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PREFACE

This course note contains approximately half of the

lectures to be given in a short course: "Interna1 aerodynamics

of rocket engines", to be given at the von Karman Institute,

April 18-29, 1966. The objective of the course is to present

current information on the analysis of flow in rocket exhaust

nozzles. Much of the information to be presented in the course

is not available in any standard reference book, but has been

assembled from the technica1 1iterature of the past few years.

The von Karman Institute has been fortunate in obtaining

the able participation of the fo11owing lecturers :

Dr K.N.C . Bray

University of Southampton

Dr P. Carrière

ONERA

Dr E. Le Grivès

ONERA

Mr C.E. Peters

ARO, Inc (Arnold Engineering Development Center)

(VKI Visitingprofessor, 1965-66)

Mr H. Ramm

ARO, Inc.
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The lectures of Drs Bray, Carrière and Le Gr1vès are

not 1ncluded in th1s course note} neither are the lectures on

ground test1ng of rocket eng1nes o It is hoped that the notes

for these lectures can be assembled and publ1shed later as a

supplement.

R.O. D1etz

D1rector
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NOMENCLATURE

The foll·owing nomenclature ha s been used in these

notes. Exception~ and additional nomenclature are defined in

t he text.

A

A*

b

c

c*

-c
e

c
p

c
v

D

F

h

H

I sp

k

cross sectional area

throat area

width of turbulent mixing region (chapter 5)

speed of sound

characteristic velocity (chapter 1)

characteristic exhaust velocity (chapter 1)

spe~ific heat at constant pressure

specific heat at constant volume

drag coefficient

pressure coefficient

diameter

diameter

axial thrust

standard gravitational acceleration

statie enthalpy, convective heat transfer coefficient,

height

stagnation enthalpy

specific impulse

thermal conductivity, empirical constant



K
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ratio of particle velocity to gas velocity (chapter 3)

L

Le

m

M

M*

Nu

o
F

p

Pr

r

R

Re

:s

t

T

u

v

v

V max

w

x

y

length, partic le temperature ratio (chapter 3)

Lewis number

mass

Mach number

ratio of velocity to speed of sound at sonic condition

molecular weight

Nusselt number

oxidizer-fuel mass ratio

pressure

Prandtl number

radial coordinate, radius

universal gas constant, shock radius, radius of

c u r vature

Reyno l ds num be r

entropy

time

tempera t ure

axial velocity c omp on e n t

transverse v e l ocity c omp on e n t

total velocity vector

maximum velocity, I 2c Tp 0

mass fl ow rate

axial coordinate

transverse co o r d i na t e
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Greek

Mach angle, in jection angle (chapter 4)
c

ratio of specific heat , -E
cv

separation angle (chapter 4)

turbulent eddy viscosity

streamline angle

viscosity

evaporation factor (chapter 4)

density

velocity potential

stream function

Subs cri pt s

ai r s tream ( chapte r 5)

a x ia l

augmented (chapter 5)

chamber conditions

conditions at nozzle exit

gaseous phase

inJectant (chapter 4), inner boundary of mixing

reg ion (chapter 5)

ideal

central stream (chapter 5)

conditions at beginning of particle solidification

(chapter 3)
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maximum

stagnation conditions, initial conditions

particle phase

separation, throat (chapter 2), side (chapter 4)

vacuum

wall

free stream or ambient conditions

Superscripts

conditions at throat or at Mach number unity

(except M* and c*)
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CHAPTER I

INTRODUCTION TO THE FLOW IN NOZZLES

1.1 INTRODUCTION

The modern rocket engine is a complex device, but

here we need only consider two basic elements, the combustion

chamber and the exhaust nozzle. A high temperature working

fluid is generated in the combustion chamber where a propellant

or combination of propellants, undergoes exothermic chemical

reaction. In the liquid propellant rocket, the propellants are

stored in tanks and are injected into the combustion chamber

at a prescribed rate. In the solid propellant rocket, the

combustion chamber also serves as the propellant storage vessel,

with the rate of propellant consumption determined by th €

amount of exposed burning surface and by the combustion chamber

pressure. It is normally assumed that the flow at the exit of

the combustion chamber is uniform, at negligible velocity,

and that the fluid is in thermodynamic and chemica l equilibrium.

The second basic element of the roc ke t eng ine, the

exhaust nozzle, is the primary subject of these lectures. The

function of the exhaust nozzle is to convert the internal

energy of the working fluid to kinetic energy, and thus to

produce thrust.

The analysis of the rocket exhaust nozzle is presented

from an engineering point of view, in that the current state

of theoretical knowledge is emphasized. Because of the complex
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nature of the flow processes within a rocket nozzle, much of

the theoretical work is approximate in nature. For this reason,

the theoretical results have been compared with experimental

results whenever possible. Certainly, many aspects of rocket

nozzle flow are incompletely understood. It is hoped that this

series of lectures wi1l point out the need for additional

research in many of these trouble areas.

Structura1 aspects of exhaust nozz1e design are not

considered in this course. Also, the important subject of

therma1 protection of the nozz1e wa11s is not covered. The

fundamental aspects of rocket engine cooling are discussed in

basic texts on rocketry (for examp1e, refs. 1-1 and 1-2).

Excellent reviews of advanced rocket cooling concepts are

presented in refs. 1-3 and 1-4.
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Organization of course.

The first lecture in the series is on the subject of

idealized nozzle performance, based on the assumptions of

(1) frictionless perfect gases of constant composition, and

(2) one-dimensional flow. This idealized nozzl~ performance

forms the basis on which the performance of actual exhaust

nozzles is evaluated. The departure of actual nozzle performan~e

from this ideal is the subject of subsequent lectures.

In the next lecture (Chapter 2) the subject of nozzle

shape is discussed, again with the assumption of a frictionless

gas of constant composition. Th1s lecture is bas1cally on

departures from one-dimensional flow in the nozzle. Methods

of analyzing the transonic nozzle flow are described. The

shape of the divergent portion of the nozzle is discussed,

starting with the commonly used conical nozzle. The techniques

of Rao, as we l l as var iou s s implified methods, are described

for optimization of the divergent n oz z l e contour.

The next lec ture, by Dr Carri~re, is concerned with

the effects of fluid viscosity on t h e performance of exhaust

nozzles. First, the thrust loss caused by viscous drag on the

nozzle walls is considered. ~hen the complex subject of over­

expanded nozzle operation with boundary layer separation is

discussed.

·Th e conventional internal expansion nozzle is ope~

ating at optimum conditions at only one ambient pressure.

Various altitude-compensating nozzles, in which the amount of
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nozzle expansion is controlled by the ambient pressure, are

the subject of the lecture by Dr Le Grivès.

The lectures by Dr Bray are on the complex subject

of nozzle flow with chemical reactions, both for flows in

chemical equilibrium and for flows with finite rate chemistry.

The final departure from ideal nozzle performance is

discussed in the section on nozzle flows with solid partieles

(Chapter 3). Most solid and some liquid propellants produce a

working fluid which is a mixture of gas and dispersed solid

(or liquid) phases. Because the partieles have finite mass, and

because they must be accelerated by fluid friction, the particl~

always lag the gas to a certain degree. This lag, both in veloc­

ity and temperature, leads to losses in nozzle performance which

are sometimes substantial.

The section on thrust vector control (Chapter 4) is

primarily concerned with the analysis of the side force produced

by asymmetrioal injection of fluid into the divergent portion

of the rocket exhaust nozzle. Prediction of the side force

generated on the nozzle walls requires analysis of the effect

of the injected flow on the main flow through the nozzle.

In 'Ch a pt e r 5, advanced rocket engine concepts are

discussed from the standpoint of the effect on exhaust nozzle

design. Particular emphasis is given to the air-augmented

rocket, a device which offers some of the performance advantages

of the air breathing engine during the atmospheric portion of

the vehicle flight. First, the overall potentialof the air-
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augmented rocket is analyzed by simplified theory, then the

detailed analysis of the complex flow in the mixing section

is discussed.

The detailed analysis of rocket engine performance

is a complex and, in some cases, a somewhat uncertain task.

For thts reason, as well as to evaluate mechanical integrity,

an important step in any engine development program is to

ground test the rocket engine. The final lectures

are on the subject of the design of ground testing i a c i l i t i e s

to provide a simulated high altitûde environment for the

rocket engine. Special attention is given to the ejector-dif­

fuser, a device in which the rocket itself provides the source

of power for pumping the environment surrounding the rocket

to a low pressure.

A large amount of material is covered in this course.

Some of the areas cannot be covered in great depth, but the

references provided should allow the course participants to

dig more deeply into these areas.
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1.2 IDEALIZED NOZZLE ANALYSIS

The idealized perfect racket, in which the flow is

assumed to be one-dimensional, will be analyzed in this section.

Such an analysis leads to a basic understanding of the important

variables in racket nozzle design. Relatively simple formulae

are obtained for the basic nozzle performance parameters,

therefore, the idealized results are of ten used for preliminary

engineering calculations. The idealized analysis also defines

the upper limit for the performance of any real nozzle system

using gases of fixed composition, and thus serves as a basis

for evaluating the efficiency of real nozzles.

Similar analyses of the ideal racket are presented

in basic references on rocketry (for example, re~ 1-1, 1-2

and 1-5).

1.2.1 Assumptions and basic equations

Assumptions: The following assumptions are used in

the idealized nozzle analysis:

1. One-dimensional flow

2. Steady flow

3. Frictionless gases

4. Adiabatic flow

5. Perfect gases

6. Constant specific heats

7. Negligible flow velocity in combustion chamber

8. Heat addition is completed within the combustion

chamber.
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Basic equations: Consider a control surface extending

from a stagnation section to any section of the flow channe1:

.......,;;:--~tto:::o

Po
To

ho

I
I
I
I /----'"'-..

1- _--

Assumptions 4 and 8 a110w the energy equation to be written

(First Law of Thermodynamics)

h
o

2
u

= h + 2 constant (1-1)

The assumptions that the flow is friction1ess and adiabatic

imp1y that the flow is isentropic (Second Law of Thermodynamics):

s = s = constant
o

Equation of continuity:

w = puA = constant

Equation of state (general form):

h = h(S,P)

p = p(s,p)

(1-2 )

(1-3)

(1-4)

The isentropic expansion process in the nozz1e may

be represented as
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-- ho

p

s
The definition of the Mach number and the speed of sound are:

u
M = c

u

=~
V(~) _

5

(1-5)

Note that we have not ye~ made the restriction that the gases

are perfect.

Subsonic and Supersonic flow: The steady flow energy

equation in differential form is:

dh = -udu

For isentropic flow t he relation Tds = dh - ~ becomes
p

(1-6)

dh ~= p (1-7)

Combining (1-6) and (1-7) gives

dp = -pudu (1-8)

which is Eu1er's equation.

Now introduce the continuity equation in the logarithmic
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differentia1 form:

dP dA du
0 (1-9)P + A +- =u

Substituting (1-8) into (1-9) gives

dp dA ~ 0+ + =
p A pu2

or

dA iE. [u\ -~J=
A o dp

5!E. __ (~)The process is isentropic, therefore d p dp
s

= c 2, and

dA

A p
(1-10)

From eq. (1-8) we see that the pressure a1ways decreases in an
du

acce1erating flow, i.e. dp < O. From eq. (1-10) we can deduce

the fo11owing:

( 1 )

(2)

(3 )

dA
subsonic flow: > 0dp

dA
supersonic flow: dp < 0

dA
sonic flow: dp = 0

(and
dA

< 0)du

(and
dA

0)>
du

(and
dA 0)
du =

The re1ations show the we11 known fact that the effect of area

change is opposite for subsonic and supersonic flow. We a1so

see that the cross sectiona1 area of continuous1y acce1erated

flow passes through a minimum at the sonic condition. The mass

flux, pu, therefore goes through a maximum at the sonic condition.
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The continuity equation is

d(pu) + dA = 0
pu A

thus d(pu) = 0 at the sonic condition, and pU is a maximum.

Isentropic flow of a perfect gas: We now introduce

the assumption that the gas is perfect with constant specific

heats.

.E.=R T
p Jt

~h = c ~T
P

(c -c ) .. ~
p V .m.

c
-.E. = y
c

v

c = _Y_ R
P Y - 1 J{.

(1-11)

(1-12)

(1-13)

(1-14)

(1-15)

Equations (1-11) - (1- 15) are va1 id i n general for a perfect

gas, and their use is not restricted to the case of isentropic

flow.

We may now introduce the concept of the stagnation

temperature. The energy equation (eq. 1-1) becomes:

or

T o
u 2

= T + 2c
p
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P
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1 + (y-l)u2 =
R

2y J{. T
(1-16)

Now introduce the isentropic condition, in the form of eq.(1-7)

dh = äa
P

and using eqs. (1-12) - (1-15)

c dT = RT dp
P u\{P

--Y.- dT
y-l T

äa= p

Integrating between the limits of Tand T giveso
-y­

T Y-l

= (-2.)
T

where Po is the isentropic stagnation pressure.

(1-17 )

Also

Po
P

1
T Y-l

= (~)
T

T
oIn terms of the Mach number, the ratios T ' are :
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T [1 :r..=l:. M2J0 (1-16)= + 2T

-Y.-

Po

~ M2]
y-1

.cl. (1-18)= + 2P

1

[ tPo
1 + X;l M2 (1-19)=p

Rocket engines norma11y operate with sufficient1y high chamber

pressure so tha t the nozz1e is a1ways choked at the throat.

The critica1 conditions at the throat (section of minimum area)

are obtained by setting M = 1 in e qa , (1-16), - ( 1 - 18 ) "a nd (1-19):

T y-1 y +10
::11 1 (1-20)+ -- =T* 2 2

.J- [ r~Po [1 ~Y-1-1 Lll (1-21)= + 2 I:

p * 2

~Y\ .
--L

[1 [r-1
Po .Y.:1. y+ 1 (1-22)= + 2 =p* 2

Mas s fl ow i n a choked nozz 1 e : Th e continuity equa­

tion at the throa t i s :

w* = A*p *u*
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w = =

J!. T*
iJ/L
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A*p*yu*

I ({ T*c*

=
A*p*/:cJ(

R

/« /T*
o T

o

A*p C r:s.
o Po .; R

~~o T
o

Substituting the equations for ~ and
Po

T*
T o

or

w* =
A*p

o

IT
o

yJ/l..
R

(1-23)

Similarly, the mass flow at any other section of the nozzle

is given by

w =
Ap

o M
IT"

o

(1-24)

Because the flow i s steady , w = w* . Equating eqs. (1-23) and
A

(1-24) and solving fbr the area ratio A* :

A
A*

(y+l)
2 (y-l)

The variation of nozzle area ratio with pressure ratio is shown

in fig. 1-1, for y = 1.2, 1 .3 and 1.4.
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1.2.2 Nozzle thrust

Consider the rocket engine shown schematically:

coMBUSTloN eH t\M6ER

,
I
,Ae
I Pe
I

I

I-..

(,------'10------...:

I
I

! Pc .. -ç

;l-- - ----->]:---
L CoNTRa/...

SLlfeFAcf::

thrust on the rocket is obtained by applying theThe net axial

momentum theorem to the control surface. The en~ire control

surface, except for A , is subjected to the ambient pressure,
e

p ... , and the thrust is

F = J
A.

e

(p- p ...) dA + J ou 2dA
A·,

e

(1-26)

Eq. (1-26) is valid for any rocket motor, if u is taken as the

axial component of the velocity in the nozzle exit plane. For a

liquid propellant engine in which the propellants are not stored

in the chamber, the control surface is assumed to include the

propellant tankage, so that the momentum of the injected propel;

lants does not appear in the thrust equation.

For one dimensional flow in the nozzle,eq. (1-26)

becomes:

F = (p -p )A ( + p u 2 Ae ... e e e e
or
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(1-27a)

Equation (1-27) mayalso be written in terms of the exit plane

Mach number as

F = (p -p)A + YP A M2
e ~ e e e e

= -, ÜPe-p~) + YP M~Je e

= AePe ~+ yM 2 -::Je

The thrust in a vacuum (p~ = 0) is

F = p A [1+ YM 2
]vee e

(1-27b)

(1-28)

F is sometimes referred to as the "thrust function" or "impulse
v

function" (Shapiro, ref. 1-6). The useful ratio of F to the value
F v

of~ at the nozzle throat is tabulated as F* in various tables

of flow functions (for example, Keenan and Kaye, ref. 1-7).

Maximum thrust - Assuming that the nozzle stagnation

c~nditions, A* and p~ are fixed, the problem is to determine

the exit area, A , which pr ov ä des maximum thrust. The nozzle
e

mass flow is, therefore, also fixed. Differentiating eq.(1-27a):

dF = (p -p )dA + A dp + wdue ee e e e e

Momentum considerationsgive wdu = -Adp, therefore

dF = (p -p )dAe ~ e
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when p < p •e a>

dF
dA = 0, or when Pe = P~.

e
= p is said to be "adapted"a>

the nozzle ~s said to

A nozzle which is operating with p
e

or "correctly expanded". When p > P,e a>
be "underexpanded", and "overexpanded"

The maximum thrust is obtained when

The weIl known result that maximum thrust is obtained

when p = p can also be shown from simpie physical reasoning.e a>
Consider a section of the nozzle wall near the exit plane:

IYo:z.z L.E
~Al-L

I~
I

I
I

INTe~NAL f'RESSVRE

DISTR(8 U T Jo N

SEC.TION '\AlMERE INTER.NAL

PRESSURE E<l2uALS PClIO

The thrust produced by the nozzle is determined by the excess

of the pressure forces acting on the internal surface over the

pressure forces acting on the external surface. Additional

expansion of the flow produces additional thrust as long as

the internal pressure is greater than Pa> • When the internal

pressure is less than Pa>' additional nozzle expansion causes

negative thrust, or drag, on the nozzl 0 Clearly, the maximum

thrust is obtained for a nozzle exit area, A , which gives
e

p = p •e a>

1.2.3 Rocket performance parameters

Several performance parameters are used in the evalua­

tion of a rocket engine. Included are the nozzle thrust coeff~
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cient (CF)' characteristic velocity (c*), specific impulse

(I ) and characteristic exhaust velocity (0 ) ç These perform~sp e
ance parameters are calculated from the parameters p , A*, F

c
and w, all of which are relatively easy to measure during the

experimental operation of a rocket engine. For the case of the

ideal rocket, we shall see that these parameters are given by

relatively simple relationships which show the significance of

each of the performance parameters.

Nozzle thrust coefficient - The most commonly used

parameter for evaluation of the efficiency of an exhaust nozzle

is the thrust coefficient , CF. By definition

F
CF - p A*

c

Similarly, the vacuum thrust coefficient is

F
v

C Fv = p A*
c

CFv is related to CF by

A P""e
CF = CFv - A* Pc

(1-30)

(1-31)

(1-32) .

Combining eq. (1-30) with eq.(1-27b) yields, for one dimensional

nozzle flow:

Also

A p
e e

CF = A* p­
c

(1-33)
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~he maximum value of CF is obtained when Pe = p ~:

Ae Pe= - - XM2
A* P ec

(1 -35)

For
A

isentropic nozzle flow , e a nd Mare functionsPo = Pc; A* e
Pe

C
F

{

2 x2

= (x-l)

(1-36)

Equation (1-36) indicate s t h at CF is i nd e p end ent of Tc and J/l..,
a nd is therefore insensit ive t o t h e e fficien cy of c ombu s t i on .

The c ombustion effi ciency doe s have a small effect on y, but f or

a gi ven area ratio 6
F

i s r e l a tive ly i ns ensitive t o sma l l v a r i a ­

tions of X, especially fo r low area r at i o noz z le s . The nozzle

thrust coefficient i s normal l y i nterpret e d t o be a figure of

merit for only the divergent portion of the exhaust nozzle .

In pract+ae, the tes t engineer c ompa r e s t h e experime ntal value

of CF with the theoretica l va l ue, and the deviation trom ideal

is a t t r i bu t e d to the exhaust n ozz le, not t o the c ombu s t i on

chamber.

A
e

The variation of CF with A* is shown in fig. 1 -2
Aefor x= 1 .2 . We see from fig. 1-2 that, for a given A* , the

Pc
value of CF inc~eases monotonically as p is i nc r e as ed . This

~
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increase in CF is caused enti rely by the decrease of the

pressure acting on the outer surface of the nozzle ' .

The line of maximum thrust coefficients shown in

fig. 1-2 corresponds to the locus
Pc

for the various values of -- • We
Pco

coefficient for a given value of

of the optimum area ratios

see that the curve of thrust

Pc
-- is fairly fla t near the
Pco

optimum area ratio. Therefore, the thrust coefficient is inse~

sitive to small variations of the area ratio from the ideal

value.

The "separation limit" shown in fig. 1-2 is determined

by the inability of the nozzle boundary layer to re main attached
Pco

to the nozzle wall for -- > 2.5 (see section 1.2.3). For oper­
Pe

ating conditions to the right of the separation limit j QF is

no longer given by eqs (1-32) or (1-33).

Characteristic velocity - The performance parameter

which is commonly used to evaluate the combustion chamber

performance is the characteristic velocity c*. By definition:

c* =
P A*c

w (1-37) "

Introducing eq.(1-23) for w, we get

c* =
RT

c
J;t (1-38)

The parameter c* is nut a function of the supersonic nozzle
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g~ometry, but only of y,~ and Tc. The characteristic velocity

is primarily a measure of the eff~ciency of the combustion

chamber. For a real rocket engine, c* is also influenced by the

efficiency of the subsonic portion of the exhaust nozzle,

because departur~ from one dimensional flow also influenoe the

mass flow through the nozzle thrDat. Comparison of eqs.(l-30)

and (1-37) indicatesthat

F lOl C c*
. F

m
(1-39)

Specific impulse - A parameter used to evaluate the

overall performance of a rocket i~ the specific impulse, l s p •

The specifio impulse is defined as the ratmo of the thrust to

the mass flow. Rather than the mass flow, the speoific impulse

is normally defined in terms of the propellant weight flow in

a standard gra~ational field, thus

(1-40)

where g is the standard aooeleration of gravity.
o

Effective exhaust velocity - Another parameter used

to evaluate the overall performance of a rocket is the effec-

tive exhaust velocity,

- Fc lOl

e w

-c ,
e

diifined as

(1-41)

Using eq. (l-27a), we see that

(p -p )A
- e CD ec ... u +e e w (1-42)
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The effective exhaust vel ocity is equal to the actual exhaust

velocity when the nozzle is c orrectly expanded. Comparing eqs.

