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Abstract

Application of fiber-reinforced polymer (FRP) reinforcement in concrete beams

may cause large deflection and crack width, as well as low shear capacity and

ductility due to relatively small stiffness of FRP materials. To avoid these unfa-

vorable factors and evaluate the shear behavior of FRP-reinforced structural

members, a high-performance strain-hardening cementitious composite (SHCC)

is introduced to substitute conventional concrete in reinforced beams, and

four-point bending test is conducted in this study. Six FRP-reinforced SHCC

beams with different transverse reinforcement ratios and shear spans, as well as

one concrete reference beam, were tested. According to the test results, the

FRP-reinforced SHCC beam showed enhanced shear carrying capacity and

superior ductility compared with the concrete beams. The shear span to effective

depth ratio as well as the stirrup ratio has a great influence on the shear behav-

ior of FRP-reinforced SHCC beams, including the failure mode, load-carrying

capacity, crack propagation, and ductility. Finally, a simplified truss-strut model

for predicting shear carrying capacity of steel or FRP-reinforced SHCC beams is

proposed, and a good agreement is achieved with the experimental results.

KEYWORD S

ductility, failure mode, fiber-reinforced polymer (FRP) reinforcement, shear strength,
simplified truss-strut model, strain-hardening cementitious composite (SHCC)

1 | INTRODUCTION

To improve the durability of reinforced concrete (RC)
structures, the use of fiber-reinforced polymer (FRP) rein-
forcement appears to be very promising since they assure
a much higher corrosion resistance with respect to steel
reinforcement.1,2 However, due to the lower elastic mod-
ulus of FRP bars compared with that of steel, for the

same reinforcement ratio, FRP-RC member will exhibit
larger deflection and deeper cracks followed by larger
crack widths. Thus, the design of FRP-RC members is
usually governed by its serviceability limit state, with an
insufficient utilization of the material's strength.3,4

The lack of ductility is another inherent drawback of
FRP materials since they often fail due to brittle rupture
without inelastic deformation. To avoid the brittle rupture
of FRP bars in FRP-RC members, the over-reinforcing
concept has been well adopted, which ensures that com-
pressive failure of concrete takes place prior to the tensile
rupture of FRP.5,6 That means, the ductility of FRP-RC
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members relies on the nonlinear deformation of concrete
in compression zone. However, since concrete can exhibit
very limited deformation capacity under compression due
to its quasi-brittle behavior, poor ductility is always inevi-
table in FRP over-RC beams.

Poor shear carrying capacity is another problem for
FRP-RC members. Compared with steel bars, the low modu-
lus of elasticity of FRP reinforcement always leads to deeper
and wider cracks in RC members under shear, which
reduces the shear contribution from uncracked concrete and
aggregate interlock. In addition, the dowel action is also
weakened due to the limited transverse stiffness of FRP bars.
Finally, the overall shear capacity of FRP-RC members
would be lower than that of steel-RC members, and dense
stirrups are always required in their shear design.7,8

To overcome the aforementioned drawbacks of FRP-RC
members, replacing brittle concrete with strain-hardening
cementitious composites (SHCC) would be a promising
alternative.9,10 Different from normal concrete and other
types of fiber-RC, SHCC materials can exhibit a strain-
hardening and multiple cracking response under uniaxial
tension, with a remarkably high tensile strain capacity of 2%
to 5% (200–500 times than that of concrete) and typical
crack width ranging from 60 to 100 μm prior to peak
strength.11,12 When reinforcing SHCC with FRP bars, a com-
patible deformation can be achieved by preventing bond
splitting and cover spalling with a reduced interfacial bond
stress and relative slip.9,13,14 However, the outstanding defor-
mational capacity of SHCC can change the brittle failure of
FRP-RC members into a ductile one, along with a signifi-
cantly enhanced energy absorption behavior.9,10,13,15,16

Although there has been considerable research on the
flexural response of FRP-reinforced SHCC members, investi-
gations regarding their shear behavior are rare. Since the
shear behavior of reinforced structural member is greatly
influenced by the tensile properties of matrix, FRP-reinforced
SHCC would exhibit quite different shear resisting mecha-
nisms from that of concrete.17–30 To investigate the shear
behavior of FRP-reinforced SHCC beams, a set of four-point
bending tests was conducted. The influence of different
parameters (including matrix type, shear span, and transverse
reinforcement ratio) on the load-carrying capacity, deforma-
tion ability, and ductility are evaluated. Finally, the prediction
method of shear strength for both steel-reinforced SHCC
beam and FRP-reinforced SHCC beam is proposed separately
based on the truss and strut model.

2 | EXPERIMENTAL PROGRAM

2.1 | Material properties

The matrix of SHCC consisted of Ordinary Portland
Cement (P.O 42.5), fly ash, silica fume, fine sand with a

