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SUMMARY

The transonic equivalence rule with lift has been studied experimentally.
Under the conditions defined by the rule, wing-body models with the same
cross-sectional area distribution but with wings of different aspect ratios and
thicknesses were tested at transonic speeds. The correlations of the lift
depending wave drag and the lift parameter for the models are found to be
similar. The similitude of the outer flow field under the same lifting condi-
tion is also established. The drag-rise of the equivalent body of revolution
with the cross-sectional area distribution including that due to lift correlates
well with those of the wing-body models at the design lift condition. The
experiment therefore verifies the transonic equivalence rule at lifting condi-
tion.

RESUME

On a étudié expérimentalement ’application a la portance de la régle
d’équivalence transsonique. Dans les conditions définies par la régle, des
profils aérodynamiques ayant la méme distribution de section transversale
mais des allongements et des épaisseurs différents ont été soumis a des
essais a des vitesses transsoniques. On a trouvé pour le paramétre de portance
et la trainée d’onde, liée a la portance, des corrélations similaires entre les
modéles considérés. On a aussi établi la similitude des champs d’écoulement
extérieurs dans les mémes conditions de portance. Il y a une bonne corré-
lation entre ’augmentation de trainée du corps de révolution équivalent, en
ce qui a trait a la distribution de section transversale incluant celle due ala
portance, et celle des profils, aux conditions de portance théorique. L’expé-
rience permet donc de vérifier la validité de la régle d’équivalence transso-
nique aux conditions de portance.

(iii)
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AN EXPERIMENTAL STUDY OF
THE TRANSONIC EQUIVALENCE RULE WITH LIFT

1.0 INTRODUCTION

In the last two decades, the transonic area rule has played an important role in the design of
high speed aircraft. The rule indicates the relation between the transonic drag rise and the cross-
sectional area distribution of the aircraft, allowing the configuration to be designed with niminal drag
rise. The principle of the rule is based on the properties of the air moving at a speed near the speed of
sound. At Mach number close to unity, the air flow will resist any streamtube area change with a large
force. To avoid large perturbation pressures and hence high drag, the changes of the cross-sectional
area should therefore be gradual and smooth. The constraint of the stream-tube effectively causes the
cross-flow in planes normal to the free-stream direction to behave like an imcompressible flow. This
allows the nonlinear transonic flow field to be analyzed asymptotically leading to the formulation of
the area rule.

The analysis shows that the far field is governed by the transonic small disturbance theory.
The cross-flow near the body tends to be incompressible as in the case of the flow near a slender body
and hence can be treated in a similar manner. To the far field, the displacement effect of the body
appears as that generated by a line source distributed along the axis of the body and is thus identical
to that of an axisymmetrical body having the same cross-sectional area distribution. This similitude of
the displacement effect is basically the equivalence rule or the area rule(!:2), The concept was verified
experimentally by Whitcomb(3) and has since been applied to aircraft design for drag reduction at
transonic speeds.

When the aircraft is in lifting condition the transonic flow past the wing causes further
expansion of the streamtube. To the far field the lift distribution along the body axis is represented
by a line doublet and the expansion of the streamtube appears as additional sources which relate
directly to the lift distribution. To form the equivalence body, the effective area representing these
additional sources must be added to the geometric cross-sectional area. The basic idea was incorpo-
rated in the design of an early experiment of transonic transport aircraft, but the amount of lift com-
pensation area was then derived entirely empirically. Theoretical analysis of this problem was later
carried out by Cheng and Hafez(5), and Barnwell(6.7), In their analysis the detailed structure of the
flow is delineated and the conditions of the similitude of the far fields are established. The explicit
expressions of the doublet and source strengths induced by lift given in the analysis are particularly
important for engineering applications. This has been demonstrated in a design study of transonic
transport aircraft(8)  and the estimations of drag-rise for configurations of fighter-type aircraft(®).

The extended equivalence rule with lift can be expressed in a form of flow similitude. It
states that flows having the same distributions of sources S, (x) and doublets D (x), with the same
transonic similarity parameter K are equivalent. The nonlinear structure of the flow field including
the formation of shock-waves and the associated drag-rise will be identical. The parameters controlling
the lift effect and the geometry of the body do not appear explicitly and it is therefore more general
than the classical transonic similarity law(10),

The present study attempts to establish the similitude of the flow fields according to the
extended equivalence rule. Two wing-body models are designed with the wings having different
thicknesses and aspect ratios but the same cross-sectional area distributions. The models are tested
at incidences through the transonic Mach number range. The lift and the drag forces acting on the
models are measured and the static pressure variation at the far field is also monitored in the experi-
ment. The data are then examined in the parametric forms defined by the equivalence rule. The main
parameter chosen for detailed study is the lift-depending drag associated with the shock wave forma-
tion. The result shows that for the same transonic condition, the correlations of the wave drag and the
lift parameter for the two models are similar. Comparisons of far field pressure distributions and shock
patterns for the two models also indicate similarity of the flow fields. Thus the flow similitude defined
by the equivalence rule is obtained.
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Two equivalent bodies of revolution corresponding to the conditions of zero lift and of
finite lift respectively are also part of the experiment. In both cases the drag-rise of the equivalent
bodies correlates very well with those of the wing-bodies at the design conditions. The latter result
verifies the effective displacement of the flow due to lift as defined by the extended equivalence rule.

In the report, the theoretical results of the extended equivalence rule is first outlined. The
design of the models for the experiment is then described. The experimental procedure and the data
are presented in some details. Finally, the data are analyzed in the parametric forms defined by the
equivalence rule and the conditions of flow similitude are then established.

2.0 TRANSONIC EQUIVALENCE RULE WITH LIFT

Transonic flows past a three-dimensional configuration have been analyzed by Cheng and
Hafez, leading to the establishment of the equivalence rule with 1ift(5), The analysis shows that at a
specified transonic similarity parameter K, the outer flow is uniquely determined by a line doublet
distribution D, (x) due to lift and a line source distribution Sé (x) related to both lift and displace-
ment of the body. Flows having the same distributions of D, (x) and Se(x), with the same value of K
are therefore equivalent. These parameters are given as follows:

M2 -1
SRS TEEN .
D,(x) = o0,/ tne |~1/2 F(x) (2)

m

, d .
S.(x) = &{Sc(x) + o2 [si (1 +%[Ene|‘l) F2 +—; |¢n |71 T(x) +—; r E(x)“ (3)

where
0, = (y+1)/2 M_|tne|l? a, A2 =12
I, = 8r+1y! X2 (e 7 (4)
e = [(y+1)M27A3]1/2
and
F(x) = /= [p(x,y)] dy
1 {--1 o
T(x) =— = [T [e(x,¥)], [¢(x,8)], &n dy ds (6)
471' —~00 —oo -
Ex) =— [~ [ X
x) = o0 L L le(=9)], le(x8)], In |~ dyds (7)
The basic parameters are defined as
* *
T_Smax o = Fmax 7\_2 8
be ¢ p UZp?’ Q (8)

and the outer region of the flow is scaled as

N s &
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where the superscript * denotes quantities with physical dimensions, £ is the body length, b the
semispan of the wing and € the ratio of the transverse length scales for the inner and the outer regions
of the flow field. S:nax and F];ax are the maximum cross-sectional area and the maximum of the

local lift force F* (x) respectively. Thus 7 is the parameter of thickness of the configuration, a, the
lift and A the wing sweep parameters. The parameters controlling the lift effects on the outer flow are
0. and I', . D (x) is the line doublet due to lift and S (x) is the line source in the form of the first
derivative of the effective cross-sectional area consmtmg of the geometric cross-sectional area S_(s)
and the contributing due to lift. The first term of the lift effect in the square bracket of Equation (3)
is from the axial distribution of the lift force F(x). The last term E(x) signifies the cross-flow kinetic
energy, comparable to induced drag and is finite in the wake region.

