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2.1 DEFINITIONS

§
.1.1  Asymptotic and Order Symbols :

't £(x) and ¢(x) be functions defined on a point set X, and ¢ be a limit point of X.
f(x)/¢(x) =1 asx — ¢, then we say that f(x) is asymprotic to #(x), and write

fE)~é(x) (x~>cinX)

Pl det L, T o arad

e point ¢ is called the distinguished point of this asymptotic relation; ¢ need not
long to X. The set X may be real or complex; in the latter event it is required
1t f(x)/¢(x) approaches its limit uniformly with respect to arg x.
n a similar way, if f(x)/¢(x) > 0 as x > ¢ then we write

F&)=o0{¢(x)} (x->cinX)
d if ,f(x)/q)(x)[ is bounded as x - ¢, then

f&)=0{¢(x)} (x->cinX)
tly, if ' f(x)/¢(x)l is bounded in the whole of X, then we write

fx)=0{¢(x)} (x€X)

[rnplés:

sithx~x (x> 0in any point set)
1 1 '
sin (mr + ;) =0 (;) (n = o= through integer values)

f. Frank W. J. Olver, Institute for Fluid D

ynamics and Applied Mathematics, University
aryland, College Park, Md. 20742.
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eX(1+x)=0(x"") (X € real line)

e =0(1) (x—cein the sector ]argx]<%—1r—6,where5>0)

The last relation is invalid in the open sector ]argxl < 7 owing to lack of uni-

formity with respect to arg x.

The symbol o{ ¢(x)} or, more briefly, o(¢) may be used to denote an unspecified
function with the property stated in the second paragraph. This use is generic, that
is, 0(¢) need not denote the same function f at each occurrence. The distinguished
point is understood to be the same, however. Similarly for O(¢). Thus, for example

o(¢) +o(¢) =0(9); o(¢)=0(9); O($)O(V)=0(¢¥)

Relations of this kind are not necessarily reversible. For example, O(¢) = o(9) is
false. Another instructive example is supplied by

{1+o(1)}coshx - {1 +0(1)}sinhx (x> +o0)

This expression is o(e*), not {1 +o(1)}e™ because the o(1) terms may represent’

different functions.

12.1.2 Integration and Differentiation of Asymptotic and Order Relations

Asymptotic and order relations may be integfated subject to obvious restrictions
on the convergence of the integrals involved. Suppose, for example, that in the

-

interval (a, °°) the function.f(x) is continuous and f(x) ~ x” as x = oo, where visa .

real or complex constant. Then as x = oo*

-’ xvﬂ
j;f(t)d - - (Rev<-1)
and
a constant (Rer<-~1)

ff(t)dt~ Inx wv=-1)
*w+1) (Rer>-1)

These results are extendible to complex integrals in a straightforward manner.
Differentiation is permissible only with extra conditions. For example, let f(z)
be holomorphic for all sufficiently large [z[ in a given sector S, and

f)=0G") (z>=inS)

*Except where otherwise stated, proofs of all results quoted in the present chapter will be
found in Olver 1974a.
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where v is a fixed real number. Then
f@)=0E"") (->=ins)

where S’ is any sector properly interior to S and having the same vertex. This result
also holds if the symbol O is replaced in both places by o.

12.1.3 Asymptotic Solution of Transcendental Equations

Let f(£) be a strictly increasing function of the real variable { in an interval (a, «),
and

JE~E - E>>)
Then for u > f(a) the equation f(£) = « has a unique root () in (a, ), and
E@W)~u (u—>=)

As an example, consider the equation

x*-lnx=u

In the notation just given we may take £ =x?,f(£) =¢- 3In%,and 2= §. Then
£(u) ~ u as u ~ o=, implying that

x=u?{1+0(1)} (u—=)
Higher approximations can be found by successive resubstitutions. Thus

x?=u+lnx=u+ln W2 {1+0(1)}] =u+Linu+o(l)

x=u’/’{1 AL +o(l)}
4u u
and so on.

The same procedure can be used for complex variables, provided that the function
f(¢) is analytic and the parameter u restricted to a ray or sector properly interior
to the sector of validity of the relation f(§) ~ &.

and thence

12.1.4 Asymptotic Expansions

Let f(x) be a function defined on a real or complex unbounded point set X, and
a;x™* a formal power series (convergent or divergent). If for each positive
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integer n

_ 1
f(x)=ao+%+i—;+---+::_;+0(x—") o =i X)

then Z asx™ is said to be the asymptotic expansion of f(x) as x > in X, and"
we write

a a :
f(x)~ao+—‘+:x—:+--- (x > inX)
x

It should be noticed that the symbol ~ is being used in a different (but not incon-
sistent) sense from that of 12.1.1.

A necessary and sufficient condition that f(x) possesses an asymptotic expansion
of the given form is that

| n = as
X {f(x)' g(:) x—g} an

as x > in X, foreachn=0,1,2,... . In the special case when Za,x" con-
verges for all sufficiently large |x|, the series is automatically the asymptotic
expansion of its sum in any point set. d

In a similar manner, if ¢ is a finite limit point of a set X then

fG)~bo +by(x- ) +ba(x-¢c)* +--- (x>cinX)

means that the difference between f(x) and the n'™® partial sum of the right-hand
sideis O{(x - ¢)"} asx > cin X.

Asymptotic expansions having the same distinguished point can be added, sub-
tracted, multiplied, or divided in the same way as convergent power series. They
may also be integrated. Thus if X is the interval [a, o) where a >0, and f(x) is
continuous with an asymptotic expansion of the above form as x - oo, then

as a,

gy T '

X
f f(de~A +aox+a,lnx4 i
L x

where
A =f {f(t)— aq -T}dh apa-a;lna
a

The last integral necessarily converges because the integrand is O(z™2) as ¢ = .
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Differentiation of an asymptotic expansion is legitimate when it is known that
the derivative f'(x) is continuous and its asymptotic expansion exists. Differentia-
tion is also legitimate when f(x) is an analytic function of the complex variable x,
provided that the result is restricted to a sector properly interior to the sector of
validity of the asymptotic expansion of f(x).

If the asymptotic expansion of a given function exists, then it is unique. On the
other hand, corresponding to any prescribed sequence of coefficients aq, 4, a5, - . . ,
there exists an infinity of analytic functions f(x) such that

aclf )
fE)~ 2 = (x~=inX)
s=0 X
The point set X can be, for example, the real axis or any sector of finite angle in the
complex plane. Lack of uniqueness is demonstrated by the null expansion

5 0.0 .
eX~0+ -t +oe (x>ooin [argx| < fn-0)

where § is a positive constant not exceeding 1 7.

12.1.5 Generalized Asymptotic Expar_lsions

The definition of an asymptotic expansion can be extended in the following way.
Let {¢s(x)},s=0,1,2,..., be a sequence of functions defined on a point set X
such that for every s

$se1(x) =0{¢s(x)} (x> cinX)

Then {¢5(x)} is said to be an asymprotic sequence or scale. Additionally, suppose
that f(x) and fi(x), s=0,1,2,..., are functions such that for each nonnegative
integer n

n-1
f) =3 £(x) +0{a(x)} (x->cinX)

$=0

Then Z fs(x) is said to be a generalized asymptotic expansion of f(x) with respect
to the scale { ¢5(x)}, and we write

A

fE)~ i fs(x); {¢s(x)} asx > cin X

=0

Some, but by no means all, properties of ordinary asymptotic expansions carry
over to generalized asymptotic expansions.



650 Handbook of Applied Mathematics

12.2 INTEGRALS OF A REAL VARIABLE

12.2.1 Integration by Parts

Asymptotic expansions of a definite integral containing a parameter can often be
found by repeated integrations by parts. Thus for the Laplace transform

0w= [ e¥aya
[}
assume that g(¢) is infinitely differentiable in [0, =), and for each s
g9@0)=0@°) (0<t<)

where o is an assignable constant. Then forx > o

7" (0)
xn

Q(x)=l(0—)+q’(20)+---+

X b 4

+€,(x)

where » is an arbitrary nonnegative integer, and

¥ TR
€)= = f eq")(z) dt
0

With the assumed conditions

An

X"T_'O) (x > 0)

A oo
Jeat] <2 [ oot ar=
1]

A, being assignable. Thus €,(x)=0(x™"""), and

o ()
00~ L oo

§=0

An example is furnished by the incomplete Gamma function:

~x, a1 i (- 1)a- 23---(a—s)

X

- I'(a, x) = e”‘x“f eX(1+H* P dt~e
()

$=0
as x > oo, o being fixed. The ~ sign is now being used in the sense that

e, x)/(e"*x*™)
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has the sum as its asymptotic expansion, as defined in 12.1.4. In the present case a
straightforward extension of the analysis shows that if ais realand n=>a - 1, then
the n'™® error term of the asymptotic expansion is bounded in absolute value by the
 first neglected term and has the same sign.

12.2.2 Watson’s Lemma

Let g(f) now denote a real or complex function of the positive real variable 7 having
 a fihite number of discontinuities and infinities, and the property

g~ Y at € (15 04)
$=0

where A and p are constants such that Re A >0 and u>0. Assume also that the
Laplace transform of q(z) converges throughout its integration range for all suf-
ficiently large x. Then formal term-by-term integration produces an asymptotic
expansion, that is

s s+A a
j xt q(t)dt~ Z P( o ) x——(s+';\)/“ (x> )
(1] §=0

This result is known as Watson’s lemma, and is one of the most frequently used
methods for deriving asymptotic expansions. It should be noticed that by per-

b
mitting g(¢) to be discontinuous the case of a finite integration range f is auto-
[

matically included.

Example: * Consider

fn’ e XONT Jr=g* fu _——e-xt dt
A o Qt+12)?

Since

- 1=3:5+1(28-1) o
@ereyii=§ o 22 D <i<y)

$=0

the above result is applied with A = 3 and p = 1, to give

12-3%2-52 ... (25- 1)
s!(8x)s

f ¢ ORY Jr o~ g %‘Z(-)s (x > )
0 $=0




652 Handbook of Applied Mathematics

12.2.3 Riemann-Lebesgue Lemma

Let a be finite or -e, b be finite or +°, and ¢(f) continuous in (a, b) save possibly
at a finite number of points. Then

b
f e™ q(t)dt=0(1) (x> )

provided that this integral converges uniformly at a, b, and the exceptional points,
for all sufficiently large x. This is the Riemann-Lzbesgue lemma.

It should be noticed that if the given integral converges absolutely throughout
itsrange, then it also converges uniformly, since x is real. On the other hand, it may
converge uniformly but not absolutely. For example, if 0< & < 1 then by inte-
gration by parts it can be seen that '

oo ixt
e
f 5 dt
(1] t .

converges uniformly at both limits for all sufficiently large x, but converges
absolutely only at the lower limit. i

'

12.2.4 Fourier Integrals

Let a and b be finite, and g(¢) infinitely differentiable in [a,b]. Repeated inte-
grations by parts yield

b n- 7\ S+
f gyt =5, C?) g0 OB} + ente)
a =0

where

A n b
en(x)=(§) f ™) dt

As x = we have €,(x) =0(x™"), by the Riemann-Lebesgue lemma. Hence the
expansion just obtained is asymptotic in character.
A similar result applies when b = =, Provided that each of the integrals

3

f ™9 dr  (s=0,1,...)
a .
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converges uniformly for all sufficiently large x, we have

; f” 'eixtq(t) dt ~ ie"™ i q(S)(a) (_’_) . x> ).
v Ve %

x 5=0
Whetherl or not b is infinite, an error bound is supplied by
|enG)| <x7" Va,p la" (0}

where O is the variational operator, defined by

b
0t} = [ | O]

12.25 Laplace’s Method
Consider the integral

b
Ix)= f e P®q(r) dt

in which x is a positive parameter. The peak value of the factor e *P®) js located
at the minimum ¢, say, of p(f). When x is large this peak is very sharp, and the
overwhelming contribution to the integral comes from the neighborhood of 7o.
It is therefore reasonable to approximate p(¢) and g(¢) by the leading terms in their
ascending power-series expansions at fo, and evaluate /(x) by extending the inte-
gration limits to -0 and +o, if necessary. The result is Laplace’s approximation
to I(x).