size ranged between 0.075 and 0.15 mm, water, cellulose,
and superplasticizer, as shown in Table 1. The polyvinyl
alcohol (PVA) short fiber with a diameter d of 39 μm,
length l of 12 mm, tensile strength ft of 1620 MPa, and
tensile elastic modulus E of 42.8 GPa is used with a frac-
tion of 2% in volume. The tensile stress–strain response
of SHCC was determined using panel specimen with size
of 150 mm � 150 mm � 40 mm, as shown in Figure 1.
According to the uniaxial tension tests, a remarkable
strain hardening response is achieved with ultimate ten-
sile strain approaching 3% at mean peak tensile strength
of 3.1 MPa, as shown in Figure 2. Commercial concrete
was used for the reference beam. Three SHCC and con-
crete cubes (150 mm � 150 mm � 150 mm) were pre-
pared from the same batch of beam fabrication and cured
under the same condition as beam specimens. The aver-
age compressive strength of SHCC and concrete were
tested to be 25.05 and 23.35 MPa, respectively, at the test-
ing day of beam specimens (41 days), following Chinese
National Standards GB/T 50107-2010.31 The basalt FRP
(BFRP) bars with diameters of 18 mm were used as ten-
sile reinforcement, which have an ultimate tensile
strength of 980 MPa and an elastic modulus of 40.5 GPa
according to the manufacturer. The deformed steel bars
with diameters of 20 and 8 mm were used as compressive
reinforcement and stirrups, respectively, with the yield
strength of 470 and 463 MPa. The steel rebars were used
for stirrups since stirrups made of FRP can exhibit signifi-
cant reduction in tensile strength due to the anisotropic
characteristics and kinking action of bending fibers,
which always leads to a premature failure near their
bending corners.32–34

2.2 | Specimen preparation

A total of seven beams were fabricated, including six
BFRP-SHCC beams and one BFRP-concrete counterpart
beam. The over-reinforcing concept was adopted for the
design of BFRP-reinforced beams, which means superflu-
ous BFRP reinforcement in tension zone was provided to
avoid the brittle rupture of BFRP bars.35,36 The size of
cross section was kept constant for all tested beams, with
210 mm in width and 300 mm in depth. All beams had a
150 mm overhang length beyond the supports on each
side to enhance the anchorage of rebars. Three different
lengths of 1700, 1900, and 2100 mm were designed to
investigate effects of different shear span-effective depth
ratios a=d, ranging from 2.07 to 2.82. Four types of trans-
verse reinforcement ratio were designed, including 0%,
0.24%, 0.32%, and 0.48%. The details of all specimens are
summarized in Table 2. Each specimen was identified by
a couple of letters and a number. The prepositive letters
“BRS” and “BRC” represent the BFRP-reinforced SHCC
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beam and BFRP-RC beam, respectively. The subsequent
numbers “100,” “150,” or “200” indicate the stirrup spac-
ing, and the beam without stirrups was represented by
“NS.” All these beams had a shear span of 650mm. For
specimens with extended shear span (750mm) or short-
ened ones (550mm), the characteristic letters “L” and “S”
were added respectively. For example, “BRS-L200” repre-
sents a BFRP-reinforced SHCC beam with an extended
shear span of 750mm and stirrup spacing of 200mm.
Unlike other beams, specimen BRS-100 was reinforced
with reduced longitudinal bars, which was designed to
exhibit a flexural failure instead of shear for comparison.

2.3 | Test setup

Since BFRP bars are type of brittle reinforcement, con-
ventional three-point bending test with a concentrated
load may cause stress concentration at the middle span of
beams, which can lead to the premature rupture of

longitudinal BFRP reinforcement. Thus, all beams were
tested under four-point bending, as shown in Figure 3.
The test was controlled by displacement through the elec-
tronic universal testing machine with the capacity of
1000 kN, and load was monotonically applied at a stroke-
controlled rate of 0.6 mm/minute until the ultimate fail-
ure (decreasing to 80% of peak load). One linear variable
differential transformer was employed to monitor the
mid-span deflection of the beam. All stirrups in shear
span were instrumented with strain gauges. The applied
load, displacements, and strain readings were synchro-
nously recorded during the test, using a data acquisition
system.

3 | EXPERIMENTAL RESULTS
AND DISCUSSION

3.1 | Load–deflection behaviors and
failure modes

3.1.1 | Specimens with different matrices

The load–deflection curves for beams and failure
modes of different matrices are shown in Figure 4a. No
matter for the concrete or SHCC specimen, the shear
compression failure took place, which meant the ulti-
mate shear strength was reached due to the crushing of

TABLE 1 Mix proportion of SHCC (kg=m3)

Cement Fly ash Silica fume Sand Water Cellulose Superplasticizer Fiber

221.9 832.1 55.5 554.8 310.7 0.8 3.5 21.5

FIGURE 1 Uniaxial tensile tests of SHCC. SHCC, strain-

hardening cementitious composite
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matrix in compression zone. Although the SHCC mate-
rial has lower elastic modulus than concrete due to the
absence of coarse aggregate, when reinforced with the
same configuration of reinforcement, both of them
exhibited similar stiffness before the peak load. In the
concrete beam BRC-150, the first shear crack generated
from the mid-height of beam section and then
extended to both loading and supporting plates at an
inclination of about 45�. Some splitting cracks were
also observed along the longitudinal BFRP bars when
the shear crack reached to the bottom of beam. Differ-
ent from several major inclined shear cracks in con-
crete, a large number of multiple fine cracks were
observed in SHCC before the localization of critical
shear crack. After the ultimate shear strength was
reached, the applied load showed a slight drop and
then a ductile deformation plateau was achieved.
Despite the absence of coarse aggregate interlock
across cracks, such a ductile deformation plateau could
be obtained through the friction between rough crack-
ing surfaces, fiber bridging across cracks as well as the
contribution from larger ultimate compressive strain of
SHCC in shear compression zone. Finally, the shear-

carrying capacity and deflection at the ultimate failure
(defined once the load dropped to 80% of peak load)
were increased by about 10% and 42%, respectively,
when substituting concrete with SHCC for BFRP-
reinforced beams. Besides this, the beam fabricated
with SHCC exhibited a saturated cracking pattern
between the support and loading point, as shown in
Figures 4a and 5a, indicating a much better energy dis-
sipation capacity than specimen made of conventional
concrete in shear failure mode.

