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Preface
This publication is a result of the research project "Collective Walking Behavior
of Pedestri-ans in Public Facilities" (Collectief Loopgedrag van Voetgangers in
Publieksruimten), carried out at the Transportation and Traffic Engineering
Section of the Faculty of Civil Engineering and Geosciences at Delft University
of Technology. The research is funded by the Social Science Research Council
(MaGW) of the Netherlands Organization for Scientific Research (NWO).
Aim of the research is to gain more insights into the characteristics of pedestrian flows as well as the behavior of individual pedestrians. To this end, we aim
to develop new theories for the behavior of pedestrians and pedestrian flows.
Moreover, we aim to increase the emperical knowledge of different phenomena observed in pedestrian traffic fiow, such as self-organization of clusters and
lanes, path-choice, congestion near escalators, etc. Finally, we aim to develop,
calibrate and validate a model tool to analyze flow operations in public walking
areas.
This report describes the first steps taken to develop a unifying theory of
pedestrian behavior. The theory provides a foundation for modeling pedestrian
behavior at both the tactical level (activity scheduling, destination choice, and
wayfinding within the walking facility) and the operational level (walking), also
described in this report.
The research described in this report has a strong relation to the research program "Seamless Multimodal Mobility" (SMM) carried out within The Netherlands TRAIL Research School for Transport, Infrastructure and Logistics, and
financed by the Delft University of Technology. The SMM research program will
provide tools for the design and operation of attractive and efficient multimodal
personal transport services. Seamless multi-modal transport on a regional level
is a potential solution to the increasing Umitations of car-based personal transportation. Using new information and communication technologies, as well as
real-time control of transport processes, enables provision of efficient and effective multi-modal transport services, characterized by an exceptional service
level, which will be able to compete with the car. These multi-modal trip-chains
will consist of different transport modes, which can either be individual (walking, car), or collective (tcixi, bus, train). Moreover, these chains can be supplied
by either private or public parties, and are organized as a combination of fixed
(scheduled or line-bound) and flexible (demand-driven) services.
Delft, 01-03-2001
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Summary
Gaining insights into pedestrian flow operations and assessment tools for pedestrian walking speeds and comfort is important in for instance planning and geometric design of infrastructural facilities. Additionally, management of pedestrian flows requires knowledge of pedestrian flow behavior. However, compared
to vehicular traffic, pedestrian flow operations are very complex. This is why
vehicular flow simulation modeling approaches are generally not applicable to
pedestrian flow modeling.
Motivated by the need for accurate pedestrian flow models, this report
presents an integral theory and models for pedestrian activity scheduling, path
determination in the two-dimensional space, and walking behavior, under the
assumption of utility optimization. In the theory put forward, pedestrians are
assumed to make a simultaneous choice of the optimal activity pattern and path,
on the one hand optimizing the utility of the activities, while on the other hand
minimizing the cost of walking to the activity areas. In doing so, we formulate
the pedestrian wayfinding problem as an optimal control problem in continuous
time and space, where pedestrians aim to walk to the respective activity areas,
while optimizing some trade-off between travel time, discomfort due to walking
too close to obstacles and walking too quickly. At the same time, both the
order in which the activities are performed (as far as their order is free), as well
as whether an activity is performed at all, is optimized as well. We show how
this problem can be mathematically formulated and solved using the so-called
Hamilton-Jacobi-BeUman equation.
Given that the pedestrian has determined both the optimal activity pattern
as well as the optimal path, we postulate that pedestrian behavior at the operational level is also a result of a utility optimization process. At this level,
pedestrians minimize the cost incurred while straying from the planned path,
walking too close to other pedestrians, and cost due to large accelerations and
decelerations. By applying calculus of variations, explicit mathematical relations are derived describing the acceleration, direction changing, and interaction
behavior of a pedestrian. Throughout the report, the workings of the theory
and models are illustrated by application examples.
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Chapter 1

Towards Pedestrian Flow
Theory and Models
Research of pedestrian behavior started in the sixties, when pedestrian flows in
urban areas were studied. The main purpose of these early investigations was to
provide guidelines for optimal design of walkway infreistructure. In the meantime, researchers have considered various aspects of pedestrian flows. These
mainly pertain to coHective (macroscopic) pedestrian flow behavior, rather than
the microscopic behavior of individual pedestrians.
Recently however, different researches have endeavored to develop pedestrian
behavioral theories and consequent microscopic flow models. To this end, different approaches have been considered, such as social forces model, and Cellular
Automata models. Although these models appear to yield generally plausible
results for most situations, their oversimplified or incomplete behavioral rules
prohibit application to complex situations where the microscopic behavior of
pedestrians is important. Moreover, no generic theory of pedestrian flow behavior, pertaining to all relevant behavioral levels, and providing a consistent
theoretical foundation for model development, is currently available.

1.1

Motivation for development of improved p e d e s trigm analysis tools

Understanding pedestrian behavior is essential in planning and design of e.g.
airports, public transport stations, and shopping malls. In time table design, insights into walking times experienced by pedestrians when accessing or transferring may play an important role as well. Modeling tools, such as the pedestrian
simulation model described in this report, can support infrastructure designers as well as public transport planners in their tasks thereby optimizing their
design. Finally, also the management of pedestrian fiows demands understanding of both the collective pedestrian flows as well as the individual pedestrian
movements in the fiow.
Characteristics of pedestrians traffic and characteristics of vehicle-based traffic are very different. Among these differences are [6]:
• Energy supply. Pedestrian rely on their own energy supply [22]. That
6

is, higher speeds yield higher energy consumption. Besides an increase in
mental workload, increases in driving speed does not directly require the
energy of the driver. This holds equally for acceleration and deceleration.
• Freedom of movement. The movement of cars is dominantly one-dimensional,
while being restricted to roadway lanes. On the contrary, pedestrians are
free to choose their direction in the two-dimensional space.
• Sensitivity to the environment. Compared to cars, ambient, weather, and
other environmental conditions (i.e. stimulation of the environment) plays
an more important role in the behavior of the pedestrians than in the
behavior of car-drivers.
• Legislation. Due to traffic law enforcement (e.g. drive on the right - overtake on the left, speed-limits, overtaking prohibitions, minimal headway
enforcement), and the consequent restrictions in driver behavior, the behavior of car-drivers is in a way more predictable than that of pedestrians.
Due to these differences, vehicular flow theories and models are generally not
applicable to pedestrian flows. Motivated by the need for accurate pedestrian
flow models, this report presents an integral theory and models for pedestrian activity scheduling, path determination in the two-dimensional space, and walking
behavior, under the assumption of the pedestrian economicus. At all behavioral
levels, we assume that pedestrians are utility maximizers (or equivalently, cost
minimizers). The theory is operationalized in terms of behavioral models, that
are determined by application of mathematical optimal control theory.

1.2

Theory and modeling objectives

The research described in this report is aimed at developing a realistic theory
describing individual walking behavior. This theory will be based on currently
available empirical knowledge of microscopic pedestrians behavior. Based on
this theory, a microscopic model, including the main elements of pedestrian
walking behavior such as pedestrian wayfinding, behavior upon interacting with
other pedestrians, and the reaction to obstacles, is to be developed, implemented, and tested.
Given the envisaged model applications, the model must include different
types of pedestrians (e.g. travel purpose, gender, age), and parameters describing the consequent behavior. Moreover, the model should be flexible regarding
the pedestrians movement abilities, such as choice of direction and speed, and
the resulting interactions between pedestrians walking in arbitrary directions
(opposing flows, crossing flows, combinations of opposing and crossing flows).
Also pedestrian wayfinding must be describing with sufficient accuracy.

1.3

Research approach

In this report we present a new theory of pedestrian behavior at diflFerent behavioral levels, namely activity scheduling and activity area choice, pathfinding,
and walking behavior. At either level, we assume that pedestrians are utility
maximizers (or equivalently, cost minimizers). The theory is operationalized in
7

terms of behavioral models, that are established by application of mathematical
optimal control theory.

