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Abstract. An analytical model for tidal dynamics has been
applied to the Yangtze Estuary for the first time, to describe
the tidal propagation in this large and typically branched
estuary with three-order branches and four outlets to the
sea. This study shows that the analytical model developed
for a single-channel estuary can also accurately describe
the tidal dynamics in a branched estuary, particularly in the
downstream part. Within the same estuary system, the North
Branch and the South Branches have a distinct tidal be-
haviour: the former being amplified demonstrating a marine
character and the latter being damped with a riverine charac-
ter. The satisfactory results for the South Channel and the
South Branch using both separate and combined topogra-
phies confirm that the branched estuary system functions as
an entity. To further test these results, it is suggested to collect
more accurate and dense bathymetric and tidal information.

1 Introduction

There exists a long tradition of analytical solutions for tidal
dynamics in estuaries (Dronkers, 1964; Harleman, 1966; Ip-
pen, 1966; Prandle and Rahman, 1980; Jay, 1991; Friedrichs
and Madsen, 1992; Friedrichs and Aubrey, 1994; Lanzoni
and Seminara, 1998; Savenije, 1998, 2001, 2005; Prandle,
2003; Horrevoets et al., 2004; Savenije and Veling, 2005;
Savenije et al., 2008; Toffolon and Savenije, 2011). These
solutions usually made assumptions to simplify or linearise
the nonlinear set of equations. The cross-section of the estu-
ary is generally assumed to be constant or gradually varying.
The storage in the tidal flats adjacent to the channel, which

affects tidal damping and tidal wave celerity, is generally ne-
glected, except by Jay (1991), Friedrichs and Madsen (1992),
Friedrichs and Aubrey (1994), and Savenije et al. (2008). The
friction term is generally linearised, with a constant friction
coefficient along the channel, except by Lanzoni and Semi-
nara (1998), Savenije (1998, 2001, 2005), Savenije and Vel-
ing (2005), and Savenije et al. (2008). In Lanzoni and Sem-
inara (1998)’s solution, although the nonlinear friction term
was maintained, the spatial and temporal variation of the fric-
tion coefficient was ignored, while the channel axis was as-
sumed to be straight, the bottom of the channel was fixed
and horizontal, and the possible presence of tidal flats was
ignored. Savenije (1998, 2001, 2005) determined an analyt-
ical expression for tidal damping by subtracting high water
(HW) and low water (LW) envelopes maintaining the nonlin-
ear friction term, using an exponentially converging geome-
try allowing for bottom slope and tidal flats. For given geom-
etry, friction, and tidal amplitude at the downstream bound-
ary, Savenije et al. (2008) provided explicit analytical equa-
tions to compute the tidal damping, the wave celerity, the
phase lag and the velocity amplitude along the estuary axis.

What all these analytical methods have in common is that
they are derived for single-channel estuaries. Savenije’s so-
lution has been applied to about 11 estuaries worldwide such
as the Schelde in the Netherlands, the Elbe in Germany,
the Chao Phya in Thailand, the Maputo, Limpopo, Incomati
and Pungue in Mozambique, and the Mekong in Vietnam
(Savenije, 2001, 2005; Horrevoets et al., 2004; Savenije and
Veling, 2005; Nguyen et al., 2007; Savenije et al., 2008).
Among these, the Incomati and Mekong are branched estuar-
ies, however, the branches were either lumped or considered

Published by Copernicus Publications on behalf of the European Geosciences Union.



3328 E. F. Zhang et al.: An analytical solution for tidal propagation in the Yangtze Estuary

one branch at a time (Savenije, 2001, 2005; Savenije and
Veling, 2005; Nguyen et al., 2007). In this paper, we ap-
ply Savenije’s solution to the Yangtze Estuary in China, a
typical branched estuary with three-order branches and four
outlets to the sea, to describe the tidal propagation for every
branch and every reach of the estuary. The work is based on
the assumption that the branches can be combined into a sin-
gle channel. The model is calibrated and verified using field
data, with good agreement between computed results and ob-
servations. The results suggest that the analytical model for
a single-channel estuary can describe the tidal dynamics in a
branched estuary system as well, and confirm that the estuary
functions as an entity.

2 Summary of the model

The tidal dynamics in an alluvial estuary can be described by
the following set of one-dimensional equations (Savenije et
al., 2008):
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whereU is the tidal flow velocity,g is the acceleration due
to gravity,z is water level fluctuation,σ = ∂

(
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)
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h/(2ρ)∂ρ / ∂x includes the free surface residual slope and
the density term,zb is the bottom elevation,h is the tidal
average water level,h = z + h is the water level,ρ is water
density,C is Chezy’s friction factor,rs is the ratio between
the storage width and the stream width, anda is the area
convergence length.

