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Abstract
Themanufacturing freedom of additive manufacturing, and design freedom of topology optimization have proven
to be a fruitful combination in creating and manufacturing designs. While research into applications of metal ad
ditive manufacturing has advanced from rapid prototyping to enduse components, metal additive manufacturing
of compliant mechanisms has only been researched to a limited amount. This is despite the fact that additive
manufacturing provides opportunities to manufacture highly advanced, monolithic compliant mechanism con
sidered impossible before. Important considerations regarding geometry during additive manufacturing of com
pliant mechanisms are what minimum length scale and angle between overhanging features and build plate (the
overhang angle) need to be imposed on the design. These considerations determine whether a compliant mech
anism is successfully built by additive manufacturing and can ensure that designs are selfsupporting. Since
these constraints are most relevant in fragile hinge regions of compliant mechanisms where support material re
moval is unwanted, selfsupporting, crossaxis flexural pivots are manufactured using selective laser melting. It
is found manufacturability in additive manufacturing does not necessarily guarantee a predictable stiffness and
yield strength of these flexural pivots. That is why it is recommended to print selfsupporting regions of com
pliant mechanisms with a minimum length scale 25% greater than prescribed by the manufacturing process used
and an overhang angle of at least 5° greater than the prescribed minimum overhang angle. Next, these recom
mendations are implemented in compliant mechanism design using topology optimization, at locations where
these recommendations are most relevant. This is done by redesigning hinge regions of compliant mechanisms,
using static condensation to reduce the order of the problem. While adding only 5% extra computation time,
small regions of a design can be redesigned successfully. To use the potential of this method fully, an extension
to this method is introduced, which allows to redesign domains in more detail. Multipoint constraints are used
to couple the original and finer redesign mesh. For a finer mesh, more computation time is needed, but as the
design space is enlarged, other, more optimal solutions are found. Next, constraints on overhang angle, minimum
length scale and stress are implemented, since these constraints are proven to be meaningful in hinge regions by
the experiments with the crossaxis flexural pivots. Implementation is done successfully, and it is seen compliant
mechanisms can be designed at relatively low additional computational cost and with minimal loss of mechanism
performance. Thus, using this approach, redesigned compliant mechanisms can be manufactured with locally
selfsupporting hinges and predictable kinematics and stress concentrations can be ensured.
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1
Introduction

1.1. Motivation
Applications and technology in the field of 3D printing, or Additive Manufacturing (AM), have evolved rapidly
over the past few decades. Specifically applications of metal AM have advanced from rapid prototyping to end
use components. Now, complex or personalized shapes considered impossible before can be built, ranging from
bike parts used in the Tour de France, to medical implants, or turbine blades in jet engines. On top of this, (metal)
AM enables printing designs in one piece, which motivates its use for manufacturing flexible mechanisms built
in onepiece. These mechanisms, called Compliant Mechanisms (CMs), obtain their function through (partial)
flexibility of their structure, therefore friction initially present in joints of rigid bodies can be eliminated. Exploit
ing this advantage, the flexible parts of CMs might be thin and geometrically complex. As a result, building CMs
with metal AM pushes this technique to its limits and investigation into these limits is necessary. An example of
CMs manufactured with metal AM can be seen in Fig. 1.1a.

In the design of CMs manufactured with metal AM, Topology Optimization (TO) can make a valuable contri
bution. It can optimize a mechanism for a specific function, while taking into account the limits of AM of CMs.
In addition, the design freedom of TO and manufacturing freedom of AM allow creating structures complex for
other manufacturing methods, an example of a part designed by TO and created by AM can be seen in Fig. 1.1b.
This opens doors to create new, cuttingedge mechanisms while, amongst others, reducing wear, stickslip and
assembly time. To contribute to this, the stateoftheart of AM of CMs is reviewed, together with TO of CMs
for AM.

(a) Inconel 625 cellular contactaided compliant mechanisms designed
for stress relieve, reprinted from [44]. (b) Titanium topology optimized central support for a hand bicycle [67].

Figure 1.1: Compliant mechanisms (left) and topology optimized (right) metal AM parts.
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2 1. Introduction

1.2. Background
To identify the opportunities and challenges of AM of CMs, and TO of CMs for AM, literature on these topics is
reviewed. This literature review provides a background for the rest of this thesis and leads to a research objective.

1.2.1. Additive manufacturing of compliant mechanisms
As indicated, AM of CMs pushes the limits of metal AM. Therefore, literature on AM of CMs is reviewed in this
section. First by reviewing theory and properties of AM and CMs separately and finally on the combination of
the two.

Compliant mechanisms
Mechanical mechanisms transform input motion, force or energy to an output motion, force or energy [36]. The
mobility needed for such a transformation can be obtained by relative motion of rigid links and joints, or by
deformation of flexible members. These mobility principles characterize mechanical mechanisms as rigidlink
mechanisms, and CMs respectively [23]. In case deformation of a CM occurs only locally, in e.g., hinges and
notches, it is categorized as a lumped CM. When this deformation happens along a longer part of the CM, e.g., a
whole member, it is categorized as a distributed CM [36].

In addition to the advantage of friction elimination by motion through flexibility in CMs, assembly time of
CMs can be significantly reduced when manufacturing these out of one piece of material (monolithic), therefore
reducing production cost drastically. However, because, among others, energy is stored in a CM’s flexible seg
ments and parasitic motion can occur during its operation, it can be challenging to design and analyse the exact
kinetics and kinematics of a CM [36].

Yet, to find these properties of a CM, lumped or distributed, generally three model types are used. For CMs
with simple geometries and small deflections, analytical models can be used, solving Partial Differential Equa
tions (PDEs) based on geometry and material properties. An example of such a PDE is the equation

𝑑2𝑤(𝑥)
𝑑𝑥 = 𝑀(𝑥)

𝐸(𝑥)𝐼(𝑥) , (1.1)

based on EulerBernoulli beam theory [33]. This equation describes the relation between deflection (𝑤(𝑥)),
material (Young’s modulus 𝐸(𝑥)), geometry (moment of inertia 𝐼(𝑥)) and applied moment (𝑀(𝑥)) of a beam as
function of location on the beam 𝑥. This relation however is only valid for small, linear deflections and pure
bending. A method suitable for analysing large deflections is PseudoRigidBody Modelling (PRBM). Here, a
CM is approximated by rigid links and springs, making it a useful method to find a CM’s kinematics and kinetics.
Research on standardly shaped CMs and their PRBM equivalents has been performed [14, 36, 37, 39, 63], but
analysing complex or 3D designs is still challenging. Therefore, analysing CMs with arbitrary shapes can be
performed by numerical models. A popular example is Finite Element Modeling (FEM), where a continuum is
divided into a finite number of elements. Each of these elements exhibits its own behaviour, and combining the
contributions of all element leads to a system of equations describing the continuum. An example of such an
equation is

f = Ku, (1.2)

describing the static equilibrium of force f and displacement u by the global stiffness matrix K.
Where CM analysis is challenging, designing a CM to perform a desired function can be even more challeng

ing. Various design methodologies aim for various mechanism functions, such as motion or path generation, or
force amplification [24]. Common synthesis approaches to design mechanisms exhibiting these functions, are
kinematic, building block and structural optimization approaches [23]. In kinematic approaches, designs are ob
tained by focussing on kinematic requirements. An example of such an approach is the rigidbodyreplacement
method, where a rigidbody with a desired function is converted into its compliant version. Since in PRBM a CM
is converted into its equivalent rigidbody mechanism, this process is closely related to rigidbodyreplacement.
Another popular kinematic approach is Freedom and Constraint Topologies (FACT), where required kinematics
are transformed to required mechanism Degrees of Freedom (DoFs). With FACT, the freedom space described
by these DoFs can be mapped uniquely to its corresponding constraint space [34, 35]. Building block approaches
combine simple CMs to create more complex CMs. The last common synthesis approach of CMs is structural
optimization. Using this approach, the layout of a CM is optimized for a specific mechanism function. Since
this method provides the most design freedom, it is further elaborated on in the next section. First however, a
manufacturing method capable of constructing monolithic designs and its application in CM manufacturing is
discussed.
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Additive manufacturing
AM is the process of configuringmaterial in a layerwise fashion to create 3D parts [61]. As opposed to subtractive
manufacturing methods, manufacturing freedom in AM is not limited by facilitating accessibility of subtractive
tools. Nowadays, numerous AM processes are available to construct parts from materials ranging from metal
(alloys), to carbon fibre to polymers. A main distinction in these process can be made between extrusion and
laserbased processes [8]. A common extrusion process is Fused Deposition Modelling (FDM), where molten
thermoplastic material is deposited on top of a previously deposited layer, after which it solidifies. Typically,
plastics are used in combination with FDM, which makes the process cheap and thus very suitable for rapid pro
totyping. A downside however, is the fact that the structural properties of parts created by FDM are generally
anisotropic [1], because of the melting and solidification per layer. This anisotropy, among others, is why FDM
processes are rarely used in industry, and considered most suitable for rapid prototyping. Laserbased processes
constructing metal parts are found in industry more often [46], since it is shown, e.g., by Trosch et al. [77], me
chanical properties of material printed with optimized process settings can be as good as those of conventionally
manufactured material. Laserbased processes can be subdivided into Powder Bed Fusion (PBF), laser powder
injection and free form fabrication AM [32]. Generally, PBF technologies allow for manufacturing of the most
detailed parts [92], which is why it is reviewed in more detail.

(a) Schematic overview of a general laser powder bed fusion process,
reprinted from [21]. A layer of powder is applied by a roller and subse
quently scanned by a laser.

v
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(b) Schematic representation of layer fusion in a laser PBF process. A powder
layer (light grey) is heated (yellow) and fused to solid material (dark grey) be
neath it, by a laser (red). Layer height 𝑡, hatch spacing ℎ, scan speed 𝑣 and laser
power 𝑃 are indicated.

Figure 1.2: Schematic overviews of a general laser powder bed fusion process.

Process properties of powder bed fusion AM
A general overview of a laser PBF process can be seen in Fig. 1.2a. A layer of powder deposited by a roller
or rake is scanned by a laser, melting this new layer to the previous layer of the component. PBF, like other
laserbased AM processes, facilitates metal printing by generating enough heat to fuse the material particles in
the powder bed to the previous layer. Generation of the required heat results in high associated temperatures
experienced by the material in repeated thermal cycles. These influence the (directionality of) microstructures
of the deposited material, which is affected by the combination of rapid solidification, directional cooling and
phase transformations amongst others [21]. Another result of localized heating and cooling is the build up of
stress in a part. Since this heating and cooling is inherent to the process of laserbased AM processes and thus
PBF, additional heat treatment is a common postprocessing procedure [59]. This relieves internal stresses and
possibly changes the part’s microstructure, as is shown by, e.g., Zhang et al. [91] for Inconel 718.

Heat flow and stress build up highly depend on the machine settings of the PBF process too. Generally, it is
stated that a resulting part’s properties can be optimized by referring to its laser energy density [54],

Υ = 𝑃
𝑣𝑡ℎ . (1.3)

Here, Υ is energy density [J/mm3], 𝑃 is laser power [W], 𝑣 is scan speed [mm/s], 𝑡 is layer thickness [mm]
and ℎ is hatch spacing [mm], which is the distance between adjacent lines in the scanning pattern, as shown in
Fig. 1.2b. These parameters influence, amongst others, a part’s microstructure [41, 43, 77, 91]. Additionally,
porosity is partly influenced by scanning speed [41, 89], possibly because of the large fraction of powder unable
to fuse because of higher velocities. Hatch distance also influences porosity by a difference of 5% for Inconel
625, as found by Yadroitsev et al. [88]. All these parameters influence the characteristics of the melt pool, and
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an analytical expression relating these melt pool characteristics to porosity can be found in [76]. Porosity can
influence a printed part’s stiffness, as found for Ti6Al4V by Puebla et al. [66]. Laserbased processes can be
simulated to find optimal process settings. An overview of simulation techniques can be found in [92].

Using a machine’s optimal settings does not necessarily guarantee a perfect build. The tobeprinted part’s
geometry greatly influences what those optimal settings are. One geometric consideration is the build direction
of a part. As directionality in heat extraction can result in directionality of columnar grain growth [84], this can
cause anisotropy of mechanical properties [77]. Additionally, thin parts provide less opportunity for heat to be
conducted away, which means a high energy density is likely to warp these thin parts [59]. Similar warping can
happen for overhanging surfaces, and this is generally solved by adjusting the overhanging surface’s length, or
by adding support material among others [60]. Another motivation to add support material is to prevent surfaces
from collapsing [42]. Generally, this is needed when the Overhang Angle (OA) of a surface exceeds the material
and process specific critical OA. This OA can be defined as the angle between the build plate and overhanging
feature, as shown in Fig. 1.3a. Low OAs can not only induce warping or build failure, resulting downward facing
surfaces generally have a high surface roughness. This is partially induced by the staircase effect, which is a
result of model discretization, as shown in Fig. 1.3b. Another contributing factor is dross formation; partially
fused powder sticks to downward facing surfaces, which can for example be seen in metal AM cooling channels
[47]. The resulting surface roughness influences mechanical properties such as fatigue life [21], and the size of
the crosssection contributing to a feature’s stiffness, as shown by Hanks [31].

Since most of these considerations are also of interest when manufacturing CMs, background on AM of CMs
is provided in the next section.

OA

OAcrit

OAcrit

Support material

(a) Surfaces with OA below critical OA (OA𝑐𝑟𝑖𝑡) needs support material (right),
while surfaces for which OA > OA𝑐𝑟𝑖𝑡 are selfsupporting (left).

Vertical discretized feature Angled discretized feature

LH

(b) Staircase effect of the angled feature results in increased surface
roughness.

Figure 1.3: Definition of overhang angle and staircase effect.

Additive manufacturing of compliant mechanisms
The research in the previous section on properties such as stress, porosity or microstructure induced by AM is
performed on rigid parts not designed for flexibility. Considering CMs however, flexibility is usually acquired
from thinner, possibly overhanging parts, which are different from those parts tested in the research presented in
the previous section. Research into parts with these geometry properties has been performed, but usually with
the objective of compliance minimization. Application of these geometric properties is found in lattice structures
where low compliance is needed. For example, Weiss et al. [87] presents rules to design manufacturable thin
features, but no data on mechanical or dimensional accuracy is given. In [54], manufacturability and porosity
of selfsupporting thin struts as a function of OA and diameter are evaluated for Inconel 625, after which these
dimensions are used to design lattice structures with varying topology

The design rules following from these and most other research thus focus on design for AM of stiff structures
with minimum compliance. While most manufacturability issues addressed can be solved by introducing support
structures, this is not considered in research on thin and overhanging features. One can imagine removal of
these support structures is not preferred when dealing with fragile parts, especially when they are hard to reach.
Similarly, support structures are unfavourable when manufacturing CMs with AM, since the flexible regions of a
CM introduce additional fragility and thus sensitivity to support material removal. This means AM design rules
should also be applied to selfsupporting flexible regions in CMs. However, unique features of CMsmight require
other design rules for AM.

One example of research into metal printed CMs is shown in [58], a high surface roughness on overhanging
surfaces of the resulting selfsupporting Ti6Al4V flexure is observed, and probably because of this, the printed
flexure’s stiffness is overestimated by 30%. Merriam et al. [58] states the printed flexure’s stiffness can be ac
curately predicted by calculating this stiffness with a printed flexure thickness of 83% of the designed thickness.



1.2. Background 5

A recommendation on how to print a selfsupporting CM such that its stiffness is predictable is not provided
however.

Current research into AM of thin, overhanging regions mainly focusses on manufacturability or correcting
models to fit acquired experimental data. However, as the stiffness of flexible segments of a CM dictates the
CM’s kinematics and kinetics, these are greatly influenced by variations during AM in these regions. Recom
mendations on minimum length scale and OA in AM are based on mechanism manufacturability, instead of its
kinematic predictability. Another mechanical aspect important for CMs is the material’s yield strength, since
stress concentrations in a CM’s thin, flexible regions dictate its fatigue life and range of motion. Recommenda
tions linking AM considerations such as minimum length scale and OA to asbuilt yield strength are yet to be
found too.

Once this is known, this information should be used in TO process for CM design, compatible with AM con
straints following from these recommendations. Thereto, methods implementing AM constraints in CM design
using TO are reviewed.

1.2.2. Topology optimization of compliant mechanisms
To find how TO can contribute to CM design suitable for AM, first general process steps of TO are discussed in
this section, together with its application to CM design.

To design structures optimally, different aspects of a design can be optimized. TO is the optimization of the
layout, or topology, of a structure. This differs from shape or size optimization, where the topology remains
unchanged, but the shape or size, of e.g., a hole, are optimized respectively [6]. Out of these three optimization
types, TO provides the most design freedom. Every optimization problem involves three steps to find a design.
First, design alternatives are described by design variables, x, through parametrization of the design domain.
Then, these design variables x are used to describe state variables; a design objective and optional constraints.
Next, an optimization algorithm is used to find the optimal topology, represented by x, by optimizing the objective
while satisfying additional constraints in the best possible way, as shown in Eq. (1.4). Here, objective function
𝑓[x] is minimized while subject to equality h[x] and inequality g[x] constraints as a function of design variables
x.

min
x

∶ 𝑓[x]
s.t. ∶ h[x] = 0

∶ g[x] ≤ 0
(1.4)

In TO, most commonly, a design domain is parametrized by a continuum structure, where the entire design
domain is discretized by finite elements. Design variables represent the density of each element, describing
whether an element is void (0) or solid (1). To solve problems with such a parametrization, gradientbased
methods are used, because these converge more efficiently than nongradient optimization methods for many
design variables [72]. Gradientbased methods find an optimal solution using design sensitivities, which are the
derivatives of state variables with respect to design variables [81]. Use of these design sensitivities increases the
implementation effort and requires use of interpolation schemes to generate continuous design variables [72].
Introduction of interpolation schemes and additional filters results in state variables implicitly depending on
design variables, which makes this TO nested.

As indicated, CM design can be challenging, but TO can contribute to CM design by utilizing its design free
dom, while optimizing for a specific objective. A wide variety of optimization formulations in the same structure
as Eq. (1.4) can be found in literature. As CMs deform to obtain mobility, (local) flexibility is needed, but to
guarantee a feasible design able to resist loads, some stiffness is needed too. The interests of these respective
kinematic and structural requirements conflict, which complicates objective formulations for CM design. Com
mon methods to deal with this conflict of interest are, e.g., multicriteria optimization using a ratio of flexibility
and stiffness requirements [22] or output displacement maximization with additional workpiece and actuator stiff
ness [6, 56, 71]. This last strategy has been used often in literature and allows for easy controlling of the intended
inputoutput behaviour of the CM. The optimization formulation used to maximize output displacement |𝑢out|,
i.e. minimization of −|𝑢out| is

min
x
∶ −|𝑢out|

s.t. ∶ 𝑉[x]
𝑉0
≤ 𝑉max

∶ 0 ≤ x ≤ 1
. (1.5)
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Here, the output displacement objective is subject to a constraint 𝑉max on the ratio of the volume of the design
𝑉[x], and the volume of the whole design domain 𝑉0. Additionally, design variables x are continuous on the [0,
1] interval, to allow use of gradiendbased optimization schemes. In Fig. 1.4, half of a compliant force inverter
generated by TO can be seen, based on the TO code provided by Andreassen et al. [2]. For more information on
CM design by TO the reader is referred to review papers of Cao et al. [13], Zhu et al. [96]. These methods can
be extended by, e.g., including stress constraints [17], including uncertainties in material or geometry [69, 86] or
modelling geometric nonlinearities for large displacement CMs [12, 93].

Figure 1.4: Compliant force inverter, generated using the 88line MATLABcode of [2]. The direction of the input force (left arrow) is
inverted at the output (right arrow).

While most TO studies for CMs focus on design of the complete mechanism, several methods focus specif
ically on flexure hinge design in CMs. In [94] and [95] hinges are designed for perfect rotation, and in [55] a
revolute joint is designed for maximum rotation. Additionally, [57] designs flexure hinges for perfect rotation,
while constraining its maximum stress. These methods however do not implement the designed flexure hinges in
CMs, or take the mechanism into account in which they should function during optimization. The only method
including hinge optimization taking the complete CM into account, is proposed by Shih et al. [70]. Here, the
hingelike regions of an optimized CM, shown in Fig. 1.5a, are replaced by singleaxis flexure hinges. In this
postprocessing step, the size and location of these flexure hinges are optimized, resulting in a manufacturable
final design shown in Fig. 1.5b. This approach does however require interpretation of the original design’s topol
ogy and the size optimization using standardly shaped hinges does not allow to fully utilize the design freedom of
TO. Additionally, size optimization does not allow inclusion of AM constraints such as a constraint on OA. This
identifies a gap in literature, where local postprocessing or redesign by TO has not yet been performed, while
this could contribute to local introduction of AM constraints. Strategies that aim on including AM constraints in
TO and design CMs are discussed in the next section.

