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Summary
The general scientific goal of this thesis is to increase the understanding of the dynamic principles underlying (human) bipedal walking. This understanding is useful
for two distinctly different types of applications: human-oriented applications and
robotics-oriented applications. On the human-oriented side it helps to improve the
design of rehabilitation devices or training, on the robotics-oriented side it is useful
to increase the performance of two-legged walking robots. The research approach
that is taken to achieve this general goal is applying gait synthesis to walking simulation models and robotic prototypes. The advantage of this approach, compared
to applying gait analysis on humans, is that the study subjects are developed by the
researchers and can be designed to allow the study of specific dynamic principles.
The point of departure for this thesis is the concept of ‘passive dynamic walking’, which shows that it is possible to create stable bipedal walking gaits without
the application of any control or actuation. A set of important basic principles is
taken from this concept and translated to be applied in actuated bipedal walking
robots. The intended result is to maintain the low energy use inherent to passive dynamic walking, while increasing the performance in terms of disturbance rejection
(i.e., the ability to handle unexpected disturbances without falling) and versatility.
The translated principles of passive dynamic walking form the basis of the new gait
synthesis paradigm ‘Limit Cycle Walking’ that is defined in this thesis. The essence
of this paradigm is the realization that it is possible to obtain a stable periodic sequence of steps without continuously having local stability of the motion. In this,
local stability refers to the attractiveness (in continuous-time) of a specific system
state along the walking motion trajectory to its direct neighborhood in state-space.
The realization that this local stability is not necessary creates extra freedom for improving the performance of bipedal walkers.
After the introduction of the new paradigm, the research in this thesis focuses
on the incremental addition of several degrees of actuation. A quantitative assessment of the potential effect of each degree of actuation on energy consumption,
versatility and disturbance rejection is made. As no practical quantitative measure
existed for assessing disturbance rejection, a new disturbance rejection measure is
introduced: the ‘Gait Sensitivity Norm’. The new measure is based on the concept of
Poincaré mapping, which is already used for calculating the cyclic stability of walking. The Gait Sensitivity Norm adds the presence of actual physical disturbances
to this calculation as well as gait indicators that are directly related to the chance of
falling. Consequently, the measure successfully combines short calculation time (the
main benefit of the Poincaré mapping method) with a good prediction of how well
a walker can perform in the presence of realistic disturbances. This performance
is validated on a simple walking model after which the new measure is applied
throughout this research.
The degrees of actuation that are studied in this thesis are sagittal swing-leg actuation, sagittal ankle actuation, sagittal upper body actuation and lateral swing-leg
actuation. The four degrees of actuation are separately studied on a combination of
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simplified simulation models and two actual walking robots: the 2D walker ‘Meta’
and the 3D walker ‘Flame’. The established effects on performance are the following.
For sagittal swing-leg actuation it is found that retracting the swing-leg with a mild
velocity improves the disturbance rejection of a walker. Adapting the nominal step
length that is obtained through swing-leg actuation increases the range of walking
speeds that can be obtained (increased versatility). For sagittal ankle actuation it is
found that applying a passive ankle spring with a stiffness that just results in early
stance heel rise (prior to heel strike of the swing leg) is energetically optimal. The
effect of the ankle stiffness on disturbance rejection is limited. For increasing disturbance rejection, useful means are modulation of the amount of ankle push-off
or the application of active local control in the stance ankle. Changing the nominal
amount of ankle push-off is an effective way of inducing walking speed changes
and thus increasing versatility. For sagittal upper body actuation it is found that regulating the absolute upper body orientation (with respect to gravity) with increasing
feedback gains results in decreasing upper body oscillations and decreasing energy
use. As in the physical robots (as well as in humans) a stability limit to the increase
of feedback gains exists, an alternative way of achieving the same performance with
low feedback gains is explored. The application of low feedback gains in combination with a feedforward upper body torque pattern (acquired by online adaptation)
also gives the desired small upper body oscillations and energy use. Changing the
average orientation of the upper body is an effective way of regulating walking
speed. For lateral swing-leg actuation it is found that a simple, linear active lateral
foot placement strategy that only uses the lateral state information of the walker’s
center of mass can effectively induce 3D cyclic stability in walking. This strategy
can be implemented at a very low energetic cost due to the relatively small mass
of the swing-leg. During the study of these four degrees of actuation another interesting overarching finding was made. Various observations in this thesis indicate
that increasing the walking speed of a Limit Cycle Walker improves its disturbance
rejection.
All together, this thesis introduces the paradigm Limit Cycle Walking and the
new disturbance rejection measure, the Gait Sensitivity Norm. Subsequently, both
the paradigm and the measure are used to study the potential value of four degrees of actuation to the performance of bipedal walking. Interesting findings are
made that have a relation to human walking and are helpful for the improvement
of bipedal robots. The latter is shown by the successful creation and performance of
the two walking robots Meta and Flame.

Preface
About four years ago I started this research project on humanoid robotics in the
Delft Biorobotics Laboratory. Ever since it has been a big surprise to colleagues and
other roboticists that I did not know any of the popular works (films or books) on
the subject. Clearly, my motivation to enter this field of research has been an entirely
different one. To me personally, robotics is a very interesting area to work in mainly
as it involves the combination of various intriguing fields of engineering: mechanics, control, physics, electronics and computer science to name just a few. This rich
combination of disciplines makes robotics a vital research area which is likely to
yield many technological innovations for the future. The application in the field of
rehabilitation through increasing the understanding of human walking is probably
not the first thing that comes to one’s mind. I feel fortunate that, next to the various
technical challenges we deal with in our lab, we also try to make a contribution in
this human-related field. I hope the work presented in this thesis will be a useful
source of information and inspiration for future work in the area; within our own
lab in Delft as well as in other places. For sure it has been a very useful experience
for myself.
Given the multidisciplinary nature of the research, it is only logical that there
are many people I would like to thank. As robotics research simply cannot be a one
man’s job, a lot of people have significantly helped me in performing the work presented in this thesis. The most important contributions have come from the two colleagues who I have worked with on a daily basis in the lab throughout this project:
Martijn Wisse and Jan van Frankenhuyzen. Martijn, your help as my daily supervisor has obviously been tremendous. The fact that you are a co-author on all of the
papers that this thesis consists of, is clear evidence of that. Your amazing knowledge and understanding of dynamics, mechanics and robotics in general have been
of great importance for the scientific content of this work. But still, that is not all. We
started out with writing two grant proposals for my own funding as well as funding
to expand the activities of the lab as a whole. Although in retrospect I doubt doing
this was the right thing for me at the time, for sure it has been a great learning experience and I am glad we were among the lucky ones to be successful. Given the
amount of people that sit around the lab table during lunch these days, we could say
we have indeed expanded. Currently, the lab is a great group of researchers with a
wide range of skills befitting a robotics group. I am quite confident great things will
come out of that in the future in the new lab location, especially with you as their
enthusiastic and crazily optimistic ‘sensei’. Jan, you are indispensable! Without you
there simply wouldn’t have been any ‘study subjects’ to perform research on. I very
much appreciate your design efforts in making the two (or should I say six) prototypes used in this project. Even more I appreciate your incredible patience and calm
at times I totally lost it because of me breaking one of the robots again. Most often,
you were able to fix it all in no time. Besides all this, you are just a great colleague
to have. I will miss sitting down at your desk just to chat about anything, important
or random.
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Then there is all the other colleagues that I have had the fortunate opportunity
of working with in the Delft Biorobotics Laboratory. Back in the days that it was still
manageable in a single room with Richard, Erik and Göran. Thanks for your very
enjoyable company and many good discussions on control, design and personal
plans for the future. More recently, with the lab expanding at an amazing pace, I got
to work together with André, Daniël, Eelko, Erik, Garth, Guillaume, Guus, Mathijs,
Pieter, Remco, Steve and Tomas. It is great to see the group of people the lab has
become by now. Thanks to all of you for interesting conversations, lots of laughs
at lunch breaks as well as ‘vier uur, bier uur’ and helping me get more acquainted
with the respective interesting backgrounds you have. It has been great fun!
Besides the colleagues at DBL, special thanks also go out to other colleagues
within the department. John, Ad and all the other guys from the workshop, what I
said about Jan also holds true for you: there would have been no prototypes without you. It is really impressive and inspiring to see you manufacture all the complex parts we (with a bit of help from yourselves) think of. Fellow PhD candidates,
thanks for sharing experiences on writing proposals and papers, supervising students and the frustrations we all have once in a while.
Especially, I would like to thank my promotor Frans van der Helm for teaching
me what science is about. Frans, thanks for giving me advice on writing scientifically
sound papers and for making many sharp comments. It still amazes me how, given
your incredibly busy schedule, you can switch to the topic at hand in no time and
directly ask sharp questions concerning the weak points of my arguments.
This project has largely benefited from the contributions made by various students. Although many students I have encountered during the last years have inspired me in some way, here I specifically would like to thank Guus, Maarten, PietWillem, Shouyi and Thijs, students whom I have had the privilege of supervising
during their final master’s project. I can only hope I contributed to your education
as much as you guys did to mine. Thanks to all of you for new ideas on control,
performing interesting simulations and designing some amazing parts!
Last but not least and according to tradition, I would like to thank my family
and friends. Friends, thanks for asking about my PhD research and thanks for not
asking about my PhD research. Pap, mam, Anne, Marieke, Arend en Jos, I’ll have
to add a personal note to you in the empty space below, because I don’t like all that
mushy stuff in a preface to a thesis.
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Chapter 1
Introduction
D.G.E. Hobbelen

Increasing the understanding of the dynamic principles underlying human walking is a scientific purpose that is useful for both human-oriented applications and
robotics-oriented applications. On the human-oriented side the scientific knowledge helps to improve the design of rehabilitation devices or training, on the
robotics-oriented side it is useful to increase the performance of two-legged walking robots. One approach to increasing the understanding of walking is applying
gait synthesis to simulation models and robotic prototypes. Compared to applying gait analysis on humans, the advantage of this approach is that the study
subjects are developed by the researchers and can be designed to allow the study
of specific dynamic principles. An overview of the current gait synthesis research
field shows that gait synthesis on robots has not yet delivered performance that
equals that of humans. Existing robotic gaits do not show the full combination of
low energy consumption, high versatility and the ability to deal with large unexpected disturbances that human gait does. This lack of performance leads to
think that the dynamic principles of human walking are not yet fully understood
or applied. The research goal of this thesis is to identify the cause of the limited
performance of state-of-the-art bipedal robotic gaits and consequently reduce the
gap between the performance of robotic gaits and human gait. More specifically
the research in this thesis takes the principles used in the development of ‘Passive
Dynamic Walkers’ as a basis and subsequently attempts to improve their versatility and ability to handle disturbances while preserving low energy consumption. The approach to this research goal distinguishes itself by an incremental approach to adding actuation and control to both simulation models and physical
prototypes. The effect of those additions is studied through various parameters
studies which use quantitative measures for comparing gait performance.
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1.1 Motivation
1.1.1 Understanding principles of bipedal walking
The general purpose of the research that is described in this thesis is to increase the
understanding of the principles that underly human bipedal walking. This scientific purpose has various applications which can be divided in two groups: humanoriented applications and robotics-oriented applications.
Human-oriented applications
The understanding of human walking is crucial for the development of effective rehabilitation devices and training for disabled persons. People who have lost their
ability to walk can benefit from using either prostheses (replacing limb functionality) or orthoses (supporting limb functionality). The design of these devices has
a long history, which has resulted in significant technological progress from the
wooden pegs that were used thousands of years ago. Still, the state-of-the-art functionality of prostheses and orthoses is severely lacking compared to that of their
biological counterparts. The vast majority of commercially available prostheses and
orthoses result in reduced limb functioning due to a lack of desired degrees of freedom, compliance or actuation. For this reason there is a considerable amount of
active research to improve the design of rehabilitation devices.

(a)

(b)

(c)

Figure 1.1: Three rehabilitation devices for the ankle joint. a) A compliant ankle orthosis
used for children with hemiplegia [25], b) a prototype ankle prosthesis from the University of Michigan [1] that stores energy at foot impact to re-use it at push-off and c) an
actively powered ankle prosthesis from the Massachusetts Institute of Technology [4] that
incorporates an actuator to add energy at push-off.

Let’s take the evolving design of ankle prostheses and orthoses as an example to
show how the designs are influenced by evolving knowledge of the dynamic principles of human walking. Originally the device that replaced or supported the ankle
joint was rigid. Then, research on the dynamics of walking suggested that: 1) the human ankle strongly resembles a torsional spring [120, 135, 136] and 2) ankle push-off
plays a vital role in the energetic cost of walking [74, 76]. Based on this knowledge,
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nowadays ankle prostheses and orthoses show a significant amount of compliance
(Figure 1.1a) and recent research has created devices that provide energy at push-off
either by storing energy on foot impact (Figure 1.1b) or by having an actuator on the
device (Figure 1.1c). These design changes result in a significant reduction in energy
expenditure by the human users.
Analogous to this ankle example, it is expected that the research in this thesis will
further drive the development of rehabilitation devices.

Robotics-oriented applications
A better understanding of the principles of human walking is also useful in the
continuing development of humanoid robotics. Currently, the human being still by
far outperforms the capabilities of existing bipedal robots and thus serves as an
excellent example. The potential applications of humanoid robotics exist at various
levels of system complexity and are consequently to be expected at various times in
the future.
The most complex and long-term application that is expected consists of a humanoid
robot that has all the abilities to assist a human being in its everyday life and surroundings. This home care application is expected to be useful in tens of years due to
rapid aging of our population. Especially large companies or collaboration projects
in Japan, such as Honda [49], Toyota [5] and HRP [152], build humanoid robots with
this long term application in mind (Figure 1.2a, b and c).

(a)

(b)

(c)

(d)

(e)

Figure 1.2: Examples of humanoid robots that have been build aiming for the long-term
application of home care: a) Honda’s Asimo [2], b) Toyota’s Partner Robot [5], c) HRP3P [8] and for the short-term application in entertainment: d) Sony’s QRIO [62] and e)
WowWee’s RoboSapien [6].

A short-term application of humanoid robotics is the entertainment industry. Although this application might seem less essential for society, it is of great importance
to robotic development. This is due to the huge market potential of entertainment
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and the relatively low system demands which makes entertainment robots marketable even today. Examples of companies that build robots for entertainment are
Sony [62] and WowWee [6] (Figure 1.2d and e).
Both these applications will benefit from the fundamental research in this thesis,
because the knowledge of the dynamic principles of walking is expected to lead to
simpler, more efficient and more robust robot designs.

1.1.2 Gait synthesis approach
The general research approach in this thesis is to apply bipedal gait synthesis to
walking simulation models and robotic prototypes. This method of gait synthesis
(i.e., creating gait) has advantages over gait analysis (i.e., quantifying and interpreting gait), which make it useful for increasing the understanding of human walking.

(a)

(b)

Figure 1.3: Two ways to increase the understanding of human bipedal gait: a) gait synthesis, creating gait on simulation models or robotic prototypes and b) gait analysis, measuring and interpreting gait performed by humans themselves.

The first advantage of gait synthesis is that building ones own models and prototypes allows a ‘minimalistic’ design which attempts to merely include design features that are expected to be necessary to answer the research question at hand. In
comparison, gait analysis always has to deal with the entire complexity of a human being and filter out the specific details/principles that seem important. This is
a difficult feat given for instance the variability among human subjects, the multitude of muscles and sensors in the human body and the inaccessibility of the neural
controller.
The second advantage of gait synthesis is the ability to perform quantitative parameter studies by systematically changing specific system parameters. Such parameter variations are very helpful in trying to understand the dynamic principles

Introduction

5

of walking. For instance one could establish whether a specific joint stiffness has a
significant effect on the energy consumption in walking and, if so, whether an increased stiffness is beneficial or detrimental for the performance. If researchers take
desired parameter variations into account in the design, they can easily be applied
when the walking models and prototypes are complete. In contrast, when dealing
with human beings it is hard or sometimes impossible to vary specific parts of the
system as a way of understanding the purpose of that part.
These two advantages make it useful to apply gait synthesis alongside gait analysis.
The best way to get to understand human walking seems to be by a constant crossfertilization between these two research approaches. Findings that arise from gait
synthesis should be investigated by analyzing human gait and measurements from
gait analysis should act as inspiration for the synthesis of new gait. Throughout this
thesis an effort is made to ensure these type of interconnections.

1.2 Overview of the research field
Performing gait synthesis for bipedal robots is a research field with ever increasing
popularity. Important pioneering work was performed at Waseda University at the
start of the 1970’s where one of the first bipedal research robots was developed [3].
After that a growing group of both companies and research institutes have become
involved. The current state-of-the-art bipedal robots are based on a wide variety
of gait synthesis strategies, but in the extremes two cornerstone strategies can be
distinguished. On the one end the aim for full local controllability is a starting point
for synthesizing gait and on the other end the starting point is full passivity, applying
no control or even actuation in synthesizing gait.

Full local controllability
The aim for full local controllability has been applied since the start of humanoid
robotics research. It originates from the conventional control of industrial robotic
manipulators. Full controllability means that it is possible to bring a system from
any current state to any final state in a finite amount of time given the available
degrees of actuation. For nonlinear systems the addition of the adjective local means
that the controllability holds only in the direct neighborhood of the current state.
Full local controllability is a convenient condition for stabilizing a robot’s motion
along a desired trajectory. The use of this strategy in bipedal robots is historically
logical as in the area of robotics the rise of industrial manipulators preceded that of
bipedal robots.
However, practically there is a major difference between industrial manipulators
and bipedal robots. Industrial manipulators have fixed bases that rigidly connect
them to the surroundings while bipedal robots have a constraint between their feet
and the ground that is unilateral: it allows compressive forces but no tensile forces.
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This difference makes that obtaining full local controllability in bipedal robots takes
special care: full contact between the stance foot and the ground needs to be maintained.
To ensure full foot contact researchers typically control the location of the ‘Zero
Moment Point’ [133, 131]. The ’Zero Moment Point’ (ZMP) has been defined by
Vukobratovic in 1970 and, in spite of some dispute [39, 131, 132], it seems identical
to the widely used ‘Center of Pressure’ (CoP). As long as this point is kept within
the support polygon of the foot, the foot remains in full contact with the ground and
full local controllability can be obtained. With this constraint satisfied, a biped can
be made to track desired trajectories predefined by the designers.
Since the introduction of the ’Zero Moment Point’, this strategy has been applied by
a large group of researchers. First of all the big companies that are involved in building humanoid robots utilize it: Honda’s ASIMO [114], Toyota’s Partner Robot [5]
and Sony’s QRIO [62]. Then there are various research institutes that apply ZMP
control, such as the Japanese HRP project up to their latest HRP-3P [8], Waseda University with their WABIAN series [80], Tokyo University with H6 and H7 [71], the
Korean KAIST with their KHR-3 Hubo [98] and the German Technical University of
Munich with Johnnie [82].
Generally, the performance of robotic gaits that are synthesized based on the strategy of full local controllability is impressive as the robots show high versatility. Various tasks (e.g., climbing stairs, avoiding obstacles) can be performed as a wide variety of preplanned trajectories can be imposed on the robots. Their ability to handle
unexpected disturbances (e.g., floor irregularities that cannot clearly be seen in advance) is unclear as publications on this topic are scarce or even non-existent. The
energy efficiency of the robots is typically low, as accurate tracking of trajectories
which are not necessarily close to the natural dynamics of the robots is energy consuming. Honda’s ASIMO is estimated to consume at least ten times more energy
per weight per distance traveled during walking than humans [20].

Full passivity: no actuation
Quite opposite to the approach of full local controllability is the approach of full
passivity in gait synthesis. In this approach no control or even actuation is used to
acquire bipedal gait. At the origin of this strategy is the observation that the motion of the human swing leg during walking strongly resembles the motion of a
passively swinging (double) pendulum [94]. This human-oriented motivation is in
clear contrast with the robotics-oriented motive for applying the strategy of full local controllability.
The first design engineer to pick up on the idea of a passive walking motion can
be traced back as far as the 19th century. In 1888 a patent by Fallis shows the first
design of a wobbling toy that could walk by naturally swinging its legs in a fully
passive manner [34]. The passive approach got a more fundamental and theoretical
foundation with the pioneering work by McGeer [89, 90] around 1990. He was the
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first to show with dynamic simulation models that stable bipedal gaits could be
obtained with full passivity.
Based on that work McGeer built his first walking biped, which he named a ‘Passive Dynamic Walker’ [90]. This fully passive (i.e., unactuated) walker showed a
stable gait walking down a gentle slope, thus utilizing gravitational energy. By a
construction of symmetrically paired legs this walker was confined to move in a 2D
fashion, it could not fall sideways. The lab of Ruina at Cornell University later extended this result by building several passive walkers among which two fully 3D
machines [18, 21].
Next to the fully passive walkers, the passivity strategy also motivated researchers
to build machines that are largely passive but that do incorporate some actuation.
This actuation can take out the necessity of having to walk down a slope for energy
supply. Collins et al. [20] showed a collection of three of these walkers. The labs at
Cornell University, Massachusetts Institute of Technology (MIT) and Delft University of Technology all built fully passive walkers prior to building these partially
actuated machines. The walker from Cornell has three passive internal degrees of
freedom (hip and two knees) and has actuation to drive ankle push-off. The walker
from MIT has two passive internal degrees of freedom (two hips) and has double
actuation in each ankle to drive the orientation of the foot. The walker from Delft
has four internal passive degrees of freedom (two knees and two ankles) and has
actuation in the hip joint. All three walkers have curved feet, similar to fully passive
walkers. This curved shape has the effect of making the walkers (partially) uncontrollable during the single stance phase.
Fully passive dynamic walkers and ‘passive-based’ actuated walkers generally excel
in terms of energy efficiency. For example, the actuated walker built at Cornell University has approximately the same amount of energy consumption during walking
as humans do. The ability to handle unexpected disturbances is typically very limited in passive walkers as well as their versatility. The latter is due to the fact that
these walkers are generally designed to perform one specific gait that is known to
be stable.

1.3 Problem statement
The current state-of-the-art of the robotic gait synthesis research field shows a lack
of robotic gaits that perform well on all of these three aspects: energy consumption,
ability to handle unexpected disturbances and versatility. This situation implies that
the current capabilities of bipedal robots are not sufficient for several applications,
but more importantly it suggests that the understanding of the principles of human
walking is not complete or not yet successfully applied.
On the one end of the research field it is the unnecessary aim for full local controllability and stable trajectory tracking that creates constraints that limit the gait
performance. To overcome this limitation, these constraints need to be alleviated.
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Still, as the strategy of full controllability is based mainly on an engineering vision
on control, it is questionable whether this approach will quickly lead to a better
understanding of nature’s motion control principles.
On the other end it is the lack of actuation that limits the performance. With the
limited actuation that has been applied it is hardly possible to respond to various
large disturbances that occur unexpectedly and to vary the gait that is performed to
obtain versatility. Nonetheless, the gait synthesis research originally based on passivity resulted in some interesting findings on the basic principles of human walking [27, 28, 73, 76] and in that respect looks very promising. The step to take from
this side is to incrementally increase the amount of actuation while preserving the
principles that make existing passivity-based gaits excel in terms of energy consumption.

1.4 Research goal
The goal of this thesis is to increase the understanding of the dynamic principles of
human walking by increasing the performance of synthesized bipedal robotic gaits,
taking passive walking research as the starting point. As passive walking already
shows low energy consumption, the focus will be on improving the disturbance
handling ability and versatility of these type of walkers while maintaining low energy use.
More specifically, this thesis aims to achieve this goal by answering the following
questions:
1. What are the dynamic principles of passive walking that 1) are crucial for improving the present performance of robotic gaits and 2) can be maintained
when increasing the amount of actuation?
2. What are practical quantitative measures for evaluating/comparing the performance of different bipedal gaits?
3. How can gait performance be affected by adding the following degrees of actuation:
(a)
(b)
(c)
(d)

Swing leg actuation/foot placement in the sagittal plane (fore-aft),
Ankle actuation in the sagittal plane,
Upper body actuation in the sagittal plane,
Swing leg actuation/foot placement in the lateral plane (sideways)?

1.5 Approach
The approach to gait synthesis that is applied in this research distinguishes itself by
the following characteristics:
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• Incremental approach to adding actuation. Taking fully passive walking gaits as
a starting point, this research adds new degrees of actuation in a step-to-step
manner. First there is the application of fore-aft actuation in the hip to allow
placement of the swing leg, then fore-aft actuation in the ankles, fore-aft actuation in the hip to allow control of the upper body and lastly actuation in the
hip to allow sideways placement of the swing leg. This incremental bottomup approach allows one to separate the added function of a specific degree
of actuation and maintain understanding of the usually complex, nonlinear
dynamics involved.
• Combined use of simulation models and physical prototypes. Every newly added
degree of actuation is researched through both simulation models and a physical prototype. The simulation models include both simple point mass models
and more realistic models that better approximate the accompanying prototype. The simple point mass models are useful because the dynamics of these
models are well-known from previous studies [65, 37, 42, 74], they are generic
and therefore give rather fundamental insights. Another practical advantage
of these models is their relatively short calculation time. The more realistic
models together with the physical prototypes form an (experimental) validation of the results obtained on the simple models. In this thesis two physical
prototypes are used, the first of which has been build in three stages, subsequently adding more degrees of actuation.
• Application of parameter studies. The research on both the simulation models
and prototypes is generally performed by varying important system parameters and examining the effects. This method is applied as typically these kind
of parameter variations cannot be performed in gait analysis; they give insights that can only be obtained through gait synthesis. The models and prototypes are specifically designed to allow variations of system parameters.
• The use of quantitative measures for comparing gait performance. The effect of parameter variations on the synthesized gait is evaluated by quantitative performance measures. For energy efficiency and versatility existing measures are
used. To quantify a walker’s ability to handle unexpected disturbances, a new
measure is defined within this thesis.

1.6 Thesis outline
The remainder of this thesis is structured as follows:
Chapter 2 addresses the first question posed in the research goal above: what are
the dynamic principles of passive walking that 1) make passive gaits excel in terms
of energy consumption and 2) can be maintained when increasing the amount of
actuation? The chapter describes a paradigm to bipedal gait synthesis that is based
on popular concepts from the passive walking research community but does not
depend on full passivity. This paradigm is called Limit Cycle Walking. The expected
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advantages of this paradigm are discussed in this chapter and throughout the rest
of the thesis the paradigm is applied in an attempt to validate these expectations.
Chapter 3 addresses the second question posed in the research goal: what are practical quantitative measures for evaluating/comparing the performance of different
bipedal gaits? As it turns out that there is no existing practical measure for evaluating a walker’s ability to handle unexpected disturbances, a new ‘disturbance rejection’ measure is introduced called the Gait Sensitivity Norm. While existing measures
suffer from either relatively long calculation times or a poor prediction of actual disturbance rejection, this new measure successfully combines short calculation time
with a good prediction of disturbance rejection. For two other components of gait
performance, energy efficiency and versatility, practical measures already exist and
no new ones will be defined for this research.
Chapter 4 addresses question 3(a) posed in the research goal: how can gait performance be affected by adding swing leg actuation/foot placement in the sagittal
plane? Although there is multiple strategies that could be applied to answer this
question, this chapter discusses only one specific ‘open loop’ strategy called swingleg retraction. This strategy is applied and evaluated on two simulation models and
the 2D walking prototype ‘Meta’.
Chapter 5 addresses question 3(b) posed in the research goal: how can gait performance be affected by adding ankle actuation in the sagittal plane? Three actuation
strategies for the ankle joint are discussed which, in combination, result in an increased performance both on energy efficiency and disturbance rejection. This result
is obtained on two simulation models and the 2D walking prototype ‘Meta’.
Chapter 6 addresses question 3(c) posed in the research goal: how can gait performance be affected by adding upper body actuation in the sagittal plane? A simple
feedback controller and an adaptive feedforward controller based on sensory information from an inertial measurement unit in the upper body are introduced. Their
effect on energy efficiency, disturbance rejection and upper body angular displacements is evaluated. The study is performed on two simulation models and the 2D
walking prototype ‘Meta’.
Chapter 7 addresses a combination of questions 3(a),(b) and (c) posed in the research goal. It involves the combination of swing leg actuation, ankle actuation and
upper body actuation in the sagittal plane. As chapters 4, 5 and 6 only evaluate gait
performance in terms of energy efficiency and disturbance rejection, this chapter
discusses the effect of these three degrees of actuation on a third aspect of performance: versatility. The study is performed on one simulation model and the 2D
walking prototype ‘Meta’.
Chapter 8 addresses question 3(d) posed in the research goal: how can gait performance be affected by adding swing leg actuation/foot placement in the lateral
plane? A simple, linear lateral foot placement strategy is introduced that only uses
lateral state information of a walker’s center of mass. This strategy is shown to successfully achieve 3D stability on both a simulation model and the 3D walking prototype ‘Flame’.
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Chapter 9 presents a discussion of the complete research presented in this thesis.
It should be noted that chapters 2 through 8 are written as separate papers that have
been submitted or accepted for international journals or scientific books as indicated
at the start of each chapter. As the original texts of those papers have been preserved
in this thesis there is a certain amount of overlapping information in these chapters.

Chapter 2
Limit Cycle Walking
D.G.E. Hobbelen, M. Wisse
Humanoid Robots, Human-like Machines, Chapter 14
Edited by M. Hackel,
I-Tech Education and Publishing, Vienna, Austria, 2007

14

Chapter 2

2.1 Introduction
This chapter introduces the paradigm ‘Limit Cycle Walking’. This paradigm for the
design and control of two-legged walking robots can lead to unprecedented performance in terms of speed, efficiency, disturbance rejection and versatility. This is
possible because this paradigm imposes fewer artificial constraints to the robot’s
walking motion compared to other existing paradigms.
The application of artificial constraints is a commonly adopted and successful approach to bipedal robotic gait synthesis. The approach is similar to the successful
development of factory robots, which depend on their constrained, structured environment. For robotic walking, the artificial constraints are useful to alleviate the
difficult problem of stabilizing the complex dynamic walking motion. Using artificial stability constraints enables the creation of robotic gait, but at the same time
inherently limits the performance of the gait that can be obtained. The more restrictive the constraints are, the less freedom is left for optimizing performance.
The oldest and most constrained paradigm for robot walking is that of ‘static stability’, used in the first successful creation of bipedal robots in the early 70’s. Static
stability means that the vertical projection of the Center of Mass stays within the
support polygon formed by the feet. It is straightforward to ensure walking stability this way, but it drastically limits the speed of the walking motions that can
be obtained. Therefore, currently most humanoid robots use the more advanced
‘Zero Moment Point’ (ZMP) paradigm [133]. The stability is ensured with the ZMPcriterion which constrains the stance foot to remain in flat contact with the floor at
all times. This constraint is less restrictive than static walking because the Center of
Mass may travel beyond the support polygon. Nevertheless, these robots are still
under-achieving in terms of efficiency, disturbance handling, and natural appearance compared to human walking [20].
The solution to increase the performance is to release the constraints even more,
which will require a new way of measuring and ensuring stability. This is the core
of ‘Limit Cycle Walking’; a new stability paradigm with fewer artificial constraints
and thus more freedom for finding more efficient, natural, fast and robust walking
motions.
Although this is the first time we propose and define the term ‘Limit Cycle Walking’,
the method has been in use for a while now. The core of the method is to analyze the
walking motion as a limit cycle, as first proposed by Hurmuzlu [60]. Most of the research on ‘Passive Dynamic Walking’ initiated by McGeer [90] follows this stability
method. But also various actuated bipedal robots that have been built around the
world fall in the category of ‘Limit Cycle Walkers’.
This chapter continues as follows. In Section 2.2 we will give a short discussion on
walking stability to create a background for the introduction of Limit Cycle Walking.
The exact definition of Limit Cycle Walking follows in Section 2.3. In Section 2.4 we
show how the stability of Limit Cycle Walking is assessed and clarify this with an
exemplary Limit Cycle Walking model. Section 2.5 gives an overview of the current
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State of the Art Limit Cycle Walkers. In Sections 2.6 through 2.8 we will explain
how Limit Cycle Walking is beneficial to the performance of bipedal walkers and
substantiate this by showing the State of the Art performance. We will end with a
conclusion in Section 2.9.

2.2 Bipedal walking stability
Stability in bipedal walking is not a straightforward, well defined concept [132, 39,
59]. To create a background for the definition of Limit Cycle Walking, we discuss
two extreme classifications of walking stability, the most generic one and an overly
restrictive one.
The most generic definition of stability in bipedal walking is ‘to avoid falling’. This
concept is captured with the ‘viability kernel’ by Wieber [138], the union of all viable states from which a walker is able to avoid a fall. This set of states includes all
kinds of possible (periodic) motions or static equilibria and should be established
with the presence of possible disturbances. Ultimately, to get optimal performance,
bipedal walkers should be designed using this notion of stability, without any more
restrictions. However, it turns out that it is not practical for gait synthesis due to its
highly nonlinear relation with the state space of a walker. Establishing stability using this definition requires a full forward dynamic simulation or actual experiment
starting out at all possible states of the walker, including all possible disturbances,
checking whether this results in a fall or not. Given the complex dynamics involved
in walking this would be very expensive, numerically as well as experimentally.
The limited practical value of ‘avoiding to fall’ as a stability definition for gait synthesis, has lead a large group of robotic researchers [114, 62, 50] to create bipedal
walking based on an overly restrictive classification of stability. We refer to this stability classification as ‘sustained local stability’. In this case, gait is synthesized as
a desired trajectory through state space (usually taken from human gait analysis),
which is continuously enforced by applying stabilizing trajectory control. This control aims for sustained local stability, which is obtained if for every point on the
nominal trajectory it can be proven that points in its local neighbourhood in state
space converge to the trajectory.
The aim for sustained local stability creates two important constraints for bipedal
walking: it requires local stabilizability and high control stiffness. Local stabilizability exists when at least one foot is firmly placed on the ground. This constraint is
guaranteed by satisfying the Zero Moment Point (ZMP) or Center of Pressure (CoP)
criterion [133, 131]. The constraint of high control stiffness is required to obtain local stability in spite of the presence of the inherently unstable inverted pendulum
dynamics of the single stance phase.
In the strive for increasing the performance of bipedal robots, recently a growing
group of researchers has decided to let go of the restrictive aim for sustained local stability and adopt a new paradigm for synthesizing bipedal gait, ‘Limit Cycle
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Walking’.

2.3 Definition Limit Cycle Walking
Here we formally define the new (yet popular) paradigm ‘Limit Cycle Walking’:
Limit Cycle Walking is a nominally periodic sequence of steps that is stable as a
whole but not locally stable at every instant in time.
With nominally periodic sequence of steps we mean that the intended walking motion
(in the ideal case without disturbances) is a series of exact repetitions of a closed
trajectory in state space (a limit cycle) putting forward each of the walker’s two feet
in turn. This trajectory is not locally stable at every instant in time, taking out the necessity of making all points on the trajectory attracting to their local neighbourhood in
state space (as it is done in conventional trajectory control). The nominal motion is
still stable as a whole because neighbouring trajectories eventually, over the course of
multiple steps, approach the nominal trajectory. This type of stability is called ‘cyclic
stability’ or ‘orbital stability’ [122].

2.4 Stability analysis
Cyclic stability is the core principle of Limit Cycle Walking. In this section we show
how it can be analyzed. This explanation is followed by an example of a Limit Cycle Walking model which shows that it is possible to have cyclic stability without
having sustained local stability.

2.4.1 Method
Cyclic stability of a Limit Cycle Walker is analyzed by observing its motion on
a step-to-step basis. One step is considered as a function or ‘mapping’ from the
walker’s state vn at a definite point within the motion of a step (for instance the
moment just after heel strike) to the walker’s state at the same point in the next
step vn+1 . This mapping is generally called a Poincaré map in nonlinear dynamics
and the definite point within the motion is defined by the intersection of the motion
with the Poincaré section [122]. With regard to walking, the mapping was termed
the ‘stride function’ S by McGeer [90]:
vn+1 = S(vn )

(2.1)

This mapping S is defined by the equations of motion of the walker which are usually solved numerically and integrated over the course of one step.
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A periodic motion exists if the mapping of the walker’s state gives exactly the same
state one step later. This specific state v∗ is called the ‘fixed point’ of the function S:
v∗ = S(v∗ )

(2.2)

The cyclic stability of this periodic motion is found by linearizing the function S at
the fixed point v∗ , assuming only small deviations ∆v:
S(v∗ + ∆v)
with A

≈ v∗ + A∆v
∂S
=
∂v

(2.3)

The matrix A, also called the monodromy matrix, is the partial derivative of the
function S to the state v. Stability of the cyclic solution is assured for small state
deviations if the eigenvalues λ of the matrix A are within the unit circle in the complex plane. In that case (small) deviations from the nominal periodic motion (fixed
point) will decrease step after step. The eigenvalues λ are called the Floquet Multipliers and were first used to study the stability of walking by Hurmuzlu [60].

2.4.2 Example
We will give an example to show what Limit Cycle Walking is and to show that
cyclic stability is possible without the constraint of sustained local stability.

Model
The model we will use as an example is the simplest walking model by Garcia et
al. [37], shown in Figure 2.1. The 2D model consists of two rigid links with unit
length l, connected at the hip. There are three point masses in the model, one in the
hip with unit mass M and two infinitesimally small masses m in the feet. The model
walks down a slope of 0.004 rad in a gravity field with unit magnitude g.
The dynamics of the model consists of two parts. The first part is the continuous dynamics that describes the motion of the stance and swing leg in between footstrikes:
θ̈

= sin(θ − γ)

φ̈ = sin(φ)(θ̇2 − cos(θ − γ)) + sin(θ − γ)

(2.4)

The second part of the dynamics is the discrete impact that describes the footstrike,
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Figure 2.1: A typical walking step of the simplest walking model. Just after footstrike the
swing leg (heavy line) swings forward past the stance leg (thin line) until the swing leg hits
the ground and a new step begins. θ is the angle between the stance leg and the slope
normal, φ is the angle between the two legs, l is the leg length, M is the hip mass, m is
the foot mass, g is the gravitational acceleration and γ is the slope angle. Adapted from
Garcia et al. [37].

as this is modeled as a fully inelastic instantaneous collision:
θ+
φ+
θ̇+
φ̇+

= −θ−
= −2θ−
= cos(2θ− )θ̇−
= cos(2θ− )(1 − cos(2θ− ))θ̇−

(2.5)

Note that these equations also incorporate the re-labeling of stance and swing leg
angles θ and φ.
The nominal cyclic motion that results for these dynamic equations is shown in
Figure 2.2.

Cyclic stability
To prove the simplest walking model is cyclically stable, we will perform the stability analysis as described in Section 2.4.1.
The Poincaré section we choose to use for this cyclic stability analysis is defined as
the moment just after heelstrike (2θ = φ). The ‘stride function’ S is the mapping
from the system states on the Poincaré section of step n: vn = [θn , θ̇n , φ̇n ], to the
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Figure 2.2: The nominal cyclic motion trajectory of the simplest walking model in phase
space (left) and in time (right). In the left plot the solid and dash-dotted lines give the
stance leg (θ) and swing leg (φ) trajectories respectively, resulting from the continuous
dynamics of the model. The dotted lines show the jump conditions that correspond to the
discrete footstrike. The large dots along the trajectory indicate the amount of time t that
has elapsed with increments of 1/10 of the nominal step period T . The right plot shows the
nominal values of θ (solid) and φ (dash-dotted) in time.

states on the Poincaré section of step n + 1: vn+1 = [θn+1 , θ̇n+1 , φ̇n+1 ]. First we find
the fixed point v∗ of the function S through a Newton-Raphson search:
 ∗  

θ
0.1534
v∗ =  θ̇∗  =  −0.1561 
(2.6)
−0.0073
φ̇∗
The monodromy matrix A is found by simulating one step for a small perturbation
on each of the three states of the fixed point v∗ . The eigenvalues λ of matrix A for
the simplest walking model turn out to be:


0.23 + 0.59i
λ =  0.23 − 0.59i 
(2.7)
0
These eigenvalues are all within the unit circle in the complex plane, rendering the
motion of the simplest walking model cyclically stable.
No sustained local stability
Not only is the motion of the simplest walking model cyclically stable, but we can
also prove it is not sustained locally stable around its nominal trajectory. This second
proof is needed before we can categorize the simplest walking model as a Limit
Cycle Walker.
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For this proof, we study the behavior of the motion in the neighbourhood of the
nominal trajectory. This behavior is described by the dynamics of the deviations
from the nominal trajectory eθ = θ − θnom and eφ = φ − φnom :
ëθ
ëφ

= sin(θnom + eθ − γ) − sin(θnom − γ)
= sin(φnom + eφ )((θ̇nom + ėθ )2 − cos(θnom + eθ − γ))
2
− sin(φnom )(θ̇nom
− cos(θnom − γ))
+ sin(θnom + eθ − γ) − sin(θnom − γ)

(2.8)

We linearize these equations by assuming small deviations ∆eθ and ∆eφ . The local
stability of this linearized continuous system is evaluated by calculating its poles
(roots) along the nominal trajectory depicted in Figure 2.2. The resulting root-locus
diagram and time plot of the real part of the poles are shown in Figure 2.3. There is
a pole located in the right-half plane (positive real part) along the whole trajectory,
indicating that the simplest walking has no sustained local stability; even more it
is not locally stable at any point in time. Thus the motion of the simplest walking
model is a clear example of Limit Cycle Walking.
Real part of poles simplest walking model
in time
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Figure 2.3: The root locus diagram (left) and time plot of the real part of the poles (right)
of the simplest walking model along its nominal trajectory. The pole locations only change
slightly throughout the trajectory. The diagrams show that throughout the continuous motion of the simplest walking model there is always a pole in the right-half plane (positive
real part); the model is not sustained locally stable.

The unnecessary cost of sustained local stability
With this example, we can also show the unnecessary extra constraints that are induced by keeping sustained local stability.
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The unstable pole of the simplest walking model corresponds to the inherently unstable motion of the stance leg, being an inverted pendulum. To locally stabilize this
motion, the simplest walking model would first need to be able to create a torque τ
relative to the ground through a firmly placed foot. Locally stable trajectory tracking
(all poles outside the right-hand plane) can be obtained with tracking error feedback
with a purely proportional gain Kp only if this feedback gain Kp (normalized for this
model) is greater or equal to one:
τ = Kp · e θ

where Kp ≥ 1

(2.9)

Clearly this shows that the aim for sustained local stability results in unnecessary
constraints and unnecessarily high system and control demands. While stable Limit
Cycle Walking can be obtained without any effort, sustained local stability requires
an extra actuator and tight feedback.

2.5 State of the Art
There is already a large group of researchers active on Limit Cycle Walking, as we
will show in this section. So, one could ask why the concept has not been properly
defined earlier. The reason is that many of their robots are derivatives of the socalled Passive Dynamic Walkers [90], a subgroup of Limit Cycle Walkers. Passive
Dynamic Walking robots will be treated first in this section, followed by actuated
Limit Cycle Walkers. Many of these have been referred to as ‘Passive-based’ walking
robots, but here we will show that Limit Cycle Walking is a much more accurate
label.

2.5.1 Passive Dynamic Walkers
Passive Dynamic Walking robots are robots that show a perfectly stable gait when
walking down a gentle slope without any control or actuation. The simplest walking
model that we used in Section 2.4.2 is a passive dynamic walking model. The stance
leg basically is an unstable inverted pendulum and each step is a fall forward. The
absence of control clearly places Passive Dynamic Walking as a subgroup of Limit
Cycle Walking.
The concept of Passive dynamic walking was introduced in the early 90’s by McGeer
[90], who simulated and built 2D walkers with [90] and without knees [91] (Figure 2.4). As follow-up research, Ruina’s group at Cornell University built a 3D “uncontrolled toy that can walk but cannot stand still” [18] (Figure 2.5a), the ultimate
demonstration of stable Limit Cycle Walking without the existence of any local stability. This group also built a more anthropomorphic 3D prototype with knees and
arms [21] (Figure 2.5b), to show the viability of the concept for the development of
humanoid robots. Also in other labs throughout the world passive dynamic walkers
have been developed [88, 125, 61].
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(a)

(b)

Figure 2.4: McGeer’s straight legged passive dynamic walker (a) and Cornell University’s
copy of McGeer’s passive dynamic walker with knees (b). Both walkers have 2D dynamics
thanks to the double leg pairs (the outer legs form a unit and the inner legs form a second
unit).

(a)

(b)

Figure 2.5: Cornell University’s “uncontrolled toy that can walk but cannot stand still” (a)
and 3D walker with knees and counter-swinging arms (b).

2.5.2 Actuated point/arced feet walkers
Perhaps the largest group of typical Limit Cycle Walkers are the actuated robots
with point feet or arced feet. They have actuation and control in some of the joints,
but the shape of their feet and the resulting point contact or line contact makes
these systems underactuated. Although underactuated systems theoretically can be
locally stabilized (using the actuated joints, as in the Acrobot [121]), this is not applied in the 2D and 3D robots described here. They depend solely on cyclic stability
and thus fall under the category of Limit Cycle Walking.
The 2D prototypes (Figure 2.6) use a four-legged symmetric construction (similar to
McGeer’s machines) or a guiding boom. Figure 2.6a shows a robot with direct drive
electric actuators in the hip and knee joints. These weak and highly backdrivable

Limit Cycle Walking

23

motors make accurate trajectory control practically impossible. Nevertheless, successful walking was obtained with ad-hoc controllers [10], through reinforcement
learning [95] and with CPG control [32], demonstrating the potential of the concept of Limit Cycle Walking. At the other end of the spectrum we find the robot
‘Rabbit’ [17] (Figure 2.6b) which has heavily geared electric motors at the hips and
knees. The control is based on the concepts of ‘Hybrid zero dynamics’ and ‘virtual
constraints’ [137, 23]. It applies tight control on all internal joints, based on the angle
of the lower leg with the floor which is left unactuated. As a result, this is a machine
with one passive degree of freedom, and so the cyclic stability is calculated with one
Floquet multiplier. Between these two extremes, there are currently quite a few 2D
Limit Cycle Walking robots [38, 24, 151, 146, 93], see Figure 2.6, including our own
pneumatically actuated machines ’Mike’ [151] (Figure 2.6e) and ’Max’ [146]. The
great variety of successful controllers and hardware configurations is yet another
hint towards the potential of Limit Cycle Walking.

(a)

(b)

(c)

(d)

(e)

Figure 2.6: Two-dimensional actuated point/arced feet walkers: from Carnegie Mellon (a),
‘Rabbit’ from Centre National de Recherche Scientifique (CNRS) and the University of
Michigan (b), ‘Dribbel’ from the University of Twente (c), ‘Cornell Ranger’ from Cornell
University (d) and ‘Mike’ from Delft University of Technology (e).

There are a few fully three-dimensional (unconstrained) actuated arced feet walkers,
as shown in Figure 2.7. Cornell University built their ‘Cornell biped’ (Figure 2.7a),
having an upper body, swinging arms, upper legs, lower legs and arced feet [19, 20].
Because of internal mechanical couplings the number of degrees of freedom is only
five. The (one DoF) hip joint and knee joints of the ‘Cornell biped’ are fully passive. The only actuation in this machine is a short ankle push-off in the trailing leg
just shortly after foot strike at the leading leg. The push-off force is delivered by a
spring that is being loaded throughout one step by a small electric motor. ‘Toddler’
(Figure 2.7b) is a walker that has been built at MIT [125, 20]. It consists of two legs
and two arced feet. The (one DoF) hip joint is fully passive, the ankle joint has two
degrees of freedom (roll and pitch) which are both activated by position controlled
servo motors. Successful gait was obtained with fully feedforward ankle angle trajectories, hand tuned feedback and by applying reinforcement learning [126]. The
‘Pneu-man’ (Figure 2.7c) was developed at Osaka University [57]. It has an upper
body, arms, upper legs, lower legs and arced feet. The machine has ten degrees
of freedom, two for the arms, two in the hip, two knees and two ankles with two
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degrees of freedom each. All these joints are actuated by pneumatic McKibben muscles. The ‘Pneu-man’ is controlled through a state machine which is initiated every
step at foot strike and subsequently opens and closes pneumatic valves for fixed
amounts of time. ‘Denise’ (Figure 2.7d) has been developed in our own lab at Delft
University of Technology [142, 20]. It has an upper body, arms, upper legs, lower
legs and arced feet. Because of mechanical couplings it only has five internal degrees of freedom. The hip joint is actuated by McKibben muscles while the knee
and ankle joints are fully passive.

(a)

(b)

(c)

(d)

Figure 2.7: Three-dimensional actuated arced feet walkers: the ‘Cornell biped’ from Cornell University (a), ‘Toddler’ from Massachusetts Institute of Technology (MIT) (b), ‘Pneuman’ from Osaka University (c) and ‘Denise’ from Delft University of Technology (d).

2.5.3 Actuated flat feet walkers
We only know of two Limit Cycle Walkers with flat feet, see Figure 2.8. ‘Spring
Flamingo’ (Figure 2.8a) has been built at Massachusetts Institute of Technology and
consists of seven links (upper body, upper legs, lower legs and flat feet) [104]. All
six internal joints are actuated by series elastic actuators, in which springs are intentionally placed in series with geared electric motors [102]. This setup allows torque
control on all joints. The desired torques for all joints are determined by ‘Virtual
Model Control’, an intuitive approach to bipedal walking control, implementing
virtual elements such as springs and dampers [104].
‘Meta’ (Figure 2.8b) is a prototype which is currently being used for research in our
lab at Delft University of Technology. It has the same links as ‘Spring Flamingo’, but
only applies series elastic actuation at the hip joint and the ankles, the knee joints
are passive. Various control strategies are currently being applied to this prototype.
‘Spring Flamingo’ is constrained to 2D by a boom construction and ‘Meta’ by a
symmetric construction of its legs. Currently there are no fully 3D flat feet Limit
Cycle Walkers in existence. We have adopted this as a research challenge for our lab
for the near future.
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(b)

Figure 2.8: Actuated flat feet Limit Cycle Walkers: ‘Spring Flamingo’ from Massachusetts
Institute of Technology (MIT) (a) and ‘Meta’ from Delft University of Technology (b).

2.6 Energy efficiency
With the introduction of the paradigm Limit Cycle Walking we argue that the reduction of unnecessary constraints can result in increased performance. In this section
we discuss the performance of Limit Cycle Walking in terms of energy efficiency.
We explain how Limit Cycle Walking is crucial for increasing energy efficiency and
we show that State of the Art Limit Cycle Walkers are indeed highly efficient. First
we need to explain how the energy efficiency of bipedal walkers is measured to be
able to make a fair comparison.

2.6.1 Measuring energy efficiency
The energy efficiency of bipedal gait is quantified by the specific cost of transport or
specific resistance. This dimensionless number ct gives the amount of energy that
the biped uses per distance traveled per weight of the walker:
ct =

Used energy
Weight · Distance traveled

(2.10)

To distinguish between the efficiency of the total system design and the efficiency of
the mechanical design and the applied forces by the controller, the specific energetic
cost of transport cet and the specific mechanical cost of transport cmt are defined.
The specific energetic cost of transport cet takes into account the total amount of
energy used by the system where the specific mechanical cost of transport cmt only
takes into account the amount of mechanical work performed by the actuators.
To give a fair comparison between different walkers, the specific cost of transport
should be measured at equal normalized walking speeds. Normalized walking speed
is given by the Froude number F r, which is the actual
walking speed divided by the
√
square root of gravity times leg length: F r = v/ gl.
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2.6.2 Limit Cycle Walking improves energy efficiency
Limit Cycle Walking is energy efficient because it allows the use of zero feedback
gains or lower feedback gains than are required for sustained local stability.
When disturbances make a walker deviate from its nominal desired trajectory, high
feedback gains forcefully redirect the motion to the nominal trajectory. This often results in excessive active braking by the actuators (negative work) and thus increasing energy consumption. The use of high feedback gains actively fights the natural
dynamics of the system at the cost of extra energy expenditure. In contrast, Limit
Cycle Walking allows the natural dynamics of a walking system to help ensure convergence to the desired motion which takes away (at least part of) the active braking
by the actuators.
In case of uncertain or changing system parameters, the use of zero or low feedback gains in Limit Cycle Walking allows a walker to adapt its gait to the changing
natural dynamics. This also results in less energy consumption then forcefully maintaining the originally intended motion which constantly requires the walker to fight
its natural dynamics.

2.6.3 State of the Art energy efficiency
Limit Cycle Walkers show high energy efficiency. For instance, McGeer’s first passive dynamic machine has a specific cost of transport of approximately cet = cmt =
0.025, walking at a Froude number of F r = 0.2. In comparison, the specific energetic
cost of transport cet of humans is about 0.2 based on oxygen consumption, humans’
specific mechanical cost of transport cmt is estimated at about 0.05 [20]. Honda’s
state of the art humanoid Asimo is estimated to have cet ≈ 3.2 and cmt ≈ 1.6 [20].
The actuated Limit Cycle Walkers show mechanical costs of transport that are similar to the passive dynamic walkers: cmt = 0.06 for ‘Dribble, cmt = 0.055 for the
‘Cornell biped’, cmt = 0.08 for ‘Denise’ and cmt = 0.07 for ‘Spring Flamingo’ all
at a speed of about F r = 0.15. The specific energetic cost of transport cet for these
machines vary significantly, depending on the effort that was put into minimizing
the overhead energy consumption of the system. It ranges from cet = 0.2 for the
‘Cornell biped’ to cet ≈ 5.3 for ‘Denise’.
Clearly, the performance of the State of the Art Limit Cycle Walkers shows that
energy efficiency is improved through the application of Limit Cycle Walking.

2.7 Disturbance rejection
This section discusses the performance of Limit Cycle Walking in terms of disturbance rejection, the ability to deal with unexpected disturbances. We explain how
Limit Cycle Walking is necessary for increasing disturbance rejection and we show
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the present disturbance rejection in the State of the Art Limit Cycle Walkers. First
we need to explain how the disturbance rejection of bipedal walkers is measured to
be able to make a fair comparison.

2.7.1 Measuring disturbance rejection
The way disturbance rejection is measured in Limit Cycle Walkers unfortunately is
quite diverse. A range of disturbance rejection measures exists, relating to the rate at
which disturbances are rejected (the largest Floquet multiplier [90, 126]), the maximum allowable size of disturbances (the Basin of Attraction [116]) or a combination
of the two (the Gait Sensitivity Norm [51]).
The currently most commonly used measure is the maximal floor height variation
a walker can handle without falling. A Limit Cycle Walker is perturbed by a single
floor height difference (step-up/down) of a specific size to observe whether it is able
to recover. The size of this perturbation is varied to establish for which maximal
size the walker can still consistently prevent falling. The size of this floor height
difference is normalized to the walker’s leg length for comparison to other walkers.