After scaling, Eqs. (1) and (2) can be rewritten as dimen-
sionless equations:
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where the asterisk superscripts denote dimensionless vari-
ables (U∗
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/
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amplitude. The dimensionless parametersχ , γ , µ andλ are
friction number, estuary shape number, velocity number, and
celerity number, respectively:
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whereω = 2π
/
T is tidal frequency,c0 is the classical tidal

wave celerity,c is the actual tidal wave celerity for average
depth.c0 andf can be calculated by means of the following
equations:
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whereK = 1/n is the Manning-Strickler friction factor,n is
Manning’s coefficient.

Based on 9 assumptions (see Appendix), Eqs. (1) and
(2) can be written in the form of four implicit analytical
equations, as described by Savenije (2005) and Savenije et
al. (2008):
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whereε is the phase lag between high water (HW) and high
water slack (HWS) (or between low water (LW) and low wa-
ter slack (LWS)),α = cυ sinε/(gη) is a tidal Froude number,
andD is the damping term.

Making use of the dimensionless parameters Eqs. (5)–(8),
defined above, and the damping numberδ, defined below,
these four equations can be scaled resulting in four dimen-
sionless equations:

Phase lag equation: tanε =
λ
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(15)

Scaling equation: µ =
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λ
=

cosε

γ − δ
(16)

Damping/amplification equation:

δ =
µ2

µ2 + 1
(γ − χµ2λ2) (17)
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Celerity equation:

λ2
= 1− D = 1− δ

cosε

µ
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The damping numberδ is defined as:
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For more details about the derivation of these equa-
tions, we refer to the author comments posted
in the interactive discussion forum of HESSD
(http://www.hydrol-earth-syst-sci-discuss.net/9/2213/
2012/hessd-9-2213-2012-discussion.html).

Based on Eqs. (5–19), Savenije et al. (2008) derived ex-
plicit analytical solutions. For the so-called mixed wave
whereλ2

6=0, the damping number, celerity number, phase
lag and velocity number can be described by the following
relations.
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For the special case whereλ2
= 0 (the apparently standing

wave), the following relations can be obtained (the subscript
“s” represents the apparently standing wave):
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The critical convergenceγc is the transition point between
these two wave types, given by:
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If γ < γc the solution for the mixed wave exists, while the so-
lution for the apparently standing wave is for the case where
γ > γc.

For a longitudinal solution, the variableη needs to be
determined through integration of the damping numberδ.
Based on Eq. (19), and using the tidal amplitude at the sea-
ward boundaryη0, the damping number can be integrated
stepwise. The two unknown parameters are: the Manning-
Strickler friction factorK and the storage width ratiors,
which can be obtained by calibrating the computed results
against measurements.

3 The Yangtze Estuary

The Yangtze Estuary is the part of the Yangtze River system
downstream from Datong where the tidal limit is (Fig. 1).
The estuary has an approximate length of 630 km and a
mouth of about 90 km width. Downstream from Xuliujing,
the estuary branches into the North Branch and the South
Branch, forming Chongming Island. Further down, the South
Branch branches into the North Channel and the South Chan-
nel, forming Changxing Island and Hengsha Island. Finally,
the South Channel branches again into the North Passage and
the South Passage forming Jiuduansha Island. As a result, the
estuary has three-order branches and four outlets to the sea.
Among this branched part, separate from the North Branch,
the southern estuary system is called “the South Branches”.
The reach upstream from the junction of the North Branch
and the South Branch to Datong is called “the Upper Reach”.

3.1 Shape of the Yangtze Estuary

The geometry of the Yangtze Estuary can be described by
exponential functions (Eqs. A1–A3), which correspond well
with observations (squares, diamonds and triangles in Fig. 2).
Good fits are obtained for both individual and combined
channels. The Combined South Channel is the combina-
tion of the South Passage and North Passage (0–33 km),
adding the South Channel (33–70 km). The Combined South
Branch is the combination of the Combined South Channel
and the North Channel (0–64 km), adding the South Branch
(64–113 km). Upstream from 113 km, following the South
Branch, is the Upper Reach. The width and area of the com-
bined channel are the sum of the widths and areas of cor-
responding separate channels. The depth of the combined
channel is the ratio of the combined area to the combined
width.

It can be seen that the combined channels such as 0–33 km
of the Combined South Channel and 0–64 km of the Com-
bined South Branch, appear as if they are a single channel,
connecting well with the upper reach and demonstrating a
regular topography. This suggests that morphologically the
estuary system functions as a unity. Comparing the North
Branch to the South Branches, we see clear differences in
characteristics. In the North Branch, the width and depth
both decrease upstream from the mouth. However, in the
South Branches the width decreases mildly and there is a
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Fig. 1.The Yangtze Estuary.

slight increase of the depth. This is due to the marine char-
acter of the North Branch, which is a short estuary with a
length close to the resonance length of the tide (c0T/4), while
the South Branches have a more riverine character, being
long compared to the tidal wave length. Riverine estuaries
generally have no bottom slope, whereas short estuaries do
(Savenije, 2005).