For example, if 7, is a simple minimum of p(f) which is interior to (a,b) and
q(t,) # 0, then

b 2 n
I(X).=-f e‘x{P(to)"(l/z) -2,)'p (to)}q(to)dt
a

: xp) [ ~GI2)x(t-1,7p"() -xp@) /27
=q(z dt=q(ty)e =
q(to)e J-; e q(to) 32" (t0)

In circumstances now to be described, approximations obtained in this way are
asymptotic representations of I(x) for large x.
By subdivision of the integration range and change of sign of ¢ (if necessary) it
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can always be arranged for the minimum of p(¢) to be at the left endpoint . The
other endpoint » may be finite or infinite. We further assume that:

a. p'(r) and g(¢) are continuous in a neighborhood of a, save possibly at a.
b. As? - a from the right

p(t)- p(@)~P(t - a)*; q(t)~ Q(t - a)*™*

and the first of these relations is differentiable. Here P, u, Q, and M are constants
such that P> 0, u> 0, and Re A > 0.

. b
¢ f e Oq(r) dt converges absolutely throughout its range for all sufficiently
a

large x.

With these conditions

b A\ e *P@)
'[e""’(’)q(t)dt'V%I‘(;)(;xW (x> )

Example: Consider
](x)=f exr—(f-l)lnrdT
0

The maximum value of the integrand is located at the root of the equation
x-1-ln7+(1/r)=0
For large x the relevant root is given by
g™ li= f
say; compare 12.1.3. To apply the Laplace approximation the location of the peak

needs to be independent of the parameter x. Therefore we take 7 = 7/§ as new inte-
gration variable, giving

Ix)=¢2 " o) 1) dt
x) j; e q(?)
where

p()=1(nr-1); q(t)=t

The minimum of p(¢) is at ¢ = 1, and Taylor-series expansions at this point are
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p)=-1+3@-1-3@-1>+---; q@t)=1+(-1)

In the notation introduced above we have p(a)=-1,P= 3;, u=2and Q=A=1.
Hence )

s 1/2
=P onydr ~ (=) e
_[ e q(?) (2§’ e

On replacing ¢ by 2 - ¢, we find that the same asymptotic approximation holds for
the corresponding integral over the range 0 <t < 1. Addition of the two contri-
butions and restoration of the original variable yields the required approximation

1)~ @m"? 2 exp (™) (x=)

12.2.6 Asymptotic Expansions by Laplace’s Method

The method of 12.2.5 can be extended to derive asymptotic expansions. Suppose
that in addition to the previous conditions

p(t)~pa) + Zps(r ay**; q(t)~ z qs(t - @’ !

§=0

as ¢ - a from the right, and the first of these expansions is differentiable. Then

b
= s+ a
f -xp(t) q(t) dt~e xp(@a) Z I‘( p )—-(““‘;\)/u (x = =)
a $=0

where the coefficients ag are defined by the expansion

q() (s+A-p)/u
i agw (v—>0+
p'() ,Z%, )

in which v=p(t) - p(a). By reversion and substitution the first three coefficients
are found to be

~ i = o, lz{@_O\H)p:qo} 1
ppy™’ u 1oy - | PRI
22 A+2)pia 3 A+ 2)40] 1
gy = |82 - BB L i spa2)pd - 2
2 [ﬂ uzpo {( H )pl MPo D2 } 2#3p(2) p(()kn)/u

In essential ways Watson’s lemma (12.2.2) is a special case of the present result.

-



656 Handbook of Applied Mathematics

12.2.7 Method of Stationary Phase
This method applies to integrals of the form

b
I(x)=f e™® () dt

and resembles Laplace’s method in some respects. For large x the real and imaginary
parts of the integrand oscillate rapidly and cancel themselves over most of the
range. Cancellation does not occur, however, at (i) the endpoints (when finite)
owing to lack of symmetry; and at (ii) the zeros of p'(¢), because p(t) changes
relatively slowly near these stationary points. .

Without loss of generality the range of integration can be subdivided in such a
way that the stationary point (if any) in each subrange is located at the left end-
point a. Again the other endpoint b may be finite or infinite. Other assumptions
are:

a. In (a,b), the functions p'(r) and g(z) are continuous, p'(£) >0, and p"(?) and
q'(¢) have at most a finite number of discontinuities and infinities. :
b. Ast—>a+

p()- p@)~P(t- a)*; q(t)~ Q(t - a)*

the first of these relations being twice differentiable and the second being differ-
entiable. Here P, u, and X are positive constants, and Q is areal or complex constant.
c. q(#)/p'(¢) is of bounded variation in the interval (k, b) for each k € (a, b) if
A<, or in the interval (a, b) if A > p.
d. Ast— b-,q(1)/p'(r) tends to a finite limit, and this limit is zero when p(B)=oo.

With these conditions /(x) converges uniformly at cach endpoint for all sufficiently
large x. Moreover,

; ixp(a)
I(x) ~ e M (21) Q P(A) exP fra %

u \u)@xNe
ifA<py,or
. [a@®)] ™9 [q()e™P®) | (1)
Ix)=- lim {5t ——+ lim {24 —{ = 4+ o= o
) :i'i{p(t)} & -l 20 Jx %\ ¢
ifA>p.

Example: The Airy integral of negative argument

Ai(-x)=%f“ cos (%v’-xv)dv x>0)
()
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The stationary points of the integrand satisfy v? - x =0, and the only root in the
range of integration is \/x. To render the location of the stationary point indepen-
dent of x, we substitute v = +/x (1 + ), giving

W2 [
Ai(-x)= )—rn— cos {x*?p(2)} dt
-3

where p(t)=- 3 +12 + 5> With g(r)=1, it is seen that as 7> the ratio
q(t)/p'(t) vanishes and its variation converges. Accordingly, the given conditions
are satisfied. For the range 0 <t < oo we have p(0)=- %, u=2,andP=0=2A=1.
The role of x is played here by x 32 and we derive

. 2
f exp {ix¥? p(t)} dt ~%1r 12 gmif4 3 =3/8 exp (— g-ixm)
°

; o
1 The same approximation is found to hold for f ,and on taking real parts we arrive
| -1

at the desired result:

Ai(-x)=7"V2x W cos (3 x¥2 - fn) +o(x7?)  (x>)

 As in the case of Laplace’s method, the method of stationary phase can be ex-
tended to the derivation of asymptotic expansions; see Erdélyi 1956, section 2.9,
d Olver 1974b.

12.3 CONTOUR INTEGRALS

‘12.3.1 Watson's Lemma

The result of 12.2.2 can be extended to complex values of the large parameter.
Again, let g(¢) be a function of the positive real variable ¢ having a finite number
of discontinuities and infinities, and the property

a0y~ Y ag“ I (1> 04)

=0

with Re A>0 and u>0. Assume also that the abscissa of convergence (section
11.2) of the transform

Q(z)=f e q(t)dt
3

R T
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is finite or -==. Then

&)~y T (‘—ﬂ) e
s=0 P fiZ
as z—><0 in the sector ,argz] <in-8(K 1), the power z¢*ME haying its:
principal value.

When q(£) is an analytic function of ¢, the region of validity of the last expansion
can often be increased by rotation of the integration path about the origin. The-
general result is as follows. In addition to the foregoing conditions, assume that
q(2) is holomorphic in the sector oy < arg t < a,, a; being negative and &, positive.
Assume also that for each § €(0, 1 a, - 1 @) the given asymptotic expansion of
q(7) for small |z| applies in the sector a; +8 <argt<a, - 8, and q(5) = 0(e*'™)
as t—>ce in the same sector. Here o is an assignable constant. Then Q(2) can be
continued analytically into the sector -a, - % n<argz<-a +% w, and the given
asymptotic expansion for large z holds when -0y - 5‘1r +8<argz<-a; + %rr- 8.

Example: Consider
0(z) =f e ln(1+1)d:
() .

The singularities of g(r)=1In (1 + v/7) are given by \/7 =~1, hence q(r) is holo-
morphic in the sector |arg #| < 27. Within the unit circle

® 152
aW=3 (F—

=1

With A = 1 = 2 we derive

i = G
Q(Z)“‘E:Z:i -y 2(,7/:) 2>, |argz|<§7-8)

& being any positive constant less than % m.

12.3.2 Laplace’s Method

Extensions of the results of 12.2.5 and 12.2.6 to complex variables necessitate great
care in the choice of branches of the many-valued functions which are used. Let
9 denote the path for the contour integral

b
I(2)= f e PO g(1) dr
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and assume that the endpoint a is finite. The other endpoint b may be finite or
infinite. Also, let w denote the angle of slope of Pat g, that is, the limiting value
of arg(t-a) as t—>a along 9. The functions p(t) and g(r) are assumed to be
holomorphic in an open domain T which contains 9, with the possible exception
of the endpoints 2 and b.
" Further assumptions are:

a. In the neighborhood of a there are convergent series expansions

(1) =p@)+ 3 pult - aF*; )= % asle- af ™
$=0 5=0

in which po #0, ReA>0, and p>0. When u or \ is nonintegral (and this can
only happen when a is a boundary point of T) the branches of (¢ - @)* and (7 - a)*
are determined by

(t- a)* ~ [t—al“e"““’; (t-a)* ~ [t—al"e"“"

as t - a along %, and by continuity elsewhere.

b. The parameter z is confined to a sector or single ray, given by 0, <0 <0,,
where § =argzand 6, - 6, <m.

c. I(z) converges at b absolutely and uniformly for all sufficiently large |z ]

d. Re{e® p(r) - €® p(a)} attains its minimum on Pat ¢ =a (and nowhere else).

The last condition is crucial; it demands that the endpoint & is the location of the

peak value of the integrand when |z| is large.
With the foregoing conditions

o = fstA\ a
I(z)~ @ E I‘(——p ) G N

asz > o in 0; <argz<0,. In this expansion the branch of z*N/k jg

| 2|(e+ DIk iR

and the coefficients @ are determined by the method and formulas of 12.2.6, with
the proviso that in forming the powers of po, the branch of arg p, is chosen to
satisfy

argpe t0 tpw|<zm
2

This choice is always possible, and it is unique.

B T P R ———



660 Handbook of Applied Mathematics

12.3.3 Saddle-Points

Consider now the integral /(z) of 12.3.2 in cases when the minimum value of
Re {zp(#)} on the path ? occurs not at @ but an interior point 4, say. For simplic-
ity, assume that 6(=arg z) is fixed, so that #, is independent of z. The path may
be subdivided at 7, giving

b a
1(z) =f e PO q(r) dt - f e PO g(r)dt
T,

tD o

For large |z| the asymptotic expansion of each of these integrals can be found
by application of the result of 12.3.2, the role of the series in Condition (a) being -
played by the Taylor-series expansions of p(r) and q(¢) at to. If p'(to) # 0, then it
transpires that the asymptotic expansions of the two integrals are exactly the same,
and on subtraction only the error terms are left. On the other hand, if p'(,) =0
then the p of Condition (a) is an integer not less than 2;in consequence, different
branches of p{,/“ are used in constructing the coefficients a5, and the two asymptotic
expansions no longer cancel.

Cases in which p(f5) # 0 can be handled by deformation of ?in such a way that
on the new path the minimum of Re {zp(¢)} occurs either at one of the endpoints
or at a zero of p'(f). As indicated in the preceding paragraph, the asymptotic
expansion of /(z) may then be found by means of one or two applications of the
result of 12.3.2. Thus the zeros of p'(r) are of great importance; the}' are called
saddle-points. The name derives from the fact that if the surface |ep(' ] is plotted
against the real and imaginary parts of 7, then the tangent plane is horizontal at a
zero of p'(7), but in consequence of the maximum-modulus theorem this point is
neither a maximum nor a minimum of the surface. Deformation of a path in the ¢-
plane to pass through a zero of p'(¢) is equivalent to crossing a mountain ridge via
a pass.

The task of locating saddle-points for a given integral is generally fairly easy, but
the construction of a path on which Re {zp(#)} attains its minimum at an endpoint
or saddle-point may be troublesome. An intelligent guess is sometimessuccessful,
especially when the parameter z is confined to the real axis. Failing this, a partial
study of the conformal mapping between the planes of ¢ and p(t) may be needed.

In constructing bounds for the error terms in the asymptotic expansion of /(z) it
is advantageous to employ integration paths along which Im {zp(r)} is constant.
On the surface lez"(')l these are the paths of steepest descent from the endpoint
or saddle-point. In consequence, the name method of steepest descents is often
used. For the purpose of deriving asymptotic expansions, however, use of steepest
paths is not essential.