2.7.2 Limit Cycle Walking necessary for large disturbance rejection
Obtaining disturbance rejection of large disturbances in walking is not possible with
the application of high feedback gains and sustained local stability as it results in
inadmissibly high actuation torques. These overly high desired torques will result
in saturation of actuators and loss of full contact between the walker’s feet and the
floor, violating the necessary condition of local stabilizability for obtaining sustained
local stability. The solution to this problem is Limit Cycle Walking as it works with
lower actuation torques (lower feedback gains) and it does not depend on full contact between the feet and the floor. The crucial notion is that it is allowed to reject a
disturbance over an extended amount of time, as long as falling is avoided.
The application of Target ZMP Control (adjustment of the nominal trajectory) by
Honda’s ASIMO [2] is a recognition of the fact that Limit Cycle Walking is necessary
for increasing disturbance rejection. We feel that the fact that trajectory adjustment
control is applied, makes ASIMO’s tight trajectory tracking excessive and unnecessary and thus we would recommend the reduction of this constraint altogether.
For Limit Cycle Walkers there are two ways to increase disturbance rejection: (1)
minimizing the divergence of motion throughout a step and (2) increasing the stabilizing effect of step-to-step transitions. An exemplary way to minimize motion
divergence is the commonly used application of arced feet instead of point feet in
Limit Cycle Walkers. A way to increase the stabilizing effect of step-to-step transitions is foot placement, for instance by applying swing leg retraction [143].
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2.7.3 State of the Art disturbance rejection
The disturbance rejection of passive dynamic walkers is limited. The maximal allowable floor height difference has been established on a passive dynamic walking
prototype in our lab. This prototype could handle a step-down of ∼ 1.5% of its leg
length [151].
More information on the maximally allowable size of floor height variations is known
from the actuated Limit Cycle Walkers. For two-dimensional Limit Cycle Walkers
typical values for a single floor height difference (step-down) that they can handle
are: ∼ 1% of its leg length for ‘Max’, ∼ 2% for ‘Mike’ and ∼ 4% for ‘RunBot’. ‘Spring
Flamingo’ was able to handle slope angles of 15◦ , a disturbance that is comparable
to a step-down/up of ∼ 9% of its leg length. For three-dimensional walkers the only
data that is available is that ‘Denise’ can handle a single step-down disturbance of
∼ 1% of its leg length.
How this State of the Art disturbance rejection compares to other non-Limit Cycle
Walkers is hard to say as there is a limited amount of published data available. From
personal communication with other robotic researchers we learned that the amount
of unexpected floor variation other robotic walkers can handle is probably in the
same order of magnitude. This expectation is supported by the fact that high floor
smoothness standards are demanded for bipedal robot demonstrations.
The State of the Art disturbance rejection of bipedal robots certainly is small compared to the human ability to handle unexpected disturbances during walking. We
expect that Limit Cycle Walking is an essential paradigm for increasing the disturbance rejection of bipedal robots. Proving this in actual prototypes is a main topic
of our lab’s future work.

2.8 Versatility
The last aspect of Limit Cycle Walking performance that we will discuss is gait versatility. The versatility of a Limit Cycle Walker is its ability to purposefully perform
different gaits. An important aspect of this versatility is the ability to walk at different speeds. We explain how Limit Cycle Walking creates the opportunity to increase
versatility and show the versatility of State of the Art Limit Cycle Walkers. First we
need to explain how the versatility of bipedal walkers is measured to be able to
make a fair comparison.

2.8.1 Measuring versatility
The versatility of a bipedal walker is largely described by the range of speeds a
walker can obtain in three orthogonal directions. In the sagittal/fore-aft direction
the range of walking speeds tells whether a walker is able to walk at high speeds
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and low speeds, but also if it is able to come to a standstill (zero speed). In the other
two directions (lateral/left-right and vertical) it is the ratio between the speed in that
direction and the sagittal walking speed that is of importance. In the lateral direction
this defines the rate at which a walker can turn (the turn radius it can obtain) or,
when the ratio is infinite, whether it can walk sideways. In the vertical direction
it defines what types of slopes (or stairs) the walker can handle purposefully. To
make walking speeds comparable between different walkers the speed
is generally
√
normalized by giving the dimensionless Froude number: F r = v/ gl.

2.8.2 Limit Cycle Walking increases speed range
Limit Cycle Walking enables walking at high speeds because it uses the more frequent and more violent step-to-step transitions at high speed as a way to create
stability instead of having to fight them as disturbances.
In case a bipedal walker applies sustained locally stabilizing control around its nominal trajectory, the step-to-step transitions generally are mainly a source of deviations from the nominal motion which have to be rejected by the trajectory controller.
For increasing walking speed, these induced deviations tend to grow in size and occur at a higher frequency, which increases the demands on the trajectory controller.
Eventually, the obtainable walking speed is limited by the control bandwidth.
In Limit Cycle Walking this control bandwidth limitation on walking speed does
not exist as it does not depend on continuous stabilizing control to reject deviations.
Step-to-step transitions are the main source of stabilization and the ‘bandwidth’ of
this stabilizing effect automatically increases with increasing walking speed.

2.8.3 State of the Art versatility
Some of the State of the Art Limit Cycle Walkers have shown to be able to walk at
different walking speeds: ’Rabbit’ shows a speed range from about F r = 0.15 to
F r = 0.3, ‘Toddler’ from 0 (it is able to start from standstill) to about F r = 0.09 and
the relatively fast and small ‘RunBot’ from F r = 0.25 to F r = 0.5. In comparison
Honda’s Asimo has a speed range from 0 to F r = 0.3 and humans from 0 to about
F r = 1.
Research with Limit Cycle Walkers focusing on the ability to purposefully perform
turns or walk stairs has gotten little attention so far. Only the prototype ‘Cornell
Ranger’ is able to make turns with a minimal radius of about 25 meters. None of the
State of the Art Limit Cycle Walkers has shown the ability to purposefully walk up
or down stairs.
The State of the Art versatility of Limit Cycle Walkers is quite limited at present in
spite of the fact that the paradigm is promising on this aspect. Showing that Limit
Cycle Walking prototypes can have a large versatility is another main topic of our
lab’s future work.
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2.9 Conclusion
In this chapter we have introduced the paradigm ‘Limit Cycle Walking’. This paradigm has been used for some time by a group of bipedal robotics researchers, but
the concept had not been properly defined before:
Limit Cycle Walking is a nominally periodic sequence of steps that is stable as a
whole but not locally stable at every instant in time.
Limit Cycle Walking releases the unnecessary stability constraint of sustained local
stability that is often applied in bipedal robots. It only requires the much less restrictive cyclic stability. This gives extra freedom for finding better walking performance,
it is expected that:
• Limit Cycle Walking increases energy efficiency because it does not apply high
feedback gains that fight the natural dynamics of the system in case of disturbances or uncertain parameters.
• Limit Cycle Walking is necessary to increase disturbance rejection because
large disturbances tend to violate the constraints that are necessary to enforce
local stability.
• Limit Cycle Walking increases versatility by enabling higher walking speeds;
the more frequently and violently occurring step-to-step transitions are inherently used for stabilization in contrast to being an increasing source of unwanted disturbances demanding higher control bandwidth.
The increase of energy efficiency has been demonstrated by the State of the Art Limit
Cycle Walkers. The expected increase in disturbance rejection and versatility has not
yet been shown in existing bipedal walkers. Doing this is the main goal of our lab’s
future work.

Chapter 3
A disturbance rejection measure for Limit
Cycle Walkers: the Gait Sensitivity Norm
D.G.E. Hobbelen, M. Wisse
IEEE Transactions on Robotics, 23(6): 1213-1224, 2007

The construction of more capable bipedal robots highly depends on the ability
to measure their performance. This performance is often measured in terms of
speed or energy efficiency, but these properties are secondary to the robot’s ability to prevent falling given the inevitable presence of disturbances, i.e. its disturbance rejection. Existing disturbance rejection measures (ZMP, Basin of Attraction, Floquet multipliers) are unsatisfactory due to conservative assumptions,
long computation times or bad correlation to actual disturbance rejection. This
paper introduces a new measure called the Gait Sensitivity Norm that combines
a short calculation time with good correlation to actual disturbance rejection. It
is especially suitable for implementation on limit cycle walkers, a class of bipeds
that currently excels in terms of energy efficiency but still has limited disturbance
rejection capabilities. The paper contains an explanation of the Gait Sensitivity
Norm and a validation of its value on a simple walking model as well as on a
real bipedal robot. The disturbance rejection of the simple model is studied for
variations of floor slope, foot radius, and hip spring stiffness. We show that the
calculation speed is as fast as the standard Floquet multiplier analysis, while the
actual disturbance rejection is correctly predicted with 93% correlation on average.
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3.1 Introduction
Two-legged robot research aims at two goals, namely the construction of more capable robots and the improvement of gait rehabilitation. For both goals, it is essential
to measure the performance of the biped (two-legged system). How good is the
walking motion of the robot or human? Often, velocity or energy expenditure are
measured, but these performance criteria are secondary to the main boundary condition: the biped must walk without falling. Therefore, we believe that first and foremost we need a measure for “how well the biped keeps from falling” in the presence
of disturbances. We will refer to this as the disturbance rejection of the biped.
It is difficult to quantify disturbance rejection because walking is a highly nonlinear dynamical process, and because there are many potential disturbances. A full
evaluation can only be done by assessing all possible disturbances of various amplitudes occurring at all possible system states. This exhaustive search is highly time
consuming. Also, one can only find the limits by exceeding them, so the robots and
humans will actually have to fall. Due to these difficulties, biped researchers have
to work with approximate measures [107, 138].
Various approximate disturbance rejection measures exist [133, 60, 90, 138, 36, 17,
131, 107]. A major group of these measures is based on the assumption that a biped
can prevent falling if and only if its stance foot is firmly placed on the ground, providing local controllability1 . These measures indicate how close a biped’s foot is to
tipping (and thus loosing local controllability) by measuring the distance from the
edge of the support foot to the projection of the Center of Mass (the static stability
margin) or the Center of Pressure (the Zero Moment Point stability margin [133, 131]
and the Foot Rotation Indicator [39]).
However, continuous flat foot contact is not necessary to prevent falling. This has
clearly been shown with the creation of ‘limit cycle walkers’, bipeds that show stable
limit cycle motion without having local controllability at all times during gait. The
first example of such a limit cycle walker was the passive dynamic walker made by
McGeer [90]. His biped was equipped with arc shaped feet, which make it impossible to achieve local controllability at any point in time and nonetheless it showed
perfectly stable gait. His pioneering work has inspired the creation of limit cycle
walkers all over the world [20, 66, 96, 124], among which the ones that have been
built in our lab [81, 151, 20] (Figure 3.1).
All limit cycle walkers share the property that their nominal gait is a stable limit
cycle, a closed trajectory to which neighboring trajectories converge. This means
that limit cycle walkers nominally show a periodic repetitive motion, which restores
itself after a small disturbance has occurred.
To formulate disturbance rejection measures for limit cycle walkers, two concepts
from general nonlinear dynamics analysis [122] are in use. The Basin of Attraction
involves a global assessment of the system states that result in convergence to the
1 Local controllability of nonlinear systems implies controllability in the direct neighborhood of the
current state [78].
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Figure 3.1: Four limit cycle walkers that have been built at Delft University of Technology [81, 151, 20].

limit cycle. The Floquet multipliers indicate the rate of convergence on a step-to-step
basis for small deviation from the limit cycle (linearized stability). Disturbance rejection is also occasionally quantified by the largest disturbance a limit cycle walker
can handle. As shown in Section 3.2, none of these measures are satisfactory for the
evaluation and optimization of limit cycle walkers. The Basin of Attraction and the
largest allowable disturbance take too much computation time or experimentation
time (if at all possible), while the faster Floquet multipliers have limited correlation
with actual disturbance rejection.
In this paper, we present a new measure for limit cycle walkers that has a short calculation time and good correlation with actual disturbance rejection. We call the new
measure the Gait Sensitivity Norm (k ∂g
∂e k2 ). The definition of the new measure will
be given in Section 3.3. Then, in Section 3.4 and 3.5, the Gait Sensitivity Norm will
be subjected to a comparative study with other existing measures. In Section 3.6 we
apply the Gait Sensitivity Norm to a real prototype. The discussion and conclusion
follow in Sections 3.7 and 3.8.

3.2 Existing measures for limit cycle walkers
For limit cycle walkers, three measures to quantify disturbance rejection are currently in use. All three have specific properties which make them unsuitable in practice when evaluating or optimizing performance. The measures and their respective
properties are listed below. The first measure, the Basin of Attraction, will be used
for a validity check of our new measure in Section 3.4. The other two measures are
subjects of a quantitative comparison with our new measure in Section 3.5.
• Basin of Attraction. The Basin of Attraction (BoA) is the total set of system states
of a limit cycle walker for which its gait converges to its nominal limit cy-
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cle [130, 116]. This measure involves a full evaluation of the nonlinear system
behavior starting at all possible system states.
The benefit of the BoA is the good correlation between actual disturbance rejection and the distance from the limit cycle to the borders of the BoA. The
drawback is the large amount of computational or experimental time (if at all
possible) that is required to obtain the BoA as well as the arbitrary interpretation of the BoA (e.g. dependent on choice of system states, involving multiple
units, hard to quantify due to complex shape).
• Largest Floquet multiplier. Floquet multipliers indicate how fast small deviations from the limit cycle converge on a step-to-step basis [60, 90, 122]. For a
stable limit cycle, the Floquet multipliers have to be within the unit circle; the
closer to zero the faster the convergence rate.
The benefit of the Floquet multipliers is that they require a short calculation or
experimental time as they involve only small deviations from the limit cycle (a
linearization approach). The drawback is the limited correlation between actual disturbance rejection and the distance from the largest Floquet multiplier
to the unit circle [116], as we will show in Section 3.5.
• Largest allowable deterministic disturbance. Some researchers have measured the
disturbance rejection of their biped by measuring the maximum size or range
of a specific deterministic disturbance that the biped can manage without
falling. Examples of such disturbances are an impact at the hip [90], a stepdown in the floor [150] and a slope [104].
The benefit of this measure is the good correlation with actual disturbance rejection, in case it is obtained for a representative set of real world disturbances.
Drawbacks of this measure are the long computation or experimental time and
the fact that the boundary of what a biped can handle needs to be exceeded to
establish this measure, meaning in practice that the biped will have to fall.

3.3 The Gait Sensitivity Norm
3.3.1 General concept
We introduce a new measure, which we call the Gait Sensitivity Norm k ∂g
∂e k2 . It
quantifies the effect of a set of disturbances on a walking gait. To establish the
Gait Sensitivity Norm we define a generalized system description for a limit cycle walker’s gait having a set of disturbances e as the system input and a set of
gait indicators g as system output (Section 3.3.2). The Gait Sensitivity Norm k ∂g
∂e k2
measures the size of the dynamic response of this system (Section 3.3.3). The selection of disturbances e and gait indicators g are open to the designer, which adds
expert knowledge to this measure. A meaningful selection of e and g is crucial for
the success of the Gait Sensitivity Norm; an example is given in Section 3.4.3.
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• Disturbances e. The set of disturbances consists of those disturbances that are
of interest to the designer. The set should instigate the important failure modes
(ways to fall) of the limit cycle walker. This can include disturbances that effect
the motion once per step, such as floor irregularities, and continuous disturbances such as sensor noise or torque ripple. The designer has to weigh the
disturbances to account for the different magnitudes in which they occur in
practice.
• Gait indicators g. The gait indicators should quantify the characteristics of the
walking gait that are directly related to the failure modes. Various gait indicators can be used, such as step width, step time or ground clearance at midswing. For instance, step time indicates how close a 2D walker is to falling
forward and falling backward (see Section 3.4.3) and ground clearance indicates how close a walker is to the failure of toe stubbing. The gait indicators
are weighted by dividing them over the absolute value of the gait indicator
for which falling is expected (e.g. the nominal minimal ground clearance).
• Size of dynamic response k ∂g
∂e k2 . The dynamic response of the system is the variability of the gait indicators as a result of the input disturbances. This dynamic
response is an essential factor in measuring disturbance rejection. This claim
is supported by several human gait analysis studies that indicate a strong correlation between gait variability and the occurrence of falling [44, 47, 85, 46].
In control engineering the size of a system’s dynamic response is measured
by system norms. The Gait Sensitivity Norm uses the H2 -norm, which gives
the standard deviation of the system output response to white noise inputs
as well as impulse inputs. Therefore it quantifies the disturbance rejection of a
walking gait for single perturbations (e.g. step down in the floor) as well as for
continuously varying disturbances (e.g. floor with randomly varying height).

The following sections give a general description of how the dynamic response of
this system description is obtained and how the H2 -norm is calculated. A practical step to step description of the total procedure for both simulation models and
physical prototypes is given in the Appendix.

3.3.2 Dynamic system response
To obtain the Gait Sensitivity Norm, we define a system description of a limit cycle walker’s gait with disturbances e as input and gait indicators g as output. The
system describes how the gait indicators vary on a step-to-step basis as a result of
small disturbances that occur when the walker is in its nominal limit cycle motion.
The system response can be obtained in two ways: 1) direct identification of the
input-output relation of the system and 2) through a state-space system description.
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Direct input-output identification
The first option, directly identifying the input-output relation, is especially suitable
for application on real prototypes. One can apply a single impulse disturbance to
the system (e.g. a stepdown in the floor) and measure the fluctuation of the gait
indicators g as a result of that. The disturbance needs to be large enough to have a
distinguishable effect, but small enough to make sure the walker does not fall. To
incorporate multiple disturbances, separate experiments for every disturbance have
to be performed.

State-space system description
The second option, the state-space system description, is better suited for simulation as it needs less simulation time to obtain the system response to multiple disturbances.
A limit cycle walker can be described as a linear discrete state-space system by performing a linearization of its gait on a step-to-step basis. This process of linearization
has first been described by Hurmuzlu [60] and later by McGeer [90]. Subsequently it
has frequently been used by passive dynamic walking researchers. It is an essential
part of the calculation of the Floquet multipliers of a limit cycle walker as mentioned
in Section 3.2.
The linearization process is based on the discrete step-to-step analysis called Poincaré
mapping. A walking step is interpreted as a Poincaré map, the mapping of the initial conditions of the step (vn ) to the initial conditions of the next step (vn+1 ). This
nonlinear mapping S was termed the ’stride function’ by McGeer. It is found by performing a full dynamic simulation of one stride. For this paper, the stride function
S has been extended to incorporate the gait indicators gn and the effect of disturbances en that might occur during a step.
½
S:

vn+1
gn

=
=

Sv (vn , en )
Sg (vn , en )

(3.1)

The linearization of the stride function S is performed at the fixed point v∗ of S,
which is the intersection of the gait limit cycle with the Poincaré section. The value
of g at the fixed point, g∗ , is the nominal value of the gait indicators.
v∗
g∗

= Sv (v∗ , 0)
= Sg (v∗ , 0)

(3.2)

To perform the linearization, the fixed point needs to be known. It is found by performing a Newton-Raphson search as done by McGeer [90]. The linearized model
will consider small deviations from the fixed point ∆v and small disturbances e,
resulting in small deviations of the gait indicators from their nominal values ∆g.
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The state space representation of the complete linearized discrete system model that
describes the limit cycle walker, as depicted in Figure 3.2, is:
∆vn+1
∆gn

= A ∆vn + B en
= C ∆vn + D en

(3.3)

Where:
∗

(v , 0)
• A = ∂Sv∂v
, which is the linearized version of the standard stride function,
n
the mapping from initial conditions ∆v of step n to the initial conditions of
step n + 1, also known as the Jacobian J.
∗

(v , 0)
• B = ∂Sv∂e
, which is a sensitivity matrix that describes the effect of the
n
disturbances e in step n on the initial conditions ∆v of the next step.
∂S (v∗ , 0)

• C = g∂vn , which is a sensitivity matrix that gives the deviation of the gait
indicators ∆g in a step that starts out with initial conditions ∆v.
∂S (v∗ , 0)

• D = g∂en , which is a sensitivity matrix that gives the deviation of the gait
indicators ∆g in a step in which disturbances e are present.

D=

en

B=

∂Sv(v*,0)
∂en

∂Sg(v*,0)
∂en

∆vn+1 one step

∆vn

delay

+

A=

C=

∂Sg(v*,0)
∂vn

+

∆gn

∂Sv(v*,0)
∂vn

Figure 3.2: Block diagram of the discrete step-to-step system that describes a limit cycle walker’s gait. Disturbances e are the system input, initial conditions to a step ∆v the
discrete states and gait indicators ∆g the output. This block diagram describes the transfer function of the system, which can be used to simulate the system response (multiple
steps) to various disturbances (e.g. impulse, white noise).

All the sensitivity matrices A, B, C and D in (3.3) are numerically determined
through a perturbation analysis of the stride function. This means that for all initial conditions and all disturbances a full dynamic simulation of one stride needs to
be performed in which one initial condition or disturbance is perturbed by a small
amount. After this has been done, the complete dynamic response can be calculated
through a series of matrix multiplications.

3.3.3 Calculating the H2 -norm
To quantify the size of the dynamic response of our limit cycle walker system, the
Gait Sensitivity Norm calculates the H2 -norm (k.k2 ) of this system. The H2 -norm
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measures system responses to both impulse inputs and white noise inputs as shown
in Figure 3.3.
e

e0 = 1, impulse

e

E[e2] = 1, white noise

k

k

system response H
g

g

k

k

∞

Σg

2

k

= ||H||2

k=0

E[g2] = klim
→∞

1
k

k

Σg

2
n

= ||H||2

n=0

Figure 3.3: Discrete system responses to an impulse and a white noise disturbance input
and their relation to the H2 -norm of the system (E[.] is the expected value operator).
Each point represents a new walking step (k-axis). These responses are given here as
examples, but are in fact real responses of the model described in Section 3.4 in which e
is a floor height difference and g is step time.

The relation of the H2 -norm to the impulse response of a system is especially useful
in determining the Gait Sensitivity Norm in real prototypes. In case of direct inputoutput identification as described in Section 3.3.2 the Gait Sensitivity Norm k ∂g
∂e k2
can directly be obtained from the discrete response of the gait indicators g to a single
disturbance e0 :
v
u q ∞
° °
uX X
° ∂g °
1
2
t
° ° =
(gk (i) − g∗ (i))
(3.4)
° ∂e °
|e0 |
2

i=1 k=0

in which gk (i) is the value of the i-th gait indicator k steps after the disturbance has
occurred, q is the number of gait indicators.
In case the dynamic response of the walker is obtained through simulation using
the state-space description, the Gait Sensitivity Norm involves solving (3.5).
v
u
° °
∞
X
u
° ∂g °
° ° = ttrace(DT D) +
trace(BT (AT )k CT CAk B)
° ∂e °
2

(3.5)

k=0

in which trace(X) is the sum of the elements on the main diagonal of the matrix X.
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3.4 Comparative study
To demonstrate the value of the Gait Sensitivity Norm, we subject it to several test
cases. The tests are performed on an extended version of the simplest walking model
by Garcia et al. [37], see Figure 3.4. We vary the foot radius, ground slope and hip
spring stiffness. For each of the three parameter variations we record the effect on
three disturbance rejection measures:
1. the reciprocal of the Gait Sensitivity Norm (1/k ∂g
∂e k2 ) for which the choice of disturbance e and gait indicator g is explained in Section 3.4.3,
2. the distance between the largest Floquet multiplier and the unit circle (1 − max(|λ|)),
3. the largest allowable deterministic disturbance (max(|e|)), using the same disturbance e as for the Gait Sensitivity Norm.
For all three of these measures, a higher value should qualify better disturbance
rejection; that is why we take the reciprocal value of the Gait Sensitivity Norm. The
Basin of Attraction measure is not included in this study as it is not a quantitative
measure (it is a shape).

3.4.1 Comparison criteria
The three disturbance rejection measures 1/k ∂g
∂e k2 , 1 − max(|λ|) and max(|e|) will
be compared based on two criteria:
1. Correlation with actual disturbance rejection. A measure’s prediction is good when
the measure is highly correlated to the actual disturbance rejection; the correlation coefficient r2 gives the part of the change in the actual disturbance rejection that is explained by respective measures (in percentages). The number
r2 does not tell whether the correlation is positive or negative. In this comparative study only a positive correlation is good and thus we will give the sign
of the correlation with the value of r2 .
The actual disturbance rejection is the walker’s ability to prevent a fall in the
presence of disturbances. We will establish this ability given the presence of
Gaussian white noise disturbances as this gives a good approximation of common real-world disturbances. We define the actual disturbance rejection as the
magnitude (95% confidence interval) of a Gaussian white noise disturbance
for which the walker is able to prevent falling for 95% of the time in an 80 step
trial. This 80 step trial is long enough to capture the effect of slow convergence
after a disturbance and short enough to result in reasonable computational
times. The choice of disturbance is floor height variations, the same as will be
used in establishing the Gait Sensitivity Norm. The rationale for this choice
will be given in Section 3.4.3.
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2. Relative calculation time. The three measures as well as the actual disturbance
rejection are calculated with a simulation in a MATLAB environment on a 1.9
GHz Intel Pentium M processor with 1 GB of RAM. The computational time
needed to calculate the measures is compared to the time it takes to calculate
the actual disturbance rejection and given in percentages.

3.4.2 Model description
Figure 3.4 shows the extended version of the simplest walking model by Garcia et
al. [37]. Their original model is a 2D model consisting of two rigid links with unit
length l, connected at the hip. There are three point masses in the model, one in the
hip with unit mass M and two infinitesimally small masses m in the feet. The model
walks down a slope in a gravity field with unit magnitude g. The extended model
adds a torsional spring in the hip with stiffness k and arced feet with arc radius rf .
Due to the normalization of the model (M = 1, l = 1, g = 1), the only free model
parameters are the slope angle γ, the spring stiffness k and the arc radius rf . Similar
compass gait models have been used by other researchers [93, 65, 42, 74].
k
g
M
l

m
γ

swing leg

φ

rf

θ

stance leg

m

Figure 3.4: A typical walking step. Just after footstrike the swing leg (heavy line) swings
forward past the stance leg (thin line) until the swing leg hits the ground and a new step
begins. θ is the angle between the stance leg and the slope normal, φ is the angle between
the two legs, l is the leg length, rf is the foot radius, M is the hip mass, m is the foot mass,
k is the hip spring stiffness, g is the gravitational acceleration and γ is the slope angle.
Adapted from Garcia et al. [37].

The dynamics of the model consists of two parts. The first part is the continuous dynamics that describes the motion of the stance and swing leg in between footstrikes.
The footscuffing during midstance that inevitably occurs with 2D straight-legged
(knee-less) models is ignored. The second part of the dynamics is the discrete im-
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pact that describes the footstrike, as this is modeled as a fully inelastic instantaneous
collision. The equations of motion of both parts are given in the Appendix.

3.4.3 Choice of disturbance and gait indicator
We will use the model to test our new disturbance rejection measure. As mentioned
in Section 3.3.1, the Gait Sensitivity Norm requires a meaningful selection of disturbances e and gait indicators g. This selection depends a bit on the particular model
under consideration. In this case, the simple 2D walking model only has two failure
modes: it can fall forward or backward. So, a selection of e and g is meaningful if
both failure modes are instigated by the disturbances e and measured by the gait
indicators g.
The choice of disturbance e for this study is floor irregularities as they induce both
falling forward and falling backward. One can imagine that the walker will not manage to overcome a high step up and consequently fall backward. A large step down
in the floor will result in falling forward.
The choice of gait indicator g is the step time T , as we hypothesize that there is
a strong relation between step time and both of the failure modes. The larger the
variations of step time T , the closer the model is to a fall. We reason as follows.
Falling forward occurs when a limit cycle walker is not able to put its swing leg in
front of its stance leg fast enough to prevent the fall [150]. This implies that a limit
cycle walker is closer to falling forward when its step time is smaller, suggesting an
expected relation between step time and the failure mode of falling forward. Falling
backward of a dynamic walker is due to the fact that the walker has insufficient
energy content to pass the apex (point of highest potential energy content, i.e. midstance) during walking. When a walker is close to falling backward, it will have a
low level of kinetic energy around the apex, causing a slow motion and thus long
step time. This suggests an expected relation between step time and the failure mode
of falling backward.
To test the hypothesis and establish the relation between step time and falling, we
performed a comparison between the step time variability and the Basin of Attraction of our model. For all points (sets of initial conditions) in the BoA of this model
we simulate the fully nonlinear dynamic response to those specific initial conditions
and calculate the 2-norm of the step time response kT k2 :
v
u∞
uX
2
kT k2 (v0 ) = t
(Tk − T ∗ )
·
where v0 =

k=0

θ0
θ̇0

(3.6)

¸

If the expected relation between step time and falling exists, the BoA and the 2-norm
of the step time response should be related. Figure 3.5 shows that indeed this rela-
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||T||2 and BoA
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0.4 < ||T||2 ≤ 0.6
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0.4

0.5

θ0
Figure 3.5: The shape of the Basin of Attraction (BoA) of the simplest walking model on a
slope of γ = 0.004 rad (rf = 0 and k = 0) [116], accompanied by a contour map of the root
mean square of the step time response, kT k2 . The contour map monotonically increases
from the location of the fixed point (white star) towards the edges of the BoA. Outside the
BoA the walker falls forward or backward [116].

tion exists; the contour map of kT k2 and the BoA that are depicted show a relation in
shape. For increasing kT k2 the contour map monotonically increases and takes the
shape of the boundary of the Basin of Attraction, where falling backward or falling
forward occur. In the direction in which the edges of the BoA are further away, kT k2
increases more slowly, which shows that the largest allowable disturbance and kT k2
are inversely related. This finding confirms the hypothesis that step time is a good
indicator for the chance of either falling forward or falling backward.

3.5 Proof of concept: results comparison
This section presents the results of the comparative study. We vary three parameters
in the model of Section 3.4.2:
1. the foot radius rf ,
2. the hip spring stiffness k,
3. the slope angle γ.
For each parameter variation the limit cycle is found. Then the three disturbance
rejection measures are calculated and compared for their correlation with actual
disturbance rejection and computation time.
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3.5.1 Comparison for changing foot radius
The foot radius is a design feature that has been applied in multiple limit cycle
walkers [90, 151, 21, 20]. It has shown to be beneficial for the energy efficiency of the
walkers and practically it has been found that it increases their disturbance rejection.
When the foot radius is increased while γ and k are kept unchanged, typically the
model will walk at a higher speed using larger steps. Figure 3.6 shows how the foot
radius affects the actual disturbance rejection and the three disturbance rejection
measures. It shows that for increasing foot radius the model’s actual disturbance
rejection increases. The model can handle larger floor irregularities for larger foot
radii. The disturbance rejection increases slowly for small foot radii and increasingly fast for larger radii; it reduces to zero for foot radii for which the limit cycle is
unstable (rf > 0.9).

1

1 ∂g ∂e 2 [-] (x 4)
max(|e|) [mm] (x 0.01)
1-max(|λ|) [-] (x 1.5)

Actual disturbance rejection [mm] (x 0.04)

Comparison for changing foot radius, equal slope angle

0

0

0.2

0.4

0.6

0.8

1

Foot radius rf [-]

Figure 3.6: Actual disturbance rejection and three disturbance rejection measures for increasing foot radius of the extended simplest walking model, slope angle γ = 0.004 rad
and hip spring stiffness k = 0 are left unchanged. For rf > 0.90 the limit cycle is unstable
and the disturbance rejection reduces to zero. The four quantities are scaled for visibility.
For the comparison, we are only interested in relative changes in the quantities due to
changing foot radius, the absolute values are not important.

The quantitative comparison data for the three measures are given in Table 3.1.
It shows that there is a high positive correlation (98%) between the reciprocal of
the Gait Sensitivity Norm and the actual disturbance rejection. The Gait Sensitivity
Norm as well as the maximal single disturbance max(|e|) predict the increasing disturbance rejection well. The correlation between the largest Floquet multiplier and
the actual disturbance rejection is negative and thus does not give a good prediction. This also shows from Figure 3.6, as the largest Floquet multiplier increases at
first and starts to decrease for foot radii larger than 0.65.
It took 747 minutes (12.5 hours) to calculate the actual disturbance rejection. The
calculation of max(|e|) was about 5 times faster, still taking 160 minutes. The Gait
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Sensitivity Norm as well as the largest Floquet multiplier were calculated over 1000
times faster than the actual disturbance rejection in respectively 32 and 20 seconds.
Table 3.1: Quantitative comparison measures for changing foot radius

Correlation to actual

Relative calculation

disturbance rejection

time

Measures

r2 (sign)a

1/k ∂g
∂e k2

98 % (+)

0.07 %

53 % (–)

0.04 %

96 % (+)

21 %

1 − max(|λ|)
b

max(|e|)
a if

the sign is negative the measure tends to predict the opposite of the actual disturbance rejection.
b max(|e|) is obtained with 1% accuracy.

The step length of the models with large foot radius is unreasonably large (close to
twice the leg length) compared to human walking. For this reason it is more insightful to study the effect of foot radius while keeping the step length equal, as was
done by McGeer [90]. This is achieved by adjusting the slope angle while changing the foot radius, such that the resulting step length stays the same. We also performed this parameter study, as shown in Figure 3.7. Compared to Figure 3.6 the
actual disturbance rejection increases more slowly for increasing foot radius and
even decreases for foot radii over 0.7.
1

1 ∂g ∂e 2 [-] (x 100)
max(|e|) [mm] (x 0.2)
1-max(|λ|) [-] (x 2)

Actual disturbance rejection [mm] (x 1.0)

Comparison for changing foot radius, equal step length

0

0

0.2

0.4

0.6

0.8

1

Foot radius rf [-]

Figure 3.7: Actual disturbance rejection and three disturbance rejection measures for increasing foot radius of the extended simplest walking model. Slope angle γ is adjusted to
obtain equal step length for all cases, the hip spring stiffness k = 0 is left unchanged.

Again Table 3.2 shows there is a high correlation of 87% between the reciprocal of
the Gait Sensitivity Norm and actual disturbance rejection. Also in this case, the
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Table 3.2: Quantitative comparison measures for changing foot radius, equal step length

Correlation to actual

Relative calculation

disturbance rejection

time

2

Measures

r (sign)

1/k ∂g
∂e k2

87 % (+)

0.08 %

1 − max(|λ|)

19 % (–)

0.04 %

max(|e|)

82 % (+)

38 %

largest Floquet multiplier is useless as a predictor of disturbance rejection.

3.5.2 Comparison for changing hip spring stiffness
The hip spring stiffness affects the natural frequency of the walking model; a higher
value of k will make the model walk at a higher speed and with shorter steps.
Kuo [74] suggests that it can be used to improve the energetics of walking. For this
parameter study we will adjust the slope angle to achieve equal step length for different spring stiffness values, similar to the end of the previous section. The results
are given in Figure 3.8. For increasing hip spring stiffness and thus higher walking
speed, the disturbance rejection of the model increases. While the Gait Sensitivity
and max(|e|) predict this effect, the Floquet multipliers seem to predict the opposite, decreasing disturbance rejection.

1

1 ∂g ∂e 2 [-] (x 20)
max(|e|) [mm] (x 0.05)
1-max(|λ|) [-] (x 2.5)

Actual disturbance rejection [mm] (x 0.2)

Comparison for changing hip stiffness, equal step length

0

0

2

4

6

8

10

Hip spring stiffness k [-]

Figure 3.8: Actual disturbance rejection and three disturbance rejection measures for increasing hip stiffness of the extended simplest walking model. The slope angle γ is adjusted to achieve equal step lengths, the foot radius rf = 0 is kept unchanged.

46

Chapter 3

Table 3.3: Quantitative comparison measures for changing hip spring stiffness, equal step
length

Correlation to actual

Relative calculation

disturbance rejection

time

Measures

r2 (sign)

1/k ∂g
∂e k2

99 % (+)

0.08 %

1 − max(|λ|)

75 % (–)

0.05 %

max(|e|)

98 % (+)

15 %

Table 3.3 shows that the reciprocal of the Gait Sensitivity Norm has almost perfect positive correlation (99%) with actual disturbance rejection in this study. The
maximal single disturbance gives a good prediction as well. The largest Floquet
multiplier shows a negative correlation, which agrees with the observation from
Figure 3.8. The calculation time of the Gait Sensitivity Norm is more than a factor
1000 shorter than for calculating the actual disturbance rejection.

3.5.3 Comparison for changing slope angle
Changing the slope angle while keeping the foot radius and hip spring stiffness to
zero, reduces our extended simplest walking model to the original one. This parameter study has been performed by other researchers before [37, 116]. The study by
Schwab et al. [116] already showed that there is no direct relation between the Floquet multipliers and disturbance rejection, which they measured as the area of the
Basin of Attraction.
The disturbance rejection of the simplest walking model on slopes of γ > 0.007rad
turns out to be complex; the range of allowed single floor height differences is not
convex, as shown in Figure 3.9. At γ = 0.010 rad it happens that the walking model
manages to overcome a stepdown of 2.4mm, while it cannot manage a smaller stepdown of 2mm. The measure max(|e|) measures the difference between the boundaries of the allowed range that are closest to zero, as indicated in Figure 3.9.
The results of the comparative study for changing slope angle are given in Figure 3.10 and Table 3.4.
The comparison results confirm the findings by Schwab et al. [116] that the correlation between the largest Floquet multiplier and disturbance rejection is limited.
Again the Gait Sensitivity Norm gives quite a good prediction of actual disturbance
rejection with a positive correlation of 88%. Altogether, these results convince us that
our Gait Sensitivity Norm is useful as a predictor of the actual disturbance rejection
of limit cycle walkers.
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Figure 3.9: The range of allowed single floor height differences for changing slope angle.
For γ > 0.007rad the shape of this range is highly irregular. The definition of max(|e|) in
this irregular shape is indicated by the arrow.
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Figure 3.10: Actual disturbance rejection and three disturbance rejection measures for
increasing slope angle of the extended simplest walking model.

3.6 Gait Sensitivity Norm for real robots
The Gait Sensitivity Norm can be applied to real prototype walkers as well as simulation models. This section shows the use of the Gait Sensitivity Norm in an exemplary parameter study that has been performed on an existing actuated 2D walking
prototype called ‘Meta’, shown in Figure 3.11(a). The parameter involved in this
study is the proportional gain in a local feedback loop in the prototype’s stance ankle2 .
2 Note that this prototype study was quite extensive and the results were highly interesting by themselves. Due to space limitations here we only give them for showing the practical applicability of the Gait
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Table 3.4: Quantitative comparison measures for changing slope angle

Correlation to actual

Relative calculation

disturbance rejection

time

2

Measures

r (sign)

1/k ∂g
∂e k2

88 % (+)

0.07 %

1 − max(|λ|)

29 % (+)

0.04 %

max(|e|)

85 % (+)

28 %

(b)

(a)

(c)

Figure 3.11: (a) The physical 2D limit cycle walker called ‘Meta’. This prototype is subjected to a parameter study establishing the Gait Sensitivity Norm through measurement
trials with a single step-down disturbance (b). For each parameter setting in the study
’Meta’ also performed a 100 step trial over a floor with randomly varying height to evaluate the correlation between the measured Gait Sensitivity Norm and actual disturbance
rejection (c).

To find the Gait Sensitivity Norm in practice, the step-to-step response of the gait
indicators to a single (impulse) disturbance needs to be measured (Section 3.3.2). In
this parameter study, again, the choice of disturbance is a floor height variation and
the gait indicator is step time. Thus a measurement trial involves measuring the step
time of consequent steps of the prototype while it encounters a single 4mm (0.7% of
its 0.6m leg length) step down in the floor (Figure 3.11(b)). From this measurement
trial we derive the prototype’s nominal step time (g∗ ) and the deviations from this
nominal step time in the steps following the single stepdown disturbance (gk − g∗ ).
Equation (3.4) gives us the prototype’s Gait Sensitivity Norm. The results are shown
Sensitivity Norm. The complete results will be presented in a future publication.
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in Figure 3.12(a). As the Gait Sensitivity Norm measurement can be performed relatively fast, we are able to perform 20 measurement trials per parameter setting. By
doing this we can increase the confidence level of our measurement by canceling
out the variability due to noise that is secondary to our purposefully applied floor
disturbance (e.g. sensor noise).
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1/Gait Sensitivity Norm [-]
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Figure 3.12: (a) The Gait Sensitivity Norm measured on the physical prototype ‘Meta’.
The boxplots show the result of 20 measurement trials for each of the four parameter
settings. (b) Results of four 100 step trials walking over a floor with randomly varying
height. For each parameter setting the results show the amount of steps in the trial that
were successful (100 steps minus the steps in which a fall occurred). The results in (a) and
(b) show the same trend in the effect of the parameter setting on the disturbance rejection
of the prototype.

A full validation of the measured Gait Sensitivity Norm with actual disturbance
rejection, as was done for the simple model in Section 3.5, is unfortunately not practically feasible in case of a real prototype. Establishing in practice the actual disturbance rejection as defined in Section 3.4.1 would require an excessive laboratory
setup (large diversity in floor properties), extremely long experimental times and
many, possibly destructive, falls. Only an approximate validation of the Gait Sensitivity Norm is possible by obtaining a rough indication of the actual disturbance
rejection.
This indication is gained by letting the prototype walk over a fixed floor with randomly varying floor height and measuring the amount of successful steps and falls
(unsuccessful steps) that occur during this trial (Figure 3.11(c)). The percentage of
successful steps in the total set of steps is an indicator of the prototype’s actual disturbance rejection. In this study we have built such a randomly varying floor by
the use of a set of wooden boards with varying thicknesses (multiples of 4mm). The
order in which these boards were placed was based on a random number generator
with a uniform distribution. The total floor length allowed us to have the prototype
walk 100 steps (for each parameter setting). Due to material and space limitations
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we built the floor in six separate pieces. Figure 3.12(b) shows the results of the experiment. These results show the same trend in the effect of the parameter setting
on the disturbance rejection of the prototype. Parameter setting 1 has the lowest disturbance rejection and parameter setting 3 the highest, parameter settings 2 and 4
perform in between these extremes. As the measurements on the long random floor
take a long time to perform, we did not repeat it as often as the Gait Sensitivity Norm
measurements to get the same confidence level. Nonetheless, the experiment indicates that the measured Gait Sensitivity Norm on the real prototype gives a good
prediction of the actual disturbance rejection.

3.7 Discussion
The results in Section 3.5 show that the Gait Sensitivity Norm is the only disturbance
rejection measure in this study that is able to give a good prediction of the disturbance rejection of a simple 2D walking model in a short calculation time. Section 3.6
shows that the Gait Sensitivity Norm also gives a good prediction of the disturbance
rejection of a more complex, real walking robot. In this section we will give an explanation of this performance and discuss the general use of the Gait Sensitivity Norm
in case other walkers are involved.

3.7.1 Explanation of the Gait Sensitivity Norm’s performance
For all disturbance rejection measures studied, the Gait Sensitivity Norm as well as
the Floquet multipliers excel in achieving fast calculation times. This is because both
are based on the concept of linearizing a walker’s step-to-step behavior using the
Poincaré analysis method. This linearization drastically decreases the calculation
time needed to establish a limit cycle walker’s behavior.
The fact that the Gait Sensitivity Norm performs much better than the Floquet multipliers in terms of predicting a walker’s actual disturbance rejection is mainly determined by two factors:
• The Gait Sensitivity Norm incorporates the effect of real-world disturbances
instead of looking at perturbations in the walker’s state space. By doing this
the Gait Sensitivity Norm incorporates the likelihood of certain state perturbations occurring in reality in contrast to assuming all eigenmodes are excited
equally.
• The use of gait indicators weighs the relevance of the walker’s eigenmodes
with respect to actual failure modes. Instead of observing the eigenmodes
which have the slowest convergence as is done with the largest Floquet multiplier, the Gait Sensitivity Norm observes a specific combination of eigenmodes
which brings the walker closest to a fall.
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3.7.2 Choice of disturbances and gait indicators
The choice of disturbances e and gait indicators g is crucial for the success of the
Gait Sensitivity Norm. The choice to use floor height variations as disturbance and
step time as gait indicator in this study turns out to be successful for the simple 2D
walking model.
In general the choice of disturbances e is free to the designer. One can choose either
to study a walker’s ability to cope with one specific disturbance that seems essential
to the designer or try to build a complete set of disturbances that represents the real
world. We think that in general, for various walkers, using floor height variations is
a good choice. It is a disturbance that is constantly present in real-world situations
and it has a large influence on walkers’ behavior. This is shown by the fact that most
existing bipedal robots have a hard time coping with unexpected floor irregularities
and only perform successfully on well conditioned surfaces.
The choice of gait indicators g is not as open as the choice of disturbances e. For
every application the designer needs to summarize the possible failure modes and
check whether the chosen set of gait indicators is related to all of those. In Section 3.4.3 we showed how this was done for our simple 2D walking model. In general, the choice of gait indicators involves understanding the main failure modes
that underlie a specific walker. It is our believe that such specific understanding
is crucial and necessary in the construction of a disturbance rejection measure, as
the highly nonlinear nature of limit cycle walking prevents a more generalized
definition. We intend to study models and prototypes of incrementally increasing
complexity to compose a complete understanding of the failure modes underlying
bipedal walking and consequently a complete set of gait indicators. It should be
noted that, although this study only involves a single gait indicator, the Gait Sensitivity Norm allows the use of a vector of indicators when necessary.
At this stage of our research we expect that using step time as the gait indicator will
be effective for most bipedal walkers. The results in Sections 3.5 and 3.6 show this
is true for both a simple and a more complex, realistic prototype walker. Also we
examined the effect of using other gait indicators on the performance of the Gait
Sensitivity Norm. Table 3.5 shows that on the simple model the gait indicator step
time gives the best prediction of actual disturbance rejection in comparison with
other gait indicators.

3.8 Conclusion
We have introduced a new disturbance rejection measure for limit cycle walkers,
which we call the Gait Sensitivity Norm k ∂g
∂e k2 . The Gait Sensitivity Norm can be
obtained through simulation and by measurements on physical prototypes. In this
study we have compared it to other disturbance rejection measures (Floquet Multipliers and the largest allowable single disturbance) using a simple 2D walking
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Table 3.5: Performance Gait Sensitivity Norm with various gait indicators

Correlation Gait Sensitivity Norm
to actual disturbance rejection
with gait indicator
Step

Step

Kinetic

Total

Changing parameter

time

length

energy

energy

Foot radius, equal slope

98 %

99 %

98 %

54 %

Foot radius, equal step length

87 %

16 %

17 %

27 %

Hip spring stiffness

99 %

95 %

94 %

89 %

Slope angle

88 %

73 %

63 %

3%

model. In this comparison we have used floor irregularities as disturbance e and
step time as indicator for the chance of falling g. Compared to the other measures
the Gait Sensitivity Norm excels in faster calculation time and better correlation
with actual disturbance rejection. Similarly, measuring the Gait Sensitivity Norm on
a physical prototype results in relatively short experimental time and good correlation with actual disturbance rejection. The combination of those two aspects makes
it the first measure that can be used for the optimization of the disturbance rejection
of limit cycle walkers. This is essential in the attempt to get limit cycle walkers, that
already excel in terms of energy efficiency, to operate in more difficult environments.
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Appendix
Procedure Gait Sensitivity Norm
This appendix gives a step by step description of how the Gait Sensitivity Norm
can be obtained, both for simulation models and physical prototypes. The section
on simulation models contains the equations of motion of the model that has been
used in this study, as described in Section 3.4.2.
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Simulation models
1) Choose disturbances e and gait indicators g
This choice should be based on knowledge on the failure modes of the model, as
exemplified in Section 3.4.3.

2) Obtain the nonlinear stride function
Given disturbances e and gait indicators g, obtain the stride function S as defined in
eqn. (3.1) in Section 3.3.2. The stride function is calculated as follows. Start with initial conditions v just after footstrike, integrate the equations of motion of the model
(which include the disturbances e and gait indicators g) until footstrike occurs and
then calculate the effect of impact at footstrike, giving the initial conditions v of the
next step.
In case of the model used in this study, a stride starts with



θ0
 φ0 

v0 = 
 θ̇0 
φ̇0
The disturbance e is a floor height difference h which influences the instant of footstrike. For the gait indicator g we choose step time T , which is implicitly obtained
by simulating one step and observing the time it takes the model to complete this
step.
The angular accelerations θ̈ and φ̈ that describe the continuous dynamics of the
walking model between foot strikes, are:
θ̈

=

(1−rf ) sin (θ−γ)+rf (1−rf ) sin (θ)θ̇ 2 −rf sin (γ)
(1−rf )2 +rf 2 +2rf (1−rf ) cos (θ)

φ̈

=

(1−rf )((1−rf )+rf cos (θ))((1−rf ) sin (φ)−rf sin (θ−φ))θ̇2
+
(1−rf )2 +rf 2 +2rf (1−rf ) cos (θ)
rf (1−rf ) sin (θ)θ̇ 2
2
(1−rf ) +rf 2 +2rf (1−rf ) cos (θ)

+

((1−rf ) cos (θ−γ)+rf cos (γ))((1−rf ) sin (φ)−rf sin (θ−φ))
+
(1−rf )2 +rf 2 +2rf (1−rf ) cos (θ)
(1−rf ) sin (θ−γ)−rf sin (γ)
− kφ
(1−rf )2 +rf 2 +2rf (1−rf ) cos (θ)

Footstrike occurs when:
(1−rf )(cos (θ)−cos (θ−φ)) = h
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The discrete map that describes the effect of the instantaneous impact at footstrike
and the swapping of stance leg and swing leg, is given by:

θ+

=

θ − −φ−

φ+

=

−φ−

θ̇+

=

(1−rf )2 cos (φ− )+rf (1−rf )(cos (θ − −φ− )+cos (θ − ))+rf 2

µ
+

φ̇

=

(1−rf )

(1−rf )2 +rf 2 +2rf (1−rf ) cos (θ − )

θ̇ −

−rf (1−rf )+(1−rf ) cos (φ− )(1−(1−rf ) cos (φ− ))
+
(1−rf )2 +rf 2 +2rf (1−rf ) cos (θ− )

rf (cos (θ − )−cos (θ − −φ− ))+rf (1−rf ) sin (θ − ) sin (φ− )
+
(1−rf )2 +rf 2 +2rf (1−rf ) cos (θ − )
rf (sin (θ − )−sin (θ − −φ− ))(rf sin (θ − )+(1−rf ) sin (φ− ))
(1−rf )2 +rf 2 +2rf (1−rf ) cos (θ − )

¶
θ̇ −

where the superscript + denotes the state just after footstrike and the superscript −
denotes the state just prior to footstrike.

3) Find the fixed point and calculate sensitivity matrices A and C
The fixed point of the stride function v∗ defines the nominal limit cycle motion of the
model. The fixed point is found by performing a Newton-Raphson search starting
with a set of initial conditions v0 close to the cyclic solution v∗ and without the
presence of a disturbance (e = 0). The Newton-Raphson search requires the partial
derivative of the stride function S to the initial conditions v, which is defined by
(v∗ , 0)
sensitivity matrix A = ∂Sv∂v
.
n
repeat
v1 = Sv (v0 , 0)
g0 = Sg (v0 , 0)
∆v = [I − A]−1 (v1 − v0 )
v0 = v0 + ∆v
until |∆v| < ²
v∗ = v0
where I is the identity matrix. The sensitivity matrix A is numerically determined
for each repetition of the search algorithm. This requires that each element of the
initial conditions v(j) is separately perturbed by a small amount δ after which one
∂Sg (v∗ , 0)
stride is simulated. Sensitivity matrix C =
can be obtained simultane∂vn
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ously as it also involves the simulation of a step with perturbed initial conditions.
repeat for all elements of v
v0,pert = v0
v0,pert (j) = v0,pert (j) + δ
v1 + ∆v1,pert = Sv (v0,pert , 0)
g0 + ∆g0,pert = Sg (v0,pert , 0)
A(:, j) = ∆v1,pert /δ
C(:, j) = ∆g0,pert /δ
where A(:, j) indicates the j-th column of matrix A.
4) Calculate sensitivity matrices B and D
∗

∂S (v∗ , 0)

(v , 0)
g
The sensitivity matrices B = ∂Sv∂e
and D =
are obtained in a similar
∂en
n
fashion as matrices A and C. In this case a single stride is simulated in which one
disturbance e(j) is present and the initial conditions are set to the fixed point values
v∗ . This is repeated for all elements of e.

5) Calculate the H2 -norm
To complete the calculation of the Gait Sensitivity Norm, equation (3.5) from Section 3.3.3 is solved, using the matrices A, B, C and D that have been determined.