3.1.2 | Specimens with different transverse
reinforcement ratios

The load–deflection curves for specimens of different
shear reinforcement ratios are shown in Figure 4(b).
It should be noted that the specimen BRS-100 with
highest stirrup ratio was reinforced with only half the
longitudinal bars of others, which was initially
designed to exhibit a flexure failure instead of shear.
Therefore, the stiffness of BRS-100 was obviously
reduced when comparing with other specimens. For
other three beams reinforced with the same amount
of longitudinal BFRP reinforcement, their initial stiff-
ness was not influenced by different stirrup ratios.
However, when external load exceeded around
100 kN, the beam BRS-200 exhibited evidently higher
stiffness than other counterpart specimens due to its
postponed localization of critical shear crack, reveal-
ing a synergistic effect between the transverse rein-
forcement and SHCC matrix at a stirrup ratio of
0.24%. For the beam BRS-100 with highest stirrup
ratio but reduced longitudinal BFRP reinforcement,
more flexural cracks were observed and the diagonal
shear cracks tended to open and propagate more
quickly, resulting in an early localization of cracks in
the shear span. At the peak load, the critical shear

TABLE 2 Summary of tested specimens

Specimen Matrix

Shear span

a=d

Main Bar

Stirrup ρw(%)(mm) Compression Tension

BRC-150 Concrete 650 2.44 4C20 4C18 C8@150 0.32

BRS-NS SHCC 650 2.44 4C20 4C18 — 0.00

BRS-200 SHCC 650 2.44 4C20 4C18 C8@200 0.24

BRS-150 SHCC 650 2.44 4C20 4C18 C8@150 0.32

BRS-100 SHCC 650 2.44 2C20 2C18 C8@100 0.48

BRS-S200 SHCC 550 2.82 4C20 4C18 C8@200 0.24

BRS-L200 SHCC 750 2.07 4C20 4C18 C8@200 0.24

FIGURE 3 Test setup and specimen details (mm)
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crack had gone through the whole height of the shear
span. It resulted in quite small-uncracked compres-
sive zone for sustaining further deformation, and then

the ultimate shear failure occurred immediately in a
quite brittle manner although flexure failure was orig-
inally designed to happen.
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3.1.3 | Specimens with different shear spans

Figure 4c shows the load–deflection curves for the beams
with different shear span to depth ratios. Due to a lower
shear span to depth ratio, the stiffness of beam BRS-S200
was enhanced remarkably compared with BRS-200,
resulting in delayed formation of initial cracks. During
external loading, a set of inclined struts was formed with
multiple diagonal cracks extending from loading point
toward the support substantially. When the mid-span
deflection reached 18.0 mm, the peak load of 366.6 kN
was achieved due to the crushing of SHCC struts, which
exhibited the maximum load carrying capacity among all
the tested beams. When referring to the specimen BRS-
L200 longest shear span, more flexure-shear cracks could
be found along the shear span. After reaching its shear
strength, the applied load dropped a little and then kept
almost constant with increasing the deformation,
exhibiting a load––deformation plateau before ultimate
failure.

3.2 | Strain analysis of transverse
reinforcement

Shear transfer through transverse reinforcement is
known as the most important factor for improving the
shear carrying capacity of RC and R/SHCC beams. The
reinforcement configuration for all tested beams is out-
lined with dotted lines in Figure 4, and the strain

development of selected stirrups is exhibited in Figure 6.
Due to damage of strain gauges during beam casting or
loading, not all strain data were well collected, therefore,
only some specific gauges are selected to exhibit their
strain variation, which were marked as red points in
Figure 4.

For BFRP-RC beam BRC-150, strain of the selected
stirrup did not exhibit any obvious change until the exter-
nal load reached around 90 kN, as shown in Figure 6a,
revealing that all the shear load was only taken by con-
crete. However, different from concrete, the stirrups in
SHCC beam BRS-150 could take the shear load simulta-
neously with the SHCC matrix from the beginning. When
load reaching around 300 kN, a sharp increase of stirrup
strain was observed from 2180 to 2650 με, which indi-
cated the yielding of shear reinforcement. After that, the
stirrup strain kept almost constant with deflection
increasing, during which the deformation was concen-
trated in SHCC matrix in shear compression zone.

Figure 6b shows the stirrup strain development in
specimens with various stirrup ratios. With a stirrup ratio
of only 0.24%, the specimen BRS-200 exhibited the most
rapid development in the stirrup strain. When the load
reached around 280 kN, the yielding of stirrups occurred,
and the further increase in shear resistance is solely con-
tributed by the SHCC matrix. When reaching the peak
load, the strain of the shear reinforcement did not
increase anymore but kept almost constant. After a small
postpeak reduction, the shear resistance from SHCC
matrix stabilized and entered a long yield plateau at a

FIGURE 5 Crack pattern of (a) BRS-150 under ultimate failure; (b) BRS-NS under a load of 65 kN; (c) BRS-200 under a load of 320 kN;

(d) BRS-100 under a load of 90 kN
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deflection of about 23 mm, revealing that the good ductil-
ity of specimen BRS-200 was attributed to the stable defor-
mation and load-keeping of the SHCC matrix. For the
specimen BRS-100 with the highest shear reinforcement

ratio but reduced flexural reinforcement, the strain of the
stirrup started to increase until the load reached around
140 kN. After that, the stirrup strain increased rapidly
until the specimen finally failed. It gave evidence that
localization occurred immediately when the shear crack
was formed in specimen BRS-100. It was also found that
all selected stirrups yielded in SHCC beams with different
shear reinforcement ratios, indicating that SHCC beams
with smaller stirrup spacing should have a higher shear
contribution from transverse reinforcement. However, a
contradictory trend was found in their total shear carrying
capacity, and some other shear resistance components
would also be significant for the overall shear carrying
behavior of BFRP-reinforced SHCC beams, which will be
discussed further in the proposed analytical model.