1.4

Outline

The report is organized as follows. The second chapter provides a brief overview
of previous pedestrian flow models. The third chapter presents the general
normative theory of pedestrian behavior for activity scheduling, pathfinding,
and walking behavior. The ensuing chapters operationalize the theory in terms
of pedestrian behavioral models. To this end, chapter 4 discusses pedestrian
wayfinding for fixed activity orders. Chapter 5 discusses how this approach
can be adapted when order of the activities is not free (to a certain extent).
In chapter 6, we describes modeling pedestrians at the operational level. To
illustrate the different concepts and theories proposed, throughout the report
examples are given.
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Chapter 2

Pedestrian Flow Modeling
Approaches
Several modeling approaches have been put forward to describe pedestrian flows
at different levels (e.g. route-choice behavior, macroscopic flow operations, microscopic pedestrian behavior), for which different theories and modeling approaches have been proposed. Among these approaches are regression models,
queuing models, discrete-choice models, gas-kinetic and macroscopic models,
and microscopic simulation models. This chapter provides a very brief overview
of different modeling approaches.

2.1

Regression models

Regression models [22] use statistically established relations between flow variables (e.g. flow per meter width and speed) and use these to predict pedestrian
flow operations under specific circumstances. The form of these statistical relations is generally different for different kinds of infrastructure (hallways, stairs)
and flow compositions, and needs to be established explicitly for the facilities
of interest. Regression models are descriptive rather than explanatory, and do
not provide new insights into pedestrian behavior. Moreover, regression models are only applicable in situations that have been extensively observed, which
prohibits the application of such models to new infrastructure designs.

2.2

Queuing and discrete choice m o d e l s

Queuing models [18] use Markov-chain models to described how pedestrians
move from one node of the network (mostly a room) to another. Random
waiting times are incurred on the network links (generally doors), due to queues
building up when pedestrian traffic demand is larger than the door capacity.
These models have been used mostly to describe pedestrian evacuation behavior
from buildings.
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2.3

Discrete-choice models

Discrete-choice models [8] describe pedestrian wayfinding through the walking
facility based on the concept of utility maximization. In this case, pedestrians
choose their (intermediate) destinations in order to maximize the utility (walking comfort) or minimize the perceived cost travel time) of their trip. In most
cases, the route utilities represent a trade-off between different route attributes,
such as travel time, stimulation of the environment, etc.
Simflar to the model described in this report, the main theoretical assumption underlying discrete choice models is that pedestrians make a rational choice
between route alternatives. On the contrary to the model described in this report, the number of choice options is generally assumed finite.

2.4

Hydrodynamic models

Hydrodynamic models use the analogy with fluid or gas dynamics to describe
how density r{t, x) and velocity v{t, x) change over time using partial differential equations (Navier-Stokes or Boltzmann-like equations). These models are
founded on the notion that pedestrian fiows can be considered as an aggregate
flow of which certain mesoscopic or macroscopic characteristics follow physical
laws, comparable to laws used to describe the dynamics of a compressible fluid
or gas. It is beyond the scope of this report to discuss all theoretical assumptions
underlying the hydrodynamic modeling of pedestrian flows.
A number of researchers have considered this analogy, and subsequently derived different types of hydrodynamic models. Some of these models are similar
to models used in statistical physics, i.e. the so-called gas-kinetic models [13].
These models describe the pedestrian dynamics in terms of velocity distribution
functions. Macroscopic models use either the conservation-of-pedestrian equation [16], or Navier-Stokes-type systems of equations to describe the pedestrian
flows. Moreover, several researchers have discussed the interpretation of speciflc quantities and parameters frequently used in continuum mechanics, such
as viscosity, Reynolds number, and the Mach number. Moreover, emerging
Shockwaves can be describe by these models. Nevertheless, several interesting
differences with hydrodynamics can be identified
• Dissipation of momentum. When particles in a continuum collide, conservation of momentum applies. In other words, the sum of the momentum
(particle mass times particle speed) of the two particles is the same before
as after the collision. In pedestrian trafl[ic this generally does not hold:
when a fast pedestrian catches up with a slow pedestrian, while having
no opportunity to pass, the fast pedestrian will generally adapt his speed
to the speed of the slow pedestrian. Since the masses are unchanged,
momentum dissipates upon the pedestrian interaction.
• Alternative meaning of flow variables. The meaning of several hydrodynamic quantities cannot be duphcated for the pedestrian flow case straightaway: in a number of cases, both the origin as well as the meaning of the
variables differs completely. In illustration, in a pedestrian flow, temperature relates to differences in pedestrian speeds.

10

• Heterogeneous flows. Unhke particles in a fluid or a gas, pedestrian are goal
or destination driven, in that pedestrians aim to reach their destinations
as quickly, and comfortably as possible. Due to the heterogeneity with
respect to pedestrian destinations, pedestrian subfiows emerge consisting
of pedestrians walking towards different destinations.
• Anisotropy. Unlike particles in a fluid or gas, pedestrians mainly react
to traffic conditions in front of them. In other words, pedestrians are
anisotropic particles. The level at which traffic conditions from other
directions are incorporated in the pedestrian walking behavior depends
on among other things on the traffic densities: when densities are high,
physical contact between the pedestrian may cause pedestrians to react
on conditions other than the conditions in the pedestrian direction.

2.5

Microscopic models

Microscopic models describe the time-space behavior of individual pedestrians.
Examples of these so-called walker models are the social-forces model (see [10],
and [11]), and the Cellular Automata (CA) models (see [4], and [3]). The social
forces model microscopically describes pedestrian behavior by means of so-called
social force-fields. This spatially continuous microscopic model inhibits pedestrian's acceleration and direction-changing behavior. Attracting and repelling
forces determine the interaction between the pedestrians and obstacles such as
walls. Like the CA-model, the social forces model is able to describe observed
features of pedestrian traffic flow, such as self-formation of lanes, due to the
interaction of these competitive processes.
The CA-model is aimed at reproducing macroscopic features of pedestrian
flows (such as speed-density curves and dynamic lane formation) using a microscopic model. On the contrary, the macroscopic model of [16] uses these
speed-density relations in a macroscopic flow model, comparable to fiows in
gases, provided that the speed-density relations are conformable mappable (independent of the directions of the pedestrians). That is, the model of [16] does
not explicitly consider pedestrian interactions nor their consequent walking behavior.

2.6

Justification of model development

The model described in this report will serve as a research tool, predicting
pedestrian traffic flow operations in infrastructure facilities. One of the envisaged model applications is to test and assess new infrastructural designs, and
forecast pedestrian traffic flow operations (experienced travel times, walking
comfort, etc.) for new design concepts. Traffic flow operations, for instance in
terms of speeds and densities, cannot be observed for designs which have not
been applied in practical situations. As a consequence, application of macroscopic models, requiring speed-density relations as model input, is prohibited,
and a microscopic approach is necessary.
We argue that in describing pedestrian flows accurately and realistically, all
relevant aspects in the pedestrian behavior at all relevant behavioral levels {tactical and operational level), and the consequent differences between pedestrians
11

having different destinations, activity schedules, gender, age, travel-purpose,
etc., need to be considered. The emphasis of the research described in this
report will be on microscopic models describing the time-space behavior of individual pedestrians. To this end, a unifying theory based on the pedestrian
economicus is put forward. That is, unlike other models, a consistent pedestrian behavior theory will be the foundation of pedestrian flow behavior at both
the tactical (activity scheduling and wayfinding) and the operational (walking)
level.

12

Chapter 3

Normative Pedestrian
Behavior Theory
This report presents a new theory describing pedestrian behavior, by considering the unifying concept of generalized (dis-)utility of walking and performing
activities. The main behavioral assumption is that all actions of the pedestrian,
let it be performing an activity, walking along a certain route, or bypassing a
slower pedestrian, that are performed within the infrastructure facility will somehow provide utility (or equivalently, induce cost), which the pedestrian aims to
optimize. Such normative choice theories will not fully cover real-life human
choice behavior [19], while many experiments show that man violates principles of normative choice. Nevertheless, normative theory does provide a convenient and applicable framework for modeling human decision making, and has
been applied successfully in modeling human decision processes in general, and
specifically in modeling travel behavior [2]. Therefore, the rational behavior of
a pedestrian {homo economicus) wifl be the main assumption in our pedestrian
behavior theory, distinguishing the following levels:
1. activity choice behavior and activity area choice;
2. wayfinding to reach activity areas;
3. walking behavior.
The events and decisions causing the pedestrian to arrive at the infrastructural facility are not considered in this report; we assume that the pedestrian
arrival patterns, distinguishing groups of pedestrians having similar characteristics (activity sets, travel purpose, demographic characteristics, etc.) are known
a-priori.

