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Preface
In August 1992 I finished my M.Sc. project in the research group 'Perceptual Acoustics', super
vised by professor Bilsen, at the faculty of Applied Physics in Delft. During my M.Sc. project
I worked in the field of psycho-acoustics, where I was initiated in the principles of human audi
tory perception. The primary issue in psycho-acouslics is establishing the relationship between
physical and perceptual characteristics of acoustical signals by performing subjective listening
tests. An important part of the work is the generation of test the signals, in which digital signal
processing plays an important role. This combination of subjective human auditory processing
and the generation of signals which can be measured objectively, I have always found attrac
tive.
In April 1992, professor Bilsen drew my attention to a Ph.D. project in the group of 'Seismics
and Acoustics' supervised by professor Berkhout. The subject of the project, 'Development of
a holographic array for direct sound enhancement', contained the ideal combination of subjec
tive and objective acoustics. So, in September 1992 I started with my Ph.D. study.
Thanks to Peter Vogei, my predecessor on the project, I got familiar with the new research field
very quickly. In the first year it became clear that in order to develop further the sound enhance
ment system Peter made, I had to go back to the 'roots' of wave field synthesis. This step back
finally proved fruitful and resulted in an optimized and more flexible solution for direct sound
enhancement by wave field synthesis. The results, which are hopefully very useful for other
wave field synthesis applications, are reported in this thesis.
There arc many people I worked with the last 5 years. First of all I would like to thank my pro
moter, professor Berkhout for supervising this thesis, his energy, stimulating ideas and fundraising efforts.
Especially I wish to mention the great contribution of my co-promoter Diemer de Vries. I am
very grateful for his conscientious reading of the manuscript and his comments. He always
helped me getting things done and I certainly appreciate his frankness in many matters.
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Also, T would like lo thank my 'room-mates' and 'colleque-sound-controllers', Antwan, Edwin,
Ivo, Jan-Jakob and Jaap. They all contributed to the pleasant working atmosphere in our sec
tion.
The contribution of several students to this thesis may not be forgotten. Thank you all: Vincent,
Ben, Menno and last but not least Chiel, who helped me a lot with the evaluation of the DSE
system and conducted the final listening tests.
It was always a pleasure to woik with my old group 'Perceptual Acoustics'. Especially 1 am
very grateful to Johan Raatgever for his advise and suggestions in the psycho-acoustical exper
iments.
Thanks to all the members of the staff. Leen and Edo for the computer support, Henry for the
technical support and of course Riaz, who assisted me with the preparation of the cover of this
thesis.
Finally, I want to thank my parents and Carlien for their love and support, and all my friends
who helped me and make life fun. I love you all.
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1
introduction to wave field
synthesis
In the last decades the application of electro-acoustical systems in enclosures, especially sys
tems for speech enhancement, has assumed large proportions. Nowadays we shall hardly ever
find a meeting room of medium or large size or auditorium which is not provided with a public
address system for speech amplification.
The rapid development of micro-electronics, in particular the development of digital signal pro
cessors (DSP's), offered a whole new set of possibilities for acoustic control. These electroacoustic techniques allow a much simpler and more flexible variation of the acoustical
conditions than the variation of acoustics by architectural means, like demountable orchestra
shells, movable curtains, adjustable ceilings etc. The need for variable acoustics is given by the
fact that many halls, largely for economical reasons, are frequently used for very different kinds
of presentations, ranging from theatrical productions to various music performances.
However, the use of such systems does not mean that we can omit a careful acoustic design of
the room. Without knowledge of the acoustical factors that influence e.g. speech intelligibility
in a room, it is hardly possible to operate any acoustical system with optimal performance.
Moreover, the experience acquired in the last decades with the application of electro-acoustical
systems, extensively described by Ahnert (1993), shows that the generation of a natural sound
field is not untroublesome. A well known problem is the danger of mis-localization with the
use of public address systems. This means that listeners locate the sound sources at the loud
speaker positions instead of at their true positions on stage. A related problem is the difficulty
of creating a natural sound image with conventional sound reproduction systems in e.g. cine
mas, living rooms etc. A solution for these problems is given by the wave field synthesis con
cept, introduced by Berkhout (1988). Application of this principle in acoustics offers
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unprecedented opportunities in sound control: direct sound enhancement, variable reverbera
tion and sound reproduction.
In this thesis the design trajectory, including a physical and psychoacoustical evaluation, of a
direct sound enhancement system based on wave field synthesis is described. The present work
is a continuation and optimization of the work done by Vogel (1993}.

