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ABSTRACT 

Due to the finite stiffness of rotor- and gimbal-suspensions, a 

double gimballed momentum wheel will oscillate with high natuj:"al 

frequencies. The stability of these oscillations is studied, in order to 

obtain requirements for the stiffness of the suspensions and/or the 

gimbal inertia properties. From energy considerations, it is concluded 

that double gimballed momentum wheels are liable to suffer from in­

stability, if the suspension is such, that the force in a certain direct­

ion depends on the displacement in a perpendicular direction. This will 

occur for hydrodynamic rotor bearings» 

Por a momentum wheel using these bearings, an equation for the 

boundary of the stable region is derived and approximate solutions of this 

equation are obtained. The approximate solutions are compared with 

numerical solutions - obtained using a digital computer - for some typical 

configurations, • 
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INTRODUCTION 

Gimballed momentum wheels present a promising system for 

attitude stabilization and control of satellites. The study of 

such systems is very difficult if all effects, such as sensor 

characteristics, steering laws, finite stiffness, gimbal ma,ssas 

etc., have to be taken into accoimt, 

Therefore, it is customary to simplify a double gimballed 

momentum wheel for system studies by neglecting the gimbal masses 

and assuming that the suspension stiffness is infinite. This 

simplification is Justified if, and only if, the natirral 

frequencies due to finite gimbal masses and finite stiffness of 

the suspensions are well above the system frequencies and if the 

motions represented by these natural frequencies are stable. 

These conditions will be fulfilled for a high stiffness of the 

suspensions and for low gimbal inertias, 

The purpose of this study is to obtain requirements for the 

stiffness of the suspensions and for the gimbal inertias from 

stability considerations. As starting point a complete set of 

linearized equations is used, but neglecting the steering moments 

which will have a very low frequency compared to the natural 

frequencies of the double gimballed momentum wheel. 

As the number of parameters in the system is rather high, a 

study by parameter variation would be very labourious. Therefore 

a different approach is used. Firstly the energy of the system is 

considered, to obtain insight in the question what kind of systans 

are liable to suffer from instability and in the instability mode, 

This insight is used to derive a general equation for the border­

line of the stable region. As this equation still contains a 

large number of parameters, approximate solutions, depending on 

a limited number of parameters, are looked for. These approximate 

solutions are obtained using different sets of approximations, 

and they are tested by comparison with numerical solutions of the 

equation for some typical configurations. These solutions are 

obtained using a digital computer. 



EQUATIONS OF MOTION 

The equations of motion for a satellite equiped with a 

double gimballed momentum wheel are derived in reference 1, These 

equations are given in table 1 for a coordinate system defined in 

figure 1. In table 1 the suspension forces and torques are 

denoted by P., , T , etc.; they are dependent on the method of 

suspension and will be considered in chapter 3. The inertia forces 

and torques are given on the right hand side of the equations (a) 

to (r) and are independent of the si;ispension method. 

For stability considerations som.e simplifying assumptions 

can be introduced in the inertia forces and torques; 

- The m.ass and the moments of inertia of the satellite will be 

large compared to the mass and the moments of inertia of the 

wheel and the gimbals. Therefore the motions of the satellite 

can be neglected, i.e. p = q = r = 0 and a = a = a = 0 , 
' X y z 

— The deviations from the nominal conditions remain small, 

permitting linearization of the equations of motion, 

A third simplification stems from a restriction of the 

allowable suspension configurations; The double gimballed 

momentum wheel must be tested on the ground, and therefore 

gravitation forces must have only minor effects on the behaviour, 

This means that the centre of mass of the rotor and inner gimbal 

must be located on the inner gimbal axis (s, = O) and that the 

centre of mass of the rotor, inner and outer gimbal must be 

located on the outer gimbal axis (s = O). In practice, this 

involves also that the outer and inner gimbal axis intersect 

(l = O), These simplifications are incorporated in table 2, 
o 

HINGE EQUATIONS . ! 

Rotor sxjspension 

For the rotor suspension ball bearings and hydrodynamic 

bearings are considered. The torques about the rotor axis will 
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consist of the steering torque and the friction torques (viscous 

and Coulomb friction). Therefore the general form for the torque 

about the rotor axis is; 

V^^R-'^fR^^^^R-^R^R 

For stability considerations the low frequency parts of this 

equation can be neglected, resulting in; 

V = -%R ^̂ R - ̂En) (1) 

For small displacements, the force on the rotor along the 

rotor axis will be proportional to the axial displacement in the 

bearing system and its time derivative; 

ly Ry ̂ Ry Ry Ry ^ ^ 

For ball bearing suspensions, the forces along the x and z 

axis will have a form similar to equation (2). For hydrodynamic 

suspension, these forces will also have a term proportional to 

the displacement perpendicular to these forces and to the rotor 

axis (see Ref. 2) i.e. 

^Ix "~^Rx ̂ Rxb ~ "̂ Ex ̂ Exb ~ ̂ Rxz ̂ Rzb ^̂ ^ 

^Iz " ~ ̂ Rx ̂ Rzb ~ ̂ Rx ̂ Rzb ^ ^xz^Rxb ^4) 

In equations (3) and (4) "the same coefficients are used; 

this is valid for rotary symmetric bearings. The displacements 

bear the subscript b (for bearing) to distinguish the displace­

ments in the bearing from the total displacements. This distinct-, 

ion is required when the structural displacements outside the 

bearings must be taken into account. 

From the equations (3) and (4) expressions for the torques 

can be derived under the assumption that the bearing system 
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c o n s i s t s of two i d e n t i c a l bear ings at a d i s tance Lpt 

4 
Ix 

Iz 4 [^Rx ^Rzb "̂  ^Rx Rzb "* ^Rxz ^RxbJ ^^^ 

For the structural displacements outside the bearing, rotor 

shaft bending without damping and rotary symmetry about the y—aTcis, 

but no symmetry about the x and z axes is assumed (see Pig, 2). 

Denoting the forces in x direction on the inner gimbal at the two 

bearings by K.j and K and the structural displacements of the 

bearings by x, and Xp, the relations between these quantities ares 

K^ = a^x^ + a^x^ (̂ ) 

Kg = a^x^ + a^Xg (8) 

The force and torque on the rotor and the structural dis­

placement and rotation of the rotor are given by the following 

equations as can be seen from figure 2, 

îx == - (̂1 ^ ̂ 2) ^ 1 Z = T ( ^ 1 - ^ 2 ) . 

^Rxs = 2 ^^1 •*" ^2^ ' R Z S =" " " ^ ^^l - ^2^ 

El iminat ion of K , K , x, and Xp r e s u l t s i n ; . 

* lx % 1 ^Rxs "̂  %2 2 ^Rzs (9). 

'^iz = -̂  %2 T ^Exs - % 3 T ^R.s . (^°) 
with 

% 1 = ^ l - " 2^2-*' ^3 . 

%2 " ^1 ~ ^3 ' •̂'••'•̂  

% 3 = ^ l - 2 a 2 + a3 
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In the same way one can obtain ; 

^Iz ~ % 1 ^Rzs ~ %2 2 ^Rxs ^^^^ 

L T2 

R R 
^Ix = ~ %2 T " ,̂R:23 ~ % 3 T ^R^s ^^^^ 

Equations (l) to (6) are incorporated in table 2 (right hand 

side of equations (a) to (c) and (j) to (l). A combination of the 

equations (3) to (6) with (9), (lO), (12) and (l3) results in the 

equations (s) to (v) in table 2. 

It can be noted, that the linear and angular displacements 

of the rotor with respect to the inner gimbal ^^ and e^ consist 

of two parts, one due to bearing compliance and the other due to 

shaft compliance. As a resvilt, the number of independent variables 

increases with four. The required additional equations are the 

equations (s) to (v) in table 2. 

3,2 Gimbal suspension 

For the gimbal suspensions ball bearings and springs are 

considered. For ball bearing suspension with torque steering, 

the torques T^ and T^ consists of the steering torques and the 

friction torques (mainly Coulomb friction). For stability 

considerations the (low frequency) steering torques can be 

neglected, and the equations are; 

T2z = -'^fi ^^^h '̂ 3x = - ̂ fo ^^^ ̂  . 

For b a l l bear ing suspension with gimbal p o s i t i o n s t e e r i n g , 

and for sp r ing suspension, the torques w i l l be p ropor t iona l to 

the gimbal d e f l e c t i o n , with a high p r o p o r t i o n a l i t y constant i n 

the f i r s t case and a low p r o p o r t i o n a l i t y cons tant in the second 

c a s e . The general form of the equations becomes; 

^ 2 z = - ^ f i s i g n s . - T ^ _ 6 , ( I4) 
1 

T-. = - T - sign 6 - T. 6 (15) 
3x fo ^ o 6 o ^ -" 

o 
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The forces F_ and P^ will be proportional to the axial 

displacement in the bearing systems and the derivatives (the 

latter for ball bearings only), giving as general formulae 

P„ = - f. ^. - T). C. (16) 
2z iz ^iz iz ^iz ^ ' 

F, = - f I - T) i (17) 
3x ox ox ox ox : 

Por the gimbal siispension the structural displacements can 

be neglected; the general form of the equations for the forces 

perpendicular to the hinge axis is similar to equation (3) omitt­

ing the last term and the subscript b. For spring suspension the 

terms with "0 can be neglected. The general form of the equations 

for the torques perpendicular to the hinge axis is similar to 

equation (5) with the same omissions. 