(a) Original topology optimized design, with hingelike regions (a) and
replacement hinges (b) indicated, reprinted from [70].

(b) Postprocessed gripper after replacing hingelike regions with single
axis flexure hinges. Reprinted from [70].

Figure 1.5: Selection of hingelike regions in an optimized gripper (a) and the resulting postprocessed gripper (b), after size and location
optimization of these hinges.
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1.2.3. Topology optimization for additive manufacturing of compliant mechanisms
A variety of TO for AM approaches and constraints is available. When considering overhanging features, four
categories of dealing with overhang complexities are used. One category deals with overhanging surfaces with
OAs beneath the critical OA by optimizing the needed support structures [48, 52, 82]. This means the performance
of the designed structure is not compromised, but could result in support material in hard to reach or fragile
regions. Therefore, another category of TO for AM focusses on support structure tradeoffs. For example between
performance and support cost [50], or performance and accessibility of supports [79]. These strategies however
do not guarantee elimination of support material in fragile regions. To deal with this, the third category of dealing
with overhanging features includes designing selfsupporting structures, and therefore eliminates the need for
support material. Strategies mimicking the AM process by layerwise filtering are popular applications [27, 49].
Other methods use a detection method to find overhanging surfaces, and eliminate these either by filtering or
including a constraint [26, 78, 80]. The fourth and last category deals with overhanging surfaces by considering
the build direction. E.g., Vanek et al. [82] aim to identify the part’s orientation with a minimum number of
downward facing surfaces, before optimizing the corresponding support structures. Another approach is provided
by Langelaar [52], where build direction and support structure are optimized simultaneously. Few methods apply
methods dealing with overhang complexities to CM design. Langelaar [51] designs a CM to be completely self
supporting, therefore affecting mechanism performance. Garaigordobil et al. [26] try to minimize the influence
of an overhang constraint by allowing nonselfsupporting regions which influence the mechanism performance
most. This results in support material at hingelike regions, which, because of the fragility of these regions,
complicates support removal.

Since a part can not be manufactured infinitesimally small, a constraint on minimum feature size is required.
A method successful at this is proposed by Poulsen [65], imposing a minimum length scale on structural mem
bers and inclusions of void by introducing an additional constraint in the TO problem formulation. Sigmund
[71] introduces a socalled robust design method, making the final design robust to manufacturing variations.
This method also facilitates control of minimum feature thickness, and results solidvoid designs without inter
mediate densities. Using a robust design method thus reduces the errors caused by conversion of a design with
intermediate densities to a solidvoid design too. Pellens et al. [64] combine this robust design method with an
OA filter, to guarantee selfsupporting structures while constraining the minimum feature size. Other methods
extend the robust method by designing CMs, with minimum length scale [85] or multiple materials [28]. Non
uniform manufacturing and load variations are applied to CM design by Schevenels et al. [69] and Wang et al.
[86] respectively.

As indicated in Section 1.2.1, stress concentrations dictate a CM’s fatigue life and range of motion, which
motivates the use of constraints on stress levels. To avoid introduction of a stress constraint on each element,
commonly a representative value of the stress levels is defined by an aggregation function. Usually, this aggre
gation is extended by a constraint relaxation step, to allow optimization algorithms to find solutions in a less
confined design space [53]. Examples of stress constraints in TO can be found in [16, 17, 83], where the latter
two apply these constraints to CM design.

The implementations in TO generating selfsupporting designs, imposing a minimum length scale or con
straining stress can be used in CM design. These implementations are most relevant however at locations in
the CM sensitive to support material removal, with small features and high stress concentrations. That is why it
seems most relevant to apply these AM considerations only to hinge regions in a CM. Additionally, the TO design
might differ from the interpreted design used for AM. Again, changes in hinge regions of a CM are of greater
influence on the mechanism’s kinematics and kinetics than in structural members of the CM. More detailed de
sign of these hinge regions reduces the difference between a final TO and its interpreted design. Additionally,
as implementation of AM constraints causes a change in topology of a CM, the performance of this mechanism
can be negatively influenced and local application of these constraints could reduce this negative influence too.
Methods applying these constraints or a mesh refinement only locally are not found in literature however. Al
though the postprocessing method of Shih et al. [70] allows for local redesign and thus potential local application
of additional constraints, it does not facilitate the use of TO.
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1.3. Problem statement
In the previous section, two gaps in literature on manufacturing and design of CMs for AM are identified. Firstly,
recommendations on OA and minimum length scale to additively manufacture selfsupporting metal CMs with
kinematic predicability and predictable stress levels are missing. Since hinge regions tend to have the highest
stress concentrations and influence kinematicsmore than rigid structural regions of a CM, this leads to the research
question

What combination of overhang angle and minimum feature size leads to a selfsupporting
compliant hinge with predictable mechanical behaviour, created by metal AM? (Q.1)

Secondly, a method to implement AM recommendations in TO only locally is missing. Introduction of such
a method would be valuable to generate mechanisms suitable for AM, while minimizing the change in design
caused by these constraints. This leads to the following, second research question

What postprocessing method can we use to only locally impose AM constraints and obtain
enhanced detail during TO of CMs? (Q.2)

The added computational cost and change in mechanism performance as result of this method are of interest as
well.

1.4. Research approach
To answer research question Q.1, experiments are designed and performed to compare the designed and asbuilt
mechanical properties of compliant hinges built using metal AM. Experimental design and its results can be found
in Chapter 2. Next, the recommendations on AM of hinge regions in CMs following from these experiments are
implemented in CM design by TO. This will be done by redesigning part of a structure locally using TO. For this,
a novel method will be presented, which can be found in Chapter 3, together with a CM case study. Concluding,
in Chapter 4 the found results and method will be discussed, together with recommendations and improvements
for further research on the topic of metal AM of CMs.



2
Properties of metal additively manufactured

flexures
To find out how the OA and minimum feature size of a selfsupporting compliant hinge influence its asbuilt
mechanical properties and answer research question Q.1, experiments are conducted. Therefore, the mechanical
properties of the printed material are evaluated, together with the stiffness and stress levels of the printed flexures.
This will result in a recommendation on how AM constraints should be interpreted when a CM with predictable
mechanical properties is required.

2.1. Design and manufacturing of compliant specimens
Compliant specimens are manufactured to perform experiments with the goal of answering research question Q.1.
Instead of printing a complete CM, only its flexures are printed. This improves printing time, printing cost and
ease of testing. These flexures are designed based on the common CrossAxis Flexural Pivot (CAFP) design,
shown in Fig. 2.1a. Two crossing, separate, thin flexures connect the two rigid bodies, allowing rotational motion
around their crossaxis, while constraining other DoFs. Variations on CAFPs are commercially available, like the
rotational bearing shown in Fig. 2.1b, constructed by brazing. CAFPs have also been implemented in precision
position mechanisms, e.g. by Folkersma et al. [20]. An example of an AM CAFP can be seen in Fig. 2.1c,
designed by Merriam et al. [58]. CAFPs have been studied before in literature [9, 39, 63], providing stiffness
models of CAFPs. This means finite element analyses and experimental results can be verified more easily, which
is one of the reasons why a CAFP design is chosen.

(a) Standard CAFP topology. (b) Commercially available CAFP type [68]. (c) Titanium AM CAFP [58].

Figure 2.1: Various types of crossaxis flexural pivots

The machine used for flexure printing is the ProX® DMP 320, a printer designed by 3D Systems®. This
machine creates parts out of metal powder by selective laser melting, a powder bed fusion AM process. The
metal powder used is LaserForm® Ni625, or Inconel 625. This is a nickel alloy provided by 3D Systems®
with high strength and corrosion resistance. The Inconel 625 data sheet can be found in Appendix A.1. This
machine and material are used, because CMs with small features have been successfully printed with the setup
before, like the CMs shown in Fig. 1.1a, and because of its availability at Penn State University. Consulting the
machine operator and 3D systems® Direct Metal Printing Design Guide, it is found overhanging surfaces with
an OA of 40° can be printed successfully. The melt pool size is 250 µm, which prescribes the minimum Printed
Thickness (PT) to be 250 µm too. This means the minimum Flexure Thickness (FT), shown in Fig. 2.2a, is

9
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type 1 2 3 4 5 6 7 8 9
OA 40° 40° 40° 45° 45° 45° 50° 50° 50°
FT 200µm 250µm 300µm 200µm 250µm 300µm 200µm 250µm 300µm
PT 311 µm 389 µm 467µm 283µm 354µm 424µm 261µm 326µm 392µm

Table 2.1: Overview of the nine CAFP types and their corresponding parameter data.

FTmin = PT sin(OA) = 250 sin(50∘)µm ≈ 192 µm, as can be seen in Fig. 2.2b. Using this data, nine types of
CAFPs are constructed, each with a different combination out of the three different OAs and three different FTs,
listed in Table 2.1. Each of the CAFP types is printed four times.

OA

FT

Build
direction

(a) Schematic CAFP design with design parameters OA and FT

FT

OA

PT
Build
direction

OA

(b) Zoomin on flexure to indicate relation between OA, FT and PT

Figure 2.2: Side view of the crossaxis flexural pivot design, relevant dimensions and build direction indicated.

Each flexure beam is given a width of 4.5 mm and the height of each CAFP type is kept constant. Furthermore,
a 1 mm offset is given to each CAFP enabling build plate removal, additional anchor points are added to the rigid
bodies and a distinguishable index code is written on each specimen. These properties are indicated in the CAD
designs shown in Fig. 2.3, and the build plate layout with these CAFPs can be found in Appendix A.2. The
resulting build plate and a closeup of the CAFPs after AM can be seen in Appendix A.3, in Figs. A.1 and A.2
respectively. After manufacturing of this build plate, it is heat treated by solution annealing to release residual
stresses. The process parameters used for this treatment can be found in Appendix A.4. Next, all parts are
separated from the build plate using wire EDM (Electrical Discharge Machining), sacrificing the 1 mm layer of
offset material. The resulting rough surfaces caused by wire EDM are sanded to accommodate testing, the result
of this is shown in Appendix A.5. One of the manufactured CAFPs can be seen in Fig. 2.4.

Anchor points

Width

Index codeConstant
height 1 mm offset

Figure 2.3: Front, angled and side view of the CAD design of a CAFP.

2.2. Experimental setup
This section discusses the test setups used to measure the rotational stiffness of the additively manufactured
CAFPs, and find the relation between OA, FT and geometric and mechanical properties.

2.2.1. Mechanical characterization using tensile test
As explained in Section 1.2.1, mechanical properties of parts manufactured by AM may vary between builds. To
find these properties specific to the CAFP’s build, a tensile test is performed, testing specimens under uniaxial
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Anchor points

Width

Index codeConstant
height

Figure 2.4: Front, angled and side view of one of the Inconel 625 CAFPs, after heat treatment, wire EDM and sanding.

tensile stresses. Standard tensile test specimens are build alongside the Inconel 625 CAFPs. These specimens
are designed and tested according to the standard test methods for tension testing of metallic materials, ASTM
E8 [3]. Because material anisotropy is expected, as can be found in the data sheet in Appendix A.1, four samples
are printed vertically (in the build direction during printing, Z), and four samples are printed horizontally (in
plane, XY), as shown in Fig. 2.5a. The resulting printed Z and XY specimens can be seen in Figs. 2.5b and 2.5c
respectively.

Z

XY

Build direction

(a) Standard tensile specimens in Z and XY ori
entation with respect to the build plate. (b) Two Inconel 625 tensile test Z specimens. (c) Two Inconel 625 tensile test XY specimens.

Figure 2.5: Standard tensile test specimen used for material characterization, with horizontal (XY) and vertical (Z) orientation.

2.2.2. Forcedisplacement measurement
To compare the asbuilt rotational stiffness of the CAFPs to their predicted stiffness, a positioning stage and load
cell of maximum 45 N are used. The resulting forcedisplacement test setup is shown schematically in Fig. 2.6a.
Experimental validation of this setup is discussed in Appendix A.6. For a constant height 𝐻 = 16.80mm, the tip
at contact point C moves in positive xdirection, and the reaction force at this tip is measured. The actual setup
can be seen in Fig. 2.6b. This measurement method is chosen instead of a setup imposing rotation around a fixed
axis, to allow the CAFPs to rotate around a possibly shifting centre of rotation. The resulting forcedisplacement
data will then be compared to FEM and PRBM results.

2.2.3. Yield strength experiment
Next to the difference between predicted and asbuilt rotational stiffness of themetal AMCAFPs, another property
of interest is the yield strength of these CAFPs. When this deviates from its expected value, the range of motion
or fatigue life of a CM could be decreased. Therefore, a yield strength experiment is performed, with the same
setup shown in Figs. 2.6a and 2.6b, prescribing a rotational motion of the CAFP. A cyclic loading and unloading
is performed, increasing the maximum displacement with 50 µm every cycle. Instead of starting at an initial force
of 0 N however, the cycle is started at an initial load of 0.05 N. This way, the maximum displacement for which
the CAFP does not return to its initial load can be determined, which will be when the load cell is unloaded (i.e.
shows 0 N) after return to its initial position. This indicates the range in which the first plastic deformation has
happened.
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C

x

H

(a) Schematic setup of forcedisplacement experiments.

C

Load cell

(b) Test setup of forcedisplacement experiments.

Figure 2.6: CAFP forcedisplacement test setup. The probe at point C moves in xdirection.

2.3. Test results
2.3.1. Mechanical characterization using tensile test
To generate models that simulate the CAFP’s behaviour, first the asbuilt material properties of Inconel 625 tensile
test specimens are evaluated. Eight tensile samples are printed in the Inconel 625 build, four of them horizontally
(XY) and four of them vertically (Z). After heat treatment and removal from the build plate, the cross sectional
area of the reduced section of every specimen is measured. An overview of the measured cross sectional area of
each sample is shown in Table A.2 in Appendix A.7. With this data, the forcestrain result from the tensile test,
is converted into a stressstrain curve for the XY and Z specimens, shown in Figs. A.9a and A.9b respectively.
Using this data, the Young’s modulus 𝐸 and yield strength 𝜎y are found. Their fits can be seen in Fig. A.9c and
their values can be found in Table 2.2. The theoretical Young’s modulus of Inconel 625 is 180±20 GPa [90], and
ideally around 205 GPa for wrought Inconel 625 [73], while the theoretical yield strength for XY and Z direction
are 640±20 MPa and 600±20 MPa respectively, as found in the data sheet in Appendix A.1.

Build orientation Young’s Modulus 𝐸 [GPa ± GPa] Yield strength 𝜎y [MPa ±MPa]
XY 197 ± 3 522 ± 11
Z 162 ± 4 451 ± 4

Table 2.2: Asbuilt mechanical properties of Inconel 625, acquired with tensile test.

The measured mean Young’s modulus for vertically built specimens is far from its ideal value, whereas hor
izontally built specimens have a mean Young’s modulus closer to this value. This difference between moduli of
specimens with these orientations is not unexpected however, as it agrees with differences found in literature for
selective laser melted Inconel 625 [88]. Similarly, XY specimens have a higher yield strength than Z specimens,
which is also seen in the data sheet of Appendix A.1. However, both XY and Z specimens seriously underperform
compared to the yield strength listed in this sheet; 87MPa and 125MPa at the lowest respectively. This difference
can be contributed to many factors, since a change in process settings like scanning pattern, speed, laser power,
etc. can result in a change in microstructural properties, as explained in Section 1.2.1. Additionally, specimens
used to acquire data of Appendix A.1 have been surface treated after their heat treatment and removal from the
build plate, while the tensile test specimens tested here are not postprocessed with such a surface treatment.
Regardless of the discrepancy between theoretical and measured mechanical properties however, the asbuilt me
chanical properties found in this section are believed to give a good representation of the material properties of
the CAFPs, because the AM process settings are constant throughout the build.

2.3.2. Forcedisplacement tests
Knowing the asbuilt mechanical properties of the Inconel 625 CAFPs, the forcedisplacement behaviour of the
CAFPs can be modelled. In this section, the results of these models will be compared to the experimental data
acquired from the measurements described in Section 2.2.2.

Stiffness modelling
Two types of models are used to verify the experimental data of the CAFP. Firstly, linear FEM is performed,
since nonlinear analyses yield the same result, because of the relatively small displacement of 0.5 mm. In these
models a prescribed displacement leads to a reaction force in that same point. An isotropic material model is used,
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based on the material properties of the Z oriented tensile specimens listed in Table 2.2. In addition to FEM, a
PRBMmodel defining rotational stiffness of a CAFP, 𝑘𝜃, proposed by Pei et al. [63], is used. Here, this rotational
stiffness 𝑘𝜃 couples input displacement 𝑢𝑐 at point 𝐶 to a reaction force 𝐹𝑐. For this a simplified diagram is used,
shown in Fig. 2.7. Since relatively small displacements are used, it is assumed a CAFP rotates around rotation
point 𝑅, with a torsion spring with the value of 𝑘𝜃 attached to this rotational hinge. The torque 𝑇 applied to
this body can be related to the body’s rotation 𝜃 through 𝑇 = 𝑘𝜃𝜃. For a small displacement 𝑢𝑐, this rotation
𝜃 is small too, which means these can be coupled through 𝑢𝑐

ℎ𝑢
= tan(𝜃) ≈ 𝜃. Here, ℎ𝑢 is the vertical distance

between point 𝑅 and 𝐶. The torque applied to this hinge can be formulated as 𝑇 = ℎ𝑢𝐹𝑐, with 𝐹𝑐 the force at
contact point 𝐶. Using this, the torque relation for the hinge becomes ℎ𝑢𝐹𝑐 = 𝑘𝜃𝜃 = 𝑘𝜃

𝑢𝑐
ℎ𝑢
. The relation between

input displacement 𝑢𝑐 and reaction force 𝐹𝑐 at point 𝐶 then becomes 𝐹𝑐 =
𝑘𝜃
ℎ2𝑢
𝑢𝑐.

R

uc

hu

Fc
C

θ

uc

kθ kθ

Figure 2.7: Free body diagram of a CAFP rotating around point 𝑅, because of displacement 𝑢𝑐 at point 𝐶. Rotational stiffness 𝑘𝜃 provided
by a torsion spring causes a reaction force 𝐹𝑐 in point 𝐶.

Stiffness measurements
The forcedisplacement data acquired from the experiments described in Section 2.2.2 can now be compared to
the models described previously. In Figs. 2.8a and 2.8b two figures are shown with experimental data, compared
to models constructed with the tensile data of the Zspecimen, of Table 2.2. The two figures show results of a
CAFP of type 1 and type 9 respectively; the CAFPs with parameters closest to AM limits for selfsupporting,
manufacturable parts and furthest from these printing limits respectively. Clearly, the type 1CAFPmodels diverge
more from their experimental data than the CAFP of type 9.
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(a) Displacementforce behaviour of type 1 CAFP specimens.
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(b) Displacementforce behaviour of type 9 CAFP specimens.

Figure 2.8: Measured and modelled forcedisplacement relations for two types of CAFPs.

To compare the performance of model and test results, the slope of each result is found using a linear fit
(𝑦 = 𝑎𝑥), representing the CAFP’s stiffness. Comparing the stiffness of the experimental mean and FEM model
for every CAFP type, yields the overview shown in Fig. 2.9a. Because of the similarities between PRBM and
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FEM, only the last one is compared to the experimental data. Additionally, the Root Mean Square Error (RMSE)
between experimental mean and FEM is determined and normalized with the maximum force found for every
type. The normalized RMSE of every CAFP type can be seen in Fig. 2.9b. For the CAFPs of type 1, it can be
seen the asprinted stiffness is less than half the predicated stiffness, and the normalized RMSE is largest out of
all types.
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(a) Modelled/ mean measured stiffness ratio of each specimen type.
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Figure 2.9: Two measures indicating difference between FEM and measured data of forcedisplacement relation for each CAFP type, using
designed FT and asbuilt mechanical properties found by tensile test with Z specimens.

When considering the designed FT, possibly not all of this FT is contributing to a feature’s stiffness. Use of
a socalled Staircase Correction factor (SCC) accounts for the part of material not included in the solid core of
printed material as a result of discretization. The SCC is defined as SCC = LHcos(OA), with LH the layer height
of each printed layer, and OA the overhang angle of the feature, as introduced by Hanks [31]. These dimensions
are shown in Fig. 2.10, indicating the thickness contributing to a feature’s stiffness is FT− SCC.