3.2 Hydrological conditions of the Yangtze Estuary

The Yangtze Estuary experiences a mesoscale tide with a
mean and maximum tidal range of 2.67 m and 4.62 m, re-
spectively, near the mouth at Zhongjun station (Shen et al.,
2003). It has an irregular semidiurnal character. The aver-
age flood and ebb duration are 5 and 7.4 h, respectively, at
Zhongjun. On the whole, the tide gradually damps upstream
from the mouth due to the increased impact of river dis-
charge. The limit of the tidal flood current lies near Jiangyin
(about 214 km from the estuary mouth), while the tidal limit
is located near Datong, the location of which can vary with
the river discharge.

The Yangtze Estuary receives a large amount of fresh wa-
ter, with a mean annual discharge of 28 310 m3 s−1 at Da-
tong (1950–2009), and large seasonal and annual variation.
Downstream from Xuliujing, the majority of the fresh wa-
ter flows into the South Branch. Because the channel of the
North Branch is almost perpendicular to the main channel,
the freshwater inflow of the North Branch is very small: less
than 1 % and even 0.4 % of the Yangtze River discharge in
recent years (Chen and Chen, 2003; Yu et al., 2003; Tan

and Wang, 2004; Zhang et al., 2011). Therefore, the South
Branches deliver almost all fresh water from the Yangtze
River to the sea.

The topography, river discharge, and tide interact and in-
fluence the characteristics of the channels. Assuming that the
river discharge ratio of the North Branch is 1 %, and using the
average river discharge of 16 700 m3 s−1 during the dry sea-
son and 40 000 m3 s−1 during the flood season at Datong sta-
tion, the Canter-Cremers numberN (N = Qf T/Pt, T is the
tidal period,Pt is the tidal prism) during spring tide is about
0.0025 in the dry season, and 0.006 in the flood season for
the North Branch, and 0.1 (dry season) and 0.24 (flood sea-
son) for the South Branches, respectively. This indicates that
the North Branch is a marine well-mixed channel, and the
South Branches have partially mixed character on the whole,
which may become well-mixed during spring tide in the dry
season (Zhang et al., 2011). Hence, the conditions of the
Yangtze Estuary basically agree with the assumptions made
in the Appendix. Although the Yangtze River has a large
freshwater discharge, its tidal flow is an order of magnitude
larger. Therefore, the large river discharge is not restrictive
particularly during the dry season.
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Fig. 2. Geometry of the Yangtze Estuary (Reach 1, 2, 3 represent the reaches of multi-reach channels, 1, 2, 3 are the reach numberi in
Eqs. A1–A3).

4 Calculation of tidal propagation for the
Yangtze Estuary

4.1 Boundary conditions

The domain of calculation is between estuary mouth and the
tidal limit (Datong station), which are indicated in Fig. 1 by
the dotted lines and triangle symbol, respectively. The land-
ward boundary Datong is the last permanent hydrometric sta-
tion with long discharge records in the main Yangtze River,
with a mean annual discharge of 28 310 m3 s−1 (1950–2009).
The seaward boundary is the estuary mouth with a mean tidal
range of about 2.8 m, outside which the tide has a regular
semidiurnal character.

4.2 Approach

Our previous research in the Yangtze Estuary demonstrated
that the branched estuary system functions as an entity in
terms of salt intrusion (Zhang et al., 2011). The same phe-
nomenon was observed by Nguyen and Savenije (2006) and
Nguyen et al. (2008) in the Mekong delta system. Based
on this observation for salt intrusion, we assume that for
tidal dynamics the branched estuary system will function as
an entity as well. Hence, we consider both single branches
and combined channels in the system: North Branch, North
Channel, North Passage, South Passage, and the Combined
South Channel and the Combined South Branch with Upper
Reach.

For the single branches: the North Branch, the North
Channel, the North Passage and the South Passage, computa-
tions are directly based on their individual topography using
Eqs. (5)–(10), (19)–(26), starting from their mouths.

For the South Channel, computation continues from the
junction of the North Passage and South Passage (junction 1),
where the inputs of tidal amplitude andt-LW and t-HW are

the weighted average of these two channels whose cross-
sectional areas at the junction are taken as the weight. For
the South Branch, computation continues from the junction
of the South Channel and the North Channel (junction 2).
Similarly, the inputs are the weighted averages of these two
branched channels. The distances from the mouth for the
South Channel and South Branch in the model are measured
based on the topographies of the Combined South Channel,
and the Combined South Branch, respectively. At the junc-
tion of the South Branch and the North Branch, we do not
consider the North Branch whose effect is considered to be
small. The Upper Reach computation continues upstream di-
rectly from the South Branch.

In our approach, there are two modifications for the aver-
age depthh. Firstly, the cross-sectional average depths be-
tween 130 and 250 km obtained by regression are corrected
to better fit the measurements, because the depths obtained
by regression (by dividing the regressed area by the regressed
width) are much higher than the observed depths (Fig. 2f).
Secondly, we adjust the tidal average depth for the different
tidal amplitudes, as opposed to using the average depth at
mean sea level. In this way, we take account of the varying
average depth between different tidal amplitudes.