The resulting equations and the equations (14) to (17) are 

incorporated in table 2 (right hand side of equations (d) to (i) 

and (m.) to (r)). 

With this result, the equations of m.otion are complete; the 

number of equations is equal to the number of independent 

variables. 

ENERGY CONSIDERATIOtis 

Possibility of instability 

The energy of a double gimballed niomentum wheel consists of 

kinetic energy and deformation energy. The kinetic energy can be 

separated into translational energy and rotational energy, 

The translational energy of the system is equal to; 

or; Eo, = 
T 

\ ' 
> 

R , i , o 

1 1 
"7^ m. 
2 a 

,? 
V 

J 
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Erj, = "2 m } \i + é X (x - i )1 + i m̂  [ C + i. + t X ( x . - a ) + o L o o ^ o o'̂ J 2 X L^o ^1 o ^ 1 o . 

+ ê. X ( x . - a. )] + -I rr̂  [i^ ^ ^̂  + ^R "̂  ̂  ^ ^̂ R " %) "*• '̂i 

X (;^ - a. ) + l^ X (xj^ - I^ ) ] 
2 

In t roduc t ion of x = a = a. and x̂ ^ -= a = a. and x^ - a_ = y „ l , x. - a. = 
o o 1 E i t ' ^ R y ' i 1 

yj_l and ^ " a^ = ^±^Y ^'^'^^ ^y '^^^ vinity vec tor in y - d i r e o t i o n ) 
g ive s ; 

^Tx 
1 1 ; ^ , 1 I f ; . j f. ^ / NI' = — m ^ +— m. ^ + ^ . - y . (c + 6 . ) 2 o ox 2 I L ox IX • ' i ^ oz i'^J 

* l \ l ^ c x * « i . * ^ H x - W ( S / \ ) - r E y ' (18) 

2 
E^ = ^ m-̂  C^ + -i m̂  f C + ^ + y . (6 + ê. )1 Tz 2 o oz 2 1 [ oz i z •'1 ^ o ix'^J 

•̂  H [ ^'oz -̂  ^*iz -̂  *̂Rz -̂  (̂ R-̂  ^'i) (^-^ ^'ix^ -̂ ^R ^ ' R J (20) 

The r o t a t i o n a l energy about the th ree axes i s : 

E^ = ^ 1 ^ 6 ^ + ^ 1 ^ ( 6 + t . ) 2 + ^ l i ( 6 + £. + £- )2 (21) 
Rx 2 o o 2 i ^ o IX 2 R o i x Rx ^ ' 
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For the assumed linear relation between forces and displace­

ments in the suspension, the total deform.ation energy is equal to; 

=Vi Epj = > — force . displacement 

The deformation energy cannot be divided into translational 

and rotational energy, for P., is dependent on the angular dis­

placement Ep and T is dependent on the linear displacement 
KSS XZ 

T̂> (equations (9) and (lO)). Therefore, the deformation energy 

is divided into four parts; 

E-̂  • - deformation energy for motions along x axis and about 

z axis, 

E^ - deformation energy for motions along z axis and about 

X axis, 

Ej- - deformation energy for motions along y axis. 

Ep. TJ - deformation energy for motions about y axis. 

The hinge equations (chapter 3) result in; 

J? 
^ x = \ ^ox ^L •*- 1 ^ix ^ix -̂  f %x ^Ixb ^ \ %1 ^Rxs -̂  f ^ 

.2 
"R r . 1 m * 2 ' L. . . L^ 

%3 ^Rzs " 2 %2 ^Rxs ^Rzs "̂  2 ^6i ^i "̂  8 ^Rx ^Rzb "̂  

l 2 , • 

^ z = "2 ^oy ^oz ^ 2 ^iz ^iz "̂  2 ^Rx ^Rzb ^ 2 % l ^Rzs "̂  8~ ^ 

\ L 
2 

1 P 

%3 4 x s * i " ^82 5R^3 ^HXS •" 2 ''60 ' O * 8 ' i x =ïx * 

^ 8 ^Rx "̂ Rxb (25) 
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„ I f V +-^ f. I. +é f^ ^^ (26) 
^ y " ? °y °y 2 IX ^ l y 2 Ry ^Ry ^ / 

^o 2 ^ 

VR ^ "f V 'oy •*• T îx 'iy ^^'^^ 

Sommation of equations (l8), (23) and (24) and differentation 
with respect to tine, results (after recombination of terms) in; 

diKx -̂  ^z -̂  ^x] = 

•" Kx [% ^ox •*• \ hx -̂  ">R ^Rx " R̂ R̂z "̂  ^ox ^ox ] "̂  

•̂  îx [ \ hx •" \ hx -^ ^ hx - Ê 'RZ ^ hx hx] -̂  

•" ^Rx [ "^ ^ox "• ' ^ ^ix -""R ^RX - (V"'R^i)('"oz-'^)- «R R̂z "̂  

•^^x^Rxb] -̂  

L2 

•*• ^oz [ - ( V ^ ^ i ) hx ^ h h . -̂  ^i *~i "• K^-nk^ 'R. •" - f V 'oz ] •" 

H- 6, [ - (s^-^m^X.) l^^ + K. e^^ + K. 6. + ( V ^ j . ^ ) ^^z "̂  ^6i ^i ] "̂  

•̂  ^Ez[ - ^E (̂ "ox-̂ "̂ix-̂ "̂Ex) •*• (V^E^i^^^'oz^^) "̂  ^ '"EZ "̂  T 'HX ^Ezb] ^ 

•̂  ^ExsL" ^Ex ^Exb "̂  %1 ^Exs " T %2 ^Rzs J •*" 

•*• ^Rzs - T I - %2 ^Rxs - ^ ^Rx 'Rzb "̂  T %3 'RZS] ^^S) 
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S u b s t i t u t i o n of equat ions ( a ) , ( d ) , ( g ) , ( l ) , ( o ) , ( r ) , ( s ) 

and (v) of t ab l e 2 r e s u l t s i n ; 

1 '2 *2 • 
E„ + E„ + E- = - Ti ^ - n. ^^ _ Ti_ ^^ ^ + 

Tx Rz T)xJ ox ^ox IX ^ ix Rx ^Exb 

.2 

'oy 4 ""oz *fi " i " " ^ ' " i 'Ex 4 "Rzb "Exz ''^Ezb ""Exb 
K^ - T ^L - T . . è. Bign 6, - % ^ ^ £2 ^ - f^_ (r^ ; _ + 

l | 

T 'Rxb 'Rzb) - ^Rn ^'o •" ' i x ^ 'Rx^^'oz "̂  ^'i "̂  ' R Z ^ (^9) 

In the same way can be der ived: 

- ^ E^ + E^ + Er. = - T) ^ „ - "H.̂  ^ - % ^^ ^ + dt L Tz Rx T)zJ oy r" , r, •.. „ TD_ >.T.„T. 
•2 «2 «2 

oy oz i z ^ iz Rx Rzb 

2 2 
•̂ i .2 -^ .2 , • 

T , . 6 sign 6 - ^. - - e. - % - ~ e., ^ + f̂  (^TJ v ^B v + 
I I o ^ o IX 4 IX Ex 4 Rxb Exz ^ Exb Ezb 

- ? e-, .̂  £o ^) + h„ (5 + ê. + l^ )(z + 6. + L ) (30) 
4 Ezb Exb"̂  En ^ o i x E x ^ oz i Ez'̂  ^ ^ 

d 
dt [ V * % ] ' - V ^oy - \ . ^ iy - \ y «Ey «^l) 

L= „ L^ 

i f [ V * "^yE] • - f "oy %y - T ' i x =iy - - ^ "^ C \ - "Er,' • 

C32) 

Prom these r e s u l t s some conclusions can be drawn; 

a. The equat ions (29) and (3o) contain t h r ee d i f f e ren t types of 

t e rms ; 

- f r i c t i o n terms, which are always negat ive (energy d i s s i p a t i o n ) 

and have a favourable e f fec t on s t a b i l i t y ( the f i r s t s i x terms) 
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... - g3n70scopic coupling terms, which have no net effect on the 

total energy and cannot cause instability (the last term.s) 

- terms with f.. which are present for hydrodynamic bearings 

and which are the only terms that can cause instability. 

Jb Equation (3l) contains only friction terms, therefore the 

motion along the y axis is always stable. 

