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Summary
The main objective of this thesis project is to establish an optimization framework that can carry out
robust aerodynamic design tasks. The work is based on the single-point optimization module of the SU2
code, which contains the partial differential equation solver for flow evaluation and gradient calculation
based on the adjoint method. The research work can be divided into two parts: the first one is the
establishment of the optimization structure and the corresponding implementation. And the second part
is the aerodynamic design examples.
During creating the framework of the robust optimization process, the conjugate gradient (CG) algorithm
is used to establish the main structure (outer loop). With the conjugate search directions provided by the
CG method, line searches are implemented with the application of the strong Wolfe condition (inner loop).
In order to carry out robust optimizations within the uncertain operating conditions, the format of the
objective function should be defined properly. The Taguchi’s robust design theory is used to create the
objective function that takes both the performance expectation and the variance into account
simultaneously. As the CG algorithm cannot directly deal with constraints, they should be converted to
the penalty terms in the objective function.
To check the validity of the established robust optimization process, two examples are tested concerning
the wave drag reduction of the NACA0012 airfoil under subsonic condition, with lift and thickness
constraints. The first problem is to reduce the drag under the uncertain Mach number and angle of attack
which obey certain kind of normal distributions separately. The continuous probabilities of the two
uncertainties are firstly discretized into 9 operating conditions and the joint probability is calculated. After
that optimizations are carried out under these sampled conditions. The results show that the process can
indeed provide robust drag reduction. Compared to the results of the two single-point optimizations
under different conditions, the drag value is effectively reduced especially under higher Mach numbers
and larger angles of attack. The change of the weight factor distribution for the drag expectation and the
variance has noticeable influence on the drag value under the most critical condition.
The second problem is to reduce the drag within a certain range of the Mach number while keep a
constant lift. The Mach number is the only uncertainty source and it is discretized at 3 sampled points.
The results show that the shock wave can be eliminated under all 3 conditions. As a result, both the drag
expectation and the variance are significantly reduced. The robust optimizations with different weight
factor distribution have similar results except for the one that only focuses on the drag variance reduction.
The latter optimization provides a result with nearly no drag variance at the cost of higher drag values
throughout the whole tested domain. And the drag increases more quickly than other robust optimization
results with the increment of Mach number. Actually, for this problem, a single-point optimization under
the highest Mach number could also provide robust drag reduction performance.
The test examples preliminarily proved the validity of the established robust optimization process.
However, it is recommended that the effectiveness should be further tested with more complicated
problems in the future.
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Mach number

[-]
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Chapter 1 Introduction
Background
With the development of advanced computational hardware as well as the improvement of more accurate
CFD codes, aerodynamic optimization can be carried out based on models with higher fidelity (such as NS equations for a complicated aircraft). However, the traditional deterministic optimization process, which
is based on single-point algorithm, always tends to find a localized optimum. That means it only obtains
an optimized result under the predefined operating condition. Once the operating condition deviates from
that, aerodynamic performance may deteriorate significantly, making the performance curve (such as liftto-drag polar plot) have a peaky or cusped form, as has been shown by M. Drela in [1].
Based on this situation, a robust design is desired to guarantee good performance under a continuous
range of conditions. As the uncertain operating conditions are random and not controlled by designers,
statistic principles should be used to build optimization algorithms. One renowned method for robust
design is the Taguchi’s theory [2] which tries to minimize the performance fluctuation due to
uncontrollable factors. The performance variance under the sampled operating conditions is included in
the objective function and its value is intended to be reduced during the optimization process. Another
method is developed by L. Huyse and R.M. Lewis in [3]. They used randomly new sampled points within
the variation range of operating conditions for a new iteration to avoid fixed multi-point optimization. A
third method was explored by D. W. Zingg and S. Elias [4] in which they firstly use a few discrete sample
points and a specific weight distribution function with “minmax” property to get an optimized result. After
that they check whether it is necessary to add more sample points between current design points. There
are also some other strategies used to achieve robust optimization result. Among them, the Taguchi’s
theory is one of the most wildly used methods in engineering field.
For aerodynamic optimization problems, a fundamental requirement is the capability of flow evaluation.
And for gradient based optimization, accurate gradient calculation is also essential to a successful
implementation. The SU2 code developed by a research team in Stanford University provides such
functions. The gradient is obtained through the adjoint method which avoids repeated flow evaluation in
a traditional finite difference method, making it suitable to be used in high dimensional design spaces.
What is more, it provides the capability of single-point optimization with a module written in Python
format. Hence, the structure of the code is an ideal platform for robust optimization research.

Main aspects of a complete aerodynamic optimization
A complete aerodynamic optimization problem consists of four aspects: geometry parameterization,
optimization algorithm establishment, optimization parameters definition (including objective function,
constraints, bounds etc.), and parameter optimization (including flow equation and/or gradients
evaluation).
1

For any optimization algorithm, the first step should be the definition of design variables. As for many
aerodynamic problems, commonly the design variables include the shape parameters and sometimes also
the angle of attack. There are two main kinds of method to parameterize an aerodynamic geometry. One
is to use empirical algebraic expression that contains some characteristic parameters of the shape, such
as the NACA 4-digit airfoil series. The other one is exemplified by a so-called “free-form” shape definition,
which is usually expressed by a linear combination of general basis functions (e.g. splines or sinusoidal
functions). The latter method is more flexible and more possible to achieve innovative designs. Typical
examples of these “free-form” definitions are Hicks-Henne “bump” function, Free-Form Deformation
(FFD), etc.
Optimization algorithms establish the main structure of any specified optimization process and could be
considered as a framework of it. They provide a mathematical process to solve the problem of “how to
achieve an optimum”. There are a great number of different algorithms, sorted into gradient-based and
non-gradient-based categories. For a certain optimization process, some algorithms are more favorable
than the others, determined by the property of the problem. In aerodynamic design work which is based
on CFD techniques, the strategies that avoid too many expensive flow calculations are desired.
The definition of objective and constraint functions determines “what objective the designers want to
achieve” and “what kind of constraints need to be satisfied”. Whether an optimization is single-point,
multi-point or robust can be distinguished and also realized through different choices of optimization
parameters (especially the objective function). For robust optimization, the key question is how to choose
a proper objective function that takes uncertainties into account.
No matter what kind of algorithm and optimization parameters are chosen, flow evaluation is always
needed in an aerodynamic optimization process. This is done through CFD techniques. For gradient based
algorithm, gradient calculation is also essential to the process.
A successful aerodynamic optimization depends on the proper combination of all the four aspects
discussed above and reasonable parameter settings for each of them, as well as some necessary changes
or improvements.

Objective of this thesis work
The main objective of this thesis work is to establish a robust aerodynamic optimization structure based
on SU2 code to extend the functionality of the program from single-point to robust optimization
applications. In order to achieve this objective, several subproblems should be solved, including:
1) Choose a proper optimization algorithm to establish the main structure of the optimization process.
The conjugate gradient (CG) method is one type of the conjugate direction algorithm, which is
considered to be much more efficient than the steepest descent direction method. It is one of the
most widely applied gradient based optimization strategies. In this paper, the CG method will be
applied to establish the main optimization structure.
2

2) Find appropriate line search method. The CG algorithm provides a series of conjugate directions for
line searches of all iterations. However, for non-quadratic problems, especially for aerodynamic
design problems, the analytical solution of a line search is impossible to be obtained. Hence, after
obtaining the search direction from CG method, the strong Wolfe condition will be applied to find out
the inexact solution along this direction.
3) Create an objective function format that on one hand takes the robust optimization requirement into
account, and on the other hand adapts to the requirement of the CG algorithm. For the consideration
of the robust performance improvement, the Taguchi’s theory will be used to form the objective
function that contains the weighted combination of the performance expectation and the variance.
As the CG algorithm cannot deal with constraints directly, they will be expressed as penalty terms in
the objective function.
4) Test the optimization structure as well as the corresponding program, through some examples to
check the validity of the method. And for a specific example, a proper CFD framework should be
created, including mesh generation and choices of CFD parameters in the SU2 code.

Layout of the thesis
Chapter 2 is a systematic review of all the four aspects of an aerodynamic optimization mentioned in
Section 1.2, including the theories that will be utilized in the following chapters.
Chapter 3 will focus on the objective function definition for the CG algorithm and the establishment of
the whole optimization structure. It is also the theoretical basis for the final optimization program.
Chapter 4 defines the examples for the code test and the CFD framework for the flow evaluation and
gradient calculation.
Chapter 5 is a detailed discussion on the optimization results of the test examples. The effect of singlepoint and robust optimizations are compared, and the influence of the weight factors for the drag
expectation and the variance is also analyzed.
Chapter 6 gives some conclusions and recommendations to both the robust optimization structure
established in Chapter 3 and the test examples defined in Chapter 4.

3
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Chapter 2 Theoretical basis of aerodynamic optimization
As has been described in Chapter 1, there are four main aspects that constitute a complete optimization
algorithm. In this chapter, they will be discussed in 4 sections separately.

Shape parameterization
Many parameterization techniques have been developed for aerodynamic design problems. The main
objective is to find a proper definition of design variables, which can effectively captures the geometric
characteristics with respect to aerodynamic influence and achieve a pertinent control of the shape. In
following sections, four well-known parametric methods are discussed in details.

2.1.1 Hicks-Henne “Bump” Function (HH)
For 2-D airfoil optimization, R. M. Hicks and P. A. Henne proposed a series of weighted sinusoidal functions
to act as shape perturbations based on the initial baseline geometry [5]. The parameterization method is
described by:
n

y = ybasis  i fi ( x)
i 1

t2

  log0.5

fi ( x)  sin   x log t1  ,0  x  1 .

 

Here ybasis is the original airfoil shape that is intended to be optimized. t1 is the chordwise position of the
bump’s peak point, which ranges from 0 to 1, and t2 controls the width of the bump. The weight factors

 i act as design variables to control the bump size. An example series of Hicks-Henne “Bump” functions
are generated through MATLAB with all

 i equal to 1 (see Figure 1).

1

0.8

0.6

0.4

0.2

0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Figure 1 Hicks-Henne Bump Functions with t2  3
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It is apparent that the bumps reach their maximum height at the selected 19 chordwise positions (with
0.05 increment for each interval). Once deviate from these positions, the influence of every bump function
reduces quickly. This property is desired in detailed optimization.

2.1.2 Class-Shape function Transformation (CST) technique
This method is developed by B. M. Kulfan in Boeing Commercial Airplane Group [6]. The curve function
consists of two parts. One is the class function which determines the main category of the geometry. The
other is the shape function that makes local adjustments on the class function. The total function for CST
method is:

f ( x)  C ( N1 , N 2 , x)  S ( x) .
Where the class function is:

C( N1 , N2 , x)  x N1 (1  x) N2 .
The coefficient N1 and N 2 are responsible for the characteristic shape of the class function. When

N1  0.5 and N 2  1 , it is a curve with a rounded nose and a sharp trailing edge. This is used as a baseline
for airfoil geometry.
The shape function is:
n

S ( x)   Ai Bin ( x) ,
i 0

n
Bin ( x)     xi  (1  x)ni .
i

n
Where Ai is the design variable that controls the magnitude of shape perturbation. Bi ( x) is the

Bernstein polynomial. Assume there are 5 design variables ( n  5 ) and all of them are set to 1 ( Ai  1 ),
then the shape function keeps constant (equal to 1). While change any of the design variable’s value Ai ,
the shape function will be changed, as is illustrated in Figure 2.
A = [ 1, 1, 1, 1, 1]

A = [ 1, 1, 0.5, 1, 1]

A = [ 1, 1, 1, 1.5, 1]

Figure 2 CST method demonstration with 5 design variables (from the lecture slide of MDO course AE4233)
6

The red curve in Figure 2 is the summation of all the Bernstein polynomials’ values multiplied by design
variable Ai . The figure clearly demonstrates that CST method has the potential to effectively controls a
geometry through proper optimization on Ai .

2.1.3 Free-Form Deformation (FFD)
Free-form deformation was proposed by Pierre Bezier to manipulate large numbers of control points to
express curves and surfaces, which can be deformed in a free-form manner. In this part, the 2-D FFD
technique will be reviewed for conciseness. The 3-D FFD method has the same theoretical basis and is a
straightforward extension of the 2-D method.
The 2-D FFD is a 2-step process. Firstly, specify a rectangular region that will be deformed by the two
extreme control points’ coordinates ( X min , Ymin ) and ( X max , Ymax ). Consider a domain with a circle that will
be deformed in Figure 3. Define 9 control points for this region and the deformation will take place within
the region surrounded by these points. Any point’s coordinate ( X , Y ) in this domain can be transferred
to the relative coordinate ( s, t ) that is defined by the control points, ranging from 0 to 1:
s

X  X min ,
X max  X min

t

Y  Ymin
Ymax  Ymin

Secondly, when the control points deviate from their original places, the new coordinate for any point
within the deformed region can be computed through the rational bivariate tensor product Bernstein
polynomial equation (Bezier surface function).
n

m

X ( s, t )   Bim ( s) B nj (t ) Pij ,
j 0 i 0

Pij   xij , yij 

The first two terms of the right hand side are the Bernstein polynomial functions (the same as that used
in CST method). Pij is the displaced control point’s coordinate, and it is also the design variable for such
geometric definition.

Figure 3 2-D FFD illustration with 9 control points (from [7])
7

FFD method is widely used in Computer Graphics field as it can deform any complex geometry smoothly.
It is also chosen for many aerodynamic optimization problems. However any change of one control point
will have a global influence, which means the effect is still nonzero for those regions that are far away
from the control point [8]. Such property is not desired in aerodynamic optimization work for detailed
design, when for some parts the geometry need to be improved while the rest is supposed to be
unchanged.

2.1.4 PARSEC method
The PARSEC method is a kind of polynomial method initially developed by H. Sobieczky [9]. It uses two
polynomial functions to express the upper and lower side of an airfoil separately.
6

yu   an x

n 1

n 1

2

,

6

yl   bn x

n 1

2

n 1

This method uses 11 design variables to represent an airfoil, including leading edge radius ( RLE ) , upper

d2y
( xlow , ylow ) , lower crest
2  , lower crest position
 dx  up

crest position ( xup , yup ) , upper crest curvature 

d2y
, trailing edge position ( xte , yte ) , and trailing edge angles for upper and lower sides
2 
 dx  low

curvature 

separately (te,up ,te,low ) . Thus, for a certain airfoil design, there are 11 conditions for 12 equations. In
order to solve them, another condition is needed. The leading edge radius of upper and lower sides are
equal to each other and this can be made as the last condition.
In addition to the four parameterization methods, there are also some other techniques such as B-spline
method [10], common polynomial function [11] etc.

2.1.5 Comparison between different parametric methods
Every parametric method has its advantages and disadvantages. For a certain optimization problem,
analysis should be made according to the problem’s requirement and the characteristics of different
parametric techniques.
All the four techniques mentioned above use continuous functions to express geometry. Hence, they
guarantee the smoothness of shapes, which is one of the requirements in parameterization for most of
aerodynamic optimization problems.
The Hicks-Henne bump function makes it possible to impose local controls upon certain parts of the airfoil
while keep the rest region nearly undisturbed. The capability of local refinement for design variables could
8

prevent unnecessary dense distribution over insensitive region. However, its application is only limited to
2-D problems.
The CST method has similar properties as HH function. What is more, this method has been extended to
the application of 3-D problems [6]. However, dominated by Bernstein polynomial, the chordwise control
positions are evenly distributed (Figure 2). For a certain predefined degree of shape function, these
control points are also fixed. Hence, it is not as flexible as the HH technique when a local design variables
refinement is needed.
The FFD method is capable of handling complex geometries. As a result, it is widely used in many picture
processing programs and also aerodynamic optimization processes, especially in some 3-D design
problems where the geometry is complicated. However, based on the feature of Bezier function, a change
of any control point will have a global influence [8]. This makes FFD less attractive in 2-D problems when
other methods, such as HH bump function, could be used.
The PARSEC method provides a more intuitive control of an airfoil and needs fewer parameters. However,
it limits the searching range within a relatively smaller subspace, which is determined by the 12 functions
derived from the polynomial expressions. And this constrains the method’s exploratory potential [12].
This is also a common drawback for all parametric methods based on polynomial function [11].
In this report, we plan to use the Hicks-Henne bump function to describe the geometry of an airfoil in the
test examples, which will be introduced later on in Section 4.1. Because the change of any design variable
of this parameterization method has a relatively smaller global influence and a precise shape control could
be obtained.

Gradient based optimization algorithms
Gradient based optimization algorithms are widely used in design work. However, in aerodynamic
problems, the gradient of an objective function is usually very difficult or even impossible to be analytically
derived. And the traditional finite difference method is also not suitable, because too many flow
evaluations are needed.
In order to deal with this problem, A. Jameson [13] developed a method to calculate the gradients by
introducing a control theory, the adjoint method. With the application of this method, the efficiency of
aerodynamic optimization process is significantly increased.
There are many subdivisions of gradient based optimization algorithm. In this section, two of them will be
discussed, which are the Sequential Least Squares Programming (SLSQP) and the Conjugate Gradient
method (CG). SLSQP method is used by the single-point optimization module of SU2 code. The following
thesis work is planned to use this software. Hence, a study on this algorithm is essential for the research.
CG method is also widely used for solving large-scale linear and nonlinear systems of equations. Compared
with steepest descent method, CG is more efficient [14]. This method will be applied to establish the main
optimization structure of the thesis project, which will be discussed later in Chapter 3
9

It should be pointed out that gradient calculation is only part of a whole gradient based algorithm. A
complete process of such algorithms consists of gradient evaluation and line search along the direction
determined by gradient. In this section, a detailed discussion on the two gradient based algorithms will
be carried out, based on the assumption that gradient calculation problem has already been solved. Line
search method will also be introduced. A further study on the adjoint method for gradient evaluation will
be given in Section 2.4.

2.2.1 Sequential Least Squares Programming (SLSQP)
The Sequential Least Squares Programming (SLSQP) belongs to the class of Sequential Quadratic
Programming method (SQP), which is considered to be one of the most successful algorithms for solving
nonlinearly constrained optimization problems. P. T. Boggs and J. W. Tolle have given a systematical
discussion of this method in [15] and [16]. The main idea of SQP method is firstly to obtain a search
direction by the use of Quadratic Programming (QP). Then a line search is carried out along the obtained
direction with a certain merit function as the objective.
 Convert nonlinear problem into quadratic problem
Consider an optimization problem:
Minimize: f ( x)
(1)

Subject to: h( x)  0
g ( x)  0 .

Where h( x) is the column vector of all equality constraints and g ( x) is the column vector of inequality
constraints. Take an airfoil optimization problem for example, the objective function f ( x) is usually a
certain aerodynamic performance such as the drag value, and the constraints may consist of geometric
requirement (e.g. minimum thickness according to structure strength and weight criteria) and other
aerodynamic considerations (e.g. lift or pitching moment limitations).
According to optimization theory [17], the standard Lagrangian function can be constructed and the
objective function becomes:
T

(2)

T

L ( x, u , v )  f ( x )  u  h ( x )  v  g ( x ) .
Where

u

and

v

are column vectors of the Lagrange multipliers for equality and inequality constraints

separately. For the inequality constraints, all components in vector

v

should not be negative ( vi  0 ).

The inactive constraints could be ignored as they impose no influence on the problem. Active constraints
satisfy g ( x)  0 . Therefore the Lagrangian function (2) can be simplified with only equality constraints
10

(active inequality constraints are considered as equality constraints. Here h ' ( x) is used to make it
distinguishable from the original equality constraints h( x) ):
T

L( x, u)  f ( x)  u '  h' ( x) .
Use the Karush-Kuhn-Tucker (KKT) conditions for an optimum, and further apply the Newton’s method to
the KKT conditions. Then the process to find next optimum based on current point’s information (with
subscript k ) is converted to solve the equations:
T

  h' 
 2 L 
 f 
'

x


 u k 1    
 2
  x k
  x k
  x k

(3)

  h' 
'

  x  h k .

x

k
The solution  x and u k 1 to this problem is actually the same as that of the following optimization
problem with quadratic objective and linear constraints:
'

1 T  2 L 
 f 
Minimize:  x  2   x  
 x
2
  x k
  x k
T

(4)

  h' 
 x  h' k  0 .
  x 

k

Subject to: 

This problem can be solved efficiently through quadratic programming (QP). When  x is obtained, it is
used as the line search direction along which an objective improvement is supposed to be acquired.
 Lagrange multipliers calculation through Least Squares method
The Lagrange multipliers are needed for local convergence analysis and Hessian approximation through
BFGS method (as will be shown later on). Assume a one-constraint problem (with equality constraint
h( x) ). The Lagrangian function is:

L  f ( x )  h( x )  u .
At design point xk , when the gradients for objective function

f k
hk
and constraint
have been
x
x

obtained, then the derivative of L should be close to 0 if we assume current point is near the optimum:
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Lk f k
h

 uk k  0 .
x
x
x

However, uk may not exist to make all the equations equal to 0 because this is a series of function with
only one variable u . So one choice is to make

Lk
x

as close to 0 as possible. Use the least squares method

and the multiplier can be obtained:
 n  h 2 
uk      k  
 i 1  xi  

1

 hk T  hk
 f k hk 


   

 
i 1  xi xi 
 x   x
n

1

   hk   f k 
 
 

   x   x 
T

This could be also extended to a multi-constraint problem, the process is similar. For inequality constraints,
once they are active, then we can deal with them as equality constraints. While they are inactive, we can
just ignore them and the corresponding multipliers are equal to 0 ( vi  0 ).
When a SQP method uses the least squares method to obtain multipliers, it is called Sequential Least
Squares Programming (SLSQP).
 Hessian approximation through BFGS method

 2 
From (3) and (4) it is clear that the Hessian   L2  for current design is necessary. It is extremely
  x k

complicated to calculate it in many problems including aerodynamic optimization, as it requires
differentiating the first derivative of the objective function and additional gradient evaluations are needed.
Hence, alternative measures have been found to approximate the Hessian with a much simpler process.
These methods are called Quasi-Newton methods.
One renowned Quasi-Newton method is called Broyden–Fletcher–Goldfarb–Shanno algorithm (BFGS).
Assume Bk is the approximation of Hessian at xk . Then the approximation of it at the new design point

xk 1 is:
Bk 1  Bk 

yk ykT Bk sk skT Bk
.
 T
ykT sk
sk Bk sk

Where:

yk 

L( xk 1 , u k 1 , v k 1 )
x



L( xk , u k 1 , v k 1 )
x

sk  xk 1  xk .
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For initial design x0 , B0 is usually chosen to be the unit matrix.
 Merit function for line search
After finding the direction for a line search, a merit function is introduced to guarantee a global
convergence, which means no matter where the initial point starts, the progress of the optimization
should always tend to find an optimum. Actually, the merit function could be considered as the objective
function for a line search and a sufficient decrease of its value is required for a new design.
For unconstrained problems, the original objective function is a suitable choice for merit function. While
for a constrained problem, both the reduction of original objective function and feasibility of the design
with regard to constraints should be considered. Usually, a so-called L1 merit function is used:

1 ( x;  )  f ( x)    h( x)  g ( x) 



(   0 ).