When the flow fields are equivalent, the local pressure coefficient and the Mach number
are functions of the transonic similarity parameter K only

C, M?2-1
—~ +y— 3 = 1(x,n, w;K) (10)
TA €

Hence the drag-rise associated with the shock waves is also a function of K
D, /(b U2 b? 72 M2) = £(K) (11)

The conditions of the equivalence rule as given in Equations (1), (2) and (3) are much less
restricted than the classical transonic similitude. The parameters controlling the lift o, and the wing
geometries for the equivalent flows do not require to be the same.

We have summarized the results of the extended equivalence rule with lift as given in
Reference 5. The parameters shown in Equations (1) to (4) are complicated in form, but it is not
difficult to trace their relations to the respective physical quantities. The basic form of these param-
eters can be derived from the similarity analysis of the transonic small disturbance equation. This
exercise does help us to understand the formation of these parameters and their physical implications
and is therefore included in the report as Appendix A.

3.0 DESIGN OF THE EXPERIMENT

The purpose of the experiment is to establish the flow field similarity according to the
equivalence rule at lifting condition. This is done by correlating the flow parameters in the form
defined by the equivalence rule and if the correlations for different models are similar, then the flow
fields are equivalent. With the understanding that the ultimate application of the equivalence rule is
to reduce the drag-rise caused by the formation of shock-waves, the lift dependent wave drag is
chosen as the main parameter for the present study. Its direct association with the shock formation
in the outer field provides a measure of the nonlinear features in the region. In addition the static
pressure variation in the far field is also monitored to add further information for the establishment
of flow similitude.

Two wing-body models are designed for the experiment. The wings of the models have
different thickness and aspect ratio and are mounted at the central plane of a cylindrical body housing
an internal balance for force measurements. In the design of the models the functual forms relating
to the parameters given in Equations (2) and (3) must be considered. These relations are now written
in terms of the similarity parameters discussed in the Appendix A for a better understanding of their

physical implications.
(0]

D, (x) = € — F(x) (12)
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S =g +_]'_(E_)2[MF2 + T +__2—E ] 13
() = 8,(x) + (e . W)+ )+ B (13)

The sectional profile of the wings is chosen symmetrical so that the lift effect can be simply
related to the angle of attack. The wing planforms are selected to be geometrically similar so that the
functions F(x), T(x) and E(x) are the same for both models. If the planforms are not geometrically
similar, it is necessary to solve inversely from Equations (5) to (7) for the planform shape of the
second model if the first one is initially specified. For geometrically similar planforms the condition
D, (x) being the same is satisfied, if the parameter € o /7 is identical for both models (see Eq. (12)).
The condition S, (x) being identical requires that the parameters € and \ are the same for the two
models respectively. This leads to the trivial case that the two planforms are exactly identical. How-
ever, if the function Ff‘ is proportional to the function E(x), then a functional relationship can be
established for € and A satisfying the desired similarity condition of S, (x). The effective areas can thus
be kept identical for the two models but with different sweep back parameters. From the slender wing
theory it can be shown that only a delta planform satisfied this condition. Thus the delta planform is
adopted for the model design. The evaluations of the functions F(x), T(x) and E(x) for a planar wing
at angles of attack are given in Appendix B and the results are summarized as follows:

1]
o

F(x)

= 2 .2

Fl(x) = 4a’a
1 2

T(x) = — !é?n(—)a2 ai

E(x) a2
X) = —a
2

(14)

where a(x) is the leading edge contour. The expressions have been normalized by the value of F(x) at
the trailing edge. For a delta wing a_ is unity and Fi is thus proportional to E(x).

3.1 Planform Design

The respective relations of A, 7, « and M_ for two wings are now determined in the following
procedure. The geometric cross-section S_(x) is made identical for both models, since the lengths of
the models are the same. Thus from the definitions in Equation (8), we have

T\ = T (15)

which determines the relative thickness and aspect ratio of the wings. The condition that the transonic
similarity parameter K being identical leads to the Mach number relation

M, =M (16)
From the definition of €, we thus have

A
i (17)
€ A

The requirement that the doubled strength distribution D_ (x) is the same implies from Equation (12)
«

that € = assumes the same value for both wings,
T

e, — =¢, — (18)

T 1 1

T

———T T

TIT T




With this condition and the properties of delta wing given in Equation (14) the requirement that the
effective area induced by lift is the same leads, from Equation (13), to the relation

€ 1 1 1 19)
2 y+1\A A

With Equation (17) a relation between A, and A, is obtained

) !
5 2
)\1 _—7\1
+ 1) 8nl—
(y+1)¥&n .

In the design )\, is specified and A\, is determined from Equation (20). The relation between 7; and 7,
follows from Equation (15) and between g, and o, from Equation (18).

(=

l

m

(20)

3.2 Wing Section

A symmetric airfoil section based on Boerstoel’s designs(13:14) is used for the wing section.
The nose shape of the original section has been modified to eliminate the peaky pressure rise(15). The
sectional shape is scaled to the required thickness of the model. The coordinates of the airfoil is given
in Table 1 for thickness-chord ratio of 0.1. Typical calculated pressure distribution on the upper and
the lower surface of the airfoil at angle of attack is shown in Figure 1. The pressure near the nose
region decreases monotonically and there is no pronounced suction peak. This condition is required
for the existence of the solution, which leads to the equivalence rule(:8),

3.3 Wing Tip Round Off

The equivalent body shape as given in Equation (13) depends on the functions F,, E(x) and
T(x) when the model is in lifting condition. For a delta wing, all these functions will be discontinuous
at the trailing edge of the wing leading to a discontinuity of the equivalent body contour. In order to
smooth the equivalent body shape (as the trailing edge position is approached) to prevent adverse
effects on the boundary layer flow, the wing tip is shaped as a sine function to allow the slope of the
leading edge contour to decrease gradually to zero. The contour is given as

X a
— = 10:9 08 &—< 13,
c c

y m
— = 0.0637 sin | — (21)
b 2

0.1 0.9 < y/b

The contouring of the wing tip is in contradiction to the similarity requirement as discussed at the
beginning of Section 3. However, since only a small portion of the wing planform has been altered,
the effect to the outer flow field is small and the similarity of the flow can still be established.