Physical prototypes
1) Choose disturbances e and gait indicators g
This choice should be based on knowledge on the failure modes of the model, as
exemplified in Section 3.4.3.
2) Estimate the fixed point and g∗
To estimate the fixed point and the nominal value of the gait indicators g∗ one (or
multiple) walking experiment needs to be performed in which the presence of disturbances is minimized. During this experiment the gait indicators g have to be
measured at every step. The nominal value of the gait indicators g∗ is estimated
by taking the mean value of the gait indicators over multiple steps. As the experiment(s) will usually not start out with the fixed point initial conditions v∗ , the measurements on the first couple of steps out of an experiment will have to be omitted.
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3) Set up separate disturbance experiments
For every disturbance out of the set e, a separate experiment should be conducted.
In every experiment the respective disturbance should be applied once during a single step (e.g. one single stepdown in the floor). The size of the disturbance should be
big enough to cause a distinguishable effect, but small enough to ensure that falling
does not occur. Before this disturbance is applied, the prototype needs to be able to
settle down into its nominal limit cycle motion. The best way of doing this is creating a large enough disturbance-free section before the disturbance. Whether the
convergence to the limit cycle motion was successful can be checked by observing
the value of the gait indicators g in the step just before the disturbance and comparing it with g∗ .
4) Measure variability of gait indicators
In the steps following the purposely applied disturbance (e.g. k from 1 to 20) the
value of the gait indicators gk should be measured.
5) Calculate the H2 -norm
The practical estimation of the Gait Sensitivity Norm is completed by calculating
equation (3.4) from Section 3.3.3.
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Swing-leg retraction for Limit Cycle Walkers
improves disturbance rejection
D.G.E. Hobbelen, M. Wisse
IEEE Transactions on Robotics, 24(2): 377-389, 2008

Limit Cycle Walkers are bipeds that exhibit a stable cyclic gait without requiring
local controllability at all times during gait. A well-known example of Limit Cycle Walking is McGeer’s ‘Passive Dynamic Walking’, but the concept expands to
actuated bipeds as involved in this study. One of the stabilizing effects in Limit
Cycle Walkers is the dissipation of energy that occurs when the swing foot hits
the ground. We hypothesize that this effect can be enhanced with a negative relation between step length and step time. This relation is implemented through
an open-loop strategy called swing-leg retraction; a predefined time trajectory
for the swing leg makes the swing leg move backwards just prior to foot impact.
In this paper we study the effect of swing-leg retraction through three bipeds; a
simple point mass simulation model, a realistic simulation model and a physical prototype. Their stability is analyzed using Floquet multipliers, followed by
an evaluation of how well disturbances are handled using the Gait Sensitivity
Norm. We find that mild swing-leg retraction is optimal for the disturbance rejection of a Limit Cycle Walker, as it results in a system response that is close to
critically damped, rejecting the disturbance in the fewest steps. Slower retraction
results in an overdamped response, characterized by a positive dominant Floquet multiplier. Likewise, faster retraction results in an underdamped response,
characterized by a negative Floquet multiplier.
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Figure 4.1: Three Limit Cycle Walkers that have been build at Delft University of Technology [81, 151]. The third walker is the subject of the current study.

4.1 Introduction
Bipedal walking is a complex dynamic task, although humans can walk with apparent ease. We aim to understand the dynamic principles that underlie the elegant
human combination of efficiency, robustness and versatility. Such knowledge can
be applied in various fields, for instance in improving the quality of prosthetics and
orthotics or in the design of autonomous bipedal robots.
An important dynamic principle is described by the concept of ‘Limit Cycle Walking’ [53]. This concept says that it is possible to obtain stable periodic walking without locally stabilizing the walking motion at every instant during gait. The term
is derived from the definition of a stable limit cycle, which is a closed trajectory
in state space (i.e., periodic motion) to which neighboring trajectories converge. A
Limit Cycle Walker utilizes the property that such a trajectory is stable when observing it from step to step (including step-to-step transitions), while it is not locally
stabilized (or not even locally controllable) along the entire trajectory. Some examples of Limit Cycle Walkers are shown in Figure 4.1 and described by Collins et
al. [20].
A key stabilizing effect in Limit Cycle Walking appears to be the dissipation of
energy when the swing foot hits the ground. When the kinetic energy content (or
speed) of the walker is larger than nominal, this generally results in a larger impact
and increased energy dissipation at foot strike. Thanks to this self-regulating effect,
the biped eventually (over multiple steps) returns to the nominal limit cycle.
Our hypothesis is that the stabilizing transition effect can be enhanced by adjusting
the step length. We propose to make step length a function of step time, as step time
is an indicator of the walker’s kinetic energy content. The proposed function creates
a negative relation between step length and step time, as longer step time indicates
smaller kinetic energy content and longer step lengths induce larger energy loss at
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impact [143]. The same relation has previously been applied in a running model by
Seyfarth et al. [117]. By applying it, a fast step (too much kinetic energy content) will
result in a longer step length which increases the energy dissipation at foot strike. A
slow step will result in a shorter step length and reduced energy dissipation.
Simple point mass model
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Figure 4.2: Implementation of swing-leg retraction on the simple point mass model (a),
the realistic model (b) and the physical prototype (c). Retracting the swing leg results in a
negative relation between the walkers’ step length and step time. The slope of the end of
the swing leg trajectory (φ̇− = ∆φ/∆T ) is varied (exemplified by the dotted lines for the
simple point mass model) to study the effect of swing-leg retraction speed on disturbance
rejection. All trajectories pass through a specific point (indicated by the big dot) to ensure
equal nominal step length and step time in all cases.

The proposed negative relation between step length and step time for walking is
based on observations in passive dynamic walkers pioneered by McGeer [90]. Passive dynamic walkers are examples of Limit Cycle Walkers which are able to show
stable cyclic gait without any control or actuation. The necessary external energy
supply comes from gravity as they walk down a slope. Most passive dynamic walkers have two limit cycle gaits, one of which is stable and one of which is unstable [37]. The stable limit cycle gait, referred to as the ‘long period gait’, shows a gait
in which a faster step is longer, i.e., a negative relation between step length and step
time. The unstable limit cycle, the ‘short period gait’, shows the opposite, a gait in
which a faster step is shorter. This observation has motivated us to further study the
stabilizing effect of the relation between step length and step time.
We implement a negative relation between a walker’s step length and step time
through ‘swing-leg retraction’. Swing-leg retraction describes a motion of the swing
leg in which it is moving backwards just prior to foot impact. This automatically
results in longer step lengths for fast steps and shorter step lengths for slow steps.
This retracting motion of the swing leg is the same for every step in the gait cycle
and is thus not dependent on the walker’s state; swing-leg retraction is an open-loop
strategy.
Open-loop stabilizing behaviors similar to swing-leg retraction have been found in
running and juggling, other examples of dynamical tasks with intermittent contact.
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The work on juggling [115] featured a robot that had to hit a ball which would then
ballistically follow a vertical trajectory up and back down until it was hit again. The
research showed that stable juggling occurs if the robot hand is following a well
chosen trajectory, such that its upward motion is decelerating when hitting the ball.
The stable juggling motion required no knowledge of the actual position of the ball.
We feel that the motion of the hand and ball is analogous to that of the swing leg
and stance leg, respectively. Also analogous is the work on the simple point-mass
running model that we mentioned earlier [117]. It was shown that the stability of
the model was significantly improved by the implementation of a retraction phase
in the swing leg motion.
The goal of this paper is to investigate how swing-leg retraction affects a biped’s
ability to handle disturbances, i.e., its disturbance rejection. In Section 4.2 the concept of swing-leg retraction and its implementation on two walker simulation models and one physical prototype will be explained. The disturbance rejection of all
three walkers will be studied based on three measures, the Floquet multipliers in
Section 4.3, the disturbance response in Section 4.4 and the Gait Sensitivity Norm in
Section 4.5. The paper ends with a discussion and conclusion in Sections 4.6 and 4.7.

4.2 Swing-leg retraction
The effect of swing-leg retraction will be studied in this paper using two walking
models and one physical walking prototype. The first model is a simple point mass
model (Section 4.2.1), the second is a more realistic model (Section 4.2.2) that closely
resembles the physical properties of the real prototype (Section 4.2.3). In all three
cases swing-leg retraction will be implemented as a fixed constant inter-leg angular
speed at the end of each step of the gait cycle, just prior to foot impact. The swing
leg will first be swung forward, which will take 80% of the total nominal swing
time for all walkers involved in this study. This percentage is based on what can be
obtained on the physical prototype given its dynamics and actuator properties. For
the remainder of the swing phase the swing leg follows a constant speed trajectory,
as is shown in Figure 4.2. The magnitude of this speed will be varied to study the
effect of the swing-leg retraction speed on the disturbance rejection of Limit Cycle
Walkers. The amount of swing-leg retraction is quantified by a dimensionless number φ̇− given by the slope of the inter-leg angle at the end of a step (φ̇− ) divided by
the nominal inter-leg angle at heel strike (φ∗ ) and multiplied by the nominal step
time (T ∗ ) of the walking model:
φ̇− =

T∗ −
T ∗ ∆φ
φ̇ = ∗
∗
φ
φ ∆T

(4.1)

In this study for all models the nominal step length is kept constant at 54% of the
models’
leg length and step time is kept constant at a Froude number of F r =
√
v/ gl = 0.16. This ensures that differences in the models’ behaviors can only be
contributed to the change in swing-leg retraction speed.
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Figure 4.2 shows this implementation of swing-leg retraction on the simple point
mass model, the realistic model and the physical prototype that will be used in this
study.

4.2.1 Simple point mass model
Simple straight legged point mass models of bipeds have been studied thoroughly
[65, 37, 42, 74]. Due to the fact that the dynamics of these models are well understood
and that their simulation time is relatively short, we use such a point mass model as
the start of our research into swing-leg retraction.

g

actuated

M
l

swing leg

φ

stance leg

m

θ

m

P

swing leg
retraction

Figure 4.3: A typical walking step of our simple point mass model. An impulsive push-off
P is applied at the trailing leg just after foot strike has occurred, subsequently the actuated
swing leg (heavy line) swings forward past the stance leg (thin line), retracts at the end of
the step until the swing leg hits the ground and a new step begins. θ is the angle between
the stance leg and the slope normal, φ is the angle between the two legs, l is the leg
length, M is the hip mass, m is the foot mass, g is the gravitational acceleration. Adapted
from Garcia et al. [37].

Our simple point mass model closely resembles the simplest walking model by Garcia et al. [37]. Our model is a 2D model consisting of two rigid links with unit length
l, connected at the hip. There are three point masses in the model, one in the hip
with unit mass M and two infinitesimally small masses m in the feet as shown in
Figure 4.3. The model walks in a gravity field with unit magnitude g.
During single stance the stance leg acts as an inverted pendulum as the foot is a
point and there is no torque acting between the foot and the floor. The equation of
motion for the stance leg is:
θ̈ = sin θ

(4.2)
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The main difference with Garcia’s model is that our swing leg is not passive. It
follows a predefined trajectory. This does not influence the stance leg dynamics,
because the swing leg has negligible mass. The exact trajectory of the swing leg is
defined by two knot points. The trajectory before the first knot point (located at 80%
of the nominal swing time) is a third order polynomial with four end constraints. It
starts with the actual swing leg angle and velocity just after heel strike and ends at
a specific swing leg angle enforcing velocity continuity to the second portion of the
trajectory. This second portion of the trajectory is a straight line, the slope of which
corresponds to the walker’s swing-leg retraction speed.
The single stance phase ends with a discrete impact when the swing foot hits the
ground, an event that occurs when φ = 2θ. The required propulsive energy for the
walker is supplied by an impulsive push-off P at the trailing leg just after this foot
strike. This is not the most energetically efficient way of pushing off [74, 113], but it
best resembles the push-off that is currently applied in our physical prototype. The
magnitude of the push-off P is regulated to add a constant amount of kinetic energy
Epush-off at every step. During the push-off the leading leg is assumed to remain
in contact with the ground. The combination of the foot impact and the impulsive
push-off results in the following step-to-step transition equations:
θ+

=

−θ−

φ+

=

θ̇+

=

φ̇+

=

−2θ−
q
− Epush-off + (cos (2θ− )θ̇− )2
q
−(1 − cos (2θ− )) Epush-off + (cos (2θ− )θ̇− )2

(4.3)

Note that the swing-leg retraction speed φ̇− is not explicitly present in these equations, but does in fact strongly affect the step-to-step transitions. With varying step
duration, the swing-leg retraction speed changes the leg angle θ− at which foot impact occurs.

4.2.2 Realistic model
A more realistic model of a walker is the 7-link model depicted in Figure 4.4. It
is modeled after the prototype that is also used in this study and it consists of an
upper body, two upper legs, two lower legs and two feet. In the hip joint a bisecting
mechanism is present that makes the two upper legs move symmetrically relative
to the upper body [146]. The knee joint holds a hyperextension stop and a latching
mechanism. The latch is released at the start of the swing phase and locks the knee
joint in the stretched position at the end of the swing phase and throughout stance.
Due to these mechanisms the maximum number of degrees of freedom of this model
is five at any instant during gait.
The unilateral constraints between the foot and the floor as well as the hyperextension stop in the knee are modeled as rigid constraints. In the foot there are two
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Figure 4.4: Two-dimensional 7-link realistic walking model. The actual parameter values
are given in Table 4.1.

Table 4.1: Parameter values for the realistic walking model.

body
mass m [kg]
mom. of Inertia I [kgm2 ]
length l [m]
vert. dist. CoM c [m]
hor. offset CoM w [m]
foot radius rf [m]
foot heel-ankle hf [m]

8
0.11
0.4
0.2
-0.02
-

upper
leg
0.7
0.005
0.3
0.15
0
-

lower
leg
0.7
0.005
0.3
0.15
0
-

foot
0.1
0.0001
0.085
0
0.0175
0.02
0.025

unilateral constraints (one horizontal and one vertical) when only the heel or only
the toe of the foot is touching the ground and three constraints (one horizontal and
two vertical) when the foot is fully flat on the floor. During simulation these constraints can be created and released. To check whether a contact should be released,
in every simulation step we perform a separate calculation in which the constraint
is released and observe in which direction the contact point would accelerate. In the
case this acceleration is away from the unilateral constraint (e.g., the heel comes up
from the floor) we release the constraint in the actual simulation [30]. Constraints
are created when a kinematic constraint violation is detected (e.g., heel passes the
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floor). After this a discrete impact calculation is performed. In this impact calculation initially existing unilateral constraints are assumed to remain. After the initial
calculation we check the impulsive forces of the existing unilateral constraints in a
specific order. If impulsive forces exist that are in the opposite direction of the unilateral constraint, this constraint is released and the discrete impact calculation is
repeated. This iterative process is continued until all impulsive forces are in the direction corresponding to the unilateral constraints. Continuous actuator forces are
not included in the impact calculation as their effect is negligible in comparison with
the discrete impact forces which are infinitely high forces occurring for an infinitely
small duration.
The model has actuation in the hip joint and in the two ankle joints, the knee joints
are fully passive. We assume ideal, unlimited force actuators which allows us to accurately obtain the desired swing leg trajectory for the purpose of establishing the
effect of swing leg retraction. The desired swing leg trajectory in this model is defined by three knot points and uses third order splines. One knot point is added in
comparison with the simple point mass model to get a more controlled motion of
the knee joint and knee impact (the effect of this added knot point can be seen in Figure 4.2(b)). The end of the trajectory is a straight line again, whose slope corresponds
to the model’s swing-leg retraction speed. A proportional-derivative controller with
high feedback gains ensures that the actual swing leg motion closely follows the desired trajectory.
The actuation in the ankle joints is used to achieve push-off with the trailing leg
during double stance. Push-off starts at the instant of heel strike with the leading
leg. A constant amount of energy is added in every step by applying a constant
torque in the ankle over a fixed angular range. During the swing phase the angle
of the ankle joint is controlled to a fixed value by a proportional-derivative position
controller.

4.2.3 Physical prototype ‘Meta’
Next to the two simulation models this study involves a physical 2D biped called
‘Meta’, shown in Figure 4.5. The prototype consists of an upper body, two upper
legs, two lower legs and two feet. The weights and lengths of the links are equal to
those in the model explained in the previous section (see Table 4.1). Both legs are
constructed in pairs (one outside and one inside) to achieve 2D behavior.
The hip joint features a bisecting mechanism that is constructed using an auxiliary
axle and a set of pulleys and cables [146]. The joint is actuated by an electric DC
motor (Maxon RE35) through a 103:1 planetary gearbox and a cable drive. The knee
joints are fully passive, but feature a hyperextension stop and latching mechanism
which can be released through a solenoid. The ankle joints are actuated by two electric DC motors (Maxon RE35) through 23:1 planetary gearboxes and a cable drive
that adds another reduction of 4:1. The ankle is series elastically actuated [102] by
means of an elastic element in the cable. This actuation allows the joint to be force
controlled as well as position controlled.

Swing-leg retraction

65

Figure 4.5: Physical prototype ‘Meta’. This 2D biped consists of an upper body, two upper
legs, two lower legs and two feet. The hip joint and the two ankle joints are actuated by
electric DC motors, the hip joint can be position controlled and the ankle joint can be
position and force controlled through series elastic actuation [102]. All joints are equipped
with digital encoders to measure the joint angles, the prototype is controlled at 1 kHz
running MATLAB’s xPC Target on a PC104 stack (400 MHz processor).

All joints are equipped with digital incremental encoders, with a resolution of 2·10−4
rad for the actuated joints and 3 · 10−3 rad for the knees. The actuation force on the
ankle joint is measured through the elongation of the series elastic element, which
results in a torque resolution of 4 · 10−3 Nm. Microswitches located near the heels
underneath the feet detect heel strike. The prototype is controlled from a PC104
stack that includes a 400 MHz processor, analog I/O and counters for the digital
encoders. This stack allows a controller to be run at 1 kHz using MATLAB’s xPC
Target.
In each step of the prototype the controller detects heel strike through the microswitches which triggers a chain of control actions. First the ankle push-off with the
trailing leg is initiated; a constant ankle torque is commanded by controlling a constant elongation of the series elastic element. This action is maintained until the ankle joint has traveled a predefined angular range. After that the swing phase starts
and the ankle control switches to position control which ensures the toe is pointing
upwards during swing to prevent toe stubbing. At the same time the hip joint is
controlled to follow a predefined time trajectory.
The desired swing leg trajectory is defined by three knot points, similar to the realistic simulation model. In the physical prototype however we have to deal with fric-
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Figure 4.6: Measurements of swing-leg retraction in the physical prototype; data is taken
from 300 steps. The least squares linear fit through these data points (solid line) gives the
best-fit estimate of the prototype’s retraction speed.

tion, noise, limited feedback gains to ensure stability and limited actuator torque.
These effects result in an actual swing leg motion which differs from step to step
and from the desired trajectory. The relation between the prototype’s step length
(inter-leg angle at heel strike) and step time will not exactly be equal to the desired
swing-leg retraction. Because of this we need to measure the ‘effective’ swing-leg
retraction speed by establishing the actual relation between the prototype’s interleg angle at heel strike and step time through measurements as shown in Figure 4.6.
The graph shows a collection of data points giving the step time and inter-leg angle
at heel strike of 300 steps having the same desired swing leg trajectory (solid line).
Indeed the data points do not exactly coincide with the desired trajectory. The effective swing-leg retraction speed is defined as the slope of the least squares linear fit
(dashed line) through the data points.
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4.3 Floquet multipliers
To understand the effect of swing-leg retraction on the disturbance rejection capability of Limit Cycle Walkers, we will study how swing leg retraction affects various
properties of the walkers. The first property related to disturbance rejection is the
Floquet multipliers.

4.3.1 Definition
The Floquet multipliers (λi ) are obtained using the Poincaré mapping method, which
observes how the biped states evolve on a step-to-step basis. It involves only small
deviations from the nominal limit cycle, in which the initial conditions of each step
are identical (the ‘fixed point’ v∗ ). The method perturbs these initial conditions of a
step by a small amount (∆vn ) and measures how this affects the initial conditions to
the subsequent step (vn+1 ). The step-to-step behavior of the walker is approximated
by:
v∗ + ∆vn+1 ≈ v∗ + A ∆vn

(4.4)

The matrix A (Jacobian) is the partial derivative of the function that maps the initial
conditions of a step to the initial conditions of the subsequent step and can be found
through simulation. The Floquet multipliers are the eigenvalues of the matrix A.
The magnitude of the Floquet multipliers indicates the local stability of a Limit Cycle
Walker. If all the Floquet multipliers are within the unit circle, the walker’s limit
cycle is locally stable, i.e., small deviations from the limit cycle will decay over time
and the walking gait will eventually converge back to the nominal limit cycle. The
closer the Floquet multipliers are to zero, the faster the convergence rate will be.

4.3.2 Results for the simple point mass model
The simple point mass model has two Floquet multipliers, because it has two independent initial conditions to a step. The Floquet multipliers of this model are
shown in Figure 4.7 for a range of swing-leg retraction speeds. A positive retraction speed indicates that the swing leg keeps moving forward prior to heel strike,
zero retraction speed means the inter-leg angle is kept fixed and a negative retraction speed indicates actual retraction of the swing leg. Figure 4.7 shows that locally
stable walking gaits exist for normalized retraction speeds between -0.80 and 0.12.
This means there is a larger range of negative speeds (retraction of the swing leg)
that gives stable gaits than positive speeds.
Two separate eigenmodes with corresponding eigenvalues (Floquet multipliers) and
eigenvectors (see Figure 4.8) can be distinguished in the simple point mass model’s
behavior. One of the eigenmodes has a corresponding Floquet multiplier that is positive for all retraction speeds and is dominant (close to one) for positive retraction
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Figure 4.7: Floquet multipliers of the simple point mass model for a range of swing-leg
retraction speeds. The stable retraction speeds range from -0.80 to 0.12.

speeds and retraction speeds close to zero. This eigenmode has been referred to
as the ‘speed’ mode by McGeer [90]. When this eigenmode is excited the system
monotonically converges back to the nominal walking speed, i.e., in case the excitation makes the walker go faster than nominal the consecutive steps will tend to
get slower but will never get slower than nominal. Figure 4.8 shows that steps in
the ’speed’ mode that are faster than nominal (∆θ̇+ < 0) will be shorter (∆θ+ < 0)
for positive retraction speeds and longer (∆θ+ > 0) for negative retraction speeds.
The second eigenmode shows a corresponding Floquet multiplier that is negative
for most retraction speeds and is dominant at large negative retraction speeds. This
mode has been named the ‘totter’ mode, an oscillatory attempt to match step length
with forward speed. The negative Floquet multiplier and the accompanying eigenvectors in Figure 4.8 show that this mode distinguishes itself by an alternating succession of short steps that start out slow (∆θ+ < 0 and ∆θ̇+ > 0) and long steps that
start out fast. The effect of both eigenmodes will become apparent when we look at
the disturbance response of this model in Section 4.4.

4.3.3 Discussion of the simple point mass model
The Floquet multipliers of the simple point mass model show that the majority of the
stable limit cycles exist for retraction of the swing leg (a negative retraction speed).
In this section we will discuss the stabilizing feature that explains this result.
The stabilizing effect of swing-leg retraction as postulated in Section 4.1 was based
on two assumptions. Firstly it was assumed that steps with larger energy content
would generally lead to shorter step times. Through swing-leg retraction this leads
to a longer step length and this would result in an increased energy loss at foot im-
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Figure 4.8: Eigenvectors of the two eigenmodes of the simple point mass model for a
range of swing-leg retraction speeds. The ’speed’ mode has a corresponding positive Floquet multiplier and the ’totter’ mode has a corresponding negative Floquet multiplier. The
eigenvectors outside the stable range of retraction speeds are depicted as dotted arrows.

pact, the second assumption. This increased energy loss compensates for the larger
energy content of the walker.
The relation between step time and energy content of the simple model is shown
in Figure 4.9. The quantity dTnorm /dEeig gives the sensitivity of the model’s normalized step time to a perturbation with unit energy content in either one of the
eigenmodes (’speed’ and ’totter’). A negative value of dTnorm /dEeig means that increased energy content leads to a shorter step time, confirming the first assumption.
This negative value exists consistently for both eigenmodes for all negative retraction speeds (cases with swing-leg retraction). The first assumption that explains the
stabilizing effect of swing-leg retraction holds.
The relation between impact energy loss and energy content of the simple model
is shown in Figure 4.10. The quantity dEimpact /dEeig gives the sensitivity of the
model’s energy loss at the first foot impact after a perturbation with unit energy
content in either one of the eigenmodes. A negative value of dEimpact /dEeig means
that more energy is lost at impact for an increased energy content of the walker, the
value dEimpact /dEeig = −1 means that all of the added energy is lost immediately
at the first foot impact. The impact energy loss gets larger (more negative) for more
swing-leg retraction (more negative retraction speed), meaning that also the second
assumption above holds.
The dependence of dEimpact /dEeig on retraction speed in Figure 4.10 shows large
resemblance to the dependence of the Floquet multipliers on retraction speed in
Figure 4.7, indicating that variation of the foot impact losses is the stabilizing factor
in the model. Roughly the model shows stable gaits for −2 < dEimpact /dEeig < 0.
The value of dEimpact /dEeig = −1 corresponds to a Floquet multiplier of 0 as an
eigenmode perturbation is canceled completely by one foot impact.
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Figure 4.9: Change in the duration of a step of the simple point mass model just after an
excitation of either one of the eigenmodes of the model. A negative sensitivity of the step
time to the perturbation (dTnorm /dEeig ) indicates a smaller step time when the perturbation adds energy to the walker. This negative sensitivity generally exists for all models with
a negative retraction speed. dTnorm /dEeig does not exist for the ’totter’ mode at φ̇− = 0
as a perturbation of this mode has zero energy content.
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Figure 4.10: Change in the amount of energy loss that occurs in the simple point mass
model in the step after an excitation of either one of the eigenmodes of the model. A
negative sensitivity dEimpact /dEeig indicates increased energy loss at foot impact when
the energy content of the walker is increased. dEimpact /dEeig shows large resemblance
with the Floquet multipliers in Figure 4.7 indicating that the change in foot impact losses is
the stabilizing factor in the model.

4.3.4 Results and discussion of the realistic model
The Floquet multipliers of the realistic model are shown in Figure 4.11. There are
four Floquet multipliers for this model as it has four independent initial conditions.
The imaginary parts of all the Floquet multipliers are close to zero. The range of
normalized retraction speeds that result in stable gaits is between -1.1 and 0.4.
Despite great differences between the two simulation models, the Floquet multiplier
results are surprisingly similar. In both cases the largest part of the stable retraction
speed range is negative, meaning the swing leg is moving backward before heel
strike. Also, the shape in the graphs of Figure 4.7 and 4.11 shows definite resemblance. Two similar modes (‘speed’ and ‘totter’) can be distinguished and the extra
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Figure 4.11: Real part of the four Floquet multipliers of the realistic model for a range of
swing-leg retraction speeds, the imaginary part of all Floquet mutlipliers is close to zero.
The stable retraction speeds range from -1.1 to 0.4.

modes in the realistic model (there are two extra eigenmodes) appear to be irrelevant as the corresponding eigenvalues are all close to zero. Even quantitatively, the
stable ranges of retraction speeds are quite similar. These observations confirm the
believe that the simple point mass model describes the essential dynamics of a more
complex walker rather well and that the discussion in the previous section applies
here as well.

4.4 Disturbance response
Previous research on various Limit Cycle Walkers [51, 116] has shown that Floquet
multipliers are not a good indicator for how well a walker is able to reject disturbances. The Floquet multipliers indicate how fast a walking gait converges after
deviations from the nominal limit cycle (or fixed point) have occurred. However,
they do not incorporate information on how heavily typical disturbances (e.g., floor
irregularities, external pushes) induce such deviations. For this reason we have expanded on the concept of the Floquet multipliers by looking at the step-to-step dynamic response of the walkers, adding the direct influence of physical disturbances
and assigning weights to the different eigenmodes. These weights are directly related to the possible failure modes of the walkers. This combination gives us a
qualitative description of how the walker responds to disturbances as described in
this section and a quantitative measure of disturbance rejection, the Gait Sensitivity
Norm [51], which will be used in Section 4.5.
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Figure 4.12: Block diagram of the step-to-step discrete linear system description of a Limit
Cycle Walker.

4.4.1 Definition

0th step
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Figure 4.13: Example of a trial performed with the physical prototype to get an estimate
of its disturbance response. The prototype is disturbed by a step-down of 4mm (left image). Due to this disturbance, in consecutive steps (5 other images) the step times will
deviate from the nominal step time of the prototype. These step time deviations are measured and give the prototype’s impulse disturbance response as depicted in Fig. 4.15. The
measurements are also used for the calculation of the walker’s Gait Sensitivity Norm in
Section 4.5.

When we assume small deviations from the nominal limit cycle motion as we did for
the Floquet multipliers, we can describe the step-to-step behavior of a Limit Cycle
Walker as a discrete linear system, as depicted in Figure 4.12.
In the core of this system description one will find the mapping A of the initial
conditions of a step vn to the initial conditions of the subsequent step vn+1 , which
is identical to the definition of the Jacobian A used in the previous section. To incorporate the influence of actual physical disturbances on the walker, the system
input en is defined to be (a set of) physical disturbances (e.g., floor irregularities,
sensor noise). The system output gn is (a set of) gait indicators, which are physical
variables (e.g., step time, step length) that are directly related to the possible failure modes of the Limit Cycle Walker. The use of these gait indicators is a way to
assign meaningful weights to the various eigenmodes in the system, which is more
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insightful than observing the magnitudes of the eigenmodes themselves. The total
step-to-step system description is given by two difference equations:
∆vn+1
gn

= A ∆vn + B ∆en
= C ∆vn + D ∆en

(4.5)

A, B, C and D are all sensitivity matrices that can be found through simulation.
The choice of disturbances e and gait indicators g is vital to get a good description
of the Limit Cycle Walker’s disturbance rejection. The set of disturbances should
include all disturbances that the designer wants his biped to reject. The gait indicators should capture the presence of all vital failure mechanisms of the biped. It
turns out that for 2D walkers, as we are dealing with in this study, it is best to use
floor height differences (h) as disturbance e and step time (T ) as the gait indicator g.
This choice gives a good prediction of the probability of the walker falling when it is
faced with large random disturbances, i.e. its disturbance rejection [51]. The reason
for this is that the most frequently occurring failure in these bipeds is a forward fall.
Floor height differences induce this type of failure and variations in step time indicate well how close the biped is to this failure mechanism. When a walker is close
to a fall forward it means that it hardly had sufficient time to swing its swing leg
forward caused by a short step time.
An insightful qualitative description of a walker’s disturbance rejection behavior is
the system’s impulse response, given by the variations in the walker’s subsequent
step times due to a single height difference in the floor. In case of the simulation
models for which the sensitivity matrices A, B, C and D can be obtained, this disturbance response is defined as:
∆Tk
∆Tk

= D for k = 0
= CAk−1 B for k > 0

(4.6)

where ∆T are the deviations of the walker’s step time from the nominal step time
and the subscript k indicates the amount of steps after the impulse disturbance has
occurred.
In case of the prototype we will use a direct input-output identification of the system’s response by performing multiple measurement trials. In every trial we let the
prototype get in (or close to) its limit cycle after which we disturb the system by
having a single ∆h = 4mm step-down in the floor (Figure 4.13). In the six consecutive steps we record the deviations of prototype’s step time Tk from its nominal limit
cycle value T ∗ , which in its turn is measured in the step just before the disturbance.

4.4.2 Results for the simple point mass model
Figure 4.14 shows the disturbance response of the simple point mass model for three
different normalized retraction speeds (-0.6, -0.3 and 0). These retraction speeds are
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picked to show the different system behaviors that exist within the stable range of
retraction speeds. The effect that the single disturbance has on the first step after the
disturbance is approximately equal for and dominant for all three retraction speeds.

Step time deviations ∆Tk = Tk - T* [s]
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Figure 4.14: Step time response to a 4mm stepdown disturbance of the simple point
mass model for three different retraction speeds. On the left the disturbance response for
a highly negative retraction speed (-0.6) is shown, an oscillating, poorly damped response
(totter mode). In the middle the response for mild swing-leg retraction (-0.3) is shown, a
response that resembles a critically damped system. The right graph shows the response
at zero retraction speed, where the step time deviations are monotonically decreasing,
resembling an overdamped system response (speed mode).

For a retraction speed of φ̇− = −0.6 (left), the step time deviations as a result of a
stepdown disturbance show an oscillating, poorly damped behavior. This response
corresponds to the observation that at this retraction speed the dominant eigenmode
of the model has a negative eigenvalue or Floquet multiplier (Section 4.3 and Figure 4.7). At φ̇− = 0 (right), the step time deviations show a monotonic decrease over
subsequent steps, analogous to an overdamped system. This response corresponds
to the observed positive dominant eigenvalue at these speeds. For the intermediate
case (φ̇− = −0.3) (middle) the response comes close to a critically damped system,
which makes the step time deviations following the first step after the disturbance
minimal.

4.4.3 Discussion of the simple point mass model
The disturbance response of the simple point mass model shows a convergence that
is well explained by the ’speed’ and ’totter’ mode discussed in Section 4.3.2. Besides
that, the largest deviation in step time exists in the first step after the stepdown
disturbance and this deviation does not seem to be influenced much by swing-leg
retraction. This fact can be explained by looking at the change in energy loss at
impact of the step in which the disturbance takes place, similar to the discussion in
Section 4.3.3.
The energy loss at impact in the disturbed step changes little relative to the amount
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of energy that is added by the disturbance. Not more than 15% of the amount of
potential energy that is added by a disturbance is compensated by an increased
energy loss at impact. This means that the step after the disturbance starts with
an energy content that has increased with at least 85% of the disturbance energy,
having a large effect on this step’s duration (see step 1 in Figure 4.14). The specific
amount of swing leg retraction hardly changes this effect: over the whole range of
stable retraction speeds the amount of energy that remains in the first step after
the disturbance is between 85% and 91% of the energy added by the disturbance.
Altogether, swing-leg retraction does little to cancel the direct influence (i.e., within
one step) of a floor height disturbance.

4.4.4 Results and discussion of the realistic model and prototype

Step time deviations ∆Tk = Tk - T* [s]

Figure 4.15 shows the disturbance response of the realistic model and the physical
prototype. The disturbance response of the realistic model (solid dots) is deterministic, while the depicted response of the prototype is a statistical boxplot representation of the 50 trials that were performed to establish each of the three responses.
The results show similar effects as with the simple point mass model. Fast swing-leg
retraction results in an oscillatory, poorly damped response, mild retraction results
in a response that resembles a critically damped situation and no retraction results
in an overdamped, monotonically converging response. The first step after the disturbance is hardly affected by swing-leg retraction.
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Figure 4.15: Step time response to a 4mm stepdown disturbance of the realistic model
(solid dots) and the physical prototype (boxplots). The results for the physical prototypes
are taken from a measurement set of 50 trials per retraction speed. Trials for which the
step time of the step preceding the disturbance deviated more than 5% from the nominal
step time were rejected as the prototype was not close enough to its nominal limit cycle.
Similar to the simple point mass model, a highly negative retraction speeds (left) results in
an oscillating, poorly damped response and zero retraction speed (right) results in an overdamped response. For a mild retraction speed the response is close to critically damped
(middle).

76

Chapter 4

4.5 Gait Sensitivity Norm
From the step-to-step dynamic system response described in the previous section
it is even possible to derive a quantitative measure for the walker’s disturbance
rejection, the Gait Sensitivity Norm [51]. This measure gives a good prediction of
the disturbance rejection ability of a Limit Cycle Walker as will be shown in Section 4.5.5.

4.5.1 Definition
The Gait Sensitivity Norm quantifies the disturbance response by taking the H2 norm of the system given in Section 4.4 and Figure 4.12. The H2 -norm of a system
gives the variance of the system output (gait indicators in our case) when the system
input (physical disturbances) is unit white noise. Next to this, the H2 -norm is also
equal to the root mean square of the system’s impulse response.
In case of simulation models for which the sensitivity matrices A, B, C and D are
known, the Gait Sensitivity Norm is defined as:
v
u
° °
∞
X
u
° ∂g °
° ° = ttrace(DT D) +
trace(BT (AT )k CT CAk B)
(4.7)
° ∂e °
2

k=0

The Gait Sensitivity Norm is normalized by weighting the input disturbances and
the output gait indicators. The unit input disturbance is a floor height difference of
one meter. The gait indicator step time is weighted by dividing the step time deviations by the value of a step time deviation for which failure (a fall) is expected.
This way the absolute value of the reciprocal of the Gait Sensitivity Norm is a prediction of the size of the input disturbance for which a fall is likely to occur (see
Section 4.5.5). In this case the step time deviations are divided by the nominal duration of the swing-leg retraction (20% of the nominal step time) as a forward fall is
not likely to occur when the swing leg is retracting. A fall forward occurs when the
swing leg is not sufficiently brought forward, in time to catch the biped and start
a new step [150]. When the swing leg is retracting it has already been sufficiently
brought forward and thus a fall forward will not occur. A fall forward will only
occur before the swing leg reaches its most forward position and starts retracting.
An estimate of the Gait Sensitivity Norm can also be obtained through measurements on a physical prototype. This estimate is taken from the same measurement
trials that were used to establish the prototype’s disturbance response. As the system’s H2 -norm is equal to the root mean square of the system’s impulse response,
the estimate of the Gait Sensitivity is calculated by:
v
u 6 µ
° °
uX Tk − T ∗ ¶2
° ∂g °
1
t
° ° ≈
(4.8)
° ∂e °
∆h
0.2T ∗
2
k=0
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4.5.2 Results for the simple point mass model
For the simple point mass model, the reciprocal of the Gait Sensitivity Norm is
shown in Figure 4.16. It shows a nonzero value in the range of retraction speeds
that result in stable gaits. The closer the reciprocal of the Gait Sensitivity Norm is
to zero, the worse is the predicted disturbance rejection. For fast retraction speeds
(e.g., φ̇− = −0.8) the oscillating, poorly damped response described in the previous
section translates into bad disturbance rejection. On the other side, for zero or positive retraction speeds (e.g., φ̇− = 0.1), the predicted disturbance rejection is small
too due to the slow monotonic convergence in the disturbance response.
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Figure 4.16: The Gait Sensitivity Norm of the simple point mass model. According to the
Gait Sensitivity Norm the model has the best disturbance rejection ability at a normalized
retraction speed of -0.35.

The Gait Sensitivity Norm predicts an optimal disturbance rejection for mild retraction at a normalized retraction speed of -0.35. The critically damped system response
that has been observed for mild retraction speeds results in the best disturbance rejection ability of the simple point mass model.

4.5.3 Parameter sensitivity analysis simple point mass model
Using the Gait Sensitivity Norm we can establish how the effect of swing-leg retraction varies with changing walking parameters, such as step length and step time.
The results are shown in Figure 4.17. Although the exact value of the optimal retraction speed and the optimal disturbance rejection do change with step length and
step time, the optimal retraction speed is always negative and in the middle of the
range of speeds for which stable gaits are found. The optimal disturbance rejection
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that can be achieved increases with increasing step length and decreasing step time,
indicating that walking faster is beneficial for disturbance rejection.
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Figure 4.17: Disturbance rejection of the simple point mass model as a function of swingleg retraction speed for models with different step lengths and step times. The optimal retraction speed does change with these model parameters, but the optimal retraction speed
is always negative. Generally larger step lengths and shorter step times (both resulting in
faster walking) increase the optimal disturbance rejection of the model.

4.5.4 Results for the realistic model and prototype
For the realistic model, the reciprocal of the Gait Sensitivity Norm is shown in Figure 4.18 by the solid line. The optimal disturbance rejection for this model is found
at a normalized retraction speed of -0.50. Figure 4.18 also shows the reciprocal of
the Gait Sensitivity Norm as measured on the physical prototype by the boxplots.
The measurements show a similar result as the realistic simulation model, with an
optimal normalized retraction speed of -0.54. For both the realistic model and the
prototype, we find low predicted disturbance rejection at positive retraction speeds
(swing leg going forward) and highly negative retraction speeds (swing leg going
backward fast).

4.5.5 Correlation to actual disturbance rejection
The Gait Sensitivity Norm provides a good prediction of a biped’s ability to reject
disturbances [51]. The hypothesis underlying this is that the variability or variance
of the gait indicator is related to the chance the biped will fall. The way to validate the Gait Sensitivity Norm is to check how well it predicts the magnitude of a
random disturbance that makes a walker fall, which we refer to as the actual disturbance rejection. Obtaining this actual disturbance rejection is very time consuming
as it involves the full nonlinear dynamics of the walker and stochastic input disturbances. For this reason we only validate the Gait Sensitivity Norm on the fast
computable simple point mass model and for three different retraction speeds only
on the realistic model.
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Figure 4.18: The Gait Sensitivity Norm for the realistic model and the physical prototype.
The predicted optimal normalized retraction speed is around -0.50. The results for the
physical prototypes are taken from a measurement set of 50 trials per retraction speed.
Trials for which the step time of the step preceding the disturbance deviated more than
5% from the nominal step time were rejected as the prototype was not close enough to
its nominal limit cycle. The boxplots are horizontally placed on the normalized ‘effective’
retraction speed which is measured as explained in Section 4.2.3 and Figure 4.6.

To establish the actual disturbance rejection we perform 80 steps with the two models in which the floor has a Gaussian floor height distribution. We quantify the size
of this disturbance as two times the standard deviation of the distribution, meaning that the floor height is within this ±2σ value for 95% of the time. We perform a
search for the size of this disturbance for which the model manages to successfully
finish 97.5% of the 80 steps without falling. The 97.5% confidence interval is chosen
instead of the 95% interval as the failure of falling forward is one-sided, meaning
that it only occurs when the step time is too short and not when it is too long.
Figure 4.19 shows the actual disturbance rejection ability of the simple point mass
model and the realistic model as well as the reciprocal of their Gait Sensitivity Norm.
For the simple point mass model the Gait Sensitivity Norm gives a good prediction
of the relative effect of swing-leg retraction as the shapes of the two graphs are simi-
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lar. Quantitatively this is shown by the correlation between the reciprocal of the Gait
Sensitivity Norm and the actual disturbance rejection which is R2 = 0.92, meaning
that 92% of the variation in the actual disturbance rejection is captured by the Gait
Sensitivity Norm. The absolute value of the actual disturbance rejection is higher
than the Gait Sensitivity Norm predicts. We think that this is due to the fact that the
model can actually withstand step time variations larger than the conservatively assumed 20% of the nominal step time for the weighting of the Gait Sensitivity Norm.
Simple point mass model
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Figure 4.19: The Gait Sensitivity Norm and the actual disturbance rejection of the simple
point mass model and the realistic model. The Gait Sensitivity Norm does a good job in
estimating the actual disturbance rejection as it explains 93% of the variation in the actual
disturbance rejection, according to the correlation between the two quantities.

In case of the realistic model (Figure 4.19, right) the actual disturbance rejection
seems to agree with the prediction by the Gait Sensitivity Norm both on the relative
and the absolute effect of swing-leg retraction. The highest actual disturbance rejection we have found is 4.1mm at the retraction speed that the Gait Sensitivity Norm
predicts as optimal.

4.6 Discussion
In this paper we research the effect that swing-leg retraction has on a biped’s disturbance rejection. We find that there is an optimal swing-leg retraction speed for
all three walkers involved in this study. Mildly retracting the swing leg just prior
to foot strike gives a system behavior that resembles a critically damped response,
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which means the effect of disturbances is rejected in the least amount of steps.
Quantitatively, there are some differences in the results from the different models,
but qualitatively all models agree. The behavior of the simple point mass walking
model and the more realistic model is characterized by two similar dominant eigenmodes. The first eigenmode is dominant at zero or positive retraction speed and has
a positive eigenvalue (Floquet multiplier) which results in a slow, monotonically
converging system response. The second eigenmode is dominant at highly negative retraction speeds and has a negative eigenvalue which results in an oscillating,
poorly damped system response. These typical system responses were also found
through measurements on the physical prototype.
The walkers’ disturbance rejection abilities are quantified by the Gait Sensitivity
Norm. As expected from the qualitative disturbance response descriptions the Gait
Sensitivity Norm predicts an optimal retraction speed. Using the simple point mass
model the prediction made by the Gait Sensitivity Norm is validated by comparing
the prediction to the ‘actual’ disturbance rejection, defined as the maximal size of
random floor height variations the model can handle without falling.
The Gait Sensitivity Norm predicts that our prototype Meta is able to walk over a
normally distributed rough surface in which the floor height is within ±3.7mm for
95% of the time. Besides the measurements reported so far, we experimented with
the prototype on a floor with random height variations in the order of 4mm and it
did manage to perform well under these conditions. Also, the prototype was able to
handle a single step-down in the floor of 8mm.
In this study swing-leg retraction has been implemented through control to be able
to distinguish its effect in isolation, keeping other factors as nominal speed and
nominal step length equal. Swing-leg retraction can also be implemented by mechanical design, as a passive property of the system. Making the natural frequency
of the swing leg slightly faster than the nominal walking frequency inherently results in swing-leg retraction and, given the results of this study, is beneficial for the
performance of a Limit Cycle Walker. We recommend taking this design aspect into
account when building future Limit Cycle Walkers.
An important shortcoming of swing-leg retraction is that it has a limited influence
on the walking step directly following a disturbance. This creates a delay in the disturbance rejection limiting its capacity. We postulate that ankle push-off can drastically improve this part of the response to disturbances. To achieve this, ankle pushoff will have to contribute a varying amount of energy to the motion per step instead of the constant amount used in this study. The amount of push-off energy will
primarily have to be based on the initial conditions of that same step. This ankle
push-off strategy will be topic of further research in the near future.
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4.7 Conclusion
In this paper we study the effect of swing retraction on the ability of a biped to
handle disturbances, i.e., its disturbance rejection. The effect of swing-leg retraction
has been studied in three different cases, a simple point mass simulation model, a
realistic simulation model and a 2D physical prototype. We conclude that:
• mild swing-leg retraction is optimal for the disturbance rejection of a biped as
it results in a critically damped disturbance response,
• zero swing-leg retraction results in a slow, monotonically converging disturbance response corresponding to a positive dominant Floquet multiplier,
• fast swing-leg retraction results in an oscillating, poorly damped disturbance
response corresponding to a negative dominant Floquet multiplier,
• the two walking models and the physical walking prototype give qualitatively
similar results confirming the believe that simple point mass models can be a
good representation of the dynamics of walking,
• the optimal swing-leg retraction speed can be found by the Gait Sensitivity Norm, a disturbance rejection measure that gives a good prediction of a
walker’s ability to handle disturbances.
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Ankle actuation for Limit Cycle Walkers
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Limit Cycle Walkers are bipeds that exhibit a stable cyclic gait without requiring
local controllability at all times during gait. Well-known example are McGeer’s
‘Passive Dynamic Walkers’, but the concept expands to actuated bipeds as involved in this study. Current state-of-the-art Limit Cycle Walkers excel in being
very energy efficient, but their ability to handle disturbances (i.e. disturbance
rejection) is still limited. A way to improve this ability while maintaining low
energy consumption is the use of ankle actuation, which has not yet seen much
application in this type of walkers. In this paper we study the effect of 1) applying (passive) stiffness in the ankle joint, 2) applying control in the stance ankle
based only on local sensor information and 3) modulating ankle push-off. For all
three strategies the paper shows how they influence energy use and disturbance
rejection of a simple point mass walking model, a more realistic model and a
physical prototype. We find that applying a passive ankle spring that results in
premature heel rise is energetically optimal and gives an actuation pattern that
largely resembles that of humans. Local stance ankle control and ankle push-off
modulation can improve the disturbance rejection of a Limit Cycle Walker by at
least 60%, without increasing its energy use. These findings are substantiated by
showing that our prototype is able to handle large disturbances such as a stepdown of 5% of its leg length, while walking efficiently at a mechanical Cost of
Transport of 0.09.
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5.1 Introduction
‘Limit Cycle Walking’ is a relatively new paradigm to bipedal robotic walking which
can increase the state-of-the-art performance of bipedal robots and the understanding of human walking [53]. Some examples of existing walkers that apply this concept are shown in Figure 5.1. The essence is that it is possible to obtain stable periodic walking without having local stability in continuous time at every instant
during gait. Leaving out the unnecessary, but still widely applied restriction of local
stability in continuous time [131], creates more freedom for optimizing energy consumption, disturbance rejection and versatility of bipedal robots. Simultaneously
the resulting walking gait gets more resemblance to human walking.

Figure 5.1: Four Limit Cycle Walkers that have been built at Delft University of Technology [146, 144]. The fourth walker is the subject of the current study.

A well-known group of walkers that apply this paradigm are the Passive Dynamic
Walkers pioneered by McGeer [90]. Passive Dynamic Walkers show that it is possible to perform stable bipedal walking without any actuation or control (i.e., full
passivity). The necessary energy to maintain walking is supplied by gravity as Passive Dynamic Walkers walk down a gentle slope. The amount of energy that is required by these walkers is more than an order less than the energy consumption of
the current state-of-the-art humanoid robots [20]. Examples of actuated Limit Cycle
Walkers have shown that this low energy consumption is not dependent on the application of full passivity [20]. This fact confirms that applying this paradigm can
indeed increase performance, at least in terms of energy use.
In terms of disturbance rejection and versatility, the claimed potential of Limit Cycle Walking still needs to be shown in working bipedal robots. Currently practical
application is limited by the fact that the walkers are not yet able to operate in different environments (e.g. floor conditions) or fulfill different tasks (e.g. walking fast
and stopping). These capabilities are also substantially lacking in comparison with
human capabilities.
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One way to increase this performance that has not thoroughly been explored, is the
use of flat feet and actuated ankles. Most existing Limit Cycle Walkers have passive
arced feet that are rigidly connected to the lower leg [90, 151, 20]. This foot design
is inherited from McGeer’s Passive Dynamic Walkers and is used because of its
simplicity and the fact that it results in better disturbance rejection than point feet.
Nonetheless, the passive arced feet design implies a strong limitation, realizing that
in humans a substantial amount of the active work during walking is performed in
the ankle.
The limited amount of research that has been done on ankle actuation so far, mainly
focuses on reducing energy consumption through pushing off before the swing foot
hits the ground (preemptive ankle push-off). Simulation studies on simple walking
models [74, 76] show the energy saving effect of performing an idealized impulsive
push-off in the trailing leg just before the leading leg makes contact with the floor.
This concept has partially been implemented on a physical prototype [20]. Although
performing the impulsive push-off preemptively turned out to be hard to achieve in
practice, this prototype still is the most efficient actuated bipedal walker in existence
(measured in energy consumed per weight of the robot per unit distance traveled).
We hypothesize that ankle actuation can, in addition to decreasing energy use by
impulsive push-off:
• decrease energy use through continuous, non-impulsive actuation,
• increase disturbance rejection,
In this study we will first examine the effect of applying a passive spring in the ankle joint on both energy use and disturbance rejection. This passive spring stores
energy when the leading foot contacts the floor and releases energy in the form of
push-off at the trailing leg. It is expected that this spring reduces the amount of
energy that needs to be added to maintain walking. Secondly we will study the effect of additional local control in the ankle during the stance phase and modulation
of the ankle push-off. These control strategies are expected to increase Limit Cycle
Walkers’ ability to handle disturbances.
This paper is set up as follows. Section 5.2 describes the three models that will be
used throughout this study. Section 5.3 describes the effect of implementing a passive ankle stiffness, Section 5.4 describes the effect of implementing local ankle control in the stance ankle and Section 5.5 describes the effect of implementing ankle
push-off modulation. These three strategies are all combined in Section 5.6. The paper ends with a conclusion in Section 5.7.

5.2 Models
The contribution of ankle actuation to energy use, disturbance rejection and versatility is studied through the use of two models and one physical prototype walker.
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The first model is a generalistic and fast computable simple point mass model, the
second model is a more realistic model closely resembling the actual dynamic properties of a real prototype. The model findings will be verified by measurements on
a real 2D prototype walker called ’Meta’. The two models and the prototype are
described below.

5.2.1 Simple point mass model
Simple straight legged point mass models of bipeds (Figure 5.2) have been studied
thoroughly [64, 37, 42, 74]. Due to the fact that the dynamics of these models are
well understood and that their simulation time is relatively short, we use such a
point mass model as the start of our research into ankle actuation for Limit Cycle
Walkers.
g
trailing leg

τa,sw

M
τh

leading leg

τa,st

φh
φa,sw

ll
θ

φa,st

m
lh

swing leg

m

lt

stance leg

Figure 5.2: A typical walking step of our simple point mass model. The double stance
phase starts when the heel of the leading leg has just made contact with the ground. In this
phase torques in both ankles τa,st and τa,sw actuate the walker. The effect of this actuation
is studied in this paper. When the foot of the trailing leg looses contact with the ground, the
single stance phase starts in which the actuated (τh ) swing leg (thin line) swings forward
past the stance leg (thick line). Foot scuffing at midstance is ignored. The stance leg is
still actuated by the ankle torque τa,st . A step is completed when the heel of the swing
leg touches the ground. θ is the angle between the stance leg and the ground normal, φh
is the angle between the two legs, φa,st is the angle between the stance/leading leg and
foot, φa,sw is the angle between the swing/trailing leg and foot, ll is the leg length, lh is the
distance from ankle to heel, lt is the distance from ankle to toe, M is the hip mass, m is
the leg mass, g is the gravitational acceleration. Adapted from Garcia et al. [37].

Our simple point mass model is based on the simplest walking model by Garcia
et al. [37]. Our model is a 2D model consisting of four rigid links, two legs with
unit length ll connected at the hip and two feet connected to each leg at the ankle,
extending forward over a distance of lt (ankle-toe) and backward over a distance
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of lh (ankle-heel). There are three point masses in the model, one in the hip with
unit mass M and two infinitesimally small masses m at the ankle joint as shown
in Figure 5.2. The model walks in a gravity field with unit magnitude g. Torques
are applied in the hip joint (τh ) and in the two ankle joints (τa,st and τa,sw ). The
unilateral constraints between the model’s feet and the ground are modeled as rigid
constraints.
A typical step of this model starts when the heel of the leading leg has just made
contact with the ground. The model is in double stance as long as both feet are
touching the ground. During this phase the effect of the infinitesimally small masses
m is negligible. The torque in the hip τh is zero while the torques in the ankles τa,st
and τa,sw are controller outputs, according to the various actuation schemes that are
researched in following sections (e.g. passive stiffness). The heel of the trailing leg is
lifting from the ground as it is performing push-off while the toe of the leading leg
is going towards the ground. When the toe of the leading leg contacts the ground,
the leading foot is in full contact with the ground, resulting in a discrete change in
dynamics. A discrete impact calculation is performed to find the discrete change in
velocity of the hip mass M .
The double stance phase ends when the toe of the trailing leg looses contact with
the ground, the end of push-off. Contact release, either in the toes or the heels, is
constantly monitored throughout the simulation. An existing unilateral constraint
is released whenever this release would result in an acceleration away from the unilateral constraint (e.g. a toe comes up from the ground) [30]. With the end of the
double stance phase the model goes into single stance phase. In this phase the foot
of the swing leg is kept orthogonal to the swing leg while the swing leg is brought
forward to a constant inter-leg angle φh of 0.6 radians, resulting in a typical step
length for a bipedal walker. These actions can be performed infinitely fast without any energetic cost or influence to the dynamics of the stance leg, as the masses
involved are infinitesimally small. The inevitable foot scuffing in midstance that occurs in straight legged walking is ignored. Again, the torque in the stance ankle τa,st
is a controller output, according to the various actuation schemes that are researched
in following sections. Depending on the magnitude of the stance ankle torque the
heel of the stance foot might lift during the single stance phase. The single stance
phase ends when the heel of the swing leg touches the ground at which point the
walker goes back into double stance phase and a second step is started.