Ex-ample: Bessel functions of large order—An integral of Schlifli for the Bessel
function of the first kind is given by

oo +ri

1
Jo(v sech @) = ot e PO gy
oo —mi
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where
p(t)=t- sech asinh ¢

Let us seek the asymptotic expansion of this integral for fixed positive values of
« and large positive values of ». T

The saddle-points are the roots of cosh = cosh @, and are therefore given by
t=%q, ta*2mi,... . The most promising is @, and as a possible path we con-
sider that indicated in Figure 12.3-1. On the vertical segment we have ¢ = a +i7
where -7 < 7 <, and therefore

Re {p(t)} =a- tanhacos7>a- tanha (7 #0)

a+m

a—m

Fig. 12.3-1 t-plane.
On the horizontal segments ¢ = a * mi + 7 where 0 <7 <°, and
Re {p(?)} =a+ 7 +sech asinh (@ +7)=>a + tanh «

Clearly Re {p(¢)} attains its minimum on the path at a, as required.
The Taylor series for p(¢) at a is given by

p(f)=a-tanha- 3 (t- @) tanha- ¢ (1- @)’ - S (t-a) tanha+---

In the notation of 12.3.2, we have u=2,po =- %tanh a,py=- %,pz =- 2174 tanh «,-

and A =g, = 1. On the upper part of the path w = 1 7, and since 6 = 0 the correct
choice of branch of arg po is -7. The formulas of 12.2.6 yield

ao = (% coth a)V/?i; a, = coth® &; a, = (4 - £ coth 2a) (5 coth o) i

Hence from 12.3.2

= -vp(t) -p(a-tanh @) - st1 as
e dt~e Z P 2 V(S+l)/2
@

=0

E
g
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0 — 7
The corresponding expansion for f is obtained by changing the sign of i
[+

throughout. Combination of the results yields

g~V(@-tanh @) 1 5 o\ 1
J,,(vsecha)'vm {l +(8 cotha—izcoth >;+

This is Debye’s expansion. No expression for the general term is available; the
easiest way of calculating higher terms is viz differential-equation theory (12.8.2).

Conformal mapping was not required in this example because a suitable path
was easily guessed. For the corresponding problem with complex » and a, how-
ever, the mapping is almost unavoidable.

124 FURTHER METHODS FOR INTEGRALS

12.4.1 Logarithmic Singularities

Watson’s lemma, Laplace’s method, and the method of stationary phase can be
extended in a straightforward manner to cases in which the integrand has a loga-
rithmic singularity at the saddle-point.

For example, with the conditions of 12.2.2

= s+ A a s+ X a
f e q()Intdr~ Z ¥ ( p ) —Go ~ Inx Z F( ) s
0

§=0

In other words, formal differentiation of the general result of 12.2.2 with respect
to the exponent A (or ) is legitimate. Such differentiations may be repeated any
number of times.

12.4.2 Generalizations of Laplace’s Method

The underlying idea of Laplace’s method may be applied to integrals in which the
parameter x enters in a more general way than in sections 12.2 and 12.3. Consider
the integral

b
I(x)= f exp {-xp(t) +x* K1)} q(t) dt

in which p(#) and q(?) satisfy the conditions of 12.2.5, r(¢) is independent of x,
and a is a constant. What kind of behavior can be permitted in r(t) at t = a without
changing the result already obtained for the case (f)=0? A sufficient condition
is, in fact

n~R@-a)’ (t->a+)
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where R and v are constants such that R #0,v >0,and v> pa. In the case R>0
we must also have a < 1.

When v < pa the term x*r(f) may no longer be treated as a negligible perturba-
tion. The case »<pa can be handled simply by interchanging the roles of p(z)
and r(7), and regarding x® instead of x as the large parameter.

The case v = pa is more interesting, because /(x) can no longer be approximated
satisfactorily in terms of elementary functions. The simplest integral having the
same character is Faxén’s integral

Fi(E,n;y)=f exp(—‘r+y75)r""d‘r (0<Re§(<1,Ren>0)
()

This is used as approximant in the following general result.
Let

b
I(x)= f exp {-xp(t) + X" r(®) + s(x, D} q(x, 1) dt
0

in which b is finite, and

a. In the interval (0, 5] the functions p'(f) and r(r) are continuous and p'(H)>0.
b. Ast—> 0+

p(6) =p(0) + Pt* + O(t*); p'(e)=pPt*™ + 0" ™"); r(t)=Ret”+0(t™)
where P> 0, u; >u>v=>0,and vy >,
c. For all sufficiently large x the furctions s(x, f) and q(x, £) are continuous in
0<t<b,and
|sCx, )| <Sx72%; |ax, 1)~ oM< QxPrrr!
where S, v, 0,0, \,0,,B,and A\, are independent of x and ¢, and*

¢=0: A>0; A, >0; y<min(l,0/w); B - MK

Then
0. (v A R\ eTO 1
I(x)—;Fx (—;, ;, Pv/“) (Px)h/“ 1+0 ~oin (x =)
where & = min (u; - i, 0~ Ry, A~ X- pB, vy - v).

*None of v, 8, or A, — A is required to be positive.
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12.4.3 Properties of Faxén's Integral

Commonly needed pairs of values of the parametersare { =n=zandf=n= % For

these cases
Fi(3, 3 )= Vre?l* {1+ef (L)
Fi(3, 3; »)+Fi(L, L; -p)=2/me?l
Fi(3, 3 »)=3%2 zHi(33 y)
and

e-1ri/6 Fl(%, 31’ ye‘lri/3)+eﬂi/6 Fl(%, %’ ye-ﬂi/3)=32/3 27TA1(‘3-1/3 y)

Here Hi(x) denotes Scorer’s function, defined by
l oo
Hi(x) =—f exp (- 3 2 +xt)dt
T J
and Ai is the Airy integral.

Example: Parabolic cylinder functions of large order—An integral representation
for the parabolic cylinder function is supplied by *

>
/]

We seek an asymptotic approximation for large positive 7 and fixed .

The integrand attains its maximum at w=-1y+ 2y tn. Since this is
asymptotic to v/n for large # we make the substitution w = Vn (1 +); compare
the example at the end of 12.2.5. Accordingly

| . 1 1 1 n(nﬂ)/z os
+—y) =exp (- —— -2 -np(1)-yt\/n gy
U(rz 2,y) exp(y\/ﬁ 2n 4y)F(n+l) -le

where

PO=t+32-In(1+)=r-LP+.-. (150)

*This notation is due to Miller (1955). In the older notation of Whittaker, U(n +‘!. ¥) is de-
noted by D_p_; (¥).
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The general result of 12.4.2 is applied with x =n, r(t)=-yt, s(x,)=0, and
qlx,t)=1. Thusp=2,py =3,»= 1,w=1,and

b Fi}, 3 -») 1
—np(t)-ytSn gp— 22 2> 7 o
J; e~ P(1)-y dt 2\/; {1+0(ﬁ)}

for any fixed value of the positive number 5. Similarly,

° Fi(, 4
L’ e~ P(D-ytn gy = —l(_zi_\;—ﬁi)- {1 +0(ﬁ)}

oo -b
provided that 0 <5 < 1. The contributions from the tails f andf are expo-
b -

1
nentially small when » is large, hence by addition and use of Stirling’s approxima-
tion (7.2-11) we derive the required result

1\ _expCyvntin) 1 o
u(n+2,y)- T {1+0(ﬁ)} rs55)

12.4.4 More General Kernels

Watson’s lemma (12.2.2 and 12.3.1) may be regarded as an inductive relation be-
tween two asymptotic expansions; thus

g~ atCNIE (t>04)

§=0

implies

< o s+A a
J; e q(t)dt~ ; F(—u )x—("';‘)/“ (x > +)

provided that Re A>0, u>0, and the integral converges. Similar induction of
series occurs for integrals in which the factor e™*? is replaced by a more general

" kernel g(xt). Thus

G > +)

fow gGn)a(0) dt~§ G(

s+A\ g
u x(s+N)/u
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in which G(a) denotes the Mellin transform of g(@):

G()= fﬂ g(r)r*'dr
)

Special cases include

oo =3
w e ATl s+A S+A+2u ag
_I; Ailxt)q(r)dr ~ 37 37(he2i( “)F( ) {F( e

$=0 u 3u

and

- L& [ fs+A\]? [2\¢Vm
|| moeewa £ r(E) w ()

where K, is the modified Bessel function. It is assumed that for large t,.q(t)is
(0] Cadd ' ) for the Ai kernel and 0(e°") for the K, kernel, o being an assignable
constant.

12.45 Bleistein's Method
Let

k
I(a, x) =f e P g (a, A gr
0

where k¥ and X are positive constants (k possibly being infinite), a is a variable
parameter in the interval [0, k), and x is a large positive parameter. Assume that
3%p(a, £)/3t? and q(a, t) are continuous functions of & and t, and also that for
given a the minimum value of p(a, 7) in [0, k) is attained at 7 = @, at which point
0p (e, )/t vanishes but both 9%p(a, 1)/0r? and q(a, 7) are nonzero. For large x
Laplace’s method gives

i L [x [e@n] 1T
Lo, x) ~ P (@) g q, g oAt { ;[ |,

ifa#0, or

1 _ 1 x [98%p(0, ) “Af2
I(a, x) ~ — ¢~xP(0,0) = ) {_ [*’
(a,x) > e q©,0)r ( > A > Py -

ifa=0.




Asymptotic Methods 667

Whether or not A =1, the first of these approximations does not reduce to the
second as @ — 0. This abrupt change means that the first approximation is nonuni-
form for arbitrarily small values of a.

To obtain a uniform approximation, we introduce a new integration variable w,
given by

pla,t)=3w? -aw+b

where a and b are functions of @ chosen in such a way that the endpoint £ =0
corresponds to w =0, and the stationary point ¢ = & corresponds to the stationary
point w =a. Thus \

b=p(,0); a={2p(e,0)- 2p(a, 0)}'/?
and _
w={2p(e, 0)- 2p(a, @)}/ = {2p(a, 1) - 2p (e, @)}'/?

the upper or lower sign being taken according as # > or <a. The relationship be-
tween 7 and w is one-to-one, and because

dw _, 1 p(a, )
dt  {2p(e,t)- 2p(e, )} ot

the relationship is free from singularity at = a.
Transformation to w as variable gives

I(a, x) = e7*P(2.0) f exp {—x (% w? - aw)} fle, w)wh™! dw
0 :

where
t\Y de
w)=qo, 1) — ——
fem=a@n(y)" o
and k =k (@) is the value of w at  =k. The factor f(a, w) is expanded in a Taylor
series centered at the peak value w =a of the exponential factor. This series has the

form

few)= 3 a@w- af
$=0

in which the coefficients ¢s(a) are continuous at & =0. The required uniform ex-
pansion is then obtained in a similar manner to Laplace’s method:  is replaced by

—>—7,
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o and the series integrated term by term. Thus with the notation

Fi(»)= f exp (- % 7 +,vf) (r-yyr™ dr
0

]

we derive
e & Fsavx)
o, x) ~ ———— o) ———— X > oo
@O~ LT @)

in the sense that this series is a generalized asymptotic expansion with respect to an
appropriate scale (12.1.5).

Example: Let

w/2 .
I(a, x) =f gX(cos@+0sina) 7o
0

where 0<a< % m, and x is a large positive parameter. In the present notation
p(a,0)=-cosf - O sina; 9p(e,8)/00 =sinf - sin &
The minimum of p(a, @) in the range of integration is § =a. Since this ap-
proaches an endpoint as «—> 0 we have exactly the situation described above.
The appropriate transformation is given by
cosf +0sina=1+aw-  w?
Where
a=+/2 (cosa+ asina- 1)'/?
Thus

w=a++/2 {cosa+(a-0)sina-cosf}/? (6=a)

The new ir?tegral is

« 1 do
= - alper L
I(ae,x)=e J; exp{ x(zw a_w) dwdw
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where
k=a++y/2{cosa+(a- %ﬂ)sinaz}‘/z

and

e SO 5 SRR, — P

dw sin6-sina =

In the last expansion the first three coefficients are given by

__sina_| _5-2cos’a
%0(0)= (cos az)’/2 » (@)= 3cos? a’ 9:(2) 24 (cos a)"/?

Write
X, x)=T@E s+ D)+ (-yv{is+3,x(cosatasina-1)} (s=0,1,...)

where (e, x) is the incomplete Gamma function

v(o, x)= f t*tdt  (Rea>0)

Then we may express the required asymptotic expansion in the form

x(cosa+asin ¢) s/2
oS { & s@xen (2 vo(gm)} ==

where n is an arbitrary nonnegative integer. The O-term is uniform in any inter-
val 0 < a < a, for which  is a constant less than 7/2.

