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Conditionally sampled measurements with particle image velocimetry (PIV) of a
turbulent round submerged liquid jet in a laboratory have been taken at Re = 2 × 103
between 60 and 100 nozzle diameters from the nozzle in order to investigate the
dynamics and transport processes at the continuous and well-deﬁned bounding
interface between the turbulent and non-turbulent regions of ﬂow. The jet carries a
ﬂuorescent dye measured with planar laser-induced ﬂuorescence (LIF), and the surface
discontinuity in the scalar concentration is identiﬁed as the ﬂuctuating turbulent jet
interface. Thence the mean outward ‘boundary entrainment’ velocity is derived and
shown to be a constant fraction (about 0.07) of the the mean jet velocity on the
centreline. Proﬁles of the conditional mean velocity, mean scalar and momentum ﬂux
show that at the interface there are clear discontinuities in the mean axial velocity
and mean scalar and a tendency towards a singularity in mean vorticity. These actual
or asymptotic discontinuities are consistent with the conditional mean momentum
and scalar transport equations integrated across the interface. Measurements of the
ﬂuxes of turbulent kinetic energy and enstrophy are consistent with computations
by Mathew & Basu (Phys. Fluids, vol. 14, 2002, pp. 2065–2072) in showing that
for a jet ﬂow (without forcing) the entrainment process is dominated by small-scale
eddying at the highly sheared interface (‘nibbling’), with large-scale engulﬁng making
a small (less than 10 %) contribution consistent with concentration measurements
showing that the interior of the jet is well mixed. (Turbulent jets diﬀer greatly from
the free shear layer in this respect.) To explain the diﬀerence between velocity and
scalar proﬁles, their conditional mean gradients are deﬁned in terms of a local eddy
viscosity and eddy diﬀusivity and the momentum and scalar ﬂuxes inside the interface.
Since the eddy diﬀusivity is larger than the eddy viscosity, the scalar proﬁle is ﬂatter
inside the interface so that the scalar discontinuity is relatively greater than the mean
velocity discontinuity. Theoretical arguments, following Hunt, Eames & Westerweel
(in Proc. of the IUTAM Symp. on Computational Physics and New Perspectives in
Turbulence, ed. Y. Kaneda, vol. 4, 2008, pp. 331–338, Springer), are proposed for how
the vortex sheet develops, how the internal structure of the interface layer relates to
the inhomogeneous rotational and irrotational motions on each side and why the
dominant entrainment process of jets and wakes diﬀers from that of free shear layers.
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200

J. Westerweel, C. Fukushima, J. M. Pedersen and J. C. R. Hunt

Figure 1. The instantaneous concentration ﬁeld in the far ﬁeld of a submerged self-similar
turbulent jet.

1. Introduction
A long-standing question about unconﬁned, but localized, turbulent ﬂows, such as
the turbulent jet in ﬁgure 1, is to describe and quantify the characteristic features
of the inhomogeneous transition zone between fully developed turbulence and the
decaying ﬂuctuations outside the turbulent region (Hinze 1975; Townsend 1976;
Hunt et al. 2001; Tsinober 2001). Recent investigations have shown that this zone
generally consists of three layers: a ﬂuctuating, but well-deﬁned, interface (i) that
is very thin (with a thickness i ) and at which the vortical ﬂuctuations decrease
rapidly. This separates the external layer (E) of irrotational ﬂuctuations outside
the interface from the adjustment layer (A) of inhomogeneous turbulence inside
the interface in which the rotational and irrotational velocity ﬁelds adjust to their
more homogeneous structure in the fully developed turbulent region (see ﬁgure 2).
Typically the thicknesses of the latter layers are of the order of the integral scale Lx
of the turbulence.
This general form of the structure has been suggested by previous experiments
and theoretical studies (e.g. Corrsin & Kistler 1955; Phillips 1955; Townsend 1976;
Carruthers & Hunt 1986). Because of the lack of detailed experimental data, especially
of the velocity ﬁeld on either side of the ﬂuctuating interface, theories and concepts
about these transition zones have not been thoroughly tested, in particular proﬁles
and conditional statistics of the ﬂow ﬁeld near the interface, the vortical dynamics
and possible instability mechanisms of the interfacial ﬂows (e.g. Reynolds 1972) and
statistical relations between these local ﬂows and those of the ﬂow as a whole, such
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Figure 2. The superlayer jump condition at the turbulent/non-turbulent interface. (a) The
moving interface; (b) deﬁnition of the interface of thickness i between the external (E) layer
and adjustment (A) layer; (c) typical mean conditional scalar proﬁle relative to the interface
(for Sc  1).

as the average movement of the interface and the entrainment of external ﬂow into
the turbulent region.
Brown & Roshko (1974) showed that large-scale organized structures exist in the
instantaneous ﬂow of a turbulent plane shear layer, where the large-scale eddies draw
external irrotational ﬂuid directly into the interior of the spreading turbulent ﬂow
region. This was generally considered to be the principal mechanism for entrainment
of the bounding irrotational ﬂuid into the turbulent ﬂow region for all free turbulent
shear ﬂows. Many experimental studies have concluded that mixing and entrainment
in jets and wakes are dominated by the engulfment process (e.g. Dahm & Dimotakis
1987; Ferré et al. 1990; Mungal, Karasso & Lozano 1991; Dimotakis 2000). However,
in a recent paper Westerweel et al. (2005) showed that for a turbulent jet ﬂow the
engulfment motions do not dominate the entrainment process, because they only
contribute a small percentage of the total jet mass ﬂux. This result was in agreement
with earlier numerical studies of a time-evolving jet by Mathew & Basu (2002). The
experimental ﬁndings indicated a jump in the mean axial momentum relative to the
instantaneous jet interface, in correspondence to ﬁndings from numerical simulations
for the turbulent/non-turbulent interface of a turbulent wake (Bisset, Hunt & Rogers
2002) and of a time-evolving plane jet (da Silva & Pereira 2008). Earlier studies (e.g.
Kovasznay, Kibens & Blackwelder 1970) could not identify any sharp discontinuity
or ‘jump’ U in the large-scale velocity ﬂuctuations (∼ U0 ), i.e. U  U0 .
However, measurement of the instantaneous scalar proﬁles at the edges of jets and
boundary layers and in other shear ﬂows have shown that where there are diﬀerences
in mean concentration C of a scalar inside and outside the shear layer a signiﬁcant
fraction occurs as a step change C at the interface (e.g. Mungal & Hollingsworth
1989; Yoda, Hesselink & Mungal 1994). Furthermore, Westerweel et al. (2005) showed
that small-scale motions are dominant near the interface. Other recent ﬁndings appear
to support this ﬁnding. Holzner et al. (2007, 2008) found that small-scale motion is
dominant at the turbulent/non-turbulent interface of an advancing turbulent ﬂow
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region generated by an oscillating grid. Similar ﬁndings were obtained by da Silva &
Pereira (2008) for the turbulent/non-turbulent interface in a simulation of a timeevolving plane jet. They also found that the turbulent ﬂow region resembles isotropic
turbulence, and they could not ﬁnd any signs of the existence of large-scale coherent
motions at the instantaneous location of the interface. Also, it is reported by L’vov
et al. (2008) that the spreading rate of a plane jet (i.e. the entrainment rate) is due to
the randomness of the vortices, in contrast to the description of large-scale organized
motion in relation to the entrainment rate (Yoda et al. 1994). The thickness i of the
bounding interface is found to be of the order of the Taylor microscale (∼ Lx /Re 1/2 ).
This would be consistent with the concept of an interface at which the velocity jump
is of the order of U0 (Hunt, Eames & Westerweel 2006; Ruban & Vonatsos 2008).
In the absence of a strong mean shear the limiting thickness may reduce to the
Kolmogorov microscale (∼ Lx /Re 3/4 ) (Corrsin & Kistler 1955), as has been observed
by Holzner et al. (2007, 2008).
This study provides new statistical and computational models of the outer region
of turbulent ﬂow, based on the ﬁnding that these results can be explained in terms
of local models for the velocity and scalar ﬁelds in relation to the interface. Using
the statistics of the interface in laboratory coordinates leads to physical concepts and
practical models for ﬁrst- and second-order moments in the outer zones of many types
of turbulent shear ﬂows. The approach avoids the numerical and conceptual diﬃculties
inherent in using O. Reynolds’s Eulerian averaging methods for intermittent ﬂows with
high local gradients. For example, in many numerical models of free turbulent ﬂows it
is common to assume a ﬁnite eddy viscosity in the outer irrotational ﬂow region (e.g.
Cazalbou, Spalart & Bradshaw 1994). This can be considered as unphysical, although
using zero eddy viscosity leads to an underestimation of the spreading rate of jets and
boundary layers. Often this eﬀect is masked by the numerical diﬀusion as a result of
using a coarse simulation grid. In a previous paper (Westerweel et al. 2005) it was
shown that the concept of a convoluted turbulent/non-turbulent interface predicts a
ﬁnite eddy viscosity in the outer ﬂow domain and provides a sound physical basis
of the common practice of using a ‘background’ eddy viscosity. In this paper we
expand the theoretical aspects of this result and extend the approach to the eddy
diﬀusivity for a free shear ﬂow. Taking into consideration the magnitudes of the
conditional jumps and conditional mean gradients in the adjustment layer, we explain
the turbulent Schmidt number in terms of the velocity and scalar jumps and the
gradients’ conditional velocity and scalar concentration in the adjustment layer.
The theoretical basis of our investigation is explained in § 2. The experimental
conﬁguration, measurements and analysis of the experimental data are described in
§ 3. The results are discussed in § 4, with a summary and some suggestions for future
studies given in § 5.
2. Theoretical
2.1. Principal concepts
The convoluted moving interface may be idealized as a plane surface, when the
engulﬁng motions only take place over a small proportion of the interface (see
ﬁgure 2). The analysis of the engulﬁng mechanism by Hunt, Eames & Westerweel
(2008) shows that this assumption of infrequent engulfment events is valid if their
streamwise length scale is less than the width of the shear layer. This occurs in ﬂows
like jets or wakes with signiﬁcant mean curvature; it is not valid for plane free shear
layers. Consider a scalar quantity θ that deﬁnes the turbulent ﬂow region, i.e. θ = 0 in
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the irrotational external ﬂow region E and θ > 0 in the turbulent ﬂow region A. The
interface between the turbulent and irrotational ﬂow regions is deﬁned by a jump θ,
with the interface moving at a velocity Eb into the irrotational ﬂow region. A simple
control volume analysis shows that the jump θ at the interface obeys the following
condition:
Eb θ = −Fθ ,
(2.1)
where Fθ is the ﬂux of θ into the control volume. Equation (2.1) implies that for
Eb = 0 there must exist a non-zero jump θ when Fθ > 0. Many previous authors
(e.g. Reynolds 1972) do not distinguish between Eb and the mean inward velocity V
(see Turner 1986).
The instantaneous velocity ﬁeld u∗i can be expressed both in terms of the mean
and ﬂuctuating component in the laboratory coordinates (Ui , ui ) and in coordinates
deﬁned relative to the interface (Ui , ũi ), so that
u∗i = Ui + ui (x) = Ui + ũi (x, y − yi , z, t).