.jo Equation (32) also contains only friction terms. The motion 

about the y axis is always stable; the equilibrium position 

i^ ^ = ̂ n -

Apparently, the most critical suspension method consists of 

rotor bearings with large transverse stiffness f„ e.g. hydro-
i txz 

dynamic bear ings and gimbal suspension with a very low damping, 

Such a system w i l l be analyzed; only the motions along and about 

the X and z axes requ i re fu r the r cons ide ra t i on , 

4,2 I n s t a b i l i t y mode 

Neglect ing the damping in the gimbal sxispensions, the energy 

equation for motions along and about the x - and z axiea can be 

obtained by add i t ion of equations (29) and (30 ) ; 

M _ ^ [ ;^ + r2 ^ h . (,.2 ., .2 s i ^ 
dt ïïxL^Rxb ^Ezb 4 ^ Rzb 'Exb^J 

•*• %xz [^Exb ^Rzb " ^Rzb ^Rxb "̂  "4" ^'Rxb 'Ezb "" 'Ezb 'Exb^ J ^^^^ 

The condition for stable motion is 'TT- < 0; therefore the 
"̂^ dE 

borderline of the stable region can be defined as — = 0. 

As can be seen from equations (24) and (25), the energy will 

always increase with an increase of the displacements ^ and £, 

Hence the suspension system will always be statically stable, 

Consequently only dynamic instability can occur. On the border­

line of the stable region, the motion will be dynamically 

indifferent, i,e, the motion can be described by: 
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2A3 

^Exb = h ^ i " ("* •" ^1^ 'Exb = 1 7 ^ i " ("^ -̂  ^3) 

2A 
^Ezb = ^2 ^i^' ("^ -̂  '2^ 'Ezb = ï ^ ^ i^ ^"* •*• %) 

Substitution in equation (33) resu l t s in ; 

j ' p P F P P P P 0 0 

dt " ~ ^Ex" 1^1 '̂̂ ^ ^"^ "*" ^1^ "̂  ^2 °°^ ^"^ "*" '''2) •*" ^3 °°^ 

(tot + «P̂ ) + Â  cos^ (tot + ^4)] + f̂ ^̂ " [^1^2 ^^" "̂̂ 1 ~ '''2) •*• 

. + A3A^sin (q>3-q>^)] 

Integration over one period and division by n r e su l t s i n ; 

f = - V " ' [ 4 -̂  4 -̂  4 -̂  4 ] ^ 2fĵ ^ t̂o [ Â Â  sin (.P^ - cp̂ ) -. 

• + A3A^sin (<P3-?4)] 

From this equation it can be seen that for high frequencies 

A E will be negative and therefore the motion stable. Instability 

will occur at frequencies at which A_ to A^ and ?, to ?, can be 

1 4 1 4 
chosen in such a way that AE is pos i t ive . Therefore, the border­

line of i n s t a b i l i t y will be given by the highest frequency for 

which AE can be zero, or: 

^ _ ^^Exz V 2 ^^^ '̂Pl - ^̂ 2̂  ^ V 4 ^^" ^^3 - ^ ) . (3^) 
V A2 + A2 + A2 + A2 

with the conditions -TT— = 0 (i = 1,2,3,4) "Jf^—_ '^ V = 0 and 
3 i ^ 1 2 ' 

-rrr r—r = 0 and the second derivatives of « negative, 
l,H'3 - H-̂ ; 

These conditions lead to; 

sin (9^ - ^2) = sin (q>3 - ? ) = 1, A^ = A^ and A3 = A 

or with substitution in equation (34); 
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- - " = V (35) 
Ex 

This result is obtained under the assumption, that the 

coefficients A to A and 9, to 9 can be chosen arbitrarily. In 

general this will not be the case, and the undamped frequency will be 

somewhat less than given in equation (35), i.e.; 

af 

Rx 

Equations (35) and (36) are valid for all methods of 

suspension, provided the rotor suspension can be -mritten as in 

equations (3) and (4) and the damping of the .gimbal-.suspensions can be 

neglected. 

For a double gimballed momentum wheel with high reliability, 

hydrodynamic bearings for the rotor and springsuspensions for the 

gimbals are promising. If this suspension method is used, the 

damping in the gimbal suspensions can indeed be neglected. The 

coefficients fj, and 'Ĥ  depend on the bearings and on the staüc 

load on the bearings, A good hydrodynamic bearing is probably 

the grooved bearing with length-diam.eter ratio of unity (ref. 2). 

The static load on the bearings can be neglected under zero-g-

conditions. For this case reference 2 gives the following 

coefficients; 

::••:': ^Rxz/ ^Ex = 1-5 and n^^ /f^^ - 3/o (37) 

in which Q is the angular rate of the rotor. 

Substitution in equation (36) leads to the conclusion, that, 

on the borderline of stability, an undam.ped mode exists with a 

frequency equal to (or somewhat less than) half of the frequency 

of the rotor, the socalled "half-frequency whirl". For the 

remaining part of the stiidy the values given in equation (37) 

are used, 
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THE STABLE REGION 

The p r e c e s s i o n mode 

I n t h e p r e v i o u s s e c t i o n i t i s found t h a t a double g imba l l ed 

momentum wheel . i s s t a b l e , i f a l l p o s s i b l e mot ions have a frequency 

above a c e r t a i n l i m i t v a l u e . T h e r e f o r e , a s t a b l e r e g i o n can only 

e x i s t i f no motions of a low f r equency can o c c u r . However, i t can 

be shown t h a t i n a l l c a s e s a motion wi th a v e r y low f r e q u e n c y w i l l 

a p p e a r among t h e p o s s i b l e n a t u r a l m o t i o n s . Th i s can be i n f e r r e d 

from a s i m p l i f i e d a n a l y s i s of t h e e q u a t i o n s of t a b l e 2 . I n t r o ­

d u c t i o n of an i n f i n i t e s t i f f n e s s f o r t h e r o t o r b e a r i n g s and f o r 

t h e s u s p e n s i o n s p r i n g s ( excep t T and T̂ ^ ) l e a d s t o t h e f o l l o w ­

i n g r e s u l t f o r t h e motions a l o n g and about t h e x and z axies: 

^Ex Rz IX ^ i z ^ox oz Ex Ez i x oz 

K. 6 . + h^j 6 + T-. 6. = 0 
1 1 En o 6 i 1 

I 6 - h^, 6 . + T^ 6 = 0 . 
o o En 1 oo o 

This means, t h a t i n t h e chosen a p p r o x i m a t i o n , a l l f requencies 

a r e i n f i n i t e wi th two e x c e p t i o n s . These f r e q u e n c i e s a r e about 

h-, / \ / K 7 Ï and about V/T^ . T^ / h^ . The f i r s t of t h e s e frequen-En ' 1 o ^ 6 i oo ' En ^ 

c i e s w i l l be l a r g e r t han h a l f t h e r o t o r f r e q u e n c y , as K. and I 

w i l l be s m a l l e r t h a n 2 J „ , b u t t h e second w i l l c e r t a i n l y be 

s m a l l e r t h a n ü/2, 

T h i s l a s t f r e q u e n c y p r e s e n t s t h e p r e c e s s i o n mode of t h e 

double g i m b a l l e d momentum w h e e l . For i n f i n i t e b e a r i n g and gimbal 

s t i f f n e s s t h e motion i n undamped, f o r f i n i t e s t i f f n e s s t h e m.otian 

w i l l be u n s t a b l e , a l t h o u g h t h e r a t e of growth w i l l . b e e x t r e m e l y 

s m a l l . 

I t i s c l e a r t h a t a s t a b l e r e g i o n can o n l y e x i s t i f t h e 

p r e c e s s i o n mode can be damped e f f e c t i v e l y . Damping can be 

o b t a i n e d by means of c o n t r o l t o r q u e s , p r o v i d e d t h a t t h e f r e q u e n c y 

of t h e p r e c e s s i o n mode i s n o t t o o h igh f o r t h e s e n s o r s and t h e 

t o r q u e r s . • 

http://will.be
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General equation for the borderline 

The equations of motion given in table 2 can be Laplace 

transformed and written in matrix form. The result is given in 

table 3, 

The characteristic equation of the system described by the 

equations of motion is obtained by putting the determinant of the 

matrix in table 3 equal to zero. After some recasting, the charac­

teristic equation becomes; 