For fixed « and large x the incomplete Gamma function can be approximated
in terms of elementary functions; compare 12.2.1. Then the uniform asymptotic
expansion reduces to either the first or second Laplace approximation given at the
beginning of this subsection, depending whether > 0 or @ = 0. This is, of course,
to be expected, both in the present example and in the general case.

12.4.6 Method of Chester, Friedman, and Ursell
Let

I(a, x) =f e P10 g(q, £) dt
?
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be a contour integral in which x is a large parameter, and p (e, #) and g (a, £) are
analytic functions of the complex variable 7 and continuous functions of the param-
eter . Suppose that 3p(a, 7)/0t has two zeros which coincide for a certain value @,
say, of @, and at least one of these zeros is in the range of integration. The problem
of obtaining an asymptotic approximation for /(a, x) which is uniformly valid for a
in a neighborhood of @ is similar to the problem treated in 12:4.5. In the present
case we employ a cubic transformation of variables, given by

pla,r)=3w? +aw? +bw+c

The stationary points of the right-hand side are the zeros w, (&) and w, (@), say, of
the quadratic w? + 2aw + b. The values of @ =a(a) and b = b (a) are chosen in such
a way that w, (a) and w, (a) correspond to the zeros of dp(a, 7)/0z. The other co-
efficient, c, is prescribed in any convenient manner.

The given integral becomes

I(a,x) = e"“‘j exp {-x (—% w3 +aw? + bw)} fle, w)dw
)

where 2 is the w-map of the original path %, and

dt - w? +2aw + b

w)=qa, 1) —=qt) —————
flaw)=q(. 0 - =q(1) op (@, D)o
With the prescribed choice of @ and b, the function f(a, w) is analytic at w = w, (@)
and w =w, (&) when a # @, and at the confluence of these points when & =&. For
large x, I(a, x) is approximated by the corresponding integral with f(e, w) re-
placed by a constant, that is, by an Airy or Scorer function, depending on the
path 2.

Example: Let us apply the method just described to the integral
A(a,x) =f e~x(sechasinh t-1) 7,
)

in which >0 and x is large and positive. The integrand has saddle-points at
t=aand -a. The former is always in the range of integration, and it coincides
with the latter when a = 0. We seek an asymptotic expansion of 4 (a, x) which is
uniform for arbitrarily small values of a.

By symmetry, the appropriate cubic transformation has the form

sechasinh7-r=5w? -¢w
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The stationary points of the right-hand side are w= +¢Y2 Since they are to
correspond to 7 = @, the value of the coefficient ¢ is determined by

12 =a- tanha

A, x)= Jw exp {-x (§w3 — {w)} 51% dw

The peak value of the exponential factor in the new integrand occurs at w=§ iz
We expand 7 in a Taylor series at this point, in the form

Then

s 5@ 2y
t a+s§°s+l(w ¢M2y

The coefficients ¢s(e) can be found, for example, by repeatedly differentiating
the equation connecting 7 and w and then setting 7 = and w = ¢Y2 | In particular

Y S _2- {b@F
¢°(a)_(tanh2 a) P h(@= 3o (@) tanh «

It is easily verified that each of these expressions tends to a finite limit as &= 0.
The desired asymptotic expansion is now obtained by termwise integration.

Thus

' — . 2[3
a@n~15 6@ BELE o
=0

where

Qis(y)=%f eXP(-%t”yt)(t-y‘/’)’dt (s=0,1,...)
0

- These integrals are related to Scorer’s function (12.4.3) by
Qio(») =Hi(y); Qix(»)=Hi'(") -y Hi(y); Q) =7" - 2¥"* Qix ()
and

Qi;(y)= (=) rlyt 2 - 2p12Gig, () + (s - 2)Qig-3 () (s>3)
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If a is restricted to a finite interval [0, ag], then the error on truncating the
asymptotic expansion of 4 (e, x) at its n'™ term is O {x~**1/ 3Qi,, %3 §)} uni-
formly with respect to @, provided that # is even. For a ranging over the infinite
interval [0, ) this error is uniformly O{(1 +{)™**/4x~("*D3Qj x¥3 {)}, in
this case provided that » is even and nonzero.

12.5 SUMS AND SEQUENCES
12.5.1 Bernoulli Polynomials

The polynomials By (x), B, (x), . . . , defined by the generating function

et
e’ -

tl‘
s!

o= > B@E  (r<2n

§=0

are called the Bernoulli polynomials. Their values at x = 0 are the Bernoulli num-
bers Bg = B (0).
The first few Bernoulli numbers are given by

Bo=l Bl=_ Bz'—'
Bs=0 BG=4L2 B7=

B;=0 By=-1
By=-35  By=0

[STE
O o=

the only nonvanishing B; of odd subscript being, in fact, B,. Corresponding poly-
nomials are

By(x)=1; By(x)=x-31
By(x)=x*>-x+%; Byx)=x(x- Dx-1)
Ba(x)=x*-2x>+x*- %; Bs(x)=x(x- 1)(x- 1)(x? - x- D)
Be(x)=x®-3x°+3x* - 2x?+ 1

Important properties include

b= (e
= \1/

B)=s81 [ Bdx=0 (>1) B(-0)=() BE)
0

1
-S=
J s+1

3 Bei(@+1)- By} (s> 1)
i=1
=1 . Q0¥B,
2 E=Cr S 2

=




»
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and

00 x2s-l _ Bz
J; ;K—l-dx:'(_)s t '4:" - (s=1)

When s> 1, the only zeros of Byg,, (x) in the interval [0, 1] are 0,1 ,and 1, and
the only zeros of B,(x) - B, in the same interval are 0 and 1. Also,

|Bos®) | < |Bas| (0<x<1)

12.5.2 The Euler-Maclaurin Formula

If @, m, and n are integers such that <n and m >0, and F@™)(x) is absolutely
integrable over the interval (a, n), then .

}?'_'jf(i)= fo)dx + > @)+ ~ ) + "}2‘1 % O (@) - FOD(@))

" B m _Bzm(x— [X]) m
+£ 2 am)! ™ (x)dx

Here [x] denotes the integer in the interval (x - 1, x]; in consequence, as a func-
tion of x, B,y (x - [x]) is periodic and continuous, with period 1.

The formula just given is the Euler-Maclaurin formula. 1ts uses include numerical
quadrature, numerical summation of slowly convergent series, and asymptotic ap-
proximation of sums of series. Another version of the formula is furnished by

n n =1 e
Zf(f)=£ f(f-’)dz"'%f(a)+%f‘(n)~2.{;j _"_‘e{T{r(;z_j’TyEdy

j=a

2my

m By o iret ek, 1 3 2 so il T

9, being some number in the interval (0, 1). This second form is valid with the
conditions:

a. f(z) is continuous throughout the strip 2 <Re z < n, and holomorphic in its
interior. :

b. f(z) is real on the intersection of the strip with the real axis.

c. f(2)=0(e*™™2!) as Im z - # in @ <Re z <n, uniformly with respect to
Rez.
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df Im {f(a + iy)}

T dy converges
e. @™ (z) is continuous on the line Re z = n.
Example: Let us seek the asymptotic expansion of the sum
- .
S(n)= E jlnj

for large n. Setting f(x) = x In x, we have
= T _ = (s) s (s )
flx)dx = x Inx x ; f'@)=lnx+1; f (x) (-) (s=2)

The first form of the Euler-Maclaurin formula leads to

1 1 1
S(n) n lnn—4n +2nlnn+121nn+C

_ m-1 Bz: “R (n)
fv;, 2525~ )Q2s-2Pn>*2 ™

where m is an arbitrary integer exceeding unity,

cod 1 -1 IM
4 720 12 x3

and

Rm(n)=fw Bym =~ Bym(x - [x])dx

2mQ2m - 1)x>™!

The final result in 12.5.1 shows that B,,, - B,,,(x - [x])is bounded in absolute
value by B,,, and has the same sign. Hence

|Bam |
2mQ2m - 1)(2m - 2)n*™?

|Rm(m)| < m=>2)

Since the last quantity is O(1/n?™2) as n - oo, the expansion for S (n) is an
asymptotic expansion, complete with error bound.
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A numerical estimate for the constant C can be found by summing directly the
first few terms of the series2_j Inj, and using the bound for |[Rm(n)|. For ex-
ample, if m =4 and n = 5, then we have

= 06X 1078

(1/30) 1
IR4(5)I < 8-7-6 5
Direct summation yields S(5) = 18.27449823, and subtracting the values of the
known terms in the expansion of S(5), we find that C = 0.24875449, correct to
eight decimal places.

An analytical expression for C can be derived from the second form of the
Euler-Maclaurin formula given above. The result is expressible as

_r+h@en '@

k 12 2m?

where y denotes Euler’s constant, {(z) is the Riemann Zeta function

(@=3 L (Rez>1)

s=1 S

=

and {'(2) the derivative of { (z) at z = 2.

12.5.3 Asymptotic Expansions of Entire Functions

The asymptotic behavior, for large ‘lz ], of entire functions defined by their Mac-
laurin series

f@= Zw: a;z’
j=0

can sometimes be found by expressing the sum as a contour integral and applying
the methods of sections 12.2 to 12.4.

Example: Consider the function
= 1\
flp,x)=2 ( 7)
j=o \J*

for large positive values of x, where p is a constant in the interval (0, 4]. From the
residue theorem it follows that

n-1 iV t ’
> (;—"-) =%;J; {F(tx+l)} cot (mr) dt

j=0
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ltl=n—(1/2)

;'_}6”2' 2 )
—anyY Ny

Fig. 12.5-1 t-plane: contour €.

where C is the closed contour depicted in Figure 12.5-1. Now

1

cot (1rt)=_ 1
2wt _ 1

1
2i 2_8-21rir_ 1

1
=— 4
2 e

= P n-(1/2) ¢ p P P
S5 £ ] x dt
Z(i_!> =j {r(:+1)} d"fel {F(t+l)} T

-1/2
+f x 7 ar
e, [TE+D] ™ -1

where C, and C, are respectively the upper and lower halves of C.

By means of Stirling’s approximation (7.2-11) it is verifiable that the integrals
around the large circular arcs vanish as n = %, provided that p <4 (which we have
assumed to be the case). Also, |x”° l < 1whenx>1 and Re < 0. Hence

oo x' P
f(p,x)=J:J {l‘(z+1)} dt+0(1) (x=1)

The asymptotic behavior of the last integral can be found by use of Stirling’s ap-




»
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proximation and Laplace’s method in the manner of the example treated in 12 2.5.
The final result is given by
e
o0 e 7

12.5.4 Coefficients in a Maclaurin or Laurent Expansion

Let f(¢) be a given analytic function and

=3 au"  (0<|t] <P

n=-oco

a Laurent expansion. What is the asymptotic behavior of @, asn approaches < or
-? More specially, what is the asymptotic behavior of the sequence of coeffi-
cients in a Maclaurin series?
Problems of this kind can be brought within the scope of sections 12.3 and 12.4
by use of the Cauchy formula
J‘ o .
21,{1 n+1

in which € is a simple closed contour encircling # = 0. However, in cases when f(r)
has finite singularities other than ¢ =0, the method of the next subsection often
yields the required approximation in an easier way.

12.5.5 Method of Darboux

In the complex z-plane let r be the distance of the nearest singularity of f(r) from
the origin, and suppose that a ‘comparison’ function g(¢) can be found with the
properties:

a. g(?) is holomorphic in 0 < |z| <r.
b. f(r) - g(t)is continuous in 0 < |z]| <r.
c. The coefficients in the Laurent expansion

g()= i bt" (0<'|tl<r)

have known asymptotic behavior.

Then by allowing the contour in Cauchy’s formula to expand, we deduce that

f()- g(t) i i -ni
n = bn 27”];”_’ P f {free) g(’ee)}e ' do

21rr
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Application of the Riemann-Lebesgue lemma (12.2.3) to the last integral yields
Gn=byto(™) (n>o)
This is a first approximation to a,,. Often this result is refinable in two ways. First,
if £O™)(r)- g™ () is continuous on |z] =r then the integral for a, - b,, may be
integrated m times by parts to yield the stronger result
@, =b, +o(r™n™) (n—>o)
Secondly, it is unnecessary for £(r) - g(t)—or f™)(r) - £2™)(£)—to be continuous
on [t| =r; it suffices that the integrals involved converge uniformly with respect

to n.