FT−SCC

OA

LH

OA

LH

SCC

FT

PT

Figure 2.10: Visualisation of contributing feature thickness, FT−SCC, dependent on OA and layer height LH, because of staircase effect.

When this correction with a layer height of LH= 60µm is implemented in a new FEM model, the resulting
ratio and normalized RMSE yield Figs. 2.11a and 2.11b. While the stiffness of each CAFP is underestimated
now, the stiffness of CAFPs with a FT of 0.2 mm is predicted significantly better, compared to Fig. 2.9.

The two comparisons between measured data and FEM results of Fig. 2.9 show how successfully built, self
supporting CAFPs can have a stiffness value different to what is expected. For increasing OA, the FEM models
become more representative, but for all three OAs, the stiffness of CAFPs with the lowest FTs is overpredicted.
Use of the SCC improves these predictions as shown in Fig. 2.11b, but this staircase effect may not be the only
cause. Observing CAFPs with the thinnest flexures, i.e. type 1, 4 and 7, tiny holes can be seen (of about 0.1
mm in diameter), as shown in Fig. 2.12. Consulting the machine operator, these holes are to be considered build
defects. These could be caused by material dragged along by the roller when distributing a new layer of metal
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Figure 2.11: Two measures indicating difference between FEM and measured data of forcedisplacement relation for each CAFP type, using
designed, corrected FT and asbuilt mechanical properties found by tensile test with Z specimens.

powder during the laser PBF, or by improper scanning of the thin pattern. These holes could explain why such
a great difference is seen between predicted and measured stiffness for CAFPs with a low FT. While the asbuilt
FT and an isotropic material model based on XY specimens material properties have been investigated as well,
these factors do not influence the predicted and measured stiffness ratio positively. The results of these analyses
can be found in Appendix A.8.

Figure 2.12: Pores in the flexures of a CAFP with FT = 200 µm and OA = 50°.

2.3.3. Yield strength of CAFPs
To find if there is a relation between FT, OA and yield strength, experiments are performed as explained in Sec
tion 2.2.3. Of each CAFP type, two out of four specimens are subjected to this test. The maximum displacement
found at which the CAFP does not return to its original position, is then used to find the CAFP’s theoretical max
imum stress. This is done by nonlinear FEM evaluating the maximum equivalent Von Mises stress, using the
designed dimensions of the CAFP. Additionally, the material’s Young’s modulus of the vertically printed tensile
specimens is used, because this resulted in better agreement between model and measurement in the previous
section than the horizontally printed tensile specimens’ data. For each CAFP type, the range of maximum theo
retical stress is defined by the range of maximum displacements found for each type. This is visualized, together
with the yield strength of the vertically and horizontally printed tensile specimens, 𝜎y, Z and 𝜎y, XY respectively
in Fig. 2.13. As can be seen, CAFPs with an OA of 40° all yield at a lower value of stress than found in the ten
sile tests. These lower yield strengths could be caused by residual stresses in the flexures, or the higher surface
roughness of overhanging surfaces closer to critical OA, OAcrit. Additionally, CAFPs with a minimum FT of 0.2
mm have a bigger spread in the asbuilt yield strength. This spread might be a result of the build defects seen for
these CAFPs with the lowest FTs, as shown in Fig. 2.12.

The FEM results used in this section are all based on isotropic material models, using the acquired tensile
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Figure 2.13: Calculated yield strength of CAFPs, based on yield strength experiment, with indication of yield strengths found for tensile
specimens.

test data of the vertically oriented tensile specimens. However, as different material properties are found for
horizontally oriented specimens, use of an anisotropic or orthotropic material model would make more sense.
Such models have not been implemented, since it is believed more research into defining these models, as a
function of AM process parameters such as scanning pattern and heat flow is needed first.

2.4. Conclusion
In this chapter, the relation between designed and asbuilt mechanical properties of selfsupporting, metal AM
compliant CAFPs has been investigated. Dimensions of these CAFPs are defined bymanufacturability constraints
for selfsupporting structures as defined by the 3D printer used, which means the lowest OA used is 40°, and the
lowest minimum length scale 200 µm.

When observing the forcedisplacement relation of CAFPs compared to models based on designed dimen
sions, it is found these models do not agree for the thinnest FTs of 0.2 mm, regardless of the CAFP’s OA. Correc
tion of these models by the SCC introduced by [31] compensates most of the disagreement between model and
experiments for these thinnest CAFPs, but does not affect this relation of the remaining CAFPs positively.

Evaluation of the yield stress when the CAFPs are subject to a rotation around their crossaxis shows how
CAFPs with the critical OA of 40° yield before their expected yield strength. Additionally, for an increasing FT,
CAFPs show less spread in their yield strength.

Based on these forcedisplacement and yield strength tests with printed CAFPs, it is recommended to not
print parts with features at the limits of manufacturability. Even though these parts might print successfully,
mechanical properties of the thinnest or most overhanging features may be affected, and consequently it is not
guaranteed your mechanism will behave as expected. For this specific 3D printer and material, it is therefore
recommended to print parts with a minimum FT of at least 250 µm, which is 25% higher than the printable
minimum FT. Additionally, a minimum OA at least 5° more than the minimum printable OA is recommended,
to prevent compliant flexures from yielding before their expected yield strength. These recommendations are
based on parts printed with a specific printer with specific process settings, which makes it hard to predict if the
same results would be found using a different printer or by printing with different settings. However, using the
material data from tensile specimens printed in the same machine with the same settings as the CAFPs, excludes
most differences in printer settings. Additionally, since the minimum printed length scale is based on the melt
pool size of the ProX® DMP 320 used, a similar minimum length scale constraint defined by melt pool size in
another printer is likely to have the same effect on predicted versus measured stiffness of flexible mechanisms.

From the experiments in this chapter, we can conclude OA and minimum length scale constraints on self
supporting hinge regions ofAMCMs are necessary, and a constraint on stress ismeaningful when these constraints
on OA and minimum length scale are obeyed. Taking into account these constraints, CMs with predictable
kinematics and stress concentrations can be manufactured using AM. That is why next, a method to include AM
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constraints on locally selfsupporting hinge regions of CMs in TO will be discussed.





3
Local redesign in topology optimization

As shown in the previous chapter, the mechanical properties of selfsupporting, thin, overhanging flexible parts
created by additive manufacturing are highly influenced by the minimum overhang angle and length scale that
the used 3D printer is capable of printing. Thus, to manufacture CMs with predictable kinematics and stress
levels, it is of importance that the hinge regions of these CMs are designed with a constraint on OA and minimum
length scale. Moreover, high stress concentrations are generally found close to and in hinge regions of CMs, and
a CM is less sensitive to changes in its structural members than in its hinge regions. Additionally, there is a lower
risk of breaking during removal of support material from these rigid members, which motivates the choice to
locally impose constraints on stress, minimum length scale and OA, to generate locally selfsupporting CMs. In
this chapter, these constraints are locally imposed on CM design, by redesigning only part of an original design
using TO. This local redesign also allows for local mesh refinement, which enables more detailed design and less
difference between the optimized and final, interpreted design.

First, a short overview of the general TO procedure is given, after which three steps one can take to locally
redesign CMs using TO are introduced. Starting with the fundamentals of the local redesign procedure used, next
a method is introduced to reduce additional computational time. Finally, local redesign with more detail using
mesh refinement is introduced and ultimately, important AM considerations including feature size, minimum OA
and stress constraints are implemented and results are shown.

3.1. Standard topology optimization procedure
A brief overview of the optimization scheme used in all TO studies in this chapter is given, to clarify steps and
implementations in the upcoming sections. In all studies, the design domain is parametrized by describing the
relative density of a solid 4 node quadrilateral element 𝑒 by a design variable 𝑥𝑒, which means all design variables
combine into vector of design variables x. The general topology optimization process used, is explained using
a maximum stiffness, or minimum compliance, problem formulation, while constraining the amount of material
available. This formulation is commonly seen in TO and provides a clear understanding of the process steps and
optimized result. The minimum compliance problem formulation, written in the same form as Eq. (1.4), is

min
x
∶ 𝑐[x] = fTu = uTK[x]u

s.t. ∶ 𝑔v =
𝑉[x̃]
𝑉0
≤ 𝑉max

∶ 0 ≤ x ≤ 1
(3.1)

where 𝑐 is compliance. This compliance is calculated using 𝑐 = ∑𝑁𝑒=1 𝐸𝑒[�̃�𝑒]uT𝑒K0u𝑒, since the global stiff
ness matrix K[x] is constructed using the element stiffness matrix K0 and element’s Young’s modulus 𝐸𝑒[�̃�𝑒] as
follows:

K[x] = ∑
𝑒∈𝑁

𝐸𝑒[�̃�𝑒]K0. (3.2)

In this equation, the summation should be interpreted as an assembly operation, where element stiffness matrix
K0 has the same values for every element.

In problem Eq. (3.1), x is the vector of design variables of size 𝑁, the number of discrete elements used to
describe the design domain, and f and u are the global force and displacement vectors, respectively. Additionally,
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u𝑒 is the element displacement vector. The volume constraint 𝑔v is defined by 𝑉[x̃] and 𝑉0, the volume of the
physical densities x̃ and the design domain, respectively. Additionally, the maximum volume fraction allowed is
𝑉max. The element’s Young’s modulus is denoted by 𝐸𝑒[�̃�𝑒], which is defined by the modified Simplified Isotropic
Material with Penalization (SIMP) approach by Bendsøe [5], Stolpe and Svanberg [74] to be

𝐸𝑒[�̃�𝑖] = 𝐸min + �̃�𝑝𝑖 (𝐸0 − 𝐸min). (3.3)

Here, 𝐸0 is the elastic modulus of the solid material, while 𝐸min enforces a lower bound on the elastic modulus of
each element. Additionally, penalization factor 𝑝 causes intermediate densities to contribute relatively little to the
element stiffness while having a relatively high volume, making them unfavourable and thus ensuring solidvoid
solutions, while providing continuous interpolation. 𝐸𝑒[�̃�𝑒] is a function of �̃�𝑒, defined as the physical densities.
They are a weighted average of their surrounding elements obtained using the following density filter defined by
Bourdin [10], Bruns and Tortorelli [12], as a function of the design variables 𝑥𝑒:

�̃�𝑖[𝑥𝑒] =
1

∑𝑒∈𝑁𝑖 𝐻𝑖𝑒
∑
𝑒∈𝑁𝑖

𝐻𝑖𝑒𝑥𝑒 . (3.4)

Here, elements 𝑒 for which the centertocenter distance |dist(𝑖, 𝑒)| is smaller than the filter radius 𝑟filt are part
of the set of neighbouring element densities 𝑁𝑖. The weighted average 𝐻𝑖𝑒 which is summed over, is defined as
𝐻𝑖𝑒 = max(0, 𝑟filt − |𝑑𝑖𝑠𝑡(𝑖, 𝑒)|). Part of the volume constraint is also a function of these physical densities,
therefore 𝑉[x̃] is calculated as

𝑔v =
𝑉[x̃]
𝑉0

= ∑
𝑖∈𝑁𝑒

�̃�𝑖/𝑉0. (3.5)

The aim of this density filter is to prevent meshdependence of the final solution and, in case of compliance
minimization, generation of a structure with a checkerboarding pattern.

The response u of a system to prescribed loads is found by solving its system of equations, Ku = f. Global
stiffness matrix K is assembled as an (indirect) function of design variables x as shown in Eq. (3.2). For con
venience of notation, this is not mentioned when considering stiffness matrices in the remainder of this thesis,
unless necessary. To solve the system of equations, partitioning of the system is used, since this can be easily
implemented and desired displacements can be found directly. A distinction is made between prescribed nodes
𝑑, defined by the prescribed boundary conditions, and free nodes 𝑓, subject to external loads. By partitioning K,
u and f using the prescribed and free loads, the system becomes

[Kdd Kdf
Kfd Kff

] [uduf] = [
fd
ff
] , (3.6)

and the unknown, free displacements are found by solving the second row, assumingK is square, symmetric and
nonsingular,

uf = K−1ff [ff −Kfdud]. (3.7)

When required, the reaction forces at prescribed nodes d can be found using the first row,

fd = Kddud +Kdfuf. (3.8)

To enable gradientbased algorithms to find the optimal solution, sensitivity information of the objective and
constraints with respect to the design variables is needed. Since the objective and constraints are not directly
dependent on these variables, the sensitivies are found using the chain rule. This means for the objective

𝜕𝑐
𝜕𝑥𝑒

= ∑
𝑖∈𝑁𝑒

𝜕𝑐
𝜕𝐸𝑒

𝜕𝐸𝑒
𝜕�̃�𝑖

𝜕�̃�𝑖
𝜕𝑥𝑒

(3.9)

and for the volume constraint
𝜕𝑔v
𝜕𝑥𝑒

= ∑
𝑖∈𝑁𝑒

𝜕𝑔v
𝜕�̃�𝑖

𝜕�̃�𝑖
𝜕𝑥𝑒

. (3.10)

Using density filter, Eq. (3.4), the sensitivity of the physical densities with respect to the design variables becomes

𝜕�̃�𝑖
𝜕𝑥𝑒

= 𝐻𝑖𝑒
∑𝑗∈𝑁𝑖 𝐻𝑖𝑗

(3.11)
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The sensitivity of the material interpolation using the modified SIMP approach in Eq. (3.3) becomes

𝜕𝐸𝑒
𝜕�̃�𝑖

= −𝑝�̃�𝑝−1𝑖 (𝐸0 − 𝐸min), (3.12)

and similarly
𝜕𝑔v
𝜕�̃�1

= 1/𝑉0. (3.13)

The objective 𝑐 is only indirectly dependent on the design variables through the element stiffness 𝐸𝑒[�̃�𝑒[𝑥𝑖]],
which makes its partial derivative

𝜕𝑐
𝜕𝐸𝑒

=
𝑛

∑
𝑒=1

uT𝑒K0u𝑒 . (3.14)

The general optimization scheme described is shown in Fig. 3.1, together with a 2D TO case. A more detailed
optimization scheme is shown in appendix Appendix B.1. The gradientbased optimization algorithm used here is
the Method of Moving Asymptotes (MMA) by Svanberg [75], capable of optimizing nonlinear problems subject
to multiple constraints. Next, it is explained how this basic TO procedure is used for local redesign.

Initialization

Density filtering

Material interpolation and FEM

Sensitivity analysis

Update design variables by
gradientbased optimization algorithm

Converged?no

Final design

yes

Figure 3.1: General computational flow for gradientbased continuum TO design, with a minimum compliance design case visualizing each
step.
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3.2. Fundamental local redesign
This section describes the basic method used to locally redesign part of a structure. This process is defined as
”fundamental local redesign”, since it provides a basis for more complicated methods described later on. As
motivated before, a local redesign procedure can be used to include filters or impose constraints only locally. The
process steps comprising fundamental local redesign and a fundamental local redesign TO study are discussed in
this section.

3.2.1. Theoretical framework
In local redesign as defined here, only part of a reference design is updated and optimized, and most of this
original design remains unchanged throughout the redesign process. The topology of this unchanged domain
remains constant, and thus design variables describing this part can be excluded from the optimization process.
As a result, in fundamental local redesign, less variables need to be optimized. To find the optimal solution of the
domain that is being redesigned however, the unchanged domain’s properties have to be taken into account. That
is why these domains should be combined, which is shown in Fig. 3.2. Construction of this mesh of the whole
design domain and obtaining this domain’s stiffness matrix would happen every iteration. However, since the
topology of the unchanged domain remains unchanged, it is more efficient to use the unaltered stiffness matrix
directly. Therefore, the stiffness matrix of the unchanged domain is combined with the updated stiffness matrix
of the redesign domain every iteration.

+ =

Figure 3.2: Assembly of the whole design domain, using elements in the redesign domain (light grey) and in the unchanged domain (dark
grey). Black squares indicate interface nodes, and white squares and circles represent the remaining nodes associated with the unchanged and
redesign domain, respectively.

To implement assembly of the stiffness matrices of the unchanged and redesign domain, two subsets are
defined. Both these sets are subsets of 𝕆, which consists of all DoFs of the original reference design and has
size ℝ𝑛0 with 𝑛0 the total number of DoFs. The first subset includes all DoFs associated with the redesign
domain and is defined by DoFs a ∈ 𝔸, the second defined by DoFs b ∈ 𝔹 includes all DoFs associated with the
unchanged domain. Sets 𝔸 and 𝔹 share DoFs at the interface between their respective domains, which is defined
by 𝔸 ∩ 𝔹 = 𝕀. Additionally, two subsets corresponding to the two domains, but without the interface DoFs, are
defined by 𝔸 ⧵ 𝕀 = ℚ and 𝔹 ⧵ 𝕀 = ℍ. Nodes with DoFs in ℍ, 𝕀 and ℚ are indicated by white squares, black
squares and white circles in Fig. 3.2, respectively.

Using these sets, two stiffness matrices are defined. Both matrices A and B are of size ℝ𝑛0×𝑛0 . A however
only includes nonzeros entries between DoFs included in 𝔸, which means only elements of the redesign domain
contribute, andA is a function of design variables x used for redesign, i.e. A[x]. Analogously, only elements in the
unchanged domain contribute to stiffness matrix B, which means B remains unchanged throughout optimization
of the redesign domain and is independent on design variables. Next,A[x] andB are used to assemble the stiffness
matrix of the whole design domain, C. The assembly is achieved by partitioningA[x] and B in DoFs h ∈ ℍ, i ∈ 𝕀
and q ∈ ℚ, and assembling C using

C = A[x] + B, (3.15)

which leads to the system of equations Cu = f for the whole design domain,

[
Bhh Bhi 0
Bih Bii + Aii[x] Aiq[x]
0 Aqi[x] Aqq[x]

] [
uh
ui
uq
] = [

fh
fi
fq
] . (3.16)

Solely elements with DoFs in set 𝔸 contribute to A and ℍ ⊈ 𝔸, thus, submatrices of A[x] including DoFs in ℍ
are zero. Equivalently, submatrices of B including DoFs in ℚ are zero, since ℚ ⊈ 𝔹.
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Including C = A[x] + B in a gradientbased optimization process, requires its sensitivity information. Con
sidering an arbitrary response function 𝑔 to be a function of Eq. (3.15), 𝑔[C[A[x],B]], the full derivative of 𝑔
becomes

d𝑔 = d𝑔
dC ∶ ( 𝜕C

𝜕A[x] ∶ dA[x] +
𝜕C
𝜕B ∶ dB) , (3.17)

where ∶ is used to indicate the double dot product. Here, d𝑔
dC

and dA[x] are assumed to be known sensitivities.
For convenience of notation, we use the fact that the selection DoF sets y ∈ 𝕐 and z ∈ ℤ from arbitrary matrix
D of size ℝ|n|×|n|, with n the DoF set n ∈ ℕ, can be written as Dyz = ITyDIz. Here Iy is a unit selection matrix of
size ℝ|n|×|y|, which consists of a unit matrix of size ℝ|y|×|y|, with a row of zeros inserted on every location where
y ∉ n. Using this notation and rewriting Eq. (3.17) by partitioning all terms in setsℍ, 𝕀 andℚ, the full derivative
of 𝑔 is given by,

d𝑔 =
⎡
⎢
⎢
⎢
⎣

d𝑔
dChh

d𝑔
dChi

d𝑔
dChq

d𝑔
dCih

d𝑔
dCii

d𝑔
dCiq

d𝑔
dCqh

d𝑔
dCqi

d𝑔
dCqq

⎤
⎥
⎥
⎥
⎦

∶ ([
0 0 0
0 ITi dAIi ITi dAIq
0 ITqdAIi ITqdAIq

] + [
IThdBIh IThdBIi 0
ITi dBIh ITi dBIi 0
0 0 0

]) . (3.18)

By usingW ∶ XYZ = XTW⊗Z ∶ Y, with⊗ the Kronecker product, the sensitivity of response function 𝑔 with
respect to A[x] can alternatively be written as

d𝑔
dA[x] = Ii

d𝑔
dCii

⊗ Ii + Ii
d𝑔
dCiq

⊗ Iq + Iq
d𝑔
dCqi

⊗ Ii + Iq
d𝑔
dCqq

⊗ Iq, (3.19)

and this equals

d𝑔
dA[x] = [

d𝑔
dCii

d𝑔
dCiq

d𝑔
dCqi

d𝑔
dCqq

] = d𝑔
dCaa

. (3.20)

In a similar way the derivative of response function 𝑔 with respect to stiffness matrix B can be found. However,
since this matrix is constructed by elements of the unchanged domain that are not (indirectly) defined by design
variables x, this sensitivity is not relevant for the local redesign procedure. The resulting flowchart describing
this process is shown in Appendix B.2.