Figure 6c compares the stirrup strain development in
beams with different shear spans. For specimen BRS-
L200 with the highest shear span to depth ratio, the
strain of the stirrup started to increase when the applied
load reached about 114 kN, indicating no shear crack
occurred in this stage. When the shear crack initiated in
the shear span, it opened and propagated quickly with a
rapid increase of stirrup strain, which resulted in yielding
of stirrup at a load of 190 kN. When the load reached
around 250 kN at a deflection of 16.7 mm, the stirrup
strain experienced a continuous decrease before final fail-
ure of the specimen, indicating a debonding between the
stirrup and the SHCC matrix. For the specimen BRS-
S200, the stirrup started to undertake shear force at a
load of 148 kN, which was quite later than the other two
counterpart beams. After that, the stirrup strain increased
quite slowly, and when the peak load was achieved, final
failure of the specimen occurred and the selected stirrup
did not yield yet.

3.3 | Ultimate shear strength and
ductility evaluation

To compare the ultimate shear strength of different speci-
mens, the nominal shear stress can be calculated as
follows:

v¼ V
bd

, ð1Þ

where V is the shear force at calculated section and bd is
the cross section area of beam specimens. It should be
noted that the shear force is only half of the applied load,
as shown in Figure 3. With this definition, the nominal
ultimate shear strength vu,exp of tested specimens was
obtained according to their ultimate shear force Vu,exp, as
listed in Table 3.
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Ductility describes the ability of material, element, or
structure to sustain inelastic deformation prior to col-
lapse without significant loss in load resistance. In gen-
eral, the ductility coefficient μ of RC members is
commonly expressed as the ratio of ultimate displace-
ment to displacement at yielding point, as follows:

μ¼Δu

Δy
, ð2Þ

where Δu is defined as the displacement at ultimate fail-
ure, and Δy is the displacement at yielding point of
members.

In this study, Equation (2) is utilized to calculate the
ductility coefficient of BFRP-RC members, and the yield-
ing state is defined as the point A through which the two
shaded parts showed in Figure 7 have equal areas. Based
on this definition, such an equivalent yielding point can
effectively be used to evaluate the ductility of BFRP-
reinforced SHCC or RC beams.

Table 3 summarizes of the calculated equivalent
yielding deflection Δy, the deflection at ultimate failure
Δu, and the ductility index μ for all specimens. The total
energy terms E obtained from the areas under the load
deflection curves before ultimate failure are also pro-
vided. Compared with specimen BRC-150, the ultimate
shear strength vu,exp and ultimate deformation Δu of BRS-
150 were increased by about 10% and 50% through the
utilization of SHCC material. Besides this, a significant
increase of 54% in the energy dissipation was found for
BRS-150, resulting from a high inelastic energy dissipa-
tion based on the unique multiple cracking behavior of
SHCC matrix. Among the SHCC specimens, it was found
that the ultimate shear strength vu,exp and ductility of
beam BRS-200, which had a transverse reinforcement
ratio of 0.24%, was about 1.4 and 1.28 times of those of
beam BRS-NS, respectively. It indicated that small shear
reinforcement ratio is helpful to increase the shear carry-
ing and deformation capacity of BFRP-reinforced SHCC
beams. In addition, since the existence of stirrups can

prevent a premature shear failure, the deflection of BRS-
200 at ultimate failure was 78.3% larger than that of BRS-
NS, resulting in an increase of 180% in energy dissipation
compared with specimen BRS-NS. Nevertheless, with
increasing the stirrup ratio beyond 0.24%, a degradation
of ultimate shear strength and ductility was found, pre-
senting an absonant effect between SHCC matrix and
stirrups, which has been mentioned earlier. For SHCC
beams of different shear spans, the short-beam BRS-S200
exhibited the maximum load carrying capacity among all
the tested beams. However, it showed relatively small
ductility due to an abrupt failure with a limited deforma-
tion, which should be avoided in member design.

4 | SIMPLIFIED TRUSS–STRUT
MODEL FOR PREDICTING SHEAR
CARRYING CAPACITY OF R/SHCC
BEAMS

There are two basic load resistance mechanisms in RC
members subjected to a combination of flexure and
shear: truss action and strut action (also called arch
action).37 As shown in Figure 8, in truss action, the rein-
forcement in compression and tension acts as the top and

TABLE 3 Experimental results of test beams

Specimen Vu,exp (kN) vu,exp (MPa) Δy (mm) Δu (mm) E (kN�m) μ Failure mode

BRC-150 144.4 2.29 13.2 24.0 5.00 1.82 Shear-compression

BRS-NS 120.3 1.91 11.2 16.1 2.52 1.43 Shear-tension

BRS-200 171.4 2.72 15.7 28.7 7.06 1.83 Shear-tension

BRS-150 158.2 2.51 17.1 34.0 7.72 1.99 Shear-compression

BRS-100 155.5 2.47 23.6 34.1 6.93 1.45 Shear-compression

BRS-S200 183.1 2.91 12.3 18.8 4.62 1.53 Diagonal-compression

BRS-L200 141.7 2.25 15.7 28.1 5.56 1.79 Shear-tension

FIGURE 7 Ductility index definition
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bottom chords separately, the stirrups act as transverse
ties, and the web concrete is discretized as a set of paral-
lel compressive struts with a characteristic inclined angle
φ, coinciding with the direction of principle compressive
stress. The shear in truss action is taken by the transverse
reinforcement as well as residual tensile stress perpendic-
ular to concrete struts, which can be represented by V s

and V t separately. Besides truss action, for beams with
low shear span-to-depth ratio, the load could also transfer
directly from the loading points to supports, labeled with
angle θ, which is named strut action here. In most situa-
tions, these two actions exist simultaneously in terms of
shear transferring of RC members.