^11 

^21 

^31 
0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

^ 2 

^22 

^32 
0 

0 

0 

0 

0 

0 

0 

°32 
0 

0 

0 

0 

0 

^ 3 
0 

0 

%3 
0 

0 

0 

0 

°13 
0 

°33 

°43 
0 

0 

0 

0 

0 

0 

^34 

"44 
0 

0 

^ 4 

^84 
0 

0 

0 

^44 
0 

0 

0 

0 

0 

0 

0 

0 

ar-c 

^65 

"75 
0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

"56 

%6 

"76 
0 

0 

0 

0 

0 

0 

0 

°76 
0 

0 

0 

0 

0 

"57 
0 

0 

^87 
0 

0 

0 

0 

°57 
0 

°77 

°87 

0 

0 

^38 

"48 
0 

0 

-78 

-88 
0 

0 

0 

0 

0 

0 

0 

°88 

0 

0 

0 

0 

0 

0 

0 

0 

^11 

Si 
hi 
0 

0 

0 

0 

0 

0 

0 

^32 
0 

0 

0 

0 

0 

-^12 

^ 2 

^ 2 
0 

d52 

0 

0 

0 

0 

0 

0 

^ 3 
0 

0 

0 

0 

^^13 
0 

0 

^43 

S3 
0 

0 

0 

0 

0 

0 

^ 4 
0 

0 

0 

0 

0 

0 

*34 

^44 
0 

0 

*74 

^84 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

% 5 

•^65 

^ 5 
0 

0 

0 

0 

0 

0 

0 

^ 6 
0 

^ 6 
0 

0 

0 

S6 
^ 6 

'l6 
0 

0 

0 

0 

0 

0 

0 

0 

^87 

^17 
0 

0 

0 

S7 
0 

0 

*87 

0 

0 

0 

0 

0 

0 

0 

^°88 
0 

0 

•^38 

^48 
0 

0 

^ 8 

•^88 

The elements of this deterndnant are given in table 4 

(first two columns). Due to the small number of non-zero elements 

in some rows, the order of the determinant can be reduced easily, 

leading to: 
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wi th ; A, 12 

32 

3̂3 

^56 

11 

5 ^ 1 2 

" l 2 -

-32 -

-^32 

"56 -

" 7 6 -

- ^ 6 

^ 

^33 

"43 
0 

0 

°13 

^33 

°43 
0 

0 

0 

- 3 4 ° 

" 4 4 ° 

"74 ^ 7 
-84 -87 
0 0 
0 0 

%4° 
° °57 
0 C^^ 

° °87 

• -11 -22^-21 

• -31 -22 / -2 I 

- 1 3 / ^ 2 

• -55 ^eG^%^ 

• -75 -66/-65 

-57A56 

-38 
-48 

-78 

-88 
0 

0 

0 

0 

0 

°88 

^32 
0 

0 

0 

"12 

"32 
0 

^ 2 
0 

0 

«33 

=77 

\ 2 

\ 2 

^56 

"76 

0 0 

^ 3 ^ 4 
0 0 

0 0 

^ 3 ° 
0 d3^ 

''43 "^44 

S3° 
° ^ 4 
° ^84 

= C33 -

= ° 7 7 -

= < ^ 1 2 -

= ^ 2 -

-Ss-
--^16' 

0 

0 

Ns 
0 

HG 
0 

0 

"56 
^ 6 
0 

°32 

°76 

Hl 

hl 

S5 
^ 5 

0 0 

0 0 

0 0 

^87 ^88 

^7° 
0 d3g 

° ^8 
Si' 
° ^8 
<̂ 87 h^ 

- 1 3 / ^ 2 

-57/^6 

•^22/^1 

^22/<^21 

^66/^65 

'^66/'i65 

O (38) 

In sec t ion 4*2 i t i s found, tha t on the border l ine of 

s t a b i l i t y , an undamped o s c i l l a t i o n with a frequency equal to or 

som^ewhat l e s s than ha l f the r o t o r frequency occuj?s. Therefore, 

the general form of the equation for the border l ine of s t a b i l i t y 

i s equation (38) with s u b s t i t u t i o n of s = j a D / 2 in the elem.ents 

of the matr ix . 

For s i m p l i f i c a t i o n , non-dimensional parameters are introduced, 

these parameters a re given in t ab l e 5 and s u b s t i t u t e d in the 

elements of the determinant ( t ab le 4)» ^̂ ^ "the l a s t column of t ab le 

4 the equations (37) are a l so s u b s t i t u t e d . 

The non-dimensional form of the equation for the border l ine 

i s equation (38) with the non-dimensional values of the elements 

from t ab le 4 . 
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6 APPROXIMTED STABLE REGION • • 

6 .1 E q u a t i o n s f o r t h e b o r d e r l i n e 

A double g imba l l ed momentum wheel can be c o n s i d e r e d a s a 

sys tem c o n s i s t i n g of s e v e r a l masses connec ted by s p r i n g s . 

Accord ing t o s e c t i o n 4*2 i n s t a b i l i t y w i l l occur i f t h e l owes t 

f r e q u e n c y of t h e system ( excep t t h e p r e c e s s i o n mode) i s lower 

t h a n a l i m i t f r e q u e n c y , which i s equa l t o , or somewhat lower 

than , h a l f t h e f r equency of t h e r o t o r . The l owes t f r equency i n 

t h e s.ystem (excep t t h e p r e c e s s i o n mode) w i l l l a r g e l y be determined 

by t h e l a r g e s t mass i n t h e system i . e . t h e r o t o r mass, p r o v i d e d 

t h a t t h e r o t a t i o n a l s t i f f n e s s of t h e g imbals i s s u f f i c i e n t . The 

l a t t e r c o n d i t i o n w i l l be a n a l y z e d i n s e c t i o n 6 . 4 , 

T h e r e f o r e i t can be expec t ed t h a t a r e a l i s t i c a p p r o x i m a t i o n 

of t h e s t a b i l i t y r e g i o n can be found by n e g l e c t i n g t h e gimbal 

masses and moments of i n e r t i a . F u r t h e r m o r e , t h e s p r i n g c o n s t a n t s 

T. . and T, , which w i l l be v e r y sma l l compared t o the o t h e r 
0 1 0 0 

s p r i n g c o n s t a n t s can be n e g l e c t e d . These a p p r o x i m a t i o n s can be 

w r i t t e n i n the non -d imens iona l form a s ; 

\i = U. = 0 
0 1 

a = — A 

a. =[3 = a = 6 = a 
1 '•̂ 1 0 0 

^ = PR = « + — 

T = T. = 0 
O 1 

"With t h e s e a p p r o x i m a t i o n s and i n t r o d u c t i o n of t h e a b b r e v i a t i o n s 

f. ^ o x I X ^ 0,Y 1 2 : (^^) 
f ^ f . l 

o x I X 
n 1 1 
f +f. 

OX I X 

f = 
z 

f ^ f . ^ 
oy i z 

^ 1 1 
f +f. 

oy i z 

e q u a t i o n (38) can be w r i t t e n a s ; 
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2"" % 1 ' e^Jf.-") -d^J^^ScJ c 

^ R 2 ^ 'R2 

M f 

2 
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( 

C 

pva 

O 

_ 1 
—gp2 

C 

C 

r 

(i^ja) 

Ut: 
'"*Rl"̂ R̂2 *''R2 

2J"^/a 23l=Va 

C C 

-(.lg^2-g^3) (l^ja-g^^) C 

2jPVa 2jPv/a 

O O 

0 C 

-UVo -pva 

(1+fja) 

•'gR2+gR3 (I+IJ^-^SHS) 

Subtraction of row 1 from row 2j row 3 from row 4» .1 times row 1 from row 4} row 6 from row 7» 

- .V times row 3 from row 9 and row 9 from row 10, followed by subtraction of .1 times columji 7 from 

column 2 and ,1 times colunm 10 from, column 4 results in; 

P f 

«Rl( V ^ - * ' f. 

- d ^ j a ) 0 

, 1 1 ^ 
• * R 2 ~ % 1 "' 

P f ( 1 + ^ j a ) 

g^i(f,-p)-Mf, 4 r i 4 fl2 

1 ( f _U)- . lp f̂  g l - . ( g l 
'^R2 X *'R2 '^m 

0 

0 

Ö 

G 

Ö 

C 

0 

c 

g l ^ ( f ^ - p ) . . m f ^ g l ^ - . , g l ^ 

0 

0 

0 

0 

a 

C 

0 

2 j / a 

0 

0 

0 

• 'SHI^42 

0 

0 

a 

0 

-(•'42* 
2 j / a 

0 

0 

^ 3 ^ 

0 

1 
- % 2 

0 

0 

0 

( l + | j a ) 

1 
% 3 

0 

3 
2 

0 

0 

0 

0 

0 

2 J,/a 

0 

0 

- Q 

0 

0 

0 

0 

0 

•'41̂  
2ó/a 

0 

0 

- a 

0 

'4̂  

1 
*R2 

1 
«R3 

0 

0 

0 

1 
»R2 

0 

3 
2 

0 

0 

( l - ^ J ^ ) 

1 
^R3 

( a a - 4 ) 

P f 
X 

0 

C 

-d+fja) 0 
, 1 1 ^ 

• 'eH2-»Rl ° 

P f 

3 
2 

0 

d ^ j a ) 

0 

.1 

0 

4 l ( V ^ ) - ^ ẑ 4 - ' S H 2 

+gL(f-*•)+•'" f -4,^-^4 =*R2 H2 ^R3 

R l *R2 

H-^lMi^ 
Sl^if,-^)--^^ f, 4,-^4r, 0 

^Rl *H2 

% 2 * ^ R 3 

- 0 

('xV-4) 

P f - d ^ j ^ 

g^ (̂f̂ -p)-p f̂  v^^-4^ ^4^^4^ 

«L^V'^^'^^x '43-«R2 *42*43 

p f - d ^ j a ) 