3.1

Pr£imework of pedestrism behavior

Figure 3.1 depicts the overall framework of pedestrian behavior. Given the
activity set which a pedestrian aims to perform (resulting from decisions at the
strategic level), our theory asserts that at the tactical level, pedestrians makes a
simultaneous decision optimizing the expected utility. These decisions include
the following choices:
13

Activity set
->
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Activity schedule
External factors
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Walking behaviour
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Traffic conditions

Figure 3.1: Pedestrian behaviour framework.
1. which activities from the activity set are performed;
2. in which order are these activities performed;
3. where are the activities performed (activity areas);
4. which path that connects the activity areas is used.
These choices are influenced by both external factors (e.g. presence of obstacles, stimulation of the environment), and internal factors (e.g. time-pressure,
attitudes of the pedestrian). Together with the traffic conditions (other pedestrians, congestion, average speeds), the result of this planning level (planned
schedule and path) serves as an input for the pedestrian walking behavior process.
In turn, pedestrian walking behavior will be a result of utility maximization
at the operational level, where pedestrians incur costs due to straying from their
intended (optimal) path, walking too close to other pedestrians, and frequent
or severe accelerations and decelerations.

3.2

Activity and destination choice behavior

Pedestrians stay within a facility (e.g. public transit station, sport-stadium,
shopping mall, urban walkway) to perform activities. While staying in the
facility, they either perform activities, or walk from one activity area to the
next. Examples of pedestrian activities are accessing a train, buying a ticket or
a newspaper, or looking at a time-table. Each pedestrian entering the facility has
an prior activity set. This set consist of activities which the pedestrian aims
to perform. While some of these activities have a discretionary nature (e.g.
buying a newspaper), others are mandatory (buying a ticket before accessing
a train). Moreover, while some activities can be performed in random order,
others activities can only be performed once others are completed.
In our generalized utility theory, we assume that pedestrians performing activities gain utility. Or equivalently, not being able to perform a specific activity
(in time) will yield a utility penalty. These penalties reflect the mandatory character of the activities. For instance, a pedestrian who is not able to catch a train
14

will suffer a very high penalty, while not being able to buy a newspaper will
yield only a moderate penalty.
Activity i is performed in one of the activity areas Aij, which is an area in
the two-dimensional space. The index j reflects that more activity areas can be
associated with a single activity i. As will be shown in the ensuing of this report,
pedestrian wayfinding will be based on maximizing the utility (or minimizing
the cost) incurred due
1. performing the activities and
2. walking between the activity areas.
As a consequence, pedestrian activity choice, activity area choice, and route
choice are mutually dependent, e.g. when the benefits of performing a specific
activity does not weigh up against the losses of getting to the activity area
(e.g. due to high-time pressure), the pedestrian may not perform the activity
at all. In our theory, we assume that the utility maximizing pedestrians will
simultaneously choose which activities are performed, and in which order, where
they are performed, and which paths are chosen to get to the activity areas.

3.3

Pedestrian wayfinding

While walking, pedestrians incur costs. These costs depend among other things
on [5]. [11]:
1. distance and travel time between origin and destination
2. proximity of obstacles or other physical obstructions; closeness to walls
3. number of sharp turns and rapid directional changes
4. stimulation of environment, and attractiveness (e.g. ambient conditions,
shopping windows, shelter in case of poor weather conditions)
Clearly these factors are not nmtually consistent, and their importance in
wayfinding will probably vary substantially between the different groups of
pedestrians. For instance, commuters who are in a hurry to catch their next
connection will prefer the shortest path connecting the origin and the destination. On the contrary, shoppers will be more likely to choose routes that provide
some form of stimulation.
In the theory presented in this report, pedestrian wayfinding is also based
on the utility concept: pedestrians will choose the route that maximizes the
(expected) utility. On the contrary to network-based models, where travellers
can choose between a finite number of routes, our theory allows pedestrians to
choose from an infinite set of routes through the infrastructural facility. This
is achieved by considering the so-called value function V^{t,x), describing the
minimal cost (or equivalently, maximum utility) as a function of time t and
location x. It turns out that at any time and location, the optimal route can
be derived from this value function.

15

3.4

Walking behavior

The third behavioral level concerns walking behavior. Similar to the previous
activity choice and wayfinding levels, the assumption of cost minimization underlies pedestrian walking behavior. We hypothesize that while walking, pedestrians aim to adhere to their planned (i.e. optimal) route, since deviations from
this planned route will incur additional cost. In addition to the costs from deviation from the planned route, costs are incurred when walking too close to
other pedestrians or obstacles.

3.5

Feedback of traffic conditions

One important aspect in pedestrian activity scheduling and wayfinding is the
inclusion of prevailing traffic conditions into the decision making at the tactical level. We assume that pedestrians have information regarding the current
traffic conditions (e.g. walking speeds, densities, etc.) and adapt their planned
schedule and path accordingly. This is achieved by including the additional cost
due to delays and discomfort of high pedestrian densities into the value function

W{t,x).

3.6

Operationalization of normative theory

In the remainder of the report, we will operationalize the normative theory,
thus proposing models describing pedestrian planning and walking behavior.
We derive the models by applying various concepts from mathematical optimal
control theory. At the tactical level (pathfinding and activity scheduling), this
is achieved by dynamic programming. At the operational level, calculus of variations is applied to determine walking behavior based on the planned routes,
and interactions with other pedestrians. In either case, normative pedestrian
behavior is described in terms of an optimal control process, where some performance function (equivalent to disutility) is optimized, subject to the pedestrian
kinematics.
In the remainder, we will first propose models for pedestrian wayfinding in
continuous time and space, for a fixed sequence of (intermediate) destinations,
reflecting the so-called activity areas (chapter 4). Subsequently, we will propose
models to describe how pedestrians choose the order in which they perform
their activities (chapter 5). Finally, the pedestrian walking model is presented
(chapter 6).
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Chapter 4

Optimal Pedestrian
Wayfinding
Let us assume that pedestrian p aims to perform a sequence of activities i
at the respective activity areas ^y-,where j denotes the activity area number.
To each activity area Aij, we will assign utility Uij, implying that the utility of
performing activity i can also depend on where it is performed (e.g. people prefer
to buy a ticket at a location which is well lit). We assume that the sequence
of activities performed by the pedestrians are fixed. For instance, a pedestrian
will first buy a ticket and subsequently access the train. In this chapter, we will
therefore solve the following problem: given a flxed-order activity schedule of
activities i € {l,...,/p}, with associated activity areais Aij with j — {1,..., Ji},
determine the path fT^ j , . chosen by p, starting from the current location x(t),
which optimizes the expected utility of p, given the expected traffic conditions,
the attitude and the preference of p^.
To solve this problem, we assume that pedestrians make (subjective) optimal
wayfinding choices. In utility theory, perceived utility is assumed to be the
weighted sum of different attributes of the path X[t,r) from x{t) to x{T), such as
(expected) travel time, travel time variance, distance travelled, safety, comfort,
etc. On the contrary to route choice behavior in either public transit, or urban
or freeway networks, the number of alternative routes available to the pedestrian
is infinite. This is why route choice models presented to describe these behaviors
are generally not suited for pedestrian wayfinding, at least from a theoretical
viewpoint.
In practical situations, pedestrians will often have to divert from their planned
route, thus having to choose a new optimal route. The theory should provide a
framework in which the pedestrians flexible adaptation to new optimal routes
is described. In the ensuing, we show how this can be achieved by applying
state-based optimal control and dynamic programming.
'For the sake of notational convenience, we have ommited the index p from our notation.
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4.1