4.1 | Basic assumptions

In this section, the truss–strut model will be adopted for
analyzing the shear transfer mechanism for reinforced
SHCC beams. Some basic assumptions are adopted to
simplify such analysis, as follows:

a. The inclination of compressive web struts should not
be the same at different sections and heights due to
combination of variable moment and shear force.
However, here we assume the inclination of these
web struts keeps constant at all sections and heights,
with a characteristic inclined angle φ.

b. The effective compressive strength of inclined SHCC
struts should be reduced due to multiaxial stress con-
ditions (existence of tensile stress in crossing stirrups)

and shear cracks. Due to lack of study on such reduc-
tion effect for SHCC, the strength reduction factor for
ordinary concrete proposed by EN code is also
adopted here for SHCC material,38 which needs more
study in the future:

μc ¼ 0:6 1� f c
250

� �
, ð3Þ

where μc is the compressive strength reduction factor,
f c is the compressive strength of SHCC (f c in MPa).

c. According to the test result as well as some other
experimental observations, the crack width of SHCC
matrix at peak shear load is ranging from 0.12 to
0.18 mm, which means tension softening has already
been reached.28 Therefore, only reduced residual ten-
sile strength could be taken into consideration for
truss action. A reduction factor of tensile strength for
SHCC matrix is introduced here:

f tr ¼ μtf t, ð4Þ

where f tr is the residual tensile strength and μt is the
reduction factor.

d. Hydrostatic nodes are assumed for strut action, which
means stresses on all faces of triangle strut nodes are
equal.

4.1.1 | Truss action

In truss action, the shear force is assumed to be carried by
yielding stress along stirrups and residual tensile stress of
SHCC perpendicular to inclined struts, as shown in
Figure 9. According to the equilibrium of free body shown
in Figure 9a,b, we can get the following equations:

V s ¼ bjtρwσwycotφ ð5aÞ

V t ¼ bjtμtf tcotφ ð5bÞ

V truss ¼V sþV t, ð5cÞ

where V s, V t, and V truss stand for the shear force under-
taken by stirrups, residual tensile stress of SHCC and a
summation of them separately. Other symbols can be
referred in the Notations.

For beams with low shear span to depth ratio or
reinforced with quite dense stirrups, the stirrups could
not yield, which means calculating shear component
from stirrups with Equation (5a) would overestimate its
real shear contribution. To prevent this, an examination

FIGURE 8 Two basic load transfer mechanism: (a) truss

action; (b) strut action or arch action

GU ET AL. 9



of the stress state for inclined SHCC struts is necessary.
Based on the free body equilibrium as shown in
Figure 10, we can derivate:

σc ¼ ρwσwy 1þ cot2φ
� �þμtf tcot

2φ, ð6aÞ

where σc is the compressive stress of SHCC inclined strut.
It could not exceed the compressive strength of crack
SHCC, so we have following limiting condition:

σc ≤ μcf c, ð6bÞ

when substituting σc with Equation (6a), we would have:

ρwσwy ≤
μcf c�μtf tcot

2φ

1þ cot2φ
: ð6cÞ

If this limiting condition could not be met, then the ulti-
mate failure would happen due to crushing of inclined
SHCC struts prior to the yielding of stirrups, the so-called
diagonal compression would take place. In such situa-
tion, the shear carrying capacity could be determined by
the following equation:

Vu ¼ cotφ
1þ cot2φ

bjt μcf cþμtf tð Þ: ð6dÞ

4.1.2 | Strut action

If stirrups yield in truss action and the compressive stress
of SHCC strut has not reached its ultimate strength, the
SHCC web could continue to undertake the further
increase of shear force, during which the strut action
comes into play. Here by ignoring the difference in incli-
nation of struts between truss and strut action (θ≈φ),
we get:

σcþσa ¼ μcf c, ð7aÞ

β¼ σc
μcf c

¼ ρwσwy 1þ cot2φð Þþμtf tcot
2φ

μcf c
, ð7bÞ

σa ¼ μcf c�σc ¼ 1�βð Þμcf c, ð7cÞ

where σa is the compressive stress of inclined SHCC
struts induced by strut action, and β is the proportion of
shear contribution from truss action.

The strut action transfers shear load through a combi-
nation of inclined compressive strut, nodes, and horizon-
tal tensile ties, as shown in Figure 11a. Since hydrostatic
nodes are assumed, all faces have equal compressive

FIGURE 9 Two shear components in truss action:

(a) transverse reinforcement; (b) residual tensile stress of SHCC

matrix

FIGURE 10 Free body equilibrium of stirrup and inclined

SHCC struts. SHCC, strain-hardening cementitious composite
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stress, and the shear load transferred by strut action
should be determined by following equation:

V strut ¼ σabxplate, ð8aÞ

where V strut is the shear load undertaken by strut action,
and xplate is the length of bearing plate. However, V strut

could not always increase with larger bearing area, the
bearing length of hydrostatic nodes would be limited by
shear span to depth ratio, which could be illustrated by
Figure 11b. According to the geometrical limiting condi-
tion, we can have following relationship between beam
size and actual bearing length39:

x0 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2þD2

p
�L

2
, ð8bÞ

x0 ¼min xplate,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2þD2

p
�L

2

 !
, ð8cÞ

V strut ¼ σabx0, ð8dÞ

where x0 is the effective bearing length of the hydrostatic
nodes.

