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We formulate standard and multilevel Monte Carlo methods
for the kth moment MF¥[¢] of a Banach space valued random
variable £: Q@ — E, interpreted as an element of the k-
fold injective tensor product space ®’§E. For the standard
Monte Carlo estimator of M¥[¢], we prove the k-independent
convergence rate 1— X in the L4(Q; ®F E)-norm, provided that
(i) € € Liqg(Q; E) and (ii) g € [p,00), where p € [1,2] is the
Rademacher type of E. By using the fact that Rademacher
averages are dominated by Gaussian sums combined with
a version of Slepian’s inequality for Gaussian processes due
to Fernique, we moreover derive corresponding results for
multilevel Monte Carlo methods, including a rigorous error
estimate in the L (Q; ®F E)-norm and the optimization of the
computational cost for a given accuracy. Whenever the type
of the Banach space E is p = 2, our findings coincide with
known results for Hilbert space valued random variables.

‘We illustrate the abstract results by three model problems:
second-order elliptic PDEs with random forcing or random
coefficient, and stochastic evolution equations. In these cases,
the solution processes naturally take values in non-Hilbertian
Banach spaces. Further applications, where physical modeling
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constraints impose a setting in Banach spaces of type p < 2,
are indicated.
© 2023 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction
1.1. Background and motivation

Many applications in uncertainty quantification require the estimation of statistical
moments. The first statistical moment, that is to say the mean, is often itself the quan-
tity of interest, whereas higher-order moments are needed to infer certain characteristics
about the probability distribution of the underlying real- or vector-valued random vari-
able. In the case that this distribution is Gaussian, it is fully determined by the first two
statistical moments. Third-order and fourth-order moments, which define the skewness
and kurtosis of the probability distribution, play for instance an important role for tests
if the distribution is Gaussian, see e.g. [38,49].

In order to estimate statistical moments one resorts to sampling strategies, i.e., Monte
Carlo methods. It is well-known that for estimating the mean the convergence rate 1/2 in
the number of samples is achieved as long as the random variable £ is square-integrable
in Bochner sense with values in a Hilbert space H, i.e., £ € Ly(2; H). Moreover, this
result extends to statistical moments of an arbitrary order £ € N when interpreted as
elements of the Hilbert tensor product space H*), provided that the random variable
exhibits sufficient integrability in Loy ($2; H).

Vector-valued random variables occur, for instance, in the context of differential
equations involving randomness. Here, numerical methods for generating samples of ap-
proximate solutions often allow for a hierarchical multilevel structure corresponding to
different degrees of refinement of the discretization parameters. The idea of multilevel
Monte Carlo (MLMC) methods is to reduce the computational cost for achieving a given
target accuracy by optimizing the number of samples used on each level to compute the
MLMC estimator. To the best of our knowledge this approach was first formulated
by Giles [22] for stochastic ordinary differential equations (SDEs) after having previ-
ously been introduced by Heinrich [32] in the context of numerical integration. Since
then MLMC methods have been used to approximate means of Hilbert space valued
random variables for a variety of problems in uncertainty quantification, including but
not limited to SDEs [13,21,23,25,58], partial differential equations (PDEs) with random
coefficients [3,10,12,13,26,27,31,56], stochastic PDEs [2,24], and hyperbolic PDEs with
random fluxes or uncertainties in the initial data [50-52].

With regard to higher-order moments, MLMC strategies have been applied to esti-
mate diagonals of central statistical moments in [5,6], and combined with sparse tensor
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techniques to approximate (full) moments in [3,51,52]; the latter approach has been
refined and generalized by the multi-index Monte Carlo method in [30].

All of the previously mentioned references have in common that the error analysis
of the (multilevel) Monte Carlo estimators proceeds in Hilbert spaces. For the first sta-
tistical moment, it is known that estimating means of random variables taking values
in a Banach space F via the standard Monte Carlo method does in general not con-
verge at the rate 1/2, even in the presence of high Bochner integrability. More specifically,
the rate of convergence depends on geometric properties of the Banach space E: If F
has Rademacher type p € [1,2] and the random variable is an element of the Bochner
space Lq(Q2; E), ¢ > 1, the standard Monte Carlo method will, in general, converge only
at the rate 1 — m,
of MLMC methods not only to the discretization of a particular problem, but also to

see [47, Proposition 9.11]. This behavior necessitates tailoring

the type of the Banach space. The only references known to the authors addressing this
issue are [17] and [42], where conservation laws with random data are discretized by
MLMC finite difference methods, and [14], where the authors perform a MLMC analysis
in Holder spaces for solutions to stochastic evolution equations.

Besides the aforementioned issue of type-dependent convergence rates, another dif-
ficulty occurs when considering higher-order moments of Banach space valued random
variables: As opposed to the Hilbert space case, there is no canonical choice for the norm
on the tensor product space £ ® E. Two options which are widely used in the literature
are the projective and injective tensor product norms, mostly caused by the fact that any
reasonable cross norm is bounded from above, respectively from below, by these norms,
see [54, Proposition 6.1(a)]. Janson and Kaijser [37] defined and analyzed statistical mo-
ments of order k¥ € N (in Bochner, Dunford or Pettis sense) as elements of projective
and injective tensor product spaces. One of the findings [37, Theorem 3.8] shows that
both the projective and injective kth moment of £: Q — E exist in Bochner sense (and
coincide) whenever £ € Ly (; E).

Clearly, the choice of the tensor product norm will play a crucial role in the error anal-
ysis of (multilevel) Monte Carlo estimation of higher-order statistical moments. A simple
argumentation (see Example 3.21) shows that, no matter how “good” the (Rademacher)
type of the Banach space E is, Monte Carlo methods for the second moment will in
general not converge in the projective tensor product of F.

While this work is devoted to the numerical analysis of Monte Carlo (sampling) meth-
ods to approximate higher-order moments of vector-valued random variables, we remark
that certain linear (or linearized) stochastic equations allow for alternative approaches to
deterministically compute approximations to k-point correlations of random solutions. In
this context, we mention [11,40,41,43,46] and the references therein. This methodology
does not raise the mathematical issue of the type of a Banach space and its impact on
the convergence of numerical approximations. In the present paper, we shall not pursue
this direction further.
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1.2. Contributions

We consider the injective kth moment M¥[¢] of a Banach space valued random vari-
able £ € Ly (€; E) and, for the first time, formulate standard and multilevel Monte Carlo
methods for this higher-order moment in the Banach space setting. We prove that the
standard Monte Carlo estimator for M¥[¢] converges in the L,(Q; ®*E)-norm at the
rate 1 — + provided that (i) € € Lyy(Q; E) and (i) ¢ € [p, 00), where p € [1,2] is the
Rademacher type of E, see Theorem 3.16. Here, ®* E denotes the k-fold injective tensor
product of E. Note, in particular, that this convergence rate is independent of the order k
of the statistical moment Mlg[ﬂ This result readily implies error estimates and conver-
gence rates for abstract single-level Monte Carlo methods for M¥[¢], see Corollary 3.20.

By means of replacing Rademacher sums by Gaussian averages and exploiting a
version of Slepian’s inequality for Gaussian processes due to Fernique [18], we are fur-
thermore able to formulate corresponding abstract results for multilevel Monte Carlo
methods. This includes a rigorous error estimate in the L,(€2; ®*E)-norm, see Theo-
rem 3.24, and the optimization of the computational cost for a given accuracy (in the
MLMC context also known as “af~v theorem”), see Theorem 3.25.

We apply these abstract results to several classes of problems, where the stochastic
solution processes naturally take values in (non-Hilbertian) Banach spaces: second-order
elliptic PDEs (a) with random forcing taking values in L, for some general p € (1, c0), or
(b) with log-Gaussian diffusion coefficient and right-hand side in L,; and (c) stochastic
evolution equations, where we extend the MLMC analysis in Hélder norms, performed
in [14, Section 5] for mean values of solution processes, to their kth moments, being kth
order (spatio-)temporal correlation functions.

1.3. Layout

In Section 2 we introduce the necessary notation, see Subsection 2.1, as well as the
analytical preliminaries on tensor products of a Banach space E, with particular emphasis
on the full and symmetric k-fold injective tensor product of E, see Subsection 2.2. We
close this section with the definition of the injective kth moment of a Banach space
valued random variable £ € Li(Q; E) in Subsection 2.3. Section 3 is dedicated to the
analysis of Monte Carlo methods for the injective kth moment. For this purpose, we
first need to formulate several auxiliary results for Rademacher and Gaussian averages
in Subsection 3.1. We then perform the error analysis for the standard (and single-level)
Monte Carlo method in Subsection 3.2 and for the multilevel Monte Carlo method in
Subsection 3.3. In Section 4 we discuss several applications of our convergence results.
Section 5 gives an outlook on extensions and further applications, where due to essential
restrictions in the physical modeling a (non-Hilbertian) Banach space setting cannot be
avoided.
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2. Preliminaries
2.1. General notation and setting

Given parameter sets &, 2, and mappings #,¥: ¥ x 2 — R, we use the no-
tation Z(p,q) Sq 9(p,q) to indicate that for each ¢ € 2 there exists a constant
Cq € (0,00) such that F(p,q) < Cq¥(p,q) holds for every p € &. Whenever both
relations, .Z(p,q) Sq9(p,q) and 9(p,q) Sq F(p,q), hold simultaneously, we write
F(p,q) ~q 9 (p,q).

For a Banach space (F,| - ||r) over R, we write Bp := {z € F: ||z||p < 1} for its
closed unit ball, and B(F') for the Borel o-algebra on (F,|| - ||#), that is the o-algebra
generated by the open sets. The dual space of all continuous linear functionals g: F — R
is denoted by F'. We write g(z) or (g,x) for the duality pairing between g € F’ and
xr € F,and ||g||r := sup,ep, |g(x)| for the norm on F’'.

Throughout this article, we assume that (£2,.4,P) is a complete probability space
with expectation operator E, and we mark statements which hold P-almost surely with
P-a.s. For a second complete probability space (Q A IP’) with expectatlon operator E
(Q x QAQAP® IF’) denotes the product probability space, i.e., €2 x Q is the set of all
tuples (w,w) withw € Q, @ € Q A® A is the product o-algebra generated by all sets of
the form A x A with A € A, Ac .A and P ®P is the uniquely defined product measure
satisfying (P ® IP’)(A X A) = ]P’(A) (A) for all A € Aand A € A. The expectation
operator on (2 x 2, A® A, P ® P) will be denoted by E @ E.

In addition, we let (E,|| - ||g) be a Banach space over R, the set N contains all
(strictly) positive integers and, unless otherwise stated, k € N is a fixed positive integer
which indicates the order of (statistical) moments.

2.2. k-fold tensor products of Banach spaces

In this subsection we define (full and symmetric) k-fold tensor products of the Banach
space (E,| - ||g), with the aim of obtaining a new Banach space satisfying the following:

(i) It contains the set of all kth moments (in Bochner sense) of Bochner integrable
random variables £: Q — F satisfying E[[|£]|%,] < oo.

(ii) The topology on this space (prescribed by its norm) allows to quantify the conver-
gence of Monte Carlo estimation for statistical moments of order k.

For this purpose, symmetry of moments will be particularly important.
We start by defining the (full) k-fold algebraic tensor product of E,

®kE:E®.®E’

k times

that is the vector space consisting of all finite sums of the form
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M M k
Y wjne@re=> Qujn.  wm€E 1<j<M, 1<n<k,
j=1

j=1n=1

equipped with the algebraic operations rendering the tensor product linear in each of
its k components, see [19, Section 1.1]. The injective tensor norm || - || for an element
U € ®"E with representation U = Z]Ail Tj1 ® - ®xj is defined by

Ul = sup{

cf. [54, Section 3.1] and [37, Section 2.3.2]. Note that the value of the supremum in (2.1)
is independent of the choice of the representation of U € ®FE, since

Z H fn(@jn)

j=1n=1

‘fh“-afk GBE’}7 (2.1)

M

Mk
ST faain)| =D A @ fi), (@@ ®%‘,k)>’ =l(fi® @ f)U)
j=1n=1 j=1

For k = 1, the Hahn—Banach theorem shows that || - || = || - ||z. We call the completion

of the k-fold algebraic tensor product space ®*E with respect to || - ||c in (2.1) the (full)
k-fold injective tensor product of E and denote it by ®*E.

In the context of moments of E-valued random variables, we will be interested in
subspaces of ®E and ®*F containing only their symmetric elements. To this end, we
first introduce for 21 ® - -- ® x, € QFE its symmetrization

1
S($1 ®"'®$k) = il Z To(1) @+ @ To(k), (2.2)
" o€k

where S}, is the group of permutations of the set {1, ..., k}. The k-fold symmetric algebraic
tensor product of E, denoted by ®%°E, is then defined as the linear span of the subset
{s(x1® - @) 1 21,...,7 € B} in ®FF, i.e.,

M
" E = {Z s(j1 @ @ wjp)

=1

M €N, xijE,lgng,lgngk}

<

M
{Z /\j ®k$j
j=1

M e N, /\je]R{,a:jeE,lgng}

M
{Z 0; ®kl‘j

j=1

MeN, 6; € &), x; € E, lgng},
see [19, Section 1.5] or [20, Section 1.1]. Here, we set

Fr=r® -z VYeecE, and &(k):=
—_———

k times

{-1,1} if k is even,
{1} if k is odd.
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The symmetric injective tensor norm || - ||c, on the k-fold symmetric algebraic tensor
product space ®**E is given by (see [19, Section 3.1])

M
e, 1= Sup
=1

ifU = Zj\il \; ®@Fz;, where \; € R, z; € E for 1 < j < M. Note that, as for the injective
tensor norm || - ||¢, this definition does not depend on the choice of the representation
of U. The k-fold symmetric injective tensor product of E, denoted by ®§;3E, is the
completion of ®**E with respect to the norm || - ||, in (2.3).

The symmetrization s in (2.2) extends linearly to a projection s: @*F — @%°E and,

fe BE/}, (23)

since for U = Z _,2j1® - ®x; € @FF we moreover have that

Is@)ll

" QT o (k)

Ulle =

= ! o€eSk €

(2.4)

Z%N@ @ik = Ul

1
SHZ

c€Sk

Z Tjo(1) & & Tjo(k)
i=1

)

it also has a unique continuous extension to a linear projection s.: @*E — ®F<E.
Furthermore, on ®%*FE the injective tensor norm || - || and the symmetric injective

tensor norm || -

. are equivalent, with k-dependent equivalence constants,

U VU € ®%°F, (2.5)

e < Ul

see [20, Sections 2.3 and 2.7].

Remark 2.1. There are several meaningful options to define norms on the k-fold algebraic
tensor product spaces @*F and ®**E. Besides the injective tensor norm, a common

choice is the projective tensor norm || - ||, defined for U € @*E by
M
U = inf{z I lznle | MeN, U= ij 1® - ®xj,k}. (2.6)
j=1n=1
The symmetric projective tensor norm on @**E is given by (see [19, Section 2.2])
M M
U, = inf{Z Nlllzillfs | M eN, U=\ ®’“xj}- (27)
j=1 j=1

Then, for every U € @E, |U||x > ||U||c and ||s(U)||r, > max{||s(U) $(U)||} hold.
The closures of ®@*E and of ®@**E with respect to the norms || - || and || - |

tively, yield well-defined Banach spaces, the full and symmetric k-fold projective tensor

x4y TESPEC-
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product of E, denoted by ®*E and ®k “E. As shown in Example 3.21, the projective
tensor norm is not suitable for the error analysis of Monte Carlo methods.

2.8. Moments of Banach space valued random variables

The purpose of this subsection is to generalize the notion of the kth moment, defined
for a real-valued random variable X: 2 — R as

M*[X] :=E[X*] = /X(w)kd]P’(w)

to Banach space valued random variables £: 0 — E. To this end, we first specify the
concept of vector-valued integration which we imply when taking expected values of
E-valued random variables.

2.3.1. Vector-valued integration

An E-valued random variable £ defined on the probability space (£2, A, P) is a mapping
&: Q0 — E which is measurable in a certain sense. Specifically, we consider the class of
Bochner measurable random variables; these are all mappings £: 2 — E which are
(i) measurable with respect to the Borel o-algebra B(E) on E, and (ii) almost surely
separably valued, i.e., £ € Ey P-a.s. for some separable subspace Ey C E. A Bochner
measurable random variable £ is often also called strongly measurable, emphasizing the
contrast to the notion of weak measurability, which only requires the real-valued random
variable (f, &) to be measurable for every f € E’. Note that these notions are equivalent
whenever ¢ is almost surely separably valued (e.g., in the case of a separable Banach
space E), see [37, Theorem 2.3].

Furthermore, it turns out that £: 2 — E is Bochner measurable if and only if there
exists a sequence of Borel measurable simple functions &,: Q@ — E, n € N, such that
&, — &, P-a.s. This characterization facilitates the definition of the Bochner integral

/ £(w) dP(w) = E[] € B,

whenever ¢ is Bochner measurable and E[||¢]|g] < oo.

We close this subsection with introducing the corresponding Bochner L4-spaces. For
a real Banach space (F, | - ||r) and g € [1,00), Ly(; F) := Ly(Q, A, P; F) is the space
of all (equivalence classes of) F-valued Bochner measurable random variables n: Q — F
such that E[||n]|%] < oo, with norm given by

9l eir = E[ImI%]) (/ Inw)l1% dP( >) "
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2.83.2. Moments of order k
For an E-valued random variable &, its injective kth moment ME[¢] is defined as the
expectation (see e.g. [37, Section 3.1])

M*[] = E[@"¢] = / e (w / (W)@ ©Ew) dPW),  (28)

Q k times

whenever this integral exists (in Bochner sense) in the k-fold injective tensor product
space ®*E. In what follows, we will always assume that £ € L,(; E) holds for some
q € [k, 00). This guarantees that M’;[{] exists in Bochner sense: Firstly, Bochner measur-
ability of ¢ implies that also ®*¢: Q — ®¥E is Bochner measurable since the non-linear
mapping E 3 z — ®@*z € ®*F is continuous and, secondly,

Ele*ll] =ElIglk] <E[llElE] = 17, 0z < oo

Of particular relevance in the present context is that the injective kth moment is an
element of the k-fold symmetric injective tensor product space ®’§;SE, since

s-(ME[¢]) = 5. (E[®"¢]) = E[s.(®%¢)] = E[2*¢] = MF[e].