SRI^^Z-'^)-'^ ^Z ' 4 2 - 4 I ' 4 I * 4 2 

^ ( a V - 4 ) g ^ ^ ( f ^ - p ) - p f^ ^ g l ^ . g l ^ 

4 ( v ' ) * ' ' ' x̂ ' 4 * 4 3 
4i (f,-'')-•'f, ^4i*42 ^ R l ' z 

Bl^if.^-^yh-- f, ^^2*43 

or I 

( a 2 a ^ - 4 ) [•' f j A + d + | j a ) \ | [ l' f ^ A + ( l + | j a ) B^ | + -2 ( a ^ a ^ - 4 ) 3^ B = 0 
X z 

w i t h : 

A = (^R,-gB,)(Xg^,+gp,)-(^gn-(-gR,)(>giT+gi,) = d+A )(ffp2 - 4 l 4 3 ^ 4 2 " 4 i ' (^42*4.3 ̂ -( ̂ 43-42 ^ (*4i*42 ^ 

(-10) 

(a) 

\ - I 4 i ( v ^ - ' ' ' . I (^42*43^-142(^-'')* "-'̂ x I (^4i*42^' - (v^)(4i43-42'^-^ V^"41*^^42*43^ ^^^^ 

\ -' f'z-^^f4i43-42 )-»̂  ẑ ( '̂4i* '̂'4.-^*435 (43) 
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Both the real and the imaginary part of equation (40) must 

be zero, thus; 

[^Vz '̂ -̂  ̂  ̂  (̂ x\-̂ ẑ\) -*• (1-|-H^ w](°'-'-4) = 0 (44) 

Hi A (f B +f B ) + 2 B B (a^a^-4) = 0 (45) 
I. ^ X Z Z X'̂  X zJ ̂  ' . -̂' 

These e q u a t i o n s d e f i n e t h e b o r d e r l i n e of t h e approximate . 

s t a b l e r e g i o n . 

6 .2 S t a b l e r e g i o n f o r symmetric s u s p e n s i o n 

For symmetric s u s p e n s i o n f =f and B =3 , t h e r e f o r e the 

e q u a t i o n s (44) and (45) become; 

[p2f2 A2 + 2 j : f^ A B^ + ( 1 - ^ a 2 + | B 2 ] ( a 2 a 2 - 4 ) = 0 (46) 

. [̂ ^ f^ A B^ + B2] (a2a2 -4 ) = 0 (47) 

' The e q u a t i o n s (46) and (47) a r e s a t i s f i e d f o r t h r e e s e t s of 

p a r a m e t e r s ; 

2 2 
a, c a - 4 = 0 . For r e a l i s t i c momentum whee ls t h i s c o n d i t i o n w i l l 

n o t be met a s i t i m p l i e s t h a t t h e moments of i n e r t i a of t h e 

wheel about t h e x - and z -axes a r e l a r g e r t h a n , or e q u a l t o , 

t w i c e t h e moment of i n e r t i a about t h e y - a x i s ( s ee t a b l e 5)» 

b A = B = 0 . This c o n d i t i o n cannot o c c u r , a s g-mg-n-i i s always 
— X ., 2 Ki itj 

l a r g e r than g^^ ( see e q u a t i o n s ( l l ) and ( 4 I ) ) . 

c V- t A + B = 0 and a = 1 . These c o n d i t i o n s g ive t h e b o r d e r l i n e 
— X X 

of t h e s t a b l e r e g i o n . With e x p r e s s i o n s ( 4 I ) and (42) the 

s t a b i l i t y c r i t e r i o n becomes; 

% 1 % 3 % 2 

or i n d i m e n s i o n a l form; 

4 l - ^ 4 i . A : | 1 1 . 4 t i % i ^ 4 q L _ ^ g^^-^ L | g^3 
> — ? + _ _ + -r— + • ^—T (49) P f f f 2 \ 2 

Ü mg Rx ox i x ( % i % 3 ' " % 2 ^^ 
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To gain physical insight in this equation, the total stiff­

ness of the system is calculated. The total stiffness (f, ,) is 
t o t ' 

d e f i n e d as t h e s t a t i c f o r c e on t h e r o t o r i n x - d i r e c t i o n which g i v e s 

a u n i t d i s p l a c e m e n t of t h e r o t o r i n x - d i r e c t i o n , i f t h e d i s p l a c e ­

ment i n s - d i r e c t i o n i s z e r o . 

Asau.ming a s t a t i c f o r c e P on t h e r o t o r , t h e s u s p e n s i o n f o r c e s 

and t o r q u e s a r e : 

p^ = p^ = p., = - F T = -.^_p 
I x 2x 3x I z i 

The total displacement of the rotor and the total stiffness are 

I. ^ = ^ + I. + i-a +-̂ -Ep. f + + = T^— (50) 
xot oz IX Rx 1 Rz tot ^+4. 

tot 
The equations (a) (d) (g) (l) (s) and (v) of table 2 result in; 

p F 
^ox " f ^ i x " 7 ~ 

ox IX 

. ^ _ P _ ^ ( ^ R % 3 - ' 2 i . g ^ 2 ) ^ 

e 

'Rx f-Ti I 2 \ -^• 
Rx (gp.j_gj^3-gj^2) 1^ 

4 l i F (2Lj^g^,-H4^.gg^)F 

V R (%1%3"%2^^ 

(51) 

S u b s t i t u t i o n i n e q u a t i o n (50) g i v e s ; 

_ j ^ L . , _ 1 _ , '-^-^^i-^^R ^ ^%3-^4 l^^ i%2-^4^^gHi 

t o t ox i x Rx • 4 l ^ % l % 3 ~ % 2 ^ 

Comparison with equation (49) shows that the stability 

criterion for symmetric suspension can be t«*itten as; 

^ 1 2 
> - ~ — or fl m„ < 4 f+„^. (52) 2 ' f̂  ^ "" " "H " -" n o t 

Q. irWj tot 
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6.3 Stable region for unsymmetric suspension 

For unsymmetric suspension the borderline of the stable 

region is also given in the equations (44) and (45). The only 

realistic solution is again that the term in square brackets in 

e q u a t i o n (45) i s z e ro wi th n o n - z e r o v a l u e s of A, B and B . ¥ i t h 
' X z 

e q u a t i o n s ( 4 I ) t o (43) t h e b o r d e r l i n e of t h e s t a b l e r e g i o n i s 

g iven b y : . 

1 = 1 
\^ 2 •f- + J - + 1 + r + V ( - ^ - ^ ) + (l+>^)^ 

X Z X z . 
+ 

A^ga^+2^g^g^g^3 

1 1 _ 1 2 
% 1 % 3 % 2 

(53) 

Introduction of the non-dimensional total stiffness in x-

and z-directions: 

tot X 
"tot X 

"tot z 
"tot z 

R̂x 
(54) 

wi th f g iven i n e q u a t i o n (51) and f, , t h e sam<e 

e x p r e s s i o n f o r t h e z - d i r e c t i o n , g i v e s f o r t h e s t a b i l i t y c r i t e r i o n ! 

1>1 
V^ 2 f l f l 

t o t X t o t z 

- (1+r) +V(~ -) + ( l + A ' ) 

' t o t X t o t z 

(55) 

I n d i m e n s i o n a l form, d e n o t i n g f, , by f, j_ i f f, , > 
' tot X tot max tot x 

f+^+ „ and by f .̂  if f, , _ < f, , „ and vice versa, this 
tot z tot min tot x tot z ' 
equation becomes; 

8 f. 
t ot min 

^ 
r,2 2 Q a 

> 1 + 
tot min 

tot max 

/, , 1\ tot min 
- (.l+-r—) :̂  + 

R 

,2-

'Rx 

^! ^7~, • 2 4I2 2 f' ^ . 
j . \ (~. tot min\ , /-, , i\ tot man + > (i ~- ) + (1 + ---) - — — 

t ot max 
Rx: 

(56) 

2 
The value of a can be obtained from equation (44); the term 
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in square brackets m.ust be equal to zero, "«'rith equations (4I) "fco 

(43) and (53) the result is; 

a = 1 -

4 (i._A_)' 
9 ^ fx fz^ 

(l-̂ >2) H - V U - ^ ) + (I+A2) 
'IX fi 

(57) 

In dimensional form t h i s becomes: 

t o t min-

t ot max 
41^ f / f 2 

(1+ -2^) - i f i -E i^ + V(i - .^^^^MSL 

^ fix 

41! 2 f̂  ^ . 
) -»-(1-^-2^) - i s i - E x n 

t o t max L ,̂ f„ 
•K K x 

(58) 

Equations (56) and (58) form, the s t a b i l i t y c r i t e r i o n fo r 

unsym.m.etric suspens ions . This c r i t e r i o n i s given in the form of a 
4(2 f /-, , i \ t o t min the ( 1 ^ ) _ _ ^ 
L^ Rx 

graph i n f igure 3 . i''or high values of 

gimbal suspensions are s t i f f compared 

to the r o t o r suspension, which has equal s t i f f n e s s for the x - and 

z - d i r e c t i o n s . Therefore the r a t i o of f, , . and f, . w i l l 
tot m m tot max 

be near unity for this case. The dashed curve gives the limiting 

value for infinite stiffness of the gimbal suspensions in one 

direction. 
In most p r a c t i c a l cases the di f ference between f, . . and •̂  t o t mm 

t^ ^ w i l l be sm.all and the simple s t a b i l i t y c r i t e r i o n 
t o t max 

tt ' t o t min (59) 

can be used. 