Example: Legendre polynomials of large order—The standard generating function for
the Legendre polynomials is given by

1
(1-2rcosa+12)H?

= f: Pu(cosa)t™  (|t]<1)
n=0

Let the left-hand side be denoted by f(z). The only singularities of this function are
branch-points at #=e*®. To insure that these points do not coincide we restrict
0 < a<min what follows.

Let (¢'*- £)™/? be the branch of this square root which is continuous in the
t-plane cut along the outward-drawn ray through ¢ =e’® and takes the value e™%/2
at t=0. Similarly, let (¢™® - £)""/? denote the conjugate function. Then f(f) can
be factorized as

@)= (- 0 2 - 0y ([e]<1)
If ¢ > € from within the unit circle, then

(eior - t)-llz By e-1ri/4 (2 sin a)—uz (I e e—ia)

(e—ia = t)-llz - oTi/4 (2 sin a)-uz ([ e eia)
Accordingly, in the notation used above we set
g(t) - e-m’/4 (2 sin a)-llz (e-ia o t)-l/z o em'/4 (2 sin a)-llz (eia - t)-llz

The coefficient of #” in the Maclaurin expansion of g(¢) is

SCOARES D
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- By Darboux’s method a first approximation to P, (cos ) is given by
P,(cosa)=b, to(l) (n—>)
Since, however, by Stirling’s approximation
by = {2/(nn sin @)}'/? cos (na+ 1 a- 3 1) +0(n3?)

this estimate for P, (cos &) reduces effectively to o(1).

An improved result is obtainable by observing that the integral of f'(r)- g'(¢)
around the unit circle converges uniformly with respect to n. Accordingly, we may
integrate once by parts and apply the Riemann-Lebesgue lemma to obtain

P, (cosa)=b, +to(n')

By synthesizing a function g(r) which matches the behavior of f(r) and its fist m
derivatives at r = e***, we can extend this result into

2 \/2 ma (-%)( - %) cos @, 1
P = — 7,8 + o
n (COS a) (sm a) s;) s n (2 slﬂ a).\' 0 (nm*(1/2)) (n = )

where a,, ;= (n- s+ 3)a+ (n- % s- %) 7, and m is an arbitrary positive integer.

12.5.6 Haar's Method
Let () be given by an inverse Laplace transform (section 11.2)

1 Cc+ioo
== P*F(p)d
@)= fc_‘_m € ({7) p
and g(¢) a comparison function having a known transform

c+ico

=1 pt
8=~ N eP'G(p)dp

foo

and known asymptotic behavior for large positive 7. By subtraction

f@-g@= ;—:f—a e’ {F(c +iv) - G(c +iv)} dv

If the last integral converges uniformly at each limit for all sufficiently large ¢, then
the Riemann-Lebesgue lemma (12.2.3) shows that
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f@)=g@®+o™ (=)

If, in addition, the corresponding integrals with F" and G replaced by their deriva-
tives FU) and G, j=1,2,...,m, converge uniformly, then by repeated integra-
tions by parts and use again of the Riemann-Lebesgue lemma, we derive

fO)=g®)+o(t™ ")  (t=>)

This method for approximating a given function f(f) is due to Haar, and is
analogous to Darboux’s method for sequences. The best results are obtained by
translating the integration contour to the left to make the value of ¢ as small as

possible.

Example: Bessel functions of large argument—For >0 and v > -1, the Bessel func-
tion J,(¢) is representable by
C+ico e tp dp
f(t)= —_— —(Pz + l)p+(1/z)

s (c>0)

Ve il TN
where f(t)=n"2(1 )’ J, ()T +1), and (p* + 1)**/?) has its principal value.
To approximate f() for large ¢t we deform the path into two loop integrals*

i) i4)
1-9
—oo+i —oo—f

In the first of these the factor (p? + 1) (V/2) is replaced by its expansion in as-
cending powers of p - i. Then using Hankel’s integral for the reciprocal of the
Gamma function (7.2-9), we derive

L (i+) efpdp
(pz + l)w(l/z)

2mid_,;

1 n-1 [-p- 1 1 eir
= . ¥ + €,(1)
2v+(1/2)e(2v+1)m/4 = s (Zi)"' F(V+ % - s)ts-w(llz) n

Here n is an arbitrary integer, and
1 @i+)
enlt)= 5~ f e 0{(p- )"} dp
TiJ_ uq

the O-term being uniform on the loop path.

. b+ 5 . - a i .
*The notation fa o9 means that the integration path begins at a, encircles the singularity at b
once in the positive sense, and returns to its starting point without encircling any other singu-
larity of the integrand.
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1f we restrict n>v - 1 | then the path in the last integral may be collapsed onto
the two sides of the cut through p =i parallel to the negative real axis. Thence it
follows that €,(z) is O(1/t"v*(12)) a5 t > oo, Similar analysis applies to the other
loop integral, and combination of the results gives the required expansion

s

I i n-1 [-v-1\ T@+3) cos{r-(Fstzv+z)n}
Jv(t)_(—) 4 ( )F(V+ % - 5) (zt)s

! 1
* 0(,n+u/z))

It can be verified that this agrees with the expansion of 7.2.9.
From the standpoint of Haar, the role of F(p) is played here by (p* + 1y -us)
and that of G(p) by

n-1 1 -y - _ (p - I)s v-(1/2) (p 4 i)s—v—(llz)
‘g 2u+(|/2) s e(2v+1)1ri/4 (2i)" - e-(2v+l)1ri/4 (-21')"

=0

12.6 THE LIOUVILLE-GREEN (OR WKB) APPROXIMATION

12.6.1 The Liouville Transformation
Let

=f)w

be a éiven differential equation, and £(x) any thrice-differentiable function. On
transforming to £ as independent variable and setting

dt 1/2

W=|—

\ (dx) e
we find that

aw

3 -[ 21607 B, z}]w

Here the dot signifies differentiation with respect to £, and {x, ¢} is the Schwarzian
derivative
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properties of which include
co=-(5) aah w0-(%) woren

The foregoing change of variables is called the Liouville transformation. If we
now prescribe

E= | V3 (x)dx

then x2f(x) =1

d*w _
o= Lon)w

and

” _ "y 2
gy SO 4IE) 2 d ()

8f3(x) f3/4 dx? fl/

Neglect of the Schwarzian enables the equation in W and £ to be solved exactly,
and this leads to the following general solution of the original differential equation:

Af"’“(x)exp {ffl/z(x)dx} +Bf 4 (x) exp {" ffl/z(x)dx}

where A and B are arbitrary constants. This is the Liouville-Green or LG approxi-
mation, also known as the WKB approximation. The expressions

Y% exp (i- f M dx)

are called the LG functions.

In a wide range of circumstances, described in following subsections, neglect of
the Schwarzian is justified and the LG approximation accurate. An important case
of failure is immediately noticeable, however. At a zero of f(x) the Schwarzian is
infinite, rendering the LG approximation meaningless. Zeros of f(x) are called
transition points or turning points of the differential equation. The reason for the
names is that on passing through a zero of f(x) on the real axis, the character of
each solution changes from oscillatory to monotonic (or vice-versa). Satisfactory
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approximations cannot be constructed in terms of elementary functions in the
neighborhood of a transition point; see section 12.8 below.

12.6.2 Error Bounds: Real Variables

In stating error bounds for the LG approximation, it is convenient to take the dif-
ferential equation in the form

={fx)+e(x)}w

It is assumed that in a given finite or infinite interval (a,,a,), f(x) is a positive,
real, twice-continuously differentiable function, and g(x) is a continuous, real or
complex function. Then the equation has twice-continuously differentiable
solutions

wi(x)=f""(x) exp {ff”’(X)dX} {1+e,(x)}

wa (x)=f"4 (x) exp {- Jrf‘”(x)dx} {1+e,(x)}
with the error terms bounded by

le@)], 377 (x) |ej(x)| <exp {3 UapxPR-1  (7=1,2)

Here U denotes the variational operator defined in 12.2.4, and F(x) is the error-

control function
1 1 g
F(x)= f{—m a2 (flM) fx/_z}dx

. The foregoing result applies whenever the 0, i x(F) are finite.
A similar result is available for differential equations with solutions of oscillatory
type. With exactly the same conditions, the equation

——= = {-fx)+gx)}w

has twice-continuously differentiable solutions

wi)=f" "4(x)exp{ f f"’(x)dx} 1 +e ()}
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Wy () =7 (<) exp {—i | f"’(x)dx} 1+ em@)

such that
IGI-(X)I, f_llz(x) IE;(X)I <exp {oa.x(F)} =1 (j= 1, 2)

He're a is an arbitrary point in the closure of (a, , @; )—possibly at infinity—and the
solutions w; (x) and w,(x) depend on a. When g(x) is real, w,; (x) and w(x) are
complex conjugates.

12.6.3 Asymptotic Properties with Respect to the Independent Variable

We return to the equation
d*w _
=i {fGx) +g()} w

The error bounds of 12.6.2 immediately show that
wy (x) ~f1% exp (ff"’ dx) (x—=>a;)

‘4’2(J‘f)“‘f-l/4 €Xp (‘ J‘fl/z dx) (x—>a,-)

These results are valid whether or not a; and a, are finite, and also whether or not
f and [g] are bounded at @; and a,. All that is required is that the error-control

function F(x) be of bounded variation in (a; , a;).
A somewhat deeper result, not immediately deducible from the results of 12.6.2,

ffl/2 dx

wa (x) with the complementary properties

is that when o as x—>a, Or a,, there exist solutions w3(x) and

Ws(")“‘f-l/4 €Xp (]fm dx) (x—>a;-)

w4(x)~f"‘/"exp(— ff‘/zdx) (x~>a,+)
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The solutions w; (x) and w, (x) are unique, but not w3 (x) and w, x). Ata,,wy(x)
is said to be recessive (or subdominant), whereas w, (x) is dominant. Similarly for
w, (x) and w3 (x) at a,.

Example: Consider the equation

d*w

dx—,=(x+lnx)w

forlarge positive values of x. We cannot take f= x and g = In x because f g\ dx

would diverge at infinity. Instead, set f=x+Inx and g£=0. Then for large x,
FTA(F%Y" is 0(x7517), consequently O(F) converges. Accordingly, there is a
unique solution w, (x) such that

wa(x)~ (x +Inx)""/* exp {— f (x +1In x)'/2 dx} (x> )

and a nonunique solution w; (x) such that

ws(x)~ (x +In x)"/4 exp{f (x +Inx)"? dx} (x> )

These asymptotic forms are simplifiable by expansion and integration; thus
wy (x) ~ x(AVE exp (2x1/2 - 2531%); 4, (x) ~ x~ (/A VE exp (3x¥2 - 2x1/?)

12.6.4 Convergence of O (F) at a Singularity

Sufficient conditions for the variation of the error-control function to be bounded
at a finite point a, are given by

f(X)’”W; 8(x)=0{m} (x—a,-)

provided that ¢, o, and B are positive constants and the first relation is twice
differentiable.
Similarly, when @, = sufficient conditions for U(F) to be bounded are

fE)~ex®; g(x)=0(x*F?) (x>)

again provided that ¢, «, and f are positive and the first relation is twice differentia-
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ble. When a=3 we interpret the last condition as f'(x) > ¢ and f"(x)=0("");
when a = 1 we require f'(x) = 0(x"*) and f"'(x) = O(x7?).

12.6.5 Asymptotic Properties with Respect to Paramaters

Consider the equation
d*w _ .,
T = W)tz w

in which u is a large positive parameter. If we again suppose that in a given interval
(a;,a,) the function f(x) is positive and f"'(x) and g(x) are continuous, then the
result of 12.6.2 may be applied with u*f(x) playing the role of the previous f(x).
On discarding an irrelevant factor u™"/2 it is seen that the new differential equation:
has solutions

w; (u, x) =f~Y4(x) exp {(—)i“uff‘/z(x)dx} {1 +¢j(u, x)} (j‘= 1,2)"

where

o¢j(u, xj
ox

1
2uf'?(x)

)
< exp o =1

,e,-(u, x)|,
the function F(x) being defined exactly as before. Since F(x) is independent of u,
the error bound is O (u™") for large u and fixed x. Moreover, if F(x) is of bounded
variation in (@, ,a,), then the error bound is O(u ") uniformly with respect to x in
(@y,a,). The differential equation may have a singularity at either endpoint with-
out invalidating this conclusion as long as O(F') is bounded at @, and a,.