Where h( x) is the norm of the vector composed of all equality constraint values. g ( x ) is the norm
of the vector composed of all inequality constraint values that violate the constraints requirement. The
whole second term represent a penalty for total constraint violation. When the direction is found and the
merit function is chosen, a line search can be carried out. The line search method will be discussed later.
 SLSQP algorithm structure
The SLSQP optimization provided by Scipy optimization toolbox uses BFGS method for Hessian
approximation, and the L1 merit function is used for line search [18]. The main structure of the algorithm
is given in Figure 4. The line search part is not expanded in detail as it will be discussed later.
In the figure, inequality and equality constraints are combined and expressed by h k . And the total
Lagrange multiplier vector is u k . For active inequality constraints, their function values should be equal to
0. Hence they could be considered as equality constraints. The only difference is that the corresponding
Lagrange multipliers should be non-negative. For inactive inequality constraints, we can just ignore them.
There are two criterion for a successful convergence. The first one is:

f k T  d k 

u

i

hi ( xk )  user defined tolerance.

(5)

The first step length of a line search is usually chosen to be 1 and the successive step length keeps reducing
by a certain contraction factor. Hence, the first term f k  d k represents how much improvement of
T

the objective function may be obtained along steepest descent direction with the largest step length. And
the second term represents a weighted combination of total violation of all constraints. Hence, this criteria
means once the total potential improvement of the Lagrangian function L is smaller than user defined
tolerance, then it is considered to converge.
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The second criteria means convergence is achieved when the improvement of objective value ( fk 1  fk )
is smaller than user defined tolerance.
Both of the criterion have an additional requirement on constraints, which restrict the total violation
(

 h ( x ) ) to be within user defined tolerance.
i

k

One unsuccessful termination condition is also given when the process does not converge within
predefined maximum iteration times.
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Figure 4 Flow chart for SLSQP algori
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Yes

2.2.2 Conjugate Gradient algorithm (CG)
The conjugate gradient method is an iterative process to find the solution to a linear system ( Ax  b ). Here
assume A is a symmetric and positive definite coefficient matrix and x is the solution vector. Actually,
the process of solving such linear problem is equivalent to finding the optimum of the following quadratic
problem:
f ( x) 

1

x Ax  b x
T

T

2

Hence the gradient of this objective function is equal to the residual of the linear system:
f ( x)  Ax  b  r ( x )

Although the CG algorithm is derived from quadratic problem, it could be extended to non-quadratic
problems as all functions could be approximated with the 2nd order Taylor expansion.
It should be pointed out that actually the “conjugate gradient method” is a misnomer, it is the search
directions, rather than the gradients at all starting points of line searches, that are conjugate with regard
to matrix A [14].
 Conjugacy and conjugate direction method (CD)
A set of vectors is conjugate with respect to the symmetric and positive definite matrix A if:
(6)

pi Ap j  0 (for all i  j )
T

The significance of conjugacy is that it can help to minimize the quadratic problem within n steps, if we
choose a set of conjugate directions  p0 , p1 ,..., pn 1  and search along them from any starting point x0 .
Here all the directions satisfy the conjugate condition (6) and n is the number of design variables. The
algorithm that uses such search direction is called the conjugate direction method (CD).
A simple way to interpret the conjugate direction method is to assume that A is a 2  2 diagonal matrix
and is positive definite. Then the isobars of the quadratic function are actually ellipses with their axes
parallel to the two coordinate axes, as shown in the middle graph of Figure 5. In fact, the two axes are
orthogonal and conjugate to each other with respect to A . If we minimize the quadratic function along
the two coordinates, the optimum (the center of all ellipses) will be obtained within 2 steps. While if we
use steepest descent method (SD), the process will present a zig-zag convergence behavior. As is shown
in the left graph of Figure 5.

16

x2

x2

x2

x1

x1

x1

Figure 5 Steepest descent (left), conjugate direction (middle) and coordinate descent (right) methods
(from [14])

However, when the matrix A is not diagonal, the axes of these ellipses are not parallel to the coordinate
axes, and the two coordinate axes are not conjugate with respect to A . As a result, minimize along the
two coordinate axes cannot terminate within 2 steps, which is depicted in the right graph of Figure 5.
An intuitive thought is that use a certain type of transform to make the matrix A changed into a diagonal
one. Then the CD method can again be used to obtain the optimum within n iterations. Suppose a
transform matrix S is introduced to convert current design variable x into another one x ' :

x '  S 1 x
The original quadratic optimization problem becomes:

f ( x)  f ( Sx ') 

1
2

x 'T S T ASx ' bT Sx ' 

1
2

x 'T ( S T AS ) x ' ( S T b)T x '

If all column vectors of S are chosen to be conjugate with each other with regard to A , that is:

S   p0 , p1 ,..., pn 1  , and piT Ap j  0 for all ( i  j )
T

Then ( S AS ) will be a diagonal matrix and the desired convergence behavior will again be obtained.
Actually, each coordinate direction in x ' space corresponds to the pi direction in the original
x  space . Obviously, the derivation above is not limited to problems with 2 variables. And any choice of

pi in S can yield the same convergence property once they are conjugate to each other with respect to
A.
 Conjugate gradient method (CG)
In order to sustain the convergence property of CD method, it is important to find a set of conjugate
directions efficiently. An intuitive way to choose the set of conjugate directions is to use the eigenvectors
of A . As they are orthogonal and conjugate to each other. However, for large-scale problems, it is not
easy to calculate all the eigenvectors.
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The conjugate gradient method (CG) is a subdivision of the conjugate direction method (CD) that can easily
generate successive conjugate search directions. The first search direction is always the steepest descent
direction. After that, a new search direction pk is chosen to be a linear combination of current steepest
descent direction and the previous direction pk 1 :

rk T Apk 1
pk  rk   k pk 1 , Where  k 
pk 1T Apk 1
Several properties of CG method has been proved in [14]. And they contribute to the finally derived
algorithm. These useful properties include:
1) rk pi  0 for i  1, 2,..., k  1 . This means the current gradient (residual for the linear system) is
T

orthogonal to all previous search directions.
2) rk ri  0 for i  1, 2,..., k  1 when kth iteration does not achieve the optimum. This means in CG
T

algorithm, the gradient at every starting point of a line search is orthogonal to all of the others.
3) Assume current search direction is a linear combination of steepest descent direction and the search
direction of last iteration:

pk  rk   k pk 1
T
Further assume this is conjugate to last direction ( pk 1 Apk  0 ), then current search direction p k is

automatically conjugate to all previous directions p j ( for j  1, 2,..., k  1 ).
4) Solution of quadratic optimization problem is obtained within n line searches if CG method is used.
Here n is the total number of design variables (dimension of vector x ).
With these properties, the kth iteration’s step length along the conjugate direction pk for a quadratic
problem can be derived:

rk T rk
k  T
pk Apk
And  k 1 used for the calculation of next search direction is:

rk 1T rk 1
 k 1  T
rk rk
Then next search direction pk 1 is:

pk 1  rk 1   k 1 pk
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 Standard CG algorithm for quadratic problem
Through a rigorous process of derivation in [14], a standard form of CG algorithm for quadratic problem
is given in Figure 6.

set

,

,
,

Step length:
(or line search for non-quadratic problems)

New design point:

Gradient at new design point:

Coefficient calculation:
(or other

equations for non-quadratic problems)

Direction for next iteration:

Set:

No
Yes

Terminate successfully
Figure 6 CG algorithm
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 CG algorithm for non-quadratic problem
The main structures for both quadratic and non-quadratic optimization problems are identical (Figure 6).
However, for non-quadratic problems, analytical expressions for step length

 k in step 2 and  k 1

in step

5 of the flow chart in Figure 6 are not so easy to obtain. R. Fletcher and C. M. Reeves [19] extended the
CG algorithm to be used for non-quadratic optimization by introducing a line search process for
use the non-quadratic objective function’s derivative to generate

 kFR1 

 k , and

 k 1 :

f kT1f k 1
f kT f k

This algorithm is also named the Fletcher-Reeves conjugate gradient method (FR-CG). Many variants of
FR-CG method have been developed. And one of the main focus is on the expression for
famous one is proposed by Polak and Ribiere (PR-CG), where



PR
k 1

 k 1

 k 1 . The most

is defined as:

f kT1 (f k 1  f k )

f k

For quadratic problem, the term in the numerator f kT1f k  rkT1rk and its value is 0 according to the
property of CG. Then  kPR
is exactly the same as that in standard CG algorithm.
1
The PR-CG method has been experimentally proved to be more robust and efficient than other FR-CG
algorithms [14].
 Advantages and disadvantages in using CG algorithm for non-quadratic problems
One advantage of CG method is that it only needs current gradient of the objective function ( rk ) and the
previous search direction (

pk 1 ) to find the search direction for next iteration pk . The new direction is

automatically conjugate to all the previous ones. Hence little storage and computation is required. And
from Figure 6 it is apparent that the algorithm structure is simple.
However, the CG algorithm converges within n iterations for only quadratic optimization problems. For
non-quadratic problems, the convergence behavior could not be guaranteed. Because if the 2nd order
Taylor expansion is used, the quadratic property is only sustained near the current point. Another reason
is that the line search results are inaccurate.
Apart from convergence problem, another drawback of CG method is that it could not deal with
constraints directly. However, this problem can be solved by integrating constraints into the objective
function as penalty terms. Then proper weights for these constraints terms need to be chosen.
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2.2.3 Line search methods
During a line search process, a certain optimum point (usually a minimum) is supposed to be obtained
along a given direction with a series of “try and error” attempts. As the starting point

xk and the direction

pk have already been obtained for a line search, it is actually a single variable problem:
Minimize:

 ( )  f ( xk 1 )  f ( xk   pk )

 Strong Wolfe condition for line search
The strong Wolfe condition is very popular and widely used. It has two sub-conditions for an inexact line
search:
1)

f ( xk   pk )  f ( xk )  c1   f ( xk )T pk  l ( )

2)

f ( xk   pk )T pk  c2 f ( xk )T pk

The first condition is called Armijo condition (or sufficient decrease condition). It requires that the
acceptable solution along current direction should make a sufficient decrease of the objective function.
T
f ( xk ) pk is the gradient along current search direction with regard to step length. c1 is always chosen

to be between 0 and 1. The right hand side is a linear function l ( ) with single variable  . The second
condition is usually called the curvature condition. The left hand side is the gradient  '( ) . c2 is usually
chosen within the interval (c1 ,1) . This condition requires the candidate point to be close to the stationary
point (gradient near to 0). A simple demonstration is given in Figure 7.
 ( )=f ( xk   pk )

Desired slope

Strong Wolfe condition

Strong Wolfe condition

sufficient decrease condition

sufficient decrease condition

Figure 7 Strong Wolfe condition for the convergence of line search (from [20])
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The figure illustrates that the strong Wolfe condition limits the solution within small intervals. Hence it
can insure a relatively accurate result. However, it should also be noticed that the criterion can only
provide an inexact local optimum.
 Sufficient decrease and backtracking criterion
The sufficient decrease condition is not sufficient to guarantee an acceptable progress along a certain
direction. However, if the step length series is chosen properly with the so-called “backtracking” approach,
this condition could be used alone without the consideration of curvature condition.
The main idea of the backtracking method is that the first step length is chosen to be sufficiently large. If
it satisfy the Armijo condition, then an acceptable progress is directly obtained. While if the first step
length fails, then reduce step length with a certain ratio. The contraction factor should be chosen properly
so that the next step length is neither too close to the starting point nor too close to current step length.
The former requirement ensures a sufficient progress of the result while the latter one prevents slow
convergence of the line search.
Actually, in the Python script for SLSQP algorithm, this criterion is applied as the convergence condition
for the line search.
A step by step process for this method is:
1) Choose initial step length  and c  (0,1) , define a certain contraction factor   (0,1)
2) Check whether f ( xk   pk )  f ( xk )  c    f ( xk ) pk holds. If it is true, terminate the line search with
T

current step length.
3) Else,    and return to step 2).
 Step length selection
All line search methods have to define a certain approach for step length selection. A typical procedure
consists of two main steps: a bracketing process to determine the interval which contains an optimum,
and a selection process to find out the optimum within the interval.
The initial step length is the first parameter that need to be determined when a new line search starts.
For Newton’s and Quasi-Newton methods, it is usually chosen to be 1. For algorithms such as steepest
descent or conjugate gradient method, one choice is to assume that the first-order change of objective
function is the same as that of previous line search:

 0f k pk = k 1f
T

T
k 1

pk 1   0   k 1

f k 1T pk 1
f k T pk

T
Another method is to interpolate a quadratic function by f ( xk 1 ) , f ( xk ) and  '(0)  f ( xk ) pk . Assume  0

to be the optimum point of the hypothesized function. Then:
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0 

2( f k  f k 1 )

 '(0)

And for this method, it is further found [20] that if we choose the initial step length to be:

 0  min(1,1.01 0 )
Then the convergence behavior will be improved. This approach is used by the CG algorithm in Scipy
optimization module.
After an interval is determined through the bracketing phase, a further zoom-in process is needed to find
the solution of current line search based on the predefined convergence criterion. And during this
procedure, different techniques could be used to generate a series of trial step lengths.
One popular method is to interpolate a quadratic or cubic function based on the already obtained function
values and gradient information at the two ends of the interval, with step length  to be the only variable
in the interpolation function. Then the step length of the optimum (stationary point) can be analytically
obtained from the cubic or quadratic function. One problem for this method is that the calculated step
length may be too close to the interval ends. In order to make acceptable progress for every trial step,
some safeguard measures should be adopted. In the CG algorithm of Scipy code, a bisectional method is
used once the interpolation fails.
 Line search process
The termination condition for sufficient decrease and backtracking criterion is simple and the process for
this algorithm has already given before. For strong Wolfe condition, the process contains two search
phases: bracketing and selecting (zoom-in). And the whole process is given in Figure 8. In practice,
numbers of maximum iterations for both bracketing and zoom-in phases are predefined as unsuccessful
termination condition to prevent endless loops.
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Figure 8 Line search process based on strong Wolfe condition

Robust optimization
In aerodynamic design, whether a process is single-point, multi-point or robust optimization just depends
on what kind of objective function is chosen. In this section, a brief introduction to single-point and
multipoint optimization will firstly be presented. After that, several techniques for robust optimization
will be discussed.
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2.3.1 Drawbacks of single-point and multipoint optimization
The most conventional and ordinary aerodynamic optimization must be single-point problems, in which a
design work is carried out under a fixed operating condition without any uncertainty considerations.
Objective functions for such problems are simple (a certain aerodynamic performance, e.g. drag or lift to
drag ratio). In multipoint optimization process, the aerodynamic performance is supposed to be optimized
simultaneously at discrete operating points. The objective function is usually chosen to be a weighted
combination of performance under all operating conditions. Different weight factors are used to lay
different emphases on them.
However, it is found that for both single-point and multipoint optimization, bad off-design performance
and geometric deficiencies may appear. Figure 9 and Figure 10 is the results obtained by M. Drela in [1]
where a systematical research is implemented on minimizing the drag of an airfoil under low Reynolds
number.

Figure 9 Geometries from single-point and multipoint optimization (from [1])

Figure 10 Polars from single-point (left) and multipoint (right) optimization results (from [1])
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A single-point optimization yields a bump on the geometry with its location at the place where transitional
separation bubble appears. The optimization process tends to fill the separation bubble and reduce the
associated drag penalty. However, when the operating condition deviates from the design point (i.e. a
predefined lift coefficient), the position of separation bubble also changes and the single-point
optimization result could not provide any improvement. A similar result is obtained through multipoint
process. Several bumps are added to the original airfoil surface, with each one corresponding to a
separation bubble position under that operating condition. These geometric changes lead to the irregular
performance properties in Figure 10 (DOF stands for “Degree of Freedom”).

2.3.2 Robust optimization
In order to cope with the problems mentioned above and obtain an optimized performance among a
continuous interval of operating condition, W. Li, L. Huyse and S. Padula have mathematically proved [21]
that the number of sampled uncertain conditions (e.g. number of sampled Mach numbers) should be
greater than design variables. It is almost impossible to satisfy such requirement, because there are
usually dozens or even hundreds of free-design variables for practical aerodynamic design problem.
Different attempts have been made by researchers to achieve an efficient robust optimization. The main
focus is on how to take the uncertainties’ influence into account.
In this thesis work, the operating condition is considered as the main uncertainty source (e.g. Mach
number and angle of attack). This is also the main focus of many robust aerodynamic design problems.
And in this section, several robust optimization methods will be introduced.

2.3.2.1 Taguchi’s robust design theory
 Basic principle of Taguchi’s method
One of the most influential theories in the robust optimization field is Taguchi’s methodology [2] [22] [23].
The main idea of the theory is that a product should be designed so that its performance is insensitive to
the variation of variables which is beyond the control of designers [23]. Assume the performance of a
product is defined as y  y ( x,  ) , where x is the design variable vector and  is the operating condition
which is an uncertain parameter (also called noise variable). Then the Mean Square Deviation (MSD) is
defined as:
MSD 

  y( x, )  yˆ 
k
1

k

i 1

(7)

2

i

ŷ is the desired target value of the performance, and k is the number of different operating conditions.
Taguchi introduced another definition called “Signal-to-Noise Ratio” (SNR):

SNR  10 log 10 ( MSD)
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Hence, a robust optimization should try to maximize SNR or minimize MSD, which means the process
should make the deviation of a certain performance parameter from the target value as small as possible.
The same idea can be used in common optimization problems. Assume the uncertainty of operating
condition (  ) is a random variable obeying a certain probability distribution p( ) . Then y ( x,  ) becomes
a random function and its expectation is:
(8)

E ( y )   y ( x, ) p( ) d 

And the variance is:
Var ( y ) 

  y ( x, )  E ( y ) 

2

(9)

p ( ) d 

Then a robust optimization should on one hand optimize the expectation of a product’s performance, and
on the other hand reduce the variance caused by the uncertain operating conditions. And in practice, a
weighted combination of the expectation and the variance is commonly used as then objective function.
Objective  WE  E ( y )  WVar  Var ( y )

If we change the weight factors of the two objective function components (i.e. WE and WVar ), a series of
optimized designs can be obtained and a Pareto Front could be drawn, which provides useful information
for the designers to make tradeoffs between the expectation and the variance. M. Hartikainen, K.
Miettinen and M. M. Wiecek have made a further study on how to construct Pareto front for decision
making in [24].
 Discretization of probability distribution function
If the probability distribution of the uncertainties are unknown, then (8) and (9) could not be used. In
order to approximate them, the Monte-Carlo approach can be applied, in which a series of randomly
generated sample points of the uncertainties are used. Then the unbiased estimators for expectation and
variance are:
E ( y) 

1
n

n

  y( x, i ) ,
i 1

Var ( y ) 

1
n 1

   y( x, i )  E ( y) 
n

2

i 1

And the MSD expressed by (7) could also be considered to be based on the Monte-Carlo approach if all
sample points of uncertainties are randomly generated. However, this method can provide a relatively
accurate estimation of the statistic parameters only when the number of sample points is sufficiently large.
And for aerodynamic optimization, this means more flow evaluations are needed under every sampled
operating condition.
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In fact, many uncertainties can be expressed by certain probability distributions obtained from experience.
The most frequent choice must be the normal distribution. However, a continuous uncertainty
distribution function is not handy in optimization because there are infinite possibilities and it is
impossible to check the result under all of the uncertain conditions. An intuitive way is to discretize the
probability density function into several sample points with different weight factors, which makes the
statistic property of these sample points similar to the probability function. A key point for such
discretization is that the number of sample points should be as few as possible.
Taguchi introduced a sampling method in [25]. Assume the mean value of an uncertainty is  , and the
standard deviation is  . Then choose three sample points of the uncertainty at (   3 / 2 ) ,  ,
( 

3 / 2 ) with the same weight 1/3. For a normal distribution, the three discretized points will yield

the same mean, variance and even the third central moment:
m 
3

1

  y ( x, )  E ( y ) 
n

3

i

n i 1

However, it is found that the Taguchi’s discretization cannot guarantee the consistency of the fourth
central moment (and so is the kurtosis). It fails to present the high probability density near the mean value

 i for a normal distribution. In order to make a more accurate approximation, J. R. D’Errico and N. A.
Zaino Jr. [26] further developed the Taguchi’s method and found that if (   3 ) ,  , (   3 ) are used
with corresponding weight 1/6, 4/6 and 1/6, then the first five central moments of the three discretized
sample points will be the same as the original continuous normal distribution function. Hence this is a
better approximation.
There are also other kinds of methodology for probability distribution approximation, such as that
introduced by T. Ghosh, D. Roy and N. K. Chandra through the use of reversed hazard rate function (RHR)
[27]. In the following work, the modified Taguchi’s method by J. R. D’Errico and N. A. Zaino Jr. will be used
because of its relatively accurate approximation to normal distribution and simple expression.
 Application of Taguchi’s theory in aerodynamic design
Z. Tang and J. Periaux have performed a robust optimization on NACA2412 airfoil with Taguchi’s theory
[23]. The operating Mach number is set to be 0.75 with an uncertain change interval of 0.01 . And the
objective is to reduce drag within this continuous Mach interval while satisfy certain lift and thickness
constraints. Both the expectation and the variance are minimized in the optimization process, according
to the Taguchi’s theory mentioned above. No specific uncertain probability distribution is assumed, and
the mean and variance of drag at sampled operating Mach numbers are used to approximate the true
value. 2D Euler equation is used for flow evaluation and hence the only drag source is the wave drag.
Two different optimization algorithms are used to find the solution with low drag expectation and
variance. One is to use weighted combination of the two components. A Pareto front is obtained with
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different weight distribution for the two components. The other algorithm is the Nash game strategy,
which divides the design variables into two parts. One set of the variables is used for expectation
optimization (assume it is called xE ) while the other set is for variance optimization ( xV ).
Figure 11 shows the Pareto front acquired through first algorithm (points with numbers labelled from 1
to 11). The Nash strategy result and the initial NACA2412 performance are also displayed. It is obvious
that the drag expectation and variance are two conflicting objectives. A higher emphasis on drag reduction
(i.e. higher weight factor for drag expectation towards point 1) yields lower drag expectation while
increases its variance. The figure could help designers to make tradeoff decision.
It is also found that the Nash strategy algorithm produce a relatively inferior result than the Pareto method.
However, the CPU cost is also much lower. Hence, the authors recommends this method as a preconditioner for such optimization problems.