6.4 Gimbal r o t a t i o n a l i n s t a b i l i t y 

The mass and the momients of i n e r t i a of the gimbals are small 

compared to the mass and the m ôm-ents of i n e r t i a of the r o t o r , 

Therefore i t can be expected tha t a r e a l i s t i c approximation of 

the gimbal r o t a t i o n i n s t a b i l i t y can be obtained from a model in 
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which the rotor is assumed to be fixed. The mass of the gimbals 

is not important for this rotational mode and will be neglected, 

as will be the small spring constants T.. and T. . 
01 oo 

T h e r e f o r e .a s o l u t i o n of t h e e q u a t i o n s of motion i s d e r i v e d 

f o r : 

p — 00 
o 1 

\xy — GO 

HYa, UYQ and \^^ f i n i t e V^A+a\i = 0 T. = T = 0 
1 o 

Introduction of these approximations in the elem.ents of 

equation (38) leads, after some recasting, to the following 

result: .: • 

^2l'^65 

f , l - ^ j a 

%1-^^x - % 1 

At^ 0 

^^x~42-'%2 
0 - 1 
0 0 

0 0 

0 0 

0 

-(AgJ^H-gl^ 

^32 

^4^%3-^^2 
0 

0 

0 • 

0 

0 0 

%2 ° 
1-t^ja 0 

-%3 ° 

' 'z 

° 4L"^Z 

- 1 ^^z 
0 Af - g i 

3 
2 

0 

0 

0 

l-f^Oa 

" % 1 

0 

. +̂  
1 

0 0 

0 0 

i 
0 0 

0 0 

-(Ag^+4^ 42 

^6 "̂4̂ ^ 
^gT^o+SM+D^^-g^^O 

= 0 (60) 

Only for the symmetric case (f^=f^ and D^^=D-^p) the solution 

is equation was ca; 

(6o) can be written as; 

z -X - " '76 32 
of this equation was calculated. In this case a=l and equation 

^̂ 21̂ 65 [ ̂' -̂  4 4 ^ -4 ̂ 34 ' 2 ̂ 14̂ 32 "̂  H ^2,34 ] = ° ^'^^ 

in which; E = the determinant of the upper left 4x4 matrix in 

equation (60). 

, E. . = the minor of the ij elem.ent of S 
10 

e. . , , = the common minor of E. . and E, , 
10,kl ij kl 
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Denoting the corresponding determinant of the same matrix 
but omitting the imaginary part of the elem.ents by the index R, 
equation (6l) can be written as : 

^21^65 [4 - 1(^12,34V^12^34 '^14 '^32^- ' ^ ^1R^^12^^R34^] = ° 
(62) 

Now e^2,34V^lll2^R34'"^14^32 = ^12,34^x^^32^11,33"^11,34^ "*• . 

" ^12,34^12'*'®12,34^12 ~ Vll,34^"^^^Vl2,3l"^^32®12,33"'®12,34 

•̂  V l l , 3 2 ^ " - ^ V l l , 3 4 " ^ 3 2 ^13,34^ =̂  

^x^32(^12,34^11,33-^12,33-ll.,34-^13,34^11,32> °^ ^ ^ ^ ° ^ ^ ^ '^^ 

elements of Er, by h. .; 
1,0 

^x^32[(^21^43"^23^a^^^''22^^4"^24^42^"^^21^,4"^24^41^^^22N3-N3N2^ 

- (^2lV-^22V^^^23N4"^24N3)] = ̂  

Therefore equation (62) can be written as; 

^21^65^ [\ - 5 ̂ 12,34 - ̂  ' ^̂ lll2-*-̂ 34̂ ] = ° ̂ °^^ 

The real and the imaginary part of the term between square 

brackets cannot be equal to zero simultaneously (this would 

lead to contraditions) thus the boundary of the stable region is 

given by one of the equations; 

^21 = ° dg^ = 0 or I^ = 0 . 

Ep = 0 can be written as a condition for D^^ or 3 ) ^ , viz.; 

'•A3'''V^ ̂  (%l43'42 '*=-*^xg^2"-'^^x<4l-^4lgB.rgR2 > 
^32 

f^(l-^gj3)-^(f,,+l)(gRi-^gHi%3-4 ) 
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2 2 

^z%3-^(-^z-^^)^gHl%3-%2 )-^^^^z42-^-^'^z(gRl^gRl43-42 ) 
^Y6" 2 '̂  

f,(l-gj3K(Vl)(gJ,-^gJlgJ3-gj2 ) 

4 f + 

^ % . 

It can be shoim, that the quantities f , and f ^ , ' ^ rot z rot X* 

which are defined in equations (64) and (65), are equal to the 

total stiffness of the inner gimbal for rotations about the z-

and x-axBs respectively, for a fixed rotor position. 

The stability conditions for rotations about the z-axis 

follow from 

^ 2̂1 (̂32̂  ̂ :V^^) = 0 o- . 

hWj - '' («o-i)][~#f^ - KYâ -Yĉ -̂ A)] = 0 : 

N o t i n g t h a t wi th the used a p p r o x i m a t i o n s H(Ya.-Ya -crA)x 
1 u. 

2 2 1 
Lp f_ = f3 K. , t h o s e s t a b i l i t y c o n d i t i o n s becom^e i n d i m e n s i o n a l 
form; 

ü\^ < L^ f (66) 
o o oy . 

ü\} < 4 f , (67) 
X r o t z v. I / 

Por r o t a t i o n s about t h e x - a x i s , t h e boimdary e q u a t i o n beoomes : 

h,^^l6^^^f^^ = ' -
^R *Rx 

4 „ 1 2 
A7 f. 

4 f 

•t 

•Rx 

A -f* 

^ ^ 
+ 

X 

1 I X ^̂  . ^ Q 

A^ f.-'"-!iY(p - p . ) 
1 I X ^^o "̂ 1 
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o r i n d i m e n s i o n a l form; 

2 " l p p 1 9 / 1 9 
(L f. -J Q )(A f ^ +L7 f. - I D ) - L ' f. = 0 
^ 1 IX o ' ^ ' r o t X 1 IX 1 ' 1 IX 

leading to the stability condition: 

- P T -<^ O - P T T ' ^ - C * X * - - - C » ' - I J > - « ' ^ . t . C » T * -
^ L. f. L. f. 2f f ^ L7 f. L : f. 2 f ^ r 4 f ^ ] ^ 2 ^ 1 IX , 1 IX , r o t X -v 1 3.x , 1 IX , r o t xL r o t x p_ < ^ + _ _ + ^̂  ^ + 

2 1"̂  2 IT I": '- 2 i ; ; 2 i-r i-r J i"^ i . 
o i l O i l 0 1 

(68) 

The comple te s e t of approx ima te s t a b i l i t y c o n d i t i o n s i s g iven 

by t h e e q u a t i o n s (59) and (66) t o ( 6 8 ) . E q u a t i o n s (66) t o (68) can 

be i m p o r t a n t i f t h e g imbals have h i g h moments of i n e r t i a a n d / o r a 

low r o t a t i o n a l s t i f f n e s s . 

STABLE REGION FOR S0t5E T"ÏPICAL C0]!TFEGX]Ri\TI01IS 

Choice of c o n f i g u r a t i o n s 

I n c h a p t e r 6 an approx imate s t a b l e r e g i o n i s d e t e r m i n e d , 

which i s v a l i d f o r a l l p o s s i b l e c o n f i g u r a , t i o n s . Due t o t h e l a r g e 

number of p a r a m e t e r s , a g e n e r a l check on t h e a c c u r a c y of t h e 

a p p r o x i m a t i o n s i s h a r d l y p o s s i b l e . The re fo re t h i s check i s o n l y 

per formed f o r some t y p i c a l c o n f i g u r a t i o n s . 

The chosen c o n f i g u r a t i o n s a r e s k e t c h e d i n f i g o r e A, In 

c o n f i g u r a t i o n I t h e g imba l s a r e a round t h e r o t o r and t h e 

s u s p e n s i o n c e n t r e s c o i n c i d e . In c o n f i g u r a t i o n I I , t h e g imbals 

a r e p l a c e d i n s i d e t h e r o t o r | t h e s u s p e n s i o n c e n t r e s c o i n c i d e , 

I n c o n f i g u r a t i o n I I I , t h e g imbals a r e a l s o p l a c e d i n s i d e the 

r o t o r j t h e s u s p e n s i o n c e n t r e of t h e r o t o r does n o t c o i n c i d e wi th 

t h e s u s p e n s i o n c e n t r e s of t h e g i m b a l s , 

For c o n f i g u r a t i o n s I I and I I I , two c a s e s a r e c o n s i d e r e d , 

v i z , t h e c a s e i n which t h e r o t o r c e n t r e of mass c o i n c i d e s wi th 

t h e s u s p e n s i o n c e n t r e of t h e g imbals ( c o n f i g u r a t i o n s I l a and I l l a ) 

and t h e ca se where some d i s t a n c e i n y - d i r e c t i o n between t h e s e 

two c e n t r e s e x i s t s ( c o n f i g u r a t i o n s l i b and I l l b ) . For a l l 
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configurations the centre of mass of rotor + inner gimbal 

coincides with the suspension centres of the gimbals, 

Assumed is, that the suspension of inner and outer gimbal 

is identical i.e, 

f. = f f = f. 
iz ox oy IX . 