Here, we have used continuity of the symmetrization s.: ®¥E — @%5E, see (2.2) and
(2.4), to exchange the order of s.(-) and E[-].

Remark 2.2. The assumption & € Li(9Q; E) does not only guarantee the existence of
the injective kth moment M¥[¢] but also that of the projective kth moment M¥[¢], i.e.,
the integral in (2.8) converges in Bochner sense also in the stronger projective tensor
norm defined in (2.6), see Remark 2.1. This observation follows from the chain of iden-
tities ||@%¢|l, = ||€]|% = ||@*¢]|. showing that the above arguments may be translated
verbatim, see also [37, Theorem 3.8].

3. Monte Carlo estimation of the kth moment

This section treats the analysis of abstract standard, single-level and multilevel Monte
Carlo methods to estimate the injective kth moment M’; [€] of a Banach space valued
random variable & € Ly (£2; E). In Subsection 3.1 we first provide necessary definitions,
including those of Rademacher and orthogaussian families as well as the type of a Banach
space. Furthermore, we formulate auxiliary results based on comparison theorems for
Rademacher and Gaussian averages. These observations facilitate the error analysis for
standard and single-level Monte Carlo estimation in Subsection 3.2 and for the multilevel
Monte Carlo method in Subsection 3.3.
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3.1. Auziliary results on Rademacher and Gaussian averages

Definition 3.1 (Rademacher family). Let (Q, A, P) be a complete probability space and
vk Q- {-1,1}, j € J C N, be a family of independent random variables such that
]P’( =-1) = IP’(rJ =1) = 1 for all j € J. Then, the collection of random variables
(rj)jes is called a Rademacher family.

Definition 3.2 (Orthogaussian family). Let (S~2, .Z, ﬁ) be a complete probability space with
expectation E. Suppose that g;: Q— R, 7 € J C N, are independent standard Gaussian
random variables, i.e., ]E[gj] =0, E[gﬂ =1 for all j € J, and E[gigj] =0 for i # j.
Then, the collection (g;),es is called an orthogaussian family.

Assuming that (z;) j]‘/il is a Rademacher or orthogaussian family and (x;) jj\il are vec-
tors in the Banach space E, the E-norm of the finite random sum Z;\il zjxj is the
supremum of a real-valued (Rademacher or Gaussian) stochastic process. More specifi-

cally, the Hahn—Banach theorem allows us to rewrite the norm as follows,

x|l = sup sz (x;) szj, (3.1)

E fEBE/

= sup
(t1yetar) €T

where T is the compact subset of RM given by T := {(f(x1),..., f(zx)) : f € Bg'}.
The next lemma summarizes comparison theorems for Gaussian and Rademacher

averages, see [47, Corollary 3.17 & Theorem 4.12]. It will facilitate generalizing the

equality (3.1) to an upper bound for Ls,-norms of random variables of the form

sup
fEBE/

E:TJ x]

and  sup
feBg/

Zg] (a7)"

Jj=1

., kjeN, 1<j<M.

Lemma 3.3. Let M € N, and let z := (z )] 1 be a Rademacher or orthogaussian family
on a complete probability space (ﬁ,ﬂ, P). Suppose that (gaj)jzl are functions on R such

that, for every 1 < j < M,
e 0)=0  and  |p;(s) — (O <ls—t| VsteR. (3.2)

Assume further that G: [0,00) — [0,00) is convex and increasing. Then, we have for any

bounded subset T C RM the relation
EG sup Z z0;(t)| | <EG sup (3.3)
(t1, Jtar) ET (t tM)GT

where E denotes the expectation operator on (Q,JZ, @), and C, is given by

ZZJ
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_J1 if z is a Rademacher family, (3.4)
o 2 if z is an orthogaussian family. .
Proposition 3.4. Let M € N, z1,...,xp € E, and (zj)j]‘il be a Rademacher or or-

thogaussian family on a complete probability space (ﬁ,j,ﬁ) (with expectation ]E) In
addition, assume that G: [0,00) — [0,00) is a convex and increasing function.

). (3.5)
E

) . (3.6)
E

Remark 3.5. Part (i) of Proposition 3.4 is a generalization of the observation made
by Ledoux and Talagrand in [47, Equation (4.19)]; there formulated for Rademacher
averages, G(z) := z, and k; = ... = kpy = 2. That is, we generalize to higher-order

(i) For integers ki1,...,ky € N, we have the relation

) <EG (202

(ii) For general exponents q1,...,qn € [1,00), the following holds:

) <EG (202

Here, the constant C, € {1,2} is defined as in (3.4).

M
ki—1
> ikl

j=1

M
> zif(x)h

j=1

EG sup
f€Bg/

M

i—1
> zaillail g
j=1

M
> zlf ()Y

j=1

IEG( sup

f€Bg:

polynomials on one hand, and to Gaussian averages on the other hand.

Proof of Proposition 3.4. We will prove (i) and (ii) using Lemma 3.3. Without loss of
generality we may assume that z; # 0 forall 1 < j < M.

To derive (i), let M € N and k; € N, z; € E'\ {0} for all 1 < j < M. Furthermore,
for 1 <j < M, define I; := [—||Z;||g, ||Z;| £] and
~ ~ 1y~ l=ks k;
;I = R, ©;(s) == k:j1||a:j||E st s el (3.7)
The function @; is continuously differentiable on the interior of I; with |@}(s)| < 1.
Let Pj: R — I; denote the projection P;(s) := max{—||Z,;||g, min{s, |Z;||g}} onto the
interval I;. Then, for every 1 < j < M, the function

pir R=R,  pi(s) := @;(Pi(s)),

satisfies the assumptions (3.2) of Lemma 3.3. Therefore, letting the bounded set T C RM
be given by T := {(f(Z1),..., f(Zm)) : f € Bg'}, we may combine the observation (3.1)
with (3.3) and by also noting that 7" C I; x ... x Ip; we obtain that, for every convex
and increasing function G: [0, 00) — [0, 0),
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) EG( (t sgp eTZZJ% )
Zz] )zEG(CZ ) (3.8)

Finally, for zq,...,2p € E \ {0}, we choose T; := 2kj||xj||g_1xj € E\ {0} for all
1 <j < M and (3.8) shows (3.5).
For (ii) we modify the above arguments by replacing k; and the interval I; in the

~ (1
EG(— sup Zzg el 1 el e

fGE/-

< EG( sup iZj

(t1etm) €T

definition (3.7) of @; with ¢; and I; := [0,]|Z;| g], respectively, and the projection
P;: R — I; with P;(s) := min{]s|,||Z;||g}. Then, the function ¢;(s) = &;(P;(s))
satisfies the assumptions (3.2) of Lemma 3.3, since ¢;(0) = 0, [¢}(s)| < 1 holds for
every s € (0, ||Z;||g), and by the mean value theorem combined with the reverse triangle
inequality we thus have that

l0i(s) — @iV = |85 (P;(s)) — @;(P; (1) < [Pi(s) — Py ()] < [Is] — [t]] < |s —].

Furthermore, for every f € Bpg/, we have that P;(f(Z;)) = |f(Z;)| and we obtain the

analogue of (3.8),
N M
) < ¢ (aZ )
j=1 E

The choice z,; := 2qj||achqE"71mj, 1 <j < M, completes the proof of (3.6). O

1— ~ .
szqj Haile @1 @)

j=1

1 ~
EG(— sup T
f

GE’

The next lemma shows that we may symmetrize independent random variables with
vanishing mean, when bounding L,-norms of their sum. This result can be found, e.g.,
in [47, Lemma 6.3] or [14, Lemma 5.9].

Lemma 3.6 (Symmetrization). Let q € [1,00), M € N, (rj)j”il be a Rademacher family
on a complete probability space (ﬁ,.ﬁ,ﬁ), and let my,...,mm € Lq(ﬁ;F) be centered
random variables, i.e., E[nj] =0 for 1 < j < M, taking values in a real Banach space
(F,| - llr) such that m,...,na,71, ..., 70 are independent. Then,

Lq(F) Lq(ﬁ;F).

Definition 3.7 (Kahane—Khintchine constants). Assume that p,q € [1,00). The (g,p)
Kahane-Khintchine constant K, is the smallest constant K € (0 oo) such that for
any Rademacher family (7;);en on a complete probability space (Q A, ]P’) for any real
Banach space (F,|| - ||r), for all n € N, and every x1,...,z, € F, one has that
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<K
Ly(S;F)

(3.9)

L, (Q:F)

n
E :ijj
Jj=1

n
E :rjxj
Jj=1

Remark 3.8. For the case ¢ < p, Hélder’s inequality shows that K, , = 1. Finiteness of
the constant K, , in the non-trivial case ¢ > p was derived by Kahane [39]; it implies
that, for Rademacher sums, all L,-norms with ¢ € [1, 00) are equivalent.

Remark 3.9. By invoking an argument based on the central limit theorem (see [47,
p. 103]) the Kahane-Khintchine inequality for Rademacher sums (3.9) implies a cor-
responding result for Gaussian averages: For all p,q € [1,00), for any orthogaussian
family (g;)jen on a complete probability space (Q,j,ﬁ), for any real Banach space

(F,]| - ||F), for all n € N, and every zy,...,2, € F, we have that
n n
0| S Kep|d gl (3.10)
j=1 Lq(:F) j=1 Lyp(S4F)
Definition 3.10 (Type p constant). A real Banach space (F,| - ||r) is said to be of

(Rademacher) type p € [1,2] if there exists a constant 7 € (0,00) such that for any
Rademacher family () en on a complete probability space (2, 4, P) (with expectation
operator ), for every n € N, and all vectors x1,...,x, € F,

1/p 1/p
~ p n
~ =|E o I [E:2112 (3.11)
Ly (S F) F j=1

In this case, the smallest constant 7 € (0,00) in (3.11) is called the type p constant of F
and will be denoted by 7,(F).

n

E :zjj

j=1

n

E :rjgfj

j=1

Remark 3.11. The definition of the type of a Banach space (F,|| - ||r) is often comple-
mented with the notion of its cotype: F' has cotype q € [2,00] if there exists a constant
c € (0,00) such that for any Rademacher family (r;);jen on a complete probability space
(ﬁ,j,ﬁ), for every n € N, and all vectors x1,...,x, € F,

n 1/‘1 n
<Z ||ij|%> <c||> e if g € [2,00),
j=1 j=1 Lq(F)
n
sup ||z;llr < ¢ erxj B if ¢ = 0.
1<j<n j=1 L1 (QsF)

Remark 3.12. Every Banach space has type 1 and cotype oo by the triangle inequal-
ity and Lévy’s inequality (see e.g. [47, Proposition 2.3]), respectively. Conversely, by
the (classical) Khintchine inequalities (see e.g. [47, Lemma 4.1]) there exist constants
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Aq, By € (0,00) depending only on ¢ € [1,00) such that, for any Rademacher family
(7j)jen on (2, A,P) and any finite sequence (a;)}_; of real numbers,

“(59) < CIE-])

which implies that the type cannot be larger than 2 and the cotype cannot be smaller

n 1z
< B, (Z a?) (3.12)
j=1

n n
E rjaj E T‘jaj
j=1 j=1

Lq(R)

than 2. Kwapien [45] showed that a Banach space has type 2 and cotype 2 if and only if
it is isomorphic to a Hilbert space.

Example 3.13. Let (H, (-, - )g) be a real separable Hilbert space. In this case, the Hilbert
tensor product space ®?02H (see Appendix A for the definition) is again a Hilbert space
and, consequently, has type p = 2. However, none of the tensor product spaces ®2H,
®3r’sSH, ®2H or ®§’:’H has a non-trivial type p > 1.

This can be seen by the following counterexample: Let (e;)jen be an orthonormal
basis for H. Then, for all p € [1,00) and every n € N, we have

1/1j

n Yo n Yp n
(zm@ejn:;) :<Z||ej®ej||§> =<Z|lej|?}’> _
Jj=1 j=1 j=1

Moreover, the calculations in Appendix A (see the identities (A.2) and (A.3) of
Lemma A.1) imply that for any Rademacher family (r;);en on a complete probabil-
ity space (92, 4,P), for all p € [1,00) and for every n € N,

=1
Lp(ﬁ?®§H)

=n and
Ly (@2 H)

)

n
E riej ®e;
j=1

n
E rie; Qe
Jj=1

and the same statements hold when replacing ®2H by the symmetric projective tensor
product space ®3r’jH and ®2H by the symmetric injective tensor product space ®§;SH ,
respectively. This shows that (i) neither ®2 H nor ®f;jH have a non-trivial type p > 1,
and (ii) neither ®2H nor ®2:* H have a non-trivial cotype ¢ < co. Thus, ®2H and ®2:*H
do not have a non-trivial type either, cf. [36, Theorem 7.1.14].

In the next subsections we will see that the type p € [1,2] of a Banach space E
determines the rate of convergence when approximating statistical moments of E-valued
random variables by means of Monte Carlo methods and, moreover, that this convergence
rate does not depend on the order k& of the moment. However, as the above example
illustrates, to derive this finding, it is not possible to argue by transferring the type of a
Banach space to its k-fold tensor product.



K. Kirchner, C. Schwab / Journal of Functional Analysis 286 (2024) 110218 15

3.2. Standard and single-level Monte Carlo estimation

The next proposition is the key result for proving convergence of Monte Carlo meth-
ods for means, i.e., statistical moments of order k = 1. It can be found, e.g., in [47,
Proposition 9.11] for the case ¢ = p and in this generality in [14, Proposition 5.10].

Proposition 3.14. Assume that (E,|| - || g) is of Rademacher typep € [1,2]. Let q € [p, o),
M € N and m,....,nu € Ly(Q E) be independent E-valued random variables with
vanishing mean, E[n;] =0 for all1 < j < M. Then,

M M ”
Z Ui < 2Kqp7p(E) (Z ”njniq(Q%E)) '
=1 L,(E) Jj=1

Corollary 3.15. Assume that (E,| - ||g) is of Rademacher type p € [1,2], and let
n € L1(Q; E). In addition, let ¢ € [p,oo), M € N and &,...,ém € Ly(QE) be in-
dependent and identically distributed E-valued random variables. Then,

leo- e < lEw-all,

Lq(SBE)

+ 2Ky p7p(E) M_(l_%) H§1 - E[fl]HLq(Q;E)'

Proof. By applying the triangle inequality on L,(2; E) and Proposition 3.14 (noting
that §; — E[¢1], 1 < j < M, are independent and centered), we find that

M M
1 1
HJE[n]MZ@- < El - &l + 57 | >-(& —Elé)
j=1 Lq(E) j=1 Lq(%E)

M p

= H]E[n B gl]HE +2Kqp7p(E) M (ZHQ a EKlHEdQ;E)) ’
j=1

and the claim follows by the identical distribution of &1,...,&y. O

The remainder of this subsection is devoted to generalizing the approximation result
of Monte Carlo estimation for the first statistical moment in Corollary 3.15 to (injective)
statistical moments MF¥[r] of an arbitrary order k € N. Example 3.13 shows that it is
in general not possible to argue via the type of the tensor product space. We therefore
prove the convergence rates of Monte Carlo methods directly by means of the auxiliary
results derived in Subsection 3.1.

Theorem 3.16. Assume that (E,|| - ||g) s of Rademacher type p € [1,2]. Let g € [p,o0),
k,M e N and&,...,En € Lig(Q; E) be independent and identically distributed E-valued
random variables. Then,
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M
HM’:[&] - %Z@k@ < CopuM™ (1")||£1||qu<9 ) (3.13)
j=1

Lg(08°E)

Here, we recall the constant B, € (0,00) from the classical Khintchine inequalities (3.12),
as well as the Kahane—Khintchine constant K, and type p constant 7,(E) from Defini-
tions 3.7 and 3.10, respectively, and set

CSL &= 226K p7p(E) + By). (3.14)

Proof. Assume that (r;). j=1 is a Rademacher family on a complete probability space
(Q, A, P) and, for j € {1,..., M}, let €;:AxQ— Eandr;: QxQ— {-1,1} denote
the mappings that satisfy €i(w,w) = ¢j(w) and 7j(w,w) = r;(w) for all (w,w) € Q x Q.
Notice that on (© x QARAP® P) the random variables (’I“J)M form a Rademacher
family and &,...,&,71,...,T M are 1ndeEendent Moreover, §; € Liq(2; E) implies
that M¥[¢] € ®F*FE and ®k£j € Ly(Q x Q; @FE) are well-defined. We further note
that by the identical distribution of &1,..., &,

(E @ E)[@"¢; - ME[&]] = E[oF¢; — ME[G]] = E[ob;] - MEg] =

This shows that the independent random variables ®*&; — M¥[¢]: Q x Q — QFSE,
1 < j < M, are centered. Therefore, we can use Lemma 3.6 on the probability space
QxQ,A® AP ®P) and for the Banach space ®F*F to deduce that

M

Z(®k€j - M?[gl])

Jj=1

®k€j - Mlg[ﬁl])

Lo(Qx085 F) Lo(Qx05° F)

By the triangle inequality on Lg (€ x SNI; ®§;SE) we then obtain that
M

> (@ — ME4)])

Jj=1

M

Z(®k£j - Mf[fﬂ)

Jj=1

Zm — MF[&])

Lq(Q?®§‘§SE)

Ly(Qx08°E)

Ly(Qx$;05 7 E) (3.15)
M
omere| eS|
j=1 Ly(2x Q05 B) j=1 Lg(Qx08,° E)

=:2(A) +2(B).