Figure 11 Pareto front (from [23])

Figure 12 shows the pressure distribution on the airfoils before and after optimization. Both the singlepoint and robust optimization can reduce the strength of shock wave significantly. The difference between
the two optimized airfoil is that with the change of Mach number, the strength varies more mildly for the
robust result, indicating a lower drag fluctuation. This is exactly desired in a robust optimization.
a

b

c

Figure 12 Pressure distribution for initial NACA2412 (a), single-point optimization (b) and Nash robust
optimization (c) (from [23])
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2.3.2.2 Randomize sampling points of uncertainties for each iteration
L. Huyse and R. M. Lewis introduced another measure to take uncertainties into account in [3], in which
they use randomized sampling points for every optimization iteration. The drag coefficient of NACA0012
airfoil is optimized between the uncertain Mach number interval (0.7, 0.8), with lift constraint ( C l =
0.175). In every iteration, new sampling points are chosen through stratified sampling method. Hence,
instead of working on fixed points, the sampling points keeps changing during the whole process, and the
result tends to eliminate the localized property of a multipoint optimization. A comparison among singlepoint, multipoint and robust optimization is made in Figure 13.

Figure 13 Comparison among single-point, multipoint and robust optimization (from [3])

The single-point optimization has the smallest drag coefficient at its design point (Mach = 0.75) compared
to the other 2 processes. While it increases quickly once Mach number becomes larger. The 4-point
optimization presents a fluctuation with several troughs near the fixed points. Once deviate from such
operating points, the drag also increases. For the robust optimization, though under some Mach number,
the drag is not as small as the other two methods, it has a relatively lower total expectation value, and
the drag profile changes more mildly.
However, this method also has some disadvantages. One of them is that for the same design variables, a
new series of sampling operating conditions may yield a different objective function value (e.g. a different
drag expectation), making it hard to determine whether the design is really a better one. Hence, the
author recommends that a coarse operating condition points could be chosen when it is still far away from
the solution and the improvement is significant for every iteration. After that, sampling points should be
increased. However, a high density of operating points has higher calculation cost.
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2.3.2.3 Minmax strategy through automated weight update
A third method to achieve robust optimization is to find a design with best worst-case performance, which
also called minmax strategy. D. W. Zingg and S. Elias introduces a process to explore the solution to such
requirement through an automated weight adjustment [4]. In the paper, drag reduction is carried out on
the RAE2822 airfoil within the uncertain Mach number interval ranges from 0.68 to 0.76, under the
constraints of lift coefficient and thickness requirements. N-S equations are used for flow evaluation.
Initially, four discrete sampling points are chosen (Mach = 0.68, 0.70667, 0.73333 and 0.76) with a
preliminary weight factor 0.25 for each point. The objective function is:
J  w1 J M 0.68  w2 J M 0.707  w3 J M 0.733  w4 J M 0.76
n

w 1
i 1

i

Where

J M is the objective function under every operating condition (here is the specific Mach number):


 C 

C 
J M  L 1  L*   D  min  0,1  D*  
CD  
 CL 


2

2

Choose an attainable target lift coefficient (here CL  0.733 ) and unattainable drag coefficient
*

(sufficiently small, here CD  0.01 ), with suitable weights
*

L

and

D .

The lift component of the

objective function works as a penalty term once the constraint is violated.
At the beginning of every iteration (except for the first iteration), the weight

wi for every operating point

is determined by:

 C
1
winew  wiold  c  n Di  
  CDi n 
 i 1

Where c is user defined constant. It is obvious that if the drag coefficient under a certain Mach number
is larger than the mean value, then it will be given a relatively larger weight factor, meaning more
emphasis is laid on this point. Process convergence implies that the objective function at current fixed
sampling point are equal to each other. A further step is needed to check whether drag coefficient is also
equal to current optimized value between the sampling points. If a local maximum appears, it should be
added to the sampling points and a new optimization process should be repeated. The drag profile and
corresponding historical objective function values are given in Figure 14.
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Figure 14 Drag profile and the corresponding evolvement of the Minmax process (from [4])

After 8 iterations, drag variance has been reduced sufficiently and the drag coefficient at the four sampling
Mach number are nearly identical. However, a local maximum is find at Mach number 0.753. Then it is
added to the sampling points and a further 8 iterations are implemented. From the drag profile it is
apparent that the fluctuation within the uncertain interval (0.68 to 0.76) has been suppressed.
This method also suffers from some drawbacks. For example, as the uncertain interval is continuous, the
check for local maximum could only carried out at the discrete points between current sampling points.
In order to guarantee the validity of the result, a sufficient number of points should be checked. The
addition of new sampling points also increased the workload in terms of function evaluation. Another
significant disadvantage is that it is a conservative method. From Figure 14, it is obvious that in order to
reduce the drag coefficient at higher Mach number, the performance at lower Mach number is sacrificed.
If the airfoil is rarely used under the high Mach numbers, then it is not suitable to carry out such
optimization.

Flow evaluation and gradient calculation
Flow evaluation and gradient calculation are the two fundamental processes that support the whole
optimization algorithm. Although the main focus of this thesis work is on the robust optimization structure,
these two aspects should also be learnt so that they could be used properly. Therefore, a brief
introduction is given here.

2.4.1 Flow evaluation
 Flow equation

32

The most popular mathematical description of flow in aerodynamics is the Reynolds-averaged NavierStokes (RANS) equation. And the format for such partial derivative equation system (PDE) is:
c

v

tU    F    F  0

U is the vector of conservative variables (  , v1 , v2 , v3 ,  E)T .  is the flow density, vi is the
velocity component projected on one of the three axis of the Cartesian coordinate system. E is the total
energy per unit mass.

c

v

F and F are the convective and viscous fluxes.





The components along the ith axes of the convective fluxes F c  F1 c , F2 c , F3 c and the viscous fluxes
v



v

v

F  F1 , F2 , F3

v

 are:

 vi




  vi v1  P i1 
c
Fi    vi v2  P i 2  ,


  vi v3  P i 3 


 vi H



0




 i1


v

 i2
Fi  


 i3


 v   * C  T 
tot
p i
 j ij


P is the static pressure,

 ij is the Kronecker delta function ( ij  1 when i  j , else ij  0 ). The

specific heat C p is determined by the gas constant and the ratio of specific heats. T is the temperature
which could be determined from P   RT .
The viscous stress is calculated through:
2

 ij  tot ( j vi   i v j   ij   v)
3

 tot

is the total viscosity consists of dynamic viscosity and turbulent viscosity ( tot  dyn  tur ), which

could be obtained by the Sutherlands’ law and the choice of certain turbulent model separately.
*
tot


Where

dyn
Prd



tur
Prt

Prd is the dynamic Prandtl number and Prt is the turbulent Prandtl number.

 Numerical method for solving flow equation
Several numerical methods could be used to solve the PDE system, including finite difference method (FD),
finite volume method (FV), etc. Take the finite volume method used in SU2 solver for example [28], a
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control volume is defined by connecting the centroids, face, and edge-midpoints of all cells sharing the
particular node (as shown in Figure 15). The semi-discretized integral form of the original PDE for this
control volume is:
c
v
U
U
d


(
F
d   Ri (U )  0
ij  F ij )Sij 

 t


t
j

N
(
i
)
i
i

 i is the volume of the ith control volume. Ri (U ) is the residual. F ij is the projected numerical
c

approximation of convective fluxes while F ij is the projected viscous fluxes. Sij is the face area
v

between control volume i and j . N (i ) represents all the nodes near the ith node.

Figure 15 Control volume definition (from [28])

With such control volume definition, all common CFD technologies could be applied to form the final
discretized equations.

2.4.2 Adjoint method for gradient calculation
 Traditional finite difference method
An traditional way to calculate the objective function gradient with respect to geometric variables in
aerodynamic problems is to use the finite difference method, which makes a small variation and
recalculate the flow for every design variable. Then the partial derivative of objective function I with
respect to design variable

xi is obtained by:

 I I ( x1 , x2 ,..., xi   xi ,...xn )  I ( x1 , x2 ,..., xi ,...xn )

 xi
 xi
There are two main disadvantages of this method (especially for aerodynamic problems): too many flow
evaluations are required and the accuracy of gradient is sensitive to the variation of each design variable
(  xi ) [29].
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 Adjoint method
Assume a certain aerodynamic performance I (e.g. drag) needs to be optimized. This objective function
is usually an integration of flow variables along a certain physical location (e.g. an integration of pressure
and shear stress on an airfoil or wing surface). So I is a function of flow variables w and the physical
location (represented by X ). The residual R of the flow equation is also a function of w and X . And
R should always be 0, which can be considered as a constraint to the problem. Hence, the aerodynamic
optimization problem could be described as:
Minimize: I ( w, X )
Subject to: R( w, X )  0
According to control theory, an augmented Lagrangian function L ( w, X ,  ) can be constructed which
combines the objective function and the constraint with Lagrange multiplier vector (  ):

L( w, X ,  )  I ( w, X )    R ( w, X )
T

Then the gradient of L with respect to design variables D is:

dL
dD



L w

R  w  I
R  X  I
R 
 I
 T
 T

 T
 


w D X D D  w
w  D  X
X  D  D
D 


L X



L



As both L and R are only explicitly expressed by w and X , the last term is 0. For the other two terms,
the calculation of

w
D

is very expensive. So a proper choice of Lagrange multiplier



that makes this term

to be 0 will simplifier the gradient calculation:

I
R
 T
0
w
w
After obtaining

dI
dD



 , the gradient expression will be reduced to:

R  X
 I
 T

dD  X
X  D
dL



Hence, the original gradient calculation has been finally converted to a much simpler equation, in which
all terms are easy to be evaluated.
If such process is used to the discretized flow equation, then X is the computational mesh. Assume the
relation between X and design variable D is expressed by function G ( X , D)  0 . This can also be
considered as another constraint to the original optimization problem. The augmented function will be
[30]:
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L(w, X ,  )  I (w, X )  1T  R(w, X )  2T  G( X , D)
Through the same derivation process, the derivative of L with respect to D is:

dI
dD

G
w



R
G  w  I
R
G  X  I
R
G 
 I
 1T
 2T

 1T
 2T

 1T
 2T



dD  w
w
w  D  X
X
X  D  D
D
D 
dL



 0 because G has nothing to do with flow variables.

I
D

and

R
D

are equal to 0 as they are not

explicitly expressed by D . Then:

dI dL  I
R  w  I
R
G  X
G


 1T

 1T
 2T
 2T


dD dD  w
w  D  X
X
X  D
D
If we choose

1 and 2

I
R
 1T
 0,
w
w

so that:

I
R
G
 1T
 2T
0
X
X
X

The expression will be further simplified after the two multiplier vectors have been obtained:

dI dL
G

 2T
dD dD
D
For continuous flow equation without discretization, similar principle can be used to eliminate the terms
that need expensive flow evaluation [28].
Obviously, with the use of adjoint method, gradient based optimization algorithms can be applied to
aerodynamic design problems without repeated flow evaluations.
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Chapter 3 Robust aerodynamic optimization based on CG
In this chapter, a robust aerodynamic optimization process will be developed based on conjugate gradient
algorithm. The flow evaluation and gradient calculation are supposed to be carried out with the
application of the SU2 code. The continuous adjoint method is used to calculate the gradients. And the
Strong Wolfe condition is applied as the criteria for line search convergence. Some changes will be made
to the CG algorithm as well as the line search process, in the hope of improving the algorithm’s
performance.

Objective function definition for CG algorithm
As has been mentioned before, the CG algorithm cannot handle constraints directly. However, by adding
penalty terms in the objective function, it is easy to take constraints into account.

3.1.1 Convert constrained problem into unconstrained problem
Assume an aerodynamic optimization problem with equality and inequality constraints:
Minimize: D( x)
(10)

Subject to: h( x)  a
g ( x)  b

Where D( x) is the objective function that represent some kind of aerodynamic performance (e.g. drag of
an airfoil). h( x) is the vector composed of all equality constraints, and g ( x) is the inequality constraints
vector. a and b are vectors which consist of all positive components ( ai  0 , bj  0 ). In fact, almost all
aerodynamic optimization problems can be easily converted to such format.
A direct way to construct an objective function with constraint penalties is:
Minimize: f ( x)  W obj D( x)  i 11W i eq h i ( x)  a i    j 21W jineq min(0, g j ( x)  b j ) 




m

2

m

2

(11)

Here W obj is the weight factor for the original objective function. W i eq is the weight factor for every
ineq

equality constraint. And W j

is the weight factor for every inequality constraint. m1 and m 2 are the

numbers of equality and inequality constraints separately. The weight factors for constraints should be
sufficiently large so that the constraints violation will compose a relatively larger part of the total objective
function. As a result, the optimization will lay more emphasis on satisfying the constraints when they are
violated.
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Now the problem has been converted into an unconstrained problem. No extra constraints are needed as
they have been already synthesized into the objective function.

3.1.2 Nondimensionalization
One problem in (11) is that it is not so easy to find the appropriate weight factors for every constraint.
Because different constraints usually have different units, and some aerodynamic constraints may have
no unit (e.g. lift coefficient). The magnitude of different constraint values may vary significantly. Hence,
in order to make it convenient to choose proper weight factors, it is a good idea to nondimensionalize all
the terms in (11).
Assume the original objective function D( x) has non-negative value (e.g. airfoil drag), and the initial

D( x)
,
D( x0 )

objective value is positive ( D( x0 )  0 ). Then a choice of the dimensionless objective function is
which ranges between the interval [0,1].
The dimensionless constraints can be expressed as:

hi ( x)
 1  0 for i  1,2,..., m1
ai
g j ( x)
bj

 1  0 for j  1, 2,..., m2

Then the unconstrained objective function (11) is converted into:
Minimize: f ( x)  W obj

2

 g ( x)  

D( x )
m1
m
eq  h i ( x)
 i 1W i 
 1   j 21W jineq min  0, j  1
 bj

D( x 0 )

 ai




2

(12)

Now it is much more intuitive to choose the weight factors. For example, if we choose the weight factor
ineq

for the objective function ( W obj ) to be 1, and the weight factor for one constraint ( W i eq or W j
1000. Then in (12), the term represent the objective of the problem W obj

) to be

D( x)
ranges from 0 to 1. And
D( x 0 )

a 10% violation of the constraint will make the corresponding term has a value of 10.
Through this nondimensionalized definition, there is no need to consider the magnitude difference
between different terms. It is also convenient to choose different weight factors for different constraint
terms. For those constraints that should be strictly satisfied, a large weight factor should be chosen. While
for the constraints that a relatively small violation is acceptable, a smaller weight factor could be used. All
the terms’ magnitudes in the final objective function (12) can be easily determined.
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Taguchi’s theory for robust aerodynamic optimization
3.2.1 Objective function
In this thesis, we focus on the robust design problem with the operating condition as the uncertainty
source. And a robust aerodynamic optimization with uncertain operating condition can be described as:
Minimize: D( x,  )
(13)

Subject to: h( x,  )  a
g ( x,  )  b

Where  represents the uncertain operating condition and assume it obeys the probability distribution
function p ( ) .
In Section 2.3.2.2, it is mentioned that discretization is needed if the continuous probability distribution
functions (PDF) of the uncertainties are known. For unknown PDF problems, the Monte-Carlo approach
could be used. No matter what kind of method is applied, the expectation and the variance of the
objective function that takes uncertainties into account have the same discretized expressions:

E[ D( x,  )]   i 1 p( i )  D( x,  i )

(14)

k

Var  D ( x,  )    i 1 p (i )  D ( x, i )  E[ D ( x,  )]
k

2

(15)

Here k is the number of all sampled operating conditions. For the Monte-Carlo approach, the weight for
each sample point p ( i ) is 1/ k . For those problems with known PDF, p ( i ) is the weight factor
derived from different PDF discretization methods.
The final dimensionless objective function for robust optimization based on CG method can be described
as:
Minimize:
2

 g ( x,  ) 
E[ D( x,  )]
Var[ D( x,  )]
m1' eq  h i ( x,  ) 
m'
f ( x)  W E
 WVar
 i 1 W i 
 1   j 21 W jineq min  0, j
 1 


b
E[ D( x 0 ,  )]
Var[ D( x 0 ,  )]

j
 ai




2

The first two terms of the right hand side represent the objective function derived from Taguchi’s robust
theory:
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(16)

OBJ Taguchi  W E

E[ D( x,  )]
Var[ D( x,  )]
 WVar
E[ D( x 0 ,  )]
Var[ D( x 0 ,  )]

(17)

If we choose the weight factors of the two terms to satisfy:

W E  WVar  1 where W E  [0,1] and WVar  [0,1]
Then the original objective function value (17) is 1. An optimization process should reduce the value and
it should be within the interval [0,1]. A systematical change of the two weight factors can yield a series of
different designs that lay different emphases on the two sub-objective (expectation and variance).
The remaining terms in (16) are constraint penalties. Here the number of constraints ( m1' and m 2' ) may
be different from that in (12). Because under different operating conditions, the constraints may also be
different.

3.2.2 Gradient of objective function
Through mathematical derivation, the gradients of the expectation (14) and the variance (15) are:

 D ( x,  i )
 E[ D( x,  )]
k
  i 1 p( i ) 
x
x
Var  D( x,  ) 
x

(18)

 D( x, i ) E[ D( x,  )] 
k
  i 1 2  p(i )  D( x, i )  E[ D( x,  )] 


x
x



(19)

Then the gradient for the objective function of CG algorithm (16) is:

 Var  D( x,  ) 
 h ( x,  )  1  hi ( x,  )
WVar
WE
 f ( x)
 E[ D( x,  )]
m'




 i 11 2 W i eq  i
 1  
 x E[ D( x 0 ,  )]
x
Var[ D( x 0 ,  )]
x
x
 ai
 ai

 g ( x,  )   1  g j ( x,  )
m'
 j 21 2 W jineq  min  0, j
 1   

 b j
bj
x




(20)

(14), (15), (18), (19) and (20) constitute the complete equation system for gradient calculation.

Complete CG algorithm establishment
The robust optimization algorithm with Taguchi’s theory and the Strong Wolfe line search condition is
established based on the SU2 program and the code in Scipy optimization toolbox.
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The CG algorithm for aerodynamic optimization composes of two main loops. The outer loop is the main
CG algorithm structure which has been illustrated in Figure 6. And the inner loop is used for non-quadratic
problems to obtain a proper step length in every line search. In order to make the whole algorithm
structure suitable for robust aerodynamic optimization, adjustments are necessary for both of the two
parts.

3.3.1 Line search process (inner loop)
In factor, 2 line searches are carried out successively in the original CG algorithm module provided by the
Scipy toolbox, and both of them are based on the Strong Wolfe condition. The first line search process
(named “line_search_wolfe1”) is imported from the “minpack2.so” module. The second line search is
directly written in python language (named “line_search_wolfe2”) and it is invoked only when the first
line search fails.
 Bracketing process
Here we use Figure 16 to illustrate the reason for changing the original line search code. Assume the solid
curve is the actual objective function along current search direction and all points in the figure satisfy the
sufficient decrease condition (i.e. all the function values are below the sufficient decrease line). Points
that also satisfy the curvature condition are between the intervals A to B and C to D. Actually the interval
between A and B is deceptive as it satisfies the Strong Wolfe condition but has no minimum point (the
gradients of all points here are close to 0 and there may be a stationary point).
When the original line search module is used and if point E is assessed during the bracketing process, it
will not be accepted because of the violation to the curvature condition. As the gradient at this point is
positive, a zoom-in process is invoked. Then if a point within A and B is tested, “line_search_wolfe1” will
accept it because the Strong Wolfe condition is satisfied, though it actually yields a larger objective value
than point E. This is not sensible and the reason for such problem is that the process lacks a comparison
between the new point and the point that has the lowest objective value among all the previous steps.
“line_search_wolfe2” module could prevent such problem but it cannot be invoked as
“line_search_wolfe1” considers the points between A and B as the solution and terminates the whole line
search process. On the contrary, if a point between A and B is firstly assessed during bracketing process,
both of the two line search processes will stop here and no further step length test will be tried.
In order to cope with such problem, we will only use the “line_search_wolfe2” process and make
necessary changes to it. Figure 17 shows the changed bracketing process. Compared with Figure 8 in
Section 2.2.3, the only difference is that no solution to the line search is directly obtained during
bracketing process even though the Strong Wolfe condition is satisfied. The functionality of this module
is only for finding a proper interval that contains a minimum. And a zoom-in process is always
implemented thereafter to find the final result of current line search.
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In fact, another reason for abandoning “line_search_wolfe1” process is that sometimes it has a relatively
lower efficiency. The new step length could be too close to the ends of the bracketed interval. While the
“line_search_wolfe2” has a better contraction performance with a bisection safeguard measure. As well
as that, its python format code is more convenient to be changed.
Here it should be pointed out that even the changed line search process could only provide an
approximation of local minimum. For example, if the objective function near point B in Figure 16 has a
shape as the dashed curve, then it has at least 2 local minimums. The line search cannot guarantee the
solution to be the global minimum along the current direction. How to find the global minimum is beyond
the scope of this thesis work and a local minimum is suuficient for the implementation of the CG algorithm.
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Figure 16 Line search demonstration
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Figure 17 Bracketing process of the line search with Strong Wolfe condition