(1-40) and (1-41), we see that I and ë differ only by thesp e
constant go' and

-c
e (1-43J

The obJect±ve of the rocket designer is to obtain

the maximum vehicle acceleration for a given amount of propellant

and he therefore is c oncerned with maximizing ë (or I ). Thee sp
other performance parameters, c* and OF' are primarily dia gnosti c

parameters used to point out the reasons for deficiencies in

r ocket performance .

Two areas of perf ormance improvement are op~n to the

rocket designer. The first is to increase c* by improving

combustion efficiency, or by selecting propellants with a higher
Tc

ratio of)t • The se cond ar ea is to incr ease CF by ca r e f u l

nozzle design.

Performance of typical propellants - Al t hough the

evaluation of prope l lants does not fa l l wi thin t h e s c ope of this

course, results for a few chemical propellants will be given

to acquaint the reader with the range of values f o r the rocket

performance • . The following table includes a few propellant

combinations in use or being considered for use. A more

complete table is gi v e n in ref . 1-2. The data in the table we re

calculated by assuming adiabatic combustion, and ideal frozen

expansi on from p = 34 atm . to Pw = 1 atm. in a correctlyc
expanded nozzle .
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OXlDlZER FUEL o/F THEORETlCAL
A

I
(mass ratio) T ( OK) Y sp

c

Fluorine Hydrogen 4.50 3033 1.33 8.9 374
(max. l s p)

RFNA UDMH 2.60 3144 1.23 22 250
( 22% N02)

-
Nitrogen HydraZine : 1.10 3005 1.26 19 263
Tetroxide
--------- -. -.. --- - - -- --- . - --------- -- - .._-- --"- - -
Oxygen RP-l 2.00 3350 1.25 21 266

_. ', -_ .
3. 50 '~ IJOxygen Hydrogen 2755 1.26 9.0 364

(max. ' I )sp

lt should be noted that, for many applications such as the

very long range s~ngle stage rocket, the important performance

parameter is I • For other ap~lications where the mass ofsp
propellant consumed is small compared to the total vehicle

mass, the important parameter is (I x propellant bulk density).sp
For such amission propellant com~inations containin~ hydrogen

are considerably less desi~able than is indicated by the I sp
of t h e s e propellant combinations. See ref. 1-2 for a more

complete discussion of this subject.
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1.2.3 Non adapted nozzle operation

We have seen in the previous section that the maximum

thrust is obtained when p = p • In many practical rockete ~

applications, however, the nozzle must operate through a range

of ambient pressures. The first stage of ~ launch vehicle, for

example, must operate s a t i s f a c t or i l y from sea leve l to an

altitude where the ambient pressure is perhaps only one-hundredth

of sea level pressure.

Inviscid nozzle flow - The classical concept of

inviscid supersonic nozzle f low i s illus trated in fig. 1-3.

The nozzle exit pressure, p , is independent of p until pe ~ ~

i s increased to t h e level where a norma l sho ck is forced to

move inside the nozzle. Condition ( 1 ) of fig. 1-3 corresponds

to underexpanded nozzle operation, and the flow adjusts to p~

by passing through a series of expansion waves with a correspond­

i ng d e f l ec t i on of t h e fr ee streamline . Condit i on (2) c orre s po n d s

t o "c orrect e xpan s ion " or " a da pt e d" opera tion, wi t h p = Pmoe
For c onditi on (3 ) , Pm is g r ea t e r than p , but no t sufficientlye
high t o c a us e a n ormal s h ock a t t h e n ozz le exit plane. In this

c a s e of overe x pand ed n oz z l e operat i on th e f low adjust s from p e
to Pm by pas s ing t h r ou gh an ob lique shock wave. Further increase

of Pmcauses a normal shoc k to be formed a t the nozzle exit

p lane, with subsonic flow downstrea m of the shock ( c on d i t i on

(4». Higher ambient pressure c a u s e s a normal shock to be formed

inside the nozzle (condi tion ·(5 » . The ambient pressure could

be increased to the level where the normal shock would be moved

upstream to the nozzle throatj .further mcrease of Pm would

cause the flow in the nozzle to become entirely subsonic. Such
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pressure ratios normally do not occur during st~a~y-state

rocket operation. Tpis condition does occur, however, during

the engine starting and shutdown transients.

We see ~~that for overexpanded nozzle operation the

pressures on the divergent portion of the nozzle are less than

ambient, with a corresponding loss in t h r u s t as compared to

adapted nozzle operation. For conditions (1)-(4), p is equale
to the design value ; and the thrust coefficient may be calculated

from eq. (1-32).

Viscous nozzle flow - The flow in a rea l nozzle is

viscous, and a bound~ry layer exists along the nozzle wall.

The boundary layer is lim1ted in the amount of pressure rise

that it will withstand without separation from the wall. For

this reason, overexpanded nozzle operation is quite different

in character from that presented in the preceding section,

where tlie effects of boundary layer were ignored.

For underexpanded flow (p > p :), the flow 1s thee ~

same as shown 1n fig. 1-3, w1th the flow adjusting to the

ambient pressure through a series of expansion waves. Increasing

the ambient pressure to s11ghtly above p causes t he flow to
e

adjust to p~ through an oblique shock, shown as condition (3)

in fig. 1-3. The upper limit on p~/p to form an oblique shock
e

at the exit plane, however, is not given by t h e norma l shock

condition, but rather is controlled by the separation charac­

teristics of the nozzle boundary layer. The type of flow shown

in fig. 1-3 as condit mons (4) and (5) never exis t s in rea lity.
p~

Approximately, when > 2.5-3.0, the point of boundary layer
Pe
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separation will move upstream into the divergent porti on of

the nozzle, as shown in fig. 1-4. It is assumed that the nozzle

boundary layer is turbulent, which is usually the case in

rocket nozzles.

The subject of boundary layer separation is very

complex and will be covered in a later lecture by Dr Carrière.

For purposes of discussion, we mayadopt here the simplified

"Summerfield criterion" for the separation aharacteristics

(ref. 1-2). By inspection of experimental separation data for

nozzles with wall angles of approximately 15 degrees, Summerfield
p~

concluded that boundary layer separation will occur if -- > 2.5 -.
Pe

When the separation occurs inside the nozzle, it will be

assumed that the wall pressure is constant downstream of separa-
p~ (tion, and that the separation occurs Where -- = 2 0 5 see fig.
Ps

1-4 for nomenclature). This view of the separation phenomenon

is highly simplified o In reality, the pressure ratio at separa­

tion may_ vary from 2.5 to 3.5 or higher, depending on the

specific flow conditions. Also, as indicated in fig. 1-4, the

region downstream of separation is not at constant pressure,

but a certain amount of recompression occurs, depending on the

nozzle geometry. The simplified model, however, does serve to

illustrate the major influence of boundary layer separation on

nozzle performance.

Nozzle thrust - Because of bounda~y layer separation,

the pressures inside the nozzle are never lower than about

0.4 P~. Boundary layer separation, therefore, is desirable from

the standpoint of "thrust when the nozzle is operated in the
Ioverexpanded condition. This effect is illustrated in fig. 1-5,
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variabIe ambient pressure is shown for two
A A

e e
A* = 5 and A* = 20. The range of pressure

ratios showh is insufficiènt to cause a normal shock in the

flow for the case of inviscid flow. Fig. 1-5(á) shows that CF
p P

varies linearly with ~ for -3< 2.5. Without boundary layer
Pe Pe

separation CF would continue to decrease linearly for increasing
Pco

Pco' as indicated by the dashed lines for -- > 2.5. The occurrence
Pe

of boundary layer separation, however, causes CF to decrease

Pco
much less rapidly for > 2 .5.

Pe

In fig. l-S(b), the variation of eF/eF with p /p
id co e

is shown for the same nozzle a rea ratios.The ideal thrust

coefficient was calculated by assuming that the nozzle area

ratio was varied so that the nozzle was c or r e c t l y expanded for

all cases. F1rst, we see that the performance penalty caused
.P.co

by using a non-adapted nozzle is s mal, as long a s 0.5 < -- < 2.
Pe

Also, we see that the h igh area ratio nozzle is somewhat less

sensitive to non-adapted operation t h a n is the 1ów area ratio

nozz1e. For overexpanded ope~ation with boundary 1ayer separa­

tion, CF/CF remains ~ear1y constant with increasing Pco/p •
id e

This conclusion is based on a high1y simplified s e pa r a t i on model.

Figure l-S has 111ustrated that boundary layer separa­

tion prevents very large overexpansion thrust los ses. This fact

leads one to consider using a large area ratio nozzle for a

launch - rocket which starts at sea level and operates through

a large range of ambient pressures. The performa~ce of two

nozzles operating from sea level to an altitude greater than
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25 km is shown in fig. 1-6. For p = 40 atm. the area ratio. c
10 nozz1e has design p = 0,5 atm., and separation does not

e
occur in this nozz1e at sea level. The area ratio 40 nozz1e

has design p = .083 atm., and boundary 1ayer separation occurs
e

at a1titudes 1ess than 11.4 km. We see in fig. 1-6(a) that the

thrust coefficient of the area ratio 40 nozz1e is 1-2% be10w

that of the area ratio 10 nozz1e for a1titudes 1ess than 10 km,

but is substantia11y higher (3 - 7 %) at a1titudes greater than

15 km. The difference in performance is shown more graphica11y

in fig. 1-6(b), where the ratio 'CF / C
F i d

is p r-e s e rrt e d ,

The area ratio 40 nozz1e appears to be somewhat

superior in this compar ison, depending on the maximuml a1titude

for the 1aunch vehi c1e. I n pra c tice, however, the area ratio

10 nozz1e wou1d be chosen for t h is a pp1ication. Th i s choice

wou1d be governed by two con s idera t ions. First, the actua1

thrust of a nozz1e wi th boundary 1ayer separation is 1ess than

indicated by figs . 1-5 and 1- 6 , b e caus e of the r e compression

downstream of separation. This 1 0ss is greate r with contoured

nozz1es having sma11 wa11 ang1 e s near t h e exit than for a

conica1 nozz1e. The second rea son for avoiding boundary 1ayer

separation i s that the separa t ion may be unstab1e in position,

which cou1d cause severe mechanica1 prob1ems.
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CHAPTER 2

CONVENTIONAL CONVERGENT-DIVERGENT NOZZLES

2.1 INTRODUCTION

In Chapter 1 the rocket exhaust nozzle was analyzed

with the assumption of one dimensional flow. Now we shall analyze

the _effect of departure from one dimensional flow. The other

assumptions of the one dimensional analysis are retained: adia­

batic .frictionless flow, perfect gas with constant specific ' .

heats, etc.

Rocket exhaust nozzles are nearly always axtsymmetric

and most of this chapter is on the analysis ofaxisymmetric

flows in nozzles o Some analysis of two dimensional plane flow

will be presented to illustrate the techniques for calculating

the transonic flow in nozz~es.

2.2 CONVERGENT NOZZLE GEOMETRY

The design of the convergent, or subsonic, portion

of the rocket nozzle is usually based on considerations of

weight and heat transfer. The contour is normally chosen;ff~st~

and then the flow field is analyzed o The maximum .heat transfer

in the nozzle occurs just upstream of the throat; therefore it

is desirable to make the convergent section as short as possible.

Weight considerations also dictate a short convergent section.

The desirability of a short convergent section must be balanced

against the losses which result from a too rapid convergence

of the nozzle (departure from one dimensional flow at the throat).
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Barrère, et al. (Ref. 2-1) recommend a torbidal

section at the throat, with the convergent geometry either

conical or sinusoidal (fig.2~). Rao (Ref. 2-2) also used a

toroidal throat section in his analysis of optimum nozzles, but

with a sm~~radius of curvature downstream of the throat.

(Fig. 2-1). It is generally agreed that the radius of curvatur~, .

of the toroidal throat section should be 1 to 2 throat radii

for the region upstream of the throat. The usual approximate

analysés for the shape of the sonic line yield results in terms

of only the radius of wall cur~ature at the throat, and the

detailed upstream geometry is ignored.

2.3 TRANSONIC FLOW IN NOZZLÈS

The design of the supersonic contour by the method

of characteristics .requires that the shape of the sonic line

be known. Actually, the required initial condition for the

method of characteristics is a specification of the flow condi­

tions .along a line where the flow is everywhere slightly

supersonic.

The most common technique for analyzing the transonic

flow in nozzles is the use of series expansions. The velocity

(or velocity potential) components are expressed as power series

of the geometrie variables. The series coefficients are evaluated

to satisfy the equation of motion for the flow. Of course, the

accuracy of the technique depends on the n~~ber of terms in

the power series.



-31-

2.3.1 Basic equations

The basic equations used in the analysis of transonic

and supersonic flow in nozzles are (1) equation of irrotationality

(2) continuity equation, (3) Euler equation, and (4) definition

of the speed of sound.

Equation of irrotationality

Continuity equation

d ( ou ) a( pv)
O ~

dX + - dY
:::

d( ou ) 1 a( pvy) i 0
dX + dY 'F

Y

Euler equation

2
dp ::: - od (V

2
)

Speed of sound

(two dimensional)

(axisymmetric)

(2-1) ,

(2-2)

(2-3)

(2-4)

c 2 dp
:::

dp
(2-5) .

Equation of motion - The preceding equations may be

combined to derive the equation of motion for the potential flow.

For two dimenaional flow:
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(l-
u 2 ) .aU (1-

v2 av 2uv au
+ -)- ::. 0 - -

0 2 ax 0
2 ai 0

2 ay

For axisymmetrio flow I

(1-
u 2 au (1-

v2 av 2uv au v-)- + -)- + I:: 0
0 2 ax 0 2 ay 0 2 ay y

(2-6)

(2-7)

Note: In this seotion 1 for oonsistenoy, y wi1l be used for the

radial coordinate in axisymme tric flow. In general, r will be

used for the radial coordinate.

2.3.2 Analysis of Oswa tits oh

One of t h e earlier uses of the power series teohnique

was by Oswatitsoh and Rothstein (Ref. 2-3). Consider the flow

through a symmetri oa1 two dimensional nozzle with arbitrary

wall contour, Yw

the throat).

F(x ). ( For oonvenienoe, we may take F = 1 at

F=\

It is assumed t hat the velocity components, u and v, may be

represented by a power series in y, with the coefficients in

the series taken as functions of x. Because the flow is sym­

metrioal about the x - axi s , the series for u must oonta±n only

even powers of y, and the series for v only odd powers.
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't
('

1 a y2 1
a r"u = a +

2~
+

4~
+ • • •

0 2 4

b 1Y
1 b Y 3y = +
3~

+ • • •3

(2-S)

Note that a and bare functions of x.

Differentiating eq~(2-S) and substituting intp eq. (2~1)

results in

1bly + - bly3
1 3~ 3

(2-9) •

where the ppimes denote differentiation with respect to x.

Eq.(2-9) must be true for all yalues of y, therefore, the

coefficients of like powers of y must be equal.

a 2 = bI

}1

a 4 = bI
3

Now write eq.(2-6) in a different form:

(2-10)

(2-6a) .,

By using the relation c 2 = I.::.! (V2 V2), we may write
2 max

(with V2 = u 2 + y2)

( c 2 - u 2 ) =
;y - l (V2 - y2) - y+l

u 2
2 max 2

and

( c 2 - y2 ) =~ (V2 - u 2 ) - y+l y2
2 max 2

Equation (2-6a) then becomes
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au
- 2uv = 0ay (2-6b)

Now obtain the derivatives from eq.(2-8), substitute them into

e q , (2-6b) and retain only the terms .. independent of s , The

result is

b =­1

( V 2
max

(V 2
max

y+l 2)-- ay-l 0 a'
o

(2-11) •

Boundary conditions - At the wall of the nozzle

v dy
dFw w F' (2-12)...

dx = dx = 4
U w

At the wall, eq.(2-8) becomes

1 a F 2 1 a F 4u ... a + + 24w 0 2 2 4
and

= b 1F +
1 b F 3v
6w 3

From eq.(2-12), v = F' u
w'

t hu s
w

b 1F
1 b F 3 F' (a + 1

a F 2 + 1 a F 4 )+ 6" '"3 = 0 2 2 24 4

From eq 0 (2-10) , a 4 = b3, and

b
1F

1 b F 3 F' (a + 1 a F 2 1 b 'F 4) (2-13)+ 6" = 2 + 243 0 2 3
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a corresponds
o

to the velocity distribution on the x-axis o If the rlozzle contour

is given, and if a is known, then it is possible to
o

1: Compute bl(x) from eqo(2-11)

2 0 Compute a 2(x) from eqo(2-10)

30 Integrate eqo(2-13) numeriaally for b
3

( X)

4 0 Compute a 4(x) fr om eqo(2-10)

All of the coefficients would be known, and the flow field would

be established to the fourth power of Yo

Conservation of mass flow - The mass flow through the

nozzle is used as a control in an iterative procedure to deter­

mine a (x },
o

F
f pudy = w = constant
o

The relation for P 15

..2­
Po

(1-

1
2 Y-I.sz.;

V2
max

Oswatitsch and Rothstein present the deta11ed calculation

procedure, as weIl as several approximations to facilitate

convergence of the solution o Note that exactly the same procedure

is used for the ax1symmetr1c case, except for the different forms

for the continuity equation and equation of motion o

Typical results - Lines of constant M* are shown in

Fig o 2-2 for two dimensinnal and axisymmetric flow, both cases

having the same hyperbolic wall ~contouro We see the usual result
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that the flow reaches the sonic condition at. the wall upstream

of the physical throat. The sonic condition on the centerline

is not reached until downstream of the physioal throat.

2.3.3 Analysis of Sauer

Sauer (Ref. 2-4) obtained approximate, but olosed form,

rules for the flow in the throat region of a nozzle. He used

the concept of a series solutionalong with an approximate equation

of motion .-

Basic equations - Define û and v by

U A V A= 1 + u, = vc* c*
(2-14)

where c* is .the speed of sound at the sontc condition ,

Equation ~2-6), for two dimensional flow, may be linearized in

the transonic region (Ref. 2-5, Chapter 21). The assumptions

used in the linearization are

and

1

v
c*

« 1
I

The following simplified equation is obtained

( )
A aû

y+l u ax av = . 0ay

Series formulation - The perturbation velocity potential

corresponding to û ~nd v, is written
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(2-16)

By differentiating eqo(2-16) we obtain

(2-16a)

(2-16b)

3û 3v
Taking the derivatives 3x and 3y and substituting into eqo(2-15)

yie1ds

Equa ti n g th e co e ffic i ents of t e rm s i nd e pendent of y~

(y+1 ) f ' f " == 2 fo 0 2

Equating coefficients of terms in
2Y g

(2-17 )

(Y+1) (f 'f" + f"f ') == 12fo 2 024
( 2-18 )

Not e that f' re pr e s ent s the ve lo c i ty di str i buti on on the

x - axi s , [û (~)J y==o 0

We now s et x == 0 where t h e s oni c 1ine c r os s e s t h e

x-axis o Now a s s u me that f or a shor t distanc e nea r th e orig in

f' may be represen ted by a s traight 1 i n e o
o

r ' '" (3Û ) x
o 3x

o

(2-19)
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From eqs.(2-17) and (2-18), we evaluate . the remaining eoefficients

(noting that r" = (dû) )
o dx •o

1 d " 2
f .l.±.:!;. ( ....E.) -x

2 = 2 dx
o

(X+1) ( dû ) 2
fl =2 2 dx

0

(Y+l)2 (dû)
3

f 4 = 24 dx
0

fl = 04

The velocity distributions are t hen

(dû) Y+1(dÛ) 2
" y2u = x + ----dx 2 dx

0 0

(2-20a)

"v = (Y+l)2 (dû)3 y3
xy + 6 dx

o
(2-20b)

and the approximate ve locity fie ld n e a r the origin is defined.

Sonic 1ine - Th e s onie l i n e is defined as

Considering the other assumptions in the theory, we may set

û = 0 at the sonie line. Then, fr om eq.(2-20a)

x* = (2-21)
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s

The nomene1ature i s sh own in t h e s ke tch, whe r e the a st e r i s k

denotes a genera l po i n t on t h e sonie 1ine . EQo( 2 - 21 ) s h ows that

the sonie 1 ine i s a parabola , with the eur v atu r e on th e x-axis

given by

1
R*o

= = (Y + 1) (:~ )
o

( 2 - 2 2 )

We must now l oeate the sonie 1 i n e r e1ati v e t o the ph y s i ea 1

throa t p1ane. I n the throat plane , v = 0 , the r e f o r e froms
eQ.(2-20b)

-xs
Y+1 (dû) _2= -6- dx Ys

o
(2-23)

We now must find wher e th e s onie 1in e i n t ers e et s the wa11.

Assuming that y * = y , and eombining e Qs ( 2- 21 ) a nd ( 2 - 23 ) ,
w s

we get
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(2-24) 4

The radius of eurvature of the wall at the tijroat plane will

now be evaluated.

dG-
--=::...Jl_-+~=---------J

/ ~ 0

\f
1

R
s

Differentiating eq.(2-20b) yields:

1
Rs

d" 2
= (y+1 )( d

U
) Yx s

o
(2-25)

Sonie line parameters for a given nozzle - The preeeding

development was based on the known veloeity distribution at
d"

the axä s , (du) • Usually, however, it is the shape of the nozzlex .
whieh is known~ The nozzle geometry in the throat region is

defined by y and R , and eqs{2-22)-(2-25) ean be written tos s
give the sonie line parameters in terms of the geometrie para~

d" 1 1d" Jeters. Using the relation (d~) = -- \ : in eq.(2-25) yields:
o y s d (--) 0

Ys

(2-26)
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Using eq.(2-26) in eq.(2-22J:

Using eq.(2-26) in eq.(2-24):

(2-28) .

Axisymmetric nozz1es - The equations for axisymmetric

nozz1es may be obtained by a simi1ar deve1opment.

=
(Y+1 )

4

ld~:st
I 2 Ys

= (y +1) R s

R* ! 2
R

0 s
=

Ys (y +1) Ys

(.2-30)

(2-31)

= (2-32)
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Comparison of p1ane and axisymmetric nozz1es - The

sonic 1ine shape for p1ane and axisymmetric nozz1es having the

same contour is shown in the fo11owing sketch

. - - - - - -

\~ SON/C L INE.

\ (AX'SYMMET~Ic..)
\

s

SOIJIC L,N E

(TWO - DIM.)