(2.2)

For convenience we adopt the following abbreviated notation: U = Ui and τ̃ =
−ũṽ . Note that jumps U and τ occur in the conditional mean velocity U and
the local Reynolds stress τ̃ , respectively, across the interface. When the local pressure
gradient is zero, the local momentum balance near the interface yields
(2.3)
Eb U ∼
= τ̃ .
(Note that the interface velocity is not constant, so that (2.3) is approximate.) On
the turbulent side of the interface, where n/i  1, the mean velocity relative to the
interface has a gradient ∂ U /∂n (Kovasznay et al. 1970; Bisset et al. 2002). This
shear distorts the turbulence so that the eddy viscosity has an approximately constant
value νe ∼ v 2 TL , where TL has a value characteristic of the outer region of shear layers
(TL ∼ 2/(∂U /∂n)) (Townsend 1976, p. 244). Therefore
∂U
.
(2.4)
τ̃ = τ̃ ∼
= −νe
∂n
(Note that n is positive, pointing from the interface inwards into the turbulent
ﬂow region.) Similar relations are valid between the jumps in the mean scalar (e.g.
concentration) and scalar ﬂux FC ( = vc), i.e.
Eb CI = −FC

(2.5)

and
FC = −De

∂C
,
∂n

(2.6)

where De is the eddy diﬀusivity.
Let US and CS be the magnitudes of the changes in U and C across the main
turbulent shear layer, between n = 0 and n ∼ h (see ﬁgure 2). Then from (2.4) and (2.6)

 

U  C ∼ νe
,
(2.7)
=
US
CS
De
where νe and De are the eddy viscosity and eddy diﬀusivity respectively. Note that
De is typically twice as great as νe in the outer part of the shear layers; this is an
experimental result that can also be derived from rapid distortion theory (Townsend
1976, p. 359). This is why the magnitude of the scalar jump C across the interface
layer is signiﬁcantly greater than that of the velocity jump U for jets and wakes
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(and similar ﬂows), relative to the changes in C and U across the shear layer (e.g.
Bisset et al. 2002).
As indicated in § 3, the spatial resolution of the scalar measurement in our
experiment was insuﬃcient to resolve all relevant scales down to the Batchelor
scale. However, the limitations of ﬁnite spatial resolution have less inﬂuence on the
mean values of the passive scalar. Therefore, (2.7) provides an alternative evaluation
for the scalar and momentum transport at the turbulent/non-turbulent interface.
Note that using other techniques, Buch & Dahm (1996) showed that it was possible
to fully resolve both the ﬂuid motion and the scalar ﬂuctuations for a liquid ﬂow
with Sc  1.
2.2. Dynamical analysis relative to the interface
The statistical dynamics of the engulﬁng and nibbling processes (which determine
Eb ) can be analysed by considering the terms in the equation for the kinetic energy
q 2 ( = (1/2)u2i ) and mean square vorticity ω2 when they are expressed in a ﬁxed frame
and a frame moving with the interface.
In a ﬁxed frame (ignoring streamwise and spanwise derivatives)
∂q 2
∂q 2
+V
= P − Tr − ε,
∂t
∂y

(2.8)

with


2
∂
∂ui
∂U
, T ∼
(vq 2 + vp), ε = ν
,
(2.9)
P ∼
=
= −uv
∂y
∂y
∂xj
where P , T and ε are the production, (radial) turbulent transport and dissipation
terms, respectively. Consider a frame moving with the interface at velocity Vi − Eb ,
using the notation in ﬁgure 2(a); then
Eb

∂q̃ 2
∂
=P −ε−
(ṽq̃ 2 + ṽ p̃ ).
∂n
∂n

(2.10)

Integrating across the thin interface (see ﬁgure 2) shows that the jump in the
advective energy ﬂux as the interface moves at speed Eb has to balance the integrated
contribution of P in the interface plus the jump in the diﬀusive energy ﬂux. The
energy dissipation rate is of order unity, and its integral is small (Holzner et al. 2007).
Thus (with the direction of integration into the turbulent ﬂow domain; see ﬁgure 2)
ũṽ U + (ṽq̃ 2 + ṽ p̃ )
Eb ∼
=−
q̃ 2

∼
= −αsh U − αturb ṽ 2 .

(2.11)
(2.12)

This shows how the nibbling process depends on eddies generated by the interface
shear layer plus eddy transport (which would dominate in the experiments without
shear; see Holzner et al. 2007, 2008). The coeﬃcient αsh = ũṽ /q̃ 2 can be
determined from the measured conditional ﬂow statistics, but since ṽ p̃ cannot
be determined in our measurements, we consider the enstrophy equation to estimate
αturb .
The analysis of the equation for the enstrophy in interface coordinates leads to
(Vi + Eb )

∂
ω
= Pω(L) + Tω(NL) − εω ,
∂n

(2.13)

Momentum and scalar transport at the turbulent/non-turbulent interface of a jet 205
where
Pω(L) ∼ 
ω2

∂U
∂n

(2.14)

is the linear vorticity production term and


∂u
∂
i ω
n
Tω(NL) ∼ ω
ṽ
ω2
∼
∂n
∂n

(2.15)

the nonlinear transport term. Since the mean square vorticity in the interfacial layer
is primarily locally produced with local dissipation, it follows that
Eb ∼ −


ṽ
ω2 ∼
= −αturb ṽ 2 .
2

ω

(2.16)

Near the interface when ṽ > 0, i.e. velocity ﬂuctuations are directed towards the
turbulent region from the irrotational ﬂow region outside the interface, ω̃2 ∼
= 0,
whereas for ṽ < 0, ω̃2 > 0. Therefore, assuming these events are equally likely, it
follows that αturb = 0.5 in (2.12). This is tested against the experimental results in § 4.
2.3. Dynamical analysis in laboratory coordinates
By using the analysis of the previous section relative to the moving interface, together
with the p.d.f. p(yi ) of the interface position, it is possible to derive the relations
between the mean ﬂuxes and mean gradients for the velocity and scalar concentration.
These can be compared with the relations used in engineering and environmental
calculations. Some of these assume the form of an eddy viscosity νe (y) and eddy
diﬀusivity De (y), while others postulate approximate equations for moments of the
velocity ﬁeld. However, the latter approach is sensitive to the numerical methods used
at the outer edge at which the turbulence tends to zero (Cazalbou et al. 1994).
The ﬂuxes and mean proﬁles near the moving interface frame can be locally
approximated by a step function adjacent to a linear gradient (Bisset et al. 2002, § 4).
For the velocity ﬂux and conditional mean vorticity
τ̃ (n) = H (n)τ,