4.3 Calibration

The tidal observations of high water level (HW), low water
level (LW) and their timing (t-LW and t-HW) at 19 stations
along the Yangtze Estuary on 21–22, 29–30 December 2006
(Fig. 1) have been used to calibrate the model. The Manning-
Strickler friction factorK and storage width ratiors (Table 1)
have been determined by calibrating the computed curves
of longitudinal tidal damping/amplification and travel time
of tidal wave against measurements. The computed results
are presented in Fig. 3, with satisfactory fit to the measure-
ments. Only the computed tidal travel time cannot fit nicely
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Fig. 3. Computed results (drawn lines) for the tidal amplitude(A–C) and travel time(D–I) along the Yangtze Estuary on 21–22, 29–
30 December 2006, compared to measurements (symbols).

to the measurements at Qinglonggang station (75 km) of the
North Branch during spring tide particularly for high wa-
ter (Fig. 3d). For the South Branches and Upper Reach, the
computed travel time for low water is slightly higher than
the observations. For better presentation and continuity be-
tween upper reach and lower channels, in plots 3b, 3c and
3f–i (Fig. 3) distances are measured from the estuary mouth
for South Passage, North Passage, South Channel and North
Channel, based on the topography of the Combined South
Branch and Upper Reach. In the legend of these plots, the
abbreviations SP, NP, SC, NC represent the South Passage,
the North Passage, the South Channel and the North Chan-
nel, respectively, and SB&UR stands for the South Branch
(64 km–113 km) and Upper Reach. These abbreviations are
used in the following figures as well.

The Manning’s coefficient is an important parameter for
the model. It is an index of the resistance to flow in a channel,
which results from the interaction of many elements, such
as particles of streambed material, bank irregularity, vege-
tation, channel alignment, bed forms, channel obstructions,
converging or diverging streamlines, sediment load and sur-
face waves (Limerinos, 1969). In estuaries, the Manning’s
coefficient n is considered to be between 0.033 and 0.04 for
less turbid estuaries (Henderson, 1966; King and Wolanski,
1996). However, for turbid estuaries this value can be much
smaller, such as the Fly River Estuary in Papua New Guinea
and the South Alligator River Estuary in Australia with the
values 0.015–0.02 (King and Wolanski, 1996), which may be
due to the presence, in some areas, of fluid mud near the bot-

tom, enabling the bulk of the flow to slip over muddy layers,
thus, decreasing the bottom stress (Wolanski, et al., 1992).

In the Yangtze Estuary, the n-values for most channels we
obtain are smaller than 0.02 with the minimum of 0.011, i.e.,
the Manning-Strickler friction factorK is 50–90 (Table 1),
which agree with the values 0.02–0.01 used in some previ-
ous numerical-model research which usually covered the es-
tuary downstream from Tianshenggang (162 km) or Jiangyin
(214 km) (Wang, 1992; Zhou and Wu, 1994; Shi et al., 2003;
Yu et al., 2007; Liu et al., 2010; Kong et al., 2010). The small
n-values are probably related to the turbid characteristic in
the Yangtze Estuary as well, in which the maximum sedi-
ment concentration can reach 8 kg m−3 in the bottom layer
of the turbidity maximum zone and there is the presence of
fluid mud (Shen et al., 1995; Shen and Li, 2011). The small-
est value in the North Channel (0.011) is in accordance with
previous research by Wang et al. (1987) and corresponds
with the observed amplification in this reach. The large value
for the North Passage (n = 1/K = 0.03) may be due to its
high water depth and long convergence length, resulting from
dredging and bank fixation for shipping, which leads to more
damping in this channel.

In addition, the storage width ratiors is an important pa-
rameter as well, particularly in a shallow mesotidal estuary.
The tidal flats adjacent to the channel increase the friction,
decrease wave celerity and enhance tidal damping. The val-
ues ofrs we obtained for the Yangtze Estuary (Table 1) ba-
sically agree with the assumption of the model (rs < 2). The
large values for the channels near the mouth correspond with
the large area of tidal flats. Because no data or reference on
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Table 1.Calibrated parametersK andrs of the Yangtze Estuary.

Parameter

North North

North South

Combined
Combined South Branch and Upper Reach

Branch Channel

Passage Passage

South Channel

0–5 5–85 0–18 18–53 0–40 40–70 0–34 34–90 90–130 130–250 250–626
km km km km km km km km km km km

K 50 50 55 90 33 50 45 50 50 71 60 55 30

rs
Spring tide 1.1 1 2 1 1.1 2.1 1.72 1 1.85 1 1 1 1
Neap tide 1.1 1 2 1 1.1 2.1 1.72 1.7 1.9 1.45 1.1 1.1 1

the storage width could be found, these results may have to
be verified at a later stage.