By comparing eqso(2-26) and (2-30), we see that the rate of

axisymmetric case by a factor of

increase of center1ine velocity at the throat is greater for the
;-2 0

Comparison with more exact resu1ts - Consider a ' nozz1e
Rs

having -- = 5. The fo11owing tab1e shows the resu1ts of
Ys

the Sauer approximation as compared to the more exact resu1ts

of Oawat f t s ch ,

TWO-DIMENSIONAL AXISYMMETRIC

OSWATITSCH SAUER OSWATITSCH SAUER

~(::l
0.27 0.29 0.37 0.41

t:

x s 0 012 0.12 0.14 0.12---
Ys

(x -x*)s w
0023 0023 0.12 0.12

Ys
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We see that the results of the approximate method are surpris­

ingly accurate for a nozzle having a relatively large radius

of curvature, R • The Sauer technique is apparently adequate
5 Rs

for wind tunnel nozzles in which -- > 5. The Sauer technique
Ys

has also been used for the analysis of the transonic flow in

rocket nozzles, for example, by Rao.

2.3.4 Analysis of Hall

Hall (Ref. 2-6) has developed higher order series

expansion solutions for two dimensional and axisymmetric flow.

For axisy mmetric nozzles, and two dimens10na l nozzles symmetrical

about the axis, the nozzle wall is represented by

x2

= 1 + 2R + o
5

+ O(x ó ) (2-33) .

wh ere cr = 1

cr = 0

f or a ci rcular a rc

f or a pa r a b ol i c arc

cr = -1 f or a h yperbolic ar c

The c oordi n a t e s a r e mad e dimensionles s by d ividing by the

noz zle throat half height, y (same nomenclature as used in
5

Sauer's analys is). Hall used the same basic equations as

Oswatitsch . (section 2.3.1), but represented ~he perturbation
-1

v e l o e i t i e s , û and v, b y a power series in Rs •

û = + + ••• (2-34)
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'" [ Y+l r [V1 (y , z )
v 2(y,z) v

3(y,z)
+ ••• ]v = + +

(l+w)R R R2 R3
s s s s

(2-35)
w = 0 for two dimensional flow

w = 1 for axisymmetric flow

The coordinate z is related to x by

A first approximation is obtained by considering only the first

term in eqs.(2-34) and (2-35), and is equivalent to using a

linearized form of the equation of motion (eq. 2-6 or eq. 2-7).

Hall's first order solution is equivalent to Sauer's solution,

or to the first approximation suggested by Oswatitsch. Hall

has worked out analytical expressions for the u(y,z) and v(y,z)

terms in eqs.(2-34) and (2-35), up to and including the third

order terms. The expressions are quite lengthy , and will not

be included here.

Hall concluded that, up to the third order terms, the

solution is independent of cr in eq.(2-33).

and

for

u
Results for axisymmetric flow - The results for c*

v-- at the throat plane are presented in the following tables
c*
various values of the throat radius of curvature, Rs• The

values in the tables were calculated for y= 1.4
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u .s:
c* c*

y One Two Three One Two Three"

term terms terms term terms terms

0 .9750 .9775 .9771 0 0 0

0.5 .9875 .9881 .9881 -.0072 -.0060 -.0068

1.0 1.0250 ~.0238 1.0240 0 0 0
-_ .-- .-.

R = 5s

u v
c* c*

y
One Two Three One Two Three
term terms terms term terms terms

0 .9500 .9599 .9570 0 0 0

0.5 .9550 .9565 .9562 -.0216 -.0146 -.0153

1.0 1.0500 1.0452 1.0464 0 0 0

R = +'.5s

u v
c* c*

y
·.On e Two Three One Two Three
term terms terms term terms terms

0 .8333 .9432 .8344 0 0 0

0:5 .9167 .9447 .9333 -.1307 .0113 -.0406

1.0 1.1667 1.1134 1.1500 0 0 0
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We see that the first order solution is satisfactory for

R = 10 andR = 5. Als ó " the first ordersolution.is somewhats s
u v

better for --* than for --* • For R = 1 05, however, the seriesces
obviously has not converged, and more terms would be required

to obtain a reliable solution.

Mass flow in the nozz le - One r es u l t of the nonuniform

flow at the throat is that t h e mass f l ow is different f r om the

one dimensional value. F o r an a xi symmetric nozzle, Hall derived

the following equation for the ratio of mass flow to the one

dimensional ma s s flow:

w

widea l
f

I,V

= 1+ y+l [.1:.. + 8 y+21
R2 96 4608R

s s

+ 745x 2+1971y+2007 J+ •••
552 960 R2s

(2-36)

The deviat ion f rom t h e one dimens ional ma s s flow is shown in

the following table, f or y = 1 04 0

1
' W- w i d

R s One term Two te r ms Thr e e t erms

1.5 0.0111 0.0062 0.0116

3.0 0.00277 0 . 00 2 15 0.00249

5 0.00100 0.00087 0.00091

10 0.00025 0.00023 0 000024
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Again, we see that the series soltition has not converged for _

the lower values of R • Also, we see that the mass flow through
s

the nozzle is less than the one dimensional flow, but by a

relatively small amount.

2.3.5 Other analytical techniques

From the results shown in the preceding section, it

is obvious that a large number of terms in the series solution

would be required to accurately calculate the transonic flow

for the small values of R which are used in rocket nozzles.
s

Perhaps as many as 20 or 30 terms would be required for some

nozzle geometries. Unfortunately, the algebra becomes so

cumbersome for series solutions with more t ha n three terms that

the problem can only be satisfactorily solved on a high speed

digital computer.

It would also be possible t o apply the relaxation

t e ch n i qu e of Emmons (Ref. 2-7) to the problem o f the transonic

nozzle flow. Again, the calculations would be so lengthy as to

require the use of a high speed digital computer. It is unlikely

that the relaxation procedure would offer any computational

advantages over the series expansion technique. The primary

usefulness of the relaxation technique is for calculating

accelerating-decelerating nozzle flow with shock waves in the

region of the throat.

Ahlberg et al~ (Ref. 2-8) have suggested that the

streamline curvature technique of Vàlentine (Ref. 2-9) could

be applied to the transonic .flow in nozzles. They stated that

initial results using Valentinè~s method were sufficiently
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promising to justify replacement of the series expansion

technique. Valentine treated the case of two dimensional

subsonic flow in curved channels, and developed a graphical

technique for the solution. Unfortunately, the details of the

extension of the technique to axisymmetric nozzle flow have

not yet been published in the open literature.

2.3.6 Transonic flow in annular nozzles

Although annular rocket nozzles (plug, E-D, etc) will

be discussed in another section, brief attentiqn will be given

here to the transonic flow in such nozzles. The general flow

direction in the throat region is usually inclined to the axis

of symmetrYj the inclination, 8, may be as large as 90°. Rao

(Ref. 2-10) treated the case of 8 = 90° and a throat contour

which was symmetrical about its own centerline, using the

approximate Sauer technique. Lord (Ref. 2-11) treated the case

of the transonic flow in a nozzle with a constant diameter

centerbody ( B = 0). Lord used a series expansion technique

similar to Hall's (Ref. 2-6), and considered the indirect problem

where the axial velocity distribution is specified and the

nozzle wall contour is calculated.

The general case of an arbitrary value of Band

arbitrary throat profile has been recently considered by Moore

and Hall (Ref. 2-12): They considered the direct problem

(specified geometry) and also used the series expansion technique

of Hall. The solution is considerab~y more complex than tor

the case of a conventional two dimensional or axisymmetric

nozzle, and only the first order solution was obtained. For

the special case of 8 =0, the series solution was evaluated

up to and including third order terms.
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2.4 IDEAL SUPERSONIC NOZZLES

The design of the ideal supersonic nozzle will be

considered in this section. An ideal nozzle is one with uniform

and parallel flow at the exit plane.

2.4.1 Method of characteristics

The method of characteristics is the fundamental

technique used for the ana~ysis of supersonic nozzle flow.

Detailed discussions of the method of characteristics are

presented in basic references on supersonic aerodynamics,

for example, Refs. 2-5 and 2-13.

For steady axisymmetric flow, the equation of motion

(eq. 2-7) may be written in terms of the velo city potential, ~,

as

(2-37)

where the subscripts x and r represent differentiation by the

respective independent variable. Equation (2-37) is of the

general form

A~ + 2B$ + C$ = Dxx xr rr

For supersonic flow, E2 - AC is positive, therefore, eq.(2-37)

is a second order hyperbolic partial dffferential equation

with two independent variables. For such "quasi-linear"
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equations (linear in derivatives of highest order), the solu­

tions are such that two families of "character1stic curves"

exist. Along each family of characteristics the variables are

related by a pair of second order ordinary differential equa~

tions. For steady flow, the characteristics in the physical

plane correspond to the Mach lines. The advantage of the method

of characteristics is that, instead of the difficult task of

solving eq.(2-37), we have the relatively simple task of solving

simultaneously the two pairs of ordinary differential equations.

The solution is further simplified in that the variables of

interest are the differentials $ and $ , therefore, we mustx r
integrate the equations only once.

The differential equations along the Mach .lines are:

(dr)
dx I 11,

-uv j: . c/u2 + v2 - c2

c 2 _ u 2

c~v l:.(dr) ,
o2_ v 2 r du 1,11

(2-38)

(2-39)

The upper sign refers to family I cha r a c t e r i s t i c lines, and

the lower sign to family 1 1 . Th e family I lines are called

"right running " and the f a mily 11 l i n e s "left running".

FA.tI\\L..Y TI. (kEFT RtJtJlJltJG)

S'TfèEAM 1.1 NE
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The characteristics in the physica1 p1ane ~e inc1ined at the

Mach ang1e, a, to the s tream1 ines o

Ca1cu1ation procedure - Consider a sma11 unit pro~ess

in the physica1 p1ane :

For the sma11 uni t pro cess we may c ons ide r the Ma ch 1ines to be

straight, with t h e s lopes taken as the average of the slop~ at

the end pointso Th e f o11 owing dif f e renc e equations resu1t from

eqso (2-38) and ( 2 - 39) g

r 3 - r 1 = (x
3

- x ) t a n(8 - a ) (2-40a)
1 1 - 3

r
3 - r 2 = (x

3
- x 2)

tan (8 + a ) 2-3 (2-40b)

+ Ql-3 (V3
- V )

G r 1)
(2-41a)8

3
- 8 - (; ) (r

3- = 0
1 1

1 -3

8
3-8 2-

Q2_3 (V3
- V )

F - r ) (2-41b)+ (;)2-3(r3
= 0

2 2

The fo11owing abbrevia tions ha v e been used~
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Q := cotq
V

F c sinesing
sin(e+a)

G := sine sing
sin(e-a)

As a first approximation,we may evaluate the coefficients which

a r e ave raged over the interval by the values at the initial

poi n t , Thus t.an ( e- a) 1-3 be comes tan ( el - al) ' e t c . We ·. may t h en

solve eqs.(2-40 ) and ( 2 - 41 ) for the unknowns r
3

, x
3

, V
3

and e
3

•

Using these values we ma y recalculate using the averaged coe f f i ­

cients, and the n repeat the procedure until ~ solution converges .

Using sui table initial and boundary conditions, we

may calculate the ent ire downstream flow fteld by this step

by step procedure . Th e overall accuracy of the method dep ends

only .on t he int&val size a n d t h e d e g r e e of a c cura cy of each unit

calculation. It s h ould b e not e d t hat s ma l l errors are cumulative

because t h e conditions a t ea ch calcu l a tëd point become the

initia l conditi ons fo r the n ext succ eeding poi n t, et c. With

modern hi gh s pe ed digital computers , t h e n u mb e r of i nd i v i d ua l

calculations is no prob lem , a nd the method of ch a r a ct e r i s t i c s

is a reliable a n d hi ghly a ccurate a na lytical tool .



..53-

2.4.2 Nozzle de ign procedure

H

It is assumed that V and 6 are known along a line A-B, where

the flow is enttrely supersonic. The wall downstream of A may

be curved outward ~rbitrarily.'The .characteristics network is

started at several points along AB, and constructed in aregim

bounded by the wall and by t~e centerline. The expansion is

cbntinued until the design Machpnumber is reached on the

nozzle axis (point D). Point C, at the wall, lies on the same

family I characteristic as D. The arbitrary curvature of the

nozzle is stopped at C. Downstream of C, the wall must be shaped

to provide uniform and parallel flow at the nozzle exit plane.

The Mach line extending downstream from D must be

straight because it bounds uniform and parallel flow. Several

points are chosen along this Mach line to be the end points

of family I cgaracteristics. Take point E as an example. The

flow conditions are also known at point F, therefore, eqs.

(2-40) and (2 ~4l) may be used to calculate the conditions at G.

In this manner, the flow field is constructed in the region
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bounded by CD and the Mach line ex tending from D. The streamline

angle is known a t every p oi nt in the characterist ics network.

The streamline o f interest i s the one pass ing through

C because this give s t he d esi r ed n oz zl e cont our , C-H . Mo s t

aerodynamic textbooks recommend a s tep by step ëxtrapolation

procedure on e to de t e r mi n e t h e stre amline C- H o A more a c curate

procedure is to use a maas inte gral t o de termine t he sha pe of

the b oundary streamline:

r
w

2'1f I pVccs8rdr::: w 0:0 constant
o

The mass flow, w, is kn own from t h e conditi ons a l ong AB.

Th e s hor t e s t p os s i ble ideal nozzle is obtai n ed when

AC is collapsed t o a poi n t, with a sh rp corner a t Ao Ev e n the

sharp cornere d nozzle is a p pr ox i mat e l y twic e a s long a s t h e

nozzles wh i ch ar e norma lly used f or ro cke ts . Weigh t and le ngth

considerations proh i bi t t h e use of i d eal nozz les, ev en thou gh

s ome l os s in p e r forman ce resu l t s fr om t he use of shorter n oz z l e s .

2. 5 CONICAL NOZZLES

Th e simp l est geometri e s h a p e f or a supersonic n ozzle

is a t r un ca t e d cone . Ty pi c a lly , the nozzle wall a ng l e is about

15°. Although the thrust is l e s s tha n i deal , s u ch conical

nozzles are short and light , a nd a r e e asy to manufactu r e . Con­

sequently, most early roc k et s w re equi pped wi th conica l n oz z l e s ,

and many solid p ro pe l lant r oc kets a re so equipped today .
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2.5.1 Source flow in conical nozzles

The flow in conical nozzles is approximately source­

like in nature. The streamlines in the divergentsection appear

to originate from a point upstream of the throat, and the

isobaric surfaces are concentnic spherical caps.

------......... --- ==t e~
"'- APPA!2E.IJT SOUl2cE

The spherical cap intersecting the nozzle lip has the pressure

pand the velocity V • The axial component of thrust for the
e e

annular area between 8 and (8+tl8) is

dF = P V (2nrsin8rd8)(V COS8)+(p -p )(2nrsin8rd8)cos8e e e e co

Integrating with respect to 8, from 0 to 8 , givesw

l+cos 8
F = ( 2 w) Iwv +(~ -ti )A ,l

Lee co eJ
(2-42)

The variables p , AI and Ve e e
not in the exit plane. For

are those along the spherical cap,

small divergence angles AI is very
e,

nearly equal to A , therefore the quantity in brackets may be
e

considered the thrust of an ideal nozzle with parallel flow

at the exit. We see then that the deviation in thrust caused
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( 2- 43 )
1 +c OS 8

À _ ( w)
2

by flow divergence i s

~

The diverge n ce loss f a cto r i À i is s hown i n fi g o 2- 3 f or va l u e s

of 8 from 0 to 5 0 °. The l oss for a n ozzle with 8 = 15° isw w
only 1.7% •

Departure from source flow - If the flow at th~ ~hro~

of a conical nozzle were sour ce-like, t h e method of character~

istics would pre d i ct soure e fl ow thr ou ghout the n ozzl e . Mig dal

and Landis (Ref. 2-14 ) have inve s t iga t e d t h e oreti cally t h e

effect of transoni c noz z le g eometry on the t h r ust of c on i ca l

nozzles. Th e flow at the t h r oat sect ion was a s sumed to be uniform

and parallel, wi t h various transit ion c ont ours d ownstr eam of

the throat (fig. 2 - 4 ). Fri c tional effects we r e n e glected in the

analysis, a nd th e method o f charact e r istics wa s mod i f i e d to

include the fo r mat i on of weak shock wav es • .

Th e r esults fo r the t r an it i o n geometrie s of f igs .

2-4b and 2-4 c a r e s h own in fi g . 2- 5 . Even t hough the fl ow ma y

be s u bstant i ally dif fe ren t f r om s ouvee fl ow i the effect on

thr ust e fficie n cy ( C~ IcF, ) i s s ma l l ó Fi g . 2-5 a l s o indicat es
rv vi d .

that t h e posi tive eurvature t r a nsit i on yi e l ds thrust effi cienci es

which are c lo s e r to the s ou ree fl ow predieti on t h a n does t h e

negative curvature transition .

Migda l a nd Landis a l s o investigated the e f fe ct of

soni e line ou r v atu r e on t h e t h r u s t per f ormance o f c oni cal

nozzles. Th ey f ound that the r esults var i ed ins ignifi eantly
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from the results of fig. 2-5, provided that the subsonic nozzle

contour was reasonably smooth.

Migdal and Landis found that the departures from

souree flow were greatest just downstream from the throat. The

thrust efficiency of the low area Datio portion of the nozzle
~

was lowest for those nozzles with sharp corners o This is

consistent with the rapid reduction of wall pressure which is

encountered in such nozzles.

In general, a shock wave is formed in the conical

nozzle flow field, although the presence of the shock is not

showh by inspection of the wall pressure distributions. The

mechanism of the shock formation is disoussed by Darwell and

Badham (Ref. 2-15) and by Migdal and Kosson (Ref. 2-16).

The theoretical centerline pressure distribution in

a 15° conical nozzle with a positive curvature transition

section is shown in fig. 2 of Ref. (2-16). The shock becomes

weaker and moves downstream .as the radius of wall curvature,

R , is increased. The presence of shocks in the conical nozzlec
flow field has .a relatively small effect on the thrust perfor~'

ance, however, the altered flow field may have a significant

effect on the rate of chemical reactions in the nozzle.

2.5.2 Experimental results on conical nozzles

There ha~e been many experimental investigations on

the performance of conical nozzles, usually with air as the

working fluid. Early UoK.research on conical nozzles is
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des cribed in Refs. 2 -17 a nd 2-18. It wa s f ound that t he s ou r ce

f l ow equation for t he nozzl e thrust (eq. 2-43) predicts the

trend of CF vs a up to a = 45°.w w

More re ce n t l y, Ca mpbel l and Farley (Re f . 2- 19 ) mad e

experiments on c onical noz zles, u s i ng ai r as t h e worki ng f l u i d .

Nozzles wi th a 15°, 25 ° a nd 29 ° wer e ope rated at area r ati osw
of 10 and 25. Aga i n, t h e trend of eq . (2-43) was verified .

Bloomer, e t a l (Ref . 2 - 20) hav e presented ext e n s i v e

and very ~e cise exper imental results on coniOal nozzles, usi ng

an 02-JP-4 rocke t to provide the working flu~d . The nozzle

half angle, a , was vari ed from 15 to 3 0 ° , a n d the are a rat iow
from 8 to 75. Thr oat geometry cons i s t e d of a circular a r c

section (R = 1 .78r*) exten~d to tangency with the conicals
supersoni c s e ction. The thrust perf ormance of the var i ous

conical nozzle s i s shown in fi g . 2 - 6. Bloomer, e t al . , op er a t ed

t h e rocke t without a divergent n oz zle , a nd t h e r eby determi n ed

the thrus t loss in the oonvergent s ct i on . The data point of

fig. 2-6 have b een corre cted 5 0 t h e divergent noz zle i s not

penalized by the inef ficien cy of t h e convergent sect i on .

Bl o omer , e t al ., es ti mated the distribut i on of the

thrus t los ses in the entire nozzle syste m, and 't h e results ar e

shown i n fig. 2-7. As would be expected, the d ivergence loss es

are a relative l y l arger frac ti on for t h e 25 ° noz z le as compared

to the 15 ° noz zle.

It wa s a l s o sh own ~n Ref . 2-20 that the optimum v~lue

of a i s 20 -25 ° f or a nozzle of a specifi ed length exhausttngw
into a va cuum.
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2.6 OPTIMUM ROCKET EXHAUST NOZZLES

The idea l nozzle with pa r allel a n d u n i fo r m exit flow

is excessive1y long and heavy f or rocke t app1ications. On the

other hand, very short conica1 nozz 1 e s pr odu c e s u bsta n t i a 11y

1ess thrust than the idea1 nozz1e. Obvious 1y, t h e r e must be an

optimum nozz1e configuration somewh ere betwe en the ide a1 n oz z 1e

and the conica1 nozz 1e. Th e prob1e m o f d etermining an opt imum

nozz1e of 1imited 1 e n gth wa s a t t acke d by sev e r a1 i nv e s t i ga t or s

with a semi-empirica1 approa ch (for e xamp1e, Di11away, Ref.

2-21). Guder1ey and Ha n t s ch (Re f. 2-22 ) attac ked the prob1 em

in a mathematica1 1y rigorous a p pr oa ch u s ing t h e calculus of

variations. Rao (Ref. 2-2) t o ok a s i mi 1a r bu t s omewhat simp1e r

approach, and his deve 10pmen t wi11 b e pre s ented here . It is

noteworthy that the "Rao" n ozz1e is now wid e1y used fo r 1iquid

prope11ant rocket engi nes.

2.6. 1 Ana1y s i s o f Rao

<

A
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Let ATBE represent the nozzle contour. AT is the

convergent portion of the nozzle and TBE is the divergent por­

tion. The slightly supersonic flow along TT' is assumed to be

known (Rao used Sauer's method). The initial expansion is

generated by the contour TB, and t h e contour BE turns the flow

toward parallel.

Initial expansion - Th e initial expansion co~tour,

TBB', is selected arbitrarily. A number of pomts on TB' are

used to generate the method of characteristics in the central

portion of the nozzle flow field. Th e basic problem i s to

determine the amount of expansion along TB' which will yield

maximum thrust, with the condition that L is specified.

The flow in the centra l part of the flow field is

unaffected by the nozzle wall contour downs tream of B. This

central net of characterist ics which is unaffected by BE is

called by Rao the "kernel " of the flow field. In other words,

the basic problem ls to determine t h e extent of the "kernel"

such that nozzle thrust is maximized for a given nozzle length.