3.4 Wing-body Combination

For a wing-body combination the parameter scaled to the wing-body can be related to those
scaled to the wing alone(®). If the length scale £ denotes the body length and 7 is the root chord of
the wing, thus the following relations can be established

1 o CO ~ co Sb ~
7\=2—7\ r=——(r+ ) = « (22)




ﬁ-l'_x —
and with X’E’ x= ;

o 2
T(x) = (——) T(x) (23)
cO
E(X) = E®X)
Equations (12) and (13) become
- & /9 \2
D, (%) = 'é”?(c—) F? (24)

§“—§”-1”E2£2 21861%1 00 o iy« —2—w@)| @5
B(X) c(x} - 9 7 & 87 % (x) (y + 1)R2 (x) (25)

where x is the location of the apex of the wing planform along the body axis. The expression inside
the square bracket of Equation (25) is the same as the wing alone case Equation (13), except that the
scaling parameter is now €. The conditions discusses in Section 3.1 can be applied to the wing-body
case as

T, A ?’2?\2
~ By 26
5 _N (=0)
€, A,

and the A relation in Equation (20) still applies. The wings can therefore be adopted to the wing-body
model without alteration.

The nose contour of the central body is a von Karman ogive which gives minimum drag for
a given base area at supersonic speed. The nose shape is not optimized at transonic speeds and a shock
will be formed at the end of the nose portion.

The dimensions and the parameters of two models are given in Table 2. The general layout
of the models is shown in Figure 2. Since model WB1 has a thicker wing and a larger portion of the
wing relative to the span is covered by the central body the cross-section area of the wing (excluding
the part inside the body) is smaller than that of model WB2 at the corresponding section. The central
body of the model WB1 is thus enlarged slightly to compensate for the area defect of the wing so that
the total area of the wing-body is the same for both models. The cross-sectional area distribution is
shown in Figure 3,

For a configuration with thin wing and slender body the classical area rule is applicable for
the parameter 2\ (%)1;’3 less than unity®:17), The present models have values of 0.2 and 0.3 respec-
tively and are well within the range of application.

3.5 Equivalent Bodies

At zero lift, an equivalent body can be simply designed to have the same cross-sectional
area distribution as the wing-body models. An axisymmetric model, B1, has been designed for this
condition to check whether the classical area rule applies for the present models. When the wing-body
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is at lifting condition, the effective area due to lift as given by the right-hand side of Equation (25)
should be added to the geometric area. The parameter controlling the lift is €Q, /7 as indicated in
Equation (24). An equivalent body can therefore be designed for a lifting condition with specific

€Q /T'and €. To study the drag-rise at a specified lift condition, the lift parameter €a, /7 must be kept
constant as Mach number increases. However, € is a function of Mach number and the effective area
defined in Equation (25) depends on €. Thus a series of axisymmetric equivalent bodies would be
needed to cover a Mach number range for the lifting condition. We also note that € appears in the form
| &n €| in Equation (25) and within the range of Mach number of 0.8 to 1.1, | 2n€ | varies less than
10 percent. The corresponding effect on the maximum cross-sectional area is only 2.5 percent. Thus
for this experiment only one axisymmetrical body is designed at a specified lift condition and the
same model is used to study the drag-rise through the Mach number range. The conditions chosen for
the design are as follows.

K21

€
¢~ 0.2024, €, = 0.0381

|

which corresponds to the wing-body model WB1 at the conditions

M_ = 0.975, c, = 0.37

L
These conditions are chosen to simulate a lifting condition at cruise of a typical transonic aircraft
(see Ref. 8). The angle of attack of the aircraft would be 5 degrees based on slender wing theory. The
effective area due to lift is also shown in Figure 2. The added area on the aft-body is caused by the
cross-flow kinetic energy in the wake, a finite contribution from the function E(x).

The models are designed to have a central basic body for housing the internal balance. An
outer body consisting of the wing-body or the equivalent body is slid over the central body to provide
the proper contour. For the lifting equivalent body a sleeve is slid over the aft-body to increase the
cross-sectional area as required. A nose portion common to all models is then installed to complete the
configuration. The general layout of the model parts before assembly is shown in Figure 4.

It has been found in Reference 18 that there is no essential difference on transonic drag-rise
of the wing with and without boundary layer tripping. Thus in this experiment, performed at reason-
ably high Reynolds number, no boundary layer tripping is applied on the wing and the nose of the
body of the models.

3.6 Flow Similarity Within a Wind Tunnel

Since the experiment will be performed in a wind tunnel, the effect of the tunnel walls to
the flow past the model must be considered. The severity of the constraint of the tunnel wall can be
estimated by comparing the physical dimensions of the working section and the length scales of the
flow field. The transverse length scale of the outer region of the flow is b/e and has a value of
106 inches (2.69 m) for the present wing-body model and the design conditions discussed in the last
section. The wind tunnel has a 60-inch (1.5 m) square working section. Thus the tunnel wall inter-
ference cannot be treated as a weak correction and the walls should be considered as an integral part
of the flow boundary.

For the flows within the tunnel to be similar for both models the length scales in both the
longitudinal and the transverse directions must be the same respectively. The first condition is satis-
fied since the models have the same length. The second condition follows from the second design
condition specified in Equation (26), giving identical transversal length scales. Since the walls are now
an integral boundary of the flow, the boundary condition at the wall must satisfy the similarity
requirement as well. For a tunnel with perforated walls the similarity scaling shows that the porosity
of the wall should be the same for the tests of two models. This condition is automatically satisfied
for the present tunnel with fixed wall porosity. A similarity scaling of the boundary condition at the
wall is given in Appendix C.



4.0 EXPERIMENTAL PROGRAMS
4.1 Experimental Methods

The experiments were performed in the NAE 5 ft (1.5 m) X 5 ft (1.5 m) blowndown wind
tunnel. The tunnel system and performance are described in detail in Reference 20. For the present
experiment, the 5-ft (1.5 m) square transonic section with perforated walls was used. The model was
mounted on the supporting sting which could be pitched at the desired angles with the model remain-
ing in the center of the Schlieren window at the transonic downstream position. The high speed
Schlieren system was in operation during the tests. A 1-inch (25.4 mm) Task Corporation MK XIV
6-component balance was used for measurements of forces and moments. The balance was pre-
calibrated outside the tunnel before the test. The base pressure of the model was measured by a pres-
sure transducer installed in the cavity of the sting. Static pressure pipes of 1 inch (25.4 mm) diameter
were mounted along the center line of the top and the bottom walls respectively for measurements of
static pressure distribution near the wall.

Four models were tested in the program: two wing-bodies, WB1 with small wing and WB2
with large wing; and two equivalent bodies of revolution, Bl for zero lift and B2 with lift. The test
Mach numbers ranged from 0.8 to 1.1. The Reynolds number in the experiment was fixed at 4 X 106
based on the root chord of 6 inches (152.4 mm). High Reynolds number tests were also performed at
8 X 10% for Mach number of 0.94 for some models to check the Reynolds number effect. During
each run, the wing-body model WB1 was pitched continuously from -4° to 10° at a pitch rate
1.887 deg/sec and then followed by three stepping incidences at 0°, 5° and 10° nominally. During
the constant incidence steps, enough time was allowed for the static pressure at the upper and lower
walls to be scanned. Schlieren photographs of the flow field were taken during the test at a rate of
0.8 sec/frame. For the WB2 model with a larger wing span, the range of incidence was half of that of
WB1 and the pitch rate was also reduced accordingly.