To bound term (A) from above, we apply Fubini’s theorem and the Kahane—
Khintchine inequality (3.9) for the Banach space F := ®F*E and obtain that
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l/q
</ dP(w))
Lq(08°E)

q Y
dIP’(w)) .

p(§5®§;SE)

M
ZTJ ®&;(w

J=1

(]

Upon inserting the definition (2.3) of the symmetric injective tensor norm, we use Propo-
sition 3.4(i) for the convex increasing function G(t) := t?, t > 0, and the fact that the
Banach space E has type p € [1,2] with type constant 7,(E) € (0,00), to conclude that
Z )’
75 (

(A) < Kqp (/ <~ Kfi%p >p] ) q/de (w)> s
Q Ear
S%Kw</<[ f prle>w

DN @5 ()
M a/p 1/q
/ (Z e ’“) dP<w>>

Q V=1

M

ZT] ®F€;(w

\ /\

{O\

< 2kK, p1p(E (

M 1/

P

= 2kKy,7p(E

La/p(%R)

Since ¢ > p, we can use the triangle inequality on L./, (€%;R), yielding

M 1p
(A) < 2kKqp7p(E) (Z fj”lziq(Q;E)) = szq,pr(E)Ml/pHgl ||]qu(Q;E)> (3.16)
j=1

where we also used the identical distribution of &, ...,&.
For term (B) we use the estimate

IME[&]].. = [E[e*a]|. <E[le].,] =E[l&lE] < €., @m):

as well as the classical Khintchine inequalities (3.12) so that
M

.

< B,M"* < B,M"",
Lq(SN)?R)

and conclude that
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M

M q Yq
= HM?[&] > i </HM [€1] Z >>
j=1 Lq(QXQ;(X)?S”E =1

s (

Finally, combining (3.15), (3.16) and (3.17) shows that

(3.17)

Zra @)

l/q
B (&) ) < By M7|& 5, 0:)-

M

D (% — ME4)])

Jj=1

=M1
(€ ®E_jE)

HME[&] Wi Z ®k53

LQ(Q§®§;SE)
7(17%) k
2(2kKqpmp(E) + Bg) M\ |IG0L,  0:m)»
which along with the definition (3.14) of C sp  completes the proof of (3.13). O

The estimate (3.16) of term (A) in the proof of Theorem 3.16 reveals the following
analogue of Proposition 3.14 for independent (not necessarily identically distributed)
random variables ny,...,n € qu(Q; E) with vanishing kth moment.

Corollary 3.17. Assume that (E,|| - ||g) is of Rademacher type p € [1,2]. Let q € [p, o),
kE,M € N and n1,...,0m € Lig(; E) be independent E-valued random variables with
vanishing kth moment, Mk[n;] = 0 for all 1 < j < M. Then,

Ly (Q§®5;8E)

M M v

k
Z ®"n; < 4kKqp7p(E) <Z ||nj|Liq(Q;E)> - (3.18)
Jj=1 j=1

Remark 3.18. Optimality of the convergence rate 1 — % in (3.13) is ultimately related
to the question whether it is necessary that the Banach space E has Rademacher type
p € [1,2] for (3.18) to hold for all finite sequences 1, ...,0m € Liq(£2; E) of independent
FE-valued random variables with vanishing kth moment.

For the first moment, k = 1, it is evident that the choice n; = r;z; in (3.18),
where (7;)jen is a Rademacher family on (2, A,P) and x1,2s,... € E, implies that
the Banach space E has Rademacher type p. However, for higher-order moments, this
question is more complex due to the injective tensor norm on the left-hand side. For odd
orders k € N and the space E := {1 of summable real-valued sequences (which only has
Rademacher type p = 1), the choice 7; := r;e; shows that (3.18) cannot hold for any
p > 1. Here, (ej);cn denote the standard unit vectors in ¢;. In addition, the classical
Khintchine inequalities (3.12) imply that, for any Banach space F, the convergence rate
in (3.13) cannot be better that 1/2 (one may take, e.g., & := g; x, where (g;);jen is an
orthogaussian family on (2,.4,P) and x # 0 is a non-zero vector in E). Sharpness of
the rate 1 — % in (3.13) and necessity of the Rademacher type p for (3.18) for the case
p € (1,2) remains an open question.
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The next lemma complements Theorem 3.16 when deriving convergence rates of single-
level Monte Carlo methods for approximating injective kth moments.

Lemma 3.19. Let k € N and suppose that n,& € L (Q2; E). Then,

k—1

M Ta) = MG, < ML) — MELEI, < W = Ellacoumy 3 [l o VN |
1=0

Proof. The first inequality of the assertion is trivial. We next note that also the remaining
relation is evident in the case k = 1, since

[MEm] - MEE]|, = | — &)l ; <Ellln—&lle] =ln—&louer if k=1

We now assume that k& > 2 and observe that

B
I
—

ok — @kt = [(®i+1n) ® (®k7(i+1)€) _ (®in) ® (®k7i§)]

> .
- o

(&) © (-8 & (& (+Vg)).

<.
(e}

Therefore, we may estimate as follows,

[ME ] - MEE]), = |E[&*n - e*e]||, <E[[|en - et ]

k—1 o1
<E| Ll o m-gs (= HE] = Y E[Ilisln - €llslels )
=0 —

Combined with the Hélder inequality this completes the proof, since

E[In - lslels™] < @[l - €ls))* E[Iels) T
E (Il — €lle] < (B[l —€15)) * (EInllk) F

and, whenever k > 3, we obtain for all s € {1,...,k — 2}

=

E[Inllisln — €llsligls ] < L)) * E 0 - elb)) * @ lels)

. .. . . . k\—1 _ k -1
by a triple Holder inequality with (£)" " + k7' + (:=i=) =1. O
We are now ready to state the main result of this subsection: an abstract convergence
rate bound in L,(Q; @5 F) for single-level Monte Carlo estimation of the injective kth
moment M¥[n], assuming at our disposal M independent samples of an approximation
& € qu(Q;E) ton e Lk(Q,E)
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Corollary 3.20. Assume that (E, | - |g) is of Rademacher type p € [1,2]. Let q € [p, o),
k.M e N and&i,...,Em € Lig(Q; E) be independent and identically distributed E-valued
random variables. Then, for every U € ®§;5E, we have

< o —mte]], + oSt gt o,
LQ(Q;®]ECQSE)

HU— —Z@’%J

where the constant C>% | is defined as in (3.14).
In particular, for all n € L (Q; E), we have

k 1 - k
| - 47 St
j=1

k—1
k
< lIn = &illraonm I (Il It
Lq(ﬂ?‘g’IEC;»SE) =0

-

1—1
+OS;L)kM( p)||§1||qu(QE)

Proof. By the triangle inequality on L,(; ®F "*E) we obtain, for every U € ®k SE,

< ||U - ME&]|.,

o],

Lq(208°E)
M

+ |etten - 5 et

= Lq(Q?®§§SE)7

and the first claim follows by applying the estimate (3.13) of Theorem 3.16. Subsequently,
we derive the second assertion by combining this result with Lemma 3.19 which we use
to bound the difference of the kth moments ||M¥[n] — M¥[¢,] ||‘E

We close this subsection with a counterexample which shows that the convergence
results for the standard and single-level Monte Carlo estimators in Theorem 3.16 and
Corollary 3.20 can, in general, not hold when measuring the error in the (symmetric or
full) projective tensor norm. More specifically, we discuss this for second-order moments
of Hilbert space valued random variables, i.e., the random variables take values in a
Banach space of type p = 2.

Example 3.21. Let (H, (-, -)g) be a real separable Hilbert space, and let (e;);en be an

orthonormal basis for H. For n € N, consider the H-valued random variable &,: Q — H
n (92, A, P), whose (discrete uniform) distribution is defined by

Vie{l,...,n}: PHweQ:&(w)=¢})=n""

Then, for all n € N, both the projective and injective second moments of &, exist,
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M2[¢,] = M2[6n] = E [ ® &) = Zeu@ez, IMZ[&a]]], = [IM2[&]]],., =1,

i=1

see (A.2) in Lemma A.1 of Appendix A for the norm identities.
In addition, for all ¢ € [1,00) and every n € N, we have that

1612 oy = ElllEall%] = Znezn

We let g € [1,00), &n1y- -+, E&n be M € N independent copies of &, and estimate

|

1 < “
ers) o= |M216n] - 37 3 0%

:EU’WE - 4> e,
TLS5SN szl n,J

M j=1 Lo(®2H)
n n 1 1 n 1 M q
— Z .. Z T EZ(Q@Q)—MZ(@]@@%)
v1=1 vy =1 =1 j=1 e
11& 1 & e
= Z ’I’I,M EZ(Qz@ffz) - MZ(eVJ ®el’]) :
1<vq,...vpm<n i=1 j=1 7"

pairwise distinct

Thus, assuming that n > M, again by (A.2) in Lemma A.1 we obtain that

_ q
err(") E nMM(E -2)+(nh—M)2]
1<vy,..., v <n
pairwise distinct

=27(1 - )Ml (n—M+1)] >27(1 - &

+M
n)q :

Given ¢ € [1,00) and M € N, we choose an integer n, = n,(¢q, M) € N such that

>2719

n, > M(l _ 2—q/<q+M))_1 — (1 _ M)q-i-M

Mx

This proves that, for all ¢ € [1,00) and every M € N, there exists n, = n,(¢, M) € N
such that

> 1.

1 X 1 U
M2, ] - LS %, HMZM I o
H M j=1 M j=1

Lq(%0% H) Lq (0% H)

Since [|€n, ||z, () = 1 is also true for all ¢ € [1,00) and since H has type p = 2, this
shows that an analogue of (3.13) cannot hold with respect to the (full or symmetric)
projective tensor norm.
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3.3. Multilevel Monte Carlo estimation

Assuming that (Xg)é::1 is a family of F-valued random variables corresponding to
L € N different refinement levels of underlying discretization parameters, translating
the idea of multilevel Monte Carlo (MLMC) estimation, as formulated e.g. in [12, p. 5]
for means of Hilbert space valued random variables, to higher-order moments of Ba-
nach space valued random variables results in exploiting the following telescopic sum
(here: Xp:=0¢€ E)

E[ @ X, — ®szf1]7

Mh

L
E[@*Xp] =MFXL) =D (ME[X,] - MF[X, 1))
(=1 (=1

and estimating E[®* X, — ®* X, ;] for each 1 < ¢ < L via Monte Carlo sampling instead
of E[®* X1 ]. As we will see in Theorem 3.25 and Remark 3.27, this approach considerably
reduces the computational cost.

Evidently, the corresponding error analysis requires a Monte Carlo convergence result
for estimating differences of injective kth moments, i.e., for expected values of the form
E[®Fn—@FE] = MFn] —MPF[¢], via standard Monte Carlo methods. This auxiliary result
is derived in Proposition 3.23 by means of the next lemma, Lemma 3.22, which acts as
the analogue of the Rademacher type estimate (3.11) for Rademacher sums of differences
®k-'17j —®kyj» 1<j<M.

Lemma 3.22. Let (rj)jM:l be a Rademacher family on a complete probability space
(Q, A, P) with expectation E. Assume that (E,|| - ||g) has Rademacher type p € [1,2],
and let q € [p,0), k,M € N and z1,...,2p,Y1,-..,Yym € E. Then,

1/;n

k
—efy)|
j=1 Ly(@8°E

M
i B k—i
qu;sz ( ) [Z s = sl 2w 57"
j=1

(3.19)
Here, (]:) = i!(kkii)! is the binomial coefficient and the constant Cd'ffk is given by

Com = 16ky/T K p7p(E) Ky 2, (3.20)
with the Kahane—Khintchine and type p constants from Definitions 3.7 and 3.10.

Proof. For the proof of (3.19), we assume that (g;),, (g;)}L, are two independent
orthogaussian families on (2, 4, P). We first note that by [47, Lemma 4.5 and (4.8)],
applied for the convex function ¢ — t? and the Banach space ®’§;5E , and by the defini-
tion (2.3) of the symmetric injective tensor norm we have that



K. Kirchner, C. Schwab / Journal of Functional Analysis 286 (2024) 110218 23

M
—ety)| < (@ —ety)|
= Ly(20:°F) Ly(0:° )
p M
=1/3| sup > g (Fy)* = Fw)F)
Ieberli= Lo(R) 291
p M LI 4 . (3.21)
=/5 | suwp Z%Z()f(wj—yj)lf(yj)k‘z
febelimim Ly(@R)
k .
<35 (0] [Eostos-wrsor|
i=1 feBp1; Lq(R)

Here, we also used the binomial expansion for f(z;)* = [f(z; — y;) + f(y;)]* and the
triangle inequality on L,(9; R). We now claim that, for every ¢ € {1,...,k — 1},

Sup Zga Syt
J€Ber Ly(OR) (3.22)
M ' _ ’
<2v2|| sup Z(g]f( — ;) ||yJ||E +93H33j _yjHlEf(Z/j)kﬂ)
feBerlj=1 Ly(S4R)

To establish (3.22), we set §; := z; —y; € E for all 1 < j < M, and consider for
a fixed i € {1,...,k — 1} the following two real-valued centered Gaussian processes
Gi1,Gi2: Bprx Q = R, which are indexed by f € Bg,

Giaf) == Zgjf@j)if(yj)k_iv (3.23)
Gia(f) :==V2 Z 93 F(65) sl + G510 s f (w) ). (3.24)

For all i € {1,...,k — 1} and every f,h € Bg/, we then obtain by independence of the

standard Gaussian random variables g1, ..., 9,91, - -, gn the following estimate,
E[1Gi1(f) = Gia(WPP] =Y (fF(6:)" Fly)* " = h(6;)"hly;)* )
j=1

STF@) = )] £y B+ h(8;) [f )" = hly,)F])?

<.

IN

M
2 Z([f(éf)i = h(8;)" ] F ()25 + h(6,) P [F(yy) - h(yj)k_if)
=1
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M
= 22([f(5j)i — () s+ 161 [ f ()" — h(yj)k—i]2)

= E[|Gia(f) - Gia(W)].

Furthermore, for every i € {1,...,k — 1}, we have

Gialf Zgj f(i)), f€ Bg.

Here, the function (ti,ts) — W;(t1,t) := tith~" is continuous on R? and satisfies
U,(0,0) =0 for every i € {1,...,k—1}.

We thus may apply the comparison result derived in Lemma B.2 (see Appendix B)
for every i € {1,...,k — 1}, which shows that, for all ¢ € [1, c0),

E[(supsen, 9:1(1)))"] < 29[ (supsen,, IGi2(H)].
Taking the gth root on both sides of this inequality and inserting the definitions of G; 1

and G; o from (3.23)—(3.24) completes the proof of (3.22).
Next, combining (3.21) with (3.22) and the triangle inequality on L,(2;R) yields

M
Z ®xj ®kyj)

) < ZCIH sup Zg; D) il
Ly(®E°E) =1 Bl Lqa(S4R)
A zgj +3 G| s zgma rwyl|
feBpil} L(@R) =1 P Lq(%R)

where we set 5;“ = 2\/?(’;) By noting that /7/v2 < 5;67;C and estimating the
L,(£;R)-norms on the right-hand side for all ¢ € {1,...,k} using Proposition 3.4(i),

k—i
with k; = i and the vectors |ly;|| 5 J; (respectively, for every i € {1,...,k — 1} with
kj =k —iand ||§;]|} "y;) for all 1 < j < M, we find that

<ZC,”4@

k
ng I Ml 15775,

M
er (®Fa; — @Fy,)
j=1

Lq(§§®§ésE) =1 Lq((~2?E>
k=1

+ ) Crid(k—1) gillol el s ||
i=1 Lq(ﬂ;E)

Finally, since ¢ € [p, 00) is assumed, we may use Proposition 3.14 for the independent,
centered F-valued random variables

i = g;l165ll% sl 'o; resp. Wy =gl allyilE Ty 1<j<M,

7
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to conclude that (recall the definitions 6;” = 2\/?(]:) and 0; = z; — y;)

M
> i@tz - @ty
j=1

Lq (ﬁ§®§;SE)

k M Yp
~ 3 k—i
<3 | Critk 2K mo(B) [ D gl o s = w1l ”’]
i=1 j=1

k M e
k k—i
— 16k ) 1, Y () [anj—yjn 11 “’] ,
i=1 j=1

which completes the proof of (3.19), since Hgl”Lq(ﬁ'R) < Kq’2||gl‘|L2(§~2']R) = K, follows
from (3.10), and C, = 16k/T K7, (E)Kq2 by (3.20). O

Proposition 3.23. Assume that (E,| - ||g) is of Rademacher type p € [1,2]. Let q € [p, ),
k.M eN andm,....,nm,81, -, &M € Lig(Q; E) be E-valued random variables such that
the tuples (n1,&1), ..., (Mar,Ear) are independent and identically distributed. Then,

M
HMf[m] - ME&) - % > (@Fn; — @F)
j=1

Lq(Q:05,°E)

<2080 M) S B — &l o I 147 )

i=1

k—1
+ 2B, M~ = &l D [ImI%, oo 16 15 i |
=0

where By Cd'ff,C € (0,00) are defined as in (3.12) and (3.20), respectively.