Formulation of problem - Consider a control surface,

CE passing through the nozzle exit. The thrust and mass flow

will be evaluated along CE. The location of C on the axis, and

the local inclination of t h e control surface, ~(r) completely

define the surface. Point D is the intersection wi t h CE of the

family I characteristic originating at B. Consider an elemental

length, ds, along CE.
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The element of area along CE is dA =

mass flow crossing dA is

pV sin(eP- e) 21Trdr
sineP

21Trds, and ds =
dr

sineP
• The

Integrating, the total mass flow crossing CE is

w =
E

f pV sin(<P- e) 21Trdr
sineP

C

(2-44) ,

Similarly, the t h r u s t i s

F = ! [(P_P~ )+PV2 si~f~~ e) c os ~ 2.rdr (2-45)

The mass flow is fixed by the nozzle t h r oa t , therefore, maxi­

mizing F is sufficient. The axial di stance from C to E is

E

xE-xC = f cotePdr
C

and the length, L; is

E
L = Xc + f eot ePdr (2-46)

C
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If the nozzle contour is ch a n g ed , the c on t r o l surfa ce CE cor­

respondingly changes. We a a n fix point C a nd vary ~ to cha ng e

the control surfa ce. Th e lengt h L d ete rm i n es t h e loca~ l on of C.

Because the variations of the noz zl c ont ou r are subject to

constant length, we ma y trea t C a s f ixed , a nd the fol l owing

condition must be satisfied:

E
fcot~dr = co nstant

C

The mass flow is fixed at the t h r oa t , which is invariant in this

dis~ussion. Ther efore, we mus t ma x imi z e t h e thru s t s u b j e ct to

the conditions o f . eqs o ( 2 - 44 ) and ( 2- 47) . Usi ng t h e La gr a ngi a n

multiplier method, t h e pr oble m is reduced t o maxi mi z i n g the

integral

where

E

I = J(f l + À2 f2 + À3 f 3 )d r
C

[
( P - P

co
) + V 2 sin ( ~- e)cos ~ r

p sin ~ J

(2-48)

and À
2,

À
3

ar e Lagra ngi a n mu lti plier onstants .
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Solution of problem - Th e required c ~nt r o l surface,

and flow cond1tions along it , a re obtaine d by s etti n g t h e

first variation of I equal zero o

For convenie n ce, th e c ontrol s urfa c e CD is assumed

tO .be a family II characteristi c i n t h e " k e r n e l " o There fore,

~C, öM and ö8 a re a ll zero in t h is region (ó ind i cate s varia ­

tion of a function). ~ . = (a +8 ) a long CD , a nd ó~ = 0 0 The l o ca ­

tion of D is not known, and óD +0 0

Between D and E, öD, öM, óe a nd ö~ a r e a l l nonzero,

as is órE. We requi re Mand 8 t o be c ont i nu ous i n t h e f l öw, and

• to be continuous along CDE, t h e r ef or e, th e integrand of

eq. (2-48) is c ontinuouso Th e va r i a t ion of D does n ot enter

the first varia tion o f I, a nd we ob t a i n (subsc r ipts denot e

partial differentia tion ) :

ó ! = 0 =

( 2- 49 )

The variations of M, 8, ~ and rE are a r bit r ary , the r efo r e ,

along DE

(2-50)

(2-51)
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(2-52)

At E

(2-53)

Sinee f
3M

and f
3 e

are zero, eqs. (2-50) and (2-51) yie1d

The variab1e r drops out of this equation, giving

~ = e+ a a Lorig DE (2-54)

therefore, DE eoineides with a fami1y 11 eharaeteristie.

Substituting eq. (2-54) into eqs. (2-51) and (2-52), we obtain

and

Veos ( e- a) =
cos a

(2-55)

(2-56)

Eqs. (2-55) and (2-56) are neeessary for I to be maximum.

Substituting eqs. (2-54) - (2-56) into eq. (2-53) yie1ds

p-p
CD

at E (2-57)

From eqs. (2-55) and (2-56) we obtain

de
dr Y-1

M(l:+ 2
= 0 (2-58)
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which is the condition of compatibility be tween Mand e along

a family II characteristic .

Eqs. (2-54), ! 2- 55 ) and (2-56) give the form of the

control surface and the velocity dis tribution along it.

Construction of optimum cpnt ou r - Th e fiT s t step i n

the construction procedure is to ch oos e th e cont ou r ~n the

region of the throat. Rao suggested us ing the contour of Fig.
• .;l

2- c. The transonic flow is then ca lculated (section 2.~) to

give the flow conditions along a line AB where the flow is

entirely supersonic. The cha r a c t e r i st ic " ke r nel" is t h en devel­

oped. Several family I chara cteristi cs a re computed from
ï

various points on the ini tia l expansion c ont ou r T r. With

experience, these cha~acter isti c s ca n be ch os en to bracket the

characteristic of interest, BD o

Instead of choosing L, _Ra o ch o os e s ~E ' which d e f i n e s

L a posteriori. By choosing s ev e r al valu e s of ME' op t i mu m

contours of severa l l e n gths are obtained o

Choosing ME allows e q ., : (2-57 ) t o be solved for e •
E

Note that for p~ = 0, eq. (2-57) redu ce s t o

The relationship for Mand e along the control surface is given

~y eqs. (2-55) and (2-56)0 These equations ca n be wr itte n as



-66-

M*
cos (a-a)

cos a
(2-60)

and

(2-61)

Equations (2-60) and (2-61) may be solved to yie1d Mand a for
rvarious va1ues of -- • These re1ations a10ng the control surface
rE

can be computed even though we do not yet know the position of

the control surface, DE.

LDe us 0 I='" Po IN TS

SATISI='1' IN <;- E Q. (~-bO)

-

-----
---

I,,
- __ --r- -

-- -- ..0i-- -- __ I-- ~------+, --
-

I

B

\

\
\
\

TI
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The next step is to locate po~nt D, whi ch lies on .the

line in the sketch. A tr i al pos i tion of Dl i s ch os en ,

is determined from eq. (2-61 ). Th e or i t eri on for the

1
correct position of Dl is tha t t h e mas s f low or os s i n g B1Dl be

equal to the mass flow cr os s i ng D1E .

Dl

2 V f pVsina r d(~)
1Tr * p* * ( ) =. ~*V*oos a-a r * r*

Bl

dashed
rand -
rE

D ·
1

21Tr*p*v * f
1

( 2 - 6 2 )

Equation (2-62) is s olved by t rial a nd erçor, thus l ocating

point D. We now have sufficien t i n forma tion to c omp l et ely d e f i n e

the control surface, DE , which is a f amily II cha r acteristic .

The respective va lues o f Ma nd a a re kn own a t D. From eq . ( 2- 6 l )

the value of rE i s obta ined . The fact that DE is a charact er.1 stic

allows oalculation of xE "

Now t hat BD and DE are defined , we may construct t h e

nozzle oon t ou r i n the same manner a s f o r th e ideal nozz le

(section 2.4).

Typical nozzle c onfi gurat i on - Ra o present e d i n

Ref. 2-2 two examples of opt imum n ozz le s f or p = 0 a ndco

y = 1.23. The walloontours of t h e tw o nozzles, having ME = 3.5

and ?6, respectively are shown in fig. 2-8. Th e pe rfo r manc e.

characteristics of t he .nozz les are shown i n the f ollowi ng t a b l e .
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NOZZLE A NOZZLE B NOZZLE A SHORTENED
TO LENGTH OF B

L/i'* . . 8.19 2.94 2.94

A /A* 19.36 4.973 6.84e

-c - 1.7676 1.5829 1.5688FV

% of one dimensional
thrust for same 98.58 96.93 93.5

- area ratio

% of thrust of coni-
cal nozzle having

~
100.5 102.1

sameL and A /A* . ~ Je
(~Y' I

Approximation of optimum nozzle contour - Rao (Ref.

2-23) proposed a simple graphical approximation for the optimum

nozzle contour when rE/r* and L/r* are specified. The throat
I

geometry is that of fig. 2-~(c), except the radius downs~ream

of the throat is slightly smaller. The optimum nozzle contour

will have unique values of SE and SM (maximum wall angle, at B)

if length and area ratio are specified. The parametric values

of SM and SE are shown in fig. 2-9. With SM and SE known, it

is possible to approximate the nozzle contour with a parabola.

The parabolic contour is constructed by a simple graphi cal

procedure, illustrated in fig. 2-10.

Aa L
For A* = 25 and r* = 12, the approximate contour

agrees with the exact contour within 3% of the radial coordinate.

The accuracy is adequate for preliminary engineering a nalysis

of weight, heat transfer, etc.
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The wa ll a ng le s of fig. 2-9 were ca lculat ed with

y = 1.23. When area r at i o a nd l ength are specified, the c ont our

is insensitive t o y and f i g . 2-9 ma y be u s e d fo r othe r valu es

of 'ï ;

2~6.2 Tr uncated i dea l n oz z l e s

The rigorous o ptimi za tion of Rao (and Guderley a n d

Hantsch) has been app l i e d only to th e case of prescr i b ed noz zle

length ..; The variationa l proble m has n ot y e t · been solv e d for

the more complex ca se of prescri~ed n oz z l e surface (ess entially

weight). Also , the e ffe c t of wall f ricti on ha s n ot b een inclu d e d

in the variationa l ana l y s i s.

To approa ch th e ge ne ra l optimizati on problem, several

investigatDrs have suggested that t runcated ideal n ozzles be

examined. Ahlbe rg, e t a l, (ref . 2-8 ) have made ext e nsiv e inv e~

tigations of t r un cated ideal nozzles o They de v e lopèd a seri es

of ideal, sharp c ornered n oz zle s , with various area r ati os ,

based on a pres c r ib e d throat f l ow . The conditions of optimum

length and s ur f ac e ar ea we r e investi gat ed numericallv. o Fricti on

losses were calculated by us e of a simple skin friction relat i on o

A fa mi ly of i d eal nozzl e contours ar e shown in

2-11. The n omenclature i s t hat of ref . 2-8 : AD corresp onds
A

s, and ~ to the r a t i o of nozzle surface area to
ideal T

throat area. There a re four va riab l e s sh~wn on fig . 2-11:

vacuum thrust coefficie nt, surfa ce a re a , length and ex~t di am~ t e r .

Any two of these c omplet e ly s pecify the cont our and the ot her

two variables o
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nl~i~J~
Maxi mum length nozzles - For a giv en value of C

Fv
'

th e opti mum l e ngth nozzle i s obtained when the line of CF i s
v

t a ng ent to a vertical line.

Minimum surfa ce nozzles - Minimum s urfac e n oz z le s a r e

obta ined when the line of CF is tangent to a 11ne of c on s t a n t
v

s urfa ce area. The difference be t we e n optimum length and optimum

s ur f ac e noz zles i s relative ly small e

Non-va cuum operation - When P m ~ 0 , the CF curves of

fig ; 2-11 are not valid. New line s of constant CF may be pl ot t ed

by using eq. (1-32):

(1-3 2 )

Be cause of the shift of the CF curve s wi t h in creas i n g P m'

s gm n~of lower area ratio nozzles re su l t for t h e opt i mum nozzle s

Comparisons wi t h other nozzle.s - For a gi ven value

of CF , the optimum length tru n cat ed ideal nozzle is slightly
v

s h or t e r than the corresponding Rao nozzle . This may b e cause d

pa rt l y by different numerica l t echniques, but more like ly

be cau se Ahlberg, e t al., use d a sharp corner downstream of the

thr oa t . A minimum surfa c e truncat ed ideal nozzle is nearly

ident ical t o a mi nimum length Rao noz zle .

For the same value of CFv' an optimum trunoated ideal

noz zl e may have 30- 40 % l ess l ength and surface area than a 15°

con iaal nozzle o Th i s c omparison is based on t he same throat

fl ow and f ri ot i on a oe f f i cients f o r both t y pe s of nozzles .
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Wall fric tion effe ct s - The e f f e c t of fricti on in

nozzles is to ~ause t he optimum l ength and s u rface t o be l ess

than for frictionless flow ~ Usi ng an a rea r ati o 40 ideal . n ozzl e

as an example, Ahlberg , e t a l. , show ~hat the n ozzle s hould b e

about 13% shorter t ha n i deal to obtain maximum t h r ust with

friction.

2.6.3 Ex pe ri me nt s on opt i mu m n oz z l e s

Bloome r , e t a l. , (Re f . 2-24 ) ha ve i nv est i gated t h r e e

different c ont ou r ed nozzles wi th t h e same 02-JP4 ro cket cham ber

as was used fo r t he i r i nvesti ga t i on of c on i ca l nozzles (Re f .

2-20 , see also se ction 2.5. ) . The nozz les were d es i gn ed by the

method of Rao , wi t h t h e fol lowing chara ct e r i st i c ~ g

Le ngth
Nozzle A / A* L/ r * Length o f 15 ° c onical wi th samee

area ra tio

1 1 6 9 .03 0 . 80

2 25 9.35 0~6 0

3 30 10 . 22 0 . 60

Th e experime n t a l va cuum t h r ust c oe f f ic i e nt s of the t h r e e

contoured nozz leswre. c ompared with c on!ca l nozzle performanc e

in fig. 2- 12. For a give n l ength (fi g . 2- 12a ), nozz les 2 and

3 s h ow a 1 - 2% impr ov ement over t h e b es t c on i ca l nozz~s . Nozzl e

1 shows no impr ov eme n t ove r the 25 ° c onical nozzl~ . On t h e
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basis of the same CFv'~ the contoured nozzles are much shorter

than the 15 ° conical nozzle.

For a fixed nozzle surface area, the contoured

nozzles .show no improvement over the 20 ° conical nozzle

(fig. 2-12b).

2.7 EFFECT OF VARIABLE THERMODYNAMIC PROPERTIES

Throughout this chapter we have used the assumption

that the gas composition is invariant. In general, however,

chemical reactions occur in the nozzle, resulting in variations

of the thermodynamic properties.

For the case of equilibr ium chemistry in the nozzle,

the variations of the gas properties can be incorporated into

the method of charanteristics in a relatWely simple way.

Guentert and Neumann (Ref. 2-25) have developed a procedure

for incorporating. thermochemical .data into the method of

characteristics. Ahlberg, et al., ( Re f . 2-8) and Migdal and

Landis (Ref. 2-14) have treated the case of equilibrium chem­

istry in the nozzle by defining an effeotive isentropic ooef _­

ficient, y g

propeliants e

,
of y with pres~ure is shown in fig. 2-13 for typical rocket. . ,

The variation of y with the flow variables, p or M, is obtained

from one dimensional thermochemtcal oalculations. The variation

a (R. np)
a (z nc )

s
y =
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"' Compa r i s on with constant Y - For a given nozzle

contour, Ahlberg, et al., have shown tha t the ratio of CFv/CFVid

is insensitive to variati ons of y. Some typical results are

shown in the following table. The nozzle was a truncated ideal
Ae

nozzle, designed for minimum surfa ce with y = 1.2 and A* = 25.

GAS CFv/CFv id CF (no frict ion)

y = 1.1 .9875 1.922

solid(fig.2-l3) .9874 1 . 91 4

H2 -:'02 (fig. 2-13) .9852 1.829

y = 1.2 .9849 1 . 8l5( d esign c ont ou r )

y= 1.4 .9790 1 . 666

CFvTo calculate C in a nozzle of specified geometry, y = 1.1
Fv1d

may be used for "the solid propellant, and y = 1.2 for the

H2-0 2 propellant. Migdal and Land1s obtained similar results

for conical nozzles.

Note that to accurately calculate CFv ' the actual gas

properties should be used. Also, the variation of gas propert1es

has some 1nfluence on nozzle optimization. If the nozzle length

and ex1t ,diameter are spe cif1ed, however, the nozzle shape is

only slightly changed by a relativel~ l a r g e var1ation of y

(Refs. 2-8 and 2-23).
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o t:I. •30 < t-' < 45

r*<Rr<2r*

r*

a) Coni ccrl sectien (ref. 2-1)

b) Sinusoidal seetion (ref. 2-1)

tor 0< X<Lj:

R =Rj-(Rj- r *) cos Tt .!.
2 Lj

tor Lj < X< Lt :

R=Rj+(Rc- Ri) sin Tt
2

X- Lj
Lt-Lj

tor l.L =04Lt .

Ri =r*+0.666 Re
1.666

c) Rao's throat geometry (ref. 2-2)

Fig.2-1 CONVERGENT NOZZLE CONTOURS
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a) Two - dimensional

one-dimensional

series expansion

M*= 0.5 :

I
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I
I
I

y =J 1+0.2 x2'

I
I
I
I

b) Axlsymmetric

o

y

x

Fig.2-2 TRANSONIC FLOW IN NOZZLES (ref. 2-3)
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r*

a) Cene attached directly

r*

b) Pesitive cu rvature transitien
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CHAPTER 3

TWO PHASE FLOW IN ROCKET NOZZLES

301 INTRODUCTION

Metal add1t1ves (usually alum1num) : are used in solid

propellants for two purposesz (1) to suppre~ high frequency

combustion instab1lity, and (2) to 1ncrease the energy release

of the propellant o The mechanism of suppress10n of combustion

instab1lity is not well understood, but empir1cal data have

establis~ed the effeetiveness of metal addit1ves o

With respe ct to the higher energy release of metal-

' l 1z e d propellants, the theoret1cal performance 1mprovement is

never ach1eved i n practice o The combust1on temperature of a

solid propellant is increased by adding metal, but condensable

metall i c oxides are formed in the exhaust products o These conde~

sable oxides, which make up 30-40% by we1ght of the exhaust

product s , caus e t h e exha us t nozzle performance to be substantially

below ideale The main reason for the decreased performance is

tha t the condensed liquid (or solid) partieleshave finite mass,

and always lag the gas velocity to a certain ex~ent. Energy

nonequi11br1um between the phases has a lesser effect on the

nozzle performance o

In addit10n to causing a loss in thrust, the partieles

may 1mpinge on the wall and alter the heat transfer rates. Serious

erosion of the wall mayalso result.
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Although the primary interest is in metallized solid

propellants, certain l1quid propellant combinat1ons (conta1ntng

pentaborane, for example) also produce exhaust products conta1ning

sizable" amounts of condensable metallic oxides.

During recent years many 1nvestigators have been

.wor k i n g on the pred1ction of two phase nozzle flows. Hoglund

(Ref. 3-1) presented an excellent rev1ew of the state of the art

1n this field up to 1962. K11egel (Ref. 3-2) and Hoffman (Ref.

3-3) have also discussed the various investigations in th1s

field.

3.2 ONE DIMENSIONAL GAS-PARTICLE FLOWS

3.2.1 Lim1t1ng equ1l1brium and nonequ1librium cases

Altman and Carter ( Re f . 3-4) exam1ned nozzle perform­

ance for various arb1trary ratio8 of particle velocity to gas

veloc1ty at the nozzle exit. Th ey ignored the coupling between

the velocity and thermal lags af the part1 cles and treated the gas

expans10n as fr1ctionless o If the ratios ~ and ~ are known,
u T

g e g e

the following equations may be used to calculate the specific

1mpulse:

G~e+ ~ upJ
gof+ ::J

and

1 ~ W
g

2" w +w
g P

+
w..p

W +w
g P

c (T -T )+c (T -T )pg c ge pp o pe

(3-1)

(3-2)
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where the subscripts g, P, and e indicate gas, particle and

exi t plane, res pectivelyo

To illustrate the nonequi l ibrium effects, Altman and

Carter used t h e following typical r oc ke t parameters

T = ) OOO oK
c

Pc
20 04=

Pe

wp
= 0 020w +wg P

Jv{g = 20

c = 006 cal/o K
pg

c = 00 1 ca l/oK
pp

The fol lowing resu l t s were ob ta ined, fo r the limiting cases of

c omp l ete t h ermal e qui l ibr ium and c omp l ete tharmal isolation.

u
.......E. I ,se co Jl f or T =T I ,se co,for T =T
u sp Pe; ge sp pe c

g
e

0 206 20)

0025 217 214

0050 224 221

1.00 2)0 227

no 254 254
s o l i d



-82-

We see that thermal nonequilibrium between the phases

is of much less 1mportance t han k1 netic n one qu il1 br i u mo The table

also illustrates that, even under c ompl e t e equi librium, the

performance is 10 er t ha n f or a propella nt ithout metal

additives o

3.2 02 Effeot of parti ole s i z e on performance

Gilbert, Dav1s and Al tman (Ref. 3-5), were the f1rst

to relate performance losses to particle size. The1r analysis

was uncoupled, in that the velocity and thermallags were treated

independently. They also ignor d th effect of the part101es on

the gas expans10n o

where CD

For Re < 2, t h e parti cles are in the Stokes' regime
24= R • The equat10n of parti c le motion is

d
2x

m 2 ... 6 1T IJr ( u - )
P dy P g P

(3-3 )

where mand rare the parti ole ma as a nd pa rt io l e radius op p
!f u (x) is linear, eq . (3 -3 ) is i nte g r a ble . A general flow ean

g
be approximated by s e r i es of s traight line s e gme nt s for u~x),

and eq. (3-3) ean b i n t e gr ated in a s t e pw1se mann r. With

ug(x) = ugo+ax, e q , (3-1) b e c omes

d
2 x dm ... 61TlJr ( u ( o )+ax- ~)

p dt 2 P g dt
(3-3a)

The boundary eondition is dx =
d t u po a t x = 0, t
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The part1cle motion is described by

cp s Lnh T 11+2 ;q -1
1[+:2 À

where ~ =

T =

ax
U go

ê
2

, dimensionless di stance

, dimensionless time

67T ur
9}l

Cl =
p

=
m 2p r 2

p s p

À
2a

=
Cl

U

cp = J..2.
U go

, reciprocal time constant, where
p is the density of the particle

s mater1al

The r e l a t i v e velocity i s given by

U -u
g p

=u
g

p(l+À)-l+(l-p)1 1+2ÀcothT I~

l +Àcp +1 1+2À cothT 1ï+2I
(3-4 )

Extens ion t o non-Stokes flow - For the general case

d 2 x n 2 2
m --- = - C P r (U -U )

P dt2 2 D g P g P

f
p

Eqo(3-5) may be made l inear over a small range of Re by defining

a correction factor, f ,
P

28Re- 085 + 0048
=

24Re- l
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so that eq o(3-5) beeomes

( 3-6)

The faetor~ f ~ whi eh al ters a in eqo ( 3- 4 ) ~ is given in the
p

fol lowing tableg

Re f p

1 1019

5 1058

10 1 084

100 4 033

1000 230 7

2000 ~303

Davis

Results for a typie 1 rooket - G i lb ert ~ Altm n and
Uge -Upe

ealoulated t h e velocity la g ~ ~ at the exit plane
u ge

single eh ord ~ nd als o by three s t r ight l i ne segments o

30203 Ge n er lized equations for one dimensional

gas-p rtiele flows

Kliegel (Re f o 3-6) w s the first of several investi­

gators to treat the e ouple d nozzle f low problem, with simultaneous

thermal and veloe ity lags o The following assumptions were used

in Kliege l i s formul tion of the problems
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_ 1. No mass or energy losses from the system,

2. No mass exchange be t ween the phases,

- 3. The p~cles occupy negligible volume,

_ 4. The thermal (Browni a n ) motion of t h e partieles is negligible,

- 5. The parti e les d o no~ interact 1

_ 6. The gas is inviscid except for interactions with the partieles,

_ 7. The gas phase is a p e r f ec t gas of constant composition,

_ 8. The partie les have a uniform internal temperature 1

_ 9. Energy excha nge between phases occurs only b'Y convection,

-10. The gas and partieles have constant specific heats,

-11. The partiele s are spherical and of uniform size.