(2.17)

∂U
.
(2.18)
∂n
Here δ(s) and H (s) are the Dirac δ function and Heaviside step function respectively.
To calculate the mean values of the Reynolds stress and the vorticity in a laboratory
frame relative to the mean position yi , we use the experimental result that the probaility
density function (p.d.f.) of yi is Gaussian with a standard deviation σi , where σi is
typically of order of the integral length scale (Townsend 1976). Convolution of the
p.d.f. p(yi ) of the interface position with the expressions in (2.17) and (2.18) yields
(Westerweel et al. 2005)



τi
y
· β,
(2.19)
τ∼
1 + erf √
=
2
2σi




1 ∂U
U
y 2
y
√
√
·
β
· β,
+
exp
−
(2.20)
1
+
erf
−Ωz ∼
=
2 ∂n
2σi2
σi 2
σi 2π


Ωz (n) = δ(n)U + H (n)

A(y)

B(y)

where y = y − yi and β is the fraction of jet ﬂuid at the mean position of the
interface. The factor β accounts for the fact that part of the ﬂuid within the jet
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envelope is engulfed irrotational ﬂuid that does not contribute to the mean vorticity
Ωz (Westerweel et al. 2005; see § 4). The result (2.20) shows that the contribution
of a signiﬁcant peak in the conditional vorticity makes a signiﬁcant contribution to
the mean vorticity observed in a laboratory reference frame (Westerweel et al. 2005).
From (2.19) and (2.20), it follows that the eddy viscosity νe , deﬁned in laboratory
coordinates, as the ratio τ /(∂U /∂y)( = νe ) decreases from its value νes in the adjustment
region (A), where the mean shear is approximately constant, to its value νei near the
interface, i.e.
νes
νe (y = 0) ≡ νei =
,
(2.21)
1+λ
where

√
U/( 2πσi )
λ= 1
∼ 1.
(∂U /∂n)
2

(2.22)

Well outside the interface, where (−y)  σi ,
νe →

νes
√
1 + 4 πλ

(2.23)

This is consistent with many measurements and Prandtl’s hypothesis (Prandtl 1956)
that the eddy viscosity is ﬁnite at the outer edge of shear layers and eventually
decreases to a smaller constant value outside the layer (Westerweel et al. 2005).
The assumption in (2.4) and (2.17) that νe (n) is constant in (A) has some justiﬁcation
even though the large eddies are damped near the interfacial layer (e.g. Hunt & Durbin
1999; Strang & Fernando 2001). This is because the straining of the impacting eddies
leads to upscale transfer of energy, which is an important mechanism in maintaining
the sharpness of the interface.
The mean velocity U and mean concentration C in the outer jet region in
laboratory coordinates can also be derived from the conditional mean velocity U
and conditional mean concentration C proﬁles near the interface (i.e. n  2bu ),
∂U
,
U ∼
= H (n)U + n · H (n)
∂n

(2.24)

∂C
C ∼
.
= H (n)C + n · H (n)
∂n

(2.25)

Convolution of (2.24) with p(yi ) yields




y
1
∂U
∼
√
U (y) = U + y ·
·β
·
1 + erf
∂n
2
σi 2


σi
1 y 2
∂U
· √ exp −
· β,
+
∂n
2 σi2
2π

(2.26)

where β is the fraction of jet ﬂuid within the jet envelope, following (2.20). A similar
expression is found for the mean concentration C. These expressions are only valid
in the outer region of the jet, i.e. |y − y0 |/bu  1. Given that ∂U /∂n ∼ Uc /2bu
and ∂C /∂n ∼ Cc /2bu , it is found that C/Cc > U/Uc and that, in laboratory
coordinates, the jet half-width bc for the scalar ﬁeld is larger than the jet half-width
bu . This is tested in § 4 for the experimental data.
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Figure 3. Schematic of the optical conﬁguration for the combined PIV/LIF measurement,
after Fukushima et al. (2002).

3. Experiment
The measurements were carried out with a combined particle image
velocimetry/laser-induced ﬂuorescence (PIV/LIF) measurement system. The original
experiment was designed for the measurement of turbulent ﬂuxes in a self-similar
turbulent jet, for which the ﬂow conditions match those of a direct numerical
simulation (DNS) by Boersma, Brethouwer & Nieuwstadt (1998). The details of the
experimental conﬁguration and of the comparison with the DNS results and other
experimental data (Wygnanski & Fiedler 1969; Panchapakesan & Lumley 1993;
Webster, Roberts & Ra’ad 2001) are given in an earlier publication (Fukushima,
Aanen & Westerweel 2002); in this section we only provide a description of the
facility that is relevant to the investigation of the jet interface. A schematic diagram
is shown in ﬁgure 3. The method for the detection of the interface and a preliminary
analysis of a subset of the total data set with a 32 × 32 pixel interrogation resolution
are described in a separate paper (Westerweel et al. 2002), and ﬁrst results on the
momentum transport conditional to the position of the interface using data reinterrogated at 16 × 16 pixel spatial resolution were reported previously (Westerweel
et al. 2005). In this paper the analysis of the experimental data is extended to include
the conditional scalar transport.
3.1. Experimental set-up
The experimental set-up consists of a rectangular 110 × 110 × 300 mm3 test section.
The ﬂuid in the test section and the jet is water at room temperature, which has
a kinematic viscosity of 1.0 mm2 s−1 . The jet ﬂuid enters the test section as a fully
developed laminar pipe ﬂow through an L-shaped needle with an inner diameter d of
1 mm. The length of the straight section of the needle is 100 mm. The mean velocity
in the tube is 2 m s−1 , implying a jet Reynolds number (Re) of 2 × 103 . The jet ﬂuid
is marked with a ﬂuorescent dye (disodium ﬂuorescein) that has a Schmidt number
(Sc) of 2 × 103 , so that the molecular diﬀusion of the dye is negligible with respect to
the turbulent mixing of the jet with the ambient ﬂuid. This means that the boundary
of the jet ﬂuid does not become blurred by the eﬀect of molecular diﬀusion. The
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ﬂuid is seeded with 5 μm tracer particles (Durcal). The outﬂow part of the section is
connected to a 50 mm diameter pipe connected to a large outﬂow section (Fukushima
et al. 2002). This largely avoids a recirculation inside the test section (although a very
small backﬂow of less than 0.02 times the local centreline velocity was observed for
x/d > 90).
A planar cross-section of the test section is illuminated with a 1 mm thick light sheet
and consists of the light from two lasers. The ﬁrst laser is a continuous wave Ar+
laser, and the second laser is a twin-cavity frequency-doubled pulsed Nd:YAG laser.
The Ar+ laser is used for the LIF measurements and the twin Nd:YAG laser for the
PIV measurements. The Ar+ laser is ﬁtted with an ethalon so that it only emits the
488 nm (viz. blue) light, and an electro-optical shutter in the laser beam determines
the duration of the laser exposure. The beams of the two lasers are combined along
the same optical path by means of a dichroic mirror (see ﬁgure 3).
The PIV and LIF images are recorded by two identical digital cameras (Kodak
MegaPlus ES 1.0) on opposite sides of the light sheet, with their optical axes
perpendicular to the light-sheet plane (see ﬁgure 3). The cameras have a spatial
resolution of 992 × 1004 pixels and a framing rate of 30 Hz. The cameras are ﬁtted
with identical lenses with a 55 mm focal length (Nikon Micro Nikkor). The image
magniﬁcation is 0.27, and the ﬁeld of view corresponds to a 45 × 45 mm2 area. The
misalignment between the cameras is less than 3 pixels, which corresponds to about
130 μm in the object domain.
The ﬁrst camera records the ﬂuorescent light emitted by the dye. The ﬂuorescent
dye has an absorption curve with a maximum near the wavelength of the 488 nm
(blue) light from the Ar+ laser, and it emits (green) light with wavelengths between
500 and 545 nm and a maximum emission intensity near 514 nm. An optical ﬁlter
is placed in front of the camera that transmits the ﬂuorescent light and rejects the
488 nm (blue) light that is scattered from the tracer particles, so that the recorded
intensity only represents the ﬂuorescent light. The duration of the Ar+ laser exposure
is 2.4 ms, using the electro-optical shutter.
The second camera records the light that is scattered by the tracer particles. The
camera is operated in dual-frame mode, so that the two laser exposures are recorded
in separate frames. The time delay between the laser pulses is 1.2 ms, which is chosen
in correspondence to the so-called one-quarter rule for the in-plane displacement
(Keane & Adrian 1992) near the jet centreline. In order to avoid exposure of the LIF
camera during the PIV recording, and vice versa, the LIF recording is taken with
a small time delay directly following the PIV recording and electro-optical shutters
ﬁtted to the cameras to avoid unwanted exposure. In this way the 532 nm (green)
Nd:YAG light scattered from the tracer particles is not recorded by the LIF camera.
The total duration of a single combined PIV/LIF measurement is 5 ms, which is
negligible with respect to the Kolmogorov time scale (20 ms) of the turbulent ﬂow
(see Fukushima et al. 2002). Data are collected at a rate of 15 frames s−1 in 12 runs
of 4 s each; after each run the measurement section is rinsed.
The amount of light that is emitted by the ﬂuorescent dye is directly proportional
to the intensity of the illumination and the local concentration of the dye (Walker
1987). The recorded images are corrected for the inhomogeneous illumination due to
the Gaussian proﬁle of the Ar+ laser (Fukushima et al. 2002).
The PIV frame pairs are interrogated with a two-pass interrogation procedure.
In the ﬁrst pass the image pairs are interrogated using 32 × 32 pixel interrogation
regions and a 16 × 16 pixel spacing. The result from the ﬁrst pass is ﬁrst validated
in order to remove any spurious data and then interpolated onto a grid with an
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Figure 4. Example of the instantaneous velocity ﬁeld. Dimensions are in mm relative to the
nozzle location. The reference arrow in the box corresponds to a velocity of 250 mm s−1 .