1.1 The Huygens principle
First, a short historical overview will be given of the relevant theories which form the basis of
the wave field synthesis concept.
According to the Huygens principle, formulated as early as 1690, each element of a wave front
may be regarded as the center of a disturbance which gives rise to a secondary spherical wave
front. Moreover he stated ihaithe position of the full wave front at any later time is the envelope
of all such elementary wave fronts, as shown in figure 1.1. A point source H\ positioned in a

c(/+Ar; ; i
*" ' i

. _ «•

X
Figure l.J:

Schematic representation

of the Huygens

v
principle.

homogeneous medium, emits a spherical wavelet and X is the instantaneous position of the
spherical wave front with radius cr at a time r, where c is the speed of sound. In the Huygens
principle each point Mof S i s considered as a secondary source emitting a spherical elementary
wave front. At time t+At the wave front X' is the envelope of the secondary wave fronts with
radius cAr.
Fresnei, in 1818, supplemented this principle with the postulate that the secondary wave fronts
mutually interfere. This combination of Huygens' construction with the principle of interfer
ence is called the Huygens-Fresnel principle.
With the Huygens principle in mind, it seems possible to calculate the wave field of the source
l
P by placing a distribution of secondary sources on the wave front X, each driven with a signal
that is related to the local vibrations on X.
This idea was put on a mathematical basis by Kirchhoff in 1882, who showed that the HuygensFresnel principle may be regarded as an approximate form of a certain representation theorem,
which stales that at any receiver point within a source-free volume V, the sound pressure, due
to sources outside V, can be calculated if both the sound pressure and its gradient are known on
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fields

the surface S enclosing V. This theorem also shows that each point on S contributes as a sec
ondary dipole driven with the sound pressure at that point, and simultaneously as a secondary
monopolc, the strength of which is proportional to the gradient of the sound pressure (i.e. the
normal component of the particle velocity).
If the surface 5 degenerates to a infinite plane surface, separating the receiver area from the
source area, Kirchhoffs theorem can be transformed to the so-called Rayleigh theorems. In this
case only knowledge of the sound pressure or the normal component of the particle velocity is
required, yielding only a dipole or rnonopole distribution on the surface S.

1.2 Synthesis of sound fields
Based on Kirchhoffs and Rayleigh's representation theorems, Berkhout (1988) introduced the
concept of wave field synthesis in acoustics. Berkhout proposed to synthesize an acoustic wave
fieldby actually driving a real secondary monopolc or dipole source distribution on a plane with
the appropriate signals as defined by Rayleigh's theorem. In practice the sound pressure of a
primary source 4>, recorded by pressure microphones at a certain plane z=z$, could be re-radi
ated by loudspeakers having dipole characteristics, as indicated by figure 1.2. In this way the
z=z$

listenei

Primary wave field

Figure 1.2:

Illustration

Synthesized wave field

of the basic principle of wave fields synthesis.

wave field of the primary source is synthesized with full conservation of its temporal and spatial
properties. The arrays of transducers used for recording and synthesis of the wave fronts can
also be placed in planes with different coordinates z^ and z$, as shown in figure 1.3. In this case
the microphone signals recorded at the plane z-2 jW a r e extrapolated numerically with an oper
ator W to the loudspeaker plane z=z$When this process is carried out in real time, i.e., it is done simultaneously with the generation
of the direct sound of the primary source, it means direct sound enhancement. The wave field
on the plane z=z^ could also be recorded first and reradiated at a later time and/or in a different
space, in which case it means sound reproduction.
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Primary wave field

Figure 1.3:

Generalization
emission,

of figure 1.2; wave field

the wave field is extrapolated

loudspeaker

Synthesized wave field
emission

and recording

with an operator

in a different

W from the microphone

plane.

Before

array to the'

array.

Though the principle of wave field synthesis is quite simple, the practical realization is much
more complicated, as will become evident in the next chapters.

1.3 Recording of source signals
In the basic processing schemes of figure 1.2 and 1.3 both the temporal and the spatial proper
ties of the primary wave field are recorded with the microphone array. In a theater or concert
hall situation, the primary wave field is the superposition of the wave fields of sound sources,
e.g., actors, singers and/or instruments. To enable an individual processing and manipulation
of each source signal, each source signal should be recorded separately. As a result, the source
signal is decoupled from the spatial properties of the sound field.
When the posilions of the primary sources are known and when we make assumptions about
the directivity characteristics of the primary sources, the loudspeaker driving signals can also
be calculated. Often, the sound sources will be represented by monopole sources, which means
that they are assumed to have omni-directional characteristics. However, any desired directivity
may be included. In addition, each recorded source signal can be assigned to a so-called
notional source at the corresponding primary source position.
Basically three different strategies for the primary source position can be used:
• Use of a priori knowledge of the source positions combined with close-miking.
• Application of directional microphones (or microphone arrays) which each cover a certain
part of the source area (remote-miking).
• Close-miking integrated with a suitable source tracking device.
Each of these techniques will be explored 'm this thesis.