43

 Zoom-in process
After obtaining an interval, a zoom-in module is invoked to find an optimum within the interval that
satisfies the Strong Wolfe condition.
The first step of every iteration in a zoom-in process is to interpolate a cubic function within the current
interval. Thereafter calculate the analytical optimum point based on this surrogate cubic function. If the
corresponding step length is too close to the two ends of the interval, a quadratic interpolation is used to
replace the cubic interpolation. And if the step length is still not conspicuous, then a bisection method is
used. This safeguard measure can ensure a relative efficient progress for every iteration.
Several changes have been made (Figure 18). The first change takes place after the assessment of the
sufficient decrease condition, which is the first criteria of the Strong Wolfe condition. A further judgment
is added to check whether the current interval has contracted to be very small. As the optimum is
approached, especially when current point is close to a stationary point, the objective function varies
slightly for every step. Sometimes the difference may fail to be detected because of the computer’s
precision. As a result, no improvement will be recognized and the process may be stuck here with endless
loops with small step length change for every iteration. Therefore, if current interval (     hi   low )
is quite small (e.g. smaller than 0.1% of the initial interval provided by the bracketing process), then it is
considered that we have arrived at the optimum along current search direction and the whole line search
process will terminate successfully.
The result of such termination has two possibilities. One is that the final step length converges to the
starting point of current line search, which means  low  0 and no progress has been obtained. The other
situation is that  low yields a design that satisfies the sufficient decrease condition, while fails to meet
the requirement of the curvature condition with the coefficient c 2 chosen to be 0.1, as is recommended
in [20]. Both of the two possibilities will be dealt with in the outer loop, which will be discussed in next
section.
Another change is made when the predefined maximum iteration time has been achieved. Two judgments
are carried out: one is whether current interval is quite small (similar operation to the first change). The
other one is whether current step length  low yields a design that satisfies the “loose” Wolfe condition,
which means the coefficient c 2 in curvature condition is 0.9 (i.e.  '(lo )  0.9   '(0) ). If either of them
is satisfied, then we consider  low is the solution of the line search. However, the “loose” Wolfe condition
may lead to ascent direction for next line search [14]. This will also be coped with in the outer loop.
In short, when a line search process terminates successfully, a design point that satisfies the Strong Wolfe
condition is obtained. And a new line search will take place based on this newly obtained design point.
Besides that, we add 3 other conditions that may make the optimization process continue to work even
though the Strong Wolfe condition is not satisfied:
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1) No progress has been acquired and the line search process converges to the starting point;
2) The line search process converges to a step length which yields a design that satisfies the sufficient
decrease condition while violate the curvature condition;
3) The design only meets the requirement of the “loose” Wolfe condition.
When one of the 3 conditions arises, whether the whole optimization process will stop or not will be
determined in the outer loop.
One reason why we attempt to continue the whole process even when the predefined convergence
criterion of a line search are not satisfied is due to the property of the CG algorithm: the convergence rate
of every line search is not decreasing monotonically. A relatively larger improvement of a new line search
may take place even though its previous line search has little objective function reduction.
Another reason is that the good convergence property of the CG algorithm only holds for quadratic
problems. For aerodynamic problems, it is usually non-quadratic. And the line search based on the Strong
Wolfe condition can only provide an inexact local optimum instead of an analytical solution as is the case
for quadratic problems. Therefore, it is possible that after a certain numbers of iteration, the error of the
conjugate search direction may accumulate to an extent that it is not suitable for current situation. Then
we need to restart a new CG algorithm based on the newly obtained design point.
In one word, we should make effort to avoid premature termination of the whole optimization process
before a relatively accurate optimum is obtained.
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Figure 18 Zoom-in process of the line search with Strong Wolfe condition
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No

3.3.2 CG algorithm structure (outer loop)
Figure 19 shows the main structure of the whole CG algorithm (outer loop). Compared with Figure 6,
several changes have been implemented. These changes are mainly based on the different line search
results. If the line search provides a design point that satisfies the Strong Wolfe condition, then the process
described in Figure 6 is directly used. While if not so, different measures should be taken for different
conditions.
If the line search terminates unsuccessfully, no result will be returned to the outer loop and the whole CG
algorithm will stop. There are two possibilities for such situation: One is that an interval that contains an
optimum could not be determined even when the predefined maximum bracketing iterations have been
carried out. This may happen if the scaling factor of gradient is chosen improperly (will be discussed in
next section). The other situation that leads to an unsuccessful line search is a failed zoom-in process. And
this problem will arise when the predefined maximum zoom-in iterations have been implemented, but
the interval cannot contract to a small size (say 0.1% of the initial interval). Meanwhile the design point
that yield the smallest objective function fail to satisfy the “loose” Wolfe condition. In fact, if the
predefined maximum number of iterations for zoom-in process is chosen to be sufficiently large, the final
interval will always approximate 0 because of the safeguard method (i.e. bisection). And the “loose” Wolfe
condition is also a quite relaxed requirement. Hence, this second situation is unlikely to happen. However,
as we cannot prove that such possibility is not exist, this unsuccessful termination condition will be kept
in the code of zoom-in process.
As have been discussed in last section, there are three conditions under which the inner loop (i.e. line
search process) will return the current design that yields the lowest objective function value, even though
the Strong Wolfe condition is not satisfied. Further assessment should be carried out in the outer loop to
determine the next step’s operation.
 No progress of the latest line search (  k =0 )
If the line search converges to its starting point (condition 1 in zoom-in process), this means along current
search direction no progress could be obtained. As the line search direction is guaranteed to be the
descent direction, theoretically this situation should not appear. However, if the gradient is very small and
the potential improvement is not significant along current direction, the reduction of objective function
may be smaller than the computer precision and hence the optimum could not be recognized.
In case of such situation (  k =0 ), firstly we have to check the value of  k . If it is 0, the latest line search
has been actually carried out along the steepest descent direction ( pk  -f k   k pk -1 = - f k ). Because the
CG algorithm always uses the steepest descent direction in its first line search, no further improvement
could be acquired even when we restart a complete new CG process, with current design as the initial
point. Therefore, it is considered that we have achieved the optimum and the whole process terminates.
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If  k is not 0, this means the direction of the latest line search is not the steepest descent direction, and
the conjugate direction system of the CG algorithm cannot provide further improvement. Then we plan
to restart a new CG algorithm from the current design point. Before that, another assessment takes place
to check whether it is the first time to restart a complete new CG process. If not, this means several
complete CG processes have been implemented. Then check whether the improvement of the latest CG
process is significant when compared to its previous one ( fCG ). If not, we consider the whole process
converges.
 Unsatisfied curvature condition
Under both conditions 2 and 3 given in zoom-in process (see last section), the sufficient decrease condition
is satisfied, while the curvature condition with c2 equal to 0.1 is violated. This means we have obtained
a point that could sufficiently reduce the objective function value. However, the absolute value of its
gradient fails to meet the predefined requirement. In [14] , it is proved that once the curvature condition
is satisfied (  '( lo )  c2   '(0) ) with 0< c2  0.5 , then the CG algorithm will always generate a descent
direction for next line search. Actually here we choose c2  0.1 in the hope that the line search results
are more close to the stationary point (which means more accurate). If such strict curvature condition is
violated, it is not necessarily that the next line search direction is ascent. Hence, we have to check that if
condition 2 or 3 has arisen in the latest line search process.
If the line search direction is indeed the descent direction ( k 1' (0)  0 ), then the current CG process can
continue to work. While if it is not true, then another new CG process will be started with current design
as the initial point.
 Convergence condition for the complete optimization process
There are two unsuccessful termination criterion. One is the failed line search which has been discussed
above. The other one is that when the predefined maximum iterations are carried out.
And three successful termination conditions are used:
1) The latest line search uses the steepest descent direction while no improvement could be obtained;
2) The difference between latest two complete CG processes is small, i.e. the latest CG process makes
insignificant progress;
3) The gradient of current design point is close to 0. In practice, we define this condition as that the
maximum of all the absolute partial derivative values is smaller than predefined tolerance, i.e.

max

f
 0 , where:
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f
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Figure 19 CG algorithm (outer loop)
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3.3.3 Gradient scaling
How to choose the initial step length of a line search has been discussed in Section 2.2.3. However, it is
not applicable to determine the initial step length of the first line search because there is no previous
parameters that could be used to estimate it. Specifically, according to the description in that section,
when use  0 

2( f k  f k 1 )

 '(0)

to determine the first step length, f k 1 does not exist for the first line search

( k  0 ).
For CG algorithm, the first line search uses the steepest descent direction, which only indicates that an
optimum could be found along this direction. As the default initial step length is 1, it means that the
'
T
gradient ( 0 (0)  f0 f0 ) is also the first step length. The problem is that the magnitude of the step

length at the optimum is not known. An extremely small initial step length will result in a low bracketing
performance or even unsuccessful bracketing process. While an excessively large initial step length will
lead to a quite large initial interval, making the zoom-in process need more contraction iterations, or even
fail to converge to the optimum within the predefined iteration times. What is more, a too large step
length may yield an inappropriate aerodynamic shape. For example, during the optimization of an airfoil,
the sensitivity analysis may suggest that some parts of the upper surface should be deformed towards the
lower surface. If the step length is too large, the upper surface curve may intersect the low one, leading
to an improper geometry. And for the same geometry, the magnitude of the gradient may vary
significantly when different objective functions are chosen.
Therefore, a scaling factor is usually needed to adjust the initial step length of the first line search. Because
the magnitude is influenced by different objective functions as well as different geometric
parameterization methods, it should be determined by trial and error for a specific problem before the
final optimization process starts.
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Chapter 4 Test example and CFD framework
After the establishment of the whole CG algorithm structure in last chapter, it is necessary to use some
test examples to check the validity of the method. In this thesis work, a relatively simple CFD mode with
a small mesh size is favorable as the calculation cost can be reduced and more attention can be focused
on the method development. Meanwhile, in order to resolve the physics of the cases, sufficient resolution
of the flow evaluation is required. As a result, a proper CFD framework should be created so that the
calculation cost and accuracy are well balanced.

Test example
The NACA0012 airfoil will be used for the code test because airfoil optimization is one of the most
important tasks for an aircraft design. Meanwhile, the 2D airfoil is easy for mesh generation and the mesh
structure is less complex than 3D geometries.
Compared with viscous flow and corresponding N-S equations, the Euler equations for inviscid flow are
simple and have a relatively cheaper computational cost. Hence during the code test, the Euler equations
will be applied.
The robust aerodynamic optimization on an airfoil may have different definitions according to the specific
design tasks. Take drag reduction problem for example, if we want to obtain an airfoil that can sustain a
relatively low drag in turbulence, then both the flow velocity (or the Mach number) and the angle of attack
are uncertainty sources. These two parameters are changed randomly and instantaneously. If the
probability distribution of the uncertainties could be obtained through empirical data, the joint probability
distribution can be calculated. Through certain type of probability discretization, an objective function can
be created in the format of (16) that has been introduced in Section 3.2.1.
However, if we assume that only the Mach number is the uncertainty source and the airfoil is supposed
to have a low drag within a certain range of Mach number, while the lift should be kept constant, then
the angle of attack is also a design variable. And we should only discretize the Mach number distribution
into separate operating conditions.
In this thesis, both of the two robust design problems mentioned above will be solved with the
optimization process established in Chapter 3.

Uncertainties discretization
The main objective of the test example will be reducing the drag of NACA0012 airfoil in inviscid flow. In
fact, the only drag component in inviscid flow is the wave drag. As the original airfoil is not designed for
subsonic flow, it will generate shock wave under this condition. Hence, we set the basic operating
condition at Mach number 0.7 with 2° angle of attack for the first problem mentioned above. In order to
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make comparison, single-point optimization can be carried out under this basic operating condition. For
robust optimization, assume the Mach number is a random variable that obeys the normal distribution
2

with the expectation equal to 0.7 and the standard deviation equal to 0.02, i.e. Ma ～ N (0.7, 0.02 ) .
According to the modified Taguchi’s discretization method in Section 2.3.2.1, the Mach number
distribution could be discretized into three points (0.665359, 0.7, 0.734641) with the weight factors 1/6,
4/6 and 1/6 separately. It is also assumed that the angle of attack is another uncertainty source, which
obeys the normal distribution  ～ N (2, 0.5 ) . Then with the same discretization method, the angle of
2

attack could also be discretized into three points (1.133975, 2, 2.866025), with weight factors 1/6, 4/6
and 1/6. Further assume that the Mach number and the angle of attack are statistically independent and
the joint probability can be calculated (Table 4-1).
Table 4-1 Joint probability distribution of discretized uncertainties



Ma

1.133975°
2°
2.866025°

0.665359
0.027777778
0.111111111
0.027777778

0.7
0.111111111
0.444444444
0.111111111

0.734641
0.027777778
0.111111111
0.027777778

For the second problem, only the Mach number is the uncertainty source and it is assumed to obey the
same probability distribution as that in the first problem. The discretized operating conditions are also the
same.

Geometric design variables definition
The Hicks-Henne “Bump” Function (introduced in Section 2.1.1) is used to define the design variables. The
chordwise position of these control points are evenly distributed from 0.05 to 0.95 with 0.05 increment
successively (see Figure 20). Hence, there are 19 design variables for both upper and lower surface of the
airfoil, and they only control the shape to be deformed in the Y direction.
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Figure 20 Chordwise position of design variables

The design variables are labelled from leading edge to trailing edge for both upper and lower side. In
Figure 20, six design variables are labelled to show the sequence of them.
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Mesh generation
For robust or multipoint aerodynamic optimization, the flow equations have to be calculated under
different operating conditions. A small size of the mesh can help to reduce the evaluation cost. However,
a coarse mesh may lead to large errors. Hence, before the optimization process begins, a suitable mesh
should be generated that could provide a relatively accurate result with an acceptable calculation cost.
In this thesis work, 4 different unstructured grid resolutions are used to test the convergence of flow
equations based on drag coefficient. The mesh size are given in Table 4-2.
Table 4-2 Test mesh size
Mesh

Number of nodes

Number of elements

Mesh 1

2116

3992

Mesh 2

6326

12276

Mesh 3

11220

22064

Mesh 4

38624

76752

The Mach sweep curves are generated for all of the four meshes at 2° angle of attack and a comparison is
made in Figure 21. The drag coefficients, number of iterations and calculation time for each Mesh are
listed in Table 4-3.
It is apparent that with mesh refinement, the drag coefficient keeps reducing. The coarsest mesh (Mesh
1) has the largest error. An obvious improvement is also obtained by comparing Mesh 2 and Mesh 3. While
for Mesh 4, although the mesh size is several times of Mesh 3, the difference of drag coefficient between
them is quite small (about 1 count). However, the calculation cost in terms of iterations and time increases
significantly (Table 4-3). Hence, during the following analysis, Mesh 3 will be applied, see Figure 22.
0.014
Mesh 1

Cd

0.012

Mesh 2

0.01

Mesh 3

0.008

Mesh 4

0.006
0.004
0.002
0
0.65

0.675

0.7

0.725

Mach number
Figure 21 Drag coefficient comparison
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0.75

Table 4-3 Calculation cost in terms of iteration and time
Mach number
Mesh 1

Mesh 2

Mesh 3

Mesh 4

0.65

0.675

0.7

0.725

0.75

Cd

0.001838

0.002339

0.003480

0.006673

0.012801

iteration
time(min)

88
0.23

89
0.25

93
0.21

85
0.23

87
0.19

Cd

0.000668

0.000883

0.001971

0.005472

0.012215

iteration
time(min)

114
0.72

114
0.89

124
0.83

118
0.82

132
0.85

Cd

0.000346

0.000441

0.001460

0.005058

0.012250

iteration
time(min)

115
1.14

122
1.25

146
1.65

128
1.34

110
1.29

Cd

0.000246

0.000316

0.001326

0.004960

0.012186

iteration
time(min)

253
9.72

265
12.49

282
14.84

298
14.14

321
14.23

Figure 22 Mesh 3 (NACA0012 airfoil)

CFD scheme
As mentioned earlier, the Euler equations will be applied for the test example. A series of CFD strategy
settings are chosen in SU2 code to form the final complete numerical process: The Green-Gauss method
is used for spatial gradients calculation and the BCGSTAB method is chosen as the linear solver. The Euler
implicit strategy is used for time discretization. For the convective numerical method, the JST scheme is
utilized.
In addition to that, several techniques can be applied to accelerate the convergence of the flow calculation
process. In the test example of this thesis work, two important settings are selected through systematical
test in the hope of saving calculation time: the multigrid method and the choice of CFL number. As well
as that, the flow variables of the closest design among previous iterations can be used as a good initial
condition for a new calculation.
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 Multigrid strategy
Almost every kind of iterative solution method has a relatively lower convergence property on a finer
mesh, including CFD process [31]. This is because the high frequency errors are damped in a few iterations,
while the low frequency errors are reduced very slowly. The multigrid strategy could damp the low
frequency errors on a coarser grid more quickly. Hence, iterating between coarse and fine grids during
the calculation process can efficiently accelerate the convergence rate.
There are two types of multigrid schemes in the SU2 code: V-cycle and W-cycle. Compared with the Vcycle, the W-cycle stays on the coarser meshes longer and generally has a better convergence
performance.
For the mesh chosen in last section, a series of multigrid parameters are tested under the basic operating
condition (Mach number 0.7 and angle of attack 2°) to find a proper setting for the test example (Figure
23).
The convergence is significantly accelerated with the increase of multigrid levels when the W-cycle is
chosen. However, the improvement becomes smaller and the difference between 4-level and 5-level Wcycle is negligible.
The V-cycle is indeed less efficient than the W-cycle. From the figure it is apparent that the convergence
of the 4-level V-cycle (the dashed line) is even slower than the 3-level W-cycle.
Therefore, the 4-level W-cycle will be applied in the test example.
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Figure 23 Convergence properties of different multigrid settings

 CFL number
The Courant-Friedrichs-Levy (CFL) principle gives a necessary condition on the choice of time step length
concerning the stability of numerical calculation: the numerical domain of dependence should contain the
physical domain of dependence.
For the grid chosen in this thesis work, if the time step increases to certain extent, the flow calculation
may fail to converge. While before such situation appears, the convergence rate could be accelerated with
the increasing time step. Therefore, a systematical change of CFL number of the finest grid is carried out
to find the proper value.
Figure 24 gives the convergence history under different CFL numbers. With the increase of CFL number,
the number of iterations is decreased. When the CFL number is 15, the residual does not decrease
monotonically and fluctuations appear. Further increase the CFL number to 20, the process diverges.
Hence, the CFL number is chosen to be 10 for the following analysis.

Figure 24 Convergence properties of different CFL number settings

 Choice of initial flow variables
In fact, the shape change of every iteration during the optimization process is not too large. This means
the difference of flow variables between two closest designs may be relatively small, compared to the
initial flow state for a completely new CFD calculation, which is usually chosen to be the flow condition at
infinite. Hence the flow evaluation results of the design that has the closest geometry to the current
56

design among all previous iterations can provide a good initial flow variables, on which the new flow
calculation could be carried out.
The SU2 code uses such strategy during the optimization process. When a new design is generated, the
flow condition of the nearest design among all previous iterations will be found and the calculation will
restart from that. The criteria for finding the closest design is that the norm of design variable difference
is the smallest ( x new  x previous ).

Continuous adjoint method
As has been introduced in Section 2.4.2, the adjoint method can significantly reduce the computation cost
for gradient evaluation. In this thesis, the continuous adjoint method will be used as it is provided directly
by the SU2 code.
The main principle of the continuous adjoint method is similar to that applied to discretized flow equation
(discussed in Section 2.4.2). The difference between them is that the Lagrangian function is created with
the original partial differential equations for the continuous adjoint method [32], instead of the discretized
equations for the discrete adjoint method. The key point is to choose the proper Lagrange multipliers so
that the flow evaluation could be avoided.
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Chapter 5 Application and results analysis
In this chapter, both of the two robust optimization problems introduced in Section 4.1 are discussed. For
the first problem, both the Mach number and the angle of attack are the uncertainty sources. They are
assumed to be statistically independent and obeys certain kind of normal distributions defined in Section
4.2. The corresponding discretized operating points are given in Table 4-1. For the second problem, the
Mach number is the only uncertainty source and assumed to obey the same normal distribution as that
2

in the first problem, i.e. Ma ～ N (0.7, 0.02 ) , and it is discretized at three points (0.665359, 0.7, 0.734641)
with the weight factors 1/6, 4/6 and 1/6 separately.
Section 5.1 and 5.2 focus on the application of the optimization structure established in Chapter 3. And
finally in Section 5.3, a simple comparison will be made between the CG method and the SLSQP algorithm,
which is adopted by the original single-point optimization module of the SU2 program.

Optimization with uncertain Mach number and angle of attack
In this section, the first robust optimization problem will be discussed. A single-point optimization will be
firstly implemented under the basic operating condition. Then a series of robust optimizations will be
carried out with different weight factors for the expectation and the variance. Comparisons are made
between the single-point and the robust optimizations. The influence of weight factors is also analyzed.
After that, a single-point optimization under the most critical condition (i.e. the condition with the highest
Mach number and the largest angle of attack) is implemented to check whether it is possible to obtain a
robust performance improvement through such simple model.
In fact, from (16) we can see that, if the weight factor for the variance is 0 and that for the expectation is
1, then it will be a multipoint optimization problem. Hence, we can consider the multipoint optimization
as one kind of robust optimization with particular weight factors. The analysis on the multipoint
optimization effect will be implemented within the robust optimization part of this paper. Based on the
multipoint optimization format, if we choose only one operating condition (say the basic condition), then
it will automatically degrade to the single-point optimization problem.
Hence, the optimization code made in this thesis with the application of (16) is a universal tool. By
different parameter settings, it can carry out single-point, multipoint and robust optimizations.

5.1.1 Single-point optimization under the basic operating condition
The single-point optimization is implemented under the basic operating condition defined in Section 4.2:
the Mach number is 0.7 and the angle of attack is 2°. Two inequality constraints are defined: the lift
coefficient is not smaller than 0.4, and the thickness at 1/4 chordwise position is not less than 0.11. Here
we just use one aerodynamic and one geometric constraints to represent a relatively universal airfoil
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optimization problem. In practice, the constraints are usually different according to the realistic
requirements. However, the main principle should be the same as the test example in this paper.
The single-point optimization problem could be expressed as:
Minimize: D( x)  0.72 Cd ( x)
(21)

Subject to: Cl ( x)  0.4
T1/4 ( x)  0.11

Here we assume that the chord length, the sound speed and the air density are constant. And the drag
expressed in (21) could be considered as a nondimensional value. During the following discussion, this
format of drag expression will always be applied.

5.1.1.1 Performance improvement at operating condition
 Convergence history
Table 5-1 gives the convergence history of the optimization process. The iteration number in the first
column is the total number of function evaluations that have been implemented at the beginning of every
line search. Six line searches are necessary to achieve the final optimized result.
Table 5-1 Convergence history of single-point optimization
Iteration
number
1
3
10
23
57
90
123

Cd

Cl

T1/4

Objective

0.001459693
0.002457374
0.000687735
0.000480805
0.000480805
0.000480805
0.000480805

0.37682968
0.51948925
0.51813469
0.39991209
0.39991209
0.39991211
0.39991211

0.11787
0.11856
0.11029
0.11166
0.11166
0.11166
0.11166

4.355398219
1.683486593
0.471150344
0.329435851
0.329435851
0.329435833
0.329435833

Improvement of
current line search
-61.347126%
-72.013419%
-30.078402%
0.000000%
-0.000005%
0.000000%

Compared with the original airfoil (iteration 1), the process tends to reduce the thickness and keep the
lift coefficient at the lower bound of the constraint. This corresponds to an intuitive sense: a lower lift
coefficient or smaller thickness leads to a weaker shock wave on the surface of an airfoil, and the
corresponding wave drag could be reduced. Hence, both of the two constraints tend to achieve the lower
bounds. It could also be seen from the final values of the constraints that, for this optimization problem,
the lift coefficient is more critical to drag reduction, as the thickness constraint is actually inactive in the
final design while the lift constraint is still active.
Another interesting phenomenon is that the drag coefficient after the first line search is increased, while
the total objective value is reduced by about 61.3%. This is because the objective function defined in (12)
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is applied for this optimization problem, in which the violation of the lift constraint composes a larger part
of the whole objective value at the original design point. When it comes to the end of the first line search,
such violation becomes zero as the lift constraint is inactive. During this process, the reduction of
constraint violation outweighs the increment of the drag. When the constraints are satisfied, more
attention is paid to the reduction of the drag and the Cd value reduces quickly from the second line
search.
 Result analysis
In Figure 25, comparisons are made between the original and the optimized airfoils. Both geometries and
the corresponding pressure coefficient distributions on the surfaces are considered.
For the upper side of the airfoil, the front part of the shape is lower than the original one, while the rear
part is higher (left graph in Figure 25). This geometric change reduces the minimum pressure coefficient
on the upper surface, and its position is moved forward. The pressure recovery after the minimum C p
takes place slowly over a larger region. The shock wave disappears completely (see right graph in Figure
25).
Most of the lower part of the airfoil has been moved upward, making the pressure coefficient higher than
that of the original airfoil. The pressure increment on the lower surface, combined with the relatively
significant reduction of pressure coefficient on the rear part of the upper surface, contributes to the
compensation of lift loss caused by suction peak reduction on the front part of the upper surface, and
further increases the total lift coefficient to satisfy the constraint requirement.