Tunnel flow angularity was checked at M_ = 0.8 by testing the model B1 in the normal and
the inverted positions. The flow angularity and the geometric asymmetry of the model were deduced
from these tests. The geometric asymmetry of the model and the flow angularity obtained were read
in directly to the data reduction program for the correction of the geometric incidence of the model.
The sting used in the experiment, unfortunately, could not be rotated automatically by the roll
mechanism of the supporting system and the model had to be inverted manually. This was a time-
consuming process and therefore the flow condition was checked for one Mach number, M_ = 0.8
only. The flow angularity was found to be 0.53° and the asymmetry of the model caused a further
deviation of 0.25°. Since none of the models had been checked for inaccuracy of machining due to
lack of time, the degree of asymmetry might be different between the models. Thus only the flow
angle offset was incorporated in the data reduction program and the value of 0.55° was used for all
models and Mach numbers in the tests.

Because of uncertainty of the flow angularity at this range of Mach numbers, the axi-
symmetrical bodies were also tested in a similar “ramp and step” program with the pitch angle ranged
from - 3° to 3° and steps at 0.1°, 0.2° and 0.3°, from which the minimum drag was obtained.

Surface flow visualization was applied to a few tests to provide information on boundary
layer transition, separation and formation of leading edge vortices.

4.2 Data Reduction

The experimental data were reduced on-line after each run. Some important data such as
Cp vs wand C vs C; were plotted after the data had been reduced to coefficient forms. This large
amount of data were further analyzed using the computer of the NRC Computation Center and
organized in parametric forms suitable for the present studies.

The preliminary results of the wing-body models indicate that the C; vs « curves do not
pass through the origin of the co-ordinates. The axis of symmetry of the Cp vs C polars also offset
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slightly from the C; axis. This, as discussed in the previous section, is due to the asymmetry of the
model and that the tunnel flow angularity at other Mach numbers may be slightly different for that of
M_ = 0.8 which is used in the data reduction program for flow angularity correction. These effects

are corrected for the experimental data and both C; vs @ and Cp, vs C; curves are adjusted to appear
as from a symmetric model lining up properly with the tunnel flow. The estimation of the offsetting
of the data is given in Appendix D. The data are then presented in terms of C; , @ and Cp in Fig-

ures 5 and 6 for the models WB1 and WB2 respectively. The values of these data are listed in Tables 1
and 2 respectively.

The data presented have not been corrected for the wind tunnel wall interference. It has
been discussed in Section 3.6 that at transonic speeds, the tunnel wall interference can no longer be
treated as a weak correction. Thus the data are presented as obtained with the tunnel walls as an
integral part of the flow boundaries. It is desirable, nevertheless, if the effect of the wall constraint
can be estimated even in the low Mach number range. In the limit, the subsonic theory may be con-
sidered to be applicable asymptotically. The subsonic interference theory shows that the angle of
attack and the drag corrections are proportional to the area ratio of the model’s maximum cross-
section to that of the working section of the tunnel(21)- For the present experiment, the ratio has a
value of 0.001 and the corrections due to the wall constraint is thus negligible in the subsonic limit.
At transonic speeds the effect of the tunnel constraint will depend on the ratio of the transverse scale
b/€ and the tunnel height and width as discussed.

For the axisymmetric equivalent bodies the drag at zero lift is taken directly from the ex-
perimental data and no further processing is needed. The cross-sectional area of the body B1 is
identical to the wing-body, the blockage effect is very small at the subsonic flow range and no correc-
tion is applied. In the transonic range, the outer flow field is equivalent to that of the wing-body,
thus the tunnel flow must be considered as a complete system.

5.0 EXPERIMENTAL RESULTS AND DISCUSSIONS
5.1 Drag at Zero Lift

The experimental results are first checked against the classical area rule. The transonic wave
drag is deduced from the total drag by subtracting the viscous drag and the pressure drag which is the
total drag before the drag-rise. At small and zero incidence, the drag in subcritical flows is dominated
by viscous drag. For the present experiment the drag at Mach number of 0.8 is used as the viscous
drag. The transonic drag-rise is shown in Figure 7 presented in the similarity form as defined in
Equation (11). The drag parameter is normalized by the maximum cross-sectional area S, of the
model and the transonic similarity parameter K is in terms of slenderness ratio 7, based on S.. With
the parameters in these forms the data of the wing-bodies and the equivalent bodies can be compared
directly. The drag-rise of the wing-body WB2 and the equivalent body B1 are very close through the
Mach number range considered. The wing-body WB1 with a wing of smaller aspect ratio but a thicker
section gives persistently higher drag than the model WB2. This seems to be contradicting the clas-
sical area rule, which works better for wings with small aspect ratios(18,22), This discrepancy is
believed to be caused by stronger shock loss in the near field and shock boundary layer interaction
for the WB1 model.

The boundary layer transition on the wing is natural and occurs about one inch (25.4 mm)
downstream parallel to the leading edge for both models. This relatively large extent of laminar
boundary layer interacts with the wing shock causing flow separation in the wing tip region, can be
seen in the flow visualization on the wing surface, Figure 8. The separation appears to be more severe
on the WB1 model with a thicker wing. The strong shock wave in the near field of the model WB1
also causes higher drag. Drag due to shock loss is proportional to [M]3 where [ ] denotes the
difference of conditions in front and behind the shock and in transonic flows this can be shown to
be proportional to [U]3 for small disturbances(23). Near the wings the local drag due to the shock
loss per unit spanwise length can be approximately related as D; = (1.8)3 D,, where the thickness
ratio of the two wings is 1.8. Integrating along the span and noting that b; = b,/1.8, we have D; =
3.24 D, . Thus in the near field the shock loss of the model WB1 is much higher than that of WB2,
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consistent with the observed drag-rise as shown in Figure 7. This confirms further that the area rule
works better with thin wings; for example, the excellent correlations obtained by Whitcomb apply
for models with wing thickness of 4 percent which generate relatively weak shocks in the near field.

The close correlation of the drag-rise of the wing-body and the equivalent body confirms
the equivalence rule at zero lift. The shock structures of the wing-body and the equivalent body are
shown in the Schlieren flow visualizations in Figure 9 and indicate the similitude of the outer flow
fields. In the near field of the wing-body, the shock is formed near the trailing edge of the wing and
is stronger for the model WB1 with a thicker wing than the model WB2. For the equivalent body, the
shock is located at the rear part of the bulge and is more oblique near the body surface. The boundary
layer does not appear to separate at the rear end of the bulge, nor strong shock-boundary layer inter-
action is indicated. The shocks on all models change rapidly to axisymmetric normal shocks within a
transverse distance of two body diameters, forming closely similar outer flow fields.