1.4 The localization problem
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1.4 The localization problem
An optimal public address system, if not used for special effects, should be implemented in
such a way that its operation does not disagree with the usual natural acoustical perception.
Therefore, attention must be paid to the following issues (Ahnert, 1993):
• The sound pressure level should be adjusted to the surroundings (background noise).
■ The frequency response of the system should ideally be frequency independent in the fre
quency range of interest.
• Nonlinear distortions should remain below an acceptable level. The audibility of nonlinear
distortions depends strongly on the frequency span of the original signal.
• The equipment should have a sufficiently large dynamic range and a low noise level.
• Acoustical feedback, which may lead to unwanted coloration and eventually to instability,
must be reduced to acceptable proportions.
• The visual and acoustical localization of the sound sources should coincide.
The first five requirements all apply to the temporal properties of the amplified sound, and can
be solved by common technical measures. The localization issue, however, which relates to the
spatial properties of the emitted wave field, is not solved fundamentally in conventional public
address systems.
To avoid false localization cues, many public address systems make use of the so- called 'Haas
effect', 'law of the first wave front' or 'precedence effect'. Due to (his psychoacoustic effect,
the localization of a sound source is dominated by the first arriving wave front which is leading
one or more wave fronts from other directions (see Haas, 1951; Gardner, 1968). In e.g. the
Delta Stereophony System (DSS) delays are applied such that the loudspeaker signals arrive
later at the listener than the actual source signal: the loudspeaker signal is perceived as pseudodirect sound (Ahnert, 1986).
When the echo delay exceeds the echo threshold, the sound image breaks up in two separate
parts. It has been shown that the echo threshold strongly depends on the type of stimulus
employed. For speech of average speed the echo threshold is about 20 ms, while for a single
click or brief noise burst the threshold decreases to 2-5 ms.
Even with the proper time delays (2-20 ms), the precedence effect only occurs if the leading
wave fronts of the primary source and the wave fronts of the lagging loudspeakers are not too
different with respect to orientation and loudness.
Other drawbacks of the precedence effect have been discussed by Blauert (1983) and Zurek
(1987) and can be summarized as follows:
1. The presence of the lagging source is quite detectable. It results in a change of the loudness
(which is not undesired in a public address system), spaciousness, and timbre of the per
ceived image.
2. Changes of the relative intensities of the primary sound and the indirect sound changes the
echo threshold.
3. There is some influence of the lagging source on the apparent source position. For slow
onset tones the precedence effect fails completely.
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A fundamental approach to the localization problem can be accomplished by designing a direct
sound enhancement system based on wave field synthesis. Unlike all existing methods, the
wave field synthesis solution is a so-called volume solution that generates an accurate repre
sentation of the original wave field in the entire listening space.

1.5 The state of affairs at the start of the present research
As mentioned above, the present research is a continuation and optimization of the work done
by Vogei (1993). Therefore, it is appropriate to give a short summary of his results.
In his thesis he argued that a high-quality electroacouslic syslem ibr (pseudo)direct sound and/
or reflections should be based on the concept of wave Held synthesis. The application of this
concept leads, at least theoretically, to electro-acoustically generated sound fields, that have an
arbitrarily close resemblance with natural sound fields.
Furthermore, it was made clear how the basic principle, described in section 1.2, could be
adapted for practical application in auditoria:
• The impractical planar loudspeaker distribution (planar loudspeaker array) was replaced by
a horizontal linear loudspeaker array. In this way the shape of the wave fronts remains unaf
fected in the horizontal plane through the linear array. A so-called 2'/2D operator was derived
for driving a linear array consisting of monopolc or dipole point sources.
• In order to reduce the number of microphones, the source area (i.e. the stage) was subdivided
into sub-areas, each covered by a directive microphone. Hence, any signal recorded by a cer
tain microphone can be assumed to be generated by a 'notional monopole source' in the cen
ter of the corresponding sub-area. Next, the driving signals for the loudspeaker array can be
calculated.
• Due to the limited number of channels that can be processed by the hardware, the continuous
and infinitely long linear array was sampled and truncated.
A prototype system was built, consisting of 48 loudspeakers, and 6 microphone inputs. The
hardware consisted of 3 DSP's for the required signal processing, which comprised a complete
matrix of weighted delay lines, connecting all microphone inputs to all loudspeaker outputs.
Listening tests in an anechoic room showed that the prototype syslem, with a spatial sampling
distance of minimally 0.11 m, can generate a monopolc source wave field in the horizontal
plane with a well defined source localization.
The prototype system has also been tested in the auditorium of the Delft University of Technol
ogy using six microphones to address the stage area. The experiments showed that a 5 dB(A)
level increase of the direct sound was possible, without any intolerable coloration due to acous
tic feedback. Due to this experiment, a first wave field synthesis system has been installed in a
theatre in Sweden (Malm0 Stadsleatcr).

