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1. INTRODUCTION 
 
 
Within the realm of Mechanical Engineering the subject of "Dynamics" is of considerable importance. 
Dynamics describes the interplay between loads and motion.  
 
Given external loads produce motion, to be determined.  
 
Conversely, given a motion, one may wish to determine the loads responsible for that motion. 
 
External loads produce motion. Motion, in turn, produces inertial loads. As a result, the loads within 
the system vary during motion. And they modify the motion. If the resulting system motion is to 
develop according to certain performance criteria, the evolution of the system motion as determined by 
the system dynamics must be well analyzed. 
 
Given the external loads and the resulting system motion, one may wish to determine the internal loads 
acting in the system, both in structural components and in devices that join those components. Also, 
one may wish to determine structural deformations experienced in structurally flexible system 
components. 
 
 
Students preparing for engagement in Dynamics projects are in the very first place expected to deeping 
their understanding of basic concepts in engineering mechanics.  
These concepts concern modelling and analysis in Statics (a special case of Dynamics), in Stress and 
Strain, and in principles of Dynamics. 
In addition they must now apply their earlier knowledge of and insight into mathematics concepts, 
especially those related to ordinary differential equations, partial differential equations, approximation 
theory, and numerical integration. Indeed, Dynamics relies heavily on mathematics. Therefore the 
engagement in research in Dynamics requires not only good mathematical abilities but at the same time 
sufficient self-discipline and a burning desire towards understanding nature and technology.  
 
Mechanical vibrations cover a large part of the entire field of Dynamics. Mechanical vibrations are 
present everywhere in daily life. Mechanical vibrations are the fluctuations of a mechanical system 
about its equilibrium configuration. 
- Vibrations may be sought for. Examples are vibrations of musical instruments, vibrations of 
equipment to help improve the condition of the human body, vibrations of transportation equipment, 
vibrations required in the operation of extremely accurate (atomic) microscopes, vibrations of sensors 
and motors on micro- and nano-scale. 
- Vibrations may be uncalled for and even be a nuisance. Examples are vibrations of chimneys and 
bridges and skyscrapers and high-voltage lines in the wind, mechanical vibrations as well as the 
resulting noise experienced by a human in an automobile or train or airplane or ship, vibrations 
experienced by manufacturing equipment (lathe, grinder, steel mill, wafer stepper) and by production 
equipment (oil-drillstrings, pipes carrying liquids), vibrations in mechatronic equipment during heavy-
duty operations, vibrations in structures leading to failure to satisfy performance criteria if not leading 
to catastrophic break-up.  

 
Clearly: vibrations galore. 
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Vibrations must be analyzed, and were and when necessary effective measures must be taken to modify 
those vibrations. To take measures towards modification, one must first attempt to understand that 
which one is trying to modify. In the present course the assiduous student will be given a helping hand 
to assist him in the acquisition of that understanding. 
 
The present Course Notes on Dynamics address the following topics: 
- vibrations of systems with a single degree-of-freedom  
 (planar translation or rotation) 
- vibrations of systems with multiple degrees-of-freedom  
 (discrete systems in planar translation and/or rotation) 
- vibrations of continuum systems (modelled exactly) 
- vibrations of continuum systems (modelled as a collection of finite elements). 
 
In all cases treated the equations of motion will be linear; an approximation usually valid for small 
amplitudes of displacements. 
 
The course on Dynamics is best studied using a textbook as reference material.  
An attractive list of possible Course Textbooks is contained in Chapter Two. Of the books listed there, 
especially the books by D.J. Inman and by S.G. Kelly should be mentioned. These two books make 
extensive use of numerical computations with MATLAB (Student Edition, version 5). The appropriate 
script files that come with those books are either to be downloaded through Internet (for Inman's book) 
or are contained in a CD-ROM provided with the textbook (Kelly's book). 
For the present course the teacher will use Kelly's book as Course Textbook. 
 
The Course Notes presented here serve to provide the student with a compact summary of applicable 
mechanical and mathematical concepts. Its objectives are: 
- to clarify or amplify mathematical concepts already presented in earlier courses on Linear Algebra 
and on Differential Equations; 
- to clarify or amplify engineering mechanics concepts already presented in earlier courses on Statics, 
Elasticity Theory, and Dynamics; 
- to clarify, amplify, and extend the material in the Course Textbook. 
 
However, the course notes presented therefore DO NOT replace the Course Textbook.  
 
In addition, the student is to develop insight and experience by energetically trying his hand at 
dynamics exercises. These exercises can be found e.g., in the Course Textbook, in the book by Meriam 
and Kraige (Vol. 2, chapter 8), and on Blackboard (worked-out exam assignments). 
 