State formulation

To apply our approach, we define both the state vector and the control vector
of a pedestrian. The state encompasses all required information to describe
the history of the pedestrian until time t, while the control defines the way
in which the pedestrian can infiuence its state at time t. In turns out that
at the wayfinding {tactical or planning) level, the state and the control of the
pedestrian can be adequately described by the location x{t) and the velocity
v{t) at time t respectively. The state-dynamics describes the dynamics -^x as
a function of the state x{t) and the control v{t)
—x = f{t,x,v)

=v

(4.1)

Clearly, the pedestrians cannot walk at any speed, while physical restrictions to
the speed apply
V = Hull < t'max(^)

(4.2)

where Umax(:?) denotes the maximum speed at x. The dependence on x reflects
the possibility that at some locations (e.g. hallway) the pedestrian is able to walk
at a higher speed than at other locations (e.g. stairs, escalator). Moreover, the
maximum speed depends on the characteristics of the pedestrian (age, gender,
trip-purpose, luggage, etc.). The model presented in this report, allows the user
to set the demographic composition of the pedestrian flow (in terms of fraction
of men, and the age-distribution) as well as the trip-purposes of the pedestrians.

4.2

'

Activity utility and generalized walking cost

In this chapter, we assume that p has to perform a single activity i. Let Aij C
iR^ denote the different activity areas j where p can perform activity i. While
activity i can be performed at either Aij, it can occur that p has a preference
for a particular area j , implying that the utihty of arriving at Aij generally
depends on j as well. Which activity area Aij is chosen depends on the walking
cost to the area j , and the utility of performing activity i in area j . In the
remainder of this chapter, we solve the path-choice and activity area choice
problem simultaneously.
Let [t, ti) denote the pedestrian's planning period, where t and ti respectively
denote the current time and the terminal time (planning horizon); let r denote
the first-time arrival time at either Aij, and let T = min(ii,r). Let x\^t^x)
denote a state path from x{t) to x{T), and let V[t,T) denote the control path.
When traversing this path, p will incur costs. These costs represent travel time,
walking comfort, energy use, etc. In its most generic form, the total generalized
cost for the state path X[t,T) is deflned by the following expression
J=

f

L[s,x{s),v{s)]ds

+ 4>[T,x{T)]

(4.3)

where L and (f> denote the so-called running cost and the terminal cost respectively.
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On the one hand, the terminal cost 4> reflects the penalty JQ for not having
arrived at any of the activity areas Aij in time, i.e. before the end of the
planning period. On the other hand, the terminal cost reflects the area-specific
utility Uij of performing activity j at Aij
é{T x) = l ~^''
^ ' '
\ >/o

forfeAi
elsewhere

(4 4)
^ '

The running cost L reflects the different cost aspects relating to the route
attributes considered by the pedestrian, such as the distance walked (or rather,
the travel time), the discomfort of walking too close to obstacles or walls, and the
stimulation of the environment (see chapter 3.3). For the sake of simplicity, we
assume that the running cost is linear-in-parameters, although this restriction
is not required upon application of the approach
L{t, X, u) = ^

CkLk{t, X, Ü)

(4.5)

k

where Lk denote the contribution of the different route attributes k, and Ck
denote the relative weights (importance of the attributes).
Let us now focus on two route attributes, namely travel time and discomfort
due to walking too close to obstacles and walls. To include travel time in the
route performance function (4.3), we define the running cost component Li of
eqn. (4.5) by
Ly,{t,x,v) = l

(4.6)

The weight factor Ci is used to express time-pressure: when the time-pressure
is high, the weight ci is large.
The discomfort of walking too close to an obstacle is thus also e.xpressed
7* terms of in travel time. For a single obstacle Om C R"^, we assume that the
running cost component L2 is given by
L2(i,f,u) = ^ e - l l ^ - ° ' " " / - ^ ' "

(4.7)

where /3^ > 0 and Rm > 0 ar^ scaling parameter, reflecting the region of influence of obstacle m, and where ||x — OmW denotes the distance from x to the
obstacle Om- Both /?„ and Rm are dependent on the type of obstacle which is
passed. These scaling factors are different for building faces with and without
a window, regular walls, trees, newsstands, etc.; see [9].
To describe that the planned walking speed v = \\v\\ is a trade-off between
the remaining time to get to the activity area in time and the energy use due
to walking at a particular speed", we assume that this energy consumption is a
quadratic function of the pedestrian speed v
L,{t,x,v)

= ^\\vf

(4.8)

Again C3 denotes the relative weight of the energj- consumption due to walking
at a particular speed.
•^Additional energy is consumed due to large and frequent accelerations. This factor will
be taken into account at the walking behaviour level.
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In substituting the contributions (4.6), (4.7), and (4.8) into the running cost
(4.5), we find
i = ci + I E ^ /3„e-llx--o^ll/«-" + I ll.-f

4.3

(4.9)

P a t h choice in continuous space

Let us now formulate the combined route choice and activity area choice problem. For any state x{t) and control path vit,T)j the state equations (4.1) explicitly define the path X[t^T)! implying that the cost (4.3) can be expressed as a function of time, the current location, and the control path, i.e. J = J[u[( j-);f,x(<)].
For a single destination area, we assume that pedestrians choose an optimal control path vT^ J.) that minimizes the expected cost incurred while walking from
the current location x{t) at time t to either of the destination areas Aij. In
mathematical terms, this proposition imphes that the chosen optimal control
path satisfies
^t,T) = &rgmin{J{v[t^T))}

(4.10)

We can then define the so-called value function W{t,x) = J{vt^j.yt,x).
Without going into details, it turns out that the value function, describing the minimal expected cost of walking from x{t) to the activity area, can be found by
solving the Hamilton-Jacobi-Bellman (HJB) equation [7]
- ^

+ F*(i,x,VfW)=0

(4.11)

with boundary conditions
W{T,x)

= 0{T,x)

(4.12)

In the HJB equation (4.11), H' denotes the Hamilton function, defined by
if*(t,f,7)

=

min H{t,x,v,^')

(4.13)

v£V(t.x)

(u + ff)

(4.14)

ll<^li<t.'max(2)

In this expression, V{t, x) denotes the set of admissible controls at instant t and
location x. In this case, we assume that V{t,x) = {v \ \\v\\ < v^a.^{x){x)}. The
function H{t, x,v,'f) — L + 'y ƒ denotes the Hamiltonian, where L = L{t, x, v)
denotes the running cost (4.5), and ƒ — f{t,x,v) denotes the right-hand-side of
the state-space equation (4.1).

4.3.1

Optimal speed £ind direction

First, we need to determine a closed-form expression for the Hamilton function
H*. To this end, we need to determine the optimal control vector v* at instant
t and location x, satisfying
V* =
=

argminiJ(i,x, zT, VfW)
argmin L + V^W^f

subject to
subject to
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veV{t,x)

(4.15)

||ïJ'|| < Umax(:?)

(4.16)

The specification (4.9) of the running cost (4.5) yields
H{t,x,v,V£W)

= L + VsW^f

(4.17)

= Ci + i T . 0me-^^

4.18

We express the optimal velocity fT = i'*ë^ as the product of the optimal speed
v* and the optimal direction ë*. We can easily show that the optimal speed v*
and direction e* respectively satisfy
v*{t,x) = max{cji ||VfVF(t,f)|l ,Vr^^^{x))

-,/

-X

VïV7(i,x)

(4.19)

, „,

Let us now interpret this result. To this end, we recall that the partial derivatives of the value function W{t, x) with respect to the state-variables x are the
marginal cost of changing the state-variables: when the state x changes with a
small amount Sx, the change in the total cost (assuming that optimal control
is applied) are equal to ^sW^{t,x)6x.
From this viewpoint, equation (4.20)
shows how the optimal direction ê* is pointed into the direction in which the
optimal costs decrease most rapidly. Upon walking into this direction, equation (4.19) shows that the optimum speed v* depends on the rate ||VxW(t, x)||
at which the value function decreases in the optimal direction e*, the relative
weight C3 of walking at a high speed (see equation (4.8)), and the maximum
speed Uma.x(^)(^) at x.