4.4 Validation

The measurements on 18–19, 24–25 February 2003 at 19 sta-
tions along the Yangtze Estuary and the observations on 1–2,
8—9 March 2002 at 18 stations excluding the North Branch,
have been used to validate the model and our approach, us-
ing the parameters in Table 1. The calculated results fit the
data well (Figs. 4 and 5). For the North Branch, the same de-
viation in the tidal travel time is obtained at Qinglonggang
station (75 km) as in 2006 during spring tide particularly for
high water (Figs. 4d and 3d). This may be due to the large
difference in water depth between HW and LW at spring tide
in this relatively shallow part of the estuary. The abnormal
long travel time at Santiaogang (17 km) during neap tide in
2003 (Fig. 4e) is probably due to a data problem.

For the South Branches and Upper Reach, some computed
tidal amplitudes for the upper reach particularly upstream
from the location 250 km are not correct, considerably higher
than observations during neap tide in 2003 and 2002 (Figs. 4c
and 5b). Also a relatively bad fit of the tidal travel time occurs
in this reach. These are likely due to the influence of the river
discharge in this reach, or the changed topography which in-
fluences the roughness coefficient. For the South Passage, al-
though there is only one tidal station, the computed results re-
late to the Nancaodong station (−4.7 km) very well (Figs. 3b
and 4b). For the lower reach of the North Channel, there is
only one station available as well and there is no station near
the mouth. However, there are three stations at sea: Sheshan,
Niupijiao and Dajishan which are at similar positions outside
the mouths of the North Channel, the North Passage and the
South Passage, respectively (Fig. 1). Comparing these three
stations, the tidal amplitude at Dajishan is usually slightly
larger than at Niupijiao with a very small difference, whereas
both are generally larger than at Sheshan (Fig. 6). These dif-
ferences correspond with the differences between the three
estuary mouths as presented in Figs. 3b, 4b and 5a.

5 Discussion

5.1 Tidal damping and amplification

Seeing from Figs. 3a–c and 4a–c, in the Yangtze Estuary
there are two clear differences between the North Branch
and the South Branches. One is tidal damping or amplifica-
tion. In the North Branch, the tidal wave is first amplified and
then damped, while it is essentially damped along the South
Branches, which agree with the common perception (Shen
et al., 1988, 2003; Yang et al., 2001; Liu et al., 2006). How-
ever, among the South Branches there are some differences as
well. In the South Passage, the tidal damping is less strong in
the second half of the reach than in the first half. In the North
Passage, the damping is the strongest. In the South Channel
and the North Channel, slight amplification occurs before the
inflection point and after the inflection point, respectively.

The other difference between the North Branch and the
South Branches is that the tidal amplitude in the North
Branch is larger than in the South Branches (Figs. 3a, b and
4a, b). Among the South Branches, the tidal amplitude is the
highest near the mouth of the South Passage and the lowest
near the mouth of the North Channel. One reason for this
is the amplification in the North Branch and the damping
in the South Branches. The other reason may be the largely
different freshwater discharge into the channels, which also
causes a difference in the salinity distribution between these
channels (Zhang et al., 2011). Further upstream, between the
South Channel and the North Channel, the tidal amplitudes
in the two channels are equal at the intersection point, the lo-
cation of Wusong in the South Channel and Baozhen in the
North Channel. Before the intersection point the tidal ampli-
tude is larger in the South Channel, and after which it is the
reverse, which result from their tidal damping and amplifica-
tion, respectively (Figs. 1, 3b, 4b, and 5a).

The tidal damping or amplification is the result of the
imbalance between the topographic convergence and fric-
tion. If convergence is stronger than friction the wave is am-
plified, if friction is stronger than convergence the wave is
damped (Langbein, 1963; Dyer, 1973; Jay, 1991; Friedrichs
and Aubrey, 1994; Savenije, 1998, 2005). The amplification
in the North Branch agrees with strong convergence. The am-
plification before the inflection point in the South Channel
results from the funneling effect at the junction of the North
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Fig. 4. Computed results (drawn lines) for the tidal amplitude(A–C) and travel time(D–I) along the Yangtze Estuary on 18–19, 24–
25 February 2003, compared to observations (symbols).

Fig. 5.Computed results (drawn lines) for the tidal amplitude(A, B) and travel time(C–F) only along the South Branches and Upper Reach
on 1–2, 8–9 March 2002, compared to observations (symbols).