8 × 8 pixel spacing. These data are used to determine the window oﬀset for the
second interrogation pass using 16 × 16 pixel interrogation regions. This procedure
makes it possible to obtain reliable and accurate measurements while using very
small interrogation domains (Westerweel, Dabiri & Gharib 1997; Willert 1997). The
fraction of spurious vectors in the ﬁnal result is less than 2 %, which could be reliably
detected by means of a median test (Westerweel 1994; Westerweel & Scarano 2005)
and were replaced by linear interpolation. The spurious vectors mainly occur in the
central region of the jet, where there is a larger loss-of-correlation due to strong
velocity gradients and large out-of-plane motion, whereas the jet boundaries contain
signiﬁcantly fewer spurious data.
Each PIV frame pair thus yields (121 × 121 =)14 641 velocity measurements at a
spatial resolution of 0.37 mm. The precision of the displacement measurements is
estimated at 0.10–0.16 pixels, which is better than 4 mm s−1 for the velocity. This is
appreciably less than the estimated Kolmogorov velocity scale of υ ∼
= 12 mm s−1 .
A typical example of the instantaneous velocity ﬁeld obtained by PIV is shown in
ﬁgure 4.
3.2. Turbulent velocity and scalar statistics
Combined PIV/LIF measurements were taken at three locations for (i) 20 < x/d < 60,
(ii) 60 < x/d < 100 and (iii) 100 < x/d < 140. The results for the mean centreline
velocity Uc and mean centreline concentration Cc and for the jet half-widths bu
and bc based on the velocity and concentration data respectively are reproduced in
ﬁgure 5. As expected for a self-similar circular turbulent jet, Uc and Cc are inversely
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Figure 5. (a) The centreline mean velocity and mean concentration and (b) the half-widths
for the velocity ﬁeld and the scalar ﬁeld as functions of the distance from the nozzle.
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Figure 6. Proﬁles of the (a) mean axial velocity and (b) turbulent intensity of the axial
velocity ﬂuctuations at several distances from the jet nozzle.

proportional to the distance from the nozzle, whereas the jet half-widths bu and bc
increase directly proportional to the distance from the nozzle. The jet half-width bu
based on the velocity data is smaller than the jet half-width bc for the concentration
data, with a ratio of bu /bc = 0.77. This experimental ﬁnding is in agreement with
results obtained by others (Hinze 1975; Chevray & Tutu 1978; Chua & Antonia
1990; Lubbers, Brethouwer & Boersma 2001). The scaled radial proﬁles for the mean
axial velocity and axial turbulence intensity for diﬀerent distances from the jet nozzle
are reproduced in ﬁgure 6. The corresponding proﬁles for the concentration are very
similar to those for the velocity (see Fukushima et al. 2002). The mean axial velocity
proﬁle appears to be self-similar for all results between x/d = 20 and 140, although
for the turbulence intensity self-similar proﬁles were only established for distances
greater than about 50 nozzle diameters, but this may also be due to the limited
spatial resolution of the PIV data. An extensive comparison of the present data with
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Figure 7. Proﬁles of the (a) Reynolds stress and (b) radial turbulent scalar ﬂux at three
distances from the jet nozzle.

various experimental data (Wygnanski & Fiedler 1969; Panchapakesan & Lumley
1993; Webster et al. 2001) and data from numerical simulations (Boersma et al. 1998;
Lubbers et al. 2001) is provided in the paper by Fukushima et al. (2002).
Only the data from the second location for 60 < x/d < 100 are used for the
investigation of the turbulent/non-turbulent interface; the data from the third
measurement location could not be used, since the jet boundary at this location
was frequently not fully contained within the observation area.
The Kolmogorov length scale ηK is determined from the estimated dissipation rate
ε and kinematic viscosity ν(∼
= 1 mm2 s−1 ). With ε = 0.015Uc3 /bu (Panchapakesan &
Lumley 1993) it is found that ηK = 0.08 mm. Hence, the spatial resolution of the PIV
data (conservatively estimated as the linear dimension of the interrogation domain, i.e.
0.37 mm) is 4.6 times the Kolmogorov scale. This is within the range of 4–5 times the
Kolmogorov scale for which the velocity data can be considered as fully resolved, i.e.
adequately resolving the turbulence statistics and instantaneous velocity derivatives
(Wallace & Foss 1995; Tropea, Yarin & Foss 2007). The Taylor microscale λT is then
estimated from ε ∼
= 0.25Uc (see ﬁgure 6b),
= 15u 2 /λ2T (Hinze 1975). Using (u 2 )1/2 ∼
it is found that λT ∼
= 0.18b, which is almost twice the equivalent dimension of the
interrogation domain (about 0.1bu ). Results for the two-point spatial correlation for
the streamwise and transverse velocity ﬂuctuations along |y − y0 |/bu (x) = 0 and 1 are
reported in a paper by Ewing et al. (2007).
Figure 7 shows the Reynolds stress uv and radial scalar ﬂux vc at three diﬀerent
positions. The scalar ﬂux vc increases with downstream distance, as the fraction of
unresolved scales decreases with downstream distance. An estimate of the spatial
resolution of the LIF measurements was obtained by considering the spectral
density of the grey values along the jet centreline over all 657 frames, corrected
for inhomogeneities by ﬁrst subtracting and then dividing the instantaneous grey
values with the local mean grey value. From this we estimated the white noise level
in the LIF images and determined an eﬀective spatial resolution of 0.14 mm. Given
a Schmidt number Sc = 2 × 103 and a Kolmogorov length scale ηK ∼
= 80 μm, the
estimated Batchelor scale is less than 2 μm, and evidently the scalar ﬂuctuations are
signiﬁcantly under-resolved. We therefore use an alternative approach, described in
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§ 2, to relate the interface concentration jump, the conditional concentration ﬂux and
the entrainment velocity Eb .
3.3. Detection of the interface
In the present study we use a passive marker to mark the jet ﬂuid and to determine
the turbulent/non-turbulent interface. Ideally, the interface between the turbulent (viz.
rotational) ﬂow region and the non-turbulent ﬂow region is determined directly from
the vorticity. This is easily achieved in numerical studies (e.g. Bisset et al. 2002), but this
is more complicated in experimental studies, as it requires the availability of spatially
resolved three-component volumetric velocity data. This was achieved by Holzner
et al. (2007, 2008) but only for the case of an advancing turbulent ﬂow generated by
an oscillating grid, which has no mean shear. For turbulent shear ﬂows, such as jets,
wakes and mixing layers, other methods have been employed. Kibens, Kovasznay &
Oswald (1974) developed a turbulence indicator for a hot-wire probe. A diﬀerent
approach is to use a passive scalar that is advected by the turbulent ﬂuid motion.
In many previous studies the temperature of the turbulent ﬂuid is slightly raised,
so that the measured temperature can be used as a turbulence indicator (Antonia
1981). A complication is the ﬁnite thermal diﬀusivity in gas ﬂows, characterized by
the Prandtl number (Pr), which is about 0.7 for air at room temperature. In the
present measurement we apply a ﬂuorescent dye as a passive scalar, which has a very
small diﬀusivity corresponding to a Schmidt number (Sc) of 2 × 103 . Hence, eﬀects
of ﬁnite diﬀusivity of the dye are much less of a problem in comparison to previous
studies using temperature as a passive scalar. This is apparent from estimating the
characteristic diﬀusion time taking into consideration the experimental
√ conditions.
The characteristic time t for the dye to diﬀuse over a length D = 2Dt equal to
the spatial resolution of the measurement (0.37 mm) is estimated to be 160 s, which
is a few orders of magnitude larger than the mean time between the emission from
the jet nozzle and the passage through the measurement domain (estimated at 2–3 s).
Hence, the ﬁnite diﬀusivity of the dye can be ignored for the purposes of the present
measurements.
For the detection of the interface, the LIF data are transformed into binary images
by means of threshold detection: pixels with a grey value above the threshold value
are labelled ‘1’, i.e. jet ﬂuid, and all other pixels are labelled ‘0’, i.e. ambient ﬂuid (see
ﬁgure 8a). The threshold value is chosen in accordance with the procedure described
by Prasad & Sreenivasan (1989; see also Westerweel et al. 2002). Occasional patches of
dye are seen that appear to be disconnected from the main jet body. This is the result
of vortical eddies that break away from the interface, indicated as ‘detrainment’. In
the absence of a mean shear, the turbulence quickly decays (i.e. the vorticity vanishes
by means of diﬀusion), while the dye remains and no longer indicates a turbulent
ﬂow region. For jets and wakes and free shear layers with no external ﬂuctuations,
detrainment is a small eﬀect, because such patches are usually re-entrained within
a few eddy time scales (Hussain & Clark 1981). Fortunately, these patches occur
disconnected to the main jet body, and we can simply exclude these regions from
the analysis by removing them (ﬁgure 8b). In addition, from our PIV measurements
we can verify that these detrained patches do not carry any signiﬁcant vorticity. The
turbulent jet interface is obtained from the object boundary as a continuous curve
(ﬁgure 8c). The shape of the interface can be quite complex; i.e. in some places
a vertical line can intersect the interface more than once. This particularly occurs
whenever ambient ﬂuid is being engulfed by the jet ﬂuid. It is common to consider
an envelope that deﬁnes the conﬁnement of the turbulent ﬂuid, including the patches
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Figure 8. The detection of the interface and envelope. (a) LIF image after thresholding; (b)
removal of disconnected objects; (c) detected interface; and (d ) the interface envelope resulting
from saving the outermost points in (c). See also Westerweel et al. (2002).