5.2.2 Realistic model
A more realistic model of a walker is the 7-link model depicted in Figure 5.3. It
is modeled after the prototype that is also used in this study and it consists of an
upper body, two upper legs, two lower legs and two feet. In the knee joint there is a
hyperextension stop and a latching mechanism. The latch is released at the start of
the swing phase and locks the knee joint in the stretched position at the end of the
swing phase and throughout stance. Due to this mechanism the maximum number
of degrees of freedom of this model is six at any instant during gait.
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Figure 5.3: Two-dimensional 7-link realistic walking model. The left figure shows the model
parameters, the actual parameter values are given in Table 5.1. The right figure shows the
degrees of freedom of the model, the knee of the stance leg is locked which takes away
one degree of freedom.

Table 5.1: Parameter values for the realistic walking model.

body
mass m [kg]
mom. of Inertia I [kgm2 ]
length l [m]
vert. dist. CoM c [m]
hor. offset CoM w [m]
foot radius rf [m]
foot heel-ankle hf [m]

8.5
0.11
0.4
0.2
0
-

upper
leg
0.9
0.0068
0.3
0.15
0
-

lower
leg
0.9
0.0068
0.3
0.15
0
-

foot
0.1
0.0001
0.085
0
0.0175
0.02
0.025

The unilateral constraints between the foot and the floor as well as the hyperextension stop in the knee are modeled as rigid constraints. Constraints are made when
a kinematic constraint violation is detected (e.g. heel passes the floor) after which
a discrete impact calculation is performed. Contact release is checked in the same
way as in the simple point mass model. In every simulation step we perform a separate calculation in which the constraint is released and observe in which direction
the contact point would accelerate. If this acceleration is away from the unilateral
constraint (e.g. the heel comes up from the floor) we will release the constraint in
the actual simulation [30]. Constraints can also be released at impact; we observe
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the impulsive forces that occur at all active constraints and use heuristics to decide
which constraints should be released.
The model is actuated between the upper body and each of the two legs and in
the two ankle joints, the knee joints are fully passive. We assume ideal, unsaturable
torque actuators. Using these torque actuators the ankles are controlled in different
ways, according to the actuation schemes that are discussed in following sections.
The control of the hip joints is kept constant throughout this study. The swing leg
is actuated based on a predefined inter-leg angle trajectory (φh,sw − φh,st ), which
goes to an angle of 0.6 rad in 0.6 seconds during the swing phase. The stance leg
during single stance and leading leg during double stance is actuated to control the
orientation of the upper body. The torque in this joint is based on a proportionalderivative feedback loop using the orientation of the upper body with respect to
gravity (θb ) and its angular velocity. The desired orientation of the upper body is
straight up (θb = 0).

5.2.3 Physical prototype ’Meta’
Next to the two simulation models this study involves a physical 2D biped called
‘Meta’, shown in Figure 5.4. The fully autonomous prototype consists of an upper
body, two upper legs, two lower legs and two feet. Both legs are constructed in pairs
(one outside and one inside) to achieve 2D behavior.
The two hip joints are actuated by electric DC motors (Maxon RE35) through a 103:1
planetary gearbox and a 2:1 cable drive. The knee joints are fully passive, but feature a hyperextension stop and latching mechanism which can be released through
a solenoid. The two ankle joints are actuated by electric DC motors (Maxon RE35)
through 23:1 planetary gearboxes and a Bowden cable drive that adds another reduction of 4:1. All the actuated joints are series elastically actuated [105] by means
of an elastic element in the cable drive. This actuation allows the joints to be force
controlled as well as position controlled.
All joints are equipped with digital incremental encoders, with a resolution of 4 ·
10−4 rad for the hip joints, 2 · 10−4 rad for the ankle joints and 3 · 10−3 rad for the
knees. The actuation torques on the hip and ankle joints are measured through the
elongation of the series elastic elements by subtracting the motor output shaft angle
from the joint angle, both taken from encoder measurements. This results in a torque
resolution of approximately 5 · 10−3 Nm for both the hip and ankle joints. The upper
body is equipped with an inertial sensing unit from XSens Technologies [7] which
outputs the orientation of the upper body with respect to gravity and its rotational
velocity. Microswitches located near the heels underneath the feet detect heel strike.
The prototype is controlled from a PC104 stack that includes a 400 MHz processor,
analog I/O and counters for the digital encoders. This stack allows a controller to
be run at 500 Hz using MATLAB’s xPC Target.
In each step of the prototype the controller detects heel strike through the microswitches which indicates the start of a new step. Throughout a step various con-
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Figure 5.4: Physical prototype ‘Meta’. This 2D biped consists of an upper body, two upper
legs, two lower legs and two feet. The two hip joints and the two ankle joints are actuated
by electric DC motors, they can all be position and force controlled through the application
of series elastic actuation [105]. All joints are equipped with digital encoders to measure
the joint angles. The prototype is controlled at 500 Hz running MATLAB’s xPC Target on a
PC104 stack (400 MHz processor).

trol actions are performed. The actuation in the ankles is varied in different experiments, according to the actuation schemes that are discussed in following sections.
The various actuation schemes are all implemented by torque control in the ankle
with a bandwidth of 10 Hz. Although recommendations of applying parallel passive springs in the ankles will follow in the next section, this physical adaptation
is not implemented within this study. The control of the hip joints is kept constant
throughout all experiments and is the same as in the realistic model described in the
previous section.

5.3 Ankle stiffness
The first type of ankle actuation we study in this paper is the application of a (piecewise) constant torsional ankle stiffness with a constant equilibrium angle. There are
various motivations that make this ankle actuation interesting:
• Similarity to human ankle torque-angle relation. The torque-angle relation in humans during walking strongly resembles that of a torsional spring [35, 120,
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135, 136]. This fact is an inspiration to closely study the effect of ankle stiffness, both for increasing the performance of walking robots and increasing
the understanding of human walking.
• Equivalence to arced feet, traditionally applied in Limit Cycle Walkers. Most of the
existing Limit Cycle Walkers have arced feet that are rigidly connected to the
lower leg [90, 151, 20]. This design has mainly been applied for its simplicity
(limiting the degrees of freedom) and its advantages over point feet both for
energy use and stability. The result of the arc shaped foot design is that the
center of pressure under the foot travels forward during the stance phase. This
effect can also be achieved by applying flat feet and ankles with a torsional
stiffness. There is a torsional stiffness that will result in identical location of
the center of pressure as with arced feet for equal stance leg angles [145].
• Potential of simple energy storage, reducing the amount of active work. If the actuation in the ankle largely resembles that of a torsional spring, actually placing a passive spring in the ankle instead of performing the actuation actively
could reduce the amount of active work a walker has to supply. This concept
is interesting for robotics but can also well be applied in ankle prostheses for
humans [12].

5.3.1 Implementation ankle stiffness
Applying a torsional stiffness in the ankle with a constant equilibrium angle is done
by applying the following ankle torques τa,st and τa,sw :
τa,st
τa,sw

=
=

ka · (φa0 − φa,st )
ka · (φa0 − φa,sw )

(5.1)

Where ka is the ankle stiffness and φa0 is the equilibrium angle of the ankle stiffness.
This implementation is identical for both models in this study. For the prototype the
ankle torques τa,st and τa,sw are used as desired torques for the torque controller in
the ankles.
Delivering positive net work
When the equilibrium angle φa0 and stiffness ka are kept constant throughout a
step, the ankle actuation will not deliver any net work. To overcome the inevitable
energy losses by the impacts occurring during walking a positive amount of net
work is required from a walker’s actuation. In this study we create this positive
amount of net work by applying ankle push-off. This ankle push-off is implemented
by making the equilibrium angle φa0 piecewise constant, having a more negative
constant value during ankle push-off than during the rest of the step. This ankle
push-off occurs in the trailing leg, it starts when the heel of the leading leg hits
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the ground and stops when the ankle push-off torque reduces to zero. The nominal
speed of the walker depends on the amount of positive net work per step, which is a
monotonic function of the constant value of φa0 during push-off. In each data point
of the simulations and the experimental results in this paper, the value of φ√
a0 has
been adjusted to obtain an equal walking speed (Froude number of F r = v/ gl =
0.161 ). These adjustments are done with a derivative-based search algorithm in the
simulations and through manual tuning in the prototype.
Ensuring proper foot landing
Landing of the leading foot without the heel bouncing off the ground is only possible when the ankle stiffness during landing is relatively low. This negative effect limits the allowable increase of ankle stiffness and potentially limits the performance
of walking we can acquire through ankle stiffness. For this reason we will split the
ankle stiffness over the course of one step into two discrete values instead of one. At
landing, when the ankle torques are positive (pulling the toe up), the ankle stiffness
has a low constant value and during the rest of stance and push-off, when the ankle
torques are negative (pushing the toe down), the ankle stiffness has a higher value.
The switching of ankle stiffness occurs at zero force, which means there is no energy
added to the system due to the switching.
In humans a similar change in ankle stiffness has been measured, although the variation is less discrete in nature [58, 12]. An important advantage of the two discrete
stiffness values we choose to use in this study is that it could be implemented with
a simple mechanical passive construction. This construction would use two linear
springs with the two different stiffnesses which are connected to the ankle joint
through pulling cables. When the one spring is applying a torque to the ankle joint,
the pulling cable of the other spring is slack, eliminating the effect of that second
spring. As mentioned in the previous section we did not actually implement this
physical adaptation in the prototype in this study; we implemented the stiffness
switching through torque control.
Typical actuation pattern
The implementation of ankle stiffness with the additions mentioned above, results
in an actuation pattern as is shown in Figure 5.5.
This actuation pattern is very similar to the nominal human torque-angle relationship in the ankle during walking as can be seen in Figure 5.6.

1 Although the results presented in this study are all obtained at one specific speed for clarity, a wider
study by the authors suggests similar results at different speeds.
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Figure 5.5: Typical actuation pattern during two steps of an ankle when ankle stiffness is
implemented with the addition of push-off and ‘soft’ landing. The first step starts at index
0 when heel strike of the foot occurs. Landing of the foot occurs with low stiffness ka,l
between index 0 and 1, after which stance with the foot in full contact with the ground
occurs up to index 3. From midstance (index 2) the ankle stiffness has a high value ka .
After index 3 the other foot has made contact with the ground and push-off starts (index
4 to 5), still with stiffness ka but with a more negative equilibrium angle φa0 to provide
positive net work. At index 5 push-off stops and the foot becomes swing foot, for which it
goes back to the equilibrium angle (index 6 to 7). Note that this actuation scheme works
well in both the simulation models and the prototype portrayed in this paper.

Figure 5.6: The human torque-angle relationship in the ankle joint during normal walking,
as measured by Frigo et al. [35]. The figure is mirrored vertically in comparison with Figure 5.5a) due to torque sign conventions. The diagram shows great resemblance to our
ankle actuation implementation. Reprinted with permission from Frigo et al. [35].
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5.3.2 Energy use with ankle stiffness
The first aspect of ankle stiffness we will discuss is its effect on the energy use of
walking.
Definition energy use measure
The energy use of walking is quantified by the specific cost of transport or specific
resistance. This dimensionless number ct gives the amount of energy that the biped
uses per distance traveled per weight of the walker:
ct =

Used energy
Weight · Distance traveled

(5.2)

The amount of energy used by a walker can be defined in various ways. The first
distinction is between overall energy expenditure of a walker and the amount of
energy that goes into performing mechanical work in the walker’s motion. In this
study we will focus on the latter, the mechanical cost of transport cmt . Mechanical work performed at one joint of a walker is the integral over time of mechanical
power which is defined by the product of the joint torque τ and joint velocity φ̇.
Mechanical power can either be positive (putting energy into the motion) or negative (absorbing energy). Generally we assume both positive and negative power are
generated actively using a motor (i.e., active torques drawing current) and thus cost
energy. This is why we take the integral of the absolute value of mechanical power
to determine the amount of mechanical work performed in one step (with step time
T ):
Z

T

Wtotal =

|τ · φ̇| · dt

(5.3)

0

This work Wtotal is given by an area in the ankle angle-torque diagram as shown in
Figure 5.7a) for a typical ankle actuation pattern. The resulting general definition of
the mechanical cost of transport cmt is:
X
cmt =

X

Wtotal

all joints

m · g · xstep

=

all joints

Z

T

|τ · φ̇| · dt
0

m · g · xstep

(5.4)

The total amount of positive and negative work does not necessarily all have to
be performed actively by a motor, thus only costing energy. At least a portion of
the work can be performed by a passive element, which stores and releases energy.
As we are researching ankle stiffness, we will also look into applying actual passive springs in the ankles. This passive element will apply a certain portion of the
torque on a joint τpassive , reducing the amount of active work Wactive that has to be
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Figure 5.7: Work delivered in the ankle depicted as an area in the angle-torque diagram.
Diagram (a) shows the absolute amount of work that is delivered (the single-hatched area
is counted once, the cross-hatched area is counted twice), (b) shows the amount of active
work that is delivered when the ankle stiffness is implemented as a passive spring.

performed (Figure 5.7b)). The resulting definition of the active mechanical cost of
transport camt is:
X
X Z T
Wactive
|(τtotal − τpassive ) · φ̇| · dt
camt =

all joints

m · g · xstep

=

all joints

0

m · g · xstep

(5.5)

Influence ankle stiffness on energy use
Figure 5.8 shows the mechanical cost of transport cmt and active mechanical cost
of transport camt of the simple point mass model for the range of ankle stiffnesses
ka for which we could find stable gait. The ankle stiffness that accommodates ‘soft’
landing ka,l is kept constant at a value of 0.05, the walking speed is kept equal for
all stiffness by adjusting the amount of ankle push-off. Three discretely different
model behaviors can be distinguished in this ankle stiffness range. For ankle stiffness ka below 0.33 the stance foot makes full contact with the ground and stays in
full contact until the swing foot lands. For ankle stiffness ka above 0.33 the model
shows premature heel rise, the heel of the stance leg rises before the heel of the
swing leg touches the ground. For ankle stiffness above 0.5 the ankle of the stance
leg shows an unrealistic oscillatory motion after heel rise, an artifact of the simple
model that is not physically interesting. Although the results above this stiffness are
shown for completeness, we will only discuss the results for ankle stiffness below
0.5.
The results show that the total absolute amount of work that is being performed
slightly decreases with increasing ankle stiffness; the difference between the maximal and the minimal cmt is 0.014 (20% of the maximal cmt ). Performing part of
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Figure 5.8: Mechanical Cost of Transport of the simple point mass model for varying ankle
stiffness at a constant normalized speed of F r = 0.16. The amount of mechanical work
that is needed to calculate this Cost of Transport is given by adding the absolute value of
the positive and negative work performed in both ankles. In case of the dashed line (cmt )
this is based on the total amount of torque present in the ankles, while in case of the solid
line (camt ) the torque delivered by the ankle spring is subtracted, to take into account the
energy storing property of this passive element.

the work by applying an actual passive energy storing ankle spring reduces the
amount of active work that has to be performed by the ankle. For low ankle stiffness (ka = 0.05) the passive element can reduce the amount of active work by 24%,
while for high ankle stiffness (ka = 0.5) the reduction goes up to 87%. There is an
optimal energy use when applying a passive ankle stiffness of 0.44. This optimal
stiffness is in the range of stiffnesses for which premature heel rise occurs.
Figures 5.9 and 5.10 show the mechanical cost of transport of the realistic model and
the prototype. The range of ankle stiffnesses for which we found stable gaits goes
up to 44 Nm/rad, higher ankle stiffness resulted in toe stubbing during swing. The
mechanical cost of transport is divided in two parts, one accounting for the absolute amount of work delivered in the hip joints cmt,hip and one accounting for the
absolute amount of work delivered in the ankle joints cmt,ankle . Next to this the active mechanical cost of transport of the ankle joints camt,ankle is given, taking into
account that part of the work in the ankle can be performed passively. The work
in the hip joints stays approximately constant for varying ankle stiffness as the hip
joint actuation strategy remains constant. The amount of work that needs to be performed in the ankles decreases for increasing ankle stiffness. The mechanical cost of
transport due to ankle joint work cmt,ankle decreases by 0.024 (30%) in the model and
0.029 (48%) in the prototype from an ankle stiffness of 10 Nm/rad to 40 Nm/rad.
Performing part of the work passively reduces the mechanical cost of transport by
37% (model) and 30% (prototype) at 10 Nm/rad and by 75% (model) and 10% (prototype) at 40 Nm/rad. The optimal energy use is obtained when applying a passive
ankle stiffness of 33 Nm/rad in the model and 30 Nm/rad in the prototype. As pre-
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mature heel rise occurs for ankle stiffness of 27 Nm/rad and higher in the model
and 20 Nm/rad and higher in the prototype, again this optimal stiffness is in the
range of stiffnesses for which premature heel rise occurs.

Discussion influence ankle stiffness on energy use
The simple point mass model, the realistic model and measurements on the walking
prototype all show an optimal energy use when a passive ankle stiffness is applied
that is just above the ankle stiffness that results in premature heel rise. In the simple
model this optimal ankle stiffness is a factor 1.3 higher than the stiffness for which
premature heel rise first occurs, in the realistic model a factor 1.2 and in the prototype a factor 1.5 (low resolution due to measurements). This optimum in energy use
is explained by three trends that can be observed in all models:
• Increasing the ankle stiffness results in a decreasing mechanical cost of transport as the amount of work in the ankle is reduced. This trend is largely explained by the fact that higher ankle stiffness reduces the energy loss at foot
impact by decelerating the robot’s motion just prior to heel impact and performing push-off with higher torques before toe impact.
• The mechanical cost of transport can be reduced by implementing the ankle
stiffness as a passive element. In this way part of the work in the ankle is
performed passively and the required active work is reduced.
• The amount of energy that is stored and released through the passive ankle
spring increases with ankle stiffness as long as there is no premature heel rise.
For ankle stiffnesses that do show premature heel rise, the effect of performing
work passively reduces with increasing ankle stiffness. The maximal amount
of passive energy storage occurs at the lowest stiffness for which premature
heel rise occurs.
When the heel does not rise before the swing foot hits the ground the maximal
extension of the ankle spring is determined by the step length of the walker.
This maximal extension stays constant for increasing stiffness and thus the
maximal energy storage increases:
Emax =

1
· ka (φa,max − φa0 )2 = ka · constant
2
dEmax /dka = constant > 0

(5.6)

If the heel does rise prematurely this occurs when the ankle torque is sufficiently high to give a vertical force in the toe that is able to lift the walker’s
weight. The maximal extension of the ankle spring is now determined by the
magnitude of this ankle torque which stays constant for increasing ankle stiffness (it is only dependent on the weight of the walker). The maximal energy
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Figure 5.9: Mechanical Cost of Transport of the realistic model for varying ankle stiffness
at constant speed (F r = 0.16, 0.4m/s). The energetic cost by work in the hip (cmt,hip ) and
the ankles (cmt,ankle ) are shown separately. The hip work stays about equal, the ankle
work decreases with increasing ankle stiffness. This decrease is even more evident when
the ankle stiffness is implemented as a passive element reducing the amount of active
work (camt,ankle ).
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Figure 5.10: Mechanical Cost of Transport of the prototype for varying ankle stiffness
measured over the course of five strides at constant speed (F r = 0.16, 0.4m/s). The
energetic costs of hip work (cmt,hip ) stays approximately equal in the prototype. The ankle
work decreases for increasing ankle stiffness, both when part of the work is performed
passively (camt,ankle ) and without passive work (cmt,ankle ).
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storage in this cases decreases with increasing ankle stiffness:
Emax

1
1
2
= · ka (φa,max − φa0 ) = · ka
2
2

µ

τa,rise − τa0
ka

¶2

constant
ka
constant
dEmax /dka = −
< 0(5.7)
ka2
=

Beside the similarities between the models there are also some noticeable differences, especially between the realistic model and the prototype measurements. The
mechanical cost of transport of the ankle cmt,ankle is lower in the prototype than
in the realistic model and the amount of reduction that is achieved by performing
work passively is smaller in the prototype than in the realistic model, especially for
high ankle stiffness. These differences can be explained by the fact that in the prototype the torque in the ankle cannot be imposed perfectly as desired, in contrast
to the ideal torque actuation in the realistic model. The finite motor impedance and
motor saturation in the prototype prevent this.
Figure 5.11 shows the effect of this difference in a torque/angle diagram of the ankle
of the model and the prototype. At the start of push-off by the trailing foot the
model manages to increase the torque instantly, leading to higher actuation torques
at larger ankle angles than in the prototype. This actuation in the model leads to
higher absolute mechanical work (counting both positive and negative work) while
it does not add more net work and thus explains the higher cmt,ankle in the model.
The fact that passively performing work does not reduce the mechanical cost of
transport as much in the prototype as in the model is largely due to the ankle torques
at landing of the leading of the foot and the fact that premature heel rise already
occurs at lower ankle stiffness in the prototype than the model. The actuation torque
at landing of the leading foot largely deviates from the desired ankle torques (which
would not require any active work) as the occurring impacts are a large perturbation
to the torque control loop. The premature heel rise at lower ankle stiffness in the
prototype might be due to friction torques in the ankles. The premature heel rise
limits the amount of energy that can be restored by the passive ankle spring as
explained earlier in this section.

5.3.3 Disturbance rejection with ankle stiffness
In this section we discuss how changing the ankle stiffness influences a walker’s
disturbance rejection, i.e. its ability to handle disturbances.

Definition disturbance rejection measure
We measure the disturbance rejection of Limit Cycle Walkers by the recently introduced Gait Sensitivity Norm [51]. This measure is both fast computable and gives
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Figure 5.11: Ankle actuation pattern of the realistic model (black) and the prototype (grey)
for an ankle stiffness of 20 Nm/rad showing the difference between having ideal and unsaturable torque actuators (model) and torque actuation with a limited bandwidth of about 10
Hz. This figure indicates that the difference between the total (absolute) work and the net
work in the ankle could explain why the measured mechanical cost of transport cmt,ankle
in the prototype is lower than in the realistic model.

a good prediction of how well a walker performs in the presence of real-world disturbances. This performance is due to the fact that the complex response of a walker
to large disturbances can well be predicted by applying infinitesimally small disturbances which allow linearization [51]. The Gait Sensitivity Norm can be used both
for simple walking models (similar to the simple point mass model in this study)
and actual prototypes. In this section we will give a short explanation of the Gait
Sensitivity Norm, for a more detailed explanation and validation of its performance
we refer to [51].
The Gait Sensitivity Norm k ∂g
∂e k2 calculates the effect that typical real-world disturbances e have on the walker’s gait, quantified by gait indicators g. In this study we
will use floor height variations as disturbances e. We argue that this disturbance is
a representative disturbance for most walkers, as in practice they often fall due to
floor variations. The gait indicators g should indicate how likely it is that the robot
will fall. We choose to use the walker’s step time as our gait indicator as an earlier
study has shown that step time is highly correlated to falling [51]. Typically fast
steps (with a small step time) are close to falling forward as the swing leg has little time to reach a forward position, slow steps (long step time) are close to falling
backward as the stance leg just barely passes the apex (highest point) at midstance.
To calculate the Gait Sensitivity Norm of a simulation model we need the system description that defines the dynamic response of the gait indicators g to disturbances
e. This system description is based on a step-to-step Poincaré map description of a
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walker’s motion, the function S:
½
vn+1 = Sv (vn , en )
S:
gn
= Sg (vn , en )
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(5.8)

Where vn are the variables that describe the walker’s state at the start of step n, en
are the disturbances occurring in step n and gn are the gait indicators describing
step n.
The step-to-step function S is linearized by assuming only small deviations from
the nominal motion ∆v and small disturbances e. The linearized system description
that results is depicted in Figure 5.12, where A, B, C and D are sensitivity matrices
describing the sensitivity of the states vn+1 and the gait indicators gn to changes in
states vn and disturbances en respectively. In this study we used ∆v = ∆e = 10−5
for the simple model and ∆v == ∆e = 10−4 for the realistic model, values that are
verified to be sufficiently small to describe the system as linear.
D=

en

B=

∂Sv(v*,0)
∂en

∂Sg(v*,0)
∂en

∆vn+1 one step

∆vn

delay

+

A=

C=

∂Sg(v*,0)
∂vn

+

∆gn

∂Sv(v*,0)
∂vn

Figure 5.12: Block diagram of the discrete step-to-step system that describes a Limit
Cycle Walker’s gait. Disturbances e are the system input, initial conditions to a step ∆v
the discrete states and gait indicators ∆g the output.

Once we have established the linearized system transfer function, the Gait Sensitivity Norm is defined as the H2 -norm of this system description:
v
u
° °
∞
X
u
° ∂g °
° ° = ttrace(DT D) +
trace(BT (AT )k CT CAk B)
(5.9)
° ∂e °
2

k=0

The H2 -norm of the system is taken as it gives a prediction of the variability in the
gait indicators g as a result of random white noise disturbances e. If this variability
is high (a large Gait Sensitivity Norm), the walker is not well able to reject the disturbances and is likely to fall. For clarity, in this study we will refer to disturbance
rejection as the reciprocal of the Gait Sensitivity Norm. This way we always use a
quantity for which a higher value means better performance.
As we use the linearized system description to calculate the Gait Sensitivity Norm in
simulation, we can also acquire an estimate of the Gait Sensitivity Norm in practice
on prototypes by performing a direct identification of the impulse response of the
gait indicators g to disturbances e. In this study this requires performing trials in
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which the prototype is perturbed by a single (4 mm) stepdown disturbance and
measuring the deviations in step time of the subsequent steps of the prototype. The
Gait Sensitivity Norm is estimated by taking the root mean square of these step time
deviations.
Influence ankle stiffness on disturbance rejection
Figures 5.13 and 5.14 show the disturbance rejection of the two simulation models
and the prototype for varying ankle stiffness. Again, the results for ankle stiffness
above 0.5 in the simple model are given for completeness, but as the walking behavior for these stiffnesses is not realistic we will not discuss those results. Generally the
−3
disturbance rejection of all three walkers remains about equal: 1/k ∂g
∂e k2 ≈ 12 · 10
∂g
for ka ≤ 0.33 in the simple model, 1/k ∂e k2 ≈ 4 · 10−3 for the realistic model and
the median of the measured disturbance rejection of the prototype is 1/k ∂g
∂e k2 =
3.6 · 10−3 . The exception to this general effect is the simple model for ankle stiffness
that result in premature heel rise (ka > 0.33). This effect will be explained later in
this section.
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Figure 5.13: Disturbance rejection of the simple point mass model for varying ankle stiffness. The Gait Sensitivity Norm indicates approximately equal disturbance rejection for
ankle stiffness up to 0.33. Above this stiffness premature heel rise occurs, in the simple point mass model this discrete change in behavior results in decreasing disturbance
rejection.

The observation that disturbance rejection is not dependent on ankle stiffness can be
explained as follows. Roughly there are two stabilizing features in the energy balance of the walkers per step: the energy loss at foot strike Eimpact and the amount
of net internal work Wnet performed each step by the actuators. Whenever the energy content of the walker is increased, this can be compensated by loosing extra
energy at footstrike or by providing less net work. The magnitudes of these two
stabilizing features are given by the sensitivities dEimpact /dE and dWnet /dE. They
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Figure 5.14: Disturbance rejection of the realistic model (dash-dotted line) and the physical prototype ‘Meta’ (boxplots) for varying ankle stiffness. The Gait Sensitivity Norm of
the prototype is measured in a set of 20 trials for each stiffness setting. Both the realistic
model and the prototype show no significant effect of the ankle stiffness on their disturbance rejection. The rough course of the disturbance rejection is caused by a couple of
discrete changes in the model’s behavior for increasing ankle stiffness. Examples of such
discrete changes are premature heel rise or toe impact occurring before or after the end
of push-off.

indicate how much the impact loss Eimpact and the net actuator work Wnet change
in a step in which a gait deviation with small energy content dE occurs. To fully
explain the disturbance rejection of our models, we will consider two typical steps
in which such a deviation from nominal occurs. One is a step just after a floor height
disturbance with potential energy content Edist . The sensitivities in this step show
how the walker deals with the direct effect of such a disturbance. The other is a step
in which the dominant eigenmode of the walker is perturbed with energy Eeig . The
sensitivities in this step explain the largest Floquet multiplier that exists in a walker
and thus the rate of convergence back to the nominal limit cycle.
In case of implementing ankle stiffness, it turns out that deviations from the nominal motion of the walkers only lead to a small change in both the foot strike energy
loss and the net internal work. Sensitivities dEimpact /dE and dWnet /dE are small.
Also, the sensitivities hardly vary with ankle stiffness. These facts are shown for the
simple point mass model in Figure 5.15. In the step just after a floor height disturbance has occurred (Fig. 5.15a)), the change in energy loss at impact and net work
together compensate less than 20% of the potential energy content of the floor height
disturbance. Perturbing the dominant eigenmode of the simple point mass model
(Fig. 5.15b)) is mostly compensated by changing energy loss at impact which takes
about 30% of the energy in the perturbation out in one step. Up to an ankle stiffness
of 0.4 the change in energy loss at impact and net work do not change significantly
with the ankle stiffness.
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Figure 5.15: Changes in actuator work W and energy loss at foot impact Eimpact in a
step following a floor height disturbance (a) or a perturbation of the dominant eigenmode
of the simple point mass model (b) for varying ankle stiffness. These changes are the
stabilizing features of the walking model. The actuator work W is split up in positive work
Wpos during the step and negative work Wneg , the net work Wnet is the addition of those
two. Implementing ankle stiffness shows relatively low changes in energy loss at impact
and net work (30% and lower), the changes are also hardly dependent on ankle stiffness.

The only exception to the fact that disturbance rejection is independent of ankle
stiffness is that the simple point mass model shows decreasing disturbance rejection
for high ankle stiffnesses (between 0.33 and 0.5). In that case a perturbation of the
dominant eigenmode, which corresponds to a change in walking speed, is hardly
corrected by changing energy loss at impact. Because of this the deviating walking
speed is corrected slowly. This effect has not been observed in the realistic model or
the prototype at all. We hypothesize that this peculiarity is due to the simplicity of
the point mass model and is not relevant in realistic models.
In a previous publication [145], using a slightly different walking model, we have
found increasing disturbance rejection for increasing ankle stiffness. The most important difference with this study was that that model was placed on a slope with
constant slope angle, meaning that the amount of energy supply (net work) was not
changed to achieve equal walking speeds for changing ankle stiffness. In that case
the walking speed increases with increasing ankle stiffness. As we have found in
other studies that increasing walking speed increases the stability of walking [148],
we feel that in that study the increased walking speed was the most likely cause of
the increasing disturbance rejection, not the ankle stiffness itself.

5.3.4 Conclusion on ankle stiffness
We implemented ankle stiffness with a discretely changing equilibrium angle at
push-off, resulting in an ankle actuation pattern that resembles that of humans. Our
study with two Limit Cycle Walker simulation models and one prototype led to the
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following two conclusions:
• Ankle stiffness influences the energy use of these walkers. The optimal ankle
stiffness is one that results in rising of the heel of the stance foot prior to contact of the swing foot with the ground. An ankle spring can reduce the active
mechanical cost of transport by up to 87%.
• Ankle stiffness does not significantly influence the disturbance rejection of
these walkers, it does not change the walkers’ ability to handle disturbances.

5.4 Local stance ankle feedback
As ankle stiffness does not increase the disturbance rejection of our walkers, we
have investigated other ways of using ankle actuation to increase the ability to handle disturbances. We aim to find control strategies using only local state variables
(e.g. ankle angle and angular velocity) as input and local ankle torque as output. By
doing this we can keep the system demands low by reducing the amount of central
processing and possibly reducing the required amount and speed of information
flow through the robot. But also we find solutions that are similar to the local reflex paths found in humans, which might result in a better understanding of their
function.
In this study we first look into local control in the ankle throughout the stance phase.
This phase starts when the heel of the foot lands on the ground and ends when the
heel of the other foot lands on the ground, so prior to pushing off. To motivate our
implementation of local stance ankle control (Section 5.4.1) we will first discuss the
information that the local stance ankle state contains and the effect that the local
stance ankle torque has on walking.
The local state information available in the ankle throughout the stance phase consists of the stance ankle angle and the stance ankle angular velocity. Figure 5.16
shows this local state information for five typical slow steps and five typical fast
steps of the prototype. For about the first 15% of the stance phase full landing of
the foot occurs: the toe is moving downward which corresponds to a negative ankle
angular velocity. After full landing of the foot the ankle angle increases as the stance
leg travels forward over the ankle joint.
Fast and slow steps can be distinguished reliably from local stance ankle state information. Steps that are fast (shown in Figure 5.16 in solid lines) and therefore liable
to falling forward distinguish themselves by a rapid progression of the stance ankle angle as the stance leg travels forward relatively fast. This information can be
measured by a higher stance ankle angular velocity, but it is more evident from the
ankle angle progression over time which integrates the angular velocity information as can be seen in Figure 5.16. Slow steps (shown in Figure 5.16 in dashed lines)
distinguish themselves by slow progression of the stance ankle angle over time.
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Figure 5.16: Local stance ankle state information for 5 typical fast steps (solid) and 5
typical slow steps (dashed). The stance ankle angle increases significantly faster in steps
that are faster and thus gives reliable information about the development of a step.

The effect that the local stance ankle torque has on the development of a step is
quite straightforward. From the moment that the stance foot has full contact with
the ground, the stance ankle angular velocity remains positive. A negative ankle
torque (pushing the toe down, moving the center of pressure forward) provides
negative work and decelerates, while a positive ankle torque provides positive work
and accelerates the stance leg motion. Generally a step can be slowed down by a
negative ankle torque in the stance phase and sped up by a positive ankle torque.
From the observations above we hypothesize that the likelihood of falling can be
reduced by implementing local proportional ankle angle control in the stance phase
to reduce the fluctuations in step time in case disturbances perturb the walking gait.

5.4.1 Implementation local stance ankle feedback
The local stance ankle feedback is superposed on the ankle stiffness implementation
described in Section 5.3. The equation that describes the proportional stance ankle
angle feedback is:
τa,stf b = KP,stance · (φa,st,ref − φa,st )

(5.10)

The stance ankle angle reference φa,st,ref ideally is a trajectory that is identical to the
nominal motion of the stance ankle resulting from the previously described ankle
stiffness implementation. In this case the local stance ankle controller does nothing as long as the walker is in its nominal, undisturbed motion and the energy use
resulting from the ankle stiffness implementation remains. As this nominal stance
ankle trajectory, with exception of the landing phase, largely resembles a linear trajectory, we decided to implement such a simple linear trajectory as depicted in Fig-
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ure 5.17. The exact shape of the trajectory hardly influences the effect that the local
stance ankle control has on the disturbance rejection of the walkers.

The proportional gain KP,stance is kept constant throughout most of the stance phase.
It slowly increases to that constant value at the start of the stance phase and slowly
decreases to zero at the end of the stance phase as shown in Figure 5.17. This gain
modulation ensures a smooth transition between the stance phase and the swing or
push-off phase respectively. This is especially important for implementation in the
prototype as the torque actuation has limited bandwidth. Torques created by the local stance ankle controller might therefore influence the phases other than the stance
phase and give undesirable effects.
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Figure 5.17: (a) The two variables involved in the local stance ankle control: a reference
ankle trajectory φa,st,ref and a proportional gain KP,stance . The reference ankle trajectory
φa,st,ref is a simple linear trajectory as the nominal stance ankle motion largely resembles
a linear motion. The proportional gain KP,stance is constant over the main part of the
stance phase but is slowly increased to that value at the start of the stance phase and
decreased to zero at the end of the stance phase. (b) Ankle torque-angle diagram showing
the effect of local stance ankle control: for slower steps more net work is generated (larger
area within curve), for faster steps less net work. This effect gets larger for higher gain
KP,stance .

The maximally applied proportional gain KP,stance in this study is 0.42 for the simple model and 30 Nm/rad for the realistic model and the prototype. These values are still far lower than the gains needed for local stabilization of the system in
continuous-time and therefore do not conflict with the concept of Limit Cycle Walking. For local stabilization in continuous-time the sum of passive ankle stiffness and
proportional stance ankle feedback gain should be as high as 1 for the simple model
and, based on a simplified inverted pendulum analogy, approximately 100 Nm/rad
for the realistic model and prototype.
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5.4.2 Disturbance rejection with local stance ankle feedback
First we study the effect of the local stance ankle control on the disturbance rejection
of our walkers, as improvement of the disturbance rejection is the main objective in
implementing this controller. The effect of the local stance ankle controller is researched by increasing the value of the control proportional feedback gain KP,stance
at equal walking speed (F r = 0.16).
Figures 5.18 and 5.19 show the disturbance rejection of all three walkers. The general
trend is that disturbance rejection increases with increasing local stance ankle feedback gain KP,stance . The simple model shows that this holds for different underlying
ankle stiffness ka values. There is only two small exceptions to the general trend. The
realistic model has a discontinuity for stance ankle feedback gain KP,stance above 28
Nm/rad as it starts showing a lifting toe halfway during the stance phase. This effect occurs because the realistic models contains unsaturable actuators and is not
present in the real prototype. The prototype only shows increasing disturbance rejection up to a stance ankle feedback gain KP,stance of 20 Nm/rad. Above this value
the bandwidth limitation of the ankle torque actuation starts having a substantial
negative effect.
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Figure 5.18: Disturbance rejection of the simple point mass model for varying local stance
ankle feedback gain KP,stance and four different ankle stiffness ka settings. Independent
on the ankle stiffness, the disturbance rejection of the model increases with increasing
stance ankle feedback.

The fact that disturbance rejection generally increases with increased local stance
ankle feedback is explained mainly by a change in the negative amount of work
performed in case of deviations from the nominal cyclic motion. When energy is
added to the walkers by a disturbance, this is compensated by performing extra
negative work (braking more). This fact is shown in Figure 5.20 for the simple point
mass model. Performing extra negative work through the local stance ankle feedback results in up to 70% of the energy added by a disturbance being taken away
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Figure 5.19: Disturbance rejection of the realistic model (dash-dotted line) and the physical prototype ‘Meta’ (boxplots, n = 20) for varying stance ankle trajectory feedback gain
and an ankle stiffness of ka = 20 Nm/rad. The disturbance rejection of the model and
the prototype increases with increasing stance ankle feedback. Only at KP,stance = 30
Nm/rad the prototype’s disturbance rejection stops increasing, most probably due to the
limited bandwidth of the torque control in the prototype.

in one step. This amount of energy change is a factor four higher than the maximal 18% that was obtained with only implementing ankle stiffness as in Section 5.3.
Next to the advantageous effect of local stance ankle feedback on the first step after
a floor height disturbance (Fig. 5.20a)), it also has a major effect on a perturbation
of the dominant eigenmode of the walker (Fig. 5.20b)). Because of this the walker
generally tends to converge faster to the nominal limit cycle motion after deviations
have occurred, the eigenvalue of the dominant eigenmode decreases with increasing feedback.
The proportional stance ankle angle feedback is very similar to the implementation
of ankle stiffness, with the important difference that it is only active in the stance
phase, not in the push-off phase. This difference appears to make angle feedback far
more effective in terms of disturbance rejection. This effect might explain the reflex
gain modulation in the human ankle that has been measured by Sinkjaer et al. [119].
This reflex gain modulation show the highest ankle angle feedback gain halfway
during the stance phase and a local reflex gain close to zero during push-off.

5.4.3 Energy use with local stance ankle feedback
The energy use of walking with local stance ankle feedback is measured by the Active Mechanical Cost of Transport. Figures 5.21 and 5.22 show the Active Mechanical
Costs of Transport for work in the ankle joint of the simple point mass model, the realistic model and the prototype when they are walking in their nominal limit cycle.
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Figure 5.20: Changes in actuator work and energy loss at foot impact in a step following
a floor height disturbance (a) or a perturbation of the dominant eigenmode of the simple
point mass model (b) for varying stance ankle feedback. The stabilizing effect of local
stance ankle feedback largely seems to be due to a changing amount of negative work
being performed in the ankle when the walker deviates from its nominal motion.
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These results show for all models that the Cost of Transport increases with increasing stance ankle feedback. This disadvantageous effect is limited compared to the
effect of changing ankle stiffness ka of the same magnitude. Also, the effect is due to
our choice to implement a simple linear reference trajectory instead of a trajectory
that is closer to the actual nominal stance ankle motion without stance ankle feedback. Therefore a further improvement could be made, for instance by learning the
actual nominal stance ankle motion over time.
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Figure 5.21: Active Mechanical Cost of Transport of the simple point mass model for varying stance ankle feedback and four different underlying passive ankle stiffness settings.
The cost of transport of the model slightly increases with increasing stance ankle feedback, but this increase is limited in comparison to the effect of passive ankle stiffness.
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Figure 5.22: Active Mechanical Cost of Transport for work in the ankle joint of the realistic
model and the prototype measured over five strides for varying stance ankle feedback and
an ankle stiffness of ka = 20 Nm/rad. Both the model and the prototype slow a slight
increase in cost of transport for increasing stance ankle feedback. The Active Mechanical
Cost of Transport for work in the hip joint stays constant for varying stance ankle feedback.

In case the reference trajectory would be optimal, the local stance ankle feedback
would only cost energy when disturbances occur and the walkers start deviating
from the nominal limit cycle motion. The way the local stance ankle feedback rejects
these disturbances will require extra active work from the walker and therefore extra
energy at all times. This is because nominally the actuation in the ankles is fully
passive throughout the stance phase and all torques superposed on this nominal
situation thus cost energy. This is different from the push-off phase where in the
nominal situation already nonzero active work is being performed and disturbances
can thus be rejected by performing less active work. This situation will be discussed
in Section 5.5.

5.4.4 Conclusion on local stance ankle feedback
Our study of the effect of stance ankle feedback on Limit Cycle Walkers resulted in
two findings:
• It is possible to implement a local stance ankle controller that increases the
disturbance rejection of these walkers. Disturbance rejection is increased by an
improved response of the walkers in the step directly following a disturbance,
but also by making the step-to-step convergence to the limit cycle faster.
• Local stance ankle feedback influences the energy use of these walkers. The
energy use of our walker’s nominal motion slightly increases, but this could
be improved by tuning the feedback reference trajectory. Local stance ankle
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feedback always performs more active work to reject disturbances, which is
not ideal considering energy consumption.

5.5 Ankle push-off control
The second way of increasing disturbance rejection that we will study in this paper
is adjusting the ankle push-off actuation. The push-off phase starts when the swing
or leading foot hits the ground and ends when the toe of the trailing foot looses
contact with the ground.
The push-off phase distinguishes itself by the fact that only positive work is being
performed. The ankle that is pushing-off is delivering a negative torque (pushing
the toe down) and the ankle has a negative angular velocity. Increasing or decreasing the amount of positive work that is performed in this phase can be used to speed
up or slow down a walker respectively.
Again, ideally the push-off would be adjusted based on local state information. Unfortunately it turns out in practice that local state information in the push-off ankle
is not reliable to predict the course of the upcoming step. Attempts to implement local feedback in the push-off ankle all resulted in a greater variability of the walking
motion due to this limited reliability. This fact is in agreement with measurements
performed on humans that established a local reflex gain close to zero during pushoff [119]. Apparently humans hardly modulate their push-off based on local state
information.
The state information during push-off that is expected to be the most reliable predictor of the course of the upcoming step is the state of the leading leg or stance leg
to be. This leg is the most direct determinant of the development of the upcoming
single stance phase. The inverted pendulum like motion this leg is going to make
after push-off determines whether the upcoming step is going to be fast with the
chance of a fall forward or slow with a chance of a fall backward. When the leading
leg is more straight up with respect to gravity or its angular velocity is higher the
remainder of the step will generally take less time.
From the observations above we hypothesize that the likelihood of falling can be
reduced by adjusting the push-off torque using feedback from the orientation of the
leading leg.

5.5.1 Implementation ankle push-off control
As with the local stance ankle feedback, also the ankle push-off control is superposed on the ankle stiffness implementation described in Section 5.3. Our implementation of ankle push-off control uses feedback of the leading leg’s angle with
respect to gravity, according to the following equation:
τa,push−of f = KP,pushof f · (θst,ref − θst )

(5.11)
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The absolute angle θst of the leading/stance leg is measured with respect to gravity. In practice this angle measurement uses the orientation estimation data from
the inertial sensor on the upper body of the walker and the relative angle measurement in the stance hip between the upper body and the stance leg. This information
combined gives the estimated orientation of the stance leg with respect to gravity.
θst,ref is the reference trajectory for the stance leg angle. Similar to the local stance
ankle trajectory we use a simple linear trajectory as the nominal motion of the stance
leg is close to linear. In actuality an inverted pendulum traveling over an apex (highest point) shows deceleration before the apex and acceleration after. However, as
these accelerations are relatively small compared to the nominal average angular
velocity of the stance leg, this effect is hardly noticeable. The push-off feedback gain
KP,pushof f is kept constant throughout the push-off phase.
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Figure 5.23: Ankle torque-angle diagram showing the effect of ankle push-off control: in
steps that have a leading leg that is more straight up during push-off less work is generated (smaller area within curve) and vice versa. This effect gets larger for higher gain
KP,pushof f .

To study the effect of this ankle push-off control separately, we will implement it
here while the local stance ankle feedback is inactive. Later, in Section 5.6 we will
show the effect of implementing both controllers simultaneously.

5.5.2 Disturbance rejection with ankle push-off control
The effect of ankle push-off control on the disturbance rejection of our walkers is
researched by increasing the value of the ankle push-off feedback gain KP,pushof f
while keeping the walking speed equal (F r = 0.17). Figures 5.24 and 5.25 show
the disturbance rejection of all three walkers. Generally the disturbance rejection increases for increasing ankle push-off feedback gain KP,pushof f , independent of the
underlying ankle stiffness ka . The exception to the general trend is found in the realistic model and the prototype for ankle push-off feedback gain above KP,pushof f =
50 Nm/rad. For these high gain values the disturbance rejection decreases to zero.
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Figure 5.24: Disturbance rejection of the simple point mass model for varying ankle pushoff feedback gain. The disturbance rejection increases for increasing ankle push-off feedback. This is the case for all underlying ankle stiffness settings.
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Figure 5.25: Disturbance rejection of the realistic model (dash-dotted line) and the physical prototype ‘Meta’ (boxplots, n = 10) for varying ankle push-off feedback gain.

The fact that the disturbance rejection of the walkers generally increases with increasing ankle push-off feedback is explained by a change in the amount of positive
work performed during push-off when the walkers deviate from their nominal limit
cycle motion. This is shown in Figure 5.26 for the simple point mass model. When
a floor height disturbance occurs that adds energy to the walker (a step-down) the
leading/stance leg will start the next step relatively straight up. In this case the ankle
push-off feedback responds by decreasing the amount of negative push-off torque,
thus reducing the amount of positive work that is put in the motion in that step. For
an ankle push-off feedback gain of KP,pushof f = 1 the reduction in positive push-off
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work in the first step after a floor disturbance is about 50% of the energy content of
that disturbance. The ankle push-off feedback mainly improves the response of the
walker in the step just after a floor height disturbance, indicated by the large slope of
the solid line in Figure 5.26a). Its effect on perturbations of the dominant eigenmode
is less significant, indicated by the smaller slope of the solid line in Figure 5.26b). Because of this the walker does not converge significantly faster after deviations from
the nominal limit cycle occur, the eigenvalue of the dominant eigenmode stays approximately equal.
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Figure 5.26: Changes in actuator work and energy loss at foot impact in a step following
a floor height disturbance (a) or a perturbation of the dominant eigenmode of the simple
point mass model (b) for varying ankle push-off feedback. The stabilizing effect of ankle
push-off feedback is due to a changing amount of positive work being performed in the
ankle when the walker deviates from its nominal motion.

The disturbance rejection of the realistic model and the prototype show two interesting other aspects: the disturbance rejection starts decreasing for ankle push-off
feedback gains above KP,pushof f = 50 Nm/rad and the prototype measurements
show relatively large variability. The first aspect seems to be due to a coupling of
the upper body and swing leg actuation that results in slow convergence to the
nominal walking speed when the walkers start to deviate from the nominal limit
cycle. This effect will be studied more thoroughly in future research on upper body
actuation. The variability is probably due to the fact that the stance leg angle information during push-off is relatively noisy in practice as it involves an orientation
estimation of the upper body that shows some error especially when impacts have
just occurred. A way to improve the ankle push-off control would be to use the
square of the stance leg angle deviations instead of the linear version in (5.11). This
way the controller would respond less to small deviations which could solve both
the slow convergence of the walking speed and the large variability.
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5.5.3 Energy use with ankle push-off control

Active Mechanical Cost of Transport [-]

The energy use of walking with ankle push-off feedback is measured by the Active
Mechanical Cost of Transport. Figures 5.27 and 5.28 show the Active Mechanical
Costs of Transport for work in the ankle joint of the simple point mass model, the
realistic model and the prototype when they are walking in their nominal limit cycle.
These results show for the simple model and the realistic model that the Cost of
Transport decreases with increasing ankle push-off feedback. The reason for this is
that the torque at the start of the push-off gets higher with increasing feedback gain,
which slightly reduces the full foot impact of the leading leg. The decrease is not
observed in the prototype as the bandwidth limited torque actuation is not able to
produce these higher forces at the start of push-off fast enough.
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Figure 5.27: Active Mechanical Cost of Transport of the simple point mass model for
varying ankle push-off feedback gain.

The way the ankle push-off control rejects disturbances is energetically beneficial.
When a disturbance occurs that adds energy to the walker the ankle push-off feedback responds by decreasing the amount of positive work that is performed during
push-off. In this way the walker can actually benefit from disturbances as it uses
their energy to limit its own active energy consumption.

5.5.4 Conclusion on ankle push-off control
Our study of the effect of ankle push-off control on Limit Cycle Walkers resulted in
two findings:
• Adjusting ankle push-off based on feedback of the absolute angle of the leading/stance leg can improve the disturbance rejection these walkers. Disturbance rejection is mainly increased due to an improved response of the walk-
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Figure 5.28: Active Mechanical Cost of Transport for work in the ankle joint of the realistic
model and the prototype measured over five strides for varying ankle push-off feedback
gain and an ankle stiffness of ka = 20 Nm/rad. The model shows a slight decrease in
the cost of transport for increasing ankle push-off gain. This decrease is hardly noticeable
in the prototype. The Active Mechanical Cost of Transport for work in the hip joint stays
constant for varying stance ankle feedback.

ers in the step directly following a disturbance. Feedback using local state information was not successful.
• Ankle push-off control influences the energy use of these walkers. The energy
use of our walkers’ nominal motion slightly decreases. Rejecting disturbances
by adjusting push-off allows utilizing external energy from disturbances to decrease the amount of internal work, which is beneficial to the walker’s energy
use.

5.6 Combining ankle actuation strategies
In Sections 5.3, 5.4 and 5.5 we researched the effect of ankle stiffness, local stance
ankle control and ankle push-off control separately. To find the maximal achievable
performance for our prototype we combined the three strategies simultaneously.
The disturbance rejection in case of this combined strategy turns out to be better
than what we have obtained with the separate strategy implementations. The pro−3
totype shows a disturbance rejection of up to 1/k ∂g
when combining
∂e k2 = 10 · 10
∂g
−3
both strategies, compared to 1/k ∂e k2 = 5.5 · 10 for separate local stance ankle
−3
control and 1/k ∂g
for separate ankle push-off control. This superior
∂e k2 = 7.5 · 10
disturbance rejection is substantiated by the maximal step-down the prototype can
handle with the combined strategy. The step-down of 3cm (5% of its leg length) it
can achieve is a factor two higher than what the prototype could handle before the
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ankle actuation described in this paper was implemented. Next to that the prototype
was able to successfully walk over rough surfaces, such as a floor with randomly
varying floor height that we built with wooden boards and various outdoor paved
streets. Figure 5.29 shows frames from the videos recording those experiments with
our prototype. To our knowledge this performance is unprecedented for fully autonomous Limit Cycle Walkers in existence.

(a)

(b)

(c)

Figure 5.29: Frames from videos showing experiments in which our prototype ‘Meta’ walks
over a 3cm stepdown (a,b) and on paved streets outdoor (c).

The energy use of the combined strategy remains as low as with the separate implementations. The Active Mechanical Cost of Transport for work in the ankle equals
0.032 and for work in the hip 0.056, summing up to a total Active Mechanical Cost
of Transport of 0.09. This energy use is in the same range as most existing Limit
Cycle Walkers, which as a group distinguish themselves by being the most efficient
bipedal robots in existence.