4.3.2

Value function approximation

Let us now briefly discuss how to numerically approximate the value function
W{t,x).
Firstly, we use eqns. (4.19) and (4.19) to determine the Hamilton
fimction H*. Subsequently, we solve the HJB-equation (4.11) by
• discretizing the walking area X into small Ai x A2-celIs, resulting in the
lattice X, and
• partitioning the planning interval [t, T) into periods k of length At.
We then deflne the one-step transition probabilities p^{x, y) of the associated
controlled Markov chain [7] by
p'"(x,x± Aiei) = -—max{±i'i,0}
Ai

(4.21)

p^{x, X ± Azez) = -— max{±V2, 0}
A2

(4.22)

p-'(x,x) = l - ^ z ; i - | J t ; 2

(4.23)

and

21

where ei = (1,0) and 62 = (0,1) are the unit vectors in the Xi and X2 direction
respectively. The resulting problem is to find the control function V[k,K) that
minimizes the following criterion
'K-l

E

Jk{k,x;vyk,K)

Li{xi,Ui) + (t>{XK)

(4.24)

l=k

for x E X, where k is the terminal period. It turns out that solving this
(discrete) stochastic dynamic programming problem is related to solving the
HJB equation (4.11) by replacing the partial derivatives with the appropriate
finite difference quotients [7].

4.3.3

Time-independent wayfinding

Let us assume that the planning horizon t\ = 00. Moreover, let us assume that
the pedestrian chooses the route that optimizes the following cost function
J=

I

e-'^'L\s,x{s),v{s)]ds

(4.25)

where e"''* is a discount function with discount factor ?7 > 0, reflecting the fact
that the pedestrian will value cost made in the near future higher than cost
that will be made in the far future. We can easily show that if the running
cost L and the left-hand side ƒ are independent of t, the value function satisfies
W{t,x) = e~^^W{x); W{x) can be found by solving the dynamic programming
equation for the discounted cost problem [7]
-nW +

min

L + VjVF'' ƒ

= 0

(4.26)

with boundary conditions
W{x) ^ -U,j

for

X € \JjAij

(4.27)

Example 1 Consider the infrastructure depicted in figure 4-1, where pedestrians are generated at the left hand side, and walk towards the destination at
Xi = 40m and 17.5m < X2 < 22.5m. Besides the obstacles that pedestrians find
on their path, the figure shows the iso-optimal cost curves (indicating the travel
time plus additional cost incurred due to the presence of obstacles), where it was
assumed that the maximum pedestrian speed is constant and equal to l.hm/s,
while the discount factor equals T] = 0.01. According to the optimal control law,
pedestrians walk in the direction perpendicular to the iso-cost curves.

4.4

Pedestrian wayfinding for constrained operations

The previous chapter showed how we may determine the optimal walking paths
for pedestrians under the conditions that pedestrian flow conditions are unconstrained. However, in practice pedestrian traffic conditions will deteriorate due
to other pedestrians walking in the same area. This deterioration will further
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Figure 4.1: Example value function W{t,x) assuming that V = 1.5m/s and
destination at xj = 40 and X2 somewhere between 17.5 and 22.5. The numbers
indicate the minimal travel time (in seconds) to the destination. The lines perpendicular to the iso-cost curves define the optimal directions of the pedestrians.
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restrict the maximum speed t''max(^) at which pedestrians can walk. In this
case, it is very likely that pedestrians will reconsider the former route choice by
including the additional delays due to the prevailing congestion into their path
choice.
To include prevailing and future conditions in the pedestrian pathfinding
behavior, two options are considered in the ensuing:
1. Pedestrians include instantaneous information regarding prevailing conditions into their path choice behavior.
2. Pedestrians will anticipate on future conditions, by incorporating not only
the prevailing conditions into their choice behavior, but also the anticipated behavior of the other pedestrians and the resulting expected future
traffic conditions.
In the remainder of this report, we will consider the case where pedestrians
react on current flow conditions. The case where pedestrians anticipate on future
flow conditions involves using predictions of the pedestrian flow conditions. This
can be achieved by simultaneously solving the time-dependent HJB equation
(4-11) and a dynamic system forecasting pedestrian flow operations (see [14]).
To include the reaction to current traffic conditions, average speeds V{t, x)
are determined based on the average speeds of the pedestrians. These speeds are
subsequently used to restrict the possible velocities chosen by the pedestrians,
e.g. by
\\v\\<v,n^^{x) = V{t,x)

(4.28)

and the optimal control problem can be solved. We hypothesize that pedestrians
will not continuously reconsider their route-choice, but only at discrete time
intervals, say at each 10s.
Example 2 Figure 4-2 shows the optimal cost function W{t, x), when the reduction in speed caused by congestion is taken into account. In this case, pedestrians
will be more inclined to change their route.
Without going into detail, we can show that if using instantaneous information, issues also observed in road networks, such as oscillatory choice behavior,
are observed as well.

4.5

Activity sequences

The approach is easily extended to a fixed-order activity schedule i € { 1 , . . . , / } ,
where for each activity i, several activity areas Aij may be considered. In
assuming that pedestrians make a simultaneous path-choice and activity area
choice decision, we need to consider the next activity i -I-1 (and the respective
activity areas Ai+ij) into the path and activity area choice associated with
activity i. This is achieved in a straightforward manner, by application of
the dynamic programming principle due to Bellman [1], claiming that at each
moment of the control interval, the remaining control of an optimal control law,
is optimal with respect to the current state determined by the preceding control
actions. This implies that to determine the optimal path and activity area
24
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Figure 4.2: Value function W{t,x) determined by considering average speeds
resulting from microscopic simulation.Compared to the no-information case,
pedestrians will be inclined to pass the left-hand-side obstacle at the top-side,
given the iso-cost curves.
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Figure 4.3: Overview of Schiphol Plaza. Source: Planner Plus v l . l ; Andes VSP
/ Travelmanager; NS Reizigers Utrecht.
choice, we need to solve the problem backwards in time. This implies that we
start by computing the value function Wi{t,x) for the terminal activity I in
the activity schedule. Assuming that we have determined the value function
Wi^i{t,x), we compute the value function Wi^t,^) for activity i by solving the
HJB equation (4.11) with terminal conditions
4>i{T,x) = Wi+l{T,x)-U^j

for all

x £ A^j

(4.29)

Note that since we have assumed that activity i -I- 1 is completed, we need not
impose an additional penalty for not being able to reach any of the activity
Example 3 This case is based on the situation near the railway station of
Schiphol airport in the Netherlands (Schiphol Plaza), and is aimed at illustrating activity area choice behavior in a practical situation. Figure 4-3 depicts
an overview of Schiphol Plaza, specifically indicating the escalators, the exits
and the newspaper vendors used in the ensuing of this example. We will consider two pedestrian classes: 1) pedestrians using an escalator to get to the train
platform, after having bought a newspaper at either of the newspaper vendors,
and 2) pedestrians leaving Schiphol plaza via one of the five exists, which also
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Figure 4.4: Value function W{t, x) for pedestrians leaving Schiphol Plaza using
escalators to the train platform.
bought a newspaper before leaving. Figure 4-4 shows the value function W{t,x)
for pedestrians leaving Schiphol Plaza using either of the escalators leading towards the train platforms. The figure shows which escalator is used by travelers
at different locations x, and which route they will take to get to these escalators
(perpendicular to the iso-value function curves). Figure 4-5 shows the value
function for pedestrians that are going to buy a newspaper at either of the newspaper vendors, before continuing their trip (by train). The figures shows which
vendor is preferred when the next activity of the pedestrian is "leaving Schiphol
Plaza using escalators". Similarly, figure 4-6 shows the value function of pedestrians leaving Schiphol Plaza via either of the five exists. Similar to "leaving
Schiphol Plaza using escalators" (figure 4-4), this figure shows which exit is used
by pedestrians at any location x. Finally, figure 4- 7 shows the value functions of
pedestrians buying a newspaper at either of the newspaper stands, before leaving
Schiphol Plaza using either of the exits. The figure is clearly distinct from the
value function of the activity "buying a newspaper before taking the train" (see
figure 4-5)- In this particular case, it turns out that pedestrians will be more
inclined to buy a paper at newspaper stand 2.
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Figure 4.5: Value function W{t,x) for pedestrians buying a newspaper before
leaving Schiphol Plaza via the escalators.
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Figure 4.6: Value function W{t,x) for pedestrians leaving Schiphol Plaza using
either of the exits.
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Figure 4.7: Value function W{t, x) for pedestrians buying a newspaper at either
of the newspaper vendors, before leaving Schiphol Plaza at either of the five
exits.