Figure 25 Shape change and the corresponding surface pressure distributions

Figure 26 presents the C p distribution around the airfoil. The shock wave has been eliminated after the
optimization.
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Figure 26 Comparison of

C p in the flow fields for the single-point optimization

(left: original, right: optimized)

5.1.1.2 Off-design performance

Cd×Ma2

Systematic Mach number and angle of attack sweep curves are generated and plotted in Figure 27 and
Figure 28 respectively. With the increase of Mach number or angle of attack, shock waves appear and
become stronger, and the drag value increases. Compared to the original NACA0012 airfoil, the strength
of the shock wave and the corresponding drag is reduce significantly.
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Figure 27 Drag comparison (AOA = 2°)
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Figure 28 Drag comparison (Mach number = 0.7)

5.1.2 Robust optimization results
As has been discussed in Section 3.2.1, a robust optimization based on Taguchi’s theory takes expectation
and variance into account simultaneously. In this section, the robust optimization task is: reduce the
expectation and the variance of drag for the NACA0012 airfoil under the predefined uncertain Mach
number and angle of attack conditions, while keep the lift coefficient under the basic condition not smaller
than 0.4, and the thickness at 1/4 chord position not smaller than 11%.
The objective function is defined as:

 T ( x)  
E[ D( x,  )]
Var[ D( x,  )]
f ( x)  W E
 WVar
 1000   min  0, 1/4  1 
E[ D( x 0 ,  )]
Var[ D( x 0 ,  )]

 0.11  


 Cl

 ( x)
 1000   min  0, Ma 0.7, 2
 1 


0.4




2

(22)

2

Where:

E  D( x,  )    i 1 p( Mai ,  i )  Cd i ( x)  Mai 2
9

(23)

Var  D( x,  )   i 1 p( Mai , i ) Cd i ( x)  Mai 2  E[ D( x,  )]
9

2

(24)

W E  WVar  1 , W E  [0,1] and WVar  [0,1]
Here

 represents uncertainties, including Mach number and angle of attack. The hypothesized

distributions are given in Section 4.2. The 9 sampled operating conditions and the corresponding
discretized joint probability values p( Mai ,  i ) are given in Table 4-1. Both the thickness and lift constraint
63

terms have a weight factor of 1000. A series of different values for W E and W V ar will be chosen, and the
optimized results will be compared.

5.1.2.1 Performance improvement at sampled operating conditions
 Results of the 9-point robust optimization
Six weight factor distributions are chosen to carry out the robust optimization. For the drag expectation,
W E changes from 1.0 to 0.0 with an increment of 0.2 between two successive optimizations. The

corresponding weight factor for the variance is ( 1- W E ).
The optimized geometries are given in Figure 29. In the legend, “W” stands for weight factor, and the
given number is the weight factor for the drag expectation ( W E ). The left graph is a comparison among
the geometries of the original NACA0012 airfoil, the single-point optimization and the robust
optimizations with weight factor 1.0 for the drag expectation (i.e. multipoint optimization). It provides a
clear demonstration of the deformation trend from single-point to robust optimization. The right graph
shows that the final geometries of all robust optimizations are close to each other. Actually, the shape
changes gradually with the weight factors varying from one extreme condition (say W E  1.0, WVar  0.0 )
to the other one ( W E  0.0, WVar  1.0 ).

Figure 29 Shape comparison

Table 5-2 gives the final results of the robust optimizations, as well as that of the original NACA0012 airfoil
and the single-point optimization. It is obvious that all the optimized designs have improved drag
expectation and variance values. And the results of all robust optimizations are much better than that of
the single-point optimization. With the weight factor decreases for the drag expectation and increases for
the variance, the values of the two terms are reduced simultaneously.
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Table 5-2 Results of robust optimization
Weight factor

Expectation

Variance

Expectation
ratio

Variance
ration

Original

1.5258E-03

4.2148E-06

1.00000

1.00000

Single-point

6.2935E-04

1.2255E-06

0.41246

0.29075

W E  1.0, WVar  0.0

2.8675E-04

3.5760E-08

0.18793

0.00848

W E  0.8, WVar  0.2

2.8215E-04

3.3529E-08

0.18492

0.00796

W E  0.6, WVar  0.4

2.7785E-04

3.0137E-08

0.18210

0.00715

W E  0.4, WVar  0.6

2.7772E-04

2.8317E-8

0.18201

0.00672

W E  0.2, WVar  0.8

2.7537E-04

2.3148E-08

0.18047

0.00549

W E  0.0, WVar  1.0

2.6867E-04

1.8138E-08

0.17608

0.00430

The drag coefficient at every sampled operating condition is listed in Table 5-3. The sampled operating
conditions are labelled from 1 to 9, and the joint probability distribution is also given. The cells with gray
background have relatively large values, which implies that the compressibility effect becomes noticeable
(shock wave appears). For every airfoil, the drag coefficient in the last column has the largest value. And
this suggests that the shock wave has the highest strength under the operating condition with the highest
Mach number and the largest angle of attack.
Table 5-3 Drag coefficients under sampled operating conditions (unit: count)
AOA (unit: degree)

1.1340

2.0000

2.8660

Operating condition number

1

2

3

4

5

6

7

8

9

Probability distribution

1/36

4/36

1/36

4/36

16/36

4/36

1/36

4/36

1/36

Mach

0.6654

0.7000

0.7346

0.6654

0.7000

0.7346

0.6654 0.7000

0.7346

original

2.098

2.597

13.795

3.816

14.597

73.683

16.751 72.550

196.32

Single-point

2.136

2.558

3.872

3.823

4.808

27.773

7.782

22.962 121.626

W E  1.0, WVar  0.0

2.198

2.610

3.376

3.890

4.761

7.030

8.848

10.284

21.963

W E  0.8, WVar  0.2

2.175

2.584

3.343

3.873

4.733

6.894

8.616

9.954

21.432

W E  0.6, WVar  0.4

2.156

2.560

3.308

3.851

4.701

6.770

8.512

9.859

20.175

W E  0.4, WVar  0.6

2.156

2.562

3.324

3.839

4.691

7.057

8.225

9.876

19.266

W E  0.2, WVar  0.8

2.139

2.543

3.312

3.835

4.682

7.254

8.530

10.009

16.414

W E  0.0, WVar  1.0

2.109

2.511

3.293

3.800

4.635

7.565

8.182

9.570

13.550

As the original NACA0012 airfoil is not optimized for transonic conditions, the drag expectation and the
variance are the largest among all results. The shock wave only disappears under low Mach number and
small angle of attack. For most of the operating conditions, the wave drag is much larger than that of all
the optimized designs.
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All the optimized airfoils have no shock wave under the smallest angle of attack (see the data in the first
3 columns of Table 5-3). And under 2° angle of attack, the shock wave strength becomes distinct only at
the highest Mach number. While under the largest angle of attack, the wave always exists and the strength
increases rapidly with the increment of Mach number.
For each one of the first five operating conditions, the differences among all optimized design is quite
small (less than 1 count, i.e. 0.0001). This is because for inviscid flow, the wave drag is the only drag source.
And under these five operating conditions, there is no shock wave or its strength is too weak.
For the single-point optimization, the drag value is effectively decreased under the basic condition
(condition 5). And the shape deformation is also beneficial to the drag reduction under condition 3.
However, as no attention is paid to the performance under higher Mach numbers and larger angles of
attack, the strength of shock wave is still significant under these conditions when it is compared to that
of the robust optimizations, though the values have been indeed decreased from those of the original
airfoil.
For all robust optimizations, the drag coefficients are close to each other under every condition except for
condition 9. Hence the last operating condition can be considered as the most critical one as the shock
wave is the strongest and it varies distinctly with the weight factors change. With the weight factor
increases for the drag variance, the drag coefficient under this critical condition keeps reducing.
As all robust optimizations have similar geometries and drag properties under the operating conditions
from number 1 to 8 in Table 5-3, we can just use the result of the multipoint optimization
( W E  1.0, WVar  0.0 ) as a representative to compare the change of the pressure distributions with other
designs.
Figure 30 gives the comparison about the surface pressure coefficient distributions under the basic
operating condition (i.e. condition 5 in Table 5-3). The right graph shows that the C p distributions are
indeed quite similar to each other among all robust optimizations. Due to the shape deformations given
in Figure 29, the upper surfaces of all the robust optimized airfoils have a relatively flat plateau of pressure
coefficient distribution. The left graph is a surface C p comparison among the original airfoil, the singlepoint and the multipoint optimized results. The abrupt pressure increment caused by shock wave does
not occur on the upper surfaces of the two optimized designs.
The irregular C p value fluctuation near the trailing edge is caused by the shape change due to the high
sensitivity of the sharp trailing edge. Actually, Francisco Palacios et al have pointed out in [33] that for lift
constrained drag reduction problem, the influence of sharp trailing edge with high sensitivity is negligible.
Hence, here we can just ignore these small C p irregularities and focus on the main part of the airfoil.
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Figure 30 Comparison of surface

C p distribution under basic operating condition

Figure 31 gives the comparison of the C p distributions in the flow fields. The results are in accordance
with that in Figure 30, and no shock wave exists on the two optimized geometries.

Figure 31 Comparison of

C p distribution in the flow fields under basic operating condition

(From left to right: original, single-point optimized, multipoint optimized)

As the wave drag is noticeably reduced under the critical condition (condition 9), an analysis on this point
is necessary to check the change of the flow properties. Figure 32 is a comparison of the surface C p
distributions. The left graph shows that the multipoint optimized airfoil still has a shock wave though its
strength is significantly reduced. The right graph illustrates that all the robust optimized airfoils have
similar C p distribution properties. However, with the weight factor increases for the drag variance (hence
decreases for the expectation), the strength of the wave keeps reducing.
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Figure 32 Comparison of surface

C p distribution under critical operating condition

Figure 33 gives the C p distribution under the critical condition for the airfoils of the original, the singlepoint optimized, the multipoint optimized and the robust optimized (with W E  0.0, WVar  1.0 ) designs.
The results match well with that of the surface C p distributions in Figure 32.

Figure 33 Comparison of

C p distribution in the flow fields under critical operating condition

(From left to right: original, single-point, multipoint and robust with W E  0.0, WVar  1.0 )

 Analysis of the weight factor influence on the robust optimization
From Table 5-3, it is apparent that the influence of the weight factors on all robust optimizations is only
noticeable under the critical condition (condition 9). For the other conditions, the drag coefficient only
varies within 1 count (i.e. 0.0001).
And from the improvements of the expectation, the variance and the drag coefficients (also drag values),
it could be found that the variance is more influenced by the drag change under condition 9. Table 5-4
gives the changes of the three parameters and the corresponding improvements with different weight
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factors. The parameter “improvement” in the table is based on the results of the multipoint optimization
( W E  1.0, WVar  0.0 ). When the weight factor for the variance increases from 0.0 to 1.0, the drag
coefficient (also the drag) under condition 9 decreases by 38.3%. Meanwhile, the variance value is reduced
by nearly 50% but the expectation only has a 6.3% reduction.
Table 5-4 Weight factor influence on the expectation, variance and drag under condition 9
Weight factor

Drag (condition 9)
Coefficient Improvement

Expectation
Value
Improvement

Value

Variance
Improvement

W E  1.0, WVar  0.0

2.1963E-03

0.00%

2.868E-04

0.00%

3.5760E-08

0.00%

W E  0.8, WVar  0.2

2.1432E-03

-2.42%

2.821E-04

-1.61%

3.3529E-08

-6.24%

W E  0.6, WVar  0.4

2.0175E-03

-8.14%

2.779E-04

-3.10%

3.0137E-08

-15.73%

W E  0.4, WVar  0.6

1.9266E-03

-12.28%

2.777E-04

-3.15%

2.8317E-08

-20.81%

W E  0.2, WVar  0.8

1.6414E-03

-25.27%

2.754E-04

-3.97%

2.3148E-08

-35.27%

W E  0.0, WVar  1.0

1.3550E-03

-38.30%

2.687E-04

-6.31%

1.8138E-08

-49.28%

Hence, it could be concluded that the variance is more sensitive to the drag value under condition 9 with
the highest Mach number and the largest angle of attack. And a reduction of the variance asks for the
decrease of the drag value under this condition. Though the expectation is less dependent on this
operating condition, its drag reduction is also beneficial to obtaining a lower expectation value.

5.1.2.2 Performance check within the uncertainty domain
The main purpose of carrying out the robust optimization mentioned above is to obtain relatively low drag
values within the continuous uncertainty domain. Hence, it is necessary to check the performance under
other conditions rather than the 9 sampled points. In this paper, three Mach number sweeps are carried
out under the three sampled angles of attack separately. And the results are plotted in Figure 34, Figure
35 and Figure 36. For the three sampled Mach numbers, another series of angle of attack sweeps are
implemented with the results plotted in Figure 37, Figure 38 and Figure 39. In order to make the figures
look clearly, the two extreme weight factor distributions (i.e. W E  1. 0 and W E  0. 0 ) are chosen to
represent different robust optimization results.
 Mach number sweep under fixed angle of attack
From the comparison among Figure 34, Figure 35 and Figure 36, it is obvious that with the increase of the
angle of attack, the critical Mach number is reduced, which means the shock wave appears earlier under
higher angles of attack. And compared to the original NACA0012 airfoil, all optimized geometries can
significantly reduce the wave drag. Among all the optimized airfoils, the robust optimized ones have lower
drag values than that of the single-point optimization. And the improvement becomes more distinct with
the increase of angle of attack and Mach number.
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When comparing the results of the two robust optimizations, we find that under the two lower angles of
attack (Figure 34 and Figure 35), distinguishable drag difference appears after Mach number 0.74. And
the improvement of the multipoint optimization ( W E  1.0, WVar  0.0 ) is better than that of the other
one ( W E  0.0, WVar  1.0 ). While under the highest angle of attack in Figure 36, distinct drag difference
arises after 0.73. However, the trend is reversed: the multipoint optimized geometry has higher drag
values. If we focus on the drag values under Mach number 0.75 in all of the three figures, it could be
conclude that under this high Mach number, the increment of drag values with the increase of angle of
attack is more significant for the multipoint optimization. And this is also in accordance with the results
of the angle of attack sweep curve which will be given later in Figure 39.
The reason for this phenomena is that with the increase of the weight factor for the variance, more
attention is paid to the reduction of drag variance. And as discussed before, the reduction of the drag
value under the most critical condition (condition 9 in Table 5-3) is the main focus. As a result, the drag
under high Mach number and large angle of attack is reduced, as is shown in Figure 36. However, under
the same high Mach number but relatively smaller angles of attack (Figure 34 and Figure 35), the drag
values of the robust optimized airfoil with W Var  1.0 are inferior to that of the multipoint optimization.

Cd×Ma2

This suggests that the reduction of the drag under the critical operating condition is not costless. In this
test example, the performance under some of the less critical conditions is sacrificed. And as a matter of
factor, the robust optimization is also a process of tradeoff, and the designers have to make the choice
according to the practical situations.
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Figure 34 Drag comparison (AOA = 1.134°)
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Figure 35 Drag comparison (AOA = 2°).
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Figure 36 Drag comparison (AOA = 2.866°)

 Angle of attack sweep under fixed Mach number
Similar to the trend of the Mach number sweep curves, the critical angle of attack reduces with the
increase of Mach number. And the effects of the robust optimizations becomes increasingly significant
with the increment of Mach number and angle of attack.
In Figure 37, it seems that under higher angle of attack, there are drag differences among different
optimization results. However, if we convert the values into drag coefficients, then it is found that the
difference is only within about 1 count (0.0001), which is nearly negligible. And in Figure 38, the drag of
the two robust optimizations seems nearly unchanged. While Figure 39 clearly shows that the robust
optimization with W E  0.0 and W Var  1.0 has the lowest drag value under high Mach number, which
agrees well with the conclusion obtained from the Mach number sweep curves.
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Figure 37 Drag comparison (Ma = 0.665)
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Figure 38 Drag comparison (Ma = 0.7)
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Figure 39 Drag comparison (Ma =735)

5.1.2.3 Single-point optimization under the most critical condition
From the robust optimization problem discussed above, it is found that when the attention is only paid to
the reduction of the drag variance ( W E  0.0, WVar  1.0 ), the optimization process tends to pay more
attention to reduce the drag value under the most critical condition (i.e. the condition with the highest
Mach number and the largest angle of attack). And the expectation value is reduced simultaneously
though the improvement is small. It is also a common sense that when the drag is reduced under the most
critical condition, it may also be reduced when the Mach number and the angle of attack are reduced. As
a result, the drag expectation and the variance will also be reduced. If this is the real case, then a singlepoint optimization under the most critical operating condition is sufficient to achieve a robust
optimization result, and the process will be much simpler.
In order to test this hypothesis, a single-point optimization under the most critical condition is
implemented in this subsection. To be specific, the optimization problem is:
Minimize: D( x)  0.73462Cd ( x)
Subject to: Cl，basic ( x)  0.4
T1/4 ( x)  0.11

Here it should be noted that the constraint of the lift coefficient should be still calculated under the basic
condition with Mach number 0.7 and 2° angle of attack. Because the robust optimization problem
discussed here supposes that the uncertainties (the Mach number and the angle of attack) are caused by
the flow disturbance, such as turbulence or gust. Hence, the lift will be inevitably changed due to the
instantaneous change of the Mach number and / or angle of attack. As a matter of fact, the basic operating
condition has the largest probability distribution value, as is given in Table 4-1 and Table 5-3. So it is
sensible to choose the basic condition to define the lift constraint.
The final geometry of this single-point optimization process is compared with other designs in Figure 40.
The left graph is a comparison among the original NACA0012 airfoil, and the geometries of the single72

point optimizations under the basic operating condition (condition 5 in Table 5-3) and the most critical
condition (condition 9). The right graph is a comparison with the robust optimization with W E  0.0 and
W Var  1.0 . Apparently, the geometry is more close to the robust optimization.

Figure 40 Geometric comparison for the single-point optimization under the most critical condition

After obtaining the geometry, flow evaluations are implemented under the 9 operating conditions that
are used for the robust optimizations. And the final result is compared in Table 5-5. The single-point
optimization under the most critical condition indeed helps to reduce both the drag expectation and the
variance, compared to the original airfoil and the single-point optimized geometry under the basic
operating condition (condition 5). However, the results are inferior to that obtained by the robust
optimizations.
Table 5-5 Results comparison among different designs
Weight factor

Expectation

Variance

Expectation
ratio

Variance
ration

Original

1.5258E-03

4.2148E-06

1.00000

1.00000

Single-point under condition 5

6.2935E-04

1.2255E-06

0.41246

0.29075

W E  1.0, WVar  0.0

2.8675E-04

3.5760E-08

0.18793

0.00848

W E  0.0, WVar  1.0

2.6867E-04

1.8138E-08

0.17608

0.00430

Single-point under condition 9

3.3579E-04

4.8642E-08

0.22007

0.01154

Table 5-6 provides the comparison of the drag coefficients under the nine sampled operating conditions.
The drag coefficient is effectively reduced by the single-point optimization under condition 9. However,
under most of the other conditions the coefficients are higher than that of the other optimized results.
Obviously, a localized result is obtained, which means the process only focuses on the performance
improvement under the chosen operating condition and ignores that under other conditions.
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Table 5-6 Drag coefficients under sampled operating conditions (unit: count)
AOA (unit: degree)

1.1340

2.0000

2.8660

Operating condition number

1

2

3

4

5

6

7

8

9

Probability distribution

1/36

4/36

1/36

4/36

16/36

4/36

1/36

4/36

1/36

Mach

0.6654

0.7000

0.7346

0.6654

0.7000

0.7346

0.6654 0.7000

0.7346

original

2.098

2.597

13.795

3.816

14.597

73.683

16.751 72.550

196.32

Single-point under condition 5

2.136

2.558

3.872

3.823

4.808

27.773

7.782

22.962 121.626

W E  1.0, WVar  0.0

2.198

2.610

3.376

3.890

4.761

7.030

8.848

10.284

21.963

W E  0.0, WVar  1.0

2.109

2.511

3.293

3.800

4.635

7.565

8.182

9.570

13.550

Single-point under condition 9

2.185

2.604

3.478

3.945

5.013

9.873

12.631 16.575

13.441

It should be noticed that the change of the drag coefficient under the three sampled points with constant
angle of attack 2.866° (last three columns) is abnormal for this single-point optimized results. With the
Mach number increases from 0.7 to 0.7346, the drag coefficient reduces by about 3 counts.
Figure 41 and Figure 42 are comparisons of the pressure distributions on the surfaces and in the flow
fields separately under condition 9. The C p distribution of the single-point optimization under Mach
number 0.7346 is improved and the shock wave under this condition is eliminated. As a result, the drag is
reduced. For the robust optimization with W E  0.0, WVar  1.0 , although there is a relatively noticeable
pressure increment at about 60% of the chord length (right graph in Figure 41), its strength is quite low
when compared to the shock waves in the left graph. The data in Table 5-6 also proves that.

Figure 41 Surface

C p comparison under Mach number 0.7346 and angle of attack 2.866°
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Figure 42 Comparison of

C p distribution in the flow fields under critical operating condition

(from left to right: original, single-point under basic condition, robust with W E  0.0, WVar  1.0 and singlepoint under the critical condition)

Figure 43 and Figure 44 are comparisons of the pressure distributions under condition 8. Unlike the C p
distribution under the highest Mach number discussed above, a shock wave appears near the leading
edge on the upper surface. Its strength is even higher than that of the robust optimized airfoil.