5.7 Conclusion
In this paper we study the effect of ankle actuation on the energy use of Limit Cycle Walkers and their ability to handle disturbance, i.e. their disturbance rejection.
The study implements an ankle stiffness with non-impulsive ankle push-off, which
is an actuation pattern that resembles that of humans. Next to that it implements
local feedback in the ankle throughout the stance phase and modulation of the ankle push-off based on feedback from the leading/stance leg angle with respect to
gravity. We conclude that:
• Ankle stiffness influences the energy use of a walker. For low energy consumption it is best to implement a passive spring in the ankle with a stiffness that
creates premature rise of the stance foot’s heel. For this optimal setting our
2D prototype has a total Active Mechanical Cost of Transport of 0.028 (ankle
work) + 0.062 (hip work) = 0.09.
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• Ankle stiffness hardly influences the disturbance rejection of a walker.
• Local stance ankle angle feedback increases the disturbance rejection of a walker.
In our prototype we have measured an increase of 60% compared to the situation without local stance ankle angle feedback.
• Local stance ankle angle feedback increases the energy use of a walker, but
this effect is limited and can be solved by implementing a more sophisticated
reference.
• Modulating ankle push-off torque based on feedback from the leading/stance
leg angle with respect to gravity increases the disturbance rejection of a walker.
In our prototype we have measured an increase of 60% compared to the situation without ankle push-off feedback.
• Ankle push-off feedback increases the energy efficiency of a walker, but this
effect is limited and could only be obtained in simulation.
• Combining all ankle actuation strategies discussed in this paper, our prototype Limit Cycle Walker ’Meta’ is able to reliably handle step-downs of up to
3cm and walk over rough floor surfaces with random floor height variations
of ±8mm. While doing so, the prototype has an Active Mechanical Cost of
Transport of 0.09.
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One of the difficult challenges in bipedal gait synthesis is keeping the inherently
unstable upper body straight up in the presence of accelerations of the hip joint.
Humans are able to perform this task in spite of the fact that they cannot apply a
feedback loop with high bandwidth. In this paper we study the implementation
of upper body control on Limit Cycle Walkers, a group of bipedal robots that distinguishes itself by the use of low feedback gains, similar to humans. The upper
body control is implemented by using an inertial sensor on the body, having a
similar function as the vestibular organ in humans. It measures the orientation
of the upper body with respect to gravity and its angular velocity. The effect of
the bandwidth of a pure feedback controller on walking performance is studied
through two 2D simulation models and one 2D prototype. The upper body motion and the cost of transport of the models reduce with increasing bandwidth.
At the maximally applicable bandwidth in the prototype, the upper body motion
is about a factor 4 larger than measured in humans. To increase the upper body
control performance a feedforward component is added to the controller. The exact shape of the feedforward part is acquired through online adaptation during
walking. It results in a decrease of the upper body motion by a factor of 4, comparable to human performance. This performance is obtained with a torque pattern
that largely resembles that of humans. These findings help the development of
bipedal robots with a stable vision platform and can help the understanding of
human walking.
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6.1 Introduction
Bipedal walking is a complex dynamic task, partly because it involves controlling
a body that largely resembles an inherently unstable inverted pendulum. Still, humans are able to perform this task with apparent ease while exhibiting high energy efficiency, versatility and the ability to handle large disturbances. Applying
gait synthesis to bipedal robots is a way to increase the understanding of how humans are able to control the difficult task of walking so well. Consequently, this understanding helps us to 1) increase the performance of autonomous bipedal robots
and 2) help humans that experience difficulty in walking by improving prosthetics/orthotics design or improving rehabilitation practice.
Our approach to gait synthesis in bipedal robots uses the relatively new paradigm
‘Limit Cycle Walking’ [53]. This paradigm is an extension on the concept of Passive
Dynamic Walking, as pioneered by McGeer [90]. Passive Dynamic Walkers show
that it is possible to perform stable bipedal walking without any actuation or control. Limit Cycle Walking expands this concept of Passive Dynamic Walkers to actuated bipeds. The essence of Limit Cycle Walking is that it is possible to obtain
stable periodic walking without locally stabilizing the walking motion at every instant during gait [53]. Realizing that local stabilization is not necessary, eliminates
the need for ‘dynamic balance’ as introduced by Vukobratovic [131] and creates
more freedom for optimizing energy efficiency, disturbance rejection and versatility of bipedal robots. Some examples of existing Limit Cycle Walkers are shown in
Figure 6.1.

Figure 6.1: Three Limit Cycle Walkers that have been built at Delft University of Technology [151, 20]. The third walker is the subject of the current study.

One of the major control challenges in Limit Cycle Walking is keeping the upper body upright with limited angular motion. The dynamics of the upper body
strongly resemble that of an inverted pendulum which is inherently unstable. In
addition, the base of this unstable body, the hip joint, is moving in space. The accelerations of this joint during walking constitute considerable perturbations to the
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balance of the upper body. In spite of these challenges humans manage to keep their
upper body upright within ±0.02 radians (±1 degree) in the sagittal plane [134, 15,
139] and manage to attenuate significantly the accelerations of the head relative to
the hip [139, 127].
There can be various reasons why humans minimize the oscillations of their upper body. One possible reason often mentioned in literature is the need for a stable, smoothly moving vision platform [139, 127, 101]. It could also be that keeping the upper body steady increases the energy efficiency of walking. Or it might
increase a human’s ability to handle disturbances during walking. It has been hypothesized that humans nominally minimize the rate of change of their body’s centroidal angular momentum to be able to use a maximum amount of angular momentum in case they are heavily disturbed during walking (e.g. throwing body forward) [41, 99, 100].
In spite of all the potential benefits of reducing the oscillations in the upper body,
little research has been performed on achieving this in Limit Cycle Walkers. A substantial part of the existing Limit Cycle Walkers do not have an upper body balancing above the hip [125, 90, 21, 24, 151]. The Limit Cycle Walkers that do have an
upper body [19, 146, 144] mostly apply a fully passive solution to keeping the body
upright: a bisecting mechanism. This kinematic coupling constrains the angle of the
upper body to be the average of the two leg angles. In a fully passive model it was
shown that adding an upper body through this coupling increases the energy efficiency and the ability to handle disturbances compared to the model without upper
body [149]. The major advantage of this solution is that it does not add a degree of
freedom with the addition of an upper body.
Nevertheless, a bisecting mechanism is probably not the best solution for controlling an upper body. It results in angular displacements (approx. ±0.15 radians) that
are larger than the displacements that occur in human gait. It consumes a considerable amount of energy by swaying the body back and forth. It makes it harder to
get the swing leg forward fast as the upper body increases its effective inertia. This
decreases the walker’s ability to handle disturbances [150]. And lastly a fully passive solution takes away the ability of the upper body to adapt its orientation when
carrying loads or to change walking speed.
In this paper we study the active control of upper body orientation during Limit
Cycle Walking with the use of an inertial sensor. The upper body is implemented
as a separate rigid body (in two simulation models and in a prototype) which is
actuated from the hip joint. The upper body is equipped with an inertial sensor
which has similar functionality as the vestibular organ in humans. It measures the
state of the upper body: orientation with respect to gravity and angular velocity.
The goal of this paper is to study how upper body orientation control affect walking performance, measured by the upper body motion, cost of transport and disturbance rejection. We intend to find out what the benefits are of keeping the upper
body still and how it is possible to achieve this by feedback and feedforward control.
These findings should increase the understanding of how humans are able to control
their upper body with such high performance. We use two simulation models and
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one physical prototype to perform this study. They are described in Section 6.2. The
description of walking performance consists of a measurement of the upper body
angular displacements, energy efficiency and the ability of our models to handle
disturbances, described in Section 6.3. We study the performance of purely feedback control in Section 6.4, followed by the application of an adaptive feedforward
component in Section 6.5. Discussions on the results are incorporated in those two
sections. The paper ends with a conclusion in Section 6.6.

6.2 Models
The effect of upper body orientation control is studied through the use of two simulation models and one physical prototype. The first model is a simplified model
that is computationally efficient. The second simulation model describes the actual
prototype in more detail concerning degrees of freedom and mass distribution. As
a final validation of the results the various upper body control strategies are applied to the actual 2D prototype walker ’Meta’. The two models and prototype are
described below.

6.2.1 Simple point mass model
Simple straight legged point mass models of bipeds (Figure 6.2) have been studied
thoroughly [65, 37, 42, 74, 149]. The fact that the dynamics of such a model are well
understood and that its simulation time is relatively short, make it a good starting
point for the study into upper body control for Limit Cycle Walkers. The generalistic
nature of this model also ensures that the findings in this study are applicable in a
wider sense than only our prototype.
Our simple point mass model is based on the simplest walking model by Garcia et
al. [37]. Our model is a 2D model consisting of five rigid links, one upper body with
length cb = 0.33 and two legs with unit length ll = 1 connected at the hip. Two feet
are connected to each leg at the ankle, extending forward over a distance of lt = 0.1
(ankle-toe) and backward over a distance of lh = 0.05 (ankle-heel). There are four
point masses in the model, one in the upper body with mass Mb = 0.7, one in the
hip with mass Mh = 0.3 and two infinitesimally small masses m at the ankle joint as
shown in Figure 6.2. The relative dimensions and masses are a rough abstraction of
the mass distribution and dimensions of our actual prototype. The model walks in
a gravity field with unit magnitude g. Torques are applied in the hip joint between
the legs (τh ), between the leading/stance leg and the upper body (τb ) and in the two
ankle joints (τa,st and τa,sw ). The unilateral constraints between the model’s feet and
the ground are modeled as rigid constraints.
A typical step of this model starts when the heel of the leading leg has just made contact with the ground. The model is in double stance as long as both feet are touching
the ground. During this phase the effect of the infinitesimally small masses m is
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Figure 6.2: A typical walking step of our simple point mass model. Throughout the step
the upper body angle is controlled with respect to gravity (θb ). The upper body is actuated
by a torque in the hip τb which acts with respect to the leading/stance leg (thick line). The
double stance phase starts when the heel of the leading leg has just made contact with the
ground. When the foot of the trailing leg looses contact with the ground, the single stance
phase starts in which the actuated swing leg (thin line) swings forward past the stance leg.
Foot scuffing at midstance is ignored. A step is completed when the heel of the swing leg
touches the ground. Actuation in the ankles equals a spring characteristic with push-off
in the double stance phase [52]. φh,st and φh,sw are the angles between the upper body
and the stance or swing leg respectively, φa,st and φa,sw are the angles between the feet
and the stance or swing leg respectively, cb is the distance between the mass in the upper
body and the hip, ll is the leg length, lh is the distance from ankle to heel, lt is the distance
from ankle to toe, Mb is the upper body mass, Mh is the hip mass, m is the leg mass, g is
the gravitational acceleration.

negligible. The torque that is actuating the upper body τb is following the various
control strategies studied in this paper while the torque between the legs τh is zero.
The torques in both ankles τa,st and τa,sw follow a spring characteristic. Only the
equilibrium angle of the spring characteristic of the trailing leg is different to deliver more positive work during push-off [52]. The heel of the trailing leg is lifting
from the ground as it is performing push-off while the toe of the leading leg is going
towards the ground. When the toe of the leading leg contacts the ground, the leading foot is in full contact with the ground, resulting in a discrete change in dynamics.
A discrete impact calculation is performed to find the discrete change in velocity of
the upper body mass Mb and hip mass Mh .
The double stance phase ends when the toe of the trailing leg looses contact with
the ground, the end of push-off. Contact release, either in the toes or the heels, is
constantly monitored throughout the simulation. An existing unilateral constraint
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Table 6.1: Parameter values for the realistic walking model.

body
mass m [kg]
mom. of Inertia I [kgm2 ]
length l [m]
vert. dist. CoM c [m]
hor. offset CoM w [m]
foot radius rf [m]
foot heel-ankle hf [m]

8.5
0.11
0.4
0.2
0
-

upper
leg
0.9
0.0068
0.3
0.15
0
-

lower
leg
0.9
0.0068
0.3
0.15
0
-

foot
0.1
0.0001
0.085
0
0.0175
0.02
0.025

is released whenever this release would result in an acceleration away from the
unilateral constraint (e.g. a toe comes up from the ground) [30]. With the end of
the double stance phase the model goes into single stance phase. In this phase the
foot of the swing leg is kept orthogonal to the swing leg while the swing leg is
brought forward to a constant inter-leg angle φh of 0.6 radians, resulting in a typical
step length for a Limit Cycle Walker. These actions can be performed infinitely fast
without any energetic cost or influence to the dynamics of the stance leg, as the
masses involved are infinitesimally small. The inevitable foot scuffing in midstance
that occurs in straight legged walking is ignored. The torque in the stance ankle τa,st
still follows a linear spring characteristic. The control of the upper body in the single
stance phase does not differ from the control in the double stance phase. The single
stance phase ends when the heel of the swing leg touches the ground at which point
the walker goes back into double stance phase and a second step is started.

6.2.2 Realistic model
A more realistic model of a walker is the 7-link model depicted in Figure 6.3. It is
modeled after the prototype that is also used in this study, having the same parameters concerning mass distribution and dimensions. It consists of an upper body,
two upper legs, two lower legs and two feet. In the knee joint there is a hyperextension stop and a latching mechanism. The latch is released at the start of the swing
phase and locks the knee joint in the stretched position at the end of the swing phase
and throughout stance. Due to this mechanism the maximum number of degrees of
freedom of this model is six at any instant during gait.
The unilateral constraints between the foot and the floor as well as the hyperextension stop in the knee are modeled as rigid constraints. Constraints are made when
a kinematic constraint violation is detected (e.g. heel passes the floor) after which
a discrete impact calculation is performed. Contact release is checked in the same
way as in the simple point mass model. In every simulation step we perform a separate calculation in which the constraint is released and observe in which direction
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Figure 6.3: Two-dimensional 7-link realistic walking model. The left figure shows the model
parameters, the actual parameter values are given in Table 6.1. The right figure shows the
degrees of freedom of the model, the knee of the stance leg is locked which takes away
one degree of freedom.

the contact point would accelerate. If this acceleration is away from the unilateral
constraint (e.g. the heel comes up from the floor) we will release the constraint in
the actual simulation [30]. Constraints can also be released at impact; we observe
the impulsive forces that occur at all active constraints and use heuristics to decide
which constraints should be released.
The model is actuated between the upper body and each of the two legs and in
the two ankle joints, the knee joints are fully passive. We assume ideal, unsaturable
torque actuators. Using these torque actuators the upper body angle with respect
to gravity θb is controlled according to the strategies described in following sections. The swing leg motion is regulated by means of controlling the inter-leg angle
(φh,sw − φh,st ). The desired inter-leg angle moves through 0.6 rad in 0.6 seconds
during the swing phase. The ankles are actuated according to linear spring characteristics similar to the actuation in the simple point mass model. The ankle and
swing leg actuation are kept constant throughout this study.

6.2.3 Physical prototype ’Meta’
Next to the two simulation models this study involves a physical 2D biped called
‘Meta’, shown in Figure 6.4. The fully autonomous prototype consists of an upper
body, two upper legs, two lower legs and two feet. Both legs are constructed in pairs
(one outside and one inside) to achieve 2D behavior.
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Figure 6.4: Physical prototype ‘Meta’. This 2D biped consists of an upper body, two upper
legs, two lower legs and two feet. The two hip joints and the two ankle joints are actuated
by electric DC motors, they can all be position and force controlled through the application
of series elastic actuation [102]. All joints are equipped with digital encoders to measure
the joint angles. The prototype is controlled at 500 Hz running MATLAB’s xPC Target on a
PC104 stack (400 MHz processor).

The two hip joints are actuated by electric DC motors (Maxon RE35) through a 103:1
planetary gearbox and a 2:1 cable drive. The knee joints are fully passive, but feature a hyperextension stop and latching mechanism which can be released through
a solenoid. The two ankle joints are actuated by electric DC motors (Maxon RE35)
through 23:1 planetary gearboxes and a Bowden cable drive that adds another reduction of 4:1. All the actuated joints are series elastically actuated [102] by means
of an elastic element in the cable drive. This actuation allows the joints to be force
controlled as well as position controlled.
All joints are equipped with digital incremental encoders, with a resolution of 4·10−4
rad for the hip joints, 2 · 10−4 rad for the ankle joints and 3 · 10−3 rad for the knees.
The actuation torques on the hip and ankle joints are measured through the elongation of the series elastic elements by subtracting the motor output shaft angle from
the joint angle, both taken from encoder measurements. This results in a torque resolution of approximately 5 · 10−3 Nm for both the hip and ankle joints. In the hip
and ankle joints a torque control bandwidth of 5Hz and 10Hz respectively is implemented. Microswitches located near the heels underneath the feet detect heel strike.
The prototype is controlled from a PC104 stack that includes a 400 MHz processor,
analog I/O and counters for the digital encoders. This stack allows a controller to
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be run at 500 Hz using MATLAB’s xPC Target.
The upper body is equipped with an inertial sensing unit from XSens Technologies [7]. This inertial sensor consists of three accelerometers, three gyroscopes and
three magnetometers to give an absolute orientation estimate in three dimensions.
The gyroscopes track the high frequency orientation changes while the accelerometers and magnetometers provide a stable reference at low frequency (i.e. prevent
drift). This sensor fusion is done using a Quaternion filter.

Orientation error [rad]

We tested the performance of this filter on our prototype. We firmly fixed the legs
of the prototype to the ground, which enables the measurement of the upper body
orientation through both the inertial sensor and the incremental encoders in the hip
joint. Subsequently we perturbed the orientation of the upper body over a range
of frequencies (0.01-3Hz) and measured the difference between the inertial sensor’s
orientation estimate and the real orientation (hip encoder signal). The results of this
test are shown in Figure 6.5. The orientation estimate shows some drift (frequencies
below 1Hz) with a standard deviation of σ = 0.014 radians (0.8 degrees) and has a
dynamic accuracy (frequencies above 1Hz) of σ = 0.007 radians (0.4 degrees).
0.05
0
-0.05
-0.1

σ = 0.007 rad (ω > 1 Hz)
σ = 0.014 rad (ω < 1 Hz)

0

50

100

150

200

Time [s]

Figure 6.5: Measurement of the error in the orientation estimate of the inertial sensor [7]
used on the upper body of the prototype. Low frequency drift has a standard deviation of
0.014 radians (0.8 degrees), while the dynamic (high frequency) accuracy is 0.007 radians
(0.4 degrees).

6.3 Performance criteria
To quantify the effect of upper body control on walking performance, we will use
three performance criteria throughout this paper. These criteria include the amount
of upper body motion, the energy efficiency of walking and disturbance rejection.
These three criteria describe the potential benefits of upper body control mentioned
in the introduction. A detailed description of the three criteria is given below.

6.3.1 Upper body motion
One of the reasons to keep the upper body still is to achieve a stable vision platform. We evaluate how well this goal is achieved by measuring the upper body
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oscillations during nominal walking.
The oscillations of the upper body are quantified by taking the standard deviation of
the angular displacements θb of the upper body throughout one nominal step (with
step time T ):
s
Z
1 T
||θb ||2 =
(θb − θ¯b )2 · dt
(6.1)
T 0
where θ¯b is the average upper body angle in the nominal step.

6.3.2 Energy efficiency
The energy efficiency of walking is quantified by the specific cost of transport. This
dimensionless number ct gives the amount of energy that the biped uses per distance traveled per weight of the walker:
ct =

Used energy
Weight · Distance traveled

(6.2)

The amount of energy used by a walker can be defined in various ways. The first
distinction is between overall energy expenditure of a walker and the amount of
energy that goes into performing mechanical work in the walker’s motion. In this
study we will focus on the latter, the mechanical cost of transport cmt . Mechanical work performed at one joint of a walker is the integral over time of mechanical
power which is defined by the product of the joint torque τ and joint velocity φ̇.
Mechanical power can either be positive (putting energy into the motion) or negative (absorbing energy). Generally we assume both positive and negative power are
generated actively using a motor and cost energy, which is why we take the integral
of the absolute value of mechanical power to determine the amount of mechanical
work performed in one step (with step time T ):
Z T
Wtotal =
|τ · φ̇| · dt
(6.3)
0

The resulting general definition of the mechanical cost of transport cmt is:
X
X Z T
Wtotal
|τ · φ̇| · dt
cmt =

all joints

m · g · xstep

=

all joints

0

m · g · xstep

(6.4)

In this study we also observe how much the work in separate joints contributes to
the total mechanical cost of transport, by giving the joint specific mechanical cost
of transport cmt,joint . The cost of transport of different models is compared while
walking at the same speed.
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6.3.3 Disturbance rejection
The third performance criteria measures how well a walker is able to handle disturbances, its disturbance rejection. We measure the disturbance rejection of Limit
Cycle Walkers by the recently introduced Gait Sensitivity Norm [51]. This measure
is both fast computable and gives a good prediction of how well a walker performs
in the presence of real-world disturbances. The Gait Sensitivity Norm can be used
both for simple walking models (similar to the simple point mass model in this
study) and actual prototypes [51]. In this section we will give a short explanation of
the Gait Sensitivity Norm for the use in this study, for a more detailed explanation
we refer to [51].
The Gait Sensitivity Norm is based on the step-to-step Poincaré map description of
a walker’s motion, the function S:
½
S:

vn+1
Tn

=
=

Sv (vn , en )
ST (vn , en )

(6.5)

Where vn are the variables that describe the walker’s state at the start of step n, en
is a floor height disturbance occurring in step n and Tn is the step time of step n.
The step-to-step function S is linearized by assuming only small deviations from
the nominal motion ∆v and small disturbance e. The linearized system description
that results is depicted in Figure 6.6, where A, B, C and D are sensitivity matrices
describing the sensitivity of the states vn+1 and the step time Tn to changes in states
vn and disturbance en respectively.
D=

en

B=

∂Sv(v*,0)
∂en

∂ST(v*,0)
∂en

∆vn+1 one step

∆vn

delay

+

A=

C=

∂ST(v*,0)
∂vn

+

∆Tn

∂Sv(v*,0)
∂vn

Figure 6.6: Block diagram of the discrete step-to-step system that describes a Limit Cycle
Walker’s gait. Disturbance e is the system input, initial conditions to a step ∆v the discrete
states and step time ∆T the output.

The Gait Sensitivity Norm is defined as the H2 -norm of this system description:
v
u
°
°
∞
X
u
° ∂T °
°
° = ttrace(DT D) +
trace(BT (AT )k CT CAk B)
° ∂e °
2
k=0

(6.6)
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6.4 Local feedback control
The most straightforward control strategy for holding the upper body straight using
inertial sensing is a proportional-derivative feedback controller:
τb = −KP · θb − KD · θ̇b

(6.7)

In this section we will study the effect of this simple feedback controller and especially the effect of the bandwidth/stiffness that it imposes. During this study the
relative damping will be kept constant at a damping coefficient ξ = 0.4. To make
the results for the different models comparable, we will normalize the control bandwidth to the frequency at which the respective models walk fwalk (in steps per second). The normalized control bandwidth is defined as:
p
(KP − mb cb g)/Ib,hip
BWnorm =
(6.8)
fwalk
where Ib,hip is the moment of inertia of the upper body with respect to the hip joint.
Applying the minimum KP that is needed to ensure static stability of the upright
upper body (KP ≥ mb cb g) gives BWnorm = 0. The walking frequency of the models
is kept constant in this study by adjusting the amount of ankle push-off.

6.4.1 Simple point mass model and realistic model
First we will look at the effect of feedback control bandwidth on the walking performance of the two simulation models, the simple point mass model and the realistic model. First of all it turns out that the minimum proportional gain KP to
achieve stable Limit Cycle Walking in these models is higher than the minimum
value in the static situation. The minimum normalized control bandwidth above
which stable gaits were found is BWnorm = 0.69 for the simple point mass model
and BWnorm = 0.61 for the realistic model.
Typical upper body motion during nominal walking when applying pure feedback
control is shown in Figure 6.7. At the moment of heel contact, the upper body typically has a backward tilt. The impact that occurs at full foot contact (at 5% of the step
duration) as well as the deceleration of the hip joint going up to midstance result in
a forward motion of the upper body. At the end of the step the upper body returns
to the backward orientation at which it starts the next step again.
The effect of feedback control bandwidth on the upper body motion of the two simulation models is shown in Figure 6.8. The amount of upper body motion decreases
with increasing feedback control bandwidth. This is as expected, as the feedback
controller puts more effort in reducing the effect of the perturbing hip motion on
the upper body orientation.
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Figure 6.7: Typical upper body motion in one step of the two simulation models. This
specific motion occurs when a normalized feedback control bandwidth of BWnorm = 0.74
is applied.
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Figure 6.8: Effect of normalized feedback control bandwidth BWnorm (i.e. upper body
control stiffness) on upper body motion of two simulation models. The amount of motion
of the upper body decreases with increasing control bandwidth. There are no stable gaits
below BWnorm = 0.69 for the simple model and BWnorm = 0.61 for the realistic model.

The effect of feedback control bandwidth on the mechanical cost of transport of
the models is shown in Figure 6.9. The cost of transport of the models reduce with
increasing feedback control bandwidth. This result might seem counterintuitive as
it is often assumed that generally higher position control bandwidth leads to higher
energetic costs [75, 53]. In this case the higher control stiffness prevents the upper
body from tilting far backwards. This results in less negative work being performed
in the hip joint of the stance leg and thus less energetic cost.
The effect of feedback control bandwidth on the disturbance rejection of the sim-
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Figure 6.9: Effect of normalized feedback control bandwidth BWnorm on Mechanical Cost
of Transport of two walking models. Both the total Mechanical Cost of Transport cmt (black)
and the part of the Mechanical Cost of Transport that is delivered in the hip joint cmt,hip
(grey) are given. The Mechanical Cost of Transport reduces with increasing control bandwidth.

ulation models is shown in Figure 6.10. The disturbance rejection is zero below
BWnorm = 0.69 for the simple point mass model and BWnorm = 0.61 for the realistic model as these gaits are unstable. The disturbance rejection is the highest
for a feedback control bandwidth just above this minimal value, especially for the
simple model. Although again this seems counterintuitive, it can be explained as
follows. When the control bandwidth is low the upper body is tilted further backwards after the walker has been disturbed by a step-down disturbance. The result
of this is that extra negative work is being performed in the hip in those steps and
this compensates for the extra energy that has been added to the walker by the stepdown disturbance. The walker recovers faster and the disturbance rejection is better.
Such emergent stabilization is similar to the open-loop stabilizing effect of swing leg
retraction [54].

6.4.2 Physical prototype ‘Meta’
When applying the proportional-derivative feedback controller in our physical prototype, a practical limitation arises. Although the results from the previous section
(except disturbance rejection) imply that we could best implement a high upper
body control bandwidth in the prototype, we cannot achieve a higher normalized
bandwidth than BWnorm = 0.74. Above this bandwidth the upper body control
becomes unstable. The cause of this instability is a buildup of phase delay in the
system. The main source of this phase delay is the hip torque actuation with its
limited bandwidth (∼ 5Hz, BWnorm ≈ 4).
When the prototype is operated with this control bandwidth, the upper body mo-
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Figure 6.10: Effect of normalized feedback control bandwidth BWnorm on the disturbance
rejection of the models measured by the reciprocal of the Gait Sensitivity Norm. The disturbance rejection is optimal for a control bandwidth just above the minimum allowed bandwidth. In case of this low control bandwidth, the upper body is tilted further backwards
in the steps after a step-down disturbance. This automatically compensates the speed
increase due to the disturbance.

Measured upper body orientation θb [rad]

tion as depicted in Figure 6.11 results. Roughly this upper body motion is in agreement with the upper body motion of the realistic model shown in Figure 6.7. However, the main difference is the relatively sharp peaks that are present in the prototype’s motion at 30% and 80% of the step duration. This is the result of the bandwidth limitation in the hip torque actuation and the backlash present in the geared
DC motors, two effects that are not included in the model.
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Figure 6.11: Upper body motion of the prototype measured in 5 steps. This motion occurs
when a normalized feedback control bandwidth of BWnorm = 0.74 is applied.
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Table 6.2: Performance criteria from prototype measurements

Performance criteria
Upper body motion
Mechanical Cost
of Transport
Disturbance rejection

||θb ||2 [rad]
cmt [-]
cmt,hip [-]
1/k ∂g
∂e k2 [-]

mean ± standard deviation
(n = 10)
0.047 ± 0.002
0.11 ± 0.004
0.062 ± 0.002
0.0039 ± 0.0016

The walking performance criteria are also measured on the prototype for this feedback control bandwidth. The results are shown in Table 6.2.

6.4.3 Discussion on local feedback control
For all the walkers studied, implementing a pure feedback controller in the hip using the absolute orientation and angular velocity of the upper body results in stable
gaits as long as a minimal bandwidth is applied. From the models we find that
above this minimum bandwidth an increase in bandwidth (i.e. stiffer control) results in decreasing upper body motion and increasing energy efficiency, but a slight
decrease in the disturbance rejection.
In practice the desired increase in control bandwidth is not possible, due to delays
in the sensors and actuators. The feedback controller can only be implemented with
relatively low bandwidth and thus relatively low efficiency and large upper body
motions. In humans a similar feedback bandwidth limitation is present, mostly due
to phase delay in the signal transfer through neurons and the electromechanical lag
in muscle activation. Similar to our prototype, it has been established in humans that
the performance of their upper body control cannot fully be contributed to feedback
due to delays involved in purely reflexive control [139, 140].

6.5 Adaptive feedforward control
A possible way to increase the performance of the upper body control without having to increase the feedback control bandwidth, is the application of feedforward
control [70]. With a low bandwidth position feedback controller a disturbing torque
needs to result in a significant position deviation before the reactive torque by the
controller is sufficient to counter the disturbing torque. This slow response is not
necessary because the disturbing torques can be predicted and compensated by
feedforward in this case. The fact that the disturbing torques can be predicted is
because they are known to mainly result from gravity and hip accelerations during
walking and they are typically repetitive with each step. This section describes how,
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because of this property, feedforward torques can be derived by online adaptation
on Limit Cycle Walkers. The online adaptation that we apply is typically classified
as supervised learning and is similar to the trajectory learning described in An et
al. [9].
The balance of the upper body can be described by the equation:
Ieff,hip θ̈b = τdist + τb

(6.9)

where τdist is a fictitious torque that describes the disturbing combined effect of
gravity and hip accelerations and τb is the actuation torque acting between the upper
body and the stance leg. Ieff,hip generally is a state dependent effective inertia which
describes the relation between a torque in the hip joint and the resulting upper body
angular acceleration. In this study we will use a simplified state-independent value
for Ieff,hip based on the Acrobot model [121] and the assumption of small angles
between the upper body and the stance leg (φh,st ¿ 1):
Ieff,hip

≈

mb cb2 + Ib
(mb cb (ll + cb ) + Ib )2
−
ml (ll − cl )2 + mb (ll + cb )2 + Il + Ib

(6.10)

where ml , Il and cl are the combined mass, moment of inertia and location of center
of mass of the stance leg. The first two terms in (6.10) equal the moment of inertia of
the upper body around the hip joint (Ib,hip ), the last term incorporates the fact that
the hip is not a fixed base and also accelerates as a result of a hip torque.
Given the balance of the upper body in (6.9), the ideal feedforward torque τb,ff,ideal
would equal:
τb,ff,ideal = −τdist

(6.11)

as it would lead to zero acceleration of the upper body.
To find this ideal feedforward torque using online adaptation during walking, we
obtain an estimate of the size of the disturbing torque τ̂dist in each step n. The estiˆ
mate τ̂dist is based on an estimate of the upper body accelerations θ̈b by differentiating the measured upper body angular velocity and a measurement of the actuation
torque τ̂b . As we expect τdist to be mostly dependent on the absolute orientation of
the stance leg θst = −θb + φh,st , the estimate in step n will be a function of θst :
τ̂b,ff,ideal (n, θst )

= −τ̂dist (n, θst )
ˆ
= −Ieff,hip θ̈b (n, θst ) + τ̂b (n, θst )

(6.12)

The function approximation is piecewise linear between 10 discretized values of θst .
ˆ
This way the noisy measurements of θ̈b and τ̂b will be filtered. The choice of taking
10 points is empirical, the results for a higher amount of points were found to be
approximately equal to the results with 10 points.
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After the estimate of the ideal feedforward command has been obtained, the actual
feedforward torque command will be updated according to:
τb,ff (n + 1, θst ) =
τb,ff (n, θst ) + α(τ̂b,ff,ideal (n, θst ) − τb,ff (n, θst ))

(6.13)

where α is the adaptation rate which must be given a value between 0 and 1. Ultimately the feedforward torque will converge to the estimated value of the ideal
feedforward torque.

6.5.1 Simple point mass model
Feedforward adaptation is first implemented on the simple point mass model. The
feedback controller discussed in Section 6.4 remains with a normalized control bandwidth BWnorm = 0.74, equal to the bandwidth that could be obtained in the prototype. The adaptation rate is fixed to α = 0.5.
The result of a 10 step walk starting with zero feedforward is shown in the upper
graph in Figure 6.12. It shows that the upper body motion reduces with about a
factor of 10, but also the walker speeds up by about a factor of 3. The cause of this
speed increase is that the feedforward adaptation reduces the amount of negative
work that is performed in the hip joint by about a factor of 6. This results in an
overall increase of the net work that is performed by the actuators and thus the
speed increases. The lower graph in Figure 6.12 shows a 10 step walk in which the
amount of ankle push-off is reduced to compensate for the decreasing amount of
net work in the hip. The ankle push-off is changed only once when the adaptation
starts. In this case the upper body motion reduces by about a factor of 18 while the
walking speed in the last few steps is almost equal to the starting speed.
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Figure 6.12: Feedforward adaptation in the simple point mass model in a 10 step trial.
The model starts walking with zero feedforward, in 10 steps the feedforward adaptation
has drastically reduced the amount of upper body motion. To maintain similar speed as
without feedforward, the amount of ankle push-off needs to be reduced (lower graph). This
was done in the second step. The amount of required push-off was known from iterative
experiments not shown here.
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Whether walking with the feedforward adaptation eventually converges to a stable
gait, can be established with a limit cycle analysis on the model including the feedforward adaptation. The 10 points that define the feedforward torque are included
as model states in this limit cycle analysis. Again the ankle push-off is adjusted
to obtain an identical walking speed with feedforward as without feedforward. A
limit cycle is found that is stable with a largest Floquet multiplier (eigenvalue) of
0.85. The upper body motion of this nominal cycle is shown in Figure 6.13. The remaining motion of the upper body stays within 0.02 radians, similar to what has
been measured in humans [139].
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Figure 6.13: Upper body motion of the simple point mass model before and after feedforward adaptation. A significant motion reduction is obtained through feedforward control.

The torque that is acting on the upper body to achieve this motion in the simple
model is given in Figure 6.14. The total torque is largely determined by the acquired
feedforward component, the feedback component is relatively small. Also the upper
body torque largely resembles the upper body torque that has been measured on
humans by Winter [139], also depicted in Figure 6.14.
The values of the performance criteria defined in Section 6.3 are given in Table 6.3 for
the model with and without feedforward. The upper body motion is reduced by a
factor 18, the Mechanical Cost of Transport is reduced by a factor of 2. A decrease in
the disturbance rejection is found that is very similar to the decrease in disturbance
rejection that was found for increasing feedback control bandwidth.

6.5.2 Realistic model
Feedforward adaptation is also implemented on the realistic model with very similar results. A new stable gait is found in which the upper body motion is largely
reduced, as shown in Figure 6.15. A noticeable difference with the simple model is
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Figure 6.14: Torque acting on the upper body in one step of the simple point mass model
with the application of feedforward, accompanied by the torque pattern measured on humans by Winter [139]. For the simple model the total torque is depicted (solid) as well as
only the feedforward component (dashed). The small difference shows that the total torque
is dominated by feedforward, the feedback component is relatively small. The measured
upper body torque in humans (dotted) is normalized by human weight and leg length. Its
pattern shows large resemblance with the torque pattern of the simple model.

Table 6.3: Performance criteria simple point mass model with feedforward

Performance criteria
Upper body motion
Mechanical Cost
of Transport
Disturbance rejection

||θb ||2 [rad]
cmt [-]
cmt,hip [-]
1/k ∂g
∂e k2 [-]

Without
feedforward
0.10
0.16
0.065
0.0062

With
feedforward
0.0056
0.078
0.019
0.0038

the effect of the knee impact in the swing leg. As in this model it is a discrete impact that involves infinitely large acceleration, the feedforward component is not
completely able to cancel its effect.

The effect of feedforward on the overall performance of the realistic walking model
is shown in Table 6.4. Again upper body motion and mechanical cost of transport
are significantly reduced. Also the disturbance rejection is reduced with respect to
the model with only feedback control.
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Figure 6.15: Upper body motion of the realistic model before and after feedforward adaptation. A significant motion reduction is obtained through feedforward control, the upper
body posture is mainly affected by foot impact and knee impact.

Table 6.4: Performance criteria realistic model with feedforward

Performance criteria
Upper body motion
Mechanical Cost
of Transport
Disturbance rejection

||θb ||2 [rad]
cmt [-]
cmt,hip [-]
1/k ∂g
∂e k2 [-]

Without
feedforward
0.072
0.17
0.090
0.0055

With
feedforward
0.0056
0.11
0.059
0.0036

6.5.3 Physical prototype ‘Meta’
Lastly the feedforward adaptation is implemented on the physical prototype ‘Meta’.
Figure 6.16 shows the prototype’s upper body motion in a 25 step trial in which
feedforward is adapting with an adaptation gain α = 0.15. At the start of the trial
there is no feedforward component present and the upper body motion is large.
Approximately halfway the trial the feedforward adaptation has largely converged
and for the remaining part of the trial the upper body motion is approximately 5
times smaller.
The exact difference in the upper body motion before and after feedforward adaptation is shown in Figure 6.17, measured in 5 typical steps. The motion stays within
±0.02 radians, similar to the motion of the upper body measured in humans.
The values of the performance criteria measured before and after feedforward adaptation are given in Table 6.5. The upper body motion is reduced by over a factor of
4. The Mechanical Cost of Transport also decreases, although the effect is less significant as with the realistic model. As in the two simulation models, the disturbance
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Figure 6.16: Feedforward adaptation in the prototype in a 25 step trial. The prototype
starts walking with zero feedforward, in 25 steps the feedforward adaptation has drastically
reduced the amount of upper body motion.
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Figure 6.17: Upper body motion of the prototype before and after feedforward adaptation,
measured in 5 steps. As in the simple model and the realistic model, the upper body motion
is significantly reduced by the addition of feedforward.

rejection slightly reduces (-15%) by the adaptation of feedforward.

6.5.4 Discussion on adaptive feedforward control
The results on the models and prototype show that it is possible to adapt a feedforward upper body torque online while performing Limit Cycle Walking. Walking
with this adaptation is stable and thus converges to a gait with a steady state feedforward component. This feedforward component largely reduces the upper body
motion compared to applying pure feedback. Simultaneously it increases the energy
efficiency of walking. The disturbance rejection of the walkers is slightly reduced
due to the feedforward adaptation.
The results of adaptive feedforward control on our walkers show definite similarities with humans, both in the upper body torque pattern and the resulting upper
body motion. Online adaptation of a feedforward signal is an effective way to get
high walking performance in spite of limited feedback bandwidth (i.e. compliant
control). As this feedback bandwidth limitation is present in humans, it seems very
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Table 6.5: Performance criteria from prototype measurements with feedforward

Performance criteria

Upper body motion
Mechanical Cost
of Transport

||θb ||2 [rad]
cmt [-]
cmt,hip [-]

Disturbance rejection

1/k ∂g
∂e k2 [-]

mean
± standard deviation
(n = 10)
Without
With
feedforward feedforward
0.047
0.011
± 0.002
± 0.002
0.11
0.095
± 0.004
± 0.004
0.062
0.053
± 0.002
± 0.002
0.0039
0.0033
± 0.0016
± 0.0014

likely that humans also apply a significant amount of feedforward. It has been suggested that humans have a set of internal models (or ‘motor tapes’) that allow the
application of feedforward [69]. These internal models are likely to be acquired by
some type of supervised learning in the cerebellum [29]. The results in this study indicate that for upper body control, supervised learning of a feedforward signal can
be done within a very limited amount of steps. It might be that humans implement
a similar strategy.
The reduction of the walkers’ ability to handle disturbances with feedforward seems
to be related to the amount of motion of the upper body. The back and forth swaying of the upper body without feedforward has an inherently stabilizing effect on
the speed of the walkers. As such motions are not observed in humans we expect
that humans do not use their upper body to handle relatively small disturbances
(e.g. surface roughness). These small disturbances can well be handled through ankle reflexes [52] and foot placement [54]. In that way humans can keep their upper
body still most of the time during walking for the purpose of for instance a stable
vision platform. We expect that humans only use their upper body in case of large
disturbances through reflexive strategies such as lunging the upper body forward
fast. Nominally reducing the upper body motion allows the effective application of
such strategies, a topic of future research in our laboratory.

6.6 Conclusion
The upper body of Limit Cycle Walkers can be stabilized by pure feedback with
the use of an inertial sensor on the upper body and actuation in the hip joint. To
stabilize the upper body during Limit Cycle Walking, a minimum bandwidth is
required that is larger than the required bandwidth to stabilize the upper body in
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a static situation. Increasing the bandwidth above this minimum value reduces the
amount of upper body angular motion, increases the energy efficiency but it also
slightly reduces disturbance rejection. For the feedback control bandwidth that can
practically be obtained in our prototype and in humans, pure feedback control of
the upper body leaves relatively large upper body oscillations.
Feedforward control helps to reduce the upper body motion by directly compensating for the effects that disturb the upper body balance. A feedforward component
can be obtained through online adaptation (supervised learning) on a Limit Cycle
Walker. It results in a decrease of the upper body motion, comparable to human performance, and a human-like hip torque pattern. It also increases energy efficiency,
but slightly reduces disturbance rejection. The application of feedforward upper
body torque that is adapted online is an effective way to get high performance on
bipeds with low feedback gains.
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‘Limit Cycle Walking’ is a relatively new paradigm for the design and control of
two-legged walking robots. It says that achieving stable periodic gait is possible
without locally stabilizing the walking trajectory at every instant in time, as is
traditionally done in most walking robots. Well-known examples of Limit Cycle
Walkers are the Passive Dynamic Walkers, but recently there are also many actuated Limit Cycle Walkers. Limit Cycle Walkers use generally less energy than
other existing bipeds, but thus far they have not been as versatile. This paper focuses on one aspect of versatility: walking speed. We study how walking speed
can be varied, which way is energetically beneficial and how walking speed affects a walker’s ability to handle disturbances (i.e. disturbance rejection). The
study is performed using one prototype and one simulation model. The speed of
these two walkers is adapted by changing three parameters: the amount of ankle push-off, upper body pitch and step length. The study has resulted in four
conclusions: (1) Steady-state speeds between 0.24 and 0.68 m/s (for a 0.6 m leg
length) were obtained, with loss of stability determining the lower limit and actuation limits determining the upper limit. This result shows the applicability of
Limit Cycle Walking for versatile walking machines. (2) For any speed, powering the gait by leaning the body forward costs less energy than by ankle pushoff. (3) In contrast to the apparent tradeoff between speed and stability in traditional walking robots, in Limit Cycle Walking we find that increasing the walking speed, independent of how this is done, automatically results in an increasing disturbance rejection. (4) A combination of feedforward actuation adjustment
and step-to-step feedback from walking speed shows that it is possible to change
walking speed in only a few steps and maintain a desired speed when performing tasks as carrying loads and walking on slopes. Especially this fourth result
underlines the applicability of the concept of Limit Cycle Walking for versatile
two-legged walking machines.
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7.1 Introduction
Bipedal walking is a complex dynamic task as it involves phases that are inherently unstable. Still, humans are able to perform this task with apparent ease and
high performance. They are able to walk with low energy consumption, withstanding considerable disturbances and adopting a wide variety of different gaits. One
way to help us understand how this is possible is the application of gait synthesis
on bipedal walking robots. Consequently, this increased understanding helps to 1)
increase the performance of autonomous bipedal robots and 2) help humans that
experience difficulty in walking by improving prosthetics/orthotics design or improving rehabilitation practice.
‘Limit Cycle Walking’ is a relatively new paradigm to bipedal robotic gait synthesis [53]. The essence of Limit Cycle Walking is that it is possible to obtain stable periodic walking without locally stabilizing the walking motion at every instant during
gait. In this, local stability refers to the attractiveness of a specific system state along
a walker’s motion trajectory to its direct neighborhood in state-space. Generally, the
stability of a Limit Cycle Walker’s whole cyclic motion is obtained by a combination of actions that limit the local divergence of the motion (for instance by local low
gain feedback) and self-stabilizing step-to-step transitions (for instance heel strikes).
Realizing that local stabilization is not necessary, eliminates the need for ‘dynamic
balance’ as introduced by Vukobratovic [131] and creates more freedom for optimizing energy consumption, disturbance rejection and versatility of bipedal robots.
Various Limit Cycle Walkers have been built around the world [32, 17, 38, 20], four
examples from our lab are shown in Figure 7.1.

Figure 7.1: Four Limit Cycle Walkers that have been built at Delft University of Technology [81, 146]. The fourth walker is the subject of the current study.

A well-known subgroup of Limit Cycle Walkers are the Passive Dynamic Walkers
pioneered by McGeer [90]. Passive Dynamic Walkers show that it is possible to perform stable bipedal walking without any actuation or control. The necessary energy
to maintain walking is supplied by gravity as Passive Dynamic Walkers walk down
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a gentle slope. The amount of energy that is required by these walkers is at least
an order less than the energy consumption of the current state-of-the-art humanoid
robots [20]. This fact shows that the application of Limit Cycle Walking can indeed
increase performance, at least in terms of energy use.
In terms of disturbance rejection and versatility, the claimed potential of Limit Cycle
Walking still needs to be shown in working bipedal robots. The practical application
of Limit Cycle Walkers is limited by the fact that they are currently not able to operate in various environments (e.g. floor conditions) or fulfill various tasks. In this
study we will focus on one aspect of versatility of Limit Cycle Walkers, the ability
to vary the speed of walking gaits. The goal of this paper is to find out how a Limit
Cycle Walker (model as well as physical prototype) can walk at various speeds, how
it can change speed and maintain a specific speed when performing a task.
The study will start with an evaluation of the possible ways to obtain different
steady-state walking speeds. In Limit Cycle Walking, there are multiple ways to
achieve and maintain a desired steady-state speed, as several prior studies have already indicated [92, 40, 45, 38]. For example, a walker can obtain the same speed by
performing a large amount of ankle push-off and leaning its upper body backwards
as with a small amount of push-off and a forward leaning upper body. Beyond the
scope of the mentioned previous work, this study will evaluate and compare the
various possible ways to achieve a certain walking speed, based on the performance
of the gaits they generate. This performance is measured by the energy consumption and disturbance rejection. In humans it has been established that they choose
a specific step length or step frequency that minimizes the metabolic energy consumption at a specific walking speed [11, 31, 73, 14]. In this study we intend to find
out whether such a gait preference could also be beneficial to Limit Cycle Walkers.
The speed-influencing parameters studied in this paper are:
• the desired inter-leg angle (step length),
• the amount of ankle push-off,
• the upper body pitch (i.e. fore-aft orientation).
Humans use all of these three parameters to induce speed changes [22, 112, 16].
A similar parameter set was used in a velocity control study for bipedal robots by
Mandersloot et al. [86].
After having studied steady-state walking in an open-loop fashion, we will research
the application of walking speed control. This control aims for the ability to change
walking speed when desired and to maintain a desired walking speed when performing tasks. The specific tasks discussed in this study are carrying loads and
walking slopes. Generally, an important effect of load carrying is the change in
fore-aft location of the human body’s center of mass. Humans are able to adapt by
changing their upper body posture to compensate for this effect [87]. When walking
on slopes, humans are able to maintain their walking speed within approximately
10% [68, 123]. Also in this case humans achieve this mainly by adaptation of upper
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body orientation [79, 109]. In this study we intend to achieve similar capabilities in
a Limit Cycle Walker.
This paper is set up as follows. Section 7.2 introduces the prototype and simulation
model that are used in this study. Section 7.3 defines the gait performance criteria
that are used to evaluate the various gaits that are found in this study. The steadystate gaits that can be obtained with the model and the prototype without speed
feedback are discussed in Section 7.4. Synthesis of active walking speed control follows in Section 7.5 and the corresponding results in Section 7.6. The paper is finished
with a discussion of the results and a conclusion in Sections 7.7 and 7.8.

7.2 Prototype and model
This study will be performed using a 2D prototype Limit Cycle Walker called ‘Meta’
and a simulation model of the same prototype. This specific Limit Cycle Walker
prototype is used as it allows the active variation of ankle push-off, upper body
orientation and step length, the parameters involved in this study. The prototype
is accompanied by a simulation model to be able to perform an extensive parameter study without the presence of inevitable noise and disturbances in practice. We
will practically validate these simulation results by measurements on the physical
prototype.

7.2.1 Physical prototype ’Meta’
The physical 2D biped ‘Meta’ that is used in this study is shown in Figure 7.2. It is
a fully autonomous prototype that consists of an upper body, two upper legs, two
lower legs and two feet. Both legs are constructed in pairs (one outside and one
inside) to achieve 2D behavior.
The two hip joints are actuated by electric DC motors (Maxon RE35) through a 103:1
planetary gearbox and a 2:1 cable drive. The knee joints are fully passive, but feature
a hyperextension stop and latching mechanism (to prevent knee collapse during
stance) which can be released through a solenoid. The two ankle joints are actuated by electric DC motors (Maxon RE35) through 23:1 planetary gearboxes and a
Bowden cable drive that adds another reduction of 4:1. All the actuated joints are
series elastically actuated [102] by means of an elastic element in the cable drive.
This actuation allows the joints to be force controlled as well as position controlled.
All joints are equipped with digital incremental encoders, with a resolution of 4 ·
10−4 rad for the hip joints, 2 · 10−4 rad for the ankle joints and 3 · 10−3 rad for the
knees. The actuation torques on the hip and ankle joints are measured through the
elongation of the series elastic elements by subtracting the motor output shaft angle
from the joint angle, both taken from encoder measurements. This results in a torque
resolution of approximately 5 · 10−3 Nm for both the hip and ankle joints. The upper
body is equipped with an inertial sensing unit from XSens Technologies [7] which
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Figure 7.2: Physical prototype ‘Meta’. This 2D biped consists of an upper body, two upper
legs, two lower legs and two feet. The two hip joints and the two ankle joints are actuated
by electric DC motors, they can all be position and force controlled through the application
of series elastic actuation [102]. All joints are equipped with digital encoders to measure
the joint angles. The prototype is controlled at 500 Hz running MATLAB’s xPC Target on a
PC104 stack (400 MHz processor).

outputs the orientation of the upper body with respect to gravity and its rotational
velocity. Microswitches located near the heels underneath the feet detect heel strike.
The prototype is controlled from a PC104 stack that includes a 400 MHz processor,
analog I/O and counters for the digital encoders. This stack allows a controller to
be run at 500 Hz using MATLAB’s xPC Target.
The walking controller that is implemented on this prototype as well as in the simulation model, is explained in Section 7.2.3.

7.2.2 Simulation model
The simulation model of the prototype is the 7-link rigid body model depicted in
Figure 7.3. The equations of motion of this model are derived using the so-called
TMT-method [147] and are numerically integrated using MATLAB. Just as the prototype the model consists of an upper body, two upper legs, two lower legs and two
feet. A hyperextension stop and latching mechanism are present in the knee joint,
the other joints are fully unconstrained.
The unilateral constraints between the foot and the floor (circle contacts at both heel
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Figure 7.3: Two-dimensional 7-link simulation model. The left figure shows the model
parameters, the actual parameter values are given in Table 7.1. The right figure shows the
degrees of freedom of the model. The angle θb is measured with respect to gravity, the
knee of the stance leg is locked which takes away one degree of freedom.

Table 7.1: Parameter values for the realistic walking model.

body
mass m [kg]
mom. of Inertia I [kgm2 ]
length l [m]
vert. dist. CoM c [m]
hor. offset CoM w [m]
foot radius rf [m]
foot heel-ankle hf [m]

8.5
0.11
0.4
0.2
0
-

upper
leg
0.9
0.0068
0.3
0.15
0
-

lower
leg
0.9
0.0068
0.3
0.15
0
-

foot
0.1
0.0001
0.085
0
0.0175
0.02
0.025

and toe) as well as the hyperextension stop in the knee are modeled as rigid constraints [147]. Constraints are made when a kinematic constraint violation is detected (e.g. heel passes the floor) after which a discrete impact calculation is performed. Contact release is checked by performing a separate calculation in every
simulation step in which the constraint is released and observing in which direction
the contact point would accelerate. If this acceleration is away from the unilateral
constraint (e.g. the heel comes up from the floor) we will release the constraint in
the actual simulation [30]. Constraints can also be released at impact. When an impact calculation is performed, the impulsive forces in the existing contact points are
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checked. When a tensile impulsive force exists in one or more of the unilateral foot
constraints, the constraint that is most backward is released and the impact calculation is redone. This process is iteratively repeated until all impulsive forces have the
appropriate direction.
The model is actuated by torques between the upper body and each of the two legs
and in the two ankle joints, the knee joints are fully passive. We assume ideal, unsaturable torque actuators. This assumption clearly differs from the actual actuation in
the prototype, but the assumption is made to make the results from the simulation
model more generic and independent of the specific implementation of actuation
in our prototype. It is not our interest to have results from the model that exactly
coincide with those of the prototype, but if the trends in the results from model
and prototype agree we are confident that the accompanying conclusions transfer
to Limit Cycle Walkers in general.

7.2.3 Walking controller
The prototype and simulation model described in the sections above both implement the same walking controller. In this section we will explain the structure of
this controller by separately discussing the control actions in all the walker’s joints.
This explaining uses the symbols of the degrees of freedom given in Figure 7.3. Generally, the same control actions are repeated with every step of the walker.
The actuation in the ankle joints, both of the stance/leading and the swing/trailing
leg (τa,st and τa,sw resp.), implements a spring characteristic throughout the whole
step cycle [52]:
τa,st
τa,sw

=
=

ka · (φa0,st − φa,st )
ka · (φa0,sw − φa,sw )

(7.1)

The walker uses ankle push-off to add positive net work to the walker in every step.
This ankle push-off is implemented by discretely changing the equilibrium angle
of the ankle spring in the trailing leg φa0,sw from zero to φa0,pushof f . This discrete
change occurs in the double stance phase, which starts when the leading leg lands
and stops when the torque in the trailing ankle τa,sw is zero. After this event, the
swing phase starts in which the ankle’s equilibrium angle is restored to zero. In
the remainder of this study the amount of ankle push-off will be quantified by the
magnitude of |φa0,pushof f |. The larger this value, the more net work is delivered in
the ankles. This effect will be utilized to change walking speed.
The knee joint, as indicated in Section 7.2.1, is passive with a latching mechanism
that can lock the knee in the fully extended position. The control of this joint only
includes locking and unlocking of this mechanism. The latch is unlocked in the knee
of the swing leg at the start of the swing phase and locked at the end of the swing
phase when knee impact occurs.
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The control in the hip joints can be separated in two distinctly different tasks. The
hip joint that connects the upper body and the stance/leading leg controls the orientation of the upper body throughout the step. The hip joint that connects the upper
body and the swing leg controls the inter-leg angle throughout the swing (or single
stance) phase and consequently the step length of the walker.
Upper body orientation control is done by proportional-derivative feedback from
the absolute orientation of the upper body θb (measured by the inertial sensor). The
desired upper body angle θb0 is a constant which is changed between experiments:
τh,st = KP,b · (θb0 − θb ) − KD,b · θ̇b

(7.2)

In this study variation of upper body pitch will be used to induce different walking speeds. The amount of upper body pitch will be quantified by the value of the
desired upper body angle θb0 from Eq. (7.2).
Swing leg control is done by the combination of a feedforward component and
proportional-derivative feedback from the inter-leg angle φh = φh,sw − φh,st . The
controller ensures tracking of a trajectory for the inter-leg angle φh,traj :

τh,sw

=

KP,sw · (φh,traj (tswing , φh,end ) − φh )

(7.3)

+KD,sw · (φ̇h,traj (tswing , φh,end ) − φ̇h )
+τh,sw,ff (tswing , φh,end )

The inter-leg angle trajectory is a function of the elapsed swing phase time tswing
and the desired inter-leg angle at the end of the swing phase φh,end . The desired
trajectory is built from third order splines and ends at φh,end with zero inter-leg
angular velocity and acceleration after 0.6 seconds. The feedforward component is
present to ensure the relatively fast swing leg trajectory is followed in spite of relatively low closed-loop position control bandwidth that is used in our prototype
‘Meta’ (∼ 1 Hz) and typically in most Limit Cycle Walkers. The feedforward term
is also a function of tswing and φh,end has been obtained by a combination of hand
tuning and automatic tuning. In this study variation of the desired inter-leg angle at
heelstrike (step length) will be used when varying walking speed. We quantify the
desired inter-leg angle at heelstrike by φh,end .
The use of trajectory control for the swing leg may seem contradictory to the concept of Limit Cycle Walking, but it is not. Although in Passive Dynamic Walking it
was essential that the swing leg moves passively, this is not necessary in the more
general concept of Limit Cycle Walking. As a matter of fact, using (reasonably accurate) position control at the end of the swing phase is an energetically economic
way of controlling the gait stability, in strong contrast with the traditional strong
continuous trajectory control in the stance ankle.