3.2.2. Compliance minimization of cantilever beam
The method introduced in the previous section (Section 3.2.1) can now be applied to redesign part of a structure.
Instead of redesigning a CM immediately, a standard compliance minimization design problem is studied first.
The design domain of this problem is shown in Fig. 3.3a and is an often used TO study for compliance minimiza
tion, as seen in, e.g., [11] and [25]. A rectangular design domain is defined, with its left edge fixed, and a force
𝐹in applied at the centre node of the right edge. Additionally, a solid nondesign domain is defined by the dark
grey area connected to the location of force, with a size of𝐻/5×𝐻/10. With an element size of 1×1, the height
𝐻 and width 2𝐻 of the design domain are 40 and 80, respectively, given a length 𝐻 includes 40 elements. The
parameter values used during optimization are listed in Table 3.1. The Young’s modulus of a solid element 𝐸0
is set to 1, since change of this scalar value to the actual material’s Young’s modulus would not change the final
design. In addition to that, the maximum volume fraction 𝑉max used here is set to be 50%.

𝐸0 𝐸min 𝑟filt 𝐹in 𝐻 𝑝
1 10−9 2 1 40 elements 3

Table 3.1: Standard values of parameters used during optimization.

The resulting physical densities of this design problem after optimization, x̃, obtained using the process ex
plained in Section 3.1, are shown in Fig. 3.3b. This design will function as a reference design for local redesign,
which is why it will be referred to as x̃ref, with compliance 𝑐ref = 100. Next, part of the reference design can be
redesigned using the steps explained in Section 3.2.1.
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(a) Cantilever beam design domain, with a nondesign block (darker grey). (b) Final design x̃ref compliance minimization, with compliance 𝑐ref = 100.

Figure 3.3: Cantilever beam design domain and result of standard TO.

3.2.3. Local redesign of cantilever beam, without density filter
The first implementation of fundamental local redesign involves redesign of the design shown Fig. 3.3b, without
use of a density filter. Use of this filter introduces an extra step in local redesign and will be done in the next
section. Therefore, Eq. (3.4) is not used in the optimization scheme of Fig. B.2 and the volume constraint is
directly dependent on the design variables. Without density filter, the design variables represent the final design
instead of the physical densities. Therefore, the stiffness matrix of the unchanged domain B is constructed based
on the design variables of the final design xref instead of the final design’s physical densities x̃ref, which makes
the design stiffer. The design variables of the reference design are shown in Fig. 3.4a, and the corresponding
compliance is 𝑐ref = 91.58. The redesign domain is indicated by the blue square in the design domain shown
in Fig. 3.3a and has size of 20 × 20 elements. Performing this redesign of Fig. 3.4 for the original volume
fraction of the redesign domain (76%) results in the design shown in Fig. 3.4b. Two designs with a 10% and
90% volume fraction are shown in Figs. 3.4c and 3.4d, respectively. More results of local redesign can be found

(a) Final design xref after standard optimization of cantilever beam, with com
pliance 𝑐ref = 91.58 and redesign domain in blue.

(b) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 91.49
and 𝑉max = 76%, corresponding to the volume in (a).

(c) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 207.0
and 𝑉max = 10%.

(d) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 89.78
and 𝑉max = 90%.

Figure 3.4: Results of fundamental redesign of cantilever beams, without density filter.

in Appendix B.3. The compliance of the locally redesigned cantilevers is negatively correlated to the maximum
volume fraction, meaning lowering 𝑣𝑚𝑎𝑥 decreases the design’s stiffness. The design with the exact same volume
fraction is slightly stiffer than the reference design, as can be found in Table 3.2. This is expected, because the
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design variables of the reference design are obtained by TO using a density filter, and the design variables of
the redesign region are not. When comparing the number of iterations during the optimization procedure, the
local redesign process needs less iterations before satisfying the convergence criterion and for an equal time per
iteration, the time spent on local redesign is lower than the time spent on generating the reference design. Note
however, this faster local redesign is additional time spent, and it adds up to the time spent on generating the
reference design. Additionally, time spent on construction of stiffness matrix B is 0.21 seconds, approximately
the time of one iteration.

Optimization result 𝑉max of redesign
domain Compliance 𝑐 # iterations

Optimization
time Time/Iteration

Fig. 3.4a 76% 91.58 58 14.2 s 0.25 s
Fig. 3.4c 10% 207.0 +20 +5.1 s 0.25 s
Fig. 3.4b 76% 91.49 +27 +6.7 s 0.25 s
Fig. 3.4d 90% 89.78 +19 +4.8 s 0.25 s

Table 3.2: Computational data of fundamental local redesign of a cantilever beam, without density filter.

In this compliance minimization problem, checkerboarding can be seen for lower volume fractions, e.g., in
Figs. B.3b and B.3c, which is a repeatedly solidvoid structure with an unnaturally high stiffness. To prevent
generation of checkerboarding structures, and ensure meshindependent results, the next step is to implement a
density filter in local redesign as well.

3.2.4. Local redesign of cantilever beam, including density filter
Implementation of the density filter by Bourdin [10], Bruns and Tortorelli [12] is performed as explained in
Section 3.1 and shown in Fig. B.2. When using this filter, an element’s density is dependent on the weighted
average of its surrounding elements. As a consequence, elements close to edges of a design domain get filtered
differently. The optimized structure appears to stick to its boundaries and the minimum feature size imposed by
filter radius 𝑟min is not satisfied [15]. Similar effects occur, if the edge between elements of the redesign and
unchanged domain is considered to be an outer edge of each of these domains. Two examples of local redesign
with unfavourable filtering behaviour are discussed in Appendix B.5.

To prevent these filtering effects from occurring, the physical densities of the both unchanged and redesign
domain are obtained by taking their other respective domain into account. Consequently, the unchanged design
elements are selected from all, filtered elements of the original, reference design to construct stiffness matrix
B. The process flow of this matrix construction is shown in Fig. B.4b. Similarly, to ensure a smooth transition
between unchanged and redesign domain, the element densities surrounding elements in the redesign domain are
taken into account when filtering these redesign elements. Accordingly, redesign elements x are combined with
their surrounding elements into combined set of elements c. The number of rows of surrounding elements added,
depends on the filter radius. Next the combined set of elements c can be filtered, resulting in c̃. Using these
elements to construct stiffness matrix of the redesign domain A, requires selection of the redesign elements from
c̃, resulting in physical densities x̃. A visual overview of the steps of obtaining x̃ can be seen in Fig. 3.5. Both
filtering and selection of elements does not change the sensitivities of objective and constraint with respect to
design variables x.

Results of local redesign with density filtering of Fig. 3.6a are shown in Figs. 3.6b to 3.6d, for 𝑉max = 76%,
𝑉max = 10% and 𝑉max = 90%, respectively, and additional examples can be found in Appendix B.6. An overview
of the compliance, number of iterations and iteration times can be found in Table 3.3. The number of iterations is
not necessarily lower for the local redesign cases (see, e.g., Fig. B.6c), but the timeiteration ratio is comparable
to the same design cases without density filter, discussed in Section 3.2.3. The process time taken to construct B
with density filter is 0.23 seconds, which is 9% longer compared to construction without filtering.

3.2.5. Discussion
The approach described in this section is able to successfully redesign part of an optimized structure, even for an
extremely low or high volume fraction 𝑉max. For similar objective and constraints, the redesigned results perform
equally well. However, with less design variables during redesign, the timeiteration ratio is roughly constant
for regular optimization and fundamental local redesign with and without density filter. This is despite the fact
of including more process operations during local redesign, e.g., matrix assembly of Eq. (3.15), while solving
the equilibrium equations Cu = f for the same number of unknowns. The part of C that is not dependent on
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Add edges

x̃

Apply filter

c c̃

rfilt = 1

rfilt = 2 Select x̃

Select x̃

x̃

x

Figure 3.5: Overview of steps taken when filtering x, a filter radius of 𝑟filt = 2 requires more added elements than a filter radius of 𝑟filt = 1.

Optimization result 𝑉max of redesign
domain Compliance 𝑐 # iterations

Optimization
time Time/Iteration

Fig. 3.6a 76% 100 58 14.2 s 0.25 s
Fig. 3.6c 10% 354.6 +44 +12.3 s 0.28 s
Fig. 3.6b 76% 100.0 +30 +7.3 s 0.24 s
Fig. 3.6d 90% 97.84 +29 +6.8 s 0.23 s

Table 3.3: Computational data of fundamental local redesign, with density filter.

the design variables during local redesign, i.e. stiffness matrix B, is evaluated every iteration, while its stiffness
and thus displacement and force relation remains constant. This provides an opportunity to evaluate C for less
number of unknowns, possibly speeding up the redesign process. This, together with local redesign of a CM is
discussed in the next section.

3.3. Local redesign with static condensation
As explained in the previous section, local redesign can be performed by assembly of the stiffness matrices of the
unchanged and redesign domain. While this matrix of the unchanged domain itself remains unchanged throughout
the redesign procedure, it is evaluated every iteration of the cycle. In this section, static condensation is used to
prevent this repeated evaluation, while still taking the properties of the unchanged domain into account. Next,
this method is applied to a compliance minimization and CM design problem.

3.3.1. Theoretical framework
Static condensation, introduced by Guyan [29] and Irons [38] is a concept useful when analysing complex struc
tural systems. The method can be used to decompose a structure into one or more substructures, i.e. structures
of lower dimensionality. The reduction of dimensionality is exact, thus, there is no compromise on accuracy.
Additionally, only DoFs of interest in a substructure are kept for analysis while the internal DoFs only influence
this analysis passively, without need for explicit calculation. In local redesign, the unchanged domain can be
considered to be a substructure, and thus reduced using static condensation.

In static condensation, model reduction is induced by partitioning the 𝑛 static equilibrium equations,Ku = f,
into master,𝑚, and slave, 𝑠, DoFs. This is similar to partitioning the system in free and prescribed DoFs, shown
in Eq. (3.6), but not all free DoFs are necessarily master DoFs and vice versa. Partitioning for static condensation
gives

[Kmm Kms
Ksm Kss

] [umus ] = [
fm
fs
] . (3.21)

Since only the master DoFs are of interest, an expression relating um and fm is required. When solving the first
row of Eq. (3.21), the displacements of master DoFs become

Kmmum = fm −Kmsus. (3.22)

To circumvent calculation of slave DoFs’ displacements, these can be eliminated by making use of the second
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(a) Final design x̃ref after standard optimization of cantilever beam, with com
pliance 𝑐ref = 100 and redesign domain in blue.

(b) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 100
and 𝑉max = 76%, corresponding to the volume in (a).

(c) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 354.6
and 𝑉max = 10%.

(d) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 97.84
and 𝑉max = 90%.

Figure 3.6: Results of fundamental local redesign of cantilever beams, with density filter.

row, namely
us = K−1ss [fs −Ksmum]. (3.23)

Substitution of Eq. (3.23) into Eq. (3.22) leads to the relation

Kmmum = fm −KmsK
−1
ss [fs −Ksmum], (3.24)

and bringing all terms of um to the left hand side yields

[Kmm −KmsK
−1
ss Ksm]um = fm −KmsK

−1
ss fs. (3.25)

Here, the term in front of um is defined as the reduced matrix Kred, with

Kred = Kmm −KmsK
−1
ss Ksm, (3.26)

and the additional force term besides fm is the reduced force fred, with

fred = −KmsK
−1
ss f𝑠 . (3.27)

In case no forces are applied to the slave DoFs, the reduced force becomes fred = 0which results inKredum = fm.
When, after solving system Eq. (3.25) for the master DoFs, the slave DoFs’ displacements are required as well,
these can be reconstructed by solving Eq. (3.23).

As discussed, the principle of static condensation can be applied during local redesign to the stiffness matrix
of the unchanged design domain B. The DoFs of interest during this optimization are the DoFs at the interface
between the unchanged and redesign domain, 𝑖. The remaining DoFs ℎ, are not of interest and are therefore slave
DoFs1. Condensation of the system of equations of this domain results in

Bredui = fi + fred, (3.28)

with
Bred = Bii − BihB

−1
hh Bhi, (3.29)

1The internal DoFs in the redesign domain do not contribute to stiffness matrix B. Therefore, they are not considered in the condensation
procedure. They are shown in the condensation procedure of Fig. 3.7 however, again to keep the number of DoF sets used to a minimum.
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and
fred = −BihB

−1
hh fi. (3.30)

To construct the linear equilibrium equations of the whole system, Eq. (3.28) can be combined with the system
of the redesign domain, similar to the approach discussed in Section 3.2.1. Only now, not all DoFs of B are
considered. This means the matrix assembly C = A[x] + B becomes C = A[x] + Bred. The system of equations
Cu = f is then only expressed in DoFs of the redesign domain, which means

[Aii[x] + Bred Aiq[x]
Aqi[x] Aqq[x]] [

ui
uq
] = [fi + fred

fq
] . (3.31)

The size of this system is dependent on the size of the redesign domain (𝔸), and in contrary to fundamental local
redesign, not the size of the whole original design domain (𝕆). A schematic interpretation of the assembly process
is shown in Fig. 3.7. With the same approach used in fundamental local redesign, the sensitivities of the operation
C = A[x] + Bred can be determined. Since C has the same size as A[x] (i.e. the size of 𝔸), the sensitivity of a
response function 𝑔 with respect to A becomes

d𝑔
dA[x] =

d𝑔
dC . (3.32)

An overview of the optimization process flow is given in Appendix B.7, where only the construction and matrix
assembly using Bred and fred is different with respect to fundamental local redesign. Next, this process is used to
locally optimize a compliant cantilever and CM.

Condensation
+ =

Figure 3.7: Overview of assembly of the redesign domain and condensed unchanged design domain, used for local redesign with static
condensation. Stiffness and force data of elements in the unchanged design domain (light grey) is condensed to nodes of interface DoFs 𝑖,
indicated with black squares, and stored in Bred and fred. Next, this condensed information is combined at nodes of interface DoFs in the
redesign domain, indicated with black circles. This leads to nodes in the redesign domain with extra information of the condensed unchanged
domain, indicated by crosses, and internal nodes of DoFs 𝑞 in the redesign domain without extra information, indicated by the white circle.

3.3.2. Local redesign of cantilever beam with static condensation
Implementation of the local redesign process with static condensation described above, is first applied to com
pliance minimization of the cantilever beam problem discussed in Section 3.2.2. With the same parameters and
reference design, three locally redesigned cantilevers are constructed, with the same volume fraction as in Sec
tions 3.2.3 and 3.2.4. Since the results are visually the same as the results shown in Fig. 3.6, they can be found in
Appendix B.8.

With an original mesh size of 40×80 and redesign domain of size 20×20, the size of the system equations
Cu = f is heavily reduced. Where first, 41 × 81 × 2 = 6642 equations had to be solved, this has reduced to
21 × 21 × 2 = 882, over seven times less. This comes at the price of spending more time on construction and
reduction of stiffness matrix Bred and reduced force fred, which is increased from 0.23 seconds to 0.84 seconds.
However, these operations are needed only once, before optimization. An overview of compliance, number of
iterations and timeiteration ratio is given in Table 3.4.

As expected, because static condensation is an exact reduction method, the locally redesigned cantilevers
with and without condensation are exactly the same for each volume fraction. Moreover, compliance values and
number of iterations are equal too. The time per iteration spent however, is reduced by a factor 5, compared to
fundamental local redesign. Thus, even though local redesign requires additional calculations, the cost of these
calculations when using static condensation is relatively low. The next step is to apply this method to a common
CM design problem.
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Optimization result 𝑉max of redesign
domain Compliance 𝑐 # iterations

Optimization
time Time/Iteration

Fig. 3.6a 76% 100.0 58 14.6 s 0.25 s
Fig. B.8c 66% 102.9 +77 +4.01 s 0.052 s
Fig. B.8b 76% 100.0 +30 +1.60 s 0.053 s
Fig. B.8d 86% 98.13 +16 +0.65 s 0.041 s

Table 3.4: Computational data of local redesign with static condensation of a cantilever beam.

3.3.3. Local redesign of compliant force inverter with static condensation
A CM design problem often found in literature [17, 56, 71] is that of the compliant force inverter, with the
objective to transfer work from an input actuator, to an output workpiece. The problem is shown in Fig. 3.8a,
where because of symmetry only half of the structure is considered. The size of the domain is 2H×H indicated
in light grey, nondesign blocks (dark grey) have a size of H/10×H/10. The optimization problem is formulated
with maximization of output displacement |𝑢out| as objective, i.e.

max
x
∶ |𝑢out|

s.t. ∶ 𝑉[x̃]
𝑉0
≤ 𝑉max

∶ 0 ≤ x ≤ 1
(3.33)

In this formulation, the conflict of structural and kinematic interest (discussed in Section 1.2.2) is dealt with
by using additional actuator and workpiece stiffness. These are indicated by springs 𝑘in and 𝑘out in Fig. 3.8a
respectively, and both have a value of 0.1 N/m. In addition to that, the same parameter values as listed in Table 3.1
are used, and𝑉max = 30%. From this, the physical densities x̃red of the reference design are obtained, see Fig. 3.8b.
The output displacement for this reference design is 𝑢out = 1.

2H

H

kin koutFin uout

(a) Compliant force inverter design domain, with solid nondesign blocks in darker grey,
and roller boundary condition because of symmetry.

(b) Final design x̃ref after optimization of a compliant force inverter,
with 𝑢out = 1.

Figure 3.8: Overview of design domain and reference design used for local redesign of a half of a compliant force inverter, because of
symmetry.

Next, part of the compliant force inverter is redesigned using local redesign with static condensation. The
10×10 elements region with a hingelike geometry (indicated by the blue square in Fig. 3.9a), is redesigned.
The master DoFs defined for static condensation include the interface between unchanged and redesign domain,
together with the DoF connected to output displacement 𝑢out, which allows for direct calculation of the objective.
Three results of redesign with an original volume fraction of 54%, and a 20% and 90% volume fraction can be
found in Figs. 3.9b to 3.9d, respectively.

The size of the system solved during redesign is 11× 11× 2+ 1 = 242+ 1, which is over 27 times smaller
than the original problem’s size. This reduction is enabled by constructing the reduced stiffness matrix of the
unchanged domain Bred and its reduced force fred. This construction however takes 0.85 seconds, approximately
as long as the same construction performed in local redesign with static condensation of the cantilever beam in
Section 3.3.2, even though the reduction of dimensionality is more severe. The data on output displacement 𝑢out
and computational speed is given in Table 3.5. Two additional examples with slight variation in 𝑉max can be
Appendix B.9.
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3.3.4. Discussion
As expected, comparing the results of local redesign method with static condensation of the cantilever beam,
exactly the same results are found, compared to the fundamental local redesign of Section 3.2.4. Similarly,
local redesign of the force inverter using static condensation yields exactly the same design as its reference, for
corresponding volume fractions. Using static condensation, the size of the system of equations that needs solving
every iteration is decreased. As a result, the computational time spent per iteration is reduced about 5 times
for a 7 times smaller model dimensionality, and about 20 times for a 27 times smaller model dimensionality.
This comes at a cost of a 4 times increased computational time to construct the stiffness matrix representing the
unchanged domain, Bred. Luckily, this computation is only performed at the beginning of the redesign process
and not repeated every iteration. Designs with more material available during redesign, i.e. a higher 𝑉max, are
stiffer in case of compliance minimization, and have a larger output displacement in case of CM design. For
redesign of the CM in Section 3.3.3, redesigns with 𝑉max = 64% and 𝑉max = 90% only increasing the original
objective marginally using more iterations. Additionally, these two designs, shown in Figs. 3.9d and B.9b yield
exactly the same objective and design, which means not all material available is needed and used to improve the
objective.

(a) Final reference design x̃ref of compliant force inverter, with indicated re
design domain (blue square) and 𝑢out = 1.

(b) Final design x̃ref after optimization of a compliant force inverter, with𝑢out =
1 and 𝑉max = 54%, corresponding to the volume in (a).

(c) Final design x̃ref after optimization of a compliant force inverter, with𝑢out =
0.745 and 𝑉max = 20%.

(d) Final design x̃ref after optimization of a compliant force inverter, with𝑢out =
1.002 and 𝑉max = 90%.