Figure 43 Surface

C p comparison under Mach number 0.7 and angle of attack 2.866°

Figure 44 Comparison of

C p in the flow fields under Mach number 0.7 and angle of attack 2.866°

(from left to right: original, single-point under basic condition, robust with W E  0.0, WVar  1.0 and singlepoint under the critical condition)
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A Mach number sweep is carried out under angle of attack 2.866°, with specifically high density between
Mach number 0.73 to 0.74 to capture the drag property near the operating condition that is chosen for
the single-point optimization. Figure 45 gives the Mach number sweep curves for the single-point and the
two robust optimizations. For the single-point optimization, the drag reduces abruptly near the design
point (marked by the dashed vertical line). When the Mach number deviates from this point, the drag
values increases quickly. Obviously, this is a localized optimization result.
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Figure 45 Mach number sweep under angle of attack 2.866°

Another phenomenon that should be noticed is that for the robust optimization with W E  0.0 and
W Var  1.0 , the localized optimization property still exists under Mach number 0.735. However, because

the drag values near this operating condition are also reduced to a relatively low level, the fluctuation is
not as drastic as that of the single-point optimization.

Cd×Ma2

Similar localized result is also found when the angle of attack sweep curve is drawn under Mach number
0.735. As is shown in Figure 46.
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Figure 46 Angle of attack sweep under Mach number 0.735

Figure 47 gives the surface pressure distributions of the single-point optimized airfoil with the increase of
Mach number under the fixed angle of attack 2.866°. Two shock waves appear on the upper surface at
Mach numbers lower than the design condition (Mach number 0.7346). With the increase of Mach
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number, the position of the front shock keeps moving afterwards, while the rear shock’s location is nearly
unchanged. The strengths of both the two waves are weakened. When the Mach number reaches the
design condition, the waves disappear. After that, one shock wave appears again and become increasingly
strong with the Mach number increment.
Similarly, the C p distributions of the robust optimization ( W E  0.0, WVar  1.0 ) with the increase of Mach
number under the fixed angle of attack 2.866° are plotted in Figure 48. Before Mach number 0.7346, the
strength of the rear shock wave keeps reducing and finally disappears, while the strength of the front
wave is almost unchanged. After Mach number 0.7346, the strength of the wave becomes strong.
When compare Figure 47 with Figure 48, it is apparent that the shock wave strength changes fiercely for
the single-point optimized airfoil under Mach number 0.7346. This is what a robust optimization wants to
avoid. And the mild wave strength changes in Figure 48 validate this.

Figure 47 Change of the single-point optimized surface

Figure 48 Change of the robust optimized surface

C p distribution under angle of attack 2.866°

C p distribution under angle of attack 2.866°

( W E  0.0, WVar  1.0 )
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Similar trend of C p change of the single-point optimized airfoil is obtained with the increase of angle of
attack under the fixed Mach number 0.7346, as is plotted in Figure 49. And also the result of the robust
optimization is given in Figure 50. The change of the wave strength on the surface of the robust optimized
airfoil is also less drastic than that of the single-point optimization.

Figure 49 Change of the single-point optimized surface

Figure 50 Change of the robust optimized surface

C p distribution under Mach number 0.735

C p distribution under Mach number 0.735

( W E  0.0, WVar  1.0 )
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5.1.3 Conclusions on the optimization problem
Several conclusions could be drawn based on the robust optimization problem discussed above with
uncertain Mach number and angle of attack:
1) The single-point optimization under Mach number 0.7 and angle of attack 2° reduces the drag for
this condition. In addition, the drag values under all 8 other conditions are decreased from that of the
original NACA0012 airfoil. However, compared to the robust optimization results, the drag under
higher Mach numbers and larger angles of attack are still significant.
2) The robust optimization can effectively reduce the drag value within the whole tested uncertain
domain. And the two terms of the objective function (i.e. the drag expectation and the variance) for
this problem do not completely contradict with each other. Ideally, when the shock waves under all
conditions are completely eliminated, the drag values are 0, and so is the variance. However, as is
constrained by lift and thickness requirements, and also suffers from numerical errors, the problem
cannot achieve this ideal result.
3) The drag value under the highest Mach number with the largest angle of attack is critical to the
reduction of the variance. However, the drag expectation is much less sensitive to it. As a result, with
the weight factor for variance increases, this drag value reduces under this condition. And the
resulting variance is significantly decreased. The drag expectation is also reduced though the
improvement is quite small.
4) The single-point optimization under the condition with the highest Mach number and the largest
angle of attack could effectively reduce the drag value for this condition. When compared to the other
single-point optimization under the basic condition, it has better robust performance concerning the
drag expectation and the variance. However, the drag increases rapidly once the operating condition
deviates from this design condition, indicating a localized optimization property. Hence, it fails to
provide a result that is as good as that of the robust optimizations.
5) The robust optimizations could not eliminate the localized property completely. However, the drag
fluctuation is much less drastic than that of the single-point optimization. In factor, during the robust
optimization, we use the aerodynamic parameters at the sampled operating conditions to create the
objective function, in the hope of obtaining a robust performance improvement within the whole
continuous uncertainty domain. From mathematical perspective, it is still an optimization process
under the fixed discretized operating points. And inevitably, the localized optimization property could
not be removed completely. The criteria for assessing the result should be whether the robust
performance improvement within the whole uncertainty domain is satisfactory and whether the
localized property is acceptable. In the problem discussed in this section, only the result obtained
through the robust optimization with weight factor distribution W E  0.0 and W Var  1.0 has
perceivable localized property under the most critical operating condition. And the drag fluctuation is
also small. Hence, we consider that all robust optimized results are acceptable. And in a real-world
design task, which design to choose should be determined according to the practical requirement.

79

Optimization with uncertain Mach number and constant lift
In this section, the second robust optimization problem will be discussed. To be specific, the problem is:
minimize the drag of the airfoil under the uncertain Mach number which obeys the normal distribution
2

Ma ～ N (0.7, 0.02 ) , while keep the lift constant and the thickness at 1/4 chord length not smaller than

0.11. The lift should be kept the same as that under the basic operating condition, i.e. the following
equation holds for all operating conditions:

Lift 

1 2
1
 v  b  Cl i ( x )   a 2b  Cl i ( x )  Mai 2   constant
2
2

The chord length b is constant for a certain airfoil. Assume the air density  and the sound speed a are
also constant. Then the nondimensional lift can be defined as:
(25)

L  Cl i ( x)  Mai 2  0.4  0.72  0.196
Similar expression can be applied for the nondimensional drag:

D  Cd i ( x)  Mai 2

(26)

The angle of attack should also be considered as a design variable. For a given airfoil, the angle of attack
must be increased under lower Mach number to obtain a specified constant lift coefficient. Vise-versa,
under larger Mach number, the angle of attack must be decreased.
The SU2 program provides the functionality of calculating the drag (and also other aerodynamic
parameters such as pitching moment) of an airfoil at fixed lift coefficient. The angle of attack is also the
result of the calculation. Hence, during robust optimization, the lift coefficient for every discretized Mach
number is firstly obtained through (25). Then it is set as the input parameter of the flow solver to calculate
the drag. The corresponding angle of attack will be automatically acquired for the fixed lift coefficient.
As the lift coefficient is the input parameter of the SU2 solver, the corresponding constraint is always
satisfied under all discretized operating conditions. For any fixed geometric design variables, the angle of
attack under a Mach number is determined by the predefined lift coefficient. Hence, in this optimization
problem, we still assume the design variables to be the geometric parameters (i.e. coefficients of the
Hicks-Henne “bump” function), and consider the angle of attack as the result of the flow calculation under
fixed lift coefficient for every geometry, rather than an independent design variable.
One problem with this optimization format is that the process may fail. Assume we have already obtained
a certain airfoil shape, then the gradient of drag with respect to the design variables (geometric
parameters) is calculated through the adjoint method based on current Mach number and angle of attack.
If we keep the Mach number and the angle of attack fixed, and deform the geometry along the search
direction obtained from the gradient, it is certain that a reduction of the objective function (ignore the lift
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consideration) could be obtained. However, the deformation also causes the change of lift property. If the
lift is reduced due to the shape change, the angle of attack will be increased to satisfy the constant lift
requirement. And the increase of angle of attack may lead to higher wave drag. If this wave drag increment
outweighs the drag reduction provided by the deformation, no improvement will be obtained.
Fortunately, from the result of the optimizations, it is found that for this wave drag reduction problem,
the process tries to reduce the angle of attack for keeping lift constant. And both the shape deformation
and the reduction of angle of attack contribute to the wave drag decrement.
In this section, the same analysis process will be applied as that in Section 5.1: firstly a single-point
optimization under the basic operating condition is carried out. After that, a series of robust optimization
is implemented with different weight factors for the drag expectation and the variance. And finally, a
single-point optimization under the highest Mach number is done to check whether it is possible to
achieve the robust performance improvement through a much simple way.

5.2.1 Single-point optimization under basic operating condition
The optimization problem can be written as:
Minimize: D( x)  0.72 Cd

L0.196

( x)

(27)

Subject to: T1/4 ( x)  0.11
The subscript L  0.196 means the drag coefficient is obtained under the fixed lift constraint.

5.2.1.1 Performance improvement at operating condition
 Convergence property check
As mentioned before, the optimization process tends to reduce the angle of attack to sustain a constant
lift value. To demonstrate this, an analysis is made on the first line search of the single-point optimization,
and the result is given in Table 5-7. If the angle of attack remains constant, the deformation of the airfoil
will lead to a reduction of drag coefficient from 0.00195 to 0.00078. Meanwhile, the lift coefficient will be
increased to 0.5458. In order to keep lift constant, the angle of attack decreases from 2.126° to 1.380°.
This leads to a further reduction of drag coefficient to 0.00044.
Table 5-7 Drag reduction analysis for the first line search of single-point optimization
Calculation condition
Original NACA0012
Only deformation
Final result

AOA (degree)
2.1264187
2.1264187
1.3798445
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Cd

Cl

0.00195381
0.00077733
0.00044152

0.4
0.545831
0.4

Figure 51 gives the surface C p distributions on the original NACA0012 airfoil and the geometries after the
first line search with different angles of attack. The red line represents the result under the same angle of
attack as that of the original airfoil (i.e. the C p distribution of the second calculation condition in Table
5-7), and the C p change is only caused by the shape deformation. Obviously, the geometric change leads
to the elimination of the strong shock wave on the original airfoil. The pressure coefficient before the
original shock wave position is increased, while the negative C p on the rear part of the upper surface is
enhanced. Combined with the C p increment on the lower surface, the lift of the deformed airfoil with
the same angle of attack (nearly 2.13°) is increased. In order to keep the constant lift, the angle of attack
is reduced and the final C p distribution is displayed by the blue line in the figure.

Figure 51 C p distribution change in the first line search of the single-point optimization
The shape deformation for the wave drag reduction problem tends to remove the shock wave and reduce
the drag value, meanwhile the lift will be increased if the angle of attack is unchanged. This is just a
preliminary analysis on the first line search of the single-point optimization. However, as all the test
examples in this section use the Euler equations and focus only on the wave drag reduction, this trend of

C p distribution change is supposed to be similar, and the optimization format (without taking angle of
attack as the design variable) is supposed to work. The effective improvement of the final results in the
following part of this section also validates that.
 Convergence history
The convergence history of the single-point optimization process is shown in Table 5-8. Five line searches
are implemented with totally 114 times of flow evaluation.
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Table 5-8 Convergence history of single-point optimization ( C l = 0.4)
Iteration
number
1
33
61
83
100
114

AOA (degree)

DRAG

1/4_THICKNESS

Objective

2.1264187
1.3798445
0.7242074
0.5287461
0.5060458
0.5060451

0.001953807
0.00044152
0.000435754
0.000435385
0.000435383
0.000435383

0.11787
0.109947
0.113788
0.114162
0.114194
0.114194

1
0.226211332
0.22302792
0.222839467
0.222838034
0.222838034

Improvement of
current line search
-77.37887%
-1.40727%
-0.08450%
-0.00064%
0.00000%

 Result analysis
In Figure 52, comparisons are made between the original and the optimized airfoils about the shape and
the corresponding pressure coefficient on the surface.
From Table 5-8, it is apparent that the angle of attack of the optimized airfoil is reduced under the constant
lift coefficient constraint. The shape and the angle of attack changes lead to the elimination of suction
peak near the leading edge. The remarkable upward deformation of the rear part of the upper surface
makes the flow keep accelerating until about 40% of the chord length, where the flow achieve its
maximum speed with the lowest pressure coefficient. After that, pressure recovery takes place. For the
lower side, the shape change reduces the pressure coefficient of the front part while increases that of the
rear part.

Figure 52 Changes of the shape and the pressure distribution of the single-point optimization under Mach
number 0.7

Figure 53 gives the comparison of pressure coefficients around the original and the optimized airfoil. The
shock wave is completely eliminated.
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Figure 53 Comparison of

C p in the flow fields under Mach number 0.7

(left: original NACA0012, right: single-point optimized airfoil)

5.2.1.2 Off-design performance
Mach number sweeps for the original and the single-point optimized airfoils are implemented with
constant lift constraint, and the result is given in Figure 54. Obviously, the optimized airfoil can reduce the
drag within the whole swept Mach number range, and the effect is even more significant at higher Mach
number when the original shock wave is strong.
0.0045
original
optimized

0.004
0.0035

Cd×Ma2

0.003
0.0025
0.002

0.0015
0.001
0.0005
0
0.65

0.66

0.67

0.68

0.69

0.7

0.71

0.72

0.73

0.74

0.75

Mach number
Figure 54 Drag comparison ( Cl  Ma 2  0.196 )

5.2.2 Robust optimization results
The Mach number has been discretized at three points (0.665359, 0.7, 0.734641) with the weight factors
1/6, 4/6 and 1/6 separately. The lift coefficient under each Mach number is obtained through (25), and
the corresponding values are 0.4427, 0.4 and 0.3632 respectively.
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Therefore, the objective function for this problem is:


 T ( x)  
E[ D L0.196 ( x,  )]
Var[ D L0.196 ( x,  )]
f ( x)  W E
 WVar
 1000  min  0, 1/4  1 
E[ D L0.196 ( x 0 ,  )]
Var[ D L0.196 ( x 0 ,  )]

 0.11  

2

(28)

Where:

E  DL 0.196 ( x,  )    i 1 p( Mai )  Cd i ,L0.196 ( x)  Mai 2

(29)

3

3
Var  DL0.196 ( x,  )   i 1 p(Mai ) Cd i ,L0.196 ( x)  Mai 2  E[ DL0.196 ( x,  )]



2

(30)

W E  WVar  1 , W E  [0,1] and WVar  [0,1]
Here



represents the single uncertain source, i.e. the Mach number. The subscript

L  0.196

indicates

that the nondimensional lift in (25) should be kept constant. Clearly, the angle of attack is not included.
Once the geometric variables (
constant lift.

x ) are given, the angle of attack is determined by the constraint of

5.2.2.1 Performance improvement at sampled operating conditions
The same series of different weight factor distributions as that in Section 5.1 are used to lay different
emphases on the two aspects of the objective function, i.e. the drag expectation and the variance. The
final results reveal that most of the robust optimizations have similar improvement of the drag
expectation and the variance, except for the one that only focuses on the drag variance reduction
( W Var  1.0 ). Therefore, a detailed discussion is made on the multipoint optimization firstly. It could be
considered as a representative of all other robust optimizations with similar results.
 Multipoint optimization
As mentioned before, the multipoint optimization can be considered as one kind of robust optimization
with specific choice of weight factors (i.e. the weight factor for the expectation W E is 1 and that for
variance W Var is 0). Nine line searches are implemented to achieve the final result of the multipoint
optimization. Table 5-9 shows the convergence history of the 3 sampled operating conditions. The drag
coefficients are reduced under all three operating conditions. And the corresponding angles of attack also
decrease from that of the NACA0012 airfoil. A comparison of the optimized geometry with the original
airfoil is given in Figure 55.
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Table 5-9 Convergence history for the sampled operating conditions
Ma=0.665

Ma=0.7

Ma=0.735

number of
iteration

Cd

AoA

Cd

AoA

Cd

AoA

1
35
68
102
135
168
203
231
250
269

0.000787
0.000477
0.000459
0.000448
0.000448
0.000451
0.000453
0.000453
0.000453
0.000453

2.519
1.988
1.378
0.313
0.396
0.589
0.599
0.578
0.578
0.578

0.001954
0.000450
0.000435
0.000429
0.000427
0.000429
0.000431
0.000431
0.000431
0.000431

2.126
1.575
0.964
-0.103
-0.019
0.176
0.188
0.167
0.167
0.167

0.005261
0.000658
0.000667
0.000548
0.000506
0.000464
0.000446
0.000446
0.000446
0.000446

1.780
1.189
0.577
-0.494
-0.409
-0.211
-0.196
-0.217
-0.217
-0.217

Figure 55 Change of the geometry of the multipoint optimization

Table 5-10 is the history of the objective function, its components (expectation and variance) and some
other parameters. It should be noted that the expectation, variance and standard deviation are all
expressed for nondimensional drag value, not the drag coefficient. Figure 56 gives the surface C p
comparison between the NACA0012 airfoil and the multipoint optimized design. And Figure 57 is the
comparison of the C p distribution in the flow fields. Several conclusions could be obtained from the
results:
1) The original NACA0012 airfoil is not designed for subsonic condition. And under all three Mach
numbers, shock wave exists.
2) The optimized geometry succeeds in eliminating the shock wave under every operating condition. The
drag expectation is reduced significantly, which is exactly anticipated for the multipoint optimization
task.
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3) Although the variance is not included in the objective function ( W Var =0 ), its value also decreases
remarkably. The final standard deviation is quite small. If we convert it into drag coefficient under the
basic operating condition with Mach number 0.7 (divided by 0.72), then the fluctuation is only
0.000025, which could be ignored. The reason for the variance reduction is that the shock wave under
all three conditions are eliminated. And for inviscid flow, the only drag source is the wave drag. Once
the strength of the shock wave is significantly weakened under all conditions, the corresponding drag
values approximate 0 and the variance is also close to 0.
4) When the Mach number increases, the angle of attack keeps decreasing to sustain constant lift. And
the stagnation point moves forward from the lower side of the airfoil to the leading edge. The negative
pressure coefficient near the front part of the lower side is enhanced (see the C p distribution in
Figure 56 and Figure 57).
5) In Table 5-10, it is obvious that the first line search along the steepest descent direction provides the
most significant improvement of the objective function (a reduction of 79.37%). While the second line
search has a smaller contribution than the third one. As has been discussed in Section 3.3, this is the
property of the CG algorithm: the convergence rate is not monotonically decreased with the
optimization process.
Table 5-10 Convergence history of the objective function and its components
number of
iteration

Expectation

Variance

Standard
deviation

1/4_thickness

Objective
value

Improvement of
current line search

1
35
68
102
135
168
203
231
250
269

0.001170
0.000241
0.000236
0.000222
0.000218
0.000215
0.000214
0.000214
0.000214
0.000214

6.0716E-07
2.5999E-09
3.0883E-09
1.0939E-09
6.1481E-10
2.6472E-10
1.5577E-10
1.5352E-10
1.5352E-10
1.5352E-10

0.000779
0.000051
0.000056
0.000033
0.000025
0.000016
0.000012
0.000012
0.000012
0.000012

0.11787
0.109959
0.111767
0.110669
0.109971
0.111532
0.111319
0.111228
0.111227
0.111227

1.00000
0.20629
0.20181
0.19009
0.18653
0.18410
0.18317
0.18316
0.18316
0.18316

-79.37%
-2.17%
-5.81%
-1.88%
-1.30%
-0.51%
0.00%
0.00%
0.00%

Figure 56 Comparison of

C p distribution between NACA0012 and the multipoint optimized geometry

(left: Ma = 0.665, middle: Ma = 0.7, right: Ma = 0.735)
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Figure 57

C p distribution in flow fields of NACA0012 and the multipoint optimized geometry

(upper: original airfoil, lower: multipoint optimized airfoil. From left to right: Ma = 0.665, 0.7, 0.735)

 Systematic robust optimization and comparison
Systematic changes of the weight factors are made to learn their influences on the robust optimization
results based on the inviscid flow with the application of Euler equations. The geometric comparison of
the original and all optimized airfoils is given in Figure 58. And the resulting parameters are listed in Table
5-11, including the results of the original airfoil and the single-point optimization discussed above.

Figure 58 Geometric comparison among the original and all optimized airfoils
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Table 5-11 Result comparison
Weight factor
for robust optimization
original

Drag coefficient
Ma=0.665 Ma = 0.7 Ma=0.735
0.000787 0.001954 0.005261

Drag
expectation
0.001170

Drag
variance
6.0716E-07

Standard
deviation
0.000779

Single-point

0.000453

0.000435

0.001373

0.000299

3.9093E-08

0.000198

W E  1.0, WVar  0.0

0.000453

0.000431

0.000446

0.000214

1.5352E-10

0.000012

W E  0.8, WVar  0.2

0.000451

0.000429

0.000445

0.000214

1.5881E-10

0.000013

W E  0.6, WVar  0.4

0.000451

0.000429

0.000441

0.000213

1.3585E-10

0.000012

W E  0.4, WVar  0.6

0.000457

0.000435

0.000449

0.000216

1.5256E-10

0.000012

W E  0.2, WVar  0.8

0.000460

0.000439

0.000453

0.000218

1.5624E-10

0.000012

W E  0.0, WVar  1.0

0.000711

0.000643

0.000583

0.000315

7.1986E-19

0.000000

The original NACA0012 airfoil is not optimized for transonic conditions. Figure 56 and Figure 57 clearly
show that shock wave exists under all the three Mach numbers, and its strength keeps increasing with
Mach number. Hence, the drag coefficient is the largest under every condition and rises rapidly with the
increase of Mach number. It has the largest values of the drag expectation and the variance.
The single-point optimization can effectively reduce the drag under the fixed operating condition (Mach
number 0.7). The drag under lower Mach number is also decreased. However, the improvement under
the highest Mach number (0.735) is not as good as that of all the robust optimizations. The shock wave
still exists though the strength is weakened, as is shown in Figure 59. And the variance is the highest
among all the optimized airfoils.

Figure 59

C p distribution of the single-point optimized airfoil under Mach number 0.735

The robust optimization with the weight factors W E  0.0 and W Var  1.0 has the lowest variance value
(nearly 0), which means the nondimensional drag values (26) under all three operating condition are
almost the same. However, the drag expectation is the largest of all the optimized results. This is because
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that the only focus is to reduce the variance value, and reduction of the expectation is not taken into
account in the objective function.
Actually, the shock wave on the surface of the robust optimized geometry with W Var  1.0 is only
sufficiently weakened under Mach number 0.735. It still exists under the two lower Mach numbers. Figure
60 and Figure 61 gives the pressure coefficient distributions of this design under all three Mach numbers.
Compared to the original airfoil, the shock wave strength of the optimized geometry is reduced under the
2 higher Mach numbers. However, the trend is reversed: with the increase of Mach number (and so the
decrease of angle of attack to sustain constant lift), the shock wave strength keeps reducing.