Proof. We proceed similarly as in the proof of Theorem 3.16. We pick a Rademacher
family (r;) ]MIl on a complete probability space (£2, 4, P), and define the following random
variables on the product probability space (£2 ><S~2, .A®.Z, P@ﬁ): Forevery j € {1,...,M},

we set

niw),  &wd)=6W),  riwd) =@ Y(wd)exQ,

T’j (w7 w) =
where we note that (r;), is a Rademacher family on (£ x Q,A® A P ®P), and that
M,€1), s M E0s)s 71, - - -, s are independent. Furthermore, the random variables
@Fn; — @F€; — ME[m] + ME[¢,] are centered for all 1 < j < M so that by Lemma 3.6
and by the triangle inequality on L,(£2 x €; ®§;“”E) we find that
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M
> _(@%n; — @t — MEm] + ML)
j=1 Le(%®:°E)
M
= | 2o(*n; — &g, - M) +MED)||
=1 Lo(QxQ;05°E)
(3.25)
2"¢;)
O k,s
L,(QxQ®°F)
er — MFg)) ) =:2(A) +2(B).
La(Qx08° E)
For term (A) we use Fubini’s theorem as well as Lemma 3.22 to find that
M
= |2 it - )
j=1 Lg(Qx @8, E)
q Va
—</Zh (& ny ) - 8" @)| ww)
q J=1 Lq(4R2,°E)
k k 1/p |4 aq
i k—i
Gﬂ(/ZQMZmy NI wwo
o li=1 =1

and, hence,

1

Z(){ZHT}; &l ¢ Z)p]/

i=1

(A) CdlfF

q,p,k

Lq(S%R)

Next, we use the triangle inequality on L,(€;R) as well as the fact that ¢ € [p,00) so
that also on L/, (£2;R) we may apply the triangle inequality and conclude

1/p
k—1
c“ij() Tt
Lq/p(Q;]R)
k L M 1/p
diff e e (k=P
<opm, (J(;:W% AL LW&RJ
=1 j=1
N (k—i)
— ¢ A H k— w)
groa S (D) im - aziens=] " L

i=1

where the last step follows from the identical distribution of (n1,&1),..., (Mam,Em). In
addition, we observe that, for every i € {1,...,k — 1}, by Holder’s inequality
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( [”771 §1||g||€1||%f—i)q}>1/q

i k=i Yaq
< ((E[Hm — &) * El&lE]) ) = Im = &lly,, @ 165, o m

e |

Layp (R)

which completes the bound for term (A),

k
() < G M 3Bl — €15, 16015 )| (3.26)

=1

For term (B) we obtain by the Khintchine inequalities (3.12) and by Lemma 3.19 the
following estimate,

M

[ME[m] — ME&]]],, < By MY?||ME[n] - ME&]]].,

=1 ILg(R)

(3.27)

k—1
< By M ny = €l Y I, e I i
=0

The claim now follows by combining (3.25) with the estimates (3.26), (3.27) for the
terms (A) and (B), upon dividing the resulting inequality by M. O

We are now ready to formulate our convergence result for abstract multilevel Monte
Carlo methods to estimate higher-order statistical moments of Banach space valued
random variables.

Theorem 3.24. Let (E,|| - ||g) be of Rademacher type p € [1,2], q € [p,00) and
k,L € N. Suppose further that, for every £ € {1,...,L}, Xy € Lyq(%; E), M, € N,
and &1, .. .,& m, are independent copies of the ®’§;$E-valued random variable

&= ®ng — ®ng_1 € Lq(Q; ®§;5E), Xo:=0€E.

Then, for every U € ®§;5E,

< || - Mz,

L 1 M,
o252
=1 j=1

Lq(9§®§:E)

L
+ CquL, Z[ ) 1Xe — X‘f—lHqu(Q;E)
=1

k

|
—

[((zfl) 1Xe = X1l :m) + ||Xf‘|ik(Q;E)> [ Xe—1] IZ;;(_QIE)]]’

@
I
<
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where C’MLk = 2maX{C’qd'£fk,Bq} and the constants Bq,Cdpk € (0,00) are defined as
in (3.12) and (3.20).

Proof. First note that, for every ¢ € {1,..., L} the random variables &1, ...,&s nm, are
identically distributed and we have that

L

€=1

Thus, we find by the triangle inequality on L, (€; @F "*E) that, for every U € ®k SE,

||U MkXL 8 +Zerr
Lq(Q5®§§SE)

L 1 M,
o -3 5 2
=1 j=1

where, for £ € {1,..., L}, we define

Lq(Q3®§éSE)

For every ¢ € {1,...,L}, we let the tuples (X;—11,X¢1),...,(Xe—1,0m,, Xe,01,) be My
independent copies of (X,_1, X;) and observe that

M,
1
ot (&) = HM’;[XZ] — MFX,_q] - A § :(®kX,3,j — @ X, 5)
j=1

Lq(Q3®§ésE)

We are thus in the position to apply Proposition 3.23 on every level £ € {1,..., L},

k
err qsts (&) < 2C’d'ff Z{ [ Xe — Xi—lHZqu(Q;E)HXZ—lle;:(Q;E)}
=1
k—1
_1 i —i—
+ 28, My | Xe = Xema oy Y 1Kl o 1 Xem I ()|
=0

which after recalling that p € [1,2] and ¢ > p > 1 as well as combining the two sums
completes the proof of the assertion. O

The error estimate of Theorem 3.24 facilitates optimizing the number of levels L as
well as the number of samples on each level, My, ..., My, to reduce the computational
cost for achieving a target accuracy € > 0 of the MLMC estimator in the Lq(€%; ®F* E)-
norm. This optimization is subject of the following “af8vy theorem”.
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Theorem 3.25. Assume that (E,|| - ||g) is of Rademacher type p € (1,2]. Let q € [p, o),
keN, X € Ly(% E), (Xi)een C Lig(2; E) be a sequence of E-valued random variables
and, for every £ € N, define

=@ X, — @ X1 € Ly(Q@%°F), Xy:=0€cE. (3.28)

For ¢ € N, let Cy denote the cost (number of floating point operations) to generate
one sample of the random variable & in (3.28), and suppose that there exist a sequence
(Ne)een of positive integers and constants «, 3,7, Cy, Cg, Cy, Csap € (0,00), A € (1,00)
such that Ny = A® for all ¢ € N and, moreover,

VleN: |ME[X] - ME[X,)||, < CalNg 2 (@)
VLeN: ||Xe - Xf—1||qu(Q;E) < OBNg_ﬁa (ﬁ)
VlEN : Ce < CyN/, (")
VleN: max{||X||Lk(Q;E), ||X@||qu(Q;E)} < Cstab- (stab)

For each £ € N, let (&) jen C Lq(Q%; ®F°E) be a sequence of independent copies of the
@F* E-valued random variable & in (3.28).

'Then, for every e € (0,1/2], there exist integers L € N and My, ..., My € N such that
the Ly-accuracy € of the multilevel Monte Carlo estimator for M¥[X],

L 1 M,
k,ML L k .
errq,ss (X) T HME [X} - ; E = fZ,J

<€ (e)
Lq(Q5®§§SE)

can be achieved at computational costs of the order

€ e if By >,
kML _a gy / .
Coen (X) S(aprapa) § € = +€ P llogyelP ™ if pp’ =7, ©)
E TR it p' <~

where p' € [2,00) is such that % + z% = 1. The constant implied in < may also depend
on the constants Cy,Cg, C, and Csap from the assumptions above.

Proof. We will show by explicit construction that, for every e € (0,1/2], assumptions
(o), (B), (7) and (stab) allow to choose the algorithmic steering parameters L € N and
M, ..., My, € N so that (¢) holds with cost (C).

By Theorem 3.24 and by assumptions («), (3), (stab) we obtain the following error
estimate,
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emr]C ML ) < ||M§[ Mk[XL CMLk Z[ ||X£ X271||qu(Q;E) te

k

|
—

[(GED1Xe = Xealls oy + 1 Xl 0 ||X“||’zk;<g;;E)]]

I
<

i

< CuN;®+C pkcﬁi{Mz@;)N[B%[(( G+ Clan ) Clh™ ﬂ

=1 =0
L
< CQNEQ +0C, Z []\4;1/117 NE_B] ,
=1

where Cq“f'p':k € (0,00) is as in Theorem 3.24, and C, = C,(k, p, ¢, Cs, Cstab) € (0,00) is
defined by

C. = C Y Ca(k Chyt + 28 max{CS™", CL L' }),

stab stab

since

>
|
—

|:((z+1)cﬁ + sitab> Ch™ 1} <kCiy + maX{Ck ! Csktabl} Z (zfl)

< kCk- 1+2kmax{Ck Lokl

stab stab

-
Il
=]

Choose L € N as the smallest integer such that Ny ¢ < min{C;',1} & holds and, for
every £ € {1,...,L}, let M; € N be defined as the smallest integer satisfying

(B+1)p’ L =5y
(6%
CPN pSpN Pl , where Sy, = E ]\74erl .
(=1

Note that the magnitude of Sy, behaves asymptotically (for L large) as

L 1 if  pp’ >,
~—Bp’
Sp=) N Rgaam | L it fp' =7, (3.29)

y=8p’

N B <.

For this choice of L and My, ..., M, we can bound the error as follows,
kML 1€ - —1 1 N7 o7 =B
) - (&3 p'+
erry s (X) < CuCy, 5t Cy E_ [ N, “S, "N/ "N,

~—Bp’
= S+ NSy 1ZNP“ = SN <e
=1
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For the total cost, we first compute

L L , , , (ﬁtv)p'
CEML(x) = S CM,y < 0, SN (1 Lor N gy N )
(=1 /=1
L / , L ~—B8p’ L , ,
<Cy Y N+ YN ST YN, = Cy 3 N + GO N ST
/=1 /=1 /=1

By the choice of L we have AY = N, =~ e " and, since ¢ € (0,1/2], we find that
L =, |log 4 €|. Thus, using (3.29) we conclude that the computational cost,
N} +N;* if Bp" >,
Ctl;:xl_(X) S(8.7.Ap.9) NZ + ng it By =1,
NZ + Nth y=6p" i By < 7,

in terms of the accuracy e behaves as follows,

et if pp' >,

kML _a oy / . B
quss (X) S(aﬁ,’v,A,p,q) € a4 |log 4 €[P 1 if Bp" =7,
e e if Bp’ <7,

which completes the proof of the assertion. O

Remark 3.26 (Strong convergence implies («)). Lemma 3.19 shows that under the sta-
bility condition (stab), assumption («) is satisfied whenever there exists a constant
Ca € (0,00) such that || X — X[z, :r) < CaN, * holds for all £ € N.

Remark 3.27 (Comparison with single-level Monte Carlo). Under the assumptions («),
(7), (stab) the single-level Monte Carlo approach of Corollary 3.20 requires to choose the
level L and the number of samples M}, such that N; = e~ "/* and M = e’p/, in order
to achieve a target accuracy err®?-(X) = ¢ € (0, 00). Thus, the single-level Monte Carlo
method to estimate M¥[X] causes computational cost of the order

’

ChN(X) mCLMy SNJMp =~ e a7,

Remark 3.28 (Comparison with MLMC in Hilbert spaces). In the case that E is a Hilbert
space, we have that p = p’ = 2 and the computational costs in (C) coincide e.g. with those
of [12, Theorem 1] for the two cases when Sp’ # . In the critical case fp’ = 28 = v, we
obtain an additional log-factor |log, €|. This is due to the fact that we do not assume
independence across the levels ¢ € {1,..., L}. Note that this independence can be ex-
ploited only if (i) E is a Hilbert space, and (ii) the error is measured in the La-norm
with respect to (Q, A, P).
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Remark 3.29 (Full injective tensor norm). On the symmetric injective tensor product
space ®F*F, the full and symmetric injective tensor norms, || - || and | - ||.,, are
equivalent, see (2.5). Therefore, the results of Subsections 3.2 and 3.3 on convergence
of Monte Carlo methods of standard (Theorem 3.16), single-level (Corollary 3.20) and
multilevel type (Theorems 3.24 and 3.25) hold also with respect to the stronger norm on
Ly(Q; ®@FE), with the additional constant ’Z—’:

4. Applications

In this section we illustrate the preceding, abstract theory by several examples of
stochastic equations, where the need for the presently developed modifications of the
standard Monte Carlo theory is entailed either by problem-specific constraints on the
choices of non-Hilbertian function spaces for well-posedness or by the interest in error
estimates in norms on Banach spaces (such as Hélder norms).

Specifically, Subsections 4.1 and 4.2 are concerned with the kth moment MLMC finite
element convergence analysis for explicit, linear, second-order elliptic PDEs with random
forcing (in dimensions d € {2,3}) or random diffusion coeflicient (for d = 1), respectively.
Here, the right-hand side is assumed to be an element of (or taking values in) L,(D)
for some p € (1,00), where D C R? denotes the spatial domain. To obtain well-posed
problems, the case p € (1,2) necessitates variational formulations on Banach spaces,
whereas for p € (2, 00) such formulations may be advantageous to derive error estimates
in Hoélder norms via Sobolev embeddings.

In Subsection 4.3 we discuss the MLMC approximation of higher-order moments for
vector-valued stochastic processes X : [0,7] x Q — FE in tensor norms of Holder spaces
C°([0,T); E) for problem-specific Holder exponents § € [0, 1). These results are applicable
to many semi-discrete or fully discrete numerical schemes for SDEs and stochastic PDEs
and we give some explicit examples.

4.1. Linear elliptic PDEs with random forcing

Let D ¢ R? with d € {2,3} be an open, bounded, polytopal Lipschitz domain (with
closure D) and, for p € [1,00] and m € N, let L, (D) and W"(D) denote the standard
Lebesgue and Sobolev spaces of real-valued functions on D.

We write WZ} (D) for the closure of C2°(D) (the space of smooth functions with com-
pact support inside D) with respect to the norm on W, (D), and W, (D) for the dual
space of W, (D), where & + - = 1.

4.1.1. Deterministic model problem

We assume given deterministic, continuous diffusion coefficients a;; € C°(D), with
aij = aji, 1 <1,7 < d, which are uniformly positive definite. Thus, there exist constants
0 < a <@ < oo such that, for all z € D,
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d d
Vo, €RY: Y ay(@)didy > alldlga, Y au(@)did; < allglralllre,  (41)
ij=1 i,j=1
where || - ||ga denotes the Euclidean norm on R9.

For p € (1,00) and a given source term f in L,(D) (which in the sequel shall be gener-
alized to be random), we consider the following variational formulation of a homogeneous
Dirichlet boundary value problem: Find

we WD) : B(u,v)=(f,v) YveWkL(D). (4.2)

Here, (-, -) denotes the W, (D) x WI}, (D) duality pairing, and the bilinear form B is
given by

d
B: Wy (D) x Wy (D) »R,  B(w,v):= [ > aij () - w(x) v (x) da.
D i=1

Evidently, the boundedness condition in (4.1) and Hoélder’s inequality imply continuity
of B on WZ} (D) x W;,(D). However, as opposed to the Hilbert space case p = p’ = 2,
the uniform strong ellipticity assumption in (4.1) is in general not sufficient to guarantee
that the mapping WI} (D) > u — B(u, -) € W, (D) is an isomorphism. For the case
of the Laplace operator (i.e., a;j(z) = d;;) and every p € (1,00), an inf-sup condition
and hence well-posedness of (4.2) have been shown in [55, Theorem 6.1], see also [8,
Equation (8.6.5)]. Following the arguments used in [8, Section 8.6] this can be generalized
to diffusion coefficients (aij)ﬁ j—1 satisfying (4.1), provided that p is sufficiently close to 2.
In what follows, we will require for an appropriate range of integrability indices p € (1, c0)
that (4.2) has a unique solution and, moreover, that this solution is W (D)-regular. This
is summarized in the next assumption.

Assumption 4.1. There exists pg € (d,00) such that, for each p € (1,pg) and every
f € L,(D), the variational problem (4.2) admits a unique solution u € WI} (D), and

Vp € (1,po) 3Cp € (0,00) Vf€LpyD): Nullwzo) < Cpllfllr,m)- (4.3)

Sufficient conditions for the W7?(D)-regularity (4.3) to hold for the Laplace problem
in polygons (i.e., d = 2) can, for instance, be found in [28, Theorem 4.3.2.4].

Since pg > d and d € {2,3} are assumed, for a given ¢ € [pp,o0), we may choose
D= % € (1,min{d, ¢}) in (4.3) and conclude by continuity of the Sobolev embed-
ding W3(D) € W, (D) and Holder’s inequality that lullwio) Seoy lullwzmo) Sp
11z, ) Sta.p) 11|, ) For ¢ € (1,po) this estimate trivially holds by (4.3) so that we

obtain the following stability estimate for all p € (1, c0):

Vp e (1,00):  lullwimo) o) 1]z, m)- (4.4)
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4.1.2. Finite element approzimation

For the numerical approximation, we use a conforming finite element method (FEM)
for (4.2) based on continuous, piecewise first-order Langrangean basis functions on D:
on a regular, simplicial triangulation 77, of D with mesh size h € (0, 00), we consider the
finite-dimensional space

Se(D; ) := {v € C°(D) : vlop =0, v|r € P1 VT € Tp},

where IP; denotes the space of polynomials of degree at most one. The corresponding
Galerkin discretization of (4.2) reads: Find

up, € Se(D;Th) : Blup,vn) = (f,vn) Vo, € S§(D; Th). (4.5)

Evidently, this finite-dimensional problem is equivalent to a linear system of equations,
with matrix that is symmetric and, by (4.1), positive definite, so that there exists a
unique solution uy, € S§(D;Tp) of (4.5).

Under Assumption 4.1 and the additional condition that

g>2 ifd=2,

4.6
q>1 ifd=3, (4.6)

Vi,je{l,....d}: a;; € W} (D) for some {

it is shown in [8, Theorem 8.5.3] that, for all p € (1,00), the Galerkin projection wy, in
(4.5) is bounded in WZ} (D): There exists a mesh size hy € (0, 00) such that

Vh € (0,ho) :  [lunllwim) Sep,p) llullwr(m)- (4.7)

Combining (4.4) and (4.7) implies stability of both the exact solution u and its approx-
imation wy: For all p € (1,00), there exist a mesh width hg € (0,00) and a constant
Cstab € (0, 00) such that

Vh € (0,ho) :  max{|[ullw o) llunllwi )} < Coabll FllL, o) (4.8)

Moreover, by [8, Equation (8.5.4)] uy is quasi-optimal in WI} (D) for all p € (1, 00): There
exist hg, Copt € (0,00) (which may depend on D and p) such that

Vh € (0, hg) : — < C, inf — .
(0,h0) : [lu—unllwrp) < ptthS}én(D;Th)Hu onllw ()

Therefore, under Assumption 4.1 and (4.6), for every quasi-uniform family of triangu-
lations (7x)newn, standard approximation properties of the corresponding finite element
spaces S(D;Tp,), h € H C (0, 00), show that, for all p € (0,po),

Vhe HN(0,ho) :  flu—unllwim) Swo) bllullwzmo) Seo) kI, m) (4.9)

where we also used the assumed regularity (4.3).