4.1.3 | Superposition of two shear
transferring actions

Based on preceding derivation, we can now have the total
shear carrying capacity of reinforced SHCC beams, as
follows:

Vu ¼V trussþV strut, ð9Þ

where Vu is the ultimate shear carrying capacity of
reinforced SHCC beams, and Figure 12 exhibits the flow
chart for calculating Vu.

4.1.4 | Verification of tested R/SHCC beams

To verify the validity of aforementioned truss–strut
model for predicting shear carrying capacity of R/SHCC
Beams, another 19 SHCC beams reinforced with steel
rebars from the literature are also included, for which
shear failure was found. All collected beam information
is listed in Table 4. There are two important parameters
when applying truss and strut model to predict shear
strength of reinforced SHCC beams, the reduction factor
of tensile strength for SHCC matrix μt and inclined angle
of compressive web struts φ. It should be noted that the
inclination φ should be in alignment with the direction
of principle compression stress in webs, which is always
smaller than the inclination of shear cracks due to shear
transfer along cracking surface. However, such difference
would be ignored in this analysis and inclination of criti-
cal shear crack is just taken as φ, which can be found in
Table 4. According to the collected shear strength and
crack inclination, we can now calculate the residual ten-
sion factor of SHCC μt reversely according to the scheme
of Figure 12, which is also listed in Table 4.

Figure 13 gives out the relationship between residual
tension factor μt and shear span to depth ratio a=d, longi-
tudinal reinforcement ratio ρl as well as stirrup ratio ρw
for both steel-reinforced SHCC beams and BFRP-
reinforced ones. It can be found that the residual tension
factor μt decreases with the increase of shear span to
depth ratio, no matter for steel or BFRP-reinforced SHCC
beams. When comparing steel-reinforced beams with dif-
ferent longitudinal reinforcement ratio, we can find a
positive correlation between μt and ρl, which means con-
figuring more longitudinal rebars could limit the critical
shear crack width and increase residual tensile stress
along the truss web. When referring to transverse rein-
forcement ratio, an obvious negative correlation is found
between μt and ρw when shear span to depth ratio is
around 3.0; however, when a=d is reduced to around 1.8,
residual tension factor μt keeps almost constant when

FIGURE 11 Free body equilibrium in inclined SHCC struts:

(a) strut action; (b) hydrostatic nodes. SHCC, strain-hardening

cementitious composite
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stirrup ratio changes. This phenomenon gives evidence
that for slender-reinforced SHCC beams with a=d larger
than 2.0, the residual tensile stress would be smaller

when ultimate shear carrying capacity is reached. On one
hand, dense transverse reinforcement could disturb the
uniform distribution of fibers; on the other hand, more

FIGURE 12 Flow chart for calculating shear carrying capacity of R/SHCC beams. SHCC, strain-hardening cementitious composite
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stirrups would allow larger transverse deformation of the
web struts, which means wider shear crack would be
found when peak load is reached. Therefore, a weakened
residual tensile stress could be expected. However, more
well-equipped experimental research is needed to detect
the deformation and stress transfer in R/SHCC beams to
find out the exact mechanism. In this research, the effect
from longitudinal and transverse reinforcement ratio is
neglected due to a limitation of experimental data, and
only shear span to depth ratio is considered to determine
the residual tension factor of SHCC μt, which can give a
relatively accurate prediction. Through nonlinear regres-
sion analysis, equation for calculating μt is given for both
steel-reinforced SHCC beams and BFRP-reinforced ones,
as follows:

μt ¼
1:9 a

d

� ��2:3
, steel� reinforced SHCC beam

53:9 a
d

� ��7:5
, BFRP� reinforced SHCC beam

(
,

ð10Þ

where a=d is the shear span to depth ratio. When calcu-
lated μt is larger than 1.0, μt ¼ 1:0. The coefficient of
determination (R2) for expression of μt is 0.80 and 0.60
for steel and BFRP-reinforced SHCC, respectively.

Figure 14 illustrates the relationship between inclina-
tion angle of web struts φ and shear span to depth ratio
a=d, longitudinal reinforcement ratio ρl as well as stirrup
ratio ρw for both steel-reinforced SHCC beams and
BFRP-reinforced ones. We can find that with shear span
to depth ratio decreasing or stirrup ratio increasing, the
inclination angle φ would increase. However, the influ-
ence from longitudinal reinforcement ratio is inconspicu-
ous. An equation for calculating the inclination angle φ
is given as follows based on regression analysis:

The coefficient of determination (R2) for expression of φ
is 0.77 and 0.84 for steel- and BFRP-reinforced SHCC,
respectively. From Equation (11), it can be found that for
BFRP-reinforced SHCC beams, when the shear span to
depth ratio a=d is kept constant, the inclination angle of
web struts φ would increase when raising the stirrup
ratio ρw. However, the residual tension factor μt keeps
almost constant when stirrup ratio changes. Therefore,

the shear resistance from fiber bridging V t would also
decrease due to reduced shear cracking surface area
when the stirrup ratio ρw increases.