1.6 Objective of this thesis
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1.6 Objective of this thesis
By the research, summarized in section 1.5, new insights and practical experience with a wave
field synthesis system had been gained. However, many topics remained to be explored deeper.
In contrast to the solid theoretical basis of the wave field synthesis concept, formulated by
Kirchhoff and Rayleigh, the operation of a system adapted to the practical requirements in a
(heater, was insufficiently understood.
Therefore, a main objective of the present thesis is to enlarge the knowledge and expertise of a
wave field synthesis system when applied in practical circumstances.
The design trajectory of a direct sound enhancement system based on wave field synthesis will
be described, and a physical and psychoacoustical evaluation of the system will be given.
Much of the expertise obtained with the development of the direct sound enhancement system,
(DSE system) can also be applied in other areas of sound control (sound reproduction and
reverberation control).
The thesis is set-up in a way parallel to the design trajectory. It starts with acoustical principles
of wave field synthesis, presented in Chapter 2.
After that, in Chapter 3. synthesis operators for line arrays in a 3D space are derived. Due to a
new approach, besides operators for straight line arrays, also operators for bent line arrays can
be derived.
In Chapter 4 the performance of continuous finite secondary source arrays is analyzed. Diffrac
tion theory plays an important role.
The next Chapter 5 is devoted to the performance of discretized secondary source arrays. It is
investigated under which conditions it is possible to achieve an accurate representation of the
desired primary wave field. To improve the performance of the system, the technique of spatial
bandwidth reduction applied to the synthesis of sound fields is introduced. It is shown that the
proposed method of spatial bandwidth reduction can be combined elegantly with the applica
tion of bent arrays.
Chapter 6, which is an intermezzo, deals with the psychoacoustic aspects of synthesized wave
fields. A preliminary investigation has been carried out, in order to determine the similarities
and differences between a synthesized wave field and the original wave field emitted by a
source. These measurements were done in an anechoic room.
Chapter 7 describes the implementation of the developed synthesis techniques in the DSE sys
tem. Two main elements of the DSE system are described: the recording part and the reproduc
tion part.
Finally, in Chapter 8 the DSE system is evaluated, both physically and psychoacoustically,
under several acoustic conditions.
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2
Acoustical principles of wave
field synthesis

In this chapter the theoretical principles of wave field synthesis are formulated. Most of the
acoustical relations used can be found in many textbooks on acoustics like Pierce (1981) or
Berkhout (1987). However, for the succeeding parts of this thesis it is useful to summarize the
most important results. It will be demonstrated that a given wave field in an arbitrary closed
volume can be exactly reconstructed by a suitable chosen source distribution. This phenomenon
is closely related to the Huygens principle of wave field propagation. The quantification of' the
Huygens principle, as formulated in the Kirchhoff-Helmholtz theorem and the Rayleigh theo
rems, will be discussed and illustrated with some examples.

2.1 Fundamental wave theory
2.1.1 The wave equation in a sourceless medium

In this section the two fundamental equations of linear acoustical wave theory are presented.
From these equations the wave equation will be derived. The medium considered is a homoge
neous and isotropic fluid, that is inviscid and non-fhermally conducting.
The law of conservation of mass states that the rate of change of mass inside an arbitrary vol
ume equals the net mass flux entering the volume. Expressed in acoustic field quantities the lin
ear approximation of the law of mass conservation for the fluid reads
\~p(r,

r) + p V - v ( r , t) = 0 ,

(2.1)
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in which the scalar p and the vector v are the acoustic pressure and velocity as a function of
position in scalar coordinates, r-(x,y,z)T, and t denotes lime. The quantities c and p stand for
the speed of sound and density respectively.
Secondly, the equation of motion gives the relation between the spatial variation of pressure
and the corresponding particle acceleration. The linearized form of this momentum conserva
tion law is given by
p | - v ( r , f ) + V/7(r,0 = 0 .
(2.2)
at
Combining the conservation expressions (2.1) and (2.2) gives the following scalar wave equa
tion:
1 ?i2
V2p(r,t)--^Lp(r,t)
c~dt-

= 0.

(2.3)

An identical relation can be given for each of the Cartesian components of the particle velocity
v.
The acoustic pressure/; and velocity v may be decomposed into monochromatic functions e/cu''
in which to stands for the angular frequency, by applying the Fourier transform defined by

P{to) = j piOc-J^'dt.

(2.4)

The inverse transform is given by

p(t)

= ~- \ PW&io'da .

(2.5)

Application of the Fourier transform (2.4) to the wave equation (2.3) results in
V 2 P(r, (M) + k2P(r, co) = 0 ,

(2.6)

the homogeneous Helmholtz equation, in which k represents the wavenumber given by to/c.
2.1.2 The inhomogeneous wave equation

The fundamental relations presented in the previous section all apply to a sourceless medium.
In order to have a general description of wave phenomena in presence of acoustical sources, the
fundamental equations have to be extended. Two basic: types of sources are distinguished: vol
ume sources and force sources.
The first type introduces a fluctuating volume flow into the medium, for example a radially pul
sating sphere. The equation of mass conservation can be rewritten for this situation in the fol
lowing form:

2.1 Fundamental wave theory

I!

~p(r,
0 + p V - v ( r , r ) = pq(v,t),
(2.7)
c~ot
in which q indicates the source strength density [1/s], and the product pq represents the rate of
mass introduction per unit volume.
The second source type acts as a fluctuating force per unit volume. In this case the law of con
servation of momentum can be adapted to
p4-v(r. r) + Vp(r, t) = f(r, t),
(2.8)
at
in which the vector fis the external force per unit volume.
Combination of these conservation equations (2.7) and (2.8) yields the inhomogeneous wave
equation (in a homogeneous medium)
V2p(r,/)JjL>(r,0 = V-f(r,f)-p|^(r,0.
(2-9)
c~at2
at
The analysis of this inhomogeneous wave equation is often more convenient in frequency com
ponents. Application of the Fourier transform gives
V2P(r, (a) + k2P(r, e») = V - F ( r , to) -jiapOir,

to),

(2.10)

which is called the inhomogeneous Heimholtz equation.
In order to solve the inhomogeneous Heimholtz equation (2.10) initial and boundary conditions
are needed. For an infinite homogeneous medium Sommerfeld's radiation condition holds,
which requires that merely outgoing waves are allowed. The outward propagation can be char
acterized by the two criteria (BIcistein, 1984)
lim r\~P{v,

<o)+jkP(r, to)

P(r, to) - o(-).