The outer flow similarity can also be examined from the pressure distributions along the
upper and lower walls. Figure 10 shows the variation of the pressure coefficient along the walls for all
three models at Mach number of 0.98. Similarity of the outer flow fields of all three models are
observed. The outer flow pressure variations reflect directly the source distribution along the body
axis and only weakly retain the rapid variation of the flow quantities near the body. At other Mach
numbers, the outer flow similitude has also been observed from the Schlieren flow visualizations
and the pressure distributions near the walls. The trend is closely similar to the cases just discussed.

5.2 Lift

The lift vs angles of attack curves for both models have already been presented in Figures 5
and 6. The linear portion of the lift curve before onset of flow separation can be represented by the
lift curve slope at zero lift, (_fLa . In Figure 11, the lift slopes are correlated in the form of the clas-

(¢}
sical transonic similarity law, which applies to the present models with geometric similar wing plan
forms and sections. At subsonic speeds both models follow a similar trend with increasing lift slope
as Mach number increases but fail to reach the theoretical value of 7/2 at Mach unity. At supersonic
speeds, the correlations are less coherent and the lift slopes decrease as Mach number increases. At the
low Mach number end, the corresponding incompressible values of C tis and A obtained from applying

the linear compressibility transformation follow the existing data for delta wing and the lifting surface
theory closely(?4), At Mach number unity, the values follow the transonic correlation in the form
Cr, (t/e)1/3 vs A(t/c)!/3 25), The model WB1 with smaller aspect ratio is within the linear range

(slender body theory), while the model WB2 with larger span is beyond the linear range.
As the flow Mach number approaching unity, the lift slope C;  depends strongly on the
%o

shock movements at the upper and the lower surface of the wing(26.27), The large dip at M_ = 0.96
for the model WB1 is caused by the movement of the lower surface shock towards the trailing edge
while the upper surface shock remains nearly stationary at small positive incidence. This increases

the total suction at the lower surface and hence reduces the lift. At higher Mach number, both shocks
move to the trailing edge and the lift recovers. For the thin wing, the difference of the shock move-
ment is less severe and loss of lift does not occur.

When the angle of attack increases to about the value of the wing thickness, the flow
separates from the leading edge and rolls up into a vortex. This can be seen clearly from the surface
streamline patterns as shown in the flow visualization pictures Figure 12. For the model WB1, at
5 degree incidence, the leading edge vortex is still weak and lies close to the leading edge. At 10 degree
incidence a strong conical vortex is located along a generator of the delta wing well in-board from the
leading edge. A similar flow pattern can also be observed over the wing of the model WB2 at inci-
dences about one half of that of WB1. The lift induced by the vortex, however, is less significant than
that on the highly slender wings(28:29), The lift curves do not appear to have appreciable nonlinear
lift contributions even at subsonic Mach numbers (see Figs. 5 and 6).

TT
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The equivalence rule outlined in Section 2 are based on the solutions of the attached flow(®).
Flows with leading edge separation has been treated by Barnwell®:7) and the results are closely
similar to those given in Reference 5. Thus the equivalence rule in the present form will apply to the
complete range of C; investigated in the experiment.

5.3 Induced Drag

The drag measured in the experiment consists of contributions from the skin friction,
pressure forces including those due to shock waves and drag induced by lift. At subecritical conditions,
there are no shock waves and the pressure drag is much smaller that the viscous drag. Thus before the
transonic drag rise the total drag contains the viscous drag and the lift induced drag only. At zero lift
the induced drag is zero and the measured drag can be considered as mainly skin friction drag. The
boundary layer flows, however, depend on the incidence and as the Mach number increases, shock
boundary layer interaction may also occur, thus the viscous drag will depend on both the flow Mach
number and the angle of attack of the model. However, the effect of incidence on the viscous drag,
before the onset of separation on the wing surface is known to be small. Thus for the present study
the skin friction drag is assumed to be invariant and have the value equivalent to the drag measured
at Mach number of 0.8 and zero angle of attack.

The drag induced by lift is well established in the wing theory(25.30), For a delta wing
with small aspect ratio, the slender wing theory gives the induced drag

G, =— (27)

which is the optimized value corresponding to an elliptical loading. For a general planform,

2
CL

=k —
Cp, = k — (28)

where k is the induced drag factor which depends on the planform shape. The induced drag can also
be considered as a component of the normal force in the free-stream direction subtracting the suction
force that may exist at the leading edge of the wing. If there is no suction force, the induced drag is
simply

Cp, = CL« (29)

which is twice as large as that when a full suction force is present, Equation (27). For a general plan-
form, the induced drag falls in between these two extremes and is a function of the lift and the lift
curve slope(23) It is written in a general form as

Cp. =k — (30)
where & is the induced drag factor.

The drag polars for both models at Mach number 0.8 are replotted in terms EE in Figure 13
for both models. The limits for a full suction force and no suction are also shown. The experimental
data fall in between these limits. At low lift, the leading edge suction reaches about a half of the full
value and decreases steadily as the lift increases. The correlation also shows that Cp, is not a linear
function of CE . Thus the general relation Equation (30) should be used to correlate the induced drag
with lift.
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As the Mach number increases the drag due to formation of shock wave appears. For the
wing-body configurations there are two shocks formed over the model, one at the end of the nose
section and the other at the rear of the wing. From the experimental data of the axisymmetric bodies,
it is found that the variation of the nose wave drag with incidence is very small. Thus the increase of
drag with incidence is attributed mainly to the wave drag and the induced drag due to lift of the wing.
The drag data with the zero lift value CDO subtracted are plotted in terms Cp, eLa against CE in

Figures 14 and 15 for the two wing body models respectively. Most of the data are successfully cor-
related by a straight line. At the high lift end, the data deviate from the straight line correlation as the
values of C; decrease rapidly at high incidences with flow separation occurring on the upper surface
of the wing.a

5.4 Lift-Depending Wave Drag

The slope of the correlation curve discussed in the preceding section gives the overall lift-
depending drag factor which consists of the induced drag due to lift and the lift-depending wave
drag(3D). The drag induced by lift is independent of Mach number(24). Thus the value of k at Mach
number of 0.8 before the drag-rise can be taken as the induced drag factor for all cases. The lift-
depending wave drag can now be deduced as

62

= ~ o~ L

C =(k-k s 31
D, = ( ‘”’)CLQ (31)

The values of K as a function of Mach number are shown in Figure 16.

The lift-depending wave drag is now presented in terms of the parameters of the equivalence
rule. The conditions of equivalence require the doublet and the effective source to be identical at the
same transonic similarity parameter K. From Equation (24), the parameter controlling the lift is
€@, /T which can be written in terms of the experimental variables as

~ (T+1)U2 c, 1

2 % (i !