With Equations (10) and (11), the shear carrying
capacity can be calculated through flow chart in
Figure 12. The ratio of predicted ultimate shear strength
to experimental value (vu,pre=vu,exp) is listed in Table. 4, a
mean of 1.01 and the coefficient of variation (CV) of 0.12
for all collected steel-reinforced SHCC beams are found,
and the mean of 1.01 and CV of 0.10 is obtained for tested
BFRP-reinforced beams particularly, which indicates a
good agreement between the predicted shear resistance
and the experimental one for all tested reinforced SHCC
beams. Apart from this work, Hou28 and Shimizu25 have
also proposed two different shear design equations for
steel-reinforced SHCC beams, the comparison between
experimental and predicted results are also exhibited in
Figure 15 and Table 4. For steel-reinforced SHCC beams,
both satisfactory performances can be found in proposed
truss–strut model and Hou's empirical equation. How-
ever, for BFRP-reinforced ones, Hou's equation would
always overestimate their shear resistance, this may
result from the comparative low elastic modulus of FRP
bars compared with that of steel, which could reduce the
flexure–shear crack control and shear carrying capacity
for reinforced beams.3,4 The prediction method proposed
by Shimizu is also based on truss and strut model.24,25

However, a constant reduction factor of tensile strength
μt and inclined angle of compressive web struts φ are
assumed in his derivation, the coupling effect between
different shear parameters are neglected, and judgment
conditions for whether stirrups could reach yield stress
are not well adopted, which could cause dangerous over-
estimation in shear design of R/SHCC beams, as shown
in Figure 15c).

5 | DISCUSSION

It has been mentioned that a contradictory trend was
found in total shear carrying capacity when configuring
more stirrups in BFRP reinforced beams. When compar-
ing specimen BRS-150 with BRS-200, which have the
same flexural reinforcement configuration and geometric
size but different stirrup ratio, it was interesting to find

φ¼
43:8�6:1

a
d

� �
�3771:9ρwþ2047:5ρw

a
d

� �
, steel� reinforced SHCC beam

60:1�12:2
a
d

� �
þ1096:7ρw

a
d

� �
, BFRP� reinforced SHCC beam

:

8<
: ð11Þ
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that the ultimate shear strength of beam specimen was
decreased when more stirrups were provided, which was
quite different from the conventional RC beams. A simi-
lar phenomenon was also observed by Shimizu et al.24

and Hou et al.28 in their experimental work on shear
behavior of steel-reinforced SHCC beams. In Shimizu's
research, when increasing the stirrup ratio from 0.15% to

0.30%, the ultimate shear strength of reinforced SHCC
beams was enhanced only by about 1.4%. In Hou's
work, steel-reinforced SHCC beam with 0.25% web

-

-

-

FIGURE 13 Relationship between residual tension factor of

SHCC and: (a) shear span to depth ratio; (b) longitudinal

reinforcement ratio; (c) transverse reinforcement ratio

FIGURE 14 Relationship between inclination angle of web

struts φ and: (a) shear span to depth ratio; (b) longitudinal

reinforcement ratio; (c) transverse reinforcement ratio
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reinforcement ratio had higher shear resistance than the
counterpart beam with stirrup ratio of 0.37%. It was inter-
preted by Hou et al. that the shear contribution of SHCC
itself reduced with the increase in the transverse reinforce-
ment ratio due to the restriction of stirrups. The increase of
shear reinforcement would lead to a redistribution of shear

stress and disturb the uniform strain field in SHCC matrix
in the shear span. Then the flexure–shear crack could open
and propagate quickly upon its existing, which resulted in a
premature failure of fiber bridging and localization during
the early loading stage. When the peak load was achieved,
the crack extended significantly and a narrow shear com-
pression zone was obtained. As a result, the shear contribu-
tion of SHCC itself as well as the overall shear carrying
capacity of specimens could exhibit a decreasing tendency
with the increase in transverse reinforcement ratio within a
certain range.

To make the shear transferring mechanism clearer, a
parametric analysis is conducted to find the relationship
between stirrup ratio and different shear strength com-
ponents based on the proposed truss and strut model, as
shown in Figure 16. The same geometric and material
parameters for tested BFRP-reinforced SHCC beams in
this research are utilized for the case study. According
to Equations (5b) and (11), with stirrup ratio increasing,
the inclined angle of compressive struts in truss action
would increase, which would result in a reduced shear
cracking surface area and shear resistance from fiber
bridging, as shown in Figure 16(a). Besides, the propor-
tion of shear contribution from strut action (1�β)
would also decrease according to Equations (7) and (8),
which causes the decrease of shear resistance from strut
action, as shown in Figure 16(b). As for the shear contri-
bution from transverse reinforcement, according to
Equation (5a), although more stirrups could be provided,
the increasing inclination angle φ may cause fewer stir-
rups being crossed and activated to take the shear load.
Figure 16c exhibits the relationship between Vs and ρw, it
can be found that the shear load undertaken by stirrups
would first increase and then decrease when raising stir-
rup ratio. On the whole, there would be very little
enhancement or even degradation in terms of total shear
strength when the stirrup ratio reaches around 0.5% for
BFRP reinforced SHCC beams, as shown in Figure 16d.
Therefore, enhancing shear capacity by increasing stirrup
ratio would not be suitable for shear critical SHCC
members.