K. Kirchner, C. Schwab / Journal of Functional Analysis 286 (2024) 110218 35

4.1.3. Random forcing and MLMC-FEM

Suppose the setting of the previous subsections. In particular, the coefficients (aij);{ =1
satisfy (4.1) and (4.6), and Assumption 4.1 holds for some py € (d,c0). In this subsec-
tion we fix p € (1,pg), which determines the spatial integrability of a given random
forcing. Random forcing in (4.2) amounts to assuming that the right-hand side f is an
element of L, (Q; L,(D)) for some suitable integrability index r € [1,00) with respect to
the probability space (2,4, P), i.e., we seek a W;(D)—Valued random variable u such

that
B(u(w),v) = (f(w),v) Yve WI},(D), for almost all w € Q. (4.10)

Under the above mentioned regularity requirements, see Assumption 4.1, we may
argue for almost all w € Q to establish the existence and uniqueness of a (stochastic)
solution u € L,(€; W) (D)) satisfying (4.10), with

u € L (; W7 (D)), [ullz,.@w20) Seo) IfllL.@51,m)-

Multilevel finite element discretizations of (4.10) will be based on the discrete vari-
ational problem (4.5), considered P-a.s. To this end, we denote by {7;}sen a nested
sequence of regular, simplicial triangulations 7; of D, with corresponding sequence of
mesh sizes {h}sen. We assume that 7,41 is obtained from 7y via uniform red refinement.
Then, hyy1 < he/2 and, without loss of generality, we may assume that hy < hg, with
ho as in (4.7)—(4.9). The corresponding sequence of Galerkin solutions uy, € S§(D;T)
shall be denoted by w, (with slight abuse of notation).

In the next corollary we verify that all assumptions of the “a8~y theorem”, see Theo-
rem 3.25, are satisfied to bound the computational costs of the MLMC-FEM estimator
for M’;[u] for a given accuracy and provide an upper bound for these costs.

Corollary 4.2. Let (4.1) and (4.6) be satisfied and suppose that Assumption 4.1 holds
for some py € (d,00). Assume that p € (1,pp), ¢ € [min{p,2},0), and k € N. For
f € Liqg(; Ly(D)), let u € Lig (82 V[/'p1 (D)) be the solution to (4.10). Furthermore, let the
FEM approzimations (ug)een be constructed as described above. Then, for E := W} (D)
and Ny := dim(S&(D;’]})) ~ h[d ~ A, with A := 2%, all conditions of Theorem 3.25
are fulfilled,

() VIeN: IME[u] — M|, Sepory Np 7 ie, o =d,

(8) VLeN: lue = eill s, @) Stkpana Mo ie, f=d},

() VLEN: Cr < NF, ie.,y=k,
(stab) VL eN: max { [|ul| L. w (D)), el Lig@wi o)) } < Cstabs

for some constant Csap € (0,00) depending only on p,D and || f|z,, (L, (D))
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Furthermore, the Lq-accuracy errhM-(u) < e € (0,1/2] of the multilevel Monte Carlo
estimator for M¥[u] can be achzeved at computational costs of the order

e ? if > kd,
Cottt () Stepan.p) € [logy P if = kd, (4.11)
e hd if P <kd,
where p' € [2,00) is such that mm{p 5T —|— — =1.

Proof. First note that we may apply the deterministic stability estimate (4.8) for almost
all w € Q, showing that, for all £ € N,

max {[|ull £, ;w1 (D)) 1tue | g s ) } < Cotabll Il L1y (2, (D)) = Ctab-

The integrability of f € Liy(2; L,(D)) combined with the deterministic FEM conver-
gence result (4.9) implies strong convergence,

VEeEN:  lu—ue|,@wim) Sy bellfllL, @5z, m))-

Since hy ~ N[l/ “, we conclude that the conditions (a) and (3) of Theorem 3.25 are
satisfied with @ = 3 = d~!, where we also have used Remark 3.26 for (o) and the
triangle inequality for (/3).

Assuming a linear complexity solver (as, e.g., multigrid), the cost Cy; for computing
one sample of uy in (4.5) is bounded by C;1 < C 1N, with some constant C. 1 € (0, c0)
independent of ¢. Since the computation of the kth Kronecker product of a vector of
length N, causes computational cost of the magnitude NJ, the total cost C, for computing
one sample of the random variable & = ®Fu;, — @*u,_; is of the order N, f . Therefore,
the condition () holds for v = k.

Thus, the assumptions («), (), (7) and (stab) of Theorem 3.25 are satisfied, and the
upper bound for the computational costs in (4.11) follows upon applying Theorem 3.25,
since the Banach space E = W, (D) has type min{p,2}. O

Remark 4.3. In the Hilbert space case, it is in general not optimal to obtain a convergence
rate bound for (o) by combining strong convergence with stability (stab), as outlined in
Remark 3.26. For instance, the error analysis of Galerkin approximations for generalized
Whittle-Matérn fields in [15, Proposition 4] reveals that the corresponding approxima-
tions of the covariance function converge more than twice as fast in the Ly(DxD)-norm
as the corresponding Gaussian random field approximations in the strong L,(€2; L2(D))-
sense. However, it is not obvious if and how this behavior generalizes to random variables
with values in Banach spaces.
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4.2. Linear elliptic PDEs with log-Gaussian coefficient

We next consider a linear, second-order elliptic PDE with mixed Dirichlet—Neumann
boundary conditions and right-hand side in L,(D). As opposed to Subsection 4.1, we now
assume that the diffusion coefficient a is random. More specifically, as e.g. in [9,10,56],
we suppose that a is log-Gaussian, i.e., a(z) = exp(g(x)) for almost all z € D, P-a.s.,
for some Gaussian random field g: D x € — R. The spatial domain is assumed to
be a bounded interval D = I = (0,b) of length b € (0,00). The restriction of the
spatial dimension to d = 1 facilitates an explicit expression of the inf-sup constant of
the bilinear form, appearing in the corresponding variational formulation, depending on
a = essinf ey a(z). In this setting, a is a random variable satisfying a € Lq(€Q;R) for
all ¢ € [1,00). Similarly as in [9], this, in turn, yields well-posedness of the variational
problem and strong convergence of finite element approximations.

4.2.1. Deterministic model problem

For p € [1,00], m € N, we recall the Lebesgue and Sobolev spaces L,(I) and W;™*(I)
from Subsection 4.1. We furthermore note that, since d = 1, for every p € [1, 00|, elements
v in W} (I) coincide (upon a modification on a subset of I of zero Lebesgue measure)
with a unique function which is continuous on I = [0, b], denoted by © € C°(I), and we
define the subspace

W, 0y (I) == {v € W(I) : 5(0) = 0}.

In virtue of the Poincaré inequality, on this subspace the map v — |v|W;(1), with
lvlwa(ry = [[v'||z, (1), defines a norm, where v" denotes the weak derivative of v. In ad-
dition, we write p’ € [1, 0] for the Holder conjugate of p € [1, 00|, and we let Wp_,{lo}(l)
be the dual space of Wpﬁ (0y(I), equipped with the norm

(fiv)
||fHW;%O}(I) = Sculp |'U| s .
0AVEW ), 1oy (1) W (I)

We assume given a finite partition P = {J;}.'7, of pairwise disjoint, open subintervals
J; of T such that J; U...U Jnp = T= [0,0]. Furthermore, we suppose that the scalar
diffusion coefficient satisfies

a € WX(I;P), where W.(I;P):={a€ Lo(I)|VJEP:al; € WL(J)},
and it is positive in the sense that there exist constants a, @ such that
0<a<a(r)<a<oo for almost all z € I.

For p € (1,00) and f € L,(I) we then consider the following boundary value problem,
with mixed (Dirichlet—Neumann) boundary conditions: One wishes to find
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u:I—=R: —(a(z)d(x) = f(z), aa.xzel, u(0)=abd)u/(b)=0.  (4.12)
The weak formulation of (4.12) reads: Find
ue Wy oy(I): Ba(u,v) = (f,v) Yve W), ) (4.13)

where the bilinear form B, is defined by B = fo v'(x) dz, for every
w € Wp,{O}( )and all v € W, '{o}( ). For every D E (1 00), ex1stence and uniqueness of
a solution u to (4.13) follow from continuity of B,

Vwe Wk (D) Ve Wl (D |Ba(w, o) STlulwynlobwy,  (414)
and the following inf-sup condition:

B,
inf sup a(w, ) > a. (4.15)
OFweW} 1oy (D otveWw?, | (1) |w|W5(I)|U|W§’(I)

p’,{0}

For the homogeneous Dirichlet boundary value problem (u(0) = u(b) = 0), a construc-
tive proof for the inf-sup condition on W;(I ) X Wpl, (I) has been given in [1, Proof of
Theorem 3.1]. We adjust the argument from [1], to derive (4.15) for the problem (4.12)
with mixed boundary conditions. To this end, let w € W; {0}(1 )\ {0} be arbitrary but
fixed, and define

x

V() := /51gn( ") ()P dt, €T =10,b]. (4.16)
0

This function satisfies v,,(0) = 0, and it is weakly differentiable with weak derivative
vl (x) = sign(w’(z))|w’ (z) [P~ for almost all x € 1.

We furthermore obtain that, for almost all 2 € I, |v/,(z)| = |w’(z)[P~" = |w/(z)[P/?", and
conclude that v,, € Wl, (03 (1), with

-1
[vulws, 1y = Walle, ) = /I35y = [wlfZ ) = ol

The continuity (4.14) of B, implies that B, (w,v,,) is finite, and we find that

b
Bu(w,vw) = [ @)’ do 2 a oy ) = a ol oulw o
0

Since w € Wpl’{o}(]) \ {0} was arbitrary, (4.15) follows.
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The inf-sup condition (4.15) (together with its symmetric counterpart which can be
shown in the same fashion) implies that, for every f € W {0}(1 ), the variational problem

(4.13) admits a unique solution u € Wp (03 (Z). Furthermore, the linear data-to-solution

mapping W {0}( )2 fuc€ W;,{o} (I) is an isomorphism with
1 _ -1
1w,y = Tulway < @™ fllw=1 - (4.17)

In the case that f € L,(I), this solution is more regular: Considering the differential
equation (4.12) in weak sense on J € P implies, for a € WL (I;P) and f € L,(I), that
the second weak derivative of u|; restricted to J C I exists and

—ul'}(x) = a(x) ' [f(z) + al;(2)u/(z)]  for almost all x € J.
Taking here the L,(J)-norm yields with elementary estimates that, for every J € P,

lulFllz, 0y < Nl zw Iz, + lalslze s, wm)]

o I eyy + o Nals a1, ()] < CoE Nl

{0}

where the constant €% € (0,00) is given by

cree .— 71|:1 -1 /
ap = a | L+a” maxlafy]o.

J) C’L —W, {0}]

and ~1 :=su . denotes the norm of the continuous embed-
CLpHWp,?o} PreBr, Hf”Wp,?o}(I)

ding Ly(I) € W, 1, (D).
Hence, for every f € L,(I), the unique weak solution to (4.13) satisfies

u€ WHLP) N Wy (D), max[ulz, () < Caf I Iz, ), (4.18)
where W2(I;P) := {v € Wp(I)|VJ € P : v|; € W}(J)} is the space of functions in
W, (I) which are piecewise in W} on the partition P of I.

4.2.2. Finite element approzimation

For the numerical approximation of the solution u € W? {0}( ) to (4.13) we use
a similar conforming finite element discretization as in Subsectlon 4.1.2. That is, we
use continuous, piecewise affine-linear functions on a partition 7, of I with mesh size
h e (0,00),

Spq0y (I Th) i= {v € C°(T) : v(0) = 0, v|r € PLVT € T}

Evidently, 0{0}(1 Th) € Wt ooy (D) N I/Vp1 (03 ({) and dim(S; {0}(1;771)) = #(Tp). For

given f € L,(I), the Galerkm discretization of (4.13) reads: One wishes to find



40 K. Kirchner, C. Schwab / Journal of Functional Analysis 286 (2024) 110218

up € Sé,{O} (],771) : Ba(uh,vh) = <f, ’Uh> Yoy, € Sé,{o}(_[,ﬁ) (419)
Unique solvability of (4.19) follows from the (h-uniform) discrete inf-sup condition:

B
inf sup a(n, vn) > a. (4.20)
0£wrESG oy (I5Th) 0#vn €S 10y (13 Th) |’wh|W1(I)|’Uh\W1 (I)

To verify (4.20), note that the proof of (4.15) carries over to the discrete case: Given a
function wy, € Sé,{o} (I;7n), one checks that the expression (4.16) yields an element vy,
in Sé,{o} (I; Tn), and that all steps in the proof of (4.15) may be repeated verbatim.

The discrete inf-sup condition (4.20) and the continuity (4.14) imply that (4.19) ad-
mits a unique solution wuy, € S&{O}(I; Tr) with

luhllz, oy = lunlwpay < @M ifllw=r s (4.21)

which is, furthermore, quasi-optimal:

uU—u §(1+E> inf uU—v . 4.22
| nlw ) e vhesé,{o}(I;Th)| rlwi (4.22)

Therefore, for every quasi-uniform family of grids (7;)nes on I which is such that, for
every h € H, the grid 7j, is compatible with the partition P, the quasi-optimality (4.22)
and the regularity (4.18) imply the error bound

1/p
|u—uh|W5(1) < ( i) "LL Ihu|W1(1) = (1 + _) |:]Ze:7>u IhU|W1(J):|

1/p
< Cop (L4 2) | S Wil 0| < Copni? (14°8) Cph Iy, (429
Jepr

upon choosing vy, in (4.22) as the nodal interpolant Zpu of u in Sj {0}(1; Tr). Here, the
constant Cj, , € (0, 00) is independent of a, h and u.

4.2.3. Log-Gaussian random coefficient and MLMC-FEM

The a-priori stability and discretization error bounds (4.17), (4.21) and (4.23) are
explicit in the dependence on the coefficient a. They allow to consider (4.12) with de-
terministic source term f € L,(I) for some p € (1,00), and with random coefficient
a: I x Q — R whose logarithm g: I x Q@ — R is a Gaussian random field.

More specifically, we assume that the mapping 2 3 w — g(-,w) is a vector-valued
random variable taking values in WL (I;P), where we note that W (I;P), equipped
with the norm

[ollwa, i) = Mol ecry + s ol ll Lo ) = esssupfo(w)] + max esssup fof; (2)],
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is a Banach space. Furthermore, g is assumed to be centered Gaussian, i.e., for
any finite collection (f1,...,fn) in the dual space [WL(I;P)] the distribution of
({f1,9),---,{fn,g)) is multivariate Gaussian with zero mean. In other words, the law
w of g, defined for every set B in the Borel o-algebra B(WZL (I;P)) by

w(B) =P({we:g(-,w) € B},
satisfies that o f~! is a centered Gaussian measure on R for any f € [WL (I;P)], see

e.g. [7, Definition 2.2.1].
Under these assumptions we have, for almost all w € (,

a(-,w):exp(g(-,w)), with g('vw) EW;O(I7,P)’ (424)
and the trajectories of g and a are P-a.s. continuous on each subinterval Jy,...,Jp, €1

of the partition P (upon modifications on subsets of I of zero Lebesgue measure, which
we again denote by g and a). We thus may define, for almost all w € €,

(w) :=minjep infyeya(z,w) = minjep exp(infwej g(x, w)),

2

(4.25)
(w) := max jep sup,e s a(z, w) = max jep exp(sup,¢ ; 9(z,w)),

S

so that we obtain, for almost all w € €,

0 <exp(=llg(-, )l < alw) <a(w) <exp(flg(-,w)llLem) < oo

For stability and strong convergence of finite element approximations of the solution u
to (4.13) with the log-Gaussian coefficient a = exp(g), integrability of a=!, @ and of
max jep ||al’;|| L) With respect to the probability space (£2,.A,P) will be crucial. This
is summarized in the next lemma.

Lemma 4.4. The in (4.25) P-a.s. defined mappings w — a(w) and w — a(w) yield random
variables satisfying a=%, @ € L.(Q;R) for all r € [1,00).

In addition, the mapping @' : w — max jep |la|;(-,w)||L_ (s is P-a.s. well-defined and
@ € L. (Q;R) for all r € [1,00).

Proof. The centered Gaussian random field g takes values in the Banach space WL (I; P).
Thus, for every J € P and almost all w € €2, g admits a representative which is continuous
on J, and the proof of [9, Proposition 2.3] using Fernique’s theorem is applicable on each
J € P, showing that a=% @ € L,.(;R) for all r € [1,00).

We now consider @’. To this end, we first note that by (4.24) a € WL (I;P), P-as.,
since exp(-) is smooth and g € WL (I;P), P-a.s. In particular, a = exp(g) is also a
WL (I;P)-valued random variable. Therefore, for almost all w € Q and every J € P,
lals (-, W)L sy < oo. It follows that @ is P-a.s. well-defined and measurable, since the
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mapping W (I;P) 2 v — maxep |[v]| . (s) € R is continuous. To prove the integra-
bility of @', we observe that, for almost all w € Q and every J € P, the weak derivative
of aly is given by a|’;(-,w) = g|;(-,w)exp(g|s(-,w)). Thus, we obtain that

max sep [lals(+, W)Ly < maxyep g5+, W)l exp(l9(- W)l )

We have E[maxjep ||g\f,||qLoo(J)] < oo for all ¢ € (0,00), since the distribution of g is
Gaussian, with values in W2 (I;P). For every r € [1,00), @ € L,.(;R) can then be
derived along the lines of the proof of [9, Proposition 2.3], using Fernique’s theorem
which shows that also E [exp(q|g]|r..(1))] < oo holds for all ¢ € (0,00). O

We now consider the model problem introduced in Subsection 4.2.1 with a log-
Gaussian coefficient a as in (4.24). That is, given a deterministic source f € L,(I)
for some p € (1,00), we seek u: I x  — R such that, for almost all w € Q,

u(+,w) € Whiay (D) Bagy(u(-,0)0) = (f0) Vo eWho(D),  (426)

where the bilinear form is as in (4.13). The following proposition addresses well-posedness
of (4.26) and regularity of its solution in L,.()-sense.