Controlling walking speed

153

7.3 Performance criteria
To quantify the performance of the various gaits that we will encounter throughout
this study, we will use three performance criteria. These criteria include the walking
speed, the energy use in walking and disturbance rejection. A detailed description
of the three criteria is given below.

7.3.1 Walking speed
When studying the versatility of a walker, the speed corresponding to a specific
walking gait is an important property. The ability of a walker to go slowly or fast or
to maintain a certain speed when performing a task as climbing a slope are aspects
that make it versatile.
In this study we quantify walking speed as a dimensionless speed by the normalized
Froude number F r:
Speed
Gravity · Leg length

Fr = p

(7.4)

The normalization with the square root of leg length ensures that walkers of different height can fairly be compared.

7.3.2 Energy use
The energy use of a walking gait is quantified by the specific cost of transport. This
dimensionless number ct gives the amount of energy that the biped uses per distance traveled per weight of the walker:
ct =

Used energy
Weight · Distance traveled

(7.5)

The amount of energy used by a walker can be defined in various ways. The first
distinction is between overall energy expenditure of a walker and the amount of
energy that goes into performing mechanical work in the walker’s motion. In this
study we will focus on the latter, the mechanical cost of transport cmt . Mechanical work performed at one joint of a walker is the integral over time of mechanical
power which is defined by the product of the joint torque τ and joint velocity φ̇.
Mechanical power can either be positive (putting energy into the motion) or negative (absorbing energy). Generally we assume both positive and negative power are
generated actively using an electric motor and cost energy, which is why we take
the integral of the absolute value of mechanical power to determine the amount of
mechanical work performed in one step (with step time T ):
Z T
Wtotal =
|τ · φ̇| · dt
(7.6)
0
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The resulting general definition of the mechanical cost of transport cmt is:
X
cmt =

X

Wtotal

all joints

m · g · xstep

=

all joints

Z

T

|τ · φ̇| · dt
0

(7.7)

m · g · xstep

7.3.3 Disturbance rejection
The third performance criteria measures how well a walker is able to handle disturbances, its disturbance rejection. We measure the disturbance rejection of Limit
Cycle Walkers by the recently introduced Gait Sensitivity Norm [51]. This measure
is both fast computable and gives a good prediction of how well a walker performs
in the presence of real-world disturbances. The Gait Sensitivity Norm can be used
both for simple walking models (similar to the simple point mass model in this
study) and actual prototypes [51]. In this section we will give a short explanation of
the Gait Sensitivity Norm for the use in this study, for a more detailed explanation
we refer to [51].
The Gait Sensitivity Norm is based on the step-to-step Poincaré map description of
a walker’s motion, the function S:
½
vn+1 = Sv (vn , en )
S:
(7.8)
Tn
= ST (vn , en )
Where vn are the variables that describe the walker’s state at the start of step n, en
is a floor height disturbance occurring in step n and Tn is the step time of step n.
The step-to-step function S is linearized by assuming only small deviations from
the nominal motion ∆v and small disturbance e. The linearized system description
that results is depicted in Figure 7.4, where A, B, C and D are sensitivity matrices
describing the sensitivity of the states vn+1 and the step time Tn to changes in states
vn and disturbance en respectively.
D=

en

B=

∂Sv(v*,0)
∂en

∂ST(v*,0)
∂en

∆vn+1 one step

∆vn

delay

+

A=

C=

∂ST(v*,0)
∂vn

+

∆Tn

∂Sv(v*,0)
∂vn

Figure 7.4: Block diagram of the discrete step-to-step system that describes a Limit Cycle
Walker’s gait. Disturbance e is the system input, initial conditions to a step ∆v the discrete
states and step time ∆T the output.
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The Gait Sensitivity Norm is defined as the H2 -norm of this system description:
v
u
°
°
∞
X
u
° ∂T °
°
° = ttrace(DT D) +
trace(BT (AT )k CT CAk B)
(7.9)
° ∂e °
2

k=0

which is identical to the following equation which can be used to calculate the Gait
Sensitivity Norm from prototype experiments:
v
u∞
°
°
uX
° ∂T °
°
° = 1 t (∆Tk )2
(7.10)
° ∂e °
|e0 |
2
k=0

in which ∆Tk is the step time at the kth step after the disturbance.
A previous study has established that the Gait Sensitivity Norm gives a good prediction of how well a walker is able to perform in typical real-world situations (i.e.,
without falling in the presence of disturbances) [51]. There are two main reasons
for this property of the Gait Sensitivity Norm. First is that it actually incorporates
realistic disturbances (i.e., floor height variations) in the assessment of a walker’s
performance, in contrast to for instance the Floquet multipliers. The second reason
is that it uses a specific, well-chosen indicator (i.e., step time) whose variability during gait is directly related to the chance an actual fall will occur. The choice of the
appropriate indicator is vital for the performance of the Gait Sensitivity Norm, as
the previous study indicates.

7.4 Open-loop, steady-state walking gaits
Our research into the versatility of Limit Cycle Walkers starts with an investigation
of the steady state gaits that can be obtained by variation of three actuation parameters: amount of ankle push-off |φa0,pushof f |, upper body pitch θb0 and inter-leg angle
φh,end (i.e. step length). The obtainable steady state gaits we consider are stable limit
cycle motions of our Limit Cycle Walker. In the sections below we will discuss those
gaits using the performance criteria defined in Section 7.3. For all performance criteria we will show the results of the extensive parameter study on our simulation
model and measurements on the prototype to validate the main conclusions from
the simulation study. In this first investigation we will consider ’open loop’ control, meaning that there is no step-to-step feedback from walking speed to adapt
the three actuation parameters. The three parameters are fixed to a constant value.
The results from this section will be used to synthesize walking speed control in
Section 7.5.

7.4.1 Walking speed
The walking speed corresponding to the steady state gaits we found in our simulation model are shown in Figure 7.5. The range of the actuation parameters depicted
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in the graph is limited for the purpose of visibility. The range shown in the graph
is representative of the actuation that we can practically achieve in the prototype
given its limited bandwidth and range of motion. In the simulation model we did
study more extreme parameter values and the main observations that we make below remain valid for this wider range of parameters.

Dimensionless speed Fr [-]
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Inter-leg angle
φh,end = 0.75 rad
0.25

Inter-leg angle
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Figure 7.5: Walking speed of obtainable steady state gaits of the simulation model by
variation of three actuation parameters: ankle push-off |φa0,pushof f |, upper body pitch θb0
and inter-leg angle φh,end (step length). The figure shows three surfaces for three inter-leg
angle settings and it only depicts a limited range of actuation parameters for purpose of
visibility. In simulation we did establish that the surfaces extend beyond the dotted edges,
the thick edges indicate the real boundaries of achievable speeds. These boundaries run
roughly at equal walking speed. Above the upper thick edge the model starts suffering
from foot scuffing, below the lower thick line the walker will typically not pass midstance
and fall backwards.

The main observations that can be made from the results in Figure 7.5 are:
• Walking speed can be increased by either increasing the amount of ankle pushoff |φa0,pushof f | or leaning forward with the upper body (increasing θb0 ). When
only looking at obtainable walking speed it is irrelevant which one of these
actuation parameters is used. Typically an increase of |φa0,pushof f | by 0.05 rad
gives an equal speed increase as increasing θb0 by 0.02 rad.
• Increasing the step length by increasing inter-leg angle φh,end increases the
maximum walking speed that can be obtained. On the other side, decreasing
the step length decreases the minimum obtainable walking speed. At φh,end =
0.55 rad the speed range is from F r = 0.12 to F r = 0.18, at φh,end = 0.75 rad
the speed range is from F r = 0.16 to F r = 0.27.
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These observations are validated by measurements on the prototype. Figure 7.6
shows the results of measurements on the prototype for three actuation parameter
variations. The prototype results (solid) are accompanied by results from the simulation model (dashed) for variations of the same parameter. Figure 7.6(a) shows
the walking speed for increasing ankle push-off with fixed upper body pitch and
step length. No stable gaits were found outside the depicted parameter range (the
prototype shows foot scuffing with the result of falling forward at higher speeds
and falling backwards at lower speeds). Figure 7.6(b) shows walking speed for increasing upper body pitch with fixed ankle push-off and step length. Indeed both
increasing ankle push-off and increasing upper body pitch increases the walking
speed. For the range of obtainable speed there is no significant difference in using
ankle push-off or upper body pitch. Figure 7.6(c) shows measured walking speeds
for varying step length. For the prototype measurements ankle push-off and upper body pitch were adjusted as indicated to show that changing step length allows a wider range of obtainable speeds (from approximately F r = 0.1 to 0.28 or
v = 0.24m/s to 0.68m/s). The simulation results show the minimal and maximal
speed (dots) that were found for the simulation model at the accompanying step
length.
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Figure 7.6: Walking speed of the prototype (solid) and the simulation model (dashed)
for varying actuation parameters. The prototype graphs show the mean speed measured
over 15-step trials plus-minus the standard deviation in those measurements. The left two
graphs (a,b) show the obtainable speed range for variations of push-off and upper body
pitch while the other parameters remain equal. The third graph (c) shows that changing the
step length increases the obtainable speed range. The results for the simulation model are
scaled for the purpose of visibility (see labels x-axes). The difference in absolute values of
the results is due to the the application of ideal torque actuation in the simulation model,
which is different from the practical prototype actuation which suffers from saturation and
bandwidth limitations. Nonetheless, the observed trends for the model and the prototype
agree.

Next to these corresponding trend observations, there are differences in the absolute
values of the results from the model and the prototype. These differences can be
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contributed to the difference in torque actuation in the model and the prototype as
explained in Section 7.2.2. For example, for the same resulting speed, the amount
of ankle push-off |φa0,pushof f | in the prototype is higher than in the model. This
fact is explained by the closed-loop torque bandwidth limitation (∼ 10 Hz) that is
present in the prototype and not in the model. This bandwidth limitation results
in less work being performed in the prototype for the same setting of |φa0,pushof f |.
The fact that the trend observations correspond in spite of these differences, make
us more confident that the trends transfer to Limit Cycle Walkers in general and are
not due to the specific choice of actuation in our prototype.

7.4.2 Energy use

Mechanical Cost of Transport cmt [-]

Figure 7.7 summarizes the simulation results for the energy use of steady state gait.
The lines in the graph show the mechanical cost of transport of various gaits with
equal walking speed. The lines correspond to different speeds and inter-leg angles
as indicated. The horizontal axis from left to right shows increasing pitch of the
upper body, which corresponds to decreasing ankle push-off for gaits with equal
speed.
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Figure 7.7: Mechanical cost of transport cmt of gaits with equal speeds. The seven lines
give the relation between cmt and the upper body pitch θb0 for combinations of four different
speeds (F r = 0.15, 0.18, 0.21 and 0.24) and 3 different step lengths (φh,end = 0.55, 0.65
and 0.75 rad). We can observe that for all speeds and step lengths, leaning further forward
(and consequently performing less push-off) is energetically beneficial.

The following main observations can be made from Figure 7.7:
• The mechanical cost of transport reduces when the upper body forward pitch
is increased while keeping the walking speed equal. This means that when
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walking at a certain speed it is energetically attractive to lean far forward and
reduce the amount of ankle push-off.
• Making larger steps (higher φh,end ) increases the mechanical cost of transport.
• Walking faster increases the mechanical cost of transport, but this effect is relatively minor compared to the effect of changing step length or upper body
pitch at equal speed.
The latter two observations can be explained by the work contributed to step-tostep transitions. The amount of work that is needed to redirect the walker’s center
of mass when changing stance leg has been shown to increase with speed and step
length in several studies [74, 27, 76].
The first observation that leaning forward is energetically beneficial takes another
explanation. Keeping the upper body upright generally takes both positive and
negative work throughout one step [55]. Leaning further forward increases the net
amount of work by both increasing the amount of positive work and reducing the
amount of negative work that is delivered in the hip. It is this reduction of negative
work that makes leaning forward beneficial. It means that the walker is performing less active braking, an action that costs energy while it is actually decreasing
the kinetic energy content of the walker. When less active braking is performed in
a cycle, this also automatically means that, in order to get the same amount of net
work, less positive work is required elsewhere in the walking cycle. If the same extra net work that is supplied by leaning forward would be supplied by increasing
push-off this would only be done by increasing the amount of positive work and
not by a combined change of negative and positive work. Note that this result will
be generally true for Limit Cycle Walkers, unless some special mechanical solution
is found to remove the need for negative work on an upright body, or unless the
concept pre-emptive push-off [76] can be made to work in practice.
Again, the observations above are validated by measurements on the prototype, as
shown in Figure 7.8. Figure 7.8(a) shows the measurement of the mechanical cost of
transport of the prototype for gaits with equal speed, equal step length and varying
upper body pitch. There is a significant amount of reduction in the cost of transport
when the upper body pitch is increased. Figures 7.8(b) and 7.8(c) show the effect of
increasing speed and increasing step length respectively. Both speed increase and
step length increase result in an increase in the mechanical cost of transport.

7.4.3 Disturbance rejection
The results on disturbance rejection of the simulation model are summarized in
Figure 7.9. The points in the graph show the combination of walking speed and
disturbance rejection for all the gaits found in the simulation model.
The following main observations can be made from Figure 7.9:
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Figure 7.8: The mechanical cost of transport of the prototype (solid) and the simulation
model (dashed) for varying actuation parameters. The left graph (a) shows that for equal
speed and step length the cost of transport decreases with increasing upper body pitch.
Graph (b) and (c) show that increasing speed and step length respectively result in increasing cost of transport.
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Figure 7.9: Scatter plot giving the disturbance rejection (measured by the Gait Sensitivity
Norm, Eq. (7.9) and speed of the open-loop steady-state gaits of the simulation model. We
plot the inverse of the Gait Sensitivity Norm so that a higher value in the graph corresponds
to a better disturbance rejection. The points are given in three groups, representing three
different step lengths. Generally, the disturbance rejection tends to increase for increasing
speed. At high speed a large step length gives the highest disturbance rejection, at low
speed a small step length.
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• There seems to be a high correlation between walking speed and disturbance
rejection. The disturbance rejection increases significantly with speed, independent of whether this speed increase is obtained by increasing push-off or
increasing upper body pitch. Only when the walking speed gets very close
to the maximum obtainable speed (at a certain step length), the disturbance
rejection decreases.
• When walking at high speed the disturbance rejection is better when taking
large steps, at low speed it is better to make small steps.
These two observations can intuitively be explained as follows. Firstly, when the
walking speed increases, the instantaneous speed gets less sensitive to disturbances
with the same energy content. For a hugely simplified model, the sensitivity dv/dE
decreases with increasing v as follows:
mv 2
dv
1
⇒
=
(7.11)
2
dE
mv
This can explain the trend that increasing speed increases the disturbance rejection.
The effect of step length is twofold. Larger step length on one side has the effect
that equal height variations in the floor result in smaller angular displacements of
the walker as a whole, making the walker less sensitive to those disturbances. On
the other side, larger step length at equal walking speed results in lower instantaneous speed at the apex of the stance leg motion (midstance). This makes the walker
more sensitive through the effect explained with Eq. (7.11). For low walking speed
the effect of low instantaneous speed at midstance is more influential then the reduced angular effect of floor height variations and it is better to walk with small
step lengths. At larger speeds a sufficient instantaneous speed at midstance can be
maintained while walking with large steps and thus large steps are better.
E=

The effect of increasing speed on disturbance rejection is validated by measurements
on the prototype shown in Figure 7.10. The Gait Sensitivity Norm is measured in ten
trials for each speed setting and these measurements show that disturbance rejection
increases with speed. To be able to test significantly different speeds, the step length
has to be increased along with the increase of speed. Because of this, the effect of
speed and step length can not separately be established as in the simulation study.

7.5 Speed control synthesis
After having researched the possible open-loop, steady state gaits and their properties, we aim to implement walking speed control on the Limit Cycle Walker. This
speed control has to provide the ability to transition between different desired walking speeds and maintain a desired walking speed when the walker is performing
tasks as carrying loads or walking slopes.
Below we will first explain the structure of the three walking speed controllers that
we implemented. Section 7.6 shows the performance of the three controllers in various situations.
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Figure 7.10: Measurement of the disturbance rejection of the prototype for increasing
speed, calculated with Eq. (7.10). We plot the inverse of the Gait Sensitivity Norm so that
a higher value in the graph corresponds to a better disturbance rejection. The boxplots
show the result of ten measurement trials for each speed setting. The disturbance rejection
increases with increasing speed.

7.5.1 Controller I: Steady-state based feedforward
The most simple walking speed controller that we construct is purely feedforward,
based on the steady-state results found in Section 7.4. Given a certain desired walking speed F rdes , this controller gives the three actuation parameters a value that
leads to a steady-state gait with that desired speed. As multiple combinations of
actuation parameters lead to the same walking speed, we need to predefine a preferred combination. In this study, for the prototype we choose to use a combination
of actuation parameters that satisfies the following equations:
0.75 · |φa0,pushof f | − φh,end = −0.39
0.25 · |φa0,pushof f | − θb0 = 0.07

(7.12)

The numerical values in Eq. 7.12 were manually picked such that we obtained the
largest possible range of speeds with this simple linear feedforward control rule.
This control rule has the result that an increased desired speed is obtained by increasing all three actuation parameters (push-off, body pitch, and step length) proportionally. This corresponds more or less to taking the steepest ascend in (a fourdimensional representation of) Figure 7.5. The equations for the simulation model
are the same, except for the parameter values. These are slightly different as a result
of the prototype’s torque bandwidth limitation explained in Section 7.4.1.
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7.5.2 Controller II: Controller I plus body pitch compensation
The second controller combines the steady-state based feedforward controller with
a component that is able to deal with carrying loads. An important result of load
carrying is a fore-aft displacement of the upper body’s center of mass. As walking
speed is very sensitive to this displacement, a direct compensation is desirable.
The way that the upper body’s center of mass influences speed is mainly through the
hip actuation torque that is keeping the upper body upright. This torque τh,st acts
between the stance leg and the upper body and therefore accelerates and decelerates
the stance leg next to keeping the body upright. To maintain a desired speed when
carrying a load it is therefore better to maintain the average of τh,st at a constant
value than maintaining upper body pitch θb0 . This can be obtained by adding an
integral term to the upper body pitch controller (given in Eq. (7.2)):
Z
∆τh,st (t) =

(mb gcb · θb0 − τh,st )dt

(7.13)

Where mb gcb · θb0 is the torque that keeps the upper body at the desired pitch angle
θb0 in the static situation.

7.5.3 Controller III: Controller I plus walking speed feedback
The third walking speed controller in this study combines part of the steady-state
feedforward with feedback from actual (measured) walking speed to adjust the
three actuation parameters. This structure has the advantage that it is possible to
tune the transient response of the walker to changes in desired speed. And by including integral action it can also adapt to persisting disturbances such as slopes.

Step length adjustment
The first part of this controller adjusts the step length of the walker based on the
measured walking speed. This means that the step length is now not determined by
Eq. 7.12 but by a new controller that we define here. To get a wide range of steadystate walking speeds, we want to increase the step length with increasing speed.
Nevertheless, the immediate effect of increasing step length is that the walker slows
down (more energy is dissipated at heelstrike). Because of this contradictory (nonminimum phase) effect, we expect that adjusting step length based only on desired
speed will give an unsatisfactory transient response to desired speed changes.
Several researchers have recommended step length to be adjusted based on actual
walking speed instead of desired walking speed [110, 108]. Only when the actual
walking speed increases a walker should increase its step length. Applying this
control will automatically result in larger steps at high steady-state speed, but it will
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also induce a stabilizing effect that is similar to the effect of swing leg retraction [54].
The step-wise step length adjustment control we apply is as follows:
φh,end [n] = 0.3 + 1.6F r[n]

(7.14)

The numerical values were manually picked such that successful prototype results
could be obtained. Automated optimization made no sense in the current setup, but
it is recommended for future robots that go beyond proof-of-principle quality. The
forward speed F r[n] in step n is continuously being estimated by measuring the
absolute angular velocity of the stance leg. When an increase in speed is measured
throughout a step, a longer step length will be imposed in that same step.

Push-off and upper body pitch adjustment
The amount of ankle push-off and upper body pitch will be adjusted by a combination of the steady-state based feedforward and a step-to-step proportional-integral
(PI) controller to deal with speed-influencing disturbances as slopes. The proportionalintegral controller in this study is hand-tuned. It takes the deviation of the actual
speed F r from the desired speed F rdes in the step that has just been completed to
adjust the actuation. As output it gives the amount of actuation that has to be added
to the steady-state based feedforward term:
∆|φa0,pushof f |[n + 1] =
0.01(F rdes [n] − F r[n]) + 0.13

(7.15)
n
X

(F rdes [k] − F r[k])

k=0

∆θb0 [n + 1] =
0.03(F rdes [n] − F r[n]) + 0.05

n
X

(F rdes [k] − F r[k])

k=0

The numerical values were manually picked such that successful prototype results
could be obtained.

7.6 Speed control results
The results that are obtained with the three speed controllers given in the previous
section are given below. For Controllers I and III we will show how they perform
for desired speed changes and on slopes. For Controller II we will only show how it
affects load carrying, the specific task for which it is intended.
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7.6.1 Walking speed transitions
The first objective that we want to obtain with speed control is the ability to change
walking speed when desired. This ability has been tested with application of the
steady-state based feedforward controller (Controller I) and the walking speed feedback controller (Controller III). The result for the simulation model is shown in Figure 7.11. It shows one walking trial in which four discrete desired speed changes
are applied. Both controllers will eventually (when given enough time) lead to an
actual walking speed that equals the desired speed. The transient response of the
controllers does slightly differ. Controller I has a somewhat slower, better damped
response compared to Controller III which shows some overshoot. An important
cause of this is the difference in step length adjustment of the two controllers. In
case of an increase in desired speed, the steady-state based feedforward controller
immediately increases the step length to the larger value corresponding to the new
desired speed. This immediate increase of step length creates an overly large impact
loss at the end of that step, resulting in a lower speed in the consecutive step (see
Figure 7.11). The walking speed feedback controller does not show this behavior as
it adapts its step length based on actual speed instead of desired speed.

Actual speed:
Controller III
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0.24

Desired speed
0.2

Actual speed:
Controller I

0.16

difference mainly due to
step length adjustment
0.12
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Figure 7.11: Walking trial of the simulation model with four discrete desired speed
changes. The desired speed (dotted) is depicted as well as the actual walking speed of the
model when steady-state based feedforward control is applied (Controller I, dashed) and
when walking speed feedback is applied (Controller III, solid). The difference in the transient responses is largely due to the change in step length adjustment of the controllers.

The same desired speed profile is applied to the prototype with the result shown
in Figure 7.12. In spite of the uneven floor the experiment was performed on, the
prototype is well able to walk at the various desired speeds. There is not much
difference between the performance of Controller I and Controller III. Due to the
presence of noise and disturbances in practice, the effect of the different ways the
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controllers adjust step length is not clearly visible.
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Figure 7.12: Walking trial of the prototype with four discrete desired speed changes. The
desired speed (dotted) is depicted as well as the actual walking speed of the model when
steady-state based feedforward control is applied (Controller I, dashed) and when walking
speed feedback is applied (Controller III, solid). The actual speed is measured by the
distance traveled divided by the time past since the last change in desired speed. The
prototype manages to follow the desired speed, no significant differences between the two
controllers can be observed.

7.6.2 Load carrying
The second objective of our speed control is the ability to maintain a specific speed
when carrying a load. The addition of body pitch compensation to the steady-state
based feedforward controller (Controller II) is supposed to compensate for the foreaft displacement of the body’s center of mass (CoM) due to carrying a load. Table 7.2
shows the effect of a fore-aft displacement of the body’s center of mass xCoM on the
steady-state walking speed F r of the simulation model and the prototype, quantified by the sensitivity ∂F r/∂xCoM . The sensitivity of the prototype has been estimated in three measurements trials by displacing its body’s center of mass by 5 mm.
The results show that without body pitch compensation (Controller I) the walker is
sensitive to loads being added to the upper body. In the simulation model a forward
displacement of the body’s center of mass of only 1 mm will already result in an
increase of the speed by 0.018, which is approximately 10% deviation from the original walking speed. The body pitch compensation (Controller II) gives a decrease of
this sensitivity by at least a factor of 10 for both the model and the prototype. The
walker with body pitch compensation is much better able to maintain its walking
speed when carrying a load that displaces its center of mass.
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Table 7.2: Sensitivity speed simulation model and prototype to fore-aft displacement center of mass

Controller I

Controller II
(with body pitch
compensation)
0.01
0.60

∂F r/∂xCoM [-/m]
Simulation model
Prototype

18
6.4

7.6.3 Walking on slopes

∂ Frk / ∂γ [-/deg]

The third and last ability we will test in this study is maintaining speed when walking on slopes. The effect that a slope with angle γ (positive for downward slope)
has on the speed of a walker is given by the sensitivity ∂F r/∂γ. Figure 7.13 gives
this sensitivity on a step-to-step basis for the simulation model on a slope that starts
at step 1 (i.e. transient response). The sensitivity is positive for both controllers I
and III, indicating that a downward slope increase the speed of the walker. The
slope sensitivity with the steady-state based feedforward controller (Controller I)
converges to a value of 0.075 -/deg. This means that a downward slope of 1 degree will result in a steady-state gait with a Froude number that is 0.075 higher,
an increase of approximately 40% of the speed on level ground (F r = 0.18). The
controller with proportional-integral walking speed feedback shows a transient response that is approximately equal for the first two steps, but eventually converges
to zero. This controller adapts to the new slope in a few steps and thus ensures a
steady-state walking speed on the slope that is equal to the speed on level ground.
Controller I

0.08

0.04

Controller III

0
0

2

4

6

8

Step number

Figure 7.13: Transient speed response of the simulation model walking on a slope with angle γ that starts at step 1. The response is given as sensitivity ∂F rk /∂γ. Controller III eventually ensures a steady-state speed that does not deviate from the speed on level ground.
Controller I has no adaptation and a downward slope will result in increased steady-state
walking speed.

The adaptation with Controller III has the additional advantage that the walker can
walk on slopes with a higher inclination angle. When the slope is changed sufficiently slow, the simulation model with Controller III can take a maximal down-
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ward slope of 16 degrees compared to 1 degree for Controller I. A maximal upward
slope of (-)9 degrees exists for Controller III compared to (-)2 degrees for Controller
I.

∂ Frk / ∂γ [-/deg]

Measurements on the prototype show the same behavior as the simulation model, as
shown in Figure 7.14. The shown sensitivity responses are taken as an average from
4 measurement trials on a slope of 0.5 degrees. The prototype with only steady-state
based feedforward (Controller I) has a steady-state walking speed that is affected
by the slope. Proportional-integral feedback from the walking speed (Controller III)
gives adaptation which results in an equal steady-state speed on a slope as on level
ground.

0.08

Controller I
0.04

Controller III

0
0

2

4

6

8

Step number

Figure 7.14: Measurement of sensitivity of the walking speed of the prototype to a slope
in the walking surface. The two responses (Controller I and III) are both an average of
4 measurement trials on a slope of 0.5 degrees. Proportional-integral feedback from the
walking speed ensures an equal steady-state walking speed on a slope as on level ground.

7.7 Discussion
7.7.1 Relation to previous studies
Many simulation studies have briefly touched the subject of velocity control for
Limit Cycle Walkers, e.g. [92, 40, 45], and it is well known that speed can be controlled by means of ankle push-off, body pitch angle, and step length. Our results
further support this. Only a few Limit Cycle Walking prototypes have shown varying velocities, most notably ”Spring Flamingo” [104] and ”Runbot” [38]. Spring
Flamingo could walk with speeds between 0 and 1.25 m/s (with a leg length of
0.9 m). This was obtained with Virtual Model Control, involving inverse kinematics calculations for the joint torques. Our controller does not use inverse kinematics
and is thus more similar to the controller in Runbot. On Runbot the lower velocity bound is not known to us, but the upper bound is as high as 0.8 m/s for a leg
length of only 0.23 m. This little machine has comparatively much stronger motors,
explaining why it can reach higher velocities. The results with Runbot support our
finding that the concept of Limit Cycle Walking is suitable for practical applications
in which great speed variations are required. The added value of our study is the
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highly structured parameter study for velocity control, and the strong correspondence between simulation results and prototype measurements.

7.7.2 Open-loop, steady-state results
In the study of obtainable open-loop, steady-state walking gaits, we find that walking speed is influenced by all three actuation parameters involved in this study: ankle push-off, upper body pitch and step length. Step length is important primarily to
expand the range of walking speeds. Ankle push-off and upper body pitch can both
provide the extra required work to walk at increased speed. The obtained speeds in
the physical prototype range from F r = 0.1 to 0.28. This range is comparable to the
speed range obtained in other physical Limit Cycle Walkers: the robot ‘Rabbit’ [17]
has a speed range of F r = 0.15-0.3, the relatively fast ‘RunBot’ [38] has a speed range
of F r = 0.25-0.5 and ‘Spring Flamingo’ [108] walks at speeds up to F r = 0.4 (lowest speed has not been published). Honda’s ASIMO walks at speeds ranging from
F r = 0 to 0.3. Apparently the walking speeds of state-of-the-art bipedal walkers are
quite similar. They all still fall behind on human performance as humans can walk
at speeds up to F r = 1. In this study we consider Limit Cycle Walking without knee
actuation in both the stance and the swing phase. This lack of knee actuation seems
to form the main limitation for how fast we can make our prototype walk. As the
bending and stretching of the knee in the swing phase is due to the passive pendulum motion of the lower leg, it is hardly possible to make the swing phase faster.
This results in a minimal step time which limits the maximum achievable walking
speed. We intend to study the exact role of the knee joint in speed changes with
future models that include actuation in the knee.
Concerning the energy use of the steady-state gaits, we find that increasing step
length and speed both negatively effect (increase) energy consumption, as was also
found by other researchers [90, 37, 73]. However, the effect that leaning further forward instead of performing push-off decreases energy use is much more evident.
This observation is a result of the fact that there is a relatively high amount of negative work being performed to keep up the upper body. Leaning forward is a way
to reduce this and thus reduce total energy consumption. The advantage of leaning
forward over performing more push-off is due to the fact that in our Limit Cycle
Walker increasing push-off does not reduce negative work being performed. In case
pre-emptive ankle push-off or actuation in the knee would be applied, this could
change. In that case performing more push-off can reduce the amount of energy
that is lost (or dissipated in the knee) in step-to-step transitions and can therefore be
more energetically beneficial. This we also intend to study in future models.
The results on open-loop, steady-state gaits also indicate that disturbance rejection increases with walking speed. This finding seems very interesting for bipedal
robotic gait synthesis. In the conventional robotics framework it generally gets more
difficult to stabilize gait at higher speeds as it demands higher control bandwidth.
The results in this study indicate that when one applies the concept of Limit Cycle
Walking and uses step-to-step transitions for stabilization, higher speeds are more
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easily obtained. Even more, the results in this study indicate that to get a good disturbance rejection it is best to walk fast with large steps. This is also in contrast with
the conventional idea that it is easier to stabilize a biped that makes small steps
as it keeps its center of mass closer to its foot contact polygon. The preference to
walk with large steps when walking fast has also been observed in human walking.
This preferred speed-step length relation has been explained in multiple studies by
considering energy consumption as the determining factor [11, 31, 73, 14]. It is interesting to see with the results in this study that such a speed-step length relation
also is beneficial for disturbance rejection.

7.7.3 Speed control results
The speed control results show that it is possible to change speeds and maintain a
desired speed when walking on slopes or carrying loads with the combination of
three control strategies. First there is a feedforward component that selects the values for ankle push-off and upper body pitch that should lead to the desired steadystate speed. Second, there is a speed feedback component that adjusts the step length
based on actual speed and ankle push-off and body pitch based on the difference between actual and desired speed and the integral of this difference. Third, the ability
to carry loads that change the fore-aft placement of the body’s center of mass can
locally be compensated by an integral upper body pitch compensation. These three
controller components were studied separately in this paper to better communicate
the ideas and demonstrate their separate effects. They can be simply combined in a
single controller that makes the robot stable, versatile, and robust against parameter
changes all at once.
The transient response to a change in slope angle given in Figures 7.13 and 7.14
shows that although eventually the combined control strategies will give an equal
walking speed on the slope, the first few steps on the slope are still significantly
affected by the slope. This part of the response can be improved by the application
of ankle actuation as described in one of our earlier studies [52]. This ankle actuation
strategy modulates the push-off torque and stance ankle torque throughout a step
based on a simple nominal trajectory which can easily be adjusted with new desired
speeds. We did not include that actuation in this study for clarity and to make the
results more general.

7.7.4 Generality of results
Although our conclusions are based on results from one particular robot and its
model, we are certain that they represent all Limit Cycle Walkers in a general sense.
For example, the step length determines the speed range: a small step length allows
for low to medium walking speeds, whereas a large step length allows for medium
to high walking speeds. This will be true for all Limit Cycle Walkers:
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• in all Limit Cycle Walkers, the lower velocity bound will be determined by
the lowest step frequency that still provides a stable gait. As each step-to-step
transition is a stabilizing event, these should occur at least at a certain minimal frequency. Now, when walking with a short step length, this minimal
frequency results in a low walking speed, whereas with a long step length it
will result in a medium walking velocity.
• also in all walking robots, the upper velocity bound is determined by the actuation limits. The swing leg has to move forward quickly enough for the next
step, thus placing an upper limit to the step frequency. Again, this limit will
result in lower walking speeds when walking with a short step length than
when walking with a long step length.
Therefore, the conclusions about velocity control are not limited to a Limit Cycle
Walker with the particular controllers described in this paper.

7.8 Conclusion
In this paper we focused on the versatility of Limit Cycle Walkers, especially the
ability of a walker to walk at various speeds, change speed and maintain a desired
speed when performing a task. The main conclusions that we can draw from this
study are:
• It is possible to obtain a wide range of speeds with a Limit Cycle Walker, on
our prototype we obtained speeds ranging from a Froude number of 0.1 to
0.28 (v = 0.24 to 0.68m/s). Further speed increase is limited by the passive
swing knee motion. Walking speed can be changed by adjusting ankle pushoff or upper body pitch. Adjusting step length enlarges the range of obtainable
walking speeds.
• For energy use it is beneficial to lean forward with the upper body to reduce
the significant amount of negative work that is performed in the hip to keep
the upper body upright.
• Disturbance rejection of a Limit Cycle Walker increases with increasing walking speed. It is best to walk with large step length at high speeds and small
step length at low speeds.
• The effect on speed of carrying loads which change the fore-aft location of the
body’s center of mass can locally be compensated by adding integral feedback
of upper body torque to the hip actuation.
• The ability to change speed and walk on slopes with equal speed can be obtained by adjusting step length based on actual speed and push-off plus body
pitch based on feedforward and proportional-integral feedback from the difference between actual and desired walking speed.
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This study focuses on the application of active lateral foot placement for 3D stabilization of bipedal walkers. Within the paradigm of ‘Limit Cycle Walking’ foot
placement is an important strategy as it can provide cyclic stability for walkers
that are locally unstable. Moreover, human gait analysis studies suggest that the
stability of human walking highly depends on lateral foot placement. Various
simulation studies have already successfully implemented lateral foot placement
on walking models, but this study demonstrates that an active lateral foot placement strategy can actually (cyclically) stabilize a physical walking robot that is
locally unstable. In order to come to this result, first a study is performed on a
simple 3D point mass walking model. This study establishes that, for a model
with fixed step length, cyclic stability can already be obtained with a simple linear lateral foot placement strategy that only uses lateral state information (lateral
position and velocity) of the center of mass. Moreover, it is found that increasing
the walking speed and increasing the ankle roll stiffness enlarges the range of
stable feedback gains. With this knowledge on stable feedback gains and parameter sensitivities, the same foot placement strategy is applied on the physical 3D
walking prototype called ‘Flame’. Similar to the model, this prototype is shown
to be unstable without foot placement and stable with the application of the simple, linear lateral foot placement strategy.
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8.1 Introduction
Bipedal walking is a complex dynamic task as it involves phases that are inherently
unstable. During single stance only one foot is touching the ground which makes a
bipedal walker resemble a 3D unstable inverted pendulum that can easily fall forward, backward or sideways. Still, humans are able to perform this task with apparent ease while exhibiting high energy efficiency, versatility and the ability to handle
large disturbances. Applying gait synthesis to bipedal robots is a way to increase
the understanding of how humans are able to control the difficult task of walking
so well. Consequently, this understanding helps us to 1) increase the performance of
autonomous bipedal robots and 2) help humans that experience difficulty in walking by improving prosthetics/orthotics design or improving rehabilitation practice.
Our approach to gait synthesis in bipedal robots uses the relatively new paradigm
‘Limit Cycle Walking’ [53]. This paradigm says that it is possible to obtain cyclic
stability in periodic walking without continuously providing local stability during
gait. It is based on the research that has been done on ‘Passive Dynamic Walking’,
as pioneered by McGeer [90], but it applies to both passive and actuated walkers.
Realizing that local stabilization is not necessary, eliminates the need for ‘dynamic
balance’ as introduced by Vukobratovic [131] and creates more freedom for optimizing energy efficiency, disturbance rejection and versatility of bipedal robots. Some
examples of existing Limit Cycle Walkers are shown in Figure 8.1.

Figure 8.1: Three Limit Cycle Walkers that have been built at Delft University of Technology [81, 144]. The third walker is the subject of the current study.

Cyclic stability exists when deviations from a nominal cyclic walking motion decay
on a step-to-step basis, even though deviations might temporarily grow throughout
parts of a step (i.e., local instability). An essential principle in obtaining cyclic stability is the possible stabilizing effect of step-to-step transitions. When the swing foot is
placed in a proper location, the transfer of a walker’s motion from one stance leg to
the next can significantly reduce an existing deviation. This study focuses on the application of active lateral (or sideways) foot placement for the 3D cyclic stabilization
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of walking. Results from gait analysis studies suggest that the stability of human
walking highly depends on this strategy [84, 111, 13]. Its apparent importance has
lead various gait synthesis researchers to study lateral foot placement on simulation
models [129, 106, 30, 56]. The simulation study by Kuo [72] properly showed that
active lateral foot placement can result in cyclic stability on a simple walking model
that is locally unstable.
The goal of this study is to demonstrate that an active lateral foot placement strategy
can actually (cyclically) stabilize a physical walking robot that is locally unstable.
To achieve this purpose we will first perform a preliminary study on a simplified
model of the actual prototype robot. This preliminary study is meant to 1) proof
cyclic stability and 2) identify the effect of essential system parameters on stability.
The second purpose of the simulation study is important to be able to successfully
transfer the foot placement strategy implemented on the simplified model to the
(complex) prototype. The general aim is to keep the foot placement strategy as simple as possible (i.e., little state information and parameters, linear) to facilitate practical implementation and the understanding of the underlying dynamic principles.
The remainder of the paper is set up as follows. First we will explain the method
to analyze cyclic stability on a Limit Cycle Walker in Section 8.2. Subsequently we
will introduce the active lateral foot placement strategy implemented in this study,
together with an analytic prediction of its stabilizing effect (Section 8.3). Section 8.4
introduces the simplified simulation model that is used to study the effect of important system parameters on stability (Section 8.5). After this, the active lateral foot
placement is applied on the 3D physical prototype ‘Flame’ (Sections 8.6 and 8.7).
The paper will end with a discussion of the results and a conclusion in Sections 8.8
and 8.9.

8.2 Cyclic stability
As explained in the introduction, cyclic stability exists when deviations from the
nominal cyclic walking motion decay on a step-to-step basis. The analysis of cyclic
stability is based on the Poincaré mapping method, which observes how a walker’s
state evolves from step to step. By defining a discrete event that marks the start of
each step (the Poincaré section), a function S can be constructed that maps the total
system state from the start of one step (vn ) to the next step (vn+1 ):
vn+1 = S(vn )

(8.1)

This function S (termed the ‘stride function’ by McGeer [90]) incorporates the full
nonlinear dynamics of a walker within a step (i.e., continuous dynamics and discrete
events).
A walker performs a cyclic walking motion when the states at the start of consecutive steps are identical: vn+1 = vn . This specific state (v∗ ) is called the ‘fixed point’
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of the function S. Cyclic stability is established for small deviations ∆v from this
fixed point. For these small errors, we can effectively linearize the function S:
v∗ + ∆vn+1 = S(v∗ + ∆vn ) ≈ v∗ + A∆vn

(8.2)

where A is the Jacobian of the stride function S. When the eigenvalues of the matrix
A (also called the Floquet multipliers) are all smaller in magnitude than one, the
deviations (∆v) tend to decay from step to step and the walker is cyclically stable.

8.3 Foot placement strategy
The foot placement strategy that is applied in this study was synthesized with the
following design goal: to minimize the complexity of the strategy under the condition that cyclic stability is still to be expected. Section 8.3.1 explains the synthesis of
the strategy studied in this paper. Subsequently, Section 8.3.2 shows that cyclic stability is to be expected with this strategy by analytically predicting cyclic stability
with a simplified version of the step-to-step dynamics of walking.
The explanation of the strategy is given based on the schematic top view drawing
of a general 3D bipedal walker in Figure 8.2. The figure shows the trajectory of
the walker’s center of mass (CoM) together with current and past foot locations.
Variables are assigned to the x (sagittal) and y (lateral) locations of the center of
mass (subscript CoM ) and the swing foot (subscript sw), all measured relative to
the stance foot location.
stance foot

CoM

xCoM

yCoM
ysw

yCoM

previous foothold

xCoM
xsw

swing foot
(to be placed)

Figure 8.2: Schematic top view of a 3D biped walking from left to right. The thick solid line
gives the trajectory of the biped’s center of mass (CoM) oscillating between the biped’s
foot locations. The dotted extension of the solid line is the prospected course of the CoM
after the swing foot has been placed and becomes the stance foot. The indicated variables
give the sagittal and lateral locations of the CoM and the swing foot ankle relative to the
ankle location of the stance foot.

8.3.1 Controller synthesis
We started the synthesis of the lateral foot placement strategy with some preliminary trials in which lateral foot placement was based on both sagittal and lateral
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state information. This coupled controller was initially chosen as earlier studies have
recognized that there is a certain degree of coupling between sagittal and lateral motions in walking [72, 13, 130]. As it turned out in these preliminary trials, the contribution of the sagittal information was limited: the overall stability of our walker was
not significantly affected when reducing the feedback gains for the sagittal information to zero. Empirically we found that sagittal and lateral motions are sufficiently
decoupled when step width (ysw ) is kept small compared to step length (xsw ) and
step time is kept more or less constant.
After these preliminary trials we synthesized the linear, decoupled lateral foot placement strategy which we will further study throughout the remainder of this paper.
This final strategy determines the lateral foot placement ysw based on the lateral
position of the center of mass yCoM and the lateral velocity of the center of mass
ẏCoM :
ysw = yCoM + (−1)n · cof f set + cvel · ẏCoM

(8.3)

In this, cof f set and cvel are the two control parameters and n is the step number. The
first two arguments in Eq. (8.3) ensure that the swing foot is effectively placed with
respect to the biped’s center of mass (with a fixed offset). The (−1)n term results in
foot placement that is alternating with an offset to the left and to the right. The last
argument in Eq. (8.3) makes the biped take a wider step when its center of mass is
moving faster away from the stance foot laterally.
This final strategy is similar to various lateral foot placement strategies that were
successfully implemented in simulation studies [106, 30, 56]. It also shows a definite resemblance to the control law that was automatically generated by dynamic
programming in a simulation study by Mandersloot et al. [86].

8.3.2 Simplified lateral dynamics predict cyclic stability
As indicated at the start of Section 8.3, the aim of the foot placement strategy synthesis was to find a simple strategy for which cyclic stability was still to be expected.
The derivation below shows that, with some simplifications, we can analytically
predict cyclic stability of the lateral dynamics of a walker that applies the simple
strategy given in Eq. (8.3). Through a generalized description of a walker’s lateral
motion, we derive the magnitudes of the Floquet multipliers (see Section 8.2) and
show for what condition they are smaller than one.
The lateral motion of a biped’s center of mass as a function of the time tn+1 elapsed
in step n+1 is:
ZZ
yCoM (tn+1 ) = yCoM (0) + ẏCoM (0) · tn+1 +
Z tn+1
ẏCoM (tn+1 ) = ẏCoM (0) +
ÿCoM (τ )dτ
0

tn+1

ÿCoM (τ )dτ 2

0

(8.4)
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Based on a simple inverted pendulum analogy (i.e., the widely used Linear Inverted
Pendulum Model) we reason that the lateral acceleration of the center of mass ÿCom
is approximately proportional to the lateral distance between the stance ankle and
the center of mass yCoM . Moreover, we assume that the average lateral acceleration
over the course of one step ÿCoM (including the effect of impact and push-off) is
proportional to the lateral distance between the CoM and stance ankle at the beginning of the step yCoM (0). This assumption (which will be verified numerically on
the simple point mass model in Section 8.5) makes that Eq. (8.4) can be rewritten as:
2
yCoM (Tn+1 ) ≈ yCoM (0) + ẏCoM (0) · Tn+1 + 0.5 · ÿCoM · Tn+1
≈
2
yCoM (0) · (1 + 0.5 · cÿ · Tn+1
) + ẏCoM (0) · Tn+1
ẏCoM (Tn+1 ) ≈ yCoM (0) · cÿ · Tn+1 + ẏCoM (0)

(8.5)

where Tn+1 is the step time in which step n + 1 was completed and cÿ is a constant
that describes the sensitivity of the average lateral acceleration ÿCoM to lateral foot
location yCoM (0).
Given the foot placement defined in Eq. (8.3) has been applied in step n and the
step time T is kept constant as suggested in Section 8.3.1, the center of mass lateral
position and velocity at the end of step n + 1 are:
yCoM (Tn+1 ) ≈
2
−(cof f set + cvel · ẏCoM (Tn )) · (1 + 0.5 · cÿ · Tn+1
) + ẏCoM (Tn ) · Tn+1 =
2
2
) − Tn+1 ) · ẏCoM (Tn )
−cof f set · (1 + 0.5 · cÿ · Tn+1 ) − (cvel · (1 + 0.5 · cÿ · Tn+1
ẏCoM (Tn+1 ) ≈ −cof f set · cÿ · Tn+1 − (cvel · cÿ · Tn+1 − 1) · ẏCoM (Tn )
(8.6)
The center of mass lateral end-position yCoM,n ∗ and end-velocity ẏCoM,n ∗ that give
a repetitive stride-to-stride motion (i.e., fixed point values) are found by solving
yCoM (Tn+1 ) = −yCoM (Tn ) and
ẏCoM (Tn+1 ) = −ẏCoM (Tn )
which gives
yCoM,n

∗

ẏCoM,n ∗

¶¶
µ
µ
cvel · (1 + 0.5 · cÿ · T 2 ) − T
= −(−1) · cof f set · 1 + cÿ · T · T +
cvel · cÿ · T − 2
c
·
c
·
T
of f set
ÿ
= −(−1)n ·
(8.7)
cvel · cÿ · T − 2
n

Small deviations from these fixed point values ∆yCoM,n and ∆ẏCoM,n progress on a
step-to-step basis according to:
·

∆yCoM,n+1
∆ẏCoM,n+1

¸

·
=−

0
0

−(cvel · (1 + 0.5 · cÿ · T 2 ) − T )
−(cvel · cÿ · T − 1)

¸·

∆yCoM,n
∆ẏCoM,n

¸
(8.8)
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The eigenvalues λ of this Jacobian matrix (the Floquet multipliers) are:
·
¸
0
λ=
cvel · cÿ · T − 1
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(8.9)

The system is cyclically stable if the magnitudes of these Floquet multipliers are
smaller than 1, because in that case the system tends to converge back to the repetitive motion after deviations occur. This means that the simplified lateral dynamics
of our walker are cyclically stable if:
0 < cvel · cÿ · T < 2

(8.10)

It follows from this analytic derivation that cyclic stability is expected to be dependent on the value of the parameter cvel in the foot placement strategy as described
in Eq. (8.3). Moreover, to get cyclic stability, the value of cvel should be adapted to
the value of cÿ · T . The value of cÿ · T gives the sensitivity of a walker’s lateral velocity change per step to lateral foot placement. In the remainder of this paper we will
refer to it as lateral velocity sensitivity dẏCoM /dyCoM :
dẏCoM /dyCoM = cÿ · T

(8.11)

This sensitivity is specific to a walker as it is determined by its lateral dynamics
(mass distribution, ankle stiffness etcetera).
The value of the other control parameter cof f set , is not expected to influence stability. Changing the value of cof f set does change the nominal step width of a walker
(Eq. (8.7)).

8.4 Simulation study
The predicted stability in the previous section gives sufficient confidence to test the
strategy in a simulation study that incorporates the full nonlinear dynamics of walking. In this simulation study an attempt is made to answer the following questions
in order to enable a successful implementation of the active lateral foot placement
on our physical prototype:
• Is it possible to obtain stable gait with the linear strategy described in Eq. (8.3)?
• Do stable values of the lateral foot placement feedback gain cvel depend on the
lateral velocity sensitivity dẏCoM /dyCoM as suggested in Section 8.3.2?
• Can the lateral velocity sensitivity dẏCoM /dyCoM be identified from the walker’s
lateral motion, in order to find the proper feedback gain cvel ?
• How is stability affected by step width, speed and ankle roll stiffness?
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8.4.1 Model description
The walking simulation model used in this study is a 3D straight-legged point mass
model, based on the ‘simplest walking model’ by Garcia et al. [37]. The model is
shown in Figure 8.3. The reason we choose to use this kind of model is that the
dynamics of point mass models are generally quite well understood, having been
studied thoroughly by various researchers [37, 42, 74, 64]. Also, these simple models
have the advantage of relatively fast computation.
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Figure 8.3: A typical walking step of our 3D point mass model. The double stance phase
starts when the heel of the leading leg has just made contact with the ground. The trailing
leg performs ankle push-off until the toe of the trailing foot leaves the ground. Then the
single stance phase starts in which the infinitesimally light swing leg (thin line) is brought
forward to a constant inter-leg angle while the stance leg (thick line) travels forward over
the stance foot. The step is completed when the heel of the swing foot touches the ground.
The model’s twelve degrees of freedom have a finite size in the drawing for visibility, but
in actuality the degrees of freedom in the hip and in the ankles all coincide with the point
masses M and m. The side projection on the right shows the definition of the model
parameters.

Our 3D point mass model consists of four rigid bodies, two legs with unit length ll
connected at the hip and two feet connected to each leg at the ankle. The feet extend
forward over a distance of lt = 0.18 (ankle-toe) and backward over a distance of
lh = 0.06 (ankle-heel), based on the dimensions of the prototype that is used in
this study. The width of the feet is not specified, but it is assumed to be sufficient
to prevent lateral tipping over the foot edges. There are three point masses in the
model, one in the hip with unit mass M and two infinitesimally small masses m
at the ankle joints. The model walks on a level floor in a gravity field with unit
magnitude g.

Active lateral foot placement

181

The model has a total of twelve degrees of freedom: the three translational coordinates of the hip joint xh , yh and zh , the yaw angle of the hip ψh (with respect to the
world frame), the hip roll angles of the stance and swing leg θh,st and θh,sw , the hip
pitch angles φh,st and φh,sw , the ankle pitch angles φa,st and φa,sw and the ankle
roll angles θa,st and θa,sw . The unilateral contact between the model’s feet and the
ground are modeled as rigid constraints with no slip. When either the heel or the
toe of a foot is touching the ground, all three translational motions of those points
and the yaw and roll rotations are constrained. When both the heel and toe of one
foot are touching the ground, also the pitch rotation of the foot is constrained. When
both feet are in contact with the ground the yaw motion of the foot that has the lowest vertical contact force is free to prevent overconstraining the model. This way the
only instant in which a discrete impact (i.e., instantaneous momentum change of the
hip mass) occurs during walking is when a foot makes full contact with the ground
(both heel and toe). Contact release, either in the toes or the heels, is constantly monitored throughout the simulation. An existing constraint is released whenever this
release would result in an upward acceleration of the contact point (e.g., a toe comes
up from the ground) [30].
The model has four active internal degrees of freedom: two ankle pitch joints, the
inter-leg pitch joint and the inter-leg roll joint. The actuation in the ankle pitch joint
follows a spring characteristic with two stiffness values: kφ,a = 0.05 for torques
pulling the toe up (dorsi-flexing) and kφ,a = 0.3 for torques pushing the toe down
(plantar-flexing) [52]. To provide forward propulsion ankle push-off is performed
by discretely changing the trailing ankle spring’s equilibrium angle when the leading foot first touches the ground. In the single stance phase the swing ankle pitch
angle is zero, meaning that the swing foot is orthogonal to the swing leg. Actuation
in the inter-leg pitch and roll joints is only active in the single stance phase. The
actuation in the pitch joint ensures that the swing leg is kept forward at a constant
inter-leg pitch angle of 0.6rad. Actuation in the inter-leg roll joint ensures that the
lateral foot placement strategy given in Eq. (8.3) is executed. As the swing leg has
an infinitesimally small mass, this actuation does not have any effect on the motion
of the stance leg. The stance ankle roll joint is passive, it contains a stiffness kθ,a
that will be varied in this study. The swing ankle roll joint ensures that in the lateral plane the swing foot preserves a parallel orientation with respect to the ground
surface.