- 0

(2.11a)

(2Mb)

Here r is the radial distance measured from the finite domain containing the acoustical sources
to the observation position at r. The first criterion characterizes the direction of propagation
while the second criterion states that the solution must decay to zero at the rale of XI r as /- —> «, .
A special kind of volume source is the monopole, that can be described as a volume source at
r 0 with a source strength distribution given by
ö m (r,o>) - t / ( c o ) 5 ( r - r 0 ) ,

(2.12)

where U(&) represents the volume velocity of the source. The spatial delta function describes
the point source behavior, i.e.. a source strength that equals zero everywhere except at r 0 .
The solution of the inhomogeneous wave equation (2.9) for the free field boundary conditions
(2.1 la,b) with the monopole source term (2.12) is
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-V*|r-i

Pm (r|r n ,co) = 5((0)-

(2.13)

in which 5((0), given by
Po^(to)

5(a)) ~ /to-

(2.14)

4TT

represents the source spectrum. Note that the wave fronts are spherically symmetrical and prop
agate away from the source at iv, with propagation velocity c. An observer at position r receives
the source information retarded by travel time lr-r0l/c and attenuated by a factor proportional
to the distance.
The particle velocity V m (rlr 0 ,to) of a monopole can be found by inserting the expression for the
monopole pressure (2.13) in the momentum conservation equation (2.2)
S(to) 1 +Jk\r
Vm(r|rn,to) =
pc
y*|r-

'0 C

-Jk\r~ro\
(2.! 5)

with ir the unit vector pointing in the direction of r-r t

Figure 2.1:

Schematic representation of a dipoie source.

Another fundamental source is the dipoie (see figure 2.1). consisting of two monopolcs with
opposite source strengths locaied at a short distance IAr0l (IAr0i «X) from each other. So the
dipoie field equals
/Vr|r0,co) = Pra(r|rü

+

^,ü))-Pm(r|r0-^,co)

(2.16)

Expanding equation (2.16) in a Taylor series around r ( ) up to the first order (limit of small Ar 0 ),
yields the following dipoie field
P d ( r | r 0 , to) - Ar 0 ■ V ( ) P m (r|r 0 , 0)) - - A r 0 ■ V/> m (r|r 0 , co)

(2.17)

Note that the gradient V 0 is taken with respect to the source coordinates. Evaluating eq. (2.17)
by inserting the monopole wave field Pm yields
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i

'ii

i

-jkir-

r,J

f,(r|r0,OJ) = ^ ( ( u J l A r o l ^ r - ^ r j ^ c o s c p ^ r — - j (2.18)
[r~r0[
I
0|
in which 9 is the angle between the axis Ar 0 of the dipoie and the vector r-r 0 . Taking the gra
dient on both sides of the inhomogeneous wave equation (2.10) with merely the monopole
source term Qm in the right hand side term, followed by the dot product with -Ar 0 yields the
dipoie wave equation
V 2 P d ( r , to) + k2Pd(r,

co) = yü>PoAr0 ■ V Q m ( r , co)

(2.19)

By comparing the source term in eq. (2.19) to that in the inhomogeneous wave equation (2.10),
inserting eq. (2.12) and using eq. (2.14). the dipoie wave equation can be written as
V 2 /> d (r, to) + k2Pd(r, to) = V ■ F d ( r , co)

(2.20)

in which
F d (r,co) = 47t.5(co)S(r-r 0 )Ar 0

(2.21)

with S(co) as the source spectrum. So a dipoie is equivalent to a source of force, with the direc
tion of the force along its axis.

2.2 The Kirchhoff-Helmholtz integral
In this section the Kirchhoff-HelmhoU/ integral will be derived, which forms the basis of the
wave field synthesis concept. This integral is also called the representation theorem which gives
a general solution for the acoustic wave field inside a given volume V. The geometrical situa
tion for the following analysis is drawn in figure 2.2.

Figure 2.2;

Diagram of volume V enclosed by a surface S with a distribution of sources *F outside V.

The volume V, enclosed by a surface S with inward pointing unit normal vector n, lies inside
an unbounded homogeneous medium. The primary source distribution H* is located inside vol
ume V, the spatial complement of Vand S.
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The wave field P inside V, due to the source distribution 4* outside V, obeys the homogeneous
wave equation
V2P(r,ia)+k2P(r,0))

= 0

(2.22)

Suppose that inside V a monopole source at point R is located with a frequency independent
source spectrum S(tt>)= 1. Inside V the pressure field G of this monopole given by
„-J'*|r-r*|

G ( r ! r H , t ü ) - -, — Tr-,
'
r
|r
R\

(2-23)

which is the solution of the inhomogeneous wave equation
V2G(r\rR,

a > ) + r C ( r | i > , co) = - 4 j r ö ( r - r f l )

(2.24)

under free field boundary conditions. Such a solution G of eq. (2.24) with an elementary source
term is called a Green's function. The Green's function remains unchanged if the positions of
the source and observer are reversed, as can be seen in eq. (2.23).
G ( r | i > to) - G(rR\r, co).