30

4.6

Experience and visibility

So far, we have assumed that pedestrians have complete knowledge regarding
the layout of the infrastructure facility, and the prevailing traffic conditions.
Although we can argue that frequent travelers, such as commuters, will have a
good notion on the infrastructure topology, limited visibility precludes having
perfect information of pedestrian fiow conditions.
Theoretically, this problem is very easily solved by considering cost functions
that are explicitly dependent on the starting point XQ of the pedestrian. Let
n(xo) denote the set of visible points from the location XQ. Then, pedestrians
-how are unfamiliar with the topology of the infrastructure will use the following,
expected running cost function to determine their planned path
ff.~~
-, ƒ L{t,x,v)
L(i,x,.;xo) = | ^ ^ ^ ^ | | . | | 2

forxen(xo)
^i^^^j^^^^

,. „..
(4.30)

This definition of the running cost function shows that the pedestrian will only
incorporate cost of walking too close to an obstacle, when the obstacle is visible
from the initial location XQ. From a practical viewpoint, the problem becomes
much more complex, due to the fact that we need to solve the HJB equation
for ah initial conditions XQ. In this case, path enumeration approaches (see [8],
and [14]) may be more practical.
A similar approach can be used to include that pedestrians have incomplete
information regarding traffic conditions, by replacing the speed restriction (4.28)
by

r V{t,x)

Ïorxe9.{xo)

[ Vmax{x)

elsewhere

yielding the same increase in computational complexity.
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Chapter 5

Pedestrian Activity Choice
In the previous chapter, we have proposed a method to describe how pedestrians
aiming to perform a certain activity i choose their route towards either activity
area Aij. We proposed a simultaneous approach describing both pedestrian
path choice and activity area choice, for fixed-order activity schedules. In this
chapter, we will consider the simultaneous activity scheduling and path choice
problem.

5.1

Activity trees and activity order

In the normative theory of pedestrian behavior put forward in this report, we
assume that pedestrian schedule their activities to maximize the combined utility of which activities are performed, the activity order and locations, and their
path. In choosing which activities are performed, we have distinguished between
discretionary and mandatory activities. In the scheduling model, we will operationalize this difference by putting large penalties on not being able to complete
a mandatory activity in time.
Moreover, some activities can only be performed once others are completed.
To represent these dependencies, figure 5.1 depicts an example of a so-called activity tree, in which three activity layers are distinguished. The arrows between
the layers indicate the dependencies between the activities. An activity (e.g.
activity 1.1) can only be started when the connected activities in the higher
layers are completed (activities 1.1.1 and 1.1.2), thus enabling the description
of activities that have to be performed in a fixed order. We note that other activities are not ordered. For instance, according to figure 5.1, a pedestrian can
embark on activity 1.1.2, 1.2, activity 1.3.2, or activity 2.1, where the numbers
indicate how the activity is embedded in a specific layer.

5.2

Activity order choice

Having determined the activity tree of a pedestrian, let us now consider the simultaneous choice of ordering the activities and wayfinding between the activity
areas. Let us consider a sequence of two fixed-order activities, where activity 2
follows activity 1. Let Aij and A2J denote the activity areas for activities 1 and
2 respectively. We hypothesize that pedestrian p will take into account both
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Activity 1 N-
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-\ Activity 2 r*

Laver 3

Activity 1.1
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Activity 1.2.1"

Activity 2.2"^

Figure 5.1: Example of an activity tree, indicating which activies are completed,
and which activities currently cannot be performed (dashed boxes), since others
have to be completed first.
activities upon planning the route, i.e. in planning activity 1, p will consider
that activity 2 will need to be performed afterwards.
To this end, we first solve the wayfinding problem for activity 2, yielding the
value function W2{t,x). Secondly, the pedestrian plans the primer activity by
determining the path that is stipulated by the value function \Vi2{t,x), which
is a solution of the Hamilton-Jacobi-Bellman equation
ÖW;12

dt

+ H*{t,x,VsWi2)

=0

(5.1)

with boundary conditions
u / /'T- -^ ƒ ^2(^12.^) - Uij
Wi2{Ti2,x) = i
j^

for all x G Aij
elsewhere

(5.2)

Clearly, the boundary conditions (5.2) describe how the (optimal) cost W2 of
walking to the second activity area are considered by the pedestrian when walking from any location x to the first activity area Aij. The approach may be
easily extended when a sequence of more than two activities have to be considered. Note that is most practical situations, the number of activities that
pedestrians take into account during planning is generally limited, especially in
case of transfer stations.
The case, where the order of the activities is not fixed is equivalent to solving
two fixed-order problems and determining the minimum of the value functions
Wi2{t,x) and W2i{t,x). At any location x{t), Ta.m{Wi2{t,x),W2i{t,x)}
determines both the optimal direction and speed, as well as the optimal order of the
activities 1 and 2. In case of three or more activities, we need to consider the
minimum of all combinations of activity sequences W123, ^'132: ^^'213 > ^"'231,
W312 and 1^321. This implies that, although the approach is conceptually very
straightforward, in practice the number of combinations can become very large.
Conceptually, the inclusion of discretionary activities is equally simple. In
illustration, consider the situation where activity 1 is mandatory, while activity
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2 is discretionary. To determine the order of the activities as well as whether
activity 2 will be performed or not, the pedestrian at x{t) will determine the
minimum of value functions W12, W21, and Wi. If it turns out that if Wi is
optimal, activity 2 is skipped.
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Chapter 6

Pedestrian Walking
Behavior by Calculus of
Variations
In the previous chapter, we have put forward an approach to find optimal activity schedules and paths. We have also shown how these can be derived by
applying methods from mathematical optimal control theory, by solving the
dynamic programming problem. In this chapter, we will describe how, given
the planned activity schedule and route, pedestrian behavior at the operational
level can be described. Similar to the decisions made at the tactical level, at the
operational level we assume that pedestrians aim to optimize the utility of their
behavior. In this case, the disutility stems from cost incurred when deviating
from the planned (i.e. optimal) path, discomfort caused by walking too close to
other pedestrians, and frequent and severe acceleration and deceleration.
In this chapter, we will again apply an optimal control approach to operationalize the normative theory, in this case, to describe how pedestrians
react to other pedestrians in their direct environment. We assume that any
pedestrian p aims to walk with the desired velocity tT, conveying the optimal
pedestrian speed and direction. For the sake of simplicity, we disregard the
time-dependence of v*, i.e. v* = ir(x). We will assume that the discomfort
(or cost) incurred by p will generally depend on a number of factors, among
which are straying from the optimal velocity v* (determined at the path-finding
level), discomfort incurred when walking too close to other pedestrians, and
discomfort due to large accelerations and decelerations. The optimal behavior
will represent a trade-off between these factors.
In the remainder of this chapter, we show how the walking behavior of a
single pedestrian can be determined, given the motion of the other pedestrians.
We assume that this behavior is generic, and is similar for all pedestrians, thus
describing the mutual interaction behavior (pedestrian p reacts on q and vice
versa).
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6.1