4 MAC,) (32)

- ‘ =

For the present experiment, (ﬁX'"'F], ¢, /¥ are identical for both models, thus the lift controlling param-
eter can be expressed as Mj( Cy . The drag coefficient is now referenced to the maximal cross-sectional
area of the model. The results in terms of these parameters are shown in Figure 17. The abscissa is
given in two scales, M_\ C, asin Equation (32) and €& /7 = 7 | ¢n¥| "172 35 in the original form of
the parameter, Equations (3) and (24). The results are presented from Mach number of 0.9 to 1.1.
Below 0.9 the wave drag is negligibly small. The values of the transonic similarity parameter K is given
beside the Mach number for each case. For most cases, the correlation of the wave drag with the lift
parameter is found to be similar for both models. The correlation demonstrates that for the models
with the same cross-sectional area but different aspect ratios and thicknesses of the wings, if the lift
and the effective cross-sectional area due to lift are the same at a given transonic similarity parameter,
then the wave drag due to lift is the same. The equivalence rule with lift is thus established experi-
mentally. For the case of Mach number 0.96, the model WB1 has a much larger drag-rise due to lift
than other cases. This is caused by the low value of the lift curve slope at this particular Mach number
as discussed in Section 5.2. Thus in order to achieve the same lift condition as defined by the lift
parameter, the model has to be at much higher incidence than in the other cases and hence larger drag
is obtained.

For the lifting condition with the lift parameter € o /7 of 0.2, the equivalent body, B2,
with effective area due to lift added to the basic body, B1, was tested in the same Mach number range
(see Section 3.5). The drag-rise of the equivalent body and the wing-bodies at the design lift condition
are shown in Figure 18 presented in terms of the similarity parameters. The difference in zero lift
drag of the wing-bodies as shown in Figure 7 is again reflected in the higher drag-rise for the WB1
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model. The drag-rise of the equivalent body B2 is slightly lower than that of the wing-body WB2. This
discrepancy is due to the boundary layer separation at the rear of the hump of the equivalent body
giving an effective fairing to the body contour, much less abrupt than the physical one. This effective
broadening of the hump generates a weaker shock than that which may have formed if there had been
no separation and hence a lower drag-rise. The boundary layer separation at the rear of the hump and
the reattachment downstream at the aft body can be seen clearly from the surface oil flow visualiza-
tions in Figure 19. The rounding off of the wing tips to produce a more gradual change of the body
contour as discussed in Section 3.3 does not seem to be adequate in preventing flow separation.

The Schlieren flow visualizations for both wing-body and the equivalent body models at the
design lift condition are shown in Figure 20. Since the Schlieren pictures are taken at a fixed time
interval during continuous pitching sequence of the test, the lift parameter cannot be matched exactly
for both models and the condition shown in the Figures are the ones closest to the design lift condi-
tion. The shock patterns over the wings of both wing-body models are closely similar. It should be
noted that for the same lift parameter the angle of attack is not the same for the models. The shock
pattern over the rear part of the body B2 is more complicated than those of the wing-bodies. It
indicates clearly a strong interaction of the shock with the boundary layer separating at the rear of
the hump of the body.

The similarity of the far field can be further examined by the static pressure variations near
the tunnel walls as in the zero lift cases. The static pressure distirbutions at Mach numbers of 0.94
are shown in Figure 21. The pressure coefficient is now written in the similarity form as defined in
Equation (10), so that the data of the equivalent body B2 which has a slightly larger maximal cross-
section can be compared in the same scale. Because the pressure scanning was done at predetermined
incidences as described in Section 4.1, the lift parameters of two models cannot be matched exactly.
The cases shown in the Figures are the closest matches that can be obtained, although the lift param-
eter has a larger value than the design condition for the equivalent body B2. Taking into consideration
the data scattering and the pressure signal being very weak, the data for both models follow the same
trend closely. At lifting conditions the upper and the lower wall pressure distributions are no longer
the same. At the lower wall a strong compression directly underneath the models can be observed.
The pressure distributions for the equivalent body B2 are also plotted in the Figure. Because of the
difference in the lift parameter, the data cannot compare quantitatively with the wing-body results.
Qualitatively, the data at the upper wall follows the trend of the wing-body data closely, since the
lifting wing and the humped body both have the same flow pattern of an expansion followed by a
recompression shock. Having a smaller lift parameter, the magnitude of the B2 data is consistently
lower than those of the wing-body. The B2 data at the lower wall is closely similar to those of the
upper wall because of axial symmetry and do not have a region of compression as generated by a
lifting wing.

6.0 CONCLUSIONS

The transonic equivalence rule with lift has been studied experimentally. The experiment
has established the similitude of the outer flow fields of two wing-bodies under the conditions defined
by the equivalence rule(3), The two models have the same cross-sectional area distribution but with
wings of different aspect ratios and thicknesses. Two equivalent bodies of revolution have also been
tested, one corresponding to the zero lift condition and the other with lift. The experimental results
are summarized as follows.

The equivalence rule at zero lift works well for the wing-body model with a thin wing with
thickness-chord ratio 0.044. For the wing with thickness of 8 percent, the rear field drag caused by
the strong shock over the wing gives a higher drag-rise than that of the equivalent body.

The correlations of the lift-depending wave drag and the lift parameter € o, /7 of two models
are closely similar for the tested Mach numbers. Similitude of the outer flow field under the same lift
condition defined by the lift parameter is established.
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The drag-rise of the equivalent body with lift correlates reasonably well with that of the
wing-body at the design lifting condition, though the drag parameter has a slightly lower value
throughout the Mach number range. This is caused by the flow separation at the rear of the hump of
the body forming an effective contour which reduces the local shock strength.

The experiment therefore verifies the conditions defined by the equivalence rule with lift.
It establishes the similitude of the outer flow field at lifting conditions. As in the classical rule of zero
lift, the equivalence rule with lift works well for configurations with a thin wing and a gradual varia-
tion of the equivalent cross-sectional area which includes the geometric one and the effective area
from the axial lift distribution.
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TABLE 1

WING SECTIONAL PROFILE

x/c t/c

| 0 0.00000
0.05 0.02700
0.10 0.03573
0.20 0.04502
0.30 0.04914
0.40 0.04989
0.50 0.04776
0.60 0.04284
0.70 0.03519
0.80 0.02498
0.90 0.01234
1.00 0.00000

E TABLE 2

GEOMETRIES OF THE MODELS

MODEL WB1 MODEL WB2
body length g, = 17.5in. (444.5 mm) g, = 17.5in. (444.5 mm)
body radius r, = 0.875in.(22.23 mm) r, = 0.875in.(22.23 mm)
root chord c, = 6in.(152.4 mm) ¢, = 6in.(152.4 mm)
semi-span b, = 4.0437in. (102.71 mm) b, = 7.2856in.(185.05 mm)
wing thickness t,/c = 0.8 t,/c = 0.4444
aspect ratio A = 260 A = 469
: X = o231 X, = 0416
7, = 0.0516 7, = 0.02865

(=
(3]




X- :ruolc0

0.00
0.50
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00

EFFECTIVE AND GEOMETRIC CROSS-SECTIONAL AREAS AND
RADII OF THE EQUIVALENT BODIES OF REVOLUTION

S

c

0.6632
0.6632
0.6632
0.6728
0.7020
0.7369
0.7764
0.8161
0.8564
0.8937
0.9287
0.9578
0.9813
0.9956
1.0000
0.9917
0.9685
0.9262
0.8621
0.7704
0.6632