(2.25)

This reciprocity principle is an important properly of the Green's function, and will be used in
the following derivation.
Multiplication of eq. (2.22) by G(r!r R ), eq. (2.24) by P(r), and subtracting the results yields
G(r|r / ; )V^(r)-/ J (r)V2G(rSr f i ) = 4nö(r-rR)P(r).

(2.26)

From this point we omit the indication of the angular frequency co for notational convenience.
Integration of eq. (2.26) over volume V gives

2

4TC

\[G(r\rR)V P(r)

- P(r)V^G(r\rR)}dV

=

P(rR)

forr^e V

jP(rR)

for rR on S

0

for r D e V

(2.27)

Application of the second theorem of Green with n the inward pointing normal vector
j(GV2P-PV2G)dV

- -§(GVSP-PVSG)

- ndS

(2.28)

v
s
and the reciprocity relation (2.25) results in the so called Kirchhoff-Helmholtz integral
P(rR)

4TC

G(rR\rs)VsP[rs)-r(rs)VsG(rR\rs)

■ndS

for rRe

V ,

(2.29)

in which r s denotes a point on the closed surface S. Further evaluation of eq. (2.29) by substi
tuting the Green's function of eq. (2.23) and using the equation of conservation of momentum
(2.2) yields

2.3 The Rayleigh integrals
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-jkAr

dS

s
1 + jkAr
4TC

for r D e V

-jkAr

e

Ar

(2.30)

dS

in which A/-=IArl=lrfi-rsl is the distance from a secondary source point rs at the surface S to the
reconstruction point r# inside V, and tp the angle between the vectors Ar and n. The KirchhoffHelmholtz integral (2.30) states that any wave field P due to sources outside V can be recon
structed inside V by means of a continuous distribution of monopoles and dipoles at the surface
S. The axes of the dipoles coincide with the inward pointing unit normal vector n. The strength
per unit area of the monopole source layer is proportional to the normal component of the par
ticle velocity ^ ( r ^ ) of the incident wave field, while the force strength per unit area of the
dipole source layer is proportional to the pressure P(r$) of the incident wave field. It should be
realized, that the secondary source layer of monopoles and dipoles on 5 gives a zero contribu
tion inside the primary source region V.
So far the monopole and dipole sources enclose the reconstruction volume V. However it is also
possible to turn the surface 5 'inside out' in order to enclose the primary source distribution *F.
The configuration for this situation is shown in figure 2.3. Again, the unit normal vector n is

Figure 2.3:

Diagram of volume V enclosed by a surface S with a distribution of sources 4* inside V.

pointing inward the reconstruction volume V. The Kirchhoff-Helmholtz integral for this situa
tion is also given by eq. (2.30).

2.3 The Rayleigh integrals
In order to simplify the Kirchhoff-Helmholtz integral it should be noted that the choice of the
Green's function is not unique. Since the Green's function G has lo obey eq. (2.24) inside V

2 Acoustical

principle's of wave Jield

synthesis

only, any convenient boundary condition on (parts of) S may be imposed. It would be interest
ing to find Green's functions such that either
V 5 G ( r 5 | i > , o>)-n = 0

rs on S

(2.33)

or
G(rs\rR,

CO) - 0

rs on S

(2.32)

is fulfilled. Condition (2.31) means that S acts as a perfectly reflecting rigid surface, which in
general yields a complicated expression for the Green's function G. Under condition (2.32) S
behaves like a perfectly reflecting free surface, which may yield a complicated expression for
VG ■ n . For the special case that S is a plane surface simple expressions for G and VG - n can
be found. Consider the geometry of figure 2.4.

A

/
Figure 2.4:

Diagram

v

of volume V enclosed by a plane surface SQ at z=zs and a spherical surface 5 | with a

radius r\. The distribution

of sources *¥ lies in the upper half- space

V.

The reconstruction volume Vis enclosed by a plane surface S0 and a spherical surface S{ with
radius r{. The sources of the acoustical pressure field P are situated in the upper half-space
(z<z$)- Letting the radius r, tend to infinity and applying Sommerfcld's radiation condition
(2.1 la.b) to boundary S h results in a zero contribution of the Kirchhoff-Helmholtz over S{ to
the pressure at R (Wapcnaar, 1989).
Now, the geometry of figure 2.4 can be modified into the configuration of figure 2.5. The pri
mary source volume (z<Zs) and the reconstruction volume (z>Zs) are separated by an infinite
secondary source plane at
Now. a Green's Junction has to be found for this geometry such that either condition (2.31) or
condition (2.32) is fulfilled. Since the surface 5 0 acts like a perfect reflector in both cases the
Green's function may be interpreted, in volume V, as being the wave field of two monopole
sources situated symmetrically with respect to S0. In order to satisfy the rigid boundary condi
tion (2.31) these two monopoles should have the same polarity. In this case the KirchhoffHelmholtz integral (2.29) may be replaced by

2.3 The Rayleigh

Figure 2.5:
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Diagram of a primary source distribution

in the half space z<Z.$ (tful an infinite secondary

source

plane So at z~Z<;-

Pir ]

*

=

~ik\

JIGi(r*K*)V>(r5)

-ndxsdys

for vR e V .