Passage and the South Passage, where the tidal energy from
two channels is combined. This effect was also demonstrated
in the Fly River Estuary in Papua New Guinea (King and
Wolanski, 1996). Because there is no observation available
in this reach, further work is required to confirm this effect.
At the junction of the North Channel and the South Channel,
this effect is not clear, which may be due to the parallel chan-
nels. If we continue the computation for the South Branch us-
ing separate topography of the North Channel and the South

Channel after their junction, the computed results fit the mea-
surements well before a point about 90 km from the mouth,
particularly when it fits well at the intersection point of the
North Channel and the South Channel (Fig. 7). The Nanmen-
gang station (81 km) is located at the north bank of the South
Branch following the North Channel, and the Yanglin sta-
tion (89 km) is situated at the south bank following the South
Channel (Figs. 1 and 7). Probably the parallel channels of the
North Channel and the South Channel and the similar width
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Fig. 6. Tidal amplitudes from tidal table at Sheshan, Niupijiao and
Dajishan stations (outside the estuary).

after their junction until 90 km (Fig. 1), permit the tidal dy-
namics of the two channels to function separately, which re-
sults in the relatively high tidal amplitude at the north bank
and lower value at the south bank in this reach following the
amplification in the North Channel and the damping in the
South Channel.

5.2 Tidal propagation

The tidal wave celerity also depends on the imbalance be-
tween convergence and friction, with a close relation to tidal
damping or amplification (Savenije, 2005). For the North
Branch, the tidal wave travels much faster in the lower reach
than the upper reach, corresponding with amplification and
damping, respectively. Particularly in the lower reach near
the mouth, the tidal travel time is almost zero indicating an
apparently standing wave. This is in accordance with the
tidal amplification and strong convergence, which can lead
to a near standing wave in short estuaries (Savenije, 2005).
For the South Branches near the mouth, the tidal wave trav-
els faster in the North Passage, which agrees with its small
storage width ratiors and higher water depth resulting from
bank fixation and dredging of the deep-water shipping chan-
nel. Furthermore, the higher celerity in the upper reach of the
North Channel than in the South Channel is due to the large
Manning-Strickler friction factorK and small storage width
ratio rs in the North Channel, corresponding with its slight
amplification. At the two junctions, junction 1 and junction 2,
the tidal wave in the North Passage and the North Channel
seems to “wait” for the wave in the South Passage and the
South Channel, respectively, taking time to fill the storage
before the joint wave proceeds.

5.3 Phase lag, estuary shape and friction

The phase lagε is a crucial parameter in tidal hydraulics,
which can be used to classify the type of tidal wave, while
the estuary shape numberγ is the main indicator for estuary
shape. Figure 8 presents the diagram for the phase lagε in
different channels, as a function of the estuary shape num-
berγ and friction numberχ , from which the characteristics
of channels can be identified. The lower reach of the North
Branch has the largest estuary shape number and a very small

Fig. 7. Computed tidal amplitude for the South Branch after the
junction of the North Channel and the South Channel (64 km) until
90 km (inside the rectangle frame), using separate topography of
these two channels.

phase lag, indicating its marine character with strong conver-
gence. The upper reaches of the South Channel and the North
Channel, the South Branch and Upper Reach, all have a very
small estuary shape numberγ and high phase lag, which sug-
gest their riverine character with long convergence length.
The South Passage, the North Passage, the lower reaches of
the South Channel and North Channel, and the upper reach
of the North Branch all lie in between with a moderate es-
tuary shape number and phase lag, which imply that they
receive moderate influence both from the sea and river. Of
these, the South Passage, the North Passage, the lower reach
of the South Channel, and the upper part of the North Branch
are all situated around the transition pointγ = 1.5 where the
lines for different values ofχ cross, the phase lag is insensi-
tive to friction. Forγ < 1.5 the phase lag decreases with fric-
tion, while for γ > 1.5 it increases with friction. The lower
reach of the North Branch apart from the first reach 0–5 km,
belongs to the latter situation, whereas other channels belong
to the former situation. In the first reach of the North Branch
0–5 km, the estuary shape number is very large more than
8 andε is almost 0 which suggests the apparently standing
wave without dependence on friction. In other channels and
reaches, 0< ε < π

2 indicates a mixed tidal wave (Savenije,
2005). In the reach upstream from 5 km in the North Branch
with an estuary shape number larger than 2, which is criti-
cal convergence, the very smallε indicates an approximately
standing wave.

Additionally, most reaches of the channels in the Yangtze
Estuary lie close to the line of an ideal estuary (the line with
dots) where friction and convergence cancel out, with not
much damping or amplification. Here, we can also distin-
guish the amplified channels below the line of the ideal estu-
ary for highγ (or marine channels) such as the lower reach
of the North Branch, and above the line for smallγ (or river-
ine channels) such as the upper reach of the North Channel.
It is the reverse for the damped channels.
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Table 2.Difference of the computed tidal amplitude and travel time at two junctions between two approaches.