As an alternative to the last assumption 1 several

investigators have approximated the partiele size distribution

with groups of different size spheres. It has been established

that the forego i ng assumptions are reasonable for a typioal

rocket engine.

Bas i c e q ua t ions

Gas ph se c ontinuitY8

p u A = w
g g g

Parti ele phase c on t i nu i t y g

(3-8)

where p is the mean density of the c l oud of partieles, not the
p

density of the solid or liquid materialo
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Momentum:

w du + W du + Adp = O,
g g p p

where p is the pressure of the gaseous phase only.

Energy:

w Ic (T -T ) + ~u2~ +w [c (T -T ) + ~~ = 0gl 'pg g go g p pp p po P
L

(3-10)

where the subscript 0 indicates the initial condition where the

two phases re in kinetic and thermal equilibrium.

State:

p = p R T
g g g (3-11)

P rticle dragg

u
p

where f =
P

du Q r*
~ = ~ (~f -----)(u -u )

di 2 g p m r 2 g P
p p

( drag coefficient )
Stokes drag coefficient '

(3-12)

r* is the nozzle

thro t r dius, i is the nondimensionalized axil coordin te, ~* 0

P rticle he t tr nsfer:

u
p

dT
--.-.2. =

di

~ g r* c
-3( g p )( pg )(T -T )

m r 2 pr op p P g
P P

Nu _...;;.h;.;;e;.:a;..;t~t;.;;r:-;:;;.n=s.:;;;f...;;.e...;;.r--.;C;..;o~e;..;f;..;f:;;..i=c..:::;i~e-=:n;.:t~_-:-)where g - (-=p - 2 Stokes he t transfer coefficient 0
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The momentum and energy equ tions contain terms which couple the

momentum and energy of the two phases. Gas-particle nonequilibrium

effects c n be anticip ted if the characteristic relaxation

distances for particle velocity and temperature are of the same

order as a characteristic nozzle dimension. Ga s - pa r t i c l e nonequi­

librium effects will also be more important if the particle mass

fa ction is l a r g e .

Similarity of gas-particle flows - Equations (3-12)

and (3-13) show that the characteristic relaxation lengths are
Iof the same order for t e mp era t u r e and velocity, and are ~r op or -

tional to the ra tio of a characteristic nozzle dimension to the

square of the particle s i z e . For the same chamber conditions,

two gas-parti cle nozzle flows will b e s i mi l a r in geometrically;si.lllilar'
r*nozzles if the ratio -- is t h e same in both cases. Because particle..,
r ....

p
sizes formed during the c omb u s t i on pro cess are rough ly independent

of engine scale, it is not possible to establish nozzle perform~

ance by r educ ed sca l e t e s t i n g .

Sound propagati o n - Th e momentum equation becomes,

by use of eqs. ( 3-1) ~ ( 3-10 ) and ( 3 - 11 ) 8

du 1 w
(Mg 2 -1) ~ + RT ;E-

g g g g

yg-l Y -1
u )du - ~

Y g P P Y g

c dT l
pp ~

=
dA
A (3-14)

Now consider an infinitesimal plane pressure discontinuity which

is propagating t h r ough the t wo phase medium. Because of the

finite relaxation t i me s for the particle velocity aftd temperatur~
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these quantities will remain unohanged by the disturbanoe o The

flow area also does not ohange aoross a plane disturbanoe, thus

e q , (3-14) becomes

whioh is the same equation as for a weak disturbanoe . in a gase ous

medium o The speed of sound is not

the particles, and it is given by

similar to sound propagation in a

affe oted by the presenoe of

I y R ~ 0 This situation is
g g g

ohemioally reaoting mixture

where the sound speed is found to b e independent of the finite

rate reaotions o This re sult is valid for high frequenoy distur­

bances where t h e t ime du r i n g whi oh t h e disturbanoe oöours is muoh

less than the parti ole relaxation t ime s o

Now o onsid e r t h e case of a low frequen oy disturbanoe

such that t h e ga s and par~1cles rrmain in equilibriumo The

momentum equation a oross the dist~rbanoe is

d u
(M2 -1) ~ = 0eq u

g

where the subscript eq denotes the equilibrium oondition o The

disturbance propagates at the equilibrium sound speed,

Ir R T (l+~) , where
eq g g w

g

~l+ ~ ~~yg w C-
g pg

Yeq = w c·
l+y (~~)

g w cg pg
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Beeause y < y , the equilibrium sound speed is less than theeq g
speed of sound in the gaso Again, this result is similar to the

ease of sound propagation in a ehemieally reaeting mixture o

Throat e on d i t i on s - The se eond term of eq. (3-14) i s

always positive for an aeeelerating flow, therefore, the gas Maeh

number is always less than one at the geometrie throat. At the

sonie point (Mg = l)g

1 w t y -1 du
-- -E. (u _~ u ) --E.
R T w g Y P dx-g g g g

1 dA
= - ----A d x

(3;'14' )

This equation determines t h e nozz le mas s flow for a gas-partiele

system o The mass flow d e pe nd s on the part i ele lag a t the sonie

point, and th~s t h e f low i s dependent u pon the upstream nozzle

geometryo Th e posi t ion of the s on ie lin e also depends on t h e

part i ele lags o

30204 Consta n t fra c t ional lag nozzles

Kliege l ( Re f o 3 -6 ) e stablished a simple solution to

the one-dimensional gas-partie le equations by assuming that the

partieles are a lways in the Stokes' flow regime.

24 l211 l2 'lJ Au

CD
g g g

= Re = P r '[u -u I = w r ju -u Ig p g p g p g p

2hr k
Nu --.l? 2 • h ~= = 0 0 =k rg p

(3-16 )
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h = film coeff1c1ent of heat transfer

k = gas conduct1v1ty .
g

K11 ege1 found that a fami1y of exact solut1ons to eqs. (3-7) ­

(3-16) ex1s t s when

u
~ = K ,
u

g

T -T
go p = L

T -Tgo g
o < L ~ 1 (3-18)

a n d K and L are constants o Subst1tut1ng eqso (3-15) - (3-18)

into the earlier equat10ns yie1ds the fo1 1ow1ng equat1ons:

Q

+ ( y -1)~ L
g c.

pg

w '"
1+ ~ K2

Wg
w:tl

l1+ ~~ Lw 9g pg )

du
---S.
di

du
~=

di
1 dA--A di:

(3-20)

where P represen~ the density of the part1c1e materialo
s

du
---S.

di

k r*(l-L)
.2 g=
2 P r 2 0 KL

s p pp

(3-21)
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w <9
1+ ......E. --E.E. Lw 0

g "; p g

(3-22)

Equations (3-20) ànd (3-21) are indentioa1, therefore,

(l-L)
L

c
= 3Pr --E.E. (l-K)

geKpg
(3-23)

_0

For most oases o'r. interest, Prg ~ > ~ , so that L < K and the
pg

partiele therma1 1ag,(1-L), is greater than the velocity lag (l-K).

Use the fo110wing substitutions:

W

1+ -E. K2
w

g
w è

1 + -E..-..E.E L
w 0

g pg

(3-24)

c = 1+ ;.e.tK[O_-KlY +~+(y -ll:PP BL} (3-25)
g g g pg

1

M = C2M (3- 26)
g

y l+(Y -1) B (3-27)= Cg
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The equations for the gas parti ele flow becomeg

du
dA -2 cr
A = (M -1) ~

g

Solving t hes e equ ations p we find that

(3 - 28)

(3- 20)

(3-29 )

T ;-1 -2~ M (3-30)
T 1+ 2

g

P [ r~ = 1+ Y;l M2 (3- 31 )
P g

....:i.-

~
y- l

[ -. (3- 32)= 1+ -- M
Pg 2

u. g

u gmax
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(3-34)

and

u gmax [
2 C T ~ .~= pg go

B

The particle velocity and temperature are given by

eqs. (3-17) and (3-18). Equations (3 -28) - (3-33) are the equa­

tions for one-dimensional isentropic flow, except that ~ and M

replace y and M. One can, therefore, use the isentropic gas

tables to compute the flow through a c on s t a n t fractional lag

nozzle. For equilibrium, K = L= 1, and y and M become y and M •eq eq

Equation (3-28 ) shows that .M = 1 at the throat of a

constant fractional lag nozzle. The parameter C i s greater than

one, therefore, M < 1 at the throat. A plot of the M at the
g g

throat is shown in fi g . 3- 2 for a t y pi ca l metal lized solid

propellant. Mgl * i nc r e as es as t h e par t ic l e l a g increases, and is

only weakly dependent on the pa rt icle maa s f r ac t i on .

The mass flow t h r ou gh the nozz le i s also dependent

on the partiele l a g s , and therefore is d~pendent on the upstream

nozzle geometry. The mass flow t h r o u gh a constant fractional lag

nozzle is shown in fig. 3-3 for typical metallized propellants.

The mass flow increases as the partiele lags increase, and is

strongly dependent on the parti c le lags.

The effective expansion coefficient, y, is showh in

fig. 3-4 as a function of the partfcle lag for typical metallized
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propellants o The effective expansion coefi!èient increases with

increasing particle lag, but is relatively insensitive for small

parti cle :tags 0

Nozzle geometry - Using eqso (3-29), (3-33) and (3-34),
we can show that the area variation in a constant fractional

lag nozzle is given by

where

A
A*

1

[ j' [ J-::-== i-l _2_ y-l

1+1 1-1
(3-36 )

-x
u gmax

r
A plot of r* is shown in fig. 3-5 for a constant fractional lag

nozzle. The nozzle is ~pproximately symmetrical through the

throat, and most of the nozzle length is in the throat region.

One can show from eqs. (3-36) and (3-37) that thB

wall radius of curvature at the throat is given by

~
2

R 2u* 2 2 p r 2K2

~] (}-38]
s g s p

== rur ==
r*

(;+1)r*2 ~ (:; +1 ) lJ. (l-K) r*g

where [d:~* 1s the ax1al veloc1ty gradient at the throat.
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Note that the middle term of eq~(3-38) is the same as obtained

by Sauer for a pure gas flow (se ction 2.303).

Solving eqo (3-38) for K, we obtain the following

relation between parti cle ~ag and nozzle throat geometry:

Fractional lag vs throat s ize is s hown in f ig o 3-6 for various

particle diameters o The wa l l radius of curvature is equal to

the throa t radius o

For smal l parti e le la gs ~ e q~(3-39) is approximately

l-K (3-40)

If the above d imensionless nu mbe r is very sma l l ~ gas- parti cle

nonequilibrium effects will be negligible o

Equa tion (3-34 ) shows tha t t h e axial velocity gradient

is constant for ~he cons tan t f r a c t i ona l lag nozzle. This condi­

tion is approximately true i n th e ~throat re~1on in most rocket

nozzles; and it appeàrs t hat ~he above re s ults have general

applicabilityo

Flow outside Stokes8 reg~me - I t has been observed that

~12 even outs ide Stoke s ' r e gi me ~ th e re f or e ~ the relationship
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between part1cle velocity and thermallags is unchanged o The

ax1al dimens10ns of the nozzle are cha n ge d because

di

du
--& = .2

2

lJ f r*g p

p i
s p

(3-41)

when the part1cle is not in t h e Stoke s 'reg1me o

If a suitable mean value for f is chosen, the flowp
up to the nozzl throat may be pred1 cted w1th reasonable accura cy

by the c ons t a n t fract10nal lag solut1on o To apply th~ equat10ns

for a constant fra ctiona l lag nozz le, replace lJ in the equat 10ns
g

by f 1.I 0P g

Part1c le sol1d1f1 cat 1on - It h a s been assumed u p to

th1s point tha t t h e pa rtic les do n ot undergo phase cha ng e . "

Constant lag nozzle flow w1th part1 cle sol1d1f1cat1on w1l l b

br1efly d1s cussed here o

Assume that t h e par t1 cle t e mpe r a t ur e rema1ns oon s t ant

dur1ng sol1d1f1 oat1on, and denote t h e condition at the .onset of

sol1d1ficat1on by the subs cript mo From eqs o (3-10 ), (3-13)
and (3-34), the equat10n g overn1ng the ga s t e mpera t u r e dur1ng

sol1d1f1 oat1on is g1ven by

u
g

dT
~

di

3k r *wg p
(T -T) + .2pm g 2

l.I g r * ( l _K)

p r 2 K2
s p ~

w ~21+ ;2-K~ c =
g pg

(3-42)
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Solving eQ.(3-42), with

of solidification (T =
P
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the boundary conditions at th beginning

T u = u , T = T ) we find that
pm' g gm g gm

-

T = Tg gm 1 wn K
1 + - -L --:-"-=---:-1

3 w Pr (l-K)
g g

-

2u
~ -)T - T2c pm gm

pg

(
\".

- ""'
2 w K

w _-P..
~ 2 3 w Pr (l-K)

1 + K u2

[~
g g

wg gm
>

1 w K
2a

1+ _-Eo pg
3 w Pr ( l-K )g g (3-43)

-

where (T -T )
T = T

go pm (3-44)
gm go L

and

w 0 ~
1 + ----E. --E.E. Lw 0 2 0

u =
g pg ~ (T -T ) ( 3-45)

gm w L go pm I

1+ ----E. K2 )Wg

The gas undergoes an isothermal expansion {Tg = Tpm) only if

there is no partiele l a g (wh i ch implies an infinite heat transfer

coefficient)o From eqso (3-18) and (3-29) - (3-31) we find that

the area ratio at the ~nsèt of solidification is
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A
m

A* (3-46 )

one must have a l ow lag

whieh soli d1 fica tion e a n oeeur is
A ·

) -m
1 0 The area ratio, Ar'

o To make most efficient use

obtained when there is no lag (L =
b ee omes infinite when L = 1- ;pm

go
of the particle sol1d1fication nergy

F or mos t cases of interest, T < T *, so that partiele solidi-pm g
fieat10n ean only oe eur in the divergent s eeti on of t h e nozzle o

Th e mi ni mum ar ea ratio a t

n oz zle so that the heat of solidifieation is added to the flow

a t the lowest poss1ble area rat10 0

It is possible in principle to solv eqo (3-43)>> along

with the other governing equat1ons, f or a ll of the flow properties

dur~ng solidifi cation o Th requir d integrals ca n n ot be xpress d

in closed f orm, however » be cause of th e lastermof eq o(3-43 )o

Kliegel stated that further i nv est i gati on mus t be ca r r i e d out

numerieally (Ref o 3-6) 0 Kliegel did work out the s p e c i a l case

of a z ro lag flow during parti c le solidification o More reeently,

Kliege1 stated t ha t appreciabl è ~ partie1e solidification rarely

o e e u r s in rocket n ozzles of engineering inter t (R f o 3-2) 0

3 02 05 Inputs for numeri cal solutions of

gas-parti cl f1 0ws

The genera1ized equations for onedim nsional gas- '

part1ele flow c a n only be solved numerical1y o As pointed out by

Hoglund (Ref o 3-1), the fol10wing informati on is needed for
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numerical solution of the equations:

1. partiele size distribution (or averPige partiele size)

2. partiele drag and heat transfer coefficients

3. gas viscosity and c ondu c t.Lvi ty

4. gas and partiele heat capacities

The information on partiele size and physical proper~ies is also

necessary for application of the constant fractional lag solution.

Hoglund (Ref o 3-1) presented a detailed discussion of the state

of knowledge of these quantities j up to 1962 0

Parti cle aize distribution - The size of the condensed

metalli c oxide partic~ depends in a complicated way on the

incompletely under-a t ood pr-o c esaas of metal combustion and oxide

condensation. Most of t h e numeri cal computations are based on the

experimental particle s i z e distribution obtained by Brown (Ref.

3-7) for alumin~m ' oxide .pa r t ic l es o Brown found a mean particle

size of about one mic ron j with a mean particle weight corresponding

to between 2 and 3 mi c r ons. The dis tribution of particle sizes

obtained by Brown i s shown in Fig o 3 - 70 Brown found that the

parti cle .size distr ibution was independent of engine aize,

geometrYj prope l lant composition or cha mb e r pressure o These

results were obtained frpm rather large engines.

More~recentlYj Sehgal (Ref o 3-8) has presented

experimental particle size distributions obtained by firing

small aluminized solid propellant rockets into a collection

tank. He found that the particl size is independent of alû~inum .

loading j combustien temperature and convergent nozzle geometry.

The solid 'aluminum oxide particles were found to near-perfect
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spheres containing neg1igib1e amounts of unburned a1uminum •

In contrast to Brown's resu1ts, Sehga1 found that partiele size

is strong1y dependent on chamber pressure, with the volume

average diameter under 0.5 micron for p = 5 atm and a1most 5
c

microns for p = 68 atm. Sehga1 a1so found that the partiele size
c

is dependent on the residence time in the chamber, with a 1arger

residence time decreasing the partiele diameter. In view of the

uncertainties in Sehga1's resu1ts for sma11 rockets, Brown's

resu1ts are probab1y more re1iab1e since they were obtained from

rather large sca1e engines.

Very 1itt1e is known about the partiele sizes for

metallic fue1s other than a1uminum •

Partiele drag coefficient - Ear1y numeri cal computa­

tions were made with CD obtained from the standard drag curve for

spheres, which is empirica1 for Re > 1. Hog1und (Ref. 3-1), in .

his discussion of the drag coefficient , indicated that the

f o11 owing f ac t o r s shou1d be considered for the gas-partic1e f low

i n roc ke t nozz1es:

1 . Rar e f a c ti on effects

2. Compressibi1ity

3. Free stream acce1eration

4. Free stream turbu1ence.

K1iege 1 {Ref. 3-2) noted that, for the partiele size distribu­

t i on of Brown in a typica1 rocket, on1y rarefaction effects a~e

imp ortant . He recommended use of the standard drag curve, a10ng

with t he rarefaction corrections of Schaaf and Chambre (Ref.3-8).
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Hoglund commented that the effect of free stream

turbulence could be quite large. Limited experimental results

indicate that large scale free stream turbulence causes the

drag coefficient to decrease sliarplYI wh i ch is detrimental to

the performance of a two phase n ozzle f low.

More recently (1964)1 Carlson and Hoglund (Ref. 3-9),

investigated the flow regi mes f or typi cal gas-particle flows.
lRë

They found that .the slip f low regime (~ ~ 100) is encountered

near the throat, with inoreasing rarefaction effects downstream

of the throat. The maxi mum pa rt icle Reynolds number probably

does not greatly exceed 1 00 . Ca r l s on and Hoglund suggested the

following empirica l relation for the sphere drag c oe f f i c i e n t ,

which includes rarefa c t ion i compress i bility and ine r tial effectsg

24
= Re

(1+00 15 ReO.6 8 7 ) [1+ex pÇO. 427_ lM4 . 6 3

(3-47)

Mand Re are based on the ve locity re lative to t h e particle o

Parti cle heat t r a n s f e r c oe f f ic i e n t - Carlson and

Hoglund (Ref. 3-9) sugge s ted t h e fo llowing expression for Nu,
based on the continuum expression of Drake and the transition

regime expression of Kavanau and Drakeg

Nu =
2+00459 Re 0.55

M 0.5 5
1+3 . 42 ( R e) ( 2+0 ~ 4 5 9 Re )
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Because thermal lag has much ~ess inf luence on nozzle performance

than does particle lag, the un certainty in Nu is less serious

than uncertain~y in CD.

Physical properties of gas and particles - The therm~

dynamic properties are probably the best known of the input

quantities. The gas trans por t pr ope r ti e s are leas well established;

especially f o r reacting gase s. The most important transport

property. is the viscosity because it affe cts directly the particle

velocity lag. Hoglund (Ref. 3-1 ) estimated that the transpDrt

properties c an b e ca lcu l a t e d with an a ccura cy of ± 10% if the

Chapman-Enskog theory for pure nonpolar monatomic is used with

the empirical mixture rules presented by Hirschfelder, Curtiss

and Bird (Ref. 3~10 ) .

3.2.6 Gene r al i z e d 6ne dimensional solutions

Kl iege l and Ni cker son ( Re f . 3-11), Bailey, et al.

( Re f . 3-12 ) and others h a v e prog r a mmed the generalized one

dimens iona l gas - parti c le flow e quation s (eqs. 3-7 to 3-13) for

computer s olut ion . Some o f t h e resu l t s presented by Kliegel

( Re f . 3-2) wi ll be di scuss e d h e re . The pa r t ic l e sizes were those

of Brown (F i g . 3 - 7 ), and t h e n ozz l e geometry is shown in Fig.3-8.

Th e axial distribution of the one dimensional gas

veloci t y is shown i n fig. 3-9, along w! th the prediction of the

constant frac tional lag theory. The velocity and temperature lags

are shown in figs. 3-10 and 3-11. Note that particle solidifica­

tion oc curs wi thin the nozz l e only for very small parti cles.
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The ratio of pa r ti c le densi ty t o ga s dens i ty is shown

in f ig o 3-12 0 1t i s seen that t h e vel o ci ty l ag ca us e s t h e

density ratio in the nozz le to be high er t h a n t h e initial value.