Thus the LG functions represent asymptotic solutions in the neighborhood of a
singularity (as in 12.6.3), and uniform asymptotic solutions for large values of a
parameter. This double asymptotic property makes the LG approximation a re-
markably powerful tool for approximating solutions of linear second-crder differen-
tial equations.

Example: Parabolic cylinder functions of large order—The parabolic cylinder func-
tions satisfy the equation

2
- e

abeing a parameter. In the notation of 12.6.2, we take f(x) = ; x* +aand g(x) = 0.
Referring to 12.6.4, we see that U(F) is finite at x =+eo. Hence there exist solu-
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tions which are asymptotic to f~/*¢** for large x, where

] 1/2
$=J-(zx’+a) dx

On expansion and integration, we find that

£=4x* +alnx +constant + O(x"?) (x - o)
Hence the asymptotic forms of the solutions reduce to constant multiples of
x"(WDex*4 and x7a~(1/2)g=x%4 T principal solution U(a, x) is specified
(uniquely) by the condition

Ua,x)~x"(2e>4 (x5 o0)

How does U(a, x) behave as ¢ > +2? Making the transformations a = %u and
x = (Qu)"?t, we obtain

2
?r—itTw=u’(t2 +Dw

A solution of this equation which is recessive at infinity is given by
Wi, )= + 1) EO 1+ e, 1))

where

'éE(t)=f(t2 + 1)12 dt=%t([2 +1)V? +%ln {t+ @ +1)V?}

The error term is bounded by

@, )] <exp {0, FYQ@u)} - 1
with

F(t)=f @ +1y M 1y ) dr =- —%—’ﬂ—
122 + 1)*2
The solutions w(u, ) and U(% u,\/2ut) must be in constant ratio as ¢ varies,
since both are recessive at infinity. The value of the ratio may be found by compar-
ing the asymptotic forms at # = +oo. Thus we arrive at the required approximation:

U u,v/Zur)= 20D/ guld = 1)d (12 4 )14 0-uBD (] 4 oy, 0}
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This result holds for positive # and all real values of #, or, on returning to the
original variables, positive 2 and all real x. For fixed u (not necessarily large) and
large positive z, we have e(u, 1) = 0(z™%). On the other hand, since U_w o (F) <
we have e(u,7)=0(u™") for large u, uniformly with respect to € (-, ). These
estimates illustrate the doubly asymptotic nature of the LG approximation.

Incidentally, the result of the example in 12.4.3 is obtainable from the present
more general result by setting u=2n+1, 1= y/\/4n +2 and expanding ?(t) for
small z. ’ .

12.6.6 Error Bounds: Complex Variables

Let f(z) and g(z) be holomorphic in a complex domain D ir which f(z) is non-
vanishing. Then the differential equation

2~ ) +g@w

" has solutions which are holomorphic in D, depend on arbitrary (possibly infinite)
reference points @, and a,, and are given by

wi@) =4 @) exp {- Y 'E@I1 +¢@)}  (=1,2)

where

E(Z)=jf"’(2)dz .

and
lg@]. | 2@ ej@)] <exp (Vg - 1

Here F(z) is defined as in 12.6.2, with x = z.

In contrast to the case of real variables, the present error bounds apply only to
subregions H;(g;) of D. These subregions comprise the points z for which there ex-
ists a path % in D linking ¢; with z, and along which Re {#(2)} is nondecreasing
(j = 1) or nonincreasing (j = 2). Such a path is called £-progressive. In the bound
exp {O“i' S(F)}- 1 the variation of F(z) has to be evaluated along a §-progressive
path. Parts of D excluded from H;(a)) are called shadow zones. The solutions w;(2)
exist and are holomorphic in the shadow zones, but the error bounds do not apply
there.

Asymptotic properties of the approximation with respect to z in the neighbor-
hood of a singularity, or with respect to large values of a real or complex parameter,
carry over straightforwardly from the case of real variables.
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12.7 DIFFERENTIAL EQUATIONS WITH IRREGULAR SINGULARITIES

12.7.1 Classification of Singularities

Consider the differential equation

d*w dw
S o —_— =
Fx @) 4z g(@2)w=0

in which the functions f(z) and g(z) are holomorphic in a region which includes the
punctured disc 0 < |z = Zol <a,z, and a being given finite numbers.

If both f(z) and g(z) are analytic at zq, then z, is said to be an ordinary point of
the differential equation. In this event all solutions are holomorphic in the disc
|z - 20| <a.

If o is not an ordinary point, but both (z - z,) f(2) and (z - z4)?g(z) are analytic
at zo, then this point is said to be a regular singularity or singularity of the first
kind. In this case independent solutions can be constructed in series involving frac-
tional powers of z- z, and also, possibly, In(z - z,). The series converge when
|2 - 20| <a; compare 6.4.6.

Lastly, if z, is neither an ordinary point nor a regular singularity, then it is said to
be an irregular singularity, or singularity of the second kind. If an integer r exists
such that (z - 2o)"*'f(2) and (z - z9)*"*?g(2) are both analytic at z,, then the least
value of r is said to be the rank of the singularity. By analogy, a regular singularity
is sometimes said to have zero rank.

In the neighborhood of an irregular singularity it is usually impossible to find con-
vergent series expansions for the solutions in terms of elementary functions. In-
stead, asymptotic expansions are employed. From section 12.6, especially 12.6.4,*
it can be seen that the LG functions furnish asymptotic approximations at an ir-
regular singularity. The purpose of the present section is to extend these approxi-
mations into asymptotic expansions for singularities of finite rank. We begin with
the simplest and commonest case in applications.

12.7.2 Singularities of Unit hank

Without loss of generality the singularity is assumed to be at infinity: a finite singu-
larity zo can always be projected to infinity by taking (z - zo)™' as new indepen-
dent variable. Thus we consider the differential equation of 12.7.1 with

N[

=31 s)=% =
5=0 =0

these series converging for sufficiently large |z{ Not all of the coefficients f;, go,
and g, vanish, otherwise the singularity would be regular.

*The symbols j and g are now being used differently.
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Formal series solutions in descending powers of z can be constructed in the form

as

3\ oo
=k Y
w=e" "z 2

s=0
Substituting in the differertial equation and equating coefficients, we obtain in turn
A2 +foh+g =0
(fo t20)u=-(fik +g1)

and

(fo+ 20 sag=(s- ) (s~ 1- W) agy + {Nf2 +82 - (s- 1- W)f;}a,.,
+ {>\f3 *ga-s—2- ﬂ)fz}as~2 e i {>\f:v+l + 8541 f“f:v}ao ‘

The first of these equations yields two possible values
A, Ay = ‘% fo (3 13 - 80)V?

for A, called the characteristic values. The next equation determines the corre-
sponding values yu; and p,, of u. Then the values of a, say ao,; and ag 5 in the
two cases, may be assigned arbitrarily and higher coefficients 45,1 and ag ,,
§=1,2,..., determined recursively. The process fails if, and only if, A, = A;, that
is, f¢ = 4g,. This case is treated below.

In general the formal series diverge. Corresponding to each, however, there is a
unique solution w;(z),j = 1, 2, of the differential equation with the property

- |
wj(2) ~ ez Z(:) >
s:

as z = = in the sector
larg {2 - Az} <3 m- 6 (=1); larg {0 - A)2Y| <2 7-8 (j=2)

& being an arbitrary positive constant.

In the sector ]arg {(xs - )\l)z}] < /2, the solution w, (z) is recessive, and the two
branches of w,(z) are dominant. These roles are interchanged in |arg {(A, - )\2)2}' <
m/2. Although both w,(z) and w,(z) can be continued analytically to any range of
arg z, the given sectors of validity of the asymptotic expansions are maximal (unless
the expansions happen to converge).

The case in which the characteristic values \; and A, are equal can be handled by
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the preliminary transformation
W=€-f°2/2w; f=\/Z_ G

In the new equation either the singularity at ¢ = is regular, or it is irregular with
unequal characteristic values (and therefore amenable to the foregoing analysis).

Example: Bessel’s equation—Bessel functions of real or complex order v satisfy

d2w+ldw+(l_v_2) -
dz*  z dz 2"

In the present notation f; =g, =1, g, =-v?, and all other coefficients vanish.

The equations for A and u yield A\; =-X; =i, and y; =y, =—%. Withag 4 =ap 5 =
1 it is found that

ag, 1 =i, (v); ag, = (-i)*A4)
where
Afv) = (47 - 12) (47 - 32) - {4 - (25- 1)2}/(s! 8)
Renormalizing w, (z) and w;(z) by the factors (2/m)"/? exp {7 (1 v + 1) mi}, we

obtain solutions H#$!')(z) and HE$?)(2) with the properties

1/2 0
H$”(Z)~(—2—) ey i‘A‘—EV) (z>=in-7+8 <argz<2n- 5)
. nz =0 z

77 . A
H{)(z)~ (32) e PRGN ‘% (z=eein-2r+8 <argz<7m-§)
m

s=0

where & is an arbitrary positive constant, and { =z - lvm- 1n. These are the
Hankel functions of order »; H{')(z) is recessive at infinity in the upper half-plane,
or, more precisely when 0 < arg z < m; HS?)(z) is recessive when -7 < arg z <0.

12.7.3 Stokes’ Phenomenon

The functions H{')(z) and HSP(z) introduced in the last example can be continued
analytically to any range of argz. Appropriate asymptotic expansions can be con-
structed by means of the continuation formulas

H{V(ze™™) = - cosec (vm) [sin {(m - 1) va} H{P(2) + €™ ™ sin (mvm) HED(2)]

H D(zem™) = cosec (vm) [€"™ sin (mym) HSV(2) + sin {(m + 1) v} HS?(2)]
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in which m is an integer. For example, if we take m =2 in the first formula, sub-
stitute in the right-hand side by means of the expansions of 12.7.2, and then replace
z by ze™™ we arrive at |

ngl)(z) p (7722)1 { Z s( )+(1 § —2vm) -it Z ( I)s ;(V)}

valid when z > in 7+ 8§ <argz <37 - §.

It will be observed that two different asymptotic expansions are available for.

(’ )(z) in the sector 7+ & Sarg z <2m- §, namely, the expansion just given and
the original expansion of 12.7.2. In this sector, however, ™ is exponentially small
at infinity compared with ¥, hence the whole contribution of the series it multi-
plies is absorbable in Poincaré’s sense, in any of the error terms associated with the
first series.* Accordingly, there is no inconsistency.

Extensions to other phase ranges may be found in the same manner by taking
other values of m. In each case an expansion of the form

(1)1/2{am(v)e‘.§ i i A )+ﬁ v)e -i¢ Z - ’)s (V)}
5=0

nZ

is obtained, where (m- 1) 7+ 6 <argz<(m+1) 7- 8, and @,,(») and §,,(v) are
independent of z. The need for discontinuous changes in these coefficients as argz
is continuously increased (or decreased) is called the Stokes phenomenon. 1t is not
confined to solutions of Bessel’s differential equation.

12.7.4** Singularities of Higher Rank

When the differential equation of 12.7.1 has a singularity at infinity of rank k + 1,
the coefficients f(z) and g(z) can be expanded in series

) zkz s’g(z) zzkzgs

s—o

which converge for large ]zl at least one of f5, &9, and g, being nonzero.
Provided that fi # 4g,, formal series solutions of the form

O (=12

*For numerical purposes, however, the second series should be retained when g n<argz <27

**Proofs of results in this subsection are given in Olver and Stenger 1965.
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can be constructed. Here

( ) _l¢s 2f.s'

k+1- 5z * {(')i-1¢k+l = ’%fkﬂ - '%k}lnz

E} (z) zk+1 E
the coefficients ¢ being defined by the expansion
Ure+re-spr=+ 5%
s=0

The other coefficients a5 ; may be calculated recursively by substituting in the dif-
ferential equation and equating coefficients, the value of o ; being arbitrary.