of engulfed irrotational ﬂuid. Following Hernan & Jimenez (1982) we determine this
envelope by saving the outermost points of the interface along each vertical line (see
ﬁgure 8d ).
Sandham et al. (1988) used a similar approach by considering two contour levels
of a diﬀusive scalar (Sc = 0.25 and 1.0) to deﬁne the boundary of the turbulent ﬂow
region in a DNS of a mixing layer. They determined the fraction of engulfed and
mixed ﬂuid within the envelope deﬁned by the concentration contours. The same
approach was used by Mathew & Basu (2002), who applied it to a time-evolving jet.
The result for the envelope is quite insensitive to the value of the threshold.
Essentially the same envelope would be detected when the threshold value is increased
by 2 and even 3 times the optimal threshold value (see ﬁgure 9). The robustness of
the interface detection is primarily owing to the fact that the scalar concentration has
a large jump at the interface that is about 10 times the threshold value. However,
one can observe that in the interior of the jet the fraction of grey regions (marking
‘unmixed’ ﬂuid) increases for increasing detection threshold. Using a threshold that
is much higher than the optimal value deﬁned by Prasad & Sreenivasan (1989) leads
to a result that appears to show that the interior of the jet contains a signiﬁcant
fraction of unmixed ﬂuid. Also, certain ﬂow visualization studies with high contrast
photography could lead to such a misleading impression. There are of course thin
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(a)
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(c)

Figure 9. The result for the detected jet ﬂuid for (a) 1, (b) 2 and (c) 3 times the threshold
value determined by means of the method of Prasad & Sreenivasan (1989). The grey area
represents the ﬂuid within the envelope shown in ﬁgure 8(d ).

elongated layers even in the interior where the concentration is less than the average
value, but the ﬂuid is already partially mixed as is evident from the fact that the
concentration has a signiﬁcant non-zero value. This contrasts with the case of a
free shear layer in which there is a signiﬁcant level of unmixed ﬂuid in the interior
(Brown & Roshko 1974; Broadwell & Breidenthal 1982).
3.4. Conditional sampling
The ﬂow properties are determined relative to the turbulent/non-turbulent interface
by taking conditional statistics by averaging data at ﬁxed distances relative to the
jet envelope. This procedure is illustrated in ﬁgure 10, which shows the vorticity ﬁeld
of the instantaneous velocity ﬁeld in ﬁgure 4. The envelope from ﬁgure 8(d ) has
been superimposed, and the crosses indicate data points at a ﬁxed distance from the
envelope over which the data are averaged. This conditional averaging approach is
described in detail by Bisset et al. (2002).
The velocity data are interpolated on a grid with a 1 × 1 pixel spacing to match the
resolution of the LIF data, and the conditional statistics are determined for the axial
and radial velocity components, Reynolds stress, vorticity and scalar concentration
over a range of −300 pixels to +300 pixels on either side of the boundary.
4. Results and discussion
4.1. Mean and turbulent proﬁles
The p.d.f. of the measured envelope position yi scaled with the jet half-width bu is
plotted in ﬁgure 11. When the p.d.f. for yi is compared against a normal distribution
(represented by the dash-dotted curve), it appears that the p.d.f. is slightly skewed
towards the outer region of the jet. The mean position of the envelope relative to the
jet centreline is at 1.99bu , and the most likely position is at 1.93bu , which diﬀer by
only 3 %. The skew may possibly originate from the fact that the envelope represents
the outermost position of the interface rather than the interface itself. However, the
skew is very small and does not aﬀect the further analysis. The width σi of the p.d.f.
for yi (deﬁned as the standard deviation of the p.d.f.) is equal to 0.41bu .
The turbulent ﬂow statistics are taken conditionally with respect to the distance
from the jet interface. Figure 10 shows the instantaneous jet interface superimposed
on the instantaneous (out-of-plane component of the) vorticity ωz . (For brevity the
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y – yi

Figure 10. The vorticity Ωz and the jet envelope (continuous line). Conditional statistics are
determined by averaging data at ﬁxed distances relative to the envelope (indicated by the
crosses and dashed line); see also Bisset et al. (2002).
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Figure 11. The p.d.f. of the interface position yi . The dash-dotted curve represents a normal
distribution with a standard deviation σi .

‘out-of-plane component of the vorticity’ will simply be referred to as ‘vorticity’.) The
conditional mean vorticity proﬁle is plotted in ﬁgure 12 for three distances from the
nozzle. The result clearly shows a jump in the value of the mean conditional vorticity
and a nearly constant value of the vorticity on the inside of the interface. When
the same data are plotted in a scaled fashion, i.e. the distance from the interface is
scaled with the jet half-width bu and the vorticity with the half-width bu divided by
the mean centreline velocity Uc , then all three proﬁles appear to be self-similar. The
scaled constant value for the mean vorticity at the inside of the jet is about 0.55Uc /bu .
The result that the mean conditional vorticity vanishes on the irrotational side of the
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Figure 12. The mean conditional vorticity ωz as a function of the distance from the interface
at three diﬀerent distances from the nozzle: x/d = 49.3 (– – –), 67.5 (——) and 85.7 (— · —).