Date
junction 1 (North Passage and South Passage) junction 2 (North Channel and South channel)

A-1 A-2 tLW-1 tHW-1 tLW-2 tHW-2 A-1 A-2 tLW-1 tHW-1 tLW-2 tHW-2

21–22 Dec 2006 1.58 1.59 119.62 71.87 119.15 71.41 1.45 1.44 171.34 108.34 191.14 117.97
21–22 Dec 2006 1.22 1.22 109.40 73.64 109.12 73.33 1.05 1.06 174.14 118.80 198.53 131.54
29–30 Dec 2006 1.09 1.08 102.02 72.69 102.05 72.62 0.94 0.94 166.43 119.03 192.29 133.27
29–30 Dec 2006 0.93 0.93 94.29 71.44 94.66 71.62 0.81 0.82 158.84 119.33 183.54 133.97
18–19 Feb 2003 1.92 1.92 126.91 69.82 126.62 69.28 1.72 1.72 179.68 105.11 200.77 114.27
18–19 Feb 2003 1.62 1.63 120.45 71.65 119.99 71.18 1.47 1.47 172.16 108.00 192.19 117.60
24–25 Feb 2003 1.02 1.02 98.60 72.13 98.80 72.21 0.90 0.89 163.73 119.07 189.21 133.69
24–25 Feb 2003 0.88 0.88 92.11 70.94 92.40 71.25 0.76 0.77 156.25 119.46 180.40 134.37

Note:A – tidal amplitude,tLW – tidal travel time at low water,tHW – tidal travel time at high water; 1 indicating approach 1, 2 indicating approach 2.

Fig. 8. Positioning of the Yangtze Estuary (NB-North Branch) in
the phase lag diagram, the numbers at inflection points indicating
the distance from the estuary mouth (in kilometres), the same as
Figs. 3–5. The background shows lines with different values of the
friction numberχ . The drawn line with dots represents the ideal
estuary.

5.4 “Entity” behaviour of the branched estuary

Based on the assumption that the branched estuary system
functions as an entity, the computations for the South Chan-
nel and the South Branch can be carried out by means of a
combined approach (approach 2) as well. Computations be-
gin from the mouth using the combined topographies. The
input of tidal amplitude at the mouthη0 is the weighted av-
erage of the corresponding separate channels, whose cross-
sectional areas at the mouth are taken as the weight. For the
South Channel, topography of the Combined South Chan-
nel is used, and the tidal amplitude at the mouthη0 is the
weighted average of the North Passage and the South Pas-
sage. For the South Branch, topography of the Combined
South Branch is used, and the tidal amplitude at the mouth
η0 is the weighted average of the Combined South Channel
and the North Channel, or the weighted average of the South
Passage, the North Passage, and the North Channel.

The computed tidal amplitude and travel time for two junc-
tions by means of the two approaches are presented in Ta-

ble 2. The approach introduced in Sect. 4.2 is called ap-
proach 1. For junction 1 between the North Passage and the
South Passage, the computed values using approach 2 are all
very close to approach 1. For junction 2 between the North
Channel and the South Channel, the computed tidal ampli-
tudes using the two approaches are almost the same as well.
However, the computed tidal travel time using approach 2 is
larger than approach 1 by 23 min at low water and 12 min
at high water on average, which is probably due to the error
of determination of the combined topography. These under-
line the assumption that the branched estuary system func-
tions as an entity for the tidal dynamics, similar to what was
concluded for salt intrusion by Nguyen and Savenije (2006),
Nguyen et al. (2008), and Zhang et al. (2011).

The Manning-Strickler friction factorK and storage width
ratio rs are key calibration parameters of the model. It can
be seen from Table 1 that the valuesK andrs of the com-
bined channels are basically the weighted average of the cor-
responding separate channels, using the cross-sectional areas
as the weights. For example, 0–33 km of the Combined South
Channel corresponds with the North Passage and the South
Passage, and 34–64 km of the Combined South Branch cor-
responds with 40–70 km of the South Channel and 18–53 km
of the North Channel. This behaviour also suggests that the
branched estuary system functions as an entity.

5.5 Uncertainty and limitation of the model

In this study, the model performs well for the Yangtze Es-
tuary, which indicates that this simple analytical model for
single-channel alluvial estuary can describe the tidal dynam-
ics in a branched estuary as well. However, there are several
uncertainties and limitations of parameters of the model.

Firstly, the Manning-Strickler friction factorK and stor-
age width ratiors are usually obtained by calibration. Be-
cause they are related to many factors, there is uncertainty
in the determination of these parameters. Additionally, there
is a limit to the accuracy that can be obtained for the depth
near the estuary mouth. Therefore, although the values we
obtain accord with the values in previous research, they
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require more measurements and more accurate topography
to be improved.

Secondly, there are uncertainties about the tidal average
cross-sectional depthh. On the one hand, there is uncertainty
in the determination of the average depth over the cross-
section, particularly when there is a shallow part or deep
part. Longitudinally if there is a long reach with a curve fit-
ted depth much lower or higher than the measurements, it is
better to modify the depth in the model using the measure-
ments. In this study, we modify the depths between 130 and
250 km where the curve fitted values are much higher than
the data (Fig. 2f), then as a result, the model results are bet-
ter. For the combined channels used in approach 2, the uncer-
tainty may be larger because the lengths of the corresponding
separate channels are different, which probably causes the
larger tidal travel time at junction 2. On the other hand, the
h in Savenije’s model is the average depth at mean sea level,
whereas in this study it is the tidal average depth for different
tidal ranges (the tidal average depth varies with the tidal am-
plitude). In this analysis, we take account of this difference.
We find that the results are much better if we use the ac-
tual tidal average depth for different tidal ranges, particularly
when the tidal range is very high or low. This procedure re-
quires further confirmation based on more observations and
more accurate bathymetry.