Let the z-plane be divided into 2k + 2 sectors of equal angle, as indicated in Fig-
ure 12.7-1 in the case k = 3. In any closed sector lying properly within* the union

Fig. 12.7-1 z-plane,k =3: 0 =} 7 —arg ¢o)/(k + 1).

of a shaded sector and the two adjacent unshaded sectors there is a solution of the
differential equation having the formal series, with j = 1, as its asymptotic expan-
sion. This solution is recessive in the shaded sector and dominant in the abutting
sectors. Similarly in any closed sector within the union of an unshaded sector and
the two adjacent shaded sectors there is a solution having the formal series, with
j =2, as its asymptotic expansion, and this solution is recessive in the unshaded
sector and dominant in the abutting sectors.

~ Again, the exceptional case fg =4go is amenable to an appropriate preliminary
transformation of independent and dependent variables.

'Except for the common vertex.
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12.8 DIFFERENTIAL EQUATIONS WITH A PARAMETER

12.8.1 Classification and Preliminary Transformations

In this section we discuss asymptotic solutions of differential equati?uof the form

2
- W) s @) w

in which u is a large real or complex parameter, and z ranges over a real interval or
complex domain D, say. Equations of this type occur frequently in mathematical
physics. The form of the asymptotic solutions depends on the nature of the zansi-
tion points in D, that is, points at which f(z) or g(z) is singular, or f(z) vanishes;
compare 12.6.1.

In the case in which D is free from transition points—which we shall call hence-
forth Case I-it was shown in section 12.6 that the LG functions

f—1/4(z) exp{tuffln(z) dZ}

furnish asymptotic solutions with uniform relative error O(u™") as ]ul =, In
12.8.2 we construct asymptotic expansions in descending powers of u, the initial
terms of which are the LG approximations.

Later subsections treat cases in which D contains a single transition point z,, say.
If, at zo, f(z) has a pole of order 7 > 2 and &(2) is either analytic or has a pole of
order less than % m+ 1, then the LG approximation or the expansions of 12.8.2
may be used. In Case I, treated in 12.8.4, z4 is a simple zero of f(z) and an ana-
lytic point of g(z); in Case IIl, treated in 12.8.6, z, is a simple pole of f(2) and
(z - 20)%g(2) is analytic there. ’

Basically the same approach is made in all cases. First, the Liouville transforma-
tion (12.6.1) is applied. This introduces new variables W and §, related by

W=z"12y
the dot denoting differentiation with respect to £. Then [

2

da*w .
e {22 f(2) +y (O} w
where

V(8 =2%g(2) + 22 % "

1
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The transformation is now prescribed in such a way that: (i) £ and z are analytic
functions of each other at the transition point (if any); (ii) the approximating dif-
ferential equation obtained by neglect of ¥ (&), or part of ¥/(£), has solutions which
are functions of a single variable. The actual prescriptions are as follows:

Case |:
22f(z)=1, giving £= f f'*(z)dz
Case Il:
2 f(z)=§, sgiving §£3”=rf‘/’(t)dt
Case Il1:

#f@)=. gving 26 - j @) dr

The transformed differential equation becomes

da*w

P (g™ + (W

-with m =0 (Case I), m = 1 (Case II), or m =~ 1 (Case III).

In Cases I and II approximate solutions of the new equation are obtained by ne-
glecting ¥(§). In Case I this is the LG approximating procedure used in section
12.6. In Case II the agyjmants are Airy functions. In Case III the basic approxi-

mating equation is
2 2
W _fu o\,
g \¢ ¢
where p is the value of £2 /() at £ =0. The solutions are expressible in terms of

modified Bessel functions of order #\/1 + 4p and argument 2ur/% .

'12.8.2 Case I: No Transition Points

The standard form of differential equation is given by

daw
dg?

={u’ +y@E}w
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The variable £ ranges over a bounded or unbounded complex domain A, being the
map of the original z-domain D. The function ¥ (&) is holomorphic in A.
A formal series solution can be constructed in the form

u/:euE i A—:(si)
§=0

This gives

DY et 2 AOIAL Q) W, 2 AR 24D + AT ()

5=0
Satisfaction of the given differential equation requires
245 =4, D+ Y (B4, () (s=0,1,...)

Thus Ao (%) = constant, which we take to be unity withg,li/lﬁss of generality, and
higher coefficients are found recursively by ’

Aa®@=-340+5 [1O4OE c=01,...)

the constants of integration being arbitrary. Each coefficient 4 s(&) is holomorphic
in A.

A second formal solution is obtainable by replacing u by -u throughout. In gen-
eral both formal series diverge. However, corresponding to any positive integer n
there exist solutions Wn j(u, §), j=1, 2, which are holomorphic in A, depend on

arbitrary reference points a;, and are given by
)

Was =t 55 200y
$=0

Maw =t 3 2By
$=0

where the error terms are bounded by

aen, '(u: E)
O A R

Juel

- 20a;,1(41) ) Oay, e(4,)
=i 33 o, §\n
<2/ | exp{ ! } Ilul"

These bounds apply at each point £ of A which can be linked to @; by a path 2 ly-
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ing in A and such that Re(uwv) is nondecreasing (j = 1) or nonincreasing (j = 2) as v
passes along 2; from ¢; to £. The variations in the error bounds must be evaluated
along 2;. The reference points o; can be at infinity, subject to convergence of the
variations.

In the context of the present result, the condition on the path 9]- is called the
monotonicity condition, and admissible paths are said to be (u£)-progressive; com-
pare 12.6.6. Again, points of A excluded by the monotonicity condition are called
shadow zones; the zones depend on j, arg u, and the choice of ;.

Example: Modified Bessel functions of large order—The functions z'/%/,(vz) and
22K (vz) satisfy

dw [,1+22 1
a2 |V 2 "

The preceding theory will now be applied to derive uniform asymptotic expansions
for large positive real values of v.
The appropriate Liouville transformation is given by

1*_22)1/2 22 \va
’g:J.——z—dz; w=( ) W

1422

Then

. d*w

dg?

= +y@I W

where
Y@ =22(1- 3 22) (1+2%)7
Integration yields
£=(1+2z)"2+Inz-In {1 +(1 +2*)"?}

it being convenient to take the arbitrary constant of integration to be zero. The
mapping between the planes of z and £ is indicated in Figs. 12.8-1 and 12.8-2. We
take D to be the sector |arg z’ <m/2. Its map A comprises the union of the sector
|arg £ < /2 and the strip |Im §| < 7/2.

From the above results it follows that the transformed differential equation has
solutions

% |

w’l,l (Vs ‘E) = euz{ "z-l > ¥ nn,l (V, E)}
$=0




698 Handbook of Applied Mathematics

Fe

Fig. 12.8-1 z-plane: domain D.

F

D (in[2)
— £
1
1
|
ic
C(' :
1
i
=L
o

Fig. 12.8-2 t-plane: domain A.
_/
_ n-1 A
0.0 =S (7 e, J
=0

With the reference points @; and @, taken to be -0 and +oo respectively,
ent error terms are bounded by

20 1(41)) Do £(A4,,
]”n,l(l’,f)]<2exp{ gt )}O £(4n)

the pres-

v V7

[, 2(v, )] <2 exp {205'”(’4 ‘)} O¢,=(4n)

v -
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The condition on the variational paths is that Re £ is monotonic; from Figs. 12.8-1
and 12.8-2 it is clear that the whole of A is admissible both forj=1andj=2. In
other words, shadow zones are absent in the present case.*

On reverting to the original variables we find that the recurrence relation for the
coefficients A (¥) becomes

1 z dd; z(4- 2?)
AS*I - 2 (l +z‘2)l/2 dZ (l +22)S/2A-'dz

From this equation it can be-deduced that A is a polynomial in p = (1 +22)7"/2 of
degree 3s. If the integration constants are chosen in such a way that A vanishes at
z = when s 2 1, then we obtain

Ag=1; A, =(3p- 5p°)[24; A, =(81p* - 462p* + 385p°)/1152

To identify /,(vz) and K, (vz) in terms of the solutions just constructed, we note
that as z > 0, that is, £ > -°°, both [,,(vz) and (1 +2z*)™V* W, , (v, §) are recessive;
hence their ratio is independent of z. Similarly, by letting z = +oo, that is, £ > +°,
we see that the ratio of K,(vz) and (1 +22)"V* W, ,(v, £) is independent of z. In
both cases the ratio may be found by considering asymptotic forms as z =+, »
being fixed. The final expansions are

1 ' Pd3 -1 4,
141, =) (m)"V%(1 + z22)V4 {g F + M1 (v, E)}

1,(vz) =

e vE

1/2
K,(vz) = (g;) (—l—_”g—),rz{z (‘)s—+nn 2(v, E)}

valid when v > 0, [arg z] < m/2, and n is any positive integer.
If z is restricted to the sector |argz| < (w/2)- 8 (<m/2), then the error bounds
show that

PR s > 2
v (zm))ln(l +z2)l/4s=o S

T 1/2
KU(VZ)~<2_V) a +z’)”" Z (- )’

as v = oo, uniformly with respect to z.

*This would not be so if v were complex.
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12.8.3 Auxiliary Functions for the Airy Functions

For negative values of x, the Airy functions Ai(x) and Bi(x) are of oscillatory
character, the period and amplitude of the oscillation diminishing as x - -c. QOn
the other hand, for increasing positive x both functions are positive and monotonic,
Ai(x) tending rapidly to zero and Bi (x) to infinity. To make a combined assess-
ment of the magnitudes of both functions applicable to both negative and positive
arguments, we introduce a weight function E(x), modulus Junction M(x), and
phase function 6 (x).
The weight function is defined by

E(x) =+/Bix)/Ai(x) (c<x<%); E(x)=1 (-=<x<o)
Here ¢ =-0.36605 . . . is the negative root of the equation

Ai(x) = Bi(x)

-

having smallest absolute value. The function £ (x) is continuous and nondecreasing.
The modulus and phase functions are defined by '

E(x) Ai(x) = M(x) sin 0 (x); E~(x)Bi(x) = M(x) cos 6 (x)
where E7!(x) = 1/E(x). In consequence

M(x)=\2Ai(x)Bix); 0(x)=21r (x>c)

or

M(x) =V Ai*(x) + Bi*(x); 6(x)=tan™"! {Ai(x)/Bi(x)} (x<e¢)

the branch of the inverse tangent being 7/4 at x =c¢, and continuous elsewhere.
The modulus is a slowly changing function with the property

M(x) ~ a7V 2|x[4 (x> too)

The phase is a nonincreasing function. »
The following constant is required in the next subsection:

A =(_sup ) {7 M*(x)} = 1.04. ..

12.8.4 Case Il: Simple Turning Point

The standard form of differential equation for Case II is

d*w
dg?

={lE+y@rw
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For simplicity, it is supposed here that the variabfes are real, u# being positive, and
also that (§) is infinitely differentiable in a ﬁmte or infinite interval («, §) which
contains the turning point £ = 0.
The basic approximating equation is
d*w

a

solutions of which are Ai(?*3£) and Bi(*?%). A formal series solution of the
given differential equation can be constructed in the form

s(z) A'@*g) 5 Bd B (s)

u4/3

W= Ai@*%) ):

so“

with 4o(%) = 1. Differentiating and equating coefficients, we find that

By(%) = J {¥(v) 44(v) - A}'(v)} 72 E>0)

21/2

By(¥) = )m J- {¥(v) 44(v) - 45()} ((<0)

2A-¢ E )”2

and

Am®=-1 B+ [0 B0

These equations determine recursively sequences of functions which are infinitely
differentiable throughout (e, ), including & = 0.

Again, the formal series diverges in general, but corresponding to each nonnega-
tive integer n there exists an infinitely differentiable solution W, 4, ;(u, £), such
that

s(E) Ai'(W?PE) n- leE
W95 AO

5=0

Wanser,1(u, §) = Ai@*P¥) Z

t€p41, 1, 8)

with

Mu*3p) {zwg,gdsl“’eo)}o;,a(lzl“’Bn)

|€2n+1,1(“, E)' <2 E(? 78 exp " L2
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E, M, and X being defined as in 12.8.3. For positive or negative £, the bound for
€2n+1,1 (4, £) is essentially Ai(u?/3 £)O@™*""), except near the zeros of Ai@?3).
A second solution is furnished by

n AfE)  Bi'@**g) n1 By
w2n+l '2(11, E) B Bi(u2/3 E) Z ugf) + - z(‘u4/3 s) Z ugf) + €2n¢l ,Z(u, E)
=0 5=0

with
Oa,t(,é]”an)

u2n+l

1/2
,62,”.1 ,2(“: E)l £ 2E(Ll2/3£) M(u2/3£) exp {2)\00,5(}(2' Bo)}

Analogous results are also available for complex variables; see Olver 1974a, Chap-
ter 11.