The following activities are ESSENTIAL if the student is to master the subject: 
- clear-minded attendance of the classes, actively writing comments in his own course notebook; 
- thorough study of the relevant material in the Course Textbook; 
- thorough study of the relevant material in the present Course Notes; 
- energetic development of experience in solving recommended dynamics exercises. 
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We now sketch the "landscape" surveyed in the present Course Notes: 
 
- chapter 2 contains a list of recommended literature for background study or for further study. These 
may also be found to constitute a source of much inspiration to the assidious reader. Two outstanding 
books in the context of the present course are those by Inman and by Kelly. Of these, the book by Kelly 
has been selected as Course Textbook for the present course.  
 
- chapters 3 and 4 develop the equations of motion (dynamics equations) for rigid bodies displaying 
pure linear motion and pure angular motion, and for those rigid bodies moving in a single, inertially 
fixed plane (thereby displaying up to three degrees-of-freedom). 
 
- an important case of system excitation is that in which a periodic load acts on the system. In chapter 5 
it is shown how a periodic signal (such as a periodically varying external load) can be decomposed into 
an infinite series of harmonic excitation terms (Fourier decomposition). For linear systems, the 
response to a series of excitation terms is equal to the sum of the responses of the system to each of 
those excitation terms separately. As the case of excitation by a single harmonic term will be worked 
out in detail in later chapters, the extension to excitation by more general, periodic signals then 
becomes immediate. 
 
- chapter 6 investigates the solution of a system of linear algebraic equations. The results obtained are 
fundamental for the study of the dynamics of systems with multiple degrees-of-freedom (cf. chapters 8, 
12, 13, 14, 15, and 16). 
 
- in chapter 7 the solution of a single, linear, second-order, ordinary differential equation is developed 
in detail. The results obtained are fundamental to the study of the dynamics of all systems studied in 
these course notes. 
 
- in chapter 8 the solution of a system of linear, second-order, ordinary differential equations is 
developed in detail. The results obtained are fundamental to the study of the dynamics of all multi-
degree-of- freedom systems studied in these course notes. 
 
- chapter 9 considers the bending of a slender, prismatic beam. The results obtained are used in 
chapters 10, 13, and 15. 
 
- in chapter 10 the equations of motion of several continuum bodies are derived. The derivation is 
always carried out in a direct manner; in some cases however also by considering the continuum body 
as the limit case of a collection of many very small rigid bodies connected by very stiff linear springs. 
Bodies considered are the string (or cable, displaying small transverse motion), the straight rod (or bar, 
displaying small longitudinal extension only), and the straight shaft (a straight rod displaying small 
torsion only). 
 
- in chapter 11 the equation of motion of another important continuum body is developed: the initially 
straight beam (displaying small transverse displacement only). 
 
- in chapter 12 the solution to a second-order partial differential equation is developed. The specific 
differential equation is the one arising in the motion of strings, rods, and shafts. 
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- in chapter 13 the solution to a fourth-order partial differential equation is developed. The specific 
differential equation is the one arising in the motion of beams. 
 
- in chapter 14 the principle of virtual work is revisited. Here it is introduced with an eye to application 
to the analysis of the dynamics of structures obtained through finite element modelling. The principle 
of virtual work underlies various dynamics formalisms, such as the Euler-Lagrange formalism and the 
Hamilton formalism. Parenthetically we show that the development of the latter two formalisms is not 
necessary and in fact rather circuitous. Furthermore, it will be seen that the application of the principle 
of virtual work naturally leads to a formulation that would also result from the more contrived Galerkin 
approach involving certain "weighting functions" (see Section 15.6). 
 
- in chapter 15 the subject of finite element modelling is introduced. For tutorial reasons the discussion 
is restricted to a single, nominally straight rod modelled as a single finite element only. The reason for 
this choice is that in this way the amount of space dedicated in these course notes to the finite element 
subject remains moderate while physical insight is maximized. 
 
- in chapter 16 the subject of finite element modelling is again introduced. For tutorial reasons the 
discussion is restricted to a single, nominally straight beam modelled as a single finite element only. 
The reason for this choice is again that in this way the amount of space dedicated in these course notes 
to the finite element subject remains moderate while physical insight is maximized. 
 
- in chapter 17 the concept of finite element modelling is applied to structures consisting of multiple 
rod elements and/or multiple beam elements.  
 