Thirdly, one assumption of the model is the partially to
well mixing characteristic of the estuary. The North Branch
of the Yangtze Estuary is a marine well-mixed channel. The
South Branches are the more riverine partially-mixed chan-
nels in which well-mixed situations also occur during the
dry season (Zhang et al., 2011). During the flood season the
influence from river discharge undoubtedly is larger, which
likely induces higher computed values than the actual ones.
Because we have no data during the flood season, further
work is required to include the effect of river discharge in
the model.

6 Conclusions

In this study, an analytical model for tidal dynamics has been
applied for the first time to the Yangtze Estuary, a large and
typical branched estuary. The results indicate that this simple
model originally derived for single-channel alluvial estuaries
can very well describe the tidal propagation in a branched es-
tuary as well, particularly for the lower part. The satisfactory
results for the South Channel and the South Branch using
both the individual topographies and the combined topogra-
phies confirm that a branched estuary system functions as
an entity. However, the model requires more measurements
and more accurate bathymetry to improve and confirm the
parameters used.

Appendix A

Assumptions of the model

The assumptions made for the model development are
as follows:

1. The spatial variation of the cross-sectional area along
the estuary can be described by an exponential function,
as is the case in alluvial estuaries.

The shape of alluvial estuaries can be described by the
following exponential functions (Savenije, 2005):

A = A0exp(−x/ai) (i = 1),

A = A(i−1) exp(−(x − x(i−1))/ai) (i > 1) (A1)

B = B0exp(−x/bi) (i = 1),

B = B(i−1) exp(−(x − x(i−1))/bi) (i > 1) (A2)

h = h0exp(x(ai − bi)/aibi) (i = 1),

h = h(i−1) exp((x − x(i−1))(ai − bi)/aibi) (i > 1) (A3)

whereA, B and h are the cross-sectional area, width
and depth at locationx from the mouth, respectively;
A0, B0 and h0 are the area, width and depth at the
mouth. In estuaries where the geometry of channels can-
not be described by a single exponential function, mul-
tiple reaches can be used, wherei represents the reach
number (i = 1, 2, 3 ..., beginning from the mouth),ai

and bi are the area and width convergence length for
reachi, x(i−1) is the inflection point, andA(i−1), B(i−1),
andh(i−1) are the cross-sectional area, width and depth
at the inflection point.

2. The ratio of the tidal amplitude to depth is less than
unity.

3. The freshwater discharge is small compared to the am-
plitude of the tidal discharge. Although during a flood
situation or in the most upstream part of an estuary this
may not always be the case, in exponentially shaped es-
tuaries this is not a restrictive assumption.

4. The Froude number is small, which is essentially the
same as assumption 2, but less restrictive. The Froude
number is generally smaller than the amplitude to depth
ratio.

5. The tidal wave can be described by a simple harmonic
function. If the tidal amplitude to depth ratio and the
freshwater to tidal discharge ratio are small, then the
tidal wave is not much deformed by nonlinear effects,
but it is unavoidable that as the wave travels further in-
land, the wave deforms, resulting in a longer ebb and
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shorter flood duration. Implicitly this assumption is a
linearisation assumption, but it is less restrictive than
the linearisation of the friction term.

6. The width to depth ratio should be large (B/h � 1), and
the storage width ratio (the ratio of the storage width (in-
cluding tidal flats) to the stream width) should be mod-
est (rs < 2). This is a nonrestrictive assumption which
is not really important since it only affects the second
term of Eq. (1) which scales at the Froude number, and
moreover alluvial estuaries have a large width to depth
ratio.

7. The salt intrusion is partially or well mixed, which re-
lates to assumption 3, while it is not a restrictive as-
sumption.

8. Tidal damping is modest. It implies that the length scale
of the damping/amplification process is much longer
than the distance travelled by a water particle (the tidal
excursionE). This assumption is also not restrictive
in alluvial estuaries, as is shown empirically (Savenije,
2005).

9. The wave celerity and the phase lag between HW and
HWS are constant over an estuary reach, or at least a
small reach after which the equations can be solved in
multiple reaches in which they are considered constant.
This assumption is fully justified in an ideal estuary
where there is no tidal damping or amplification, but it
is acceptable if assumption 8 is adhered to.

Of the 9 assumptions, assumptions (1–3) are the basic as-
sumptions, the others are derivatives of these three basic
assumptions, and assumption 9 is only required for the
celerity equation. It can be seen that for alluvial estuar-
ies most assumptions are not restrictive particularly for the
downstream part.
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