12.8.5 Auxiliary Functions for Bessel Functions

For nonnegative real values of v and positive values of x, a weight function E,(x)is
defined by

Ey(x) = {-Y,()/[7,x)}""2 (0 <x<X,); E(x)=1 (X, <x<)
where x = X, is the smallest root of the equation
J(x)+ Y, (x)=0

E,(x) is a continuous, positive, nonincreasing function of x.
Corresponding modulus and phase functions are defined by

To(x) = B (x) My(x) cos 0,(x);  Y,(x) = E,(x) M,(x) sin 6,(x)

thus
My(x) = 2|V, L5 6,6)=-1n (0<x<X,)

My(x) = {750 + Y2)1/%; 6,(x) = tan™ @M} x>x,)
the branch of the inverse tangent being chosen to make 8, (x) continuous everywhere.

12.8.6 Case lll: Simple Pole
The final form of differential equation to be considered in the present section is

PW_fi -1y
aus“{ctz+ a2 g }W
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in which u is again a large positive parameter, v is a nonnegative real constant, and
Y (%) is infinitely differentiable in a finite or infinite interval (, §) containing £ = 0.
For £ € (0, f) a formal series solution is supplied by

21121 ( EIIZ) Z s(E) 51/2) Z S(E)

where 7, is the modified Bessel function, and the coefficients are determined recur-
sively by Ao () = 1

£
By(§) =-4 s(£)+51/2f {w(v) Ay(v) - (V ) (v)} 172

and
Ao ® =B - B0+ [v© B 22

Each coefficient tends to a finite limit as £ > 0.
Corresponding to any nonnegative integer n, there exists a solution W, ., ;(u, £)
of the given differential equation of the form

s(E) S(E)

: w2n+1 l(u E) 51/21( 5”2) Z — [uﬂ( 5”2) Z +€2n+1 l(u E)

with

2n+1

1/2
lezmen,a (i, B)] <M @) EV21,(u2"?) exp{x 10y (628, )} Qo(E7"5y)

Here A, () is the (finite) constant defined by

M) = sup {2x],(x) K, (x)}
€(0,»)

X

For each n an independent second solution is given by

s(E) E s(E)

Waney,2(u, §) = EV2K,(ut"?) Z Ky (u S”z)z

% 62n+l 2(“ 2)
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where K, is the second modified Bessel function, and

M (@) Ot6(¢"*By)
,52n+1,2 (u, ‘é), SN () 21/2Ky(u€l/2) €Xp { lu 02,6(5”230)} ey =
For negative £ the solutions Wans1,1(u, £) and Wana1,2(u, £) are no longer appro-
priate since they have branch-points at £ = 0 and become complex when continued
to negative values. The coefficients 4 s() and B(¥) are free from singularity at
£ =0, however, and may be continued to negative &; thus

: |
50 =40+ s | o - o+ 2o}
£

1211/2 ,v,llz

and Ag,, (¢) is related to By(%) by the same formula as for positive .
Solutions of the given differential equation for £ € (, 0) are given by

O A i I PR X
$=0

2 2s
u 5=0 u

i 52n+1 ,3(") E)

Wanar,a(u, §) = IEIUZYV(MHUZ) i %— ,—i, yp”(uls’uz) "Z':’ %
=0 s=0

+ eznu,a(u, 3]

where 7 is again an arbitrary nonnegative integer, and

M@lE"> @) " O¢,0(€]"2B,)
Ey(ulg 2 7 { Oc.o(lé 2B°)} ETL’“

,€2n+1,3(u, E), <)\3(V),z€r!l/2 !

le2n .ol B < Ma@E 2, ] 72) b, ] 12
A 5 1/ ZB"
X exp { 1 oa,;(ist"’Bo)} %ﬁ)

Here E, and M, are defined as in 12.8.5, and \,(»), As(v), L(Vj denote the
suprema of the functions

mXMy(x), x|, (x)| By x) My (), x| Y, ()| M, (x) /B, (x)

respectively, for x € (0, «°). Each is finite. :
Again, analogous results are available for complex u and &
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12.9 ESTIMATION OF REMAINDER TERMS

12.9.1 Numerical Use of Asymptotic Approximations

When a realistic analytical bound for the error term in a given expansion is unavail-
able, it is unsafe to infer the size of the error term simply by inspecting the rate of
numerical decrease of the terms in the series. Even in the case of a convergent
power-series expansion this cannot be done: the tail has to be majorized analytically
—for example, by a geometric progression—before final accuracy can be guaranteed.
For a divergent asymptotic expansion the situation is much worse. First, it is im-
possible to majorize the tail. Secondly, the series represents an infinite class of
functions, and the error term depends on which particular member of the class we
have in mind.

In cases where the asymptotic variable x, say, is real and positive and the distin-
guished point is at infinity, the wanted function should be computed by an inde-
pendent (preferably non-asymptotic) method at the smallest value of x it is in-
tended to apply the asymptotic approximation. If the results are in agreement to
S significant figures, then it is likely (but not certain) that the approximation will
be accurate to at least S significant figures for all greater values of x.

For a complex variable z, both |z| and arg z have to be considered in appraising
accuracy. Suppose that an asymptotic approximation is valid as z = ¢ in any closed
sector within §; <arg z <6,, but not within a larger sector. Then the accuracy of
the approximation deteriorates severely as the rays argz=0,,60, are approached.
In consequence, numerical work should be confined to a sector 8} <arg z <0} ly-
ing well within 8, <arg z<#8,, and independent evaluations made at argz =6}
and 05 for the smallest value of |z[ intended to be used.

When the regions of validity in the complex plane are not sectors error appraisal is
more complicated. Basically, however, the guiding principle is to keep a safe dis-
tance from the true boundaries of the region of validity.

12.9.2 Converging Factors
Let f(z) be a function of z having the asymptotic expansion

a a
f(z)~ao+__l+_:+...
4 z

as z > jn asector S: 0; <argz<0,. As a special case S can degenerate into the
positive or negative real axis. Suppose that successive terms in the series diminish in

" absolute value until the (7 + 1) term is reached, thereafter they increase. Clearly
n = n(z), where n(z) is a discontinuous function of Iz] which is independent of arg z.
Generally the expansion yields its greatest accuracy when truncated at n(z) terms.
We write

"n-1 a
Ru2)=1C)- S %
=0
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and call Ry (2)(2) the optimum remainder term, whether or not it is actually the
least.
Now define

C@)= Ry (2)(@Han(z)z "}

50 that

10)="5" % o) %

2 ()

If we have a way of assessing C(z) when ]z, is large, then the magnitude of the opti-
mum remainder term can be estimated. In some cases it is actually possible to con-
struct an asymptotic expansion for C(2) in descending powers of z or n(z). In these
fortunate circumstances C(2) can be calculated to several significant figures, con-
siderably increasing the attainable accuracy in the computed value of f(z). For this
reason C(z) is called a converging factor.

Example: The exponential integral—From (7.1-2) we have

_ ""e—zt
E,(z):ezf ]+tdt (]argz|<%1r)
0

Since
! e
—=1—t+12----+ i n—ltn—l,,__
1+t ©) 1+¢

for any nonnegative integer n, it follows that

Ey(z)=e { 5 uz) + &.(z)}
50
where
us(2) = (-)'s! 27571
and

= e~Ztyn

1+¢

Ru(2) =(-)" f dt
o
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The series 2_ ug(z) is the asymptotic expansion of €°E,(z) for large |z|, and the
term of smallest absolute value is u;(z), unless [z| is an integer in which event
there are two equally small terms u, -, (2) and u,(2).

We write 0 = arg z and seek an asymptotic approximation to

“exp - (n+ e} " y
i+t

t

Rn{(n+§)eio}5(-)"f

[}

for large n and fixed values of { and . The saddle-point of the integrand is given by
d ]
—{t -9} =0
S{rexp(-e®n}=0

that is, by t =e™

rotation through an angle -8. Then setting f = 7e

The path of integration is made to pass through this point by
~i9 we obtain

o e-("*r) TT”
=

Ry{(n+3) e} = (-)reitn+1)e f

o L tme

And although this result has been derived on the assumption that [6[ <m/2,it is
easily extended to || <m by further rotation of the path and appeal to analytic
continuation. The desired asymptotic expansion is then found by Laplace’s method
(12.2.6) to be

Rl + ) €®} ~(-)7(1- a)eFHns1)8 (21)”2

n

2 _ 1 _ 2
X{l+§ 2§'+2cx§‘2~;6 20+ 2a +}

as n = o, uniformly with respect to ¢ in any compact set and § € [-7+ 8,7~ 8].

Here a = 1/(1 + €'%), and § is an arbitrary positive constant less than .
To derive the corresponding expansion for the converging factor

Cn(2) =R, (2)un(2)
we make use of Stirling’s series (7.2-11) for #!. In this way we obtain

G+ et~ - ) {Hﬁf‘n‘_““h...}

again as n ~> °°, uniformly with respect to bounded { and 0 € [-7+§, 7~ §]. To
apply this result for an assigned value of z, we take @ =argz, n = [Izl] ,and § = [z[ —
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[|l2]1, so that (n+¢)e® = 2. Truncating the expansion for C,{(n +{)e®} at its
first term, for example, we conclude that if the original expansion for £, (z) is
truncated at its [|z]]™ term, then the remainder term is approximately equal to the

first neglected term multiplied by 1 - a, that is, 1/(1 + e™). For positive real z this

becomes 1.

As a numerical illustration, take z = §. Then
u9(5)=0.2; ui(5)=-0.04; uy(5)=0.016; u3(5)=-0.0096; us(5)=0.00768

whence
uo(5) +u (5)+-- -+ u4(5) = 0.17408

compared with the correct value e%E,(5) =0.170422176 . . .. From the asymp-
totic expansion for the converging factor, we calculate ;

Cs(5)~3(-1-1+...)=0475

on neglecting terms beyond the second. Since us(5) =-0.00768, the estimate

Cs(5)us(5) for the remainder term is -0.00365 . . . . Impressively, this equals the
discrepancy between the partial sum uo(5) + uy(5) +- + - + uy(5) and €°E, (5), to
within one unit of the fifth decimal place. £ ;

12.9.3 Euler’s Transformation

Another way of increasing the accuracy obtainable from an asymptotic expansion is
to transform it into a new series in which the initial terms decrease at a faster rate.
Then it is often the case that the optimum remainder term is smaller for the new
series than for the original series. It might even happen that the new series
converges.

The most frequently used transformation is due to Euler, and is as follows. Let
d9,4;,4a,, ... be a given sequence and bo,by,b,, ... a derived sequence, defined

by
by = k*[A%(gjk7)] j=
Here k is an arbitrary number and A the forward difference operator: Ay; = yj,y -

v, A’v,- = Avj,y - Avy, and so on. Suppose that f(2) is an analytic function of the
complex variable z such that

ag

(@)~ s§o 25+

as z > > in a given sector S. Then

oo

f~F —2 — (sens)

- S+1
e 12 &}
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With £ = 1 and z = -1, the transformation reduces to

3 ) ~z - )‘
5=0

Example: Let us consider again the asymptotic expansion of the function e’ £, (5) of
12.9.2. Application of Euler’s transformation is delayed until the smallest term is
reached; thus a; = (- )*u;,s(5). Relevant forward differences are given in units of the
fifth decimal place in the accompanying table.

s ag Aag A%, A%, A%y ASay ASag
0 -0.00768 - 154 -214 -192 -280 -434 -804
1 -0.00922 -368 -406 -472 - 714 -1238

2 -0.01290 - 774 - 878 -1186 -1952

3 -0.02064 -1652 -2064 -3138

4 -0.03716 -3716 -5202

5§ -0.07432 -8918

6 -0.16350

The first few terms of the transformed series are

):(-)szs,l 107 (-384+38- 27+412-9+7-6+-+-)

5=0

Truncation at the sixth term gives -0.00363, then addition to uo(5) +uy (5) +

-+ +u4(5) yields 0.17045, agreeing with the value of e*E,(5) to within 0.00003;
compare 12.9.2. Even closer agreement is attainable by working with more terms
and more decimal places, and applying a second Euler transformation.

From the analytical standpoint the numerical procedure is equivalent to expand-
ing the remainder term

Rs()=€E,())- 3° uy(2)

5=0

as an asymptotic series in descending powers of z + 5, and truncating the new series
at the optimum stage. :
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