The relative i nc r e ase in t he particle mass in tbe nozzle oc curs

dur ing the starti n g t r a n s i e n t o

The n ozz l e e f f i c ien cy , d e fi n ed a s I / 1 j issp sp e q
shown in fig o 3- 130 Fi nite parti@le l ags ca u s e an appr c i a b l e

thrust loss, most o f which occurs ups tream of the throat o

Figs o(3-9)- (3- 13 ) t nd icate t ha t t h e c onsta nt f r act i ona l l a g

solution is ex ce l l ent a t the thr oat and fairly g ood for the

rest of t h e noz z l e o

3 03 ANAI ,YSIS OFAX1SYMMETRI C GAS - PART 1 CLE FLOWS

Th e o n e d imensional solut i ons are i ncapable of pr e­

dicting the detail ed na ture of t h e pa rti c l e str eamlines r elat i v e

to t h e · gas st ream l ine s o The importa nt problems of parti cle

impi ngeme n t on ~he .wa l l and n oz zle optimi z a t i on depend on a

detailed treatment of t h e a x i s y mmetr i c tw o phas e flow o

. 3 03 01 Uncouple d a nalysis ofaxisymmetri~ f l ow

Bai ley, e t a lo (Re f 0 3-12 ) det e rmined pa rt ic l e traje ()­

tories i n a pr e scr ibed gas flow field o This te ch n iqu e provides

useful re sul t s wh en he parti c le ma s s fra ct i on i s smal l o The

axisymmetri c analys i s predicts a s t r ong se gre gati on of t h e various

particle sizes j with t he l a r ge partic l e s being con c e ntr a t e d along

the nozzle axis 0
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Travis (Ref. J~13) also treated the uncpupled axi-

symmetric problem for typical rocket nozzle configurations. He

consid~ea the case wherethe partieles have a radial velocity

component .in the chamber, and found that the throat region is

where most of the wall impingement occurs. The effect of wall

impingement on heat transfer was treated in an approximate

manner. Travis concluded that, to minimize wall impingement, the

particles should be directed in an axial direction while the gas

velocities are low.

3.3.2 Coupled axisymmetric solutions

Kliegel and Nickerson (Ref. 3-11) were the first to

treat the coupled axisymmetric flow in a gas-particle nozzle.

It was found that the method of characteristics could be extend d

to the gas-particle flow problem when M > 1. Hoffman (Ref. 3-3)
g

has also tr ated the axisymmetric flow in a manner similar to ~

that of Klieg 1 and Ni ckerson.

Assumptions - The analysis incorporates the same

assumptrons as used for the generalized one dimensional analysis.

Both Kliegel and Nickerson and Hoffman hav approximated th

partiole size dis tribution by groups of different size spheres.

For simplicity, however, we will consider here only a single

particle s:1ze.

Basic equations - The following equations govern the

steady, axisymmetric, gas-particle flow (Ref. 3-3):
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Gas continuity equation:

au av
~ ~+

p g ax + p g ar u
g
~ + v

ax g = -

Partiele continuity equation:

p
p

~ + vax p
~=

ar

p v
.:..P-E.

r (3-50)

The axial momentum equation:

au au
p u ---S. + P V" ~ + Ap (u -u ) + iE. = 0

g g ax g g ar p g p ax
(3-51)

where

A=.2.~
2 p r 2

s p

(3-52)

The radial moment u m equa tion

av av
p u ~x + P v ~ + Ap (v -v ) + II = 0g g a .s g arp g par

Energy equation

u II + v II - C21~g ~ + v ~J-Ap B (3-54)
g ax g ar L: ax g ar p

where

and

B = (y -l)Gu -u )2+(v -v )2+ ~ C(T -T ~
g L g p g p 3 p gJ

=~ 0pg
C f Pr

p g
(3-56 )
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Partiele drag in axial direction

au au
u --E. + v --E. = . A(u -u )

p ax p ar g p

Partiele drag in radial direction

a v av
u --E. + v ~ = A(v -v )p ax p ar g p

Partiele heat balance

u
p

ah
--E. + v
ax p = -

2- AC(T -T )3 p g

Equation of stat e for gas

p - p R Tg g g g

Equat ion o f state ' f or t h e ' pa r t i o l e s

(3-60)

T = f(h )
P P

Speed of sound in gas

d 2 = y R Tg g g

(tabulated)

(3-62)

Definit10n o f Mach numb r
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V~scosity-temperaturerelation for gas

'l! = 'lJ (T)g g
(tabulated) (3-64)

Method of characteristics - Equations (3-49) - (3-53)

and (3-57) - (3-59) form a set of 4 quasi-linear, nonhomogeneous

partial differential equations of first order. It has been

stlown that this set of equations may be solved by use of the

method of characteristics (see Ref. 3-3 for a complete discussion).

The following characteristic equations result~

Along the gas streamlinesg

dr
dx

v
= -S.

u s
(3-65)

P ru d u +v d v l +dp =
g L g g g gJ

-Ap r(u -u ) dx+ ( v -v )drJpL' g p g p
(3-66 )

and

AP Bdx
p

pu
g

dp
~=_......-

Pg
~ - y

p g

Along the gas Mach line3:

dr
dx =

u v +0 2 /M 2_1
g g= g (3-68 )

and
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(u dr-v dx ) (Ap Bdx-u dp)+c 2)-AP [(U -u )dr-(v -v )dxl dX
g g P g lpg p g p J.

+p rv d u -u dv - ~(u d r - v d x)l d X+d PdJ. = 0 (3- 69)-L g g g g r g g J f
A10ng the partic1 e streamlineS8

dr
dx

v
=~

u
p

a nd

u du = A(u -u ) dxp p g p

v dv = A(v -v )drp p g p

u dh = - l AC (T - T ) dx
p p 3 p g

3lj1 = 0
P

3lj1
~ = p u

3 r p p

(3- 72 )

where ljI p is the pa r t iole stream f'un c t Lon ,

This s e t of characteris t i c equa t ions i s comp1&e 1y hyperbolio for

M > 1 , and the flow may be d etermi n e d by numeri oa1 solution
g

of eqs o (3-65) - (3-76)0 Equation (3- 68 ) indioat~sthat the

oharaoteristi os in the phys 1 0al p lane are idénti èa l to t h e gas

Maoh lines, and a re independent of t h e presenoe of the partieles

in the flow o
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Unit process

I

DATA
LlNE:

~AM\LY I C~ARAc-rER\Sï(C

PARTICLE STR'EAMLINf:.S
(FOR Z PAR1'"IClE Sï,ZES)

3

GAS STI?E.AMI-/NE

FAMIJ-Y .Jr CHAR.ACT~R(ST/C

The cal cu l a t i on pro cedur e i s similar to t h e case of

r otational gas flow~ wi th t h e add i tiona l c ompl iaa t i on that one

must calculate both t he ga s stre a mli n e s and t h e parti cle strea~

lines.

Subs oni a a nd transoni c flou - When M < 1 t h e g a s Ma chg

lines are imaginaryo Th e gas a nd par t ic l e s t r ea mli nes are real~

however~ and the characterist ic equations aa n be emp loyed to

determine .the parti cle st r e a ml i n e s if t h e vel ooity c omp onent s ,

u and v ~ ca n be det e r mi ne d by s ome othe r procedure o Some
g g

simplification o f t h e origina l probl e m i s ob~ained even when the

compl ete method of chara c tensti c s s olu t i on is not applicable o

The procedure of Kl iegel and Ni ckerson (and

also of Hoffman) is to us e the generalized one dimensional solu­

ti on (section 3 0 2 05) for the subsonic section of the nozzle .

I nstead of us ing the plane c r os s se ctional area, a one dimen­

si ona l sink flow model is assumed where the ar ea is a spherical

c a p.
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i
f:FFECTIVE
SINK
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The solution is similar to the source flow analysis for conioal

nozzles (section 2.5.1) except that the position of the effective

sink varies with the local wall slope, 6w• The area of the

spherical cap, At, is given by

(3-77)

(3-78)
r

w
R = s in 6

w

I
x = x-R(1-cos6)

subsonic solution can

is continued until the

term. In general,

M < 1 a t the geometrical
g

be cal culated up to t h e throat. The mass flow through the nozzle

Using the relation for At, t h e solution

solution diverges because of the 11_M2
g

throat, so the

is established by conditions downstream of the throat, where

M = 1. To initiate the subsonic and transonic flow solutions,
g

the mass flow must be estimated, and subsequently corrected to

agree with the mass flow at the supersonic starting line. The
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initial estimate may be obtained by using the constant lag

analysis (section 3 0 2 04).

The transonic flow field between the throat and the

supersonic starting line is determined by using the constant lag

analysis. By using the effect~ve parameters Yand M(with K*

determined by the subsonic analysis), the Sauer technique is used

to determine the flow up to the sppersonic starting lineo The

mass .flow alongthis line is compered with the estimated mass

flow, and the subsonic and transonic solutions are repeated until

the two mass flows agree.

The subsonic and transonic gas flow field is now

established, and the method of characteristics is used to calcu­

late the particle streamlines up to the supersonic starting lineo

Typical results - Kliegel (Ref o 3-2) presented some

results of his axisymmetric analysis for the nozzle geometry of

Fig. 3~S. The particle size distribution of Brown (Figo 3-7)
was used in the calculations o

Kliegel found that the particles are unable to follow

the gas streamlines do~nstream of the throat, and that there

is a limiting particle streamline for each particle size. The

limiting streamlines for the nozzle of fig o 3-S are shown in

fig. 3-14.

The tendency of the particles to congregate near "the

axis is illustrated by fig. 3~15, which shows the particle

density distribution at the nozzle exit plane. The steps in the

particle density distribution result from approximating the
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par t i e le size distribution by a finite number of groups of

particles o

The axia l d1stributi ons of gas velocity and tempera­

ture, at the wall and a t t h e n ozzle axis, are shown in figs o

3-16 a nd 3- 170

The nozzle efficiency, I II , is shown in fig osp sp eq
3 -18 . The g e ne r a l i z ed one dimensional analysis agrees qualita-

tively with the axisymmetric analysis, and underestimates t h e

l os s in I by le ss than 1%0sp

Hoffman and Lorene (Re f o 3-14) have used the axi­

symmetrie ana lysis to ma k e a para me t r i e study of gas-parti cle

flows in conical nozzles o

Comparis on wi t h exper iments - Kliegel ahd Nickerson

(Ref o 3-11) compared t h e results of the axisymm~ic, ànalysis

with experimental resul~ fr o m s e ver a l small solid propellant

engines o To separate the l os s e s ca us ed by ga s - part1 c le flow from

ot h e r losses, calcu l ati ons we r e made for the hea t l os s e s and

friction losses o Th e r esu lts f or six di ffe r ent c onica l nozzles

a r e shown i n t h e f o l lowing t ab l e ( r * - 3 035 cm) o
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It shou1d b e noted t hat t h e experimenta1 pe r formance

is predi cted J ust a s we ll b y Kl! egel's one dimensiona l analysis.

The e ffe ct of no z z1e throat geome try on nozz 1e e ffi­

ciency is shown i n f i g . 3 -19 for a r oc ket wi th a conv erg e nt

nozzle. The effect of subsoni c n oz z le geome try is shown in fig.

3-20.

The e f fe ct of ga s - par t i c l e f low on the perfDrman~e of

contoured nozzles is illustrated in fig. 3-21. All the nozz les

had the same length a nd ar e a r at i o , but d iff er e n t max imum wall

angles. The a xisymme t r i c theory p r edi ets a c curately t h e optimum

maximum wal l angle of a p pr ox imate ly 26 °. Note that the perform­

ance 'of the be s t c ont oured nozzle is only ab out 1% be t t er t ha n

a con1cal nozz 1e of t h e s ame length . The pe r f or ma nc e 1mprovement

of c ohtou r ed n oz z le s over cont~a1 n oz z le s 1 s genera11y c on s 1d e r a b l y

less for gas-part1 cle flows than f or pure gas f l ows.

Lore n e and Hoffman (Ref . 3-15) have r eported s 1mila r

e xperimenta l r esul~ for a s eries o f roc ket e ngi nes . The axisym­

metri c theory of Hof f man was found to predic t t h e e ffe ct of

nozzle geome t r y to within abou t 1% of th e exper i menta l re s u l ts.

Their r esults indicate that the optimum maximum wal l angle for

aontoured nozzle s 1s a b ou t 22-24 °, sli ghtly l e ss t h a n t h e result

of K11ege l a n d Ni cke r son.



-115-

3.4 EXPERIMENTAL TECHNI QUES FOR GAS-PARTICLE FLOWS

Carlson ( Ref . 3-16) pr esented experimenta l results

for particle t h e rm a l lags. A slurry o f M 0 partic l es ( of known
g

s ize ) i n RPI wa s use d for the rocket fuel . He measured the gas

temperature by us i n g t h e s odium D-line te chnique , a nd u sed the

particle emission to determine the particle t emperatur e . Ca r lson

obtained ex cel l ent correlation between his ex pe rime n t al re sul t s

and the pr edicti on of a slmple a xi symmetr i c gas-part icle t heory .

The experimental determlnation of particle ve loc i ties

is much mor e di fficult. Carls on ( Re f . 3-17) determined expe rimental

vel ocity l a g s i n h l s slurry- f ueled roc ket . Th e extlnctl on of

emisslon fr om a t u ngsten filament lamp was r elate d to the partic l e

dens!ty, wh ich in t urn was re lated to v e l oc i t y lag . The experi ­

mental r e s ults show considerable scat ter, but the nesults agr e e

fa ir l y well with the theoreti ca1 prediction .

Fulme r and Wir t z (Re f . 3 - 18) measured par tiele veloci­

ti es by means o f streak photographs . A t wo di me n s i on a l convergent

nozzle was used wi t h hel iumo Ex pe rimental ve locity l ags of alu­

minum parti eles up t o 40 mi cr ons we r e f ou nd t o be less than

predicted by constant l a g t h e or y o

Dobbins (Ref. 3-19) used a light s cattering techni qu e

t o dete rmi ne the diameter of the parti eles us ed in Carlson's

exper iment s • . Good agre e men t with the predetermined partic l e s izes

was ob tained, indicating that t h e method may h ave c on s i d e r a ble

usefulne ss.
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3.5 NOZZLE DESIGN CONSIDERATIONê

In view of the uncertaintie s i n the input paramete~,

such as particle diameter and d r a g coef f icie n t , the axisymmetric

theories provide s u rpr is i n gly ac cu r at e pr edic t i on s of gas-particle

nozzle flows o The greate s t drawba c k in t h e use of these ::theories

is their extreme numeri ca l c omp l ex i t y o In many cases$ t h e simpler

one dimeasiona l theory pr ov i de s e qua l ly a c curate prediction of

overall nozzle performanc e$ but t he one dimens i onal t h e ory ' c a n

provide no information on parti ele impi n ge me n t or on the effect

of nozzle contour i ng o

The re sult s of many inv es t i gator s lead to s veral

generalizations ab ou t the desi gn of gas - pa rticle nozzle sg

1 0 Thrust losses up to 5% c a n occu r be cause of parti cle lag in

nozz les o f practi ca l scale .

2 0 Most of the t h r us t l oss can b e a t t r ibuted to the throat region

and a ppear s a s a loas in c * rather than a l oss i n CF o Th i s

po i n t s out why c* is a poor indi oator of combusti on effi­

ci ency f or solid propellant roc kets .

30 No appr~ c iàb le re c overy of the t h r u s t l oss i s obta i n ed by

mak ing t h e supersontc se c t ion ve ry long o

4. The be st way t o reduce the thr ust los s is tp add l e ng t h to

the nozz le t h r oat re gion o

5. A c onsta n t radi u s of wall curva t u r e t h r ough the t h roa t is

re commende d ·t o pr event l arge l ocal v elocity gradients o

6. The subsonic nozzle ge ome t ry has mea s urable effe ct on the

overall performan ce o

7. Nozzle c ont ouring is less e f f e ct ive for gas-par ti c le f l ows

tha n for pure ga s flows o
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8. For a given particle size, the thrust loss is dependent on

engine scale (see fig. 3-22 for typical results).

9. Subscale nozzle testing is less useful for gas-particle flows

than for pure gas flows.

In contrast to the case of pure gas flow, no rigorous

optimization technique is currently availablefor gas-particle

nozzles o Marble (Ref o 3-21) used one dimenSional theory, linearized

with the assumption of small lags~ to determine optimum thrust

nozzle contours o His optimum nozzle has essentially the same

characteristics as Kliegel's constant lag nozzle: long gradual

throat contour and a divergent section without an inflection point o

The analytical model, however, is too unrealistic to yield

reliable results on the relative merits of various nozzle shapeso

It appears that the best alternative at this time is to use the

complete axisymmetric theory to make parameter studies of various

nozzle configurations o The most promising contour can then be

selected on an empirical basiso
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CHAPTER 4

THRUST VECTOR CONTROL

4.1 METHomOF THRUST VECTOR CONTROL

Some method of providing transverse thrust forces is

necessary for ,t h e guidance and control of a rocket propelled

missile. Several techniques for providing the transverse control

forces have been used or proposed:

1. Aerodynamic surfaces

2. Auxiliary jets

3. Rocket engine gimballing

4. Vanes in the exhaust stream

5. Jet tabs

6. Jetavators

7. Secondary injection into the exhaust nozzle.

The first two methods are independent of the main

rocket engine. Aerodynamic surfaces are useful in the lower

atmosphere, but cannot be used for flight at high altitudes or

at low vehicle speeds. Auxiliary jets, either small vernier

rockets or jets of inert gas, may be used to provide the control

forces. Multiple jets are necessary to provide control of both

pitch and yaw.

Methods 3-7 provide the vector control forces by

deflecting th e jet of the main rocket engine. Gimballing of the

complete rocket engine is feasible for liquid propellant engines

which have flexible propellant 5upply lines. Although the
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actuation forces are not large, the gimbal bearings must with­

stand the entire thrust of the rocket. Gimballing is not practi­

cal for solid propellant rockets because of the large size of

the combustion chamber which contains all of the propeliant.

In principle, it would be possible to pivot the nozzle independ­

ently of the combustion chamber, but the high temperature

sealing problem is extremely difficult.

Vanes, jet tabs (fig. 4-1a) and jetavators (fig.4-1b)

deflect the main exhaust stream by placing a mechanical obstacle

in the stream. Vanes in the exhaust stream are effective, but

are subject to severe erosion, and also cause a permanent loss

ofaxial thrust. Jet tabs and jetavators are immersed in the

exhaust stream only during the time that control forces are

required, and do not cause a permanent loss ofaxial thrust.

Rather complex actuation devices are required for each of the

mechanical jet deflection methods of thrust vector control.

Hausmann (ref. 4-1) first suggested the technique of

injecting a secondary fluid through a port in the divergent

part of themain exhaust nozzle. The injected fluid forms an

obstruction, which causes a shock wave and asymmetrical pressure

forces on the wall óf the nozzle (fig. 4-1c). Because of the

interaction with the main flow, the side force generated is

much larger than would re sult from using the same secondary

fluid as an auxiliary jet. Secondary injection thrust vector

control (SITVC) avoids erosion and sealing problems, is simple

and compaot, has high frequency response, and is applicable to

solid propellant rookets. Because of these advantages, many

experimental and theoretical investtgations of SITVC have been
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made in recent years. The remainder of this chapter is devoted

to a brief description of analytical and experimental results

on SITVC.

Both liquids and gases have been proposed for use as

secondary inJectants. Liquids are desirable from the standpoint

of packaging and handling, but the side force is usually larger

for a gaseous inJectant.

Description of flow - The effectiveness of SITVC depends

on the in t e r ac t i o n of the injected fluid with the main nozzle

flow. The general features of the interaction process are illus­

trated in the following sketch.

M IX I NG ) EVAPORATION)

CHEMICAl- REACT/oN

SEPA RAT/ON
S HOC K

BOU,A/DARY LAY!=R

SEPARATlON
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The flow pattern upstream of the injection port is similar to

the flow near the nose of a ".b l un t body in free f11ght. The

effective blunt body shape is determined by the properties of

the injeètant o One major exception to the blunt body analogy

is the int raction with the wall boundary layer, which does not

occur in free flight. Th shock wave travels outward from the

ini tial disturbanoe ::and intersects the rooket nozzle along a

line whioh is approximately parabolic.

The side foroe on the rocket nozzle consists of two

components, the initial thrust of the injected fluid and the

resulting pressure interaction forces on the nozzle wall. As

the injectant flow rate is increased, the main shock becomes

steeper. and the intersection of the main shock wave with th

nozzle wall advances up the wall. EventuallY, the shock w~ve

intersects the opposite wallof the nozzle, and the pressure

forces are not exerted in the desired direction o This loss in

side force performanoe is termed "eosine loss".

4.2 EXPERIMENTAD RESULTS FOR SECONDARY

INJECTION THRUST VECTOR CONTROL

The flow meohanisms of SITVC are extremely complex,

and the initial developments on the concept were based primarily

on experimental st~dies. More recently, several different ana­

lytioal approaches have been developed which have varying

degrees of usefulness, depending on the particular application.

4.2.1 General experiments " on secondary injection

Several investigators have made wind tunnel studies



-125-

of the flow pattern resulting from a transverse jet injected

int o t he supe rsoni c flow a long a flat plate. Amick and Hays

(ref. 4-3) presented pre ss ur e distributions and normal force

me a s u r e me nt s , u s i n g air f or t h e inje cted fluid. Zukowski and

S paid (ref o 4 - 4 ) made an expe rimental study of the flow field

around the inje c t ion port a t f r ee st re am Mach numbers from

1.38 t o 4 0 5 4 . Gas e ou s ni t r ogen, a rg on and helium were used for

t h e in jectant s. Measur e me nt s we r e made of the main shock shape,

l e n gth of s eparate d f l ow r e gi on , and p r e s sur e distributions on

the plate. I n add i tion, t h e pe n e t r at i on height and rate of

mi x i ng downstream of the i nj ecti on port were determi ned by

c on centrati o n measurements . Bot h l a mi na r a nd t u r bu l e n t boundary

l ayers on the plat e we re ob se r v e d. As expected, the length of

the bounda r y layer s eparation region u p s tream of t h e por t was

much l arger for the l a minar boundary laye r.

Banks t on a n d Ba r n e s (re f . 4- 5) measured the shock

wave and pressure e ffec ts of air injection i nto a t wo di mension

nozz le having glass walls .

4 .2 02 Se condary injection i nto a x i s y mme t r i c n ozz le s

Numerous investigators h a ve made side fo r ce mea sure ­

ments f or i njection of v arious fluids i nt o a x i symmetr i c nozz l es.

Rodr i guez (ref . 4-6 ) u s ed noz zles hav ing A /A* = 16 and 25,e
with i nj ection at various a xia l stati on s . The main stream

fluid used was cold air, a n d als o the products of LOX -RPI

c ombusti on . Ai r a nd LOX-R PI mi x t u r e s were used for the secondáry

inj e c ta nt. For most o f th e experiments, t h e i n j ect i on port was

a c onvergent nozzle oriented n ormal t o the wallor inclined 30°

ups t ream. Data we r e presented on the total side for ce, and
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also on the 1ncrement ofax1al thrust produced by 1nject1on.

Walker, Stone and Shandor (ref. ~-7) made s1de force
Aa

measurements in a con1oal nozzle (Ä* = 4, 8w = 15°), us1ng the

products of hydrogen peroxide deoompos1t1on for the ma1n nozzle

flow. Var10us d!ameter 1njection ports were invest1gated, located

in all oases at a nozzle area ratio of 2.6 (M
l

= 2.34). The

injector was oriented normal to the nozzle ax1s. The following

gaseous injectants were invest1gated: hydrogen, helium, heliu~

argon mixture, n1trogen, carbon dioxide and argon.