Although the proposed analytical model does not
exactly match test results, a consistent tendency is
achieved when referring to the relationship between
shear carrying capacity and stirrup ratio for R/SHCC
beams. Besides, it should be mentioned that the influence
of longitudinal reinforcement ratio ρl is not considered in
shear equation of this research. It is found that higher ρl
could increase the reduction factor of tensile strength μt
for R/SHCC beams without stirrups. However, the effect
of longitudinal reinforcement ratio on shear resistance
for R/SHCC beams with stirrups is still unknown due to
lack of experimental results. More precise equation for

-

-

-

-

-

-

FIGURE 15 Comparison between experimental ultimate shear

strength and the predicted value based on: (a) truss-strut model

proposed in this research; (b) predicting equation by Hou28;

(c) predicting equation by Shimizu25
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calculating μt and φ could be proposed based on the pre-
ceding simplified truss–strut model when more test
results are acquired. Furthermore, the size effect is also
considered to be negligible. Size effect has been proved as
an essential parameter for shear design of RC beams,
which has been incorporated into some RC design codes
for more than 2 dozen years ago.40–42 Previous studies
have shown that beam with larger scale would store
higher strain energy.43 When a critical shear crack is cre-
ated, the residual tensile stresses across crack come into
resisting the energy release. Different from brittle con-
crete, for large-scale R/SHCC members, the energetic size
effect due to unsteady localization of cracks would be
eliminated because of the inherent strain hardening
behavior and outstanding cracking control capacity of
SHCC material.44 For reinforced FRC beam with strain-
softening behavior, size effect has been found greatly
weakened or even eliminated due to an enhanced crack
control according to previous experimental results.45

Nevertheless, further experimental research on size effect
should be carried out for shear of R/SHCC members.

6 | CONCLUSION

In this paper, a number of FRP-reinforced beams with
different reinforcement configurations, effective shear
span to depth ratios and matrix types (SHCC and conven-
tional concrete) have been tested to study their shear
behaviors under four-point bending. The experimental
results were presented mainly concerning the failure
mode, crack propagation, load–deflection behavior, shear
cracking strength, ultimate shear strength and ductility
of specimens. Besides this, the prediction equation based
on strut and tie model is proposed in this research. The
model is verified based on presented experimental study
and literature data for steel-reinforced SHCC, and para-
metric analysis is conducted to evaluate their various
shear transferring components. The following conclu-
sions are drawn from this work:

• The substitution of conventional concrete with
SHCC can improve the shear properties in terms of
deformation capacity and energy dissipation for
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FIGURE 16 Relationship between stirrup ratio and different shear strength components predicted by proposed truss–strut model: (a) shear

force undertaken by fiber bridging; (b) shear force undertaken by strut action; (c) shear force undertaken by stirrup; (d) total shear strength
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BFRP-reinforced beams, and slightly in terms of
strength.

• The ductility and deformation capacity of specimens
under shear are dominated by the matrix in shear com-
pression zone. Because the compressive strain at the
ultimate strength of SHCC is nearly twice that of con-
ventional concrete, the stirrup could deform continu-
ously until yielding without crushing of SHCC matrix
in the shear compression zone.

• Limited amount of shear reinforcement can control
the propagation of inclined cracks efficiently,
ensuring the integrity of SHCC in shear compres-
sion zone and effective fiber bridging across cracks
and achieve full shear resistance from both shear
stirrups and SHCC matrix. Although reinforced
with fewer stirrups, the FRP-reinforced SHCC beam
exhibits much higher shear carrying capacity and
deformation ability compared both with the con-
crete and SHCC beam with more dense stirrups,
which suggests that decreasing shear reinforcement
is feasible when the concrete matrix is replaced
by SHCC.

• Enhancing shear capacity by increasing stirrup ratio is
not suitable for shear critical SHCC members. The
dense configuration of transverse reinforcement will
lead to a steeper inclination and premature localiza-
tion of shear crack, which could reduce the shear resis-
tance from fiber bridging, strut action as well as
transverse reinforcement.

• With decreasing shear span to depth ratio, FRP-
reinforced SHCC beam exhibits significantly enhanced
stiffness and load carrying capacity under shear; how-
ever, the ductility becomes much smaller since a brittle
diagonal compression failure occurred.

• Based on a simplified truss–strut model, a design
scheme for calculating ultimate shear carrying capacity
of steel or BFRP bars reinforced SHCC beams are pro-
posed. Parameters include shear span to depth ratio,
transverse reinforcement, compressive and tensile
strength of SHCC, height of beam section, and length
of load-bearing plate. A good agreement has been dem-
onstrated between experimental and prediction results.

NOTATIONS

a shear span
d effective depth of beam section
b width of beam section
L distance from loading point to support
D height of beam section
ρl longitudinal reinforcement ratio
ρw transverse reinforcement ratio

v nominal shear stress
V shear force at calculated section
vu,exp experimental nominal shear stress at ulti-

mate load
Vu,exp experimental shear force at ultimate load
μ ductility coefficient
Δu displacement at ultimate failure
Δy displacement at yielding point of members.
V s shear resistance of transverse reinforcement
V t shear resistance of residual tensile stress per-

pendicular to concrete struts
φ characteristic inclined angle of compressive

struts in truss action
μc compressive strength reduction factor
f c compressive strength of SHCC
f t tensile strength of SHCC
f tr residual tensile stress
μt reduction factor of residual tensile stress for

SHCC matrix
jt distance between top and bottom flexural rein-

forcement, or 0:8D
σwy yielding stress of transverse reinforcement
σc compressive stress of SHCC inclined struts

induced by truss action
σa compressive stress of inclined SHCC struts

induced by strut action
β proportion of shear contribution from truss

action
V strut shear load undertaken by strut action
V truss shear load undertaken by truss action
xplate length of bearing plate
x0 effective bearing length of hydrostatic nodes
vu,pre predicted nominal shear stress at ultimate

load
V s,pre predicated shear force undertaken by trans-

verse reinforcement
V t,pre predicated shear force undertaken by fiber

bridging of SHCC matrix
V strut,pre predicated shear force undertaken by strut

action
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