- in chapters 16 and 17 only simple structural components were considered. Rods deform only in the 
direction of their longitudinal axis; beams deform only in the direction perpendicular to their 
longitudinal axis. These are idealizations. The general case, displaying deformation in three spatial 
directions simultaneously, is introduced in chapter 18. In addition, the possibility of including material 
damping is introduced. 
 
- in all cases the resulting equations of motion are of the second-order, linear, ordinary type. Generally 
these differential equations are solved with the aid of numerical integration techniques. Treatment of 
the subject of numerical integration is beyond the scope of the present course notes. However: in 
general it can be said (somewhat roughly) that numerical stability of the numerical solution increases 
for given numerical values for integration parameters if the maximum value of the eigenfrequencies in 
the system is "sufficiently low". Therefore, one would like to throw away system components 
displaying high eigenfrequencies. Moreover, may of those high-frequency components will display 
relatively large numerical errors. Little or nothing will be lost by throwing them out. Also, by throwing 
away those high-frequency components, computational effort per integration step will be reduced. 
Chapter 19 outlines two commonly used techniques for reducing the complexity of the system 
equations (mainly by throwing away the high frequency system components). 
 
- chapter 20 contains some concluding remarks. 
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20. CONCLUDING REMARKS 
 
 
 
 
The present Course Notes have been compiled to address the following topics: 
- vibrations of systems with a single degree-of-freedom  
 (planar translation or rotation)  
- vibrations of systems with multiple degrees-of-freedom  
 (discrete systems in planar translation and/or rotation) 
- vibrations of continuum systems (modelled exactly) 
- vibrations of continuum systems (modelled as a collection of finite elements). 
 
In all cases treated the resulting equations of motion are linear; an approximation usually valid for small 
amplitudes of displacements. 
 
The present Course Notes have been compiled to provide the student with a compact summary of 
applicable mechanical and mathematical concepts. Its objectives are: 
- to clarify or amplify mathematical concepts already presented in earlier courses on Linear Algebra and 
on Differential Equations; 
- to clarify or amplify engineering mechanics concepts already presented in earlier courses on Statics, 
Elasticity Theory, and Dynamics; 
- to clarify, amplify, and extend the material in the Course Textbook. 
 
Educational experience has shown that the following activities are ESSENTIAL if the student is to master 
the subject: 
- clear-minded attendance of the classes, actively writing comments in his own course notebook; 
- thorough study of the relevant material in the Course Textbook; 
- thorough study of the relevant material in the present Course Notes; 
- energetic development of experience in solving recommended dynamics exercises. 
 
The present document has the character of "Course Notes" - where it should be emphasized that these 
notes are quite informal and quite concise. They are quite informal indeed, for several reasons. They are 
meant only to provide the reader with material to quickly refresh his memory. And they have been 
compiled only rather recently and would therefore still need to undergo a considerably number of 
rewriting cycles before they might attain any status of authority. It follows that the teacher would 
welcome any comments from the users of this document. Please, send in any comments you might have! 
 
As explained, the document does not replace textbooks. Textbooks are more verbose, they explain more, 
they explain better, they have nicer figures and graphs, and they have been tested on their didactic 
quality.  
 
Nor does the possession of this document obviate the need to actually attend the classes where the teacher 
attempts to convey the essence of the material to the student. On the contrary! An assembly of a good 
teacher with good students is characterized by creative interaction, and on the basis of that interaction the 
teacher may amplify, modify, or even delete material that might appear too simple or possibly too 
advanced for those particular students. 
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Students are expected to study thoroughly with the aid of an appropriate textbook or several appropriate 
textbooks. Consider purchasing the recommended Course Textbook (the one by S.G. Kelly). Buy that 
textbook or buy another appropriate textbook that may be more to your liking. And consult good 
textbooks in your university libraries. Keep in mind that a professional engineer carefully builds up his 
professional library, starting with textbooks from his university courses!  
 
Students generally study better when they also attend classes, as explained above. Attending classes 
increases the efficiency of study.  
 
And students can generally truly master the course material only through dedicated and rigorous 
exercising, through additional exercising, and through even more exercising.  
 
To master the material of this course on one of the true foundations of engineering one has to study 
efficiently and intensely. There is no other way. And it is a beneficial way.  
Studying efficiently and intensely is beneficial because courses dealing with the true foundations of 
engineering are fascinating, challenging, and rewarding. They are rewarding because they open a vast 
horizon for further exploration, they sharpen the mind, and they increase one's competitiveness as a 
young engineer. Solidly mastering the foundations of engineering provides the young engineer with solid 
foundations for his future career - in engineering of any type or wherever it will lead him. 
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