8.4.2 Calculating cyclic stability
For the purpose of evaluating cyclic stability according to the analysis method described in Section 8.2, a Poincaré section and consequently the stride function S have
to be defined.
The Poincaré section is defined as the instant of midstance: φh,st = 0. The full state
of the model at that instant is defined by 3 independent states. The 12 degrees of
freedom of the model are first reduced by 6 foot constraints as at midstance both
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the heel and the toe of the stance foot are touching the ground1 . Also, all 4 degrees
of freedom of the swing leg are dependent: the hip degrees of freedom θh,sw and
φh,sw are dependent on the sagittal and lateral foot placement strategy and the ankle
degrees of freedom θa,sw and φa,sw keep the swing foot orthogonal to the swing leg
and parallel to the ground respectively. This gives 2 independent degrees of freedom
and as the Poincaré section removes 1 state, it leaves 3 independent states:

θh,st
v =  θ̇h,st 
φ̇h,st


(8.12)

The stride function S is found by numerically integrating the differential algebraic
equations of motion starting from the initial condition vn of step n. When during
the continuous motion of a step contact between the foot and the ground is made,
a discrete impact calculation is performed. Alltogether, these calculations result in
finding the initial conditions of the next step vn+1 , the output of the function S.
Subsequently, the fixed point of the stride function v∗ is found using a NewtonRaphson iteration procedure and the Jacobian matrix is found by perturbing all the
components of the fixed point by a small amount (1 · 10−4 ).

8.5 Simulation study results
This section discusses the results that have been obtained with the simulation model
described in Section 8.4.1. First Section 8.5.1 will take a closer look at the continuous
motion of the model within a step to increase the understanding of the lateral dynamics. It will establish whether it is right to assume that there is an approximately
proportional relation between the lateral velocity change in a walking step and the
lateral foot location. Moreover, it will show how the system-dependent value of the
lateral velocity sensitivity dẏCoM /dyCoM can be established, useful knowledge for
transferring the foot placement strategy to the prototype later. Subsequently we will
discuss the cyclic stability of the model without active lateral foot placement (constant step width) and with the foot placement introduced in Section 8.3. The results
will show how stability depends on the foot placement parameters as well as the
stiffness in the stance ankle roll joint and the walking speed of the model.

8.5.1 Lateral dynamics within one stride
Relation lateral foot location and velocity change per step
The nominal (lateral) motion in one stride (two steps) of the simulation model is
shown in Figure 8.4 for varying step widths. For all step widths that are depicted
1 The

exact location (x,y) and heading of the stance foot are not relevant to the walking motion.
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the model is walking at a constant speed with a Froude number2 of 0.2 and zero
lateral stiffness in the ankle roll joint.
Lateral position y
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Figure 8.4: Motion of the 3D point mass simulation model in one nominal stride (two
steps) for varying step width. Figure (a) shows a top view of the model giving the trajectory
of its center of mass (thick) and the location of three consecutive footholds (thin) for three
nominal step widths: 0, 0.15 and 0.3. The depicted width of the foot is arbitrary as in reality
it is undefined. Figure (b) and (c) show the lateral position of the center of mass (b,thick)
and ankle joint (b,thin) and the lateral velocity of the center of mass (c) as a function of
normalized time for five step widths ranging from 0 to 0.3. In these figures also the double
and single stance duration and the lateral velocity change of the center of mass per step
are indicated. The latter is found to be proportional to the step width.

The most apparent and obvious observation is that increased nominal step width
results in larger nominal lateral travel and velocity of the model’s center of mass.
This is a direct result of the fact that the lateral acceleration of the center of mass
increases with a larger lateral distance between the center of mass and the ankle joint
location. Even more so, it turns out that the lateral velocity change of the center of
mass per step, shown in Figure 8.4(c), is strictly proportional (within 0.05% based on
correlation) to step width (i.e., lateral foot location). This linear relation agrees with
the assumption made in Section 8.3.2 even with the addition of the full walking
dynamics involving foot impact and ankle push-off.
The constant ratio between the lateral velocity change per step and lateral foot location is equal to the lateral velocity sensitivity dẏCoM /dyCoM . The lateral velocity
2 The dimensionless Froude number gives a normalized speed by dividing the actual speed by the
√
square root of gravity times leg length: F r = v/ gl
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sensitivity can be derived from the nominal motion of the model by calculating the
ratio between the slopes of the lines in Figure 8.4(c) and the corresponding lateral
foot location (i.e., half the step width). As Eq. (8.10) already predicts, the lateral velocity sensitivity dẏCoM /dyCoM will turn out to be important in determining the
lateral foot placement gain cvel that renders stable gait.
Influence of speed and ankle roll stiffness

1

dyCoM/dyCoM

Lateral velocity sensitivity
dyCoM/dyCoM

Next to step width, two other model parameters whose influence is studied in this
paper are the model’s walking speed and ankle roll stiffness ka . This section discusses their influence on the lateral velocity sensitivity dẏCoM /dyCoM .

0
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Figure 8.5: Effect of walking speed (a) and ankle roll stiffness (b) on the lateral velocity
sensitivity dẏCoM /dyCoM . A decrease in the magnitude of dẏCoM /dyCoM indicates that
the walker’s lateral velocity change per step gets less sensitive to lateral foot location.

The model’s walking speed is varied between F r = 0.14 and F r = 0.25, which is the
maximal speed range that can be obtained with the model. Figure 8.5(a) shows that
the lateral velocity sensitivity slightly decreases with increasing speed. The main
cause of this is that increasing walking speed decreases a walker’s step time, which
effectively results in a smaller velocity change per step for equal step width. The
relation between average lateral acceleration and step width is only slightly affected,
but the smaller step time makes that the integral of the acceleration over one step
(i.e., the velocity change) is smaller.
The ankle roll stiffness is varied between ka = 0 and ka = 1. The latter is the roll
stiffness that (in continuous-time) marginally stabilizes the inverted pendulum that
the model resembles when seen from the front. Higher stiffnesses are not interesting
when studying the stabilizing effect of lateral foot placement. Figure 8.5(b) shows
that the lateral velocity sensitivity strongly decreases with increasing ankle roll stiffness and even becomes negative for high ankle roll stiffness. This influence of ankle
roll stiffness ka can be explained by observing the effect of ankle roll stiffness on
the lateral dynamics as shown in Figure 8.6. For the three depicted stiffnesses the
model is walking at equal speed (F r = 0.2) and equal step width of 0.1. For low
ankle roll stiffness (0 < ka ≤ 0.7) the lateral speed change of the center of mass
over one step (i.e., average lateral acceleration) is away from the stance foot, in the
medial direction. This result is in line with the expectation from a simple inverted
pendulum analogy that does not take into account the effect of push-off and impact
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Active lateral foot placement

0.04

ka = 0.8
0

ka = 0
ka = 0.4

-0.04

double
0

20

single stance
40

60

% stride time
(a)

80

100

185

ka = 0

0.04

0.02

foot impact

push-off

0

ka = 0.8

-0.02

ka = 0.4

-0.04

lateral velocity change per step
0

20

40

60

80

100

% stride time
(b)

Figure 8.6: Lateral motion of the 3D point mass simulation model in one nominal stride
(two steps) for varying ankle roll stiffness ka . For high ankle roll stiffness (ka > 0.7) the
average lateral acceleration of the center of mass over one step is towards the stance foot.
This effect has limited practical relevance as in reality the foot width is limited which will
result in tilting of the foot at these high stiffnesses.

(as done in Section 8.3). When the roll stiffness is increased the medial acceleration
away from the stance foot and thus the value of dẏCoM /dyCoM decreases. For high
ankle stiffness above ka = 0.7 the lateral speed change of the center of mass over
one step is even towards the stance foot. During single stance the medial lateral acceleration away from the stance foot is smaller as the ankle roll stiffness slows down
the lateral dynamics. Because of this the effect of push-off (acceleration toward the
leading stance leg) becomes dominant. This non-intuitive effect of high ankle roll
stiffness is an artifact of the model as it depends on the assumption that the model’s
stance foot will never tilt sideways. In reality the stance foot will typically tilt when
such high ankle roll stiffness is applied.

8.5.2 Cyclic stability without active foot placement
The magnitudes of the three Floquet multipliers of the simulation model without
active foot placement (constant step width) are given in Figures 8.7 and 8.8. Figure 8.7 shows these magnitudes for step widths varying from 0 to 0.6 at equal walking speed (F r = 0.2) and zero ankle roll stiffness. As for all step widths at least
one Floquet multiplier has a magnitude greater than one, the model without active foot placement is unstable for these conditions. At zero step width the lateral
and sagittal motion are almost completely decoupled judging from the eigenvectors
belonging to the three Floquet multipliers. The unstable eigenmode of the system
(|λ| = 18) largely resembles that of an inverted pendulum in the lateral plane. Once
the walker is perturbed in one direction in the lateral plane, the deviation will grow
progressively in the same direction as shown in the upper left graph of Figure 8.7.
When step width is increased the coupling between the sagittal and lateral motions
increases with the apparent effect that the largest Floquet multiplier gets smaller
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(deviations will grow at a slower rate). For step widths as large as 0.5 (almost equally
large as the step length) the magnitude of the largest Floquet multiplier gets very
close to one, but never below it. In the remainder of the study step widths will be
limited to a maximum of 0.2 (1/3 of step length) as larger step widths are not practically feasible on our physical prototype and not human-like.
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Figure 8.7: Magnitude of the model’s Floquet multipliers without active foot placement for
varying step width, calculated at an equal walking speed of F r = 0.2 and zero ankle roll
stiffness. For all step widths the largest Floquet multiplier is greater than one and the model
is unstable. The two graphs at the top show the motion of the model with fixed step width 0
(left) and 0.2 (right) when the roll velocity of the stance leg is perturbed by ∆θ̇h,st = 1·10−4
in the first step.

Figure 8.8 shows how the magnitude of the Floquet multipliers also depends on
walking speed and ankle roll stiffness. The results indicate that both increasing the
speed and increasing the ankle roll stiffness results in a decreasing magnitude of
the largest Floquet multiplier. Increasing the ankle roll stiffness results in deviations
growing less rapidly in continuous-time (i.e., within a step), a higher walking speed
allows the deviations to grow less over the course of one step by decreasing the step
time. Although the magnitude of the largest Floquet multiplier at zero step width
and ka = 1 is exactly equal to 1, the magnitude of the largest Floquet multiplier
never gets below one for the studied range of parameters. The model is not stable
without active foot placement.

8.5.3 Cyclic stability with active foot placement
In this section we discuss the stability of the simulation model when active lateral
foot placement is applied as described in Section 8.3. It turns out that it is possible to
obtain stable gaits with this simple foot placement strategy as shown in Figure 8.9.
The figure shows the magnitude of the Floquet multipliers for varying values of the
foot placement feedback gain cvel at constant step width 0.1, walking speed F r =
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Figure 8.8: Magnitude of the model’s Floquet multipliers without active foot placement for
varying step width and (a) walking speed and (b) ankle roll stiffness ka respectively. For
increasing walking speed and increasing ankle roll stiffness the magnitude of the largest
Floquet multiplier decreases, but do not get below unit magnitude. The thick dots indicate
the Floquet multipliers that are also depicted in Figure 8.7.

0.2 and zero ankle roll stiffness. To verify the relation between stable values of cvel
and the lateral velocity sensitivity as suggested by Eq. (8.10), the values of cvel are
normalized by a multiplication with dẏCoM /dyCoM = cÿ · T . Stable gaits (|λ| < 1)
are found for 1.7 < cvel · dẏCoM /dyCoM < 2.3. At lower feedback gains the foot
placement is undercompensating: a lateral deviation to the right tends to grow in
the same direction as the feet are not sufficiently placed to the right to counter the
deviation. Higher feedback gains lead to overcompensation: a deviation to the right
is countered by an extreme adjustment of the foot placement to the right which
makes the deviation change direction (to the left). As this change of direction occurs
every step, the walker shows an increasing sideways oscillation.
The range of stable values of cvel is smaller than the range predicted by the analytical simplification, given in Eq. (8.10). Also, the stable feedback gain values tend to
be on the high side of the range predicted in Eq. (8.10). This difference can largely
be explained from the fact that the assumptions made in the analytical simplification ignore the continuous-time instability of a walker within a step (resembling
an inverted pendulum). This instability makes a deviation in lateral velocity grow
in the same direction. For relatively low feedback gains within the range predicted
analytically, the full walker model shows deviations that grow in one direction in
accordance with this continuous-time instability (i.e., undercompensation as shown
in Figure 8.9).
Figure 8.10 shows how cyclic stability with active lateral foot placement depends
on the system parameters step width, walking speed and ankle roll stiffness. For all
studied system parameter variations the stable foot placement feedback gain values are generally around cvel · dẏCoM /dyCoM = 2. This indicates that foot placement
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Figure 8.9: Magnitude of the model’s Floquet multipliers with active foot placement for
varying normalized foot placement feedback gain cvel , calculated at constant step width
0.1, walking speed F r = 0.2 and zero ankle roll stiffness. Stable gaits exist for 1.7 <
cvel ·dẏCoM /dyCoM < 2.3. At lower and higher gains the walker shows undercompensation
and overcompensation respectively, behaviors that are exemplified in the graphs on the
right for a perturbation of ∆θ̇h,st = −5 · 10−2 in the first step.

feedback should be adapted to the walker’s lateral velocity sensitivity dẏCoM /dyCoM .
For increasing ankle roll stiffness cvel should significantly be increased as dẏCoM /dyCoM
decreases (Figure 8.5(b)).
The range of stable foot placement feedback gains stays approximately equal for
changing step width and increases for increasing walking speed and increasing ankle roll stiffness. This result is probably connected with the finding in Section 8.5.2
that showed that the walker without foot placement shows slower divergence for
increasing walking speed and increasing ankle roll stiffness. Our foot placement
strategy does not stabilize the walking gait for ankle roll stiffness above ka = 0.5.
This result can be explained by the non-intuitive effect of high ankle roll stiffness
described in Section 8.5.1. As this effect is an artifact of the model due to the inability of stance foot roll motion we expect this finding has no relevance for practical
application of our foot placement strategy.
In conclusion, the study convinces us to continue with prototype experiments and
suggests that we use a high walking speed and a high ankle roll stiffness.
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Figure 8.10: The influence of step width, walking speed and ankle roll stiffness on cyclic
stability. The magnitudes of the model’s Floquet multipliers |λ| are calculated for a range of
these three parameters as well as varying foot placement gain. Figure (a) shows the result
of such a calculation for varying step width (by changing cof f set ) while walking speed and
ankle roll stiffness are kept constant. The range of parameters that gives cyclic stability
(all |λ| < 1) is indicated by the hatched area both in the 3D graph and the accompanying vertical projection. Figures (b) and (c) show only the vertical projections of the stable
parameter range for varying walking speed and ankle roll stiffness respectively.

8.6 Physical prototype ‘Flame’
The physical 3D robot that is used for the experiments with active lateral foot placement is called ‘Flame’ and is shown in Figure 8.11. This section describes the mechanical design and the implemented control strategy of this prototype.

8.6.1 Mechanical design
‘Flame’ is a fully autonomous prototype that consists of an upper body, two upper
legs, two lower legs and two feet. The prototype weighs a total of 15kg and has
a total length of 1.2m. Its leg length is 0.6m equally divided over the upper and
lower leg. The feet extend forward 0.11m from the ankle and backward 0.04m, the
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feet width is 0.14m and is symmetrical with regard to the ankle. It has nine internal
degrees of freedom as indicated in Figure 8.11(a): one hip roll joint (θh ), two hip
pitch joints (φh,l and φh,r ), two knee pitch joints (φk,l and φk,r ), two ankle pitch
joints (φa,l and φa,r ) and two ankle roll joints (θa,l and θa,r ).

φh,l

φh,r
θh

φk,l

φk,r

φa,l

φa,r

θa,l
θa,r
(a)

(b)

Figure 8.11: Physical prototype ‘Flame’, weighing 15kg and being 1.2m in length. This
3D bipedal walker has nine internal degrees of freedom (a), out of which seven are active
(gray). The hip roll joint θh is the only active degree of freedom in the lateral plane.

Seven out of the nine degrees of freedom are active, the two ankle roll joints are
fully passive. The two hip pitch joints, knee joints and the ankle pitch joints are
actuated by electric DC motors (Maxon RE35). The cable drives between the motors
and the joints contain elastic elements according to the principle of series elastic
actuation [102]. This actuation allows these six joints to be force controlled as well as
position controlled. The hip roll joint consists of a link mechanism that mechanically
couples the roll motion of the left leg and right leg (see Figure 8.11(a)). The joint is
actuated by an electric DC motor driving a vertically placed spindle. The nut on
the spindle goes up and down which moves the link mechanism and drives both
legs equally outwards or inwards with respect to the upper body. As both ankle roll
joints are passive this hip roll joint is the only active degree of freedom in the lateral
plane.
All joints are equipped with digital incremental encoders to measure the joint angles. The actuation torques on the hip pitch, knee and ankle pitch joints are measured through the elongation of the series elastic elements by subtracting the motor
output shaft angle from the joint angle, both taken from encoder measurements.
The upper body is equipped with an inertial sensing unit from XSens Technologies [7]. This inertial sensor consists of three accelerometers, three gyroscopes and
three magnetometers to give an absolute orientation estimate (and its derivative) in
three dimensions. Microswitches located in the heels and the toes underneath the
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feet detect heel strike. The prototype is controlled from a PC104 stack that includes
a 400 MHz processor, analog I/O and counters for the digital encoders. This stack
allows a controller to be run at 1000 Hz running a Linux/RTAI kernel.

8.6.2 Control strategy
The control in the ankle pitch joint is very similar to the control applied in the
simulation model. The actuation follows a spring characteristic with two stiffness
values: kφ,a = 5Nm/rad for torques pulling the toe up (dorsi-flexing) and kφ,a =
80Nm/rad for torques pushing the toe down (plantar-flexing). To provide forward
propulsion ankle push-off is performed by discretely changing the trailing ankle
spring’s equilibrium angle by 0.05rad when heel strike of the leading foot is detected by a microswitch. Superposed on this spring-like actuation is a local control
action in the stance ankle that attempts to keep the step time constant as much as
possible in spite of disturbances. This control action changes the stance ankle torque
when the measured stance ankle angle is leading or lagging with respect to the desired angle (based on desired step time) [52].
The actuation in the knee keeps the knee joint stretched during the stance phase by
exerting a constant overstretching torque (5Nm) which pulls the lower leg against
a hyperextension stop. In the swing phase the knee actuation helps bend the knee
to 1 rad in the first 0.2 seconds and extend in the subsequent 0.3 seconds through
simple proportional-derivative control.
The hip pitch joints have a double function: keeping the upper body up and bringing the swing leg forward. The hip pitch joint of the stance leg controls the upper
body pitch by proportional-derivative control based on information from the inertial sensor. The desired upper body pitch angle is exactly vertical throughout the
whole walking motion. In the single stance phase the hip pitch joint of the swing
leg brings the swing leg forward to an inter-leg angle of 0.6 rad in 0.6 seconds by a
combination of low gain proportional-derivative control and a feedforward torque
profile.
The control in the hip roll joint either applies a constant step width of 0.11m (Section 8.7.2) or it follows the lateral foot placement strategy described in Section 8.2
(Section 8.7.3). For simplicity, the center of mass of the prototype is assumed to be
located in the hip roll joint (in reality it is slightly above it). The lateral location and
velocity of the center of mass with respect to the stance foot yCoM and ẏCoM are
estimated by using the inertial sensor and the hip roll joint angle measurement. The
calculation given in Eq. (8.3) is applied to get a desired lateral swing foot location.
For practical reasons (limited control bandwidth) a simple nominal center of mass
trajectory is subtracted from yCoM and ẏCoM . For approximately constant step time
this is not expected to influence the results. The calculated desired lateral swing foot
location is converted to a desired hip roll joint angle for the proportional-derivative
controller that drives the hip roll joint.
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8.7 Prototype results
With the prototype described in the previous section a successful walking motion
was obtained. Based on the findings with the simulation model, the prototype’s
ankle roll stiffness and walking speed were made as high as possible to assure
the best chance for stable gait. For the ankle roll stiffness we applied a stiffness
of 100Nm/rad (equivalent to 0.8 with normalization as in the simulation model), a
value for which full lateral foot contact was maintained for most of the stance phase.
Note that this normalized value less than 1 means that the robot is not locally stable
laterally when standing on one leg. The walking speed of the prototype is 0.4m/s,
the maximal value that could be obtained. The resulting motion is shown in Section 8.7.1. Whether this walking motion is stable is assessed by deliberately disturbing the prototype’s motion with a discrete floor height variation (4mm stepdown).
Section 8.7.2 describes this stability assessment when the prototype is applying constant step width and Section 8.7.3 when it is applying active lateral foot placement.
For the latter, the nominal walking motion shown in Section 8.7.1 is used to determine the appropriate foot placement feedback gain, based on the findings with the
simulation model (cvel · dẏCoM /dyCoM = 2).

8.7.1 Lateral dynamics within one stride
The typical motion of the prototype within one stride (two steps) is shown by a
series of video stills in Figure 8.12 and measurements of the lateral motion of ten
typical strides in Figure 8.13.

Figure 8.12: Video stills of one stride (two steps) of our prototype Flame’s walking motion.

The depicted walking motion measurements are based on estimates of the center
of mass (i.e., hip) location and velocity that are made online in the prototype during walking. These estimates use the orientation estimates and gyroscope measurements from the inertial sensing unit combined with the hip joint angle measurements. Together these measurements give the absolute angle of the stance leg and
subsequently the estimate of the center of mass location and velocity with respect to
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the stance foot (xCoM , yCoM , ẋCoM and ẏCoM ). These estimates have a certain (unknown) degree of error, which stands out most in the discrete jumps that exist in the
lateral velocity estimate when switching stance foot (Figure 8.13(c)).
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Figure 8.13: Motion of the prototype in ten nominal strides (two steps) based on online
estimates of the center of mass location and velocity with respect to the stance foot. The
estimates use inertial sensor data and hip joint angle measurements. Figure (a) shows
a top view of the prototype giving the estimated trajectory of its center of mass and the
location of three consecutive footholds (thin, belonging to one of the trajectories). Figure
(b) and (c) show the lateral position of the center of mass (b,thick) and ankle joint (b,thin)
and the lateral velocity of the center of mass (c) as a function of normalized time.

The lateral motion of the prototype generally shows a good resemblance with that
of the simulation model, raising the confidence that the effects found in the simulation study transfer well to the prototype. From the nominal step width and the
lateral velocity change per step indicated in Figure 8.13(c) we can calculate the
value of the later velocity sensitivity dẏCoM /dyCoM for the prototype. The value is
dẏCoM /dyCoM ≈ 4s−1 and will be used to determine the appropriate foot placement
feedback gain in Section 8.7.3.

8.7.2 Stability without active foot placement
The stability of the prototype’s walking gait when applying no active lateral foot
placement (i.e., constant step width) was established by perturbing the prototype
with a 4mm stepdown in several trials. The prototype was found to be unable to
handle this disturbance as it typically suffered a fall as shown in the exemplary
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trial depicted in Figure 8.14. When the prototype places its left foot first after the
stepdown, its lateral motion in the subsequent steps deviates towards the left. The
deviation grows for three steps after which the prototype is not able to continue
walking and falls to the left. This empirical stability test suggests that the prototype
is not stable when it is not applying active lateral foot placement, similar to the
simulation model.
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Figure 8.14: Top view of the prototype’s motion in a stepdown disturbance trial when the
prototype is applying constant step width. Three steps after the disturbance has occurred
(vertical line) the model falls in the direction in which it first placed its foot on the lower level
(left in this case).

8.7.3 Stability with active foot placement

Lateral
position y [m]

The prototype has also been tested for stability with active lateral foot placement.
The value of the lateral foot placement feedback gain has been set to cvel = 0.5s
based on the desired relation cvel · dẏCoM /dyCoM = 2 found in the simulation study
and the value of dẏCoM /dyCoM = 4s−1 established for the prototype. As a result the
prototype successfully managed to handle the 4mm stepdown disturbance applied
in multiple consecutive stability test trials. The motion in one of those trials is shown
in Figure 8.15. When the prototype places its left foot first after the stepdown, again
the prototype’s lateral motion deviates towards the left. Now, as a result of the active
foot placement, the prototype places its feet more towards the left for a couple of
steps and manages to counter the deviation and continue walking. The test suggests
that the prototype is stable when it applies active lateral foot placement, similar to
the simulation model.
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Figure 8.15: Top view of the prototype’s motion in a stepdown disturbance trial when the
prototype is applying active lateral foot placement. After the stepdown has occurred the
prototype places its feet more to the left a few times with the result that it successfully
recovers and continues walking.
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8.8 Discussion
The simulation and prototype study have shown that it is possible to obtain lateral
cyclic stability on a locally unstable walker by only applying lateral foot placement,
even with a simple lateral foot placement strategy (i.e., linear and decoupled from
sagittal plane). As suggested in Section 8.1 lateral foot placement is promising for
the rejection of large disturbances. Results from an extended study with our simulation study support this expectation as the model is able to achieve a considerable
stepdown in the order of 14% of its leg length. The prototype has successfully recovered from stepdowns of up to 8mm (1.3% of leg length). Larger stepdowns have not
been tested yet, but we expect that, after some practical alterations that are currently
being implemented, the prototype should be able to handle more.
To study the sole effect of active lateral foot placement in this study the foot placement was not combined with any other active control in the lateral plane. Potentially
it can well be combined with active control in the ankle roll joint. In that case the lateral foot placement will take care of the large lateral deviations in the center of mass
motion once per step while the ankle control will fine-tune the exact location of the
center of pressure in the stance foot. It is expected that this combination will especially be a valuable addition when dealing with non-flat ground surface. Another
useful addition to lateral foot placement will be the ability to change the heading of
the foot that is to be placed. This can either be in an active manner or by a passive
solution, such as the lean-to-yaw coupling suggested by Wisse [142].

8.9 Conclusion
In this study we demonstrated, both in simulation and on a prototype, that it is
possible to obtain 3D stability in a locally unstable bipedal walker with fixed step
length by means of a simple, linear active lateral foot placement strategy using only
the lateral state information of the walker’s center of mass. In essence, the strategy
places the swing foot laterally relative to the current center of mass position by a
distance that is proportional to the center of mass velocity. Whilst synthesizing this
strategy, we found that:
• The effect of lateral stance foot location on lateral center of mass motion over
a step is approximately linear.
• The magnitude of this effect determines how sensitive the lateral foot placement should be to lateral center of mass velocity for stable gait.
• Increasing the walking speed and increasing the ankle roll stiffness will increase the range of stable foot placement feedback gains.
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9.1 Discussion and recapitulation
The goal of this thesis was stated in Section 1.4 as:
The goal of this thesis is to increase the understanding of the dynamic principles of human walking by increasing the performance of synthesized bipedal
robotic gaits, taking passive walking research as the starting point. As passive
walking already shows low energy consumption, the focus will be on improving
the disturbance handling ability and versatility of these type of walkers while
maintaining low energy use.
As this goal statement is quite general, Section 1.4 also poses three specific research
questions which this thesis attempts to answer in order to achieve the general goal.
The first question asks what are the dynamic principles of passive walking that are
important for further improvement of bipedal walkers and that can be transferred
to actuated walkers. The answer to this question is discussed in Section 9.1.1. Subsequently, Section 9.1.2 discusses the second research question: what are practical
quantitative measures for evaluating the performance of a walking gait. The answer
to this second question is used to answer the third and final research question: how
can gait performance be affected by adding sagittal swing-leg actuation, sagittal
ankle actuation, sagittal upper body actuation and lateral swing-leg actuation. The
answer to this question is discussed in Section 9.1.3.
Beyond answers to the three main research questions, this thesis has resulted in
other interesting findings. Two of those findings are discussed in Sections 9.1.4 and
9.1.5: the effect of walking speed and relations of the research to human walking.
Lastly, Sections 9.1.6 and 9.1.7 discuss the important decisions that have been made
in the applied research approach and the prototype design.

9.1.1 On transferable essentials of passive walking
The first research question that was posed in Section 1.4 reads:
1. What are the dynamic principles of passive walking that 1) are crucial for improving
the present performance of robotic gaits and 2) can be maintained when increasing the
amount of actuation?
As this thesis intends to increase the performance of synthesized bipedal robotic
gaits with passive walking as the starting point, it is important to know which dynamic principles of passive walking ought to be transferred to actuated walkers.
Not all the principles that underly passive walking depend on full passivity and
therefore some can be applied beyond this concept. Even more so, a couple of these
principles are very useful for improving the performance of actuated bipedal walkers in terms of energy consumption, versatility and the ability to handle unexpected
disturbances.
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The essentials of passive walking that are transferable to actuated walkers, are:
• Energy-effective use of natural dynamics
• Cyclic stability analysis
• Nonnecessity of local stability
• Nonnecessity of local controllability
• Use of stabilizing effect of step-to-step transitions
These principles form the basis of the concept ‘Limit Cycle Walking’, newly defined
in Chapter 2. This new term is introduced because the well-known term ‘Passive
Dynamic Walking’ is no longer applicable when abandoning the application of fully
passive mechanisms. The five transferable principles are discussed in more detail
below.

Energy-effective use of natural dynamics
The first and most obvious principle of passive walking that is useful for improving
actuated walkers is their use of the natural dynamics resulting in highly energetically effective walking motions. This, for example, makes the swing leg go forward
without performing any active work. For actuated walkers, performing the nominal
motion without any active work is not realistic and not even always optimal [74].
The principle should slightly be generalized to an aim for 1) minimizing the amount
of negative work and 2) maximizing the amount of positive work performed by passive elements:
1) As no net work is performed in a nominal walking motion over level ground,
minimizing negative work will automatically result in minimizing total work and
thus energy use. Relatively well-known examples of reducing negative work are
decreasing the magnitude of the foot impact during walking or swinging the leg
close to its natural frequency [76, 74]. Another example, applied in this research
(Chapter 6), is decreasing negative work by reducing the upper body oscillations.
2) In addition to minimizing negative work, it is useful to maximize the amount
of positive work that is performed by passive elements. This strategy is in a sense
changing the ‘natural’ dynamics of the walker. Passive elements have the potential
of storing energy somewhere within the cyclic motion and releasing it again later.
This reduces the amount of (negative and positive) work that has to be performed
actively. One example of applying a passive element for this purpose is the addition
of a spring between the legs, altering the natural frequency of the swing leg [74].
Another example, explored in this research (Chapter 5), is the use of a spring in the
ankle joint to store energy in stance which is then released at push-off.
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Cyclic stability analysis
The second crucial principle that is used in passive walking research is the application of cyclic stability analysis. As passive walkers generally have a point (or line)
contact between the stance foot and the floor, they are locally1 unstable along the
trajectory, similar to an inverted pendulum (Section 2.4). Nonetheless, their walking
motion is stable as a whole. This overall stability is determined by a cyclic stability
analysis.
This cyclic stability analysis observes the behavior of small deviations from the
cyclic, nominal walking motion on a step-to-step basis, using the concept of Poincaré
mapping (Section 2.4.1). In case the deviations tend to decrease from step to step,
the cyclic walking motion is found to be cyclically stable. This stability assessment
was first used for walking by Hurmuzlu [60] and subsequently by McGeer [90],
who pioneered passive walking. Assuring cyclic stability is important as it is a minimal requirement for Limit Cycle Walkers to successfully operate in practice. This
statement is validated by the work in Chapters 4 through 8 which all use the cyclic
stability analysis as a starting point.
Nonnecessity of local stability
The third important principle of passive walking follows directly from the previous one. Passive walkers have shown that it is not necessary to have local stability
along the walking trajectory to be cyclically stable as a whole. This nonnecessity of
local stability firstly has a direct advantage in terms of energy use, even when full
passivity is abandoned. It allows corrective actions to be performed at portions of
the motion in which they cost little or even save energy, while using relatively low
feedback gains in other places. In contrast, when aiming for continuous local stability, high feedback gains are necessary in all parts of the motion. This does not give
the freedom of distributing the corrective actions as described above. An example
of performing a corrective action at an energetically favorable instant is using ankle
push-off modulation instead of feedback in the ankle in the stance phase (Chapter 5). As the ankle push-off only delivers positive work, push-off modulation can
counter energy-increasing perturbations by performing less active positive work instead of energy dissipation.
It is important to note that just only decreasing feedback gains in general does not
automatically result in lower energy consumption, as is sometimes wrongfully assumed. One of the reasons why this does not generally hold true is that varying
feedback gains can influence the nominal motion of a walker. An example of this is
found with the results of upper body control presented in Chapter 6. In that case
higher feedback gains with respect to gravity result in a nominal motion which
consumes less energy. Nevertheless, the possibility to choose low feedback gains
increases the designer’s freedom to optimize for energetic effectiveness.
1 The use of the term local in this text is used to indicate that controllability/stability holds for the
direct neighborhood of a specific system state along the motion trajectory (in continuous-time).
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Nonnecessity of local controllability
Another advantage of not needing continuous local stability is that it is not necessary to assure local stabilizability/controllability either. This understanding releases some of the constraints that traditionally exist in synthesizing bipedal robotic
walking motions. These unnecessary constraints that have the sole purpose of providing controllability include maintaining a bent knee in the stance leg (to prevent
a kinematic singularity) and maintaining full foot contact throughout the stance
phase [133]. Effectively this means that a wider range of nominal motions (i.e.,
higher versatility) is possible.
Next to increased versatility, the nonnecessity of local controllability is an important
factor in making robotic bipedal walking look more human-like. An example of this
is the early heel rise that is shown in Chapter 5. This is an effect which is clearly
present in human walking but which cannot be obtained when aiming for continuous local controllability. Moreover, it could well be that taking out the aim for local
controllability is the key to changing the fact that traditional bipedal robotic gaits
are often described by human observers as overly cautious.

Use of stabilizing effect of step-to-step transitions
The last principle of passive walking that should be transferred to actuated walkers is the use of the stabilizing effect of step-to-step transitions. Doing so has two
advantages.
The first advantage is that step-to-step transitions occur more frequently when increasing the walking cadence and consequently increasing the walking speed. The
result of this is that the ‘control bandwidth/frequency’ automatically increases with
increasing speed and deviations from the nominal motion have less time to grow
throughout one (locally unstable) step. The counter-intuitive result of this is the
hypothesis that increasing the walking speed makes obtaining stability easier. Section 9.1.4 will discuss in more detail that the results found in this thesis confirm this
hypothesis.
The second advantage is that swing foot placement, the main influencing factor in
determining the effect of a step-to-step transition, consumes relatively little energy
while its potential of rejecting large disturbances is high. The main reason for these
properties is the relatively low weight of the swing leg that is being actuated. It generally takes little work to get the swing foot to the desired location and the relatively
small actuation torques make that the effect of foot placement is hardly constrained
by actuator saturation or limited foot contact area. A hint to the potential of foot
placement is given by the results obtained with the simple 3D simulation model described in Chapter 8. This model was found to be able to deal with an unexpected
step-down with the significant size of 14% of its leg length. Simultaneously, performing the active foot placement costs an infinitesimally small amount of energy
in this simple model.
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9.1.2 On quantitative gait performance measures
The second research question that was posed in Section 1.4 reads:
2. What are practical quantitative measures for evaluating/comparing the performance
of different bipedal gaits?
To come to the improvement of the performance of bipedal robotic gaits as intended
in this thesis, it is important to have appropriate measures of performance. These
performance measures have to give a quantitative assessment of the properties of
a specific bipedal gait to be able to see whether changes to a bipedal walker’s design or control lead to ‘better’ gait. Next to this property the performance measures
preferably have a short calculation and/or experimental time to be practical in the
process of improvement.
The properties of a bipedal walker that are interesting to assess in order to quantify its performance are energy consumption, versatility and its ability to handle
disturbances (i.e., disturbance rejection). For energy consumption a fast calculable,
quantitative measure exists: the cost of transport. It calculates the amount of energy
that a walker needs per unit weight to travel unit distance. This measure suffices
for the comparison of different bipedal gaits as long as one realizes that the cost of
transport does not incorporate the amount of time it takes a walker to travel a certain
distance. For a fair comparison it is therefore advisable to do this at equal walking
speed or at different walkers’ energetically optimal walking speeds. As the cost of
transport is a widely accepted and easy to compute measure, it is used throughout
this thesis.
The versatility of a walker can be quantified by the amount of tasks/gaits it is able
to perform. Examples of locomotory tasks are starting and stopping, walking at
various speeds, making turns and carrying loads. For some of these tasks, such as
starting and stopping, a simple zero or one is sufficient to describe the performance:
a walker can do it or not. For other tasks the performance is described by a continuous variable. Important examples of that are the speed range a walker can obtain
and the pace at which a walker can make a turn. It does not seem to be possible to
describe versatility by one single measure, but separate tasks can well be quantified
and this suffices for the purpose of comparison.
For disturbance rejection a new quantitative measure has been proposed in Chapter 3 of this thesis: the Gait Sensitivity Norm. A survey of the disturbance rejection
measures in use in the research field showed that none of them combine short calculation/experimental time with the property of giving a good quantitative description of how well a walker handles large disturbances. For instance, the Floquet multipliers that define cyclic stability do not give a good indication of disturbance rejection. For this reason, the new measure was formulated based on the cyclic stability
analysis described above, but incorporating the effect of physical disturbances. In
the chapter that introduces the Gait Sensitivity Norm it is shown that the measure
combines a good prediction of the ability of a walker to handle large disturbances
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with a short calculation time. Subsequently the measure has been applied to quantify the effect of changes in actuation strategy on the disturbance rejection of 2D
Limit Cycle Walkers in Chapters 4 through 7. The measure turned out to be very
useful in practice, both in simulation models and prototype studies. It has led to
gradual improvement of the disturbance rejection of the walkers in our lab. This
result was not only indicated by the value of the Gait Sensitivity Norm itself, but
also validated by the fact that the 2D walker ‘Meta’ was able to walk successfully
on increasingly uneven floors in hallways and outdoors. The development of the
Gait Sensitivity Norm however, is not yet complete. The measure has not yet been
applied for the improvement of 3D walkers. For that case, the use of variation in
step time as an indicator for the chance of falling, as applied throughout this thesis,
should be reconsidered. Chapter 3 only established step time as the appropriate gait
indicator in a study with 2D walkers. A similar study, applying various or even multiple gait indicators on 3D walkers (for instance step width), should be performed
to find the appropriate indicator in 3D.

9.1.3 On the effect of additional degrees of actuation
The third research question that was posed in Section 1.4 reads:
3. How can gait performance be affected by adding the following degrees of actuation:
(a) Swing leg actuation/foot placement in the sagittal plane (fore-aft),
(b) Ankle actuation in the sagittal plane,
(c) Upper body actuation in the sagittal plane,
(d) Swing leg actuation/foot placement in the lateral plane (sideways)?
In the research approach described in Section 1.5 the specific choice was made to
add actuation to our Limit Cycle Walkers in an incremental fashion. This approach
ensures that the function of a specific type of actuation is separately studied by
keeping the other degrees of actuation constant. The research in Chapters 4, 5, 6
and 8 is performed as such and shows the effect of the four mentioned degrees
of actuation on gait performance, using the measures mentioned in the previous
section. The research in Chapter 7 is a slight exception as it involves changing all
actuation in the sagittal plane simultaneously while studying versatility. The overall
findings in all the chapters combined are discussed below, grouped per degree of
actuation.
Sagittal swing-leg actuation/foot placement
Two different control strategies for the sagittal swing-leg actuation (or sagittal foot
placement) have been studied in this thesis, both on simulation models and the 2D
prototype ‘Meta’. The first strategy is swing-leg retraction as described in Chapter 4
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and the second is sagittal foot placement that uses feedback from walking speed as
described in Chapter 7.
The application of swing-leg retraction, based on observations in passive walkers,
shows that the disturbance rejection of Limit Cycle Walkers can be increased by a
simple ‘open-loop’ sagittal foot placement strategy. Without any feedback from a
walker’s state the handling of disturbances can be improved by moving the swing
leg backward with low velocity just prior to foot contact. Changing the actual retraction velocity alters the step-to-step dynamic response to a floor height disturbance
without a significant energetic cost. With fast retraction velocity the walker tends
to show an alternation of faster and slower steps, while a slow retraction velocity
results in a monotonically converging response (see Chapter 4).
Sagittal foot placement based on feedback from desired or actual speed has shown
to increase a Limit Cycle Walker’s versatility by increasing its obtainable speed
range. Next to this, applying feedback from actual speed showed a slightly preferable response to desired speed changes than applying feedback from desired speed.
This thesis did not research the effect on disturbance rejection of sagittal foot placement based on the feedback of walking speed. This is left for future research.
Overall, the potential of sagittal foot placement for improving the performance of
bipedal walkers has not fully been exploited in this thesis. The disturbance rejection of Limit Cycle Walking would benefit from further research on sagittal foot
placement that uses an increased amount of feedback from a walker’s entire state.
The ‘capture point’ concept introduced by Pratt et al. [103] is expected to be a good
point of departure in doing so. This concept uses a simplified model of a walker’s
dynamics to calculate the appropriate point to place the swing foot in order to come
to a standstill in the fewest amount of steps possible. This concept can be altered
to achieve a desired (non-zero) walking speed instead of coming to a standstill.
Another important area to get inspiration for sagittal foot placement control is the
study of human reflex strategies as it is done in gait analysis. This option is further
discussed in Section 9.3.

Sagittal ankle actuation
The addition of sagittal ankle actuation is studied in Chapter 5 on two simulation
models and the prototype ‘Meta’. Originally, passive walkers were mostly equipped
with arced feet which were rigidly connected to the lower legs. The results in this
thesis indicate that using an actuated ankle joint and flat feet can have a positive
influence on both energy consumption, disturbance rejection and versatility (Chapter 7).
First a spring-like actuation pattern has been introduced in the ankle which closely
resembles the torque pattern present in the human ankle. It includes a relatively
low stiffness at foot landing to induce ‘soft’ landing without bouncing and ankle
push-off to provide a positive amount of net work over one step (for propulsion).
The results with this actuation indicate that a significant energy saving (up to 90%)
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is obtained when applying a passive spring in the ankle. This passive spring stores
energy towards the end of the single stance phase to release it during ankle pushoff. This way only part of the push-off will have to be performed actively to provide
the desired net work and propulsion. Moreover, the results indicate that the energetically most optimal situation is obtained when the stiffness of this passive spring
is just sufficiently high to make the stance heel rise before the swing foot touches
the ground. At that specific stiffness the spring is able to store the largest amount
of energy and thus save the highest amount of overall energy consumption by the
walker. These results constitute a valuable rule of thumb in the future design of
bipedal walkers.
In contrast to energy consumption, the disturbance rejection of Limit Cycle Walkers
is hardly affected by the stiffness of a passive ankle spring. To improve the disturbance rejection two other active ankle strategies have shown to be effective. One
corrects deviations from the nominal motion by adapting the ankle torque throughout the single stance phase, the other by modulating the amount of ankle push-off.
The first strategy effectively moves the center of pressure forward or backward in
the stance foot based on whether the ankle motion is going faster or slower than
the desired motion (a simple trajectory based on desired walking speed). This local
feedback strategy is similar to applying an ankle spring, with the important difference that with the ankle spring the energy that is involved in the correction would
be stored to be released at push-off, thus canceling its own corrective effect. At first,
this stance ankle control strategy might seem in superficial disagreement with the
concept of Limit Cycle Walking. However, it is not, as the applied feedback gains are
not sufficient to provide local stability. The strategy does not ensure convergence of
deviations within a step, it merely results in a slower divergence within a step and
thus an increased disturbance rejection of the walking motion as a whole (i.e., over
multiple steps) by 60%.
The second ankle strategy that improves disturbance rejection is the modulation of
ankle push-off. In this thesis, the modulation is based on the angle that the leading
leg makes with respect to gravity during push-off as local sensor information from
the push-off ankle turned out to be unreliable. In practice, the leading leg angle
information was found to be most trustworthy in predicting whether the upcoming
step would elapse too fast or too slow. Based on this the added propulsion of ankle
push-off can be decreased or increased respectively, resulting in a significant 60%
increase in disturbance rejection. The additional benefit of this strategy is that it
is energetically more effective than stance ankle control as it only modulates the
amount of positive work and never the amount of negative work (see Section 9.1.1).
The last aspect of performance, versatility, is affected by ankle actuation as changing
the amount of nominal ankle push-off changes the nominal speed at which a walker
travels. The relation between the magnitude of the ankle push-off torque and the
resulting speed is positive (i.e., the more push-off, the higher the walking speed)
and approximately linear for all studied walkers. This fact makes the magnitude of
nominal ankle push-off an effective tuning parameter and as such it has often been
used throughout this research.
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Sagittal upper body actuation
The sagittal actuation of the upper body is studied in Chapter 6 by applying it on
two simulation models and the prototype ‘Meta’. Its effect on the versatility of a
walker is described in Chapter 7.
First, simple proportional-derivative feedback was implemented to control the sagittal orientation of the upper body with respect to gravity. In this, the desired upper
body orientation is kept constant with the aim of minimizing the upper body oscillations. Primarily this is done to 1) provide a steady platform for vision in future
applications and 2) attempt to replicate the very limited upper body oscillations
observed in humans. Indeed the upper body oscillations can be limited by this control, especially when increasing the feedback gains that are applied. At the same
time, increasing the feedback gains has an effect on total energy consumption that
is counter-intuitive: the higher the feedback gains, the lower the energy consumption. The, sometimes wrongfully used, general conjecture that lower feedback gains
result in lower energy consumption does not apply. The reason for this result is that
in this case the feedback not only affects the way deviations are handled, but also
the nominal upper body motion. When the feedback gains are increased, the nominal upper body excursions decrease and consequently a smaller amount of negative
work needs to be performed.
To combine low energy consumption with low feedback gains, the upper body control can be supplemented with a feedforward component. In this case, the feedforward component ensures the reduction of the upper body oscillations to decrease
energy consumption while the feedback component ensures stability. The appropriate feedforward torque pattern can be obtained by online adaptation (i.e., supervised learning) during walking. The adaptation algorithm applied in this thesis
aims for local minimization of the upper body’s angular acceleration. It is proven
to be stable and effectively reduces the upper body motions by about a factor of
ten and energy consumption by about a factor of two in only ten consecutive adaptive/learning steps.
Although nominal upper body oscillations are shown to have an emergent, slight
positive effect on disturbance rejection, no further research is performed on deliberately using the upper body for rejecting disturbances. It is expected that it is best not
to use the upper body in rejecting relatively small disturbances in order to maintain
a steady vision platform as much as possible. The upper body is more suitable to be
used to reject more extreme disturbances in a reflexive strategy, similar to a human
lunging its body forward in order to come to a quick standstill. The prospects of
such strategies are discussed in Section 9.3.
On the topic of versatility, the magnitude of the desired upper body angle has a similar effect on walking speed as ankle push-off. The relation between desired upper
body angle and speed is monotonic and approximately linear: the more the body
tilts forward, the higher the speed. There is a benefit of using upper body orientation to increase walking speed over ankle push-off: tilting the upper body more
forward instead of increasing push-off results in lower energy consumption. An-
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other interesting finding in terms of versatility is that walking speed can be made
independent of the fore-aft mass distribution in the upper body by regulating the
average torque on the upper body instead of the upper body angle. This can be realized by adding an integral term to the upper body controller that slowly adapts
the average pitch of the upper body based on the actual upper body torque that is
required.

Lateral swing-leg actuation/foot placement
Lateral swing-leg actuation/foot placement is the last additional degree of actuation
that has been studied in this thesis. It is implemented on a simulation model and the
3D prototype ‘Flame’. The effect of lateral foot placement on performance is studied
in Chapter 8, only in terms of cyclic stability.
A simple linear strategy that only uses lateral state (position and velocity) information of the walker’s center of mass is sufficient to create gait that is cyclically stable
in 3D. Information from the sagittal motions is not needed as long as the control in
the sagittal plane effectively keeps step time close to constant. Applying the sagittal
control strategies described in the previous sections sufficiently meets this demand.
Walking at increased speed or applying increased ankle roll stiffness makes lateral
stabilization ‘easier’, in the sense that a larger range of foot placement control parameters results in stable gait.
As mentioned above, performance aspects beyond stability have not yet been studied thoroughly and are left for future research. Nonetheless, additional exploratory
research has delivered a few preliminary results that are worth mentioning here.
Although the Gait Sensitivity Norm still needs an additional study to establish the
appropriate gait indicator (as indicated in Section 9.1.2), the lateral foot placement
strategy has been tested on the simulation model with step width as the gait indicator. The results show that step width variability on an uneven floor can be minimized by walking at narrow step width, high walking speed and with low ankle roll
stiffness. Narrow step width minimizes the effect of floor irregularities on the lateral
motion of a walker. Low ankle roll stiffness makes the lateral dynamics more sensitive to lateral foot location, thus enabling the rejection of disturbances with less
extreme changes in lateral foot placement. The effect of increased walking speed
is discussed in the next section. The magnitude of the lateral foot placement feedback gain does not significantly influence disturbance rejection. The latter finding
is enhanced by the fact that the simulation model is able to recover from the same
maximal stepdown disturbance (14% of the leg length) for all feedback gains that
are in the stable range.
The energy consumption related to lateral foot placement is limited (1.4% of total
energy consumption) as predicted at the end of Section 9.1.1.

208

Chapter 9

9.1.4 On the effect of walking speed
An interesting observation that this thesis has yielded beyond the specific research
questions discussed above, is the influence of walking speed on the performance of
Limit Cycle Walkers. Throughout the research, results have indicated that walking
at high speed is beneficial to a walker’s stability and/or ability to handle disturbances.
The first indication for this finding arises in Chapter 3 in the study that validates
the performance of the Gait Sensitivity Norm. The extended version of the simplest
walking model that is used in that chapter shows a monotonically increasing walking speed, both when the foot radius is increased and the hip spring stiffness is
increased. In both cases, the disturbance rejection of the walking model increases:
it is shown to be able to take larger single step downs, larger random floor height
variation and also the Gait Sensitivity Norm indicates that its disturbance rejection
increases.
The second indication is found in the ankle actuation study in Section 5.3.3. The
results in that chapter show that the disturbance rejection of the models and prototype is not significantly influenced by ankle stiffness in case the walking speed
is kept constant. In a previous, similar study [145] it was found that increasing ankle stiffness did increase disturbance rejection, with the difference that in that study
walking speed was not kept constant, but increased with ankle stiffness. Combining
these results, it can be concluded that the increased disturbance rejection there was
due to increased walking speed.
The most convincing result is shown in Section 7.4.3 (Figures 7.9 and 7.10). When
studying the possibilities of open-loop speed control through ankle push-off, upper
body orientation and step length of the simulation model, it turned out that disturbance rejection increases with speed, independent of the way this speed increase
is obtained. Subsequently, the increased disturbance rejection with increased speed
was confirmed on the 2D prototype.
Besides these three indications in the 2D walking studies performed in this thesis,
a last quantitative indication was found in the study with the 3D simulation model
in Chapter 8. In this case an increase in walking speed resulted in a larger stable
range of lateral foot placement feedback gains. This result indicates that lateral stabilization of a full 3D walker becomes less sensitive when increasing walking speed.
As mentioned in the previous section, some preliminary results from an additional
study also indicate that higher speed results in lower step width variability when
walking on an uneven floor.
The quantitative indications mentioned above are substantiated by personal experience that it is hard to make a Limit Cycle Walker prototype walk at low speed and
easier at high speed. The observed effect of walking speed might be explained in
several ways. A first possible underlying effect is that when an increase in walking
speed is (partly) due to an increase in walking cadence, the nominal step time will
decrease. Given the fact that typically Limit Cycle Walkers are locally unstable, this
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gives deviations less time to grow in the course of one step. A second underlying
effect might be that at high speed a perturbation with fixed energy content results
in a smaller speed change (and consequently smaller step time change) than at low
speed. This effect is due to the quadratic dependency of energy on speed. A more
detailed study of these effects must be performed to quantify their respective influences.

9.1.5 On relations to human walking
As mentioned in the introduction of this thesis, in the aim for a better understanding
of human walking it is important to have a constant cross-fertilization between the
fields of gait synthesis and gait analysis. Throughout this thesis various results have
come up that are interesting to discuss in relation to human walking.

