Analysis, 8
(2):231–242, 1977.
BC Carlson. A table of elliptic integrals of the second kind. mathematics of computation,
49(180):595–606, 1987.

R EFERENCES

185

BC Carlson. A table of elliptic integrals of the third kind. Mathematics of Computation,
51(183):267–280, 1988.
BC Carlson. A table of elliptic integrals: Cubic cases. Mathematics of computation, 53
(187):327–333, 1989.
Benoit Chachuat. Nonlinear and dynamic optimization: from theory to practice. Technical report, 2007.
Xiaoqian Chen, Wen Yao, Yiyong Huang, and Yong Zhao. Ides: An integrated design
and experiment system for on-orbit servicing. In 60th International Astronautical
Congress, Daejeon, Republic of Korea, 2009.
Steve Chien, Rob Sherwood, Daniel Tran, Benjamin Cichy, Gregg Rabideau, Rebecca Castano, Ashley Davies, Dan Mandl, Stuart Frye, Bruce Trout, et al. Onboard Autonomy on
the Earth Observing One Mission. Pasadena, CA: Jet Propulsion Laboratory, National
Aeronautics and Space Administration, 2004.
Jing Chu, Jian Guo, and Eberhard K.A. Gill. Functional, physical, and organizational architectures of a fractionated space infrastructure for long-term earth observation missions. Aerospace and Electronic Systems Magazine, IEEE, 29(12):6–7, 2014.
Bradley J Clement and Anthony C Barrett. Coordination challenges for autonomous
spacecraft. Springer, 2004.
WH CLOHESSY. A terminal guidance system for satellite rendezvous. Aerospace Sci., 29:
653–658, 1960.
Bruce A Conway. A survey of methods available for the numerical optimization of continuous dynamic systems. Journal of Optimization Theory and Applications, 152(2):
271–306, 2012.
C Cougnet, B Gerber, and J Dufour. Fractionated satellite: a step towards flexibility and
responsive. In 61st International Astronautical Congress, 2010.
Daniel Cruz, James McClintock, Brent Perteet, Omar AA Orqueda, Yuan Cao, and Rafael
Fierro. Decentralized cooperative control-a multivehicle platform for research in networked embedded systems. Control Systems, IEEE, 27(3):58–78, 2007.
Steven A Curtis, J Mica, J Nuth, G Marr, M Rilee, and M Bhat. Ants(autonomous nano
technology swarm)- an artificial intelligence approach to asteroid belt resource exploration. In IAF, International Astronautical Congress, 51 st, Rio de Janeiro, Brazil,
2000.
Ran Dai, Joshua Maximoff, and Mehran Mesbahi. Optimal trajectory generation for establishing connectivity in proximity networks. Aerospace and Electronic Systems, IEEE
Transactions on, 49(3):1968–1981, 2013.
Simone D’Amico and Oliver Montenbruck. Proximity operations of formation-flying
spacecraft using an eccentricity/inclination vector separation. Journal of Guidance,
Control, and Dynamics, 29(3):554–563, 2006.