-18 -

TABLE 3

SLirt

0.0000
0.0012
0.0043
0.0091
0.0155
0.0234
0.0328
0.0436
0.0558
0.0693
0.0841
0.1001
0.1174
0.1359
0.1556
0.1765
0.1985
0.2217
0.2460
0.1570
0.0471

S

e

0.6632
0.6644
0.6675
0.6819
0.7175
0.7603
0.8092
0.8597
0.9122
0.9630
1.0128
1.0579
1.0987
1.1315
1.1556
1.1682
1.1670
1.1479
1.1081
0.9274
0.7283

r, (in)

0.8750
0.8750
0.8750
0.8836
0.9026
0.9254
0.9492
0.9732
0.9968
1.0184
1.0380
1.0542
1.0672
1.0748
1.0774
1.0728
1.0600
1.0368
1.0002
0.9456
0.8750

r, (in)

0.8750
0.8758
0.8778
0.8872
0.9101
0.9369
0.9665
0.9962
1.0262
1.0544
1.0813
1.1051
1.1262
1.1429
1.1550
1.1613
1.1607
1.1512
1.1310
1.0347
0.9055

T
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=39
CLA

RE/FT (M) =8.71

MACH ND,=7,274
ALPHABR

=15 -
TABLE 4
AERODYNAMIC COEFFICIENTS OF WING-BODY MODEL WB1

CLB CD
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TABLE 4
AERODYNAMIC COEFFICIENTS OF WING-BODY MODEL WB1 (Cont’d)
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TABLE 4
AERODYNAMIC COEFFICIENTS OF WING-BODY MODEL WB1 (Cont’d)
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TABLE 4
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FIG. 1: TWO-DIMENSIONAL PRESSURE DISTRIBUTIONS OF THE AIRFOIL
USED IN THE WING DESIGN
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FIG. 2: THE WING-BODY COMBINATIONS AND THE EQUIVALENT BODIES
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FIG. 3: CROSS-SECTIONAL AREA DISTRIBUTIONS OF THE MODELS WITH AND WITHOUT LIFT
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FIG. 4: MODEL PARTS BEFORE ASSEMBLY
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FIG.5: VARIATION OF C, WITH & AND Cp WITH C, FOR THE WING-BODY MODEL WB1

AT DIFFERENT MACH NUMBERS
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MODEL WB1

MODEL WB2

FIG.8: SURFACE FLOW VISUALIZATION FOR THE WING-BODIES WB1 AND WB2
AT ZERO ANGLE OF ATTACK, M_ = 0.96
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WBI, a=-0.12° wB2, a=0.22°

B2,a=-0.05°

FIG.9: SCHLIEREN FLOW VISUALIZATION FOR WING-BODIES WB1, WB2 AND BODY OF
REVOLUTION B1 AT ZERO ANGLE OF ATTACK (NOMINAL), M_ = 0.98




-36 -

-0.010 T T T | | I
-0.005— e
o]
Be 8 ; o4
8 g o o : o UPPER WALL
5 8
¥ ' Q : g 2
Cp B a
o]
+0.005— A 7
8 . 2 5 o
W8 8 s .
8 6 O
e 4 LOWER WALL
0] 3_@ ~ ’ a
6 2 o
0.005 MODEL  MACH NO. B
wBlI 0.98I 5
wB2 0.979 "
BI 0.978 o
0.010 1 | | | | |
-1.5 -1.0 -05 0 o7 0.5 1.0 1.5 2.0

FIG. 10: STATIC PRESSURE DISTRIBUTIONS NEAR THE UPPER AND THE LOWER WALLS

OF THE TEST SECTION FOR THE WING-BODIES WB1, WB2 AND
THE BODY OF REVOLUTION B1 AT ZERO ANGLE OF ATTACK, M_ = 0.98
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FIG. 11: VARIATION OF LIFT CURVE SLOPE AT ZERO LIFT WITH TRANSONIC
SIMILARITY PARAMETER BASED ON THE WING THICKNESS TO CHORD RATIO
FOR THE WING-BODIES WB1 AND WB2
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MODEL WB1, « = 5.06°

MODEL WB1, = 10.09°

FIG. 12(a): SURFACE FLOW VISUALIZATION FOR THE WING-BODIES WB1 AND WB2
AT ANGLE OF ATTACK, M_ = 0.96
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MODEL WB2, & = 2.56°

MODEL WB2, o = 5.05°

FIG. 12(b): SURFACE FLOW VISUALIZATION FOR THE WING-BODIES WB1 AND WB2
AT ANGLE OF ATTACK, M_ = 0.96
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FIG. 13: VARIATION OF Cp WITH C,_ 2 FOR THE WING-BODIES WB1 AND WB2
AT MACH NUMBER 0.8
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FIG. 16: VARIATION OF THE INDUCED DRAG FACTOR k WITH MACH NUMBER FOR THE WING-BODIES WB1 AND WB2
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FIG. 17: VARIATION OF WAVE DRAG Cp

THE WING-BODIES WB1 AND WB2

WITH LIFT PARAMETERS FOR
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LIFT CONDITION E’&’Eﬁ = 0.20
WING BODY WBI

—_—

— WING BODY wB2

EQUIVALENT BODY B2

FIG. 18: DRAG-RISE FOR THE WING-BODIES WB1, WB2 AND THE BODY OF
REVOLUTION B2 AT THE DESIGN LIFT CONDITION

FIG. 19: SURFACE FLOW VISUALIZATION FOR THE BODY OF REVOLUTION B2
AT MACH NUMBER 0.96
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WB2,a = 2.06° M,C, X =0.0827

B2, a=0.06°

FIG. 20: SCHLIEREN FLOW VISUALIZATION FOR THE WING-BODIES WB1, WB2
AT INCIDENCE AND THE BODY OF REVOLUTION B2, M_, = 0.98
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APPENDIX A
SIMILARITY PARAMETERS OF THREE-DIMENSIONAL TRANSONIC FLOWS

Similarity parameters of a physical problem can be derived from the governing differential
equations and the boundary conditions. For three-dimensional transonic flow with small disturbances
the parameters come about naturally in the derivation of the small disturbance equations. With the
flow taken to be uniform upstream in the x-direction, the velocity components and the density of the
flow can be written for a small disturbance

u = U_(1+Au)
vi = U_lv
" (A1)
w = U_Aw
p" = p_(1+Ap)

where A is a perturbation parameter to be determined from the small disturbance condition, i.e. the
boundary condition on the body. The co-ordinates are scaled as follows

x =£x

y = by (A2)
*

z = oz

where £, b and c are the typical lengths of the body in their respective co-ordinate directions. If the
body surface is given by the expression

28 =81 (x,y") (A3)
where 8 is small, so that the requirement for small disturbance is satisfied, we can show that

A ~ 0(8) (A4)

The governing equations chosen for the derivation of the small disturbance equation are
the conservation equations of mass and energy. These equations satisfy automatically the discon-
tinuity conditions of the shock wave which may occur in the flow field.