Pedestrian dynamics

For the planning problem described in chapters 4 and 5, we have put forward
simplified state dynamics describing the kinematics of a pedestrian (eqn. (4.1)).
At the operational level, it turns out that we will need a more refined model,
where we describe the state X{t) of pedestrian p by its location x{t), and its
velocity v{t) at time t, i.e. X — {x,v). Pedestrian p can change its velocity
V by accelerating and decelerating, described by the (control) vector d{t). The
pedestrian kinematics at the operational level are thus described by the following
state equation

This equation is the state-equation for (local) pedestrian behavior, and describes
how pedestrian p behaves given the acceleration a[t,T)In the remainder of this chapter, we will study the behavior of p, when
other pedestrians are present. To this end, we will first consider pedestrian q,
walking with velocity Vg at location Xg. It turns out that is more convenient to
describe the relative location and velocity of p with respect to q. In doing so, we
define 6X = {x — Xg,v — Vg). Moreover, when deriving the behavioral model of
pedestrian p, we assume that the velocity Vg is constant during the considered
period. The (relative) state dynamics then become

j8X

6.2

=(^^\=

F{8X,d)

with èX{tQ) = 8Xa

(6.2)

Pedestrian walking discomfort

Pedestrians incur different types of discomfort (or cost) while walking. Similar
to the general cost expression for routes at the tactical level, describing the
expected cost J of a path upon applying the control function V[t,oo) (eqn. (4.3)),
the operational cost J — J{d[t,oo)\t^8X{t)) of applying an acceleration vector
function d\^t,<x) is defined by

ƒ

00

L[6X{s),d{s)]e-'"ds

(6.3)

where L denotes the running cost, and f) > 0 denotes the discount factor. We
have used the overline notation to indicate the difference between cost factors
at the tactical level (no overline) and at the operational level (overline). We will
assume that the running cost L is a weighted sum of different cost components
Lk with weights Ck

l = Y,CkLk

(6.4)

The cost components Li, L2, and Z3 respectively refiect discomforts due to
straying from the optimal velocity, walking too close to another pedestrian, and
high acceleration or deceleration rates.
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At the tactical level, an optimal velocity function v* minimizing the expected
cost of walking and performing activities is determined (eqn. (4.10)). Eqns.
(4.19) and (4.20) show how the optimal velocity can be derived from the value
function W{t,x).
We assume that the discomfort (or cost) incurred due to
straying from the desired velocity v* are described by a quadratic running cost
function

Li = ^\\v'-vf

= ^\\6ir-6vf

(6.5)

where 50' = iT —Hq. Clearly, minimal cost are incurred when u = v*{x), unless
other cost-factors play a role.
Let us now consider the cost caused by other pedestrians in the walking
area, which will be referred to as the proximity discomfort or proximity cost.
The discomfort incurred due to walking too close to pedestrian q is given by
a function L2{6x,8v) of the relative location and velocity of p with respect to
q. The approach discussed in this report is applicable to any cost function
L2{8x,Sv) that is not time dependent, nor a function of the acceleration a. At
this point, we will not specify the proximity cost function.
Finally, we assume that p incurs cost when accelerating and decelerating.
We assume that these cost are symmetric (no difference between ax;celeration
and deceleration), and are given by the following cost function
Ï 3 = 5 ||5||'

(6.6)

Based on the notion of utihty maximization, p will apply the acceleration
function a* that minimizes equation (6.3), i.e. we aim to determine
a* = argmin { J(a[t,oo))}

6.3

(6-7)

Application of the maximum principle

In this chapter, we derive a pedestrian behavior model at the operational level,
by application oi Pontryagins Maximum Principle [17], to find the optimal acceleration a* (or control), satisfying (6.7). To this end, we define the Hamiltonian
H = H{t, 8X, a. A) of the control problem at the operational level by
H{t,X,a,K)

=

L{t,SX,a,A)

=

e-^'^\\Sir-8vf

+e-'"^\\af-^\^v

(6.8)
+ e-^'c2L2{6x,8v)

(6.9)

+ fa

In this definition, A = (A, f) denotes the marginal cost (also called shadow cost,
co-state vector, or adjoint vector) of the state vector 5X, i.e. the relative location
8x and the relative velocity 6v. These marginal costs describe the changes in
the optimal walking cost due to small changes in the relative location 6x or
the relative velocity Sv of pedestrian p with respect to pedestrian q, per unit
distance or velocity.
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Without going into details, we can show that necessary conditions for optimality of the control law a* can be imposed on the Hamilton function H [7],
[17], yielding the following expression for the optimal control law a*
dH_
da

^at,6X)

0

(6.10)

That is, the optimal acceleration a* is a linear function of the marginal costs
^. Equation (6.10) can be interpreted as follows: when the marginal cost of the
velocity is positive, the velocity is reduced, and vice-versa.
Furthermore, we can show that explicit dynamic relations can be determined
for the marginal cost using Calculus of Variations [7], [17]. This result is referred
to as the Maximum Principle of Pontryagin, and yields that the dynamics of
the marginal costs satisfy
dH

dA
' dt

(6.11)

d{8X)

It can be shown that, since both the state-dynamics F and the running cost L
do not explicitly depend on t, that the marginal costs satisfy [17]:
l{t,8X)

(6.12)

= e-'<^l{8X)

To determine the dynamics of the marginal cost, we combine eqns. (6.11)
and (6.12)
-^A{t,6X)
dt ^'

^

= rje-'^'MSX) = - ^ ^
'
^ ^
d{6X)

(6.13)

and determine the partial derivatives of H with respect to ^x and 8v. Since we
can easily show that
dH
d{8x)

dU

-m ci{Sir -8iJ)VsiSv')' +C2 d{6x)

(6.14)

we find the following expression for the time-independent component X{8X) of
the shadow cost \{t, 8X) = e~^*X{8X) of the relative distance vector 8x
X{6X) = —{SvV

8iJ)Vs{8ir)'

C2 91/2

+^
T] d{Sx)

(6.15)

The term Vs{8v*)'^ reflects the effects of changes in the optimal velocity field
v* (x). Note that when the optimal velocity field H* (determined at the tactical
level, i.e. activity scheduling and wayfinding) is independent of the location x
(for instance, when pedestrians walk in straight lines from left to right), then
Vf(<5r)^ = 0.
Using the same approach, we determine ^{t,SX) = e~'''^(5X), with

a8X)

= -^(<5ir-<5r) + ^ | ^ + 4A(5A)
77

_Ci

77 d{8v)

T)

^Vs{8v')^ {6v* — 6v)

I ÖL2

d{8v)
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-I-

dLo
d{6x

(6.16)
(6.17)

Next, we substitute eqn. (6.17) into the optimal control law eqn. (6.10), and
replace 8x, 8v, and Sv* by x — Xg, v — Vq, and v* — Vg respectively. W'e find

r{x)-v\

-Vs{èv')'^

^

' dL2
_ ÖX2
d{8x) ' ^d{8v)

(6.18)

eration time by
1

Ci

T

C377

(6.19)

and the interaction factor by
(6.20)
^

CSV'

If we assume that when other pedestrians q E Q are present, the reaction of p
to these pedestrians is given by simply adding the influences of all pedestrians
q E Q. Given this assumption, we find an optimal trade-off between the three
running cost components Li, L2, and Z3, which is expressed in the optional
acceleration law
Ü*(x)
•n

9€Q

ÖI2
d{8x)

dL2

+ vd{8v)_

(6.21)

Let us illustrate how the terms in the expression (6.21) can be interpreted,
by specifying the proximity cost L2. To this end, we assume that Z2 can be
described by a monotonically decreasing function a{r) > 0 of the distance r =
||^x|| from p to q (e.g. a{r) = 1 — tanh(—r/i?o) for some scaling factor iïo > 0,
see figure 6.4). Since
dlo
d{Sx)

da Sx
dr r

dL2
d{SiI)

(6.22)

0

equation (6.21) becomes
acceleration

I-

rVj(<5tr)^

interaction

/ir(x) --ij\

da

J

77

qeQ

X — Xn
—

(6.23)

dr | x - x , | | _

Equation (6.23) shows how the behavior of p in terms of the acceleration a* is
described by both an acceleration term, describing how p changes its speed and
direction in order to walk at the optimal velocity iJ*, and an interaction term,
refiecting how p must divert from the optimal velocity v* due to interactions
with other pedestrians. The extent in which either term affects the optimal
acceleration is described by the acceleration time r and the interaction factor
(^. These constants reflect the relative importance of the respective processes,
and how these relate to the third running cost factor Ï 3 , reflecting the cost
of acceleration. The latter is expressed by the weight C3, present in both the
definitions of T and (^. It turns out that when the relative cost of acceleration is
high, both T~^ and ^ are small, implying that both deviations from the optimal
velocity as well as the proximity of other pedestrians q have a small influence
on the behavior of p. On the contrary, these pedestrian's reactions are large,
when the cost of acceleration is only small, r~^ and C are large.
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Figure 6.1: Lane-formation for homogeneous groups of pedestrians (equal maximum speeds) walking in opposite directions.