Figure 60 Comparison of surface

C p distributions between NACA0012 and the robust optimization with

W E  0.0 and W Var  1.0 (From left to right: Ma = 0.665, 0.7 and 0.735)

Figure 61

C p distribution of the robust optimization with W E  0.0 and WVar  1.0
(From left to right: Ma = 0.665, 0.7 and 0.735)

For the other weight factor distributions (including the multipoint optimization), the geometry changes
are nearly indistinguishable (see Figure 58), and the drag coefficients under all three conditions are quite
close to each other (Table 5-11). The differences of the expectation and the variance are almost negligible.
A scatter chart is generated in Figure 62 according to the data in Table 5-11. In the left chart, it is obvious
that the points represent the result of these robust optimizations are highly concentrated (surrounded by
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the red dashed lines). The right chart makes zoom-in to the left one and includes the results of the singlepoint and the five robust optimization, and robust results are still very close to each other.
Expectation
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Figure 62 Scatter chart for optimization results

An intuitive sense is that with the increment of the weight factor for the variance, more emphasis is paid
to reducing its value. As a result, it should be decreased. Meanwhile the drag expectation should be
increased. And the shape should also have distinguishable changes. However, the geometric comparison
and the data in Table 5-11 does not validate such anticipation. A further derivation on the gradient
expression could help to explain that.
 Analysis of the indistinguishable influence of the weight factor on the robust optimization
The influence of different weight factor distributions on the result of robust optimization is not so distinct.
A further analysis on the expression of the gradient is made in the hope of explaining this.
The gradient of the expectation in (29) can be derived:

E  D( x) 
x

  i 1 pi  Mai 2 
3

Cd i ( x)
x

And the gradient of the variance in (30) is:
Var  D( x) 
x


C ( x) E[ D( x)] 
3
  i 1 2  pi  Cd i ( x)  Mai 2  E[ D( x)]   Mai 2  d i


x
x



 2  i 1 pi  Mai 2 
3

Cd i ( x)
x

 Cd i ( x)  Mai 2  E[ D( x)]

2   i 1 pi  Cd i ( x)  Mai 2  E[ D( x)] 
3

The second term is actually 0, and the gradient becomes:
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E[ D( x)]
x

(First term)
(Second term)

Var  D( x) 
x

 2   i 1 pi  Mai 2 
3

Cd i ( x)
x

 Cd i ( x)  Mai 2  E[ D( x)]

Take the weight factors into account, bring the gradients expression to the derivative of (28), then the
whole gradient of the objective function is:
(First term)

 C ( x)  W E 
 f ( x)
3
  i 1 p i  Ma i 2  d i  

x
x
 E[ D( x 0 )] 
2
 C d i ( x)  2WVar C d i ( x)  Ma i  E[ D( x)] 
2
  i 1 p i  Ma i 


x
Var[ D( x 0 )]



(Second term)


 T ( x)   1  T1/4 ( x)
 2000   min  0, 1/4
 1  

x

 0.11
  0.11

(Third term)

(31)

3

The first term is the gradient component of the expectation. The second term represents the component
of the variance. And the third term is the influence of geometric constraint. Once the constraint is satisfied,
this term becomes 0. It could be found that the only difference between the first term and the second
term is the coefficients in the braces. Hence, they can be combined:

 C ( x)

 T ( x)  1  T1/4 ( x)
 f ( x)
3
 i 1 p i  Ma i 2  d i  Coeff i  2000  min  0, 1/4  1 

x
x

 0.11  0.11  x

(32)

Where:
Coeff i  Coeff i , Expectation  Coeff i ,Variance

(33)

And:
Coeff i , Expectation 

Coeff i ,Variance 

WE

(34)

E[ D ( x 0 )]

2W Var C d i ( x)  Ma i 2  E[ D ( x ) ]

(35)

Var[ D( x 0 )]

If we ignore the influence of the constraint (assume it is inactive) and focus on the first term of (32), for a
certain geometry and a predefined Mach number discretization, p i  Ma i 2 

 C d i ( x)

each operating condition. The final gradient is determined by (33), (34) and (35).
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x

is fixed under

The gradient coefficient of the expectation expressed by (34) is always positive and constant for all
operating conditions. While for (35), its value is influenced by the deviation of the nondimensional drag
from the expectation under current operating condition:
deviation  C d i ( x)  Ma i 2  E[ D( x) ]

(36)

If the drag under current condition is larger than the expectation, then (36) is positive, and so is (35). As
both coeffi , Expectation and coeffi ,Variance are positive, the final gradient under this condition will be beneficial
to both the expectation and the variance improvements.
While if current operating condition has a lower drag than the expectation, (36) is negative. And the values
of (34) and (35) have different signs, i.e. equation (34) is always positive and equation (35) is now negative.
This means that the deformation trends of reducing the expectation and the variance are conflictive, they
are just opposite to each other. Then the trend will be determined by the one with larger absolute value
among (34) and (35). And the final coefficient of the gradient will be partly cancelled out by the one will
lower absolute value.
The absolute value of gradient coefficient for the variance (35) is determined by the ratio of the drag
deviation (36) to the variance of the original design. In this optimization problem, when the shock waves
are eliminated under all 3 operating conditions, the drag deviation under every condition from the
expectation is quite small. As a result, the absolute value of coeffi ,Variance is significantly reduced.
What have discussed above is only for single operating condition, the final gradient consists of the gradient
components under all 3 operating conditions as well as that of the constraint (if active). A simple
magnitude comparison could provide some insight into the gradient influence on the final result.
Take the weight factor distribution W E  0.2, WVar  0.8 for example. This weight factor choice could be
interpreted as that the designer lays more emphasis on the reduction of drag variance. However, as shown
in Table 5-11, the result presents almost no change when compared to other robust optimization (except
for the last one).
The history of gradient coefficients change is given in Table 5-12. The second column are the gradient
coefficients of the drag expectation (34). The value is constant for all the three sampled Mach numbers.
Column 3 to 5 are the gradient coefficients of the drag variance (35). The minus signs at Mach number
0.665 and 0.7 indicates the drag under these two operating condition is smaller than the expectation. In
order to reduce the variance, these two drag values need to be increased. And vise-versa, the positive
value of the coefficients at Mach number 0.735 suggest that it should be decreased to reduce the variance.
The final two columns are the reduction of expectation and variance, compared to the original values of
the NACA0012 airfoil.
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Table 5-12 History of gradient coefficient change ( W E  0.2, WVar  0.8 )
Number of
iteration

coeffi , Expectation

1
19
58
105
117
156
178

171.0125
171.0125
171.0125
171.0125
171.0125
171.0125
171.0125

coeffi ,Variance

Ma=0.665

Ma = 0.7

Ma=0.735

Variance
reduction

-2164.3015
-566.0759
-92.4317
-93.1226
-42.2106
-38.0202
-38.0202

-559.0323
-192.3458
-63.3109
-62.0447
-11.0362
-7.8482
-7.8482

4400.4299
1335.4587
345.6751
341.3012
86.3552
69.4129
69.4129

-91.0986%
-8.3319%
-0.0139%
-0.5172%
-0.0127%
0.0000%

Expectation
reduction
-55.4648%
-21.8158%
-1.0436%
-2.9678%
-0.0768%
0.0000%

From the magnitude comparison of the two kind of gradient coefficients, it is apparent that at the
beginning of the optimization, the gradient of the objective function is primarily dominated by the
variance term. And as a result, after the first line search, the variance term in the objective function is
decreased by as much as 91%, and the expectation reduction is less than that (55.46%). When the variance
decreases to a certain extent, the deviations of the drag value from the expectation (36) also decrease,
which lead to relatively smaller absolute values of the gradient coefficients (35). While the gradient
coefficients of the expectation keeps constant (i.e. 171.0125), the total gradient of the objective function
becomes more and more dependent on that of the drag expectation. As a result, the reduction of the drag
expectation is more significant than that of the variance in the subsequent iterations.
Therefore, although the drag variance term in the objective function has a larger weight factor (here
WVar  0.8 ), its influence on the gradient of the objective function becomes increasingly smaller than that

of the expectation. As a result, more and more attentions will be paid to the reduction of the drag
expectation with the progress of the optimization.
It should be pointed out that the gradient coefficient comparison is a qualitative and coarse analysis. In
fact, the objective gradient is also determined by the drag derivatives under every operating condition，
the corresponding probability distribution and the Mach number value, i.e. p i  Ma i 2 

 C d i ( x)

. For a
x
comprehensive understanding of the gradient influence, a detailed and systematical gradient
decomposition is desired for a quantitative analysis.
A decomposition of the objective gradient into the components of the three terms in (31) is made for the
same robust optimization as that in Table 5-12, and the results validate the analysis based on the gradient
coefficients in the table. For most iterations, the geometric constraint is satisfied. Hence, the third term
of (31) is only included in the second line search when this constraint is violated.
Figure 63 gives the gradient decomposition at the beginning of the first line search. As defined in section
4.3, the first 19 design variables control the lower side of the airfoil surface and the rest 19 variables
determine the shape of the upper surface. Obviously, the total gradient of the objective function is quite
close to the gradient component of the variance term. Hence, the first line search is dominated by the
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Gradient

requirement of variance reduction. Another phenomenon is that the upper surface has larger gradient
magnitude (the latter 19 design variables). This is because the shock wave appears on the upper surface,
and hence it has more influence on the gradient.
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Figure 63 Gradient decomposition at the beginning of 1st line search

Gradient

Figure 64 is the gradient decomposition at the beginning of the second line search. The geometric
constraint on the thickness at 1/4 chord length is violated. As a result, this constraint is active and it has
apparent influence on the total gradient. Although the addition of the gradient component of the
geometric constraint term makes the figure looks more complex than Figure 63, it could be found that the
influence of the variance on the total gradient is not as significant as that in the first line search.
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Figure 64 Gradient decomposition at the beginning of 2nd line search

Figure 65 and Figure 66 give the gradient decompositions at the beginning of the next two line searches.
The gradient of the total objective function with respect to the design variables on the lower surface (i.e.
first 19 design variables) is almost completely determined by the gradient component of the expectation.
While for the rest 19 design variables of the upper surface, the total gradient is influenced by both the
expectation and the variance terms. However, it should be noted that the sign of the gradient value (i.e.
positive or negative) determines the deformation direction. As most of the design variables on the upper
surface have negative total gradient values, they are more influenced by the gradient component of the
expectation.
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Figure 65 Gradient decomposition at the beginning of 3rd line search
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Figure 66 Gradient decomposition at the beginning of 4th line search

Total gradient

For the final two line searches in Table 5-12, their total gradients have been reduced to quite low values
compared to the former iterations and the corresponding changes of the objective and the drag values
under all 3 conditions are almost negligible. Hence, there is no need to make detailed discussion about
the gradient components. Figure 67 is the comparison among the total objective gradients at the
beginning of all line searches and that of the final result. The gradients of the fifth and the sixth iterations
are almost the same (i.e. the blue and the black curves are superposed and the values are nearly 0).
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Figure 67 Comparison of total gradient at the beginning of every line search
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Similar analysis could also be made on the reversed weight factor distribution ( W E  0.8, WVar  0.2 ). And
the result is shown in Table 5-13. Both the expectation and the variance terms have positive gradient
coefficients under the highest Mach number. This means they ask for the same deformation direction.
While for the other two Mach number conditions, the deformation trends for the reduction of the
expectation and the variance conflict with each other. With the progress of the optimization, the absolute
value of the gradient coefficient for the variance keeps reducing. As the expectation term has larger
magnitude of the gradient coefficient, its influence overwhelms that of the variance term, and the
optimization tends to be a multipoint process.
From the first line search results (iteration number 41) in Table 5-13, it is obvious that the drag variance
is still significantly reduced. This again proves that the decrease of the drag expectation is not necessarily
conflictive with the requirement of the expectation reduction for this problem.
Table 5-13 History of gradient coefficient change ( W E  0.8, WVar  0.2 )
Number of
iteration

coeffi , Expectation

1
41
79
113
155
188
214
245
274
295

684.0502
684.0502
684.0502
684.0502
684.0502
684.0502
684.0502
684.0502
684.0502
684.0502

coeffi ,Variance

Ma=0.665
-541.0754
-18.9816
-14.8439
-15.9125
-12.1063
-9.3514
-9.3849
-9.1140
-9.0776
-9.0776

Ma = 0.7
-139.7581
-11.4795
-8.4158
-8.9908
-4.2688
-2.3652
-2.3798
-2.1778
-2.1511
-2.1511

Ma=0.735
1100.1075
64.8996
48.5070
51.8755
29.1815
18.8122
18.9041
17.8253
17.6820
17.6820

Variance
reduction

Expectation
reduction

-99.6775%
-0.1418%
0.0260%
-0.1389%
-0.0384%
0.0003%
-0.0031%
-0.0004%
0.0000%

-78.6504%
-1.5877%
-0.4660%
-0.7084%
-0.3288%
0.0105%
-0.0056%
-0.0021%
0.0000%

Gradient

The same gradient decomposition could be made to analyze the influences of the expectation, the
variance and the constraint. Figure 68 gives the gradient components at the beginning of the first line
search. It is apparent that the gradient component of the expectation term has more influence on the
total gradient.
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Figure 68 Gradient decomposition at the beginning of 1st line search
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Gradient

Figure 69 is the gradient decomposition at the beginning of the second line search. The gradient of the
variance is decreased to nearly 0. The thickness constraint is violated and the total gradient of the
objective function is determined by the gradient components of the expectation and the constraint terms.
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Figure 69 Gradient decomposition at the beginning of 2nd line search

Figure 70, Figure 71 and Figure 72 are the gradient decompositions at the beginning of the third, fourth
and fifth line searches. The constraint is satisfied. In each of the figure, the total gradient is almost
completely determined by the gradient of the expectation. The gradient curve of the expectation (the
green line) coincides with that of the total objective function (the black curve).
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Figure 70 Gradient decomposition at the beginning of 3rd line search
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Figure 71 Gradient decomposition at the beginning of 4th line search
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Figure 72 Gradient decomposition at the beginning of 5th line search

The rest iterations after the fifth line search only contribute to about totally 0.022% reduction of the
objective function value. The expectation, the variance and the drag values under every operating
condition vary slightly. So there is no need to make a detailed analysis on these process. The total gradient
comparison is given in Figure 73.
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Figure 73 Comparison of total gradient at the beginning of first 4 line searches and the final result

Hence, for the weight factor distributions chosen in this problem, which vary at the magnitude of 0.1, no
matter how the weight factor changes, the shock waves under all three Mach numbers can be eliminated
(except for the optimization only focuses on the variance reduction), the drag values under these
conditions are quite small and close to each other. As a result, the variance is always reduced to a quite
low level and the process becomes more and more dominated by the requirement of the expectation
reduction. In other words, the process always approximates the multipoint optimization.
It should be noticed that the final deformation is directly determined by the conjugate direction, rather
than the gradient itself. As the direction is only determined by the gradient and it maintains the influence
of every gradient component, it is appropriate to analyze every component’s influence based on the
gradient.
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 Discussion on possible ways to make the influence of the weight factor distinguishable
If we want to obtain a distinct influence of the weight factor on the robust optimization result, one choice
is to change the weight factor distribution, i.e. W E in (34) and W Var in (35), according to the data of
gradient coefficients in Table 5-12 and Table 5-13, so that the magnitude of the gradient coefficients for
the variance is larger than that of the expectation. Table 5-14 gives the gradient coefficients changes with
different weight factor distributions, based on the optimized result with W E  0.2, WVar  0.8 . It seems
that when W E  0.01 , the gradient influence of the variance overwhelms that of the expectation.
However, this is only a mathematic analysis. In fact, the weight factor distribution is a tool that uses
quantitative values to express different emphases on the drag expectation and the variance, which is more
or less subjective. In real-world perspective, if a design only pays 1% or even less attention to the drag
expectation and more than 99% attention to the variance, then the emphasis on the expectation seems
meaningless.
Table 5-14 Gradient coefficients with different weight factors
Weight factors

coeffi , Expectation

W E  1, WVar  1

coeffi ,Variance

Ma=0.665

Ma = 0.7

Ma=0.735

855.0627

-45.3882

-10.7555

88.4102

W E  0.1, WVar  0.9

85.50627

-40.8494

-9.6800

79.5692

W E  0.01, WVar  0.99

0.855063

-40.4409

-9.5832

78.7735

W E  0.001, WVar  0.999

0.000855

-40.4004

-9.5736

78.6947

Another choice to make the influence of the weight factors distinguishable is try to restart the
optimization process from the already optimized result. Because the original optimization is based on the
NACA0012 airfoil, which is not designed for the subsonic condition. From Table 5-11 it is apparent that
the wave drag increases quickly with Mach number. So the initial drag variance is also very large. This
leads to the large denominator in (35), and hence the absolute value of the equation becomes quite small
when no shock wave appears under all conditions. A restart process will use the drag variance of current
design, so the denominator will be much smaller and the influence of the variance term on the objective
gradient will be increased.
However, from the obtained robust optimized results in Table 5-11, it is found that the shock waves under
all 3 conditions are eliminated, and the variance of all robust optimization (including multipoint
optimization) are quite small. If we convert the standard deviations of the nondimensional drag into drag
coefficients under Mach number 0.7, then all of them are smaller than 0.3 counts (0.00003), which is
negligible. A further decrease of the variance seems meaningless.
 Other conclusions about the robust optimization discussed above
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There are two other points that should be noticed in this robust optimization example. Firstly, the
reduction of the wave drag expectation does not completely contradict the requirement of the drag
variance reduction. From the result of the multipoint optimization (Table 5-10 and Table 5-11) we can find
that, although the objective function only includes the drag expectation, the variance also keeps reducing
with the process. The reason has been given in the multipoint optimization part. From the variance
reduction perspective, among all the sampled Mach numbers, those conditions with drag values larger
than the expectation ask for drag reduction, which is also consistent with the requirement of the
expectation reduction.
Secondly, mutual influences exist between different sampled operating conditions. Under the highest
Mach number (0.735), the drag value is usually larger than the drag expectation. For drag variance
reduction, its value should be reduced. While under the other two lower Mach numbers, the drag value
should be increased to reduce its deviation from the expectation. However, from the convergence history
of the robust optimization which only focuses on the variance reduction (Table 5-15), it is found that
although the gradient coefficients for lower Mach number conditions indicate that drag increments are
required (negative signs), the drag values may also be decreased. This is because the gradient of the whole
objective (32) is a combination of the components under all operating conditions. And there are mutual
influences among them. Take the first line search in Table 5-15 for example, the negative sign of the
gradient coefficients under Mach number 0.665 and 0.7 suggest that the drag value should be increased.
While under Mach number 0.735, a decrease of drag is desired. Actually, the change of the drag value
under every Mach numbers is not only determined by its own gradient, but also by the influence of the
gradients under other Mach numbers. And the line search results (iteration number 40) reveal that the
drag value changes under the 2 lower Mach numbers are more influenced by the gradient under the
highest Mach number (0.735), rather than their own gradients. As a result, their values are also decreased,
which is not in accordance with their own gradients.
Table 5-15 Convergence history with W E  0, WVar  1
Number of
iteration
1
40
48
56
90
124
162
200
209
246
281
314
326
337

Mach = 0.665
Cd 1  0.665

2

0.00034821
0.00034747
0.00032331
0.00031715
0.00031700
0.00031697
0.00031625
0.00031505
0.00031519
0.00031496
0.00031499
0.00031485
0.00031484
0.00031484

coeff1,Variance

-2705.3840
-917.0606
3.2061
-4.0343
-4.0996
-3.4977
-3.3139
-1.2159
-0.9797
-0.6849
-0.4115
-0.1529
0.0049
0.0061

Mach = 0.7
Cd 2  0.7

2

0.00095737
0.00054359
0.00032494
0.00031869
0.00031853
0.00031837
0.00031744
0.00031543
0.00031556
0.00031518
0.00031516
0.00031490
0.00031483
0.00031483

Mach = 0.735

coeff2,Variance

Cd 3  0.735

-698.7898
-271.0670
8.5851
1.0599
0.9199
1.1190
0.5891
0.0437
0.2483
0.0508
0.1330
-0.0010
-0.0029
-0.0015

0.00283936
0.00123344
0.00031093
0.00031831
0.00031838
0.00031773
0.00031755
0.00031573
0.00031548
0.00031531
0.00031508
0.00031495
0.00031484
0.00031484
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2

coeff3,Variance

5500.5425
2001.3285
-37.5463
-0.2054
0.4201
-0.9782
0.9577
1.0410
-0.0133
0.4817
-0.1206
0.1570
0.0068
0.0000

Objective
value
1
1.3976E-01
4.3382E-05
5.2651E-07
5.1528E-07
4.6040E-07
3.3614E-07
6.5007E-08
3.0522E-08
1.8000E-08
6.4427E-09
1.2151E-09
2.6466E-12
1.1856E-12

5.2.2.2 Performance check within the uncertainty domain
The same as that in last robust optimization problem, after obtaining the results, a refined operating
points are chosen to check the performance within the uncertainty domain. Here, 11 Mach numbers are
chosen ranging from 0.65 to 0.75, with an increment of 0.01 between two successive points. The results
are plotted in Figure 74. As all the robust optimization except the last one ( W E  0.0 and W Var  1.0 )
have quite similar deformations and very close aerodynamic properties, the result of the multipoint
optimization ( W E  1.0 and WVar  0.0 ) will be used as a representative of them.
With the increment of Mach number, all optimized airfoils (including that of the single-point optimization)
can significantly reduce the drag values. The benefit of robust optimization becomes significant under
higher Mach numbers.
From the comparison between the two robust optimization results, it is obvious that the multipoint
optimization result ( W E  1.0 ) has much better drag properties. The values under all tested operating
conditions are lower than the other one. What is more, the increment of the drag value with the increase
of Mach number is also smaller, implying a smaller drag fluctuation. This seems conflictive with the results
discussed above.
The reason for this phenomena is that during the robust optimization process, only 3 sampled Mach
numbers are used to construct the objective function, as indicated by the three vertical dashed lines in
Figure 74. And the process only adjusts the drag values under these 3 conditions to make the objective
function as small as possible. It does not take other operating conditions into account. Therefore, if we
only focus on the 3 sampled conditions, there is no doubt that the variance of the robust optimized result
with W E  0.0 and W Var  1.0 has the smallest value. However, when take a series of different operating
conditions into account, the result is changed. Therefore, the optimization with such weight factor
distribution sacrifices the drag expectation (and hence the drag values under every condition) to obtain a
quite small variance value. However, this result is only valid under the chosen operating conditions.
From the practical perspective, all robust optimized results except the one with W E  0.0 and W Var  1.0
are suitable choices as they have relatively lower drag expectation and variance. The difference among
them is quite small. Figure 75 gives the comparison of all robust optimization results. The only distinct
difference is under the highest Mach number. However, if converted to drag coefficients, the values only
vary within about 2 count (0.0002).
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Figure 74 Drag comparison within Mach number 0.65 to 0.75
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5.2.2.3 Single-point optimization under the highest Mach number
As the robust optimization tries to use as few sampled operating conditions as possible to achieve a robust
aerodynamic performance, it is natural to think whether it is possible to carry out a single-point
optimization to achieve similar target. For the optimization problem considered in this section, it is
obvious that a robust result cannot be obtained through the single-point optimization under the basic
condition (Mach number 0.7). Similar to the discussion in last optimization problem (i.e. Section 5.1.2.3),
a single-point optimization under the highest sampled Mach number (0.735) is implemented.
 Result analysis
The geometry of this single-point optimization is compared with other designs in Figure 76. The trend of
geometry deformation is similar to those robust optimization except for that with W E  0.0 and
W Var  1.0 .
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Figure 76 Geometric comparison for the single-optimization result under Mach number 0.735.