P u), +@EPv)st(Pw). =0
X y z

. * (A5)

1 *2 * * a 1 a

2 -1 2

With the perturbation velocities Equation (A1) and eliminating the density with the energy equation

" . 1 1 M
r 1+0p = 1-M2 Au+E (Av)? +3 (Aw)?| + [(2—7)Mi— 1] i (Au)? + ... (A®)
the perturbation equation for the velocity is derived up to the second order
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2 2 2 2
—(1~M2)u +év +£W ._.M—"é(v2+w2) _&_( +1)112(u2)
Q Lol ¢ b y c z 2 Q X Q Y 2 X
1 1 1 1
—MiAz(Euyv+—uzw)—MiAz(—l;uvy+-;uwz) =0 AT
c

Assuming that the flow is irrotational and introducing a velocity potential

* * *

& =U.x +¢ =UL(x+Ad) (A8)
with

-2 2o _%o¢
v ¥ b dy ’ VT oz

The velocity equation can be written in terms of ¢ as
2

£2 2 5 22 22
[(1- M,) - A(T+1)Mw¢x]¢“ * 2%y 7 % - AM«.[B? o ¥ 2 ¢z]x

Q2 Q2
+ AMZ I:Fz_ by * T ¢Zz:|¢x (A9)

For a configuration with small or moderate aspect ratio, the length scale c is taken as b, and Equa-
tion (A9) can be rearranged into the following form

_1-M. _}___ﬁ . ~ ;2_2 2, 2
(T+1)M£A ¢x ¢xx B (,T_'_l)MiA b2 {¢YY ¢ZZ) - 7+1 b2 (¢y ¢z)x

1 @2
+ i1 35(95” + ¢,,)0, (A10)

The perturbation parameter now has the form
b 2
A= 6(—) = TA (All)

&b b
where 7 = E_ and A = T are the thickness and the swept back parameters respectively. The

boundary condition is therefore

% _dxy)
0z 0x T

y=20 (A12)

With the perturbation equation, Equation (A10), and the boundary condition, Equation (A12), the
similarity parameters can be identified as
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1- M2

— = + M2 3 1yl 2
(v +1) M2 70 (y+1MI7A",  (y+1A ;

These parameters appear as coefficients in the equations defining the order of magnitude of their
related terms. They can be identified as follows: the first one is the transonic similarity parameter K,
the second one the square of the ratio of the length scales for the outer and inner regions, €, the third
one the swept back parameter, related to I', and the fourth one the normalized angle of attack,
related to o, (see Egs. (1) and (4) in Section 2). Because of the retention of the right-hand side in
Equation (A10), these parameters are not the same as those of the classical similarity. Different forms
of small disturbance equations have been used in the literature on three-dimensional flows! 1), They
are basically the same as Equation (A10) except that some terms in the right-hand side are dropped

according to the author’s preferences. If all terms at the right-hand side of the equation are dropped,
the classical three-dimensional equation is obtained and the classical similarity law follows!®) .
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APPENDIX B
EVALUATIONS OF FUNCTIONS T(x), E(x) AND F(x) FOR A DELTA PLANFORM

For a planar wing at angle of attack the cross-flow potential given by the slender wing
theory is(12)
o = (a? - y2)!/? (A13)

where a(x) is the contour of the leading edge.

The functions T(x), Equation (6) in Section 2, can be evaluated with the potential given
in Equation (A13)

1 o 1
() == [ f Lo, [oxy)], & l;ldsdy

a 3.Ir a 1 a 1 ‘1
= J / 2n ds | dy (A14)
T L @-y)12 |4 @ -2 |y-s]

The integral with respect to s can be evaluated as

[ = f" 1 n 1 ds
1L 2 @ -e)2 ly-s]|
1 dn|y-5|
= - (fna)m - e
) A 1-32)112
=-(na)w - I2
-y _ _ 8
where y =— and 5 = —.
a a
To evaluate I, we differentiate I, with respect toy
dI, 1 1 1
== ds

dy 4 1-3)12 5-35

Lets = cosf, ¥ = cosfl; then

d I2 ™ de
—_— = f _ =90
dy o cosf, - cosf

Hence I2 = constant.

Aty = 0 the integral I, reduces to

1 fn|s|

12 = J:l _____(1_32)11’2 ds

Since the integrand is an even function of s,
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1 n|s|

omd§=-‘wﬁn2

[
2
I
o]
—

Thus

2
' n|—
aza 2 a K n(a)

4 L (@ -y

2 '
ﬂQn(—) aza?
a

The integral E(x), Equation (7) in Section 2, is evaluated as

dy

1]

T(x)

I

E(x)

1
o 1 Lo, [exy)],

I

1 a y a s
— Q
- -'; @ - y2 )2 [-‘; @ - s2)112 a

The integral with respect to s is evaluated

a S 1
I, = d
T L@ e @

1 B R
_al;fl m n |y-s|d§]

= -al,
To evaluate the integral I, we again differentiate I, with respect to y

dl, i 3 1

— =7 = s
&F 4 @1-3)12 |y-5|

Substituting s = cosf, y = cosf,

d 12 _ J.o cosf a6
dy 3 |cosf, - cosf |
= -7
Thus
I, = -y

(A15)

(A16)
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and
I, =ay
The integral E(x) becomes
Bw) =~ [
(x) = p ":a (a2 - y2)i72 (ry)dy

]
(N
]

Finally, the integral F(x) is evaluated as

F(x) = J” [w(x,y)] dy

=2 (" (@ -y?)ady
=-d

= ra’

(A17)

(A18)
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APPENDIX C

BOUNDARY CONDITION AT THE TUNNEL WALL

The linearized boundary conditions for flow past a perforated wall is given as19)

vi =0, y=+h (A19)

where P is the porosity factor depending on the physical configuration of the wall. The plus and the
minus signs in the condition refer to the upper and the lower wall respectively. For the side walls, the
velocity component w* will replace v* in the equation and the treatment is identical to the other walls.
Introducing the velocity potential, Equation (A8), the condition can be written as

I+

Eq‘)_ =0 (A20)
ox

o=
e

2,
P*
In terms of the similarity variables defined in Equation (1), we have

d

h==

+

9
0x

I
o

(A21)

o=
g

where

P'b P’

P e = —~—
RT  [(y+1)M2T X112

(A22)

Thus for flow similarity at the wall it is necessary to have P the same for both models. Since T\ is the
same for the models according to the first condition of Equation (26), the scaled porosity coefficient
P will have the same value if the tests are performed at the same Mach number.
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APPENDIX D

ESTIMATION OF OFF-SETTING FOR C; vs x AND C;, vs C; DATA

The off-setting of the C;; vs C; polar from the zero lift axis is due to the asymmetry of
the model about the central plane. With the angle of attack range of -3° to 3°, the data are fitted with

a quadratic in the least square sense,

Cp

The minimum of CD is thus

B2
C = A -—
D 4C
and the corresponding CL is
¢ -.B
L 2C

The angle of attack shift is taken to be the value of awat C; by a linear fit through the data of
m

CLvsoc.
CL = D + Ex
Thus
C, -D
Lm
a —4
m E

=J|
il

o)
I

=]

= 2
= A + BC, + CC_

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)
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