Figure 3.9: Results of local redesign with static condensation of compliant force inverters.

Optimization result 𝑉max of redesign
domain Displacement 𝑢out # iterations

Optimization
time Time/Iteration

Fig. 3.9a 54% 1 198 72.4 s 0.37 s
Fig. 3.9c 20% 0.745 +35 +0.625 s 0.017 s
Fig. B.9a 44% 0.983 +34 +0.594 s 0.018 s
Fig. 3.9b 54% 1 +18 +0.297 s 0.017 s
Fig. B.9b 64% 1.002 +130 +2.23 s 0.017 s
Fig. 3.9d 90% 1.002 +85 +1.44 s 0.017 s

Table 3.5: Computational data of local redesign with static condensation of a CM.
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3.4. Refined local redesign with static condensation
The method provided in the previous section can be used to locally redesign part of a structure. This provides
opportunities to locally impose a constraint or apply a filter in TO, which is particularly interesting for the design
of hinge regions in CMs, as substantiated by Chapter 2. Another interesting application for CM design using TO
is to design these hinge regions in more detail, since the behaviour of CMs is generally more sensitive to small
topology changes in these flexible regions than in a structural part of the CM functioning as a rigid link. In this
chapter, a newmethod to locally redesign part of a structure in more detail is presented, and applied to CM design.

3.4.1. Theoretical framework
In previous sections, meshes of the unchanged and redesign domain have been coupled through nodes at their
interface. To avoid the presence of uncoupled nodes, meshes are coupled only through interface nodes they have
in common and by using Multipoint Constraints (MPCs) on the remaining interface nodes. For simplicity only
integer ratios are considered for the ratio of refinement.

Introduction of mesh refinement transforms the local redesign problem from a problem with conforming
meshes, into a problem with nonconforming meshes. Meshes are nonconforming when adjacent elements do
not share edges or faces defined by the same set of nodes [30]. If the redesign domain is refined by a certain ratio
however, only nodes both domains have in common are directly coupled. The resulting uncoupled nodes do not
represent the continuum domain accurately, which motivates coupling principal and additional interface nodes.
Solving problems with nonconforming meshes is an often discussed topic in literature, and typically occurs in
finite element analysis when analysing structures with refined regions or more than one type of finite element.
To avoid remeshing, which can be inefficient or inadequate, coupling methods enforcing continuity can be used.
A tremendous variety of coupling techniques is available, e.g., introducing weak geometric compatibility by
Lagrange multipliers [7, 18], enforcing kinematic conditions by penalization [4], or by matching surfaces defined
by pseudo nodes using a least squares approach [45]. The simplest method is to enforce displacement continuity
between principal and additional interface nodes through MPCs [30, 62], which is why this method is used here.
A MPC used for mesh coupling is defined as linear relation between principal and dependent nodes, connecting a
dependent node to the surface or edge spanned by the principal nodes it depends on, based on the element’s shape
function. For local redesign with static condensation, a continuous displacement field between two adjacent
principal interface DoFs is required. This means all displacements of DoFs between these adjacent principal
elements are dependent on these elements, e.g., in Fig. 3.10 interface nodes indicated with black circles depend
on interface nodes indicated with black squares.

Refine 1

2

3

Figure 3.10: Refinement of redesign domain with refinement ratio 𝑟fine = 2. More internal (white circles) and dependent interface (black
circles) nodes are introduced as result of this refinement. Principal interface nodes (black squares) 1 and 3, and dependent interface node 2
are highlighted.

For a certain ratio, 𝑟fine, the relation between principal and dependent interface nodes can be found using the
element’s shape functions. Displacements of the principal nodes 1 and 𝑟fine + 1 prescribe dependent interface
nodes’ displacements 𝑢𝑖 by

𝑢𝑖 =
𝑟fine + 1 − 𝑖

𝑟fine
𝑢1 +

𝑖 − 1
𝑟fine

𝑢𝑟fine+1 (3.34)

for 𝑖 ∈ 2…𝑟fine, when considering 4 node quadrilateral elements.
Now, the displacement of 𝑢𝑖 is constrained by its adjacent principal interface DoFs. To implement this in the

system of equilibrium equations, transformation matrix T is constructed, mapping constraints from the dependent
to the principal interface DoFs using u = Tû. Then, the system of equations Ku = f can be transformed to be
dependent on û, by premultiplying with TT, which gives

TTKu = TTf. (3.35)
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Using u = Tû gives
TTKTû = TTf. (3.36)

which can be written as
K̂û = f̂, (3.37)

where K̂ = TTKT and f̂ = TTf.
To give a short example on how the MPC affects a system of equations Ku = f, consider the refinement of

the grey domain shown in Fig. 3.10 with refinement ratio 𝑟fine = 2. Nodes 1 and 3, indicated by black squares
are principal interface nodes, and node 2, indicated by the black circle, is a dependent interface node. This means
when regarding their nodal displacements in x direction using Eq. (3.34), 𝑢2𝑥 becomes 𝑢2𝑥 =

1
2𝑢1𝑥 +

1
2𝑢3𝑥.

Then u = Tû becomes

[
𝑢1𝑥
𝑢2𝑥
𝑢3𝑥

] = [
1 0 0
1
2 0 1

2
0 0 1

] [
𝑢1𝑥
�̃�2𝑥
𝑢3𝑥

] , (3.38)

in which �̃�2𝑥 is a place holder for dependent DoF 𝑢2𝑥. This transforms Ku = f into K̂û = f̂ which makes

[
𝑘11 +

1
2𝑘21 +

1
2𝑘12 +

1
4𝑘22 0 𝑘13 +

1
2𝑘12 +

1
2𝑘23 +

1
4𝑘22

0 1 0
𝑘31 +

1
2𝑘21 +

1
2𝑘32 +

1
4𝑘22 0 𝑘33 +

1
2𝑘23 +

1
2𝑘32 +

1
4𝑘22

] [
𝑢1𝑥
�̃�2𝑥
𝑢3𝑥

] = [
𝑓1𝑥 +

1
2𝑓2𝑥
0

𝑓3𝑥 +
1
2𝑓2𝑥

] , (3.39)

where the equation for placeholder �̃�2𝑥 is set to �̃�2𝑥 = 0 and included in the system of equations, to avoid
singularities.

In case the displacement of �̃�2𝑥 is required explicitly, without introducing an additional transformation step to
map û to u, the displacement constraint can be implemented on the placeholder directly, i.e. �̃�2𝑥 =

1
2𝑢1𝑥+

1
2𝑢3𝑥.

This means K̂û = f̂ becomes

⎡
⎢
⎢
⎢
⎣

𝑘11 +
1
2𝑘21 +

1
2𝑘12 +

1
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2𝑘23 +

1
4𝑘22
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1
2𝑘32 +

1
4𝑘22

⎤
⎥
⎥
⎥
⎦

[
𝑢1𝑥
�̃�2𝑥
𝑢3𝑥

] = [
𝑓1𝑥 +

1
2𝑓2𝑥
0

𝑓3𝑥 +
1
2𝑓2𝑥

] . (3.40)

For more information on MPCs or shape functions and constraints, the reader is referred to [19].
The indirect coupling of the nonconforming meshes at the interface between the unchanged and redesign

domain is included in the TO process used in the previous section. Thereto, the MPC process is included af
ter assembly of stiffness matrix A, and before assembly of combined stiffness matrix C, which can be seen in
Appendix B.10. An advantage of implementation in this order, is the fact that the reduced force fred from static
condensation is not yet added to the principal interface DoFs, which means the force across the whole interface
fi = 0. As a result, the force constraint by MPCmatrix T remains unchanged, since f̂ = TTf = TT0, which means
its sensitivity is not influenced either. The stiffness matrix is influenced however, which means its sensitivities
are also influenced by implementation of the MPCs. Considering an arbitrary response function to be a function
of K̂ = T𝑇KT, this means 𝑔[K̂[K]]. Using the chain rule, this sensitivity with respect to K becomes

d𝑔 = d𝑔
dK̂

∶ dK̂dK ∶ dK. (3.41)

Using dK̂
dK
∶ dK = TTdKT, this becomes

d𝑔 = d𝑔
dK̂

∶ TTdKT = (TT)
T d𝑔
dK̂

⊗ T ∶ dK, (3.42)

from which the sensitivity of 𝑔 with respect to K is found to be;

d𝑔
dK = T

d𝑔
dK̂

TT. (3.43)

Applying the MPCs to stiffness matrix of the redesign domain A, transforms this matrix into K̂ = TTAT.
Next, the condensed stiffness matrixKred and force fred of the unchanged domain are used to assemble the system
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of equations of the redesign domain, Cu = f. By partitioning this system into principal interface DoFs 𝑡 and
remaining DoFs 𝑥, it becomes

[K̂tt + Bred K̂tx
K̂xt K̂xx

] [utux] = [
ft + fred

fx
] . (3.44)

This operation is equivalent to the procedure of local redesign with static condensation of Section 3.3, which
means the sensitivities are also equivalent.

To apply the density filter in a same way as discussed in Section 3.2.4, element densities of surrounding edges
are taken into account by adjusting the element size and repeating of those elements to be equal to the element
size of the redesign domain. As a result, the pattern these elements make remains the same, while the edge
elements are given the same size as the redesign elements. An overview of this process is shown in Fig. 3.11.
Since the filter radius is based on number of elements, a smaller element size results in a smaller effective filter
radius. Next, this method of refined local redesign is applied to the design of CMs and extra applications and
improvements are discussed.

Size &
repeat

Surrounding edges

+
Assemble Select x̃

x

c
Apply filter

c̃

x̃

Figure 3.11: Density filtering of design variables x, including the refined surrounding edges of the unchanged domain.

3.4.2. Refined local redesign of a compliant force inverter
The process steps described above are implemented and applied to locally redesign the compliant force inverter
problem of Fig. 3.8a. For increasing refinement ratios of 2, 3, 4 and 8, the resulting force inverters are shown
in Fig. 3.12, with the same volume fraction (𝑉max = 54%) found in the reference design. As highlighted in
Fig. 3.12b, nodes not connected to principal interface nodes, are properly connected to their adjacent unchanged
element. Additionally, elements associated with these nodes contribute to the structural performance of the mech
anism, as highlighted in Fig. 3.12d. Results of local redesign without nonconformingmesh coupling can be found
in Appendix B.10.1.

Comparing the results of redesign without MPC to redesign with MPC, the objective 𝑢out of each mechanism
is improved when using MPCs, looking at Table 3.6. Additionally, the time per iteration for the problems solved
with MPCs is decreased for the cases with 𝑟fine ∈ [2, 4], compared to the problems without implementation of the
MPC. Meanwhile, the number of iterations before the convergence criterion is met slightly increases for these
cases. Important to note is the result of local redesign with 𝑟fine = 8. Where local redesign with this refinement
ratio withoutMPC led to a converged solution after 143 iterations, introduction of theMPCs causes the solution to
not converge according to the convergence criterion at all, which is why the process is stopped after 800 iterations.
Moreover, the time per iteration is increased by more than a factor two for 𝑟fine = 8, compared to refined redesign
without MPC. This increase in time might be caused by the increased size of MPC matrix T, increasing the size
of the operation shown in Eq. (3.36), or the increase in nonlinearity of the TO study, caused by the introduction
of the MPCs.

Optimization result Refinement ratio
𝑟fine Displacement 𝑢out # iterations

Optimization
time Time/Iteration

Fig. 3.9b 1 1 18 0.297 s 0.017 s
Fig. 3.12a 2 1.010 +149 +5.61 s 0.038 s
Fig. 3.12b 3 1.012 +142 +11.0 s 0.078 s
Fig. 3.12c 4 1.011 +148 +35.0s 0.24 s
Fig. 3.12d 8 1.014 +800 +3320 s 4.1 s

Table 3.6: Computational data of refined local redesign with static condensation and MPC.
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(a) Final design x̃ after refined local redesign withMPC, refinement ratio 𝑟fine =
2 and 𝑢out = 1.010.

(b) Deformed final design with MPC, refinement ratio 𝑟fine = 3 and 𝑢out =
1.012, dependent interface nodes are connected to their adjacent unchanged
elements.

(c) Final design x̃ after refined local redesign withMPC, refinement ratio 𝑟fine =
4 and 𝑢out = 1.011.

(d) Final design with MPC, refinement ratio 𝑟fine = 8 and 𝑢out = 1.014. Edge
elements not connected via principal interface nodes contribute to structure.

Figure 3.12: Results of refined local redesign with static condensation and MPC of compliant force inverters, with a 54% 𝑉max.

3.4.3. Refined local redesign of compliant mechanism case study
To illustrate the refined local redesign procedure’s versatility, the method just described is applied to another
CM case study than the compliant force inverter used previously, based on an example used in [6]. The design
domain used is shown in Fig. 3.13a, and the objective is to maximize output displacement in the direction of
𝑢out, while constraining the amount of displacement in the direction of 𝑢con. This crosssensitivity displacement
𝑢con is constrained by crosssensitivity parameter 𝜖, dictating |𝑢con| ≤ 𝜖|𝑢out|. Instead of maximizing output
displacement 𝑢out directly, the objective is reformulated to 𝑓 = (𝑢out − 𝑢goal)2. This function will always be
positive, while forcing 𝑢out to be as close to 𝑢goal as possible. For negative values of 𝑢out, 𝑢goal can be changed
accordingly, which means no absolute signs are needed in this formulation. The general optimization problem
will be formulated as;

min
x
∶ 𝑓 = (𝑢out − 𝑢goal)2

s.t. ∶ 𝑉[x̃]
𝑉0
≤ 𝑉max

∶ 𝑢con2
𝑢out2

≤ 𝜖2
∶ 0 ≤ x ≤ 1

(3.45)

Similar to the compliant force inverter problem of Section 3.3.3, the conflict of structural and kinematic interest in
CMs is dealt with by using additional actuator and workpiece stiffness, which both have a value of 0.1 N/m. The
general optimization parameters of Table 3.1 are used here as well, which means the design is discretized with
80 × 80 square fine elements. Additionally, a crosssensitivity parameter of 𝜖 = 0.01, objective displacement
of 𝑢goal = −4 and 𝑉max = 25% are used. The resulting physical densities x̃ref of the reference design, after
358 iterations taking 843 seconds, are shown in Fig. 3.13b. The output displacement for this reference design is
𝑢out = 1, while 𝑢con = 0.0986.

As redesign domain, the domain indicated by the blue square in Fig. 3.13b is chosen, a region of size 10×10 in
which a thin, slender feature partially accommodates the CM’s flexibility. Redesign of the region with refinement
ratios of 1, 3, 4 and 6 and MPC leads to the design closeups shown in Fig. 3.14. Designs are generated with the
parameters listed in Table 3.1 and all meet the crosssensitivity constraint, and a different topology is seen in the
refined cases, compared to unrefined local redesign. As can be seen in Table 3.7, the designs with refinement
ratio 𝑟fine 3 and 6 are stopped after 3000 iterations, despite not meeting the convergence criterion.
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(a) Compliant mechanism case study design domain, with solid, non
design blocks in darker grey.

(b) Final design x̃𝑟𝑒𝑓 after optimization of a CM case
study, with 𝑢𝑜𝑢𝑡 = 1, and redesign domain indicated in
blue.

Figure 3.13: Overview of design domain and reference design used for refined local redesign with constraints of case study CM.

(a) Closeup of final design x̃ after
local redesign without refinement
ratio.

(b) Closeup of final design x̃ af
ter refined local redesign withMPC
and 𝑟fine = 3.

(c) Closeup of final design x̃ af
ter refined local redesign withMPC
and 𝑟fine = 4.

(d) Closeup of final design x̃ af
ter refined local redesign withMPC
and 𝑟fine = 6.

Figure 3.14: Results of refined local redesign with static condensation and MPCs of the case study CM shown in Fig. 3.13b, with a 63% 𝑉max.

Optimization result Refinement ratio
𝑟fine Displacement 𝑢out # iterations

Optimization
time Time/Iteration

Fig. 3.14a 1 1 +39 +0.969 s 0.025 s
Fig. 3.14b 3 1.027 +299 +37.5 s 0.125 s
Fig. 3.14c 4 1.031 +3000 +1180 s 0.393 s
Fig. 3.14d 6 1.033 +3000 +5194 s 1.73 s

Table 3.7: Computational data of refined local redesign with static condensation and MPC of CM case study.

3.4.4. Discussion
In this section, refined local redesign is applied to two CM designs, including mesh coupling performed using
MPCs. For increasing refinement ratios, the time per iteration increases, as the number of equilibrium equations
increases as well. As a result, the computational efficiency gained by static condensation is negated for high
refinement ratios. Redesign with a refined mesh results in designs with a different topology, and better CMs (i.e.
CMs with higher objective values). The increase in mechanism performance can be explained by the enlargement
of the design space, which allows for other, more optimal solutions.

For increased refinement ratios, the convergence criterion on maximum change in the design is not met. For
a finer mesh, a small change in one element can lead to not meeting the criterion, while the design objective is
barely changed. Therefore, a mesh dependent convergence criterion should be used.
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3.5. Additivemanufacturing constraints in local redesign of compliantmech
anisms

In this section, the design rules important for AM, as found in Chapter 2, are implemented locally, using the refined
local redesign method with static condensation and MPCs. Implementation of an AM filter, robust formulation
and stress constraint will impose constraints on OA, minimum length scale and maximum stress respectively.

3.5.1. Compliant mechanism case study with robust formulation
As found in Chapter 2, a minimum flexure thickness must be imposed to manufacture CMs with predictable
behaviour. There is no need to apply a minimum length scale to thicker regions of CMs, which means this can
be excluded from optimization, using the local redesign procedures to redesign hinge regions only, as described
previously. The minimum length scale constraint is implemented using a robust formulation based on [85]. The
basic principle is to project physical densities x̃ to a thinner (eroded), normal (intermediate) and ticker (dilated)
design, noted with x̂𝑒, x̂𝑖 and x̂𝑑 respectively. Then, the optimization problem is formulated such that each
design should perform equally well, by use of a min/max objective formulation. Use of these three designs with
different thicknesses indirectly ensures a minimum length scale on the intermediate design, as function of the
density filter’s radius 𝑟filt and projection parameters. The following min/max problem formulation is used

min
x
∶ max [𝑓 [x̂𝑒[x]] , 𝑓 [x̂𝑖[x]] , 𝑓 [x̂𝑑[x]]]

s.t. ∶ 𝑉[x̂𝑑]
𝑉0

≤ 𝑉max
∶ 0 ≤ x ≤ 1,

(3.46)

where the worst performing objective 𝑓 as function of one of the three designs is minimized. To find the output
displacement of each of the three designs, the equilibrium equations as function of the three distinct projected
variables have to be solved, being; K[x̂𝑒]u𝑒 = f, K[x̂𝑖]u𝑖 = f and K[x̂𝑑]u𝑑 = f. In Eq. (3.46), note the volume
constraint is imposed on the dilated design, while it would make more sense to constrain the volume of the
intermediate design, since that design will be used as final design. When constraining the volume fraction of
the intermediate design directly however, superfluous material can be present in the dilated design, because of
numerical instabilities [71, 85].

The projection of x̃ to an eroded, intermediate or dilated design is performed using smooth Heaviside function

�̂�𝑒 =
tanh(𝛽𝜂) + tanh (𝛽 (�̃�𝑒 − 𝜂))
tanh(𝛽𝜂) + tanh(𝛽(1 − 𝜂)) . (3.47)

As 𝛽 → ∞, Eq. (3.47) converges to a step function, projecting physical densities �̃�𝑒 to 1 when �̃�𝑒 > 𝜂, and
projecting them to 0 when �̃�𝑒 < 𝜂. Thus, threshold 𝜂 influences the thickness of the projected design and
resulting designs will have crisp boundaries. Since extreme values for 𝛽 make this projection step highly non
linear, a continuation scheme steadily increasing 𝛽 is applied. In all cases shown here, a smooth projection is
started with 𝛽 = 0.5 after which this parameter is increased with a factor of 1.1 every iteration, until 𝛽 = 20.