interface and shows a strong jump at the interface validates our approach for the
detection of the interface.
In all three proﬁles for Ωz there appears a small peak at the inside of the interface.
This peak demonstrates the tendency of a vortex sheet to form at the outer edge of
the jet with a strength of order Uc . The peak in the mean conditional vorticity may
alternatively be associated with small individual vortices with their axes normal to the
plane of observation. Note that the vorticity in the thin shear layer does not scale with
Uc /bu . The width of the thin shear layer could be less than the ﬁnite dimensions of
the interrogation domain; in that case the observed peak width and circulation would
be determined by the (constant) dimensions of the interrogation domain. In order
to validate this, additional measurements would be required, preferably in the region
x/d > 100 in which the relevant length scales would exceed the ﬁnite dimensions of
the interrogation domain.
The graphs for the results for the conditional turbulence statistics are plotted in
ﬁgures 13 and 14. The markers in these graphs indicate the nominal 8 pixel spacing
between interrogation positions. The mean axial velocity U is essentially zero on
the irrotational side of the interface and increases linearly with the distance from the
interface in the turbulent region. The peak in Ωz suggests the existence of a small
jump in U but can scarcely be resolved. Further analysis of U is described in
§ 4.2. The mean radial velocity V is positive on the irrotational side of the interface;
i.e. there is a net mass ﬂow into the turbulent ﬂow region. On the turbulent side of
the interface V decreases and eventually becomes negative, which is in accordance
with the gradual decrease of the mean axial velocity and an increase of the jet crosssection with downstream distance. The proﬁle for the mean conditional concentration
C in ﬁgure 13 shows a clear jump at the interface. The magnitude of the jump is
about 0.3Cc . This explains why the detection of the interface (and jet envelope) is
relatively invariant with respect to the choice of the threshold value (see § 3). The
mean conditional concentration also shows a nearly linear increase with respect to
the distance from the interface in the turbulent ﬂow region, but there is a region
about 0.2–0.3bu wide near the interface in which the gradient of C nearly vanishes.
This is indicative of a local mixing region that can be associated with the interface
(Turner 1986, ﬁgure 9). The width of this mixing layer is of the order of the Taylor
microscale. If a straight line is ﬁtted to the proﬁle for C and extrapolated to the
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Figure 13. The conditional statistics.

position of the interface (see ﬁgure 13), then a value for C equal to about 0.18Cc is
found.
The results in ﬁgure 14 for the root mean square (r.m.s.) conditional axial and radial
velocity ﬂuctuations, u2 1/2 and v 2 1/2 respectively, show that velocity ﬂuctuations
exist on both sides of the interface. The proﬁles have a small jump at the interface
of about 0.08Uc . The analysis in § 2.2 shows that the entrainment velocity Eb is
proportional to U and v 2 1/2 ; this is discussed in further detail in § 4.4. Figure 14
also shows the conditional Reynolds stress uv . The turbulent momentum ﬂux
towards the interface is indicated in the graph. It is interesting to note that the
conditional Reynolds stress uv has a small non-zero value at the irrotational side
of the interface that does not contribute to the turbulent momentum transport (Pope
2000). This was also observed by Bisset et al. (2002).
Finally, ﬁgure 14 includes a graph of the proﬁle of the scaled conditional vorticity
ﬂuctuations ωz2 1/2 . Although an irrotational ﬂow is expected on the outside of the
jet interface, the experimental result yields non-zero values indicated by the dashdotted line. In the case of experimental PIV data, even for an irrotational ﬂow
ﬁnite values for ωz2 1/2 are found as a result of the ﬁnite measurement error in the
displacement (Adrian 1991; Westerweel 2000). For the experimental parameters in the
measurements, an r.m.s. error of less than 0.2 pixel is expected for the displacement
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Figure 14. The conditional statistics (continued).

(Westerweel 2000; Stanislas et al. 2005). Given the numerical scheme for the estimation
of the vorticity from the displacement data (Landreth & Adrian 1990; Raﬀel, Willert &
Kompenhans 1998), the estimated contribution of the PIV measurement noise is
subtracted from ωz2 1/2 . The solid line in the graph for ωz2 1/2 in ﬁgure 13 shows the
corrected data. The residual data on the irrotational side of the interface eﬀectively
vanish, whereas the correction is marginal on the turbulent side of the interface.
4.2. Momentum jump at the interface
Figure 15 contains an enlargement of the proﬁle for U in ﬁgure 13. These are
compared with two model proﬁles representing linear velocity proﬁles with and
without an interface velocity jump that have been convoluted with a triangular kernel
that represents the ﬁnite dimension of the PIV interrogation domain (ﬁgure 15 inset).
The actual jump may also be smoothed by viscous eﬀects. Figure 15 shows that the
magnitude of the jump can be inferred from the deviation of the conditional velocity
proﬁle away from the interface. Also, it shows that the presence of a velocity jump
is indicated by an inﬂection point in the measured conditional proﬁle at the location
of the interface. The measured result for U clearly features an inﬂection point
and is very similar to the expected result for the convoluted discontinuous curve;
this is consistent with presence of a jump in the result for U . An extrapolation
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Figure 15. Detail of the conditional axial velocity near the interface. The solid and dashed
lines are obtained by convolution of a triangular kernel (representing the ﬁnite 16 × 16 pixel
dimension of the PIV interrogation domain) with linear proﬁles with and without a velocity
jump U at the interface (inset).

of the measured linearly increasing proﬁle for U to the interface position shows
that the jump U is at least greater than 0.06Uc . Given the measured proﬁle for
U and taking into account the eﬀect of the ﬁnite spatial resolution of the PIV
data, it is estimated that the jump in U is 0.09Uc (Westerweel et al. 2005). In order
to determine the interface propagation velocity we need to determine the value for
the conditional Reynolds stress uv at the interface, which is estimated at 0.007Uc2 .
From the local analysis in § 2, this implies a propagation velocity of the interface, or
boundary entrainment velocity, of Eb = − 0.007Uc2 /0.09Uc = − 0.07Uc . According to
Turner (1986) the outward boundary entrainment velocity Eb is given by
Eb = −2V ,

(4.1)

where V is the mean inward radial velocity at the jet interface. From the graph for
V in ﬁgure 13 we obtain V = 0.033Uc , so that Eb = − 0.067Uc . This theoretical
value for the propagation velocity Eb is in close agreement with the measured value
that is obtained from the measured jump U in the axial velocity and the measured
turbulent momentum ﬂux uv .
The results in ﬁgures 13 and 14 show a strong resemblance to the results obtained
by Bisset et al. (1998, 2002) from DNS data of a turbulent planar wake. The wake
data also exhibit a peak in Ωz at the location of the interface.
4.3. Mass ﬂux
The jet envelope, deﬁned in ﬁgure 8(d ), describes the outer boundary of the jet.
The actual interface is quite contorted, so that for a ﬁnite scale of resolution it is
possible to ﬁnd irrotational ﬂuid within the detected jet envelope. This is shown in
ﬁgure 9(a), where turbulent jet ﬂuid is shown in white, and irrotational ﬂuid within
the envelope is shown in grey. The number of grey pixels would be a measure of
the amount of engulfed irrotational ﬂuid that is entrained by the jet, whereas the
total number of pixels within the jet envelope deﬁning an enclosed volume (or mass)
within the jet boundary would be proportional to the total jet mass (Sandham et al.
1988; Mathew & Basu 2002).
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Figure 16. The probability to ﬁnd jet ﬂuid (——) and entrained ﬂuid (– – –) as a function of
the normalized distance η = y/bu (x) from the jet centreline. The inset shows the ratio of the
probability to ﬁnd entrained ﬂuid and the probability to ﬁnd jet ﬂuid.

The present data are limited to an ensemble of planar measurements through
the jet centreline. Hence, the total jet mass is determined by ﬁrst estimating the
probability p(x, y) for a given pixel location (x, y) to be within the jet envelope and
then integrating the probability under the assumption that it is rotationally invariant
with respect to the jet axis; multiplication with Uc yields an equivalent enclosed jet
mass ﬂux:
∞
2
(4.2)
Q̇ = ρUc bu · p(x, η) 2πη dη,
0

with η ≡ (y − y0 )/bu (x). Similarly, the probability pe for a given pixel location to be
within the jet envelope and to contain irrotational ﬂuid is determined. This probability
is integrated in the way same as that in (4.2) and yields an estimate of the engulfed
mass ﬂux Q̇e . This indicates that the engulfed mass ﬂux Q̇e for the present data
is only 8 % of the total mass ﬂux Q̇ (Westerweel et al. 2005, ﬁgure 4b), which is
consistent with the result found by Mathew & Basu (2002). From these results it was
concluded that engulfment does not appear to be the dominant process with respect
to the entrainment of irrotational ﬂuid.
When p and pe are scaled with respect to the jet width bu they display a self-similar
shape that is plotted in ﬁgure 16. The relative fraction of engulfed irrotational ﬂuid
decays rapidly away from the jet interface towards the jet centreline. The engulfed
irrotational ﬂuid occurs in a layer with a thickness that is approximately equal to
the jet half-width. In our measurements pe retains a ﬁnite value of 1.5 × 10−4 at the
jet centreline, which indicates that a small fraction of irrotational ﬂuid penetrates as
far as the jet centreline, as has been reported by many others. The inset in ﬁgure 16
shows the ratio pe /p as a function of the distance from the centreline. The ratio is
quite accurate near the jet centreline, but as both pe and p vanish towards the outer
jet region, the ratio shows some strong ﬂuctuations. Nonetheless, one could say that
this ratio of engulfed mass relative to the (turbulent) jet mass attains a more or less
constant value of about 0.2. This implies a value of β ≈ 0.8 in (2.20) and (2.24). As
explained brieﬂy in § 2, in free shear layers the engulfment dominates the entrainment,
resulting in signiﬁcant volumes of irrotational ﬂow within the turbulent ﬂow
region.
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Figure 17. The p.d.f. for the enstrophy ﬂux at the interface. The inset shows the same data
in a semi-log plot.