Limit Cycle Walking and the nonnecessity of local stability
The introduction of the paradigm Limit Cycle Walking describes the fact that local
stability is not required to obtain stability of the overall cyclic walking motion. An
interesting question in this respect is whether it can be established that human walking also shows local instability and thus could be qualified as Limit Cycle Walking.
This question is one that is really hard to answer given the complexity of human
physiology and neural control structure. Nonetheless, some rough indications can
be found with the reasoning below.
If we consider a human in the single stance phase as a simple rigid inverted pendulum rotating about the stance ankle joint, one way to obtain local stability is through
an effective stiffness in the ankle. Based on typical human weight (mg) and height
of the center of mass above the ankle joint (h), the minimal required ankle stiffness
would have to be about mgh = 660 Nm/rad [83]. The actual effective ankle stiffness
depends on a combination of intrinsic and reflexive components which vary depending on the specific task at hand. These properties make it hard to get a simple
quantification of its magnitude, but a collection of several studies at least yields an
indication of a plausible range of ankle stiffness values. A study by Sinkjaer deliberately applied a perturbation to the ankle angle during walking and measured the
reactive torque [119]. From this study an effective ankle stiffness of no higher than
160 Nm/rad could be deduced. Typical ankle stiffness values were also obtained in
studies not directly involving the task of walking, but for instance the task of voluntary muscle contraction while seated [120]. Also in these cases, the ankle stiffness
does not exceed values in the order of 200-300 Nm/rad. Overall, measured ankle
stiffnesses in various studies are all at least a factor of 2 smaller than the stiffness
required for local stabilization. Although we realize that this is far from a scientific
proof and additional research is required, at least we can say that it might well be
that the overall stability of human walking does not depend on local stability.
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Actuation strategies
With respect to the studied actuation strategies, some of them have a closer, more
clear relation to human walking than others.
The strategy of swing-leg retraction, studied in Chapter 4, is not directly observed in
human walking. The swing-leg in human walking appears to have approximately
zero speed with respect to the floor in the fore-aft direction. This phenomenon, also
called ‘ground speed matching’, is achieved when zero swing-leg retraction is applied. It is more probable that sagittal foot placement in humans is based on walking
speed, as it is done in Chapter 7. At least it is clear that, nominally, the sagittal foot
placement (i.e., step length) is changed with walking speed. Whether this change
is achieved in a pure feedforward manner or with the use of active feedback from
walking speed is not clear.
The ankle actuation strategy studied in Chapter 5 has a couple of relations to human
walking. The study shows that the nominal torque-angle diagram in the human
ankle can be emulated by a relatively simple spring characteristic with a discretely
changing equilibrium point at push-off (Figures 5.5 and 5.6). In this, an ankle spring
stiffness that results in heel rise before the swing foot touches the ground is found
to result in the lowest overall energy use. As a similar ankle stiffness is observed
in human walking [35], this result might indicate that the human ankle stiffness
in walking is similarly optimized for energy consumption. An interesting possible
application of this knowledge is the design of ankle orthoses. These orthoses could
be custom designed to patients to ensure an overall ankle stiffness that just results
in early heel rise. It might well be that designing them this way results in reduced
fatigue for the users.
Another observation from the ankle actuation study that seems to be related to human walking, is the modulation of the local ankle feedback gain throughout a walking step. The results in Chapter 5 show that it is beneficial for a walker’s disturbance
rejection to have a high local angle feedback gain in the ankle during the stance
phase and no local angle feedback during push-off. This effect might explain the
reflex gain modulation that has been measured in the human ankle by Sinkjaer et
al. [119]. In humans the reflex modulation shows the highest local angle feedback
gain halfway the stance phase and close to zero gain during push-off. The human
equivalent to the push-off modulation that is studied in Chapter 5 is unclear. The
study by Sinkjaer et al. shows that there is hardly any local angle feedback, which
could be explained by the lack of meaningful local kinematic information that has
been found in this thesis (Section 5.5). Nonetheless, it remains uncertain what other
type of control is governing the magnitude of ankle push-off in human walking. A
possibility is the presence of positive force feedback in the late stance phase as suggested by Grey et al. [43]. Although in our prototype also the local force measurement did not seem a trustworthy source of information for push-off modulation,
this finding is too weak to confirm or refute that suggestion.
The study of upper body control in Chapter 6 is related to the question of the respective roles of feedforward and feedback in human walking. Both humans and

Discussion, conclusions and future directions

211

our Limit Cycle Walking prototypes can only apply limited feedback gains, one
mainly because of time delays in the nervous system and the other because of limited actuator bandwidth. This situation calls for the application of feedforward to
be able to achieve the desired walking motions. The upper body control study in
this thesis confirms that it is possible to limit upper body oscillations to a humanlike magnitude (1 degree) by the application of low feedback gains in combination
with feedforward. The appropriate feedforward component was obtained by the
use of online adaptation of a simple internal model in as little as ten to twenty steps.
This result is in line with the assumed presence of fast-adaptive internal models in
human motor control [69, 77, 118]. Moreover, the feedforward upper body torque
pattern that resulted from the online adaptation is very similar to the torque pattern
observed in humans (Figure 6.14).
The last actuation discussed in this thesis, lateral foot placement, is one that is expected to be an important factor in 3D stabilization of human walking. This expectation is based on observations from human gait analysis [84, 111, 13]. Not much is
known yet about the actual strategy that humans apply. The results in this thesis indicate that 3D stabilization can indeed be obtained by active lateral foot placement
and that a relatively simple strategy might suffice for this purpose. It appears that
lateral foot placement need only be based on lateral state information of the center
of mass motion, but to what extent this is the case in human walking is uncertain.

Effect of walking speed
The relation between walking speed and stability/disturbance rejection is a relevant and popular topic in the research of human walking. Its relevance is due to
the fact that the frequent occurrence of falls in elderly is typically combined with a
relatively slow walking speed. As the occurrence of falls in elderly is a major cause
of deaths [67] and early admission to nursing homes [128], it is important to understand its cause and the possible role of walking speed.
There is two different ways of looking at the causality between frequently occurring
falls and slow walking speed. It could be that elderly are at an increased risk of
falling (for instance due to sensory loss) and consequently start to walk more slowly
in an attempt to prevent actual falls. In this first reasoning it is assumed that walking
more slowly decreases the risk of falling. It could also be the other way around,
that elderly people start walking more slowly (for instance due to decreasing motor
function) and consequently are at a greater risk of falling. The results from this thesis
speak in favor of this second reasoning.

Gait Sensitivity Norm
The Gait Sensitivity Norm that has been introduced in this thesis has shown to be a
valuable measure for gait synthesis throughout this research. It might well be that it
can be applied as a measure to quantify the disturbance rejection of humans in gait
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analysis as well. Although it is still uncertain which measure is best suited to establish the risk of falling in humans [26], some successful results have been obtained
with variability of gait (kinematics or temporal) as an indicator [48, 46]. The gait
variability in these studies is analyzed without identifying a specific cause of this
variability. The Gait Sensitivity Norm is interesting in this respect as it predicts the
risk of falling by calculating the expected gait variability in the presence of random
disturbances (Chapter 3). We feel that the addition of the disturbances that cause
the variability is needed to have a complete analysis. With this additional information, a prediction can be made of the relation between the size of disturbances that
humans typically encounter on a daily basis (e.g., floor unevenness) and the chance
of falling. An additional advantage of the Gait Sensitivity Norm is that it can be established in a clearly defined experiment with a limited amount of measured steps.
This solves the problem that reliably measuring gait variability can only be done
with a very large amount of steps [97, 46]. This problem is significant, especially
when dealing with subjects that are impaired or disabled.

9.1.6 On general research approach
At the start of this thesis the decision was made to follow a specific research approach, distinguishing itself by the following characteristics:
• An incremental approach to adding actuation.
• Combined use of simulation models and physical prototypes.
• Application of parameter studies.
• The use of quantitative measures for comparing gait performance.
This section contains a discussion of the consequences of this approach in hindsight.
The incremental approach to adding actuation has lead to the successful addition
of four degrees of actuation in a physical 3D walking robot compared to the walker
‘Denise’ built at Delft University of Technology just prior to the start of this PhD
project [141]. This 3D walker applied only sagittal swing-leg actuation. Sagittal ankle actuation, sagittal upper body actuation, lateral swing-leg actuation and sagittal
knee actuation have been added since. A study of sagittal knee actuation is not included in this thesis as at this point it is only used for the straightforward function
of bending and stretching the knee during swing. The addition to overall performance of each of the other separate degrees of actuation has been identified. The
potential advantage of knee actuation during the stance phase will be studied in the
near future and possibly implemented on the prototype ‘Flame’ (see Section 9.3). By
the addition of the various degrees of actuation, this prototype has become a useful
platform on which various new strategies can be tested.
While studying the control of each degree of actuation an attempt was made to use
mostly local sensor information. This approach has the advantage that the resulting
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controller is relatively simple and it is easier to identify important principles. Next
to this, this control approach is similar to the structure of the local reflex loops that
are found in humans. The downside of the incremental approach is that it does
not directly identify the benefit of combined (i.e., multi-joint) actuation strategies.
The studies performed in this thesis all identify the effect of one specific degree of
actuation while keeping the others as constant as possible. Coupled strategies are
thus not considered, in spite of the fact that they are interesting given the fact that
humans have several biarticular (multi-joint) muscles.
The use of simple point mass models has been very useful. Their relative simplicity
is essential as it allows one to get an understanding of the complex nonlinear dynamics involved in bipedal walking. Simultaneously, they form an excellent basis
for the first attempts to synthesize stable control strategies and for performing extensive parameter studies, as their calculation time is relatively short. In spite of their
simplicity, the results from all the studies in this thesis clearly indicate that these
models incorporate the same principles as more complex models or even physical
prototypes. Nonetheless, some exceptions in these studies also show that it is important to keep track of what exactly happens in the models’ motion as some results
can be artifacts that are due to the (over)simplification.
Next to the simulation models, the physical prototypes form the ultimate validation of the studied actuation strategies. There have been occasions that a strategy
that was tested on a model, did not work in the prototype due to a high sensitivity
to practical attributes as for instance sensor noise. Getting a strategy to work on a
prototype therefore is an automatic proof of its robustness.
Finally, the application of parameter studies using quantitative performance measures has been an important factor in the performance improvements that have been
made in this research. By doing this, the effect of important control or design parameters on overall walking performance have been identified. All parameter studies
have been performed by changing parameters in the control software on the prototypes. Also in case the study actually involved a design parameter (such as a passive
stiffness), the parameter change was emulated by control to study the effect. In such
a case the result of the study was a recommendation for a design change, for instance
the addition of a specific passive stiffness in the ankle (Chapter 5). Actual physical
design changes were not implemented on the prototype due to time constraints.

9.1.7 On prototype design
Throughout this research two prototypes have been built and used: the 2D prototype ‘Meta’ and the 3D prototype ‘Flame’. A brief description of the design of the respective prototypes is given in each chapter with a focus on the information needed
for the specific study of that chapter. An overall, more detailed description of the
two prototypes is given in Appendix A.
The parameter study approach discussed above created special demands for the design of the prototypes. The prototypes were specifically designed as research plat-
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forms that allow multiple parameter variations to be applied within the controller.
For this purpose the prototypes need to be versatile and have good controllability/control bandwidth. To achieve this, a significant change in hardware design has
been applied compared to the preceding research at Delft University of Technology [130, 141]. Previous prototypes used to be equipped with pneumatic McKibben
actuators for their inherent compliance (energy storage), their relatively low weight
and ease to install. Unfortunately this actuation system does not yield the desired
versatility and controllability.
The new choice of actuation in this research is ‘series elastic actuation’, as first introduced by Pratt et al. [102]. A geared electric DC motor is attached to an actuated
joint via an elastic element. By measuring the elongation of this element this actuation system allows the application of force/torque control. The choice of using series
elastic actuation with a geared electric DC motor is reasoned below.
The geared electric DC motor is used as it has several properties that make it especially suitable to be applied in autonomous robots. The fact that electric motors themselves are not lightweight is compensated by the relative lightweight system overhead (amplifiers and batteries) in comparison with the overhead of hydraulic and pneumatic actuators. The fact that electric motors are widely used in
autonomous applications, makes that ongoing miniaturization will even tend to increase this advantage. It also means that there is a wide choice and fast supply of
necessary system components. The use of gears makes that the electric motor can
deliver the high torques at low operating speed, as is typically needed in legged
robots. The low-friction alternative of direct drive motors is not used as it would
require the use of heavy motors with an overly high power rating.
The main disadvantage of the geared motor is its high impedance (i.e., high reflected
inertia and friction). This property would typically severely harm the natural dynamics of a bipedal robot. As in this research bipedal walking is synthesized such
that the natural dynamics of the walker play a key role (both for efficiency and disturbance rejection), such a severe alteration of the dynamics is unacceptable. The
solution to this problem is the use of torque control with the series elastic element.
Applying torque control reduces the output impedance of the actuation system as a
whole. The more compliant the element that is used to measure the joint torque, the
lower the output impedance can effectively be made. The result is that the dynamic
effect of the motor’s high inertia and friction is nearly invisible at the joint. An additional advantage of series elastic actuation is shock tolerance. The elastic element
prevents damage to the gearbox when impacts occur. This additional advantage is
especially useful for walking robots as impacts occur very often.
Although the dynamic effect of the motor can effectively be removed, unfortunately
the disadvantageous effect of adding high reflected inertia and friction in terms of
energy consumption remains. For the moment the decision has been made to live
with this disadvantage as a better actuator alternative is not readily available. When,
in due time, the understanding of the appropriate torque patterns in walking is more
complete, this knowledge should be used for a reevaluation of the actuator choice.
A second disadvantage of the choice of series elastic actuation is that there it typi-
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cally allows lower position control bandwidth than a stiff construction would. Fortunately the application of high position control bandwidth is not needed when applying the paradigm Limit Cycle Walking. Series elastic actuation is perfectly suited
for the use of low feedback gains combined with a significant amount of feedforward that is applied here.

9.2 Conclusions
The main conclusions of this research are:
• For further improvement of the performance of bipedal walkers it is important
to transfer the following principles from passive walking to actuated robotic
walking:
– Energy-effective use of natural dynamics
– Cyclic stability analysis
– Nonnecessity of local stability and controllability
– Use of stabilizing effect of step-to-step transitions
• The principles above form the basis of the newly introduced bipedal walking
paradigm Limit Cycle Walking:
Limit Cycle Walking is a nominally periodic sequence of steps that is stable
as a whole but not locally stable at every instant in time.
It is concluded that this paradigm has potential benefits in terms of a walker’s
energy use, versatility and ability to handle unexpected disturbances.
• The newly introduced Gait Sensitivity Norm is the first practical disturbance
rejection measure that combines fast calculation/experimental time with a
good prediction of a walker’s ability to handle unexpected disturbances.
• Mild swing-leg retraction improves the disturbance rejection of a walker.
• A passive ankle stiffness that results in early heel rise (i.e., before swing foot
touchdown) results in minimal energy use.
• The effect of passive ankle stiffness on disturbance rejection is negligible.
• Local ankle angle feedback that is only applied in the stance phase of walking
(i.e., not during push-off and swing) increases a walker’s disturbance rejection.
• Modulation of ankle push-off improves disturbance rejection when using feedback from the absolute angle of the leading stance leg. The local (push-off ankle) state information does not seem to be a reliable source of feedback.
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• When the upper body is controlled with respect to the direction of gravity,
both upper body oscillations and energy use decrease with increasing feedback gains.
• Reduced upper body oscillations and energy use can also be obtained with
low feedback gains in combination with a feedforward upper body torque.
The appropriate feedforward torque can be obtained on-line by adaptation of
a simple internal model.
• Walking speed can be controlled by adapting the magnitude of ankle push-off
or the desired upper body pitch. Adapting step length increases the range of
obtainable speeds.
• Tilting the upper body forward is a more energy-effective way of increasing
walking speed than increasing ankle push-off.
• Increasing walking speed increases a walker’s disturbance rejection.
• Lateral stabilization can be obtained by a simple, linear lateral foot placement
strategy using only the lateral state information of a walker’s center of mass.
• The overall research has lead to the successful creation of two walking bipedal
robots: the 2D walker ‘Meta’ and the 3D walker ‘Flame’.

9.3 Future directions
In this thesis various potential benefits of applying the paradigm Limit Cycle Walking have been mentioned. Some of these potential benefits have been exploited, but
not all of them. Future work can further increase the performance of bipedal robots
and consequently lead to new insights on the principles of human walking. This
section discusses future directions that are expected to be interesting to pursue.
First there are two specific degrees of actuation that are expected to significantly
increase performance: knee actuation and actuation of the transverse rotation (or
heading) of the foot. Knee actuation is already implemented on the 3D prototype
‘Flame’ and it is therefore encouraged to pursue the study of this degree of actuation
using this existing prototype. Performance improvements are especially expected by
the implementation of knee bending in the leading stance leg during landing and
in the trailing stance leg during push-off. These mechanisms are both used by humans. They are expected to have a positive effect on energy use, as they can assure a
more smooth redirection of a walker’s center of mass at step-to-step transitions [76].
Especially when energy storage in a passive element can be achieved in the bending
knee, this can decrease the overall amount of energy use. Bending the knee of the
trailing leg during push-off is expected to have a positive effect on versatility and
disturbance rejection as well. This mechanism allows the energy applied at pushoff to contribute to acceleration of the swing-leg in addition to the acceleration of a
walker’s center of mass as is primarily the case with a stretched knee. As explained
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in Chapter 7, this knee bending prior to the swing phase combined with the additional acceleration of the swing leg reduces the main constraint on walking speed.
A higher walking speed can be obtained, resulting in increased versatility. Simultaneously, the swing leg acceleration ensures that the swing foot is brought forward
faster which means that a walker can better avert a forward fall (i.e., increase its
disturbance rejection) [150]. Actuation of the transverse rotation (or heading) of the
foot is primarily expected to have a large positive influence on a walker’s versatility.
This ability allows a walker to change its heading and thus make turns. Currently a
new prototype, called ‘TUlip’, is being developed, that includes this degree of actuation. It can both change the heading of its body with the respect to the ‘fixed’ stance
foot and change the heading of the swing foot with respect to the body. These mechanisms should allow both slow turns while walking and sharp turns when (almost)
standing still.
The performance of our bipeds is also expected to benefit from the addition of new
sensors. Two especially interesting ones are pressure sensors beneath the foot and
vision. With pressure sensors a walker’s center of pressure can be measured. This
information helps to get a complete picture of the dynamics of a biped which can
be used for better ankle control and foot placement, especially on uneven terrain.
Vision is very useful for the early detection of possible disturbances. When disturbances can be predicted ahead of time, they can either be avoided or gait can
be adapted to be able to deal with them. Such ‘feedforward’ actions are vital for a
robot to be able to operate in real-world environments where disturbances are large
and plentiful. Both vision and pressure sensors are incorporated in the design of our
new prototype ‘TUlip’.
Besides from design changes, major performance improvements can be achieved by
new, more elaborate control strategies. An interesting direction is the addition of
designated reflexive strategies for large disturbances. Observations from gait analysis show that humans have specific strategies to recover from large disturbances.
These strategies differ significantly depending on the timing of the disturbance. In
case of stumbling for instance, a human will respond by elevating its swing leg
and elongating the step if the disturbance occurs in early swing and by lowering
its swing leg and shortening the step if the disturbance occurs in late swing [33].
To translate such strategies to robotic walking, a robot must be able to detect and
distinguish a disturbance and subsequently select the appropriate strategy.
Besides this approach of taking inspiration from human walking, another interesting way of synthesizing entirely new walking controllers is through learning by doing. It is expected that the performance of bipedal walkers can be improved when
they automatically optimize parameters or learn entirely new strategies. For the latter, an interesting option is the application of reinforcement learning. In this type
of learning a robot will adapt its behavior based on simple feedback in the form of
rewards for good and bad (e.g., ‘still upright’ or ‘fall’ in case of walking). In our lab
a prototype, called ‘Leo’, is currently being developed to investigate the potential of
this approach.
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A.1 Introduction
Performing gait synthesis on bipedal robots is a useful way of increasing the understanding of the dynamic principles of human walking. This understanding has two
discretely different types of application: robotics-oriented applications and humanoriented applications. The robotics-oriented applications include entertainment in
the short-term [62] and home care in the long-term [49, 152]. The human-oriented
applications involve the improvement of rehabilitation devices, such as prosthetics
and orthotics.
Our approach to bipedal gait synthesis uses the recently introduced paradigm of
‘Limit Cycle Walking’ [53]. This paradigm is an extension on the concept of Passive
Dynamic Walking, as pioneered by McGeer [90]. Passive Dynamic Walkers show
that it is possible to perform stable bipedal walking without any actuation or control. Limit Cycle Walking expands this concept of Passive Dynamic Walkers to actuated bipeds. The essence of Limit Cycle Walking is that it is possible to obtain stable
periodic walking without locally stabilizing the walking motion at every instant
during gait [53]. In this context, local stability refers to stability in continuous-time
for the direct neighborhood of a state along a walker’s motion trajectory. Realizing
that local stabilization is not necessary, eliminates the need for ‘dynamic balance’
as introduced by Vukobratovic [131] and it allows the use of compliant control. The
possibility of using compliant control makes that stiff control actions at energetically
unfavorable points along a motion trajectory can be avoided. Instead, a Limit Cycle
Walker can just stay close to its natural dynamics at those locations (i.e., let go) and
reject large disturbances by control actions with low energy use, such as foot placement. Removing the need for ‘dynamic balance’ (i.e., flat foot contact) results in a
wider choice of walking motions and thus increased versatility.
To demonstrate this claimed potential of applying the Limit Cycle Walking paradigm in reality, we have built various physical bipedal robots in the past. This paper discusses the design and experimental results of our two latest walking robots:
the 2D walker ‘Meta’ and the 3D walker ‘Flame’. First we will discuss the design
requirements that follow from the desire to maintain the advantageous principles
of Passive Dynamic Walking (e.g., compliance), while introducing sufficient actuation to make a versatile system/research platform (Section A.2). Subsequently Sections A.3, A.4 and A.5 show a system overview of the two robots, their actual mechanical realization and the control system architecture. Section A.6 shows data
from typical walking experiments with both robots and gives an overview of their
abilities in terms of energy use, disturbance rejection and versatility.

A.2 Requirements and design concepts
Studying the potential benefits of Limit Cycle Walking on physical robots creates a
set of special design requirements. This section will only discuss the requirements
specifically related to Limit Cycle Walking. These requirements exist in addition to
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the general design guidelines for bipedal robots such as robustness and light weight
construction.
As mentioned in the introduction, important advantageous properties of Limit Cycle Walkers are that they move largely according to their natural dynamics and that
they have high compliance/low control stiffness. A vital design requirement that
comes out of this is that the actuators in the prototypes need to have a low output
impedance, meaning that a displacement imposed on the actuator by the walker
will only result in a low actuator torque. In other words, the actuators need to be
easily backdriveable and leave the natural dynamics of the walker intact to be able
to properly apply the concept of Limit Cycle Walking.
At the same time, in order to obtain high versatility and the ability to handle large
disturbances, the actuators should supply a Limit Cycle Walker with sufficient controllability. The actual requirements for versatility (i.e., degrees of freedom, actuation) depend highly on the research goals we have for the two prototypes. The first
prototype ‘Meta’ is designed to study only the sagittal dynamics of walking and the
potential effect of sagittal degrees of actuation on walking performance. It is meant
to be able to do straight walking at varying speed, start and stop and reject considerable disturbances such as floor irregularities. Its main research purpose is the
study of the effect of sagittal swing-leg actuation, ankle actuation and upper body
actuation on walking performance. The second prototype ‘Flame’ is also designed
to be able to do straight walking at varying speed with the ability to start and stop.
The main difference is that ‘Flame’ is meant to study lateral dynamics in combination with sagittal dynamics. Its main research purpose is the study of the stabilizing
effect of lateral foot placement.
Lastly, there are specific design requirements for the natural dynamics of the walkers, especially the natural dynamics of the legs. From earlier studies we know that
a naturally fast swing-leg motion is desirable for both increasing walking speed,
decreasing energy use [74] and increasing disturbance rejection [150]. The consequence of this for the walkers’ design is that we want the mass moment of inertia of
the legs with respect to the hip joint to be low. This can be achieved by minimizing
the mass at the end of the legs (i.e., close to the feet).

A.3 Overall design layout
In order for the robots to have the desired versatility as mentioned in the previous
section, we chose to give the two robots the degrees of freedom as depicted in Figure A.1. The prototype ‘Meta’ has six internal degrees of freedom. As the prototype
‘Meta’ is designed to only study sagittal dynamics, it is built as a 2D walker that
cannot move in the lateral plane. This 2D behavior has been obtained by giving
‘Meta’ four legs that are symmetrically paired. Its knees are left passive with a locking device, similar to the design of previous walkers in our lab [151, 146, 144]. The
prototype ‘Flame’ has nine internal degrees of freedom. Only the ankle roll joints
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(θa,l and θa,r ) are left passive. The hip roll joint (θh ) is implemented with a compasslike bisecting mechanism, keeping the upper body roll angle at half the inter-leg roll
angle.

φh,o
φk,o
φa,o

φh,i
φk,i
φa,i

φh,l

φh,r

θh
φk,l

φk,r

φa,l

φa,r
θa,r

2D walker 'Meta'

θa,l

3D walker 'Flame'

Figure A.1: Degrees of freedom of both Meta and Flame. They have a total of 6 and 9
degrees of freedom respectively. The prototype Meta is a 2D walker which in the design is
obtained by symmetrically paired legs. The letters i and o in the subscripts indicate inner
and outer legs, in contrast to the letters l and r in 3D walker Flame which indicate left and
right leg. The grey colored degrees of freedom are actuated, the white ones are passive.
The sign of a rotation is positive as indicated by the arrows, considering the upper body as
the base.

The actual designs and realizations of the prototypes are shown in Figures A.2 and
A.3. Before reaching its final design, the prototype ‘Meta’ has seen three different
versions. Version I had a compass-like bisecting mechanism in the hip pitch joints,
based on the design of an earlier prototype ‘Max’ [146] and it had passive ankle
pitch joints with an ankle spring. In Version II the ankle actuation was added and in
Version III the bisecting mechanism was removed and replaced by separate degrees
of actuation for each hip pitch joint. The results in Chapter 4 of this thesis were
obtained with Version II, the rest with Version III.
The prototype ‘Meta’ weighs 11 kg, is 1.1 m tall and has a leg length of 0.6 m. The
prototype ‘Flame’ weighs 15 kg, is 1.2 m tall and also has a leg length of 0.6 m.
Table A.1 gives an overview of the actuator type (Maxon motors), gear reduction
and range of motion of each of the degrees of freedom in their final designs. More
detailed information about the mechanical and electrical realization is given in the
next sections.
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Figure A.2: Design and realization of the prototype ‘Meta’. The design (left) shows the final
design version with separate actuation for each hip pitch joint, while the realization (right)
is a picture that was taken when ‘Meta’ still had a compass-like bisecting mechanism in
the hip [146].

Table A.1: Data degrees of freedom of Meta and Flame.

DoF
φh
φk
φa
θh
θa

Meta
Power rating
Range of
+ reduction
motion [rad]
90W, 1:206
-0.7 to 0.7
0 to 1.3
90W, 1:89
-0.25 to 0.7
-

Flame
Power rating
Range of
+ reduction
motion [rad]
90W, 1:158
-0.7 to 0.7
90W, 1:51
0 to 1.5
90W, 1:223
-0.4 to 0.7
90W, 1:416
0 to 0.2
-0.05 to 0.05
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Figure A.3: Design and realization of the prototype ‘Flame’

A.4 Mechanical realization

The desire to introduce the degrees of freedom and actuation as mentioned in the
previous section in combination with the low actuator impedance and proper natural dynamics mentioned in Section A.2 leads to a mechanical design that has some
special features. The most interesting mechanical design features are covered in this
section.
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A.4.1 Series Elastic Actuation
To obtain the required combination of low actuator impedance and high controllability, as discussed in Section A.2, the main choice of actuation for our robots is
‘series elastic actuation’, as introduced by Pratt et al. [102]. The actuated joints are
driven by a geared electric DC motor that is connected to the joint through a cable drive that holds an elastic element. By measuring the elongation of this element
this actuation system allows the application of force/torque control as shown by the
schematic diagram in Figure A.4.
geared electric motor

bm,refl

series elastic
element
joint

τm
motor
current/torque

Im,refl

PD

measured spring
elongation/torque

controller

Figure A.4: Schematic diagram of the concept of series elastic actuation. An electric motor
drives a joint through an elastic/compliant element. By measuring the elongation of this
element, the torque that the total actuator system delivers to the joint can be controlled.

The use of electric DC motors generally allows high torque control bandwidth with
relatively little system overhead. In comparison to pneumatic or hydraulic actuators
this makes the electric motor an attractive candidate for autonomous robots. The
application of a geared motor instead of direct drive is chosen because in case of
direct drive the magnitude of the desired torques in our robots would require a
heavy motor with overly high power rating. On the other side, the use of a geared
electric DC motor would typically result in a high actuator impedance (i.e., high
reflected inertia and damping/friction). This undesirable property is best solved by
the application of torque control through a series elastic/compliant element as will
be shown below.
Figure A.5 shows the modeled output impedance (actuator torque over joint angular displacement) of one of the prototypes’ actuators with and without the series
elastic element plus torque controller present. In this, the model of the electric motor is a mass-damper model as depicted in Figure A.4, for which the parameters
have been fitted to measurements with the actual motor. The torque controller is a
proportional-derivative controller that has the same settings as applied in the actual system. The high output impedance of a geared electric motor is shown by the
dotted line; a joint oscillation at 1 Hz with an amplitude of 1 rad is resisted by a significant torque of up to 10 Nm (in range of maximal torque the motor can deliver).
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Magnitude (dB)

150
100

without series elastic actuation
50 (only geared electric motor)
0
-50

increasing series
compliance

with series elastic actuation

Phase (deg)

-100
180

90

increasing series
compliance

0
-1
10

0

1

10

10

Frequency (Hz)

10

2

3

10

Figure A.5: Output impedance of one of our actuators with and without the presence of a
series elastic element plus torque controller.

In case series elastic actuation is applied, the actuator impedance is reduced by at
least a factor of 50 at all frequencies (dashed and solid line). Using a more compliant element (instead of a typically stiff torque sensor) results in a lower actuator
impedance at high (uncontrolled) frequencies and a decrease in phase lead (i.e., less
‘damping’ added by the actuator).
The effect of low output impedance of a series elastic actuator is clearly shown when
comparing the system dynamics before an actuator was connected to the dynamics
with an actuator as shown in Figure A.6. The left graph shows the measured dynamics of a freely swinging fully passive robot leg. The right graph shows how directly
connecting a geared electric motor severely hampers these natural dynamics (dotted line). In contrast, adding a series elastic actuator with (zero) torque controller
leaves the original dynamics intact (dashed line).
0.4

Hip pitch joint angle [rad]

0.4

With geared electric motor

Original (passive) dynamics
0.2

0.2

0

0

-0.2

-0.2

With series elastic actuation
-0.4

0

2

4

6

Time [s]

8

10

-0.4

0

2

4

6

8

10

Time [s]

Figure A.6: Measured hip pitch joint motion during passive swinging of a leg (left), ‘swinging’ with a geared electric motor directly connected (right, dotted) and with a series elastic
actuator connected (right, dashed). Using an elastic actuator leaves the original dynamics
of the leg intact, in contrast to the geared electric motor.
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Next to the low actuator impedance, series elastic actuation has another interesting advantage: shock/impact tolerance. When impacts occur in the robots (and this
does happen frequently in walking), the series elasticity protects the motor and especially the gears in the gearbox from being severely damaged. A disadvantage of
the series elasticity is that it forms a limitation on the position control bandwidth
that can be obtained on the joints. As indicated in the introduction, this is no problem when applying Limit Cycle walking as stability typically does not depend on
the application of stiff position control.

A.4.2 Limb actuation design: hip pitch as example
Series elastic actuation is implemented in the design for all degrees of actuation
except for the hip roll actuation in ‘Flame’. The reason that this degree of actuation
is directly driven is that the lateral foot placement implemented through this joint is
a position task with very limited motion. The advantage of series elastic actuation
in this case is limited.
The mechanical implementation of series elastic actuation in our prototypes is done
through a steel cable drive that holds two tension springs. The use of cables offers
the possibility to place the motor at various positions and orientations relative to
the joint axis. We will show the hip pitch joint actuation as an example of this. In
case of ‘Meta’ the motor is placed in the upper body parallel to the hip pitch joint as
is shown in Figure A.7. Placement in the upper body keeps the legs lightweight and
thus relatively fast. In case of ‘Flame’ placement in the upper body was not possible
due to space constraints. As Figure A.8 shows, in ‘Flame’ the motor is placed in the
upper leg orthogonal to the hip pitch joint. This configuration, achieved by the use
of idler pulleys, allows high placement of the motor while preventing the motor
from sticking out to the side where it is susceptible to damage. In both prototypes
a 30000 counts per revolution incremental encoder (Scancon) is used on the joint
side for accurate position and velocity estimation. By measuring the difference in
orientation of the encoder on the motor and joint side, the extension of the spring is
determined. This measurement gives the torque exerted on the joint.

A.4.3 Foot and ankle design
Another special mechanical feature is the ankle and foot design. Due to the aim of
keeping the mass at the end of the legs low, it is not tolerable to have the motor that
drives the ankle pitch joint close to the ankle. For this reason this motor is placed
in the upper body, both in the case of ‘Meta’ and ‘Flame’. The connection to the
ankle pitch joint is obtained through a Bowden cable drive (i.e., combination of an
inner and outer cable/tube) with a tension spring at the end of the inner cable, as
shown in Figure A.8 in the design of the foot of ‘Flame’. This construction allows
active plantarflexion (pulling toe down) through the motor and passive dorsiflexion (pulling toe up) by a return spring. This is sufficient for all the ankle actuation
research studied in this thesis.
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motor
encoder
geared
electric motor
motor pulley
steel cable plus
tension spring

joint encoder

joint pulley

Figure A.7: Design of the hip pitch joint in the prototype ‘Meta’. The motor is placed in the
upper body parallel to the joint. They are connected by a steel cable drive that holds two
elastic tension springs. The elongation of these springs is determined by the difference in
joint and motor shaft angle, both measured by incremental encoders.

Besides this ankle pitch actuation design, the foot design of ‘Flame’ incorporates the
ability to implement variable stiffness around the passive ankle roll joint through
tension springs with various attachment points. The ankle pitch and roll joint angles are measured through incremental encoders. Foot-ground contact is measured
by two levers in the foot, attached at the heel and the toe. These levers activate a
microswitch in the foot both in case of vertical touchdown or stubbing.

A.5 Control system architecture
This section gives a general overview of the control system architecture that both
robots share. First the hardware layout is described and subsequently the general
control structure for regulating the robots’ walking.

A.5.1 Hardware layout
Both robots share a centralized control architecture where all control is performed
on a PC104 computer stack with a 400 MHz central processor. All sensor data acquisition (encoders, inertial sensor, switches) is done by several boards on this central
PC104 stack in a parallel fashion, through custom made electronics. The basic sensor signal processing is performed in software on the central processor. For instance,
a relatively low-noise velocity estimate is taken from the digital encoder signals
through an adaptive filter as described by Janabi-Sharifi et al. [63]. Analog outputs
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joint pulley
joint encoder
motor
encoder
geared
electric motor

steel cable plus
tension spring

motor pulley
idler pulley

ankle pitch motors

Bowden cable
actuation cable
plus tension spring
roll stiffness plus
return spring
(tension springs)
joint encoders

contact switches

Figure A.8: Design of the hip pitch joint (above) and foot plus ankle (below) in the prototype
‘Flame’. The hip pitch motor is placed in the upper leg orthogonal to the joint. The ankle
pitch motor is placed in the upper body and connects to the joint through a Bowden cable
construction.

on the PC104 stack are used to give a reference current to the current amplifiers that
drive the electric motors.
The low power electronics and the motor/amplifier combinations are powered separately by lithium polymer battery packs which can deliver a robot operating time
of approximately 30 minutes. An overview of all control system hardware components is given in Table A.2.
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Table A.2: Control system hardware components

Computer
I/O cards

Inertial sensor
Joint encoders

Motor encoders
Foot sensor
Motors
Amplifiers
Electronics battery
Motor battery

Meta
Flame
Diamond Systems Athena 400 MHz CPU board
plus Data Acquisition
Diamond Quartz-MM (2x)
Diamond-MM-16-AT
(counters)
(16-bit analog I/O)
Mesa Electronics 4I36 (2x)
(counters)
XSens MTi
Scancon 2RMHF 7500
Scancon 2RMHF 7500
pulses/rev (4x)
pulses/rev (8x)
Agilent 500 pulses/rev (2x)
Agilent 500 pulses/rev (4x and 7x)
Microswitches (4x)
Maxon RE35 (4x and 7x)
AMC Z12A8 6 A RMS (4x and 7x)
Kokam 3 cell 6 Ah LiPo
Kokam 8 cell 26.4 Ah LiPo

A.5.2 Typical walking controller
The central part of the controller that actually makes the two prototypes walk is
run in software at 1 kHz or 500 Hz (‘Meta’) on the central 400 MHz processor. Different variations of this core controller have been implemented in this thesis as is
indicated in Chapters 4 through 8. In this section we will show the structure of a
typical walking controller (used on both prototypes) and subsequently Section A.6
(Figures A.9 through A.12) show the typical motions and joint torques that follow
from this controller.

Local torque control
During walking the core controller continuously applies local torque control at the
joints with series elastic actuation. The torque applied to a joint is measured through
the elongation of its series elastic element, as indicated in Section A.4. This actual
joint torque τact is subtracted from the current desired joint torque τdes and fed back
through a proportional-derivative controller to give a motor torque signal (i.e., current). This feedback controller achieves a torque bandwidth of 5-10 Hz for all joints.
Next to this feedback component, every local torque controller incorporates a unit
feedforward component from the desired joint torque to the motor torque signal,
based on a simple, static model of the motor.
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Higher level state machine
The desired torques τdes for each joint originate from a higher level part of the core
controller (i.e., cascade control). The basis of this higher level controller is an eventbased state machine that indicates which portion of the walking cycle the robot is
in. This state machine has four states that alternate in the following order:
1. double stance, left/outside leg is leading leg
2. single stance, left/outside leg is stance leg
3. double stance, left/outside leg is trailing leg
4. single stance, left/outside leg is swing leg
The event that triggers the transition from ‘single stance’ to ‘double stance’ is the
detection of heel contact in the swing leg by the switch that is present beneath the
foot. The transition from ‘double stance’ to ‘single stance’ is triggered by the event
that the torque in the pitch ankle of the trailing leg (i.e., push-off ankle) gets below
a threshold value (near to zero). Below we will discuss what the controller does in
each of the machine states for each of the actuated joints.
Ankle pitch joint
The control in the ankle pitch joint of the leading leg in double stance (state 1.)
and of the stance leg in single stance (state 2.) is identical. In its most simple form1
it implements an ankle spring stiffness contour with two discrete stiffness values
depending on the direction of the ankle pitch torque:
τa,des
τa,des

= −ka1 · φa
= −ka2 · φa

when τa,des < 0
when τa,des > 0

(A.1)

The stiffness value ka1 for negative (dorsiflexing) ankle pitch torques is present
mainly during double stance in the leading leg (state 1.) and at the start of the single stance phase in the stance leg (state 2.). Its value is low to induce ’soft’ landing
of the foot with limited bouncing after impact. The stiffness value ka2 for positive
(plantarflexing) torques is present at the end of single stance in the stance leg (state
2.). It has a high value for the energetic advantages mentioned in Chapter 5.
The control of the ankle pitch joint of the trailing leg in double stance (state 3.) implements an active ankle push-off. The same ankle stiffness ka2 as at the end of
single stance is present, but a nonzero equilibrium angle φa,des is applied to provide
propulsion by push-off;
τa,des = ka2 · (φa,des − φa )

(A.2)

1 Beyond the simplest form of the core controller presented here, additional control rules were explore
throughout this thesis (Chapter 4 through 8). These potential additions to the core controller are omitted
here for clarity.
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The control of the ankle pitch joint of the swing leg in single stance (state 4.) in
‘Meta’ just keeps the ankle pitch angle at zero. In ‘Flame’, which has slightly longer
toes, the toe is lifted up at the start of the single stance phase to prevent possible
toe stubbing. In either case a very low ankle pitch torque is required due to the low
weight of the foot.
Knee pitch joint
In the double stance phase (states 1. and 3.) the knees of both legs are fully extended.
In the single stance phase (state 2.) only the knee of the stance leg is kept extended.
In ‘Meta’ this fully extended state is maintained by the application of a lock in the
knee, in ‘Flame’ it is maintained by a negative torque that overstretches the knee.
The knee of the swing leg in the single stance phase (state 4.) is supposed to bend
and subsequently extend to allow sufficient ground clearance for the swing foot. In
‘Meta’ this is achieved only by unlocking the knee, the bending and extending automatically results from the natural dynamics of the system. In ‘Flame’ the bending
and extending motion is ‘helped’ by a proportional-derivative position controller
with a desired trajectory that is formed by two quintic splines. This trajectory (bending to 1.0 radians for 0.2 seconds, extending for 0.3 seconds) is close to the natural
dynamic motion with the result that the torques are low.
Hip pitch joint
The control in the hip pitch joint in the leading leg in double stance (state 1.) and in
the stance leg in single stance (state 2.) is designed to keep the upper body upright.
The input for this control comes from the inertial sensor that is attached to the upper
body. Both its filtered estimate of the upper body’s absolute pitch angle and the
pitch angular velocity measurement from one of its gyroscopes are used to make a
proportional-derivative controller with a constant desired angle:
τh,des = kub · (φub,des − φub ) − dub · φ̇ub

(A.3)

Due to the accelerations of the hip joint during walking the upper body angle makes
oscillations that deviate from the desired angle. In double stance and the start of
single stance the hip pitch torque typically pulls the body backward while at the
end of single stance it pulls the body forward.
The hip pitch control in the trailing leg in double stance (state 3.) and in the swing
leg in single stance (state 4.) regulates the inter-leg angle (φh,l/o − φh,r/i ). During
the single stance phase this control brings the swing leg to a desired forward position. This is achieved by the combination of a proportional-derivative feedback
controller with a time-dependent desired inter-leg angle trajectory φileg,des (t) and a
time-dependent feedforward component τh,f f (t):
τh,des

=

kileg · (φileg,des (t) − (φh,l/o − φh,r/i ))
−dileg · (φ̇h,l/o − φ̇h,r/i ) + τh,f f (t)

(A.4)
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The feedforward component is required to achieve the required swing leg acceleration and deceleration, which are not obtained by only feedback as the applied
feedback gains are low. The feedforward component is hand-tuned over multiple
walking experiments to get close to the desired inter-leg angle trajectory.
Hip roll joint
As the hip roll joint is the only actuated joint without series elastic actuation, the
state machine controller gives it a desired angle instead of a desired torque. Subsequently, a local proportional-derivative angle controller ensures that this desired
angle is imposed on the robot. Control of the hip roll joint, only present in ‘Flame’,
regulates lateral foot placement in the last (approximately) 0.3 seconds of the single
stance phase (states 2. and 4.). The desired hip roll angle during that period is based
on the lateral position and velocity of the prototype’s hip yhip and ẏhip with respect
to the stance foot location (see Chapter 8). These variables are estimated using the
inertial sensor on the upper body (θub and θ̇ub ) and the hip roll angle measurement
(θh ). The estimated lateral hip position and velocity are subtracted from their desired nominal values (yhip,des (t) and ẏhip,des (t), determined from observation of the
nominal walking motion) to give the following linear control rule:
θh,des = c1 + c2 · (yhip,des (t) − yhip ) + c3 · (ẏhip,des (t) − ẏhip )

(A.5)

where c1 , c2 and c3 are constant control parameters.
During the first 0.6 seconds of single stance (states 2. and 4.) the desired hip roll
angle goes toward a minimal value of 0.13 rad to prevent the swing foot from hitting
the stance foot/leg. During double stance (states 1. and 3.) the desired hip roll angle
is kept constant.

A.6 Walking experiments
A.6.1 Typical nominal walking motions and torques
Using the controller described in the previous section, both the prototypes ‘Meta’
and ‘Flame’ are able to perform successful walking. The resulting internal joint
motions and joint torques measured in ten steps of a typical walking experiment
at a speed of approximately 0.45 m/s are shown in Figures A.9 and A.11. The
solid lines give the information for the stance/leading leg, the dotted lines for the
swing/trailing leg. The grey area indicates the duration of the double stance phase
and the white area the single stance phase. To complete the orientation information
for the robots, Figures A.10 and A.12 give the absolute orientation of the robots’
upper bodies with respect to gravity.
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Figure A.9: Measured internal joint angles and torques in ten typical steps of the 2D walker
‘Meta’. The solid lines give the information for the stance/leading leg, the dotted lines for
the swing/trailing leg.
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Figure A.10: Measured upper body pitch angle in ten typical steps of the 2D walker ‘Meta’.
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Figure A.11: Measured internal joint angles and torques in ten typical steps of the 3D
walker ‘Flame’. The solid lines give the information for the stance/leading leg, the dotted
lines for the swing/trailing leg.
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Figure A.12: Measured upper body pitch and roll angle in ten typical steps of the 3D
walker ‘Flame’.
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A.6.2 Energy use
When the robots are performing the motions and applying the torques as depicted
in the previous section, they consume energy. Figure A.13 shows cumulatively how
much mechanical work Wm is being performed in each of the prototypes’ joints
throughout the course of a typical step. In this, mechanical work Wm is defined as
the integral over time of the absolute value of mechanical power, which is calculated
by multiplying joint torque with joint velocity. We take the absolute value of the
mechanical power assuming that both generating positive work and negative work
cost energy as is generally the case with electric motors:
Z
Wm =

T

|τ · φ̇| · dt

(A.6)
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Figure A.13: Cumulative buildup of the mechanical work Wm performed in all the active
joints of both prototypes (‘Meta’ left, ‘Flame’ right). Features like push-off, accelerating the
swing leg, keeping the upper body upright and loading the ankle spring can be distinguished by a significant increase in performed work.

From the total amount of performed mechanical work in the joints, the dimensionless mechanical cost of transport cmt of the prototypes can be calculated:
cmt =

Wm
weight · distance travelled

(A.7)

The mechanical cost of transport of ‘Meta’ is cmt = 0.12, the mechanical cost of
transport of ‘Flame’ is cmt = 0.38. As suggested in Chapter 5, it is possible to save a
significant amount of energy by implementing the ankle springs passively instead
of emulating them actively. For ‘Meta’ the mechanical cost of transport is reduced
to cmt = 0.09 and for ‘Flame’ to cmt = 0.24. The mechanical cost of transport of
‘Flame’ is significantly higher mainly due to the fact that the joint torques applied
in ‘Flame’ are substantially higher than in ‘Meta’. In the ankle this can be resolved by
implementing the passive ankle spring, but the high torques that are needed to keep
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the upper body of ‘Flame’ upright remain larger due to a different upper body mass
distribution. We think that an energetic cost reduction (similar to the passive ankle
spring implementation) can be achieved by passive springs between the upper body
and the legs. This is left for future research.
On top of the mechanical cost of transport, measurements were performed on the
prototype ‘Meta’ to establish its overall cost of transport cet . This overall cost of
transport includes the energy consumption of the entire robot (computer, amplifiers,
motors etc.) and can be established by measuring the energy that is being delivered
by the robot batteries. The prototype ‘Meta’ has an overall cost of transport of cet =
1.3.

A.6.3 Disturbance rejection and versatility
The data presented in the previous sections was obtained with walking experiments
on an even floor with constant walking speed. Besides such measurements various
other walking experiments were performed with the prototypes to establish their
versatility and their ability to handle unexpected disturbances. Examples of these
other experiments can be found in the collection of short videos that is available at
the website of Delft Biorobotics Laboratory: http://dbl.tudelft.nl. When entering the
website, click on ‘Biped robots’ (left column) and subsequently on ‘Meta’ or ‘Flame’
respectively.
The prototype ‘Meta’ has successfully managed to overcome stepdowns of 3 cm
in height (video: meta 3cmstepdown.mpg ) and walk outdoors on uneven terrain
(video: meta outside.mpg ). In long halls inside, it managed to perform walking trials of up to 80 steps before running into an obstacle due to its inability to steer
(video: meta long classroomhall.mpg ). It has also shown the ability to start from a
standstill and get to a stop (video: meta startandstop ) and to walk at varying speed
(video: meta walkingspeeds.mpg ).
With the prototype ‘Flame’ less experiments have been carried out. Up to now
it has successfully managed to overcome stepdowns of 8 mm in height (video:
Flame stepdown8mm.wmv ) and perform walking trials inside in the order of 20
steps (video: Flame hallway.wmv ). Next to its ability to walk it has also shown to
be able to balance while standing still with its feet next to each other. It is expected
that the prototype ‘Flame’ can achieve similar abilities as ‘Meta’. Due to time constraints this has not been shown yet, but experiments to show these abilities are
planned for the near future. These future experiments include trials in which the
prototype starts walking from a standstill with its legs next to each other and gets
to a stop in a similar position later, trials with increased stepdown heights and trials
walking outdoors.
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Samenvatting

Het wetenschappelijke doel van dit proefschrift is het verbeteren van het begrip van
de dynamische principes die ten grondslag liggen aan (menselijk) tweebenig lopen.
Dit begrip kan in twee verschillende toepassingsrichtingen gebruikt worden: mensgerichte toepassingen en robot-toepassingen. Aan de mens-gerichte kant is het nuttig voor het verbeteren van het ontwerp van rehabilitatie-middelen of -training, aan
de robot kant voor het verbeteren van de prestaties van tweebenige, lopende robots.
De onderzoeksmethode die gebruikt wordt om het begrip van tweebenig lopen te
verbeteren is het genereren van loopbewegingen met simulatiemodellen en robot
prototypes. Het voordeel van deze methode in vergelijking met het direct analyseren van loopgedrag bij mensen, is dat de proefpersonen ontwikkeld zijn door
de onderzoekers zelf en daardoor ontworpen kunnen worden om specifieke dynamisch principes te onderzoeken.
Het vertrekpunt van dit proefschrift is het concept Passive Dynamic Walking. Dit
concept laat zien dat het mogelijk is om stabiele loopbewegingen te genereren zonder enige toepassing van regelaars of aansturing. In dit proefschrift is een verzameling van de belangrijke principes en methoden uit dit concept verzameld en vertaald
om toegepast te worden in tweebenige lopers die wel actieve aansturing bevatten.
Het beoogde resultaat is het verbeteren van de veelzijdigheid en het verstoringsgedrag van dit type lopers, onder behoud van de positieve eigenschappen van Passive Dynamic Walking (zoals laag energiegebruik). De vertaalde principes van Passive Dynamic Walking vormen de basis van een nieuw concept voor het genereren
van loopbewegingen: ‘Limit Cycle Walking’. De definitie van dit nieuwe concept is
beschreven in dit proefschrift. De essentie ervan is het besef dat het mogelijk is om
een stabiele, periodieke opeenvolging van stappen te verkrijgen zonder dat de beweging continu lokaal stabiel is. Hierbij betekent lokale stabiliteit dat een toestand
ergens op het bewegingstraject alle toestanden in zijn directe omgeving in de toestandsruimte aantrekt. Het besef dat dit soort stabiliteit niet persé nodig is, creëert
extra vrijheid voor het verbeteren van de prestaties van tweebenige lopers.
Na de introductie van het concept Limit Cycle Walking, richt het onderzoek zich
verder op het stuk voor stuk toevoegen van graden van aansturing. Een kwantitatieve evaluatie wordt gemaakt van het potentiële effect van elke aansturingsgraad op energie consumptie, veelzijdigheid van loopbewegingen en verstoringsgedrag (het kunnen voorkomen van vallen als gevolg van verstoringen). Aangezien
er nog geen praktische, kwantitatieve maat bestond voor het beoordelen van verstoringsgedrag, wordt hiervoor eerst een nieuwe maat geı̈ntroduceerd: de ‘Gait
Sensitivity Norm’. Deze nieuwe maat is gebaseerd op het concept Poincaré mapping, welke al enige tijd gebruikt wordt voor het berekenen van de cyclische stabiliteit van lopen. De Gait Sensitivity Norm voegt hieraan de aanwezigheid toe van
in realiteit veel voorkomende verstoringen en loop-parameters die direct gerelateerd zijn aan de waarschijnlijkheid van vallen. Als een gevolg hiervan is de maat
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snel te berekenen (het voornaamste voordeel van de Poincaré mapping methode)
én geeft het een goede voorspelling van hoe een loper zou presteren in situaties
waar realistische verstoringen zich voordoen. Deze eigenschappen van de nieuwe
maat zijn gevalideerd aan de hand van een simpel loopmodel en vervolgens is
de maat meerdere malen toegepast in het onderzoek dat in dit proefschrift wordt
beschreven.
De aansturingsgraden die bestudeerd worden in dit proefschrift zijn sagittale aansturing van het zwaaibeen, sagittale aansturing van de enkel, sagittale aansturing
van het bovenlichaam en laterale aansturing van het zwaaibeen. De vier aansturingsgraden worden apart bestudeerd met gebruikmaking van gesimplificeerde simulatiemodellen en twee fysieke lopende robots: de 2D loper ‘Meta’ en de 3D loper
‘Flame’. De gedane bevindingen zijn, snel samengevat, de volgende. Voor de sagittale aansturing van het zwaaibeen is gevonden dat het licht terugtrekken van het zwaaibeen aan het eind van de zwaaibeweging het beste verstoringsgedrag oplevert.
Aanpassen van de nominale staplengte, wat bereikt wordt door het aanpassen van
de zwaaibeen-aansturing, vergroot het bereik van loopsnelheden dat behaald kan
worden. Dit betekent dat de veelzijdigheid van loopbewegingen toeneemt. Voor de
sagittale aansturing van de enkel is gevonden dat het laagste energieverbruik bereikt
wordt door in het enkelscharnier een passieve veer toe te passen met een stijfheid
die net zorgt voor vroegtijdig loskomen van de hiel. Het effect van de veerstijfheid
op het verstoringsgedrag is zeer beperkt. Om het verstoringsgedrag te verbeteren,
zijn modulatie van de hoeveelheid enkelafzet en het toepassen van actieve, lokale
regeling in de standvoet betere middelen. Het variëren van de nominale hoeveelheid enkelafzet is een effectieve manier om snelheidsveranderingen te bewerkstelligen en zo meer diversiteit in loopbewegingen te verkrijgen. Voor sagittale aansturing van het bovenlichaam is gevonden dat bij het reguleren van de absolute oriëntatie
(ten opzichte van zwaartekracht) van het bovenlichaam, het versterken van de terugkoppeling zorgt voor vermindering van de oscillaties van het bovenlichaam en
vermindering van het energieverbruik. Aangezien in robots (alsmede in mensen)
het versterken van terugkoppeling op een gegeven moment leidt tot instabiliteit,
is er ook een alternatieve methode onderzocht voor het behalen van vergelijkbare
prestaties met zwakke terugkoppeling. Vergelijkbare prestaties kunnen inderdaad
behaald worden wanneer zwakke terugkoppeling gebruikt wordt in combinatie met
een adaptief ‘feedforward’ koppel op het bovenlichaam. Variëren van de gemiddelde oriëntatie van het bovenlichaam is een effectieve manier om loopsnelheid te
reguleren. Voor de laterale aansturing van het zwaaibeen is gevonden dat 3D cyclische
stabiliteit bereikt kan worden met een lineaire, actieve laterale voetplaatsing strategie die alleen gebruik maakt van laterale toestandsinformatie van het massamiddelpunt van de loper. Deze strategie verbruikt zeer weinig energie als gevolg van
de relatief lage massa van het zwaaibeen. Gedurende de studie van de bovengenoemde vier graden van aansturing is ook nog een andere interessante overkoepelende vinding gedaan: verscheidene observaties in dit proefschrift wijzen erop dat
het verhogen van de loopsnelheid van een Limit Cycle Walker zijn verstoringsgedrag verbetert.
Resumerend presenteert dit proefschrift het concept Limit Cycle Walking en een
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nieuwe maat voor het verstoringsgedrag van tweebenige lopers, de Gait Sensitivity
Norm. Vervolgens zijn beiden gebruikt voor het bestuderen van de potentiële bijdrage van vier graden van aansturing aan de prestaties van tweebenige lopers. Er
zijn verscheidene bevindingen gedaan die een relatie hebben met menselijk lopen
en die nuttig zijn voor het verbeteren van tweebenige robots. Dit laatste is aangetoond met de succesvolle creatie van de twee lopende robots Meta en Flame.
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