The obtained geometry is tested under the three Mach numbers that used for robust optimization. And
the results are listed in Table 5-16. The data in the table shows that the single-point optimization under
Mach number 0.735 provides a result that has equivalent effect as that of the robust optimizations. And
the drag coefficients under every condition are nearly the same.
Table 5-16 Result comparison for the single-point optimization implemented under Mach 0.735
Drag coefficient

Weight factor
for robust optimization

Ma=0.735

Drag
expectation

Drag
variance

Standard
deviation

Ma=0.665

Ma = 0.7

original

0.000787

0.001954

0.005261

0.001170

6.0716E-07

0.000779

Single-point-Mach0.7

0.000453

0.000435

0.001373

0.000299

3.9093E-08

0.000198

W E  1.0, WVar  0.0

0.000453

0.000431

0.000446

0.000214

1.5352E-10

0.000012

W E  0.0, WVar  1.0

0.000711

0.000643

0.000583

0.000315

7.1986E-19

0.000000

Single-point-Mach0.735

0.000458

0.000435

0.000442

0.000216

1.1775E-10

0.000011

The surface C p distributions of the single-point optimization under the three Mach numbers are plotted
in Figure 77. The shock waves are all eliminated under the 3 conditions. And compared with the results of
the robust optimization in Figure 56, the surface C p distributions are also similar to that of the robust
optimized results.
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Figure 77 Comparison of surface

C p distribution (left: Ma = 0.665, middle: Ma = 0.7, right: Ma = 0.735)
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A further Mach number sweep is implemented and the result is compared with that of the robust
optimizations in Figure 78. Apparently, the result is as good as that of the robust optimizations.
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Figure 78 Drag comparison among all robust optimization results

5.2.3 Conclusions on the optimization problem
Similar to that of last optimization problem discussed in Section 5.1, some conclusions could be drawn for
the robust optimization problem in this section:
1) The single-point optimization under Mach number 0.7 reduces the drag values significantly from that
of the original NACA0012 airfoil. The drag expectation and the variance are also decreased. However,
as it does not take the higher Mach number conditions into account, the drag values are still relatively
large under higher Mach numbers when compared to the robust optimizations.
2) The robust optimization that only focuses on the drag variance reduction ( W E  0.0, WVar  1.0 ) can
effectively reduce its value to nearly 0, at the cost of the relatively high drag values throughout the
whole uncertainty domain. Under low Mach numbers, the drag value is even higher than that of the
single-point optimization obtained under Mach number 0.7 (see Figure 74). What is worse, the low
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variance value is only valid for the three sample Mach numbers. When Mach number becomes large,
the drag increment is much more significant than other robust optimizations. Hence, this result is
inferior to all other robust optimizations.
3) All the other robust optimizations can provide a satisfactory result. The drag values, the expectation
and the variance are all reduced remarkably.
4) Although for some robust optimization, the weight factor for the drag variance is larger than that for
the expectation, the process always tends to become a multipoint optimization problem (i.e. the
process is increasingly dominated by the requirement of the drag expectation). This is because when
the shock waves are weakened under all conditions, the drag variance is reduced quickly, the gradient
of the objective function becomes mainly dependent on that of the expectation.
5) The single-point optimization under the highest Mach number provides the result similar to that of
the robust optimizations (except the one with W E  0.0 and W Var  1.0 ). Thus, this simple format can
help to obtain a good result for the robust optimization problem considered in this section with much
cheap cost in terms of calculation time. However, this conclusion could only be drawn after the robust
optimizations have been implemented and comparisons have been made between them and the
single-point optimization. Hence, there is no prior knowledge on whether a single-point optimization
under the most critical condition could provide a robust optimization. And this conclusion is only valid
for the optimization problem discussed in this section.

Comparison between CG and SLSQP methods
A simple comparison is made between the CG optimization process established in this thesis and the
original SLSQP method used by single-point optimization module of the SU2 program. The same singlepoint optimization problem as that discussed in Section 5.1.1 is applied. To be specific, the problem is to
reduce the wave drag under Mach number 0.7 and 2° angle of attack, by changing the geometry of the
NACA0012 airfoil
For the SLSQP algorithm used in the optimization module of the SU2 code, the first step length of every
line search is 1, which means it directly use the solution ( x ) to equation (3) introduced in Section 2.2.1
as the first step length. Similar to the reason given in Section 3.3.3, scaling factors should be chosen
through try and error, to adjust the first step length so that the deformation of the geometry is
appropriate. In this test example, we choose the scaling factor to be 1E-4.
Another important parameter for the SLSQP method is the accuracy, which defines the tolerance for the
convergence of the algorithm. In the original optimization module of the SU2 program, if the value of
equation (6) in Section 2.2.1 or the difference between two successive iterations is smaller than the
predefined accuracy, the process will terminate. Meanwhile, the total violation of all constraints should
also be smaller than the accuracy value. In this test example, we choose the accuracy to be 1E-10. Because
we have already chosen the scaling factor to be 1E-4, the process will terminate when the drag coefficient
varies within 1E-6.
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 Result analysis
The final result of the optimization process with SLSQP method is obtained with 8 line searches. Figure 79
gives the comparisons of the geometries and the surface pressure coefficients among the original
NACA0012 airfoil and the results of the CG and SLSQP methods. The strength of the shock wave on the
original NACA0012 airfoil is significantly weakened by the SLSQP process (the red curve). However,
compared to the result of the CG method, the C p distribution on the upper surface of the SLSQP result
still has a relatively abrupt increment near the original shock wave position. The C p distributions in the
flow fields are shown in Figure 80 and they are in accordance with the results in Figure 79.

Figure 79 Geometric and surface

Figure 80 Comparison of

C p comparison

C p in the flow fields

(left: original, middle: CG method, right: SLSQP method)

The convergence history of the optimization process based on the SLSQP methods are listed in Table 5-17.
The first column is the total number of function evaluations that have been implemented at the beginning
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of every line search. Compared to the result based on the CG algorithm in Table 5-1, the final drag value
of the SLSQP method is a little larger than that of the CG method.
The CG method actually converges at the end of the third line search (i.e. iteration 23 in Table 5-1). The
total number of flow evaluations (i.e. the total number of tried designs) for CG method is 23. While for
the SLSQP method, the process converges at the end of the sixth line search (i.e. the beginning of the
seventh line search in the table) when totally 7 times of flow evaluations are implemented, meaning that
for each of the first 6 line searches of the SLSQP method, the first step length always yields a result that
satisfy the backtracking criteria introduced in Section 2.2.3. And for the last line search (from iteration 7
to 18 in the table), 11 designs with successively contracted step lengths are evaluated, while no
improvement is obtained.
Table 5-17 Convergence history of the SLSQP process
Iteration
1
2
3
4
5
6
7
18

Cd

Cl

1/4_THICKNESS

0.001460
0.001569
0.001507
0.001244
0.000615
0.000587
0.000539
0.000539

0.37683
0.40043
0.40003
0.40009
0.40017
0.40135
0.41344
0.41346

0.11787
0.117924
0.117786
0.117185
0.1151
0.115111
0.116321
0.116324

Figure 81 gives a comparison of the convergence histories in terms of the number of line searches.
Obviously, for this test example, the CG method achieves a relatively better result within fewer line
searches. However, this does not mean the CG method could obtain an optimum more quickly than the
SLSQP method. Because during every line search, the CG method needs more try and error iterations, as
indicated by the first column in Table 5-1.
0.003
CG history
SLSQP history

0.0025

Cd

0.002
0.0015
0.001
0.0005
0
1

2

3

4

Iteration

5

6

7

8

Figure 81 Convergence histories of CG and SLSQP in terms of the number of line searches

Figure 82 is a comparison of the drag gradient with respect to the design variables among the original
NACA0012 airfoil, the results of the CG and the SLSQP optimization processes. The CG method reduces
the gradient to almost 0. While the result of the SLSQP method still has significant values.
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Figure 82 Gradient comparison among the original NACA0012, the results of the CG and the SLSQP method

 Reduce the accuracy value of the SLSQP method
From the gradient comparison in Figure 82, it is apparent the result of the SLSQP method does not
sufficiently converge. Hence, the accuracy (i.e. the tolerance for convergence) is changed from 1E-10 to
1E-12, so that the process can continue after the eighth line search in Table 5-17 (iteration number 18). It
is found that the subsequent two line searches cannot provide any improvement, and the final step length
of each line search is contracted to a quite small value. The geometry is nearly unchanged. The gradients
at the beginning of the two line searches are also almost the same. However, the first step length of each
line search changes significantly, leading to physically infeasible geometries.
After the first line search of the SLSQP method in Table 5-17, it could be find that both the lift and the
thickness constraints are inactive. And equation (3) in Section 2.2.1 is actually degraded to the format:

 2 L 
 f 
 2  x   
  x k
  x k
Hence, the expression of the line search direction is:
T

  2 L   f 
x   2   
  x  k   x k

(37)

As the Hessian is obtained through BFGS method, now the problem is actually solved through the QuasiNewton method. Because the constraints are inactive, the Lagrangian function is equivalent to the
objective function, and the BFGS format becomes:
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Bk 1  Bk 

yk ykT Bk sk skT Bk
 T
ykT sk
sk Bk sk

(38)

Where:
yk 

L( xk 1 , u k 1 , v k 1 )
x



L( xk , u k 1 , v k 1 )
x

=

Cd ( xk 1 )
x



Cd ( xk )
x

sk  xk 1  xk
As yk and sk are included in the denominator of equation (38), they should not be zero vectors.
Therefore, during a line search of SLSQP method, the starting point cannot be reused even if the merit
function (i.e. the objective function of current line search) has no improvement within the predefined
number of iterations for a line search (in the SU2 optimization module, a maximum of 11 iterations is
defined for a line search). If such situation appears, the process will use the final iteration’s design as the
starting point for the next line search. In fact, this new starting point is quite close to that of last line
search, and so is the gradient value. In fact, if we plot the geometry or gradient comparison at the
beginning of the subsequent line searches, the difference between them and that of iteration 7 and 18 in
Table 5-17 is unperceivable. This indicates that although the subsequent line searches start from nearly
the same initial geometry and gradient, the value of equation (37) varies remarkably. Obviously, this is
caused by the change of the Hessian, which suggests that the BFGS method fails to provide an accurate
estimation of the Hessian.
Hence, it is impossible to improve the result of the SLSQP method by simply increase the requirement on
the accuracy (i.e. the tolerance for convergence).
 Conclusions on the comparison between the CG and the SLSQP method
From the analysis above, several conclusions could be drawn:
1) For this test example, the CG algorithm provides a better result concerning the drag coefficient, the
surface C p distribution and the gradient magnitude.
2) The CG algorithm converges to the final optimum within fewer line searches. However, the actual cost
is higher than that of the SLSQP method. Because during every line search, more iterations are needed
for the CG method to find out an optimum along current search direction. Besides, the SLSQP method
only carries out gradient calculation at the beginning of every line search. While for the CG method,
sometimes gradient evaluation is needed within a line search when the first criteria of the strong
Wolfe condition (i.e. the sufficient decrease condition) is satisfied.
3) The BFGS method may fail to provide an accurate approximation of the Hessian, which causes the
process to fail.
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Chapter 6 Conclusions and recommendations
Conclusions
After the detailed discussion on the test examples above, several conclusions can be drawn for both the
robust optimization algorithm established in Chapter 3 and the results of the specific test examples (i.e.
the two robust optimization problems) in Chapter 5.

6.1.1 Conclusions on the two robust optimization problems with CG method
 Conclusions on the first robust optimization problem in Section 5.1
1) The single-point optimization under the basic condition (moderate Mach number and angle of attack)
can reduce the wave drag under all conditions, compared to that of the original NACA0012 airfoil.
However, by contrast with the results of the robust optimizations, it still has large drag values under
higher Mach numbers and larger angles of attack.
2) The single-point optimization under the most critical condition cannot provide a robust optimization
result. The drag value is only reduced under this condition. When the operating condition changes,
the drag increases quickly.
3) All the robust optimizations provide similar geometries and the aerodynamic results. However, the
influence of the weight factor distribution is distinguishable. The main difference lays on the drag
value under the most critical condition, i.e. the condition with the highest Mach number and the
largest angle of attack. As the drag under this condition has the largest deviation from the expectation,
the more emphasis is laid on the variance reduction, the smaller drag value under the critical condition
is required. The results in Table 5-3 validates this trend.
4) The result of the robust optimization that only concerns the drag variance reduction
( W E  0.0, WVar  1.0 ) presents localized property under the most critical sampled condition. However,
the drag fluctuation is much less than that of the single-point optimization under this condition,
because the drag values under the nearby conditions are also reduced during the robust optimization.
This suggests that, with such weight factor distribution, though more attention is paid to the drag
decrement under the most critical condition, the drag value reduction under other conditions is not
ignored. Actually, in order to reduce the drag variance, the drag deviations from the expectation under
all sampled conditions are tried to be reduced. This is the difference between this robust optimization
and the single-point process.
5) From the 3 series of Mach number sweep curves in Figure 34, Figure 35 and Figure 36, it is found that
as the robust optimization with W E  0.0, WVar  1.0 pays more attention to the most critical condition,
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the drag values near this condition are also reduced (Figure 36). However, under the same high Mach
number (0.75), when the angle of attack reduces (Figure 34 and Figure 35), the drag value with this
weight factor distribution becomes larger. This means the drag value reduction under the most critical
condition is obtained at the cost of relatively inferior performance under some of the less critical
conditions. The same conclusion could also be obtained from the sweep curve for the angle of attack
under Mach number 0.735 (see Figure 46). In a real-world design work, which result should be chosen
depends on the practical requirement of the task. And tradeoffs should be made by the designers.
 Conclusions on the second robust optimization problem in Section 5.2
1) Compared to the original NACA0012 airfoil, the single-point optimization under the moderate Mach
number (0.7) can reduce the drag value throughout all the tested Mach numbers. However, the
improvement is not as large as that of all the robust optimizations under high Mach numbers.
2) The single-point optimization under the highest sampled Mach number (0.7346) provides a result
similar to that of robust optimizations. It can help to effectively obtain a robust drag reduction
property with low cost.
3) The robust optimization that only focuses on the reduction of drag variance ( W E  0.0, WVar  1.0 ) can
obtain a result with quite low variance value at the cost of higher expectation and larger drag values
throughout the whole uncertain Mach number domain. What is worse, the low variance benefit only
holds for the three sampled Mach numbers. When check the Mach sweep curve in Figure 74 and
Figure 75, it is found that with the increment of the Mach number, the drag value increases quickly,
indicating high variance value within the whole uncertainty domain. And under lower Mach numbers,
the drag is even larger than that of the single-point optimization under the basic condition (see Figure
74).
4) For the robust optimization with other weight factor distributions, the difference of the performance
improvement (including the drag values, the expectation and the variance) are quite small. All the
results tend to approximate that of the multipoint optimization. This is because when the shock waves
under all conditions are weakened or even eliminated, the difference between the drag values under
different Mach numbers are significantly reduced. The gradient of the total objective function
becomes increasingly dependent on the gradient component of the expectation.

6.1.2 Conclusions on the robust optimization algorithm
1) The optimization process based on CG algorithm and the Taguchi’s theory can effectively provide a
result with robust improvement of aerodynamic performance. Especially in the first problem, the
single-point optimization under the most critical condition with the strongest shock wave gives a
typically localized result: the performance deteriorates quickly when the operating condition deviates
from the design condition. While all robust optimizations can provide consistent drag reduction within
the whole uncertainty domain.
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2) In robust optimization, the objective function is defined with the aerodynamic performance (drag
values in the test examples) under several discretized operating conditions. In order to reduce the
calculation cost, we try to use as few sampled conditions as possible. Meanwhile, we also want to
achieve a robust performance improvement within the continuous uncertainty domain. However,
sometimes the localized optimization property may arise inevitably (see Figure 45 and Figure 46).
3) Another problem with the robust optimization is that by the use of the performance under the
discretized operating conditions, the process focuses on the performance adjustment only to the
sampled conditions. The objective function value could be indeed improved. However when check
the performance within the whole uncertainty domain, it may be unsatisfactory. The robust
optimization with W E  0.0, WVar  1.0 in the second problem proves this (see Figure 75). Hence,
unlike that defined for single-point optimization, the objective function for robust optimization is only
a medium. Its value directly represents the improvement of the objective function expressed with the
performance under the sampled operating conditions. To check the effect on the whole continuous
uncertainty domain, systematical sweep curves should be made under a series of operating conditions
with relatively high density, especially near the sampled conditions. Compare the Mach number
sweep curves with

W E  0 . 0, W V a r  1 . 0

in Figure 36 and Figure 45, we can found that without

increasing the sampled conditions between Mach number 0.73 to 0.74, the localized property is
invisible.
4) Sometimes, a single-point optimization under certain specific operating condition may also provide a
result with robust optimization property, such as the test example discussed in Section 5.2.2.3. And
this helps to significantly reduce the complexity of the problem. However, designers may not have the
prior knowledge on whether it is possible to use a single-point process to replace the sophisticated
robust optimization.
5) Compared to the original single-point optimization module in SU2 program with SLSQP method, the
CG method provides better result when applied to the test example in Section 5.3. The BFGS method
may fail to generate a good approximation of the Hessian, and as a result, the SLSQP method may fail.

Recommendations
6.2.1 Recommendations on the two robust optimization problems
1) For the first problem discussed in Section 5.1, it is impossible to obtain a robust improvement of the
drag through single-point optimization under the most critical condition (with highest Mach number
and largest angle of attack). While all the robust optimizations can provide satisfactory result. With
the increase of the weight factor for the drag variance, the drag value under the most critical condition
will be decreased. However, as the cost of such benefit, the drag values under some of the relatively
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less critical conditions will be increased. And the localized property also appears (see Figure 46). Hence,
designers should make a choice according to the realistic requirement of the design task.
2) For the second problem in Section 5.2, the single-point optimization under the highest Mach number
can provide a result with robust improvement of the drag. However, unless theoretically proved, such
conclusion could not be extended directly to other problems.

6.2.2 Recommendations on the robust optimization algorithm
 Recommendations on the CG algorithm with Taguchi’s theory
1) One termination criterion for the whole optimization process is that the gradient of the objective
function approximates 0. As a result, a gradient tolerance for convergence need to be defined.
However, there is no prior knowledge on the choice of the tolerance for different problems. Hence, it
is recommended to choose a sufficiently small value. In the test examples, this value is chosen to be
0.0001. Once the gradient requirement is too strict, the optimization process will terminate according
to the other two criteria. One is that the newest line search is carried out along the steepest descent
direction, however no improvement is obtained. This implies although the gradient value is not 0, but
for current problem it is small enough that the objective function reduction could not be obtained
along the steepest descent direction. The other criterion is that the newest CG process has no
significant improvement. As discussed in Section 3.3.2, the optimization may restart when current CG
process cannot provide further improvement (see Figure 19). If the difference between the results of
the two successively complete CG processes is too small, this suggests that after a new optimization
process, the result keeps nearly unchanged. So we consider it converges. In the test examples of this
thesis, almost all optimizations terminate because even the steepest descent direction cannot provide
further improvement of the objective function.
2) The gradient scaling factor should be chosen properly before an optimization task begins. In Section
3.3.3 it is pointed out that a scaling factor should be designated for the first step length because the
algorithm code automatically use 1 as the initial step length of the first line search, which is along the
steepest descent direction. An appropriate scaling factor need to be found through try and error. The
basic requirement is that the step length should not be too large for a reasonable deformation. In
airfoil optimization, a large step length may lead to the intersection of the upper and lower surface
curves, which is physically impossible. Meanwhile, the scaling factor also should not be too small. A
small initial step length causes more iteration times for the bracketing process of the line search and
thus reduce the efficiency. In the test examples of this thesis, 1E-6 is chosen.
3) After obtaining a result through the robust optimization process introduced in this paper, it is
necessary to carry out a systematic performance check within the whole uncertainty domain with
relatively high density of the operating conditions, especially near the sampled points that used for
the robust optimizations. As sometimes the localized property could not be avoided, the criteria for
the assessment of a robust optimization result should be whether a satisfactory robust performance
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improvement is obtained and whether the localized property is acceptable. To what extent can we
consider it is a suitable design depends on the requirement of different practical tasks.
4) In this thesis, the hypothesized uncertainty distributions are discretized with the modified Taguchi’s
discretization method introduced in Section 2.3.2.1. In a real-world design task, the uncertainty
sources and their distributions are usually different. And the discretization method may also be
different. As a result, different sampled operating conditions and the corresponding probability values
will be used. However, the main principle never changes: use finite number of discretized operating
conditions to create an objective function and optimize its value, in the hope of obtaining a robust
performance improvement within the continuous uncertainty domain. The program created in this
thesis work takes the discretized operating conditions and their probabilities as the input parameters.
Hence, it is applicable to other aerodynamic problems once these inputs are predefined.
5) When apply this program to other problems, some adjustment may need to be made according to the
specific task requirement. For example, the default target of the optimization process is to reduce the
value of the objective function. For some aerodynamic problems, such as optimizing the lift or the lift
to drag ratio, an increase of the objective function is expected. As a result, the objective function
should be defined properly. The reciprocal or the minus value of the performance parameter could
be a choice. The constraint analysis module also needs to be adjusted according to the practical
application situation. However, no matter what detailed changes need to be made, the main
optimization structure, based on the CG algorithm and the Taguchi’s robust design theory, is fixed.
6) The robust optimization algorithm and the corresponding program is only tested with the inviscid flow
in this paper. Its effectiveness needs to be tested under other examples with more complexity (such
as the viscous flow, 3D problems, etc.). And the efficiency also needs to be compared with other
algorithms. However, the establishment of a new algorithm and the coding work take a long time.
Hence, it is hoped that this work could be done in the future.
 Recommendations on the SLSQP method
As discussed in Section 5.3, the BFGS method may fail to work. Hence, when a line search fails to provide
any improvement of the merit function (i.e. the objective function of current line search), it is better to
restart a new SLSQP process from current optimized result. Thus, the error of the BFGS method that
accumulated with the optimization process will be cleared.
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