Proposition 4.5. The variational problem (4.26) admits a solution that is P-a.s. unique,
and belongs to L, (; W; o )) N Ly (% W2(I;P)) for allr € [1,00), with

T 1/’r
(E[|U|Wpl([)]) <|la L(R) ||f||w () (4.27)
1/7.
IE[ " TD reg 1.2
(B[ (max ul52,0)"]) " < C2% 7N, (4:28)
where Cy%% = |la™ |, or) + a7, Q]R)||a/||L2T(Q;R)CL,,—>W;%O} € (0,00).

Proof. Since f € L,(I) is deterministic and a € WL (I;P) holds P-a.s., existence of
a solution to (4.26), which is P-a.s. unique, follows by arguing via the well-posedness
in the deterministic case (see Subsection 4.2.1) for almost all w € . Furthermore, for
every r € [1,00), the deterministic stability bound (4.17) combined with the integrability
a~! e L. (4 R), see Lemma 4.4, imply (4.27).

We now show the regularity estimate (4.28). Recalling again the random variables
a,a,a@ from Lemma 4.4, by (4.18) we find that, for almost all w € Q:

Q

J1£112, -

"o < [ —1 —2 =
max [[ul (-, @)z, ) < |aw)™ +aw) @ (W) Cp Ly
Taking the L,(Q2; R)-norm, and using the Minkowski and Hoélder inequalities completes
the proof of (4.28), and the constant C ¢, > 0 is finite by Lemma 4.4. O

a,p,r
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We are now ready to formulate the “a/f~v” theorem for multilevel approximations of
moments of the random solution to (4.26). To this end, let {us}ren be a sequence of
Galerkin approximations ug = up,, see (4.19), on partitions 7y of I corresponding to
mesh sizes hy =~ 27¢. For example, Ty may be obtained by ¢-fold bisection of the initial
partition 77 := P. Note that then N, = dim(S’é’{O}(I; 72)) ~ h;l =~ 2.

Corollary 4.6. Let p € (1,00), ¢ € [min{p,2},00), and k € N. For f € L,(I), let
u € Lig (9 Wt {0}( )) be the solution to (4.26). Assume further that the Galerkin ap-
prozimations (’U,g)geN to (4.26) are constructed as described above. Then, for the Banach
space (E,| - ||g) = (Wl{o}( )s]| - \WI}(I)) and with Ny = 2¢, all conditions of Theo-
rem 3.25 are fulfilled,

(@) VLeN: IME[u] — ME[ud]|, StrbpPar) Ne s ie, =1,

(B) VELeN: e = wellp, @i o ) Stkbpapan N de, B=1,

(v) VLeN: Ce S NE, ie., v =k,
(stab) VL€ N: max{H“||Lk(9;vifp{{o}(1))v ”ufuqu(Q;W;Ym)(I))} < Cstab,

Jor some constant Cyap, € (0, 00) depending only on |la™ |1, r) and ||f|‘w—% (D)
p,{0

The Lg-accuracy err’c Mb(u) < € € (0,1/2] of the multilevel Monte Carlo estimator for
ME[u] can be achieved at computational costs of the order (4.11) with d = 1.

Proof. We first note that (4.27) combined with the deterministic discrete stability esti-
mate (4.21) and the fact that @~ € Ly, (Q; R) imply (stab):

1k E 1k
veeN: max{(E[jullyy )" E[luellfy )"} < e @l lw, o
Next, we observe strong convergence of the finite element approximations (us)en:
For all r € [1,00), we obtain by exploiting the deterministic error estimate (4.23) for
almost all w € Q) that

1/ _
(E[lu— U£|€V;(1)]) / Stbp.P) I H(l + g) max lul7l, (J)H (@)

— —1 /.
< he (L+ Nallz. @ la™ 1, om) | ma Hu\ﬂupu)HLMR)

< by (1+ |[@l| o, r)lla Ly, @R)) Coeor 1f |z, x

where we also used (4.28) of Proposition 4.5. Thus, the conditions («) and (3) are
satisfied with o = 8 = 1 by Remark 3.26 and the triangle inequality, respectively.
Finally, the complexity of computing the Galerkin approximation u, in (4.19) per
one realization of the Gaussian random field g(-,w) = log(a(-,w)) (assumed given) at
discretization level £ € N scales linearly with N, = dim(Sé) {0}(1 ;7})): Observe that
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the linear system of N, equations for the N, unknowns corresponding to (4.19) for
each sample of a( -,w) is tridiagonal and symmetric, positive definite when the standard
Courant (“hat functions”) basis is adopted in (4.19). The formation of the kth order
(full, algebraic) tensor product ®Fu, then entails the cost bound C; < C,N} for one

sample of the random variable &, = ®Fuy — @Fup_q. O
4.8. Approzximation of stochastic processes in Hélder spaces

In this subsection we let T € (0,00) be a time horizon and consider approximating
higher-order moments of vector-valued stochastic processes X : [0,T] x  — FE by means
of multilevel Monte Carlo methods. In particular, we derive explicit convergence rates
for the error of the corresponding approximation in injective tensor norms of Holder
spaces C°([0,T]; E). We furthermore detail the implications of this general result for
the Euler-Maruyama method for stochastic ordinary differential equations, and give an
overview of further possible applications including approximations of stochastic partial
differential equations.

In order to properly define the relevant Holder spaces, we introduce for a Banach
space (F,| - ||r) and § € (0,1) the mappings

|+ lesqoryryy | lesqomry s €0, T); F) — [0, o0]
on the Banach space
€0, 7L 20,01 - lleqoriey),  Wflleqorir = sup [f(@®)llr,
t€[0,T]
of continuous functions from [0, 7] to (F,| - ||r) via
If(s) = f(@)lr
flos ) = sup —————t—
floso.rim) 5,t€[0,T] |s —t[°
s#t

| flles o, ry,0) = sup [ fF@OlF + | fles o,1);r)-
t€[0,T]

We note that the norm || - ||¢s(jo,7);) renders the subspace
C°([0, T F) = {f € C(0, T} F) « || fllos o,y < o0} € C([0,T]; F)

of F-valued, J-Hélder continuous functions a Banach space. For brevity, we also use the
notation C°([0,T]; F) := C([0,T]; F) to include the case § = 0.

We now consider the setting of [14, Section 5], that is, we are given a stochastic process
X:[0,T] x Q@ — E with continuous sample paths satisfying the following regularity
assumption: There exists a constant 5 € (0,1] such that
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VB €[0,8) Vg€ [l,00): X €CP(0,T];Ly(Q; E)). (4.29)

Recall from Subsection 2.1 that (E,|| - ||g) is assumed to be a real Banach space. Ad-
ditionally, we let (Y¥)yen be a sequence of approximations YV: [0,T] x Q — E to the
process X with continuous sample paths, which is known to converge at the nodes of the
temporal partitions

ON = {5, 1, theny 1) #(ON) < o, N eN,

0 = tév < t{v < ... < tg(@N)_2 < ti(@N)—l = 1-‘7
in the strong sense essentially at the rate 3 € (0,1], i.e.,

VB e[0,8) Yaell,o0):  sup [X() =YV, qum) Saar [ ”, (4.30)

max
teenN

where AN, = max;co,..., #(0N)—2} |t§\f|r1 —t;»v|. These partitions do not necessarily have
to be equidistant or nested. We only require the following quasi-uniformity:

N
Iiléllil Atn]\l,fx < 00, and A}E)noo AN =0, (4.31)
min

where AtY. is defined as AtY, with the maximum replaced by the minimum. Further-

more, we assume that, for every N € N, the approximation YV is linearly interpolated
on the partition OV, i.e., for all j € {0,...,#(0Y) — 2},

N — ) YN —tN) Y N(tN
YN(S) _ ( J+1N S) N( J ) (5 sz) ](Vj-s-l), se [tj‘vvtﬁﬁ- (4.32)
tiv1 — b tiv1 — t;

This general setting facilitates combining the abstract multilevel Monte Carlo results
of Subsection 3.3 with [14, Corollary 2.11] and, thus, quantifying the convergence of the
MLMC estimator for M*[X] based on approximations Y"1 ... YV in the norm on
Ly @52C%([0,T]; E)) for q € [p, 00) and § € [0, 3), where p € [1,2] is the Rademacher
type of E, see Theorem 4.8 below. To this end, the following proposition which readily
follows from [14, Corollary 2.11] will be crucial.

Proposition 4.7. Let (0N)yen C [0,T] be a sequence of partitions fulfilling (4.31).
Assume that X, YN:[0,T7] xQ— E, N € N, are stochastic processes with continu-
ous sample paths, such that, for all N € N and t € [0,7T], the random variables
X(t),YN(t): Q = E are Bochner measurable and there exists 3 € (0,1] such that (4.29)
and (4.30) hold. In addition, for every N € N, let YN be linearly interpolated on the
partition ON | see (4.32).
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Then, we have for every q € [1,00), 6 € [0, ), and all € € (0, 00),

N
1 Xl @es o + 59 [V L, 00218y < 20

B—d—¢
HX o YNHLq(Q;C‘S([O,T];E)) S(B d,6,q,T) |Atmax‘ :

Theorem 4.8. Suppose that all assumptions of Proposition 4.7 are fulfilled. In addition,
let (E,| - ||g) be of Rademacher type p € [1,2], k,L € N and {N¢}seny C N be a strictly
increasing sequence of integers. Assume further that, for all € {1,...,L}, My € N and
&1y €M, are independent copies of the random variable

RFYNe — @by N1 5 @F0C((0,T);E), YN :=0€C(0,T]; E).

Then, for every q € [p,00), § € [0,3), and all € € (0,00), we have that

M,
1
ML kX
erry .~ (X;0) HM El 7 EZl &

Lg(®:,° 0% ((0,T];E))

N(,B é,e,k,p,q,T) |Atmax|ﬂ e + Z M |Atﬁgxl | 576‘

Proof. We fix ¢ € [p,00), § € [0,/3), € € (0,00), and first observe that by the triangle
inequality on L, (Q; @%*C°([0,T]; E)),

errgf'e\ﬂsL(X§5) < HM’;[X] — M* [YNL”

®E°C3([0,T);E)

L My
4 IR E Y DI

=:(A) + (B).
Lq(®E,°Co([0,T];E))

Term (A) can be bounded by combining Lemma 3.19 with the stability and conver-
gence results of Proposition 4.7, showing that

k—1
; k—i—1
(A) < ||X - YNL’|Lk(Q;cé([o,T];E)) Z[HXHZL;C(Q;CJ([O,T]?E))HYNLHLk(ZQ;Cé([O,T];E)):|
=0

N |B—d—e
S(Byé,e,k,T) |Atm§x‘ .

To bound term (B), we may without loss of generality assume that ¢ < 3 — ¢ and
define 8 := 0+ § € (4, /3). We then exploit continuous embeddings, similarly as in the
proof of [14, Corollary 5.15]: There are constants Cy,Cy € (0,00), depending only on
3,6, T, such that

Ifllcs o, m) < Cl”f”wg((o,T);E) < Collflleso,mey Vf € Ch([0,T); B),
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where 5 = # € (6,8) C (0,1) and p := ﬁ € (4,00). Here, for s € (0,1) and
q € [1,00), the space W7 ((0,T); E) denotes the vector-valued fractional Sobolev space,
see e.g. [35, Definition 2.5.16]. Continuous embeddings are preserved under (full or sym-
metric) injective tensor products and, thus, we also have that

||u|‘®§§505([0,T];E) S(ﬁ,é,k,T) ||u||®§.;SW1§((0,T);E) Vu € ®§;SW§§((OaT); E)

In addition, we note that F := W:((0,T); E) has type min{p, p} = p: This observation
follows from the fact that both LP((0,T); E) and W ((0,T); E) have type min{p, p} (see
[36, Proposition 7.1.4]) combined with the property that

E=W;((0,T); E) = (LP((0,T); E), W5((0,T); E))

p )

is the real interpolation space between LP((0,T); E) and W, ((0,T); E) (cf. [35, The-
orem 2.5.17]) and the specification of the type of interpolation spaces [36, Proposi-
tion 7.1.3]. Thus, we may conclude with Theorem 3.24 and Proposition 4.7 that

L

1 &
‘Mf [y =3 i, D &y
=1 j=1

(B) S(8,6.k,1)

Ly (405°E)

L
N Z{ |YN[ y e ||qu(Q;E) 12153§L||YNF||L,W o E)}
=1
L
S(8.5.k.1) SUP [y~ Hqu(Q ;C8([0,T]; Z[ HX y e Hqu(Q;CB([O,T];E))
=1

- —(1—%) N BB _ N (8| o, Bebmg 2
5(5,5,e,€,k,q,T) Z ME | tmgxl | = Z M ’Atmgxl |
=1 =1
holds for all € € (0,00), and the claim follows for the choice €:= §. O

Example 4.9 (Euler—Maruyama method for SDEs). Let (Ft):eo,r) be a normal filtration
on (2, A,P) and let B: [0,T] x 2 — R™ be an m-dimensional (F;).c[o,r)-Brownian mo-
tion (with continuous sample paths). For Lipschitz continuous functions p: R? — R? and
o: R — R¥™ consider the (F¢)se(o,7]-adapted stochastic process X : [0,7] x © — R4
with continuous sample paths that satisfies

X(t) = X(0) —i—/u(X(s))ds—I—/J(X(s)) dB(s), P-as.,

as well as the linearly interpolated Euler-Maruyama approximations (YV)yen to X,
defined with respect to equidistant partltlons of size AN, = At =

YN0) := X(0), and for j € {0,...,N — 1} and s € (4F, (]H) e

= T/N as follows:
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Y(s) = YN(R) + (s = ) u(YM(R)) + (5F = 1)o (VN(R)) (B(HRE) = B(R))-

Then, using the notation of Theorem 4.8 with E := R, we conclude that for every
q €[2,00), 6 €[0,1/2) and all € € (0, c0),

—5— ——5 €
el"I'kML(X 5)N(6equ)N +ZM zNé 1 )
For the choice Ny := 2¢ and M, := 2L=¢, this yields the error bound
errk,ML(X 8) Soekar 2 L(3—s-¢) 22_— —e(3—6—¢) < 9—L(5—0—¢)

Since ®*C([0, T]; R) = C([0, T]*; R), see [54, Section 3.2, p. 50], this error estimate holds
in particular also on C([0, T]*; R).

Remark 4.10. We note that Theorem 4.8 is applicable to a variety of numerical schemes
developed for stochastic evolution problems (such as SDEs and stochastic PDEs), for
which the regularity (4.29) of the solution process is known, and strong convergence
rates are available at the nodes of the temporal partitions in L, (€; E)-sense for any
q € [1,00). This list includes for instance:

(a) SDEs with coefficients that are not globally Lipschitz continuous, see e.g. [29, The-
orem 3.1], [34, Theorem 1.1] and [53, Theorem 4.5];

(b) fully discrete (in space and time) approximations for linear or semilinear parabolic
stochastic PDEs, see e.g. [44, Theorem 3.14];

(c) fully discrete approximations for non-linear stochastic PDEs, such as the stochastic
Allen—Cahn equation, see e.g. [4, Theorem 1.1].

5. Conclusions

We have analyzed the convergence of Monte Carlo sampling for higher-order moments
of Banach space valued random variables. Specifically, for every k € N, we have derived
explicit, k-independent strong convergence rates in the injective tensor norm for approx-
imating the kth moment M¥[X] of a random variable X: Q — E, taking values in a
Banach space F, by means of

I. standard Monte Carlo sampling, involving no further numerical approximation, see
Theorem 3.16;

II. the single-level Monte Carlo method, combining Monte Carlo sampling with an ap-
proximation Xi: Q — F; of X to generate samples in a (usually finite-dimensional)
subspace E; C F, see Corollary 3.20;
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III. the multilevel Monte Carlo method, combining Monte Carlo sampling with a hi-
erarchy of approximations X;: Q — Ey, £ € {1,...,L}, in (usually nested, finite-
dimensional) subspaces E; C E, see Theorems 3.24 and 3.25.

These findings extend the numerical analysis of Monte Carlo based algorithms in com-
putational uncertainty quantification to a broad range of mathematical models beyond
the classical theory in Hilbert spaces, which relies on assumed square-integrability and
bias-variance decompositions. Several examples have illustrated the wide scope of the
presently developed theory: linear, second-order elliptic PDEs with data affording well-
posedness in WZ}, and stochastic evolution equations with almost sure path regularity in
Hélder spaces.

The results of Subsections 3.2 and 3.3 are essential for the error analysis of Monte Carlo
approximations of k-point correlations for every operator equation with random input
data which, due to modeling or physical constraints, does not admit a well-posed formula-
tion in Hilbert spaces. We indicate some further applications, where this is of relevance:
In [42] Monte Carlo finite difference discretizations for scalar, degenerate convection-
diffusion equations with random initial data were considered. In that case, the particular
structure of the degeneracy in the diffusion coefficient, imposed from physical proper-
ties of the underlying model, mandated a mathematical formulation in Banach spaces
of type p < 2. Assuming random initial data, the corresponding Monte Carlo error
analysis for mean values of the solution therefore required a setting in Banach spaces
as in Corollary 3.15. With the abstract MLMC results of Theorems 3.24 and 3.25, the
MLMC finite difference convergence analysis for first-order moments of [42] generalizes
to spatiotemporal k-point correlations with & > 2.