Figure 6.2: Lane-formation for heterogeneous groups of pedestrians (equal maximum speeds) walking in opposite directions.
Example 4 Consider a bi-directional flow of pedestrians. Besides their direction, both groups are homogeneous (in terms of their maximum speed). We
choose L = 1- tanh(||(5x|| /ro) r = 0.4, ro = 0.5, 7? = 0.01, and C = 20. The
considered area is 40 by 8 meters. Figure 6.1 shows how lanes of pedestrians
walking into the same direction are formed (see [3], [11], and [13]). The lanes
which are formed are very uniform and narrow. This is caused by the fact that
the pedestrians have little incentive to bypass pedestrians walking into the same
direction. When the groups are not homogeneous with respect to the maximum
speeds, the patterns that are formed are wider and have a more dynamic nature (see figure 6.2). When the maximum speed diverges even more, the model
does not predict that lanes are formed, although groups (clusters) of pedestrians
walking into the same direction.
Example 5 Let us briefly revisit the Schiphol Plaza example. Pedestrians enter Schiphol Plaza at y = 80m (top of figure 6.3) We distinguish four pedestrian classes, namely blue pedestrians
(walking directly towards one of the
exits), purple pedestrians (walking towards the escalators to the train platform), green pedestrians (walking towards one of the newspaper stands, and
subsequently towards one of the exits), and red pedestrians (leaving via one
of the escalators towards the train platform, after walking towards one of the
newspaper stands). Figure 6.3 shows the behavior of the different pedestrian
groups. Clearly, most blue pedestrians leave Schiphol Plaza via exit El (closest
to where they entered the facility). The purple pedestrians walk directly towards
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Figure 6.3: Snapshot from Schiphol Plaza testcase simulation. Exits E1-E5
indicate exits from Schiphol Plaza; escalators E6 and E7 indicate exits to the
train platform. VI and V2 depict the locations of the newspaper vendors. The
colors refiect pedestrians having distinct activity schedules; the color intensity
reflect the gender (light: female, dark: male). Source background: Planner Plus
vl.l; Andes VSP / Travelmanager; NS Reizigers Utrecht.
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escalator E6. Green pedestrians either walk towards vendor VI, while leaving
using exit E3, or they leave using exit E4 after having bought a newspaper at
vendor V2. The red pedestrians all buy a newspaper at newspaper vendor VI,
after which they walk towards either of the escalators E6 or El.

6.4

Anisotropy

An important issue in pedestrian flow modeling is the fact that pedestrians are
largely anisotropic particles: unlike molecules in fluids or gasses, or particles in
a granular flow, pedestrians mainly react to stimuli in front (unless the distance
between pedestrians is very small). On the contrary to vehicular flows, pedestrians will be aware of pedestrians coming from behind which are very close (in
case o{ physical contact). To describe anisotropy, the proximity cost L2 need to
be defined such that this anisotropic character is included. We can define
L2{Sx, 8v) = -t{Sx, 8v)l2{\\Sx\\)

(6.24)

where 7(5x, Sv) describes the sensitivity (given the direction of p and the position of q with respect to p) and I2 denotes the distance-dependent stimulus. For
example, we can choose /2(||<5^j|) = 1 — tanh(||óx|| /RQ) (see example 4) and
. c - c-N
f
7o
'){bx,ov) = {
,
'" /-;r-x2
(^ 7o-l-7i cosw(ü, ox)

i^j{v,Sx) > LJo
)-«-( ^
u){v,ox) <ujQ

/c oc\
(6.25)

where u denotes the angle between the vectors Sx and v.
Another important role is played by the rate x= — ^WsT ^* which pedestrian
q approaches p: when q walks away from p (x < 0), p will generally perceive
the pro.ximity cost to be lower than when q approaches p at a very high rate
(X > 0). It may even be so that pedestrians are attracted to pedestrians that
walk into the same direction as they do, due to the lower change of interacting
with pedestrians walking into the opposite direction.

6.5

Group formation

An important characteristic of the model presented in this report is the possibility to define group formation, for instance two pedestrians shopping together,
or schoolchildren going on a trip, being kept together by their teacher. In this
case, we will not only identify penalties for walking too close together: when
pedestrians of a specific user-class walk at a certain distance from each other,
utility is gained.
Let L4 denote the running cost factor reflecting these gains, and let C4 denote
the respective weight. For the sake of simplicity, let us assume that L4 is a
continuously differentiable function CTQ of the distance r between p and q only.
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Then, we can easily show that eqn. (6.23) becomes
acceleration

fv'{x)-v\

i-^v,{6ir)^

(6.26)

V
grc up-formation

interaction

da

["drWx-

X - Xq

_ daQ

Y' dr

-Xq\\\

x — Xg

\\x-xg\\\

where
_C2_

Co = Cijf

(6.27)

and Qo denotes the set of pedestrians q from the class of pedestrians having the
incentive to walk together. The attraction utility function a^ is restricted by
the following conditions
ao(0) = 0

(6.28)

(6.29)
and finally
lim ao{r) — 0

(6.30)

Condition (6.28) implies that even pedestrians of the grouping class do not feel
attracted to each other, when the distance between them becomes too small.
Condition (6.29) reflects that for distances below some optimal distance r*,
attraction between pedestrian increases. Beyond the optimal distance r*, attraction starts to deteriorate again. In illustration, figure 6.4 shows both the
proximity cost L2 expressed by a function a{r), the grouping utility aQ{r).
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0.5

1
Distance (m)

1.5

Figure 6.4: Proximity cost a{r) = 1 — tanh(r/0.3) and group utility ao{r) —
tanh(r/0.6) — tanh(r/0.3). In this example, the optimal distance r' is approximately O.STTI.
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Chapter 7

Conclusions a n d Future
Research
In this report, we have put forward a new normative theory of pedestrian flow
behavior. The theory is based on the assumption that pedestrians are utihty
maximizers: they schedule their activities, choose the activity areas, and the
paths connecting these activity areas (which, on the contrary to other transportation networks, and earher approaches to describing pedestrian route choice
behavior, are continuous functions in time and space) simultaneously to maximize the utility of their efforts. The utihty of a path reflects a trade-off between
the utihty of completing an activity, and the generalized cost of walking towards
the activity areas. In turn, the latter results from different factors, such as the
travel time, discomfort of walking too close to obstacles and waUs, stimulation
of the environment, etc.
Also the walking behavior of the pedestrians is based on the utility maximization concept. In this case, an important factor is played by the discomfort
of walking too close to other pedestrians. Finally, the consequences of information feedback (e.g. pedestrians see that their planned route is congested, and
react by taking another route) have been considered as well.
To operationalize the theory, different techniques from mathematical optimal
control theory have been apphed, yielding pedestrian behavior models at the
tactical and operational levels. The workings of the models have been illustrated
by a number of examples.
Nevertheless, several issues have not yet been resolved. .A.t the operational
level, realistic terms for the proximity cost need to be determined, including
factors reflecting the anisotropic nature of the pedestrians, and the effect of the
approach rate. Moreover, we argue that negotiation between pedestrians might
play an important role in pedestrian walking behavior. Also, cahbration issues
remain for both the tactical and operational levels. Detailed data collection and
anailysis need be carried out to determine the different behavioral relations and
parameters in the models.
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