186

R EFERENCES

KS Das, Paul Gonsalves, Raffi Krikorian, and Walt Truszkowski. Multi-agent planning and
scheduling environment for enhanced spacecraft autonomy. In Artificial Intelligence,
Robotics and Automation in Space, volume 440, page 91, 1999.
Alexandre d’Aspremont and Stephen Boyd. Relaxations and randomized methods for
nonconvex qcqps. EE392o Class Notes, Stanford University, 2003.
Marco D’Errico. Distributed Space Missions for Earth System Monitoring, volume 31.
Springer Science & Business Media, 2012.
M Bernardine Dias and Anthony Stentz. A free market architecture for distributed control of a multirobot system. In 6th International Conference on Intelligent Autonomous
Systems (IAS-6), pages 115–122, 2000.
Reinhard Diestel. Graph theory (graduate texts in mathematics). 2005.
Quoc Tran Dinh. Sequential convex programming and decomposition approaches for
nonlinear optimization. 2012.
Quoc Tran Dinh and Moritz Diehl. Local convergence of sequential convex programming
for nonconvex optimization. In Recent Advances in Optimization and its Applications
in Engineering, pages 93–102. Springer, 2010.
Les Doggrell. Operationally responsive space: a vision for the future of military space.
Technical report, DTIC Document, 2006.
AL Dontchev and RT Rockafellar. Characterizations of strong regularity for variational
inequalities over polyhedral convex sets. SIAM Journal on Optimization, 6(4):1087–
1105, 1996.
Gregory F Dubos and Joseph H Saleh. Comparative cost and utility analysis of monolith and fractionated spacecraft using failure and replacement markov models. Acta
Astronautica, 68(1):172–184, 2011.
Paul Eremenko. System f6. http://www.parshift.com/AgileSysAndEnt/Cases/
Case%20F6%20Program%20Overview%20Briefing%20Feb%202010.ppt, 2010.
Giancarmine Fasano and Marco D’Errico. Modeling orbital relative motion to enable
formation design from application requirements. Celestial Mechanics and Dynamical
Astronomy, 105(1-3):113–139, 2009.
David Folta and Albin Hawkins. Preliminary results of nasa’s first autonomous formation
flying experiment: Earth observing-1 (eo-1). 2001.
Stuart D Fowell and Roger Ward. The role of software agents in space operations. In
Proceedings of Space Ops, pages 9–12, 2002.
Boris Garfinkel. On the motion of a satellite of an oblate planet. The Astronomical Journal, 63:88, 1958.

R EFERENCES

187

Divya Garg, Michael A Patterson, Camila Francolin, Christopher L Darby, Geoffrey T
Huntington, William W Hager, and Anil V Rao. Direct trajectory optimization and
costate estimation of finite-horizon and infinite-horizon optimal control problems
using a radau pseudospectral method. Computational Optimization and Applications, 49(2):335–358, 2011.
Eberhard Gill. Together in space: potentials and challenges of distributed space systems.
2008.
Philip E Gill, Walter Murray, and Michael A Saunders. Snopt: An sqp algorithm for largescale constrained optimization. SIAM journal on optimization, 12(4):979–1006, 2002.
Philip E Gill, Walter Murray, and Michael A Saunders. User’s guide for snopt version 7:
Software for large-scale nonlinear programming. 2006.
Dong-Woo Gim and Kyle T Alfriend. State transition matrix of relative motion for the
perturbed noncircular reference orbit. Journal of Guidance, Control, and Dynamics,
26(6):956–971, 2003.
Dong-Woo Gim and Kyle T Alfriend. Satellite relative motion using differential equinoctial elements. Celestial Mechanics and Dynamical Astronomy, 92(4):295–336, 2005.
Herbert Goldstein. Classical mechanics. 1980.
Michael Grant and Stephen Boyd. Graph implementations for nonsmooth convex programs. In V. Blondel, S. Boyd, and H. Kimura, editors, Recent Advances in Learning and
Control, Lecture Notes in Control and Information Sciences, pages 95–110. SpringerVerlag Limited, 2008. http://stanford.edu/~boyd/graph_dcp.html.
Michael Grant and Stephen Boyd. CVX: Matlab software for disciplined convex programming, version 2.1. http://cvxr.com/cvx, March 2014.
Vincent M Guibout and Daniel J Scheeres. Solving relative two-point boundary value
problems: spacecraft formulation flight transfers application. Journal of Guidance,
Control, and Dynamics, 27(4):693–704, 2004.
Pini Gurfil. Control-theoretic analysis of low-thrust orbital transfer using orbital elements. Journal of guidance, control, and dynamics, 26(6):979–983, 2003.
L Hallock, W Truszkowski, C Rouff, and J Karlin. Agent-based spacecraft autonomy.
Proceedings of Institute for Operations Research and the Management Sciences (INFORMS), 1999.
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