(2.33)

The Green's function G{ for this situation equals twice the free space solution (2.23) for G at
S0. Using the equation of conservation of momentum (2.2) integral (2.33) can be written as
-jkAr

P(F

^ = 2^//[

/CÜpV (r

- ^

d.Xrdx
S"- v 5

Ar

for

(2.34)

rR e V

which is called the Rayicigh I representation integral. It states that any wave field due to sources
in the half space V (z<z.s) can be reconstructed in half space V (z>Zs) by means of a continuous
distribution of monopoles at the surface 5 0 . The strength of each monopole is proportional to
the normal component (positive z-direction) of the particle velocity V.(r3) of the incident wave
field measured at the position of that monopole.
In order to satisfy the free boundary condition (2.32) the two monopoles should have opposite
polarity. In this case the Kirch ho IT-Helm hoi tz integral (2.29) may be replaced by

P(rR)

=

J- ƒ J[p(r,)V,Cn( r*lrs)

ndxsdys

"4TC

for

r„e V

(2.35)

The function V$Glf for this situation equals twice the free space solution for V^G at SQ. Inte
gral (2.35) can be written as

^>^JÏh^»

costp-

-jkAr

Ar

dxsdys

for

rRe

V

(2.36)
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which is called the Rayleigh II representation integral. It states that any wave field due to
sources in the half V space (2<zs) can be reconstructed in half space V (z>z$) by means of a
continuous distribution of dipole sources at the surface 5 0 , with their axes parallel to the normal
vector n. The strength of each dipole is given by the pressure P(rs) of the incident wave field
measured at the position of that dipole.
In contrast to the Kirchhoff-Helmholtz integral the Rayleigh integrals do not yield a null value
for points inside the domain of the primary sources. The wave field in the source domain may
be interpreted as being the reflection of the primary source wave field at the plane surface 5 0 .
The monopole distribution in the Rayleigh I integral acts like a perfect reflector with R - + 1 ,
while the dipole distribution in Rayleigh II acts like a reflector with R=-l.

2.4 2D wave field reconstruction
In section 2.2 il was shown that any wave field P can be reconstructed in a 3 dimensional
sourceless domain by enclosing the source domain (figure 2.2) or the receiver domain (figure
2.3) with a continuous distribution of secondary sources, according to the Kirchhoff-Helmholtz
integral. A degenerated case of such a closed surface is an infinite plane surface between the
source and the receiver domain (figure 2.5), in which case the Kirchhoff-Helmholtz integral can
be simplified, yielding the Rayleigh integrals. So, in order to reconstruct a primary wave field
f in 3 dimensions planar distributions of secondary sources are required.
The 3D versions of the Kirchhoff and Rayleigh integrals over a (closed) surface can be trans
formed to integrals over a (closed) line in 2 dimensions, which will be shown in the next sec
tions.
2.4.1 The 2D Kirchhoff-Helmholtz integral

Consider the special 3D geometry in figure 2.6. The reconstruction volume V is enclosed by a
cylindrical surface S0 perpendicular to the plane _y=0 and two plane surfaces 5j and SA at y-y\
and >'-->'] respectively.
The sources of wave field P are situated outside V in the plane y=0. The closed contour L is the
intersection of surface S(i and plane y=0. The contribution of the Kirchhoff-Helmholtz integral
over S\ and 5_, to the pressure at R vanishes if y, goes to infinity (Sommerfeld's radiation con
dition), yielding
-jkAr

P(rR) =

^jUpVn(rs)^
l fr
+ 4TUJ
7Z}\P(rsV)

dS0
for

-jkAr^

, 1 + JkAr
e
Y
A . coscp
*'
Ar
AA

dS(

rRe

V

(2.37)

2.4 2D wave field
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Figure 2.6:

Diagram
y-Yj

of volume V enclosed by a cylindrical

and v - - j | respectively.

The distribution

V

1 -

surface S{) and two plane surfaces St and S_\ at

of sources *F lies outside V in the plane

y~0.

For the 2D version of the Kirchhoff-Helmholtz integral it must be assumed that P and Vn are
independent of y. This means that ihe primary source distribution 4* is replaced by a primary
line source distribution. By integration over the v-axis, the secondary point sources on S 0 for
the 3D case can be transformed into secondary line sources perpendicular to the „r^-plane on L
for the 2D case. The wave field of a secondary monopole line source is given by
,Jine

rr(2), ( .