4.4. Enstrophy ﬂux
The analysis in § 2.2 demonstrated that a purely inertial transport of enstrophy at the
interface should yield a ﬁnite value of the conditional enstrophy ﬂux at the interface.
The present combined PIV/LIF measurements only allow the measurement of the
tangential component of the vorticity at the interface. It was shown by Bisset et al.
(2002) that this is the dominant component of the vorticity. This was conﬁrmed
by volumetric measurements of Holzner et al. (2007, 2008) near the propagating
turbulent/non-turbulent interface generated by an oscillating grid. Therefore the
main term that contributes to the enstrophy ﬂux would be vωz2 . This will be referred
to as the ‘enstrophy ﬂux’ in the remainder of this paper.
Figure 17 shows the p.d.f. of vωz2 at the jet interface. Note that the p.d.f. has
a very narrow peak, which means that the enstrophy ﬂux is highly intermittent.
However, the p.d.f. is clearly symmetric (see inset of ﬁgure 17), which means that
the ensemble mean value is zero; the mean enstrophy ﬂux for the p.d.f. in ﬁgure 17
is −0.003 Uc2 /bu3 . However, both positive and negative ﬂuctuations in vωz2 can occur
that have amplitudes that even exceed 0.5 Uc2 /bu3 .
Figure 18 shows the variation of vωz2 along the upper jet envelope of the data that
corresponds to the jet depicted in ﬁgure 1. This graph is representative of all the
instantaneous measurements in the data set. The enstrophy ﬂux along the interface
shows very strong intermittent behaviour, which is consistent with the shape of the
p.d.f. for vωz2 in ﬁgure 17. It is noted that any large negative ﬂuctuation is accompanied
by a ﬂuctuation of approximately equal amplitude but opposite sign a short distance
downstream. For example, in ﬁgure 18 consider the pair of events at image locations
235 pixels and 350 pixels along the jet envelope (corresponding to (x − x0 )/d = 55.5
and 60.7 respectively). Figure 19(a) shows the corresponding enlarged section of the
LIF image with the in-plane velocity ﬁeld and the detected jet interface overlayed.
This graph shows that the paired event in ﬁgure 18 corresponds to an engulfment
region at the jet interface.
Figure 19(b) shows the instantaneous vorticity ωz in the same ﬂow region. The
vortices that are associated with the engulfment only become visible in the velocity
map when the appropriate advection velocity has been subtracted. For the vortex
with positive vorticity this velocity is equal to about 0.24Uc in the axial direction
and −0.02Uc in the radial direction. Subtracting this velocity for the total vector map
yields the result shown in ﬁgure 20.
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Figure 18. The instantaneous turbulent enstrophy transport vωz2 at the interface.
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Figure 19. The instantaneous velocity ﬁeld superimposed (a) on the instantaneous
concentration ﬁeld and (b) on the instantaneous vorticity ﬁeld. The solid line represents
the jet envelope.
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Figure 20. As in ﬁgure 19(b) but now with respect to a frame of reference that moves with
the right vortex. Along the emphasized section of the interface the ﬂuid motion induced by
the right vortex ( × ) is parallel to the interface.
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Figure 21. The conditional turbulent enstrophy ﬂux vωz2 as a function of the distance from
the interface. The data points represent the PIV data spacing. The error bars represent the
diﬀerence between the results for the upper and lower boundaries.

Note that in ﬁgure 19 turbulent jet ﬂuid appears to be transported across the
interface. However, in the frame of reference relative to the counterclockwise-rotating
vortex, the velocity vectors are almost parallel to the jet interface. Hence the ﬂuid
motion that is associated with the vortices that entrain ﬂuid by means of engulfment
do not contribute to the transfer of irrotational ﬂuid mass across the jet interface but
continuously stretch the interface to keep it thin.
Since the engulfment event is associated with ﬂuctuations in vωz2 of approximately
equal amplitude but opposite sign, the net contribution of the engulfment event to
the total enstrophy ﬂux is small, if not negligible. In terms of the analysis in § 2.1 this
implies that these engulfment events do not contribute to Eb . This is in agreement
with the previous observation that the engulfed ﬂuid makes only a small contribution
to the total jet mass ﬂux.
In ﬁgure 21 the conditional turbulent enstrophy ﬂux vωz2 is plotted as a function
of the distance from the interface. These results were obtained by averaging vωz2
along lines parallel to the jet envelope detected from a combination of all the
PIV/LIF measurements. The results for the upper and lower envelopes were computed
separately. The data points represent the average of the corresponding results from
the upper and lower envelopes, with the error bars representing the diﬀerence between
the results. The spacing of the data points in ﬁgure 21 corresponds to the 8 pixel data
spacing of the PIV measurement. It should be noted that uncorrected results for the
enstrophy were used (see ﬁgure 14); as a result the conditional enstrophy ﬂux on the
irrotational side of the interface retains a small negative value for the enstrophy ﬂux
which is the product of the mean square random error in the vorticity and the mean
radial velocity.
On the turbulent side of the interface the enstrophy ﬂux shows a jump in which it
increases from a near-zero value at the interface to about 0.05 Uc3 /bu2 over a distance
of about 0.16bu . The width over which the jump in vωz2 occurs covers four data
points (and is therefore greater than the spatial resolution of the PIV data); this value
is approximately equal to the estimated and measured Taylor microscale (Westerweel
et al. 2005; Ewing et al. 2007). This width of the layer corresponds to the prediction
from the analysis by Hunt et al. (2006). For a distance of more than 0.16bu the
conditional enstrophy ﬂux increases at a much lower rate with increasing distance
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from the interface. The dashed line in ﬁgure 21 has been ﬁtted to the data points,
and extrapolating this line to the interface yields a virtual value of 0.043 Uc3 /bu2 .
Given that ωz2 ≈ 0.9 and v 2 1/2 ≈ 0.10 (see ﬁgure 14), it is found through (2.16) that
αturb = 0.48. This is consistent with the value αturb = 0.5 based on our simple concept
of nibbling in § 2.2. The value for αsh is determined by uv ≈ 0.007Uc2 and q 2 ,
which is estimated at (3/2) × (0.08)2 Uc2 = 0.01Uc2 (ﬁgure 14). We thus ﬁnd that αsh is
0.7. This should be considered as an upper value; note that the value is considerably
smaller, or even vanishes, in the absence of a mean shear. Given our previous result
for U/Uc between 0.06 and 0.09 (§ 4.2), we obtain by means of (2.16) that Eb is
between −0.1Uc and −0.08Uc . This close to our previous estimate of Eb ≈ −0.07Uc .
4.5. Scalar transport
The principles of the superlayer jump condition that apply to the axial momentum
should also apply to the scalar concentration. The existence of a jump in the
concentration has been documented in previous experiments (e.g. Mungal &
Hollingsworth 1989) and numerical simulations, and it is commonly accepted for
unbounded turbulent ﬂows. In principle the ratio of the conditional radial scalar ﬂux
and the jump in the conditional mean concentration should give the same value of
the entrainment velocity Eb . However, as explained in § 3, our measurements of the
scalar ﬂux in the present work are clearly under-resolved, which leads to an inaccurate
estimate of Eb .
Since the entrainment velocity Eb must be identical in both cases, an alternative
approach was suggested in (2.7). Given the ratio of the eddy viscosity and eddy
diﬀusivity, which is about νe /De ∼
= 0.5 (Townsend 1976), the magnitude of the jump
U can be estimated from the mean conditional velocity and concentration. The jump
C and the variations of the velocity US and concentration CS in the adjustment
layer can be determined from the proﬁles in ﬁgure 13. Hence, it is found for the
velocity US ∼
= 0.18Cc and CS ∼
= 0.9Uc , and for the concentration C ∼
= 0.8Cc . Here
the jump in the concentration C is determined by extrapolating the linear proﬁle
in the turbulent ﬂow region (see ﬁgure 13). Substitution of these numbers into (2.7)
gives U ∼
= 0.1Uc , which is in agreement with experimental result of U = 0.09Uc
determined in § 4.1. Hence, the measurement of the scalar jump can be used to obtain
an estimate of the jump in the momentum.
If a value of C = 0.3Cc is used, then a much higher value for U is obtained.
It is noted that the value νe /De ∼
= 0.5 is a ‘bulk’ value that may not be valid in the
vicinity of the interface. When U = 0.09Uc , US = 0.9Uc , C = 0.3Cc and CS = 0.8Cc
are substituted in (2.7), then a ratio νe /De ∼
= 0.23 is found. Clearly, the mixing layer
at the interface aﬀects the numerical value of νe /De . This is evident in the present
data in which close to the interface ∂C /∂n → 0, which indicates a divergence of De .
In addition, it is noted that the analysis in § 2.1 applies to a planar interface. (Vortical
eddy analysis following Hunt (1987) indicates that the ratio νe /De is reduced for
curved shear layers.)
It was explained in § 2.3 how the convolution of the p.d.f. of the interface position
with the proﬁles of the conditional ﬂow statistics can be used to reconstruct the
mean proﬁles in a ﬁxed laboratory reference frame. The p.d.f. of the interface position
p(yi ) is modelled as a normal distribution with mean yi /bu = 1.93 and a width
σi /bu = 0.41 (see ﬁgure 11). This is convoluted with a convenient model description
of the conditional proﬁle. The convolution of the p.d.f. for the position of the
interface and the conditional mean vorticity proﬁle yields the mean vorticity proﬁle
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Figure 22. The reconstructed proﬁles of the normalized mean velocity U/Uc (– – –) and the
normalized mean scalar concentration C/Cc (— · —) as functions of the normalized distance
from the centreline (y − y0 )/bu . Results are obtained by taking the convolution of the p.d.f. of
the interface position p(yi ) and the approximate expressions for the mean conditional velocity
U and scalar concentration C shown in (2.26). The symbols represent the experimental
data for U/Uc (in ﬁgure 6) and C/Cc .