To solve Eq. (3.46) with a gradientbased optimization algorithm, sensitivities have to be implemented. The
sensitivity of the projected densities �̂�𝑒 of Eq. (3.47) with respect to physical densities �̃�𝑒 is

�̂�𝑒
�̃�𝑒
=
𝛽 (1 − tanh (𝛽 (�̃�𝑒 − 𝜂))

2)
tanh(𝛽𝜂) + tanh(𝛽(1 − 𝜂)) (3.48)

using 𝑑
𝑑𝑥 [tanh(𝑥)] = 1 − tanh(𝑥)2. Additionally, implementation of the max operator is done using a smooth

approximation, namely the pnorm2. Here, the maximum of a vector of objective functions f with length 𝑛 is
found by;

max [f] ≈ (|𝑓1|
𝑝 + |𝑓2|

𝑝 +…+ |𝑓𝑛|
𝑝)

1
𝑝 = ( ∑

𝑖∈1…𝑛
|𝑓𝑖|

𝑝)

1
𝑝

. (3.49)

2Subproblems of optimization algorithms like MMA can also be adjusted to directly solve min/max problems, but this will not be discussed
here.
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For 𝑝 → ∞, Eq. (3.49) converges to the exact max operator, but smoothness is lost. Therefore in all cases shown
here a value of 𝑝 = 4 is used. The sensitivity of this function with respect to each objective is

𝜕max [f]
𝜕𝑓𝑖

= |𝑓𝑖|
𝑝−1 ( ∑

𝑗∈1…𝑛
|𝑓𝑗|

𝑝)

1
𝑝−1

. (3.50)

Redesigning the blue domain indicated in Fig. 3.13a using a robust formulation, means Eq. (3.46) should be
applied to Eq. (3.45). For each of the projected designs, the corresponding system of equations is solved and the
output displacement 𝑢out of each design is subject to the crosssensitivity constraint. The resulting, robust local
redesign problem thus becomes

min
x
∶ ((𝑢𝑒out − 𝑢goal)2𝑝 + (𝑢𝑖out − 𝑢goal)2𝑝 + (𝑢𝑑out − 𝑢goal)2𝑝)

1
𝑝

s.t. ∶ 𝑉[x̂𝑑]
𝑉0

≤ 𝑉max
∶ 𝑢𝑒con

2

𝑢𝑒out
2 ≤ 𝜖2

∶ 𝑢𝑖con
2

𝑢𝑖out
2 ≤ 𝜖2

∶ 𝑢𝑑con
2

𝑢𝑑out
2 ≤ 𝜖2

∶ 0 ≤ x ≤ 1.

(3.51)

Note again the maximum allowable volume fraction 𝑉max is applied to the dilated projected densities x̂𝑑. In
[16, 85] an update scheme is proposed to constrain the volume of these densities, as function of the volume
fraction for intermediate densities. In the examples shown here however, 𝑉max is kept constant and based on the
volume fraction of the physical densities in the redesign region of the reference design, which makes𝑉max = 63%.

The eroded, intermediate and dilated results can be seen in Fig. 3.15c, all with a refinement ratio of 𝑟fine = 3
and respective thresholds of 𝜂𝑒 = 0.3, 𝜂𝑖 = 0.5 and 𝜂𝑑 = 0.7. Additionally, results of redesigning the same
region with refinement ratio 𝑟fine = 3 and with and without projection using 𝜂 = 0.5 are shown in Figs. 3.15a
and 3.15b respectively. When the same optimization is performed with a volume constraint on the intermediate
design, this results in the designs shown in Fig. B.14. Local redesign with a refinement ratio of 𝑟fine = 6 is
performed too, as shown in Fig. 3.15f. This design has a lower objective value, while having the same minimum
length scale as the design with a refinement ratio of 𝑟fine = 3. Possibly, another local optimum is found.

Resulting objective and computational values can be found in Table 3.8. If the robust formulation is applied to
the whole design, instead of only the region considered here, the computational time will, obviously, drastically
increase. The intermediate projected densities of robustly designing the whole mechanism, while satisfying the
crosssensitivity constraint, can be found in Fig. B.13 in Appendix B.11.1. After 300 iterations, the displacement
of the intermediate design is 𝑢out = 0.996, which is almost equal to the performance of the whole design without
robust formulation. The displacement of 𝑢con = 0.0099 and total computational time is 1745 seconds. Remark
ably, during optimization, one iteration takes 5.8 seconds, which is 2.5 times slower than originally, despite the
fact that 3 finite element analyses are performed per iteration.

Optimization result Displacement
𝑢out

Displacement
𝑢con # iterations

Optimization
time Time/Iteration

Fig. 3.14a 1 0.0098 +39 +0.969 s 0.025 s
Fig. 3.15a 1.027 0.0102 +299 +36.7 s 0.12 s
Fig. 3.15b 1.033 0.0097 +300 +41.9 s 0.14 s
Fig. 3.15c 1.030 0.0070 +300 +133 s 0.44
Fig. 3.15d 0.795 0.0078 +300 +506 s 1.7 s
Fig. 3.15e 0.803 0.0075 +300 +493 s 1.6 s
Fig. 3.15f 0.799 0.0067 +300 +1338 s 4.46 s

Table 3.8: Computational data of refined robust local redesign with static condensation and MPCs.
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(a) Closeup of physical densities x̃ of redesign
region with 𝑟fine = 3, without additional filters.

(b) Closeup of projected densities x̂ of redesign
region with 𝑟fine = 3, but without robust formu
lation.

(c) Closeup of projected intermediate x̂𝑖 (black
surface), eroded x̂𝑒 (orange contour) and dilated
x̂𝑑 (blue contour) densities of redesign region
with 𝑟fine = 3 and robust formulation.

(d) Closeup of physical densities x̃ of redesign
region with 𝑟fine = 6, without additional filters.

(e) Closeup of projected densities x̂ of redesign
region, with 𝑟fine = 6, but without robust formu
lation.

(f) Closeup of projected intermediate x̂𝑖 (black
surface), eroded x̂𝑒 (orange contour) and dilated
x̂𝑑 (blue contour) densities of redesign region
with 𝑟fine = 6 and robust formulation.

Figure 3.15: Closeups of robust redesigns of Fig. 3.13b, for 𝑟fine = 3 and 𝑟fine = 6, surrounded by elements of the unchanged design x̃ref.

3.5.2. Compliant mechanism case study with AM filter
Next, the blue domain indicated in Fig. 3.13b with a size of 10×10 elements, is redesigned, while imposing an
overhang constraint. This is implemented by use of the AM filter introduced by Langelaar [49]. This method
is chosen because of its implementation simplicity and ability to generate fully selfsupporting structures. This
method consideres an element to be printable, if a supporting element is located directly or diagonally beneath
it. This means for square elements, supporting elements can be directly or at an angle of 45°beneath an element.
Therefore, discretization of a design into square elements will impose a critical OA of OA 𝑐𝑟𝑖𝑡 = 45°. This
filter is applied to physical densities x̃, which results in printable densities 𝜉𝜉𝜉. Subsequently, the Heaviside filter
of Eq. (3.47) with 𝜂 = 0.5 is applied, to eliminate the intermediate densities introduced by use of the overhang
filter, resulting in projected densities x̂. The same continuation scheme for 𝛽 as introduced in Section 3.5.1 is
used, and implementation of these filters leads to the optimization process shown in Appendix B.12. The filter
proposed by [49] is slightly extended, because originally, sidewalls are assumed to have no supporting function
and the build plate is assumed to be solid, which is indeed the case for free design domains. In the case of local
redesign, the redesign domain generally is surrounded by the unchanged part of the reference design. Therefore
surrounding elements act as support walls and a, possibly nonsolid, build plate, which can be included in the AM
filter. This process resembles the addition of surrounding elements used for density filtering, and sensitivities are
calculated in the same way, as explained in Section 3.2.4. An overview of addition of these walls is shown in
Fig. 3.16 for a bottomtotop build direction.

The OA filter allows for implementation of an OA for four main build directions; bottomtotop (south), left
toright (west), righttoleft (east) and toptobottom (north) . In Figs. 3.17a to 3.17d, resulting hinges for these
build directions after 300 iterations can be found respectively. Additionally, as stated a 45°OA is imposed when
using square elements. This critical OA can be altered by altering the element aspect ratio, something which
is easily done in the refined area by using two different refinement ratios (𝑟fine,width × 𝑟fine,height). In Figs. 3.17e
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Figure 3.16: Filtering of redesign domain, including supporting walls and build plate of the unchanged domain with element size scaled to
redesign domain.

and 3.17f two hinges with a toptobottom AM filter and refinement ratios of 2× 3 and 3× 2 are shown, respec
tively. These refinement ratios translate to OAs of 35° and 55°.

Two hinges with a righttoleft AM filter and similar refinement ratios are shown in Figs. 3.17g and 3.17h
respectively. The corresponding computational data of all the eight cases can be found in Table 3.9, together with
the data of the locally redesigned hinge with 𝑟fine = 3 and Heaviside projection of Fig. 3.15b.

(a) Closeup of projected densities
of redesign region with AM filter.
Build plate is south and OAcrit =
45°.

(b) Closeup of projected densities
of redesign region with AM filter.
Build plate is west and OAcrit =
45°.

(c) Closeup of projected densities
of redesign region with AM filter.
Build plate is east and OAcrit =
45°.

(d) Closeup of projected densities
of redesign region with AM filter.
Build plate is north and OAcrit =
45°.

(e) Closeup of projected densities
of redesign region with AM filter.
Build plate is south and OAcrit ≈
35°.

(f) Closeup of projected densities
of redesign region with AM filter.
Build plate is south and OAcrit ≈
55°.

(g) Closeup of projected densities
of redesign region with AM filter.
Build plate is east and OAcrit ≈
55°.

(h) Closeup of projected densities
of redesign region with AM filter.
Build plate is east and OAcrit ≈
35°.

Figure 3.17: Closeups of redesigns of Fig. 3.13b, with varying OA and build orientation, indicated by arrows.

The results generally show good agreement with the imposed OA. Some surfaces are not selfsupporting
however, probably because of interference of the Heaviside function. Additionally, mechanism performance is
reduced for some redesigns, and some do not satisfy the crosssensitivity constraint. This is mainly seen in designs
whose topologies are forced by the AM filter to deviate a lot from the original hinge design, such as Figs. 3.17b,
3.17c and 3.17g. Designs not meeting their crosssensitivity requirement are highlighted in red in Table 3.9.
While these redesigned hinges do not need support material, the rest of the unchanged design could. To eliminate
support material fully, and generate a fully selfsupporting CM, the whole mechanism needs to be designed using
the AM filter. Interestingly, the optimizer does not find a solution for the whole design domain, other than an
empty design domain for any of the four print directions, with of without Heaviside filter, when starting with a
homogeneous initial design. Starting the optimization with the final reference design of Fig. 3.13b, only leads
to a nontrivial, nonempty design for a righttoleft and toptobottom print direction, both without Heaviside
filter. The results of this can be found in Appendix B.11.1, together with their performances. Both designs
take over 18 times longer per iteration compared to their local redesign equivalents, despite the fact that in local
redesign an additional Heaviside filter is used. In addition to that, neither of the designs meets its crosssensitivity
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Optimization result
Orientation

Displacement
𝑢𝑜𝑢𝑡

Displacement
𝑢𝑐𝑜𝑛 # iterations Time/Iteration

Fig. 3.15b None 1 0.0079 +300 0.22 s
Fig. 3.17a South 1 0.0095 +300 0.15 s
Fig. 3.17b West 0.982 0.234 +300 0.16 s
Fig. 3.17c East 0.873 0.0082 +300 0.15 s
Fig. 3.17d North 1 0.0099 +300 0.15 s
Fig. 3.17e South 1.006 0.0092 +300 0.11 s
Fig. 3.17f South 1.002 0.0537 +300 0.11 s
Fig. 3.17g East 0.811 0.0028 +300 0.10 s
Fig. 3.17h East 0.984 0.00325 +300 0.12 s

Table 3.9: Computational data of refined local redesign with AM filter, static condensation and MPC, compared to the performance of the
redesigned hinge shown in Fig. 3.15b. Values of 𝑢con not meeting the crosssensitivity constraint are printed red.

requirement.
The reported objective and constraint values are evaluated after 300 iterations. None of the designs has

converged by then. Increasing the maximum number of iterations to 3000 (i.e. 10 times more) still does not
result in convergence of either of the 8 redesign studies. Since the same redesign without selfsupport requirement
does converge, as seen in Fig. 3.14b, the convergence problems are due to the combination of the AM filter and
Heaviside function. Investigation into a mesh dependent convergence criterion and parameters settings of the
AM filter and Heaviside function is needed to solve these problems.

The designs shown in Figs. 3.17a, 3.17d, 3.17e and 3.17h are performing comparable to the hinge without
AM filter. For these orientations and OAs, good, printable hinges can be realized with more detail.

3.5.3. Compliant mechanism case study with stress constraint
As concluded in Section 2.4, a constraint on stress is meaningful when designing CMs for AM,which is why this is
implemented in local redesign of hinges. The representative stress measure used here, is the unified aggregation
and relaxation approach proposed by [83]. This constraint is imposed on the Von Mises stress criterion 𝜎VM,
which should be lower than a stress limit, 𝜎lim. The unified method used provides relaxation without introducing
a relaxation parameter, as often seen in other proposedmethods, by using a lower bound aggregation function, thus
reducing the problem’s parameter dependence. Since it is stated the best results are obtained with an aggregation
parameter 𝑃 ∈ [20, 40], all results discussed here are obtained using 𝑃 = 20. Details of implementation can be
found in [83].

Implementation of the stress constraint is applied to refined local redesign of the domain indicated in Fig. 3.13b.
First, the Von Mises stress of refined local redesign with a refinement ratio of 𝑟fine = 3 and 𝑟fine = 6, without
stress constraints is evaluated, as shown in Figs. 3.18a and 3.18d respectively. Here, only elements with a physical
density above 0.5 are shown, to prevent distraction by zero density elements with high stresses. Both maximum
stresses in the designs, 𝜎max, are normalized to 1, as indicated by their respective color bars. Next, the stress
limits for both designs are defined by 𝜎lim = 0.5𝜎max and 𝜎lim = 0.3𝜎max, as function of their original maximum
stress. Results for local redesign with the two different refinements ratios can be seen in Figs. 3.18b, 3.18c, 3.18e
and 3.18f, and the data of the 6 designs can be found in Table 3.10.

All results satisfy the stress constraint, during optimization, but as can be seen in each colour bar, themaximum
stress in a design is not strictly limited by 𝜎lim. Results provided by Verbart et al. [83] confirm the same findings,
together with the fact that the difference between 𝜎lim and the resulting 𝜎max while satisfying the stress constraint
is mesh dependent. Nonetheless, stress constraints are satisfied when implemented in refined local redesign. To
ensure stress concentrations do not rise in other sensitive hinge regions due to redesign of another region only
however, multiple regions should be redesigned simultaneously.

As shown in Table 3.10, redesigns with a refinement ratio of 𝑟fine = 6 do not converge before 3000 iterations,
as is also seen for refined local redesign without stress constraint. For a refinement ratio of 𝑟fine = 3, this criterion
is met however, although the stress constraint does increase the number of iterations needed before convergence.

Application of the stress constraint to the domain that is locally redesigned reduces the performance of the
CM, up to 0.9%. However, if the stress constraint is applied to the whole, original design domain, the objective
value is reduced by over 15%. These results can be seen in Appendix B.12.2. The critical stresses in these designs
are distributed along longer regions of the mechanism, instead of concentrated around hinge regions.
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(a) Closeup of Von Mises stress for physical
densities> 0.5 of redesign region with 𝑟fine = 3
and 𝜎lim = 𝜎max = 1.

(b) Closeup of Von Mises stress for physical
densities> 0.5 of redesign region with 𝑟fine = 3
and 𝜎lim = 0.5𝜎max.

(c) Closeup of Von Mises stress for physical
densities> 0.5 of redesign region with 𝑟fine = 3
and 𝜎lim = 0.3𝜎max.

(d) Closeup of Von Mises stress for physical
densities> 0.5 of redesign region with 𝑟fine = 6
and 𝜎lim = 𝜎max = 1.

(e) Closeup of Von Mises stress for physical
densities> 0.5 of redesign region with 𝑟fine = 6
and 𝜎lim = 0.5𝜎max.

(f) Closeup of Von Mises stress for physical
densities> 0.5 of redesign region with 𝑟fine = 6
and 𝜎lim = 0.3𝜎max.

Figure 3.18: Closeups of VonMises stress for physical densities> 0.5 of redesign region of Fig. 3.13b. From left to right, without constraint
and 𝜎max = 1, with constraints using 𝜎lim = 0.5𝜎max and 𝜎lim = 0.3𝜎max. Designs on the top row have a refined mesh with 𝑟fine = 3 and
the bottom row with 𝑟fine = 6. The colour bars are scaled with maximum stress 𝜎max found in the unconstrained, refined designs.

Optimization result Displacement
𝑢𝑜𝑢𝑡

Displacement
𝑢𝑐𝑜𝑛 # iterations Time/Iteration

Fig. 3.14a 1 0.0098 +39 0.025 s
Fig. 3.18a 1.027 0.0102 299 0.15 s
Fig. 3.18b 1.027 0.0102 934 0.18 s
Fig. 3.18c 1.017 0.0101 466 0.17 s
Fig. 3.18d 1.033 0.0102 3000 1.73 s
Fig. 3.18e 1.033 0.0102 3000 2.34 s
Fig. 3.18f 1.029 0.0101 3000 2.31 s

Table 3.10: Computational data of refined local redesign with stress constraints, compared to local redesign without refinement.

3.5.4. Discussion
In this section, it is shown how constraints onOA,minimum length scale andmaximum stress can be implemented
locally and with more detail. Comparing application of these constraints locally, to application on the whole
design domain, local constraints have less impact on objective and refined redesigned regions even improve
objective values. A downside however, inherent to local redesign, is the fact that only a domain of specific size is
redesigned, which has consequences when constraints are too strict. An example can be seen in Fig. 3.17b, where
the crosssensitivity constraint is not met, because the AM filter influences the available design space heavily.

Since the filter radius of the density filter used, is based on the number of elements, instead of its physical
distance, the physical filter radius for refined designs is smaller than the physical filter radius of their reference
designs. Consequently, the transition between redesigned and reference design is not as smooth as without re
finement, as can be seen in, e.g., the closeups of Fig. 3.15. The smaller physical filter radius for refined designs
does aid in reducing the difference between the final and interpreted design. Another consequence of the smaller
physical filter radius for refined designs is the observed change in topology. The meshindependence of a TO
design, induced by use of a density filter, is reducing when the physical filter radius is not remained constant and
thus leads to a change in topology. In refined local redesign, this change in topology is not necessarily unwanted
however, since better performing designs are obtained.
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Changing the mesh of a reference design locally, changes the size of its design space. This increased design
space makes comparing a locally refined design to its reference design slightly unfair. To design a CM with a
refinement at its hinges during optimization and adapting the location of this mesh every iteration would be very
computationally expensive though, but could eventually result in CMs with better performance. Thus, refined
local redesign is a compromise between computational efficiency and mechanism performance.

In the method used to locally redesign, the initial design used for this local redesign is a homogenous field.
To improve convergence speed and reduce the number of iterations, the topology of the reference design at the
redesign region can be used as initial design. However, this might push the optimizer to an inferior local optimum.

For the redesign studies of hinge regions of CMs shown in this chapter, the hinge regions are located by hand.
This can be automated by evaluating the stress or strain field of a reference design, and redesigning regions where
values of these fields reach a maximum.

Concluding, the local redesign method proposed in this chapter allows for implementation of important AM
constraints during CM design using TO.
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Conclusion and recommendations

In this research, the challenging combination of additive manufacturing of compliant mechanisms and design
of these mechanisms using topology optimization has been investigated. Since hinges of CMs influence CM
performance the most, AM of CMs and TO of CMs for AM are specifically focussed on hinge regions of CMs.
Additional reasons for this specific focus are the facts that hinge regions tend to have the highest stress concen
trations and influence kinematics more than rigid structural regions of a CM. Moreover, with the desire to not
manufacture fragile hinges that need support material and could brake when removing this support material, this
specific focus on hinges leads to the two research questions asked in the introduction, Q.1 and Q.2. The first
question is aimed at AM of CMs, and the second question is aimed at local TO of CMs for AM.

What combination of overhang angle and minimum feature size leads to a selfsupporting
compliant hinge with predictable mechanical behaviour, created by metal AM? (Q.1)

What postprocessing method can we use to only locally impose AM constraints and obtain
enhanced detail during TO of CMs? (Q.2)

To answer the first question, crossaxis flexural pivots with a range of overhang angles and flexure thicknesses
close to the limits of manufacturability have been designed. After AM without support material of these parts
in Inconel 625, the mechanical properties of these flexures have been evaluated and compared to models based
on material data obtained by material characterization using a standard tensile test. It has been found that, when
utilizing printed parts as CMs, manufacturability does not guarantee predictablemechanical behaviour. Therefore,
it is recommended to print CMs with an OA at least 5° safer than the critical OA at which a selfsupporting part
can be printed. Additionally, it is recommended to design parts with a minimum length scale of 25% greater than
the length scale dictated by the laser spot size in PBF. These two design rules, specific for the AM process and
material used, should ensure not only successful printing, but result in CMs with predictable stiffness and yield
strength.