,

(2.38a)

Pm
=
-jnHy(kAr),
the wave field of a secondary dipole line source by
/>J,mc = ~jkKcosq>H\2\kAr)
2)

(2.38b)

{2)

The functions H(j and Hx represent the zeroth-order and first-order Hankel functions of the
second kind respectively. Now the Kirchhoff-Helmholtz integral can be written as
P(rR)

=

1

^yoypVn(rL){-JTiH^\kAr)}]dL
L

for
+

rR e D

(2.39)

~§[P(rL){-jkncos<pFj\2)(kAr)}]dL

in which the surface D is the area enclosed by contour L, as depicted in the 2D configuration of
figure 2.7.
Expressions (2.38a and b) can be approximated by an exponential function for
kAr»l
(Abramowitz et al., 1965), giving
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Figure 2.7:
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-jkAr

P

2n c
jk
JKr

line

„line

lJd

fz

-

(2.40a)
(

T7

«JlKjk

COS(p-

-jkAr

(2.40b)
Ar

wiiich are (he far field expressions for the pressure field of a monopole and a dipolc line source
respectively. Using these approximations eq. (2.39) can be written as
-jkAr~\

'*'*> = h

jtopV,,^)
LL

2rce
dL
jk jAr
for

rR e D

(2.41)

-jkAr

4K

P(rL)j2Tljk

cos(p-

JKr

dL

which is the far field approximation of the 2D Kirchhoff-Hclmholtz integral.
2.4.2 The 2D Rayleigh integrals

The 2D versions of the Rayleigh integrals can be derived in the same way as the 2D KirchhoffHclmholtz integral. Consider again the 3D geometry in figure 2.5. The 2D Rayleigh I integral
can be obtained by integration of eq. (2.34) over the y-axis, replacing the primary source by a
primary line source such that the integrand Vn is independent of y, yielding

P(rR)

-

JL j
2TU

\j(OpVn(xL){-JKf^-\kAr)}]dxL

The far field approximation (kAr»l)

of eq. (2.42) reads

for

-R ^ '-L

(2.42)
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r

*< *> = h Jf

jtopV,^)

2jie

-jkAn

jk JKr

dxL

for

(2.43)

zR >zL

Similarly, the Rayleigh II integral (2.36) can be transformed to a line integral by applying the
same integration procedure, giving

P(rR)

= ~j\P(xL){-jkncos(pH[2)(kAr)}]dxL

for

2K

The far field approximation (kAr»\)of

zR>

■I ■

(2.44)

eq. (2.44) is given by
-/Mn

r

" *> = 2 i J

P(rL)j2nJk

cos<p-

dxj

for

ZR>

?-i_ ■

(2.45)

Ar

The configuration for the 2D Rayleigh integrals is depicted in figure 2.8, in which the infinite

r

ij/

Z,

£

fe\,Ar

nf

Figure 2-8:

\

^

Z=ZR

2D diagram of a primary source distribution *¥ in the half plane Z<ZL and reconstruction point R
at z=zR in the half plane ZR>ZI_.

secondary source plane has SQ been replaced by an infinite secondary source line L at z-z^.

2.5 Examples of 2D wave field synthesis
In the previous sections the principles of wave field reconstruction have been presented. It has
been pointed out that an arbitrary wave field P due to a source distribution 4* can be recon
structed by means of a secondary source distribution consisting of monopoles and/or dipoles.
However, the source distribution V docs not need to be physically present in order to determine
the pressure P and the normal component of the velocity Vn at the secondary source positions.
The required secondary source strengths can also be calculated by pretending that a certain
desired notional source distribution is present. In this way the wave field of any notional source
(distribution) can be synthesized using a proper secondary source distribution.
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As an example the wave field of a monopole line source will be synthesized by two different
secondary source distributions. In the first example the wave field will be synthesized by a
monopole and dipoie line source distribution on a contour line. In the second example the same
wave field will be synthesized by means of a monopole line source distribution along an infinite
straight line parallel to the x-axis.
2.5.1 Reconstruction of a monopole wave field with the 2D Kirchhoff-helmholtz

Integra!

As an example consider the 2D situation depicted in figure 2.9. A notional monopole line

r/,/ r
n

©

"ÏAAr

©

©

D

z=zR

'R
L

0
-5.0

Figure 2.9:

-2.5

0
x(m)

2.5

5.0

Diagram of the geometry of a notional monopole line source ^Vm at T^=(-l,0) and a secondary
monopole and dipoie line source distribution along the 4 sides of rectangle L, numbered counter
clockwise from 1 to 4. The primary and the synthesized wave field are recorded at the line z=zK.

source at position I\JJ=(-1,0) emits a short pulse s(t) starting at t-0. The primary wave field/;,
which is the wave field we want to synthesize, recorded at the line z-zR is shown in the x-t dia
gram of figure 2.10a.
Next, it is attempted to synthesize the same wave field p by a secondary monopole and dipote
line source distribution along the 4 sides of the indicated rectangle, forming the contour L.
According to the 2D version of the Kirchhoff-Helmholtz integral (2.39) the wave field/? can be
reconstructed in area D enclosed by contour L if the pressure P],n& and normal velocity Vnlmc of
the notional monopole line source are known at contour L. In the frequency domain, the pres
sure P lliie at L is given by eq. (2.38a)
P]me(rL)

= -y7cS((0)//J,2)(ftr)

(2.46)

while the normal component of the particle velocity Vn
tion of momentum conservation (2.2) to eq. (2.46)

lmc

can be found by applying the equa