Another application is related to fluid flows: For the compressible Navier—Stokes
equations with spatially periodic solutions, the (isentropic) equation of state relates
the pressure P to the fluid density ¢ via P(g) = ag”, where @ > 0 and v > 1 are
physical constants. In well-posed variational formulations [48], the density o(t, -) and
the corresponding momentum m(%, -) at time ¢ € [0,7] take values in L, (T%) and
L% (Td;Rd), respectively, where d € {2,3} and T¢ denotes the d-dimensional torus.
With random data, this entails a Banach space setting of type p = min{~,2} for the
density and p = % € (1,2) for the momentum. The convergence of single-level Monte
Carlo finite volume approximations for higher-order moments of o(¢, - ) and m(t, - ) has
been discussed in the recent work [17], using the isomorphic identification

GEL, (T%) = L, (TH) 6.1)

(and similarly for the d components of the momentum). Here, ®§ indicates the appropri-
ate Chevet—Saphar tensor product space, see e.g. [54, Chapter 6]. The present, abstract
MLMC results apply directly to the setting of [17], implying corresponding convergence
results for multilevel Monte Carlo approximations.
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An interesting topic for future research is to investigate whether the Monte Carlo
convergence results, derived for injective tensor product spaces in this work, hold also
with respect to stronger cross norms. In particular, the identification of tensor prod-
ucts of Ly-spaces as in (5.1) raises the question if it is possible to use one of the pth
Chevet—Saphar tensor norms d,, or g, (see [54, p. 135]) if the Banach space E has type p.
The Chevet—Saphar norms and the Hilbert tensor norm ws are unified by the tensor
norms {ay q<pg<co due to Lapresté: g, = ap1, dp = a1, and we = g9, see [16,
Sections 12.5-12.8] and the references there. However, in this generality, there do not
seem to be symmetric versions of these tensor norms available in the literature. A cor-
responding (ML)MC convergence analysis would thus have to be based on considerably
different arguments.

Furthermore, this work may be extended to sparse tensor approrimations as consid-
ered in the Hilbert space setting in [3]. Specifically, we analyzed the MLMC approach for
approximating the kth moment M¥[X] using samples of the (exact, full) tensor product
®@* Xy onlevels £ € {1,..., L}. The formation of this k-fold tensor product ®* X, on level
£ typically entails costs in work and memory of the order C, < N,/ with v = max{y1, k},
assuming that ~; is the exponent in the asymptotic cost bound for computing one sam-
ple of Xy, and that one computed sample of X, requires storage of order Ny. As it is
well-known in the Hilbert space case, various consistent sparse tensor product approxi-
mations allow to reduce this complexity considerably. For example, for the applications
discussed in Subsections 4.1 and 4.2, the sparse tensor product approach for the MLMC
approximation of kth moments proposed in [3] for Hilbert spaces can be leveraged to
reduce the parameter v in Theorem 3.25 from max{~y;, k} to 1 + ¢ for some (arbitrarily
small) 0 > 0. Yet, in this setting the error analysis of Theorem 3.24 and, consequently,
also of Theorem 3.25 does not readily apply.

Beyond the MLMC estimation of kth moments M¥[¢] = E[®¥¢], one may consider
anisotropic k-fold correlations of the form E[§; ®- - -®&y]. Here, the vector-valued random
variables £1, ..., & entering the anisotropic, injective tensor product formation may take
values in Banach spaces F1, ..., Fy of (possibly different) types p1,...,pr € [1,2]. This
rather general setting has numerous applications, and can be analyzed with the tech-
niques in the present paper, in conjunction with the multi-index Monte Carlo approach
from [30]. Details shall be reported elsewhere.
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Appendix A. Tensor norms of symmetric elements of Hilbert spaces

In this section we consider a real separable Hilbert space (H, (-, -)g) and explicitly
compute the projective and injective tensor norms of Subsection 2.2 for symmetric ele-
ments in ®%°H of the form 2?21 Ajej ®ej, where eq, ..., e, are orthonormal in H, and
AL, oo A ERL

For this purpose, we need the notion of the k-fold Hilbert tensor product space ®52H,
which is defined as the closure of the (full) k-fold algebraic tensor product space ®@*H
with respect to the norm which is induced by the inner product

j=1v=1 i=11/=1 w2 j=1 =1 u:l

In particular, the tensor product space (®% H, (-, -)w,) is again a Hilbert space.

Lemma A.1. Assume that (H, (-, -)m) is a real separable Hilbert space and (e;);jeN is an
orthonormal basis for H. Let the injective and projective tensor norms, || - ||l and || - ||,
be defined on ®%H as in (2.1) and (2.6), and let the symmetric injective and projective
tensor norms, || - ||c. and || - ||x., be defined on ®%°H as in (2.3) and (2.7), respectively.
Letn € N and Ay,..., A, € R. Then,

n
E )\j ej ® ej
i=1 g

n

=> Il (A.2)

Ts j=1

Z )\j ej & ej
j=1

®€] ®e]

= max || (A.3)

1<j<n
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Proof. We set U, := 2?21 \jej®@e; € ®°H. Then, by the definitions of the projective
norms in (2.6) and (2.7), see Remark 2.1, it follows that

n n
<> ez =D Il
j=1 j=1

1Unllx <

Furthermore, for any representation U,, = Z?Zl ; ®y; € ®2H of U, we find that

i

(le @ Yi, €5 & €j)
wa

i=1

D il = 3 U @ eual = 3
j=1

JEN jJEN

where (-, « ), is the inner product on the Hilbert tensor product space ®2 H, defined
as in (A.1) for k = 2. Thus, by the triangle and Cauchy—Schwarz mequahtles,

Z|)\|<ZZ|$Z®Z/“€J®€J wz ZZ’xZ7ej HHyueJ ‘

i=1jeN i=1 jeN

# 1/2 1/2 &
z(z ) (z@i,em{) =S sl il
=1 \jeN jEN i=1

By taking the infimum over all representations of U, € ®?H we obtain the reverse
inequality |Up]||~ > 2?21 |A;] and, since also ||Uy||x, > ||Un||x, this proves (A.2).

To show (A.3), let j, € {1,...,n} be an index such that |\, | = maxi<;<n |A;], and
recall the definitions of the injective norms from (2.1) and (2.3). Then, we find

Z/\ (f.e;) ‘ >

j=1

[Unlle =

es = SUP RYRES 1r£1a<x |-

n
By ‘

Z )‘j(ej* ’ 63)2

j=1

The reverse estimates follow again by the Cauchy—Schwarz inequality combined with the
Riesz representation theorem,

Z)‘ flvej <f2vej>

7j=1

|Unlle = sup

fi1,fo€Bys

< Al ; sup Z| froei|1(f2. €5

12€H’j1

= <
i,z Sl el < g il

Thus, ||U,

c. <||Unlls €< maxi<j<n |Aj| completing the proof of (A.3). O

Remark A.2 (Relation of % H to self-adjoint finite-rank linear operators). In the setting
of Lemma A.1, we may associate a self-adjoint linear operator on the Hilbert space H
with the element U, := Z;;l Aje; ® e; in the symmetric algebraic tensor product
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space ®2°H. More specifically, we can define the self-adjoint finite-rank linear operator
Ty, : H — H associated with U,, by Ty, © := Z] 1
this definition, the norm identities in (A.2) and (A.3) can be reformulated in terms

A\j(x,e;j)m ej, for every x € H. Using

of the trace-class (or nuclear) norm, |7y,

cimy = tr(|Ty, ), and the operator norm,
£(H) ‘= SUP,ep,, [Tu, x|l m, of Ty, as follows:

n

|Unllx = e = Zl Nl = 1Tv, ||z,
]:

e = 1gljag><n|/\j| = Tv, |l c(x),

see e.g. [57, Theorem 14.15.(1) and Theorem 8.11] for the operator norm identities.
More generally, to every element U € ®2%°H, we can associate a self-adjoint linear
operator Ty : H — H, whose action on x € H is defined by

(TUxay)H = (va ®y)w2 Vy € H.

Here, the Riesz representation theorem ensures that the linear operator Ty is well-
defined. The implied linear mapping 7 : U +— Ty extends continuously to an isometric
isomorphism between the symmetric projective tensor product space ®3er and the
space of self-adjoint trace-class linear operators on H (respectively, between the sym-
metric injective tensor product space ®§;SH and the space of self-adjoint compact linear
operators on H).

Appendix B. A consequence of Slepian’s inequality

In this section we restate the version of Slepian’s inequality for finite-dimensional
Gaussian processes as formulated by Fernique [18]. We subsequently use it to derive
a comparison result for real-valued Gaussian processes indexed by the closed unit ball
Bpg: of the dual of a real Banach space F, see Lemma B.2. This result is needed in
Subsection 3.3 to prove convergence of multilevel Monte Carlo methods.

The following theorem is taken from [18, Theorem 2.1.2]. We note that a more general
version of Slepian’s inequality, which includes Fernique’s formulation as a special case,
can be found in [33, Theorem 2.8].

Theorem B.1. Let N € N and X = (Xy,...,Xn)", Y = (Y1,...,Yn)T be two centered
Gaussian random vectors in RN, defined on a complete pmbabzlzty space (Q .A ]P’) with
expectation E. Assume further that

Vij € {l,....N}: E[X; - X, <E[IY; - v,
and let G: [0,00) — [0, 00) be convex and increasing. Then,

EG( max | X; — X|) <]EG( max Y; — Y|>

1<4,5<
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Lemma B.2. Let M € N and assume that (gj)j]‘i1 is an orthogaussian family on a
complete probability space (Q,X,@) (with expectation ]E) and that ¥: R? — R is a
continuous function such that ¥(0,0) = 0. Let (z )J 1 (W)L C E, and define the
centered Gaussian process Gy: Bprx Q2 — R on (Q, A, IP’) indexed by the closed unit ball
Bg: in the dual space E' by

Zgj f(y;), f€ Bp. (B.1)

Let Go: B x Q — R be a second centered Gaussian process on (Qﬂ,ﬁ) such that

Vf,h€ Be: E[Gi(f) — Gi()}] <E[|G(f) — Go(R)[?]. (B.2)

Then, for all q € [1,00) we have that

E|(supses,, 101(0)))"] < 2/E|(suwpses,, 19:(1)])"]. (B.3)

Proof. Set Ny := 0 and fo := 0 € E'. Given M € N and (z;)},, (y;)}L, C E, for
f € E and § € (0,00), define the subset

Us(f) = {h € B+ max [7(a;) = hla;)] <38, masx |7(y;) ~h(y)| <5} € E.

Then, for every f € E’ and all § € (0,00), the set Us(f) is open (more precisely, an
open neighborhood of f) in E’ with respect to the weak”-topology on the dual space F'.

By the Banach—Alaoglu theorem the closed unit ball Bg: is weak®-compact. Hence, for
every n € N, the open cover

U U% DBE/

fEBg

contains a finite subcover. Iteratively, for every n € N, one can find an integer N,, € N,
satisfying N, > N,,_1, and elements fn,__,+1,..., fn, € Bg such that

N,
BE'QU 1/

Note, in particular, that this definition of fi,...,fn,, n € N, implies nestedness,
(fi,- s fn,) ©(f1,-- 05 IN,,) for n<m.

Next, we define for every non-negative integer v € Ny the real-valued centered Gaus-
sian random variables X, := G1(f,) and Y, := Ga(f,). By assumption (B.2) we then
have for all n € N and every v,v’ € {0,..., N, },
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E[1X, = X "] =E[Gi(fo) = G1(f)P] < E[IGa(f) = Gafur)I’]
=E[|Y, - Y]

By Fernique’s version of Slepian’s inequality, see Theorem B.1, applied for the convex
increasing function G(t) :=t%, t > 0, and by using the fact that fo = 0 € E’ implies that
G1(fo) = 0 holds P-a.s., we find that, for all n € N, ¢ € [1, 0),

E [(maxogy% |g1<fy)|)q] <E [(maxOgy,ngn G (f) — 91<fy/>|)q}
= E |:(maXO§V,V’§Nn |X1/ - XV’ Dq:| S IE [(maXOSV,V/gNn |YI/ - YV’|)qi|

<29E {(maXogugNn |Yu|)q} <2'E {(SUpfeBE/ |g2(f)‘)q]
To derive (B.3), it remains to prove that lim,_, ||SnHLq(§z-]R) = HS*”Lq(ﬁ-Ry where

Sy = o 1 Xo| = o Jax G1(f)]  and  Si.:= fselg;|gl(f)|~

By the assumptions on the process Gy in (B.1), there exists a set €y € A with P(€) =0
such that g(w) := 1 + maxi<;j<um |g;(@)] < oo for all w € 2\ Q. Fix w € 2\ Qp and
€ (0,1). Then, there exists f¢ = f(@) € Bps such that

sup [G1(£)(@)] < |G1(f) @) + 3

feBg
In addition, there exists d.(w) € (0,0), such that the implication
€ € ~ ~ €
heUs@(f) = 16(f)©) - ah)w)]<; (B.4)
holds. Indeed, by continuity of ¥: R? — R we may choose d.(w) € (0,00) such that

max {maX{lf (z5) = R, 1£(ys) = hly;) 1} < 0e(@)

= max [(f (). £ ) = U (k). h(y)| < 5 M5(@)

Furthermore, by definition of the sequences (N,),en C N and (f,),en C Bgr, there
exist integers n. = n.(@) € N and v, = v, (@) € {1,..., N, } such that

e Us @) (fu.)

By combining this observation with (B.4) we conclude that

16:(F)@)| =161 (£.)@)]] < 16:(F)@) = G(£)@)] < 5.
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and

5:(@) = Sn,(w) = sup |Gi(f)(@)] — max [Gi(f,)(@)]

FEB 0<v<Nn,
< sup G1(F) @) = 1G1 (£ )@)] < [G1(f)@)] = [G1(fo.)(@)] + % <e

follows. This shows that, for almost all @ € ﬁ,

Sy(w) = S G (f)(@)] = Sup  max G1(f)(@)] = lim 5, ().

Since the non-negative random variables (S, )nen are non-decreasing in n € N, ﬁ—a.s.,
the L,(£2; R)-convergence nh_)n;o ||Sn||Lq(ﬁ;]R<) = ||S*||Lq(§;R) follows from the monotone

convergence theorem. O

References

[1] I. Babuska, W.C. Rheinboldt, A posteriori error analysis of finite element solutions for one-
dimensional problems, STAM J. Numer. Anal. 18 (1981) 565-589.

[2] A. Barth, A. Lang, Ch. Schwab, Multilevel Monte Carlo method for parabolic stochastic partial
differential equations, BIT 53 (2013) 3-27.

[3] A. Barth, Ch. Schwab, N. Zollinger, Multi-level Monte Carlo finite element method for elliptic PDEs
with stochastic coefficients, Numer. Math. 119 (2011) 123-161.

[4] S. Becker, B. Gess, A. Jentzen, P.E. Kloeden, Strong convergence rates for explicit space-time
discrete numerical approximations of stochastic Allen-Cahn equations, Stoch. Partial Differ. Equ.
Anal. Comput. 11 (2023) 211-268.

[5] C. Bierig, A. Chernov, Convergence analysis of multilevel Monte Carlo variance estimators and
application for random obstacle problems, Numer. Math. 130 (2015) 579-613.

[6] C. Bierig, A. Chernov, Estimation of arbitrary order central statistical moments by the multilevel
Monte Carlo method, Stoch. Partial Differ. Equ. Anal. Comput. 4 (2016) 3-40.

[7] V.I. Bogachev, Gaussian Measures, Mathematical Surveys and Monographs, vol. 62, American
Mathematical Society, Providence, RI, 1998.

[8] S.C. Brenner, L.R. Scott, The Mathematical Theory of Finite Element Methods, third ed., Texts
in Applied Mathematics, vol. 15, Springer, New York, 2008.

[9] J. Charrier, Strong and weak error estimates for elliptic partial differential equations with random
coefficients, STAM J. Numer. Anal. 50 (2012) 216-246.

[10] J. Charrier, R. Scheichl, A.L. Teckentrup, Finite element error analysis of elliptic PDEs with random
coefficients and its application to multilevel Monte Carlo methods, STAM J. Numer. Anal. 51 (2013)
322-352.

[11] A. Chernov, Ch. Schwab, First order k-th moment finite element analysis of nonlinear operator
equations with stochastic data, Math. Comput. 82 (2013) 1859-1888.

[12] K.A. Cliffe, M.B. Giles, R. Scheichl, A.L. Teckentrup, Multilevel Monte Carlo methods and appli-
cations to elliptic PDEs with random coefficients, Comput. Vis. Sci. 14 (2011) 3-15.

[13] N. Collier, A.-L. Haji-Ali, F. Nobile, E. von Schwerin, R. Tempone, A continuation multilevel Monte
Carlo algorithm, BIT 55 (2015) 399-432.

[14] S. Cox, M. Hutzenthaler, A. Jentzen, J. van Neerven, T. Welti, Convergence in Hoélder norms
with applications to Monte Carlo methods in infinite dimensions, IMA J. Numer. Anal. 41 (2021)
493-548.

[15] S.G. Cox, K. Kirchner, Regularity and convergence analysis in Sobolev and Hélder spaces for gen-
eralized Whittle-Matérn fields, Numer. Math. 146 (2020) 819-873.