Ωz (∼
= −∂U /∂x) in the laboratory reference frame. This was used by Westerweel et al.
(2005) to determine whether the peak in the mean conditional vorticity proﬁle makes
a signiﬁcant contribution to Ωz . For this purpose the p.d.f. was convolved with the
functions A and A + B in (2.20). The value of β was determined from ﬁgure 16, where
it is found that β = 0.8 for η = 1.93. The experimental data agrees with the result
of the convolution of the conditional mean proﬁle with the p.d.f. of the interface
position obtained when the peak in the conditional mean vorticity, represented by the
interface term B, is included.
When a similar approach is followed for the conditional momentum ﬂux, the ratio
of uv and ∂U /∂y yields the eddy viscosity in the outer region of the jet. This explains
why a ﬁnite value for the eddy viscosity can exist in the outer region of the jet, despite
the fact that the turbulence vanishes. Westerweel et al. (2005) obtained a value of
νe = 0.013Uc bu . This value is about one half of the eddy viscosity of νe = 0.031Uc bu
in the bulk of the jet (see § 3). This validates the estimated ratio of 0.5 for the eddy
viscosity near the interface and in the bulk of the jet (see (2.22)).
Using the model descriptions for the proﬁles of U and C in (2.26) yields the
results plotted in ﬁgure 22. Here we used the values ∂U /∂n ∼
= 0.50Uc /bu and
∂C /∂n ∼
= 0.42Cc /bu with β = 0.8 as found in the experimental results. Note that the
result in ﬁgure 22 is only valid near the mean interface position, i.e. |y −y0 | ∼
= 2bu . This
implies that the predicted proﬁles for U/Uc and C/Cc do not approach unity towards
the jet centreline. The predicted results for U and C are within reasonable agreement
of the actual experimental data (Fukushima et al. 2002). Near the mean position of
the interface (at |y − y0 |/bu ∼
= 2) the proﬁle for the mean scalar concentration C
is distinctively wider than the proﬁle for the mean axial velocity U . The widths for
which C/Cc and U/Uc reach a value of 0.3 and also for which the ‘reconstructed’
proﬁles for U and C begin to deviate from the experimental data) are y = −1.62b
and −1.32b respectively. The ratio of these widths is 0.81, which is very close to the
ratio bu /bc = 0.77 given in § 3. Hence, the larger value of the jet half-width for the
scalar concentration bc > bu can be explained in terms of a larger jump C/Cc in the
concentration ﬁeld in comparison with the jump U/Uc in the axial momentum.
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Figure 23. A schematic of the turbulent/non-turbulent interface, showing the sharp interface
that is delineated by a thin (but weak) shear layer. Vortices (associated with engulfment events)
strain the interface to maintain a thin interface layer.

5. Conclusion
This paper describes the experimental results using a combined PIV and LIF
method to measure the entire velocity and scalar ﬁelds over space and time
in a turbulent laboratory jet, extending the results of Westerweel et al. (2005).
The experimental data, which are consistent with those of other experiments and
with DNS, make it possible to identify and determine the physical and statistical
properties of the ﬂow near the ﬂuctuating interface between rotational and irrotational
ﬂuctuations.
Firstly there is clear evidence for a continuous ﬂuctuating boundary of the turbulent
region, where the maxima of the conditional mean vorticity and scalar gradient are
there. (The same sheet deﬁnes both these maxima.) The jumps U in the velocity and
C in the scalar concentration across the sheet vary along the sheet, reﬂecting the
interactions with the large eddy motions within the turbulence. (Thus the ‘interface’
description is quite consistent with the large eddy picture.)
Secondly the outward movement of the boundary, or entrainment process,
characterized by the ﬂux of vorticity is shown to be dominated by small-scale
‘nibbling’ turbulence generated at the interface, rather than by engulﬁng motion
of large eddies. Because these only extend a limited distance into the turbulence,
there is only very little unmixed external ﬂuid in the interior of the turbulence. This
is consistent with the conclusions of Mathew & Basu (2002) and Hunt et al. (2008).
A schematic summarizing the structure of the turbulent/non-turbulent interface is
depicted in ﬁgure 23, showing large eddies (associated with an engulfment event) that
strain the shear layer layer and thus maintain the sharpness of the interface. The
analysis of the engulﬁng mechanism by Hunt et al. (2008) shows that the magnitude
of engulﬁng events are relatively small when their streamwise length scale is less than
the width of the shear layer. This is found in ﬂows like jets and wakes with signiﬁcant
mean curvature, but not in plane free shear layers in which the lower mean curvature
leads to larger scale eddy motion, that approximately spans the whole shear layer (cf.
Reynolds 1972; Brown & Roshko 1974).
The present experimental study and data analysis are limited to the case of a
single and rather low value of the Reynolds number. Further experimental data at
much higher Reynolds numbers following the present quantitative approach would
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be required to determine if either ‘nibbling’ or ‘engulfment’ becomes the dominant
entrainment process in the limit of high Reynolds number when there is larger
separation between large-scale and small-scale turbulent motions. Many of the reports
that describe and explain entrainment in terms of the engulfment process have not
been based on detailed ﬂow measurements near the interface. However, the data of
Mungal & Hollingsworth (1989) and cloud studies at very high Reynolds numbers
of the order of 106 –107 show that in jets and plumes, which are dominated by
initial momentum and buoyancy, there is very little unmixed ﬂuid in the interior. This
would imply relatively weak engulfment, but this appears to change dramatically with
externally or internally generated turbulence (Tsai et al. 2007; Burnet & Brenguier
2007). Engulfment appears to be dominant in the case of a free plane shear layer or
when jets, plumes or wakes are strongly perturbed by internal or external ﬂuctuations.
In that case the basic structure changes, and engulfment or detrainment dominates
the entrainment process (Bhat & Narasimha 1996; Gaskin, McKernan & Xue 2004;
Hunt et al. 2006; Khorsandi, Gaskin & Mydlarski 2007). The present quantitative
experimental approach may shed light on the entrainment process in other ﬂows and
for other ﬂow conditions. The use of volumetric measurement methods would make
it possible to deﬁne the interface based on the amplitude of the vorticity vector (e.g.
Holzner et al. 2008) and would avoid complications in the present approach e.g. for
the case of a low Schmidt number (or low Prandtl number when the scalar transport
concerns the transport of heat.)
Furthermore, a comprehensive model for interface dynamics is still needed. Idealized
models demonstrate some key aspects such as the persistence of the vortex sheet and
the jump in the mean scalar. The internal dynamics of the vortex sheet, which
determine the rate of entrainment by ‘nibbling’, have not been modelled, although
its mean thickness has been estimated as equal to that of the Taylor microscale. The
other component of entrainment, caused by engulfment, also needs to be modelled
more explicitly, by extending the idealized modelling of Hunt et al. (2008) to analyse
the rate of nibbling to engulﬁng entrainment in diﬀerent ﬂows and in the limit of
high Reynolds number. Through improved modelling of these interface entrainment
processes it should then be possible to account for the sudden decrease in entrainment
and increase in intermittency caused by external turbulence and/or body forces
within the jet (Agrawal & Prasad 2002; Hunt et al. 2006; Tsai et al. 2007). Another
characteristic feature of jets and wakes is the sensitivity to their initial condition,
which is also likely to be related to the turbulent interface structure.
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