This conclusion increases the importance of answering research question Q.2. AM constraints including a
constraint on OA, minimum length scale and maximum stress are needed to design selfsupporting CMs with
predictable behaviour. Since thin flexible regions of these CMs are most sensitive to the AM process, these AM
constraints have been exclusively imposed on these specific regions. The proposed method locally imposes those
constraints, by redesigning part of a reference design. During this redesign, the size of the reference design that
remains unchanged is reduced using static condensation, which reduced the additional computational cost by a
factor 5 to 20, dependent on the size of the reduction. Additionally, the regions selected for redesign have been
redesigned using a refined mesh too, which allows more detailed designs of flexible regions. In the proposed
formulation, mesh compatibility is guaranteed by implementing MPCs. It has been found local implementation
of constraints on OA, minimum length scale and maximum stress yields successful CMs, and this implementation
outperforms implementation of these constraints on the complete reference design in computational speed and
mechanism performance.

Optional improvements of the experimental work and design method using TO and extensions of these re
search topics are discussed in the next two sections. Concluding, this research has contributed to better under
standing of the important design considerations in metal AM of CMs and a new method has been introduced to
locally impose these considerations, using TO.
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Recommendations on additive manufacturing of compliant mechanisms
The experiments performed in this research only focus on measuring mechanical properties. However, as de
scribed in Section 1.2.1, microstructure and porosity can also influence mechanical properties tremendously.
These properties could be researched by performing a CT scan, or by measuring resistance to current flow to find
a measure for porosity. Microstructures of printed CMs can be evaluated by microscopy.

The mechanical characterization of the Inconel 625 is performed by analysing tensile specimens with rough
surfaces. These could be smoothened by sand blasting or chemical etching, to exclude surface roughness as one
of the contributing factors. The same can be done for printed CMs.

The CAFPs printed for this research are wellknown CMs, which is convenient for analysis. It would be
interesting to see if the design rules based on these CAFPs also apply to CMs of other shape and topology. And
if these design rules applied in local redesign using TO actually do yield better mechanisms than mechanisms
without AM constraints.

Material characterization in this research is performed with standard tensile specimens. This might affect
material properties, because of different heat flow and scanning patterns compared to thin features. To compensate
for this, tensile specimens with a less conventional cross sectional area could be printed alongside CMs. Reducing
this area to a few thin bars, might give a better characterization of material properties. Then, material properties
of deforming CMs could be compared better to these material properties of tensile specimens.

The specific properties of the printed CAFPs are found for rotational stiffness. As flexible regions in CMs
can exhibit other motions to obtain mobility, it would be interesting to investigate printability and mechanical
properties of other types of flexures.

Isotropic material models are used in Section 2.3 to model the stiffness of the printed CAFPs. As different
material characteristics are found for the tensile tests performed with specimens printed in horizontal or vertical
orientations, research into these characteristics dependent on build orientation might lead to establishing other,
anisotropic material models. Additionally, not only tensile specimens should be used for this model construction,
since it would be interesting to see how mechanical properties of thin, selfsupporting CMs change as function
of build direction too.

Finally, to verify if implementation of the design rules based on the printed CAFPs actually improved the
predictability of kinematics and stress levels of CMs, the new mechanism designs obtained using TO should be
printed and their properties should be experimentally investigated.

Recommendations on topology optimization of compliant mechanisms for additive manufacturing
All methods proposed in this research are applied to 2D designs. In theory, there is no reason to apply AM
constraints to these 2D designs, as they can be manufactured parallel to the build plate. All methods do allow
implementation in 3D design domains, and it would be interesting to see what local redesign does to mechanism
performance and computational efficiency of these 3D designs.

The CM reference designs used for local redesign are lumped CMs only, which allow to easily locate hinge
regions. Local redesign of distributed CMs would make less sense, as there is not a specific location which can be
identified as hinge region. In case thesemechanisms need to comply toAMconstraints, their whole design domain
needs to be subject to these constraints. On the other hand, being less fragile, fully selfsupporting distributed
CMs may be less sensitive to AM process uncertainties. Research comparing local redesign of lumped CMs and
design of distributed CMs should indicate what method is preferred when printing CMs using metal AM.

In case multiple areas are identified as hinge region, these areas could be redesigned simultaneously. By doing
so, no decision has to be made on which region to redesign first, and more freedom is implemented in the local
redesign procedure. Additionally, constrained stress levels in one hinge, will not cause a rise of stress levels in
another hinge.

As the local redesign procedure proposed here is relatively fast, it could be implemented in topology opti
mization of the reference design, instead of redesigning afterwards. This would introduce an extra condensation
step every iteration and complicate the sensitivity analysis, but when redesigning with a refinement ratio, this
process would resemble local mesh adaptation during optimization, and might be competitive.

During local redesign with refinement, only integer refinement ratios are considered. This constrains the
variety of available OAs, and could be solved by using refinement ratios with real numbers. This will how
ever complicate the mesh coupling and matrix assembly as performed by the proposed method. Other methods
imposing a constraint on OA could be used instead, at the price of increased implementation effort.

The way the AM filter is implemented now, selfsupporting hinges are designed, supported by their unchanged
reference design. These hinges do not necessarily support the part of the unchanged domain they build up to,
which could be included as well.



45

Right now, the constraints on OA, minimum length scale and maximum stress are imposed locally on hinge
regions separately. To obtain an design subject to all three constraints, these must be combined. To prevent one
filter from cancelling another, one could use the approach of, e.g., Pellens et al. [64] in combination with a stress
constraint.

Three constraints based on AM properties are considered in this research, but as discussed in the literature
survey, heat influences mechanical performance tremendously. The local redesign of hinges could be extended
with a heat constraint taking this into account. Overheating or unpredicted microstructure will be of less concern
in rigid regions of a CM design, which still motivates to only locally redesign CMs.

The CMs designed in this research are based on static behaviour and analysis. When a CM is optimized for
dynamic behaviour and AM, this changes the local redesign approach, since dynamic condensation is not an exact
order reduction. It would be interesting to see how dynamic condensation can contribute to local redesign of CM
design for AM subjected to dynamic considerations. Additionally, nonlinear analysis is not possible using static
condensation. When such an analysis is required, fundamental local redesign can be used, but it could be more
efficient to find another reduction method.
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A.1. Inconel 625 data sheets

Mechanical Properties1,2

  MEASUREMENT CONDITION
METRIC U.S.

AS-BUILT AFTER STRESS RELIEF AFTER LOW 
SOLUTION ANNEAL AS-BUILT AFTER STRESS RELIEF AFTER LOW 

SOLUTION ANNEAL

Ultimate strength (MPa | ksi) ASTM E8M

   Horizontal direction - XY
   Vertical direction - Z

1040 ± 20
1030 ± 20

1110 ± 60
1050 ± 30

1030 ± 20
980 ± 20

150 ± 3 
150 ± 3

160 ± 9
153 ± 5

150 ± 3
142 ± 3

Yield strength Rp0.2%  (MPa | ksi) ASTM E8M

   Horizontal direction - XY
   Vertical direction - Z

 770 ± 30 
 730 ± 20

750 ± 60
700 ± 40

640 ± 20
600 ± 20

110 ± 5
105 ± 3

110 ± 9
100 ± 6

93 ± 3
87 ± 3

Elongation at break (%) ASTM E8M

   Horizontal direction - XY
   Vertical direction - Z

22 ± 2
33 ± 1

19 ± 3
23 ± 3

27 ± 3
34 ± 3

22 ± 2
33 ± 1

19 ± 3
23 ± 3

27 ± 3
34 ± 3

Reduction of area (%)  

   Vertical direction – Z ASTM E8M 30 ± 2 26 ± 2 31 ± 1 30 ± 2 26 ± 2 31 ± 1

Hardness, Rockwell C ASTM E18 29 ± 3 32 ± 3 28 ± 4 29 ± 3 32 ± 3 28 ± 4

Impact toughness³ (J | ft-lb) ASTM E23 NA NA 84 ± 7 NA NA 62 ± 5

Ni625 is known for its combination of high strength and excellent 
corrosion resistance. LaserForm Ni625 (A) is the ideal material for 
industries where these two strengths need to come together: chemical, 
marine, aerospace and nuclear industry. Applications include: reaction 
vessels, tubing, heat exchangers, valves, engine exhaust systems, 
turbine seals, propeller blades, submarine fittings, propulsion motors, 
reactor core and control-rod components in nuclear water reactors. 

Material Description

Thermal Properties4

MEASUREMENT CONDITION METRIC U.S.

Thermal conductivity 
(W/(m.K) | Btu/(h.ft².°F))

at 21 °C / 70 °F 9.8 5.7

CTE - Coefficient 
of thermal expansion  
(µm/(m.°C) | µ inch/(inch . °F))

at 93 °C / 200 °F
at 538°C / 1000°F
at 871°C/1600°F

12.8
14.0
15.8

7.1
7.8
8.8

Melting range (°C | °F) 1290 - 1350 2355 - 2465

1   Parts manufactured with standard parameters on a ProX DMP 320, Config B
²   Values based on average and standard deviation
³   Tested with Charpy V-notch impact test specimens type A at room temperature
4   Values based on literature
NA = Not available

LaserForm® Ni625 (A) 

Ni625 fine-tuned for use with ProX® DMP 320 metal printer producing 
industrial parts with high heat resistance, high strength and high 
corrosion resistance. LaserForm Ni626 (A) is especially resistant to 
crevice and pitting corrosion. 

LaserForm Ni625 (A) is formulated and fine-tuned specifically for 3D Systems DMP 320 metal 
3D Printers to deliver high part quality and consistent part properties. The print parameter 
database that 3D Systems provides together with the material has been extensively developed, 
tested and optimized in 3D Systems’ part production facilities that hold  the unique expertise 
of printing 500,000 challenging metal production parts in various materials year over year. 
And for your 24/7 production 3D Systems’ thorough Supplier Quality Management System 
guarantees consistent, monitored material quality for reliable results.

The chemical composition of LaserForm Ni625 (A) corresponds to  
ASTM F3056, UNS N06625, Werkstoff Nr. 2.4856, DIN NiCr22Mo9Nb and 
AMS 5666 and is indicated in the table below in wt%. 

Classification
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Warranty/Disclaimer: The performance characteristics of these 
products may vary according to product application, operating 
conditions, or with end use. 3D Systems makes no warranties of any 
type, express or implied, including, but not limited to, the warranties 
of merchantability or fitness for a particular use. 

©2017 by 3D Systems, Inc. All rights reserved. Specifications subject to 
change without notice. 3D Systems, ProX and LaserForm are registered 
trademarks and the 3D Systems logo is a trademark of 3D Systems, Inc.

Physical Properties

MEASUREMENT

METRIC U.S.

AS BUILT AND AFTER STRESS RELIEF

Density

Relative, based on pixel count1 (%) >99,9 >99,9

Absolute theoretical4 (g/cm³ | lb/in³) 8.44 0.305

Surface Quality1
MEASUREMENT METRIC U.S.

AS BUILT SAND BLASTED AS BUILT SAND BLASTED

Surface Roughness  Ra

Horizontal direction (XY) 
(µm | µin)

4 - 7 1 - 4 160 - 275 40 - 160

Vertical direction (Z)  
(µm | µin)

8 - 11 4 - 7 320 - 433 160 - 275

Chemical Composition

The chemical composition of LaserForm Ni625 (A) corresponds to UNS N06625, Werkstoff Nr. 
2.4856, DIN NiCr22Mo9Nb and AMS5 5666 and is indicated in the table below in wt%.

ELEMENT % OF WEIGHT

Ni ≥ 58.00

Cr 20.00 - 23.00

Mo 8.00 - 10.00

Fe ≤ 5.00

Co ≤1.00

Nb 3.15 - 4.15

Ta ≤ 0.05

Ti ≤ 0.40

Al ≤ 0.40

Cu ≤ 0.50

Mn ≤ 0.50

 

 PN 10103A       03-17

www.3dsystems.com

Tel: +1 803 326 3930

Microstructure after low solution anneal

Microstructure after stress relief

LaserForm® Ni625 (A)

Microstructure as built

1   Parts manufactured with standard parameters on a ProX DMP 320, Config B
4   Values based on literature
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A.2. Final build plate layout
Build as printed by the ProX® DMP 320. The CAFPs are indicated by the blue rectangle.
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A.3. Printed build plate pictures

Figure A.1: Build plate after selective laser melting process.

Figure A.2: Closeup of CAFPs on build plate after selective laser melting process.
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A.4. Solution anneal process parameters

Treatment parameters Solution anneal
Temperature 1038 ± 15∘C

Hold time
Nominal hold time is 1h,

while the tolerance range is 1h1h10m
Cooling Argon Quench

Endofstep temperature ≤ 400∘C
Cycle time ≥ 2h
Gas medium Vacuum

Reference AM standards ASTM F3056
Reference nonAM standards AMS 2774

Mechanical properties
Data sheet LaserForm Ni625 (A)

PN 10103A After low solution anneal

Points of attention

Although cooling rate not specified in ASTM F3056,
it is very important in order to obtain
the desired mechanical properties.

Table A.1: Process parameters used for solution anneal of build plate.

A.5. Sanded test surface of printed CAFP

Unsanded surface Sanded surface
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A.6. Verification of forcedisplacement test setup
To validate the experimental stage used for the forcedisplacement test with the CAFPs, a three point bending test
is performed on this machine and a Zwick Roell Materials Testing Machine. Additionally, a forcedisplacement
test similar to the one performed with CAFPs is performed, to verify this test method.

A.6.1. Three point bending tests
Two three point bending tests are performed; one on a Zwick Roell Materials Testing Machine and one using the
stage used for the CAFPs tests. In both tests, a specimen is supported, but not constrained, at its ends while its
midpoint is displaced downwards. This load case is shown in Fig. A.3a. As test specimen, gauge steel with a
crosssection of 12.70mm×0.4mm is used [40], the distance between support points is 𝐿 = 4cm. Both test setups
are shown in Figs. A.3b and A.3c, and each experiment is performed twice.

P

L

L/2

x

y

(a) Schematic setup of three point bending test.
(b) Three point bending setup in a Zwick Roell Materials
Testing Machine. (c) Three point bending setup in CAFP test setup.

Figure A.3: Three point bending test setups.

Results of both experiments are shown in Fig. A.4. When performing a linear fit on both results, the slope
of the first figure is 8.85 N/mm ± 2.9 mN/mm, and for the second 8.65 N/mm ± 1.9 mN/mm. From this slope,
the gauge steel’s Young’s modulus can be determined according to 𝐸 = 𝑑𝑃⋅𝐿3

𝑑𝑤⋅48⋅𝐼 , as derived from BernoulliEuler

beam theory. During both tests, 𝐿 = 0.04 m and 𝐼 = 𝑏ℎ3
12 = 12.7⋅0.43

12 = 0.0677 mm4. From this, the Young’s
modulus is found to be 174 GPa ± 56 MPa on the Zwick, while it is 170 GPa ± 38 MPa using the CAFP test
setup, which is 2.3% lower. It is assumed this could be caused by a slight deviation in support distance L, and
therefore the load cell and displacement stage of the CAFP setup are assumed to be verified.
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(a) Forcedisplacement result of three point bending test with Zwick.

0 0.5 1 1.5 2

Displacement [mm]

0

2

4

6

8

10

12

14

16

18

20

F
or

ce
 [N

]

Force-displacement of three point bending test with CAFP setup

Standard deviation
Mean

(b) Forcedisplacement result of three point bending test with CAFP
setup.

Figure A.4: Results of three point bending tests.

What is interesting however, is the fact that the theoretical Young’s modulus of the gauge steel should be
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between 190 and 210 GPa. Additionally, when testing the same strip of material flipped upside down, this results
in a lower stiffness the first 0.5 mm, as shown in Fig. A.5a. After this its slope becomes 8.55 N/mm ± 1.5
mN/mm, which corresponds to a Young’s modulus of 168 GPa± 29 MPa. This behaviour could be caused by the
way the gauge steel is stored, which introduces a slight curvature over its length and width. This could create a
behaviour similar to a tape measure snappingthrough. Next, the test geometry used to test the CAFPs is verified
by performing a control experiment with the same gauge steels.
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(a) Forcedisplacement result of three point bending test with CAFP setup
and upside down gauge steel.
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(b) Forcedisplacement result of control experiment with CAFP setup.

Figure A.5: Results of three point bending tests.

A.6.2. Control experiment
To check if the setup described in Section 2.2.2 provides reliable results, a control experiment is performed. For
this, the same gauge steels of Appendix A.6.1 are used, because they should exhibit predictable behaviour based
on their straightforward geometry. The forcedisplacement curve is obtained with a setup similar to that of the
CAFP’s setup, as is shown in Figs. A.6a and A.6b, here 𝐻 = 20.80. The obtained results are compared to a FEM
result from COMSOL where a Young’s modulus of 𝐸 = 170 GPa is used. This can be seen in Fig. A.5b. As can
be seen, again the stiffness becomes higher after a certain displacement. The slope of the COMSOL result is 4.04
N/mmwhile the steeper part of the experimental mean has a slope of 3.70 N/mm, which is 9.2% lower. Similar to
the three point bending test, and additional experiment with the gauge steel strip flipped upside down is performed,
as well as an additional sample from the same coil. Results of those tests are shown in Fig. A.7. While the slope
of the COMSOL result remains the same, the measured slopes are 3.10 N/mm and 2.86 N/mm respectively. The
only conclusion that can be drawn from this, is that gauge steel stored on a coil exhibits unpredictable bending
behaviour.
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(a) Schematic setup of control experiment. (b) Test setup of control experiment.

Figure A.6: Control experiment test setup.
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(a) Forcedisplacement result of control experiment with CAFP setup,
with gauge steel flipped upside down.
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(b) Forcedisplacement result of control experiment of an extra sample,
tested with CAFP setup.

Figure A.7: Results of three point bending tests.

A.6.3. Control experiment with unloading
The last step in verification is to check the backlash present the setup. To this end, the control experiment is
repeated, but an subsequent unloading step is added, after displacement of the cantilever. The height of the
contact point is adjusted to 𝐻 = 30.80mm, to level the reaction force with the reaction forces expected in the
testing of the CAFPs. The resulting forcedisplacement plot without and with unloading path can be seen in
Figs. A.8a and A.8b respectively, together with the FEM result from COMSOL. The unloading path ends exactly
at the start of the experimental mean, and the RMSE between the experimental mean and unloading path is RMSE
=0.0131 N. The FEM and experimental results do still not agree, nevertheless, since the backlash in this setup is
found to be minimal and the three point bending test shows a repeatable result similar to the results on another
setup, the setup used to test the CAFPs is assumed to be verified.
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(a) Forcedisplacement result of control experiment with contact point at
𝐻 = 30.80mm.

0 0.5 1 1.5 2
Displacement [um]

0

0.5

1

1.5

2

Fo
rc

e 
[N

]

Diplacement - force behaviour of control experiment

Standard deviation
Experimental mean
FEM result
Path of unloading

(b) Forcedisplacement result of control experiment of an extra sample,
tested with CAFP setup.

Figure A.8: Results of three point bending tests.
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A.7. Tensile test results
The stressstrain curves of the tensile specimen are constructed using the crosssection of each specimen. This
data can be found in Table A.2. The resulting stressstrain curves can be found in Fig. A.9a. Highlights on the
elastic region of these test are shown in Fig. A.9b, and the fitted curves to find the Young’s modulus and yield
strength are shown in Fig. A.9c.

Sample Width Depth Area
XY1 6.00 mm 3.23 mm 19.40 mm2
XY2 6.00 mm 3.29 mm 19.72 mm2
XY3 6.02 mm 3.16 mm 19.01 mm2
XY4 6.01 mm 3.22 mm 19.35 mm2
Z1 6.01 mm 3.05 mm 18.36 mm2
Z2 6.00 mm 3.04 mm 18.22 mm2
Z3 6.01 mm 3.03 mm 18.24 mm2
Z4 6.00 mm 3.03 mm 18.20 mm2

Table A.2: Cross sectional area of Inconel 625 tensile specimen.
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(a) Stressstrain curves of tensile tests with XY and Z specimen.
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(b) Elastic region of stressstrain curves of tensile test with XY and Z specimen.
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(c) Stressstrain curve of tensile test with XY and Z specimens, fitted Young’s modulus and yield strength indicated.