Newton and Spaid (ref. 4-S) h ve presented s1de force

data, us1ng freon 12, water and gaseous n1trogen. Asolid pro-
Ae

pellant rocket, having a conical nozzle (A* = 25 I ew = 15°),

was used. Most of the data were obta1ned for injection at a

nozzle area ratio of S.Sl. Measurements were made of ·s 1d e force

and of wall pressure distributions. Typical values of s1de force

specif1c 1mpulse were 45, 100 and lSO sec. respect1vely, for

1njection of water, freon 12 and n1trogen.

Green and McCullough (ref. 4-9) have made extensive

measurements of the performance of 11quid injectants, us1ng

both liquid propellant and solid propellant rockets. The following

injectants were invest1gated:

- water

- freon 12

- perchloroethylene

- n1trogen tetroxide

- bromine

- UDMH-IRFNA (simultaneous injection)
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A
Conical nozzles (A: = 8.15, ew = 15°) were used for all the

experiments. The effect ofaxial location of the injector and

the effect of injectant pressure were determined. The side

force specific impulse (I ) varied from approximately 45 sec
SPs

(water injection) to approximatelYllO sec (bipropellant injection).

Generalization of experimental results - Based on the

experimental studies, several generalizations can be made about

the performance of SITVC:

1. F or a cons tant inje ctor area, the side force is approximately

linear with injected mass flow for low rates of injection.

2. The performance decreases rapidly at high rates of injection

because of eos ine l o s s e s .

3. The effeetiveness of the injectant is increased by increasing

the i n j e c t a n t velocity (for a given injectant flow).

4. There is a "saturation effect" which causes the performance

t o de crease a t very high f low rates. This effect is independ-

ent of t h e e os i n e los ses.

5. Shock wa v e pres sure d ec r e a s e s rapidly with distance downstream

of inject ion, i ndica ting that most of the side force is

genera te d near t h e p or t .

6. Cosi n e losses l imit performance for injection at low nozzle

a rea ratios.

7. Side force is a weak function of the stream pressure, Pl'

at t h e inje ction station.

8 . Th e injectant momentum provides only about 10-30% of the

total side force for liquid injectants, and about 50% for

gaseous injectants.

9. Th e desired characteristics for a liquid injectant are

(ref. 4-9): (a ) low specific heat in liquid and vapor phases,
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( b ) low boi l ing point, (c) l ow heat of vaporization, (d)

high heat o f rea ct i on or e x ot he r mi c de composition,(e) low

molecular weight i n gaseous ph a s e and (f ) high density in

the »quid pha se s ( f o r packagi n g) 0

100 The desi red ch a r acteristics of a gaseous inJectant are

essantially t h os e ot a h igh erformance rocket propellant:

high t e mp e r ature , low molecula r èight, etc o

4 03 THEORETI CAL ANALYSIS OF SE CONDARY INJECT ION

THRUST VECTOR CONTROL

Zimmerman, e t a l ( Ref o 4-1 0 ) have reviewed t h e various

analytioal approache s which ha v e been proposed o Th e most detailed

analyses c on s i d e r t h e complex flow mecha n i s ms n e a r the injection

port and a re bas ed on p r e d iction of t h e e quivalent blunt body

for med by t h e i n je otant o Le ss deta iled a na l ys es have . proven

more u seful for s i d e f or ce predi ct i ons o·Th e s e semi-detailed

analyses are based on (1) linearized t he or y , ( 2) the blast wave

a na l ogy , or (3 ) integration of the flow p r opertie a t the nozzle

exi t p l ane o

4 03 01 Blunt body a na l y s e

Ana l y is of Wu , Ch a pk i s a n d Mager - Wu» e t al ( r e f o

4-11 ) used t h e blu n t body, a n a 1 0gy to ana1yze the case of gas

i n j ect i on . Thei r flow model is illu trat e d i n the fo l lowing

sketch .
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I
I®
I

SEPARATED REG/oN

St::.CTIOIIf AT

STAl/oN (J)

The nozz le is a s su med t o be cyl indri ca l over the length

inv olved (e = 0 ) 0 The s epa r a t i on angle, ê, pres sure, and
w

separation shock angle are dete rmi ned with the me t h od of

Mager (ref. 4-12 )0 The l e n gth of the se parated region ca n be

determined in terms of h, t h e he ight of t h e equivalentsolid

body which is assumed to b e semi-ci r cular. Both streams are

assumed one dimensi ona l a t sections 3 and 4, and conservation

equations writ ten f rom se ction 0 to sect ions 3 and 4 are used

to solve for ho The separation reg10n is assumed to be conical,

with a conical separation shock o The distance from the shock

vertex to the center of the 1njectio n por t , X, is given by
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, (4-1)

It is assumed that there is no side force contribution downstream

of the porto The entire intera ction force is given by the

pressure forces acting on the region of the wa11 upstream of

the port which is affected by the conica1 separation shock • .

Af ter deriving the projected area of the shock on the wa11, 6A,

and the mean pressure on the wa11, P2' the side force is given

by the fo11owing equationg

(4-2)

where Ai is the area of the injection port and

Vi is the injectant ve1o cityo

The pressure P2 is giv en approximate1y by

The boundary 1ayer separa t ion chara c t er i s t i cs define p , 6
sep

and the shock configuration (6A).

Wu, et alo corre1at e d the t h e or y with a 1imited number

of gas injection experimenta1 data, and the theory was found to

predict F within about 15%. The theoretica1 effect of variations
of the parameters on I is i11ustrated in fig. 4-2. Figurespa
4-2a shows the effect of varying M

1
with all other parameters
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held constant. Fig. 4-2b shows the effect of the injected gas

Mach number, Mi' for c on s tant inj ecte d ma s s flow. The effect

of varying Mi' whi le holding Ai c onsta nt , is shown in fig.4-2c.

Fig. 4-2d illustrates the effe ct of Ml on I , with Pi = P •s ps I sep
The effect injectant mole cu lar Weight' ~i ' i s shown in fig.

4-2e, for two values of the main st r ea m specific heat ratio.

The "magnification factor " i s t h e ratio of side force to the

momentum of the injectant o Final ly, the effect of the injection

angle,q, is shown in fig . 4-2f.

Fig. 4-2a indi cates tha t it is desirable to inject at

a low value of M
l,

if the inje ctant parameters are held constant.

This trend results from the assumption that the entire side

fo rce occurs upstrea m of t h e in j e ct i on po r t, therefore, the

eosine losses are ignored o Rea l izing t h i s neglect, Wu et al,

stated that the optimum port loca tion would occur when the shock

just reaches the center l ine of the n oz z l e wall at the exit plane:

SEPAleA,/OIV sHocK

NtJz.ZLE WALL AT

EXI'- PLANE:

If the injectant p r e s su r e i s correspondingly reduced,

fig. 4-2d indicatesthat t h e mos t effecti ve axial location for
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injection is at the nozzle exit plane. Again, this conclusion

result from ignoring the side force contribution downstream

of the injection porto

Blunt body analysis of Zukowski and Spaid - Zukowski

and Spaid (ref. 4-4) developed a blunt body analogy to correlate

their data for single port injection into the supersonic flow

past a flat plate o

~ aow SHocK

h

The following assumptions were made:

1 0 The injected jet is sonic

2 0 No mixing occurs near the injector

30 The equivalent body shape is a quarter sphere

4. The pres ure forces on the sphere can be calculated by using
~

Newtonian flow (as modified by Lees)

50 The injected flow expands isentropically to the ambient

pressure at the downstream surface of the quarter sphere

60 Boundary layer interactions are negligible.

The modified Newtonian flow gives
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c
....E...- =cpo

2
sin e
sin 2 eo

and tl are the values at
o

shock relations determine

where C is the pressure coefficient and e is the local inclina­
p

tion angle of the body surface. Cpo
the nose of the body (8 = 90°). Normalo
Cpo as a function of Y

l
and M

l
, and the pressure distribution

is defined o Integrating the pressure distribution over the

spherical body yields the drag on the body. This drag is equated

to the axial momentum imparted to the injeeted flow, yielding

Yi+ l

Y -1
2 2 i

Yi-l(Yi+l)

P
1- (_1_)

Poi

1
4

(4-4)

where di is the effeetive diameter of the injectant port (the

aetual diameter of the flow eoefficient is unit0. Zukowski and

Spaid noted that the term to the one-fourth power varies slow~y~

as does Cpo' with Y
l

and M
l,

so the following approximation was

suggested

(4-5)

In term of the injeetant flow rate, wi' eq. 4-5 ean be written

(4-6)
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Eqs. (4-5) and (4-6) are good approximations for Ml > 2 and

Pl
<. <·1 •

Poi

Zukowski and Spaid show good agreement between eq. (4-4)

and their experimental penetration heights, indicating that the

approximate analysis does include the pertinent variables. The

pressure distributions on the plate were found to correlate
xreasonably well with h' with h determined from eq. 4-4.

Zukowski and Spaid also used eq. (4-4) to develop a

sealing law for injection into rocket nozzles. The following

expression was obtained:

F s
F ax

ce :i [:Oi v\1.c]~
c oe tM. i

(4-7)

where t h e subscript c denotes the main rocket flow. Note that

the dependenee On ~i is the same as predicted by Wu, et al.

4.3.2 Linearized theory

Wu, Chapkis and Mager (ref. 4-11) used linearized

theory for the case of liquid injection into rocket nozzles.

It is assumed that the liquid turns immediately and flows

along the nozzle wall.
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----

~GAS FRoM

,;:: S:VAPORAT~D

LIQUID

As the l1qu1d evaporates, mass 1s assumed to enter the gas

layer as though a uniform d1str1but10n of sources exists along

the interface. The mass addition is

w = p v Ag g g g

where A is the area of the gas-liquid interface '. It is
g

ass umed that the rate of mass addition is low enough so that

super soni c linearized theory applies, indicating that the

distributed sources are equivalent to a wedge of half angle

ê = v lu
l o Wu, et al., show that the equivalent we~ge upwash

w p
velocity, v

w
' is approximately ~ v g' and the force normal to

the wall is found to be (wgulll Mi-I). Expressing Lhe total

side force in terms of the fract10n of fluid evaporated,

~ = wg/w
i'

and the mass flow ratio, wilwc:

2= _~_-
IM2 - l

1

(4-8)
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1 2where ql = 2 Plul , a i s the ang le of the inje ction port, and

F
i

is the ini tia l t hrust of t h e i nje ct a nt. F or in jection of

liquids, F i < < Fs' there f ore

co e
w

(4-9)

The ratio F / F i s plott ed in fi g . 4-3 fo r typi cal operatings ax
parameters. Holdi ng ~ a nd Wi / W

C
f i xed, eq. ( 4- 9 ) indicates that

it is advantageous to inject a t low Ma ch numbers. For example,

inj ct i on at M
l

= 3 resul t s i n Fs be i ng only about half as large

as f or inje ction a t Ml = 1.4.

The lineariz ed the or y can be extende d to include the

case of heat a d d i t ion as well a s ma addition. A ·h e a t source

is equiva lent to a f l u id source , a nd t h e heat and ma s fluxes

are related by

( y-l)Q
=

w
A

where 0l is the free stream speed of sound . The add i tional

upwa sh ve l o c l t y ca used by a total heat additi on r at e , Q, i s

Th e a dded si d e f orc e cau ed by h eat a dd i tion i s

IM2_1
1

Q case
w

(4-10)
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Wu, et al.~ correlated their linearized theory with

limited experimental data for i n j e c t i on of water wOO freon 12.

The water injection data correlated well with the assumption

that ~ = 0.35. For freon 12 injected through the same size port

~ = 0.54 correlated the data. Doub l i ng the èxperimental 1njec~

t10n port area .required ~ = 0.76 to oorrelate the data for

freon 12, indicating that the evaporation rate 15 dependent on

the detailed fl ow near the injection station.

The linearized theory should only be va11d for low

rates of i n j eo t i on . The primary d1sadvantage of the theory is

that the evaporation factor, ~, 15 dependent on the detailed

flow mechanis ms . Theore ti ca l prediction of ~ would require

detailed ana lys i s of th e mas s transfer ph en ome na .

4.3. 3 Blast wa v e a na l ogy

Ana l ys i s of Broadwell - Broadwe l l (r e f . 4- 13) applied

t h e blast wa v e a na l ogy to t h e p redi ct i on of the side force

caused by se c ond a r y in je ct ion. Th e blast wave analogy applies

the solution for t h e uns teady cy l indri cal flow produced by the

explosion of a li n e charge to t he ca s e ofaxisymmetric steady

flow around a blunt body. Br oadwe l l used t he blast wave analogy

to predict the pressure d i s t ri but i on behind the shock caused

by the inje ctant, and thereby calculated the interaction force

on the wall.

The radius, R, of the shock formed by the sudden

release of energy, E, per unit length along a line may be

written as a power series in terms of the inverse of the shock

Mach number squared (ref. 4-14):
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(4-11)

where c is the speed of sound in the undisturbed , gas and u

is the shock ve1ocity~ R is a charaoteristic 1ength defined by
o

R
o

1
E "2

= (-)
21T P 1

(4-12)

where P1 is the undisturbed gas pressure.

The constants Jo and À
1

in eq. 4-11 have been numerical1y

eva1uated by Sakurai for Y1 = 1.4, but on1y Jo has been eva1­

uated ror other y's. Broadwe11 used the first order theory

c 2
(À1(~) «1), and eq. 4-11 becomes

(4-11a)

Sakura1 gave the f1rst order pressure distribution behind the

shock as

(4-13)

rSakurai presented g(R) for various values of Y.
dR

Noting that u = dt' eq. 4-11a may be integrated to yie1d

R
R

o

= I 2ct i

R J "2
o 0

(4-14)
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Wé may transform the solution to the steady, axisymmetric case
x

by making the substitution t = u
l

R* (4-15)

R
where R* = R

o

x
and x* = R •

o
Similarly

(4-16)

By assuming t h a t the energy was released along a flat plate,

Broadwell deduced t h e following expression for the interaction

fo rce on the plate, F :w

F
w

1 1
M 2- L*2 _

1 . (4-17)

1
f g(~)d(~). The value of g is always
o

y. The value of L is arbitrary, but not

-g =andL
where L* = R

o
about ~, independent of

critical if the plate is sufficiently long.>

The only remaining unknown is specification of E in

terms of the fluid injection parameters. For hypersonic flow

of a blunt body, E is set equal to the drag. In the case of

fluid injection, the equivalent drag is that to accelerate

the injected flow to free stream velocity, i.e. wiul•
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The energy is confined to the spaoe above the wall, and

Broadwell generalized the equivalent energy, E, to inolude the

effect of volume addition. He assumed that the additional volume

oould be accounted for by finding the equivalent amount of heat

which would cause the same volume change in a portion of the

primary flow o The energy term becomes

E = 1+

: y
l

- 1
1+ -­2.

2( Y -1)M2
1 1

(4-18)

Broadwell took L* to be that which gives the maximum

F , and obtained the following expression for F :w w

2-3/2 {:where o
g = 0.10 for 1.2- 3 lTJ Yl =

0

= O.lT for Yl = 1.4

(4-19)

Because of the approximate nature of the theory, the constant

C was included, and was determined from experiments. Broadwell

correlated the data of Amick and Hays and found that C = 1.2.

Applying the results to the case of a rocket nozzle,

where the wall is not parallel to the axis, and including the
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the initia1 jet thrust:

F s

where F
i

is the initia1 jet thrust and a is the ihc1ination of

the injectant port with respect to a normal to the nozz1e

center1ine (section 4 03 01)0

The increment ofaxia1 thrust caused by secondary

injection, ~F , is given byax

r 2+(Y1-1)Mi Jlt 1 To~
~F = CaM u 1+ AA -- wisinsw - .Fisina

ax 1 '1 2(Y1-1)M~ v'''i Tol

(4-21)

Broadwe11 corre1ated his blast wave ana1ysis with

some of the co1d flowexperiments of Rodriguez (refo 4-6)0 The

nozz1e area ratio, A /A*, was 25 with injection at nozz1e area

ratios of 12 08 and 1;010 The r-e s u L't s' for injection at :*1 = 12 08

are shown in fig o 4-4 0 The theory accurate1y prediets theiside

force on1y at very low injection rates, indicating that eosine

losses become important at the higher flow rates o Cosine losses

do not affect the axia1 thrust increment, and the theory

accurate1y prediets ~F (fig~ 4-4b)0 Neither side force nor
ax

axia1 thrust increment is accurate1y predicted fpr injection

at a nozz1e area ratio of 1701, indicating that there was

insufficient nozz1e 1ength downstream of the injector for the

maximum interaction force to be deve1oped o
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Broadwell (ref. 4-15) also correlated his blast wave

theory with the experiments of Wa lker, et al . (ref. 4-7) who

used various gaseous injectants. The results for the side force

F , (shown in fig. 4-5) indicate that the blast wave theorys
prediets with reasonable accuracy the effect of injectant gas

molecular weight.

There is conflicting evidence on the effect of injectant

molecular weight on side force. The theoretical results of

Zukowski and Spaid, and of Wu,et al. , indicate that Fs is

inversely proportional to lJ{i. Several experimental investiga­

tions verify this dependence on J(i. The blast wave theory, and

the experimental results of Walker, et al., indicate that only

the initial injectant t hrus t is inversely proportional to lJ{i'

with the interaction force, F , being inversely proportional
w

to J{ i •

Broadwe l l (ref . 4- 13 ) exte nd e d his blast wave theory

to the case of l iquid i n j ect i on . The fluid is assumed to vaporize

immediately upon injection. Br oadwell c or r e l a t e d his theory with

the freon 12 injection experiments of Newton and Spaid (ref.

4-8) • .The results, shown in fig. 4-6, indicate that the· blast

wav~ theory is reasonably accurat for freon 12 injection. For

fluids, such as wa t e r , which d o not f lash vaporize, it is not

likely that the blast wave theory would be sufficient.

Analysis of Dahm - Dahm (ref. 4-16) also applied the

blast wave analogy to SITVC. His theoretical development is

similar to Broadwell's, except for the following:
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1. The length, L, downstream of the injectant port is taken as,

the actual distance to the nozzle exit plane o

2
0

The second order blast wave results are used in an approximate

manne r ,

30 A different method is used to calculate the equivalent

energy E.

Like Broadwell, Dahm included an empirical constant, C, in his

side force equation o Dahm obtained somewhat better correlation

with the data of Walker, et alo, than did Broadwell.

Dahm did not treat the case of liquid injection o

4.3 04 Integral analysis of thrus t vector oontrol

Karamuheti and Hsia (ref. 4-17 ) proposed an analysis

of SITVC based on an integration of the flow properties at the

nozzle exit plane. The analysis considers the overall changes

in ma s s flow, momentum and energy in the portion of the nozzle

flow disturbed by the injection process o At the exit plane:

SHOcK CAVSED

8'1" IN~E.CTloN

NOZZLE \I-lALL AT

EXIT PL.ANE
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For an injectant which is a perfect gas, Karamcheti and Hsia

assumed that the flow conditions over A are uniform, ands
obtained the following equation for F gs

(4-22)

where the subscript s refers to the region of disturbed flow

(except for the side force, F )0 The subscript 1 refers to thes
flow approaching the injection station,~ and e to the undisturbed

nozzle exit conditions o Equation 4-22 contains two unknowns,

Ps and As. Karamcheti and Rsia used fi rst order blast wave theory)

as developed by Broadwell, to determine the shape of the shock

at the nozzle exit plane o The unknown pressure, p , was writtens
in terms of the axial thrust increment, 6F , asax

6F '" (p -p)A + wiueax s e s (4-23)

If 6F is known, eqso 4-22 and 4-23 de fine the side force F 0ax s

Karamcheti and Hsia found that, using the experimental

values of 6Fa x' the analysis ac curately prediets F s for the

case of injection well upstream of the nozzle exit. For i~jection

close to the nozzle exit plane, poor correlation was obtained,

indicating that the assumption of uniform flow over A is ins
error.

The advantage of the integral analysis is that it

implicitly includes the eosine losses, and the analysis prediets
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the experimental fact t h a t the cu r v e of F s vs w
i

l e v e ls off at

high values of wiG There i s need of additiona l work on the

prediction of p , t o e limi na te t h e d e pe nde nc e on ex perimentals
values of ÄF • The value of the a na l ys is for pr edi ct i on ofa x
liquid i n j e c t i on performan ce has not yet been determi n e d .

4.3. 5 Ex periments on t he shape of t he i nject i on s hoc k

Hsia, et al., ( r e f . 4- 18 ) pr esented expe rimental

results on t h e shape o f the i nject i on shock . The noz z l e wa s two

dimens ional, wi th ni t r ogen us ed a s the worki ng fluid . Ga se ous

ni trogen, l iqu i d ni trogen a nd fr eon 12 were us ed for the inj ec ­

tant ( 2 . 2 < MI < 3 . 2) . The results indicate that the fi rst

order blast wave s ol ution is inade quat e except f or a s h or t

distance down s tream from the inj e ot ion p ort . Sec ond orde r b lás t

wave theory was fo und to predi ct the sh0ck shape if the shoc k

axis was a ssumed t o be parallel to t he nozzle a x i s r ather t han

pa ra llel t o the wall .

Ev e rs (ref . 4-19) presented experimental results on

t h e shock s h ape caused b y sonic injecti on of air th r ou gh a

c i rcula r or i fice in a flat plate . The free stream Mach number

was va ri ed from 2 . 2 t o 7 . Evers found t h a t second order blast

wave t h eory, ±n co rporat i ng the e qu i valent e n e r gy t e rm of Dahm,

a ccurate ly prediets the shock s ha pe if a n or i gi n shi f t is

t a k e n into a c c ount. Th e vertical origi n shift wa s fo u nd to

vary from 1 to 8 t imes the b oundary l a y e r t h i ckne ss just

u ps t r e a m of the port, depend ing on t h e free s tream Mach number

and injection pressure ratio. Th e a x ia l origin s h i ft was found

t o be related to the radius of t he equ i va l ent blunt body, and
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to be only weakly dependent on the free stream Mach number. The

plate boundary layer was lamina~ for all operating conditions.