[16] A. Defant, K. Floret, Tensor Norms and Operator Ideals, North-Holland Mathematics Studies,
vol. 176, North-Holland Publishing Co., Amsterdam, 1993.


http://refhub.elsevier.com/S0022-1236(23)00375-0/bib72CAA49C71A5BC2DFFF3628B8E3705D1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib72CAA49C71A5BC2DFFF3628B8E3705D1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7C5784E515B65498EF6FE0D1EDDBA263s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7C5784E515B65498EF6FE0D1EDDBA263s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibB4499898E786D7C082333288ED2F9AC0s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibB4499898E786D7C082333288ED2F9AC0s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib3D810FDDD5B9D629CF0280BDE6285EA4s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib3D810FDDD5B9D629CF0280BDE6285EA4s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib3D810FDDD5B9D629CF0280BDE6285EA4s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib36B96359591E235510C0CA6CA5FD70C6s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib36B96359591E235510C0CA6CA5FD70C6s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib18D426E4909BCB67B1F85ED94F8DE97Fs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib18D426E4909BCB67B1F85ED94F8DE97Fs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib6F561600868F110FC3472BB1CE365059s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib6F561600868F110FC3472BB1CE365059s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib3E5841BAA2F536B79731479994350B4Bs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib3E5841BAA2F536B79731479994350B4Bs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib2760B0101998B475862A9D21A60D9D0As1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib2760B0101998B475862A9D21A60D9D0As1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibD5E11439F31E7BB2EFA58C6B8D7E9B09s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibD5E11439F31E7BB2EFA58C6B8D7E9B09s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibD5E11439F31E7BB2EFA58C6B8D7E9B09s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibAFB2759A9BB8876765A34EBFB0D83DE1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibAFB2759A9BB8876765A34EBFB0D83DE1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibD684C829322625F550B5B839F11F2EC0s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibD684C829322625F550B5B839F11F2EC0s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib3CB459B6E1EBFDB73EB2F0C250BB719As1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib3CB459B6E1EBFDB73EB2F0C250BB719As1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib19EDDDC895A7A3101F5445F6728212F6s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib19EDDDC895A7A3101F5445F6728212F6s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib19EDDDC895A7A3101F5445F6728212F6s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib6C8D0D1BF109D0E98EEE5D532A209717s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib6C8D0D1BF109D0E98EEE5D532A209717s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibE378F00FEAC8EB27F671AC7EC0451EDFs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibE378F00FEAC8EB27F671AC7EC0451EDFs1

K. Kirchner, C. Schwab / Journal of Functional Analysis 286 (2024) 110218 57

[17] E. Feireisl, M. Lukdcova-Medvid'ov4, B. She, Y. Yuan, Convergence and error analysis of compress-
ible fluid flows with random data: Monte Carlo method, Math. Models Methods Appl. Sci. 32 (2022)
2887-2925.

[18] X. Fernique, Regularité des trajectoires des fonctions aléatoires gaussiennes, in: Ecole d’Eté de
Probabilités de Saint-Flour, IV-1974, in: Lecture Notes in Math., vol. 480, 1975, pp. 1-96.

[19] K. Floret, Natural norms on symmetric tensor products of normed spaces, in: Proceedings of the
Second International Workshop on Functional Analysis (Trier, 1997), vol. 17, 1997, pp. 153-188,
1999.

[20] K. Floret, The extension theorem for norms on symmetric tensor products of normed spaces, in:
Recent Progress in Functional Analysis, Valencia, 2000, in: North-Holland Math. Stud., vol. 189,
North-Holland, Amsterdam, 2001, pp. 225-237.

[21] M.B. Giles, Improved multilevel Monte Carlo convergence using the Milstein scheme, in: Monte
Carlo and Quasi-Monte Carlo Methods 2006, Springer, Berlin, 2008, pp. 343-358.

[22] M.B. Giles, Multilevel Monte Carlo path simulation, Oper. Res. 56 (2008) 607-617.

[23] M.B. Giles, K. Debrabant, A. Rossler, Analysis of multilevel Monte Carlo path simulation using the
Milstein discretisation, Discrete Contin. Dyn. Syst., Ser. B 24 (2019) 3881-3903.

[24] M.B. Giles, C. Reisinger, Stochastic finite differences and multilevel Monte Carlo for a class of
SPDEs in finance, STAM J. Financ. Math. 3 (2012) 572-592.

[25] M.B. Giles, L. Szpruch, Antithetic multilevel Monte Carlo estimation for multi-dimensional SDEs
without Lévy area simulation, Ann. Appl. Probab. 24 (2014) 1585-1620.

[26] C.J. Gittelson, J. Konno, Ch. Schwab, R. Stenberg, The multi-level Monte Carlo finite element
method for a stochastic Brinkman problem, Numer. Math. 125 (2013) 347-386.

[27] I.G. Graham, R. Scheichl, E. Ullmann, Mixed finite element analysis of lognormal diffusion and
multilevel Monte Carlo methods, Stoch. Partial Differ. Equ. Anal. Comput. 4 (2016) 41-75.

[28] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Classics in Applied Mathematics, vol. 69,
Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 2011.

[29] I. Gydngy, M. Rasonyi, A note on Euler approximations for SDEs with Hoélder continuous diffusion
coefficients, Stoch. Process. Appl. 121 (2011) 2189-2200.

[30] A.-L. Haji-Ali, F. Nobile, R. Tempone, Multi-index Monte Carlo: when sparsity meets sampling,
Numer. Math. 132 (2016) 767-806.

[31] A.-L. Haji-Ali, F. Nobile, E. von Schwerin, R. Tempone, Optimization of mesh hierarchies in mul-
tilevel Monte Carlo samplers, Stoch. Partial Differ. Equ. Anal. Comput. 4 (2016) 76-112.

[32] S. Heinrich, Multilevel Monte Carlo methods, in: Large-Scale Scientific Computing, in: Lecture
Notes in Comput. Sci., vol. 2179, Springer-Verlag, 2001, pp. 58-67.

[33] J. Hoffmann-Jgrgensen, Slepian’s inequality, modularity and integral orderings, in: High Dimen-
sional Probability VI, in: Progr. Probab., vol. 66, Birkhduser/Springer, Basel, 2013, pp. 19-53.

[34] M. Hutzenthaler, A. Jentzen, P.E. Kloeden, Strong convergence of an explicit numerical method for
SDEs with nonglobally Lipschitz continuous coefficients, Ann. Appl. Probab. 22 (2012) 1611-1641.

[35] T. Hytonen, J. van Neerven, M. Veraar, L. Weis, Analysis in Banach Spaces. Vol. I. Martingales and
Littlewood-Paley Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of
Modern Surveys in Mathematics, vol. 63, Springer, Cham, 2016.

[36] T. Hytonen, J. van Neerven, M. Veraar, L. Weis, Analysis in Banach Spaces. Vol. II. Probabilistic
Methods and Operator Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A
Series of Modern Surveys in Mathematics, vol. 67, Springer, Cham, 2017.

[37] S. Janson, S. Kaijser, Higher moments of Banach space valued random variables, Mem. Am. Math.
Soc. 238 (2015), vii+110.

[38] C.M. Jarque, A.K. Bera, A test for normality of observations and regression residuals, Int. Stat.
Rev. 55 (1987) 163-172.

[39] J.-P. Kahane, Some Random Series of Functions, second ed., Cambridge Studies in Advanced Math-
ematics, vol. 5, Cambridge University Press, Cambridge, 1985.

[40] K. Kirchner, Numerical methods for the deterministic second moment equation of parabolic stochas-
tic PDEs, Math. Comput. 89 (2020) 2801-2845.

[41] K. Kirchner, A. Lang, S. Larsson, Covariance structure of parabolic stochastic partial differential
equations with multiplicative Lévy noise, J. Differ. Equ. 262 (2017) 5896-5927.

[42] U. Koley, N.H. Risebro, Ch. Schwab, F. Weber, A multilevel Monte Carlo finite difference method
for random scalar degenerate convection-diffusion equations, J. Hyperbolic Differ. Equ. 14 (2017)
415-454.

[43] M. Kovdcs, A. Lang, A. Petersson, Approximation of SPDE covariance operators by finite elements:
a semigroup approach, IMA J. Numer. Anal. 43 (2023) 1324-1357.


http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7F5791C4AEF3B587BC708EE30CCB254Es1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7F5791C4AEF3B587BC708EE30CCB254Es1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7F5791C4AEF3B587BC708EE30CCB254Es1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib9478307C9ED5A9CFA959D45C8439FC34s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib9478307C9ED5A9CFA959D45C8439FC34s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibD011022342B271CCDD93BCD34AED50E8s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibD011022342B271CCDD93BCD34AED50E8s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibD011022342B271CCDD93BCD34AED50E8s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibBD8969FF86645D92E0AC474007F60DF1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibBD8969FF86645D92E0AC474007F60DF1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibBD8969FF86645D92E0AC474007F60DF1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibCB45F4C7026CE6B1AB56DC0ABFB22E48s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibCB45F4C7026CE6B1AB56DC0ABFB22E48s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib38A7E04A8E55FDF5D0CCD86A3153E972s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib1657520F2A17F485BDBB29050EC38A42s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib1657520F2A17F485BDBB29050EC38A42s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib783393578860865F24A24370E630DD59s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib783393578860865F24A24370E630DD59s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib82A9B5CFBD0482DB33A3BF607AD5649Bs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib82A9B5CFBD0482DB33A3BF607AD5649Bs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib89E8E8DE6A0569DE6242634A5B355CFFs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib89E8E8DE6A0569DE6242634A5B355CFFs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib0BE0E6D12592456E756C6356F80E217Cs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib0BE0E6D12592456E756C6356F80E217Cs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib0D13F9F2AFAA717DF19F7BE07E421337s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib0D13F9F2AFAA717DF19F7BE07E421337s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib124B522D6E833AEFE5BA9D1A5F5B512As1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib124B522D6E833AEFE5BA9D1A5F5B512As1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib72D6AA27BE033219A620AD469135331Cs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib72D6AA27BE033219A620AD469135331Cs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib5A9B46A20BC212E55E56FD37329368AAs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib5A9B46A20BC212E55E56FD37329368AAs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib1CAAA34687E283B52AE1917815BB15B2s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib1CAAA34687E283B52AE1917815BB15B2s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibE1DBD2B35277A500D4E7B00B681FBF1Fs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibE1DBD2B35277A500D4E7B00B681FBF1Fs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA96291A0C7246ECD1D284D5C54F9BBF8s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA96291A0C7246ECD1D284D5C54F9BBF8s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7CC0A472EBB4757F17C28270C80E5B0Fs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7CC0A472EBB4757F17C28270C80E5B0Fs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7CC0A472EBB4757F17C28270C80E5B0Fs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib86DE157086529D57B5BCADEBDC25C77Ds1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib86DE157086529D57B5BCADEBDC25C77Ds1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib86DE157086529D57B5BCADEBDC25C77Ds1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibDCD7DD43D74D09FC94CCE5297DB9BB66s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibDCD7DD43D74D09FC94CCE5297DB9BB66s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib8E8C84492053CA631D4A73C0FFFD17C1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib8E8C84492053CA631D4A73C0FFFD17C1s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibDEC6FC2251D446E924527D66EFA1D74Bs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibDEC6FC2251D446E924527D66EFA1D74Bs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib4B119A259876BE10381574F13874D68Es1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib4B119A259876BE10381574F13874D68Es1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib94092AC48A0E00538492409CFA201375s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib94092AC48A0E00538492409CFA201375s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib74A4F92AA353CED37B8B901FF5B8A998s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib74A4F92AA353CED37B8B901FF5B8A998s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib74A4F92AA353CED37B8B901FF5B8A998s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibBE2568B9814E7A5F3052685A87F7A2BBs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibBE2568B9814E7A5F3052685A87F7A2BBs1

58 K. Kirchner, C. Schwab / Journal of Functional Analysis 286 (2024) 110218

[44] R. Kruse, Strong and Weak Approximation of Semilinear Stochastic Evolution Equations, Lecture
Notes in Mathematics, vol. 2093, Springer, Cham, 2014.

[45] S. Kwapien, Isomorphic characterizations of inner product spaces by orthogonal series with vector
valued coefficients, Stud. Math. 44 (1972) 583-595.

[46] A. Lang, S. Larsson, Ch. Schwab, Covariance structure of parabolic stochastic partial differential
equations, Stoch. Partial Differ. Equ. Anal. Comput. 1 (2013) 351-364.

[47] M. Ledoux, M. Talagrand, Probability in Banach Spaces: Isoperimetry and Processes, Classics in
Mathematics, Springer-Verlag, Berlin, 2011, Reprint of the 1991 edition.

[48] P.-L. Lions, Mathematical Topics in Fluid Mechanics. vol. 2, Compressible Models, Oxford Lecture
Series in Mathematics and Its Applications, vol. 10, The Clarendon Press, Oxford University Press,
New York, 1998.

[49] K.V. Mardia, Measures of multivariate skewness and kurtosis with applications, Biometrika 57
(1970) 519-530.

[50] S. Mishra, N.H. Risebro, Ch. Schwab, S. Tokareva, Numerical solution of scalar conservation laws
with random flux functions, SIAM/ASA J. Uncertain. Quantificat. 4 (2016) 552-591.

[61] S. Mishra, Ch. Schwab, Sparse tensor multi-level Monte Carlo finite volume methods for hyperbolic
conservation laws with random initial data, Math. Comput. 81 (2012) 1979-2018.

[62] S. Mishra, Ch. Schwab, Monte-Carlo finite-volume methods in uncertainty quantification for hyper-
bolic conservation laws, in: Uncertainty Quantification for Hyperbolic and Kinetic Equations, in:
SEMA SIMATI Springer Ser., vol. 14, Springer, Cham, 2017, pp. 231-277.

[63] T. Miiller-Gronbach, L. Yaroslavtseva, A strong order 3/4 method for SDEs with discontinuous
drift coefficient, IMA J. Numer. Anal. 42 (2022) 229-259.

[54] R.A. Ryan, Introduction to Tensor Products of Banach Spaces, Springer Monographs in Mathemat-
ics, Springer-Verlag London, Ltd., London, 2002.

[65] C.G. Simader, On Dirichlet’s Boundary Value Problem: LP-Theory Based on a Generalization of
Garding’s Inequality, Lecture Notes in Mathematics, vol. 268, Springer-Verlag, Berlin-New York,
1972.

[56] A.L. Teckentrup, R. Scheichl, M.B. Giles, E. Ullmann, Further analysis of multilevel Monte Carlo
methods for elliptic PDEs with random coefficients, Numer. Math. 125 (2013) 569-600.

[57] J. van Neerven, Functional Analysis, Cambridge Studies in Advanced Mathematics, vol. 201, Cam-
bridge University Press, Cambridge, 2022.

(58] Y. Xia, M.B. Giles, Multilevel path simulation for jump-diffusion SDEs, in: Monte Carlo and Quasi-
Monte Carlo Methods 2010, in: Springer Proc. Math. Stat., vol. 23, Springer, Heidelberg, 2012,
pp. 695-708.


http://refhub.elsevier.com/S0022-1236(23)00375-0/bib2BE2F7F6F4F41497520BC8FC7321354Cs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib2BE2F7F6F4F41497520BC8FC7321354Cs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibDD6E723194E7AC0A4085794E85273E98s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibDD6E723194E7AC0A4085794E85273E98s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA974ACB9C55D135EE956F37A73288CECs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA974ACB9C55D135EE956F37A73288CECs1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibE4ABF1BD621CCB1ABE3210ADA8EB77B9s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibE4ABF1BD621CCB1ABE3210ADA8EB77B9s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA5E10058331FE3B39184250785889203s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA5E10058331FE3B39184250785889203s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA5E10058331FE3B39184250785889203s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib316A90BB757878B8CF55BFBA4F2CD287s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib316A90BB757878B8CF55BFBA4F2CD287s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7DF25A0CF1C78B936BEE8CBBDFAFC592s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib7DF25A0CF1C78B936BEE8CBBDFAFC592s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib12EF89F19E84EDAB145C36ABB2A356A9s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib12EF89F19E84EDAB145C36ABB2A356A9s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibB59AEEF65A09E7815A4F5564D7EF3AE5s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibB59AEEF65A09E7815A4F5564D7EF3AE5s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibB59AEEF65A09E7815A4F5564D7EF3AE5s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA1FDABD141B74A69E33F80DB2C797169s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibA1FDABD141B74A69E33F80DB2C797169s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib1DB42EFF5A79421F9AEBA84542DEA5A8s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib1DB42EFF5A79421F9AEBA84542DEA5A8s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibC7D26E4A1AF7927D00BFBF190F9F2107s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibC7D26E4A1AF7927D00BFBF190F9F2107s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibC7D26E4A1AF7927D00BFBF190F9F2107s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib4C4E9DBB87ACFDCBEB1DA74AA1DAA982s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bib4C4E9DBB87ACFDCBEB1DA74AA1DAA982s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibC479BD88E431F857B9DC460F4C8BC5D3s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibC479BD88E431F857B9DC460F4C8BC5D3s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibC2513215436E234E1BB1B472BC4493A2s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibC2513215436E234E1BB1B472BC4493A2s1
http://refhub.elsevier.com/S0022-1236(23)00375-0/bibC2513215436E234E1BB1B472BC4493A2s1

	in Banach spaces
	1 Introduction
	1.1 Background and motivation
	1.2 Contributions
	1.3 Layout

	2 Preliminaries
	2.1 General notation and setting
	2.2 k-fold tensor products of Banach spaces
	2.3 Moments of Banach space valued random variables
	2.3.1 Vector-valued integration
	2.3.2 Moments of order k


	3 Monte Carlo estimation of the kth moment
	3.1 Auxiliary results on Rademacher and Gaussian averages
	3.2 Standard and single-level Monte Carlo estimation
	3.3 Multilevel Monte Carlo estimation

	4 Applications
	4.1 Linear elliptic PDEs with random forcing
	4.1.1 Deterministic model problem
	4.1.2 Finite element approximation
	4.1.3 Random forcing and MLMC-FEM

	4.2 Linear elliptic PDEs with log-Gaussian coefficient
	4.2.1 Deterministic model problem
	4.2.2 Finite element approximation
	4.2.3 Log-Gaussian random coefficient and MLMC-FEM

	4.3 Approximation of stochastic processes in Hölder spaces

	5 Conclusions
	Funding
	Declaration of competing interest
	Data availability
	Acknowledgments
	Appendix A Tensor norms of symmetric elements of Hilbert spaces
	Appendix B A consequence of Slepian’s inequality
	References