Figure A.9: Tensile test for XY (left) and Z(specimen)
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A.8. Additional CAFP’s stiffness models, based on printed flexure thick
ness and XY material data

In this section, additional models analysing the stiffness of the AM CAFPs are evaluated and compared to the
CAFPs’ measured stiffness. One of these models is based on material properties of the XY orientated tensile
specimens, as listed in Table 2.2. This increases the predicted stiffness of every CAFP compared to using data of
the Z specimens. As a result, the ratio of modelled and measured results increases and the stiffness of each CAFP
is overpredicted, as can be seen in Fig. A.10.
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Figure A.10: Two measures indicating difference between FEM and measured data of each specimen type, using XY data and designed FT.

For this model, the designed FT of each CAFP is used, however, as stated in Section 1.2.1, one of the geometric
properties that influences the stiffness of printed CAFPs, is the contributing crosssection. Hence, the asbuilt FT
of the CAFPs is measured. Since the CAFP’s design does not allow for thickness measuring with a gauge, this
measurement is performed optically. For this, the Keyence Digital Microscope VHX6000 is used, which has a
magnification up to 2000 and measures distances optically by hand, without need for conversion. Two results
of this thickness measurement are shown in Fig. A.11. As can be seen, the optical measurement is an average
of the thickness, due to surface roughness. All thickness results can be found in Table A.4, with the mean and

(a) Close up of thickness measurement of a type 1 CAFP. (b) Close up of thickness measurement of a type 2 CAFP.

Figure A.11: Flexure thickness measurement with microscope.
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standard deviation of each type. An overview of the mean asbuilt FTs is shown in Table A.3, together with
the original, designed FT and PT dimensions of the CAFPs. As can be seen, none of the asbuild FTs meets
the designed FT. The designed PT does seem to agree more with the asbuilt FT, as is visualized in Fig. A.12a.
When measuring the FT of a CAFP, the outer dimensions of this flexure are measured, defined in Fig. A.13 as
D. This measured outer dimension D is bigger than the thickness of the flexure contributing to its stiffness, due
to the staircase effect, which is a result of model discretization. Subtracting the asbuilt FT’s part added by this
staircase effect, an asbuilt FT with correction is found [31], defined in Fig. A.13 as D−2SCC. This SCC is equal
to SCC = LHcos(OA) as deducted using Fig. A.13. Applying this correction two times to the asbuilt FTs, using
a printed layer height of LH = 60 µm, and comparing this to the designed FTs, yields the ratios displayed in
Fig. A.12b. Now, the corrected, measured FTs of CAFPs with an OA of 40°match the designed FTs, and CAFPs
with OAs of 45° and 50° are printed slightly thicker than designed.

type 1 2 3 4 5 6 7 8 9
OA 40° 40° 40° 45° 45° 45° 50° 50° 50°

FT [µm] 200 250 300 200 250 300 200 250 300
PT [µm] 311 389 467 283 354 424 261 326 392

Mean asbuilt FT [µm] 283 346 392 306 373 395 308 355 403

Table A.3: Overview of the nine CAFP types and their corresponding parameter and measured data.
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Figure A.12: Asbuild FT and corrected asbuild FT compared to designed PT and FT respectively.
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Figure A.13: Visual interpretation of the SCC, dependent on overhang angle OA and printed layer height LH. This means the effective
thickness is D − 2 × SCC for a measured thickness of D.
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Using the asbuilt FTs and corrected, asbuilt FTs found, the stiffness of each CAFP is modelled, using the
material properties of the Z oriented tensile specimens. The results of comparing these respective models to the
measured stiffness of each CAFP, are shown in Figs. A.14 and A.15 respectively. All data when using the as
built FTs is overpredicted at least two times, and the thinnest specimens (type 1, 4 and 7) by at least a factor 6.
This indicates not all the printed material necessarily contributes to a feature’s stiffness and while the ratio and
normalized RMSE for the CAFPs with a FT of 0.20 mm and an OA of 45° are slightly improved, the agreement
between experiments and model has become worse for the remaining CAFPs. Concluding, the stiffness models
using designed and corrected, designed FTs provide the most reliable stiffness modelling.
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Figure A.14: Two measures indicating difference between FEM and measured data of each specimen type, using Z data and asbuilt FT.
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Figure A.15: FEM and measured data comparisons of forcedisplacement relation for each CAFP type, using measured, corrected FT.
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FT spec 1 [µm] FT spec 2 [µm] FT spec 3 [µm] FT spec 4 [µm] Mean [µm] ± Std [µm]
Type 1 293 260 296 285 283 ± 14
Type 2 346 341 345 351 346 ± 3.6
Type 3 392 388 392 398 392 ± 3.5
Type 4 313 290 301 319 306 ± 11
Type 5 372 371 374 375 373 ± 1.6
Type 6 402 399 383  395 ± 1.6
Type 7 302 307 310 312 308 ± 3.7
Type 8 360 349 354 357 355 ± 4.1
Type 9 400 407 394 410 403 ± 6.4

Table A.4: Measured flexure thickness of each specimen, sorted by type.
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Topology optimization and local redesign

B.1. Standard optimization scheme

Initialization

Density filter, Eq. (3.4)

x

Material penalization (modified SIMP), Eq. (3.3)

x̃

Construct stiffness matrix Eq. (3.2)

𝐸(x̃𝑒)

Solve system Ku = f, Eq. (3.6)

K

Objective formulation

u, f

Volume constriant Eq. (3.5)

Sensitivity analysis, Eqs. (3.9) and (3.10)

𝑐 𝑓𝑣

Optimize using MMA
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, 𝜕𝑓𝑣𝜕𝑥𝑒

Convergence?
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Final design
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x = x𝑛𝑒𝑤

Figure B.1: Detailed computational flow for TO design with MMA.
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B.2. Fundamental local redesign optimization scheme

Initialization

Density filter, Eq. (3.4)

x

Material penalization (modified SIMP), Eq. (3.3)

x̃

Construct stiffness matrix Eq. (3.2)

𝐸(x̃𝑒)

Stiffness matrix unchanged domain

Combine matrices Eq. (3.15)

A
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Solve system Cu = f, Eq. (3.16)

C

Objective formulation

u, f

Volume constriant Eq. (3.5)

Sensitivity analysis, Eqs. (3.9) and (3.10)
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Optimize using MMA
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𝜕𝑥𝑒

, 𝜕𝑉𝜕𝑥𝑒

Convergence?

𝑥𝑛𝑒𝑤

Final design
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x = x𝑛𝑒𝑤

Figure B.2: Detailed computational flow for local redesign TO with MMA.
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B.3. Fundamental local redesign without density filter, additional results.

(a) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 135.8
and 𝑣𝑚𝑎𝑥=20%.

(b) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 100.1
and 𝑣𝑚𝑎𝑥=50%.

(c) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 93.78
and 𝑣𝑚𝑎𝑥=66%.

(d) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 90.13
and 𝑣𝑚𝑎𝑥=86%.

(e) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 7117.2
and 𝑣𝑚𝑎𝑥=20%.

(f) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 96.40
and 𝑣𝑚𝑎𝑥=50%.

Figure B.3: Results of fundamental local redesign of cantilever beams, without density filter.

Optimization result 𝑣𝑚𝑎𝑥 of redesign
domain Compliance 𝑐 # iterations

Optimization
time Time/Iteration

Fig. 3.4a 76% 91.58 58 14.2 s 0.25 s
Fig. B.3a 20% 135.8 +27 +6.5 s 0.24 s
Fig. B.3b 50% 100.1 +24 +5.5 s 0.23 s
Fig. B.3c 66% 93.78 +31 +7.4 s 0.24 s
Fig. B.3d 86% 90.13 +16 +3.8 s 0.24 s
Fig. B.3e 20% 117.2 +22 +5.6 s 0.24 s
Fig. B.3f 50% 96.40 +18 +4.4 s 0.24 s

Table B.1: Computational data of fundamental local redesign without density filter.
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B.4. Construction of stiffness matrix in fundamental local redesign.

1st optimization

Element selection

x𝑟𝑒𝑓

Modified SIMP and construct K

x𝑟𝑒𝑓,𝑢𝑛𝑐ℎ𝑎𝑛𝑔𝑒𝑑

2nd optimization

B

(a) Process flow to construct stiffness matrix B, without density
filter.

1st optimization

Density filter

x𝑟𝑒𝑓

Element selection

x̃𝑟𝑒𝑓

Modified SIMP and construct K

x̃𝑟𝑒𝑓,𝑢𝑛𝑐ℎ𝑎𝑛𝑔𝑒𝑑

2nd optimization

B

(b) Process flow to construct stiffness matrix B, with density fil
ter.

Figure B.4: Two approaches to construct stiffness matrix B of the unchanged design domain.

B.5. Fundamental local redesign filters
As explained in Section 3.2.4, density filtering of the reference design, happens before selecting the elements of
the unchanged design domain, as shown in Fig. B.4b. When this is performed the other way around, the filter
includes the empty densities and thus elements close to the interface get a lower value. An example is shown in
Fig. B.5a.

Another point of discussion is the filtering of the design variables of the second optimization step. The
filtering includes added edges of unchanged design domain, as shown in Fig. 3.5. In Fig. B.5b, the result of local
redesign without filtering including these edges can be seen. The arrows indicate filtering artefacts as explained
in Section 1.2.2.

(a) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 93.78
and 𝑣𝑚𝑎𝑥=76%.

(b) Final design x after local redesign of Fig. 3.4a, with compliance 𝑐 = 90.13
and 𝑣𝑚𝑎𝑥=76%.

Figure B.5: Results of fundamental redesign of cantilever beams, without density filter.
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B.6. Fundamental local redesign with density filter, additional results.

(a) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 184.3
and 𝑣𝑚𝑎𝑥=20%.

(b) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 113.4
and 𝑣𝑚𝑎𝑥=50%.

(c) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 102.9
and 𝑣𝑚𝑎𝑥=66%.

(d) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 98.16
and 𝑣𝑚𝑎𝑥=86%.

(e) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 152.4
and 𝑣𝑚𝑎𝑥=20%.

(f) Final design x̃ after local redesign of Fig. 3.6a, with compliance 𝑐 = 106.2
and 𝑣𝑚𝑎𝑥=50%.

Figure B.6: Results of fundamental local redesign of cantilever beams, with density filter.

Optimization result 𝑉max of redesign
domain Compliance 𝑐 # iterations

Optimization
time Time/Iteration

Fig. 3.6a 76% 100.0 58 14.2 s 0.25 s
Fig. B.6a 20% 184.3 +40 +9.8 s 0.25 s
Fig. B.6b 50% 113.4 +37 +9.2 s 0.25 s
Fig. B.6c 66% 102.9 +77 +19.1 s 0.25 s
Fig. B.6d 86% 98.13 +16 +3.9 s 0.24 s
Fig. B.6e 20% 152.4 +30 +7.9 s 0.26 s
Fig. B.6f 50% 106.2 +36 +8.5 s 0.24 s

Table B.2: Computational data of fundamental local redesign, with density filter.
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B.7. Local redesign with static condensation optimization scheme

Initialization of redesign domain

Density filter, Eq. (3.4)

x

Material penalization (mod. SIMP), Eq. (3.3)
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Construct stiffness matrix Eq. (3.2)

𝐸(x̃𝑒)
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Solve system Cu = f, Eq. (3.31)

C

Objective formulation

u, f

Volume constriant Eq. (3.5)

Sensitivity analysis, Eqs. (3.9) and (3.10)
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x𝑟𝑒𝑓

Figure B.7: Detailed computational flow for local redesign TO design with MMA and static condensation.
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B.8. Local redesign with static condensation of cantilever beam

(a) Final design x̃𝑟𝑒𝑓 after standard optimization of cantilever beam, with com
pliance 𝑐𝑟𝑒𝑓 = 100.0 and redesign domain in blue.

(b) Final design x̃ after local redesign with static condensation of Fig. B.8a, with
compliance 𝑐 = 100.0 and 𝑣𝑚𝑎𝑥=76%, corresponding to the volume in (a).

(c) Final design x̃ after local redesign with static condensation of Fig. B.8a, with
compliance 𝑐 = 102.9 and 𝑣𝑚𝑎𝑥=66%.

(d) Final design x̃ after local redesign with static condensation of Fig. B.8a,
with compliance 𝑐 = 98.13 and 𝑣𝑚𝑎𝑥=86%.

Figure B.8: Results of local redesign of cantilever beams, with static condensation.

B.9. Local redesign with static condensation of force inverter, additional
results.

(a) Final design x̃𝑟𝑒𝑓 after optimization of a compliant force inverter, with
𝑢𝑜𝑢𝑡 = 0.983 and 𝑣𝑚𝑎𝑥=44%.

(b) Final design x̃𝑟𝑒𝑓 after optimization of a compliant force inverter, with
𝑢out = 1.002 and 𝑣𝑚𝑎𝑥=64%.

Figure B.9: Results of local redesign with static condensation of compliant force inverters.
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B.10. Refined local redesign with static condensation optimization scheme
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Figure B.10: Detailed computational flow for refined local redesign TO design with MMA and static condensation.
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B.10.1. Refined local redesign of a compliant force inverterwithoutmultipoint constraints.
The refined local redesign method described in Section 3.4 is applied to the same CM shown in Fig. 3.8, but
without use of MPCs. A 10×10 sized domain is redesigned while conserving the original volume fraction of
that area, 54%. Three results, with increasing refinement ratios of 2, 3, 4 and 8 are shown in Fig. B.11. For an
increasing ratio, the number of elements evaluated increases with this ratio squared. An overview of objective
values and computational time for each design is give in Table B.3.

(a) Final design x̃ after refined local redesign with refinement ratio 𝑟fine = 2
and 𝑢out = 1.009.

(b) Deformed final design with refinement ratio 𝑟ref = 3 and 𝑢out = 1.008,
white spacing can be seen between interface elements at dependent interface
nodes.

(c) Final design x̃ after refined local redesign with refinement ratio 𝑟fine = 4
and 𝑢out = 1.007.

(d) Final design with refinement ratio 𝑟ref = 8 and𝑢out = 0.998, edge elements
not connected via principal interface nodes are void.

Figure B.11: Results of refined local redesign with static condensation of compliant force inverters, with a 54% 𝑉max.

Optimization result Refinement ratio
𝑟fine Displacement 𝑢out # iterations

Optimization
time Time/Iteration

Fig. 3.9b 1 1 +18 +0.297 s 0.017 s
Fig. B.11a 2 1.009 +100 +9.38 s 0.094 s
Fig. B.11b 3 1.008 +120 +13.8 s 0.11 s
Fig. B.11c 4 1.007 +113 +49.0 s 0.37 s
Fig. B.11d 8 0.998 +143 +239 s 1.7 s

Table B.3: Computational data of refined local redesign of a compliant force inverter, without MPCs.

For the designs with a higher refinement ratio, part of the elements at the edge are not connected to any princi
pal interface node. A consequence of this is highlighted in Fig. B.11d. Elements not connected to the unchanged
domain via principal interface nodes have a slightly lower density (grey color instead of black), probably because
they contribute less to the structural performance of the mechanisms. Another consequence of disconnected nodes
is highlighted in Fig. B.11b. Here, the deformed mechanism is shown, and nodes not directly connected to nodes
of the unchanged domain, do not follow the displacement of the unchanged element.
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B.11. Robust, refined local redesign with static condensation optimization
scheme
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Figure B.12: Detailed computational flow for robust, refined local redesign TO design with MMA and static condensation.
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B.11.1. Optimization result of robust design of whole domain of CM design case.
The figure below shows the optimization result when applying the robust formulation to the whole design domain.
The horizontal displacement of the upper most right node is 𝑢𝑖𝑜𝑢𝑡 = 0.995 for and output displacements for the
eroded and dilated designs are 𝑢𝑒𝑜𝑢𝑡 = 0.982 and 𝑢𝑑𝑜𝑢𝑡 = 1.069 respectively. For all three designs, the cross
sensitivity constraints are satisfied.

Figure B.13: Intermediate projected densities of robust optimization after 300 iterations of CM design case.

B.11.2. Additional results of robust, refined local redesign with static condensation.
Using the robust formulation of Eq. (3.51), a hinge region of the CM case study is redesigned. The volume con
straint in this problem is imposed on the dilated design. When it is imposed on the intermediate design however,
the superfluous material occurs in the dilated design. An example of this is shown in Fig. B.14c. The output
displacements of this and its corresponding eroded and intermediate design are 𝑢𝑒𝑜𝑢𝑡 = 1.006, 𝑢𝑖𝑜𝑢𝑡 = 1.006 and
𝑢𝑑𝑜𝑢𝑡 = 1.005. The eroded and intermediate designs are shown in Fig. B.14a and Fig. B.14b respectively, and
the optimization time of 300 iterations is 97.7 seconds; 0.33 per iteration, about 1.2 times faster than the robust
redesign with its dilated design volume constrained.

(a) Closeup of eroded projected densities of re
design region, with robust formulation.

(b) Closeup of intermediate projected densities
of redesign region, with robust formulation.

(c) Closeup of dilated projected densities of re
design region, with robust formulation.

Figure B.14: Closeups of eroded, intermediate and dilated designs with robust formulation and volume constraint on the intermediate design.
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B.12. Refined local redesign with static condensation and AM filter opti
mization scheme

Initialization of redesign domain

Density filter, Eq. (3.4)

x

AM filter

x̃

Heaviside filter Eq. (3.47)

𝜉𝜉𝜉

Material penalization (mod. SIMP), Eq. (3.3)

x̂

Construct stiffness matrix Eq. (3.2)

𝐸(x̂𝑒)

Apply MPC; K̂ = TTAT

A

Combine matrices

K̂

Solve system Cu = f, Eq. (3.31)

C

Objective formulation

u, f

Volume constriant Eq. (3.5)

Sensitivity analysis, Eqs. (3.9) and (3.10)

𝑓 𝑉

Optimize using MMA

𝜕𝑓
𝜕𝑥𝑒

, 𝜕𝑉𝜕𝑥𝑒

Convergence?

x𝑛𝑒𝑤

Final design

yes

no

x = x𝑛𝑒𝑤

Static condensation of B

B𝑟𝑒𝑑, f𝑟𝑒𝑑

Mod. SIMP and construct B

B

Element selection

x̃𝑟𝑒𝑓,𝑢𝑛𝑐ℎ𝑎𝑛𝑔𝑒𝑑

Density filter

x̃𝑟𝑒𝑓

1st optimization

x𝑟𝑒𝑓

Figure B.15: Detailed computational flow for refined local redesign TO design with AM filter.
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B.12.1. Optimization result of whole domain of CM design case with AM filter.
Two results of optimization of Fig. 3.13a with AM filter are shown in Figs. B.16a and B.16b. Since only the
trivial, empty solution is found when using an additional Heaviside filter, both designs include regions with
intermediate densities, exploiting these regions as cheap support material. Performance of both designs can be
found in Table B.4.

(a) Printed densities 𝜉𝜉𝜉 after optimization with AM filter with a rightto
left build direction.

(b) Printed densities 𝜉𝜉𝜉 after optimization with AM filter with a topto
bottom build direction.

Figure B.16: Printed densities 𝜉𝜉𝜉 of optimization with AM filter after 300 iterations of CM design case.

Optimization result
Orientation

Displacement
𝑢𝑜𝑢𝑡

Displacement
𝑢𝑐𝑜𝑛

Optimization
time Time/Iteration

Fig. B.16a East 0.985 0.0433 860 s 2.9 s
Fig. B.16b North 0.606 1.247 1018 s 3.4 s

Table B.4: Computational data of refined local redesign with AM filter, static condensation and MPCs.
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B.12.2. Optimization result of whole domain of CM design case with stress constraint.

(a) Dimensionless Von Mises stress for physical densities > 0.5 without
stress constraint.

(b) Dimensionless Von Mises stress for physical densities > 0.5 with
𝜎lim = 0.5𝜎max.

Figure B.17: Von Mises stress for physical densities > 0.5 with and without stress constraint on whole design.

Optimization result Displacement
𝑢𝑜𝑢𝑡

Displacement
𝑢𝑐𝑜𝑛 # Iterations Time/Iteration

Fig. B.17a 1 0.00986 358 2.4 s
Fig. B.17b 0.985 0.0097 639 3.2 s

𝜎lim = 0.3𝜎max (No Fig.) 0.843 0.0847 728 3.1 s

Table B.5: Computational data of refined local redesign with stress constraints, static condensation and MPC.
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