¥ i t h these assumptions a lso the following i d e n t i t i e s are obtained; 

f = f f = f f = f 
z X t o t z t o t X rot 2 ro t x 

The non-dimensional parameters for the chosen conf igura t ions 

are given in t ab l e 6. 

S tab le region 

The appro:cLmate s t ab l e region i s given by the equat ions (59) 

and (66) to (68) , For the chosen conf igu ra t ions , the condi t ions 

given by equations (66) and (67) are always f u l f i l l e d i f the 

condi t ion given by equation (68) i s f u l f i l l e d . Therefore the 

approximate s tab le region i s given by the equat ions (59) and 

(68) ; for the chosen configiurations t h i s reg ion i s given in 

f i gu res 5 and 6, • ' 

From f igure 5 i't can be concluded, t ha t for conf igura t ion I 

"both s t a b i l i t y c r i t e r i a are important , but t ha t the parameter 

f ./f. i^as hardly any influence on the s t a b l e r eg ion . For 

conf igura t ions I I and I I I the s t a b l e region i s given by equation 

(59 ) . I t can be noted t ha t for conf igura t ions I and I I the 

parameter L^ f, , / 4 i" .1. w i l l be smaller than 1 , for conf igura t ion 

I I I t h i s parameter w i l l be smaller than 0,01 as can be in fe r r ed 

from the equations (5 l ) and (64) . 

In f igures 7 "̂ ô 9 "the approximate s t a b l e region i s again 

given, using a d i f f e ren t parameter v i z , f, +/f-D f „ ' This p a r a ­

meter ranges from 0 to 1 for a l l conf igura t ions j i t i s zero for 

i n f i n i t e s t i f f n e s s of the gimbal suspensions and one for i n f i n i t e 

s t i f f n e s s of the r o t o r suspension. In f igures 7 "to 9 po in t s are 

given for a number of numerical so lu t ions of the exact equation 

(38)J these so lu t ions were obtained using a d i g i t a l computer, 
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The d i f ferences between the exact and the approximate 

boijndary of the s t ab le region are not la rge - maximum about 20 

pe rcen t . Equation (68) seems to be somewhat conservat ive (P ig . 7), 

equation (59) somewhat unconserva t ive . 

For conf igurat ion I (P ig . 1) a l l exact so lu t ions are loca ted 

nea r ly on one l i n e j the d i f ferences due to d i f ferences in 

f, . / f j , , f. /f. and T are very smal l . The r a t h e r low value of 

fflp^D/f , a t f f/^T> f = 1 oan be explained as fol lows: For 

f, ,/fT^ f = 1 the s t i f f ne s s of the ro to r suspension i s i n f i n i t e , t o t ' Rx X ^ ' 
t he re fore the ro to r and the inner gimbal must be regarded as one 

mass. As for conf igurat ion I the r a t i o m./m-, = 0.2 a reduct ion 

of about 20 percent in the parameter m^ ^ / f J. .L can be- expected. 

Figure 8 shows tha t the d i f ferences between configurat ions 

I l a and l i b are very small and a l so tha t the param,eter f. /f. 

has hardly any influence on the boundary of the s tab le r eg ion . 

The r a t h e r low value of irv, f2 /f , , at f, ./f-o f = 1 can be 
B ' tot .. tot' Rx X 

explained as before - in this case ra./mp = 0.1. For configuration 

II a remarkable difference between exact and approxim.ate solutiois 

exists for low values of f, +/^-a f and low values of f, +/f-D • 

In this case the stiffness is largely determined by the stiffness 

of the rotor shaft, which is highly unsymmetric. Coupling between 

translations and rotations will occur, which leads to a reduction 

in the stability parameter. 

Configuration III (Pig. 9) gives the sam.e picture as 

configurations II except at low values of f, +/fT, f • The 
uOl/ itX X 

reduction in the stability parameter is not present in this case, 

due to the relatively miuch higher rotational stiffness. However, 

this does not imply that configuration III is better than 

configioration II. For the same springs and bearings i,e. the 
same value of f. , f. and f_ the value of f, j . will be less ix' iz Rx too 

for configuration III, due to the large value of A=2i:/'Lj, (see 

equation (5l)). 



CONCLUSIONS 

Por t h e s t a b i l i t y of t h e h igh f r equency motions of a double 

g i m b a l l e d momentum whee l , t h e f o l l o w i n g c o n c l u s i o n s can be drawn; 

_1 The motions a l o n g and about t h e r o t o r a x i s w i l l a lways be 

s t a b l e as no mechanism e x i s t s t o i r . c r s a s o the ene rgy of the 

mo t ion . , 

2_ For t h e m.otions a l o n g and about the o t h e r a x e s , t h e r e e x i s t s 

a mechanism t o i n c r e a s e t h e energ.7 of t h e motion i n t h e r o t o r 

s u s p e n s i o n i f t h i s su spens ion i s such t h a t t h e f o r c e i n 

x - d i r e c t i o n depends on t h e displacem.ent i n z - d i r e c t i o n and 

v i c e v e r s a (fjj g. / O ) . '•• 

_3 A u s e f u l s t a b i l i t y c r i t e r i o n i s w > ^ R - ^ Z ^ ^ - ' "̂ ^̂ "̂  means 

t h a t a l l n a t u r a l f r e q u e n c i e s of t h e sys tem must be h i g h e r 

t han t h e r a t i o of t h e t r a n s v e r s e s t i f f n e s s fg™,, and t h e 

damping c o e f f i c i e n t "^^^ This s t a b i l i t y c r i t e r i o n i s exac t 

f o r symmetr ic s u s p e n s i o n s , b u t somewhat c o n s e r v a t i v e for u n -

symm.etric s u s p e n s i o n s , , 

_4 For b a l l b e a r i n g s (f-n „ ^ O ) no i n s t a b i l i t y w i l l o c c u r ; f o r 

hydrodynamic b e a r i n g s ( f„ /'Hj, ~Q/2) t h e s t a b i l i t y c r i t e r i o n 

becomes to > fi/2, t h a t means t h a t a l l n a t u r a l f r e q u e n c i e s of 

t h e sys tem m.ust be h i g h e r than h a l f the r o t o r f r e q u e n c y . 

_5. The s t a b i l i t y c r i t e r i o n o> > fi/2 l e a d s t o a c r i t e r i o n f o r t h e 
2 / 

s t i f f n e s s of t h e system v i z . ; f̂  , > m̂ , O Iè, i n which mj, i s 

t h e r o t o r m^ass and f, , t h e t o t a l s t a t i c . f o r c e on t h e r o t o r 
t o t 

d ivided, by t h e d i sp l acemen t of t h e r o t o r caused by t h i s f o r c e . 

Th i s c r i t e r i o n i s somewhat u n o o n s e r v a t i v e j f o r soffie c a s e s i t 

w i l l be b e t t e r t o use t h e t o t a l mass of r o t o r and i n n e r gimbal 

i n s t e a d of t h e mass of t h e r o t o r . 

_6 "With some c o n f i g u r a t i o n s r o t a t i o n a l i n s t a b i l i t y can occu r , ': 

e s p e c i a l l y i f t h e g imbals have h igh moments of i n e r t i a a n d / o r 

a low r o t a t i o n a l s t i f f n e s s . The c r i t e r i a f o r the r o t a t i o n a l 

s t i f f n e s s a r e g iven i n t h e e q u a t i o n s {,66) (67) and (68) on 

pages 30 and 3 1 , ..„.: 
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T-ible ?! equations of motion used for stability considerations. 
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• l y " 

flz = * ' o ^ W i ) *^'ixS*Vi) *̂Rx̂R 

^?x' " ' R Z ' H 

^ z = ' ^ * ' H X ^ 

"3x ° • : " ' R Z ^ , 

^ y - . V • • " , ' • 

"3z = * ' R X " R 

^ Ix = - % ( « i * ^ o z * ^ H z ) * > ( ^ E * ' R ^ i ^ *^x(^R*"H^i ) * ' R X ^ R 

• ' ly ' ^ P • ' * V R : * V R .. 