4.306 Summary of analytical methods

Because of their simplicity, the blast wave analogies

of Broadwell and Dahm appear to be the most useful for gaseous

injectants, or for liquid injectants which flash vaporize. At

present, these analyses are limited to low rates of injection

because Uhe eosine losses are neglected. Zimmerman, et a~v(ref

4 ~10) used first order blast wave theory to develop an approx~1

imate relation for the eosine losses. By incorporating this u

relation, the SITVC analyses of Broadwell and Dahm could be

extended to higher injection rates.

No analytica l t e ch n i qu e appears to be comp~ely ade­

quate for the injection of liquids which evaporate slowly, or

for injectants which react with the main flow. Sehgal and Wu

(refo 4-20) developed a t e ch n iqu e for calculating the effective

blunt body ca u s ed by t h e evaporation of a liquid injectant o The

complex processes of d roplet . formation, droplet tradcctories

and evaporation were t r e a t e d in a highly simplified way. The

general usefulne s s of the te ohni que has not yet been established o

Throughou t t h e chapter i t has been assumed that the

injectant is introduced t h r ou gh a single circular port~ Wu, et

al., ( r e f . 4-11 ) inves tigated the case of gas injection through

a slot into a t wo dimensional flow, and found that this config­

uration yields a higher side force than does a single port.

Broadwell (ref. 4-13) also treated the ca s e of slot injection ­

into two dimensional flow. He found that the side force is
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about three times higher than for a circular port. A transverse

slot configuration might offer some advantage in .a rocket

nozzle, but would tend to increase the eosine losses o A more

practical configuration from a structural viewpoint would be

a transverse array of circular ports. Hozaki, et al. (ref. 4-21)

have investigated the interaction caused by a transverse array

of circular holes.
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CHAPTER 5

ADVANCED ROCKET NOZZLE CONCEPTS

5.1 CURRENT DESIGN TRENDS

High and low chamber pressure engines - Most opera~

tional liquid propellant rocket engines operate with chamber

pressures in the range of 10 to 70 atm. There is currently

considerable interest in liquid propellant engines Mrlch operate

at very high chamber pressures (greater than 200 atm.). The

high chamber pressure engines are attractive for several reasons.

First, the high chamber pressure engine is relatively compact

for a given thrust level. As the chamber pressure is increased,

the amount of chemical dissociation in the chamber is decreased,

resulting in higher c*. The higher pressure levels throughout

the nozzle are conducive to attaining chemical equilibrium

during the expansion process. Fr om the viewpoint of the nozzle

designer, the high chamber pressure i s attractive because high

area ratio nozzles may be used wi thout incurring boundary layer

separation at sea level. The improved nozzle performance resulting

from use of high chamber pressure is illustrated in fig. 5-1,

where the idealized one dimensional nozzle performance is

compared for engines having p = 200 atm. and p = 40 atm.
c c

Both nozzles are designed for p = 0.5 atm. The thrust coeffi-
e

cient, CF' is 7-15% higher for the high pressure engine over

the altitude range shown in fig. 5-la. The performance of the

high area ratio nozzle is also closer to ideal over the entire

altitude range (fig. 5-lb). The major practical difficulty in

the use of high chamber pressures is the very high rate of heat

transfer to the nozzle walls in the region of the throat.
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At the other extreme, very low chamber pressure engines

(p ~ 1 atm.) are of interest for space applications. The
c

primary advantage of the low chamber pressure engine is that

the structure may be effectively cooled by radiation, or by

other simple cooling techniques (refs. 5-1 and 5-2)0 From the

viewpoint of the nozzle designer, the major problem will prob­

ably be the large viscous effects in the nozzle o

Clustered rockets - With eaèh succeeding generation

of booster vehicles requiring greater total thrust, the clus­

tering together of a number of well developed engines offers

several advantages. One basic engine design can be incorporated

into a variety of vehicles, resulting in increased reliability,

decreased development time and de creased development costs.

The clustering concept has, of course, already been applied to

the Saturn series of booste~ An incidental advantage of clus­

tering, which may be important in some applications, is that

the overall vehicle length is less than the length for a single

large engine.

The interaction of the individual exhaust jets with

the external stream and with each other may result in an intense

recirculation flow in the miss ile base region. The recirculation

of the hot exhaust gases can cause severe heating of the missile

base. Experiments and theory show that the base recirculation

problem can be extremely serious when the nozzles are arranged

in a circular pattern (ref. 5-3).

Plug-cluster nozzie - Mulready, et al. (ref. 5-4),
have discussed the concept of the plug-cluster exhaust nozzle.

The plug-cluster engine consists of a series of high pressure
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engines arranged in a tight circular cluster about a truncated

plug (fig. 5-2). The individual engine nozzles are of low area

ratio and are tilted toward the plug axis. Mulready, et al.,

~how experimental cold flow data which indicate that the

performance of a plug-cluster nozzle with tightly spaced nozzles
ti

is similar to the performance of an' annular plug n oz z Le , The

plug-cluster nozzle appears to offer the advantages of clustering

along with the altitude-compensating feature of the annular

plug nozzle.

5.2 AIR AUGMENTED ROCKET-OVERALL ANALYSIS

The usual rocket engine operates fuel rich, therefore,

substantial amounts of unburned or pa mi a l l y burned fuel are

contained in the exhaust stream. During atmospheric flight of

the rocket, it would be possible to capture free stream air

and to direct it around the fuel rich exhaust jet. The resulting

mixing and burning of t h e two s t re a ms inside a duct could re sult

in a net improvement in the propulsive performance of the

vehicle o

The concept of a combination rocket-air breathing

propulsion system is hardly new$ the ramrocket (fig o 5-3a) has

received sporadic attention for t h e past 15 or 20 years. The

main features of the ramrocket are:

(1) a small rocket which is operated with excess fuel,

(2) a cylindrical mixing section, and

(3) an aft nozzle.

The rocket and air streamsmix and burn in the mixing section,

with subsonic flow at the downstream end of the mixing section,

and are subsequently accelerated in the aft nozzle. Based on



-154-

the extensive analytical results of Glassman and Charyk (ref.

5-5), the ramrocket would appear to be applicable to a high

subsonic Mach number mission where a powerplant of high thrust

per unit cross sectional area is de~iredo The classiaal ram­

rocket is basically an extens ion of the ramjet, with little of

the total thrust being contributed directly by the rocket.

Typically, the ratio of air flow to r o c ke t flow is 10 to 300

More recently, the concept of the air augmented rocket

has received considerable a ttent ion. The air augmented racket

(fig: 5-3b) falls closer to t he ro cket side of the powerplant

spectrum, with most of the thrust or iginating fro m the rocket.

Whe primary features of the a ir augme n ted ro cket, which dis­

tinguish it from the ramrocket, are :

1. It is designed primarily f or t h e supe r s on i c flight regime.

2. The mixing and burning occurs i n a divergent mixing section,

with no aft nozz le.

3. The ratio of air flow t o roc ket flow is l e s s t ha n 5.

In contrast to the ramrocket, t h e r oc ke t stream may remain

supersonic throughout the du ct .

One dimensional analys is of the air augmented rocket ­

Perini, Walker and Dugger (ref. 5-6) have analyzed the perfor~

ance of the air augmented rocket, using t he assumption of one

dimensional flow. The flow model is shown in the following

sketch.
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Poj

Toj

The fo11owing assumptions are mad e in the analysis~

1. The flow is one dimensiona l at all stations.

2. The air flow (subs cript a ) diffuses isentropi cally from

free stream conditi ons to se ction 2a.

3. Pa 2 = PJ 2•
4. The t wo streams mix a nd burn a t c ons t a n t pr e s s u r e between

sections 2 and 3.

5. The f low expands, i n chemical equ i l ibrium, from station 3

to a prescribed Pe.

6. Frictional effe cts are neglected.

7. Mixing duct weight and external drag are not considered.

The equations for the process 2-3 are:

Continuity:

(5-1)
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Momentum (constant pressure)

(5-2)

Energy

where H is the total enthalpy, including heats ' of formation.

Equations (5-1)-(5-3), along with the assumption of equilibrium

chemistry, define the flow properties at station 3. The mixture ..

is then expanded in chemical equilibrium to p , thus defining
e

u •e

The specific impulse i s defined as

where

F = (p A +w u ) - (p=A l +w u=) -p (A -Al )aug e e e e a a = e a

Perini, et al., made an extensive series of calcula­

ti ons for the following conditi ons:

Free stream~ M= = 3

altitude = 40 OOOft

p = 2.7 psia
ee

p = 100 ps La ,
o =
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Rocket: aluminized solid propellant

Poj = 1000 psia

To j = 4 150 0K

Fra cti on of s olids in rocket exhaust ~ 47%

(particle lag effe cts neglected).

The effect ; of the following parameters was investigated: Pa2'

p , and W/W j • The system performance was found to be stronglye a
dependent on the pressure at which the mixing and combustion

takes place (fig. 5-4a), with the best performance being at­

tained when the Air is introduced at the highest possiQle pres­

sure (therefore at a low subsonic Mach number). As in the case

of a conventional rocket, it is desirable to expand the flow to

the ambient pressure (fig. 5-4b).

Perini, et al. also analyzed in an approx~mate way
'"

the effect of diffuser inefficiency and the effect of incomplete

mixing on the performance. Decreasing the diffuser kinetic

energy eff ioiency from 1.0 to 0.95 reduced the I appro±imatelysp
8%. The approximate mod e l indicated that the performance defect

caused by incomplete mixing is not extremely serious.

The one dimensional analysis of the air augmented

rocket, although very idealized, does point out the inherent

potentialof the concept. The duct shape required to realize

the assumed pressure distribution cannot be predicted by .the

one d!mensional theory, and information on the duct shape is

required to evaluate the weight of th~ duct and the external

drag on the duct. Realistic evaluation and optimization of the

air augmented rocket requires a perceptive theory for the

complex flow pr-o c e e s-es o ccur-Lng. wi thih" the ' mix;1,ng,· du c t ,



-158-

5.3 DETAILED ANALYSIS OF THE FLOW IN THE MIXING DueT

The flow in the mixing duct is shown schematically in

the following sketch:

POQ,

Toa...

CD
I

~IXING DOeT

REG/oN

Analysis of the free t u r bu l ent mixing with chemical reactions

is not only of interest for the a ir augmented rocket, but is

also required for evaluation of the s u pe r s on i c combustion ramjet.

The mixing zone is essentia lly a high speed turbulent diffusion

flame.

Analysis of turbulent mixing processes - Engineering

analysis of free turbulent mixing processes is necessarily

semi-empirical in nature because n o fundamental quantitative flow

model of turbulence has yet been deri~ed. Free turbulent proc­

esses are usual~y analyzed by making the following assumptions:

1. The time average flow is treated with the boundary layer

assumptions, using phenomenologi ca l, or effective, values
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for the transport coefficient~.

2. The molecular transport i s negligible compared to the

turbulent transport.

The boundary layer equations in axisymmetric coordinates are:

Global continuity:

a (pu) + 1. _a (pvr) = 0
. ax r ar

Axial momentum:

(5-6)

Pu au ~"äX' + PV ar = 1. -L (pe:r ..a.!!)
r ar ar

J.E.
ax

where e: is the turbulent eddy viscosity.

Energy

aH aH l~ ~ (Pr-l) aupu .......- + pv + r + pe:ru
ax ar r Pr ar Pr ar

( Le - l )
n ay i ]

+ pe:r I h i
(5-8)

Pr i =l a r

whe re H is the stagnation entha lpy ( i n c l u d i n g heats of formation)~

Y
i

is the ma s s concentration of species i,

h
i

is the statie enthalpy of species i, and

the Prandtl and Lewi s numbers are the effective turbulent

values.

Species continuity

pu
L

. aY
i1 a (~ . ) -+ .'l= r a; Pr .o er- -a; . W i

where ~i is the rate of chemical formation of species i.
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These energy and species continuity equations may be considerably

simplified by assuming that the Prandtl and Lew1s numbers are

uni ty.

aH aH 1 a (p € r 2!!.)pu + Pv =ax ar r ar ar

and

a C
i

a C
i 1 a

(o e: r
a C

iPU Pv = - a;)ar ar r ar

(5-Sa)

(5-9a)

where Ci .iS the mass fraction of elemental species i.
,

Using Ci,rather than Yi , eliminat~the chemical formation term,

wi (Libby, ref. 5-7).

We see that, for the case of constant pressure,

equations (5-7), (5-Sa) and (5-9a) are identical in form,

indicat1ng that the solutions for u, Hand C
i

are linearly

related. In terms of the present nometicla~ure:

u-ua
=

H-Ha
H -HJ a

= (5-10)

The solution of the original set of equations is now reduced

to solv1ng global continuity and momentum equations, assuming

that the state of the mixing zone ch&~istry 1s specified as

either frozen or equilibrium. Conceptually, the solution could

be obtained if thB eddy viscosity were known in terms of the

other variables •

Models for the eddy viscosity -For constant density

flo~, the eddy viscosity or turbulent shear stress models of
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Prandtl or Taylor yield results which are satisfactqry when

compared to experiment. These s h e a r s tress models are, of course,

semi~empirical and contain one experimental constant. The most

widely used expression is the Prandtl eddy viscosity model:

E = (5-11)

where k is an empiri cal constant and b is the width of the

mixing zone.

Many mod e l s have been proposed for mixing wi th large

density gradients, none of which appears to be valid over a

significant range of parameters. The only practical procedure

at this time is to choose a pa rt i cula r eddy viscosity model,

then adjust the empirical cons tante to give correlation of the

theory with experimental results in t h e range of parameterewhere

the theory i s to be a p p l ied. The re sulting "theory " is not

appli cable t o mixing problems in ge neral , but a l lows l im i t e d

extrapola tion of ex per i men t a l da ta~ a n d also leads to i ns i gh t .

into t he way t h e va r i a bles i nt e r act .

To da te , solution of the mixing equat ions has been

accomplished by one of thr e e methodsg ( 1) numerical solution

of the boundary layer equations u s ing an· assumed model for the

turbulent transport ( see Vas iliu, ref. 5-8, for example), (2)

compressibility transformation technique, and (3) integral

methode Most of the work related to the air augmented rocket

and to the supersonic combustion ramjet has been achieved with

one of the last two methods o
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Compressibility transformation technique - Mager (ref.

5-9) proposed a compressibility transformation of the boundary

layer equations which is the turbulent counterpart of the

Howartn transformation for laminar flo~. Ting and Libby (ref.

5-10) used Mager's transform~tion to derive an eddy viscosity

expression for variable density free mixing.

In two dimensional flow

(5-12)

where Ë is the constant density eddy viscosity and p is an
r

unspecified reference density. In axisvmmetric flow, eq.(5-12)

b ecomes

(5-12a)

Libby (ref. 5-7) analyzed constant pressure axisymmetric two

stream mixing with the compressibility transformation technique.

Basically, Libby's solution consists of introducing the stream

function, $, into eq. (5-7). A new axial coordinate is then

introduced:

x Pr E

f (pc)~ dx
o a j

(5-13)

(5-14)

A 1inearized solution of the momentum equation was obtained in
u-ua

($,~) coordinat s, i.e. D f(~,~).u -u
j a
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To obtain the solution in the physical plahe, two inverse

transformations are required o The first, given by eqe (5-13)

requires specification of E, for which Libby used Prandtl's

eddy viscosity model (eqo 5-11 )0 Libby also specified that the

reference density, P , is the jet density, Pj' in the
r .

field, or the centerline density, P , :far downstream oc

near

The second inverse transformation is required to

transform the solution from t h e ~ c oor d i n a t $ to the radial

coordinateg

P u
2(~)

pu

Qther investigators have used essentially the same

transformation technique, with changes in the method of line­

arization of the basi c transformed equation, or with different

assumptions for the reference densi ty, Pro

For app lication to the d ucted mixing of the air

augmented rocket, the compressibili ty transformation solution

is used to solve the indire ct problem, ioe. t h e initial condi­

tions and the assumption of constant pressure define the flow

field. The duct contour is then determined by using a mass

integral to locate the streamline which corresponds to the

wall o The method is not suitable for solution of the dire ct

problem where an arbitrary duct con~our is specified and the

flow field must be determined o Qne of the major problems in

the evaluation of the air augmented rocket is to determine the

performance of a fixed duct geometry for a range of initial
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conditions, therefore the compressibi~ity transformation technique

has limited usefulness for this .a pp l i ca t i on .

Integral methods - The integral method, in which the

basic equations are satisfied on the average across the mixing

zone, is useful for the analysis óf the flow in the air augmented

rocket. The greatest advantage of the integral method is that

the overall results, such ~wall pressure distribution, are

relatively insensitive to the choice for the shape of the mixing

zone profiles •

. Peters, et al (ref. 5-11), made an experimental and

theoretical investigation of ducted two stream mixing. Experimen­

tal data were obtained for conditions approximattng those of

I
with the objective of predieting the wall pressure distribution I
when the initial stream conditions and wall geometry are specified e,l

i
The following assumptions were used:

1. The inviseid streams are one dimensional and isentropie.

2. The tatie pressure is constant across any duet seetion.

3. Viseous effects .at the duct wall are neglected.

4. Equation (5-10), relating u, Hand C
i

may be applied to

mixing with axial pressure gradients.

5. The mixing zone chemistry is either frozen or in equilibrium.

The following integral equations were used:

Axial mornentum:

r
w:x f

o
ou 2r d r

r
w

= - ~ fdx
o

rdr (5-16)
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Continuity

r
d w
dX f purdr = 0

o

(5 -17)

These equations may be expanded as follows (see ske tch on page

158 for nomenclature):

::::

and

1
2

d r i
' dx PjU~ 2"'" +

2
r

äa --1!
d x 2

(5-16a)

+ P ua a rdr} = 0
(5-17a)

The mixing zone velo ci ty prof i l e was assumed to e xhibi t s h a p e

similarity and to be represented by a e os i n e fun ction g

u-ua
u .-u

J a
(5-18 )

One additional equation for t h e ra te of growth o f

the mixing layer is required o The empirical expression propos ed

by Abramovich (ref o 5-12) for mixing with large density

gradients was usedg
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db
dx

Using eqso (5-18) and (5-19), equations (5-16a) and (5-17a)

were solved numerically for the unknowns p(x) and ri(x) .

The theory is compared to an experimental wall pres­

sure distribution in fig. 5-50 Also shown in fig. 5-5 are the

parameters for the experimental apparatus. The assumption of

a one dimensional rocket stream is badly violated for these

experimental conditions. A~ the rocket plume expands from the

nozzle, it causes the air stream to choke at a station down~

stream from the inlet o This effect was treated in an approximate

way by calculating the rocket plume shape wtth the method of

characteTistics up to the ou ter stream choke point. The mixing

theory was then initiated at this section, with the assumption

of equilibrium mixing zone chemistryo

Radial distributions of pitot pressure and gas comp~

sition were obtained at the du ct exit plane o The experimental

and theoretical distributions are compared in fig o 5-6.

Con~idering the extreme difficulty of making reliable measure­

ments in the high temperature environment, the agreement between

theory and experiment is reasbnably satisfaotory~

The rather crude analytioal model seems to provide

a sattsfaotory representation of the mixing zone profiles, but
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two faults are evident in the overall analysis o First, the

assumption of a one dimensional rocket stream is not jus tified

for many practi~al configurations. Second, strong ax~al pr e s s u r e

gradients may have an appreciable effe ct on the rate of growth

of the mixing layer o The Abramovich e quat i on for the growth rate

was deduced trom constant pressure experimental results, and

cannot predict the effect ofaxial p~essure gradient~o

Analysis of Chow and Addy - Ch ow and Addy ( r e f o 5;13)

have analyzed the case of a short ejector configuration in

which t h e primary jet is underexpanded o

(J)

I
OUTER STREAM
C\-\oKI NG S TATiON

AA < I _--- -1--
'~Ia..1 »>

~~-,,:.-----~;wo D':ENS'ONAL M'.'NG
Z o NE. SUPERI~poseD ON INV/se ID
.JET 6 o uN0 A'RY

~ /N V/ Se ID ..JET 60uNOARY

The inviscid flow field is fi rst calculated, using the method

of characteristics for the central stream and the assumption

of one dimensional flow for the outer stream o The outer stream

choking station is established by a trial and error procedure.

Af ter the inviscid flow field is es tablished, including t h e

wall pressure distribution, the effect of mixing is calculated
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by superimposing a two dimensional mixing zone on the inviscid

jet boundary. The ch~ge in outer stream mass flow caused by

the mixing is calculated by using the concept of a dis~l~cement

thièkness at the choking section. Chow and Addy stated t ha t the

accuracy of prediction of the outer stream ma s flow and the

wall pressure distribution can be improved by an iteration

procedure. The theory was found to predict quite accurately

the experimental secondary mass flow and wall pressure distribu­

tion for the case where both streams arecold air.

The analysis is useful for short ejector or thrust

augmentation configurations where the effect of mixing is only

a small perturbation on ·the inviscid flow field. Chemical

reactions have not be~n included in the mixing analysi , nor is

the analysis useful for long duct .configurations where the

mixing effects predominate. It is, however, the only available

analysis whi ch considers the non-cund form nature of the central

jet.

other experimental studies - Because of the complex

nature of the mixing duct flow, detailed an4 reliable experimen­

tal results are essential for the development of a satisfactory

mixing theoryo Unfortunately, such data are .a l mos t nonexistent

for the flow regime of the air augmented rocket.

Several experimental studies have been reported on the

problem of .thrQst augmentation for zero or very:low flight

veloeities, where the air stream total pressure is equal to the

ambient pness ure, ~m.
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:';'XING o uc-r
Pao \

INDUCEO,~
FLOW ~ --------"-------------

In this type of thrust augmentatinn, the increase in thrust is

caused entirely by the decreased pressures on the front surface

of the inlet. The main difference between the flow in this type

of configuration and the air augmented rocket configuration of

fig. 4-3b is that the rocket is normally overexpanded.The

mixing process is accompanied by a strong shock system, whieh

hugely eompli eates the a naLy s f s of the flow.

Pool and Charyk (ref. 5~14) made experiments on a

statie thrust augmentation device eonsisting of a small oxygen­

gasoline rocket engine and a divergent mixing duet. Duet statie

pressure distributions were measured, but no measurements were

made on the flow within the duet.

Scott (ref. 5-15) has reeently reported results from

another of the early Project Squid investigations. In this
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experiment the mixing duet was eylindrieal and the central

stream was the exhaust from an ethylene oxide monopropellant

roeket o Only duet statie pressures were mea uned o

Simonson and Sehmeer (ref o "5- 16) have investigated

statie thrust augmentation devices having cylindrieal mixing

ducts o The central Jet came from a hydrogen peroxide decompos~

tion ehamber~ Measurements were presented on duet thrust, and

on radial distributions of temperature and pitot pressure at

the duet exit plane o
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