^ z = *^Rn(*o*''ix*''Rx) * ' o z ( V » I . ^ l 5 * ' i ^h^lih^ *^Rz'Si 

•^2. - - » 'Rn (^*^z*^Rz) * *o^i * ^ x ^ i * ' R X ( V ^ ^ I ) 

T„ =• l̂ T, *t 3. +c. J , 
Jy Ti oy 1 l y i • 

T., = +h ( j +c. +c' ) +c K. +6. K +t (lC+B„i ) 
2z Rn 0 IX Rx oz 1 i i Hz H n 1 

T, = -h- (6,+c +c„ ) + 6 : +c. I- ^ " ^ ^ ( I R ^ S H ^ ) 
}x T̂ n 1 oz Rz 0 0 i x i Kx K n a 

r , . h, +c J +c. J . 
^y .R oy 0 ly 1 

3z Rn 0 ix Rx oz o i i Rz H K i 

•^Rz 2 *'R2 

* ' R I 2 ^ 2 

* ^ R x 2 *R3 

*^Rz 2 «R3 

* ^ x " ^ 

*^y°^ 

*'^oz'^ 

+1 m. 
ox 1 

+t m. 
oy 1 

oz 1 

+5 n ox 0 

oy 0 

oz 0 

*^OZ' 'R 

* ^ i x ' ^ 

* ^ i y ' ^ 

*h.\ 
* ^ i x ^ 

*^ iy" i 

*« i z " i 

*^ ix" i 

*^ iy" i 

* ^ i z " i 

*'^iz''R 

* ^ R X " ^ 

^^Ry"^ 

*^Rz"^ 

*^Rx'^^ 

*^Ry°^ 

*^R-/^ 

*^Rx'^ 

*^Ry'°R 

*^Rz'^ 

*^Rz«R 

"^Rx^Rxb "''Rx^Rxb 'Rxz''Rzb u-f,. 

"^Ry^Ry "'^y^Ry 

"^Ri^Rzb"'\ji^Rzb*^Rxz^Rxb 

- -f. I., -n . t . 
I I I I IX I I 

= -f . ^. -T). i . 

IX l y IX l y 

= -f . 5 . -Tl. i. 
I Z I Z I Z I Z 

- f c -•n c 
OX ox ox ox 

- f C - 1 '̂ oy oy oy oy 

- f ^ -Tl ^ 
oy oz oy oz 

J^TS 
' \ rRx'^Rxb*'^x'^Rib*'Exz'RzbJ 

-T, nR (^-*--Rn) 

- ^ x ^ R -^ix^R "^Rx^R 
= J-L? •^ I.^Rx'Rzb*'\?x'^Hzb"^Rxz'^Rxb 1 

*^Rz^V'̂ )̂ --7^'f 

- ^ R x ^ V ^ R ^ ) 

*^Rz<^R*'^^i^ 

-7L^[f. c. +T). c. , 
4 1 ' IX IX i r I X ' 

-h'\r c. *n. c. I 
d 1 I i x l y IX l y I 

- T . . s ign 6 . -T , . 6 . 
f i 1 6 i 1 

-WV^n'i^ 

*'^Rx % 1 

*'^Rz «Rl 

-^ fo " ' ^ * 0-^6 0* o 

/I o I oy oy cy oy ' 

- T L ' l f c +1 c 4 0 ' oy oz Ü.Y oZ' 

h 
(^Rx*8Ri)'^Rxb*'^x^Rxb**Rxz^Rzb"'^R2 T 'Rzb 

^^Rx*^Rl'^R?.b*'V.x^r!7.b"^Rxz^Rxb*%2 2 ^Rxb 

* ' E Z «R2 

~^Rx «R2 

• ^ 2 ^ [^fRi*8R3)'Rxb*'\?x'Exb*^F.xz^ zb] *eR2'Rzl 

+ 2 ; S l ' W « R 3 ^ ' R z b * V R z b - ^ R x z ^ R x b J - e R 2 ^ R , 



Table 31 l a p l a o » transformed e q u a t i o n s of motion i n matrix form 

3 B + f 8 Bj 

O or 1 

•"H 

i -» »» 

B r^ 

0 

0 

0 

0 , 

o 

0 

r 

- n , g 

0 

0 

0 

0 

0 

s mj 

*H1 

0 

0 

0 

0 

0 0 

0 0 

= ^ r * ' H x ° 

- ° ' ^ x - ^ B x - « R l ° 

0 

0 

- f „ 

• f „ 

- a ' ( s p » m ^ ( . ) C 

-S'sn 0 

'"BP 
s is 

'H? 2 

B • f 8 m., 0 oy 1 

"l! 

2 
8 m,-tf. 

1 I I 

0 

0 

0 

0 

0 

0 

0 

0 

81 

0 

0 

'BXX 

Bxz 2 T i? 

"bix^^Ex 

- « ^ l x - ' s x - « i l l 

0 

0 

o 

0 

"B 

e, 'R? 2 % ? 2 , 

B ' K • -5^ f 
0 4 07 

«'•'i^^n 

2 *R2 

( V R ' I ) 0 

( V H ' I ' ° 

0 0 

• ' ( V R ' I ' » ' (V^R ' I ) »% 

Rn 

Rn 

8i B3 4 

- " R n 

-="Hn 

-">Rn 

0 

^ 

Rn 

•-Rn 

Rn "Rn 

oh 

( " " R X ^ ' R X ' 4 

-<"blx*'Rx*«R3>T ° 

0 8 

Rn 

Rn 

°Rn 

• 2 % 2 

RX7. ,.1 

= ( I R ^ ^ R ' I ' 

Rïï 4 , 

- f ^ Rxt 4 

»^^* -f 'ix ^ = R * = R ' I > 

• ' ( V ' R ' I ' ^ ' f ' B ' = R ' i ^ = ' I R 

*R3 4 

^Rrb 

t = ''Rx*^Rx>r . 

-f'"'Rx^'Rx*8R3>T 

'RZV 

r , 
ax 

'Rx 

''Rib 



Table 4i The elenenta of tl-.e detarr^inant of ocapter ^ 

' l l 

h 2 - ^ 6 

"n-'sT . 

"21 

» 2 2 - » 3 l 

' 3 2 

' ' 3 4 • ^ 8 . 

• 3 8 - ' ' 4 3 - ^ 4 ' ~ ' 8 4 

»43-»87 

*44' ' '88 

"55 

' 6 5 

' 6 6 - ^ 5 . 

^ 6 

» ' 3 2 - " ^ 6 - ^ l 3 - ° 5 7 

N3-»'87 

^44'"*88-°43-°44"°37"'°8B 

°32-<'76 

° 3 3 - ' 7 7 

O OX 

•s 
2 

• ' % ^ ' o x * ^ x 

" i x 

•̂ "Kx .: 

- ( " ^ R X ^ ' R X ' 

"*«» 

% 1 

- ( • V H X * % I ) 

0 oy 

• ' " ^ ' o y * ^ l « 

" i » • - ' • " • . : • 

•̂ -K. . -,. 
- ' f V ^ ' i ) 

-r.jj % 1 2 ^ 2 

h 
~ %2 

2 
° =R ; 

2 , 

f ^-u u 
ox 0 

- ; i * i . j ) u 

- 0 

f 1+r ^ -1, L 
ex I x 0 

- l i 

^i-1^ 

- d ' ^ j a ) 

3 
2 

4i 

- ( ^ i a . g l / ) 

f ^-P P 
oy 0 

f ^-ff ^ -u u 
oy i z 0 

- 1 ^ -

-li-^" 

-M(<r*X) 

*H1 *R2 

1 
«H2 

_ 3 P 

AM 

,2(K -K )- J^ f 
o 1' 4 oy 

8 K^ 

- " " t - o - ^ i ) * 

-PI=J 

- " ( T c j - " ^ ) 

O 
f 1 

o y 

*l6-*17-^52-'^53 •»'Rn ^^''''''• 

' o 1' 4 oy 61 o 1 o oy 1 

*34"''78 

*38-*48*"^74'"*84 

*43-^87 

*44"*88 

-55 

*5« 

'57 

*«5 

^ 6 1 . 

8 ^ ( K . - K j - 8 „ i ^ ) . T ^ . 

i i f 
4 Hx2 

•R 'I, A 
B j 2 *a2 4 % j 

• ' ( ^ o - ^ i ) ^ ^ 6 o 

•^^1 

B , ^^ 

•'(^o-^l>^^*o^f ^X 

- T ^ x 

- r 
1 

-u(Yo. - r a -tr> 

-^«H2*43 

- U ^ j a . ^ , ) 

- u v ; p ^ - p . ) . . ^ 

-prp^ 

- l iT(p - ? )* r 

1 IX 

*7« • ; . ' '^1 ^B ' H ' I ' 4 ^ x 1 •• 1 ^ 



Ta-b. 5 

Ta'ble 5t Non dimensional parameters 
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Y = 4 Vl^m^ 



Tah. 6 

Tahle 6; Non-diniensional parameters for the chosen 

c onf i gtir a.t i ons 
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Figure 1 
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Fig.1 SATELLITE AND GIMBAL ARRANGEMENT. 
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Fig. 2 STRUCTURAL DISPLACEMENTS DUE TO ROTOR SHAFT 
BENDING. 
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Figure 4 

CONFIGURATION I 

CONFIGURATION H 

CONFIGURATION m 

Fig. 4 SOME TYPICAL CONFIGURATIONS R= ROTOR 
I = INNER GIMBAL 
O = OUTER GIMBAL 

(Outer gimbal axis perpendicular to plane of pape r ) 
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Fig.7 STABLE REGION FOR CONFIGURATION I , COMPARISON BETWEEN NUMERICAL AND 
APPROXIMATE SOLUTIONS. • 
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